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1. R {X(t), t ∈ T} IY%3;�F1�}., �(6��pQFC{*C E[X(s)]Æ E[X(s)X(s+ t)] P�}A
 s.o ��pQ}.FM�*,{X(t), t ∈ T} �pQC{*CZOK>!A�,G:

(1)µX(s) = E[X(s)] � s ∈ T 
�'&;

(2)RX(t, s) = Cov[X(t), X(s)] 0Æ t− s �x.;�D
Cov[X(t), X(s)] = E[X(t)X(s)]− E[X(t)]E[X(s)],�8, >! (1) � (2) ÆZOK>!H�:

(3)µX(s) = E[X(s)] � s ∈ T 
�'&;

(4)E[X(t)X(s)] 0Æ t− s �x.#1(dN {X(t), t ∈ T} �pQC{*C E[X(s)] Æ E[X(s)X(s+ t)] P�}A
 s.�

2. � U1, · · · , Un I� (0, 1) 57�b�F n nQG1��M. V 0 < t, x < 1, M�
I(t, x) =

{

1, x ≤ t,

0, x > t,�� X(t) = 1
n

n∑

k=1

I(t, Uk), 0 ≤ t ≤ 1, #� U1, · · · , Un F.wb��&. �}1�}.
{X(t), 0 ≤ t ≤ 1} F7-�Bf_%�&.[ �:�*,{X(t), 0 ≤ t ≤ 1} F7-�&I

µX(t) = E[X(t)] =
1

n

n∑

k=1

E[I(t, Uk)]

= E[I(t, U1)], 0 ≤ t ≤ 1, (1)Bf_%�&I
RX(t, s) = Cov[X(t), X(s)]]

=
1

n2

n∑

k=1

n∑

l=1

Cov[I(t, Uk), I(s, Ul)]

=
1

n2

n∑

k=1

Cov[I(t, Uk), I(s, Uk)]

=
1

n
Cov[I(t, U1), I(s, U1)], 0 ≤ t ≤ 1, (2)X

E[I(t, U1)] = P (U1 ≤ t) = t, 0 ≤ t ≤ 1, (3)
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E[I(t, U1)I(s, U1)] = P (U1 ≤ t, U1 ≤ s)

= P (U1 ≤ min{t, s}) = min{t, s}, 0 ≤ t, s ≤ 1,

Cov[I(t, U1), I(s, U1)] = E[I(t, U1)I(s, U1)]− E[I(t, U1)]E[I(s, U1)]

= min{t, s} − ts, 0 ≤ t, s ≤ 1, (4)" (3) � (4) �� (1) � (2) 5E
µX(t) = t, 0 ≤ t ≤ 1,

RX(t, s) =
1

n
[min{t, s} − ts], 0 ≤ t, s ≤ 1.

�

3. R Z1, Z2 IQGAb�F'81��M, 7-I 0, _%I σ2,λ I�&. M�
X(t) = Z1 cos(λt) +Z2 sin(λt). �} {X(t), t ∈ (−∞,+∞)} F7-�&�Bf_%�&.6��pQFZ?[ �:�<*, {X(t), t ∈ (−∞,+∞)} F7-�&I

µX(t) = E(Z1) cos(λt) + E(Z2) sin(λt) = 0, t ∈ (−∞,+∞),Bf_%�&I
RX(t, s) =Cov[Z1 cos(λt) + Z2 sin(λt), Z1 cos(λs) + Z2 sin(λs)]

=Cov(Z1, Z1) cos(λt) cos(λs) + Cov(Z1, Z2) cos(λt) sin(λs)

+ Cov(Z2, Z1) sin(λt) cos(λs) + Cov(Z2, Z2) sin(λt) sin(λs)

=σ2 cos(λt) cos(λs) + σ2 sin(λt) sin(λs)

=σ2 cos[λ(t− s)], t, s ∈ (−∞,+∞).w {X(t), t ∈ (−∞,+∞)} ��pQF.�

4.Poisson }. {X(t), t ≥ 0} [F (i)X(0) = 0;(ii) V t > s,X(t)−X(s) f:7-I
λ(t − s) F Poisson b�;(iii) }.��QG�MF. �}r7-�&�Bf_%�&. 6��pQFZ?[ {X(t), t ≥ 0} F7-�&I

µX(t) = E[X(t)] = E[X(t)−X(0)]

= λt, t > 0,

{X(t), t ≥ 0} F_%�&I
V ar[X(t)] = V ar[X(t)−X(0)]

= λt, t > 0,V s > t > 0, �
E[X(t)X(s)] =E{[X(t)−X(0)][(X(s)−X(t)) + (X(t)−X(0))]}
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=E{[X(t)−X(0)]2}+ E{[X(t)−X(0)][X(s)−X(t)]}
=V ar[X(t)−X(0)] + {E[X(t)−X(0)]}2

+ E[X(t)−X(0)]E[X(s)−X(t)]

=λt+ (λt)2 + λt · λ(s− t)

=λt(λs+ 1),�8, {X(t), t ≥ 0} FBf_%�&I
RX(t, s) = E[X(t)X(s)]− E[X(t)]E[X(s)]

= λt, s ≥ t > 0,B`x�&I
rX(t, s) =

RX(t, s)

[RX(t, t)RX(s, s)]1/2

=

√

t

s
, s ≥ t > 0.

�

5.{X(t), t ≥ 0} IJ*:5F Poisson }.. � Y (t) = X(t + 1) − X(t), �}}.
{Y (t), t ≥ 0} F7-�&�Bf_%�&, �u0rpQm.[ {Y (t), t ≥ 0} F7-�&I

µY (t) = E[X(t+ 1)]− E[X(t)] = µX(t+ 1)− µX(t)

= λ, t ≥ 0,Bf_%�&I
RY (t, s) =Cov[X(t+ 1)−X(t), X(s+ 1)−X(s)]

=Cov[X(t+ 1), X(s+ 1)]− Cov[X(t+ 1), X(s)]

− Cov[X(t), X(s+ 1)] + Cov[X(t), X(s)]

=λ(min{t, s}+ 1)− λmin{t+ 1, s} − λmin{t, s+ 1}+ λmin{t, s},

=







0, C0 ≤ t < s− 1,

λ(t− s+ 1), Cs− 1 ≤ t < s,

λ(s− t+ 1), Cs ≤ t < s+ 1,

0, Ct ≥ s+ 1,

t, s ≥ 0.#)dN {Y (t), t ≥ 0} ��pQF.�

6. R Z1 � Z2 �QGAb�F1��M, P (Z1 = −1) = P (Z1 = 1) = 1
2
. �

X(t) = Z1 cos(λt) + Z2 sin(λt), t ∈ R, �( {X(t), t ∈ R} ��pQF, 6�tpQFZ?o` �:�*,{X(t), t ∈ R} F7-�&I
µX(t) = E(Z1) cos(λt) + E(Z2) sin(λt) = 0, t ∈ R, (1)
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RX(t, s) =Cov(Z1 cos(λt) + Z2 sin(λt), Z1 cos(λs) + Z2 sin(λs))

=V ar(Z1) cos(λt) cos(λs) + V ar(Z2) sin(λt) sin(λs)

= cos(λt) cos(λs) + sin(λt) sin(λs)

