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Marvin Minsky & Seymour Papert, Perceptrons,1969

dMinsky and Papert mathematically proved that a
single-layer perceptron could only solve linearly

separable problems, they completely failed at the XOR
problem.

1"And we suspect that the extension to multi-layer
systems will be similarly sterile.™

d The Negative Impact: The "Al Winter"

v'"Minsky was a towering figure in the AI community, and
Perceptrons was viewed as a definitive, rigorous
mathematical takedown of neural networks.

v Government agencies (like DARPA) and universities almost
completely stopped funding neural network research




Welerstrass Approximation Theorem
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Welerstrass Approximation Theorem
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1. —BOESM: STEBATNe >0, FE—T6>0, FBRE |z —y| <d, #A
f(z) = F(y)] < 5.

2. BRM: BE—VERM >0, FENFREN 2 € [0,1], #F |f(z)| < M, XBkKE
FERSENRBEZE | f(z) — fly)] < 2M.



Welerstrass Approximation Theorem




Welerstrass Approximation Theorem
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George Cybenko, 1989, Universal Approximation Theorem

RIXTFEEZELRE $1(x)$ FIERIRZE S\epsilon > 08, BIFE
— $G(x)$ {5 $|G(x) - f(x)| < \epsilon$.,



George Cybenko, 1989, Universal Approximation Theorem

BP 2] F & ELE P Alx) FoEERE \epsilon > 0/ EFA—1
G(x) 1215

|G(x) - £(x)| < \epsilon o
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AT AIER?
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in-context learningflprompt learning2 &, B9 E T
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Transformer
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So where does the next
transformer architecture
; o
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We want to invent that, ==

> 4 19 15:23 / 51:59 - Gemini and Project Astra > wo E QHD EI D




|s attention all you need?

Qdhttps: //mww.isattentionallyouneed.com/

Is Attention All You Need?

Current Status: Yes 258K%

Time Remaining: 259d 15h 20m 19s



Donation of equity

Proposition:
On January 1, 2027, a Transformer-like model will continue to hold the state-of-the-art position in most benchmarked tasks in natural language
processing.
For the Motion Against the Motion
Jonathan Frankle Sasha Rush
@jefrankle @srush_nlp
Harvard Professor Cornell Professor
Chief Scientist Mosaic ML Research Scientist Hugging Face &

Wager

The wager is fc{ donation of equity in Mosaic ML or Hugging Face to a charity of the winner's choice. Details to come.




NC! PNC! L P

Complexity class:

TCY

RNN model class: Ungated / Diag. PD LRNN DPLR LRNN ' Nonlinear RNN Nonlinear RNN
Specific models: (S4, Mamba) (PD-SSM) (DeltaNet, RWKV-7) with log precision

NC circuit depth (upper bound): log(n) log(n) ' log(n)log™(n) | log?(n) beyond polylog(n)

Automaton class (lower bound): B DWFA WPFA | Counter machine Turing machine

https://arxiv.org/pdf/2603.03612
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Transformer
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Computation Complexity
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Attention Style
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Attention Style




Attention: Theoretical Complexity
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Training Parallelism
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Attention HEESREMB T

External Input External Output

\/

‘ Controller
i \
Read Heads ‘ Write Heads
Memory

Neural Turing Machine

https://arxiv.org/abs/141
0.5401

Joe went to the garden then Fred picked up the milk; Joe moved to the bathroom and Fred dropped the
milk, and then Dan moved to the living_room.

Where 1s Dan? A: living room [ believe

Where 15 Joe? A: the bathroom

Fred moved to the bedroom and Joe went to the kitchen then Joe took the milk there and Dan journeyed
to the bedroom; Joe discarded the muilk.

Where 1s the mulk now ? A: the milk 1s in the kitchen

Where 15 Dan now? A: I think he 1s 1n the bedroom

Joe took the milk there, after that Mike travelled to the office, then Joe went to the living_room, next Dan
went back to the kitchen and Joe travelled to the office.

