COUNTING PARTIAL HADAMARD MATRICES
IN THE NEAR-QUADRATIC REGIME

HAOWEI LIN

ABSTRACT. Let N, ., denote the number of n X m matrices with entries in {+1}
whose rows are pairwise orthogonal, and suppose that m is a multiple of four. We

prove an explicit, uniform asymptotic formula in a near-quadratic range. Writing

- —n(n— —1)(2n—1)
A'n . 2nm+(n 1)2 9 n(n—1)/4 Rnom = ( An(n )
’ (2mm) ’ N P 24m '

we show that Ny . = [1 + 0(1)]An,mRn,m uniformly whenever m/(n?log(2rm)) —
oco. In particular, for every fixed n > 0 the formula holds uniformly in the regime
m/n®*T" — oo. The correction factor R,,m is essential below the cubic scale and
resums the leading cubic-scale correction. Consequently the infimum of the admissible
power-law exponents is at most 2, improving the previous bound 3; validity at the
endpoint exponent 2 is not claimed.

The proof proceeds by adjoining rows one at a time. For a fixed k-row partial
Hadamard matrix, the number of admissible next rows is a k-dimensional Fourier
integral. Exact orthogonality identities give a uniform central expansion for every
partial Hadamard matrix. Away from the universal saddle lattice, a scale-adapted
truncation and a Bernstein bound show exponential decay for all but an exponentially
small set of sign matrices. A quantitative induction then shows that this exceptional
set is negligible among partial Hadamard matrices as soon as m > n?logm. We also

give a closed-form error bound valid for every integer pair n > 2 and m € 4N.

1. INTRODUCTION

A real partial Hadamard matrix is a rectangular sign matrix whose rows are pairwise
orthogonal. These objects interpolate between elementary orthogonal sign systems and
square Hadamard matrices, and their counting problem is naturally linked to lattice
random walks and Fourier inversion. De Launey and Levin introduced a Fourier-analytic
framework for this problem and obtained asymptotic counting results for fixed row
dimension and, implicitly, in a high-dimensional range [3]. Subsequent work reduced
the required separation between the width and the number of rows. In particular,
Davis proved a precise expansion at and above the cubic scale m =< n?, extending an
unpublished estimate of Canfield [1, 2].

The standard leading term is

Apm = 2nm+(n71)2 (27Tm)fn(nfl)/4‘

At the cubic scale this term alone is no longer asymptotically exact. The first correction
found in [2] is of order n®/m. The main point of the present argument is that the whole

correction can be resummed into the elementary factor

nin—1)2n —1)
24m )

R, m = exp (—
1
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Once this factor is retained, the central part of the Fourier integral remains stable down
to the near-quadratic scale. The remaining obstacle is not the local expansion but the
possibility of additional, highly structured far-field peaks. Such peaks do occur for ex-
ceptional partial Hadamard matrices, so a uniform pointwise bound for every matrix
is false; see Remark 6.11. Instead, we prove that the exceptional matrices are exponen-
tially rare among all sign matrices, and then compare this rarity with a quantitative
lower bound for the density of partial Hadamard matrices.
Our natural asymptotic condition is
m

n?log(2mm) e

This implies the formula in every power-law regime m/n**" — co with fixed n > 0. It
does not settle the endpoint condition m/n? — co: for example, m = n?loglogn does
not force m/(n?logm) — oo. The endpoint remains outside the reach of the present

exceptional-set argument.

Relation to the cubic expansion. If m = 4t and t = On? with fixed © > 0, then
e

For large © this gives e~ 1/(480) — 1 — ﬁ + O(©72), which agrees with the leading
correction in [2]. Thus the present formula is consistent with the known cubic expansion
while also predicting the full limiting correction factor.
2. MAIN RESULTS
Throughout the paper, m = 4t > 4 and
L :=log(2mm) = log(8~t).

For integers n > 2 and ¢ > 1, define

Bn,m — 2nm+(n71)2 (Qﬂm)fn(nfl)/él exp(—n(n — 1)(277“ - 1) )7 (m _ 4t), (1)

24m
4
E(n,t) := U opemm/Un) 4 opo2n-m/(86n) | 3, 0(n/2)L—m/32
4m?
2 2y M
+ 2nexp <2n L + 2nlog(200n~) 1024), (2)
n?L  n® \ 20000 n?L\"
S("’t)‘:( 4 +12m)( m ) ’ 3)
e(n,t) :=exp(E(n,t) + S(n,t)) — 1. (4)

Theorem 2.1 (Explicit all-parameter estimate). For every pair of integers n > 2 and

t>1,
N,
‘ﬂ - 1‘ < e(n,t).
Bn,4t
The closed form in (4) is intentionally conservative. Its purpose is to make the state-
ment valid without side conditions, including parameter pairs for which no n x 4t partial

Hadamard matrix can exist.
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Theorem 2.2 (Near-quadratic uniform asymptotic). Let (n;,t;) be any sequence with
n; > 2, t; > 1, and put m; = 4¢;. If

ML
n?log(2mm;) ’

then Ny, m,/Bn;m; = 1. The convergence is uniform in the displayed regime.

