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Abstract—Configurable systems typically consist of reusable
assets that have dependencies between each other. To specify
such dependencies, feature models are commonly used. As feature
models in practice are often complex, automated reasoning is
typically employed to analyze the dependencies. Here, the de
facto standard is translating the feature model to conjunctive
normal form (CNF) to enable employing off-the-shelf tools, such
as SAT or #SAT solvers. However, modern feature-modeling
dialects often contain constructs, such as cardinality constraints,
that are ill-suited for conversion to CNF. This mismatch between
the input of reasoning engines and the available feature-modeling
dialects limits the applicability of the more expressive constructs.
In this work, we shorten this gap between expressive constructs
and scalable automated reasoning. Our contribution is twofold:
First, we provide a pseudo-Boolean encoding for feature models,
which facilitates smaller representations of commonly employed
constructs compared to Boolean encoding. Second, we propose a
novel method to compile pseudo-Boolean formulas to Boolean d-
DNNFs. With the compiled d-DNNFs, we can resort to a plethora
of efficient analyses already used in feature modeling. Our
empirical evaluation shows that our proposal substantially out-
performs the state-of-the-art based on CNF inputs for expressive
constructs. For every considered dataset representing different
feature models and feature-modeling constructs, the feature
models can be significantly faster translated to pseudo-Boolean
than to CNF. Overall, deriving d-DNNFs from a feature model
with the targeted expressive constraints can be substantially
accelerated using our pseudo-Boolean approach. For instance,
the Boolean approach only scales for group cardinalities with
up-to 13 features while pseudo-Boolean d-DNNF compilation can
compile cardinalities with thousands of features. Furthermore,
our approach is competitive on feature models with only basic
constructs.

Index Terms—product lines, knowledge compilation, d-DNNF,
pseudo-Boolean logic, feature models

I. INTRODUCTION

Most aspects of modern life, such as transportation [1]–[3],
communication [4], [5], and computers [6], [7], rely on con-
figurable systems. Such systems typically consist of multiple
features that can be combined (i.e., configured) according to a
set of constraints. Variability languages are used to specify
such constraints between features [8], [9]. For instance, a
constraint may specify that a feature depends on another
feature or that at least one of a group of features needs to
be selected. A common specification in variability languages
are feature models [9], which define features and constraints
(e.g., dependencies) between them [10].

Industrial systems often come with thousands of con-
straints [2], [6], [11], [12], which mandates the usage of
automated analyses [3]. For instance, common analyses are

checking whether a given configuration is valid or computing
the number of valid configurations [13], [14]. The de facto
standard for analyzing feature models is translating them to
conjunctive normal form (CNF) then applying standardized
reasoning engines, such as SAT [10], [13], [15] or #SAT
solvers [2], [16], [17].

There is a mismatch between constraint types in available
variability languages and constraints supported by existing
reasoning engines. While research on scalable solutions for
feature-model analysis is mostly limited to Boolean logic [15],
[18], the majority of variability languages support constraints
that are hard to represent in CNF [9], [19], [20]. Commonly
considered examples for such constructs are group cardinal-
ity (i.e., select between n and m features from a group),
feature cardinality (i.e., select a single feature between n
and m times), or constraints over numeric attributes (e.g.,
overall power usage of features is limited), or non-Boolean
features [9], [21]–[23]. For those constructs, translating to
Boolean logic may lead to an exponential increase in formula
size [24]. In a survey of ter Beek et al. [9], 11 out 13
variability languages include at least one of such constructs.
Consequentially, it is often infeasible to represent and reason
about feature models containing those constraints with the
standard Boolean approaches [24].

Such expressive constructs are also part of most languages
used in practice. In a survey on variability-modeling practices
in the industry of Berger et al. [25], pure variants [26] was
the most used off-the-shelf tool. Their specification relies on
various expressive constructs, including group cardinalities
and feature attributes [23]. The tools following in popularity,
namely Gears, FeatureIDE [27], [28] and DOPLER [29], also
support more expressive constructs.

Several studies also report the mandate of these constructs
in real-world projects [20], [24], [30]–[32]. Hubaux et al. [30]
conducted a survey with four1 companies and report that
feature cardinalities and attribute constraints are desired. Fur-
thermore, expressive constructs, including group cardinalities,
attribute constraints, and feature cardinalities, were also ob-
served in other real-world case studies, such as the embed-
ded system eCos [20], configurable jewelry-rings [31], video
conference systems by Cisco [32], loan portfolios [33], and
university courses [24].

Scalable solutions for various analyses on expressive con-
structs are lacking. While solutions for checking satisfiability

1The four companies come from the computer hardware, meeting manage-
ment, and document management application domain [30].
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are also available for more expressive formats (e.g., SMT [34],
[35] or CP [36], [37]), such techniques have not been yet
extended for exact counting or enumeration. Furthermore,
the expressive power of these approaches also comes with
added computational cost [34], [37], [38]. Both, enumeration
and counting, are relevant for a plethora of feature-model
analyses [13], [16], [39]. Another issue hindering scalability is
that many feature-model analyses rely on more than a single
invocation of those complex computations [13]. Knowledge
compilation is a strategy for automated reasoning which has
recently attracted attention for feature-model analysis [40]–
[42]. With knowledge compilation, the feature model is trans-
lated to a format (e.g., d-DNNF [43] or BDD [44]) with
beneficial properties [45]. These formats can be expensive to
compile initially, but after this one-time initial effort, they
support more efficient analysis techniques [45]. However,
compilation for formats popular in feature-model analysis is
currently strictly limited to Boolean formulas [13], [43], [46]–
[48], which excludes the more expressive feature-modeling
constructs.

In this work, we aim to shorten the gap between expressive
feature-modeling constructs and suitable reasoning engines.
Our strategy to shorten this gap is twofold. First, we pro-
vide pseudo-Boolean encodings for common feature-modeling
constructs which are often more natural and substantially
smaller than respective Boolean encodings. In particular, we
target constructs from the Universal Variability Language
(UVL) [21], namely all basic constructs and group cardinal-
ities, feature cardinalities, and attribute constraints. We use
UVL as reference as it is widely employed [21], [28], [49]–
[53] and covers many constructs common in other variability
languages [9], [21], including languages employed in indus-
try [22], [26], [27]. The advantage of pseudo-Boolean formulas
is that they allow numeric constants, while still only having to
manage Boolean variables. Using this flexibility compared to
CNFs facilitates encoding expressive constructs while prof-
iting from the performance advantages of strictly Boolean
variables. This allows us to reuse established strategies from
Boolean [47], [54] and pseudo-Boolean reasoning [55], [56].
The idea is to find a middle ground between powerful2 but
consequentially more computationally demanding reasoning,
such as SMT [34], [35], or CP [36]–[38], and purely Boolean
formulas [15]. Second, we introduce pseudo-Boolean d-DNNF
compilation, which enables compiling pseudo-Boolean con-
straints to a Boolean d-DNNF. The resulting d-DNNF can then
be used to efficiently perform a plethora of relevant feature-
model analyses [13], [40], [41], [57]. For instance, counting
and enumeration configurations can be performed in linear
time (w.r.t. d-DNNF size) on a d-DNNF [13], [45]. Overall,
we provide the following contributions in this work:

• We present pseudo-Boolean encodings for several com-
mon feature-modeling constructs, including the expres-
sive constructs group cardinality, feature cardinality and
attribute constraints (Section III).

• We propose a core algorithm and optimizations for
compiling pseudo-Boolean constraints to d-DNNF (Sec-

2Power with respect to the expressiveness of supported formulas.

tion IV).
• We provide publicly available tooling for both pseudo-

Boolean encoding and pseudo-Boolean d-DNNF compi-
lation.

• We examine the advantages of our approach regarding
both encoding and compilation over the state-of-the-art
with a large-scale empirical evaluation (Section V).

II. BACKGROUND

In this section, we introduce the background required for
understanding the main concepts in this work, namely fea-
ture models, automated reasoning, d-DNNF compilation, and
pseudo-Boolean logic.

A. Feature Models

Feature models are a commonly used formalism to specify
the set of valid configurations for a configurable system [58].
Typically, a feature model consists of a feature hierarchy,
denoting parent-child relationships with additional cross-tree
constraints [14], [58]. Often, non-functional attributes can
be attached to features (e.g., a price) [9], [21], [35], [59],
[60]. However, the types of parent-child relationships and
constraints that are supported vastly differ in literature [9].

Table I shows a taxonomy of different feature-modeling
classes. The taxonomy is inspired by the language levels used
in the Universal Variability Language (UVL) [21]. We use
UVL as reference since UVL is widely used [28], [49]–[52]
and covers many common constructs [9], [21]. Furthermore,
UVL language levels and our taxonomy aim to categorize the
feature-modelling based on complexity for reasoning engines.
For instance, basic feature models can be translated to CNF
within poly-time and poly-space [61], which is the de facto
standard input for SAT [62], [63] or #SAT [54], [64], [65]
solvers. In contrast, feature models with different feature
types require more powerful reasoning (e.g., SMT [35], [49],
[66]). Overall, we differentiate between four different classes,
namely basic B, cardinality C, attribute constraints A, and
feature types T. The classes differ in the supported group types
(i.e., hierarchical parent-child relationships), types of cross-
tree constraints (e.g., propositional), and feature types (e.g.,
Boolean or numeric). In this work, we consider all constructs
from C, A, and T as expressive constructs. Furthermore, we
use GX to denote the group types introduced by the class X
and CX types of cross-tree constraints introduced by the class
X. For instance, the cardinality class C introduces the group
types GC = {group cardinality, feature cardinality}.

Basic feature models are commonly considered, especially
in the context of automated reasoning [13], [15], [27], [67],
[68]. Figure 1 showcases a basic feature model specifying
the valid configurations of a robot vacuum product line.
Each robot vacuum requires some kind of obstacle
detection and extra storage (mandatory flag). Fur-
thermore, the robots may have maps, a mop mode, and
a camera (optional flag). For the obstacle detection, users
may choose between one or more from sensor, AI, and
physical (or relation). The extra storage can be either a
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TABLE I
FEATURE-MODELING CONSTRUCT TAXONOMY INSPIRED BY UVL LANGUAGE LEVELS [21]

Class Introduced Groups (GX) Introduced Cross-tree Constraints (CX) Introduced Feature Types

Basic B {Alternative, or, mandatory, optional} Propositional (∧,∨,¬,⇔,⇒) {Boolean}
Cardinality C {group cardinality, feature cardinality} -
Attribute Constraints A - attribute terms -
Feature Types T - feature terms {numeric, string}

dust storage or a water storage (alternative rela-
tion). In addition to the hierarchy, two cross-tree constraints
denote that AI and maps rely on having a camera and that
mop mode requires a water storage. In basic feature
models, the typical parent-child relationships are optional,
mandatory, alternative, and or [21], [27], [67]. Furthermore,
cross-tree constraints are limited to propositional logic with
common operators.

