A BELLMAN-FUNCTION BOUND FOR THE BEURLING-AHLFORS TRANSFORM

HYRA

ABsTRACT. We prove the uniform estimate
1BllLe(c)—Lr(c) < 1.523958 (p* — 1), 1<p<oo,

for the Beurling—Ahlfors transform. The argument combines a heat-extension representation with an explicit
Bellman-function criterion adapted to the conformal martingale structure of the transform. The principal new
ingredients are a two-sided kinematic constraint that reduces the drift calculation to one negative-semidefinite
2 X 2 matrix, and two explicit generalized polynomial Bellman profiles at p = 16/3 and p = 15/2. Their drift
and majorization properties are certified by exact polynomial identities and rational inequalities. Interpolation
with the L2 isometry and a self-contained Burkholder-type bound yields the stated constant.

INTRODUCTION

The Beurling—Ahlfors transform is the singular integral

1 f(w)
B =——pv. | ———d .
76) = =2 pv. | L dm(w)
For 1 < p < oo, write p* = max{p,p/(p — 1)}. Iwaniec’s conjecture asserts that ||B|, = p* — 1; see [4].
Banuelos and Janakiraman proved the uniform upper bound 1.575(p* — 1) by exploiting conformal martingales
[1]. The present paper lowers that coefficient.

Main Theorem. For every 1 < p < oo,
||B||Lp(c)ﬁLp((C) < 1.523958 (p* — 1).

Consequently, if

B
CBA = sup 7” ‘iLP%LP,
l<p<oo P*—1

then Cpa < 1.523958.

The proof follows the heat-extension and space-time Brownian-motion framework of [2], but no quantitative
martingale inequality is imported. Instead, the necessary martingale estimate is proved from an explicit radial
Bellman function. The structural step is a two-sided inequality |T'— P| < W, which permits the angular
variable to be eliminated without a case split. This leads to a pointwise drift criterion expressed by a single
2 x 2 matrix. Generalized polynomial profiles with real exponents then produce the endpoint estimates

| Bll16/3 < 22830%/16, || Bl|15/2 < 22865000%/1°.

Together with ||B|2 = 1, a self-contained estimate || B||, < y/2p(p — 1) for p > 2, duality, and Riesz-Thorin
interpolation, these endpoints imply the main theorem.

All profile identities and all numerical comparisons used in the proof are exact. The only external inputs are
standard results from Fourier analysis, functional analysis, and stochastic calculus, together with the classical
multiplier identification of B. The use of compactly supported mollifiers below makes the regularization step
entirely local and avoids any hidden tail estimate.
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0. NOTATION AND CONVENTIONS

e m = Lebesgue measure on C ~ R?; we write dx for it and identify z = z1 + ize ¢ x = (21, 22). All
functions are complex valued unless stated otherwise. || f|lq = ([gs | £]? dz)'/9.

e Fourier transform: f(¢) = Jg f(x)e 2™ dx, so that Plancherel reads [ fgde = [ fgd¢ and
9;f(€) = 2mi&; f(£). We also identify & = £ + i€, € C when convenient; £ = & — i&y, €] = €2 + £3.

e Heat semigroup: Gi(x) = (47rt)_1e_|”’|2/(4t) for ¢ > 0 (a probability density on R?), and for f €
C(R?)

U(.%‘,t) = (etAf)('T> = (f * Gt)(x)v U(x70) = f(x)

Then 9,U = AU, U(€,t) = 6’4”2‘5‘2tf(§), U € C*(R? x [0,00)) (differentiation under the integral
sign is legitimate because f € C° and 0°U = (9*f) * G¢), and by Young’s inequality ||0°U (-, )|, <
|0 f|l4 for every multi-index o, every ¢ € [1,00] and every ¢ > 0.

e For v,w € C* we write v-w = >, v;w; (bilinear, no conjugation) and |[v]* = 3, |v;]?; thus
|v - w| < |v] |w|. For a real vector h € R?, |h| is the Euclidean norm and h - k the real inner product.

o C is identified with R? as a real Euclidean space whenever a complex quantity is fed into a real
function; the modulus of a complex number equals the Euclidean norm of the corresponding real

vector, and for ¢,n € C the real inner product is ¢ - n = Re({7).

e artanhz = 3 In 1t for 2| < 1.

The multiplier form of B. We use the classical identity

Bie) = fle) =

~

2
3 €17 © 0
initially for f € C2°(R?). In particular, Plancherel and |£/¢| = 1 give
[Bllrz—r2 = 1. (0.2)

All other LP-extensions used below are obtained from the a priori estimates proved in this paper. More
precisely, an estimate on C2° gives a unique bounded extension by density. If bounds are available at two
exponents, the corresponding extensions agree on their intersection because C2° is dense there for the sum of
the two norms. Thus the compatible form of the Riesz—Thorin theorem applies without assuming qualitative
L%-boundedness in advance.

1. REDUCTIONS AND THE HEAT REPRESENTATION
1.1. Reduction to p > 2.
Lemma 1.1. For f,g € C2°(R?) one has [(Bf)gdz = [ f(Bg)dx.
Proof. For F,G € L?, Plancherel in the bilinear form reads [ FG dzx = [ F(€)G(—¢€)d¢ (apply [ FH = [ FH
with H = G, whose transform is H(¢) = G(—¢)). Hence, with m(&) = £/€,

/ (Bf)gdr = / m(€) F(©)a(~¢) de, / f (Bg) dz = / F(€) m(-£)g(~€) de.

Since m(—¢&) = (—€)/(=€) = £/€ = m(£), the two agree. O

Lemma 1.2 (duality). Let 1 < ¢ < o0, ¢ = q/(q— 1), let h € L. _(R?) and M < oo be such that
| [ hgdx| < M|\gllg for every g € C°. Then h € LY and ||h||y < M.

Proof. The map g — [ hgdz is a conjugate-linear functional on the dense subspace C2° of LY, of norm

< M; extend it continuously to L%. Since 1 < ¢ < oo, the dual of LY is Lq/, so there is H € LY with
|H|y <M and [hg= [ Hg for every g € C°. Then h — H € L] _ annihilates C2°, hence h = H a.e., and

[Pllgr = I Hllq < M. 0

Lemma 1.3 (transposition). Suppose ||Bg|, < Myllglly for all g € C° and some 1 < ¢ < co. Then
1Bfllgs < Myllfllg for all f € C°, where 1/q+1/¢ = 1. Consequently ||Bl|r—rr = || Bl 1o _ o for all
1<p<oo.
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Proof. Let f € C°; then Bf € L? C L}, .. For every g € C° we also have g € C2°, so Lemma 1.1 (applied
to the pair f, g) and Holder give

| [Bngdd] = | [ 1 (Baydo] < £l Balle < Mgl

Lemma 1.2 (with h = Bf, M = M| flly) gives ||Bf|lqy < Myl fllgy- By density ||Blly < ||Bll4, and by
symmetry (replace ¢ by ¢') the reverse inequality holds as well. O

Since p* — 1= ¢ — 1 both for p = ¢ > 2 and for p = ¢’ < 2, Lemma 1.3 shows:

It suffices to prove || Bf|, < A(p)| f|l, for all f € C2° and all p > 2, where A(p) is the
desired bound; the case 1 < p < 2 then follows with A(p’).

For p > 2 we write p’ =p/(p—1) € (1,2] and g:=p—1> 1.
1.2. The matrix A and conformality. Let

= (1,—i) € C?, A=ww’ = <—12 :i) € C?*2,
For a real vector £ = (£1,&2),
(AE,6) = Ap&i&r = (w-€)° = (&1 —i&)* = &7,
7,k
so by (0.1) the symbol of B is exactly (Ag,€)/|€[%
Lemma 1.4 (structure of A). Let v = (v1,v2) € C? and put ¢ :=w-v =1v; —ivy € C. Then
Av = (¢, —ic), |Av|? = 2|c|? < 4|v|. (1.1)

Moreover, identifying C ~ R?, the two components k1 := c and ky := —ic of Av satisfy, for every unit
vector é € R2,
2 2

2
Sk =P =13 1k1% S|k - k- e)e]” = e (1.2)

j=1 j=1 j=1

Proof. Av = w(w-v) = cw = (¢, —ic), and |Av|? = |c|?+|—ic|? = 2|c|?; also |c| = [v1 —iva| < |v1|+|va] < V2|0,
whence |Av|? < 4|v[%. For (1.2): write é € R? as a unit complex number e, so that k - é = Re(ké) for k € C.
Then

(k1 - €)% + (k2 - )> = (Re(ce))” + (Re(—ice))® = (Re(ce))” + (Im(ce))” = |ce? = |¢?,
using Re(—i¢) = Im(¢) and |e| = 1. Since |k;|? = |¢|? for j = 1,2, we get > 1k |2 = 2|c|? and > ki — (k;
e)el? =32, (k17 = (k; - &)%) = 2lc* — | = || O
The identity (1.2) expresses the fact that {k1,ko} is an orthogonal pair of equal length: ko = —iky is k;
rotated by —m/2. Any such pair distributes its total energy 2|c|? isotropically: exactly half of it lies along

any prescribed direction and half orthogonally to it. The inequality |[Av| < 2Jv| in (1.1) will be used only
qualitatively (to know that certain L2-quantities are finite); the quantitative input is (1.2).

1.3. Heat representation of the bilinear form.

Lemma 1.5. Let f,g € CX°(R?), U = e!Af, V = et®g. Then

/RQ(Bf)gdx = 2/0 /R? (AVU(z,t)) - VV (z,t) dz dt, (1.3)

where VU = (01U,8,U) € C* and the dot is the bilinear pairing of Section 0 (so the right side is
>k Ajr [] 0xU 0;V ). Moreover IS [IVU||VV]dz dt < 0o and

/O /]R \VU|? dzdt = 3||f]3- (1.4)
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Proof. Fix t > 0. By Plancherel, for each j, k,
[oaT s = [erig0)EneV)d = an* [t e
Summing against Ajy,
/(AVU) VV dz = 4n? /(Ag, e s IE f5 de.