Corollary 2.3 (Every exponent strictly larger than two). For every fized u > 2,
Npat = [1+0(1)|Bpat

uniformly whenever t/n" — oo.

If a critical exponent is defined as the infimum of the admissible power exponents,
Corollary 2.3 gives an upper bound of 2. This infimal statement must not be confused
with validity at the endpoint u = 2, which is not proved here. Section 10 makes the
infimum statement precise, and Section 12 records what is not proved.

3. FOURIER REPRESENTATION AND ROW EXTENSION

Write T = R/(27Z), with total Lebesgue measure 27. For a k x m sign matrix H, let
hi,...,hy € {£1}™ be its rows and Hy, ..., H,, € {£1}* its columns. Let P}, be the set
of k-row partial Hadamard matrices of width m, so that |Py| = N, and Ny, = 2™

For 6 € T*, define

Op(0) := [ cos(6- Ho),
Cc=1
and let X (H) := #{x € {£1}"™ : Hx = 0}. Every (k+1)-row partial Hadamard matrix

is uniquely obtained by adjoining one such row, hence
Nisim= > X(H). (5)
HePy

Lemma 3.1 (Fourier representation). For every k x m sign matriz H,
X(H) = 2m(27r)_k/ D (0) de.
Tk

Proof. For an integer z, 1¢,_gy = (2m)~! fT e#9 dh. Apply this identity to each coordi-
nate of Hx, sum over x € {+1}", and factor the resulting product:

X(H) = (27)~ /Tk H > et 9Hc>)de = 2™(27)~ /k ®(0) do. O

C=1 zo=+1 T
4. THE UNIVERSAL SADDLE LATTICE

Define
A = { (mod 27) : ¢ € ZF, Z§:1 ¢; =0 (mod 2)} C T*.
We call Ay the universal saddle lattice. It is universal because every partial Hadamard
integrand is exactly periodic under its translations. It need not contain every point
where a particular integrand has modulus one; exceptional matrices can have additional
far-field maxima, as shown in Remark 6.11.

Lemma 4.1. One has |A| = 2271, and distinct points of Ay are at least w/\/2 apart
in T*.
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Proof. Modulo 27, take ¢ € {0,1,2,3}*. Exactly half of the 4% classes have even coordi-
nate sum. For the distance statement, let ¢’ #Z 0 (mod 4) be the difference of two even-
sum representatives. If some coordinate of ¢’ is congruent to 2 modulo 4, the distance

is at least m. Otherwise every coordinate is odd or = 0, the number of odd coordinates
is positive and even, hence at least two, giving distance at least 1/2(7/2)2 = n/v/2. O

Lemma 4.2 (Exact periodicity). Let H be a k-row partial Hadamard matriz and sup-
pose 4 | m. Then for every w € Ay and B € T*, gy (w+ B) = @ (B).

Proof. Write w = (m/2)c with ., ¢; even. For each column C, . c;Hjc is even, and
therefore w - Ho € 7. Thus

cos((w+ B) - He) = eccos(B - He), ec € {£1}.
Let s; = Y~ Hjc be the jth row sum. Then [[,ec = (—1)%ZJ' %% . Tt remains to

prove Zj cjsj =0 (mod 4). Every s; is even. Moreover, if j # ¢ and the two rows are
orthogonal, then

sj+ s¢ =0 (mod 4). (6)
Indeed, if a,b,c,d count the four sign patterns of the two rows, then orthogonality
gives a +d = m/2, which is even, and s; + s; = 2(a — d) is divisible by four. Let
T ={j:cjisodd}. Since }; c; is even, T is even. Terms with even ¢; vanish modulo
four, while for j € T' one has ¢js; = s; (mod 4). Pair the indices in 7" and apply (6).
Hence the product of the signs is 1. O

Put p, = k~'/2. By Lemma 4.1, the closed balls B(w, p;) are pairwise disjoint. Define
Neary, := U B(w, pg), Fary, := T* \ Neary.

weAy

For a k-row partial Hadamard matrix set
)= [ eu@ds, )= [ eu6)d.
||6ngk Fark

Then Lemmas 3.1 and 4.2 give
X(H) =2m2r) 227 1(H) + J(H)). (7)

5. THE CENTRAL REGION

Throughout this section H is a k-row partial Hadamard matrix and yo = 8- He.