Robot Vacuum

Maps Obstacle Detection

Sensor AI Physical

Mop Mode Camera Extra Storage

Dust storage Water storage

Legend:

Feature

Mandatory

Optional

Or Group

Alternative Group

(AI ∨ Maps) ⇒ Camera

Mop Mode ⇒ Water Storage

Fig. 1. Basic Feature Model

However, the majority of available variability languages
also support at least some more expressive constructs, such
as cardinalities, attributes and constraints over them, or typed
features [9], [22], [23]. Figure 2 shows an extension of the
feature model shown in Figure 1 with constructs from B,
C, and A. For obstacle detection, due to a limited number
of connections, only one or two features can be selected
(group cardinality: pick [1..2] out of sensor, AI, and physical).
Between one and three extra storage components can now
be configured (feature cardinality: pick [1..3] incarnations
of extra storage). In addition, the features now have non-
functional properties, called feature attributes [59]. Here,
most features have a cost and the storage components also
have an attribute indicating the space they require. These
attributes can be used for informational purposes or to specify
constraints over them. In our example, the overall cost is
limited to 15 and the overall space for storages is limited to 6.
Various interpretations of feature attribute semantics have been
discussed [21], [35], [69]–[71]. We follow UVL [21] regarding
the semantics of feature attributes. There is one important dif-
ference between feature attributes and typed features: attributes
cannot be configured individually (i.e., their value is constant
when deriving configurations) [21], [59]. Hence, features are
variables while attributes are constants which are typically

easier to handle for reasoning engines. Formally, we consider
attributes ai = (fi, vi) as always attached to a feature fi. In
a configuration, their value is vi if its feature fi is selected
and zero otherwise. We discuss the semantics of the presented
relationships and constraints in Section III. Nevertheless, we
refer to related work on the structure and semantics of feature
models for more details [10], [21], [58].

Robot Vacuum

Maps Obstacle Detection

Sensor AI Physical

Mop Mode Camera Extra Storage

Dust storage Water storage

[1..2]

(AI ∨ Maps) ⇒ Camera
Mop Mode ⇒ Water Storage

sum(cost) < 15
"Dust storage".space + "Water storage".space ≤ 6

{cost = 7}

{cost = 2} {cost = 4} {cost = 3}

{cost = 2} {cost = 2}

[1..3]

{cost = 3,
space = 2}

{cost = 5,
space = 4}

Fig. 2. Feature Model Including Expressive Constructs

B. Logic-Based Reasoning

The de facto standard for feature-model analysis is translat-
ing the feature model to Boolean logic [10], [13]–[15], [72],
[73] and then invoke off-the-shelf solvers [27], [54], [63],
[67], [74]. Here, the features are mapped to Boolean variables
and the parent-child relationships and cross-tree constraints
translated to Boolean formulas, typically in conjunctive normal
form (CNF) [75]. A CNF C is a single conjunction of clauses
C = (C1∧. . .∧Cn). Each clause Ci is a disjunction of literals
Ci = (li,1 ∨ . . . ∨ li,m). A literal is an atom corresponding to
one of the variables v and can be either positive (i.e., v) or
negated (i.e., v̄). For basic feature models B, translations to
CNF are well known and commonly employed [27], [61], [76].
However, constructs from the expressive classes C, A, and T
are not straightforward to translate to CNF. In general, there
is a lack of scalable automated reasoning techniques for those
expressive constructs.

C. d-DNNF Compilation

Knowledge compilation refers to compiling an original
formula (e.g., representing a feature model) to another format
with beneficial properties regarding runtime of complex op-
erations [45]. There are various knowledge-compilation target
languages that each offer varying tradeoffs between (1) the
complexity to compile and (2) operations that are possible in
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polynomial time on the compiled artifact [45]. Typical opera-
tions are checking satisfiability, model counting, enumerating
solutions, or algebraic operations [13], [45].

The deterministic decomposable negation normal form (d-
DNNF) is a knowledge compilation target language that
has gained traction in feature-model analysis over the past
years [40], [41], [57], [77]. d-DNNFs support model counting,
checking satisfiability, and enumerating solutions within linear
time with respect to the d-DNNF’s size [45], which can be
used to accelerate a plethora of feature-model analyses [13].
None of these operations can be computed in polynomial time
on a CNF [45]. The linear runtime operations for d-DNNFs are
enabled by the properties determinism and decomposability.
A formula is deterministic if all disjuncts di in a disjunction
D = d1 ∨ . . . ∨ dn are pairwise logically contradicting (i.e.,
∀i, j : i ̸= j : di ∧ dj ≡ ⊥). A formula is decomposable
if no conjunct ci in a conjunction C = c1 ∧ . . . ∧ cn
shares variables with another conjunct (i.e., ∀i, j : i ̸= j :
vars(ci) ∪ vars(cj) = ∅).

Modern d-DNNF compilation is based on the exhaustive
Davis-Putnam-Logemann-Loveland (DPLL) algorithm [43],
[46], [47]. Here, the solution space of the formula is explored
by recursively assigning variables until every solution is found.
Algorithm 1 shows the base procedure to compile a given
CNF to d-DNNF. There are two main aspects to consider.
First, while the formula is not yet satisfied nor unsatisfied,
variables are assigned recursively. The subformulas F |v and
F |¬v resulting from setting v to true and false are recur-
sively compiled to d-DNNF and combined to a disjunction
(F |v∧v)∨(F |¬v∧¬v). Note that this disjunction is equivalent
to F and per construction deterministic as every leftside
solution contains v and every rightside solution contains ¬v.
Second, if the formula can be split into subformulas that share
no variables (i.e., components), those components are then
processed separately. The compiled sub d-DNNFs can then
be conjuncted. Note that the conjunction is equivalent to F
and decomposable by construction. Following this procedure,
we acquire a semantically equivalent d-DNNF since every
conjunction is decomposable and every disjunction is deter-
ministic.

D. Pseudo-Boolean Logic

A linear pseudo-Boolean constraint is an inequality follow-
ing the structure shown in Equation 1 [55], [78]. Here, ki and b
are constants while xi are Boolean variables with xi ∈ {0, 1},
where 0 corresponds to false and 1 to true. The set vars(F )
denotes the variables considered in the formula. The constants
ki are called factors and the rightside b is called degree [55].
Each pseudo-Boolean formula is a single conjunction over
such constraints. Consequentially, pseudo-Boolean formulas
are a generalization of CNFs. A CNF clause (x1∨. . .∨xn) can
be represented as

∑n
i=1 1·xi ≥ 1. Pseudo-Boolean logic is also

closely related to integer linear programming (cf. Section VI
for more details). Here, constraints are also linear inequalities,
but (1) variables are not limited to Boolean and (2) the goal
is typically to optimize an objective function [79].

Algorithm 1 Boolean d-DNNF Compilation
1: Input: CNF F
2: Output: d-DNNF D
3: Procedure: compile(F )
4: if satisfied(F ) then
5: return ⊤
6: else if !satisfied(F ) then
7: return ⊥
8: end if
9: components ← identifyDisconnectedComponents(F )

10: subs ← [ ]
11: for C : components do
12: if sat(C) then
13: continue
14: end if
15: subs.push(compile(F |v ∧ v) ∨ compile(F |¬v ∧ ¬v))
16: end for
17: return

∧
S∈subs

S

n∑
i=1

ki · xi ≥ b with ki, b ∈ Z, xi ∈ vars(F ) (1)

The advantage of pseudo-Boolean is the added expressive-
ness over CNFs with numerical constants while preserving
strictly Boolean variables [55], [78]. With the added expres-
siveness, certain constructs can be encoded more sparsely
(i.e., with fewer literals). In Section III, we showcase these
advantages by encoding different feature-modeling constructs
in pseudo-Boolean logic. By having strictly Boolean variables,
we can reuse strategies (cf. Section IV) that have been opti-
mized over decades of research on Boolean [47], [54], [62]
and pseudo-Boolean [55], [56], [80] reasoning.

III. PSEUDO-BOOLEAN FEATURE MODEL ENCODING

To use the benefits of pseudo-Boolean logic for feature
modeling, we first need encodings of commonly occuring
constructs. While Boolean encodings for feature models are
well researched, we only found a Bachelor’s thesis by Henner-
berg [81] addressing encodings as pseudo-Boolean formulas,
but they are limited to basic constructs, group cardinalities, and
sums over attributes. Furthermore, their group cardinality en-
coding produces faulty results if the parent is deselected [81].
Hence, we provide an extended collection of pseudo-Boolean
encodings. Note that there are typically multiple valid en-
codings for a feature-modeling construct. In this work, we
limit ourselves to one semantically equivalent encoding per
construct, for each Boolean logic and pseudo-Boolean logic.

Various feature-modeling constructs have been considered
with varying degrees of adoption in practice [9]. With our
approach, we limit ourselves to constructs from the Universal
Variability Language (UVL) [21] for now. We use UVL
as reference since UVL is widely used [28], [49]–[52] and
covers many common constructs from relevant languages in
research [9], [21] and practice [20], [24], [30]–[32]. Further-
more, the design decisions including supported constructs are
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result of a community survey with researchers and practi-
tioners [82], which increases the chances for the constructs
to be relevant. With pseudo-Boolean encoding, we aim to
find a sweet spot that provides more efficient encodings for
several constructs compared to CNF (cf. Section III-A and
Section III-B), but can still capitalize on the performance
advantages of purely Boolean variables. Hence, we target the
first three classes of our taxonomy, namely basic B, cardinality
C, and attribute constraints A. The taxonomy classes B, C, and
A cover all UVL language levels but typed features [21].

A. Encoding Basic Feature Models

The goal of employing pseudo-Boolean logic for fea-
ture models is mainly to provide more efficient encodings
(w.r.t. size and translation runtime) for additional expres-
sive constructs. Nevertheless, to translate feature models
in practice we initially require encodings for basic con-
structs. Table II shows Boolean and pseudo-Boolean encod-
ings for the hierarchy group types in features models from
the basic class B. Here, grpp

c1..cn describes the relationship
grp ∈ {opt ,mand , or , alt} between parent p and its children
{c1, . . . , cn}. Note that a feature ci can only be child feature
in one group, but a parent feature p may have multiple groups.
We use the translation implemented in FeatureIDE3 [27] as ref-
erence, which is commonly used [33], [51], [57], [61], [83] and
in line with other typical definitions from the literature [74],
[76]. For the pseudo-Boolean encoding, our translations are
similar to the ones provided by Henneberg [81]. For every
pseudo-Boolean encoding, we provide an explanation and give
an intuition on its correctness (i.e., its semantical equivalence
to the original construct).

