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Problem 1 — Kronig Penny Model

a) Done in Class.

b) The Kronig Penny Dispersion relation is given by

2 2

cos(ka) = cos(a(a — b)) cosh(Bb) + (%) sinh(8b) sin(a(a — b)) (1)

where o = 4/(2mE)/(h?) and 8 = \/(Qm(U — E))/(n?).

Energy Bands in Kronig-Penney Model
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Figure 1: The bands in the Kronig Penny Model

¢) In the limiting case when b — 0 and E — oo such that V; = Ub is constant, we have,
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2m(U — E) 2mU

p= 2 Ve 1
(2)
29m(U — E)b2
B8b = %—m

Then we can approximate the hyperbolic functions as
cosh(ab) ~ 1
sinh(ab) ~ ab

Then the dispersion relation becomes,

cos(ka) = cos(aa) + %\/ 27}_?2(] (Bb) sin(aa)

my,
h2a

(4)

= cos(aa) + sin(aa)
Note that if the RHS in the dispersion relation is greater than 1 or less than —1, there are no real solutions
for k. However, if we allow for complex K, we can find solutions in these regions as well.

Problem 2 — 2D tight binding

The tight binding Hamiltonian for a two- dimensional square lattice is given by

H=—tY [[m+1Ln)(mn|+|mn+1)mn|+hc]+e Y |mn)imnl (5)

n,m n,m

a) Using Bloch’s theorem, the Bloch states are given by
1 4
|v(k)) = I Z e'*"mn|m,n) where 7, ,, = mad + naj (6)
n,m

where |m,n) are the orthonormal localized basis states at site (m,n) and N is the total number of lattice
sites. The basis states satisfy the orthonormality condition (m’,n’,m,n|m’,n’,mn) =4, .6, ,,. Using
these states we can evaluate the action of the Hamiltonian on the bloch states. Let’s consider the hopping

term in the z direction first,
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=t Y _[Im + 1,n)(mn| + h.ell(k)) = —t > _[Im + 1,n)(m,nlp(k)) + [m,n)(m + 1,n|(k))]

1 ) 1 .
= —tz [|m + 1,n) (\/_]_v) e T 4 Im,n) (ﬁ) ezk.rmﬂ,n]

1 , N . N
— ¢ E ezk-(m+1)aw+nay + ezkr(m)a:l:-i—nayezkza m,n (7)
<\/N ) n’m[ Jfm.m)

= —t(eikea 4 emiksa) (\/LN) Z * T [m,n)
= —2tcos(k,a)|(k))

Similarly, for the hopping term in the y direction, we have

—t Z[|m,n + 1)(m,n| + h.c]|p(k)) = —2t cos(k,a) [ (k)) (8)

The on-site potential term gives
€0 ) _lmn)(m.nl[p(k)) = eoly(k)) (9)
The Time independent Schrodinger equation H|¢)(k)) = E(k)|¢(k)) then gives us the following equation,
E(k)|ip(k)) = [2t cos(k,a) — 2t cos(k,a) + €] (k) (10)
This gives us the dispersion relation for the two dimensional tight binding model as
E(k) = €y — 2t[cos(k,a) + cos(k,a)] (11)
The Equal energy contours can be found by solving the equation

y Equal Energy Contours in 2D Square Lattice
T/a ¥ j‘

Energy

77r/_(17r —7r2a 7r2a

Figure 2: Equal energy contours for the 2D tight binding model at various energies
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b) The density of states can be found out using the formula,

1
IE) = / i2k6(E — E(k)) (12)
BZ
The integral is over the first Brillouin zone given by —2 <k, k, < 7. The dispersion relation is given by,