Lemma 5.1 (Exact orthogonality identities). For every § € R¥,

m m

Y (B-He) =ml|BI*,  [[Hol® =k, > (He-He)* = m*k.

Cc=1 C,C'=1
Proof. The partial Hadamard condition is exactly HH' = mI. The first identity is
BTHHT3 = m||3||?, and the second is immediate. For the third, dco(He He)? =
tr((HHT")?) = m>k. O

Lemma 5.2 (Taylor bound). For |y| <1,

2 4

—logeosy = L+ +s(y),  0<s(y) <

8%
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Proof. The power series of —logcosy on |y| < 7/2 has positive even coefficients, begin-
ning with y2/2 + y*/12. Hence s(y)/y® is nondecreasing in |y| on [0, 1]. The numerical
inequality — log(cos1) — 1—72 < % then gives the claim. This inequality may be verified,
for example, by alternating-series bounds for cos1 and a positive-term truncation of
the exponential series. O

Let v denote the Gaussian law N (0, I,/m) on R*, and define Q(8) := Y ¢'_; y& and
Yo(B) =220 yg

Lemma 5.3 (Gaussian moments). One has

3k? 96k> 15k3
E,Q = m’ Var, (Q) < 2 E\Ys = 2
Proof. The vector (y1, ..., Ym) is centered Gaussian with Var(yc) = k/m and Cov(yc, yor) =
(Hc - Her)/m. The first and third identities follow from the fourth and sixth moments
of a centered Gaussian. For the variance, if (Y, Z) is centered jointly Gaussian with
variances a, b and covariance 7, Wick’s formula gives E[Y*Z4] = 9a%b? + T2abr? + 2414

Summing this identity and using Lemma 5.1 yields

9kt T2k 24K3
BQ < o+ r T o
m m m

Subtracting (EQ)? = 9k*/m? proves the variance bound. O

Lemma 5.4 (Chi-square tail). If Z ~ x2 and A > 1, then P(Z > \k) < exp(—5(\ —
1—1log\)). If A > 6, then P(Z > \k) < e M4,

Proof. Apply the exponential Markov inequality and optimize the moment generating
function (1—2s)~%/2 at s = (1—1/X)/2. The second claim follows from A—1—log A > \/2
for A > 6. O

Proposition 5.5 (Uniform central contribution). Assume m > 6k2. For every k-row

partial Hadamard matriz H,

2m\2 ke (am) B gemmia
I(H) (m) e R N e
Proof. On A = {||8|| < k~%/2}, Cauchy-Schwarz gives |yc| < 1. By Lemmas 5.1 and 5.2,
ml8l* _ Q(B) Ys(8)
= — - - < <
i (B) = exp(~ - - 0 - S(B). 0<Su(B) <

Therefore I(H) = (27/m)F/?E,[14¢~9/12=56]. Put u = EQ/12 = k?/(4m) < 1/24 and
W =@ — EQ. Since W/12 > —pu, Taylor’s theorem gives
_ Var(Q) k3
Ee W12 <14 et 20 <1 40.35—.
e <l+e 988 = + 2

This yields the required upper bound. For the lower bound, Jensen’s inequality gives
Ee=Q/12 > ¢, Also E[1455] < HEYs = k3/(2m?). Finally m||8]|> ~ x%, and m/k* >
6, so Lemma 5.4 gives P(A¢) < e~™/(4k)  Combining these estimates and using e'/2* <

1.043 gives
3

k
E[lAefQ/IQfSe] > 67“(1 _ 0.5372 _ 1.0567m/(4k)).
m

The stated symmetric bound follows after harmless rounding. O
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6. THE FAR FIELD

The estimates in this section apply first to arbitrary sign matrices, without orthog-
onality assumptions. For 0 < 7 < 2, define

9-(y) := min{1 — cos(2y), 7}, G:(0,H) := Z g-(0-He).

C=1
Lemma 6.1 (Product bound). For every 0 € T*, |®y(0)| < exp(—1G-(0, H)).

