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1 ·Kü�úª,½n,5�Ü8

únµ

(L1) p→ (q → p)

(L2) (p→ (q → r))→ ((p→ q)→ (p→ q))

(L3) (¬p→ ¬q)→ (q → p)

½nµ

` p→ p (Ó�Æ)

` ¬ q → (q → p) (Ä½c�Æ)

` (¬ p→ p)→ p (Ä½�½Æ)

` (p→ q)→ ((q → r)→ (p→ r)) (HS§b�nãØ)

` ¬ ¬ p→ p (VÄ½Æ)

` p→ ¬ ¬ p (1�VÄ½Æ)
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` (p→ q)→ (¬ q → ¬ p) (� Æ)

üÌ½n Γ ∪ {p} ` q ⇔ Γ ` p→ q

b�nãØ {p→ q, q → r} ` p→ r

�yÆ

Γ ∪ {¬ p} ` q

Γ ∪ {¬ p} ` ¬ q

 =⇒ Γ ` p

8¸Æ

Γ ∪ {p} ` q

Γ ∪ {p} ` ¬ q

 =⇒ Γ ` ¬ p

L�{ü5�:

5� 1 (üN5)

1◦ eΓ ⊆ Γ′§�Γ ` p§KΓ′ ` p¶
2◦ e` p§Ké?ÛΓ§Γ ` p"

5� 2 (;�5)

eΓ ` p§K�3k¡f8∆ ⊆ Γ,¦∆ ` p.

5� 3 (²�5)

½Âµ��5/�N5/Ãgñ5

e�3úªp¦Γ ` p �Γ ` ¬ p,K¡Γ´Ø���£Ø�N�§gñ�¤¶Ä

K§¡Ù����

²�5µeΓØ�N§Ké∀pkΓ ` p.

5� 4 (�y�dO�5K)

ep´q�fúª§q′´?¿úª§p′´^q′O�p¥�q¤�úª

e` q → q′ �` q′ → q;

K` p→ p′§�` p′ → p.

5� 5 (�Â�«/Ü6íØ/�ÂíØ5�)

1◦ eΓ ⊆ Γ′�Γ � p,KΓ′ � p (�Â�üN5)

2◦ eΓ � p�Γ � p→ q§KΓ � q (�Â�MP5K)
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3◦ Γ � p→ q ⇔ Γ ∪ {p} � q (�Â�üÌ½n)

4◦ p´óª⇔ φ � p (Pφ � p � � p)

5◦ p ∈ Γ⇒ Γ � p

6◦ � p⇒ Γ � p§=[ýª´?Ûúª8��ÂíØ

5� 6 (L���5���5)

L���5 Γ ` p⇒� p

L���5 Γ � p⇒` p

 =⇒ Γ ` p⇔� p

5� 7 (��úª)

p�q��§´�p↔ q�[ýª

�äüúª´Ä����{µý�L

2 ��Ü6£��¢cÜ6¤/¢cü�

únµ

(K1) p→ (q → p)

(K2) (p→ (q → r))→ ((p→ q)→ (p→ q))

(K3) (¬p→ ¬q)→ (q → p)

(K4) ∀xp(x)→ p(t),Ù¥�tép(x)¥�x´gd�

(K5) ∀x(p→ q)→ (p→ ∀q),Ù¥�xØ3p¥gdÑy

(*Gen)

½n 1 (From L)

` p→ p (Ó�Æ)

` ¬ q → (q → p) (Ä½c�Æ)

` (¬ p→ p)→ p (Ä½�½Æ)

` (p→ q)→ ((q → r)→ (p→ r)) (HS§b�nãØ)

` ¬ ¬ p→ p (VÄ½Æ)

½n 2 (²�5)

Γ kgñ⇒ K�?�úªlΓ�y

½n 3 (∃15K)

��tép(x)¥�xgd§Kk ` p(t)→ ∃xp(x)
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½n 4 (∃25K)

