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−
1
2∇

! + 𝜈"#$ 𝒙, {𝑹} + 𝜈% 𝒙 + 𝜈#& 𝒙 𝜓' 𝒙 = 𝜀'𝜓'(𝒙)

𝜈"#$ 𝒙, {𝑹} ⇔ 𝜌 𝒙 ⇔ {𝜓'(𝒙)}

−
1
2∇

! + 𝜈"#$ 𝒙, 𝑹 , 𝒕 + 𝜈% 𝒙, 𝒕 + 𝜈#& 𝒙, 𝒕 𝜓' 𝒙, 𝒕 = 𝑖
𝜕
𝜕𝑡 𝜓'(𝒙, 𝒕)

𝜈"#$ 𝒙, 𝑹 , 𝒕 + 𝑪(𝒕) ⇔ 𝜌 𝒙, 𝒕 ⇔ {𝜓' 𝒙, 𝒕 𝒆(𝒊𝜶(𝒕)}

Runge-Gross Theorem

Linear-Response – Adiabatic Approximation

𝐹..
/ 𝑥.' − 𝑥.'𝐹''

/ +;
01

𝜕𝐹.'
𝜕𝑃01

𝑥01 +
𝜕𝐹.'
𝜕𝑃10

𝑦01 𝑃''
/ = 𝜔𝑥'.

𝐹..
/ 𝑦.' − 𝑦.'𝐹''

/ −;
01

𝑃''
(/) 𝜕𝐹'.

𝜕𝑃01
𝑥01 +

𝜕𝐹'.
𝜕𝑃10

𝑦01 = 𝜔𝑥'.

𝐹..
/ = ∫ 𝑑𝒓𝜓.∗(𝒙, 𝒕) −

1
2∇

! + 𝜈"#$ 𝒙, 𝑹 , 𝒕 + 𝜈% 𝒙, 𝒕 + 𝜈#& 𝒙, 𝒕 𝜓.(𝒙, 𝒕)

𝐹'. = ∫ 𝑑𝒓𝜓'∗ 𝒙, 𝒕 −
1
2∇

! + 𝜈"#$ 𝒙, 𝑹 , 𝒕 + 𝜈% 𝒙, 𝒕 + 𝜈#& 𝒙, 𝒕 𝜓. 𝒙, 𝒕 + 𝑔.'(𝜔) + Δ𝐹'.
(/)

𝐴 𝐵
𝐵∗ 𝐴∗

𝑋
𝑌 = 𝜔 1 0

0 −1
𝑋
𝑌

𝜓"# =;
.'

𝑥.' I𝑎.3 I𝑎'𝜓45

𝜓6' =;
.'

𝑦.' I𝑎.3 I𝑎'𝜓45

𝐴𝑋 = 𝜔𝑋

𝜓"# =;
.'

𝑥.' I𝑎.3 I𝑎'𝜓45

TDA-TDDFT

Casida-TDDFT

The Time-Dependent of XC Functional Vanished !



𝐴 = 𝛿'1𝛿.0 𝜀. − 𝜀' +

∫ 𝑑𝒓∫ 𝒓7𝜙' 𝒓 𝜙.∗ 𝑟
1

𝒓 − 𝒓7 + 𝑓#& 𝜙0∗ 𝑟7 𝜙1 𝒓7

𝐵 = ∫ 𝑑𝒓∫ 𝒓7𝜙' 𝒓 𝜙.∗ 𝑟
1

𝒓 − 𝒓7 + 𝑓#& 𝜙0∗ 𝑟′ 𝜙1(𝒓′)

𝑓#&[𝜌] =
𝛿!𝐸#&[𝜌]

𝛿𝜌 𝒓 𝛿𝜌(𝒓′)

A, B Matrix and Response Kernel

𝐴 𝐵
𝐵∗ 𝐴∗

𝑋
𝑌 = 𝜔 1 0

0 −1
𝑋
𝑌

𝜓"# =;
.'

𝑥.' I𝑎.3 I𝑎'𝜓45

𝜓6' =;
.'

𝑦.' I𝑎.3 I𝑎'𝜓45

Casida-TDDFT

𝐴𝑋 = 𝜔𝑋

𝜓"# =;
.'