Where 15 Joe now? A: [ think Joe 15 in the office

Memory Networks

https://arxiv.org/pdf/1410.39
16




Attention Is All You Need

AR %&HA Attention , T

Ashish Vaswani”
Google Brain
avaswani@google.com

Llion Jones™
Google Research
llion@google.com

Noam Shazeer*
Google Brain
noam@google.com

Aidan N. Gomez"* '
University of Toronto
aidan@cs.toronto.edu

E&¥ Attention LIIMIERT

Jakob Uszkoreit*
Google Research
usz@google.com

Niki Parmar*
Google Research
nikip@google.com

Lukasz Kaiser”
Google Brain
lukaszkaiser@google.com

Illia Polosukhin® *
illia.polosukhin@gmail.com

In this work we propose the Transformer, a model architecture eschewing recurrence and instead
relying entirely on an attention mechanism to draw global dependencies between input and output.

The Transformer allows for significantly more parallelization and can reach a new state of the art 1n
translation quality after being trained for as little as twelve hours on eight P100 GPUs.

https://arxiv.org/abs/1706.035/62
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Inference: Autoregressive

This figure implements this formulation: 5 T3

p(mlamﬁj“'amn) — /@ /@
H?:l p(:z:,,; | B3/ By vy 1)

Ll L9 2333 . L5



Inference: Autoregressive

L2
* This net models p(x, | x,) i
* 1input
* 1 output




Inference: Autoregressive

* This net models p(x; | 2, 5)

* 2inputs
* 1 output

* inputs: outputs from previous steps

L2




Inference: Autoregressive

* This net models p(z, | 15 3)
* 3 inputs
* 1 output

* inputs: outputs from previous steps




Inference: Autoregressive

* This net models p(z; | 215 3.4)

* 4 inputs
* 1 output

* inputs: outputs from previous steps




Inference: Autoregressive

* This net models p(z¢ | £19345)
* 5inputs
* 1 output

* inputs: outputs from previous steps

—f’#?
W@ X4 L5




Inference: Autoregressive

Note:
* This is a recursive process

* but not necessarily done by RNN

* can be done by any architecture
(e.g., CNN or Transformers)




What if we backprop through this graph

Consider of zg: | Tg

* go through all previous outputs, ... O O O | Q O

* all previous sampling ops, ...

* all previous networks

It’s infeasible to train the AR model
following its inference graph.




What if we backprop through this graph

Consider of xg: | T

* go through all previous outputs, ... O O O Q Q

* all previous sampling ops, ...
* all previous networks

It’s infeasible to train the AR model
following its inference graph.




Training: Teacher-Forcing

Teacher-forcing T

* Inputs are not from previous outputs
* |nputs are from ground-truth data




Training: Teacher-Forcing

Teacher-forcing To 3 T4 x5 T

* Inputs are not from previous outputs
* |nputs are from ground-truth data

ground-truth as inputs



Training: Teacher-Forcing

Teacher-forcing

* Inputs are not from previous outputs
* |nputs are from ground-truth data

Pros:

* backprop path is much shorter
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Training: Teacher-Forcing

Teacher-forcing
* Inputs are not from previous outputs
* |nputs are from ground-truth data

Pros:
* backprop path is much shorter
* ground-truth inputs can ease training

ground-truth as inputs



Training: Teacher-Forcing

Teacher-forcing 9 3 T4 Ts Te
* Inputs are not from previous outputs

* |nputs are from ground-truth data

Pros:

* backprop path is much shorter

* ground-truth inputs can ease training

Cons:
* inconsistent training/inference T1 To I3 T4
e distribution shift: can’t see its own error

ground-truth as inputs
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JF#5RNN
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JFIaRNN
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Transformer




RNN-Style




RNN-Style

Vector,
Matrix,




RNN-Style

H = fA,t(Ht—1) + fB,t(Xt)

Yt

Vector,
Matrix,







RNN-Style vs. Al Agent’ s Memory

RFELWRET
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RNN-Style vs. Al Agent’ s Memory

Vector,
Matrix,




RNN-Style
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RNN Style (Expressivity)

RNN &hZiE KEER?
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What if we backprop through this graph

Consider of zg: | Tg

* go through all previous outputs, ... O O O | Q O

* all previous sampling ops, ...

* all previous networks

It’s infeasible to train the AR model
following its inference graph.