= cos(λ(t− s)), t, s ∈ R. (2)� (1) � (2) �*,{X(t), t ∈ R} ��pQF. +X, �:�<*, 1��M X(t) F3h�&I
gX(t)(u) =E(e

uX(t)) = E{exp[u(Z1 cos(λt) + Z2 sin(λt))]}
=E{exp[uZ1 cos(λt)]} · E{exp[uZ2 sin(λt)]}

=
1

4
{exp[−u cos(λt)] + exp[u cos(λt)]}

· {exp[−u sin(λt)] + exp[u sin(λt)]}, u ∈ R,#)dN X(t) Fb�Æ t(∈ R) �x, �8 {X(t), t ∈ R} ��tpQF. �

7. �(: 	 Z0, Z1, Z2, · · · IQGAb�1��MpO, M� X(n) = Z0 +Z1+ · · ·+
Zn,n = 0, 1, 2, · · · , � {X(n), n = 0, 1, 2, · · · } �QG�M}..o` ;�DV�� n ��� t1, · · · , tn ∈ {0, 1, 2, · · · }, t1 < t2 < · · · < tn, �







X(t2)−X(t1) = Zt1+1 + · · ·+ Zt2 ,

X(t3)−X(t2) = Zt2+1 + · · ·+ Zt3 ,

· · · · · · · · · · · ·
X(tn)−X(tn−1) = Ztn−1+1 + · · ·+ Ztn .

(1)X�:�*, Zt1+1, · · · , Ztn �`QG,�8 (Zt1+1, · · · , Zt2), (Zt2+1, · · · , Zt3), · · · , (Ztn−1+1,

· · · , Ztn) �`QG, w� (1) *,X(t2)−X(t1), X(t3)−X(t2), · · · , X(tn)−X(tn−1) �`QG. #1(dN {X(n), n = 0, 1, 2, · · · } �QG�M}..�

8. 	 X1, X2, · · · �|OQG1��M, 	y<��\>!!k�Æ {X1, X2, · · · } �tpQF1�}.?[ 	 {X1, X2, · · · }tpQ, �V��'&& m� n, Xm � Xn Fb�P`A, :X
X1, X2, · · · �|OAb�F1��M. XC X1, X2, · · · �|OQGAb�F1��M�,V��'&& k � n1, · · · , nk,k J1�
M (Xn1

, · · · , Xnk
)Fb��&I (� X1, X2, · · ·vAFb��&I F (x))

F(Xn1
,··· ,Xnk

)(x1, · · · , xk) =FXn1
(x1) · · ·FXnk

(xn)

=F (x1) · · ·F (xk), −∞ < x1, · · · , xk < +∞,#)dN (Xn1
, · · · , Xnk

) Fb��&Æ n1, · · · , nk Sx, w {X1, X2, · · · } tpQ. �

9. R X � Y �:BN�jF7�b�51�r�|K3EF�J��EJ�. ��/>!kX
P

(

X2 + Y 2 ≥ 3

4
| X > Y

)

.




n: ^!�G9�0�|-�W9'> 5[ ;�D (X, Y ) FH�bR�&I
f(x, y) =

{
1
π
, x2 + y2 ≤ 1.

0, r4.�8
P (X > Y ) =

∫∫

x>y

f(x, y)dxdy

= 1
π

∫∫

x2+y2≤1,x>y

dxdy

= 1
2
,

P (X+Y 2 ≥ 3
4
, X > Y ) =

∫∫

x2+y2≥ 3

4
,x>y

f(x, y)dxdy

= 1
π

∫∫

3

4
≤x2+y2≤1,x>y

dxdy

= 1
2

[

1−
(
3
4

)2
]

= 7
32
,w3}>!kXI

P

(

X2 + Y 2 ≥ 3

4
| X > Y

)

=
P (X2 + Y 2 ≥ 3

4
, X > Y )

P (X > Y )
=

7

16
.

�

10. CA}"&I λ F Poisson b�+��&v, KCAD=F���m T1, T2, · · ·�QGF"&I λ F.&b�1��M. � S � [0, 1] �T5FCAD&, ��~�
I ⊂ [0, 1], r(R�I | I |. �(d P (T1 ∈ I, S = 1) = P (T1 ∈ I, T1 + T2 > 1), ��8�/ P (T1 ∈ I | S = 1) =| I |.[o �:�<*, J i nCA� T1 + · · ·+ Ti �=+��&v,i = 1, 2, · · · , X S �
[0, 1] �Tj+��&vFCAD&, �8

{T1 ∈ I, S = 1} = {T1 ∈ I, T1 + T2 > 1},w
P (T1 ∈ I, S = 1) = P (T1 ∈ I, T1 + T2 > 1). (1)X (T1, T2) FH�bR�&I

f(T1,T2)(t1, t2) = fT1
(t1)fT2

(t2) = λ2e−λ(t1+t2), t1, t2 > 0,�X
P (T1 ∈ I, T1 + T2 > 1) =

∫∫

t1∈I,t1+t2>1

f(T1,T2)(t1, t2)dt1dt2

=λ2
∫∫

t1,t2>0,t1∈I,t1+t2>1

e−λ(t1+t2)dt1dt2. (2)I�

u = t1, v = t1 + t2,
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P (T1 ∈ I, T1 + T2 > 1) =λ2

∫∫

u∈I,v>1

e−λvdudv

=λ2
∫

u∈I

du

∫ +∞

1

e−λvdv

=λ | I | e−λ. (3)X
P (S = 1) = λe−λ,�8� (1) � (3) <E

P (T1 ∈ I | S = 1) =
P (T1 ∈ I, S = 1)

P (S = 1)
=| I | .

�

12. w;bAF.R V �
n7,bM Vx, Vy, Vz, 6`FH�bR�&} Maxwell-

Boltzman MWI
fVx,Vy,Vz

(vx, vy, vz) =
1

(2πkT )3/2
exp

{

−
v2x + v2y + v2z

2kT

}

, −∞ < vx, vy, vz < +∞,r5 K � Boltzman '&,T �6VOR, pMbAFDNkI e. �} x _
FNMF6V-FqH-.[ �
 Vx, Vy, Vz FH�bR�&I
fVx,Vy,Vz

(vx, vy, vz) =
1

(2πkT )3/2
exp

{

−
v2x + v2y + v2z

2kT

}

=
1

(2πkT )1/2
exp

{

− v2x
2kT

}

· 1

(2πkT )1/2
exp

{

−
v2y
2kT

}

· 1

(2πkT )1/2
exp

{

− v2z
2kT

}

, −∞ < vx, vy, vz < +∞,�8,Vx, Vy, Vz �`QG, { Vx, Vy, Vz Pf:'8b� N(0, kT ). ww;bAFDNkI
e =

1

2
mE(V 2

x + V 2
y + V 2

z ) =
3

2
mkT,�8<E

m =
2e

3kT
, . (1)Xw; x _
FNMF6V-FqH-I

mE(| Vx |) = m

(2πkT )1/2

∫ +∞

−∞
| vx | exp

{

− v2x
2kT

}

dvx

=
m

(2πkT )1/2

[

−
∫ 0

−∞
vx exp

{

− v2x
2kT

}

dvx
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+

∫ +∞

0

vx exp

{

− v2x
2kT

}

dvx

]

=
2m

(2πkT )1/2

∫ +∞

0

vx exp

{

− v2x
2kT

}

dvx

=
m

(2πkT )1/2

∫ +∞

0

exp

{

− v2x
2kT

}

d(v2x)

=m

(
2kT

π

)1/2

.�8� (1) <E
mE(| Vx |) = 2e

3

(
2

πkT

)1/2

.