Proof. Since cos?z = 1 — 129822 < 1 972(2)7 we have ®5(0)* < [[o(1 - gT(eéHC))
7GT(07H)
e

<
/2 Take square roots. ]

For 6§ € T, let
k

k
p(0) :=1—JJcos(20;),  o(0)*:=) dist(0;, (r/2)Z)*,  r(6) = dist(6, Ag).
j=1 j=1

Lemma 6.2 (Geometry of the mean). Let v be uniform on {+1}*. Then
(1) B[l — cos(26 - v)] = u(0);
(2) u(6) > min{1/2,7(6)2};
(3) if u(0) < 1/2, the nearest point of the full grid (x/2)ZF is unique, belongs to
Ay, and has distance o () < 1//2.

Proof. The first identity follows from E,e??? = [I; cos(26;). Choose a nearest grid
point w = (7/2)c and write 6 = w + 3 with [B;]| < 7/4, so that o(6) = [|B]]. If 3_; ¢; is
odd, then []; cos(20;) < 0 and p(0) > 1 > min{1/2,7(6)?}.

Suppose instead that . c; is even, so that w € Ag. We claim o(0) = r(0). Indeed
Ag C (7/2)ZF, and the distance to a subset is at least the distance to the ambient set,
so o(0) < r(0); conversely w € Ay gives r(0) < ||§ — w|| = o(f). (The inclusion alone
would give the inequality in the wrong direction, which is why the parity case matters
here.) Now cos(23;) < e 2% for 8] < /4, so [, cos(28;) < e29(0? and

1(0) >1—e 200 > min{1/2, ¢(6)%} = min{1/2,r(6)%},

where the middle step holds because 1—e™2* > son [0,1/2] and 1—e™2% > 1—e~! > 1/2
for s > 1/2.

If 4 < 1/2, no coordinate can lie halfway between two grid points, since that would
give cos(26;) = 0 and hence p = 1; so the nearest grid point is unique. The odd-parity
case is impossible, and the preceding bound forces o2 < 1/2. g

Lemma 6.3 (A truncated mean on dyadic shells). Suppose = w + 3, where w € Ay,
8;] < m/4, and o = ||B||. Let p > 1 satisfy 27771 < 02 < 277 < L, and put T, =
min{2,48 - 27P}. Then

Wylo) 1

W, (0) :=Eyg,, (0 -v) > 3277, > .
b ’ 8 > 128

Proof. Set A(v) =1 — cos(20 - v). Since },; c; is even and v € {£1}*, we have c-v =
>.;¢ =0 (mod 2),sow-v € nZ and A(v) = 1—cos(28-v): translation by w € Ay does
not change A. By Lemma 6.2 and o2 < 1/2, EA > 2. Moreover 1 —cos 2z = 2sin?x <
222 gives A < 2(8-v)?, and the fourth moment of a Rademacher sum, E(3 - v)* < 304,
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gives EA? < 4E(B-v)* <1201 If p < 4, then 48277 > 3 > 2, 50 7, = 2, the truncation
is inactive, and the conclusion follows from W, = EA > 2P > %2*7’ . If p > 5, then
using 02 < 27?7 and EA > o2,

EA? 1204 S o 3 3

W, >EA—-E[A1 >EA— — >FEA - EA——>-EA>-2"P.
= (Al (s>, - B o 2 T2 BA> 2

Dividing by 7, gives the second bound, since § 3 /48 = 128 U

Lemma 6.4 (Lipschitz estimate). For all6,0' € T, |G,(0, H)—G.(¢', H)| < 2mk ||0—
0.

Proof. The function g, is 2-Lipschitz, while [(§—6', Hc)| < Vk||0—6'||. Sum over C. [
6.1. Shells and nets. Put P := max{0, [log, k| — 1}. Decompose Farj into

Fy = {6 € Farg - u(6) > 1/2),

F,:={0 €Farp:p(d) <1/2, 277 <o()?<2?}, 1<p<P

By Lemma 6.2, these sets cover Farg. Set ny = W and 7, = and choose nets

64\/E’
N4 C Fy and N, C F), that are maximal subject to having all pairwise distances greater
than the corresponding scale. Maximality then gives covering radius at most that scale,

which is what Proposition 6.9 uses.

Lemma 6.5 (Net cardinalities). For all relevant p, |[Na| < eF1°8(2008) qng [N <
¢k 1og(200k2)

Proof. Partition T* into axis-parallel cells of side h. A cell has diameter hv/k, so a set
with pairwise distances greater than n has at most one point in each cell when h = n/ VE.
This gives |Na| < (1 4+ 27vk/na)F = (1 + 327k)* < (102k)*, using 327 < 100.54.