What if we backprop through this graph

Consider of xg: | T

* go through all previous outputs, ... O O O Q Q

* all previous sampling ops, ...
* all previous networks

It’s infeasible to train the AR model
following its inference graph.




X1 Linear Attention




Linear Attention
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Linear Attention

Expressi v»"é] Expressi v.’-éj
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Linear Attention non-Linear RNN
Linear RNN




RNN B&BIIZ&rHITRIT 8

Ht — fA,t(Ht—1) + fB,t(Xt)
fa1(Hg) =0
_ Yt = fC,t(Ht)
Hy = fa1(Ho) + fg1(xy) = fp1(x7)

Hy = fao(Hy) + fga(xa) =1fao(fg1(xy)) + fga(xs)

Hy = fa3(Hy) + fg3(xs) = faz (Faa(fp1(xq7)) + fga(xz)) + fp3(x3)

\Ht — fA,t(Ht—1) + fB,t(xt) = fA,t(fA,t—1"'fA,3(fA,2(fB,1(X'I)'“) oo fB,t(Xt)

\ )
Y




RNN B&BIIZ&rHITRIT 8

H = Hi(_ + fB,t(Xt)

fai1(Ho) =0

—~ Yt = fC,t(Ht)

Hy=Hy+ fgq1(x7) = fg1(x7)
H, is a d X d matric
Hy = Hq + fg5(x2) = fp,1(x7) + fp2(x2) fgi(xy) = D,
<

Hs = Hy + fp3(x3) = fp1(X1) + fp2(X2) + fp3(X3)

(Hi=Hia+fox) = fa100) +fpa(Xa) + fpglxg) oo+ Fae(Xe)




RNN B&BIIZ&rHITRIT 8

H = Hi(_ + fB,t(Xt)

fa1(Ho) =0
_ Y = fC,t(Ht)
H'| =D'| Y1 =D1q1
H, is a d X d matric
H2=D1+D2 Y2=D1Q2+D2QZ fB,t(Xt) =Dt
<
H3 =Dq7+ D3 + D3 ys = D1q3 +D,q3 +D3qs  fc(Hy) = Hiqy
: q: = Wox;
\Ht=D1+D2+...+Dt Yt =D1q¢ + D2q¢ + ... + Diqy



RNN B&BIIZ&rHITRIT 8

H = Hi(_ + fB,t(Xt)

fa1(Hg) =0
—~ yt = fC,t(Ht)
y1 =D1q,
H; is a d X d matric
y2 = D192 + D3q fg:(x¢) =D
B W
=D.q3+D,q3+D T Vi = WyXy
y.3 193 243 343 D, = vk,
: ki = Wixy
\Yt=D1qt+D2qt+"'+tht fei(H:) = Hiqy

q: = WoX,



RNN B&BIIZ&rHITRIT 8

H = Hi(_ + fB,t(Xt)

fa1(Hg) =0
r~ . yi = fci(Hy)
y1=viki q;
H; is a d X d matric
y2 = viki' g2 +v2k,' gy fo.(x,) =D,
) =W
Y3 = V-|k'|Tq3 + V2k2Tq3 + V3k3Tq3 D — v k T Vt — vxt
. t tKt
ki = WX,
\y.t =vik'q; +voky' g + ... + viky' gy fo.(H,) = H.q,

q: = Wqx;



RNN B&BIIZ&rHITRIT 8

fa1(Hg) =0

T T T
Yt =Viky q¢ +vaky qi + ... +viki q;
= Vj am + Vzat’z + ... + Vtat’t

— at’]V'| + at’2V2 + co e + at'tVt

XAHERE Self-attention! (4T softmax)
¢ Linear Attention

Hy = Hi—q + fg(Xy¢)

yi = fci(Hyp)
H; is a d X d matric
fg,i(X:) =Dy

r V=W x,

D; = vk,
kt — kat

fC,t(Ht) = H.q;
qe = WaX,



RNN vs Linear Attention

RNN Linear

Attention

fC,t(Ht) = Hq;
q: = Wox,

fB,t(Xt) = VtktT

v = W, X
k; = Wi x;

