On Continuous Distributions
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In this article I will write about continuous distributions, including their properties and their deriva-
tions, without using advanced concepts such as measure theory.
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1 PDFs and CDFs

Suppose we want to randomly choose a number in the interval [0,100] so that ‘every number is equally
likely to be chosen’. The natural question to ask is, what do we mean exactly by equally likely? The set
[0,100] has infinitely many elements, so the probability of choosing an ezact given value is zero. How do
we resolve this? The answer is by using arbitrary intervals: The probability of choosing a number in the
interval [a, b] is (b — a)/100 for any 0 < a < b < 100.

The distribution above is called the uniform distribution on [0,100], denoted as U 100). However, that
is not the only distribution out there. We can have distribution on other intervals, and even if we are just
taking a distribution on [0, 100], there can be distributions where it is more likely to choose one number
than the other, e.g. choosing a number nearer to 0 being more likely than choosing one near 100.

The way we describe a distribution is by using probability density functions (pdf). For a continuous
random variable X with distribution D (written as X ~ D), the pdf fx(z) of X is the function such that

b
Pla < X <b) :/ fx(z) dx
for any a < 0. For example, the pdf of X ~ U] 100 is

1/100 if 0 <2 < 100;
fe(@) =4 .
0 otherwise.

fx(z)
1/100

Pla < X <b)=(a—1>)/100

Figure 1: Uniform distribution Ujg 1]
There are a few properties to notice. Since P(X € R) =1 and P(a < X <b) >0,

fx(z) dr =1 and VzeR: fx(z) >0
YV

for any pdf! fy(z).
The cumulative distribution function (cdf), or distribution function in short, of X is

Fﬂ@:MX§@:K%h®ﬁ

Notice we used t in the integrand instead of x because we have already used the symbol z in the bounds.
The cdf for X ~ Ug 100] is thus

0 if z <0;
Fx(z) =< x/100 if 0 <z < 100;
1 if x > 100.

'We assume these pdfs are Riemann integrable. You can ignore this if you haven’t heard of this. It roughly means it
cannot be weird functions such as f = 0 at rational numbers and f = 1 otherwise. We cannot integrate it the typical way.
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A simple corollary is that F%(x) = fx(x). Using this corollary, we can find the pdf of g(X) where g is
a function taking X as input:

() = - P(g(X) < ).

Writing the pdf of 3X + 1 in terms of the pdf of X

d d x—1 1 x—1

Writing the pdf of X? in terms of the pdf of X

d
fx2(z) = %73(X2 < x). We have two cases:

d d
< . —_ 2 < = — —
x <0 de(X < x) da:<0) 0
d 5 d
: — < = —P(— < <
x>0 de<X <) dxp( Vo < X < Vx)
d
= %(Fx(\/@ — Fx(—V'z))
_ fx(V7) | fx(=ve)
2\/x 2z
In the last line we used the chain rule. Therefore,
0 if x <0;
fx2(z) = § fx(@) + fx(—2) TG

2V

The expectation, or mean, of a continuous random variable X is defined as

E(X) = /vxfo(x) dx

The Law of the Unconscious Statistician (LOTUS)

Blo() = [ afyo@) di= [ g@)fx(o) da

[e.o]

The proof of this is complicated. I will write a new article about this.

and its variance and standard deviation are defined as

Var(X) = B(X*) — E(X)? and  Sd(X)=+/Var(X)

2 Multiple Continuous Random Variables

If we have two variables X and Y, we can construct a pdf with two inputs fxy(z,y) so that

P(X,Y)e A) = // fxy(z,y) dx dy for any closed region A.
A



This means, instead of calculating the probability by finding the area under a curve of a 2D pdf graph, we
calculate the probability by finding the volume under a surface of a 3D pdf graph. Such a pdf must also
satisfy similar properties such as the total volume under the surface is 1 and the pdf is always nonnegative.
If fxy(z,y) = fx(x)- fy(y) for all z,y, we say that the random variables X and Y are independent.
We will normally deal with independent variables.
If X ~D; and Y ~ Dy are independent variables, we would like to find the pdf of Z = X + Y

f2le) = dimz <)

:—PY<Z—X)