�

13. 	1��M X1, · · · , Xn QGAb�, b��"&I λ F.&b�. �( T =
n∑

i=1

Xi f:"&I (n, λ) F Γ b�, rbRI
f(t) =

λn

(n− 1)!
tn−1e−λt, t ≥ 0.o` ;�D T =

n∑

i=1

Xi F3h�&I
gT (t) = [gX1

(t)]n, (1)r5 gX1
(t) I X1 F3h�&. �
 X1 f:"&I λ F.&b�, �8

gX1
(t) = λ

∫ +∞

0

e−(λ−t)xdx =
λ

λ− t
, t < λ,"r�� (1) 5E

gT (t) =

(
λ

λ− t

)n

, t < λ. (2)�"&I (n, λ) F Γ b�F3h�&I
g(t) =

λn

(n− 1)!

∫ +∞

0

xn−1e−(λ−t)xdx

=
λn

(n− 1)!

(n− 1)!

(λ− t)n

=

(
λ

λ− t

)n

, t < λ.�8� (2) �* T =
n∑

i=1

Xi f:"&I (n, λ) F Γ b�.�

14. � X1 � X2 b�I`�QGF7-I λ1 � λ2 F Poisson 1��M. �}
X1 +X2 Fb�, ��/pM X1 +X2 = n �,X1 F>!b�.
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n: ^!�G9�0�|-�W9'>[ ;�D	 X ∼ P (λ), � X F3h�&I
gX(t) =E(e

tX) =

+∞∑

i=0

eit
λi

i!
e−λ

=e−λ
+∞∑

i=0

(λet)i

i!
= exp{λ(et − 1)}, t ∈ (−∞,+∞),�8, X1 +X2 F3h�&I

gX1+X2
(t) =gX1

(t)gX2
(t)

= exp{λ1(et − 1)} exp{λ2(et − 1)}
=exp{(λ1 + λ2)(e

t − 1)}, t ∈ (−∞,+∞),#)dN X1 +X2 ∼ P (λ1 + λ2). w
P (X1 +X2 = n) =

(λ1 + λ2)
n

n!
e−(λ1+λ2), n = 0, 1, 2, · · · . (1)+X�

P (X1 +X2 = n,X1 = m) =P (X1 = m,X2 = n−m) = P (X1 = m)P (X2 = n−m)

=
λm1
m!

e−λ1 · λn−m
2

(n−m)!
e−λ2 , m, n = 0, 1, 2, · · · , m ≤ n,�8� (1) <E

P (X1 = m | X1 +X2 = n) =
P (X1 = m,X1 +X2 = n)

P (X1 +X2 = n)

=

(
n

m

)(
λ1

λ1 + λ2

)m(
λ2

λ1 + λ2

)n−m

,

m, n = 0, 1, 2, · · · , m ≤ n.

�

15. 	 X1, X2, · · · QG{�`AF� λ I"&F.&b�, N Æ X1, X2, · · · QG,

N f:��b�
P (N = n) = β(1− β)n−1, n = 1, 2, · · · , 0 < β < 1.�}1�� N∑

i=1

Xi Fb�.[ �:�<*, �* N = n �, X1, X2, · · · QG{�`AF� λ I"&F.&b�, �8�.&b�F<�m*, �* N = n �,
n∑

i=1

Xi f:� (n, λ) I"&F Γ b�
fY |N(y | n) = λn

(n− 1)!
tn−1e−λt, t ≥ 0.w1�� Y =

N∑

i=1

Xi Fb�I
fY (y) =

∞∑

n=1

fY |N(y | n)P (N = n)
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= λβe−λt
∞∑

n=1

[λ(1− β)t]n−1

(n− 1)!

= λβe−λteλ(1−β)t

= λβe−λβt, t ≥ 0.#)dN Y f:"&I λβ F.&b�.�

16. 	 X1, X2, · · · QGAb�, P (X1 = ±1) = 1
2
,N Æ Xi, i = 1, 2, · · · QG{f:"&I β F��b�, 0 < β < 1. �}1�� Y =

N∑

i=1

Xi F7-, _%�
�*%3.[ 1 �:�<*, V��'&& n, �
E(Y | N = n) =E(

N∑

i=1

Xi | N = n) = E(

n∑

i=1

Xi | N = n)

=E(
n∑

i=1

Xi) = nE(X1) = 0,

E(Y 2 | N = n) =E[(
N∑

i=1

Xi)
2 | N = n] = E[(

n∑

i=1

Xi)
2 | N = n]

=E[(

n∑

i=1

Xi)
2] =

n∑

j=1

n∑

i=1

E(XiXj)

=
n∑

i=1

E(X2
i ) = n,

E(Y 3 | N = n) =E[(
N∑

i=1

Xi)
3 | N = n] = E[(

n∑

i=1

Xi)
3 | N = n]

=E[(

n∑

i=1

Xi)
3] =

n∑

j=1

n∑

i=1

n∑

k=1

E(XiXjXk) = 0,

E(Y 4 | N = n) =E[(

N∑

i=1

Xi)
4 | N = n] = E[(

n∑

i=1

Xi)
4 | N = n]

=E[(
n∑

i=1

Xi)
4] =

n∑

j=1

n∑

i=1

n∑

k=1

n∑

l=1

E(XiXjXkXl)

=

n∑

i=1

E(X4
i ) +

n∑

i,j=1,i 6=j

E(X2
i E(X

2
j ) = n2,w Y F7-I

E(Y ) = E[E(Y | N)] = 0,Y%3I
E(Y 2) =E[E(Y 2 | N)] = E(N)
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=β

∞∑

n=1

n(1− β)n−1 =
1

β
,
%3I

E(Y 3) = E[E(Y 3 | N)] = 0,*%3I
E(Y 4) =E[E(Y 4 | N)] = E(N2)

=β
∞∑

n=1

n2(1− β)n−1 =
1

β
.[ 2 �:�<*, V��'&& n, �

E(etY | N = n) =E(exp{t
N∑

i=1

Xi} | N = n) = E(exp{t
n∑

i=1

Xi} | N = n)

=E(exp{t
n∑

i=1

Xi}) = [E(etX1)]n

=

[
1

2
(e−t + et)

]n

,�8
E(etY | N) =

[
1

2
(e−t + et)

]N

,�8<E Y F3h�&I
gY (t) =E(e

tY ) = E[E(etY | N)]

=β
∞∑

n=1

[
1

2
(e−t + et)

]n

(1− β)n−1

=
β(e−t + et)

2− (1− β)(e−t + et)
.w Y F7-I

E(Y ) =
dgY (t)

dt
|t=0= 0,Y%3I

E(Y 2) =
d2gY (t)

dt2
|t=0=

1

β
,
%3I

E(Y 3) =
d3gY (t)

dt3
|t=0= 0,*%3I

E(Y 4) =
d4gY (t)

dt4
|t=0=

1

β
.
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�

17. 1��M N f:"&I λ F Poisson b�. pM N = n, 1��M M f:� n� p I"&FYbb�. �} M FS>!kXb�.[ �:�<*
P (M = m | N = n) =

(
n

m

)

pm(1− p)n−m, m = 0, 1, 2, · · · , n, n = 0, 1, 2, · · · ,

P (N = n) =
λne−λ

n!
, n = 0, 1, 2, · · · ,w M FS>!kXb�I

P (M = m) =
∞∑

n=m

P (M = m | N = n)P (N = n)

= pme−λ
∞∑

n=m

(
n

m

)
(1− p)n−mλn

n!