» Linear Attention BiRJ"X RNN £# “Reflection” f4;
- Linear Attention Ft2 Self-attention }&%& Softmax



Linear Attention

Training HEHE{R Self-attention
Inference HIBFEIR RNN

Training Inference

Yi




Linear Attention

Linear Hy = Hioq + fe(Xy) fgi(Xy) = VtktT
Attention
Yt = fC,t(Ht) fC,t(Ht) = H.q;
_> ) ' d,
@ v, SN H B 2nd column
0 . ) EE)\%E
ddim q; = WX, Xt ki'] Vi k‘t'2 Vi ... kird Vf =R

d/ dim Vt = vat

ESZHE




Linear Attention

. T
Llnear. Hi = Hi_1 + fge(x)  Fri(Xe) = vik,
Attention
Y = fC,t(Ht) fC,t(Ht) = H.q;
AREBRFEAR Column
Hi_q |— 4 A A\ 0
1
Yq = H; 0

ddim k; = W,x; MEE—4 column BEIMER



Transformer
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Linear Attention
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Linear Attention




RNN (Linear Attention) ZmAiE Transformer

Transformer (Self-

RNN (Linear : ,
attention with softmax)

Attention
Y D




RNN (Linear Attention) ZmAiE Transformer

RNN (Linear Attention)

d

ki'=[1 0 ..] k,')=[0 1 ..] =[0 0 1..]



RNN (Linear Attention) ZmAiE Transformer

Hi =Hi(_y + fB,t(Xt)

1 a\: Z
Linear Attention i21Z&k A *E‘T:QﬂBAEET
0.30 045 0.25 0.10 0.17 0.10 046 0.17
‘ Soft—‘max | | Soft—‘max |
0.6 1 0.4 0.5 1 0.5 2 1
REEN REZEM EEEL

=2
= = e



it Reflection: EHNES

Linear Attention Retention Network (RetNet)

Hi =H{_; + VtktT Hy = yH(_; + VtktT
y: = H:q; y: = H:q,
Vt — WVXt Vt — WVXt
ki = Wix, ki = Wix,

q: = WoX, q: = Wox,



it Reflection: EHNES

Training Inference ﬁ
a; 1 ! a; ; yt! a; t
+ + + | '
Hi_y |—
Vi ki q; vi k; q; Vi k; q
} I 1 1 |




it Reflection: RIBEHFRBES

https://arxiv.org/abs/2405.05254

Retention Network (RetNet) Gated Retention
Hy = yHi—q + VtktT H = yiHi—1 + VtktT
Yt = Hiqy Yt = Hiqy
v = W, X, v = W, X,
ki = W, x; ki = W, x;
q: = WoxX, q: = WoxX,

Y = sigmoid(W, x,)



it Reflection: EHNES

Training Inference

dt, 1 ai iVi+1Yiv2---Yt Qi

+ _ + + I I

Yi Vi ki 91 v, M ki qi v w ki qq
I } I Pttt
X X; Xy



Ht — Gt @ Ht_] + VtktT

Gt — etStT

1s,’

EE 2/ Reflection
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SEMEHEERRNN

Model Recurrence Memory read-out
Linear Attention [48.47] S, =8;_; + 'L*;kr? o, = 8,q;
+ Kernel St =58,_4 —mm{kr}T o, = S;d(q,)
+ Normalization S =Se—1 +vidlke) , 2o = 21 + O(ke) o, = S.6(q.)/ (2 ¢(q.))
DeltaNet [101] S, = S, (I — Bikyk, ) + Bevke, o, = S,q
Gated RFA [81] S; = 3Si—1 + (1 — ge)wvekr, 2zt = grze—1 + (1 — go)ke ot = Siqi/(z qi)
54 [32. 106] S = 8Sc1 @exp(—(al’) ®exp(A)) + B@ (vel') or=(85:0CN1+d0 v
ABC [82] Sk=8" | + ke, SP =8, + vey o: = S softmax (S¥q.)
DFW [63] G =80y [,E]ra;]- weks o: = S,
RetNet [108] St = Y8i—1 + mky or = Suiqi
Mamba [31] 8: =810 E_-.'-:l':(—[.-:an} @exp(A)) + (o @ t:r}k,.T o= Siqe +d D v
GLA [124] S, =8, @ (loay ) + vk, = S,_;Diag(a) + v.k; o, = S.q,
RWKV-6 [79] S, = S,_;Diag(a,) + vk, 0 = (Si_1 + (d @ v, )k, )q;
~HGRN.? [97] S, =Sf~.mm.y__" @)+ u(l—ay) o0, = S.q,
L. STM [9] S, = fiS; 1+ f;v:ETL. zy = frzi_1 + toky o: = S;q;/ max{1, |z:q,|}
Mamba-2 [19] S = 7.S:_1 + vk, 0. = S.q.
GSA [131] Sk = 8 | Diag(cx) + ki, S = S}_, Diag(a) + vy 0, = S} softmax (S¥q.)
Gated DeltaNet [125] - (ml[I L _ﬁfk,_kf}) + Bevek; ot = Siqx