The double integral converges absolutely: [(A¢, &) = €2 = [¢]? and [~ [ Am2|€|2e= 87 €17t | f||g| de dt =
1 [1£1lg| dé < oo (Tonelli; f, § are Schwartz). Hence by Fubini and [;° e8It — (872|¢|2)

/ /AVU VVdzdt=2- 3.2 <f|1§2£ fgde = /|€|2 fgd¢ = /Bf

the last step by (0.1) and Plancherel. For the final assertions, Plancherel gives

o0 oo 2 2 "
/ / VU Pde dt = / / am?|ePem ST f2dg di = 1 £]2 < oo,
0 0

and similarly for V; then Cauchy-Schwarz yields [~ [ |[VU||[VV] < 1|/ f2]lgll2 < oc. 0

Thus everything is reduced to estimates of the form

2 [avy) SVard| < Alslgly.  pz2 (1.5)
0
which are proved in Section 3—Section 4.
2. ADMISSIBLE BELLMAN FUNCTIONS

Throughout this section p > 2 is a fixed real number.

2.1. The two-sided kinematic constraint.

Lemma 2.1. Let a,b € C, put ¢ :=a —ib and T := |c|, and let é € R? be a unit vector. Set hy :=a, hy :=b
(viewed in R?) and

2 1/2 2 1/2
pP= (Z(hj-éf) . W= (Z|hj — (hy - é)é 2) .
j=1 j=1
Then
|T—P| < W, equivalently T<P+W and P<T+W. (2.1)

Proof. Let € € C, |e| = 1, correspond to é, and set a’ := a& = a; + ias, b’ := b& = by + iby with a;,b; € R.
Since h - é = Re(hé) and |h — (h - é)é| = |Im(hé)| for h € C,

PP a2 WP —ad il
Moreover c& = a’ —ib' = (a1 + ba) + i(az — by), so, as vectors in R?
T=|c| =|cg| = |(a1 + ba, ag — b1)| = ’ u —|—v|, u:= (a1, —b1), v:=(be,as),

and |u| = P, |v]| = W. The triangle inequality gives T = [u+v| < Ju|+ |v| = P+ W and P = |u| =
[(u+v)—v|<T+W. O

Only the first half of (2.1) is classical. The second half, P < T + W, is what allows us below
to replace W2 by (T — P)? without a case distinction, and hence to reduce the whole
drift condition to the negative semidefiniteness of a single 2 x 2 matrix.
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2.2. The drift criterion. Let ¢ : [0,00)? — R be continuous, and set

u(z,y) = o(|z),lyl),  x,ycR.

Suppose ¢ is C2 on the open quadrant {r > 0, s > 0}. There, with & = z/|z|, § = y/|y|, r = |z|, s = |y|, the
classical Hessian of u is

D u=, @0+ %(I—:ﬁ@i) D2u=¢rd @3, D2u= @i+ %(I—@@Q)
(these follow from 0y, |z| = &; and 0y, &; = (d;5 — L4&;)/r, so that Oy, 0p,u = @rrZsk; + ©p (055 — T4d5) /7, and
similarly in y; the mixed block is 9,,0y,u = ¢,s2:9;). Hence for h, k € R?, writing hj:=h-&, hy ==h—h)Z,
k‘” Z:k‘@, kJ_ ::k—k”g7

<D2U(I, y)(h7 k)a (h, k)> = @rrhﬁ + 2Q0r9h||k\| + @sskﬁ + %Vll‘z + %VCLP (22)
Definition 2.2 (the drift matrix). For r,s > 0 put
AZ:QOTT+&7 B::|¢rs‘*&7 C::QOSS‘F&*I“&,
r r s T

A B

all evaluated at (7, s), and call Q := (B C

> the drift matriz of ¢ at (r,s).

Proposition 2.3 (drift inequality). Let x,y € R? with v # 0 # y, and let a,b € C be arbitrary. Put
c:=a—1b and

vy = (a, ¢), vy := (b, —ic) € R?*x R* =R™.

Assume that at (r,s) = (|z|, ly|) one has

er <0 (DO)
and that the drift matriz is negative semidefinite, i.e.
A<0, (<0, B*<AC (D1)
Then
2
Z (D*u(z,y) vy, v;) < 0. (2.3)
j=1

Proof. Write hy = a, ha = b, k1 = ¢, ko = —ic; the j-th vector is v; = (h;, k;). Apply (2.2) to each j and
sum. Let P,W be as in Lemma 2.1 with é = &, so 3_, k% = P? and 37, [h;1|* = W?; and let T = |c|.
Lemma 1.4, applied with é = g, gives

DK =12 Y k=T
J J

By Cauchy-Schwarz, | > hjiki| < (> h?‘l)l/z(zj ka,”)l/z = PT. Therefore
S (D%uvj,05) < @npP? 4200l PT+ (0 + £2) T2 + L2072,

- s T

j
By (D0) the coefficient ¢,/ of W? is < 0, and by Lemma 2.1 W? > (T — P)?; hence £2W? < £2(T — P)?
and

> (Dfuvgv;) < (om+ 20 ) P2t 2(lpre] = S ) PT + (s + 22 + 25) 72 = AP? +-2BPT + T,
J

A real binary quadratic form AP? + 2BPT + CT? with A <0, C < 0 and B2 < AC is negative semidefinite
on all of R?: indeed if A < 0 then AP? 4+ 2BPT +CT? = A(P + %T)2 + ACTTWTQ < 0, while if A = 0 then
B? < 0 forces B =0 and the form is CT? < 0. This proves (2.3). O
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2.3. Admissible functions.

Definition 2.4. Let p > 2 and A > 0. A function ¢ : [0,00)? — R is called (p, A)-admissible if:
e (A1) ¢ is continuous on [0, 00)?, positively homogeneous of degree p (i.e. (A7, As) = Np(r, s) for
A>0), and C* on {r > 0,s > 0};
o (A2) (growth) there are M < oo and 6 € [0,1) with, for all ,s > 0 and 0 :=1r + s,

6

lol < MoP,  or| + |l gMapfl(%) 7
or| | |Ps AN
|@T’P‘+|Sﬁrs‘+|@ss|+‘7 —|—‘? < MoP 2(?) :

e (A3) (drift) (DO) and (D1) of Proposition 2.3 hold at every (r,s) with r,s > 0;
e (A4) (majorization) p(r,s) > sP — APrP for all r,s > 0;
e (A5) (boundary sign) ¢(r,0) <0 for all » > 0.

Note o/s = 1+7/s > 1, so (A2) with § = 0 is the strongest form and reads |¢,| + |ps| < MoP~! and
(second order) < MoP=2(1 + r/s); larger § < 1 makes (A2) weaker. The single purpose of 6 is to allow
profiles whose s-derivatives blow up like s~ at s = 0; everything in Section 2.4 and Section 3 goes through
unchanged for any 6 < 1.

We will prove in Section 3:

Bellman principle. If ¢ is (p, A)-admissible for some p > 2, then

||BHLP*>LP S A

Three admissible functions are exhibited in Section 4.

2.4. Regularity and mollification. Let ¢ be (p, A)-admissible with growth parameters (M, 6), and let
u(z,y) = o(|z, ly|) on R*. We write z = (x,y) and s = |y|.
Lemma 2.5. u is continuous on R*, and for some M' = M'(M, p),
2]\ ?
m) (y #0). (2.4)
The pointwise gradient and Hessian of u exist off the null set N := {x = 0} U {y = 0}, belong to L} (R?),
and coincide with the distributional gradient and Hessian of u.

Proof. Continuity and the first bound in (2.4) are immediate from (A1)-(A2) (note o = |z| + |y| < V22|
and |z| < o). Off N, u is smooth and |Vu| < |p,| + |¢s| < MoP~1(o/s)?, which is the second bound in (2.4).

By (A2), |D%u(z)| < C,MoP=2(a/s)' 0 off N (each entry of D?u is a combination of @, @rs, @ss, or /T, 05/
with coefficients bounded by 1, by the display preceding (2.2)). Hence on the ball {|z| < R},

IVu(z)] < C(R) |y, |D*u(z)| < C(R) y|~*~°.
Both are locally integrable on R*: in polar coordinates in the y-variable, fl
whenever o < 2, and here « =0 < 1 resp. a=1+6 < 2.

Let ¢ € C°(R?), supported in {|z| < R}, and let a,b be two of the four coordinates. Let Qs := {(x,y) :
|x] >4, |y| > d}. On Qs the function w is C*°, so two integrations by parts give

/uaaabcz (0,05u) € + Rs,
Qs Qs

[u(2)] < MIep, u(z)] < ML

JI<R ly|~@dy = 2mR?>~/(2—a) < 00

where Rs is a sum of boundary integrals over Qs C ({|z| = §} x R?) U (R? x {|y| = }) of terms u (9¢)n
and (Ou) (n. We estimate the two pieces.

On {|z| = 6} Nsupp(: the surface measure is dH3 = 6 d dy with |y| < R, of total mass O(d). There
lul < C(R) and [, _p|Vuldy <C(R) [, g ly|~dy < oo, so both kinds of terms are O(J).

On {|y| = 6} Nsupp(: the surface measure is O(§); there |u| < C(R) and |Vu| < C(R)§~?, so the terms
are O(8) and O(6'7%) respectively.

Since § < 1, Rs — 0 as § | 0. Both integrands are dominated by L! functions (|u||09(| is bounded
with compact support; |D?u||(| is in L' as shown), so the integrals converge to those over R*. Thus the
distributional Hessian is the pointwise one. The same argument with one integration by parts (only the terms
u(9¢)n occur, of size O(9)) identifies the distributional gradient. O
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Lemma 2.6 (smoothed Bellman function). Let p € C°(R*) be nonnegative, supported in the unit ball, and
normalized by [, p=1. Set pc(z) = e *p(z/e) and ue = ux p.. Then:

1. u. € C®°(RY); for some C = C(M,p),
|ue(2)] < C(|2|7 +€7),

and Vu, is bounded on compact subsets of R*.
2. For every z € R* and every a,b € C, with

v1 = (a,a —b), vy = (b, —i(a — b)),

one has

(D?uc(2)vj,v;) < 0. (2.5)

2
=1

J
3. uz — u locally uniformly as € | 0.

Proof. By Lemma 2.5, u € VVI?)C1 (R*) and has polynomial growth. Standard properties of convolution therefore
give u. € C'*,

D?*u. = (D*u) * ps, Vu. = (Vu) * pe.