/ / fxy(z,y) dy dz
o ([ )

z/_oofx(fv)-fy(z—l‘) dz

This will be important later on. Also, for some positive constant ¢, the pdf of Z = ¢X is

d d z 1 z
_ 4 <)== <Z)== e
f2(2) dzP(Z <2) dz73 (X - c) c Ix (c)
Finally, let’s find the pdf of Z = X/Y.

falz) = Pz < 2)

:—PX<YZ)

//fxyxy dy dx
/fy ([ e as) ay

_ / v () fx(yz) dy

If X and Y are two random variables (might not be independent!), we have:

Linearity of Expectation

B(X+Y)= / / ) e ) €y

N //vz,y fxy(@:y) dy do + //M’y yfxy(z,y) dy dx
:/ x( fxy(z,y) dy) dx+/ y< fxy(z,y) dx) dy
v K Yy VY

_ / 2fx(z) do + / yfely) dy
= E(X) + E(Y).

and E(cX) = [1 ez fx(z) dz = c/ o fx(z) do = cB(X).

Yz




If X and Y are two independent variables,

Multiplicity of Expectation for Independent Variables
BEOBY) = [ afs@) do [ ufv) du= [[ @teran) dody= BXY),
T Y T,y

(Semi)linearity of Variance for Independent Variables

Var(X+Y)=E(X+Y)?) - E(X +Y)?
=E(X?)+2E(XY)+ E(Y?) — E(X)? —2E(X)E(Y) — E(Y)?
=Var(X)+ Var(Y).

and Var(cX) = E(c*X?) — E(cX)? = Var(X).

Proving that X and X + Y are Not Independent if X and Y are Independent
Pe<X<z+4+drandy— X <Y <y— X +0y)

fxxiv(z,y) = lim lim

dx—0 dy—0 51,51/
T Ee) [[E ) do] d
= a0 6;I—>n0 0y
~ lim JER fxe(u) fy (y — w) du
520 I

= fx(@)fyr(y — =) # fx(2)fr(y)

3 Normal Distribution

We come to our first famous distribution: the normal distribution. Any continuous random variable X
having the pdf in the form?

1 1(z—p\’
fx(z) = exp | —= (x ,u> for some p and positive o
oV2m 2 o

is said to belong to a normal distribution, denoted as X ~ N(u,0?). Figure 2 below shows the pdf of
N (1, 0?). Even though this distribution is determined by the mean p and variance o2, we can always
apply a transformation to the pdf of N(u,0?) by denoting Z = (X — p)/o, transforming X ~ N(u, 0?)
into Z ~ N(0,1), as shown in Figure 2.

This transformation is called standardisation. The resultant pdf is much simpler, given by

fale) = = (—%)

2Here exp(x) means e®.



fx(z)

u
Figure 2: Normal distribution A (u, 0?)

fz(2)

0

Figure 3: Standard normal distribution N (1,0)

3.1 Properties of the Normal Distribution

These properties are fun to prove using what we have learnt so far:
e The distribution is symmetric about pu.
e The mean of X ~ N(p,0?) is pu.

e The variance of X ~ N (u,0?) is o2



The Sum of Two Independent Normal Variables is Normal

Say X ~ N(u1,0%),Y ~ N(uz,03), then the pdf of Z = X +Y is

fale) = / " Bl — )

- [ 22t i)

oo o1V 21 o9V 2T

1 /°° 12—y > 1 fz—x— 42 2 d
= exp | —= —_ | —= x
2m0109 J_ o = 2 o1 2 (op)

dx

o
= (constant) / exp [—A(z + some linear in z)* + some quadratic in z| dz
—0oQ
o
_ (COHStant)equadratiC in z / e—A(x-‘,- some linear in z)?2 dx
—0o0

— (Constant>€quadratic in z

Therefore Z is normal. We do not have to specifically find out what the constants are because
we know E(Z) = E(X)+ E(Y) = 1 + po and Var(Z) = Var(X) + Var(Y) = o3 + 03. Thus
X +Y ~ N(u + pa, 07 + 03).