=
(λp)me−λ

m!

∞∑

n=0

[(1− p)λ]n

n!

=
(λp)me−λp

m!
, m = 0, 1, 2, · · · .#)dN Y f:"&I λp F Poisson b�.�
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1. � {N(t) : t ≥ 0} �|zRI λ F Poisson }., V 0 ≤ s < t, �}>!kX
P (N(s) = k | N(t) = n).[ �:�<*

P (N(t) = n) =
(λt)n

n!
e−λt, n = 0, 1, 2, · · · , t > 0.

P (N(s) = k,N(t) = n) = P (N(s) = k,N(t)−N(s) = n− k)

= P (N(s) = k)P (N(t)−N(s) = n− k)

=
(λs)k

k!
e−λs · [λ(t− s)]n−k

(n− k)!
e−λ(t−s)

=
λnsk(t− s)n−k

k!(n− k)!
e−λt,

k = 0, 1, · · · , n, n = 0, 1, 2, · · · , 0 ≤ s < t.w
P (N(s) = k | N(t) = n) =

P (N(s) = k,N(t) = n)

P (N(t) = n)

=
n!

k!(n− k)!

(s

t

)k (

1− s

t

)n−k

,

k = 0, 1, · · · , n, n = 0, 1, 2, · · · , 0 ≤ s < t.#)dN,N(s) | N(t) = n ∼ B(n, s
t
),0 ≤ s < t.�

2. � {N(t) : t ≥ 0} �|zRI λ F Poisson }., V t > 0, s ≥ s, ��/
E[N(t)N(t + s)].[ �:�<*

E[N(t)N(t + s)] = E{N(t)[(N(t + s)−N(t)) +N(t)]}
= E[N(t)(N(t + s)−N(t))] + E[N(t)2]

= E[N(t)]E[N(t + s)−N(t)] + V ar[N(t)] + [E(N(t))]2

= λt · λs+ λt+ (λt)2

= λt[λ(t + s) + 1].

�

3. L�}p7.XI^e� 3 nF Poisson }.=DL�2, �R
(i) :�
 8 �D5T℄�DL�FkX;

(ii) ZTJ|
L�=D��Fb���\?[ :�
 8 �9���, �e�I��BN, �
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(i) 3}kXI
P (N(4) = 0) = e−3·4 ≈ 6.1442× 10−6.

(ii) �ZTJ|
L�=D��I T1, �
P (T1 > t) = P (N(t) = N(4)) = e−3(t−4), t > 4.�8<E T1 Fb��&I
FT1

(t) = 1− P (T1 > t) = 1− e−3(t−4), t > 4,bR�&I
fT1

(t) =
dFT1

(t)

dt
= 3e−3(t−4), t > 4.#)dN T1 − 4 f:"&I 3 F.&b�. �

4.{N(t) : t ≥ 0} I| λ = 2 F Poisson }., �}
(i)P (N(1) ≤ 2);

(ii)P (N(1) = 1{N(2) = 3);

(iii)P (N(1) ≥ 2 | N(1) ≥ 1).[ (i)

P (N(1) ≤ 2) = P (N(1) = 0) + P (N(1) = 1) + P (N(1) = 2)

= e−2 +
21

1!
e−2 +

22

2!
e−2

≈ 0.6767.

(ii)

P (N(1) = 1{N(2) = 3) = P (N(1) = 1, N(2)−N(1) = 2)

= P (N(1) = 1)P (N(2)−N(1) = 2)

=
21

1!
e−2 · [2(2− 1)]2

2!
e−2(2−1)

≈ 0.0733.

(iii)

P (N(1) ≥ 2 | N(1) ≥ 1) =
P (N(1) ≥ 2, N(1) ≥ 1)

P (N(1) ≥ 1)

=
P (N(1) ≥ 2)

P (N(1) ≥ 1)
=

1− P (N(1) = 0)− P (N(1) = 1)

1− P (N(1) = 0)

= 1− P (N(1) = 1)

1− P (N(1) = 0)
= 1−

21

1!
e−2

1− e−2

≈ 0.6870.
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�

6. | 600 {F:IDv� 240 n�'<V, �E� Poisson }.,+}2gIq
3 {� k n�'<VFkX,k = 0, 1, 2, · · · , 240.[ 3}kXI

P (N(m+ 3)−N(m) = k | N(600) = 240),

k = 0, 1, 2, · · · , 240, m = 0, 1, 2, · · · , 597. (1)�

P (N(m+ 3)−N(m) = k,N(600) = 240)

=
240−k∑

l=0

P (N(m) = l, N(m+ 3)−N(m) = k,N(600)−N(m+ 3) = 240− k − l)

=

240−k∑

l=0

P (N(m) = l)P (N(m+ 3)−N(m) = k)P (N(600)−N(m+ 3) = 240− k − l)

=

240−k∑

l=0

(mλ)l

l!
e−mλ · (3λ)

k

k!
e−3λ · [λ(597−m)]240−k−l

(240− k − l)!
e−λ(597−m)

=λ240e−600λ 3
k

k!

240−k∑

l=0

ml

l!

(597−m)240−k−l

(240− k − l)!

=λ240e−600λ 3k597240−k

k!(240− k)!
, k = 0, 1, 2, · · · , 240, m = 0, 1, 2, ·, 597,

P (N(600) = 240) =
(600λ)240

240!
e−600λ,�8, � (1) <E

P (N(m+ 3)−N(m) = k | N(600) = 240)

=
P (N(m+ 3)−N(m) = k,N(600) = 240)

P (N(600) = 240)

=
240!

k!(240− k)!