h++ne -/ /arvins nra/abhe /2A4A0R OARARQA



DeltaNet
EYP”C 1 l/v"\fj
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X2 DeltaNet



DeltaNet

https://arxiv.org/abs/2406.06484 Hi = Hi_ (I — Bikik:' ) + Bivike
H . =H,_; + v.k, - #R2 Gradient Descent, & L, ~A—i#¥

- T T
Hy = Hiq — Vt,oldkt + vk, Viold = Hi—1kq

T T
Hi = Hi—1 — BiVioiaks + BiViky

Hi = Hi(q — Bth—1ktktT + lgtvtktT

Gradient - 1
Descent H - HR 1 Bt\(Ht—1kt B Vt)kt Lt(H) — E”Hkt — Vt“2
\

Parameter before learning .
gradient
after update update rate Vl—t (H t—1 )

EF H ERA k, HRHMNERN v, SR
Titans: Learning to Memorize at Test Timgs.//arxiv.org/abs/2501.00663




Output tokens 21 Zi—1 z¢ = output (St, a:t) Output rule
Hidden state Sg ——> 8§17 ——> ... —> 841 ——> 8t = update(st_l, :Bt) Update rule
Input tokens 1 Ti_1 o
Initial state Update rule Output rule Cost
Naive RNN so = vector() S; = 0 (Ogs55_1 + OsiXs) Z; = 0,5 + 0, x;

Self-attention | sy =list() s; = s;_1.append(k;, v) z; = V,softmax (K;th)
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Output tokens 21 21 ze = f(xe; W) Output rule

T | |

Hidden state Wy ——> Wi ——> ... ——> Wi ——> Wi = Wi — nVE(Wi_1; z4)

T T T Update rule
Input tokens 1 4 | Tt



Core

Persistent

Memory

Neural Memory

Neural Memory

Sequence

Learnable Data-Independent Weights

Test Time

In-context
Learning

&

Fixed
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OINOOINOMOMOMO

M —» T2 ——» T3 —» T4 —» I5 —» T6 —» 17 — T8
’
/ G / +
o + P +
T1 T2 T3 T4 T5 T6 17 18



JEENNE

AFAEZELIRT, B GPU XE—1ER: SNEEFEE
ANMEETF HXEE’E, meEs™MrExOZhE—RESR/I\VE
BRIRNEF (SRAM)

AUBTRNIERE—F, MERPEERELNIEERERF, T—
FHEIEHE, NEE2REE “E5RF" £7T

EIMamba B Scan HlI T —" “#ZEtES (Kernel Fusion
) 7 BIEEZNBEAESEH—IEEHTOER SRAM 1,

= SRAM EmALEERN “BinaEEX” RIESFHITE,
BHIEHRKRER, 7 BREREERIEERERF
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Mamba2; Mamba 3
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S( — "‘:rfo_l ~+ v,k,

MambaFIAEC#FEHZT
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E = —% log (Z exp(ﬁXz-Tf)) + %STE

1

gnew = ‘5 _ VfE

VB — ZX( exp(BX;€) )

j 1 exp(BXTg)

Vb = Ve (5€7€) = ¢

new = X - Softmax(B8XT¢)






JFine-grained memory, next token prediction
Abstract-level memory, contrastive learning
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