TABLE II
ENCODINGS FOR BASIC FEATURE MODEL HIERARCHY

Constraint Boolean Pseudo-Boolean

optpc1..cn
∧n

i=1(ci ⇒ p) n · p+
∑n

i=1 −ci ≥ 0

mandp
c1..cn

∧n
i=1(ci ⇔ p) n · p+

∑n
i=1 −ci = 0

orpc1..cn p⇔ (
∨n

i=1 ci) n · p+
∑n

i=1 −ci ≥ 0

−p+
∑n

i=1 ci ≥ 0

altpc1..cn p⇔ (
∨n

i=1 ci ∧
∧

i<j(¬ci ∨ ¬cj)) p+
∑n

i=1 −ci = 0

a) Optional Features: For optional features, no con-
straints are imposed on the child features when the parent
is selected. Hence, an optional group only enforces that the
selection of a child mandates the selection of the parent
feature. Table II shows the Boolean and pseudo-Boolean
encoding for an optional group optpc1..cn . The pseudo-Boolean
constraint is only violated (i.e., left side < 0) if a child is
selected but the parent is not. Note that n·p is a valid summand
in a pseudo-Boolean constraint as n is a constant and p is a
variable.
Correctness. To correctly represent the semantics of optional
features, the constraint needs to be only falsified if a child is
selected, but the parent is not. For p = 1 (i.e., parent selected),

3https://github.com/FeatureIDE/FeatureIDE. FeatureIDE is a widely used
framework for software-product line development [27].

the left side is always at least zero, since
∑n

i=1−ci is always
at least −n. For p = 0 (i.e., parent not selected), the left side
is always negative if at least one child is selected.

b) Mandatory Features: Mandatory features need to be
selected if the parent is selected. The pseudo-Boolean con-
straint for mandp

c1..cn given in Table II is violated if the
parent but not all its children are selected. Note that the
provided pseudo-Boolean constraint does not exactly match
the definition from Section II-D (i.e., = instead of ≥), but
can be straightforwardly normalized to the desired form. We
discuss normalizations we perform at the end of this section.
Correctness. The mandatory constraint needs to be satisfied in
exactly two cases, i.e., the parent is selected with all children,
or the parent is deselected and none of its children is selected.
Both cases hold since n·1+

∑n
i=1−1 = 0 and n·0+

∑n
i=1 0 =

0. For any case with p = 1 and any ci = 0 (i.e., parent without
all children), the left side is positive. For any case with p = 0
and any ci = 1 (i.e., children without parent), the left side is
negative.

c) Or Group: If the parent of an or group orpc1,..cn , is
selected, at least one of its child features need to be selected.
To specify orpc1,..cn , we use two pseudo-Boolean constraints
that ensure (1) no ci is selected while p is not and (2) selecting
p requires selecting at least one ci.
Correctness. The semantics of an or group are a slight
specialization of optional constraints. Since the first constraint
is equal to the optional specification, we need to ensure that
the second constraint is falsified if the parent but no child is
selected. This case holds since −1 +

∑n
i=1 0 < 0.

d) Alternative Group: If the parent of an alternative
group altpc1..cn is selected, exactly one of its child features
needs to be selected. We encode this behavior by ensuring
that the number of selected children is equal to the selection
status of the parent (i.e., zero or one).
Correctness. The pseudo-Boolean constraint for altpc1..cn is
only satisfied if the parent p and exactly one child ci (i.e.,
1−1 = 0) is selected or no parent and no child (i.e., 0−0 = 0)
is selected.

e) Boolean Cross-Tree Constraints: To translate Boolean
cross-tree constraints to pseudo-Boolean logic, we can use
well-known translations to CNF and then translate the re-
sulting clauses to pseudo-Boolean constraints. In particular,
we convert a clause (x1 ∨ . . . ∨ xn) to the pseudo-Boolean
constraint

∑n
i=1 1 · xi ≥ 1. The benefit is that we employ

available techniques and tools for CNF translation [61].
Correctness. Both the clause (x1 ∨ . . .∨ xn) and the pseudo-
Boolean constraint

∑n
i=1 1 ·xi ≥ 1 are satisfied if at least one

xi is selected. If no xi is selected, both the clause and the
pseudo-Boolean constraint are falsified. Thus, the clause and
the pseudo-Boolean constraint are semantically equivalent.

By combining these translations, we can represent basic
feature models in pseudo-Boolean logic. For basic feature
models, most constructs can be represented as formulas with
similar sizes in Boolean and pseudo-Boolean. The exception
are alternatives altpc1..cn which induce considerable difference
as we require O(n2) clauses in a CNF, but only a single
pseudo-Boolean constraint.

https://github.com/FeatureIDE/FeatureIDE
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B. Encoding Expressive Constraints

Table III shows Boolean and pseudo-Boolean encodings for
constructs in the taxonomy classes cardinality C and attribute
constraints A. As reference for the Boolean encoding, we use
UVL conversion strategies [21], [84] which translate the ex-
pressive constructs to propositional constraints. We employ the
UVL conversion strategies as (1) they are part of the standard
UVL tooling and (2) each conversion produces semantically
equivalent formulas [21], [84].

TABLE III
ENCODINGS FOR EXPRESSIVE FEATURE-MODELING CONSTRUCTS

Construct Boolean Pseudo-Boolean

[a..b]pc1..cn enum([a..b]pc1..cn ) n · p+
∑n

i=1 −ci ≥ 0

−a · p+
∑n

i=1 ci ≥ 0∑n
i=1 −ci ≥ −b

f [a..b] enum([a..b]crc1,..,cb ) pb([a..b]crc1,..,cb )
ϕ(A) ⋆ ψ(A′) enum(ϕ(A) ⋆ ψ(A′)) Table IV

a) Group Cardinality: A group cardinality [a..b]pc1..cn
specifies that if parent p is selected, between a and b of
its children ci need to be selected. For Boolean, we use
the UVL conversion strategy which enumerates the valid
assignments over the children c1..cn that satisfy the group
cardinality. For instance, [2..3]p{c1,c2,c3} would be encoded as
(c1 ∧ c2 ∧ c3)∨ (c1 ∧ c2 ∧ c̄3)∨ (c1 ∧ c̄2 ∧ c3)∨ (c̄1 ∧ c2 ∧ c3).
Note that several alternative encodings for at-least-k and at-
most-k constraints have been suggested in the literature [24],
[85]–[87]. We discuss those encodings and their suitability
for d-DNNF compilation in Section VI. The enumeration
strategy is also employed by UVL for the remaining expressive
constructs [21]. With our pseudo-Boolean encoding shown
in the first rows of Table III, we use three constraints that
(1) ensure that child features c1, .., cn can only be selected
if parent p is selected, (2) if p is selected, at least a child
features are selected, and (3) at most b child features are
selected. Henneberg [81] also provides an encoding for group
cardinalities, but his proposal may produce incorrect results if
the parent is deselected.
Correctness. The first constraint is equivalent to the optional
constraint and ensures that deselecting the parent always
requires to deselect all children. So, we can focus on the case
the parent is selected (i.e., p = 1). The other constraints need
to be satisfied if the number of selected children k =

∑n
i=1 ci

is a ≤ k ≤ b and falsified if not. Considering the first case
(i.e., a ≤ k ≤ b), the second constraint is always satisfied
−a · 1 + k ≥ 0, as well as the third −k ≥ −b. For k < a,
−a · 1 + k ≥ 0 is falsified. For k > b, −k ≥ −b is falsified.

b) Feature Cardinality: A feature cardinality f [a..b]
specifies that a feature f may be selected between a and b
times [21], [88]. It is important to consider that for every
incarnation fi∈[1,b] of f , the subtree spanned by ancestors
of f needs to be cloned as every incarnation fi can be
configured individually [21], [88], [89]. A feature cardinality
can therefore be considered as group cardinality [a..b]crf1,..,fb
over these clones fi∈[1,b] with a new artificial cardinality root
feature cr. To illustrate, Figure 3 shows the converted feature

cardinality of Extra Storage from our running example
given in Figure 2. Instead of a feature cardinality, we have a
group cardinality over three clones Extra Storage{1,2,3}.
This semantically equivalent interpretation is implicitly used
by UVL [21] and explicitly used for our pseudo-Boolean
encoding. We use the previously presented strategy to convert
the resulting group cardinality (pb([a..b]crc1,..,cb ) in Table III).
We manage cross-tree constraints containing cloned variables
in the same way as UVL [21]. The encoding for feature
cardinality may construct large formulas with many additional
variables created by the clones. The number of variables
grows particularly for large upper bounds b, deep hierarchies,
and nested feature cardinalities. The latter even results in
a multiplicative number of clones. However, this is rather
an inherent problem of the individual configurability of the
feature incarnations, and not a problem of the encoding itself.
It is important to note that other interpretations of feature
cardinality have been considered in the literature [90], which
do not allow individual configurability of different incarnations
of the same feature. However, we stick to the interpretation of
feature cardinality used by UVL [21].
Correctness. For the translation from feature cardinality to
group cardinality, we rely on established principles [21], [90].
After applying the translation, the correctness is thus reliant
on the correctness of the group cardinality encoding, which
we have already discussed.

cr

Extra Storage1

Dust1 Water1

Extra Storage2

Dust2 Water2

Extra Storage3

Dust3 Water3

[1..3]

Fig. 3. Example: Conversion of Feature Cardinality to Group Cardinality

c) Numeric Attribute Constraints: In UVL, numeric at-
tribute constraints are terms ϕ(A) ⋆ ψ(A′) over constants and
a set of feature attributes A with ⋆ ∈ {=, ̸=,≥,≤, >,<}. A
term ϕ(A) is a linear expression over attributes ai ∈ A and
arithmetic operations (i.e., +,−,÷, ·). An example is shown in
Figure 2 where the space of storage units is limited ("Dust stor-
age".space + "Water storage".space ≤ 6). In that example, we
have ϕ(A) = ("Dust storage".space + "Water storage".space),
ψ(A′) = 6, and ⋆ =≤. Attributes ai = (fi, vi) resolve to their
value vi if the corresponding feature fi is selected and to 0 if
fi is deselected. UVL also contains two aggregate functions:
sum() and avg(). However, since both can be expanded (e.g.,
sum(a) to a sum over all instances ai of that attribute), we do
not explicitly consider them here. For the Boolean encoding,
we also use the UVL conversion strategies, which enumerate
satisfiable assignments over the features fi corresponding to
the respective attributes ai ∈ A ∪ A′ [21]. For the pseudo-
Boolean encoding, we propose an approach that recursively
transforms subterms to pseudo-Boolean logic depending on
the connecting operator. We show the different transformations
in Table IV.