For F,, every point lies in one of the 22*=1 cubes w + [-m/4,7/4]%, w € Ay, by
Lemma 6.2(c). An interval of length 7/2 on the circle intersects at most 7/(2h) + 2
cells of side h. Here h =1,/ vk and, whenever F), is present, k > 3 and 2P < k. Hence

327 5
ﬁ+2——k2p+2§34k ,
since 327/3 < 33.52 and 0.48k% > 2 for k > 3. Consequently || < 226=1(34k2)*
(136k2)* < (200k%)%. This corrected endpoint count is the reason for the harmless
numerical constant 200. O

Lemma 6.6 (Bernstein-type lower tail). Let X1,...,X,, be i.i.d. random variables in
[0, 7] with mean W > 0. Then

P(3xo< ") <en( )
© 2 P 8T
Proof. Take A\ = 1/(27). Since ™% < 1 —z+22/2 for 2 > 0 and X2 < 7X¢, Ee Me <
1- AW+ )‘2+W < e 3MW/4 Markov’s inequality applied to e~ r2Xc gives the result. [
A uniformly random k X m sign matrix has independent uniform columns in {:I:l}k .

Definition 6.7 (Good matrices). A k x m sign matrix H is good if
Go(0',H) > m/4 for every 0’ € Ny, G.,(0/,H) > (3/16)m27F for every ' € N},, 1 < p < P.
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Lemma 6.8 (Good matrices are typical). For a uniform random k x m sign matriz,
P(H is not good) < exp (k‘ log(200k2) + log(P + 1) — %)

Proof. At a point of N4 C Fa, the truncation at 7 = 2 is inactive, so W = u(6') > 1/2

by the definition of F4; apply Lemma 6.6 to get failure probability at most e~/32. At

a point of NV, Lemmas 6.3 and 6.6 give failure probability at most e~m/1024 " A ynion

bound over the at most P + 1 nets, each of size at most ¢k log(200%%) by Lemma 6.5, with

—m/1024

the weaker per-point bound e , proves the claim. For k£ < 2 one has P = 0 and

log(P + 1) = 0; the bound remains valid, and in that range Fary = F4, since a point
with 4 < 1/2 would need 02 = 72 > 1/k > 1/2 while p < 1/2 forces 0? < 1/2. O
Proposition 6.9 (Pointwise far-field decay). If H is good, then
1B 52(0)] < exp(—%o—(e)?), 0cE, |Du6)|<e™2 0cFy
Proof. For 0 € F), choose §' € N, with ||§ —¢’|| < n,. By Definition 6.7 and Lemma 6.4,
3m
—27P
32
Apply Lemma 6.1 and use o(0)? < 27P. The argument on F} is identical: Go(6, H)
m/4 — 2m~\kna = m/8.
Corollary 6.10 (Far integral). If H is good and m > 128k?, then
27\ k/2 3m
)| <221 (20) (154k = ) 4 (2m)Fem/22,
|J(H)| < — exp(1.5 T + (2m)%e

Proof. The contribution of Fj4 is at most (27)*e~™/32, On the union of the dyadic
shells, use the unique nearest w € Ay and Proposition 6.9 to obtain

Z/ |Pul < !Akl/ ¢~3mlBIP/128 5.
p 7T 18] >k—1/2

The integral is the normalizing constant for a Gaussian with covariance 641y /(3m),
multiplied by the tail probability P(x7 > 3m/(64k)). Writing the threshold as Ak gives
A = 3m/(64k%) > 6. Apply Lemma 5.4. Finally (64/3)F/2 < el5%, O

G-, (0,H) > 31—%12*1’ — 2mvkn, =

O v

Remark 6.11 (Why an exceptional set is necessary). There is no uniform estimate
| P (0)] < e on all of Fary, for every partial Hadamard matrix. Take k = 4, 8 | m, and
use each of the eight vectors v € {£1}* with vjv9v3vy = 1 exactly m/8 times as a col-
umn. The resulting matrix is a 4-row partial Hadamard matrix. At 6* = (7/4)(1,1,1,1),

every column satisfies 0* - v € 7Z, so [Py (0*)] = 1. Yet dist(0*,Ay) = 7/2 > 1}27:7p4,
so 0* € Fary.
7. ONE INDUCTIVE STEP
Fixn>2and 1 <k <n-—1. Assume
m > 20000 n>L. (8)
Then m > 64000n2, so all hypotheses of the central and far-field estimates hold. Define
Vi, i= 27221 (2 TR/2 =R/ (4m) (9)