§(E — E(k)) = 6(E — € + 2t[cos(k,a) + cos(kya)])
_E (13)
2t

= thé(E — cos(k,a) — cos(k,a)) where E = %

Now change the variables of integration from k,, k, to * = k,a,y = k,a. The limits of integration change
from — to 7. Also note that both cos(.) and §(.) are symmetric functions. The density of states becomes

g(F) = ﬁ (%) /: dzx /: dyd(E — cos(z) — cos(y))
= m (%) /_: dx /_: dyd(cos(y) — (E — cos(z)))

= ﬁ (%) /07T dz Lsm—}yo)’] where y, = arccos(E — cos(z))

zﬁ(g) /“ [\/1_ 1_COS x))J@(l—]E—cos(w)D

where O(.) is the Heaviside step function which is required since the arccos(.) function is only defined for

inputs between —1 and 1. Using a variable z = cos(x), we can write the density of states as

dz
(27a)? \/1—,22\/1— — 2)2

B 1 (2) /mm(l,E+1) dz
(271'@)2 t max(—1,E—1) \/1—22\/1— —22

and g(F) = 0 otherwise. The integral can be evaluated in terms of elliptic integrals. The final expression for

O(1—[E—2z|)
(15)

the density of states is given by

o) = 1 K(\/4—E2

for |[E| <2
2m2a?t 2 ) or |E| < (16)

g(E) = 0 otherwise
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Density of States for 2D Square Lattice Tight-Binding Model
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Figure 3: Density of states for the 2D tight binding model
We can observe from the plot, that the Van Hove singularities take place at E =0 or E = ¢,. At these

energies, the density of states diverges logarithmically.

c) We now need to find the Fermi momentum and Fermi energy. Note the transformation from k = (kz, ky)
to k' = (k, + Z,k, + Z) changes the energy as

E(K') =¢ —Qt[cos,((km +§)a> +cos<(ky+ g)aﬂ )
= €y — 2t[—cos(k,a) — cos(k,a)| = 2¢) — E(k)

We will now show that the DOS is symmetric about £ = ¢;,. This allows us to obtain the Fermi energy and
momentum without calculating the total number of states explicitly. The density of states is given by

d?ks(E — E(k))

=2
S
Il
o
N | =
e
\

BZ
! 2K’ — (2¢) — ")) where k' = T T
= G | WO~ e~ B where k= (k. + 7k, + ) "
1 21.7 € — . ’
_(2ﬂ)2/Bde5((2o E) - E(K))
=9(2¢ — E)

Let’s consider the fully filled band case first. Here, the Fermi energy E is at the top of the band. The
maximum energy in the band is given by

E, . = €9 — 2t[cos(m) + cos(m)] = €, + 4t (19)

max

We also get
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€o+4t €o+4t €0
IN = / (B)dE = / o(B)dE + / o(E)dE (20)
€o—4t €0 €o—4t

Using the symmetry of the DOS about E = ¢, we have

€ €o+4t
/ g(E)dE = / g(E)dE (21)
€o—4t

€o
Therefore, we have,
2N =2 / g(E)dE
€g—4t
60 (22)
= N = / g(E)dE

€o—4t
Comparing this with the half filled case, we see that the Fermi energy for the half filled case is given by
Ep = (23)
The corresponding Fermi momentum can be found by solving the equation,

Ep=¢—2t [cos(kaa> + cos(kFya)]
= cos(kaa) + cos(kFya) =0 @

Within the first Brillouin zone, the Fermi surface is given by the square connecting the points (j:%, 0) and
(O, :t%) which is given by the 4 equations,

™

Y a T x

)

(25)

S

Y a x x

The Fermi surface is shown below.

Fermi Surface at Half-Filling for 2D Square Lattice Tight-Binding Model

3
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Figure 4: Fermi surface for the half filled 2D tight binding model
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Problem 3 — Tight Binding with Staggered Potential

The Hamiltonian for a one dimensional with staggered potential is given by
H=—tY [[n)n+1+hc]+U> In)n[+V > (—1)"n)(n| (26)

We divide the chain into two sublattices A and B such that even sites belong to A and odd sites belong to B. All “A”
sites have on-site potential U + V and all “B” sites have on-site potential U — V. One other change takes place,
the periodicity of the lattice changes from a to 2a. This makes the unit cell contain two sites, one from sublattice
A and one from sublattice B.

