NON-MF GROUPS
SAUERS

Some groups are not MF. The obstruction is a property-(T) subgroup
conjugated into a proper subgroup of itself, together with a property-(T)
subgroup of the resulting commutator defect that is normal in the whole
group. The unit group of the binary Leavitt algebra Ly, (1,2) is a finitely
generated simple property-(T) group with no nontrivial homomorphism
to an MF group, and its reduced C*-algebra is separable and stably finite
but not MF. We also construct a sofic group that is not MF, whose
canonical trace on the maximal group C*-algebra is amenable but not
quasidiagonal, and a finitely presented torsion-free group with property (T)
and no nontrivial homomorphism to an MF group.

Draft. This manuscript is under revision.

1. INTRODUCTION

A countable group G is MF [CDE] if there are positive integers d,, and maps
Vi: G — U(dy,), with V(1) = 1, such that

HVn(gh) - Vn(g)Vn(h)” —0 (gv h € G)a

and
limsup [[Va(g) =1} >0 (g € G\ {1}).

For countable G, the second condition may equivalently be required along the full
sequence with a constant independent of g [Kor, Propositions 2 and 7]. The strong
convergence convention of [GKM, Sch] also requires the models to reproduce the
operator norms of the left regular representation, so a group that is not MF as defined
here is not MF in that convention either. Equivalently, G embeds in the unitary group
of the norm matrix corona

Qa = [[ Ma, (CT)/ P My, (C).

Here and below, products of C*-algebras mean bounded products, and @ denotes the
ideal of norm-null sequences. We call a homomorphism G — U(Qq) a corona homo-
morphism. A separable C*-algebra is MF if it embeds in a norm matrix corona [BK].
Write

Radyr(G) = ﬂ{kerf : f+ G — M, M an MF group}
for the MF' radical of G. For countable G the quotient G/ Radyr(G) is the largest
MF quotient of G (Section 2).
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$zf=vf$


$x=vf$


$y=fw$


$q=vfw$


$c=1-f-q$


$z=x+y+c$


$wv=1$


$fv=wf=0$


$x^2=y^2=0$


$xy=q$


$yx=f$


$f$


$q$


$c$


$x$


$y$


$z^2=q+f+c=1$


$zf=xf+yf+cf=vf$


\begin {equation*}\operatorname {diag}(z,z^{-1}) =e_{12}(z)e_{21}(-z^{-1})e_{12}(z)\,e_{12}(-1)e_{21}(1)e_{12}(-1)\end {equation*}


$h=\operatorname {diag}(z,z)$


$\EL _2(R)$


$he_{12}(fr)h^{-1}=e_{12}(zfrz)=e_{12}(v\,frz)\in N$


$e_{12}(r)=e_{12}(vwr)\,e_{12}(fr)\in N$


$r\in R$


$e_{12}(1)e_{21}(-1)e_{12}(1)$


$e_{21}(R)\le N$


$R$


$s,t\in R$


$ts=1$


$e=1-st$


$G=\EL _4(R)$


$L=\EL _3(R)$


$1,2,3$


$u,c\in G$


$uLu^{-1}\le L$


$c\in C_G(L)$


\begin {equation*}ucu^{-1}=e_{12}(e), \qquad [ucu^{-1},e_{23}(1)]=e_{13}(e).\end {equation*}


$uLu^{-1}$


$sat$


$a\in R$


$e^2=e$


$es=te=0$


$i=1,2,3$


\begin {equation*}u_i=e_{4i}(t-1)e_{i4}(1)e_{4i}(s-1)e_{i4}(-t).\end {equation*}


$(i,4)$


$\begin {psmallmatrix}s&e\\0&t\end {psmallmatrix}$


$u=u_3u_2u_1\in \EL _4(R)$


\begin {equation*}u= \begin {pmatrix} s&0&0&e\\ 0&s&0&et\\ 0&0&s&et^2\\ 0&0&0&t^3 \end {pmatrix},\end {equation*}


$1\le i\ne j\le 3$


$a\in R$


\begin {equation}\label {eq:intertwine} u\,e_{ij}(a)=e_{ij}(sat)\,u:\end {equation}


$u$


$sa$


$(i,j)$


$sat\cdot (s,\ldots ,et^{j-1})$


$j$


$u$


$sa\,ts=sa$


$(i,j)$


$sa\,te\,t^{j-1}=0$


$(i,4)$


$uLu^{-1}\le L$


\begin {equation*}c=[e_{41}(e),e_{14}(t)] =\operatorname {diag}(1,1,1,1+et)\end {equation*}


$(1,4)$


$te=0$


$\operatorname {diag}(A,1)$


$c\in C_G(L)$


$uc$


$e_{12}(e)u$


$u+et\,E_{14}$


$uc$


$(e,et,et^2,t^3)^{\mathsf T}(1+et)$


$e^2=e$


$te=0$


$e_{12}(e)u$


$e$


$(0,s,0,et)$


$u$


$es=0$


$ucu^{-1}=e_{12}(e)$


$[e_{12}(e),e_{23}(1)]=e_{13}(e)$


$\mathcal C$


$s=s_0$


$t=t_0$


$e=1-st$


$ts=1$


$e^2=e$


$es=te=0$


$t_1es_1=1$


$G=\EL _4(\mathcal C)$


$L=\EL _3(\mathcal C)$


$1,2,3$


$\mathcal C$


$L_{\F _2}(1,2)$


$\EL _4(\mathcal C)$


$u,c\in G$


$uLu^{-1}\le L$


$c\in C_G(L)$


\begin {equation*}d=[ucu^{-1},e_{23}(1)]=e_{13}(e)\in \mathfrak D_G(L).\end {equation*}


$N$


$d$


$G$


$a,b\in \mathcal C$


\begin {equation*}[e_{41}(a),e_{13}(e)]=e_{43}(ae),\qquad [e_{43}(ae),e_{32}(b)]=e_{42}(aeb).\end {equation*}


$e_{42}(1)=e_{42}(t_1es_1)\in N$


$e_{ij}(1)\in N$


$i\ne j$


$i,j,k$


$r\in \mathcal C$


\begin {equation*}[e_{ij}(1),e_{jk}(r)]=e_{ik}(r)\in N.\end {equation*}


$N=G$


$\mathfrak D_G(L)=G$


$K=G$


$G$


$R$


$v_0,v_1,w_0,w_1\in R$


$w_iv_j=\delta _{ij}$


$\varphi \colon s_i\mapsto v_i$


$t_i\mapsto w_i$


$\mathcal C\to R$


$\EL _4(\mathcal C)\to \EL _4(R)$


\begin {gather*}S_1=v_0v_0,\quad S_2=v_0v_1,\quad S_3=v_1v_0,\quad S_4=v_1v_1,\\ T_1=w_0w_0,\quad T_2=w_1w_0,\quad T_3=w_0w_1,\quad T_4=w_1w_1,\end {gather*}


$T_iS_j=\delta _{ij}$


$p=\sum _iS_iT_i$


$4\times 4$


$A$


$R$


\begin {equation*}\jmath (A)=1-p+\sum _{i,j}S_iA_{ij}T_j\in R .\end {equation*}


$(1-p)S_i=0$


$T_j(1-p)=0$


$\jmath (AB)=\jmath (A)\jmath (B)$


$\jmath (I)=1$


$\Psi (A)=\operatorname {diag}(\jmath (A),1)$


$\GL _4(R)\to \GL _2(R)$


$i\ne j$


$r\in R$


\begin {equation*}\Psi (e_{ij}(r))=\operatorname {diag}(1+S_irT_j,1)=[e_{12}(S_ir),e_{21}(T_j)]\end {equation*}


$T_jS_i=0$


$\Psi (\EL _4(R))\le \EL _2(R)$


$\rho $


$\EL _2(R)$


$\EL _4(\mathcal C)\to \EL _4(R)\to \EL _2(R)$


$\rho $


$\Psi (e_{12}(1))=\operatorname {diag}(1+S_1T_2,1)$


$e_{12}(1)\in \EL _4(\mathcal C)$


$\EL _2(R)$


$v=S_1$


$w=T_1$


$a=S_2$


$b=T_2$


$\rho $


$\EL _4(\mathcal C)$


$\EL _2(R)$


$\EL _2(R)$


$n\ge 3$


$e_{12}(r)$


$e_{ij}(\pm r)$


$i\ne j$


$\EL _2(R)$


$1,2$


$\EL _n(R)$


$\EL _n(R)$


$\EL _4(\mathcal C)$


$\EL _n(R)$


$p\in R$


$pRp$


$p$


$A\mapsto A+(1-p)I_n$


$\EL _n(pRp)$


$\EL _n(R)$


$\EL _n(R)$


$n\ge 2$


$R$


$\EL _n(R)$


$R$


$\EL _n(R)$


$n\ge 2$


$R=L_k(1,m)$


$k$


$m\ge 2$


$ts=1\ne st$


$1-st$


$R$


$R$


$s_1,\dots ,s_m,t_1,\dots ,t_m$


$t_is_j=\delta _{ij}$


$\sum _is_it_i=1$


$s=s_1$


$t=t_1$


$1-s_1t_1=\sum _{i\ge 2}s_it_i$


\begin {equation*}t_2(1-s_1t_1)s_2=1.\end {equation*}


$R$


$R$


$C^*_{\max }(\EL _n(R))$


$n\ge 4$


$R\ne 0$


$n\ge 2$


$C^*_{\mathrm r}(\EL _n(R))$


$R^\times $


$s,t\in R$


$ts=1\ne st$


$S$


$u$


$L=\EL _3(S)$


$S$


$L$


$e(sat)=0$


$e\cdot 1=e\ne 0$


$e_{12}(1)$


$L\setminus uLu^{-1}$


$L\le \EL _n(R)$


$u$


$C^*_{\max }(\EL _n(R))$


$R\ne 0$


$G=\EL _n(R)$


$C^*_{\mathrm r}(G)$


$\jmath $


$T_i\jmath (A)S_j=A_{ij}$


$\EL _4(R)$


$R^\times $


$R^\times $


$R$


$s,t\in R$


$ts=1$


$e=1-st$


$n\ge 4$


\begin {equation*}\EL _n(R,ReR)\le \Rad _{\mathrm {MF}}(\EL _n(R)),\end {equation*}


$\EL _n(R,ReR)$


$e_{ij}(a)$


$a\in ReR$


$\EL _n(R)$


$e\ne 0$


$R$


$\EL _4(R)$


$R$


$e=0$


$ReR=0$


$\EL _n(R,ReR)=1$


$e\ne 0$


$S$


$s,t$


$L=\EL _3(S)$


$1,2,3$


$\EL _4(S)$


$B\le \EL _4(S)$


$\mathfrak D_B(L)$


$f_{ij}=s^iet^j$


$es=te=0$


$f_{ij}f_{kl}=\delta _{jk}f_{il}$


$f_{ij}^2=0$


$i\ne j$


$D(a)=\operatorname {diag}(1,1,1,a)$


$i\ne j$


$D(1\pm f_{ij})=[e_{41}(f_{ii}),e_{14}(\pm f_{ij})]$


$\EL _4(S)$


$u$


$w_{ij}=(1+f_{ji})(1-f_{ij})(1+f_{ji})$


$r=w_{14}w_{25}$


$v=uD(r)$


$D(r)$


$L$


$vLv^{-1}\le L$


\begin {equation*}\begin {gathered} c=D(1+f_{02}),\qquad y=e_{42}(f_{10}),\qquad z=D(1+f_{12}),\\ \ell =e_{21}(1),\qquad B=\langle L,v,c,y\rangle . \end {gathered}\end {equation*}


$c\in C_B(L)$


$rf_{02}r^{-1}=f_{05}$


$rf_{12}r^{-1}=f_{45}$


$f_{02}t^3=f_{05}$


$t^3f_{45}=f_{12}t^3$


$u$


$vcv^{-1}=e_{14}(f_{02})$


$vzv^{-1}=z$


$d=[vcv^{-1},\ell ]=e_{24}(-f_{02})$


$\mathfrak D_B(L)$


$[y,d]=D(1-f_{12})=z^{-1}$


$f_{02}f_{10}=0$


$f_{10}f_{02}=f_{12}$


$z\in \mathfrak D_B(L)$


$z$


$L$


$v$


$c$


$y$


$f_{12}f_{02}=f_{02}f_{12}=f_{12}f_{10}=0$


$\langle z\rangle $


$B$


$me=0$


$z^m=D(1+mf_{12})=1$


$z\ne 1$


$tf_{12}s^2=e\ne 0$


$\langle z\rangle $


$B$


$\mathfrak D_B(L)$


$B$


$z$


$B$


$\EL _n(R)$


\begin {equation*}[z,e_{41}(f_{20})]=e_{41}(f_{10}),\qquad [e_{24}(t),e_{41}(f_{10})]=e_{21}(e)\end {equation*}


$e_{ij}(aeb)$


$\EL _n(R,ReR)$


$e\ne 0$


$e_{21}(e)\ne 1$


$R$


$p>0$


$pe=0$


$e$


$J=\F _2\langle s,t\mid ts=1\rangle $


$1-st\ne 0$


$J/J(1-st)J\cong \F _2[z,z^{-1}]\ne 0$


$1-st$


$\EL _n(J)$


$n\ge 4$


$J$


$J$


$V=\F _2^{(\mathbb N)}$


$e=1-st$


$b_0$


$(b_j)$


$JeJ$


$\GL _{\mathrm {fs}}(V^n)$


$g$


$V^n$


$g-I$


$g-I$


$\EL _n(J)\to \EL _n(\F _2[z,z^{-1}])$


$\GL _{\mathrm {fs}}(V^n)$


$\F _2$


$\GL _{\mathrm {fs}}(V^n)$


$e_{ij}(f_{uv})$


$[e_{ik}(f_{uw}),e_{ki}(f_{wv})]$


$\EL _n(J,JeJ)$


$\EL _n(\F _2[z,z^{-1}])$


\begin {equation*}\Rad _{\mathrm {MF}}(\EL _n(J))=\EL _n(J,JeJ)\cong \bigcup _N\mathrm {SL}_N(\F _2) \qquad (n\ge 4),\end {equation*}


$\mathrm {GL}_2$


$\mathrm {GL}_2(J)\to \mathrm {GL}_2(\F _2[z,z^{-1}])$


$\mathrm {GL}_2(J)$


$\mathrm {GL}_2(\F _2(z))$


$L$


$G$


$uLu^{-1}\le L$


$uLu^{-1}=L$


$uC_G(L)u^{-1}=C_G(L)$


$\mathfrak D_G(L)=1$


$s$


$n\ge 2$


$R=L_{\F _2}(1,2)$


$H=R^\times $


$x\mapsto (t_0x,t_1x)$


$(y,z)\mapsto s_0y+s_1z$


$R$


$R$


$R\oplus R$


$H\cong \GL _4(R)=\EL _4(R)$


$H$


$\EL _4(R)$


$t_0s_0=1$


$t_1(1-s_0t_0)s_1=1$


$R$


$H$


$R$


$H$


$e_{12}(1)\ne 1$


$H$


$N$


$H$


$R$


$I$


$R$


\begin {equation*}\EL _4(R,I)\le N\le C_4(R,I),\end {equation*}


$\EL _4(R,I)$


$\EL _4(R)$


$e_{ij}(a)$


$a\in I$


$C_4(R,I)$


$\GL _4(R/I)$


$R$


$I=R$


$N\ge \EL _4(R)=H$


$I=0$


$g\in N$


$\GL _4(R)$


$e_{ij}(1)$


$g=\lambda I_4$


$\lambda \in R^\times $


$e_{ij}(a)$


$\lambda a=a\lambda $


$a\in R$


$\lambda $


$Z(R)=\F _2$


$N=1$


$H$


$H$


$R\ne 0$


$C^*_{\mathrm r}(H)$


$C^*_{\max }(H)$


$e,f$


$e=xy$


$f=yx$


$x,y$


$e$


$e=f+g$


$f,g$


$f$


$e$


$g\ne 0$


$L_k(1,d)$


$\GL (R)$


$\EL (R)$


$\GL _n(R)$


$\EL _n(R)$


$A\mapsto \operatorname {diag}(A,1)$


$\EL (R)$


$\GL (R)$


$K_1(R)=\GL (R)/\EL (R)$


$\kappa \colon R^\times \to K_1(R)$


$M_n(R)$


$K_1(M_n(R))\cong K_1(R)$


$n=1$


$H=R^\times $


$N=\Rad _{\mathrm {MF}}(H)$


$\kappa $


$[H,H]$


$A$


$C^*_{\max }(A)$


$\kappa $


$N\le \ker \kappa $


$\ker \kappa $


$N$


$e+(1-e)v(1-e)$


$e$


$R$


$eRe$


$s,t$


$ts=e\ne st$


$eRe$


$e-st$


$eRe$


$\EL _m(eRe)$


$m\ge 2$


$e$


$P$


$\theta \colon M_m(eRe)\to PRP$


\begin {equation}\label {eq:corner-units} 1-P+\theta (A)\in N\qquad (A\in \EL _m(eRe)),\end {equation}