�Γ ∪ {p} ` q§Ùy²¥GenC�Ø3p¥gdÑy§�xØ3q¥gdÑy§

@okΓ ∪ {∃xp} ` q§�Ø
xØO\Ù§Gen C�

½n 5 (üÌ½n)

1◦ eΓ ` p→ q§KΓ ∪ {p} ` q
2◦ eΓ∪ {p} ` q§�y²¥¤^�GenC�Ø3p¥gdÑy§KØO\#

�GenC�Ò��Γ ` p→ q

íØµ�p´4ª�§k

Γ ∪ {p} ` q ⇔ Γ ` p→ q

½n 6 (Ø����o(−.−))

` ∀x(p→ q)→ (∃xp→ ∃q)

½n 7 (�yÆ)

¤^GenC�Ø3p¥gdÑy§KØO\#�GenC�Ò�±��(Ø

Γ ∪ {¬ p} ` q

Γ ∪ {¬ p} ` ¬ q

 =⇒ Γ ` p

½n 8 (8¸Æ)

¤^GenC�Ø3p¥gdÑy§KØO\#�GenC�Ò�±��(Ø

Γ ∪ {p} ` q

Γ ∪ {p} ` ¬ q

 =⇒ Γ ` ¬ p

½n 9

1◦ ` ∀xp(x)↔ ∀yp(y)

2◦ ` ∃xp(x)↔ ∃yp(y)

Ù¥yØ3p(x)¥Ñy

½n 10

1◦ ` ¬ ∀xp↔ ∃x¬ p
2◦ ` ¬ ∃xp↔ ∀x¬ p
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¢cü���Â

K�i1L,���ó

1!Ü6ÎÒ

(1)�NC� x1, x2, ...

(2)é�c ¬ `
(3)þc ∀ ∃
2!�Ü6ÎÒ

(4)�N~�c1, c2, ...

(5)¼êÎÒ

f1
1 , f

1
2 (��¼êÎÒ)

f2
1 , f

2
2 (��¼êÎÒ)

...

(6)¢cÎÒ

P 0
1 , P

0
2 (0�¢cÎÒ)

P 1
1 , P

1
2 (1�¢cÎÒ)

...

K�)º�,��(�

)º�������Né�§)º�Ï~���/)º0Ú/(�0"

�K(Y)´?��½����ó.K(Y)�����(�´��n�|,P

�M = {D,F ,P}, D ´����8§¡�M�Ø�§´þ�¼ê8§´þ

'X���8§¦�

(1) éK(Y)�z���N~�a§D¥k���NaM

(2) éK(Y)¥z�n�(n > 0)¼êÎÒf ,F¥k��n�¼êfM :Dn → D
(3) éK(Y)¥z�n�(n > 0)¢cÎÒP ,P¥k��n�'XPM ⊆ Dn

£�Ò´rz�ÎÒ�¹Âw��Åì§ù�ù�´åf¤

��±ûbw£ÎÒ«Oþ¡�¤µ

Mäk±e5�µ

(1)éK�z��N~�ci§ÑkM���ci��éAµci 7→ ci, ci ∈M
(2)éK�z�$�Îfn

i §ÑkMþ�n�$�Îf
n
i ��éAµf

n
i 7→ fn

i , f
n
i ´Mþ

�n�$�

(3)éK�z�¢cfn
i §ÑkMþ�n�'XR

n
i��éAµR

n
i 7→ Rn

i , R
n
i´Mþ
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�n�'X

�NC���

é?�K(Y)9Ù��(�M = {D,F ,P},K(y)����NC�£�é

u¤�NC���´��N�V : Y → D
,�«w{£ÎÒ«Oþ¡�¤´�)º§3�N~��)º±�§

ÒI�é�NC�?1)º§l¦�z��Ñ�±�)º¶3)º�

(½±�§�)ºϕBd�NC����ϕ0��(½

éu��¡þc�p§Ú\C�CÏVg

�Pµ�x´,��½��NC�§y´?¿��NC�,�ϕ,ϕ′ ∈
ΦM÷v^�: y 6= x⇒ ϕ′(y) = ϕ(y) £�Ò´rþc�½�x����N�

u�£Ù¢�Ò0/1¤¤

,�P�µé?Ûúªp��NC�x

I(∀xp) =

 t XJé¤kd ∈ D; Ixd = t

f otherwise

Ù¥Ixd = (M,V |xd, v)