𝑥.' I𝑎.3 I𝑎'𝜓45

TDA-TDDFT



Model/Software Differentiable XC Library HF/PT2 Excited state

DM21 Fixed Density Only LDA HF(Frozen) ❎

GradDFT Fixed Density
Explicit SCF(unstable)

Write by 
hand HF(Nograd) ❎

GradTDDFT

Fixed Density
Explicit SCF
Implicit SCF

Implicit Davidson Solver

JAX-XC HF/PT2(Differentiable/Nograd) Only Small 
Molecules(RIS)

NOTE:
• SCF/Davidson Solver is hard to converge for random initialization 
• GPU memory comes to 600GB for 29 atoms without any approximation with grid_level=2
• HF/PT2 part is hard to be differentiable



𝐸#%8 = ∫ 𝑑𝒓𝑐#
9: 𝜌(𝒓) 𝑒#

9:[𝜙(𝒓)]

l HF Exchange Kernel

𝐸&;<! = ;
'.,10

𝑎𝑖 𝑗𝑏 [2 𝑎𝑖 𝑗𝑏 − (𝑖𝑏|𝑗𝑎)]
𝜖' + 𝜖1 − 𝜖. − 𝜖0

→ ∫ 𝑑𝒓𝑐&
>$! 𝜌 𝑒&

>$![𝜙(𝒓)]

𝑒&;<! = ;
'.,10

𝜌.'𝑉10(𝒓)
[2 𝑎𝑖 𝑗𝑏 − (𝑖𝑏|𝑗𝑎)]
𝜖' + 𝜖1 − 𝜖. − 𝜖0

l PT2 kernel

𝑓#&
>$! =

𝜕!𝑐&
>$! 𝜌

𝜕𝑢?𝜕𝑢@
𝑒&
>$! 𝜙 𝒓 +

𝜕!𝑒&
>$! 𝜙 𝒓
𝜕𝑢?𝜕𝑢@

𝑐&
>$! 𝜌

𝑒#
9: 𝜙 = −

1
2;
>A

𝜙>∗ 𝑟 𝜙A 𝑟 ∫ 𝑑𝒓7
𝜙'∗ 𝒓7 𝜙1(𝒓′)
|𝒓 − 𝒓′|

with 𝛼":: =
∫ 𝑐#

9: 𝜌 𝒓 𝜌 𝒓 𝑑𝒓
∫ 𝜌(𝒓)𝑑𝒓

In A matrix of Casida equation

𝐾.',01 = −𝛼"::(𝑖𝑗|𝑎𝑏)





l Implicit SCF/Fixed Density for H2
+ Ground State with def2-TZVP, grid level = 2

𝜈":: 𝒓, 𝑹 = 𝜈"#$ 𝑹 + ∫ 𝑑𝒓7
𝜌 𝒓7

𝒓 − 𝒓7 + 𝜈#& 𝒓

𝜈":: 𝒓, 𝑹 = 𝜈"#$ 𝑹 +
1
|𝒓|

+ 𝜈#&(𝒓)

• N-electron system

• One-electron system( 𝒓 → ∞) H!3~H
!
" + H

!
" ?

• Loss Function

𝐿 =
1
𝑁∑ 𝐸BB − 𝐸8CD +

1
𝑁! ∑ 𝐸BB − 𝐸8CD !

+
1
𝑁! ∑ 𝜌BB − 𝜌8CD !



l Implicit SCF for H2 Ground State with def2-TZVP, grid level = 2

• Loss Function

𝐿 =
1
𝑁∑ 𝐸BB − 𝐸8CD +

1
𝑁! ∑ 𝐸BB − 𝐸8CD !

+
1
𝑁! ∑ 𝜌BB − 𝜌8CD !

• Static Correlation Error

𝜓 = 𝑐E𝜙 𝜎4! + 𝑐E𝜙(𝜎E!)
• MCSCF

• Hartree-Fock

𝜓F = 𝜙 𝜎4! 𝜓! = 𝜙(𝜎E!)

𝜎4! Binding Orbital

𝜎E! Antibinding Orbital



l Implicit SCF/ Davidson Solver for H2 Excited State S1 with def2-TZVP, grid level = 2

• Loss Function

𝐿 =
1
𝑁∑ 𝐸BB − 𝐸8CD +

1
𝑁! ∑ 𝐸BB − 𝐸8CD !

+
1
𝑁! ∑ 𝜌BB − 𝜌8CD !

• Static Correlation Error

𝜓 = 𝑐E𝜙 𝜎4! + 𝑐E𝜙(𝜎E!)
• MCSCF

• Hartree-Fock

𝜓F = 𝜙 𝜎4! 𝜓! = 𝜙(𝜎E!)