We can now rewrite the Hamiltonian as

H=-tY |[n)a(nlg+hc.+|n+1)p(nl,+he
" 1 2

(27)
+> U+ V) alnla| + D [(U=V)In)p(nlg

3 4

where n 4 and n 5 denote the site index for sublattice A and B respectively. The terms (1) and (2) denote hopping
between A and B sublattices while terms (3) and (4) denote on-site potentials for A and B sublattices respectively.
(1) and (2) are hopping terms where (1) denotes hopping from A to B within the same unit cell while (2) denotes
hopping from B to A in the next unit cell.

a) We now need to find the dispersion relation for this system. To do this, we write the Hamiltonian in the k-
space basis. The position basis states can be written in terms of the k-space basis states as

1 ikn(2a
n)a = (\/N_/2) Zkze_l E[k) 4 (28)

1 —ikn(2a
n>3=< N/2)Ze ) (29)

k

where N is the total number of sites in the chain. Using these relations, we can rewrite each term in the
Hamiltonian in the k-space basis. To do this we consider the Hamiltonian term by term. Note that there are
only two types of terms: terms between same index sublattices and terms between different index sublattices.
Terms (1), (3) and (4) are between same index sublattices while term (2) is between different index sublattices.

Term (1):
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Ty ==t [In)alnlp + |n)p(n|4l
_—Z[( )Ze"(’“ K)n ]|k) (K|, + hec.
kK’ n (30)
k, k’
= —t Y [Ik) 4kl 5 + k) 5 (klA]
k
Term (2):
1, = —tZH” + 1) p(nls + n) 4(n + 1[5]
_ _tz [( ) Z e~ i(k—K')n(2a) ,—ik’(2a) |k>B<k/|A + he.
kK’ n (31)
=t [0 pe ® PO [k) (K|, + hec.
k,k’
_ 7tz [e—ik(Qa)|k> k|A + eik(2a) |k: k|B]
k
The Hamiltonian (27) can then be written in the k-space basis as
H=> [—t(1+e *CI)|k) g (k| , — t(1+ ™) |k) 4 (k| 5
k (32)
+(U + V)k) 4Kl 4 + (U = V)|k) (Kl 5]
Note that (1 + e*"*(22)) = 2 cos(ka)e***?. Using this, we can write the Hamiltonian as,
H(k) = Z[—Qt cos(ka)e™ | k) g (k| 4 — 2t cos(ka)e?*|k) 4 (k| 5
k (33)

+HU +V)IE) 4kl 4 + (U= V)|k) (k| ]

Note in our unit cell, we have two basis states, |k) 5 and |k) 4. Therefore, the Hamiltonian can be represented

as a 2 X 2 matrix in this basis {|k) g, |k) 4 } as

E |‘c>
H = k' k’ where

_ U-V —2t cos(ka)e“““
H{(k) = (—Zt cos(ka)e—ika U+V )

(34)

The dispersion relates the energy eigenvalues E (k) of the Hamiltonian H (k) to the momentum k. To find

the energy eigenvalues, we need to solve the characteristic equation given by
det(H (k) — ET) =0

We obtain,

(35)
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U—-V—E  —2tcos(ka)etke
—2tcos(ka)e~tke  U+V —FE |

= (U+V —E)({U—-V —E) —4t? cos?(ka) = 0 (36)
= (U — E)? —V? — 42 cos?(ka) = 0
= E(k) = U £ \/V?2 + 4t2 cos?(ka)

b) The Brillouin zone for this system is given by —5~ < k < o= This is smaller than the original Brillouin zone
—5 <k<ZI - due to the doubling of the unit cell size from a to 2a. The energy levels in the Brillouin zone

are shown below.