$\EL _m(eRe)$


$H$


$e_1,\dots ,e_m$


$1$


$m\ge 4$


$e_1,\dots ,e_{m-1}$


$e_m$


$f\le e_1$


$R$


$m\times m$


$T=e_1Re_1$


$\operatorname {diag}(1_T,\dots ,1_T,f)$


$Tf$


$fT$


$u$


$R$


$u=gvh$


$g$


$h$


$e_{ij}(x)$


$v=e_1+(1-e_1)v(1-e_1)$


$e$


$n\ge 2$


$f<e$


$e$


$r_2,\dots ,r_n\le e-f$


$1$


$r_1=1-e+f$


$P=r_1+\dots +r_n$


$\theta \colon M_n(R)\to PRP$


$\operatorname {diag}(v,1,\dots ,1)$


$(1-e)v(1-e)+f+r_2+\dots +r_n$


$v=e+(1-e)v(1-e)$


$u\in \ker \kappa $


$u=gvh$


$i,j\le m-1$


$\EL _{m-1}(T)$


$(1-e_m)R(1-e_m)\cong M_{m-1}(T)$


$N$


$i,j\le m-1$


\begin {equation*}e_{im}(x)=[e_{ij}(1),e_{jm}(x)],\qquad e_{mj}(x)=[e_{mi}(x),e_{ij}(1)]\end {equation*}


$\EL _{m-1}(T)$


$N$


$u\equiv v$


$N$


$\kappa (v)=\kappa (u)=0$


$N\le \ker \kappa $


$v=e+(1-e)v(1-e)$


$e\ne 0$


$\kappa (v)=0$


$K_1$


$\operatorname {diag}(v,1,\dots ,1)\in \EL _n(R)$


$n\ge 2$


$\theta $


$P$


$v=1-P+\theta (\operatorname {diag}(v,1,\dots ,1))$


$N$


$\ker \kappa \le N$


$k$


$d\ge 2$


$R=L_k(1,d)$


$H=R^\times $


$H\cong \GL _d(R)$


$\Rad _{\mathrm {MF}}(H)=[H,H]=\EL _d(R)$


\begin {equation*}H/\EL _d(R)\cong K_1(R)\cong k^\times /(k^\times )^{d-1}.\end {equation*}


$x\mapsto (t_1x,\dots ,t_dx)$


$(y_1,\dots ,y_d)\mapsto \sum _is_iy_i$


$R$


$R$


$R^d$


$R\cong M_d(R)$


$H\cong \GL _d(R)$


$[H,H]$


$K_1(R)$


$\GL _d(R)=\EL _d(R)D_d(k)$


$D_d(k)$


$k^\times $


$\EL _d(R)$


$K_1(R)\cong k^\times /(k^\times )^{d-1}$


$[H,H]\le \EL _d(R)$


$\EL _d(R)\le [H,H]$


$\EL _d(R)$


$d=2$


$k$


$L_k(1,2)^\times $


$k=\mathbb F_q$


$\gcd (q-1,d-1)$


$X$


$T\colon X\to X$


$k$


\begin {equation*}R_X=\operatorname {LC}(X,k)\rtimes _T\mathbb Z, \qquad ufu^{-1}=f\circ T^{-1}.\end {equation*}


$\operatorname {LC}$


$\sum _j f_j u^j$


$u$


$T$


$0$


$1$


$X$


$x$


$\varepsilon >0$


$r\ge 1$


$x=x_0,x_1,\dots ,x_r=x$


$d(Tx_i,x_{i+1})<\varepsilon $


$Y=\operatorname {CR}(T)$


$Y$


$R_Y$


$X\setminus Y$


$P\setminus T(P)$


$P$


$T(P)\subseteq P$


$X$


$r$


$r$


$(r+1)$


$u$


$r$


$Z_r$


$Z_r$


$Z_{r+1}\subseteq Z_r$


$Y_0=\bigcap _r Z_r$


$Y_0$


$X$


$Y_0\subseteq X$


$Z_r$


$Y_0$


$Y_0$


$X$


$x$


$x$


$X$


$x$


$Y_0=\operatorname {CR}(T)$


$a\to b$


$b$


$a$


$P$


$T(P)\subseteq P$


$x$


$Tx\in P\setminus T(P)$


$P$


$X$


$\mathcal P_m$


$\pi _m\colon X\to X_m$


$Y_m$


$\rho _{lm}\colon X_l\to X_m$


$\rho _{lm}(Y_l)\subseteq Y_m$


\begin {equation*}Y_* =\bigcap _m\pi _m^{-1}(Y_m),\qquad \pi _m(Y_*)=\bigcap _{l\ge m}\rho _{lm}(Y_l).\end {equation*}


$R_{Y_*}$


$Y\subseteq Y_*$


$x\in Y_*$


$\mathcal P_m$


$\varepsilon $


$\pi _m(x)$


$X$


$x$


$\varepsilon $


$Y_*=Y$


$X\setminus Y$


$Y$


$P$


$p=1_P$


$d=1_{P\setminus T(P)}$


\begin {equation}\label {eq:clopen-defect-pair} s=up+1-p,\qquad t=pu^{-1}+1-p,\qquad ts=1,\qquad st=1-d.\end {equation}


$R_Y$


$d|_Y=0$


\begin {equation*}0\longrightarrow I\longrightarrow R_X\longrightarrow R_Y \longrightarrow 0,\qquad I=\operatorname {LC}_c(X\setminus Y,k)\rtimes _T\mathbb Z.\end {equation*}


$I$


$1_{P\setminus T(P)}$


$U=X\setminus Y$


$C\subset U$


$m$


$C$


$m$


$U$


$I$


$C$


$C$


$m$


$m-1$


$U$


$C$


$h$


$M_h(k)$


$R_X$


$R_X\to R_Y$


$M_m(R_X)\to M_m(R_Y)$


$m\ge 1$


$R_X$


$X$


$d$


$I$


$R_Y$


$\varphi \colon M_m(R_X)\to A$


$A$


$e=\varphi (E_{11})$


$eAe$


$1-e$


$A$


$r\mapsto \varphi (rE_{11})$


$\varphi $


$M_m(I)$


$M_m(R_Y)$


$I=0$


$X=Y$


$k$


$n\ge 3$


$\GL _n(R_X)$


$R_X$


$\GL _n(R_X)$


$\EL _n(R_X,I)$


$P$


$T(P)\subseteq P$


$D=P\setminus T(P)$


$p=1_P$


$d=1_D$


$f_{ab}=u^a d u^{-b}$


$a,b\in \mathbb Z$


$f_{ab}f_{ce}=\delta _{bc}f_{ae}$


$P$


$S\subseteq pR_Xp$


$s=up$


$t=pu^{-1}$


$kp$


$ts=p$


$st=p-d$


$L=\EL _3(S)$


$\GL _3(R_X)$


$1-p$


$r$


$-1\mapsto -2\mapsto -3\mapsto -1$


\begin {equation*}r=1-\sum _{j=1}^3 f_{-j,-j} +f_{-2,-1}+f_{-3,-2}+f_{-1,-3}, \qquad W=\operatorname {diag}(u,u,u)\operatorname {diag}(1,1,r).\end {equation*}


$r$


$P$


$L$


$W$


$L$


$L$


$a\in S$


$uau^{-1}=sat$


$W$


$-1$


$-2$


\begin {equation*}\begin {gathered} c=e_{13}(f_{-1,-2}),\qquad \ell =e_{21}(p),\qquad y=e_{32}(f_{-1,0}),\\ z=1+E_{33}f_{-1,-2},\qquad B=\langle L,W,c,y\rangle . \end {gathered}\end {equation*}


$c\in C_B(L)$


\begin {equation*}WcW^{-1}=e_{13}(f_{0,-2}),\qquad \delta =[WcW^{-1},\ell ]=e_{23}(-f_{0,-2}),\qquad [y,\delta ]=z^{-1}.\end {equation*}


$z\in \mathfrak D_B(L)$


$L$


$P$


$W$


$c,y$


$\langle z\rangle $


$B$


$\operatorname {char}(k)$


$z$


$B$


$\GL _3(R_X)$


\begin {equation*}[z,e_{31}(f_{-2,0})]=e_{31}(f_{-1,0}),\qquad [e_{23}(f_{0,-1}),e_{31}(f_{-1,0})]=e_{21}(d)\end {equation*}


$d$


$n\ge 3$


$I$


$R_X$


$\GL _n(R_X)$


$R_X$


$W$


$\EL _3(R_X)$


$k=\F _2$


\begin {equation*}K_n=\ker \bigl (\GL _n(R_X)\longrightarrow \GL _n(R_Y)\bigr ).\end {equation*}


$n\ge 2$


$K_n=\EL _n(R_X,I)$


\begin {equation*}\begin {aligned} \Rad _{\mathrm {MF}}(\GL _n(R_X))&=K_n &&(n\ge 3),\\ \Rad _{\mathrm {MF}}(\EL _n(R_X))&=K_n &&(n\ge 4). \end {aligned}\end {equation*}


$\EL _n(R_Y)$


$g\in \GL _n(R_X)$


$g-1$


$g^{-1}-1$


$B=\prod _a M_{h_a}(\F _2)\subset I$


$p$


$g=(1-p)I_n+h$


$h\in \GL _n(B)$


$n\ge 2$


\begin {equation*}\GL _n(B)=\EL _n(B)\cong \prod _a\mathrm {SL}_{nh_a}(\F _2).\end {equation*}


$\F _2$


$g$


$I$


$\EL _n(R_X,I)$


$g$


$\EL _n(R_X,I)$


$n\ge 3$


$n\ge 4$


$I$


$X$


$\GL _n(R_Y)$


$K_n(I)$


$n=1$


$C$


$p_C=1_C$


$J=p_CIp_C$


$F\subset I$


$w\in R_X^\times $


$w-1\in I$


$w^2=1$


$wFw^{-1}\subset J$


$\F _2$


$K_n(I)$


$K_n(J)$


$wI_n$


$n\ge 2$


$\EL _n(R_X)$


$K\subset X\setminus Y$


$F$


$K$


$m$


$K$


$m$


$H$


$K$


$2m$


$C$


$2mH$


$K$


$C$


$2m$


$m$


$C\setminus K$


$w$


$w1_Kw^{-1}\le p_C$


$wFw^{-1}\subset J$


$F$


$\F _2$


$wI_n$


$\EL _n(R_X)$


$n\ge 2$


$K_1(I)$


$T$


$\GL _n(R_X)$


$\EL _n(R_X)$


$n\ge 2$


$R_X$


$T$


$R_X^\times $


$\F _2$


$R_X^\times $


$r=2$


$r=3$


$U_1,\dots ,U_m$


$U_i\cap T^jU_i=\varnothing $


$0<|j|<r$


$C_0=\varnothing $


\begin {equation*}C_i=C_{i-1}\cup \left (U_i\setminus \bigcup _{|j|<r}T^jC_{i-1}\right ).\end {equation*}


$C=C_m$


$r-1$


$X=\bigcup _{|j|<r}T^jC$


$[r,2r-1]$


$r$


$r=1$


$C=X$


$C_h$


$S_C$


$p_C=1_C$


$P_C=p_CR_Xp_C$


$v=\sum _h u^h1_{C_h}$


$S_C$


$P_C=\operatorname {LC}(C,k)\rtimes _{S_C}\mathbb Z$


$C$


$0\le i<2r-1$


\begin {equation*}D_i=\bigcup _{h>i}C_h,\qquad a_i=u^i1_{D_i},\qquad b_i=1_{D_i}u^{-i}.\end {equation*}


$b_i a_j=0$


$i\ne j$


$b_i a_i=1_{D_i}$


$\sum _i a_i b_i=1$


$R_X$


$M_{2r-1}(P_C)$


$x\mapsto (b_i x a_j)_{ij}$


$i<r$


$D_i=C$


$r$


\begin {equation*}\Phi \colon M_r(P_C)\longrightarrow R_X,\qquad \Phi (A)=\sum _{i,j<r}a_i A_{ij}b_j.\end {equation*}


$\GL _{nr}(P_C)$


$\GL _n(R_X)$


$n\ge 2$


$\EL _{nr}(P_C)$


$\EL _n(R_X)$


$C\cap Y$


$R_Y$


$X$


$J=p_CIp_C$


$\F _2$


$g\in K_n(J)$


$\Phi $


$(1-p_C)I_n+g$


$K_n(I)$


$K_n(I)$


$R_X$


$P_C$


$P_C$


$R_X$


$nr\ge 3$


$nr\ge 4$


$X=\mathbb Z\cup \{-\infty ,+\infty \}$


$\F _2$


$P=\{0,1,\dots \}\cup \{+\infty \}$


$\{0\}$


\begin {equation*}R_X^\times \cong \GL _{\mathrm {fin}}(\mathbb Z,\F _2)\rtimes \mathbb Z,\end {equation*}


$\GL _{\mathrm {fin}}$


$g-1$


$\mathbb Z$


$\F _2^{(\mathbb Z)}$


$z^{a_-},z^{a_+}$


$-N$


$N$


$2N-1$


$2N-1+a_+-a_-$


$a_+=a_-$


$R_X^\times $


$\GL _3(R_X)$


$Y$


$\GL _2(R_X)$


$\GL _2(k[z,z^{-1}])$


$k[z,z^{-1}]$


$\GL _2$


$\EL _3$


$C^*$


$C^*$


$A$


$\tau $


$A$


$\phi _n\colon A\to M_{d_n}(\C )$


\begin {equation*}\hsnorm {\phi _n(ab)-\phi _n(a)\phi _n(b)}\longrightarrow 0, \qquad \tr _{d_n}(\phi _n(a))\longrightarrow \tau (a) \quad (a,b\in A).\end {equation*}


$G$


$u_g$


$C^*_{\max }(G)$


$\tau _G$


\begin {equation*}\tau _G(u_g)=\begin {cases}1,&g=1,\\0,&g\ne 1.\end {cases}\end {equation*}


$G$


$G$


$\tau _G$


$C^*_{\max }(G)$


$\tau _G$


$\tau _G$


$\tau _G$


$\phi _n\colon C^*_{\max }(G)\to M_{d_n}(\C )$


$a\mapsto [(\phi _n(a))_n]$


$*$


$\Phi \colon C^*_{\max }(G)\to \mathcal Q_{\mathbf d}$


$\Phi (u_g)=1$


$\opnorm {\phi _n(u_g)-1}\to 0$


$\tr _{d_n}(\phi _n(u_g))\to 1$


$\tr _{d_n}(\phi _n(u_g))\to \tau _G(u_g)$


$g=1$


$g\mapsto \Phi (u_g)$


$G$


$G$


$N$


$1\to N\to G\to A\to 1$


$N$


$A$


$C^*_{\max }(N)$


$C^*_{\max }(G)$


$G$


$A$


$N$


$g\mapsto \bar g$


$G\to A$


$\Sigma \subseteq G$


$F\subseteq A$


$\sigma \colon A\to G$


$g\in \Sigma $


$x\in F$


\begin {equation*}b(g,x)=\sigma (\bar gx)^{-1}g\sigma (x)\in N .\end {equation*}


$N_0$


$\theta \colon N_0\to \Delta $


$\theta (b(g,x))\ne 1$


$b(g,x)\ne 1$


$\Lambda =\ker \theta $


$r_q\in N_0$


$\Lambda $


$N_0$


$\sigma (x)r_q\Lambda $


$x\in F$


$q\in \Delta $


$x=x'$


$A$


$q=q'$


$T$


$\Pi $


$\ell ^2(G/\Lambda )$


$\ell ^2(T)$


$\Phi (b)=\Pi \lambda (b)\Pi |_{\ell ^2(T)}$


$b\in C^*_{\max }(G)$


$\lambda $


$g\in \Sigma $


$\bar gx\in F$


\begin {equation*}g\,\sigma (x)r_q\Lambda =\sigma (\bar gx)\,r_{\theta (b(g,x))q}\Lambda \in T .\end {equation*}