𝜎4! Binding Orbital

𝜎E! Antibinding Orbital



l Implicit SCF for N2 Ground State with def2-TZVP, grid level = 2

• Loss Function

𝐿 =
1
𝑁
∑ 𝐸BB − 𝐸GH(&&CI +

1
𝑁! ∑ 𝐸BB − 𝐸GH(&&CI !

• Static Correlation Error

𝜓 = 𝑐E𝜙 𝜎4! + 𝑐E𝜙(𝜎E!)+…
• MCSCF

• Hartree-Fock

𝜓F = 𝜙 𝜎4! 𝜓! = 𝜙(𝜎E!)

𝜎4! 𝜋4Binding Orbital

𝜎E! 𝜋E Antibinding Orbital



l Implicit SCF/Davidson Solver for N2 Excited State S1 with def2-TZVP, grid level = 2

• Loss Function

𝐿 =
1
𝑁
∑ 𝐸BB − 𝐸CIJJC8 +

1
𝑁! ∑ 𝐸BB − 𝐸CIJJC8 !

• Static Correlation Error

𝜓 = 𝑐E𝜙 𝜎4! + 𝑐E𝜙 𝜎E! +⋯
• MCSCF

• Hartree-Fock

𝜓F = 𝜙 𝜎4! 𝜓! = 𝜙(𝜎E!) …

𝜎4! 𝜋4Binding Orbital

𝜎E! 𝜋E Antibinding Orbital



l Implicit SCF/Davidson Solver for QH9

Training Set Validation Set



l Implicit SCF/Davidson Solver for QH9 Excited State S1 with def2-SVP, grid level = 1



l Implicit SCF/Davidson Solver for QM9 Excited State S1 with def2-SVP, grid level = 1



l Implicit SCF/Davidson Solver for QH9 Excited State S1 with def2-SVP, grid level = 1



l Implicit SCF/Davidson Solver for QH9 Excited State S1 with def2-SVP, grid level = 1
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l Implicit SCF/Davidson Solver for QH9 Excited State S1 with def2-SVP, grid level = 1
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• GradDFT







l TDDFT is not a rigorous theorem for excited state wave function

𝜓"#CDJ = 𝜙/ +;
.'

𝑥.'𝜙.'

𝜓"#8CD = 𝜙/ +;
.'

𝑐.'𝜙.' + ;
.'01

𝑐.'01𝜙.0
'1 + ;

.'01&K

𝑐.'01&K𝜙.0&
'1K +⋯

l No Ground Truth has a good performance both on ground state and excited state for complex electron configuration 

But !

J. Chem. Theory Comput. 2021, 17, 2, 927–942



• Static Correlation Error

𝜓 = 𝑐E𝜙 𝜎4! + 𝑐E𝜙(𝜎E!)
• MCSCF

• Hartree-Fock

𝜓F = 𝜙 𝜎4! 𝜓! = 𝜙(𝜎E!)

𝜎4! Binding Orbital

𝜎E! Antibinding Orbital

• Dynamic Correlation Error

𝜓CDJ = 𝜙/ +;
.'

𝑥.'𝜙.'

𝜓CDJL = 𝜙/ +;
.'

𝑐.'𝜙.' + ;
.'01

𝑐.'01𝜙.0
'1

𝜓CDJL< = 𝜙/ +;
.'

𝑐.'𝜙.' + ;
.'01

𝑐.'01𝜙.0
'1 + ;

.'01&K

𝑐.'01&K𝜙.0&
'1K





• Basic Theory of MCSCF

| ⟩𝜓 =;
D

𝑐D ⟩|ΦD{𝜙?}

𝜙? =;
K

𝑐?K𝜒K

⟩|ΦD{𝜙?} = |𝜙F, 𝜙!…𝜙1|

𝐹' 𝑐D 𝑐?K 𝑐' = 𝜀'𝑆𝑐' +;
1M'

𝜀'1𝑆𝑐1

• FCI in Active Space-CASSCF

𝜓 =;
D

𝑐DΦD k
𝐼𝑛𝑎𝑐𝑡𝑖𝑣𝑒 𝑠𝑝𝑎𝑐𝑒
𝑎𝑐𝑡𝑖𝑣𝑒 𝑠𝑝𝑎𝑐𝑒
𝑣𝑖𝑟𝑡𝑢𝑎𝑙 𝑠𝑝𝑎𝑐𝑒

| ⟩𝜓CIJ = | ⟩𝜓NOPQ ∧ | ⟩𝜓RNSTUQ

| ⟩𝜓RNSTUQ → 𝐹𝐶𝐼 𝑖𝑛 𝑎𝑐𝑡𝑖𝑣𝑒

𝐸 = min
&#,&$%

Ψ 𝑐D , 𝑐?K x𝐻 Ψ 𝑐D , 𝑐?K
Ψ 𝑐D , 𝑐?K Ψ 𝑐D , 𝑐?K

⟩|𝜓&V5" =z𝑎'W3 𝑎'X3 | ⟩0

{ 𝐹𝑖𝑥𝑒𝑑 𝑐D𝐹𝑖𝑥𝑒𝑑 𝑐?'

