Lecture 3: Coordinate systems



In the previous lecture we learned about vector derivatives:
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These exact formulas are only valid in Cartesion coordinate, but in many of our applications,

spherical or cylindrical coordinates are preferred.
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Kubota, Takeshi, et al. "Ultrasound-triggered on-demand drug delivery
using hydrogel microbeads with release enhancer." Materials & Design
203 (2021): 109580.

‘or engineered devices, for examp

‘B\ood vessels J

oit symmetry that aligns more easi

'y with
e



Choosing the right coordinate system is like choosing the right language: it simplifies the
oroblem and makes the underlying structure clearer. Just as using the appropriate
anguage allows us to communicate complex ideas more efficiently, selecting the correct
coordinate system aligns with the natural geometry of the system we are studying.
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Example 1: Scientists created a pre-tabricated tissue spheroids. They immersed these
iNn a medium consisting of two compartments: Cell Media and Support Gel. This

spheroids

spheroids
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setup helps to keep the cells alive while also allowing for mechanical experiments on the

. The shape of the spheroids is given below:
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Adapted from: Ayan, B., Celik, N., Zhang, Z. et al. Aspiration-assisted freeform
bioprinting of pre-fabricated tissue spheroids in a yield-stress gel. Commun
Phys 3,183 (2020). https://doi.org/10.1038/s42005-020-00449-4

N in spherical coordinates. Where is the spheroid?

ne Support Gel? Where is the interface? (Assume that

the center of the coordinate system is at the center of the spheroid.)
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Similarly, it we want to find the extremum with respect to v or w, we solve:
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Question 2 (from example 1): Next, they used a nozzle to grab the spheroid and transfer it
into the medium. They estimated the force function (through some biophysical
calculations). Below is a simplified version of the force. Which part of the ‘spheroid’s
surface’ is experiencing the maximum amount of force? How much is that force?
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When dealing with these vector calculus operations, the formulas in Cartesian coordinates are
straightforward as shown above. However, in cylindrical and spherical coordinates (or any other
coordinate system), the expressions for gradient, divergence, and curl need to be modified to

reflect the geometry and metric of the specific coordinate system. 2
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INn the next slide, you will find the formulas for the gradient, divergence, curl, and Laplacian in three
different coordinate systems: Cartesian, spherical, and cylindrical.

The detailed derivations of these formulas are not the focus here. What is important is understanding
how to use these formulas and remembering that the gradient, divergence, curl, and Laplacian take
different forms in cylindrical and spherical coordinates. Later in this lecture, we will go through some
examples to demonstrate how to apply these formulas.




Grad, Div, Curl and the Laplacian

Cartesian Coordinates Cylindrical Coordinates Spherical Coordinates
Conve.rsion to B . B X =rcos@sind y=rsingsinf
Cartesian X =pCOsS@ Yy=psing z=2z2 z = rcos®
Coordinates
Vector A Axi + Ayj + Azk App + App + Az At + A + Ay
. dp . dp . o dp.. 1. P dp. 1dp~ 1 dp..
— e —k g ——_ — _— e e () —
Gradient V¢ 8x'+8yl+ zk app-i-pa(pq)-i-az 5 T T agt +rsin98<pq)
1 (r*A,) 1 0Agsin®
Divergence | 9A,  9A, 0A; | 1d(pA,)  19A, 0A; 2o rsind o0
V.A dx dy dz p dp p d 0z 1 JdA,
+—
rsin@ Jde
. 1. . 1. 1 1 -~ 1
! k — —z r  J——
3 3 3 Pp v p rzsinGr rsing. r ¥
a Ay A‘ dp de 0z or a0 o
x Ay Mz A, pA, A A, rAg  rAgysind
1 9 P 1 a0 /. d¢p
| o s | e (P 4 —— 2 (sine e
aplcan | Pg , Pg By | 10 (,30) 17 Pg | FFH) T Ao
Vip dx? Byz 922 pdp "ap p? dp® 022 1 2
t S 3592
resin” 0 dg




Example 2: In an environment with a nutrient source, the concentration of the nutrient is given by the
function below. Multiple bacteria are present in this environment. We know that these bacteria move
towards higher concentrations of the nutrient by following the gradient. Determine the direction in
which the given bacterium will move:
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Example 3: The fluid (water) in a Bio-fuild device has the velocity (V) given bellow (in cylindrical
coordinate).
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calculate the divergence of this velocity field, does the obtained value makes sense?