Because p, is supported in B(0,¢), the growth bound follows from |u(z — w)| < C(|z] + |w|)?, and the local
boundedness of the gradient is immediate from smoothness.
Fix z,a,b. For almost every w, the point z —w = (2/,4') satisfies 2’ # 0 # ¢/, so Proposition 2.3 gives

(D*u(z — w)vj,v;) < 0.

2
=1

J

The vectors vy, vs do not depend on the base point. Integrating the last inequality against the nonnegative
kernel p. proves (2.5). Finally, continuity of w implies local uniform convergence under this compactly
supported approximate identity. O

2.5. The criterion in the variable ¢t = r/s. It is convenient, for the explicit examples of Section 4, to
record (A3) in terms of the profile of ¢ along s = 1. By homogeneity we may write

plrs) = sPf(t),  t=2€(0,00),  feC™(0,00). (2.6)

Lemma 2.7. With (2.6) and r,s > 0,

!

Pr = spilf/a Prr = 5p72f”7 % - Spizf?’

Prs = Sp_2 [(p - 1)fl - thL % = Sp_2 [pf - tf/L Pss = Sp_2 [P(P - 1)f - 2(17 - 1)tf/ + t2f”:|a
all evaluated at t = r/s. Consequently
sP—2 sP—2 sP—2
A= ; P1, C= " P, and B = ; Ps provided Q >0,

where
Pui=tf"+f, Po=ptf—(p—- D+ +f,  Py=f"—(p-Dtf - f,
Q=" — (p— tf".
Hence, if for allt > 0
f/<0, Q=0, P;y<0, Py<0, R:=PP,—P; >0, (2.7)
then (DO0) and (D1) hold at every (r,s) with r,s > 0.
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Proof. Differentiate (2.6), using 0,t = 1/s and 05t = —t/s: ¢, = sPf'- % =P~ f and @, = sP7Lf" . % =
sP=2f" giving also @, /r = sP~1f'/(st) = P72 f'/t. Next

t
om0 (1) = o,
s
so @s/s = sP~2[pf — tf']. Differentiating ¢, = sP~1f" in s,
t
pra = (=5 2f 4577 (= 1) = 2o - 1) 1),

Differentiating ¢ = s~ *[pf — tf'] in s and using O, (pf — tf) =pf' - (=L)+Lf —tf" - (=) =L1[-(p—
1)tf/+t2f//],
pss = (= )" 2 [pf —tf ]+ P2 [~ (p—Vtf' + "] =" [plp — 1)f —2(p — Dtf' + 2 f"].

Now

/ -2 —2

A:@rr+%:3p_2|:f”+f?:|:75t [tf/l"f',f/}: P17
C = Ps | Pr p—2 . Y I 42 g1t gt .]1 _ P72, (o N2 £l g3 gl gt
Pust T4 L = 2 p(p =) f=2p—tf 8 pf —tf | = = [P~ 2p= DS+ 1),

which is STPQ. Finally Q > 0 means t2f” — (p — 1)tf’ > 0, i.e. (dividing by t > 0) tf”" — (p—1)f' >0, i.e.
s = 8P 2[(p— 1) f" — tf"] <0; in that case
r p—2 " fl Sp72 2 1t ! ! sp—2
= lprs| = L =2 [tf" = (p= D) = | = == [ — (p— tf = ] = ——Ps.
Since sP~2/t > 0, the conditions A < 0, C < 0, B? < AC are equivalent to P; < 0, Py <0, PZ < P{P,, and
(DO) is f' < 0. O

2.6. Generalized polynomial profiles.

Lemma 2.8. Let p > 2, let E C [2,p) be a finite set of real exponents, let by, > 0 for k € E, let ag > 0, and
put

(t) =ap — Z btk (t>0), o(r,s) == sPf(r/s) = aps® — Z by PPk,
keE keE
Then, with P;,Q as in Lemma 2.7,

=Y Rt <0, Py=) kbut*T 4> k(p— k) bit® > 0,
k k k

Py=plagt — Y kbet"™ ' = (p— k)2bp tFF1,
k k

Q=Y k(p-kbpt" >0, f <o
k

Moreover ¢ extends continuously to [0,00)? with ¢(r,0) =0 (so (A5) holds), is positively homogeneous of
degree p, is C* on {r > 0,s > 0} — d.e. (A1) holds — and satisfies (A2) with

6 := max {0, Igleag(k +1- p)} € [0,1).
Proof. f' =~ kbpt*~! <0 and f” = —> k(k — 1)b,t*~2. Hence
Pr=tf"+f ==Y k(k—1bt* " = > kbpt* ™t = = > " khtF T,

Ps=12f"—(p—Dtf = f' == k(k— Dbpt* + (p— 1) Y kbpt* + > kbt
and —(k—1)+(p—1) = p—k gives the stated form; likewise Q = t2f”— (p—1)tf" = > k[(p—1)— (k—1)]bpt* =
3" k(p — k)bit®, which is > 0 because k < p for every k € E (this is also why Pz > 0). For Py,

Py = th(ao — Z bktk> +2p-1) Z kbktk+1 _ Z k(k — l)bktk+1 _ Z kbktkfl,

and —p? + (2p — 1)k — k(k — 1) = —(p? — 2pk + k?) = —(p — k)?, which gives the stated form.
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Continuity and (A5). ©(r,s) = ags? — Y. bpr*sP~F and every exponent p — k > 0, so each term tends to
0 as s | 0 with r fixed; thus ¢ extends continuously by ¢(r,0) = 0 and (0, s) = ags?. Homogeneity and
smoothness on the open quadrant are clear (for r > 0, 7 = ¥ is C™ for any real k).

(A2). Each of @, ©r, ©s, ©rry Prs, Psss ©r /T, ps/s is a finite linear combination, with coefficients depending
only on p, ag and maxy, by, of monomials r®s? with o > 0 and o+ 8 = p, p— 1, p — 2 respectively. Explicitly:

Pr = — Z kbkrk_lsp—k7 s = paosp_l _ Z(p _ k)bkrktsp—k;_l7
== > k(k = Dbt h P N gy k2 rs == > k(p— k)b tsp kL
® Z ( Yorr S , , Z kTS , © Z (p Yoyt s 7

-2 k p—k—2 Ps -2 k p—k—2
wss = p(p — V)ags?™= — Z(p— kE)(p—k — 1)bgr®s? , Y = pags?™* — Z(p— k)bgr®s? .
All exponents a of r occurring above are > 0, because k > 2 for every k € E. The exponents § of s occurring
are, listed by order m:
em=0: f=pand S =p—k >0. Hence g > 0.
em=1=p—k>0(ne.),B=p—1>0and f=p—k—1 (in ps). Since § > k+ 1 — p for every
k€ E, we get p—k —12> —6; hence g > —6.
em =2 8 =p—k >0 (n @rr,p/r), B=p—k—-12> -0 (in ¢,5), 8 =p—2 > 0 and
B=p—k—2>-1-0 (in pss, ps/s). Hence 5 > —(1+6).
Note 6 < 1 because k < p for all k € E.
Now let 7*s? with a >0, a + 8 =p —m and 3 > —v for some v > 0. Since r < ¢ and s < o,

O_asﬂ S O—p*m, ﬂ Z 07
oP~m=Pgf = ap_m(%)_ﬁ <orm(2), B <0,

using o/s > 1. Applying this with (m,~) = (0,0), (1,60) and (2,1 + 6) gives exactly the three bounds of (A2),
with M a constant depending only on p, ag and {b;}. |

rosh < ovsP = {

Remark 2.9. Lemma 2.8 permits exponents k in the whole range 2 < k < p; when k > p — 1 the derivative ¢,
blows up like s~(*T1=P) a5 s | 0, which is precisely what the parameter 6 in (A2) accommodates. This extra

freedom is used at p = ? in Section 4.2 (there £ = {2,3,4,5} and 5 >p—1= %, so 0 = %), at p = 1—25 in

Section 4.3 all exponents satisfy £k <p—1 and § = 0.
Remark 2.10 (The quadratic coefficient). Assume by > 0. As t | 0,
Pi = —dbst+o(t),  Pa= (p®ap—2b2)t+o(t),  Ps=2bst+o(t),
and hence
R = 4by(by — p?ag)t? + o(t?).
Thus R > 0 near the origin forces by > p%ag. Both explicit profiles below saturate this necessary condition,

by = p?ag, which makes the leading term vanish. This local observation is not, by itself, a global optimality
statement.

Lemma 2.11 (majorization by weighted AM-GM). In the setting of Lemma 2.8, let to > 0, A > 0 and

M > 0 satisfy the two inequalities
k
)\(ao -y bk<1 _ 7>t§) > 1, (M1)
keE p

M > A > bty ", (M2)
p keE
Then \g satisfies (A4) with A :== MYP i.e. Ap(r,s) > s? — APrP for all r,s > 0.
Proof. Step 1 (Young’s inequality). For 0 < ¢ <1 and X > 0,
X7 < 9X+1-9.
Indeed h(X) :=9¥X +1 -9 — X7 satisfies h(1) = 0 and A'(X) = 9(1 — X¥~1), whichis <0 for 0 < X <1

and > 0 for X > 1 (because ¥ — 1 < 0); so h attains its minimum on [0, 00) at X = 1, where it vanishes. (At
X=0:h(0)=1—10>0.)
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Step 2. Let k € E,s00 < k < p. Apply Step 1 with ¥ = k/p € (0,1) and X = (t/to)?, noting XV = (t/to)*:
t\*k k/typ k % k A
—) < =(= 1-- < =ty PP 4 (1 - =)t t>0). 2.8
(to) _P<to> " p - —p"° +( p)o (t>10) (2.8)
Step 3. Set G(t) :== Mt? + Af(t) — 1. By (2.8) and b, > 0,

A k
A bt < (kabkté“’p)tpﬁ—)\Zbk(l—7>t§,
hence for all t > 0

G(t) = Mt + Xag — A D bptt —1 > [M—%Zkbktg—ﬂtu Mao =Y (1= 5)ek) 1] = 0
k k k

by (M2) and (M1).
Step 4. For s > 0, dividing Ap(r, s) > s? — APrP by sP and putting ¢ = r/s turns it into Af(t) > 1 — M¢P,
ie. G(t) > 0. For s = 0 it reads 0 = Ap(r,0) > —APrP, which is true. O
Finally note that if ¢ satisfies (A1)—(A3) then so does Ay for any A > 0 (all of (D0), (D1) are positively
homogeneous in ¢: A, B, C scale by A, so B2 < AC scales by A\%; and (A2) holds with AM and the same 6).