Active

Virtual

Inactive

…

𝐸 = min
&#,&$%

Ψ 𝑐D , 𝑐?K x𝐻 Ψ 𝑐D , 𝑐?K
Ψ 𝑐D , 𝑐?K Ψ 𝑐D𝑐?K



Frozen Orbital

Orbital Active

Stable Configuration

Stretched Configuration

3𝜎
!
1𝜋#

!
1𝜋Y

!

⟩|𝜓 = }| 3𝜎
!
1𝜋#

!
1𝜋Y

!

2𝑝# , 2𝑝Y , 2𝑝Z

HF/DFT→Single Slater Determinant is enough!

𝐸 1𝜋# ~𝐸 1𝜋#∗ 𝐸 1𝜋Y ~𝐸 1𝜋Y∗ 𝐸 3𝜎 ~𝐸 3𝜎∗

⟩|𝜓 = }| 3𝜎
!
1𝜋#

!
1𝜋Y

!

CAS(6,6)←Single Slater Determinant is not enough!

⟩|𝜓CIJJC8 = 𝐶F }| 3𝜎 ! 1𝜋#
!
1𝜋Y

!

+𝐶! }| 3𝜎 F 3𝜎∗ F 1𝜋#
!
1𝜋Y

!
+⋯

+𝐶[// }| 3𝜎∗ ! 1𝜋#∗ ! 1𝜋Y∗
!



Virtual

Inactive

Active
Dynamic 

Correlation

| ⟩𝜓CIJJC8 = ⟩|Ψ/ = ;
D∈CIJ

𝑐D ⟩|ΦD{𝜙?}

• Dynamic Correlation of CASSCF

𝑃 = ;
D∈CIJ

⟩|ΦD{𝜙?} ⟨|ΦD 𝜙? | 𝑄 = 𝕝 − 𝑃

𝑓>A = ℎ>A +;
5]

𝐷5] 𝑝𝑞 𝑟𝑠 −
1
2 𝑝𝑟 𝑠𝑞

�𝑓 =;
>A

𝑓>A xE^_ xE^_ =;
`

𝑎>`3 𝑎A` Ψ/ �𝑓 Ψ/ ≠ 𝐸CIJ

�𝐹 = �𝑓 + 𝐸CIJ − Ψ/ �𝑓 Ψ/
x𝐻/ = 𝑃 �𝐹𝑃 + 𝑄 �𝐹𝑄 𝑃 x𝐻/𝑄 = 𝑄x𝐻/𝑃 = 0

• Reference Hamiltonian of CASSCF

𝜓CIa;<! x𝐻/ 𝜓CIa;<! =
𝐸CIJ 0
0 Ω@ �𝐹 Ω?

𝜓CIa;<! x𝐻 𝜓CIa;<! =
Ψ/ x𝐻 Ψ/ Ψ/ x𝐻 Ω?
Ω@ x𝐻 Ψ/ Ω@ x𝐻 Ω?

x𝐻 = 𝐸bE& +;
>A

ℎ>A 𝑎>3𝑎A +
1
4 ;
>A5]

⟨𝑝𝑞||𝑟𝑠⟩ 𝑎>3𝑎A3𝑎]𝑎5 x𝐻 = x𝐻/ + xV

x𝐻/ Ψ/ = 𝐸CIJ Ψ/ x𝐻/ Ω@ = 𝐸@
/ Ω@



• Single and Double Excitation of CASSCF Wave Function
Virtual

Inactive

Active
Dynamic 

Correlation

| ⟩𝜓CIa;<! = ;
D∈CIJ

𝑐D ⟩|ΦD 𝜙? +;
@

𝑇@| �Ω@ = Ψ/ + ΨF

| �Ω@ = 𝑄𝐸@| ⟩𝜓CIJJC8

x𝐻/ − 𝐸 / Ψ F = − �𝑉 − 𝐸 F Ψ /

• Single and Double Excitation of CASSCF Wave Function

𝑄 x𝐻/ − 𝐸cda) ΨF = −𝑄x𝐻 Ψ/

;
?