$g,h\in \Sigma $


$\Phi (u_{gh})-\Phi (u_g)\Phi (u_h)=\Pi \lambda (g)(1-\Pi )\lambda (h)\Pi $


$(1-\Pi )\lambda (h)\Pi $


$|\{x\in F:\bar hx\notin F\}|\,|\Delta |$


\begin {equation*}\hsnorm {\Phi (u_{gh})-\Phi (u_g)\Phi (u_h)}^2 \le \frac {|\{x\in F:\bar hx\notin F\}|}{|F|}.\end {equation*}


$\Phi (u_g)$


$T$


$g$


$g\in \Sigma \setminus \{1\}$


$\bar g\ne 1$


$g$


$F$


$\bar g=1$


$g\sigma (x)r_q\Lambda =\sigma (x)r_{\theta (b(g,x))q}\Lambda $


$b(g,x)=\sigma (x)^{-1}g\sigma (x)\ne 1$


$\theta (b(g,x))q\ne q$


$|\{x\in F:\bar hx\notin F\}|/|F|\to 0$


$h\in \Sigma $


$G$


$\Sigma $


$\Phi $


$\tau _G$


$C^*_{\max }(G)$


$C^*_{\max }(N)$


$N$


$G$


$A=1$


$F=\{1\}$


$\Phi $


$\Sigma $


$\Sigma \setminus \{1\}$


$\Gamma $


$\alpha \colon \Gamma \to \Gamma $


$a\in \Gamma \setminus \alpha (\Gamma )$


\begin {equation*}T_\alpha =\varinjlim (\Gamma \xrightarrow {\alpha }\Gamma \xrightarrow {\alpha }\cdots ), \qquad V=T_\alpha \rtimes \langle t\rangle ,\end {equation*}


$tgt^{-1}=\alpha (g)$


$\Gamma $


$V$


$\Gamma $


$\alpha $


$T_\alpha =\bigcup _{n\ge 0}t^{-n}\Gamma t^n$


$X=V/\Gamma $


$\operatorname {Cl}(X)$


$\varepsilon $


$c_x$


$x\in X$


\begin {equation*}\varepsilon ^2=c_x^2=1,\qquad [\varepsilon ,c_x]=1,\qquad [c_x,c_y]=\varepsilon \quad (x\ne y).\end {equation*}


$\varepsilon \ne 1$


$X$


$\F _2^{(X)}$


$\F _2$


$X\to \F _2$


$f,g\in \F _2^{(X)}$


$B(f,g)=\sum _{x>y}f(x)g(y)$


$B$


\begin {equation*}(a,f)(b,g)=\bigl (a+b+B(f,g),\ f+g\bigr )\end {equation*}


$\F _2\times \F _2^{(X)}$


$(1,0)$


$(0,\delta _x)$


$x\ne y$


$B(\delta _x,\delta _y)$


$B(\delta _y,\delta _x)$


$1$


$(0,\delta _x)$


$(0,\delta _y)$


$(1,0)$


$\varepsilon \mapsto (1,0)$


$c_x\mapsto (0,\delta _x)$


$\operatorname {Cl}(X)\to \F _2\times \F _2^{(X)}$


$\operatorname {Cl}(X)$


\begin {equation*}\varepsilon ^a c_{x_1}\cdots c_{x_r}, \qquad a\in \F _2,\quad x_1<\cdots <x_r,\end {equation*}


$(a,\delta _{x_1}+\cdots +\delta _{x_r})$


$Y\subseteq X$


$\varepsilon $


$c_y$


$y\in Y$


$2^{|Y|+1}$


$\operatorname {Cl}(X)$


$\varepsilon $


$\F _2^{(X)}\cong \bigoplus _XC_2$


$\operatorname {Cl}(X)$


$\bigoplus _XC_2$


$C_2$


$W$


$C_2\wr _XV$


$\langle \varepsilon \rangle $


$X$


$X$


$\operatorname {Cl}(X)$


$c_x$


$\varepsilon $


$V$


$\operatorname {Cl}(X)$


$X$


\begin {equation}\label {eq:affine-clifford-witness} W=\operatorname {Cl}(X)\rtimes V.\end {equation}


$W$


$W$


$\varepsilon $


$\Gamma $


$V\le W$


$c$


$\Gamma \in X$


$\Gamma $


$tct^{-1}$


$t\Gamma $


$a(tct^{-1})a^{-1}$


$at\Gamma $


$t\Gamma =at\Gamma $


$a\in t\Gamma t^{-1}=\alpha (\Gamma )$


$x=tct^{-1}$


$y=axa^{-1}$


$[x,y]=\varepsilon \ne 1$


$d=[x,a]=xy$


$d^2=xyxy=[x,y]=\varepsilon $


$d=[tct^{-1},a]$


$\mathfrak D_W(\Gamma )$


$t\Gamma t^{-1}\le \Gamma $


$c\in C_W(\Gamma )$


$a\in \Gamma $


$\langle \varepsilon \rangle \le \mathfrak D_W(\Gamma )$


$\langle \varepsilon \rangle $


$W$


$L=\Gamma $


$K=\langle \varepsilon \rangle $


$W$


$\varepsilon $


$W$


$\Gamma $


$[\Gamma :\alpha (\Gamma )]<\infty $


\begin {equation*}W\cong W_0\rtimes \mathbb Z, \qquad W_0=\operatorname {Cl}(X)\rtimes T_\alpha ,\end {equation*}


$W_0$


$W$


$C^*_{\max }(W_0)$


$C^*_{\max }(W)$


\begin {equation*}W\cong W_0\rtimes \mathbb Z, \qquad W_0=\operatorname {Cl}(X)\rtimes T_\alpha .\end {equation*}


$n\ge 0$


$\Gamma _n=t^{-n}\Gamma t^n$


$n$


$\Gamma $


$T_\alpha $


$[\Gamma :\alpha (\Gamma )]<\infty $


$\Gamma _n$


$\Gamma _{n+1}$


$T_\alpha $


$\Gamma _m$


$t$


$\Gamma _{m+1}$


$\Gamma _m$


$\Gamma $


$V$


$\Gamma _n$


$X=V/\Gamma $


$\Gamma _n$


$X$


$W_0$


$c_x$


$T_\alpha $


$\Gamma _n$


$Y$


$\Gamma _n$


$x$


$Y$


$\Gamma _n$


\begin {equation*}C_Y\rtimes \Gamma _n,\end {equation*}


$C_Y=\langle \varepsilon ,c_y:y\in Y\rangle $


$\Gamma _n$


$\Gamma _n$


$C_Y$


$J$


$\Gamma _n\to \operatorname {Aut}(C_Y)$


$\Gamma _n/J$


$C_Y\rtimes (\Gamma _n/J)$


$W_0$


$W_0$


$W/W_0\cong \mathbb Z$


$W$


$1\to W_0\to W\to \mathbb Z\to 1$


$C^*_{\max }(W_0)$


$C^*_{\max }(W)$


$V_n$


$W$


$\hsnorm {V_n(gh)-V_n(g)V_n(h)}\to 0$


$\hsnorm {V_n(\varepsilon )-1}\to \sqrt 2$


$\varepsilon \ne 1$


$\varepsilon $


$W$


$\mathfrak D_W(\Gamma )$


\begin {equation*}\bar \Gamma =\mathbb Z^3\rtimes \mathrm {SL}_3(\mathbb Z) =\left \{ \begin {pmatrix}A&v\\0&1\end {pmatrix}: A\in \mathrm {SL}_3(\mathbb Z),\ v\in \mathbb Z^3 \right \} \le \GL _4(\mathbb Z).\end {equation*}


\begin {equation*}D=\operatorname {diag}(2,2,2,1),\qquad \alpha (g)=DgD^{-1},\end {equation*}


$\alpha (v,A)=(2v,A)$


$[\bar \Gamma :\alpha (\bar \Gamma )]=8$


$a$


$\alpha (\bar \Gamma )$


$\bar \Gamma $


$\alpha $


$a$


$\bar \Gamma $


$\alpha $


$a$


$G$


$N\trianglelefteq G$


$\varphi \colon G\to Q$


$Q$


$\varphi (N)=Q$


$G$


$A$


$\operatorname {Cay}(G,A)$


$G$


$N\le G$


$A$


$g_1,\dots ,g_m\in G$


$\varphi \colon G\to Q$


$Q$


$\varphi (g_i)\in \varphi (N)$


$i$


$Q$


$G$


$m=1$


$G/\normal {r}_G$


$r$


$m$


$\varphi (N)$


$\ker \varphi $


$m$


$Q$


$G$


$N$


$G$


$N\ne 1$


$\operatorname {Cay}(G,A)$


$G$


$N$


$N$


$N$


$h_1,h_2$


$N_0=\langle h_1,h_2\rangle $


$A'\supseteq A$


$N_0$


$A'$


$g_1,\dots ,g_m$


$G$


$Q=\langle \varphi (g_1),\dots ,\varphi (g_m)\rangle \le \varphi (N_0)\le \varphi (N)\le Q$


$Q=\varphi (N_0)=\langle \varphi (h_1),\varphi (h_2)\rangle $


$\varphi (N)=Q$


$\ker \varphi $


$m$


$G_0$


$\Gamma \le G_0$


$t\in G_0$


$t\Gamma t^{-1}\le \Gamma $


$J\le G_0$


$[\Gamma ,J]=1$


$tJt^{-1}\le \Gamma $


$G_0$


$G_0$


$S=tJt^{-1}$


$J$


$J$


$S$


$c\in J$


$\ell \in S$


$[tct^{-1},\ell ]$


$\mathfrak D_{G_0}(\Gamma )$


$t$


$\Gamma $


$c$


$\Gamma $


$S\le \Gamma $


$c$


$J$


$tct^{-1}$


$S$


$[S,S]\le \mathfrak D_{G_0}(\Gamma )$


$S$


\begin {equation*}S\le \mathfrak D_{G_0}(\Gamma ).\end {equation*}


$N$


$S$


$G_0$


$S$


$G_0$


$N$


$\varphi \colon G_0\to Q$


$Q$


$\varphi (N)=Q$


$Q$


$G_0$


$\varphi (S)\le \mathfrak D_Q(\varphi (\Gamma ))$


$\mathfrak D_Q(\varphi (\Gamma ))$


$Q$


$\varphi (S)$


$\varphi (N)=Q$


\begin {equation*}\mathfrak D_Q(\varphi (\Gamma ))=Q.\end {equation*}


$Q$


$\varphi (\Gamma )$


$G_0$


$\Gamma $


$Q$


$\bar Q$


$Q$


$Q\to \bar Q$


$\bar Q=1$


$C^*_{\mathrm r}(Q)$


$Q$


$Q$


$\widetilde W$


$C^*$
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Some groups admit no such approximation. We construct groups for which every
homomorphism to an MF group is trivial, as well as a sofic group with a nontrivial
element killed by every MF homomorphism.

Our first counterexample is the group

W =Cl(X) %V,

where V is the ascending HNN extension of Z3 x SL3(Z) along (v, A) = (2v, A), the
set X is the coset space of Z3 x SL3(Z) in V, and C1(X) is generated by involutions c,
x € X, and a central involution ¢, with [c;, ¢y] = € for x # y. Every homomorphism
from W to an MF group kills € (Section 5).! This paper focuses on a different
counterexample,
H =Ly, (1,2)%,

the unit group of the binary Leavitt algebra, because H is simple and every homo-
morphism from H to an MF group is trivial. The right module Rg over R = Lp,(1,2)
satisfies Rp = Rr @ Rp, and H is its automorphism group; Khanh—Thanh show that
H = GL,(R) = EL,(R) for every n > 2 [K-T, Proposition 4.2 and Corollary 4.4].
OpenAl used this group to construct the first nonsofic group [OAI, Chapter 3].

We use the group commutator convention [g, ] = ghg~'h~!. The groups here fail
to be MF because they contain a property-(T) subgroup that is conjugated into a
proper subgroup of itself, together with an element that commutes with the subgroup
while its conjugate does not. Call v € G a compressor of L < G when uLu~' < L. An
element ¢ of the centralizer C(L) commutes with L, so ucu™! commutes with uLu~!
but need not commute with the rest of L. The normal subgroup of G generated by
the commutators of all such elements ucu™! with elements of L is

(1) De(L) = (Jucu™ 0] :ulu™' < L, c € Cg(L), £ € L)¢.
For every homomorphism f: G — G/,
(2) f®a(L)) <Der(f(L)),

since compressors, centralizing elements, and commutators of L map to compressors,
centralizing elements, and commutators of f(L), and conjugates map to conjugates.

The criterion behind every example is Theorem 2.8: for a property-(T) subgroup
L < G, every normal property-(T) subgroup of G inside D¢ (L) dies in every MF
image.

The proof has two steps. First, the conjugation maps Ad(V,,(g)) of an operator norm
asymptotic representation form a homomorphism into a norm matrix corona, in which
the Kazhdan projection P of L and the class U of (Ad(V,,(u))) satisty U*PU < P;
stable finiteness of the corona forces equality, so conjugation by u preserves the
Hilbert—Schmidt asymptotic commutant of L, and every element of ©;(L) tends to 1
in normalized Hilbert-Schmidt norm (Corollary 2.5). Second, let K < ®g(L) be a
normal property-(T) subgroup and let a corona homomorphism be nontrivial on K. It
compresses to a corner on which the Kazhdan projection of K vanishes, and the corner,
renormalized by its own rank, carries an operator norm asymptotic representation to

IThe Lean proof was registered at Palomar on August 24, 2026: https://palomar-registry.org/
entry?id=PALOMAR-2026-08-24-000006&version=1.


https://palomar-registry.org/entry?id=PALOMAR-2026-08-24-000006&version=1
https://palomar-registry.org/entry?id=PALOMAR-2026-08-24-000006&version=1
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which the first step applies. Its limiting trace is then the trivial character of K, which
takes the value 1 on that projection (Theorem 2.7).%

The stable letter of an ascending HNN extension of a property-(T) group along a
proper self-embedding is a compressor. For a unital ring R, write e;j(a) = 1 + aE;;
and let EL,(R) be the subgroup of GL,(R) generated by the elements e;;(a), i #
j- A pair s,t € R with ts = 1 gives a compressor in the same way: an explicit
element u € EL4(R) conjugates EL3(R) into itself by e;;(a) — e;j(sat), and if 1 — st
generates R as a two-sided ideal, then one commutator [ucu ™!, ¢] normally generates
all of EL4(R). It suffices to do this once, in the universal unital associative ring
C = Z(so,s1,to,t1)/(tis; — 0ij : 1,5 € {0,1}), since EL4(C) maps to every EL,(R)
below with normally generating image.

Theorem 3.4 carries this to every countable unital ring with such a pair s,¢ and to
every n > 2: every homomorphism from EL, (R) to an MF group is trivial.

Let Ly, (1,2) denote the binary Leavitt algebra [Lev], the unital Fs-algebra generated
by so, s1, tg, t1 subject to

(3) tis; = 5@', soto + s1t1 = 1.

Theorem A (the unit group of the binary Leavitt algebra). Let R = Lg,(1,2) and let
H = R* be its unit group. Then H = EL4(R), and H is nontrivial, finitely generated,
and simple, and has property (T). Every homomorphism from H to an MF group is
trivial. So H is not MF, and C}(H) is separable and stably finite but not MF, while

C . (H) is not finite: it contains a proper isometry.