(5µ��)º�I´��ÎÜN�I = (M,V, v),M = (D,F ,P)´��(�§

V´����§v ´��£IO¤D�)

V |xd(y) =

 d y = x

V (y) y 6= x

úª�D�¼ê

�P�|p|(ϕ),�Pv

½n 11

1◦ |p|M = 1⇔ |∀xp|M = 1

2◦ �p′ ´p��¡4ª§K |p|M = 1⇔ |p′|M = 1

3◦ |p|M = 0⇔ |∀xp|M = 0

4◦ �p′ ´p��¡4ª§K |p|M = 0⇒ |p′|M = 0

5◦ |p|M = 1 �|p→ q|M = 1⇒ |q|M = 1

½n 12

1◦ Γ � p�Γ � p→ q ⇒ Γ � q
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2◦ Γ � p⇔ Γ � ∀xp
3◦ ep′ ´p��¡4ª,KµΓ � p⇔ Γ � p′

½n 13 (K���5)

Γ ` p⇒ Γ � p

½n 14 (K���5)

Γ � p⇒ Γ ` p

3 ��nØ//ª�â�48¼ê+Ø��5½n

�cúnµ

(E1) R2
1(t, t)

(E2) R2
1(tk, u)→ R2

1(fn
i (t1, ..., tk, ..., tm), fn

i (t1, ..., u, ...tn))

(E3) R2
1(tk, u)→ (Rn

i (t1, ..., tk, ..., tm)→ Rn
i (t1, ..., u, ...tn))

½�±/≈0PR2
1

(E1) t ≈ t
(E2) tk ≈ u→ (fn

i (t1, ..., tk, ..., tm) ≈ fn
i (t1, ..., u, ...tn))

(E3) tk ≈ u→ (Rn
i (t1, ..., tk, ..., tm)→ Rn

i (t1, ..., u, ...tn))

�c½n(E´d¤k�c½n|¤�8)

1◦ E ` t ≈ t
2◦ E ` t ≈ u→ u ≈ t
3◦ E ` t ≈ u→ (u ≈ v → t ≈ v)

½n 1 (��O�§(E2)�í2) E ` u ≈ v → t(u) ≈ t(v)

Ù¥�u´�t(u)�f�,t(v)´òt(u)¥,�?Ñy�uO�¤�v¤�(J

½n 2 (��O�§(E3)�í2) E ` t ≈ u→ (p(t)→ p(u))

Ù¥p(u)´òúªp(t)¥,�?Ñy��t^�uO���(J§�tÚu�C

�ÑØ3O�?É�å

/ª�âKn

�âún

(N1) t′ 6≈ 0

(N2) t′1 ≈ t′2 → t1 ≈ t2
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(N3) t+ 0 ≈ t
(N4) t1 + t′2 ≈ (t1 + t2)

′

(N5) t× overline0 ≈ 0

(N6) t1 × t′2 ≈ t1 × t2 + t1

(N7) p(0)→ (∀x(p(x)→ p(x′))→ ∀xp(x))

Ù¥t, t1, t2´?¿��§p(x)´?¿�úª,�âún�8P�N

½n 3 N ` m+ n ≈ m+ n

½n 4 N ` m× n ≈ m× n

½n 5 N ` 0 + t ≈ t

½n 6 N ` t′1 + t2 ≈ (t1 + t2)
′

½n 7 (\{��Æ) N ` t′1 + t2 ≈ (t1 + t2)
′

Ù¥t1, t2´?¿��

½n 8 (\{(ÜÆ) N ` (t1 + t2) + t3 ≈ t1 + (t2 + t3)