(
3

600

)k (

1− 3

600

)240−k

,

k = 0, 1, 2, · · · , 240, m = 0, 1, 2, · · · , 597. (2)E��Z��:

lim
n→∞,npn→λ

n!

k!(n− k)!
pkn(1− pn)

n−k =
λk

k!
e−λ, k = 0, 1, 2, · · · (3)<" (2) 5kX�I

P (N(m+ 3)−N(m) = k | N(600) = 240)

≈(240 · 3/600)k
k!

e−240·3/600 =
(6/5)k

k!
e−6/5,
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k = 0, 1, 2, · · · , 240, m = 0, 1, 2, · · · , 597. (4)q4 (2) � (4) �/<E
k -�- ,+- k -�- ,+-
0 0.3003 0.3012 6 0.0012 0.0012

1 0.3622 0.3614 7 0.0002 0.0002

2 0.2175 0.2169 8 0.0000 0.0000

3 0.0867 0.0867 9 0.0000 0.0000

4 0.0258 0.0260 10 0.0000 0.0000

5 0.0061 0.0062 11 0.0000 0.0000

�

8. R {Ni(t) : t ≥ 0}, i = 1, · · · , n I n nQGFb��zR"& λi, i = 1, · · · , n F
Poisson }., � T I�� n n}.52ÆZ�N|!�!F�=, �} T Fb�.[ �:�<*

{T > t} = {Ni(t) = 0, i = 1, · · · , n}, t > 0,w
P (T > t) = P (Ni(t) = 0, i = 1, · · · , n)

= P (N1(t) = 0) · · ·P (Nn(t) = 0)

= e
−t

n∑

i=1

λi

, t > 0,�X, T Fb��&I
FT (t) = 1− P (T > t)

= 1− e
−t

n∑

i=1

λi

, t > 0,bR�&I
fT (t) =

dFT (t)

dt
=

n∑

i=1

λi · e
−t

n∑

i=1

λi

, t > 0.#)dN T f:"&I n∑

i=1

λi F.&b�.�

8. � {N(t) : t ≥ 0} �zRI λ F Poisson }.. pM N(t) = n, �}J r n�!Z�F�= Wr F>!bR�& fWr|N(t)(wr | n), r = 1, · · · , n.[ ;�D
{Wr ≤ wr} = {N(wr) ≥ r}, r = 1, · · · , n,�X�

P (Wr ≤ wr | N(t) = n) = P (N(wr) ≥ r | N(t) = n)
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=
P (N(wr) ≥ r,N(t) = n)

P (N(t) = n)
, wr, t > 0. (1)XC 0 < wr < t �, �

P (N(wr) ≥ r,N(t) = n)

=

n∑

k=r

P (N(wr) = k,N(t) = n)

=

n∑

k=r

P (N(wr) = k,N(t)−N(wr) = n− k)

=
n∑

k=r

P (N(wr) = k)P (N(t)−N(wr) = n− k)

=
n∑

k=r

(λwr)
k

k!
e−λwr · [λ(t− wr)]

n−k

(n− k)!
e−λ(t−wr)

=λne−λt

n∑

k=r

wk
r (t− wr)

n−k

k!(n− k)!
, r = 1, · · · , n. (2)�

P (N(t) = n) =
(λt)n

n!
e−λt, n = 0, 1, 2, · · · . (3)" (2) � (3) �� (1) 5<E

P (Wr ≤ wr | N(t) = n) =
1

tn

n∑

k=r

n!

k!(n− k)!
wk

r (t− wr)
n−k,

0 < wr < t, r = 1, · · · , n. (4)X
∫ wr

0

ur−1(t− u)n−rdu =
1

r

∫ wr

0

(t− u)n−rd(ur)

=
1

r
wr

r(t− wr)
n−r +

n− r

r

∫ wr

0

ur(t− u)n−r−1du

= · · · · · ·

=(r − 1)!(n− r)!
n∑

k=r

wr
r(t− wr)

n−r

k!(n− k)!
,

0 < wr < t, r = 1, · · · , n,"r�� (4) 5E
P (Wr ≤ wr | N(t) = n) =

n!

(r − 1)!(n− r)!tn

∫ wr

0

ur−1(t− u)n−rdu,

0 < wr < t, r = 1, · · · , n.#)dN, M N(t) = n,Wr F>!bR�&I
fWr|N(t)(wr | n) =

n!

(r − 1)!(n− r)!tn
wr−1

r (t− wr)
n−r, 0 < wr < t, r = 1, · · · , n.
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�

9. ;V"&I λ F Poisson }. {N(t) : t ≥ 0}, 	^|�!QGI�kX p �y$D, �"y$DF}.�I {N1(t) : t ≥ 0}. �R {N1(t) : t ≥ 0} ��\}.?

{N(t)−N1(t) : t ≥ 0} i?{N1(t) : t ≥ 0} Æ {N(t)−N1(t) : t ≥ 0} �dQG?[ �:��*
(i)N1(0) = 0;

(ii){N1(t) : t ≥ 0} �|QG�M}..G(
(iii) V 0 ≤ s < t, N1(t) − N1(s) f:"&I λp(t − s) F Poisso b�. :X, �

(i)−(iii) <*, {N1(t) : t ≥ 0} �|"&I λp F Poisso }.. r�, V 0 ≤ s < t, �
P (N1(t)−N1(s) = m | N(t)−N(s) = n) =

(
n

m

)

pm(1− p)n−m,

m = 0, 1, · · · , n, n = 0, 1, 2, · · · . (1)X� {N(t) : t ≥ 0} �"&I λ F Poisson }.<*, V 0 ≤ s < t, �
P (N(t)−N(s) = n) =

[λ(t− s)]n

n!
e−λ(t−s), n = 0, 1, 2, · · · . (2)w� (1) � (2) <E

P (N1(t)−N1(s) = m)

=

∞∑

n=m

P (N1(t)−N1(s) = m | N(t)−N(s) = n)P (N(t)−N(s) = n)

=

∞∑

n=m

(
n

m

)

pm(1− p)n−m · [λ(t− s)]n

n!
e−λ(t−s)

=
pm

m!
e−λ(t−s)

∞∑

n=m

(1− p)n−m[λ(t− s)]n

(n−m)!

=
[λp(t− s)]m

m!
e−λp(t−s), m = 0, 1, · · · ,#�)dN, V 0 ≤ s < t, N1(t)−N1(s) f:"&I λp(t− s) F Poisso b�.;�D	 nn1��! A1, · · · , AnQG,� nn1��! Ā1, · · · , ĀnzQG,r5 ĀiH
 Ai 
H
 Ai FVG�!,i = 1, · · · , n,�X,{N1(t) : t ≥ 0}Æ {N(t)−N1(t) : t ≥ 0}QG. � N1(t) � N(t)−N1(t) FV+m<*, {N(t)−N1(t) : t ≥ 0} �|"&I λ(1−p)F Poisso }..�

10. tU
D=g�	�F8*f:"&I λ1 F Poisson }. {N1(t) : t ≥ 0}, XD=Fex*f:"&I λ2 F Poisson }. {N2(t) : t ≥ 0}, { {N1(t) : t ≥ 0} Æ
{N2(t) : t ≥ 0} QG. �R {N(t) : t ≥ 0}=̂{N1(t) +N2(t) : t ≥ 0} ��\}.? ��/�D*T& {N(t) : t ≥ 0} 5, 8* [D=FkX.[  [, �:��*,N(0) = 0.
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n: ^!�G9�0�|-�W9'>r9, �
 {N1(t) : t ≥ 0} Æ {N2(t) : t ≥ 0} QG, �8, V�� 0 ≤ t1 < · · · < tn,nJ1�
M (N1(t1), · · · , N1(tn)) Æ (N2(t1), · · · , N2(tn)) QG, :X, n − 1 J1�
M
(N1(t2) − N1(t1), · · · , N1(tn) − N1(tn−1)) Æ (N2(t2) − N2(t1), · · · , N2(tn) − N2(tn−1)) QG, X N1(t2)−N1(t1), · · · , N1(tn)−N1(tn−1)QG, N2(t2)−N2(t1), · · · , N2(tn)−N2(tn−1)QG, w N1(t2) − N1(t1), · · · , N1(tn) − N1(tn−1), N2(t2) − N2(t1), · · · , N2(tn) − N2(tn−1)QG, �X,N(t2)−N(t1), · · · , N(tn)−N(tn−1) QG. #)dN,{N(t) : t ≥ 0} �|QG�M}..H�, V�� 0 ≤ s < t, �
 N1(t) − N1(s) f:"&I λ1(t − s) F Poisson b�,