For a countable purely infinite simple ring R and n > 1, Theorem 3.8 identifies
Radyp(GL,(R)) with the commutator subgroup, and the largest MF quotient of
GL,(R) with K;(R). For the unit group of L(1,d) the quotient is k> /(k*)?~1.

The obstruction also computes entire MF radicals in a different family. For a
homeomorphism 7' of a compact metrizable zero-dimensional space X, let Rx be the
algebraic crossed product of the locally constant functions over a finite field by 7.
Section 4 identifies restriction to the chain-recurrent set as the universal directly finite
ring quotient, and proves that Ry is directly finite exactly when GL3(Rx) is MF.
Over Fy, the MF radical is exactly the locally finite restriction kernel for GL,, n > 3,
and EL,, n > 4, with LEF quotients. If T is aperiodic, the same conclusion holds
already for the unit group and for every elementary rank n > 2.

Theorem B (an amenable nonquasidiagonal trace). There is a sofic group W =
Wo x Z, with Wy locally residually finite, that is not MF. The canonical trace on

Cax(Wh) is quasidiagonal, and the canonical trace on C}, (W) is amenable and not
quasidiagonal.

Section 5 constructs W from the affine group Z® x SL3(Z) and Clifford lamps. The
group W is sofic because locally residually finite groups are sofic and soficity passes to
extensions with amenable quotient [ES, Theorem 1]|. The trace answers the question

2A Hilbert-Schmidt bound on the multiplicative defect does not give an operator norm bound on
the conjugation maps, so this argument does not apply to sofic or hyperlinear approximations; the
sofic group of Section 5 shows that its conclusion fails there.
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of Brown [Br, discussion preceding Proposition 3.5.1] and of Schafhauser, Tikuisis
and White [STW, Problem X(1)] whether every amenable trace is quasidiagonal.
Tikuisis, White, and Winter proved that faithful traces on separable nuclear C*-
algebras satisfying the universal coefficient theorem are quasidiagonal [TWW]; here
Crrax (W) is not nuclear, since W is not amenable. The canonical trace of C} . (Wp) is
quasidiagonal, so the crossed product by Z destroys quasidiagonality of the canonical
trace. Since Wy is a direct limit of residually finite groups, it is MF [Kor, Corollary 10
and Proposition 13]. So MF groups are not closed under semidirect products with Z,
which answers a question of Korchagin [Kor, remark following Proposition 12].

Every example above has torsion, and in the lamp construction the obstruction is
itself a torsion element. The last group has none.

Theorem C (a torsion-free example). There is a two-generated, finitely presented,
torsion-free, acylindrically hyperbolic group Q with property (T) such that every
homomorphism from @ to an MF group is trivial. In particular, no nontrivial quotient
of Q is MF.

Section 6 builds ) from Fournier-Facio’s torsion-free property-(T) group [FF, §2]
and Hull’s small cancellation theorem [Hu]. Its reduced C*-algebra is simple, has a
unique tracial state and stable rank one, and is not MF.

Related work. Blackadar and Kirchberg introduced the notions of MF and NF
algebras in a 1994 Oberwolfach abstract [BK94]. They wrote that the classes of NF,
strong NF, and separable nuclear stably finite C*-algebras might coincide. Their 1997
paper developed these notions and proved that a separable C*-algebra is NF if and only
if it is nuclear and MF [BK]. It also asked whether every separable nuclear stably finite
C*-algebra is quasidiagonal; for algebras that satisfy the universal coefficient theorem
and have a faithful trace, the theorem of Tikuisis, White, and Winter recalled above
answers this [TWW]. The question without nuclearity, whether every stably finite
C*-algebra is MF, is the MF problem, also posed by Blackadar and Kirchberg [GH, §6].
A positive answer would make every countable group MF, because the reduced group
(C*-algebra is separable and stably finite; Lubotzky—Oppenheim and, separately, Thom
noted this when they listed operator norm approximation of groups among the open
approximation problems [LO, Th]. Carrién, Dadarlat, and Eckhardt introduced MF
groups [CDE], and whether every countable group is MF remained open [Kor, BDL].
The MF problem itself was answered negatively in 2020: the failure of the Connes
embedding problem [JNVWY] yields a II; factor that embeds in no norm ultraproduct
of matrix algebras, hence a separable stably finite C*-algebra that is not MF [GH,
Proposition 6.1 and Remark 6.2]. Theorem A gives a counterexample among reduced
group C*-algebras and answers the group question.

Theorem 2.8 uses the configuration of the nonsofic construction [OAI, Proposi-
tion 2.3]: a property-(T) subgroup L conjugated into itself by an element u, and an
element ¢ commuting with L whose conjugate ucu™! does not. There, soficity and
the rigidity theorems of Kun [Kul6] and Kun-Thom [KT19] force the centralizing
subgroup to be locally embeddable into finite groups, and a copy of Thompson’s
group V gives the contradiction. Here the rigidity comes from the Kazhdan projec-
tion of L in a norm matrix corona, which commutes with the compressor because
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the corona is stably finite, and the obstruction is a commutator [ucu™!, ] # 1 that
every operator norm asymptotic representation sends to 1 in Hilbert—Schmidt norm;
Theorem 2.7 then shows that every corona homomorphism is trivial on each normal
Kazhdan subgroup of the defect. The group H is the group of [OAI], and Theorem C
reuses Fournier-Facio’s configuration [FF]. Bachner-Dogon—Lubotzky showed that
for groups of Deligne type, operator—Hilbert—Schmidt stability would imply that the
group is not MF [BDL, Proposition 1.5]. Here the compression relation replaces the
stability hypothesis. Eckhardt’s note [Ec| gives a short, elementary proof that certain
generalized wreath products are not MF.

2. ONE-SIDED COMPRESSION
2.1. Corona homomorphisms.

Lemma 2.1. Let G be countable and K < G. FEvery homomorphism from G to
an MF group is trivial on K if and only if every corona homomorphism from G 1is
trivial on K. Let A be a unital C*-algebra and let w: G — U(A) be an injective group
homomorphism. If A embeds in a norm matrix corona, then G is MF. In particular,
this applies to the canonical group homomorphisms into U(C .. (G)) and U(CF(Q)).

max
Proof.  The image of a corona homomorphism is a countable MF group. Conversely,
compose a homomorphism to an MF group with a corona embedding of its image; the
resulting corona homomorphism has the same kernel. If ¢ is an embedding as in the
last assertion, then g + ¢(m(g)) + 1 — ¢(1) is a corona homomorphism that is injective
on G; the complement term allows ¢ to be nonunital. O

For countable G the quotient G/ Radyr(G) is again MF, and hence the largest MF
quotient of G: enumerate its nontrivial elements and separate each by an MF model,
and at stage n take the direct sum of the first n models, each carried far enough
along its own sequence to have multiplicative defect below 1/n on the first n elements
while still separating its own element. This family is asymptotically multiplicative and
separates every nontrivial element.

2.2. Kazhdan transport in normalized Hilbert—Schmidt norm. For an actual
representation p: G — U(d) and u € G with uLu~! < L, the commutant C = p(L)’ C
M4(C) satisfies p(u)*Cp(u) C C, and the two spaces have the same finite dimension, so
the inclusion is an equality; if ¢ commutes with L, then p(ucu™!) commutes with p(L),
and p is trivial on D;(L). An asymptotic representation has no exact commutant to
count. Property (T) supplies a Kazhdan projection in its place, and stable finiteness
of the corona replaces the dimension count.
For a € My(C) write

1
lally = tra(a*a)'/?, trg = 2T

An operator norm asymptotic representation of a group G is a sequence of maps
Voo G — U(d,) such that V,,(1) =1 and

[Va(gh) = Va(g)Va(B)[| — 0 (g9,h € G).
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The elements g with [|V},(g) — 1||, — 0 form a normal subgroup of G, because ||a|, <
||la]|, the Hilbert—Schmidt norm is invariant under adjoints and unitary conjugation,
and ||V,,(g71) — Vi(9)*|| — O

[Va(gh) = 15 < [IVa(g) = Llly + [1Va (k) = 15 + o(1),
Valg™) =1, = IValg) = Uy + (1), |Valghg™) = 1|, = [IVa(R) = 1]}, + o(1).
For L < @G, let

Co(V, L) = {(l’n)

sgp lZnlly < oo,
Vo (O)xy — 2, Vi (0)]|ls — 0 (£ € L)

be the Hilbert—Schmidt asymptotic commutant of V(L). Coordinatewise conjugation
by V,(g) defines a bijection, denoted Ad(V (g)), of the Hilbert—Schmidt bounded
matrix sequences. A unital C*-algebra is finite if each of its isometries is unitary, and
stably finite if all matrix algebras over it are finite.

Lemma 2.2. For every sequence of positive integers (my,), the norm matriz corona
n n

is stably finite. Consequently, unitarily equivalent projections in a norm matrix corona
are equal whenever one is dominated by the other.

Proof.  Write A for the displayed corona. If v*v = 1 in A and (x,) is a bounded
lift of v, then ||z%z, — 1|| — 0, so for all large n the matrix u, = x,(z5x,) "2 is
unitary and ||u, — x,|| — 0; after assigning arbitrary unitary values to the finitely
many remaining coordinates, (u,) is a unitary lift of v, and vv* = 1. So A is finite,
and so is My(A), which is the corona with matrix sizes km,,. Finally, if p < ¢ are
equivalent projections in a finite algebra B and w is a partial isometry with w*w = ¢
and ww* = p, then w = qwg, so w + (1 — q) is an isometry of B and hence unitary;
therefore p+ (1 —¢) =(w+ (1 —¢))(w+(1—¢))* =1and p=gq. O

For a group L with property (T), the Kazhdan projection is the central projection
er, € O« (L) whose image in every unitary representation of L is the orthogonal

projection onto the L-invariant vectors [AW].

Lemma 2.3 (one-sided order for the Kazhdan projection). Let L have property (T),
let B be a unital C*-algebra, and let m: L — U(B) be a homomorphism. Let P € B be
the image of ey, under the x-homomorphism Cf .. (L) — B induced by . If a unitary

max

U € B satisfies Un(L)U* C w(L), then U*PU < P.

Proof.  Fix a faithful nondegenerate representation of B on a Hilbert space H, and
let Fix (L) be the space of vectors fixed by 7(L). Then P is the orthogonal projection
onto Fix7(L). If £ € Fixw(L) and ¢ € L, then n(0)U*¢ = U (Un(L)U*)E = U*E,
because Urn(¢)U* belongs to m(L). So U*Fixw(L) C Fixn(L). Since U*PU is the
orthogonal projection onto U* Fix (L), it follows that U*PU < P. O



NON-MF GROUPS 7

Theorem 2.4 (one-sided Kazhdan transport). Let L < G have property (T), and let
u € G satisfy uLu=! < L. Let (V;,) be an operator norm asymptotic representation of
G. Then

Ad(V (1)) (C2(V, L)) = Ca(V, L).

Proof.  For unitaries A, B,
Ad(A) — Ad(B)|| < 2[|A - B,

where the norm on the left is the operator norm on the Hilbert space (Mg, (C), || - l5),
so the maps Ad(V,,(g)) are asymptotically multiplicative in operator norm and

5(9) = [Ad(Va(9)ln € U(B),  B=]]B(Mq,(C))/ €D B(Ma,(C)),

is a homomorphism, where B(Mjy, (C)) denotes the operators on the Hilbert—Schmidt
Hilbert space. The algebra B is a norm matrix corona with coordinate sizes d? after a
choice of matrix units. Let P € B be the image of the Kazhdan projection of L [AW]
under C} .. (L) — B, and lift P to orthogonal projections P, on (Mg, (C),| -|5) by
functional calculus.

A Hilbert-Schmidt bounded sequence (x,,) lies in C2(V, L) if and only if
| Prn — zpl|ly — 0.

In one direction, fix € > 0 and, by density of the group algebra in C%_ (L), a finite
set F' C L and scalars (ag)ecp with

HZ ApUp — eLH <g,
LeF

where uy is the canonical unitary of /; the trivial character, which sends ey, to 1, gives
|>verar — 1| < e. The element Y, ago(€) of B is within € of P, so

Py = ag Ad(Vi(0))

LeF

lim sup <e.
n

If (x,) € C2(V, L) and sup,, ||y < ¢, then Ad(V,(0))z, =, +0(1) in || - ||, for each
{ € F, so
limsup || Pyzp — 2y, < ec+ ‘Z ay — 1’0 < 2ec,
" teF
and € was arbitrary. In the other direction, weer, = ey, in C}: . (L), so ¢(¢)P = P and
|Ad(V,(6) P — Pl = 0; if [[Poxy — 2nly — 0, then
[AA(Va(€))zn — anlly < 2|lzn — Paanll
+ |Ad(Vo(€)) P = Pa| [|lznlly — 0.
Put U = 5(u). Since uLu~! < L, Us(L)U* C (L), so U*PU < P by Lemma 2.3,
and U*PU = P by Lemma 2.2, since the two projections are unitarily equivalent.
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So UP = PU, and correspondingly ||Ad(V,,(u))P, — P, Ad(V,,(u))|| — 0. For (z,) €
CQ(V) L)a
| P AV ()2 2 = A (Vo (w)) = | < [Py Ad (Vi) ]| Il
+ || Py — 2]y — 0,
so Ad(V (u))*tx € Co(V, L) by the displayed equivalence. O

Corollary 2.5. Let L < G have property (T) and let (V,) be an operator norm
asymptotic representation of G. Then

Vald) =1y — 0 (d € Dg(L)).

Proof.  Let uLu™!

IA

L, c € Cg(L), and ¢ € L, and write Co = Co(V,L). Since
¢ commutes with L, (V,(c)) € Ca, so (Vo(u)V,(c)Vn(u)*) € Cy by Theorem 2.4,
and then (Vj(ucu™')) € Cy because ||V;,(u)V;(c)Va(u)* — Viy(ucu™)|| — 0. So
[V (O) Vi (ucu™) = Vo (ucu 1)V (0)||, — 0, and by asymptotic multiplicativity
| Vi ([ucu™t, €]) — 1||, = 0. The elements with this property form a normal subgroup
of G, so it contains D (L). O

~— —

2.3. From Hilbert—Schmidt to operator norm. Smallness in normalized Hilbert—
Schmidt norm does not bound the operator norm: for

2
Dy = diag(—1,1,...,1) e U(d), |Dg— 1|y =—%= — 0, |Dg — 1| = 2.

Vd

A corner occupying a vanishing fraction of the matrix can therefore carry the entire
obstruction, which is why the corner below is renormalized by its own rank.

Restricting a corona homomorphism p to a corner requires a correction: a projection
g commuting with p(G) has lifts g, that commute only asymptotically with unitary
lifts Uy, (g) of p(g), so the compressions ¢,U,(g)g, are only approximately unitary in
the matrix corners.

Lemma 2.6 (central corona corners). Let p: G — U(Qq) be a homomorphism from a
countable group, and let ¢ € Qq be a nonzero projection commuting with p(G). Discard
the coordinates on which a fized projection lift of q vanishes; infinitely many remain,
and on them there are ranks v, > 1, an identification of the corner qQqq with the norm
matriz corona Qy, and an operator norm asymptotic representation Wy, : G — U(ry,)
whose corona homomorphism is g — qp(g) under this identification.

Proof.  Lift ¢ to projections g, € Mg, (C) by functional calculus. Since ¢ # 0,
infinitely many ¢, are nonzero; retain those coordinates and put r, = rank(g,).
Identifying each corner ¢, My, (C)g, with M, (C) identifies the corner ¢Qqq with the
corona Q,: a bounded sequence (z,) representing z € Qq gives the representative
(Gnznqn) of qzq. Since g commutes with p(G), the map g — ¢p(g) is a homomorphism
from G to the unitary group of the corner, with unit ¢. Each value is a unitary of Q.
80, as in the proof of Lemma 2.2, it lifts to unitaries W,,(g) € U(ry,), with Wy, (1) = I,,,.
Multiplicativity in the corona makes (W,,) an operator norm asymptotic representation
whose corona homomorphism is g — gp(g). O
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Theorem 2.7 (normal Kazhdan subgroups). Let G be countable and let K < G have
property (T). If every operator norm asymptotic representation (V,) of G satisfies
|Vi(k) — 1|l = 0 for all k € K, then every corona homomorphism from G is trivial
on K.