Ù¥t1, t2, t3´?¿��

½n 9 (\{��Æ) N ` t1 + t2 ≈ t2 ← t1 ≈ 0

Ù¥t1, t2´?¿��

½n 10 N ` t1 + t2 ≈ 0→ t1 ≈ 0

½n 11 N ` t3 + t1 ≈ t2 → (t4 + t2 ≈ t1 → t1 ≈ t2)

½n 12 N ` ∃x(x+ t1 ≈ t2)→ (∃x(x+ t2 ≈ t1)→ (t1 ≈ t2))

½n 13 N ` t 6≈ 0→ 1 6 t

½n 14 (þ¡@��í2) N ` (t 6≈ 0 ∧ . . . ∧ t 6≈ n− 1→ n 6 t

½n 15 N ` (t 6≈ 0 ∧ . . . ∧ t 6≈ n→ t 
 (n)

½n 16 �úªp(x)�¹��gdC�x§Kk

N ` (p(0) ∧ . . . ∧ p(n))→ t 
 n
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½n 17 en > 0,K

N ` x 
 n→ n 6 x

½n 18 é?¿g,êmÚn

(1) �m = n�§N ` m ≈ n
(2) �m 6= n�§N ` m 6≈ n

�L«¼êÚ'X

/k�¼ê0�k�êØ¼êf : Nk → N ,/R´k�'X0�R´k�êØ'

XR ⊆ Nk

(�L«¼ê) k�¼êf3KN¥�L«µXJ�3¹k + 1�gdC��ú

ªp(x1, . . . , xk, xk+1)¦é?¿n1, . . . , nk,m ∈ N ,

(1) f(n1, . . . , nk) = m⇒ N ` p(n1, . . . , nk,m)

(2) f(n1, . . . , nk) 6= m⇒ N ` ¬ p(n1, . . . , nk,m)

(3) N ` p(n1, . . . , nk, t)→ t ≈ f(n1, . . . , nk)

k�¼êf^úªp(x1, . . . , xk, y)3KN¥�L«�¿�^�´µé?

¿n1, . . . , nk9�t(tép(x1, . . . , xk, y)¥ygd)§

1◦ N ` p(n1, . . . , nk, f(n1, . . . , nk))

2◦ N ` p(n1, . . . , nk, t)→ t ≈ f(n1, . . . , nk)

(�L«'X) Nþ�k�'XR3KN¥�L«§´��3X¹kk�gdC

��úªp(x1, . . . , xk),§äk±e5�µé?¿n1, . . . , nk,m ∈ N ,

(1) (n1, . . . , nk) ∈ R⇒ N ` p(n1, . . . , nk)

(2) (n1, . . . , nk) /∈ R⇒ N ` ¬ p(n1, . . . , nk)

�k48¼ê£'X¤´KN�L«�

KN´�N§�´Ø���
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4 g�KJ«

g�K1-1 Á^é�cL�g,�ó¥�/XJ,,K0

p→ q

g�K1-2 Ó�Æy²´Ä�½�^£L1¤

�½�^

½ÂA�¼êδ(p) ∈ S.�:

(1)δ(L2) ∈ S
(2)δ(L3) ∈ S
(3)MP�±�±ù�A�:=δ(p) ∈ S�δ(p→ q) ∈ S ⇒ δ(q) ∈ S
=⇒ {L2, L3,MP} ` r ⇒ δ(r) ∈ S
eδ(r) 6∈ S,`²δ(r) ØUdL2, L3,MPíÑ