N2(t)− N2(s) f:"&I λ2(t − s) F Poisson b�, { N1(t) − N1(s) Æ N2(t) − N2(s)QG, �8,N(t) − N(s) f:"&I (λ1 + λ2)(t− s) F Poisson b�. w {N(t) : t ≥ 0}�|"&I λ1 + λ2 F Poisson }..� U1 � V1 b����}. {N1(t) : t ≥ 0} � {N2(t) : t ≥ 0} 5J|L*=DF�=, � U1 � V1 QG, b�f:"&I λ1 � λ2 F.&b�. 3}8* [D=FkXI
P (U1 < V1) = λ1λ2

∫∫

u,v>0,u<v

e−(λ1u+λ2v)dudv

= λ1λ2

∫ +∞

0

e−λ1udu

∫ +∞

u

e−λ2vdv

= λ1

∫ +∞

0

e−(λ1+λ2)udu

=
λ1

λ1 + λ2
.

�

11. 0Æfk (Shock Model) � N(t) IgYCD�= t "DF0Æ9&, #�"&I λ F Poisson }.. �J k 90ÆVYCF2~?e Yk f:"&I µ F.&b�,Yk, k = 1, 2, · · · QGAb�. � X(t) IYC3"DFD2~, C2~)}|MF�_
α �, YC1�k�l, !e6/. � T IYC!e. �}iYCFp7!e E(T ), �V3E&{I2,y(�.[ ;�D

{T > t} = {X(t) ≤ α}, t > 0,�X
P (T > t) = P (X(t) ≤ α) = P (

N(t)
∑

k=1

Yk ≤ α)

=
∞∑

n=1

P (

N(t)
∑

k=1

Yk ≤ α,N(t) = n)

=
∞∑

n=1

P (

N(t)
∑

k=1

Yk ≤ α | N(t) = n)P (N(t) = n)

=

∞∑

n=1

P (

n∑

k=1

Yk ≤ α | N(t) = n)P (N(t) = n)
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=

∞∑

n=1

P (

n∑

k=1

Yk ≤ α)P (N(t) = n), t > 0. (1)X�
 Yk, k = 1, 2, · · · QGAb�, Y1 f:"&I µ F.&b�, �8,Sn=̂
n∑

k=1

Yk 5�bR�&
fSn

(s) =
µn

(n− 1)!
sn−1e−µs, s > 0, n = 1, 2, · · · ,w

P (

n∑

k=1

Yk ≤ α) =
µn

(n− 1)!

∫ α

0

sn−1e−µsds, n = 1, 2, · · · . (2)�
P (N(t) = n) =

(λt)n

n!
e−λt, n = 0, 1, 2, · · · . (3)" (2) � (3) �� (1) 5E

P (T > t) = e−λt

∞∑

n=1

(λµt)n

n!(n− 1)!

∫ α

0

sn−1e−µsds, t > 0.w
E(T ) =

∫ +∞

0

P (T > t)dt

=
∞∑

n=1

(µλ)n

n!(n− 1)!

∫ +∞

0

tne−λtdt ·
∫ α

0

sn−1e−µsds

=
1

λ

∞∑

n=1

µn

(n− 1)!

∫ α

0

sn−1e−µsds

=
1

λ

∫ α

0

e−µs

∞∑

n=1

µn

(n− 1)!
sn−1ds

=
µ

λ

∫ α

0

ds =
µα

λ
.#)dN, 	 λ �? (�YC3"0Æ�o[),µ �e (�^90Æ3�,Fp72~�?), α �e (�YC3k/"F2~�_�e), �YCFp7!e�S. #�e�'�F.�

12. R {N(t) : t ≥ 0} �zR�&I λ(t) Fat9 Poisson }.,X1, X2, · · · I�!�F���m.

(i)X1, X2, · · · �dQG?

(ii)X1, X2, · · · �dAb�?

(iii) �} (X1, X2) Fb�.[ ;�D
{Wk ≤ t} = {N(t) ≥ k}, k = 1, 2, · · · ,
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n: ^!�G9�0�|-�W9'>�8,(W1,W2) FH�b��&I
F(W1,W2)(t1, t2) = P (W1 ≤ t1,W2 ≤ t2)

= P (N(t1) ≥ 1, N(t2) ≥ 2)

=

∞∑

k=2

k∑

l=1

P (N(t1) = l, N(t2) = k), 0 ≤ t1 < t2. (1)XV 1 ≤ l ≤ k, 0 ≤ t1 < t2, �
P (N(t1) = l, N(t2) = k) = P (N(t1) = l, N(t2)−N(t1) = k − l)

= P (N(t1) = l)P (N(t2)−N(t1) = k − l)

=
m(t1)

l

l!
e−m(t1) · [m(t2)−m(t1)]

k−l

(k − l)!
e−[m(t2)−m(t1)]

=
m(t1)

l[m(t2)−m(t1)]
k−l

l!(k − l)!
e−m(t2),"r�� (1) 5E

F(W1,W2)(t1, t2) = e−m(t2)
∞∑

k=2

1

k!

k∑

l=1

(
k

l

)

m(t1)
l[m(t2)−m(t1)]

k−l

= e−m(t2)

∞∑

k=2

1

k!

{
k∑

l=0

(
k

l

)

m(t1)
l[m(t2)−m(t1)]

k−l − [m(t2)−m(t1)]
k

}

= e−m(t2)

∞∑

k=2

1

k!

{
m(t2)

k − [m(t2)−m(t1)]
k
}

= e−m(t2)

{ ∞∑

k=0

m(t2)
k − [m(t2)−m(t1)]

k

k!
−m(t1)

}

= e−m(t2)
{
em(t2) − em(t2)−m(t1) −m(t1)

}

= 1− e−m(t1) −m(t1)e
−m(t2), 0 ≤ t1 < t2. (2)w (W1,W2) FH�bR�&I

f(W1,W2)(t1, t2) =
∂2F(W1,W2)(t1, t2)

∂t1∂t2

= λ(t1)λ(t2)e
−m(t2), 0 ≤ t1 < t2. (3)�


W1 = X1, W2 = X1 +X2,�8: (W1,W2) D (X1, X2) F Jacob lO�I
∂(W1,W2)

∂(X1, X2)
= 1,�X, � (3) <E (X1, X2) FH�bR�&I

f(X1,X2)(t1, t2) = λ(t1)λ(t1 + t2)e
−m(t1+t2), t1, t2 > 0. (4)
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I, X1 Æ X2 �QG, { X1 FbR�&I
fX1

(t1) = λ(t1)

∫ +∞

0

λ(t1 + t2)e
−m(t1+t2)dt2

= λ(t1)[e
−m(t1) − e−m(+∞)], t1 > 0, (5)r5 e−m(+∞) �Z��M:

1 =

∫ +∞

0

fX1
(t1)dt1 =

∫ +∞

0

λ(t1)[e
−m(t1) − e−m(+∞)]dt1

= 1− [m(+∞) + 1]e−m(+∞),�
e−m(+∞) = 0."r�� (5) 5E

fX1
(t1) = λ(t1)e

−m(t1), t1 > 0, (6)+X, � (4) *, X2 FbR�&I
fX2

(t2) =

∫ +∞

0

λ(t1)λ(t1 + t2)e
−m(t1+t2)dt1, t2 > 0, (7)

�

13. ;VV3� t ≥ 0, zR�& λ(t) 7?
 0 Fat9 Poisson }. {N(t), t ≥ 0}.R m(t) =
∫ t

0
λ(u)du, t ≥ 0,m(t) F\�&�I l(t), t ≥ 0, � N1(t) = N(l(t)), t ≥ 0. �(: {N1(t), t ≥ 0} ��'F Poisson }., �}rzR.[  [, N1(0) = N(l(0)) = N(0) = 0. r9, �:�<*, m(t) � t ≥ 0 Ft��&, �8r\�& l(t) z� t ≥ 0 Ft��&. :X, V�� 0 ≤ t1 < t2 < · · · < tn, �

0 ≤ l(t1) < l(t2) < · · · < l(tn), w�
N1(t2)−N1(t1) = N(l(t2))−N(l(t1)), · · · , N1(tn)−N1(tn−1) = N(l(tn))−N(l(tn−1))� {N(t), t ≥ 0} 5�MFQGm<*, {N1(t), t ≥ 0} 5�Mz�QGF. H�, V��

0 ≤ s < t, �
P (N1(t)−N1(s) = k) = P (N(l(t))−N(l(s)) = k)

=
[m(l(t))−m(l(s))]k

k!
e−[m(l(t))−m(l(s))] , k = 0, 1, 2, · · · .X

m(l(t)) = t, t ≥ 0,w
P (N1(t)−N1(s) = k) =

(t− s)k

k!
e−(t−s), k = 0, 1, 2, · · · .
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3%,{N(t), t ≥ 0} �|zRI 1 F Poisson }..�

14. � {N(t), t ≥ 0} �|ri}., �lUZ%e:F$K:

(i){N(t) < k} = {Wk > t},

(ii){N(t) ≤ k} = {Wk ≥ t},

(iii){N(t) > k} = {Wk < t},r5 Wk �J k n�!FHA��, k = 1, 2, · · · .[ � {Wk ≤ t} = {N(t) ≥ k}, k = 1, 2, · · · , t ≥ 0 <*
(i){N(t) < k} = {N(t) ≥ k} = {Wk ≤ t} = {Wk > t}.

(ii){N(t) ≤ k} = {N(t) < k + 1} = {N(t) ≥ k + 1} = {Wk+1 ≤ t} = {Wk+1 > t}.
(iii){N(t) > k} = {N(t) ≥ k + 1} = {Wk+1 ≤ t}. �
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1. V
 Markov J {Xn, n = 0, 1, 2, · · · }, �(>!
P (Xn+1 = j | X0 = i0, · · · , Xn−1 = in−1, Xn = i) = P (Xn+1 = j | Xn = i)H�
V3�ah&& n � m �3�>8 i0, · · · , in, j1, · · · , jm, �

P (Xn+1 = j1, · · · , Xn+m = jm | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (Xn+1 = j1, · · · , Xn+m = jm | Xn = in). (0)o`  [(d {Xn, n = 0, 1, 2, · · · } I Markov J ⇔ V��ah&& n � k ≤ n,�� {n1, · · · , nk} ⊂ {0, 1, · · · , n− 1} ���>8 in1
, · · · , ink

, i, j, 7�
P (Xn+1 = j | Xn1

= in1
, · · · , Xnk

= ink
, Xn = i)

=P (Xn+1 = j | Xn = i). (1)r�,”(1)⇒{Xn, n = 0, 1, 2, · · · } I Markov J” �\�F (� (1) 5� k = n �<:2). G(”{Xn, n = 0, 1, 2, · · · } I Markov J ⇒(1)”. � {Xn, n = 0, 1, 2, · · · } I MarkovJ*, V��ah&& n ���>8 i0, i1, · · · , in−1, i, j, 7�
P (Xn+1 = j | X0 = i0, · · · , Xn−1 = in−1, Xn = i) = P (Xn+1 = j | Xn = i),�
P (X0 = i0, · · · , Xn−1 = in−1, Xn = i, Xn+1 = j)

P (X0 = i0, · · · , Xn−1 = in−1, Xn = i)
=
P (Xn = i, Xn+1 = j)

P (Xn = i)
,�X

P (X0 = i0, · · · , Xn−1 = in−1, Xn = i, Xn+1 = j)

P (Xn = i, Xn+1 = j)
=
P (X0 = i0, · · · , Xn−1 = in−1, Xn = i)

P (Xn = i)
.

(2)X
P (Xn1

= in1
, · · · , Xnk

= ink
, Xn = i, Xn+1 = j)

=
∑

im ∈ X, m = 0, 1, · · · , n − 1,

m 6= n1, · · · , nk

P (X0 = i0, · · · , Xn−1 = in−1, Xn = i, Xn+1 = j),

P (Xn1
= in1

, · · · , Xnk
= ink

, Xn = i)

=
∑

im ∈ X, m = 0, 1, · · · , n − 1,

m 6= n1, · · · , nk

P (X0 = i0, · · · , Xn−1 = in−1, Xn = i)�X� (2) <E
P (Xn1

= in1
, · · · , Xnk

= ink
, Xn = i, Xn+1 = j)

P (Xn = i, Xn+1 = j)
=
P (Xn1

= in1
, · · · , Xnk

= ink
, Xn = i)

P (Xn = i)
,
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P (Xn1

= in1
, · · · , Xnk

= ink
, Xn = i, Xn+1 = j)

P (Xn1
= in1

, · · · , Xnk
= ink

, Xn = i)
=
P (Xn = i, Xn+1 = j)

P (Xn = i)
,�8GE (1).r9, (d {Xn, n = 0, 1, 2, · · · } I Markov J ⇔(0). ”(0)⇒{Xn, n = 0, 1, 2, · · · }I Markov J” �\�F (� (0) 5� m = 1 �<:2). G(”{Xn, n = 0, 1, 2, · · · } I

Markov J ⇒(0)”. � {Xn, n = 0, 1, 2, · · · } I Markov J<E
P (Xn+1 = j1, · · · , Xn+m = jm | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=
P (X0 = i0, · · · , Xn−1 = in−1, Xn = in, Xn+1 = j1, · · · , Xn+m = jm)

P (X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=
P (X0 = i0, · · · , Xn−1 = in−1, Xn = in, Xn+1 = j1, · · · , Xn+m = jm)

P (X0 = i0, · · · , Xn−1 = in−1, Xn = in, Xn+1 = j1, · · · , Xn+m−1 = jm−1)

· P (X0 = i0, · · · , Xn−1 = in−1, Xn = in, Xn+1 = j1, · · · , Xn+m−1 = jm−1)

P (X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (Xn+m = jm | Xn+m−1 = jm−1)

· P (X0 = i0, · · · , Xn−1 = in−1, Xn = in, Xn+1 = j1, · · · , Xn+m−1 = jm−1)

P (X0 = i0, · · · , Xn−1 = in−1, Xn = in)

= · · · · · ·
=P (Xn+m = jm | Xn+m−1 = jm−1) · · ·P (Xn+2 = j2 | Xn+1 = j1)P (Xn+1 = j1 | Xn = in).