Proof.  Suppose that a corona homomorphism O: G — U(Qq) is nontrivial on K.
Let e € C} . (K) be the Kazhdan projection of K, and let p € Qg be its image under

max
the homomorphism C} . (K) — Qq induced by O|k. In any faithful representation of
I = K, the range

max
the corona, p is the projection onto the K-fixed vectors. Since gK g~

of ©(g)pO(g)* is O(g) Fix O(K) = FixO(gKg~!) = Fix O(K), so
O(9)rO(9)" =p (g€ ),

and ¢ = 1—p is nonzero because © is nontrivial on K. By Lemma 2.6 there is an operator
norm asymptotic representation W, : G — U(ry) whose corona homomorphism O is
the coordinate restriction of g — ¢O(g). Let 7: C . (K) — Qp be the homomorphism
induced by ©|f. Since ¢ commutes with ©O(K), the map a — ¢O(a) is a homomorphism
on C} . (K) agreeing with m on K, so m(ek) is the coordinate restriction of gp = 0.
Fix a free ultrafilter w and let 7 be the limit along w of the normalized traces of the
coordinates M, (C). A norm-null sequence has vanishing traces, since | tr,, (z)| < ||z||,

so 7 is a well defined tracial state on Q. The hypothesis applies to (W) itself, so
| try, (Wa(k)) = 1] < [Wa(k) = Ll — 0 (k€ K)

in the normalized Hilbert—Schmidt norm of M, (C), and therefore 7(7(uy)) = 1 for
every k € K, where uy is the canonical unitary of k. The trivial character x of K
is the state of C . (K) with x(ux) = 1 for every k, and it has x(ex) = 1. The two
states 7 o and x agree on every ug, hence by linearity on the dense subalgebra C[K],

hence on C} . (K). So

max
1= x(ex) =7(m(ex)) = 7(0) =0,
a contradiction. OJ

Theorem 2.8 (one-sided compression criterion). Let G be countable and let L <
G have property (T). If K Q G has property (T) and K < Dg(L), then every
homomorphism from G to an MF group is trivial on K. In particular, if such a K is
nontrivial, then G is not MF, and if G has property (T) and Dg(L) = G, then every
homomorphism from G to an MF group is trivial.

Proof. By Corollary 2.5, every operator norm asymptotic representation of G satisfies
|Vi(k) — 1|l = 0 for k € K <®g(L). By Theorem 2.7, every corona homomorphism
is then trivial on K, and by Lemma 2.1 so is every homomorphism to an MF group.
If K # 1, then G does not embed in an MF group, so G is not MF. The last assertion
is the case K = G = D¢g(L). O

2.4. The maximal group C*-algebra.

Proposition 2.9 (proper one-sided compression). Let G be a countable group con-
taining a property-(T) subgroup T' and an element t with tTt=1 C T'. Then C} . (G)
contains a proper isometry. In particular, C} .. (G) is not stably finite, admits no
faithful tracial state, and is neither residually finite-dimensional nor MF.
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Proof. Let P e C

max

(G) be the image of the Kazhdan projection of I' [AW] under
the canonical map C} . (I') — C&..(G), and let u be the canonical unitary of ¢.
Conjugation by u implements the isomorphism I' — tI't~! on canonical unitaries, so
by Lemma 2.3 applied with U = u, P < uPu”*, where uPu* is the image of the Kazhdan
projection of tI't~!. The inequality is strict: in the quasi-regular representation of
G on (*(G/tT't™1), the point mass at the base coset is fixed by tI't~* and moved by
every element of I'\ tI't~!, so the two fixed-space projections differ. Put ¢ = uPu*, so
that P < q, Pq=qP = P, uP = qu, and Pu*(1 — q) = Pu* — Pu*uPu* = 0, and put
s = Pu*+ (1 —¢q). Then

s*s=uPu*+ (1 —q) =1, ss*=P+4+(1-q)=1—(q—P) #1,

so s is a proper isometry, and diag(s,1,...,1) is one in every matrix algebra over
C}.x(G), which is therefore not stably finite. A tracial state 7 has 7(¢ — P) =
7(s*s) —7(ss*) = 0 with ¢ — P a nonzero positive element, so no tracial state is faithful.
MF algebras are stably finite, and a separable residually finite-dimensional C*-algebra

is MF [BK]. O

A group can satisfy the hypothesis of Proposition 2.9 and be MF. The ascending
HNN extension V of Z3 x SL3(Z) along (v, A) + (2v, A), used in Section 5, has the
faithful matrix realization

Ve {(2';‘4 "1’) . A€ SLa(Z), v € Z[1/2, k e Z},

and reduction modulo odd integers separates its elements, so V is residually finite
and MF [Kor, Corollary 10]. So the lamps of Section 5 are necessary for the non-MF
conclusion there.

3. ONE-SIDED INVERSES AND ELEMENTARY GROUPS

The proof of Theorem 3.4 runs in rank four over the ring C, with three coordinates
for the subgroup EL3(C), which has property (T) because C is finitely generated, and
one for its centralizer; two lemmas then carry the conclusion from EL4(C) to every
EL,(R). The compressor needs only ts = 1; the ideal condition on 1 — st enters in the
last step of the rank-four argument and in the first lemma.

Lemma 3.1 (two copies). Let R be a unital ring with s,t € R such that ts =1 and
R(1 — st)R = R. Then there are vy, v1,wp, w1 € R with wyvj = d;5. Conversely, such
elements satisfy wovo = 1 and wy (1 — vowp)vy = 1.

Proof.  Put e =1 — st, so that es = te = 0, and choose a;,b; € R, 0 < j < m, with
Zj ajeb; = 1. Put

vg = s, wy = t™, v = Zsjebj, wy = Zajetj.
J J

For all 4,5 > 0, et'sie = di;e: for j > i the middle factor is s77% which e kills on the
left, and for 4 > j it is t~7, which e kills on the right. So wovg = t™s™ = 1, wivy =
Yojajeb; =1, wovr = 35 tmeb; = 0, and wivy = > ajes™ ™ = 0. Conversely,
w1(1 — U()’wo)’l)1 = w1v1 — (wlvo)(wovl) =1. O
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Lemma 3.2 (normal generation in rank two). Let R be a unital ring and let v, w,a,b €
R satisfy wv =1, ba =1, and bv = 0. Then

D= [612(1}), €921 (b)] = diag(l + Ub, 1)
normally generates ELa(R).

Proof.  The matrix ej2(v)ea;(b)eia(—v) has rows (1+wvb, —vbv) and (b, 1 —bv), so for
bv = 0it is (14va (1)), and multiplying by ea; (—b) gives D = diag(1+wvb, 1). Let N be the
normal closure of D in ELy(R). For r € R, [D, e1a(ar)] = e1a((1+vb)ar —ar) = eja(vr),
since ba = 1; so ej2(vR) < N. Put f =1 — vw, an idempotent with fo =0 = wf.
Since r = vwr + fr, it remains to put ejo(fR) in N, and the involution
z=vf+ fu+l—-f—vfw
does this by conjugation, since zf = vf. Put x = vf, y = fw, ¢ = vfw, and
c=1—f—¢q,sothat z=x2+y+c Fromwv=1and fv=wf=0:22=4y>=0,
xy = q, yxr = f, the idempotents f and ¢ are orthogonal, and ¢ annihilates = and y on
both sides; so 22 = ¢+ f +c=1and 2f = zf +yf + cf = vf. The factorization
diag(z, 271) = e1a(2)ear (=2 V)e1a(2) era(—1)ear (1)era(—1)
puts h = diag(z, z) in EL2(R), and heia(fr)h~! = en(2frz) = e12(v frz) € N. So
e12(r) = era(vwr) e1a(fr) € N for every r € R, and conjugating by ej2(1)ea;(—1)eq2(1)
gives eg1(R) < N. O
Lemma 3.3 (a rank-four compression cell). Let R be a unital ring, let s,t € R satisfy
ts=1, and put e =1 — st. In G = EL4(R) let L = EL3(R) occupy coordinates 1,2, 3.
There are u,c € G with uLu~' < L and ¢ € Cg(L) such that
ucu™! = ega(e), [ucu™, e93(1)] = ey3(e).
Every off-diagonal entry of a matriz in uLu~' has the form sat with a € R.
Proof. Here e? = e and es =te = 0. For i = 1,2, 3, set
U; = €4i(t — 1)61'4(1)642'(8 — 1)6i4(—t).
Its block on coordinates (7,4) is (§ ¢), so u = ugugu; € EL4(R) is the matrix

s 00 e
y— 0 s 0 et
{0 0 s et?|’
000 ¢
invertible as a product of elementary matrices. For 1 <i # j <3 and a € R,
(4) wegi(a) = ej;(sat) u
both sides differ from u by one entry, sa in position (7,7), since on the right the
increment sat - (s,...,et’~!) from row j of u contributes sats = sa in position (4, j)

and satet’~! = 0 in position (i,4). So uLu~! < L, and (4) gives the last assertion.
The element
c= [641(6), 614(t)] = diag(l, 1, 1, 14 et)
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is computed in the block on coordinates (1,4) using te = 0, and a diagonal matrix of
this shape commutes with every diag(A, 1), so ¢ € Cg(L). Both uc and eja2(e)u equal
u + et Fy4: the last column of uc is (e, et, et t3)T(1 + et) and €? = e, te = 0, while
ei2(e)u adds e times the second row (0, s, 0, et) of u to its first row, and es = 0. So
ucu™! = ejz(e), and the Steinberg relation [e12(e), e23(1)] = e13(e) gives the second
identity. O

Theorem 3.4 (full complementary idempotents). Let R be a countable unital asso-
ctative ring. Suppose that s,t € R satisfy

ts =1, R(1 — st)R = R;

that is, 1 — st is a full idempotent, so that 1 = 3, a;j(1 — st)b; for finitely many
aj,bj € R. For every n > 2, every homomorphism from ELy,(R) to an MF group
is trivial. Every homomorphism from EL4(C) to an MF group is trivial; that group
is finitely generated and has property (T); and there is a homomorphism from it to
EL,(R) whose image normally generates EL,(R).

Proof. The universal group. In C put s = sg, t = tg, and e = 1 — st. Then ts =1,
e? =e, es =te =0, and t1es; = 1. Put G = EL4(C) and L = EL3(C) on coordinates
1,2,3. The ring C is nonzero, since it maps onto Lp,(1,2), and finitely generated,
so both groups have property (T) by [EJZ, Theorem 1.1], and EL4(C) is finitely
generated [BHV, Theorem 1.3.1].

By Lemma 3.3 there are u,c € G with uLu~! < L, ¢ € Cg(L), and

d=[ucu™t, ex3(1)] = e3(e) € Dg(L).

Let N be the normal closure of d in G. For arbitrary a,b € C, the Steinberg relations

give

[eq1(a), e13(e)] = ess(ae), [eas(ae), e32(b)] = eq2(aeb).
So e42(1) = eqo(t1es1) € N. Elementary signed permutation matrices conjugate this
element to every off-diagonal position, up to a sign, so e;;(1) € N whenever i # j. For
distinct 4, j, k and every r € C,

[eij (1), €5k (r)] = eix(r) € N.

So N =G, and Dg(L) = G. By Theorem 2.8 with K = G, every homomorphism from
G to an MF group is trivial.

Rank two. Now let R satisfy the hypothesis. By Lemma 3.1 choose vg, v1, wg, w1 € R
with w;v; = 6;5. Then ¢: s; — v;, t; — w; is a unital ring homomorphism C — R, and
it induces a homomorphism EL4(C) — EL4(R). Put

S1=wovg, Sz =wov1, S3=uvivo, S4=v101,
Th = wowp, T2 =wiwo, T3=wowi, Ty=wiwi,
so that T;S; = d;;, and put p = >, S;T;. For a 4 x 4 matrix A over R put
(A =1-p+ ZSﬁAUT] € R.
,L'7j
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Since (1 — p)S; = 0 and Tj(1 — p) = 0, we have j(AB) = 5(A)3(B) and 3(I) =1, so
U(A) = diag(y(A), 1) defines a homomorphism GL4(R) — GL2(R), and for ¢ # j and
reR,
W(eij(r)) = diag(1 + 5Ty, 1) = [e12(Sir), ea1(T5)]

by the computation in Lemma 3.2, since T;5; = 0. So W(EL4(R)) < EL2(R). Let
p be a homomorphism from ELs(R) to an MF group. Composed with EL4(C) —
EL4(R) — EL2(R) it is trivial, so p kills the image ¥(ej2(1)) = diag(1l + S17%,1)
of e12(1) € EL4(C), which normally generates ELa(R) by Lemma 3.2 with v = Sy,
w =T, a= 853, b="Ts. So p is trivial, and the image of EL4(C) in ELy(R) normally
generates ELa(R).

All ranks. For n > 3, signed permutation matrices conjugate e12(r) to e;;(£r) for
all i # j, so the copy of ELs(R) on coordinates 1,2 normally generates EL,(R). A
homomorphism from EL,(R) to an MF group is trivial on that copy, hence trivial,
and the image of EL4(C) in that copy normally generates EL, (R). O

The non-MF conclusion passes up from corners: if a nonzero idempotent p € R is such
that the ring pRp, with unit p, satisfies the hypothesis, then A — A+ (1—p)I,, embeds
EL, (pRp) in EL,(R), and restricting models shows that MF passes to subgroups, so
EL,(R) is not MF for every n > 2. The full-defect hypothesis itself need not pass to
R, nor need every homomorphism from EL, (R) to an MF group be trivial.

Corollary 3.5. If R is a countable simple unital ring that is not directly finite, then
every homomorphism from EL,(R) to an MF group is trivial for every n > 2. The
same conclusion holds for R = Li(1,m), for every countable field k and every m > 2.

Proof.  In the first case choose ts = 1 # st; then 1 — st is a nonzero idempotent,
and since R is simple it generates R as a two-sided ideal. In the second case, with
generators s1,...,8m,t1,...,t, subject to t;s; = d;; and ), s;t; = 1, take s = s1 and
t=11; then 1 —s1t; =) ;59 s;t; and

tg(l — Sltl)SQ =1.
Theorem 3.4 applies in both cases. ([l

Corollary 3.6. Let R be a countable unital ring. If R is not directly finite, then
C o (EL,(R)) contains a proper isometry for every n > 4. If R # 0 satisfies the
hypothesis of Theorem 3.4, then for every n > 2 the algebra C}(EL,(R)) is separable,
stably finite, and not MF, and the unit group R* is not MF.

Proof.  Choose s,t € R with ts = 1 # st, and let S be the unital subring they gener-
ate. Let u and L = EL3(S) be as in Lemma 3.3 for S; then L has property (T) [EJZ,
Theorem 1.1], and the compression is strict, since e(sat) = 0 while e -1 = e # 0 puts
e12(1) in L\ uLu~t. By Proposition 2.9 applied to L < EL,(R) and u, Cf,.(EL,(R))
contains a proper isometry.

If R # 0 satisfies the hypothesis of Theorem 3.4, then G = EL,(R) is countable
and nontrivial, and by Theorem 3.4 it is not MF. The algebra C}(G) is separable,
stably finite because its canonical trace is faithful, and not MF by Lemma 2.1. Finally,
the map j from the proof of Theorem 3.4 is injective, since T;7(A)S; = A;j;, and sends
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EL4(R) into R*; that group is not MF, and MF passes to subgroups. So R* is not
MF. O

Proposition 3.7 (torsion complementary idempotents). Let R be a countable unital
ring, let s,t € R satisfy ts = 1, and suppose that e = 1 — st has finite additive order.
Then for every n > 4,

EL, (R, ReR) < Radyr (EL,(R)),

where EL, (R, ReR) is the normal closure of the e;j(a) with a € ReR. In particular
EL,(R) is not MF when e # 0, and if R has positive characteristic, then EL4(R) MF

implies that R is directly finite.