δ(p) ∈ S´��n�¼ê§½Â��n�ý�L
y²δ(p→ p) 6∈ S=�

(NµA�¼ê�½Â)

k�'XR(⊆ Nk)�A�¼êCR : Nk → {0, 1}´^eª½Â�

CR(n1, . . . , nk) =

 1 (n1, . . . , nk) ∈ R

0 (n1, . . . , nk) /∈ R

g�K1-3 üÌ½n`²
�o

%¹c�)ºµ%¹c£→¤7L�)º£½ö`D�¤�¢�%¹(ý�

LL«�%¹)"ÄK§n�únØ¤á§±9�Â�{�m�UÑyØ�

�

�±{zy²

g�K1-4 VÄÆ{¬ ¬ p} ÃIy²,Ï�¬ ¬ p�p�Ó§éí

Øé§3L£X¤¥§d�g5��§¬ ¬ p 6= p

g�K1-5 ��y²` (¬ p→ p)→ p��I�AÚ⊙
∇

⊙
�U�23Ú�UUØ¬Ü,,> <

g�K1-6

1◦ �Â�«�óªkÛ'X

2◦ Øä´Ä¤áµ?�Γ ⊆ L(X)Úp ∈ L(X)§�3q ∈ L(X)¦Γ � p ��
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=�� q

p�óª��Â�«Γ � p�A~(Γ = Φ)

1◦ Γ = {p1...pn}k�
q = p1 → (p2 → ...(pn → p)...)

Kd�Â�üÌ½n��Γ � p⇔� q
2◦ ΓÃ�

|^;�5§��Γ � p⇒k�f8Γ′ � p,=�1◦

g�K1-7 Γ ` p´Ä´��½�
�a¯K��½�IOµ

(1) Ta¯K¥�z��¯K¢~�k/´0½/Ä0ü«£�

(2) �3��/U10�{A§¦�éTa¯K�z�¢~§AÑ�±3k

��mS�Ñ�(�Y

·KÜ6���½5 �3��U1�{A,éP ∈ L(X)§�` P�§A£

�yes§�0 P�A£�no.

|^L���5Ú��5µΓ ` p⇔ Γ � p

Ïd�±ÏLý�L5?1�½

Äk���Ò´��ÚD�£D�d?ØI�¤§éu��§ùp�¦

´éC��?¿��

(1)Γ8k�

(2)Γ8Ã¡

	òµ��Ü6��½¯K

1◦ ?�ÎÒ´Ä´K�ún
√

2◦ ?�úªp, q, r,´Älp, q^MP5KíÑr
√

3◦ ?�úªp, q,q´Älp¥^Gen5KíÑ
√

4◦ ?�úªS�§´Ä´K���/ªy²
√

5◦ ?�úªp´Ä´K�S½n ×
g�K2-1 £K4¤£K5¤��^�kÛ¿ÂºÞ~

��^��¿Â3u�yK4§K53?Û)º�Meþðý§=k�ª

(K4) ���dõ���íØ§��^��y
Ø2k�õ��å^�Ñy

Ã����~µM{R,Φ, >}
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∀x∃yR2
1(x, y)→ ∃yR2

1(y, y)

(K5) ���d��õ�íØ§��^��y
Ø¬k�å^���Ñ

Ã����~µM{R,Φ, {R1
1 :> 2, R1

2 :> 1}}

∀x(R1
1(x)→ R1

2(x))→ (R1
1(x)→ ∀xR1

2(x))

g�K2-2 KüÌ½n���kÛ¿Âº

Ã���~µ

∵ R1
1(x1) ` ∀x1R1

1(x1) UG

∴ ` R1
1(x1)→ ∀x1R1

1(x1)

2|^K���5Ú��5§l�Âþ`²

g�K2-3 ý3��Ü6pk@A��gº§��'X

n�



M�÷v:3��M¥§3�«�)ºϕe§p´ý�

Mk�µ3��M¥§3?��)ºϕe§p´ý�

(�.ak�µΓ � p 3?�¦Γ¥úª�ý�M¥§3?��)ºϕe§p´ý�)

MÜ6k�µ3?ÛM¥,3?��)ºϕe§p´ý�

M�÷vµ�I = {M,V, v}´K(Y )���)º§p ∈ K(Y ),eI(p) = t§K

¡p3Ie�ý§q¡p3Me�÷v

Mk�µ�M�?���(�§p ∈ K(Y ),eé��V§p3I{M,V, v}e�
ý§K¡p3M¥k�£p´Mk��§M´p����.§P�M � p¤

Ü6k�µ�p ∈ K(Y ),eé����(�M§eM � p§K¡p�Ü6k

��§P�� p

g�K2-4 eΓ � p,Ké��)ºI§e∀q ∈ ΓkI(q) = t.KI(p) = t?