3. THE PROBABILISTIC MODEL AND THE BELLMAN PRINCIPLE

Fix p > 2, f,g € C®(R?%;C) and T > 0; write U = e*2f, V = e'®g as in Section 0. Recall that U,V and
all their space derivatives are bounded and continuous on R? x [0, T], with [|0°U (-, )|l < 0% f|l4-

3.1. Brownian motion with generator A and the o-finite measure v. Let Q = C([0, T]; R?) with the
coordinate process Bs(w) = w(s), the (augmented, right-continuous) filtration (Fs)o<s<r, and for z € R? let
P, be the law of z + V2 W, W a standard planar Brownian motion. Thus under P,

d(B",B%), = 26,; ds, P.(Bs € dy) = Gs(y — x) dy, (3.1)

so the transition semigroup of B is exactly the heat semigroup e*”® and the generator is A. The map
x — E,[®] is Borel measurable for every bounded measurable ® (standard for this Feller family).
Define the o-finite measure on (2, Fr)

y(F) = /R P,(F)dx, FE,[®]:= /R E,[®] da

(defined for ® > 0 measurable, and for ® € L(v)). It is o-finite because v({By € Br}) = |Bgr| < oo and
these sets exhaust €.

Lemma 3.1 (stationarity). For every s € [0,T] and every Borel ¢ >0 on R?, E,[¢(B;)] = [z, ¢ da.

Proof. By (3.1) and Tonelli, [ E,[¢(B,)]ldx = [[ ¢(y)Gs(y — z)dydz = [ ¢(y)( [ Gs(y — x)dz)dy = [ ¢ dy,
since G is a probability density. (For s = 0 this is trivial.) a

3.2. The two martingales. Since U € C*(R? x [0,7]) and 0,U = AU, 1td’s formula applied under P, to
the real and imaginary parts of U gives, for s € [0, 7],

X, =U(B,,T —s) =U(x,T) + / VU(B,,T —r) - dB,, (3.2)
0

because the drift is (— 0,U + AU)dr = 0 (the It6 second-order term is 1 > 0;0;U d(B', By = AU dr by
(3.1)). Similarly Ny := V(B,,T—s) =V (x,T)+ [, VV(By, T —r)-dB,. Define the transformed martingale

Y, = / (AVU)(B,,T —r)-dB,,  Y,=0. (3-3)
0

All integrands are bounded continuous, so (3.2)—(3.3) are genuine L?(P,) martingales for each x.
We record the complex Ito isometry: if a,b : [0,7] x 2 — C? are bounded adapted continuous, then by

(3.1)
Ex[(/oTa-dB)(/oTb.dB)} 2Ez/OTa-bdr, ab=)ab,. (3.4)
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(Expand into real and imaginary parts and use the real Ito isometry E[[adB [bdB] = 2F [a- b, valid by

(3.1).)
Combining (3.4) with Lemma 3.1 and Tonelli, and using [AVU|?* < 4|VU|? from (1.1) together with (1.4),

By [Vel2 = 2/OT/Rz |AVU[2dz dt < 8/000/ VU [2dz dt = 4] f||2 < oo, (3.5)

likewise E,|Np — No|? < ||gl|3 < oo and E,|No|*> = |V (-, T)|13 < ||gl|3 < oo. So Yr, No, Nr € L*(v).
The columns. Set, for r € [0, T,
a:=0U(B,T—-r), b:=0&UB,T-r), c:=a—ib.
By Lemma 1.4, AVU = (c, —ic). Hence, identifying C ~ R?, the R*-valued continuous semimartingale
Zs = (X,,Y,) € R? x R?
satisfies Z;, = Zy + f; M, dB, with Zy = (U(x,T),0), where the j-th column of the real 4 x 2 matrix M, is
v = (a, ¢, vy = (b, —ic), c=a—ib. (3.6)

This is exactly the family appearing in Proposition 2.3 and Lemma 2.6(2).

3.3. The Bellman estimate.

Proposition 3.2. Let p > 2 and let ¢ be (p, A)-admissible in the sense of Definition 2.4. Then for every
T >0 and every f € C°,

(Bvelr)” < Alfl (37)

ly]), fix € > 0 and let u. be as in Lemma 2.6. Choose N > ||f|l and set

Proof. Let u(z,y) = ¢(|z],
| > N} AT. Then continuity gives |Zpary| < N. Itd’s formula for u.(Zs) gives,

T~ = inf{s € [0,T] : |Z,
P.-a.s.,

(D*ue(Zy)vj(r), v;(r)) dr,

2
=1

TATN TATN
we(Zrnry) = ue(Zo) + / Vu.(Z,)-dZ, + /
0 0

J

=M
where we used d(Z?,2Z°), = 23 MajMyjdr (from (3.1)), so that the second-order term is
23, (D?ucvj,v;) dr. By (3.6) and Lemma 2.6(2), that last integral is < 0. Hence, pointwise on €,

Ue(Zrpry) < ue(Zo) + M. (3.8)

For r < 7y we have |Z,| < N, and Vu, is continuous, hence bounded on the closed ball {|z| < N} by
some Cy, < 0o (Lemma 2.6(1)); while |M,| < C'|VU(B,,T —r)| < C'||Vf|lso. Thus M is a stochastic
integral of a bounded adapted integrand, so M € L?(P,) and E,[M] = 0 for every .

Fix R > 0, put B := {x : |z| < R}, and let ur denote the finite measure on Br x € induced by the
probability kernel z — P,:

1.
2

/ Fdug = E,[F(x,-)] dz (F >0).
BrxQ Br

Taking E, in (3.8) (all terms are P,-integrable, since |uc(Zrary )| < C(NP + P)) and then integrating over
Bpr gives
/ Ey[ue(Zraey)]de < / u: (U(z,T),0) da. (3.9)
Br Br
Let ¢ { 0 in (3.9). On the left, u. — wu locally uniformly (Lemma 2.6(3)) and |Zzar| < N, so the
integrand converges pointwise and is bounded by C(N? 4 1) on the finite measure space (Bg X 0, ug);
dominated convergence applies. On the right, u.(U(z,T),0) — uw(U(z,T),0) pointwise with |u.(U(z,T),0)| <
C(|U(z,T)? + 1) € L*(Bg). Hence

Ey[u(Zrpry)]dz < / u(U(z,T),0)dz < 0,

Br Br

the last inequality by (Ab), since u(z’,0) = ¢(|z’],0) < 0.
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Now apply the majorization (A4), u(z’,y") > |y'|P — AP|2'|P:

Ey[|[Yrary|Plde < AP | E[|Xrary|P]de. (3.10)
BR BR

The process X, = U(Bs,T — s) is a continuous martingale bounded by | f]lc, so |Xs|P is a bounded
submartingale (Jensen) and optional stopping gives E.[| X1ary [P] < Ex[|X1|P] = E.[|f(Br)[?]. Therefore,
by Lemma 3.1,

/ B [|Xrary ] d < / [/ (Br)lP]de = | I
Br R2

Letting N — oo through values larger than || f||e, continuity of each path on [0,T] gives 7y = T for all
sufficiently large N, a.s.; so [Yrary| — |Y7| a.s. Fatou’s lemma in (3.10) yields

| Elverlas < a7y,
Br
and letting R 1 oo (monotone convergence) gives (3.7). ]

3.4. Proof of the Bellman principle.
Proposition 3.3. Let p > 2 and let ¢ be (p, A)-admissible. Then for all f,g € C2° and every T > 0,

T
’Q/A(AVU)-VVda:dt < Al gl
0 2

Proof. Using (3.4) under each P,, then Lemma 3.1 and Fubini (legitimate since fOTf|AVU||VV| <
2f0Tf [IVU||VV| < o0 by Lemma 1.5 and Cauchy—-Schwarz),

E,[Yr(Ny — No)| = 2/ Em/ (AVU) -VV(B,,T — r)dr dz = 2/ / (AVU) - VV dx dt.
R2 0 0 JR2

(The expectation on the left is absolutely convergent because Y7 and Ny — Ny are in L?(v) by (3.5).)
Moreover E,[YrNo) = V(z,T) E.[Yr] = 0 for each x, and Y7 Ny € L (v) by Cauchy-Schwarz in L?(v); hence

E,[Y7Ng) = 0 and

2/T/(AVU) NV dedt = B, [YrNq].
By Holder’s inequality on the measureospace (Q,v), Proposition 3.2, and Lemma 3.1 (which gives || Np|| ;. ) =
(Blg(Br)P)""" = lglly),
| E, (Y2 Nr)| < Y2l o) INT | o 0y < Al Fllpllgllr-
(]

Proof of the Bellman principle. Let ¢ be (p,A)-admissible, p > 2. Let T — oo in Proposition 3.3: the
integrand (AVU) - VV is dominated in absolute value by 2|VU||VV| € L'(R? x (0,00)) (Lemma 1.5), so
dominated convergence and (1.3) give

| [ogds] < Alslhlly (fg€ ).
Then Bf € L? C L, and Lemma 1.2 (with ¢ = p’, h = Bf, M = A||f|l,) gives ||Bf|l, < Al f]l,- The
]

estimate on C2° therefore extends uniquely to all of LP, and ||B||Lr—rr < A.
4. THREE ADMISSIBLE BELLMAN FUNCTIONS

4.1. The rescaled Burkholder function. Fix p > 2 and write
2 2 1\r—1 —1)pt
qg=p—1>1, fi::\/p:\/2—i-€(\/§,2]7 ap::p(l—f) :%>O.
p—1 q D PP
(Indeed k2 =2+ 2/q < 4 because ¢ > 1, and k? > 2;50 1 < V2 < K < 2.) Define
O(p,s) = (s—ap)(p+5)  (ps>0),  ¢P(r,s) = ap O(ar, s). (4.1)
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Lemma 4.1. a, > 1 for every p > 2, with equality iff p = 2.