Proof. If e =0, then ReR = 0 and EL, (R, ReR) = 1, so assume e # 0. Let S be
the unital subring generated by s, ¢, and let L = EL3(S) occupy coordinates 1,2, 3 of
EL4(S); it has property (T) [EJZ, Theorem 1.1]. The criterion is applied to a subgroup
B < EL4(S) with a central element of finite order inside ® g(L). Put fi; = stetd. Since
es =te =0, fijfuu = difiu, so 1-2]- = 0 for i # j. Write D(a) = diag(1,1,1,a); for
i # j, D(1 £ fij) = [ea1(fis), era(£fij)] lies in EL4(S). Let u be the compressor of
Lemma 3.3, put wi; = (14 f5;)(1 — fi;) (1 + fji), r = wiawss, and v = uD(r). Since
D(r) centralizes L, vLv~! < L. Put

c=D(1+ fo2), y = eaa(fio), z=D(1+ fi2),
¢ =ez(1), B = (L,v,c,y).

Then ¢ € CB(L), and from TfOQ'ril = f05, Tf127”71 = f45, f02t3 = f05, and t3f45 =
f12t3, direct multiplication with the displayed u gives vev™ ! = e14(fo2) and vzl = 2.
So d = [vev ™, 0] = egq(—fo2) lies in Dp(L), and [y,d] = D(1 — fi2) = 2z~ since
fo2fi0 = 0 and f19fo2 = fi2; hence z € Dp(L). The element z commutes with L and
v, and with ¢ and y because fi2fo2 = fo2fi2 = fi2fi0 = 0, so (z) is central in B. If
me = 0 then 2™ = D(1 +mfi2) = 1, and z # 1 because tfj25> = e # 0. So (2) is
a nontrivial finite central subgroup of B inside ® (L), and Theorem 2.8 applied to
B Xkills z under every homomorphism from B, hence from EL,(R), to an MF group.
Then

[2, e41(f20)] = ea1(f10), le24(t), ea1(f10)] = e21(e)
are killed, hence every e;;(aeb) by the Steinberg relations and signed permutations,
hence EL, (R, ReR). For e # 0, ea1(e) # 1. If R has characteristic p > 0 then pe = 0
for every such e, and the contrapositive gives direct finiteness. (|

The Toeplitz—Jacobson algebra J = Fy(s,t | ts = 1) has 1 — st # 0 of order two,
while J/J(1 — st)J 2 Fa[z,271] # 0, so 1 — st is not full and Theorem 3.4 does not
apply; Proposition 3.7 shows that EL,(J) is not MF for n > 4. For J the inclusion

of Proposition 3.7 is an equality. The algebra J acts faithfully on V = FgN) by the
shift, e = 1 — st is the projection onto the first vector by of the standard basis (b;),
and JeJ is the ring of matrices with finitely many nonzero entries in this basis. Let
GL (V™) be the group of automorphisms g of V" such that g — I has finite matrix
support in this basis, a condition stronger than finite rank of g — I. The kernel of
EL,(J) — EL,(F2[z, 271]) lies in GLg (V™). Over Fy every element of GLg (V™) is a
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product of transvections, and each transvection is a relative root e;;( fuy) or, inside one
coordinate, the commutator [e;x(fuw), €ki(fwv)] of two. So ELy,(J, JeJ) is this kernel,
the quotient EL,,(Fs[z, z71]) is residually finite, so MF, and

Radyr(EL,(J)) = EL,(J, JeJ) 2| JSLy(F2)  (n>4),
N

an infinite simple locally finite group. The rank four is three plus one. Every countable
subgroup of GLy over a field has the Haagerup property [GHW, Theorem 4], and the
kernel of GLa(J) — GLa(F2[z, 271]) is locally finite, so a Kazhdan subgroup of GLa(J)
has finite image in GL2(F2(2)) and a locally finite subgroup of finite index, and is finite.
A finite subgroup L of a group G admits no proper compression, since uLu~! < L
forces uLu~! = L; then uCq(L)u™! = Cg(L) and D (L) = 1, so Theorem 2.8 gives no
obstruction at rank two. Three coordinates carry property (T) [EJZ, Theorem 1.1}, and
the fourth makes the compression by s invertible. The two results are complementary:
fullness gives trivial MF images at every rank n > 2, torsion of the defect gives non-MF
at rank four with no fullness.

3.1. The binary example. Put R = Lg,(1,2) and H = R*. By (3), the maps
x — (tox,t1x) and (y,z) — Soy + s1z are mutually inverse isomorphisms of right
R-modules between R and R @ R, and H = GL4(R) = EL4(R) [K-T, Proposition 4.2
and Corollary 4.4]. We identify H with EL4(R).

Proof of Theorem A.  The relations give tgsg = 1 and t1(1 — sotp)s1 = 1, so R
satisfies the hypothesis of Theorem 3.4, and every homomorphism from H to an MF
group is trivial. The ring R is finitely generated, so H has property (T) by [EJZ,
Theorem 1.1], and hence is finitely generated [BHV, Theorem 1.3.1]. Since ej2(1) # 1,
the group H is nontrivial.

Let N be a normal subgroup of H. The ring R is purely infinite simple [AA] and
therefore an exchange ring [Ara], so by Preusser’s sandwich theorem [Pre, Theorem 3]
there is an ideal I of R with

EL4(R> I) < N < 04(R7 I)a

where EL4(R, I) is the normal closure in EL4(R) of the elementary matrices e;;(a)
with a € I, and Cy(R, I) is the preimage of the center of GL4(R/I). Since R is simple,
either I = R, and then N > EL4(R) = H, or I = 0, and then every g € N is
central in GL4(R). In the second case, commuting with each e;;(1) forces g = A4 with
A € R*, and commuting with each e;j(a) then gives Aa = aX for all a € R. So A lies
in Z(R) = Fy [AC, Corollary 4.3], and N = 1. So H is simple. It is nontrivial, and
every homomorphism from it to an MF group is trivial, so H is not MF.

Since R # 0 satisfies the hypothesis of Theorem 3.4, Corollary 3.6 shows that
C}(H) is separable, stably finite, and not MF, and that C};,. (H) contains a proper
isometry. ]

3.2. MF quotients of unit groups. All rings in the following discussion are unital
and associative. Two idempotents e, f of a ring are equivalent if e = xy and f = yx
for some x,y; an idempotent e is infinite if e = f + g for orthogonal idempotents
f,g with f equivalent to e and g # 0; and a simple ring is purely infinite if every
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nonzero right ideal contains an infinite idempotent [AGP, Definitions 1.2]. The algebras
Lj(1,d) are purely infinite simple [AA]. Let GL(R) and EL(R) be the direct limits of
GL,(R) and EL,(R) along A — diag(A, 1); the subgroup EL(R) is normal in GL(R)
by Whitehead’s lemma, and K;(R) = GL(R)/EL(R). Write x: R* — K;(R) for the

canonical map.

Theorem 3.8 (MF quotients of unit groups). Let R be a countable unital purely
infinite simple ring and let n > 1. Then every homomorphism from GLy(R) to an MF
group factors uniquely through the canonical map GL,(R) — Ki(R), and K1(R), a
countable abelian group, is MF. Equivalently, Radyr(GLy,(R)) = [GL,(R), GL,(R)]
and GL,(R)/Radyr(GL,(R)) = K1 (R).

Proof.  The ring M, (R) is again countable, purely infinite, and simple [AGP, Corol-
lary 1.7], and K;(M,(R)) = Ki(R) by Morita invariance, so it suffices to treat n = 1.
Write H = R* and N = Radyp(H). Ara, Goodearl, and Pardo show that s is
surjective with kernel [H, H| [AGP, Theorem 2.4]. A countable abelian group A is
MF: C} .« (A) is commutative and separable, hence residually finite-dimensional and
MF [BK], and Lemma 2.1 applies. So  is a homomorphism to an MF group, and
N < kerk.

For the converse, a unit in ker x is reduced modulo N to a unit of the form
e+ (1 —e)v(1 — e), which is then the image of a stabilized elementary matrix under
a corner isomorphism. We use Theorem 3.4 in the following form. Every nonzero
idempotent e of R is infinite [AGP, Proposition 1.5], so eRe contains s,t with ts =
e # st, and eRe is simple, so e — st generates eRe as a two-sided ideal; hence every
homomorphism from EL,,(eRe), m > 2, to an MF group is trivial. Consequently, if e
and P are nonzero idempotents and 6: M,,(eRe) — PRP is a ring isomorphism, then

(5) 1-P+0(A)eN  (A€ELp(eRe)),

since these units form the image of EL,,(eRe) under a homomorphism to H.

We use two facts from the proof of [AGP, Theorem 2.4], which rest on [AGP,
Proposition 1.5 and Corollary 1.7] and on the elementary reduction of Menal and
Moncasi [MM, proof of Theorem 2.2, and the Remark after Corollary 2.3].

(a) There are orthogonal idempotents e, ..., e, with sum 1, m > 4, such that
e1,...,en—1 are pairwise equivalent and e, is equivalent to an idempotent
f < ei1. Then R is the ring of m x m matrices over T = e; Req, with identity
diag(1p, ..., 1p, f), whose last column has entries in 7' f and whose last row has
entries in f7T', and every unit v of R factors as u = gvh with g and h products
of elementary matrices e;;(z) of this matrix ring and v = e; + (1 —eq)v(1 —ey1).
(b) For a nonzero idempotent e and n > 2 there are an idempotent f < e equivalent
to e and orthogonal idempotents 73, ...,r, < e — f, each equivalent to 1, such
that, with ry =1 —-e+ f and P = r; + --- 4+ 1y, some ring isomorphism
0: M,(R) — PRP sends diag(v,1,...,1)to (1—e)v(l—¢e)+ f+ro+---+mry,

for every unit v = e+ (1 —e)v(1 —e).
Let u € ker k and write u = gvh as in (a). The elementary matrices with 7,7 < m—1
form EL,,_1(T) inside (1 — ep)R(1 — ey) = My—1(T'), so they lie in N by (5); for
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distinct 4,5 <m — 1,

eim(r) = [eij(1), ejm(@)],  emj(2) = [emi(2), e5(1)]
are products of an element of EL,,_1(T") and a conjugate of its inverse, so they lie in
the normal subgroup N as well. Hence v = v modulo N, and x(v) = x(u) = 0 because
N < kerk.
So let v = e+ (1 —e)v(l —e) with e # 0 and x(v) = 0. By the definition
of Kj, diag(v,1,...,1) € EL,(R) for some n > 2. With § and P as in (b), v =
1 — P+ 0(diag(v,1,...,1)), which lies in N by (5). Hence ker k < N. O

Corollary 3.9 (Leavitt unit groups). Let k be a countable field, let d > 2, let
R = Li(1,d), and let H = R*. Then H = GL4(R), and under this identification
Radyr(H) = [H, H] = ELy4(R) and

H/ELg(R) = K, (R) = kX /(K*)® 1,

Proof.  The maps x — (t1z,...,tqx) and (y1,...,yq) — >_; Siy; are mutually inverse
isomorphisms of right R-modules between R and RY, so R = My(R) and H = GL4(R).
Theorem 3.8 identifies the radical with [H, H| and the quotient with K;(R). Khanh—
Thanh show that GL4(R) = EL4(R)Dg(k), where Dgy(k) is the abelian group of
diagonal matrices with entries in £*, which normalizes ELy4(R), and that K;(R) =
kX /(k*)@=1 [K-T, proof of Theorem 7.2]. So [H, H] < EL4(R), while EL4(R) < [H, H]
because every homomorphism from EL;(R) to an MF group is trivial (Theorem 3.4).

n

For d = 2 the quotient is trivial for every countable field k, so every homomorphism
from Lg(1,2)* to an MF group is trivial. For k& = F, the quotient is cyclic of order
ged(qg —1,d —1).

4. CHAIN RECURRENCE AND EXACT MF RADICALS

The torsion-defect argument can identify the whole MF radical even when the defect
ideal is proper. We give such a computation for algebraic crossed products arising
from zero-dimensional dynamics.

Let X be a nonempty compact metrizable zero-dimensional space, and let T: X — X
be a homeomorphism. For a finite field &, put

Rx =LC(X,k)x7Z, ufu'=foT L

Here LC denotes locally constant functions and the crossed product is algebraic:
its elements have unique finite Laurent expansions }_; fju7. The powers of u remain
formal even if T has finite order. A ring is LEF if every finite subset admits an injective
map into a finite ring preserving the additions and multiplications that stay in that
subset, and preserving 0 and 1 when present. A group is LEF with the analogous
multiplicative definition. Finite inverse-pair tables show that LEF rings are stably
finite. Entrywise finite ring models, including the entries of inverse matrices, show that
their general linear groups are LEF. Countable LEF groups are MF, by the regular
representations of the finite groups in their local models.
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For a compatible metric on X, a point z is chain recurrent if, for every € > 0, there
are r > 1 and x = zg, 21, ..., 2, =  with d(T'z;, z;41) < €. Write Y = CR(T') for the
chain-recurrent set. We first construct this set in a form that also supplies finite ring
models.

Lemma 4.1 (the chain-recurrent core). The set Y is nonempty, closed and invariant,
and Ry is LEF. The complement X \'Y is covered by translates of sets P\ T'(P),
where P is clopen and T(P) C P. Fach of these sets is wandering: its distinct integer
translates are pairwise disjoint.

Proof.  First suppose X is a subshift over a finite alphabet. Its word graph at level
r has the length-r words as vertices and the length-(r + 1) words as edges, from prefix
to suffix. Call an edge cyclic if it lies on a directed cycle, and say the subshift satisfies
the cycle condition if every edge of every word graph is cyclic.

A subshift satisfying the cycle condition has an LEF crossed product. Indeed, fix a
finite ring table, express its entries in Laurent form, and choose a window determining
all coefficient functions and their translates used in that table. At a sufficiently high
word-graph level, choose cycles containing words witnessing every nonzero coefficient
of every difference between distinct entries. Reading these cycles gives finite periodic
models whose relevant windows all belong to the subshift. Repeat each cycle so its
length exceeds twice the largest absolute Laurent degree appearing in the table. On
the corresponding finite cyclic sets, evaluate coefficients as diagonal matrices and u as
the cyclic shift matrix. The allowed windows preserve the specified products and sums;
the separated cyclic diagonals and the chosen witnesses distinguish distinct entries.
Their product is the required finite matrix-ring model. The periodic models need not
themselves belong to the subshift.

Retain only the cyclic edges at level r, and let Z, be the subshift read from bi-infinite
paths in this graph. Every finite path in the retained graph lies in a strongly connected
component and extends to a periodic path. Thus Z, has dense periodic points and
satisfies the cycle condition. It is nonempty, and Z,,; C Z,, since a higher-level
cycle projects to a closed walk at a lower level. Put Yy =, Z,. Compactness makes
Yy nonempty, and all its words belong to X, so Yy € X. At each fixed length the
decreasing finite languages of Z, stabilize to the language of Y. Consequently Y
satisfies the cycle condition too. It is precisely the set of points all of whose finite
words give cyclic edges in the word graphs of X.

Closed approximate orbits at a prescribed window scale give closed walks through
the corresponding word. Conversely, a cycle through a sufficiently long word centered
at x gives a closed approximate orbit at x: realize successive edges by points of X,
using x at the initial and final positions. Overlap of the words gives the required
accuracy. Hence Yy = CR(T).

A noncyclic edge a — b gives a forward-closed set of vertices: those reachable from
b, which excludes a. Its cylinder union P satisfies T'(P) C P. If x starts with that edge,
then Tx € P\ T(P). These defects are wandering by nesting of the translates of P.

For general X, choose refining finite clopen partitions P, with mesh tending to zero.
Let w0 X — X, be their itinerary subshifts, and let Y,,, be the cores just constructed.
Refinement gives one-block factor maps py,: X; = X Such maps preserve the cycle
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condition, since cycles map to closed walks. Thus py,,(Y;) C Y,,, and

Vo= ml V) 7V = () o (0.
m [>m
The second equality follows from compactness in the fibers. The sets on its right
decrease and satisfy the cycle condition; finite language stabilization proves that
their intersection does too. Coefficient pullback gives injective unital maps of crossed
products, and every locally constant function is constant on a sufficiently fine partition.
Thus Ry, is an increasing union of LEF rings and is LEF.