Ω@ x𝐻/ − 𝐸Cda Ω? 𝑇? = − Ω@ x𝐻 Ψ/

𝐸 ! ≈;
@

Ω@ x𝐻 Ψ/
!

𝐸Cda − 𝐸@
/𝐸 F = 0

𝑃 ΨF = 0, ΨF = 𝑄 ΨF , 𝑄 Ψ/ = 0

left = 𝑄 x𝐻/ − 𝐸Cda 𝑄 ΨF

𝑟𝑖𝑔ℎ𝑡 = −𝑄 �𝑉 − 𝐸 F Ψ /

= −𝑄 �𝑉 Ψ/

= −𝑄 x𝐻 − x𝐻/ Ψ/

= −𝑄x𝐻 Ψ/



Frozen Orbital

Orbital Active

Stretched Configuration

𝐸 𝜋# ~𝐸 𝜋#∗ 𝐸 𝜋Y ~𝐸 𝜋Y∗ 𝐸 𝜎 ~𝐸 𝜎∗

CASPT2→Double Excitation!

�𝐸@|𝜓'b.&$'e" = 𝐸@| ⟩(1𝜎)! 1𝜎∗ !(2𝜎)! 2𝜎∗ !

}�𝐸@|𝜓'b.&$'e" = 𝐸@| 3𝜎∗ ! 1𝜋#∗ ! 1𝜋Y∗
!

�𝐸@|𝜓'b.&$'e" = | ⟩(1𝜎)F 1𝜎∗ F(2𝜎)! 2𝜎∗ !𝑎F𝑏F …

}�𝐸@|𝜓'b.&$'e" = | 3𝜎∗ ! 1𝜋#∗ F 1𝜋Y∗
F𝑎F𝑏F …

CAS(6,6)→Dynamic Correlation Correction

⟩|𝜓CIJJC8 = 𝐶F }| 3𝜎 ! 1𝜋#
!
1𝜋Y

!

+𝐶! }| 3𝜎 F 3𝜎∗ F 1𝜋#
!
1𝜋Y

!
+⋯

+𝐶[// }| 3𝜎∗ ! 1𝜋#∗ ! 1𝜋Y∗
!



• From XC Functional to On-Top Functional

• DFT –like Dynamic Correlation Correction

𝐸CIJJC8 = 𝑉bb +;
>A

ℎ>A𝐷>A +
1
2 ;
>A5]

𝑝𝑞 𝑟𝑠 𝐷>A𝐷5]

𝐸GC(;L8< = 𝑉bb + 𝜓CIJJC8 𝑇 + 𝑉"b 𝜓CIJJC8 + 𝑈% + 𝐸V$[𝜌, Π]

𝐸V$ 𝜌, Π = 𝜓8CD 𝑇 + 𝑉"b 𝜓8CD − 𝑈% − 𝜓CIJJC8 𝑇 𝜓CIJJC8

𝑅 𝐫 =
4Π 𝐫
𝜌 𝐫 !

Π 𝐫 ≈ 𝜌W 𝐫 𝜌X 𝐫

𝜁$ 𝐫 = 1 − 𝑅 𝐫

�𝜌W =
𝜌
2 1 + 𝜁$�𝜌X =

𝜌
2 1 − 𝜁$

𝐸V$ 𝜌, Π ≈ 𝐸#&L8<[�𝜌W , �𝜌X]



Truhlar & Gagliardi et al., JCTC 2014, 10, 3669–3680.



• Differential SCF code and implicit differential Davidson solver code for TDDFT

• HF and PT2 local energy density hybrid and CIS(D) based TDDFT for Double Hybrid Functional

• GPU/CPU Integral Modules for DFT/TD-DFT

• General XC Functional Library based on JAX-XC and General Base Set Library form PySCF

• Fractional charge evaluation and differential unrestricted SCF code 

l Functional

l Outlook

• Lower GPU Memory Usage for Large 

Systems!(Mesh-Free NNXC)

• Automatic Differentiation for Geometry 

Optimization and Response Properties of molecules 

p Long-Term(next vision): p Short-Term(pre-release):

• Accurate Excitation Energy and Ground State 

Energy Reference on QH9(aug-cc-pVTZ)

• New Reference of all kinds of heavy atoms and 

Benchmark of popular XC functionals