For unary terms, constants ci and feature attributes ai,
the transformation is straightforward. To translate the binary
expressions, we always assume that both sides are already
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TABLE IV
PSEUDO-BOOLEAN EXPRESSION ENCODINGS

Term Target Encoding

ci ci

ai = (vi, fi) vi · fi
(c1 +

∑n
i=1 ki · xi)+ (c1 + c2) +

∑n
i=1 ki · xi

(c2 +
∑m

j=1 lj · yj) +
∑m

j=1 lj · yj

(c1 +
∑n

i=1 ki · xi)− (c1 − c2) +
∑n

i=1 ki · xi

(c2 +
∑m

j=1 lj · yj) +
∑m

j=1 −lj · yj

(c1 +
∑n

i=1 ki · xi) · (c1 · c2) +
∑n

i=1 c2 · ki · xi

(c2 +
∑m

j=1 lj · yj) +
∑n

i=1

∑m
j=1 ki · lj · zi,j

+
∑m

j=1 c1 · lj · yj

(c1 +
∑n

i=1 ki · xi) ÷
∑

S∈S
c1

c2+
∑

s∈S ls
· eS

(c2 +
∑m

j=1 lj · yj) +
∑n

i=1

∑
S∈S

ki
c2+

∑
s∈S ls

· eS

in pseudo-Boolean format (i.e., (c1 +
∑n

i=1 ki · xi)).4 Other-
wise, we can just recursively translate them using the same
procedure. For addition and subtraction, joining the sums
and constants already produces a valid pseudo-Boolean ex-
pression. When resolving the multiplication of both sums,
we produce

∑n
i=1

∑m
j=1 ki · lj · xi · yj , which is not in

pseudo-Boolean format since xi and yj are both variables.
Thus, we use a substitution variable zi,j and an additional
constraint zi,j ⇔ xi ∧ yj for every pair (xi, yj). The added
constraint ensures that zi,j behaves equivalently to xi · yi. For
a division of two sums, our encoding depends on enumerating
the variable selections of the divisor. The main problem lies
in the following partial construct after resolving the division:

ki·xi

c2+
∑m

j=1 lj ·yj
. To get the required structure, we create a sum

with each element representing the fraction under one variable
selection S ∈ S:

∑
S∈S

ki

c2+
∑

s∈S ls
· eS . Each substitution

variable eS is equivalent to the corresponding selection S
(i.e., eS ⇔ xi ∧

∧
s∈S ys

∧
s̄∈S ȳs). In addition, we create

pseudo-Boolean constraints that mark each assignment causing
division by zero as unsatisfied (i.e., S ⇔

∑m
j=1 lj ·yj ̸= −c2).

Both our encodings for multiplication and division require the
introduction of artificial variables, but the encodings preserve
quasi-equivalence [61]. Hence, when compiling the resulting
formula to d-DNNF, the d-DNNF produces consistent results.

While the unary conversions and the conversions for ad-
dition and subtraction roughly keep their original size and
structure, the conversions for multiplication and division may
produce considerably larger formulas with many artificial
variables. Furthermore, each artificial variable requires an
additional equivalence constraint. For multiplication, we need
to introduce n·m variables and constraints, where n and m are
the number of summands in the two multiplied sums. For divi-
sion, we need to introduce 2m variables and constraints, where
m is the number of summands in the divisor. Consequently,
the encodings for multiplication and division may substantially
increase the size of the resulting formula, especially for nested
multiplications and divisions.

4The constraint does not conflict with the structure shown in Equation 1 as
the additional constant c1 can bet set of against the degree.

Correctness. The conversions for unary terms, additions,
and subtractions follow straightforward arithmetic principles.
Multiplication and division also follow common arithmetic
principles, but we need to introduce substitution variables
to maintain the form of pseudo-Boolean constraints. For the
multiplication conversion to be correct, we need to show that∑n

i=1

∑m
j=1 ki ·lj ·zi,j behaves equivalently to

∑n
i=1

∑m
j=1 ki ·

lj · xi · yj given the added constraint zi,j ⇔ (xi ∧ yj). For
xi, yi = 1 the respective summand resolves to 1 for both
variants. For xi = 0 or yj = 0, the summand resolves
to 0 for both variants. For division, we need to show that∑

S∈S
ki

c2+
∑

s∈S ls
· eS behaves equivalently to ki·xi

c2+
∑m

j=1 lj ·yj

given the added constraints eS ⇔ xi ∧
∧

s∈S ys
∧

s̄∈S ȳi.
Any complete assignment resolves to exactly one assignment
S′ over the divisor variables. Consequently, the respective
eS′ resolves to 1 (i.e., corresponding to the assignment at
hand) and all other eS resolve to 0. Thus, it remains to show
that ki

c2+
∑

s∈S′ ls
· eS′ behaves equivalently to ki·xi

c2+
∑m

j=1 lj ·yj
.

For xi = 0, both variants resolve to 0 due to the added
constraint. For x = 1, without a loss of generality, assume
S′ = {y1, y2, . . . yp, ȳp+1, . . . , ȳm}. Then, the sums resolve
to ki·1

c2+
∑p

j=1 lj ·1+
∑m

j=p+1 lj ·0 and ki

c2+
∑

s∈{1,...,p} ls
· 1, which

are equivalent. Another important aspect regarding quasi-
equivalence, is that a substitution variable (e.g., zi,j) cannot
have two different values for the same assignment over the
original variables. This is ensured by the added equivalence
constraints that always enforce a value for the substitution
variable based on the original variables.

d) Normalizing Pseudo-Boolean Constraints: Some pro-
vided encodings slightly deviate from the structure of pseudo-
Boolean constraints presented in Section II-D. The definition
enforces ≥ as comparison operator, but our encodings also
use = and attribute constraints in UVL supports all the
common comparison operators (i.e., =, ≥, ≤, <, >, and ̸=).
For all operators but ̸=, we use the conversions shown in
Table V to conform with the definition. In contrast, we keep ̸=
constraints and handle them in our compiler (cf. Section IV) as
adapting them to match the structure in Equation 1 is complex.
Furthermore, we convert floats to integers by multiplying both
sides of the inequality with 10X where x is the highest number
of decimal places [55].

TABLE V
CONVERTING COMPARISON OPERATORS

Origin Normalized∑n
i=1 ai · vi ≤ b

∑n
i=1 −ai · vi ≥ −b∑n

i=1 ai · vi > b
∑n

i=1 ai · vi ≥ b+ 1∑n
i=1 ai · vi < b

∑n
i=1 −ai · vi ≥ −b+ 1∑n

i=1 ai · vi = b
∑n

i=1 −ai · vi ≥ −b ∧
∑n

i=1 ai · vi ≥ b

e) Limitations of Pseudo-Boolean Encoding: With our
proposal of employing pseudo-Boolean encoding, we aim to
provide reasoning for an extended set of feature-modeling
constructs that still allows efficient reasoning. Compared to
existing techniques, we substantially push the boundaries of
which constructs can be efficiently analyzed, as our empirical
evaluation in Section V reveals. Nevertheless, there are several
constructs we do not cover that may yield benefits in practice.
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Considering the taxonomy of constructs presented in Ta-
ble I, we provide no encoding for non-Boolean (e.g., numeric)
feature types. While numeric feature attributes can be consid-
ered as constants reliant on the selection status of the feature
they are attached to, numeric features behave as variables.
Thus, they are not supported in pseudo-Boolean encoding [78].
Furthermore, numeric variables cannot be directly used with
highly-optimized state-of-the-art d-DNNF compilation tech-
niques, which typically rely on binary branching on Boolean
variables as part of DPLL procedures [43], [46], [47], [91].
Including non-Boolean features in reasoning adds a substantial
layer of complexity in itself and hinders the reuse of those
optimized techniques. As non-Boolean features are considered
in various variability languages [9], including UVL [21] and
commercial tools [26], reasoning and in particular d-DNNF
compilation for such features is a relevant problem setting in
practice. While pseudo-Boolean provides no straightforward
way to represent numerical variables, it may facilitate tech-
niques to encode numerical variables, such as bit blasting [52].
For instance, considering two 3-bit numbers a = a3a2a1 and
b = b3b2b1, the bit blasting representation of a > b in Boolean
logic is (a3 ∧ ¬b3) ∨ ((a3 ⇔ b3) ∧ (a2 ∧ ¬b2)) ∨ ((a3 ⇔
b3) ∧ (a2 ⇔ b2) ∧ (a1 ∧ ¬b1)), which grows quadratically
with the number of bits. In pseudo-Boolean logic, it could be
represented as 4·a3+2·a2+1·a1−4·b3−2·b2−1·b1 ≥ 1, which
only grows linearly with the number of bits. This idea could
be employed in future work to enable numerical variables in
pseudo-Boolean logic more efficiently than in Boolean logic.

Few variability languages, such as Clafer [92] also support
expressive terms outside the taxonomy we presented (cf.
Table I). Examples are Boolean quantifiers (e.g., ∀), custom
data types similar to objects in programming, or even Turing-
complete expressions [9], [92], [93]. Even though it could also
be beneficial to support such expressions, reasoning would be
considerably more complex.

f) Summary: By combining the different translation
strategies, we can now encode all constructs from feature
models with basic constructs B, cardinality constructs C, and
attribute constraints A in pseudo-Boolean logic. For various
constructs, the proposed pseudo-Boolean encoding is more
sparse than the respective Boolean encoding. The differences
are especially apparent for cardinalities and addition/subtrac-
tion based attribute constraints, where we achieve linear-sized
encodings in pseudo-Boolean, but the Boolean encoding grows
exponentially in size. Hence, even though our approach does
not cover all constructs that could be relevant in practice, it
provides more efficient encodings than CNF representations
for several widely applied constructs [9], [24], [30], [88]. Note
that we examine the correctness and efficiency in practice of
our encodings empirically in Section V. Having the encod-
ing enables us to employ pseudo-Boolean based reasoning
on UVL models, including our proposal; pseudo-Boolean d-
DNNF compilation (cf. Section IV).