Chain recurrence passes to factors, so Y C Y. Conversely, if z € Y, choose P, with
mesh below e. A sufficiently accurate closed chain at 7, (z) makes the zero-coordinate
symbol of each next point equal the one-coordinate symbol of the preceding point.
Lift the intermediate points arbitrarily to X, with both endpoint lifts equal to x.
Consecutive lifts satisfy the e-chain condition because they lie in the same partition
atom after shifting. Hence Y, =Y.

Pull back the symbolic defects to cover X \ Y by their translates. They avoid Y:
for any compressed clopen P, set p = 1p, d = 1p\p(p) and calculate

(6) s=up+1-—p, t=put+1—p, ts =1, st=1-—d.
Restriction to the directly finite ring Ry forces d|y = 0. O

Call an algebra locally matricial if every finite subset is contained in a finite product
of full matrix algebras over its coefficient field; these subalgebras may have their own
local identities.

Lemma 4.2 (the transient ideal). Restriction fits into an exact sequence
0— I — Rx — Ry —0, I =LC.(X\Y, k) xp Z.

The ideal I is locally matricial and is generated by the indicators 1p\r(p) of the defects
in Lemma 4.1.

Proof.  Locally constant functions on a closed subset extend by finite clopen parti-
tions. Their restriction kernel consists exactly of functions compactly supported in
the complement. Laurent normal forms give exactness. The translates of the defects
cover that complement; a finite clopen subdivision subordinate to this cover on each
compact coefficient support proves the ideal-generation claim.

Put U = X \ Y. A compact subset C' C U has a finite cover by wandering clopen
sets, say m of them, so each orbit meets C' in at most m points. Also U has no periodic
points. Express a prescribed finite subset of I as linear combinations of characteristic
functions of compact clopen partial shift graphs. Include inverse partial shifts, and let
C be the union of their sources and ranges. The equivalence relation they generate
on C' has classes of size at most m. Erasing loops shortens any path between related
points to at most m — 1 steps. Freeness on U makes the arrow between related points
unique. The generated relation therefore consists of finitely many partial shifts with
compact clopen domains.

Choose a finite clopen partition of C' separating distinct points in each class: the
finitely many nonidentity partial shifts have no fixed points, so compactness gives such
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a partition. Order its atoms and select the point in the first occupied atom as the class
representative. The representative set is clopen, because presence of a related point in
an earlier atom is a finite clopen test. Refine it according to the occupied atoms, the
shift exponents to each level, and all original coefficient values. On each cell the classes
have a fixed size h and continuously enumerated clopen levels. The characteristic
arrows between these levels form a copy of M} (k). The product of these finitely many
matrix algebras contains the prescribed elements, proving local matriciality. O

Theorem 4.3 (the universal directly finite quotient). Every unital homomorphism
from Rx to a directly finite ring factors uniquely through restriction Rx — Ry . This
is also the universal stably finite and LEF ring quotient. The same assertions hold for
M, (Rx) — My, (Ry) for every m > 1. In particular, Rx is directly finite if and only
if it is stably finite, if and only if it is LEF, if and only if every point of X is chain
recurrent.

Proof. A unital homomorphism to a directly finite ring kills every d in (6), hence
all of I by Lemma 4.2. Since Ry itself is LEF and therefore stably finite, all three
universal properties follow. For amplification, let ¢: M,,(Rx) — A be unital with
A directly finite, and put e = p(E11). The corner eAe is directly finite: extend a
one-sided inverse pair by 1 — e in A. Apply the preceding argument to the unital map
r +— @(rE11) into this corner. Multiplication by the other matrix units shows that ¢
kills My, (I). Its quotient M,,(Ry) is LEF, as follows entrywise from finite ring tables.
Finally, I = 0 exactly when X =Y, giving the stated equivalences. (|

Proposition 4.4 (three-coordinate bilateral compression). For every finite field k
and n > 3, the group GL,(Rx) is MF if and only if it is LEF, if and only if Rx is
directly finite. Every homomorphism from GL,(Rx) to an MF group kills EL, (Rx,I).
Proof.  Take a clopen P with T'(P) C P and nonempty D = P\ T(P). Put p = 1p,
d = 1p, and fu = u®du~ for a,b € Z. Wandering gives fapfee = Opefac. Negative
levels lie outside P. The unital subalgebra S C pRxp generated by s = up, t = pu™!
and kp satisfies ts = p, st = p — d. It is finitely generated, so L = EL3(S) has
property (T) [EJZ, Theorem 1.1]. Embed it in GL3(Rx) by adjoining identity on 1 — p.
Let 7 cycle the three negative levels —1 +— —2 +— —3 — —1:

3
r=1-Y fjj+fo-1+fs-2+f 13 W = diag(u, u,u) diag(1,1,7).
=1

The correction r acts outside P and centralizes L. Thus W conjugates L into L,
sending a root coefficient a € S to uau™! = sat. On its third coordinate W fixes the
negative levels —1 and —2 individually. Put
c=e3(f-1,-2), LC=enlp), y=en(f-10),
Z = ]-+E33f—17—27 B = <L,I/V,C,y>.
Then ¢ € Cp(L) and
WeW ™ =eis(fo—2),  6=[WeW ™ {] = exs(—fo,2), [y, 8] = =",
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Hence z € ®p(L). It commutes with L, since both its supports lie outside P; with W,
since its two levels are fixed; and with ¢, y, by the matrix-unit products. So (z) is a
nontrivial finite central subgroup of B, of order char(k). Theorem 2.8 kills z under
every MF homomorphism from B, hence from GL3(Rx). The identities

[z e31(f-2,0)] = es1(f-10),  [e23(fo,-1), es1(f-10)] = e21(d)
then kill the defect root. Normal root commutators and root addition kill all roots
in the ideal generated by d. Extending by identity gives the same conclusion in rank
n > 3.
The defects generate I by Lemma 4.2, proving the last assertion. If Rx is not
directly finite, some defect is nonzero, so GL,,(Rx) is not MF. Otherwise Theorem 4.3
makes Rx, and hence its general linear groups, LEF. ([l

The incoming side of the bilateral shift supplies the auxiliary levels used here. The
compressor W need not be elementary, so this argument does not give an unrestricted
rank-three theorem for EL3(Rx).

Theorem 4.5 (the exact MF radical). Take k = Fy and write
K,, = ker(GL,(Rx) — GL,(Ry)).

Forn > 2, K, = EL,(Rx,I) is locally finite. Moreover,
Radyp(GL,(Rx)) = K, (n > 3),
Radyr(EL,(Rx)) = K, (n > 4).

The elementary restriction is surjective with LEF quotient EL,(Ry). The general
linear quotient is the LEF restriction image.

Proof.  First identify the full restriction kernel. If g € GL,(Rx) restricts to the
identity, put all entries of ¢ — 1 and ¢~ — 1 inside one finite matrix-product algebra
B =TI, My, (F3) C I, with local identity p. Then g = (1 — p)I,, + h with h € GL,(B).
For n > 2,
GLy(B) = ELy(B) = [ [ SLua, (F2).
a

Indeed every invertible matrix over Fo has determinant one. Under block flattening,
scalar roots across distinct outer blocks are block roots; a scalar root within one block
is a commutator through another block. Thus ¢ is generated by roots with coefficients
in I. This proves equality of the elementary and general linear restriction kernels with
EL,(Rx,I). The same argument for finitely many g at once places them in a common
finite group, proving local finiteness.

Proposition 4.4 kills EL, (Rx, I) in every general linear MF image for n > 3. For
elementary groups with n > 4, use Proposition 3.7 on the defects in (6), which have
additive order at most two and generate I. Its countability hypothesis holds because
X has a countable clopen basis and each clopen subset is a finite union of basis sets.

Lifting elementary coefficients makes the elementary restriction surjective. Its target
is LEF by Lemma 4.1, hence MF, which proves the opposite radical inclusion. The
general linear restriction image is a subgroup of the LEF group GL,(Ry ), giving the
other assertion. g
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The matrix rank can be supplied by the dynamics itself. The following localization
makes the passage to a return section particularly simple. Write K, (I) for the general
linear restriction kernel, also when n = 1, and use the same notation for corner ideals
with their own identity.

Lemma 4.6 (localization by one involution). Let C be a full clopen section with
bounded positive return times, put pc = 1o and J = pclpc. Over any finite field, for
every finite F' C I there is w € Ry withw —1 € I, w? =1, and wFw™' C J. Quer
Fo, every finite subset of K, (I) is simultaneously conjugate into the unitized K, (J)
by wly; for n > 2 this involution lies in EL,(Rx).

Proof. Let K C X \'Y contain the sources and ranges of a finite partial-shift
description of F', and cover K by m wandering clopen sets. Each orbit meets K at
most m times. If H bounds the return gaps, add arrows from every point of K to
its first 2m strictly future returns to C. Their displacements are bounded by 2mH
and have finitely many clopen domains. Apply the finite matrix-block construction
of Lemma 4.2, refining also by K and C. Each generated class contains an original
point and its 2m distinct return points. At least m of the latter lie in C'\ K, enough
to match every original coordinate to a fresh section coordinate. Swap the matched
pairs and fix the other coordinates. The finite clopen partition makes these choices
constant on each representative cell. Unitizing the resulting permutations gives an
involution w with wlgw™" < pc, hence wFw™! C J.

For kernel matrices, include all entries of their deviations and inverse deviations
in F. Scalar conjugation then gives the unitized corner kernels. Over Fo, the finite
matrix argument in Theorem 4.5 puts wl,, in EL,(Ryx) for n > 2; it also proves local
finiteness of K;([). O

Corollary 4.7 (unit groups and rank two). If T has no fized points, then over
any finite field the groups GL,(Rx) and EL,(Rx), n > 2, are MF if and only if
they are LEF, if and only if Rx is directly finite. If T has no points of periods one
or two, the same equivalence holds for the unit group R%. Over Fo, all these MF
radicals are exactly the locally finite core restriction kernels. In particular, for every
aperiodic system the mazimal MF quotient of R% is its LEF restriction image on the
chain-recurrent core.

Proof.  Use r = 2 for the matrix groups and r = 3 for the unit group. Choose a finite
clopen cover Uy, ..., U, with U; NT7U; = @ for 0 < |j| < r. Starting with Cy = &,
put

Ci=Ci1U (Ui\ U TJC’i_l) :
lil<r

Then C = C,, is clopen, separated from its first » — 1 translates, and X = U‘ jl<r TiC.
Its return gaps lie in [r, 2r — 1]: a larger gap would have a middle point at distance at
least r from every return. For r = 1 simply take C' = X.

Let C}, be the clopen first-return-time cells and S¢ the first-return homeomorphism.
Put pc = 1¢ and Po = pcRxpc. The unit v = >3, uhlch implements S¢, and
Pc = LC(C,k) xgs, Z: split any partial shift with endpoints in C' according to
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its successive returns. This is a finite splitting for each fixed shift exponent. For
0<1<2r—1put

Di = U Ch, a; = uilpi, bi = 1Diu_i.
h>i
The tower partition gives b;a; = 0 for 7 # j, b;a; = 1p, and >, a;b; = 1. Thus Ry is a
unital corner of My,_1(Pc), via © — (b;jxza;);;. For i < r we have D; = C, so the first
r levels give the injection

®: M, (Po) — Rx,  ®(A) = > a;Ajb;.
1,J<r
Unitization embeds GL,,(P¢) into GL,,(Rx). For n > 2, block elementary flattening
puts the image of EL,,,(P¢) inside EL, (Rx).

The induced core is C NY. Indeed its return ring is a corner of the LEF ring Ry,
so it lies in the induced chain-recurrent core. Conversely, saturating that core through
the finite towers gives a closed invariant subsystem whose ring is a corner of a matrix
ring over an LEF ring, hence LEF. Theorem 4.3 applied to this subsystem makes
every one of its points chain recurrent in X, proving the reverse inclusion. The return
transient ideal is therefore J = poIpc.

Over o, Theorem 4.5 kills the whole return kernel in the embedded group in the
stated rank ranges. That kernel contains the phase-zero placement of every g € K,,(J),
which ® sends to (1 — p¢)I, + g. Lemma 4.6 conjugates every element of K, (I) into
this corner, so all of K,,(I) is killed. Core restriction has LEF image, giving equality
of radicals.

For other finite fields, if Rx is not directly finite then neither is Po: otherwise
Theorem 4.3 would make Pg stably finite, and the full tower corner would make Rx
directly finite. Transfer one nonzero invisible defect root using Proposition 4.4 in
general linear rank nr > 3, or Proposition 3.7 in elementary rank nr > 4. The positive
implications follow from the LEF ring models. O

The period hypothesis cannot be removed from a unit-group theorem. For the
shift on the two-ended compactification X = Z U {—o0, +o0}, with its endpoints
fixed, the core consists of those endpoints. Over Fy the ring is not directly finite:
P ={0,1,...} U{+o00} has defect {0}. Nevertheless its unit group is

R% & GLgy(Z,Fy) % Z,

where GLg, means finite matrix support of ¢ — 1, and Z acts by the bilateral shift.
To see this, use the faithful action on ng). A unit has Laurent symbols 2%, 2%+ at
the two ends and acts by these translations on the two sufficiently distant tails. The
tails starting at —IN and N span a subspace of codimension 2N — 1, whose image has
codimension 2N — 1 + a4 — a_. Invertibility forces a4y = a_; removing that common
shift leaves a finite invertible block extended by identity. This semidirect product is
LEF: copy any finite table’s finitary supports and the translated supports used in its
products into a sufficiently long finite cycle, replacing the shift by cyclic translation.

Products agree without wraparound; equal shift exponents are separated by their
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finitary parts, and different exponents by points outside those supports. Thus R% is
LEF although GL3(Rx) is not MF.

There is also a limitation of the compression method at rank two. If the core Y
consists of fixed points, every Kazhdan subgroup of GLy(Rx) is finite. Its finitely
generated restriction image lies in a finite product of groups GLa(k[z,271]), hence
in a Haagerup group by [GHW, Theorem 4], and is finite. The remaining kernel is
locally finite, so a finite-index subgroup of the Kazhdan group is finitely generated and
locally finite, hence finite. Finite subgroups have no proper self-compressions, so their
compression defects are trivial. The same reasoning applies to unit groups when every
core point has period at most two: a finite invariant clopen partition gives matrix
blocks of size at most two over k[z, z~!]. Thus the threshold three is a limit of this
method in these cases, not a proof that the unrestricted GLo or EL3 conclusions are
false.

5. AMENABLE TRACES AND CLIFFORD LAMPS

Brown observed that it was unknown whether every amenable trace on a C*-algebra
is quasidiagonal [Br, discussion preceding Proposition 3.5.1]. For a separable unital
C*-algebra A we use the sequential form of his definitions. A tracial state 7 on A is
amenable if there are unital completely positive (u.c.p.) maps ¢n: A — My, (C) such
that

[¢n(ab) — ¢n(a)pn(b)lly — 0, tra,(dn(a)) — 7(a) (a,b€ A).

It is quasidiagonal if the first limit holds in operator norm instead of normalized
Hilbert—Schmidt norm, with the same trace convergence.

For a countable group G, let u, denote the canonical unitary in C} .
canonical trace 7¢g is determined by

Ta(ug) = {

(G). The

L, g=1,
0, g#1.

Theorem 5.1 (canonical-trace obstruction). Let G be a countable group. If G is not
MF, then its canonical trace 7¢ on Ck .. (G) is not quasidiagonal. In particular, if ¢

is amenable, then 1g is an amenable trace that is not quasidiagonal.

Proof.  Suppose that 7¢ is quasidiagonal, with u.c.p. maps ¢, : C,(G) — Mg, (C)
as in the definition. Asymptotic multiplicativity in operator norm makes a +— [(¢n(a))y]
a unital *-homomorphism ®: Cy .. (G) — Qq. If ®(uy) =1, then ||¢p(uy) — 1| = 0,

S0 trq, (¢n(ug)) — 1, while trg, (¢n(uy)) = 7a(ug); so g = 1. Hence g — ®(uy) is a
corona homomorphism injective on G, and G is MF, contrary to the hypothesis. [

A group N is locally residually finite if each of its finitely generated subgroups is
residually finite.