Since 2rm > 16, one has 0 < Vi, < 2™,
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Proposition 7.1 (Extension count for a good partial Hadamard matrix). If H is a
good k-row partial Hadamard matriz, then ‘%f) — 1‘ < 6k, where

3
5y = % 4 2e~/(4K) | 1 01¢1-54k—3m/(256k) | o (oe(k/2)L—m/32

Proof. Insert Proposition 5.5 and Corollary 6.10 into (7). The central main term is
exactly V. After division by V%, the first far-field term is multiplied by ek /m) < 1.01.
The second is bounded by 2ekL/2gk?/(4m) o —m/32 < 2.02¢ekL/2—m/32 O

Set M; := 2™ [/} Vi, with M; = 2™. Also define

Y 1= 2exp (2n2L +2n log(200n2) - ek = Ok + Y.

T02i)
1024/’
Proposition 7.2 (One-step induction). Assume (8) and Ny ., > My/2. Then

N

Netlm 1‘ < ep.
Nim Vi

Proof. Let By be the number of bad k-row partial Hadamard matrices. By Lemma 6.8,

the number of bad kxm sign matrices is at most 2¥™¢;,, where g, := exp (2k‘ log(200%?)—
16&), so By, < 2F™q,.. From (5), Proposition 7.1, and X (H),V} < 2™,

B2m
N Vie'

Nk+1,m
Nim Vi

_1’§5k+

It remains to bound the exceptional contribution. Put IIj, := M, /2K = H;:ll Vi/2m.
Since V; /2™ = 22%1(2m)~/2¢="/(4m) e obtain
27, k3

k
i > exp( 7 = 5 ) > e VP

Similarly V;,/2™ > e~*L. Therefore

Nk,ka > 16—0.28k2L—kL > 16—21:%
9(k+1)m — - '

2 2
Consequently
B2™
Nim Vi

< 2exp (2k2L + 2k log(200k2) — 18”@) < . O

Lemma 7.3 (Summed one-step error). Under (8), .71 ex < E(n,t).

Proof. Each family of summands is increasing in k. Thus

k3 4

n —m/(4k —m/(4
S e i Y2 < e/,
k<n k<n
k<n k<n
’; Ui < 21 exp<2n2L + 2n10g(200n2) — @).
n

Adding the bounds gives (2). O
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8. ELEMENTARY PARAMETER BOUNDS
Put © := 7. Condition (8) is © > 20000.
Lemma 8.1 (Control of E). If © > 20000, then E(n,t) < F(©), where
F(z) = % 49 04r | g9, —0.009x | 93,~0.05z 4 477 ,-0.0015z
The function F is decreasing, tends to zero, and satisfies F(20000) < 1074 < %
Proof. Use m = n?LO, L > 3.2, and the elementary estimate
re WY < 3(3_‘”’/2, x,y > 1, (10)

ea

which follows from zy > (z + y)/2 and optimization in z. The five terms of E are
bounded respectively by é, 27040 89, =0.0090 1 93,-0.050 ' 471=0.00150 ' For the final
term, note that under © > 20000, log(200n?) < 3.66L and hence 2n%L+2n log(200n?) —
m/1024 < —m/2048. The remaining estimates are direct substitutions into (10). Mono-
tonicity is immediate, and the numerical value at 20000 is less than 5.001 x 107>, O

Lemma 8.2 (Control of the safety term). If © > 40000, then S(n,t) < G(O©), where
G(z) = (@)4(13 +4logx). The function G is decreasing on [40000,00) and tends
to zero.

Proof. Let x = 20000/© < 1/2. The prefactor in (3) is at most n?L/2. Since L =
log(2m) + 2logn + log L 4+ log © < 3.68 + 4logn + 21log ©, we get

n2

S(n.1) < - (3.68 4 4log n)z™ + n?(log ©)z" .

Because x < 1/2 and n? > 4, " < 9d—n? 4. Elementary maximization over integers
n > 2 gives n2(3.68+4logn)2*~"" < 25.89 and n224~"" < 4. Thus S < z4(13+41log ©).
Differentiation proves monotonicity. O

9. PROOF OF THE EXPLICIT THEOREM

Proof of Theorem 2.1. First compute the product of the row factors. Using

n—1 n—1 n—1
B 9 _n(n—1) 5 n(n—1)(2n—1)
> @k —1)=(n-1) Zk—72 .Y K= : :
k=1 k=1 k=1
we find
n—1
_ —n(n— nn—1)2n -1
Mn — 9om kr_[l Vk — 2mn+(n 1)? (27Tm) (n—1)/4 exp(— ( 2317(71 )) — Bn74t-