IV. PSEUDO-BOOLEAN D-DNNF COMPILATION

Our goal is to provide scalable reasoning for common
feature-modeling constructs that are hard to analyze with state-
of-the-art reasoning engines which typically use CNFs as

2x+ y ≥ 2 ∧ y + z ≥ 1

2x ≥ 1

⊤ ⊥

2x ≥ 2 ∧ z ≥ 1

2x ≥ 2

⊤ ⊥

z ≥ 1

⊤ ⊥

y

x x̄

ȳ

x x̄ z z̄

Fig. 4. Trace for Exhaustive Pseudo-Boolean DPLL

input [15], [62], [63], [94], [95]. To this end, we propose
pseudo-Boolean d-DNNF compilation, which comes with two
main advantages. First, while the input is pseudo-Boolean, our
approach produces Boolean d-DNNFs which can be used with
available strategies that enable a plethora of feature-model
analyses [40], [41], [57]. Second, pseudo-Boolean formulas
can provide more sparse encodings for several constructs
compared to CNF, while still only having to manage Boolean
variables. The limitation to Boolean variables enables us to
employ popular techniques from Boolean d-DNNF compi-
lation with only slight adaptations. For instance, exhaustive
DPLL [91], which is the algorithmic basis of every popular
Boolean d-DNNF compiler [43], [46], [47], is not applicable
for non-Boolean variables.

A. Reusing Ideas from Boolean Compilation

We propose pseudo-Boolean compilation based on exhaus-
tive DPLL [91] which is also the de facto standard for Boolean
compilation (cf. Section II-C) [43], [46], [47]. On the abstrac-
tion level of Algorithm 1, the algorithms for pseudo-Boolean
and CNF-based d-DNNF compilation behave similarly. Both
branch on variables (i.e., set them to true/false) to explore
the satisfiability of different assignments. Furthermore, both
algorithms use the trace of the branching to construct the
d-DNNF. However, many details need to be considered and
changed for pseudo-Boolean d-DNNF compilation.

Figure 4 shows an example for our adaptation of exhaustive
DPLL to a pseudo-Boolean formula. The adaptation follows
previous adaptations of non-exhaustive DPLL for pseudo-
Boolean formulas [55]. We recursively branch on the variables
x, y, z until we have a conflict (i.e., at least one constraint
cannot be satisfied by extending the current assignment) or
all constraints are satisfied. Each time we assign a variable,
we have to update every constraint that contains the assigned
variable. For instance, 2x+y ≥ 2∧y+z ≥ 1 becomes 2x ≥ 1
under the assignment y = 1. When we reach a subformula,
where we can split the constraints in a way that they share
no variables, we traverse those splits separately as seen in
Figure 4 for 2x ≥ 2 ∧ z ≥ 1.

As the computed trace (Figure 4) only contains Boolean
decisions, we can, analogously to Boolean compilation, derive
a d-DNNF from it. Figure 5 shows the resulting d-DNNF. So,
we get semantically equivalent results to the state-of-the-art
d-DNNF compilation operating on CNF input [47], but bene-
fit from smaller input formulas for several feature-modeling
constructs. For every assignment, we create a disjunction,
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∨
∧

y x

∧
ȳ ∧

x z

Fig. 5. d-DNNF Corresponding to Traversal in Figure 4

which is, by construction, deterministic. Every time we split
the formula due to disconnected components, we create a
conjunction which is decomposable by construction. Note that
we already propagated the ⊤ and ⊥ nodes from Figure 4. For
instance, we simplified (x ∧ ⊤) ∨ (x̄ ∧ ⊥) to x.

B. Optimizations

Just as for Boolean d-DNNF compilation, pseudo-Boolean
d-DNNF compilation has an exponential runtime complexity
in the number of variables. In the worst case, every possible
variable assignment needs to be traversed resulting in 2n

branches for n variables. Still, in practice, Boolean d-DNNF
compilers scale to various industrial instances [40], [47] by
employing various optimizations to efficiently explore the
search space [46], [47], [77]. While many optimizations are
specifically tailored to the structure of CNFs, adaptations
of popular optimizations for CNFs may also be effective
for pseudo-Boolean formulas. In the following, we briefly
introduce some popular strategies that we have adopted for
our pseudo-Boolean approach. Furthermore, we describe the
required adaptations.

a) Boolean Constraint Propagation: Boolean constraint
propagation refers to automatically assigning variables for
which the formula is only satisfiable under that specific
assignment. In Boolean logic, this is detected via unit clauses
(i.e., clauses with exactly one literal). To satisfy the clause, the
corresponding variable has to be assigned such that the literal
is satisfied. For pseudo-Boolean logic, we use an adaptation
suggested by Chai and Kuehlmann [55] to detect implied
literals. Given

∑n
i=1 ai ·vi ≥ b, it can be checked if the largest

constant amax is required to satisfy the inequality by checking∑n
i=1 ai · vi < b+ amax. In this case, vmax is implied.

b) Component Caching: During DPLL traversal, the al-
gorithm often produces the same component (i.e., subformula)
multiple times. With component caching, the goal is to save
results of components to reuse them later [54], [96]. The
main problem here is to efficiently store and detect compo-
nents, which is typically realized via hashing. Popular hashing
schemes used in Boolean solvers are not directly applicable for
pseudo-Boolean formulas, because they rely on the structure
of CNFs. However, hashing the entire data structure of a
subformula has a substantial impact on the performance. We
adapt the scheme used by sharpSAT [54] to also include the
right side of the pseudo-Boolean inequalities. In particular,
we encode a component as ((v1, ..vn)(l, rl)(k, rk)) to prepare
for hashing where vi are unassigned variables, l and k are
indices of unsatisfied constraints, and rl and rk their respective
righthand sides. The lists are consistently sorted over the
traversal. For instance, we would encode the subformula

2x ≥ 2∧y ≥ 1 resulting from setting ȳ as ((x), (1, 2), (2, 1)),
where the left side of the second and third tuple refers to the
index of the original constraint.

c) Conflict Analysis: In conflict analysis, the partial
assignment leading to a conflict is saved as a conflict clause
to prevent running into the same conflict multiple times [96].
For instance, after finding that the assignment {y, x̄} is un-
satisfiable, we could add its negation as conflict clause (i.e.,
¬(y∧ x̄) ≡ (ȳ∨x)) to detect this conflict earlier during further
branching. Common techniques aim to identify conflict clauses
with as few as literals as possible as those can be potentially
applied more often [96], [97]. Since assignments are still
Boolean in pseudo-Boolean logic and clauses can be easily
encoded as pseudo-Boolean constraints, we can use Boolean
conflict-driven clause learning (CDCL) [96], [97] with only
minor technical adaptations.

d) Variable Orderings: The ordering of variables during
branching can have substantial impact on the compilation per-
formance (e.g., regarding runtime) [43], [47]. Various strate-
gies have been proposed that typically rely on the occurrence
of variables in regular clauses (e.g., DLCS [98]) and conflict
clauses (e.g., VSIDS [94]). For our compiler, we use the
same primary variable sorting as d4 [47]: prioritizing variables
that result in disconnected components. In previous work,
we observed that d4 performs best for compiling feature
models [13], [99]. Analogous to d4, we translate our formula
to a hypergraph and use an existing partitioner to derive a cut
set, which we then use for ordering. Within the cut set, we
order the variables using an adaptation of VSIDS [94] which
is commonly used in SAT and #SAT. Our adapted version of
VSIDS also considers the impact of a variable in a pseudo-
Boolean constraint considering the degree of the formula and
the factor of the variable (cf. Section II-D). Furthermore,
following insights from preliminary experiments, we use no
decay which would decrease the score of variables that are
not part of conflict clauses over time [94].

e) In-Compiler Inequality Handling: As hinted in Sec-
tion III, encoding ̸= as pseudo-Boolean constraints following
the form

∧
(
∑n

i=1 ki ·xi ≥ b) is complex. One could represent∑n
i=1 ki · xi ̸= b as

∑n
i=1 ki · xi > b ∨

∑n
i=1 ki · xi < b,

but a disjunction violates the structure of pseudo-Boolean
formulas. Hence, instead of translating ̸= to a semantically
equivalent series of ≥ constraints, we allow constraints fol-
lowing the structure

∑n
i=1 ki · xi ̸= b in input formulas.

The handling of ̸= constraints is very similar to ≥ with
two subtle differences. First, checking the satisfiability during
the DPLL traversal needs to be straightforwardly adapted to
accomodate the changed semantics between ̸= and ≥. Second,
we cannot apply the Boolean constraint propagation approach
used for ≥ presented above. Currently, we do not consider
inequalities for constraint propagation at all. We assume that
decision propagation can only be applied very rarely for ̸=
constraints as they are generally less restrictive regarding
satisfying variable assignments compared to other operators.

C. Tooling
We provide publicly available tooling for both major steps

of our pipeline, namely encoding feature models in pseudo-
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Boolean logic and pseudo-Boolean d-DNNF compilation. The
encoder UVL2pb5 is implemented in Java, so it can be directly
used with the UVL parser.6 The output .opb (standard format
for pseudo-Boolean formulas) file can then be used as input
for our compiler p2d7, whose name is a tribute to the d-DNNF
compiler c2d that compiles CNFs to d-DNNF. The pseudo-
Boolean compiler p2d can be used for d-DNNF compilation
and for model counting. The compiled d-DNNFs can be
saved in the format proposed by d4 [47], which can then
be used as input for further reasoning (e.g., ddnnife [40] or
Winston [57]).

Combining our approach with ddnnife enables a pipeline
that can perform various feature-model analyses, such as
feature-model counting [40], core/dead feature detection [14],
[40], and various sampling approaches [40], [41], [100] for
UVL models. In particular, the pipeline consists of the follow-
ing steps which are also depicted in Figure 6. First, UVL2pb
can be used to translate UVL models to a pseudo-Boolean
formula in .opb. Since our pseudo-Boolean encoder operates
on the metamodel provided by the standard Java-based UVL
parser.8 it can also be integrated in tools using this parser,
such as FeatureIDE [27], [28]. Second, the produced .opb
file can be used as input for p2d which compile the d-DNNF.
Third, ddnnife can be used for reasoning on the compiled
d-DNNF either interactively or with one-shot computations.

