
Lecture 24  
Solving Navier-Stokes Equation for Steady-State and Fully-Developed 
Flow  - Part 2: continue with Cartesian coordinate     

A)  Laminar Flow in a falling film (even more explanation) 

B) Laminar Flow Between a Fixed and a Moving Plate: Example of 
rheology applications (e.g., rheometers).   



In the previous lecture we reviewed the Navier-Stokes equation. Today we want to solve this 
equation for  Steady-state, laminar, and Fully developed flow. 

Before continue with more examples of solving N-S, let’s review some terms.



ii) Fully developed: Means there is no spatial variation  for the velocity of the fluid in the 
direction of the flow 

Review of Some terms, and their meanings:  

i) laminar  flow: means that velocity field is parallel and along the direction of the flow.



iii) Fluid-Solid boundary condition:  When the fluid is fully developed, the velocity of fluid matches the 
velocity of the solid surface at the boundary:

iv) Fluid-Gas boundary condition:  Free-slip boundary condition.  In this case, the derivative of the 
velocity along the direction of the interface plane should be zero.

In other words the velocity of the 
immediate layer of fluid in touch with 
air is exactly the same as the layer 
below it, because that’s what 
deriving to forward and it doesn’t 
receive any force from the gas



A)  Reminder: Laminar Flow in a falling film: What we did… 

A1) we applied the assumptions to simplify the situation (V and P)



A2: next we applied the boundary conditions, we have one Liquid-Solid and one Liquid-Gas 
boundaries

A3: Now we are ready to try to solve N-S. But N-S is a vector equation, it means there are 3 equations 
each for one direction (Vx, Vy, Vz). Should we write down all? 



Navier-Stokes in compact form: (true for all coordinate systems)

Navier-Stokes expanded form in ‘Cartesian-coordinate’

Look at Table 3.4-1 The equations of motion in rectangular Cartesian coordinates



Let’s see how our efforts in steps 1-to-5 will help us in simplifying these equations:  



Well, we found that velocity is only in x direction. Therefor IF we are only interested in deriving the 
velocity field, we can only write down N-S in the x direction (equation a).  But note that if you are 
interested in Pressure, P, it could vary in y direction (equation b)



We made a ramp with 45 degrees, and did this experiment in class:



https://wiki.anton-paar.com/ca-en/flower-honey-blended/

Let’s see how our almost free and simple experimental setup compares with the 
measurement that is done with a  50000$+  equipment.. 



Pause point!



B: Flow Between Fixed Plates with Upper Plate Moving (e.g., 
rheometers).
We have a flow between two very large parallel plates, separated by a 
small distance h, as found in a parallel-plate.  

Assume that the flow is steady state, fully developed, laminar, 
incompressible and Newtonian. he upper plate moves with a constant 
velocity v0. There is no external pressure

Question B1: What is the Velocity profile of the fluid?  





So far we have significantly simplified the situation, our velocity is only the function of y, and 
also only in x direction! Now we are at a good place to use N-S equation, in this case, our 
coordinate system is cartesian.





Question B2: By having the velocity profile of the fluid, can you calculate the shear stress tensor inside 
the fluid? 

Force #3: The force that is due to shear stress.  

The shear force  Tau (T) is can act on any of the face directions of the cube (x,y,z), and it 
can be at any direction (x,y,z).

More precisely, for a newtonian fluid, the shear stress tensor and velocity are connected like bellow:

Now if we substitute these into our equation of motion, we will get rid of shear stress and will find an 
equation that is only for velocities, called Navier-Stokes equation
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