Ø�("

Γ � p⇔ ∀M � Γ KM � p

�¤��)º§�UÙ��(�MØ2´Γ��.§K��åØ2�3
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g�K3-1 L´Ä/r½0′ →′ )º�¢�%¹£�Â)º¤
´§�
L1 ∼ L3�¤á§′ →′ 7L)º�¢�%¹
L1, L2,MPr½→)º�¢�%¹,3dÄ:þ§L3r½¬ )º��

5 ,P

HS��y²

(1)(q → r)→ (p→ (q → r)) (L1)

(2)(p→ (q → r))→ ((p→ q)→ (p→ r)) (L2)

(3)((p → (q → r)) → ((p → q) → (p → r))) → ((q → r) → ((p → (q →
r))→ ((p→ q)→ (p→ r)))) (L1)

(4)(q → r)→ ((p→ (q → r))→ ((p→ q)→ (p→ r))) MP (2)(3)

(5)((q → r) → ((p → (q → r)) → ((p → q) → (p → r)))) → (((q → r) →
(p→ (q → r)))→ ((q → r)→ ((p→ q)→ (p→ r)))) (L2)

(6)((q → r) → (p → (q → r))) → ((q → r) → ((p → q) → (p →
r))) MP (4)(5)

(7)(q → r)→ ((p→ q)→ (p→ r)) MP (1)(6)

(8)((q → r) → ((p → q) → (p → r)) → (((q → r) → (p → q)) → ((q →
r)→ (p→ r))) (L2)

(9)((q → r)→ (p→ q))→ ((q → r)→ (p→ r)) MP (7)(8)

(10)(((q → r) → (p → q)) → ((q → r) → (p → r))) → ((p → q) → (((q →
r)→ (p→ q))→ ((q → r)→ (p→ r)))) (L1)

(11)(p→ q)→ (((q → r)→ (p→ q))→ ((q → r)→ (p→ r))) MP (9)(10)

(12)((p → q) → (((q → r) → (p → q)) → ((q → r) → (p → r)))) → (((p →
q)→ ((q → r)→ (p→ q)))→ ((p→ q)→ ((q → r)→ (p→ r)))) (L2)

(13)((p → q) → ((q → r) → (p → q))) → ((p → q) → ((q → r) → (p →
r))) MP (11)(12)

(14)(p→ q)→ ((q → r)→ (p→ q) (L1)

(15)(p→ q)→ ((q → r)→ (p→ r) MP (13)(14)

VÄÆ���y²

(1)¬ ¬ p→ ((¬ ¬ p→ ¬ ¬ p)→ ¬ ¬ p) (L1)

(2)(¬ ¬ p→ ((¬ ¬ p→ ¬ ¬ p)→ ¬ ¬ p))→ ((¬ ¬ p→ (¬ ¬ p→ ¬ ¬ p))→
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(¬ ¬ p→ ¬ ¬ p)) (L2)

(3)(¬ ¬ p→ (¬ ¬ p→ ¬ ¬ p))→ (¬ ¬ p→ ¬ ¬ p) MP (1)(2)

(4)¬ ¬ p→ (¬ ¬ p→ ¬ ¬ p) (L1)

(5)¬ ¬ p→ ¬ ¬ p MP (3)(4)

(6)¬ ¬ p→ (¬ ¬ ¬ ¬ p→ ¬ ¬ p) (L1)

(7)(¬ ¬ ¬ ¬ p→ ¬ ¬ p)→ (¬ p→ ¬ ¬ ¬ p) (L3)