V. EVALUATION

With our empirical evaluation, we examine the benefits of
our approach compared to the state-of-the-art. CNF to d-
DNNF compilation appears the only option to compile feature
models to d-DNNF [40], [41], [57], [77], so we consider it
as the main baseline for our evaluation. We use this baseline
to evaluate the benefits of pseudo-Boolean representations for
encoding and compiling feature models to d-DNNF. To further
examine the performance of our approach, we also compare it
to a recently published pseudo-Boolean to algebraic decision
diagram (ADD) compiler [56]. ADD is another knowledge
compilation target language that could be employed for various
feature-model analyses (e.g., configuration counting) [56],
[101]. We provide a reproduction package including the
evaluated tools, subject systems, and final results.9

A. Experiment Design

a) Research Questions: To examine the advantages of
our approach over the state-of-the-art, we evaluate the per-
formance of the encoding (RQ1) and the performance of
the compilation (RQ2, RQ3). With RQ1 we examine the
performance of our encoder UVL2pb, while RQ2 and RQ3
target our compiler p2d.
RQ1 How does the performance of pseudo-Boolean encoding

compare to CNF encoding for feature models?

5https://github.com/TUBS-ISF/pseudo-boolean-uvl-encoder
6https://github.com/Universal-Variability-Language/uvl-parser
7https://github.com/TUBS-ISF/p2d
8https://github.com/Universal-Variability-Language/java-fm-metamodel
9https://doi.org/10.5281/zenodo.20307775

RQ2 How does pseudo-Boolean d-DNNF compilation per-
form for industrial basic feature models?
RQ2a . . . compared to Boolean compilation?
RQ2b . . . compared to compilation into ADDs?

RQ3 How does pseudo-Boolean d-DNNF compilation per-
form for expressive constructs?
RQ3a . . . compared to Boolean compilation?
RQ3b . . . compared to compilation into ADDs?

For the performance, we consider two dimensions: size of
representation w.r.t. to number of literals and runtime for
compiling/encoding the input. With RQ1, we compare the
runtimes required to encode the feature models in Boolean
and pseudo-Boolean and the sizes of the resulting formulas.
In RQ2, we examine the performance of our approach on
feature models with only basic constructs for two reasons.
First, while those constructs are used in practice [20], [22]–
[24], [29]–[32], there are currently no industrial feature models
with expressive constructs publicly available. Second, as basic
feature-modeling constructs are widely used across systems
and application domains [6], [8], [12], [102], [103], we expect
that many feature models with more expressive constructs
still contain a considerable share of basic constructs. Hence,
the performance on basic models is still relevant for feature
models containing expressive constructs. Even though there is
a lack of publicly available feature models with the expressive
constructs, we aim to provide indicative insights on how our
approach performs for expressive constructs. With RQ3, we
compare the performance of the pseudo-Boolean and Boolean
approach for compiling feature models representing various
combinations of constructs.

b) Evaluated Tools: With the evaluation, our main goal is
to compare our approach to the Boolean state-of-the-art which
is CNF to d-DNNF compilation [13], [47]. Figure 6 provides
an overview on the pseudo-Boolean and Boolean pipeline. The
contributions of this work are indicated with purple arrows.
For our approach, we evaluate our new proposals, namely
UVL2pb for the pseudo-Boolean encoding and p2d for the d-
DNNF compilation. For the Boolean baseline, we need a way
to translate the models with expressive constructs to CNF. To
this end, we use UVL conversion strategies [84] to translate the
expressive models to basic models. Then, we use FeatureIDE’s
CNF translation, as it supports conversion from UVL and is
commonly employed in other evaluations [40], [51], [57], [61],
[83]. For Boolean d-DNNF compilation, we use d410 as other
evaluations clearly indicate that d4 performs best for feature-
model analyis [40], [99]. For the secondary baseline, we
use the recently published pseudo-Boolean to ADD compiler
pbcount [56] as it appears to be the only available tool
for pseudo-Boolean compilation into a knowledge compilation
artifact.

c) Subject Systems: Currently, there is a lack of in-
dustrial feature models with expressive constructs in the
literature. Even though commercial tools support expressive
constructs [22], [23], [29] and such constructs are used in prac-
tice [30]–[32], feature models created with these tools are not

10https://github.com/crillab/d4v2

https://github.com/TUBS-ISF/pseudo-boolean-uvl-encoder
https://github.com/Universal-Variability-Language/uvl-parser
https://github.com/TUBS-ISF/p2d
https://doi.org/10.5281/zenodo.20307775
https://github.com/crillab/d4v2
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Fig. 6. Comparison of Boolean and Pseudo-Boolean Approach for Compiling Expressive Feature Models to d-DNNF

publicly available. With our selection of subject systems, we
aim to provide indicators on the performance of our approach
in practice by evaluating on real-world basic feature models
and synthesized feature models with expressive constructs.
Table VI gives an overview on the different datasets. Each
evaluated feature model is given in UVL format.

TABLE VI
OVERVIEW SUBJECT SYSTEMS

Dataset #Models #Variables Constructs RQi

Literature Collection 76 100–80,258 B RQ1, RQ2
Confidential Industry 2 612–645 B & A RQ1, RQ3
Isolated Construct 2,497 1–8,000 C & A RQ1, RQ3
Synthesized 2,700 80–2,767 B, C, & A RQ1, RQ3

Real-World Basic Feature Models Most publicly available
feature models are limited to basic constructs [8], [11], [12],
[17]. In addition, we expect that even feature models with
more extended expressions contain a considerable share of
basic constraints. Hence, we evaluate our approach on real-
world basic feature models. We use a dataset recently collected
from industrial models in the literature [12]. The full provided
dataset contains several histories of feature models with hun-
dreds of similar feature models. For every history, we use three
feature models with the minimum, median, and maximum
number of constraints respectively instead of the entire history.
A configuration file specifying which models have been used
can be found here.11 The used dataset covers various domains
(e.g., automotive and systems software) and varying sizes
(100–80,258 variables and 0–388,816 constraints).
Industry Models with Attribute Constraints. Unfortunately,
there is a lack of real-world feature models with expressive
constructs in the literature. From our industry partner, we
have access to two feature models that each contain numerous
numeric constraints over feature attributes. Overall, the feature
models include constructs from basic feature models B and
attribute constraints A, but no cardinalities (C).
Isolated Construct Models. With the third dataset, we examine
the performance of our pseudo-Boolean pipeline for different
language constructs in isolation. In particular, we generate
feature models including only one of alternative, feature
cardinality, group cardinality, and numeric constraints and if
needed optional features. Table VII provides an overview on

11https://github.com/SoftVarE-Group/feature-model-benchmark/blob/
master/pre_configs/minmedmax.json

the generated models for the specific constructs. For each
incarnation of a specific construct, we create a feature model
only including features and constraints corresponding to this
incarnation. Depending on the construct, we create different
combinations of relevant parameters to achieve a wide cov-
erage. As an example, for alternatives, we create 80 feature
models consisting of one alternative with between 100 and
8,000 features each. To evaluate feature cardinality, we create
a single feature with that cardinality and attach four groups,
each having one type of the basic hierarchical groups and three
child features. Here, we vary the number of features in the
group, the lower bound of the cardinality, and the upper bound.
For the numeric constraints, we evaluate constraints consisting
of growing expressions A of the respective operators and a
constant Ep(A) for comparison. The constant Ep(A) controls
that a share p of the features need to be selected on average
to satisfy the constraint. So for p = 0.1, the value Ep(A) is
set to a value that is met or exceeded when selecting 10 % of
the features on average.
Synthesized UVL Models. To examine the performance of the
different approaches, when dealing with different combina-
tions of the constructs, we randomly generate further UVL
models using the UVLGenerator [104].12 To this end, we aim
to cover a wide range of structural properties and distribution
of constructs. We generate feature models that include basic
constructs and additional expressive constructs by following
three strategies: (1) exactly one expressive construct, (2) all
but one expressive construct, (3) all expressive constructs. For
each set of included expressive construct, we create 300 fea-
ture models which are separated in three size clusters: small,
medium, and large. The size clusters are derived from statistics
over the collection of real-world feature models [12]. We use
the minimal13 (100), median (554), and third quartile (2,306)
number of features from the collection as point of reference for
the small, medium, and large models. The generated feature
models have the respective reference value +/- 20 % number
of features. We configured other structural properties (e.g., tree
depth and distribution of group types) in the configurator to
match the corresponding distributions of that property in the
feature-model collection [12].

d) Experiment Execution: For each of the feature mod-
els, we evaluate the whole pseudo-Boolean and Boolean

12https://github.com/SoftVarE-Group/uvlgenerator
13In the collection [12], only feature models with 100 or more features are

considered.

https://github.com/SoftVarE-Group/feature-model-benchmark/blob/master/pre_configs/minmedmax.json
https://github.com/SoftVarE-Group/feature-model-benchmark/blob/master/pre_configs/minmedmax.json
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TABLE VII
OVERVIEW ISOLATED EXPRESSIVE CONSTRUCT MODELS

Construct How?

Group cardinality [x..y]pc1,..,cn with ∀x, y : x < y

Feature cardinality f [⌈x⌉ .. ⌈y⌉] with ∀x, y : x < y
x, y ∈ {1, 0.25n, 0.5n, 0.75n, n}
n ∈ {1, 2, . . . , 100, 200, . . . 2 000}

Sum
∑n

i=1 ai ≥ b with b = Ep(
∑n

i=1 ai)
n ∈ {1, 2, . . . , 100, 200, . . . 2 000}

Product
∏n

i=1 ai + 1 ≥ b with b = Ep(
∏n

i=1 ai + 1)
n ∈ {2, 3, . . . , 18}

Division
a1⋆...⋆an/2

an/2+1⋆...⋆an
> b with b = Ep(

a1⋆...⋆an/2

an/2+1⋆...⋆an
)

n ∈ {4, 6, . . . , 18}, p ∈ {0.1, . . . , 0.9}

pipeline (cf. Figure 6). The pseudo-Boolean d-DNNF pipeline
consists of translating the UVL model to pseudo-Boolean
formula with our encoding (referred to as PB1), compile the
formula with p2d to d-DNNF (PB2), and compute the model
count (i.e., number of satisfying assignments) produced by
the d-DNNF with ddnnife (PB3). For the Boolean d-DNNF
pipeline, we convert the UVL model to a basic feature model
using UVL conversion strategies [21] (B0), translate the basic
feature model to CNF with FeatureIDE [27] (B1), compile
the CNF to d-DNNF with d4 [47] (B2), and check the model
count produced by the d-DNNF with ddnnife [40] (B3).
The pseudo-Boolean to ADD pipeline consists of translating
the UVL model to pseudo-Boolean formula with our encoding
(PB1), compile the formula with pbcount [56] to an ADD
(ADD1), and compute the model count produced by the ADD
with pbcount [56] (ADD2). The timeouts are ten minutes
for conversion to pseudo-Boolean/CNF and ten minutes for
compilation. We collect the runtimes for the pipelines, which
consist of (PB1 + PB2), (B0 + B1 + B2), and (PB1 +
ADD1), respectively. To inspect whether a runtime difference
is statistically significant, we use a Wilxocon signed-ranked
test [105] and assume the significance level α = 0.05.
Furthermore, we inspect the sizes of the formula encodings
from PB1 and B1 and of the compiled d-DNNFs from PB2
and B2. As indicator for the correctness of our approach, we
compare the model counts produced by ddnnife for every
model (i.e., PB3 vs B3).