Proof. Put X =p—1>1. Then o, = (X + 1)(%))(, and «, > 1 is equivalent (take logarithms) to

W(X) = 1n(1+X)—X1n<1+i) > 0.

X
Wehavew(l):ln2—ln2:Oand,using%ln(l—&—%):ﬁ—%:—m,
1 1 1 2 1
"X)=—=-In(1+—= X - = —In(1+—=).
VX =rx o1+ 5)+ X(X+1) 14X o1+ %)

Substituting v = 1/X € (0,1], ¢/'(X) = x(v) := 12;’0 —In(1 4+ v). Now x(0) =0 and x'(v) = ﬁ - H% =

)
(llJr;v”)Q > 0 for v € [0,1], so x > 0 on [0,1], i.e. ¥/ > 0 on [1,00) (and ¢'(X) > 0 for X > 1). Hence

P(X) > y(1)=0for X > 1. O
Lemma 4.2 (majorization). For all p,s > 0: a,®(p,s) > sP — (p—1)PpP.

Proof. Both sides are positively homogeneous of degree p in (p, s). The inequality is trivial at (0, 0); otherwise
divide by (p + s)? and set ¢t := p/(p + s) € [0,1], so s/(p+ s) =1 —t. The claim becomes G(t) > 0 on [0, 1],
where

Git)i=ap(1—t—(p—1t) = (L =t)’ + (p— 1P’ = a,(1 — pt) — (L = )P + (p — 1)Pt".
Case p=2. Then as =1 and G(t) = (1 —2t) — (1 —¢t)> + > = 0.
Case p > 2. First,
N o W\ (p=1)P p—1NP p—1\?
6(p)=0-0-3) + 5 =) +(5) =0

Next G'(t) = —app + p(1 — )P~ + p(p — 1)PtP~1, so, using o, = (p — 1)P~1 /pP=2,

1 p—Iyr=t  (p—1)P
G/<I;) = *aperp(T) TP T Tt apt (p—1)ap =0.

Finally G”(t) = p(p — 1)[(p — 1)Pt?=2 — (1 — t)P72], and for ¢ € [0,1], p > 2, taking (p — 2)-th roots of
nonnegative numbers,
1
1+ (p— 1)p/(p—2) ’
Since p—1 > 1 and ﬁ > 1 we have (p—1)?/(P=2 > p—1, hence 14 (p—1)?/?=2) > p and therefore tg < 1/p.

Thus G is concave on [0, tg] and convex on [tg, 1]. On [tg,1]: G is convex with G'(1/p) =0 and 1/p € (¢o,1),
so G > G(1/p) = 0 there. On [0,%o]: G is concave, hence G > min{G(0), G(to)}, where G(to) > 0 by the

G'(t) >0 <= (p—1DP/P Dt > 1t = t>ty:=

previous sentence and G(0) = a, —1 > 0 by Lemma 4.1. O
Lemma 4.3 (derivatives). On {p > 0,s >0} put 0 :=p+s >0, 7:=p/o € (0,1), and
1—gqr
K::pqa”_3>07 m:=(q¢g— 1)1 >0, J = —.
(=1 (1 =)
Then
@, D,
Q,, = fKa[l +m], ¢, =—Kom, 4= Ka[l fm], —+ =—-Ko, — =Kol (4.2)
p s

and ®, = —pgpo?~2 < 0. Moreover J <

— Q=

Proof. Direct differentiation of ®(p, s) = (s — gp)(p + s)%:
O, = —qol +q(s —gp)o?™" = qo" ' [~ +s5—qp| = —pgpo’?,
O, =0l +q(s —qp)o?™t = P2 [0 +qs — qu} =poP~? [s — (p—2)p]
(using 1 —¢>=1—(p—1)2= —p(p — 2) and o = p + 5), and, differentiating once more,
@y = —pglo” 2+ (p=2)po? 7’| = —K[gp+s],  Pps=—palp—2)po?’ = ~K(q—1)p,

P =p[lp—2)0" (s —(p—2)p) + 0" ] =po® P [(p—1)s— (p—1)(p—3)p] = K[s — (¢ — 2)p]
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(using 1 — (p —2)2 = —(p — 1)(p — 3)). Also % = —pqo?~? = —Ko and :pap’Qw%m. Substituting

p=r10,5s=(1-T)oandpo?~? = Ko /q: ®,, = —Kolqr+1—7] = —Ko[l+m]; ®,, = —Ko(q—1)7 = —Kom;
Qs =Ko[(1—7)—(¢—2)7) = Ko[l — (¢ —1)7] = Ko[l —m)]; and

oD -q-r Ko l-gr o
1—71 q 1—71
Finally J < 1/q — i—‘fgl <— 1—-¢q7<1-7 < (¢—1)7 >0, which holds. O

Proposition 4.4. For everyp > 2, ¢P is (p, 2p(p — 1))—admissible, Consequently, by the Bellman principle,

IBllLrsrr < V2p(p—1)  (p>2). (4.3)

Proof. (A1) ¢B(r,s) = a,(s — grr)(kr + s)? is continuous on [0, 00)2, positively homogeneous of degree p,
and C'*° where kr + s > 0, in particular on the open quadrant.
(A5) ©B(r,0) = ap(—qrr)(kr)? < 0.
(A4) By Lemma 4.2 with p = &r, B(r,s) > s? — (p — 1)PkPr? = sP — APrP with A = k(p — 1) =
2p/(p=1) (p—=1) = /2p(p — 1).
(A2) (with § = 0.) Since p®(r,s) = a,®(p, s) with p = kr, we have
B B
907" @ st (DS
Crr = R Py, s = Py, P = Py, T = apR’ L T = (4.4)
T p s s
Write 0/ = kr +5 < 2(r +s) = 20. By (4.2) and 0 < m < q, K < 20 |¢B | |0E ], |¢5)], |02 /r] <
4ay,pq(1 + q)o’P~2, while
1p—2ls = (p = 2)rr|

T
= aypo’ P2 < ap(1+2(p - 2))0’1)—2(1 n ;).

s
Also [pP] < apgo’® (as |s — qrr| < go’ for ¢ > 1), || = appgr®ra’®™? < daypgo’P™ and || <
app(l+2(p —2))o’P~. Since 0/ <20 and 1+ 7/s = o/s, (A2) holds with § = 0 and a suitable M = M (p).

(A3) By (4.2) and (4.4), ¢ = a,k®, < 0, which is (D0). Next, since m > 0, ¢B = —a,Ko'km <0, so
|oB,| = o Ko'km, and the entries of the drift matrix are (a, Ko’ > 0 factored out):

O£d:_ﬂ2(1+m)_ﬁ2:_ﬁ2(2+m)’ mzﬂm—FnQ:m(m—Fm),
C
= 1— — 2.
Ko’ 1-m)+J—-k
Clearly A < 0. Also C <0, because by J < 1/q, m >0 and x? =2 + %,
1 2 1
l-m+J-r? < 14--2-"=-1-= < 0.
q q q

It remains to check B2 < AC, i.e. K2(m + k)? < K224+ m) (k% =1+ m —J), ie.
D:i=(m+2)(k*—1+m—J)— (m+x)? > 0.
Expanding, (m + 2)(k? — 1 +m) = mx? + m? + m + 2k? — 2 and (m + k)% = m? + 2mk + K2, so
D=mr*>—2mk+m+r*—2— (m+2)J =m(k—1)*+ (k¥ —2) — (m+2)J.
Insert k2 — 2 = %, m=(qg— 17, J= q%%_q:) and multiply by ¢(1 —7) > 0:
g1 =7)D =q(1 = 7)(¢ = )7(k = 1)* +2(1 = 7) = ((¢ = )7 +2)(1 — q7).
The last two terms equal
2— 27 — [(q—l)T—q(q—1)72+2—2q7} :T[—Q—(q—1)+2q} +qlg—1)1* = (q—l)T[l—FqT]

Hence

a1-7)D=(g- )7 [ql=7)(r =1 +1+gr] > 0, (4.5)
because ¢ > 1, 7 € (0,1) and (k — 1) > 0. Thus D > 0, (D1) holds, and ©® is admissible. O
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Remark 4.5 (criticality of k). If k is replaced by k' € (1, ) in (4.1) then, repeating the computation, at 7 — 0
(i.e. m — 0, J — 1/q) one gets D — (k"2 — 2) — % < 0. So k cannot be lowered inside this one-parameter
family; a genuinely different profile is needed, which is what Section 4.2—-Section 4.3 provide.

4.2. A quintic profile at p = 1—36. Let p = ?, sop—1= ?, 2p—1= %, p? = 256

f(t) := 729 — 20736t — 61440 1> — 56320 t* — 4320¢°, (4.6)
o(r,s) == 513 f(r/s) = 729 5'9/3 — 20736 r2s'/% — 614401357/3 — 56320 rs*/3 — 43201°5%/3,
This is Lemma 2.8 with E = {2,3,4,5} C [2,18), ag = 729 and (b2, b3, bs, b5) = (20736, 61440, 56320, 4320);
note by = p?ag = % - 729 = 256 - 81 = 20736, which saturates the necessary condition in Remark 2.10. The
growth parameter is § = max{0, 5+ 1 — 2} = 2 < 1. Thus (A1), (A2), (A5) hold by Lemma 2.8.
Lemma 4.6 (drift). ¢ satisfies (D0) and (D1) at every (r,s) with r,s > 0; i.e. (A3) holds.
Proof. We use Lemma 2.8 with p = 13—6. Since all by > 0 and all & < p, we already know f' < 0, Q > 0,
P1 < 0. Explicitly,
P1=—(4-20736¢+ 9 61440¢° + 16 - 56320 > + 25 - 4320 ¢") = —8¢ 1,

II; := 13500t + 112640t> + 69120t + 10368,

(check: 4 -20736 = 82944 = 8 - 10368, 9 - 61440 = 552960 = 8 - 69120, 16 - 56320 = 901120 = 8 - 112640,
25 - 4320 = 108000 = 8 - 13500).

