
Lecture 26

A) Applying the Law of Flow in Cylindrical Pipes (lecture 25) to 
Study Fluid Networks: Analogy with Ohm’s law 

B) Briefly exploring another important example using cylindrical 
coordinates 

C) Reynolds number: A deeper look



In the previous lecture we drove ‘Hagen–
Poiseuille’ Law for Cylindrical Pipe Flow:  

it describes laminar flow rate of an 
incompressible, Newtonian fluid through a 
long cylindrical pipe

A) Applying the Law of Flow in Cylindrical Pipes to Study Fluid 
Networks

Now remember from you previous courses, 
the simple Ohm’s law:  

 It describes the electrical current (electrical 
flow) through a resistor:



Example: We are designing a simple microfluidic device. What is the  fluid flows Q2, Q3, Q4, Q5 if we 
know apply the pressure difference shown bellow?
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division method for design (see Section 3.4). In this specific

configuration, our interest is in the relative ratio between the

hydraulic resistances of the channels with the same micromixing

structures, not in their absolute numerical values. Suppose

micromixers with the same length and structure are connected in

parallel from one node61,67 (or common channel68) to the other.

Then, their hydraulic resistances and the pressure drops between

the two nodes will be equal to each other. Therefore, the ratio of

flow rates divided into each micromixing channel will be equal to

‘one’ and invariable to a wide range of operation flow rates or

Reynolds numbers.

4.3 Flow fraction

If the mixing between two incoming streams is very slow, then

there will be a clear boundary between the two streams. This

phenomenon happens if less diffusive particles or molecules are

flowing within the streams; the Peclet number (Pe) will be rela-

tively large in this system because the diffusivities of particles,

cells, or macromolecules can be quite small.69 The Peclet number

is defined as

Pe ¼ VD

DD

z
UDH

DP

(21)

where V [m s"1] is the characteristic velocity transverse to the

diffusion (or the area-averaged velocity U [m s"1]), D [m] is the

characteristic length (or the hydraulic diameterDH of the channel

[m]), and DD [m2 s"1] is the diffusion coefficient of molecules (or

the diffusion coefficient of the particles within the liquid stream

DP [m
2 s"1]). It is known that the diffusivity DP depends inversely

on the particle size according to the Stokes–Einstein

equation.22

The boundary width can be predicted given the flow ratio

between the incoming streams. It is known that, for fully devel-

oped laminar flows far from the channel node, the channel length

has to be substantially longer than the channel hydraulic diam-

eter: L[DH, L/DH [ Re, and Re < 2300.22 Therefore, steady-

state flow fraction starts to occur at the distance l [m] from the

channel node that is roughly l z w # Re (assuming DH z w),

and its velocity profile becomes the parabolic shape. From this

2D model, the partial areas of the parabola will be proportional

to the volumetric flow rates of each stream: S1 : S2 ¼ Q1 : Q2

(Fig. 8a). Similarly, there will be a virtual boundary fractioned by

each outgoing stream: S3 : S4 ¼ Q3 : Q4.
70,71

Assuming pressure-driven flows and no-slip boundary

conditions in a high aspect ratio channel (e.g., Hele-Shaw limit:

h/w $ 1), the flow velocity is independent of the position across

the channel width. From this rough 1D model, the boundary

width is accurately approximated by the ratio of the incoming or

outgoing flow rates with (Fig. 8b):72–74

w1

w2

¼ Q1

Q2

or
w3

w4

¼ Q3

Q4

(22)

However, in order to make a more precise prediction, we must

take the actual 3D flow profile at the rectangular cross-section

into account and use the flow rates for each incoming or

outgoing stream to determine the fractioned boundary width.75,76

Fig. 8c illustrates an equivalent electric circuit. By supplying

input flows from external pumps with different ratios, each

incoming stream can be actively divided into fractions with

different boundary widths. Similarly, the fractions of each

outgoing stream can be controlled by different ratios of the

output volumetric flow rates that depend on hydraulic resis-

tances or simply channel lengths of the output channels with the

same cross-section.