In preliminary experiments, we observed that pbcount
often produces faulty results for our input formulas. After
exploring the issue, we found that pbcount does not support
the whole flexibility of the opb format. Instead of producing
an error, pbcount appears to store a formula based on faulty
assumptions. To remedy this, we implemented a preprocessing
that sanitizes the input formulas for pbcount by removing
unsupported syntax.

B. Results

In the following, we present and discuss the results of our
empirical evaluation. For every successfully analyzed feature
model, the d-DNNFs compiled by p2d and d4 produce the
same model count. Since we evaluate on 5,355 models with
combinations of constructs, this is a strong indicator that both
our pseudo-Boolean encoding and p2d are correct.

a) Encoding (RQ1): Figure 7 provides an overview on
the performance of the Boolean (CNF) and pseudo-Boolean
encoding. The pseudo-Boolean encoding is significantly faster
for every dataset, including the basic feature models. The
difference in encoding performance is especially apparent for
group cardinality, where all isolated models with up-to 5,000
features could be encoded with pseudo-Boolean, but only 7.05
% (up-to 13 features) with the Boolean encoding. Similarly,
all sums (up-to 2,100 features) could be encoded with pseudo-
Boolean, but only 9.15% (up-to 19 features) for Boolean. For
multiplication (94.7% vs 60.9 %) and division (100 % vs
48.1 %), the differences are smaller, but still considerably
advantageous for pseudo-Boolean. For the two expressive
feature models from our industry partner, the pseudo-Boolean
encoding required 1.44 and 1.51 seconds, while Boolean hit
the timeout of ten minutes. Comparing the sizes of produced
formula which could be encoded by both approaches, al-
ternatives, group cardinalities, and feature cardinalities, are
represented with 90 % fewer literals in pseudo-Boolean. In
contrast, for multiplication and division the Boolean encoding
produces 98.4 % and 83.6 % smaller formulas.
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Fig. 7. Boolean vs Pseudo Boolean: Overview Encoding

RQ1 On every evaluated dataset, including basic fea-
ture models without any expressive constructs, pseudo-
Boolean encoding is significantly faster than Boolean
encoding. For some constructs, pseudo-Boolean encod-
ing scales for thousands of features while Boolean en-
coding hits the timeout of ten minutes already for a few
dozen features. The resulting pseudo-Boolean formulas
are also smaller for every dataset except multiplications
and divisions in isolation.

b) Compiling Basic Feature Models (RQ2): Figure 8
provides a high-level overview on the performance of the
three considered compilers p2d, d4, and pbcount with
cactus plots over the three main datasets. The runtimes include
both compilation and encoding time. For each compiler, the
instances are sorted separately according to required runtime.
Following conventions in cactus plots, timeouts and runtime
errors are omitted. For the literature collection of 76 basic
feature models, d4 scaled to 64 instances, p2d to 63, and
pbcount to 24. For the 2,497 instances representing isolated
expressive concepts, d4 scaled to 678 instances, p2d to 2,207,
and pbcount to 1,886. For the 2,700 random feature models
containing different expressive concepts, d4 scaled to 1,158
instances, p2d to 2,626, and pbcount to 307.

The results for the literature collection of basic feature
models are shown in the first plot in Figure 8. For 8 out of the
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74 successfully encoded feature models, all compilers resulted
in a timeout. Respectively, p2d failed to compile for three
additional models, d4 for two. pbcount only successfully
compiled 24 of the 74 encoded models. For the 63 models
successfully compiled by the d-DNNF compilers, d4 requires
overall less runtime of 13.6 minutes while p2d required 27.2
minutes, but the effect is not significant (p = 0.09). Also, p2d
is faster for 45 models and d4 for 8. d4 produces smaller d-
DNNFs overall (2,310 vs 2,892 nodes in the median).

RQ2a Our results suggest that our approach is competi-
tive with state-of-the-art Boolean d-DNNF compilation
even for basic feature models. Even though d4 requires
less runtime overall for basic feature models, p2d is
faster for 68.2% of the instances. Nevertheless, it may
be beneficial to further optimize our approach for basic
feature models regarding compilation time and size of
the resulting d-DNNFs.

RQ2b Our compiler p2d substantially outperforms
pbcount on the industrial basic feature models, solv-
ing 63 instances within the timeout while pbcount
only solved 24 instances. While there may still be
benefits to applying pbcount as ADDs facilitate fur-
ther efficient queries compared to d-DNNFs, our results
suggest that ADD compilation is often not feasible in
practice with available compilers.

c) Compiling Expressive Constructs (RQ3): Figure 9
shows the runtimes of the three compilers including encoding
times for the constructs in isolation. The pseudo-Boolean
approach scales for the highest number of features for all ex-
pressive constructs and is significantly faster than both d4 and
pbcount for each of them (p < 10−5). For group cardinality,
p2d successfully compiled 95.4 % including ones from the
largest category (5,000 features) and pbcount successfully
compiled 82.0 %, while only 7.4 % could be encoded in CNF.
Nevertheless, each feature model encoded in CNF could be
compiled to d-DNNF with d4. For additions, the difference
is also substantial as 91.7 % (up-to 1,500 features) can be
compiled with p2d and 84.9% with pbcount, but only 9.2
% (up-to 20 features) with the Boolean pipeline. For instances
solved by both p2d and d4, p2d overall requires 0.75 minutes
while d4 requires 20.8 minutes. The differences for feature
cardinality (p2d: 75.0 % vs d4 67.3 %), multiplication (84.3
% vs 60.7 %) and division (100 % vs 50.6 %) are smaller but
also considerable.

Figure 10 shows the comparison for the different synthe-
sized feature-model datasets that include basic constructs and
different combinations of expressive constructs. For example,
the dataset just group cardinality includes only group car-
dinality constraints and basic constructs, while the dataset
except cardinality includes all considered constructs except
group cardinality. p2d is significantly faster than both d4 and
pbcount for every dataset. Over the 2,700 analyzed feature
models, the pseudo-Boolean pipeline with p2d successfully
evaluated 2,626 (97.3 %) and the Boolean pipeline with
d4 1,158 (42.9 %). Compiling pseudo-Boolean formulas to
ADDs with pbcount only succeeded for 307 (11.4 %) of
the models. For the different datasets, pbcount solves at
most 18 % of the models (feature cardinality) and as low
as 6.0 % (just expressions). Comparing p2d and d4, the
Boolean pipeline with d4 is reasonably competitive,14 but still
significantly slower for just expressions (p < 10−45) and just
feature cardinality (p < 10−34). For the other datasets, p2d
scales to substantially more instances: just group cardinality
(100 % vs 82.0 %), just aggregate (100 % vs 3.67 %), all but
group cardinality (92.7 % vs 2.0 %), all but feature cardinality
(94.0 % vs 0.01 %), all but expression (95.3 % vs 8.3%), all
constructs (92.7 % vs 6.0 %). For both real-world models from
our industry partner, compilation with p2d hit the timeout
of ten minutes, while for Boolean, already the encoding step
failed.

The sizes of compiled d-DNNFs are generally similar, with
small advantages for p2d on most datasets. However, for
multiplication and division the d-DNNFs compiled by p2d
are considerably larger, probably due to the high number
of artificial variables introduced by the encoding. This is
especially observable in the isolated models where the d-
DNNFs compile in the median to 308 (p2d) vs 39 (d4) nodes
for multiplication and 46 vs 20 nodes for division.

14At most three more instances were successfully solved by p2d.
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RQ3a For expressive feature-modeling constructs,
pseudo-Boolean d-DNNF compilation yields significant
runtime benefits over the Boolean state-of-the-art. Es-
pecially if feature models contain aggregate functions
or group cardinalities, our pseudo-Boolean approach
substantially outperforms the Boolean baseline. Still, the
results on the two industrial models and the encoding
size for multiplication and division suggest that further
optimization on our approach may be beneficial.

RQ3b Our pseudo-Boolean d-DNNF compiler p2d sub-
stantially outperforms the pseudo-Boolean ADD com-
piler pbcount on the expressive constructs. For the
isolated constructs, pbcount can take advantage of
the rather succinct pseudo-Boolean formulas and, thus,
at least outperforms d4. Nevertheless, it is still signifi-
cantly and substantially slower than p2d. For the syn-
thesized feature models containing various constructs,
pbcount fails to scale for most instances (11.4 %
successfull) while p2d solves the majority (97.3 %).

C. Threats to Validity

a) Computational Bias: The performance of running one
of the tools can differ for the same input instances due to
computational bias. To reduce such a bias in our conclusions,
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we repeated each measurement three times and used the
median. The impact is further reduced by the deterministic
behavior of each tool, also indicated by the little variance
within the three repetitions. Paired with the high number of
evaluated models per tool, we do not suppose a considerable
impact of computational bias on our conclusions.

b) Conversion to Logic: Alternative strategies to trans-
late the feature models to Boolean and pseudo-Boolean logic
may impact the performance [61]. For Boolean logic, a
plethora of different encodings for constructs such as at-least-k
and at-most-k [24], or numerical variables [52] have been con-
sidered. However, their suitability (w.r.t. semantic equivalence)
or performance is unknown for encoding feature models and
d-DNNF compilation. We discuss this further in Section VI.
For pseudo-Boolean logic, we are not aware of alternative
strategies in the literature to translate the constructs, but there
should be numerous semantically equivalent encodings for the
constructs. However, adding more encodings for Boolean or
pseudo-Boolean would add another layer of complexity to the
already complex evaluation. While out of scope for this work,
considering further strategies may be valuable in the future for
both Boolean and pseudo-Boolean encoding.

c) Tool Parameters: Both compilers, d4 [47] and p2d,
can be parametrized, which can have an impact on the perfor-
mance. However, considering the combinatorics of different
parameters would also vastly increase the complexity of the
evaluation and, thus, we consider it out of scope. For the eval-
uation, we used the default parameters for every considered
tool.

d) Transferability of Industrial Models: Our selection of
real-world models may not be transferrable to other feature
models. However, the collection used is the result of a broad
literature survey to identify available real-world models in the
literature [12]. The set covers various domains and properties,
such as number of features, number of constraints, or tree
structure.

e) Transferability of Synthesized Models: The perfor-
mance results on the synthesized models may not be trans-
ferable to practice. However, we are not aware of industrial
feature models with the expressive constructs available in the
literature. With our synthesized dataset, we aim to showcase
the performance for different instances in isolation and also
in combination with basic and other expressive constructs.
Furthermore, we considered structural properties of industrial
feature models to generate the synthesized dataset. Never-
theless, we still consider an evaluation of our approach on
more real-world models with expressive constructs as valuable
future work.