Next, with p — k = 1307;% Lfor k=2,3,4,5,

, and put

Q= k(p—k)bpt* = 138240 ¢*+430080 °+ 2204 17200 £° = 2247 (1080 +450561°+64512¢+20736) > 0
k
(check: 2 -20736 = 138240, 2 - 64512 = 430080, 22 - 45056 = 22120 20. 1080 = 7200).
Also Z kbjth—1 = 41472t + 184320t% + 225280t3 + 21600¢4, so

= kbet" !+ Q = 41472t + 322560t + 655360¢° + 2959204% 4 7200 ¢° = §¢ 11,

I3 := 2700t" + 120740t3 + 245760t + 120960t + 15552
(check: §-15552 = 41472, & - 120960 = 322560, § - 245760 = 655360, 5 - 120740 = 263920 " 8. 2700 = 7200;
and 184320 + 138240 = 322560 225980 + 430080 = 655360, 21600 + 90“20 = 048004901120 _ 965920
For Py: pag = %8729 = 20736 and (p — k)?b, = 1° 20736 = 230400 Y 61440 = 1003520
1856320 = 9019—120, % 14320 = 480 for k — 2,3,4,5. Hence

Py = 20736t — (41472t + 184320¢> + 225280¢> + 21600t*) — (230400¢> + 100352044 4 90112045 4 48()¢0)

= —20736t — 184320¢> — 455680t — 106832044 _ 90112045 _ 43046 = —8¢1], < 0,
Iy := 54015 + 112640t* + 400620t + 512640t + 207360t 4 23328

(check: 3§ -23328 = 20736, 5 - 207360 = 184320, 5 - 512640 = 455680, 5 - 400620 = 3203960 — 1068320
8 112640 = 90L20 "8 . 540 = 480 and 225280 1 230400 — 455680, 21600 + 1003520 — 6480041003520 _ 1068320
All the polynomlals Iy, IT5, I3 have nonnegatlve coefficients, so indeed P; <0, P5 <0 for t>0.
Finally, since PPy = 8t - St 11,1T, = %I, 11, and P3 = 6‘§;2 113,

64t2
R=P,Py— P = 5 —— (M, 11, — 113).

Expanding the two degree-8 polynomials:
IT; 1T, = 7290000¢% 4 1581465600t + 18133464400t° 4 59837752320t
+89401835520t* + 63259263360t> + 22275440640t> + 3762339840t + 241864704,
IT2 = 7290000t% 4 651996000t” + 159052516005 + 599993088001
+89691379200t* + 63209756160t> + 22275440640t> + 3762339840t + 241864704,
so, subtracting coefficient by coefficient (the four lowest coefficients and the leading one cancel),

I, 11, — 113 = 27 (464734800t 4 1114106400£> — 80778240¢> — 144771840t + 24753600)



16 HYRA

and therefore

128
R=-5- —— 5 N(t), N(t) := 464734800t* + 1114106400> — 80778240t% — 144771840t + 24753600.  (4.7)

It remains to prove N > 0 on [0,00). First we peel off, by an identity in ¢, a part all of whose coefficients
are nonnegative (hence > 0 for t > 0):

N(t) = 72000 M(¢) + (46800¢* + 50400¢* 4 5760¢ + 20160t + 57600),

M(t) := 6454t* + 15473t — 1122t — 2011t + 343 (4.8)
(check, coefficient by coefficient: 720006454 = 464688000 and 464688000+ 46800 = 464734800; 7200015473 =
1114056000 and 1114056000 + 50400 = 1114106400; 72000 - (—1122) = —80784000 and —80784000 + 5760 =
—80778240; 72000 - (—2011) = —144792000 and —144792000 + 20160 = —144771840; 72000 - 343 = 24696000
and 24696000 4 57600 = 24753600).
Now M splits, again identically in ¢, into a part with nonnegative coefficients plus q; + tqs with two
nonnegative quadratics:

M(t) = 6454t* +44t3+q1 (t)+tqa(t),  qu(t) == 5680t2 —2782t+343, qa(t) := 15429t —6802t+771 (4.9)

(check: the 3 coefficient is 44 + 15429 = 15473, the t? coefficient is 5680 — 6802 = —1122, the t! coefficient is
—2782 + 771 = —2011, and the constant term is 343). Both quadratics are nonnegative on all of R, by their
discriminants:

2782% = 7739524 < 4-5680 - 343 = 7792960, 68027 = 46267204 < 4-15429 - 771 = 47583036.

Hence q; > 0 and gy > 0 everywhere, so by (4.9) M(¢) > 0 for ¢ > 0, so by the previous display N(¢) > 0 for
t > 0, and finally

R= %tf’N(t) >0 (t>0).

By Lemma 2.7, (D0) and (D1) hold. O

Lemma 4.7 (majorization). Put
. (g>3 _ 103828 19
88 681472’ 6185’
Then \p satisfies (A4) with Ay := 228303/16,

M := 22830.

Proof. We verify (Ml) and (M2) of Lemma 2.11. Write y := 2L, so to = 33, t§ = y* and téc_p = g3k—16,

(M1). Here 1 — £ =1— Ev giving the weights 3 2 176 iﬁ for k =2,3,4,5, so

1
' 40
bo(1-2) = 20736 3 = 12960, by £ = 61440 £ = 26880, by~ £ = 14080, b5 5 = 270,

and
k
Si=ag— > b (1 - f)tg — 729 — 12960 % — 26880 — 14080 y'2 — 270 y'5.
p
k

Multiply by 885 = 146973853900112596791703109632 and use 3/ = 4737 /8837
88155 = 729 - 8815 — 12960 - 476 - 88% — 26880 - 477 - 885 — 14080 - 4712 - 88% — 270 - 4715,
The five integers are
107143939493182083061151566921728,  44211596576200490352388677304320,

13970309212700369991666122096640, 1114871892671277389595594588160,
3257104054721499424453142610,
whence 881° S = 47843904707555223828076719789998. Condition (M1), AS > 1 with A =
equivalent to

19 - 47843904707555223828076719789998 > 6185 - 146973853900112596791703109632,

6185 , is therefore

ie. to
909034189443549252733457676009962 > 909033286372196411156683733073920,

which is true. (The ratio is 1.00000099. . ..)
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A _ 19 .3 _ 57
(M2). Here 2 = &5c= - 15 = gs05 and

Y= Z kbpty P = 414725710 + 184320y~ 7 4 225280 y % + 21600y,

using 2by = 41472, 3by = 184320, 4by = 225280, 5bs = 21600. Since y~' = 2 multiplying by 47'° =
52599132235830049 gives
47199 = 41472 - 8810 + 184320 - 473 - 88"
+ 225280 - 47 - 88* + 21600 - 477 - 88.

whose four summands are
1154999247706192481353728, 782068404177362611077120,
145626520759631683256320, 2127243203273739513600.

Their sum is

4719%) = 2084821415846460515200768.

Condition (M2), M > ¥, is therefore equivalent to

98960
22830 - 98960 - 471 > 57 - 2084821415846460515200768.
The two sides are, respectively,
22830 - 98960 - 47'° = 118834947177898241847583200),
57 - 2084821415846460515200768 = 118834820703248249366443776.

Thus (M2) holds. Numerically, %E = 22829.9757 ... < 22830.
By Lemma 2.11, \p satisfies (A4) with A; = M/P = 228303/16, O

Proposition 4.8.
1Bll rers pro/s < Ay = 228303/, (4.10)

Proof. ¢ satisﬁes (A1), (A2) (with § = 2) and (A5) by Lemma 2.8, and (A3) by Lemma 4.6. Multiplying
by A = g2 > 0 preserves (Al), (A2), (A3), (A5), and Lemma 4.7 gives (A4) with A1. So Mg is (3¢, A;)-
admissible, and the Bellman principle applies. O

Numerically Ay = 6.5647752..., whereas /2p(p —1) = /2 = (/%% = 6.7986...; so (4.10)

improves (4.3) at p = .

4.3. A sextic profile atp:1—25. Letpzlz—s,sopflf— 2p—1=14, p> = 225

, and put
f(t) :=12—675t% — 3300* — 6600 t* — 54235 — 2640 tﬁ, (4.11)
o(r,s) == s/2f(r/s) = 121/ — 675 1r2s1/2 — 3300 735%/2 — 6600 1457/2 — 5423175/ — 26401053/,
This is Lemma 2.8 with E = {2,3,4,5,6} C [2,22), ag = 12 and (bs, ..., bg) = (675, 3300, 6600, 5423, 2640);
again by = p’ag = 222 - 12 = 675. All exponents satisfy k <6 < p—1= 13, so here § = 0. Thus (A1), (A2),
(A5) hold by Lemma 2.8.

Lemma 4.9 (drift). ¢ satisfies (D0) and (D1) at every (r,s) with r,s > 0.
Proof. By Lemma 2.8 with p = %:
Py = —(4-675¢+ 9330042+ 16 - 6600¢° + 25 - 5423 £ + 36 - 2640°) = —5¢ O,

01 := 19008t* + 27115t + 21120t% + 5940t + 540
(check: 5-540 = 2700 = 4 - 675; 5 - 5940 = 29700 = 9 - 3300; 5 - 21120 = 105600 = 16 - 6600; 5 - 27115 =
135575 = 25 - 5423; 5 - 19008 = 95040 = 36 - 2640).
With p — k = 197153 for k=2,...,6,

212127202

Q=" k(p— k)byt*
k

= 7425t + 44550® + 92400¢* + 13357545 4 23760¢°
= 2242 (864¢" + 2465t" + 3360t> + 1620t + 270) > 0.
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check: 22 .270 = 7425, 22 . 1620 = 44550, 22 - 3360 = 92400, 22 - 2465 = 135575 35 . 864 = 23760).
2 2 2 2 2 2
Also 37, kbgt*~1 = 1350t + 9900¢% + 26400t3 + 27115¢* + 15840¢°, hence

Py = kbet" '+ Q= 1350t + 17325t> + 70950t° + 119515¢* + 16722245 4 237601° = 5t O3,

O3 1= 9504¢° + 33451¢* + 47806¢> + 28380t + 6930t + 540
(check: 2 -540 = 1350, 3 - 6930 = 17325, 3 - 28380 = 70950, 3 - 47806 = 119515, 3 - 33451 = 167255,

3.9504 = 23760; and 9900 + 7425 = 17325, 26400 + 44550 = 70950, 27115 + 92400 = 119515, 15840 4 133570 —

31680+135575 __ 167255)
2 - 2 :