Dispersion Relation for Coupled s and p Orbitals in 1D Lattice

—— Lower Branch
—— Upper Branch

—r/a /2 ) 7/2a 7/a
s

Figure 5: Energy bands for the 1D tight binding model with staggered potential

Problem 4 — Parallel Chains

The two parallel chain system have a tight binding Hamiltonian given by

H=-tY (Ins){n+1s/+hc)—t Y (np)in+Lp|+hc)
’ . (37)

—Q Z|n,s) {(n,p| + h.c. + ¢, Zln,p) (n,p| + €, Z|n,s>(n,s|
n n n
a) We now need transform the Hamiltonian to the k-space basis. The bloch states are given as
|k,s) \/_ Z e*nalns) ;5 |kp) = \/_ Z e’*ma|n, p) (38)
Taking the inverse fourier transform, we have
|n,s) \/_ Z e~knalks) 5 |np) = \/_ Z e~**na|k p) (39)

We then plug these into the Hamiltonian term by term. Note that there are three types of terms: hopping
within same chain, hopping between different chains and on-site potential terms.
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3 (ns) i+ Ls| +he) =3 [(%N) $ il mag=ik'a | |, sy (K | + hc.

k,k’ n

=—t Z [6k7k/e*ik/a] |k,s)(k’,s| + h.c.
kK (40)

= —t Y[ k) (kys| + € k) (s
k
— _9¢ Z cos(ka)|k,s)(k,s|
k

Similarly, for the p chain hopping term, we have

—t Z(|n,p) (n+1,p|+ h.c.)=—2t Z cos(ka)|k,p)(k,p| (41)
k

The inter-chain hopping term gives

—Q Z(ln,s)(n,pl + h.c.) = —QZ [(\/Lﬁ) Zei(’“k/)n“] |k,s) (k" ,p| + h.c.

k,k’

=—Q [0 1] |E,8) (K p| + h.c. (42)
kK

= -0 [|k,s)(k,p| + |k.p) (k,s]]

The on-site potential terms give, similarly,

€ > _Ins)(n.s| = e, Y |k,s) (k,s|
n k

43
€ Z|n,p><n,p| =€ Z|k,p>(k,p\ .
n k

Combining all these terms, we can write the Hamiltonian in the k-space basis as

H = Z [(—Qt cos(ka) + €,)|k,s)(k,s| + (—2t’ cos(ka) + (—:p)|k,p> (k,p|
% (44)
—Q([k,s)(k,p| + |k,p)(k,s|)]

In the basis {|k,s), |k,p) }, the Hamiltonian can be written in a matrix form as

H= Zk:(uc,s) e, p)) H (k) ("Z:;i) where

[ —2tcos(ka) + €, —Q
H(k) = ( -0 —2t’ cos(ka) + ep)

b) Similar to the previous problem, we can find the dispersion relation by solving the characteristic equation
given by

det(H (k) — EI) = 0 (46)
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. We obtain,
—2tcos(ka) +e, — FE —Q _0
—Q —2t’ cos(ka) + €, — E|
= (—2t cos(ka) + ¢, — E)(—2¢' cos(ka) + €p — E)—Q?=0 (47)
€, + €, —2(t +t') cos(ka €, —€ 2
= E, (k) = P (2 ) cos( )i\/( 5 p—(t—t’)cos(ka)) + Q2
Problem 5 — Bloch Theorem
The wavefunction in a lattice with lattice constat a can be obeys the Bloch theorem,
Vi (@) = e, 1 (z) where u,, 4 (¢ + @) = u, (@) (48)
a) We need to show that
2
(49)

hkun,k<x) = En,kun,k(x) where hy, = (-;—m) (p, + ik)z + V(x)

We start with the time independent schrodinger equation,

1"_12
Hiby 1(2) = B by (x) where H = (—%>pi FV (@) (50)
Note that p, = —i i 2. p, acting on Y, 1 (T) gives