; 2 2L
Suppose first that (8) fails. Then 20000n°L/m > 1, and hence S(n,t) > "% + 5.
The trivial bound N, ,, < 2™ gives

Npom (n—1)2 _ nin—1)(2n —1) n’L n3
m o 9—(n=1)? (9 yn(n—1)/4 ( )< ( ) S(nt) < 1 #).
Bn,m o ( ﬂ-m) P 24m =P 4 +12m <¢ - +€(n’ )
On the other side, Ny, 1,/ Bp,m > 0, 50 1 — Ny, /By < 1. Since S(n,t) > 3.2, (n,t) >

e>2 — 1 > 1. The theorem follows in this case.
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Now assume (8). By Lemma 8.1, E(n,t) < 1/2. We prove inductively that

k—1 k—1

1

Newm =My [J(+8), 11 <e,  J[O+&) 2 5
j=1 Jj=1

The statement is trivial at & = 1. If it holds at k, then Ny, > M}, /2, so Proposition 7.2
defines & with || < er. By Lemma 7.3, Z’;;ll ej < E(n,t) < 3. Therefore

k k k 1
1 — > — > —.
H( + 5] H 1 e] = Zej =9
7j=1 7j=1 7j=1
The induction closes. Finally,
Nom Sl < gBut) _
ST 1‘ ‘H +§Jf1‘<e 1<e 1< e(n,t).
Since M,, = By, 4, the proof is complete. O

10. ASYMPTOTIC CONSEQUENCES

Proof of Theorem 2.2. If © = m/(n?L) — oo, then eventually © > 40000. By Lem-
mas 8.1 and 8.2, E(n,t) + S(n,t) < F(0©) + G(0) — 0. Thus Theorem 2.1 gives the

claimed uniform convergence. O

Lemma 10.1 (Power laws imply the natural regime). Let 0 < 0 < 1/2, put u =2+ 26
and K =6 +2u/d. Ifw:=1t/n" > 1 and n > 2, then

m 2
S S IS V5
n?log(2rm) — K"

Proof. Since m = 4n"w, L = log(8mn“w) = log(8m) +ulogn+logw. Using logx < z%/a
for z > 1, first with @ = §/2 and then with a = 1/2, gives logn < (2/6)n%? and
logw < 2w'/2. Since log(87) < 6 and n%/2,w'/2 > 1, we get L < K(n%? + w'/?).

Therefore, writing n* = n?n?’,

m 4n2oy

> .
n?L — K(nd/2 + w'/?)

Finally n%/2 < n2 and w'/? < w, so wl/Q(n‘s/2 + wl/Q) < 2n®w, which is the claim. O

Proof of Corollary 2.3. Given an exponent u > 2, put 6 = min{(u — 2)/2,1/2} and
up = 2 4 26 < u. The assumption ¢/n* — oo implies t/n“ — oo. Hence Lemma 10.1
shows that m/(n?L) — co. Apply Theorem 2.2. O

Lemma 10.1 is sharp, in the following precise sense.

Lemma 10.2 (No exponent at most two suffices). Let 1 < u < 2. For all N > 2 and
w > 1, writing m = 4N%w,
m 4w
< . 11
NZ2log(2mm) ~ log N (11)
Consequently there is a family with w — oo along which the left side stays bounded by
1/2: take w = j and N = €%, j > 1.
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Proof. Since u < 2 and N > 2, we have N* < N?; and since u > 1, w > 1, log(27rm) =
log(8m) + ulog N + logw > log N > 0. Hence

m _ AN AN'W 4w
N2log(2rm)  NZ2log(2mm) — N2logN  logN'
For the family, log N = 8j = 8w, so the bound is 4w/(8w) = 1/2. O

The witness can be taken to consist of genuine integer pairs, which is the domain of
the counting problem; the relaxation to real parameters above is a convenience, not a

load-bearing step.
Lemma 10.3 (Integer witness). Let 1 <u <2 and let j > 1 be an integer. Put
n; = [el6j—|, tj = [j nﬂ, m; = 4t;.

Thenn; > 2, t; > 1, tj/n? > 7, and

—_

_oomp 1
nj2 log(2mm;) — 2
Proof. Clearly nj > 2 and tj > 1, and ¢; > jnj gives tj/n;* > j, which tends to infinity.