VI. RELATED WORK

a) Pseudo-Boolean Solving: Some pseudo-Boolean
solvers have been proposed [55], [80], [106]. However, these
are limited to single-invocation satisfiability checks. Mor-
gado et al. [106] use a pseudo-Boolean SAT solver to count by
employing blocking clauses. Here, a SAT solver is iteratively
queried and returned solutions are negated and added to the
formula as blocking clauses. Querying the solver on the up-
dated formula again then always provides a different solution.

This procedure is then repeated til all solutions are blocked
to find the overall number of satisfying assignments. The
approach of using blocking clauses however requires SAT calls
up-to the number of satisfying assignments on an ever growing
formula and is generally seen as not scalable for formulas with
many satisfying assignments [107]. Feature models typically
induce a very high number of solutions, often with tens, hun-
dreds, or even thousands of digits [12], [99], [108] (e.g., Linux
induces more than 10616 solutions). Very recently another
pseudo-Boolean knowledge compiler has been proposed by
Yang and Meel [56]. Their approach compiles to algebraic
decision diagrams which are not limited to Boolean variables
and are generally more complex to compile. In preliminary
experiments, we compared their compiler to p2d, but their
compiler often produced inconsistent (compared to the results
of p2d and d4) model counts and is likely unsound. Hence,
we did not consider their compiler in our empirical evaluation.
Nevertheless, the preliminary experiments also showed that
p2d requires substantially less runtime for compiling the
feature models.

b) Integer Programming: Pseudo-Boolean formulas are
closely related to popular integer programming variants, such
as mixed-integer programming (MIP) or integer linear pro-
gramming (ILP) [79]. Here, the main difference is that pseudo-
Boolean formulas are limited to Boolean variables, while
integer programming allows for integer variables. Furthermore,
integer programming typically focuses on optimization prob-
lems (i.e., minimizing or maximizing a weight function while
satisfying a set of constraints) [79]. The limitation of pseudo-
Boolean formulas to Boolean variables facilitates the use of
many highly optimized techniques, based on Boolean branch-
ing which are not directly applicable to integer programming.
Thus, we focus on pseudo-Boolean formulas in this work.
Nevertheless, the added expressiveness of integer program-
ming may be beneficial for some feature-modeling constructs,
such as numeric features, and may be worth exploring in the
future. The restriction of integer to Boolean variables has also
been considered in integer programming literature, typically
referred to as 0-1 integer programming or binary integer pro-
gramming [79]. Still, to the best of our knowledge, applying
d-DNNF compilation to integer programming (including 0-1
integer programming) has not been considered in the literature.

c) d-DNNFs in Feature-Model Analysis: d-DNNFs en-
able linear time (w.r.t. number of nodes in the d-DNNF)
queries for satisfiability, counting, and enumeration [13], [45].
A plethora of feature-model analyses rely on potentially nu-
merous of these operations [13] and, thus, can benefit from
d-DNNFs. In related literature d-DNNFs have already been
employed for counting [40], [57], sampling [41], [57], satisfi-
ability checks [57], and deriving configurations optimized for
different objectives [57].

d) Boolean d-DNNF Compilation: Three Boolean d-
DNNF compilers are commonly considered in the literature,
namely c2d [43], dSharp [46], and d4 [47]. For our empir-
ical evaluation, we only considered d4 as baseline because
the compiler substantially outperformed c2d and dSharp
in previous evaluations on feature models [13], [99]. Our
compiler p2d adopts many of the strategies employed in the
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three Boolean compilers. Still, the type of input formula is vital
for the realization of a compiler, as internal data structures
and optimizations heavily rely on the exact structure (i.e.,
CNF for Boolean compilers). Thus, it is not trivial to adapt
an existing Boolean d-DNNF compiler to consider pseudo-
Boolean formulas.

e) Expressive Feature-Model Dialects: While reasoning
for feature-model analysis mostly focuses on Boolean logic in
CNF, more expressive constructs (e.g., group cardinality) were
considered in a large variety of work. ter Beek et al. [109]
provide an overview on textual formats for specifying feature
models. 11 out of 13 identified formats support at least one
of the expressive constructs facilitated by pseudo-Boolean
encoding. Horcas et al. [110] suggest a metamodel approach
to cover constructs from different variability languages. Their
proposal also includes various constructs, such as arithmetic
expressions and cardinalities. In the initial publication of UVL,
results of a community questionnaire imply that expressive
constructs such as cardinality groups and feature attributes are
desired [82]. Various variability-modeling tools that are com-
monly used in practice [25], such as pure::variants [23],
DOPLER [29], and Gears [22] also supports more expressive
constraints. Furthermore, several case studies on industrial
systems imply that the expressive constructs we targeted are
mandated [20], [24], [30]–[32]. In summary, insights from
related work suggest that more expressive constructs are of
interest for practitioners and researchers. The plethora of
variability languages, including UVL, can benefit from our
advances in scalability for feature-model analysis on these
expressive constructs.

f) Encodings for Expressive Feature-Modeling Con-
structs: While knowledge compilation for expressive feature-
modeling constructs has not been yet employed, there has been
some works on encoding these constructs. Various publications
present for cardinality constraints [24], [85], [86] which can be
used to model cardinalities. However, many of these encodings
only preserve equisatisfiability [24], [85], [86], which can pro-
duce faulty results for model counting and for subsequent anal-
yses on a compiled d-DNNF. Furthermore, the performance of
these encodings when applied to feature models in general and
as input for knowledge compilation is unknown. Nevertheless,
examining the plethora of available encodings may reveal
suitable and possibly more efficient candidates. We consider
the analysis of existing encodings as valuable future work, but
as out of scope for this work as it substantially increases the
complexity of our evaluation. Benavides et al. [37] propose
to encode extended (i.e., attributed) feature models with con-
straint programming. However, their approach only scales to
very small feature models (i.e., fewer than 25 features), while
our strategy allows analyzing feature models with thousands
of features. Karataş et al. [69] also encode extended feature
models with cardinality groups with constraint programming.
However, their approach also employs one-shot computations
instead of knowledge compilation. Munoz et al. [52] employ
bit-blasting to represent numeric features and constraints over
them in Boolean logic. However, they did not consider other
expressive constructs such as cardinalities. While we did not
consider numeric features in this work, the bit-blasting strategy

could also be valuable to apply for pseudo-Boolean logic.
g) Reasoning for Expressive Formulas: Satisfiability

Modulo Theories (SMT) supports various expressive con-
structs, such as typed features and constraints over them [34],
[66], [111]. SMT solvers are available for satisfiability check-
ing [34], [35] and approximate counting [112]. Constraint
programming has been also applied for feature-model anal-
ysis [37], [38] to represent basic constructs [37], [38] and at-
tribute constraints [37]. However, for neither of these formats,
exact model counters or knowledge compilers are available to
the best of our knowledge. Furthermore, the increased expres-
sive power of SMT and CP comes with added computational
complexity [37], [38], [113]. With our approach of pseudo-
Boolean d-DNNF compilation, we aim to hit a sweet-spot
between more complex reasoning on expressive formats and
the state-of-the-art, which relies on the rather restrictive format
CNF [15], [27], [67], [68].

VII. CONCLUSION

There is a mismatch between the expressiveness of available
variability languages [9] and available reasoning engines [15],
[99]. Most variability languages allow various expressions [9]
that are not well suited for Boolean encoding. However, state-
of-the-art approaches for feature-model analyses reliant on
complex computational problems (e.g., configuration counting
or t-wise sampling [95]) mainly focus on Boolean logic [13],
[15], [27], [52], [67], [68], [103], since scalable solutions for
more expressive constructs are often not available. Matching
expectations and previous observations [24], our evaluation
provides more evidence that encoding common constructs,
such as cardinalities or attribute constraints, in Boolean logic
comes with substantial scalability issues.

In our work, we tackle this issue by introducing pseudo-
Boolean d-DNNF compilation. Our approach consists of a
pseudo-Boolean encoding for feature models and a pseudo-
Boolean d-DNNF compiler. As the compiled d-DNNF is
Boolean, we can employ existing algorithms and tools that
enable efficient feature-model analyses [40], [41], [57]. Our
empirical evaluation clearly suggests that using our pseudo-
Boolean approach yields substantial runtime benefits over
the Boolean state-of-the-art. We did not tackle all feature-
modeling constructs, as, for instance, we are not able to nat-
urally represent features with other types (e.g., numeric) with
pseudo-Boolean logic. Still, pseudo-Boolean d-DNNF compi-
lation considerably advances what feature-modeling constructs
can be efficiently analyzed. We envision that the availability
of scalable reasoning increases the usage of these constructs,
as automated analysis is vital for product-line engineering [2],
[3], [14], [102], [114]–[116].

We consider further work on the scalability of expres-
sive feature-modeling constructs as valuable with respect to
two dimensions. First, even though our approach of pseudo-
Boolean d-DNNF compilation substantially advances the scal-
ability over CNF-based compilation, our empirical evaluation
revealed further demand for optimization. Here, it may be
promising to develop further heuristics tailored to the pseudo-
Boolean structure or develop more efficient encodings for
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multiplication and division. Second, further expressive con-
structs, such as numeric features and constraints over them,
are not yet supported by our approach. One approach could
be to take advantage of the pseudo-Boolean structure to
simplify encodings that are applied for CNFs with a large
overhead, such as bit blasting [52]. A more powerful but also
more intrusive approach could be to further relax the type of
constraints handled by the compiler with designated branching
strategies for different types of variables and constraints. Here,
variants of the compiler with different constraints enabled
could target multiple sweet spots between expressiveness and
scalability.

NOVELTY STATEMENT

Our work reports completely new research results and is
not an extension of any existing work. None of our main
contributions, namely the pseudo-Boolean encoding, pseudo-
Boolean d-DNNF compilation, the tooling, and the empirical
evaluation, have been or will be presented or published in other
work.
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