.0, . ou,, 1.(z)

pwwn’k(x) =—h — emun,k(x) =etkr | kun’k(az) —ih ——~

Acting p2 on ¢, () gives
Patp () = Dy (e (W k + py)uy 1 ()
(52)

=11 ke (1 k + p,)u,, 4 (@) + €%, (T k + py)u,, ()

= eikx(h k + pw>2un,k(w)

Thus we can see that,
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Hzpn,k (.TC) = En,kwn,k(‘lp)

= [(—%)pﬁ + V(z)

eikxun,k (LE) = En,keikxun,k (.’E)

2 (53)
. h )
= ezkz [(_%> (h k +pa:)2 + V(l‘) un,k(m) = En,kelkwun,k(x>
= hkun,k(m) = En,kun,k(‘r)
b) We now consider the case when V() is a weak perturbing potential. We can write V() as
V(z) = Vg, e'O" + V3 e G (54)

where G' = 27 is the reciprocal lattice vector. The unperturbed Hamiltonian is just the hamiltonian of a free
particle. The energy eigenvalues are given by
h2k?

(k) = 5 (55)

The energy levels are doubly degenerate since €,(k) = €,(—k). The Perturbation V' (z) lifts this degeneracy,
and introduces a band gap at the boundary of the Brillouin zone k = +7.. At the boundary of the Brillouin
zone, the energy is given by

h27?

0= Sma? (56)
Let us consider the states |+k;) = ’k = :l:%> The diagonal elements are given by
(ki |H|£E1) = € (57)

We now need to calculate the off-diagonal elements. Note that the off diagonal elements in the unperturbed
hamiltonian are 0. We have

<k1|H|—k1> = <k1|V|—k1>

a
— / d_xefiklw [VGI eiGlz + Vékl efiGlx] efiklx
0

a (58)
a d ) )
_ / ;33 [VG1 ¢i(Gr—Gr)z 4 Vg e—z(G1+Gl)z] =V,
0
Similarly,
(—ki|Hky) = Vg, (59)

The matrix elements of the Hamiltonian in this block in this basis are given by,

_ <k1’H|k1> (kl‘H|—k1> | €0 Vgl
"= <<—k1\H|k1> <—k:1|Hr—k1>> = (Vé‘l 60> (60)

The Energy eigenvalues are,
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E=e £ [Vg,| (61)
The Bandgap at the boundary of the Brillouin zone is therefore given by
A=2 7, (62

c) We have the periodic Gaussian potential given by

V() =-V;» eol@ne)? (63)

The Fourier components of the potential are given by

1

Vo = —/ V(z)e %t dx
aJo

Vo [ .
—_ 0 —a(z—na) 71Gwd

V na
) 12 i)
e g e zG”“/ e %" e1GT 00’ where 2’ = z — na
a
n

a—na

Note that e " = 1 since G = 2w Also note the integral goes over the interval (a —na,na).If n € Z,
then the sum of all these integrals is equal to the integral from —oo to co. Therefore, we have a gaussian

integral,
o0
V. = _E e—a:p’Qe—iGm’dx/

G a)
65
Ve (65)

= —— —e 4o
a (6

The bandgap at the boundary of the Brillouin zone for the weak potential approximation is therefore given by

2 2
A=2V|= A gexp (—”—) (66)

a a’a

d) We allow the Bloch wavevector to be complex, i.e., k = % + iX. The energy for a free particle is given by

212 2 2
e(k) = LIL (G— —x? -l-ti) (67)

om  2m\ 4

The energy at the boundary of the Brillouin zone is given by

n? [ G > on? (G2
+ _ M . i el S iG
€0 2m(i2 izx) Qm( 1 X =/ 1X>

1,—12X2 -thIX (68)
~ % 2m +e 2m
N —— e’
E 3
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The Hamiltonian matrix in the basis {|k; ), |—k,)} is given by,
E+i¢ Vg
H = ( e E—z‘{) (69)

The energy eigenvalues are given by

+ 2 2 h2X2 2 thl ’ 2
EX=E+./[Vg[*—¢ =65 ~+ Ve, 12 — o ) X (70)

For the energy eigenvalues to be real, we need

(71)
X="weg
Over the this range of x, the energy eigenvalues are real. In this range from 0 to x = i%, the energy
1

2m \VGI\

2
eigenvalues vary from €; + [V | to €5 + . Thus by a suitable choice of complex wavevector, the

energies within the bandgap can be obtained.