3.2 Deriving the pdf for N(0,1) from B(n, p)

One of the reasons we study normal distributions is due to the binomial distribution B(n,p). Recall the

binomial distribution formula

Buyo) =

n)pxq”_“ where z =0,--- ,nand ¢g=1—p.
x

If we plot the graphs of B, ,(z) with fixed p and varying n, we get the following:




As we see above, the graph gets wider as n increases because the domain enlarges. The height of the
graph is also falling because as the domain enlarges, the sum of the probabilities must still be equal to 1.
We know that the mean and standard deviation of B(n,p) are = np and o = ,/npq respectively. So, in
order to get a converging sequence of graphs, let’s shift the distribution of B(n, p) to the left by p, shrink
it horizontally by o, and then stretch it vertically by ¢ to maintain the sum-equals-one property:

[ ] 1 [ ]

Figure 5: The graphs of y = 0B, ,(cx + u) for n = 5,7, 11.

Now we're converging (or at least we seem to)! Suppose they converge to N(z). For fixed n, the point
(x,0B,,,(0cx+p)) on the adjusted Binomial graph corresponds to (u, By, ,(u)) = (0x+p, By, ,(0z+41)) on the
original Binomial graph. Therefore, the gradient of the line connecting (u, B, ,(u)) and (u+1, By, ,(u+1))

1S
Bn,p(u + 1) — Bn,p(u) _ n pu+1qn—u—l o n puqn—u
(u+1)—u u+1 u

This line, after transforming it onto the adjust Binomial graph, is shrinked horizontally by ¢ but stretched
vertically by o, so its gradient is o2 times larger than the expression above, i.e.

N/ — 1 2 n u+l n—u—1 n U, nN—u
(z) = lim o [(u+1)p q <u P'q

This is hard to handle, so let’s divide this by N(z) = lim 0B, ,(0x + p) = 0B, ,(u).
n—oo

N o e = (et
. N($) n—00 O-(Z)puqn—u
—— ST

. np —Ty/npq —np —(q
= lim /npq -
n—oo qx\/npq + npq +q

—(pgx)n — (q/pg)n'/?

~ L g+ (qz/Pg)n'’? +q
but ]]\\Tf,g; = % n(N(z)), so

In(N(z)) = —2%/2 +¢
N(z) = Cexp(—1?/2)

where C' is a constant. Now we just have to solve for C' in

00 2
/ Cexp <—%) dr = 1.



However, [*°_exp(—2?) dz = /7 is a classic calculus problem (perhaps I will write about it). Therefore,
in this case C' must be 1/4/27. In conclusion,

N(z) = \/1_exp( %2)

is the desired curve.

4 Sample Statistics

Suppose the variables Xi,---, X, are independent but all have the same distribution D. We say that
Xy, -+, X, are independent observations of X ~ D. A set of independent observations { X1, -+, X, } is a
sample. Given a sample S, we can construct any function taking inputs from S. These functions are called
statistics. For example,

Xy 44X,
Sample mean: X — 1+t
n
X — X244 (X, — X)2
Sample variance: 32:( 1 )+ 1+( )
”’L_

are commonly-used statistics. From section 2, we know that we can find the distribution of X by finding
its pdf.

Suppose D = N (1, 0?). Since the sum of two normal variables is normal, by induction, X; + -+ + X,,
is normal. By the linearity of expectation and variance,

X ZEZE(X):E'”M:M-

Var Z Var(X no’ = U—.

Therefore X ~ N'(p,0%/n).

Central Limit Theorem (CLT)

Even when X is not normal, if X;,---,X, are independent observations of X then the dis-
tribution of X converges to N (i, 0?/n) when n — oo.

This is also a hard theorem to prove, I will write about it in the future.

Suppose we want to estimate the mean p and variance 0% of a population. If we were given access to
every possible data value of the population then we can get p and o2 easily. However, when we only take
a sample, we can only evaluate X and s2. First of all, why is the denominator of s2, the sample variance,
n — 1 instead of n, the number of values taken? Second of all, how are we sure that X and s? give good
estimates of u and ¢2? Third of all, how confident are we in these estimates?

We answer the first and second question together. We say that a statistic T is an unbiased estimate of
a value 6 if E(T) = 0. For example, X is an unbiased estimate of x4 because F(X) = u as shown above.
Since the formula of X looks exactly the same as that for 1, one would expect that S? = Y (X; — X)?/n



is also an unbiased estimate for o2. However, since 0% = E(X?) — E(X)? = E(X?) — u?,

E(s?) = E (% ix}) B ((Z”:Tl)()Z)

= B(X?) - %E(X2) - % : (Z) E(X)E(X)
S( )t
_ n 1027&02

suggests otherwise. However, in light of the (n — 1)/n term, we see that by replacing the denominator of
S ton — 1, we have F(s?) = o2 instead. Therefore s* is an unbiased estimator for o2, while S? is not.