For Py: p*ag = 675, and (p—k)?b, = 121.675 = 81675 81.3300 = 66825, 42-6600 = 80850, 225423 = 135575
92640 = 5940 for k = 2,...,6. Hence

Py = 675t — (1350t + 9900¢ + 26400 + 27115¢* + 15840¢°)

— (BI6754% 1 66825¢* 4 80850t° + 13357546 4 5940¢7)
= —675t — 9900t — 1ET27543 _ 93940t* — 96690t — 13527546 — 5940t" = —3t©, <0,
O, = 47520 + 27115t5 + 77352t + 75152t% + 37455t2 + 7920t + 540

(check: 3-540 = 675, 3-7920 = 9900, 2-37455 = 187215 5.75152 = 93940, 277352 = 96690, 227115 = 133575,
5 4752 = 5940; and 26400 + 81675 — 105600+81675 187275 , 27115 + 66825 = 93940, 15840 + 80850 = 96690).
All of ©1,05,03 have nonnegatlve coefﬁ01ents SO P1 < 0 and Py <0 for ¢t > 0.
Since P1Py = 5t - 50,0, = 20,0, and P3 = 202,

2
R =2 (0,6, - 63).

)

Expanding the two degree-10 polynomials:
0102 = 90326016¢'° + 644252400t + 2305892281¢% + 4126784376t" + 4546994540t°
+3227458905t° + 1504237680t* + 444977280t% + 78675300t + 7484400t 4 291600,
07 = 90326016t'° + 635836608t" + 2027665849t® 4 3737764052t + 4315817836t°
+3187363740t° + 1504142640t* + 444977280t% + 78675300t + 7484400t 4 291600,
SO
0102 — ©F = t*(8415792t° + 278226432¢" + 3890203241” + 231176704¢> + 40095165¢ + 95040)
and therefore

25,
R=" t0(8415792¢° + 278226432t + 389020324t + 231176704¢> + 40095165t + 95040) > 0 | (4.12)

for ¢ > 0. Lemma 2.7 gives (D0), (D1). O

Lemma 4.10 (majorization). Put

8\2 64 105
to == (7) — 2 A=2 M= 22865000.
0 25 625 454
Then \p satisfies (A4) with Ay := 228650002/1°.
Proof. Write w := 285, s0 tg = w2, tF = w2k, 15 = 2k-15,

(M1). Here 1—7 = —1—57g1v1ng weights }é,%,ﬁ,§7g for k=2,...,6, so
_ _ 7 o_ 1 _ 5423 1_
675 - 1t =495, 33002 =1980, 6600 = =3080, 54234 =212 26401 =528,
S=12—495w" — 1980 w® — 3080 w® — 3423 !0 — 528 w'?

Multiply by 3 - 2512 = 178813934326171875:
325128 = 36-25'2 — 1485 - 8% . 258 — 5940 - 8% - 256 — 9240 - 8% . 25% — 5423 - 819 . 252 — 1584 - 8'2,
Whose SiX terms are

2145767211914062500, 928125000000000000, 380160000000000000,
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60555264000000000, 3639313694720000, 108851651149824,

giving 3 - 25'2S = 773178782568192676. Condition (M1), 1225 > 1, is therefore equivalent to

105 - 773178782568192676 > 454 - 178813934326171875,

ie. to
81183772169660230980 > 81181526184082031250,

which is true. (The ratio is 1.0000276....)

(M2). Here g =128 2 = -7 and, using 2by = 1350, 3b3 = 9900, 4b4 = 26400, 5b5 = 27115, 6bg = 15840,

S = kbety ?=1350w " + 9900w + 26400 w7 + 27115w ™ + 15840 w .
k

Since w™! = %, multiplying by 81 = 8589934592 gives
8113 = 1350 - 25 + 9900 - 82 - 259 + 26400 - 8* - 257 + 27115 - 8% . 25° 4 15840 - 8% - 253,
whose five terms are

3218650817871093750, 2416992187500000000, 660000000000000000,

69414400000000000,  4152360960000000,

totalling 8113 = 6369209766331093750. Condition (M2), M > 5772, is therefore equivalent to
22865000 - 227 - 8* > 7.6369209766331093750.

Now 227 - 81 = 1949915152384 and 22865000 - 1949915152384 = 44584809959260160000, while
7-6369209766331093750 = 44584468364317656250; since

44584809959260160000 > 44584468364317656250,

(M2) holds. (Indeed 2% = 22864824.8.... < 22865000.)
By Lemma 2.11, Ay satisfies (A4) with Ay = M/P = 228650002/1°. O

Proposition 4.11.
| Bl 152y p1s2 < Ay = 22865000215, (4.13)

Proof. Identical to Proposition 4.8: ¢ satisfies (A1), (A2) (with # = 0) and (A5) by Lemma 2.8, and (A3) by

Lemma 4.9; multiplying by A = }LTOZ > 0 preserves these, and Lemma 4.10 supplies (A4). Apply the Bellman

principle. O

Numerically Ay = 9.5768531 ..., whereas /212 .13 = /195 — 98742 . .

4.4. Endpoint summary. Collecting (0.2), Lemma 1.3, (4.3), (4.10) and (4.13):

Endpoint theorem. ||B||, = || Bl for all 1 < p < o0; ||B|l2 = 1; and

IBll, < v2p(p—1) (p>2), | Bllisss <22830%16,  |Bl15/2 < 2286500027

5. INTERPOLATION AND THE UNIFORM CONSTANT

Throughout this section u := 1.523958. We must show
Bl < u(p—1)  forallp=>2; (5.1)

the range 1 < p < 2 then follows from || B||, = ||B||,» (Lemma 1.3) and p* —1=p’ — 1.
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5.1. A single interpolation interval.

Lemma 5.1. Let 2 < py < p1 < oo and let Ly < Ly be real numbers with || B|p, < e and ||B||,, < el1.
Put

Li—L 1 1
¢i= s >0 Ki=Lo—2¢(5-—).
2(1)*0 — PT) Po
oy —1_2 2 1_2
Then for every p € [po,p1], writing t :== 1 5 € [1 2o 1 pl},
1Bl A

In 1 < K +¢ét —2artanht. (5.2)
Proof. B is a linear operator bounded on LP° and on LP* (Section 0), so Riesz—Thorin applies: if % = lp_—oﬂ + ;—91

with 9 € [0,1], then ||B|, < [|B||L?|B||Y, < e~ LotPLy Writing x := 1/p, the exponent is the value at «
of the affine function through (1/po, Lo) and (1/p1, L1), namely

1 Ly —L
L(x):Lo—i—m(x——), m::lliloz—26<0.
Po o
With t =1 — 2z, i.e.w:%,
1 1 m
L(z) =L (f——>——t:K ot
(z) 0o+m 5 o 5 +é

Finally p— 1 = %, soln(p—1) = ln% = 2artanht, and In||B||, —In(p — 1) < K + ¢t — 2artanht. |

Lemma 5.2 (Legendre transform). Let é > 2 and S(t) := ét — 2artanht on [0,1). Put g := +/é(é—2) >0
and t* :=g/é =+/1—2/¢ € (0,1). Then S is strictly increasing on [0,t*], strictly decreasing on [t*,1), and

I[I&af){S = S(t*) = g — 2artanh(¢).

Proof. S'(t) = é — 25 is strictly decreasing on [0,1), with §’(0) =¢é—2> 0 and S'(t) = —cc as t T 1. Its
unique zero is at 1—t? = 2/¢,i.e.t = t*; note ¢ t* = éy/1 — 2/é = /&2 — 2¢ = g, s0 S(t*) = g—2artanh(t*). O

Lemma 5.3 (shift of artanh, and the logarithm identity). 1. Fora, B € (—1,1), artanh a—artanh § =
artanh 10‘_753.
A-B
2. For all A;B >0, InA=1InB + 2artanh ——.
A+ B

3. artanh% =1In2 and artanh% = %ln 5.

a-p
Proof. (1) Both sides are 3 In of %, since 1+1L;"[§3 = tzgtg;g = E}f;’jﬁ;g% (2) Put z := ‘2;—2 €
T 1-aB

(—=1,1). Then £ = ArB)H(A-B) _ 24 _ A oo 2artanha = In %. (3) artanh 2 = Z1n L8/5 — lind =1n2

1-z = (A+B)—(A-B) 2B — B> 1-3/5 — 2
and artanh% = %ln i;?g = %ln 5. O

Combining Lemmas 5.1-5.3: if ¢ > 2 and t* lies in the ¢-interval of the range, then (5.1) holds on [po, p1]
as soon as

t* —
K +g < Inu+ 2artanh(3) + 2 artanh(d), 0= %, (5.3)
for any convenient base point 5 € (0,1). Indeed, by Lemma 5.2 and Lemma 5.3(1), for every ¢ in the range

B
1nw < K +g—2artanht®* = K + g — 2artanh 8 — 2 artanh 4,
p—

and (5.3) says exactly that the right-hand side is < Inu. We shall use 8 = 2 (so 2artanh 8 = 2In2 and the
right side of (5.3) begins with In(4u)) and 3 = % (so 2artanh 8 = In5 and it begins with In(5u)).
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5.2. The three ranges and their data. We use Theorem A at the two base points p = 1,—36 and p = %,
together with || B2 = 1:

Loy:=0,  Lgy:= 122830, Lo := 1= In22865000. (5.4)
These are legitimate by (0.2), (4.10) and (4.13): ||Blls = 1 = el ©, || B|;6/3 < 228303/16 = el @, ||B|[;5/2 <

22865000%/1° = ek,
Reduction of the two logarithms to In2,In3,In5,In7. By Lemma 5.3(2):

e 29.37 =512 2187 = 1119744, and 22830 - 49 = 1118670, so with A = 22830, B = 1191 we get

__ 1118670+1119744 __ 2238414 _ 1118670-1119744 __ _ 1074 1074 _ 179 -
SE)B _h 49 ==5 A-B= 19 = —"5 > and g5pgi = zaeg (divide

v 6), whence
In22830 =9In2+ 7In3 — 2In7 — 2artanh 5. (5.5)

e 2°.3%.55 =32.243 - 3125 = 24300000, and with A = 22865000, B = 24300000: A — B = —1435000,