(8)((¬ ¬ ¬ ¬ p→ ¬ ¬ p)→ (¬ p→ ¬ ¬ ¬ p))→ (¬ ¬ p→ ((¬ ¬ ¬ ¬ p→
¬ ¬ p)→ (¬ p→ ¬ ¬ ¬ p))) (L1)

(9)¬ ¬ p→ ((¬ ¬ ¬ ¬ p→ ¬ ¬ p)→ (¬ p→ ¬ ¬ ¬ p)) MP (7)(8)

(10)(¬ ¬ p → ((¬ ¬ ¬ ¬ p → ¬ ¬ p) → (¬ p → ¬ ¬ ¬ p))) → ((¬ ¬ p →
(¬ ¬ ¬ ¬ p→ ¬ ¬ p))→ (¬ ¬ p→ (¬ p→ ¬ ¬ ¬ p))) (L2)

(11)(¬ ¬ p→ (¬ ¬ ¬ ¬ p→ ¬¬ p))→ (¬ ¬ p→ (¬ p→ ¬¬ ¬ p))MP (9)(10)

(12)¬ ¬ p→ (¬ ¬ ¬ ¬ p→ ¬ ¬ p) (L1)

(13)¬ ¬ p→ (¬ p→ ¬ ¬ ¬ p) MP (11)(12)

(14)(¬ p→ ¬ ¬ ¬ p)→ (¬ ¬ p→ p) (L3)

(15)((¬ p → ¬ ¬ ¬ p) → (¬ ¬ p → p)) → (¬ ¬ p → ((¬ p → ¬ ¬ ¬ p) →
(¬ ¬ p→ p))) (L1)

(16)¬ ¬ p→ ((¬ p→ ¬ ¬ ¬ p)→ (¬ ¬ p→ p)) MP (14)(15)

(17)(¬ ¬ p → ((¬ p → ¬ ¬ ¬ p) → (¬ ¬ p → p))) → ((¬ ¬ p → (¬ p →
¬ ¬ ¬ p))→ (¬ ¬ p→ (¬ ¬ p→ p))) (L2)

(18)(¬ ¬ p→ (¬ p→ ¬ ¬ ¬ p))→ (¬ ¬ p→ (¬ ¬ p→ p)) MP (16)(17)

(19)¬ ¬ p→ (¬ ¬ p→ p) MP (13)(18)

(20)(¬ ¬ p→ (¬ ¬ p→ p))→ ((¬ ¬ p→ ¬ ¬ p)→ (¬ ¬ p→ p)) (L2)

(21)(¬ ¬ p→ ¬ ¬ p)→ (¬ ¬ p→ p) MP (19)(20)

(22)¬ ¬ p→ p MP (5)(21)

1�VÄÆ���y²

(1)¬ ¬ ¬ p→ ((¬ ¬ ¬ p→ ¬ ¬ ¬ p)→ ¬ ¬ ¬ p) (L1)

(2)(¬ ¬ ¬ p → ((¬ ¬ ¬ p → ¬ ¬ ¬ p) → ¬ ¬ ¬ p)) → ((¬ ¬ ¬ p →
(¬ ¬ ¬ p→ ¬ ¬ ¬ p))→ (¬ ¬ ¬ p→ ¬ ¬ ¬ p)) (L2)

(3)(¬ ¬ ¬ p→ (¬ ¬ ¬ p→ ¬ ¬ ¬ p))→ (¬ ¬ ¬ p→ ¬ ¬ ¬ p) MP (1)(2)

(4)¬ ¬ ¬ p→ (¬ ¬ ¬ p→ ¬ ¬ ¬ p) (L1)

(5)¬ ¬ ¬ p→ ¬ ¬ ¬ p MP (3)(4)
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(6)¬ ¬ ¬ p→ (¬ ¬ ¬ ¬ ¬ p→ ¬ ¬ ¬ p) (L1)