To answer the third question, we previously proved that X ~ A (i, 02/n), so for large values of n, the
standard deviation is very small and hence we are very confident that X is close to u. The problem is,
how confident is confident, especially when n is small? If we want to find an interval so that X has a 0.9
probability to lie in it, we just standardise and solve

P <—20.95 < a < Zo,g5> =0.9

a/v/n

_ o — o
P <X - 20.95ﬁ <p< X+ 20.95ﬁ> =0.9

where zg95 = 1.645 is the value of z such that P(Z < z) = 0.95 whereby Z is normal. This is mathemati-
cally correct, but we have no idea what the value of ¢ is in the first place. We will resolve this problem in
the t-distribution section.

5 Chi-Squared Distribution

In section 1, we found that the pdf of Z = X? is

0 if 2 <0;
f2(2) = fx(V2) + fx(=V2)
2y/z

In this section, we will study the case when X ~ N(0,1), so fx(z) = exp(—2?/2)/v/27, giving

if z > 0.

0 if 2 <0;
fz(z) = { exp(—2/2)

2wz

if z > 0.

Therefore, the distribution of X? looks like Figure 6 (asymptote at z = 0):

This is called the chi-squared distribution with 1 degree of freedom. In general, the chi-squared distribu-
tion with n degrees of freedom, denoted as x?2, is the distribution of Q, = X7 +--- + X2 where X1,--- , X,,
are independent observations of X ~ N(0,1).

Firstly, the sum of two independent chi-squared distributed variables with a and b degrees of freedom
respectively is chi-squared distributed with a + b degrees of freedom. This is simply because (X7 + - -+ +
X2) 4+ (Y2 + - - + Y}?) is just the sum of squares of a + b standard normal variables.

10



fx2(z)

T

Figure 6: Distribution of X2 if X ~ N(0,1)

(n—1)s

5 ~ Xiq if Xq,---, X, ~N(y, 02) are n independent observations.

g

Standardise Z; = (X; — p)/o. (n —1)s*/0? can be written as a sum of n — 1 squares:

(n—1)s? Zzz_(Z1+---+Zn)2

o2 , n
1<i<n

:”;1 3 Zf_% S 2z

1<i<n 1<i<j<n

n—1 1 1 ’
= [/ 7, — A N S )
( n vn(n—1) n(n —1) >

_9 2
+Z_1 > #-— Y 7z

1<i<n—1 1<i<j<n—1

2
1
Z, cee— —1)Z1> by induction

- k—1 1
:;( T e Tk

It is a fun exercise to prove that each squared term at the end is standard normal. However, it is
extremely difficult to prove that they are mutually independent using the tools we've learnt so far
(we can proceed something similar to how we proved X and X + Y are dependent in section 4).
We will accept the fact that the above expression is a sum of n — 1 independent standard normal
variables, and hence has the chi-squared distribution with n — 1 degrees of freedom.

Since its pdf for z < 0 is obviously 0, we have

0 if x <0;
fo.l@) = {gn(x) ifx >0

for some function g, (z). Henceforth we just find g, (z).

11



5.1 Deriving the pdf for the Chi-Squared Distribution

Finding the pdf for x3

—x/2
From above, g;(z) = w. Let’s find the pdf for Qy ~ x3 for # > 0, which is
T

ga(x) = / " Falfxale — ) dt
- [ an@-va

0

_ [fepl=t?2) ep(-@=1/2)

o V2mt V2r(z — 1)
eXP(Q—:/Q) /Ox t(xl — dt
_ exp(=z/2) [arcsin (% . 1)r

2 t=0

= %exp(—m/?).