4.4. Shear stress

Channel surface plays an important role in microfluidic

networks, especially for cell-based studies, such as adhesion, cell

Fig. 7 Illustration of diffusive mixing in a long channel with the length L

and the width w. QB and QS are the volumetric flow rates of incoming

buffer and sample solutions, respectively. CB and CS are the initial

concentrations of the buffer and sample solutions. The outcome of the

full mixing is diluted sample with the volumetric concentration value C.

Fig. 8 Schematic of a typical flow fraction-dependent microfluidic

network when Q1 > Q2 and Q3 < Q4. There exists a boundary (dotted

lines) between the two incoming streams or the two outgoing streams. (a)

2D model (e.g., parabolic flow profile) to estimate the boundary width.

The partial areas of the parabola (S1 and S2, or S3 and S4) are propor-

tional to the volumetric flow rates of each stream (Q1 and Q2, or Q3 and

Q4). (b) 1D model (e.g., flat flow profile) to estimate the boundary width.

With this rough approximation, the ratio of the boundary widths of the

two incoming streams (w1 : w2) or that of the two outgoing streams (w3 :

w4) can be estimated with the volumetric flow rate ratio of the input

streams (Q1 : Q2) or that of the output streams (Q3 : Q4), respectively. (c)

Equivalent electric circuit.
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Please read this for more information, now you know everything to understand this paper: Design of pressure-
driven microfluidic networks using electric circuit analogy (2011)

dose–response over a concentration range spanning 6 orders of

magnitude. An alternative compact design was obtained by

a hybrid 2-layer configuration of the serial and the proportional

networks.56 This approach could significantly reduce the total

number of cascaded serial dilution stages for 14 doses with

a combination of 4-order logarithmic and 4-point linear

concentrations. The Voldman group designed a serial network

that simultaneously generated a logarithmic concentration

gradient and logarithmic flow rate (or shear stress) gradient

across a 4 ! 4 cell perfusion array.162

The serial networks can easily generate high orders of loga-

rithmic concentrations, which is useful for dose–response

experiments and high-throughput drug screening and optimiza-

tion. However, a large number of serial dilution steps can result

in a large occupancy area of the device and a large dilution error

accumulated from previous dilution steps. For operation with

Fig. 11 Selected examples of serial networks to generate concentration gradients. (a) Generalized serial dilution module for monotonic and arbitrary

microfluidic gradient generators: (i) generalized microfluidic serial network, including N cascaded-mixing stages that mix two solutions to each output

port with the desired output concentration Ci and output flow rateQi; (ii) devices, fluorescence images, and intensity profiles for the linear concentration

profile; (iii) devices, fluorescence images, and intensity profiles for the 2-fold log profile; and (iv) PSpice electrical analysis, devices, fluorescence images,

and intensity profiles for the Gaussian profile (reprinted with permission from ref. 27, copyright 2009 Royal Society of Chemistry). (b) Serial network

integrated with herringbone patterned micromixers (from ref. 161, copyright 2003 American Chemical Society). (c) Serial network integrated with

serpentine Tesla micromixers (from ref. 58, copyright 2008 Royal Society of Chemistry). (d) Serial network with different cross-sectional channel areas

(from ref. 94, copyright 2010 American Chemical Society).
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B) Briefly exploring Tangential Annular Flow (full solution in textbook 
3.4.3)

Tangential annular flow between two concentric cylinders: Here we have a S.S, laminar flow of a 
Newtonian fluid in a cylindrical system placed vertically. Let the flow be well-developed. The flow is 
running due to the rotation of the inner cylinder with the angular velocity give bellow:

Q: Find the velocity profile of the fluid.





full solution in textbook 3.4.3



C) Reynolds number: A deeper look



Activity: What is the Re for the setup bellow:  

We have a chamber, inner radius 3 cm, outer radius 4 cm, the inner rod’s surface is rotating moving 
with approximately 1 cm/s. The system is filled with corn syrup! 



End