(7)(¬ ¬ ¬ ¬ ¬ p→ ¬ ¬ ¬ p)→ (¬ ¬ p→ ¬ ¬ ¬ ¬ p) (L3)

(8)((¬ ¬ ¬ ¬ ¬ p → ¬ ¬ ¬ p) → (¬ ¬ p → ¬ ¬ ¬ ¬ p)) → (¬ ¬ ¬ p →
((¬ ¬ ¬ ¬ ¬ p→ ¬ ¬ ¬ p)→ (¬ ¬ p→ ¬ ¬ ¬ ¬ p))) (L1)

(9)¬ ¬ ¬ p→ ((¬ ¬ ¬ ¬ ¬ p→ ¬ ¬ ¬ p)→ (¬ ¬ p→ ¬ ¬ ¬ ¬ p))MP (7)(8)

(10)(¬ ¬ ¬ p → ((¬ ¬ ¬ ¬ ¬ p → ¬ ¬ ¬ p) → (¬ ¬ p → ¬ ¬ ¬ ¬ p))) →
((¬ ¬ ¬ p → (¬ ¬ ¬ ¬ ¬ p → ¬ ¬ ¬ p)) → (¬ ¬ ¬ p → (¬ ¬ p →
¬ ¬ ¬ ¬ p))) (L2)

(11)(¬ ¬ ¬ p → (¬ ¬ ¬ ¬ ¬ p → ¬ ¬ ¬ p)) → (¬ ¬ ¬ p → (¬ ¬ p →
¬ ¬ ¬ ¬ p)) MP (9)(10)

(12)¬ ¬ ¬ p→ (¬ ¬ ¬ ¬ ¬ p→ ¬ ¬ ¬ p) (L1)

(13)¬ ¬ ¬ p→ (¬ ¬ p→ ¬ ¬ ¬ ¬ p) MP (11)(12)

(14)(¬ ¬ p→ ¬ ¬ ¬ ¬ p)→ (¬ ¬ ¬ p→ ¬ p) (L3)

(15)((¬ ¬ p→ ¬ ¬ ¬ ¬ p)→ (¬ ¬ ¬ p→ ¬ p))→ (¬ ¬ ¬ p→ ((¬ ¬ p→
¬ ¬ ¬ ¬ p)→ (¬ ¬ ¬ p→ ¬ p))) (L1)

(16)¬ ¬ ¬ p→ ((¬ ¬ p→ ¬ ¬ ¬ ¬ p)→ (¬ ¬ ¬ p→ ¬ p)) MP (14)(15)

(17)(¬ ¬ ¬ p→ ((¬ ¬ p→ ¬ ¬ ¬ ¬ p)→ (¬ ¬ ¬ p→ ¬ p)))→ ((¬ ¬ ¬ p→
(¬ ¬ p→ ¬ ¬ ¬ ¬ p))→ (¬ ¬ ¬ p→ (¬ ¬ ¬ p→ ¬ p))) (L2)

(18)(¬ ¬ ¬ p → (¬ ¬ p → ¬ ¬ ¬ ¬ p)) → (¬ ¬ ¬ p → (¬ ¬ ¬ p →
¬ p)) MP (16)(17)

(19)¬ ¬ ¬ p→ (¬ ¬ ¬ p→ ¬ p) MP (13)(18)

(20)(¬ ¬ ¬ p→ (¬ ¬ ¬ p→ ¬ p))→ ((¬ ¬ ¬ p→ ¬ ¬ ¬ p)→ (¬ ¬ ¬ p→
¬ p)) (L2)

(21)(¬ ¬ ¬ p→ ¬ ¬ ¬ p)→ (¬ ¬ ¬ p→ ¬ p) MP (19)(20)

(22)¬ ¬ ¬ p→ ¬ p MP (5)(21)

(23)(¬ ¬ ¬ p→ ¬ p)→ (p→ ¬ ¬ p) (L3)

(24)p→ ¬ ¬ p MP (22)(23)