The distribution for x3 looks like Figure 8:

fx2(z)

x
Figure 7: Chi-Squared Distribution 3
Now that we have g; and gy, we can construct a recursive relation of g,. Since X7 + --- + X2 =

(XZ4- 4+ X2 )+ (X2, +X?) and X?+---+ X2, and X2_, + X? are independent, the random variable
@, is just the sum of two independent variables () and @), _». Hence

@) = [ Souult): fasle—1) d

1 [* Tz —t
== | guslt —D ) at
[ e (557)

If we write g, (z) = 27"/2h,(x) exp(—x/2), the above expression simplifies to
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Finding the pdf for Chi-Squared Distributions with Even Degree of Freedom
k1
Since hg(z) = 1, we can prove by induction that hoy = W, because
l‘kil ap tkfl xk
hoy = = h = —— dt = —.
T k= 1) 20k+1) /0 (k—1)! k!

In conclusion, we have that the pdf for x3, is

0 if x <0;

;xk_le_mﬂ if x > 0.

2k(k —1)!

Here, we find the pattern by integrating h;(x) many times. A similar method can be used to find the
pdf of those with odd degrees of freedom.

Finding the pdf for Chi-Squared Distributions with Odd Degree of Freedom

05 92k .| pk—0.5
Since hi(x) = ——, we can prove by induction that h = ————  because
1( ) \/7—T y W prove by 2k+1 (Qk)!\/7_r )
22kk!l'k_0'5 T 22kk!tk_0'5 22kk!$k+0'5 22k+2(k + 1)!$k_0’5

TSIV S /0 e T Gron e . @kt e

In conclusion, we have that the pdf for x3,., is

0 if x <0;
2505kl 0s —x/2

k)T

if x > 0.

Combining both cases, we have that the pdf of x2 in general is

(0 if x <0;

1
L en/2—1 _—x/2 . . .
fo.(x) =< 20/2(n/2 — 1)! T e if n is even and z > 0;

2n/2—1(n74)!

[ (n—1)!

g2l /2 if nis odd and z > 0.

S
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The Gamma Function

The gamma function I' : R — Ry is defined as

Some properties include
e I'(1)=1, T(0.5) =7
e I'(z)=(x—1I'(x—1)
o I'(z)['(z 4 0.5) = 2'72*T(2x)

Using these facts, we can prove easily by induction that for n =0,1,---

Y

e I'(n+1)=n!

VF(2n)

e '(n+05)= m

Using the Gamma function, you can simplify the pdf as

0 if x <0;
fo.(z) = 1 /2—1_—z/2
n . n X f .
—2"/2F(n/2) T e iter>0
fa. (@)
T

Figure 8: Chi-Squared Distributions x?, x3, X3, X3, X2, X2

6 Student’s t-Distribution

We answer the question raised at the end of section 4: Let Xy, -+, X, be n independent observations of
N(0,1). How do we find an interval, in terms of X, such that p has 0.9 probability to lie in it? Previously,
we considered

X—p
o/v/n

=P (Y — 20_95% < < 7—}— 20.95%> =0.9

N(0,1)
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but we noticed that ¢ is unknown. Therefore, we will consider the distribution of

X —p
s/v/n

instead, where s is the sample variance. This distribution will differ according to n and is known as the
Student’s t-distribution, or t-distribution in short, with v = n — 1 degrees of freedom.

(g tn,1 (O, 1)

6.1 Deriving the pdf for the ¢-Distribution
Note that

Recall from section 4 and 5 that

R = a/ﬁNN(O’l)
12
T:(n 21)3 o

We will accept the fact that X and s? are independent without proof (Informally, they measure completely
different things: X measures size and s> measures spreadness, so one does not affect the other). Therefore
U and V are independent. It remains to find the pdf of W = /n — 1 - R/v/T where R ~ N(0,1) and
T ~ x%_,. Since the ¢-distribution is symmetric, let’s just study w > 0 below. Denote v =n — 1.

fw(w) = %P(R < wy\/T/v)

S wA/t/v
A / Fa(r) dr dt

dw 0 —00

- prien/L - (w\/2> dt

/oo /2L exp(—t/2) \/? 1 w? ot
p— _— eX —_— . —
o 2 (Z) Vo ver P2y

_ 1 /oo H=1)/2 exp | — 1 (1 =+ _wQ) t dt
ov/2T (%) V2 Jo 2 v
———

K

1 00
= (W=1)/2 gy (_
1

_ KOS T <’/+ 1)
2v/2T (£) V2mv 2
)

15



Figure 9: t-Distributions t1, t9, t3, t4, t5, tg

In Figure 9, the one with the lower y-intercept has the lower degree of freedom.
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