Problem 6 — Reciprocal Lattice Vectors

a) Body Centred Cubic Lattice
The primitive lattice vectors for a body centred cubic lattice are given by

a, = g(]_, 1,—1) y Qo = g(_la ]-a 1) ; Qg = g(]"_l’ 1> (72)

The volume of the primitive cell is given by

a3
Vc:al‘(azxa3)=7 (73)
The reciprocal lattice vectors are given by
2
b, = QWM = _77(1, 1,0)
a,-(az xag) a
az X a 2m
b, =2r—37- "1 770011
2 ﬂ-az'(a?,xal) a(7 7) (74)
2
by = QW& - _77(1,0, 1)
ag-(a; xay) a

These correspond to the primitive vectors of an face centred cubic lattice.

b) Two Dimensional Equilateral Triangular Lattice
The primitive lattice vectors for a two dimensional equilateral triangular lattice are given by
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1 v3
a; = a(l,()) o G =a (57 £) (75)
The area of the primitive cell is given by
3 2
A, = lay x ay| = Y28 (76)
The reciprocal lattice vectors are given by
by —om— X% _ 21(1,_L)
a; - (2% ay) a V3 (77)
Zxa 27 2
e Sy 2)
2 ay-(¢xay) @ V3
These correspond to the primitive vectors of a two dimensional hexagonal lattice.
Problem 7 — Ultracold atoms
The given periodic potential is
74 2
Vi(z) = V()(COS2<E) = 30(1 +cos(ﬂ)) (78)
a a

We note that the potential has minima at x = (n + %)a where n € Z. So near each lattice site, we can approximate

the potential as a harmonic oscillator potential. Quantifying &, = (z — z,,) to be small displacement. Near the

minima, we can expand the potential as,

2
Vie) ~ T0e + 06l

(79)

So the total potential can be written as a sum over harmonic oscillator potentials at each lattice site,

with the oscillation frequency given by

272V,
w =
ma?

a) The ground state wavefunction of a harmonic oscillator potential is given by

_(mw i mwé?
vo6) = (2 exp<— e )

In our case, the ground state wavefunction localized at the n'" lattice site is given by
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w,(z) = <%>4exp (_mw(a;;wn) ) = ( ;)i exp (—%) where s = % (83)

where z,, = (n + 3)a is the position of the n" lattice site. The bloch wavefunction can then be written as
a superposition of these localized wavefunctions as

1 o
T)=— e rrw, (z 84
b) We also need to find the nearest neighbour hopping amplitude ¢. The hopping amplitude is given by

w,, () (85)

For our localized functions with Gaussian tails, the major contribution only arises from the sites n and n + 1.
Therefore, we can approximate the potential V' (x) between these two sites as a harmonic oscillator potential
averaged over the sites. The potential can be approximated as

1 1
V(z) ~ imaﬂ(x —z,)° + §mw2 (z— xn+1)2 (86)

Note that =, ; — x,, = a.We changing variable to { = x — z,,. Also note that the Wannier functions are
represented in terms of the Harmonic oscillator eigenfunctions ¢, (z). This gives us,

o8] h2 d2
t=— [ deaie-o [—%gé + S (€ — a>2] Po(6) (57)

—0o0

After completing the algebra, the hopping term comes out to be,

hﬂ%3+z
2 Vm\ 2 4 h?

(88)

16/ 16