Soluljown:

Grad, Div, Curl and the Laplacian

D
Cartesian Coordinates Cylindrical Coordinates Spherical Coordinates v \/ . \ \
Conversion to L : vt :
, - . B X =rcos@sind y=rsingsin®
Cartesian X=pcosp y=psing z=2z z = rcos@ Y ) ‘
Coordinates ;
Vector A Avi + Ayj + Azk App+ App + AsZ AT+ Agl + App
o ab. op . o b 19p. . b 13- 1 9.
hts_14 e — K —_— - z —_— — )
Gradient V¢ x T «)y’ Tz k ()pp T qu)q, Tz o "7’ T rsine Dq)q’ M
\’\/ )
1 d(r*A,) 1 dApsind L \Vb °
Divergence 0A; | A, | A, 19(pA,) | 104, | A, T 9y T rsmnd o0
V.A dx  dy = oz pdp pdp oz 1 04,
' rsin@ de¢
. 1. . 1. -
i J k -p @ -z = : r ] 0 lJ» -
3 3 2 p p r*sin@ rsing r S—
o, C L4 —_ —_— o — — —
) A-" ) p ¢ oz ar 20 3¢ r
x 7Ty T2 A, pA, A A, rAg  rA,sin@
18(,84)) 1 ()(, 04))
: ’ ) ” ’ > 5= |\r=-)+5—=55|sinf==
Laplacian P . *P N P li ( ()_‘p) . la-(p . P y2 or dr r* sin@ 90 J0
Vi ax* a9yt 9z? pop \Pop) T et Tt 1 9%¢
t 5 ) B
resin® 0 de*




Appendix: Derivation of Grad operator in spherical coordinate

(As an example of the lengthy procedure of deriving grad, div, curl in other coordinates)



Lookiv\l ot Ahic Y)em'\r\c]-iv\e, W wa)-e,sio\\,\ Goo 74N ‘H—-@ .

)01 Ve want tp c,\'\w\5<, ’H\e, coor diMa e +o\sq>he//i<—o\|
we showld know Woew 1o wvite Mhese, ™ SPhevich) cerdinnia

—_— ~
DN~ 23 > E

A n ~ —

N /Y / /i W sphorl CD\l oaf&l“\le@-w\\‘\' VQ,C:“OY

3 D

_}N\/ X\A %?_ L'\ g@’\\,@qu CooYA\\J\\J(Q_S & duivy e S






de(‘ “.ﬁ we, Wavp, o fie»lJ V&LJ'OY f C K1 w V) wWeXe
AN . | . "
W,w;V odg O\ bi—}fo\\/\& (dinnte, W oan wh\+V°~J
Coo Y AWte sustums We com Lind Hho,

AT I
/\ >
Qun = é‘f



how lef's @mecd Mis 4o owi Case =L_Y_\‘(ﬂ4i)J
RN Ei T)( Ylélfp)

66 = \}; (Y V(a,CM) Y %t (YCexqv)

( 6@

=

=
[COSC\? W<e /V\ 4 g\\:&? ValV= &_3\\:\8 Z.] O

' '2 CoscP%se-‘fgw\ 4\360&9‘\- S\V\QY ~Y[T (®

2. _ ®osh wieR + Sy OSSN - SMe z



"3£ We do +he Sawg <£OY 6«}? e wil XQ/_I-
( .Fy\i o\V\d C22 'uf “jo\l\ Cow\ <>\)A’c)\°\‘t\’\"\(\‘\&)'~

Z A
Co ~SmOX 1 axp Y

N /\ ~ /™ /i
o O Cy = S\\:\eCoSCP X + Swe oY + 58



X = ( CDSCP Siwe
-2 = Y WwSe

PR @S Sime
¢
K

3
2K ¥ cosdh WSe
RY=

)1&: - YS\\@ NIS
¥

— Siwd e
Sy = %

B\Y - Swd
A6

Y _Ywsd Sins
P

9 — = <o
QY
e — -1 SGwo
RN
22 _ 5






A

S = < (\) SMe 2 4 0sPWwEe X
Y e | (e Ry

fl—ex Sowe c,o\(cc/\\oxl-i MW S e

(

TSind >

-r

N @sb

YY) I o w

Q)
®)



_> ‘
Wow We canm  CollWdhre V—ﬁ W spheriad) by hevine

09,99, /0 \%&
— A~ a /~ N go\m\_e CAX\ C\l\\ D\f"‘l'ow S .-
v — >< L —\-\( L + Z ~ —_—

—‘v— - ? L + g D —\—L ® R



Similar to spherical coordinates, we can perform the lengthy calculations to obtain the
gradient, divergence, and Laplacian in cylindrical coordinates. The results for both
coordinate systems will be provided at the end of the lecture.

The detailed derivations are not important. What is important is understanding how to
use these formulas and remembering that the gradient, divergence, and Laplacian in
cylindrical coordinates have different forms.
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