Proposition 5.2 (amenable extensions of locally residually finite groups). Let 1 —
N — G — A — 1 be an extension of countable groups with N locally residually
finite and A amenable. Then the canonical trace of Ck . (N) is quasidiagonal, and the
canonical trace of C}: . (G) is amenable.

ax(

ax(
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Proof.  The models are compressions of a quasi-regular representation of G to a finite
set of cosets indexed by a Fglner set of A and a finite quotient of a finitely generated
subgroup of N, and the multiplicative defect comes from the Fglner boundary. Write
g — g for the quotient map G — A, and fix a finite set 3 C G, a finite Fglner set
F C A, and a section 0: A — G. For g € ¥ and x € F put

b(g,x) = o(gz)'go(z) € N.

The subgroup Ny generated by these finitely many elements is residually finite; choose
a finite quotient 0: Ny — A with 0(b(g,x)) # 1 whenever b(g,z) # 1, put A = ker6,
and choose representatives r, € Ny of the cosets of A in Ny. The cosets o(z)r¢A, € F,
q € A, are pairwise distinct, since equality forces z = 2’ in A and then g = ¢; let T be
their set, let II be the projection of £*(G/A) onto £*(T), and put ®(b) = IIA(b)II|2(7)
for b € C} . (G), where X is the quasi-regular representation. This map is u.c.p., and
forg e ¥ and gz € F,

go(z)rg = o(gz) ro@v(g.2))g € T

So for g, h € ¥ the identity ®(ugp) — P(ug)®(up) = HA(g9)(1 — II)A(R)II and the rank
of (1 —TNA(R)IL, at most [{x € F : ha ¢ F}||A|, give
{r€F:hx¢F}
| F| ’

The normalized trace of ®(uy) is the fraction of points of T' fixed by g, and for
g € X\ {1} it is zero: if g # 1, then g moves the F-coordinate of every point,
and if g = 1, then go(z)ryA = a(x)rg(b(g@))q/\ with b(g,z) = o(z) " lgo(z) # 1, so
0(b(g,))q # q. Taking Fglner sets with |[{z € F : ha ¢ F}|/|F| — 0 for the finitely
many h € 3, along an exhaustion of GG by finite sets X, the maps ¢ are asymptotically
multiplicative in normalized Hilbert—Schmidt norm and their traces converge to 7 on
the canonical unitaries; density and contractivity extend both limits to C% . (G).

For the canonical trace of C .. (N), run the same construction with N in place of
G, A=1, and F = {1}: no boundary term appears, so the maps ® are multiplicative
on ¥ in operator norm, and their traces vanish on ¥ \ {1}; the same limits give
quasidiagonality. O

(1) — By D)2 <

We now construct a group to which Theorem 2.8 applies through a finite central
subgroup: its intrinsic defect subgroup contains a commutator whose square is a central
involution. Let I" be a countable group with property (T), let a: I' — T" be injective
but not surjective, and choose a € I\ a(T"). Put

To=lm( ST =), V=Tyx(t),

where tgt~' = a(g) on the level-zero copy of I', so that V is the ascending HNN
extension of I' along o and Ty, = U5t "T't". Put X = V/T, the left-coset space. The
Clifford lamp group CIl(X) is the group with generators ¢ and ¢,, z € X, and relations

e2=c2 =1, e, ¢z =1, [co,cy) =€ (z#v).
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To see that € #£ 1, fix a total order on X, let ng) be the Fa-vector space of finitely

supported functions X — Fo, and for f, g € ]ng) put B(f,g) = > ., f(x)g(y). Since
B is bilinear,

(a,f)(b,9) = (a+b+ B(f,9), [+9)

is a group law on Fy x ng), in which (1,0) is a central involution, each (0, ;) is

an involution, and for z # y exactly one of B(d,,d,) and B(dy,d,) equals 1, so
the commutator of (0,d,) and (0,d,) is (1,0). So € — (1,0), ¢z — (0,0;) defines a
homomorphism Cl(X) — Fg x FéX). The relations let us write every element of C1(X)
as
o N . aclFy, 1< <uwx,

and this word maps to (a,d;, + -+ + 0z,.), so the expression is unique and the
homomorphism is an isomorphism. In particular, for a finite subset ¥ C X, the
subgroup generated by € and the ¢, with y € Y has order 2lYH+1 5o C1(X) is countable

and locally finite. Killing ¢ leaves ng) = Py Ca, so Cl(X) is a central extension
of @y C2 by Cq, and W below is a central extension of the permutational wreath
product Cyx V by (). The relations are invariant under permutations of X, so every
permutation of X induces an automorphism of Cl(X) that permutes the ¢, accordingly
and fixes €. In this way V acts on Cl(X) through its action on X, and we put

(7) W =Cl(X)x V.

Proposition 5.3 (Clifford obstruction from a proper self-embedding). The group W
is not MF. More precisely, every homomorphism from W to an MF group kills €.

Proof.  Identify I' with its level-zero copy in V< W, and let ¢ be the lamp at the
root coset I' € X; it centralizes I', which fixes that coset. Then tct™! is the lamp at
tT" and a(tct~)a=! is the lamp at atD'. These cosets are distinct, because tI' = atT’
would mean a € tI't™! = a(T'); so x = tet™! and y = axa™! are distinct lamps,
involutions with [z,y] = ¢ # 1. Then d = [z,a] = zy and d? = xyzy = [2,9] = &,
and d = [tet™1, a] is a generator of Dy ('), since tI't~' < T, ¢ € Cw(T), and a € T.
So (e) < Dw (). The subgroup () is central, so normal, and it is finite, so it has
property (T). So Theorem 2.8 applies to the countable group W with L = I" and
K = (g): every homomorphism from W to an MF group is trivial on e. In particular,
W is not MF. O

Proposition 5.4 (the locally residually finite case). Suppose in addition that T is
residually finite and that [I' : o(T")] < co. Then

WgWOXJZ, WOZCI(X)NTQ,
where Wy is locally residually finite. Consequently W is sofic but not MF, the canonical
trace on Cf,(Wo) is quasidiagonal, and the canonical trace on C} .. (W) is amenable
and not quasidiagonal.

Proof.  Reassociating the semidirect products yields
WgWONZ, W():CI(X)NT(X.
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For n > 0, write I';, = t7"I't" for the image of the nth copy of I' in T,. Since
[[': a(T")] < oo, each T, has finite index in I'y41; every element of Ty, lies in some Ty,
and conjugation by ¢t maps I'y,4+1 onto I',,, so I' is commensurated by V. Hence the
stabilizer in I'), of every point of X = V/T" has finite index, and every I'j,-orbit in X is
finite.

A finite subset of Wy involves only finitely many lamps c,, and its T,-coordinates
lie in one I';,. Let Y be the union of the I';,-orbits of these finitely many x. Then Y is
finite and I'j-invariant, and the finite subset is contained in

Cy X Pn,

where Cy = (€, ¢, : y € Y) is finite by the normal form above. This semidirect product
is residually finite. Indeed, an element with nontrivial I';,-component survives in a
finite quotient of I';,. For a nontrivial element of Cy, let J be the kernel of the action
I';, — Aut(Cy). The quotient I',,/J is finite, and the element has nontrivial image in
the finite group Cy x (I';,/J). Therefore every finitely generated subgroup of W is
residually finite, hence sofic.

The group Wy is their directed union, and W /Wy = Z is amenable. Soficity passes
to directed unions and to extensions with amenable quotient [ES, Theorem 1], so W
is sofic. Proposition 5.3 shows that it is not MF. By Proposition 5.2, applied to the
extension 1 — Wy — W — Z — 1, the canonical trace of C} . (W) is quasidiagonal

max
and that of C% .. (W) is amenable; by Theorem 5.1 the latter is not quasidiagonal. [

Soficity also shows where operator norm enters. The permutation matrices V,, of a
sofic approximation of W satisfy [|V;,(gh) — Vi(9)Va(R)|ly — 0, while ||V, (e) — 1]|5 —
V2, because € # 1 moves almost every point. So the collapse of Corollary 2.5 fails
for asymptotic representations in normalized Hilbert—Schmidt norm, although ¢ is a
central involution of W inside Dy (I'): Theorem 2.4 needs operator norm control of the
conjugation maps, and no version of Theorem 2.8 for sofic or hyperlinear approximation
follows from these hypotheses.

For a concrete instance, take

T — 73 x SLy(Z) = {(61 11)) . A e SLy(Z), ve 23} < GLJ(Z).

It is residually finite, since reduction modulo a suitable integer separates any two
distinct integral matrices, and it has property (T) [BHV, Example 1.7.4(i)]. Let
D = diag(2,2,2,1),  a(g) = DgD™ ',

so that a(v, A) = (2v, A). This is injective, and its image consists of the affine matrices
whose translation coordinates are all even, so [I' : a(I')] = 8. Translation a by the first
standard basis vector lies outside «(T"). So the preceding construction applies to I, «
and a.

Proof of Theorem B.  Apply Proposition 5.4 to T, a, and a. U
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6. A TORSION-FREE FINITELY PRESENTED EXAMPLE

Theorem C is proved by passing from Fournier-Facio’s group to a two-generated
quotient onto which a normal subgroup inside the defect subgroup already maps.
Lemma 6.2 produces such quotients.

For an acylindrically hyperbolic group G, choose the generating set A provided by
Hull [Hu, Theorem 3.12]. A subgroup is suitable if it acts non-elementarily on the Cayley
graph Cay(G, A) and normalizes no nontrivial finite subgroup [Hu, Definition 1.4]. We
use the following consequence of Hull’s small cancellation theorem [Hu, Theorem 7.1(a),

(c), and (e)].

Theorem 6.1 (Hull’s small cancellation theorem). Let G be acylindrically hyperbolic,
let N < G be suitable with respect to A, and let g1,...,9m € G. Then there is a
surjective homomorphism ¢: G — @ such that Q is acylindrically hyperbolic, ¢(g;) €
©(N) for all i, and every element of finite order in Q) is the image of an element of
the same order in G.

Hull’s proof treats m = 1 by passing to G/{(r))¢ for one element r and the general
case by induction on m, using his clause (d), that ¢(NV) is again suitable [Hu, proof of
Theorem 7.1], so ker ¢ is the normal closure of m elements and (@ is finitely presented
when G is.

Lemma 6.2 (saturation). Let G be finitely presented, torsion-free, and acylindrically
hyperbolic, and let N < G be nontrivial. Then there is a surjective homomorphism
p: G — Q such that Q) is two-generated, finitely presented, torsion-free, and acylindri-
cally hyperbolic, and p(N) = Q.

Proof.  The subgroup N is normal, and it is infinite because G is torsion-free and
N # 1, so it acts non-elementarily on Cay(G, A) by Osin [Os, Lemma 7.1]; since G is
torsion-free, N normalizes no nontrivial finite subgroup, so N is suitable. By Hull [Hu,
Corollary 5.7 and Lemma 5.8, N contains two elements hq, hy such that Ny = (hq, ha)
is suitable with respect to a generating set A’ O A to which Hull’s small cancellation
theorem again applies. Apply Theorem 6.1 to Ny, with respect to A’, with g1,...,gm a
finite generating set of G. Then Q = (¢(g1),...,9(gm)) < @(No) < @(N) < Q,s0 Q =
©(No) = (¢(h1),¢(h2)) and ¢(NN) = Q. The quotient is torsion-free by Theorem 6.1
and finitely presented because ker ¢ is normally generated by m elements. O

Fournier-Facio constructs a finitely presented torsion-free group Gg with prop-
erty (T), a subgroup I' < Gy with property (T), an element t € Gy with tT't~! < T,
and a subgroup J < Gy isomorphic to a finitely presented infinite simple group,
such that [[,J] = 1 and tJt~! < T [FF, §2]. The group Gy is obtained there as a
common quotient of two finitely generated acylindrically hyperbolic groups by Hull’s
theorem [Hu, Corollary 7.4], which allows the quotient to be chosen acylindrically
hyperbolic; we take Gy to be such a quotient. Put S = tJt~!. Since J is simple and
nonabelian, J and S are perfect.

For ¢ € J and ¢ € S, the commutator [tct™!, 4] lies in Dg,(T') by (1), since t
conjugates I' into itself, ¢ centralizes I', and S < T'. As ¢ ranges over J, the element
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tet~! ranges over S, so [S, 5] < D¢, (T), and S is perfect, so
S < D¢, ().

Proof of Theorem C. Let N be the normal closure of S in Gy; it is nontrivial
because S is. By Lemma 6.2 applied to Gy and N, there is a surjective homomorphism
p: Gy — Q with Q) two-generated, finitely presented, torsion-free, and acylindrically
hyperbolic, and ¢(N) = Q. The group @ is infinite because it is acylindrically
hyperbolic, and it has property (T) as a quotient of Gy.

By (2), ¢(5) < Dg(¢(T')). The subgroup Dg(¢(I')) is normal in @, and the normal
closure of ¢(S) is (N) = @, so

Do(p(l) = Q.
Both @ and ¢(I") have property (T), as quotients of Gy and T, respectively. By the
last assertion of Theorem 2.8, every homomorphism from @ to an MF group is trivial.
If a quotient Q of Q is MF, then the quotient map Q — Q is trivial, so Q = 1. O

Corollary 6.3. The algebra C}(Q) is separable, unital, simple, and generated by two
unitaries. It has a unique tracial state and stable rank one, and it is stably finite but
not MF.

Proof.  The group @ is countable, torsion-free, and acylindrically hyperbolic, so it
contains a non-degenerate hyperbolically embedded subgroup [Os, Theorem 1.2] and
has no nontrivial finite normal subgroup. Dahmani, Guirardel, and Osin give simplicity
and uniqueness of the trace [DGO, Theorem 2.35], and Gerasimova and Osin give
density of the invertible elements, which is stable rank one [GO, Theorem 1.1]. The
algebra is separable and generated by the canonical unitaries of the two generators;
its canonical trace is faithful, so it is stably finite; and it is not MF by Lemma 2.1,
since @ is not MF (Theorem C). O

ORIGIN AND AUTHORSHIP

In early August 2026 the author was using Al models on two questions raised by
the nonsofic group of [OAI]: whether hyperlinearity implies soficity, and whether every
group is hyperlinear. In one ChatGPT conversation, GPT-5.6 Sol, on “high” thinking
mode, worked on weak MF (matricial field) approximations of a Clifford-twisted wreath
product as a step toward hyperlinearity. Earlier in that conversation the author had
asked whether to pivot to the MF question, and Sol had advised against it. The author
gave Sol the existing progress on the hyperlinear problem and sent this prompt:

“Achieve f{MF of the Clifford Kun-Thom extension }W in such a way
that it archives our goals and ends everything, or, possibly, a different
breakthrough, leading to achieving the final result. You got this!”

Sol answered with an MF counterexample: every norm-matrix model of the Clifford-
twisted wreath product kills the Clifford sign. That was on August 9. Also on August 9,
the models proved that the maximal group C*-algebra of a strictly compressed Kazhdan
group is infinite. Parallel chats, including one in “Pro” mode, and the agents working
on the hyperlinear question, did not find the counterexample. By August 12 the models
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had reduced the obstruction to one commutator in a finitely presented group and had
proved in Lean that it is not MF. They wrote the first draft of this paper that evening.

The author prompted the models, set the direction, retrieved the literature, and
suggested the MF question. With the models, the author explored several routes to a
non-MF group, shaped the current proof, and checked and revised the citations. The
models drafted much of the text; the author wrote the rest and edited the whole for
clarity and for the mathematical presentation. GPT-5.6 Sol in Codex, and Claude
Fable 5 and Claude Opus 5 in Claude Code, wrote the Lean proofs. The whole exchange
is in the repository’s public commit history.?

The author consulted experts from August 13, and their comments shaped the
revisions. Many models also reviewed drafts; Astra’s reviews shortened the paper and
simplified the proof of Theorem 2.7.
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