A+ B = 47165000, and ;235900 — 28T (divide by 5000), whence

In 22865000 = 5In2 + 5In3 + 51n5 — 2artanh k. (5.6)
_ _ 3. _ _ A—B _ 23958 _ 3993 (7. .
e u=1523958, B=45: A— B =0.023958, A+ B = 3.023958, s0 475 = 3553055 = 503003 (divide by
6) and
Inu =In3 —In2 + 2artanh 532833,
In(4u) = In2 + In 3 + 2artanh 5555 In(5u) = In3 —In2 +In5 + 2artanh 2555 (5.7)
The three ranges.
range p-interval t-interval ¢ K base
f In 22830
16 15 5 11 0 524 2
I [50 7] (5> 73] T (Lo — L) Lo —3é 3
11 [, 00) — — — —
. L
(These are Lemma 5.1. Range I: o — - = § — 5 = 5,50 ¢ = 7 e = 8Ly = %3 1n22830 = 2, 1In 22830,
and LK iLO —2¢(3 — 3) = 0; the t-interval is [1 — 2, 1 — 23] = [0, 3]. Range II: & — 2 =4582 = 13 5o
é= 7@/126” =1 (L) — L), and K = Ly —28(3 — &) = L) — 2¢ the t-interval is [3, 1 — ] =[5, 11].)
5.3. Range III: p > % By (4.3), |L)B_Hlp < %, and % =2+ 1% is decreasing in p, so for p > 1—25 (where
p—1>4)
2
(@) <oy 2 30
p—1 13/2 13
Since 13u2 = 13 - (1.523958)2 = 13 - 2.322447985764 = 30.191823814932 > 30, we get || B|l, < u(p — 1) on
[, 00).

. . . 2k41 L.
5.4. Rigorous numerical bounds. For 0 < < 1 the series artanhz =3, ng has positive terms, so

every partial sum is a lower bound, and

n—1 n—1
I2k+1 z2k+1 z2n+1

< tanh <
Zagky1 - TS §2k+1+(2n+1)(1—x2)

(5.8)

. . 2k4+1 241 . . .
(bounding the tail 37, -, Sr=7 < ﬁ Yoy, o = @Dy by a geometric series). Using

1n2:2artanh%, ln3:1n2—|—23rtanh%, ln5:21n2+2artanh%, ln7:3ln2—2artanh1—15

(each identity is Lemma 5.3(2): % =2, %, %% for x = %7 %, %, %, so In2 = 2artanh %, In3=1In2+ ln%,
Inb=In4+1In %, In7=In8—1In %), together with (5.8) applied with n = 40,25, 20, 18 terms respectively, one
obtains

In2 € (0.6931471804, 0.6931471806),  In3 € (1.0986122884, 1.0986122888),
In5 € (1.6094379120, 1.6094379126),  In7 € (1.9459101484, 1.9459101492). (5.9)



22 HYRA

Also, directly from (5.8) with n = 2,4, 3 terms respectively,

artanh € (0.0004798040, 0.0004798041),

373069

artanh 255 € (0.0304344966, 0.0304344967),  artanh 2933 € (0.0079228948, 0.0079228949). (5 10)

(For instance » = 325 = 0.00047980400. ., s0 @ + % = 0.00047980404 ... and the n = 2 tail ;= o is

<107'7; and for z = £3993. = 0.0079227290. .., x + & + & = 0.0079228948607 ... with n = 3 tail < 107'%.)
All numbers below are obtained from (5.9)—(5.10) by interval arithmetic on ten decimals: each

intermediate quantity is enclosed in an interval whose endpoints are ten-decimal rationals, obtained by rounding

outwards the exact rational bounds produced by +, —, X, +, and, for square roots, by the elementary rule

“q < /X < b whenever a2 < X and b2 > X with ten-decimal rationals a,b. Every single step is a finite

rational computation, and every displayed interval below can be re-verified by these four operations alone.
From (5.5), (5.6), (5.4), (5.7) and (5.9)—(5.10):

In 22830 € (10.0358307358, 10.0358307422), In 22865000 € (16.9451179106, 16.9451179168), (5.11)

Ly € (1.8817182629, 1.8817182642), Ly € (2.2593490547, 2.2593490556), (5.12)
Inu € (04213108974, 0.4213108982),
In(4u) € (1.8076052584, 1.8076052592), (5.13)

In(5u) € (2.0307488094, 2.0307488108).

(For example, the lower end of (5.11) is 9-0.6931471804 4 7-1.0986122884 —2-1.9459101492 —2-0.0004798041 =
6.2383246236 + 7.6902860188 — 3.8918202984 — 0.0009596082 = 10.0358307358, and the upper end is 9 -
0.6931471806 + 7-1.0986122888 — 2 - 1.9459101484 —2-0.0004798040 = 10.0358307422; then L1y = 1—3’6 In 22830
gives (5.12) after outward rounding — e.g. 16 -10.0358307358 = 1.8817182629625, which rounds down to
1.8817182629. Likewise Inu = In3 — In2 4 2artanh 3923 has lower end 1.0986122884 — 0.6931471806 + 2 -
0.0079228948 = 0.4213108974.)

Finally we record the bound for the shift term used twice below: if |§] < 2 with 0 < 2 < {5, then by (5.8)
with n = 1 and oddness of artanh,

3

| artanh 5| < artanhz < z + m

(5.14)

5.5. Range I: 2 < p < 0. Here K =0 and ¢ = 35 In 22830, so by (5.11)
¢ € (3.0107492207, 3.0107492227).
In particular é > 2. Since X — X (X — 2) is increasing for X > 1,
g> =¢(e-2) € (3.0107492207~1.0107492207, 3.0107492227~1.0107492227) C (3.0431124285, 3.0431124366),
and, since 1.74445189912 < 3.0431124285 while 1.74445190152 > 3.0431124366,
€ (1.7444518991, 1.7444519015). (5.15)

Hence t* = g/¢ € ($332318991 | LTAIBII015)  (0.5794079048, 0.5794079061) which lies in (0, 2); so Lemma

5.2 gives the maximum of S on the t-interval [0, 2] at ¢*. With 8 = 2, the map ¢ — ;= ;’t//55 is increasing, so
§ € (—0.0315657689, —0. 0315657667) 0] < 2 := 0.0315657689.
By (5.14): ? < 0.0009963978, 2* < 0.0000314521, and 3 2) < P eaainals < 0.0000104945, so artanh z <

0.0315657689 4 0.0000104945 < 0.0315762634 and
2artanhd > —0.0631525268.
Therefore, by (5.13),
In(4u) + 2artanh§ > 1.8076052584 — 0.0631525268 = 1.7444527316,

while (recall K = 0)
K+g = g < 1.7444519015 < 1.7444527316.

This is (5.3), so ||Bll, < u(p—1) for 2 < p < 15 The margin is 8.3-107".
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5.6. Range II: 13—6 <p< 1—25 By (5.12),
L9y — L1y € (2.2593490547 — 1.8817182642, 2.2593490556 —1.8817182629) C (0.3776307905, 0.3776307927),

¢ =12 (Liy — L)) € (3.4858226815, 3.4858227019),

K =Lq)—3ge
€ (1.8817182629 — 0.625 - 3.4858227019,
1.8817182642 — 0.625 - 3.4858226815)

C (—0.2969209258, —0.2969209117).
Again ¢ > 2, and
g =¢E-2) € (3.4858226815-1.4858226815, 3.4858227019-1.4858227019) C (5.1793144038, 5.1793145053),
so, since 2.27581071352 < 5.1793144038 and 2.2758107359% > 5.1793145053,

g € (2.2758107135, 2.2758107359).

Hence t* = g/é¢ € (2208107135 2.2758107359) — (0.6528762097, 0.6528762201), which lies in (

0.625, 0.7333...); so Lemma 5.2 applies on the t-interval [2, 3}]. With 8 = 2, the increasing map ¢
815 3
gives

ool
e
~—

I

§ € (—0.0244187284, —0.0244187095),  |6] < x := 0.0244187284.

By (5.14): % < 0.0005962743, 2® < 0.0000145603, and 3(;0_3702) < OO00015803_ < 0.0000048564, so artanh z <
0.0244187284 + 0.0000048564 = 0.0244235848 and

2artanhd > —0.0488471696.

Therefore, by (5.13),
In(5u) + 2artanh§ > 2.0307488094 — 0.0488471696 = 1.9819016398,

while

K+g < —0.2969209117 + 2.2758107359 = 1.9788898242 < 1.9819016398.
This is (5.3) with 8 = 2 (whose 2artanh 8 = In5, so Inu + 2artanh 8 = In(5u)), so [|B||, < u(p — 1) for
% <p< 1—25 The margin is 3.01 - 1073,

5.7. Completion of the proof. Combining the three ranges proves
|B|lLr—rr < 1523958 (p—1),  p>2.
For 1 < p < 2, transposition gives || B||, = || B||,/, while p* —1 = p’ — 1. This completes the proof of the main
theorem.
6. CONCLUDING REMARKS

(1) The binding interpolation interval is [2,16/3]. High-precision evaluation of the explicit interpolation
envelopes gives
1Bl

sup —— < 1.5239567163458625. . .,
2<p<16/3 P —
with the maximum at p = 4.7552011223 . ... The other two envelopes are 1.5193749633. .. and 1/30/13 =
1.5191090506 . . .. These decimal values are included only for orientation; the proof of the theorem uses

the outward-rounded rational interval certificate in Section 5.

(2) The condition by > p?ag in Remark 2.10 is merely a necessary local condition for the polynomial drift
determinant near ¢ = 0. The two profiles used here choose equality, but no claim of global optimality
within all polynomial profiles, or within all Bellman functions satisfying the drift criterion, is made.

(3) The parameter 6 < 1 in the growth axiom is essential at p = 16/3: the monomial r551/3 produces a
second derivative of order s~%/3, which remains locally integrable in the two-dimensional y variable.
Compactly supported convolution then preserves the drift inequality by a direct distributional argument.
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(4) The proof identifies two possible sources of further improvement: a stronger pointwise use of the joint
geometry of the radial and tangential components, or new endpoint Bellman profiles outside the present
generalized-polynomial family. The current argument establishes only the explicit coefficient stated in
the main theorem and does not assert sharpness of the method.
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