Ceilings cost at most one, so t; < jnj +1; since u <2 and 4 < 4j n?,

mj =4t; <4jnY +4 < 4jnf +4jnf =8jn’.
Since v > 1 and j > 1 we have n; < n}‘ < jny < t;j, whence 2rm; > n; and
log(2mm;) > logn; > 16;. Therefore

mj 8j n? _ 1 0
n? log(2mm;) — n? <165 2

The family of Lemma 10.2 satisfies the power law with exponent v with room to
spare, t/N* = w = j — 00, yet the near-quadratic quantity never exceeds 1/2. So no
exponent u < 2 forces the hypothesis of Theorem 2.2, while by Lemma 10.1 every u > 2
does. The infimum of the exponents reachable by this argument is therefore exactly
2, and it is not attained. Both directions are formally verified; in the accompanying
Lean development the positive direction is bridges_of _two_l1t, the negative direction
not_forces_of le_two with its integer form exists_int witness_of_le_two, and the
conclusion sInf_admissibleExponents.

A remark on what “forces” must mean here. The relevant notion is the one used in
Corollary 2.3: along every sequence of pairs (n;,t;) with w; = t;/n¥ — oo, and with
n; free to vary, the quantity m;/(n?log2mm;) tends to infinity. The uniformity in n
is essential, not a technical convenience: if instead n were held fixed while w — oo,
then m/(n?log 2rm) would diverge like w/logw for every exponent u, so every a > 1
would count as admissible and the constant would carry no information. In the Lean
development this equivalence is forces_iff sequential, which shows the quantifier
form used there agrees with the sequential premise above.

We stress what the negative direction does and does not say. It shows that the im-
plication “power law with exponent u < 2 = near-quadratic hypothesis” is false, which
is precisely why the present method stops at 2. It does not show that the asymptotic
formula itself fails for such u; whether it holds there is open, as recorded in Section 12.
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11. EXACT LOW-DIMENSIONAL CHECKS

The correction factor can be checked against exact formulas. For m € 4N,

N27m=2m< " ) Ngpp—om— ™, —gm _m
m/2 ((m /4! oz , @)

For the last identity, normalize the first row to all +1. The eight column types of the
remaining three rows have multiplicities determined by a single third-order Fourier
coeflicient: the four types with product +1 occur a times each and the four types with
product —1 occur b times each.

TABLE 1. Relative error with and without the correction factor.

n m  Nym/Bpm—1 Npm/Apm —1
2 8 +7.99 x 1075 —3.069 x 1072
2 32  4+127x107% —7.781 x 1073
2 256 4248 x107? —9.761 x 1074
3 8 +1.30 x 1073 —1.435 x 10~*
3 32 4215x107° —3.829 x 1072
3 256 4+4.22x107% —4.871 x 1073
4 16  +1.49x1073 —1.953 x 107"
4 32  -376x10"%* —1.039 x 107!
4 40  —261x107% —8.402 x 1072

These calculations are consistency checks, not inputs to the proof.

12. SCOPE AND LIMITATIONS

The local expansion in Proposition 5.5 has accumulated relative error of order n*/m?2,
which already tends to zero under m/n? — co. The logarithmic loss comes entirely from

comparing the exceptional set of far-field matrices, whose ambient density is e (™),

2 .
O(n*logm) Removing

with the density of partial Hadamard matrices, which is roughly e~
the logarithm would require new information about the far field under the partial-
Hadamard conditioning; a universal pointwise estimate is ruled out by Remark 6.11.
The proof establishes a corrected asymptotic formula. It does not imply Ny, ,, ~ Ay
below the cubic scale, because R, ,, can tend to zero. Nor does it prove the endpoint
regime m/n? — oo. In particular, the upper bound 2 for the critical exponent is an

infimum over admissible power laws and is not attained by the present argument.

13. USE oF AI TOOLS

The proof strategy and an initial detailed draft were developed with the assistance
of Hyra, a research agent [4]. The present manuscript was subsequently subjected to
an independent line-by-line mathematical audit, and local issues in the original draft
were repaired, including the description of the universal saddle lattice and an endpoint
term in the net-cardinality estimate. Al-generated judgments were not treated as cer-
tificates of correctness; the mathematical claims rest on the explicit argument above.
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This disclosure follows the general principle used in other Hyra-assisted mathematical
work [5].

APPENDIX A. NUMERICAL CONSTANTS

For convenience, we collect the nontrivial numerical inequalities used in the proof:
log(87) > 3.2, —log(cos1) — 5 < o, el/?* < 1.043, \/64/3 < b5,
gs >4, 1+35<028  1og200<1.66-3.2,  2-5.66-1024 < 20000.

All remaining constants are exact rational quantities or are obtained by rounding in
the safe direction.
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