(3)��( (1) <E
P (Xn+1 = j1, · · · , Xn+m = jm | Xn = in)

=
P (Xn = in, Xn+1 = j1, · · · , Xn+m = jm)

P (Xn = in)

=
P (Xn = in, Xn+1 = j1, · · · , Xn+m = jm)

P (Xn = in, Xn+1 = j1, · · · , Xn+m−1 = jm−1)

· P (Xn = in, Xn+1 = j1, · · · , Xn+m−1 = jm−1)

P (Xn = in)

=P (Xn+m = jm | Xn+m−1 = jm−1)

· P (Xn = in, Xn+1 = j1, · · · , Xn+m−1 = jm−1)

P (Xn = in)

= · · · · · ·
=P (Xn+m = jm | Xn+m−1 = jm−1) · · ·P (Xn+2 = j2 | Xn+1 = j1)P (Xn+1 = j1 | Xn = in).

(4)� (3) � (4) �E (0).�

2. ;V>8>� X = {0, 1, 2} 
F|n Markov J {Xn, n = 0, 1, 2, · · · }, r<~k
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P =






0.1 0.2 0.7

0.9 0.1 0

0.1 0.8 0.1




 ,1�b�I p0 = 0.3, p1 = 0.4, p2 = 0.3, �}kX P (X0 = 0, X1 = 1, X2 = 2).[ 3}kXI

P (X0 = 0, X1 = 1, X2 = 2)

=P (X2 = 2 | X1 = 1)P (X1 = 1 | X0 = 0)P (X0 = 0)

=P12P01p0 = 0.

�

3. j�5,R:. j�0� 0, 1 K7, bIWn%T5,. �^|�
2<FkXI
α. X0 = 0 �,2Fj�, X Xn ��J n �$�DFj�. �M {Xn, n = 0, 1, 2, · · · } I| Markov J, r>8>�I X = {0, 1}, <~kX3%I

P =

(

P00 P01

P10 P11

)

=

(

1− α α

α 1− α

)

, α ∈ (0, 1).�}
(a)n �7�2<FkX P (X1 = 0, · · · , Xn = 0 | X0 = 0), n = 1, 2, · · · ,
(b)n �+�5,SVFkX P (Xn = 0 | X0 = 0), n = 1, 2, · · · .[ (a) 3}kXI
P (X1 = 0, · · · , Xn = 0 | X0 = 0)

=P (Xn = 0 | X0 = 0, X1 = 0, · · · , Xn−1 = 0)P (X1 = 0, · · · , Xn−1 = 0 | X0 = 0)

=P (Xn = 0 | Xn−1 = 0)P (X1 = 0, · · · , Xn−1 = 0 | X0 = 0)

= · · · · · ·
=P (Xn = 0 | Xn−1 = 0) · · ·P (X1 = 0 | X0 = 0)

=(1− α)n, n = 1, 2, · · · .

(b) 3}kXI
P (Xn = 0 | X0 = 0) = P

(n)
00 , n = 1, 2, · · · , (1)r5 P

(n)
ij I n �<~kX3%

P (n) =

(

P
(n)
00 P

(n)
01

P
(n)
10 P

(n)
11

)

= P n =

(

1− α α

α 1− α

)n

(2)F�-,i, j = 0, 1. ;�D
P = T

(

1 0

0 1− 2α

)

T ′,
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T =

1√
2

(

1 1

1 −1

)I|'#%, �X� (2) E
P (n) = T

(

1 0

0 1− 2α

)n

T ′ = T

(

1 0

0 (1− 2α)n

)

T ′

=
1

2

(

1 + (1− 2α)n 1− (1− 2α)n

1− (1− 2α)n 1 + (1− 2α)n

)

, n = 1, 2, · · · . (3)�8� (1) �E
P (Xn = 0 | X0 = 0) =

1

2
[1 + (1− 2α)n], n = 1, 2, · · · .

�

4. A,B KzDv=� N n|. I�Z�w: ��= n [: N n|5HkXI��||, ��: A,BKz5�r|z, r5 AzFkXI p, r5 BzFkXI q, p+q = 1,+��"r2F|`�r�Fz5. � Xn I�= n � A z5F|&, �}8 Markov J
{Xn, n = 0, 1, 2, · · · , } F<~kX3%.[o �:�*,{Xn , n = 0, 1, 2, · · · , } F>8>�I X = {0, 1, 2, · · · , N}. � In ����= n : N n|5HkXI�E||F&{, �M

In =

{

0, ��= n : B z5�2||,
−1, ��= n : A z5�2||.�:�<*, pM Xk = ik, k ∈ X , k = 0, 1, · · · , n− 1 �,In F>!b�I

{

P (In = 0 | Xk = ik, k = 0, 1, · · · , n− 1) = P (In = 0 | Xn−1 = in−1) = 1− in−1

N
,

P (In = −1 | Xk = ik, k = 0, 1, · · · , n− 1) = P (In = −1 | Xn−1 = in−1) =
in−1

N
.

(1)�� Jn ����= n : A,B Kz5�r|z3EF&{, �M
Jn =

{

1, ��= n r5 A z,
0, ��= n r5 B z.�:�<*,{Xn , n = 0, 1, 2, · · · , In = 1, 2, · · · } Æ {Jn, n = 1, 2, · · · } QG, { Jn Fb�I
{

P (Jn = 1) = p,

P (Jn = 0) = q.
(2)8E, �

Xn = Xn−1 + In + Jn, n = 1, 2, · · · . (3)
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G( {Xn, n = 0, 1, 2, · · · , } I| Markov J. r�, � (1) � (2) <*, V��'&& n ���>8 i0, · · · , in+1 ∈ X , �
P (Xn+1 = in+1 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (Xn + In+1 + Jn+1 = in+1 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (In+1 + Jn+1 = in+1 − in | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (In+1 + Jn+1 = in+1 − in, In+1 = 0 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

+ P (In+1 + Jn+1 = in+1 − in, In+1 = −1 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (Jn+1 = in+1 − in, In+1 = 0 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

+ P (Jn+1 = in+1 − in + 1, In+1 = −1 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (Jn+1 = in+1 − in | X0 = i0, · · · , Xn−1 = in−1, Xn = in, In+1 = 0)

· P (In+1 = 0 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

+ P (Jn+1 = in+1 − in + 1 | X0 = i0, · · · , Xn−1 = in−1, Xn = in, In+1 = −1)

· P (In+1 = −1 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (Jn+1 = in+1 − in)(1−
in
N
) + P (Jn+1 = in+1 − in + 1)

in
N

=







p(1− in
N
), in+1 − in = 1,

q(1− in
N
) + p in

N
, in+1 − in = 0,

q in
N
, in+1 − in = −1,

0, r4. (4)AD<E
P (Xn+1 = in+1 | Xn = in) =







p(1− in
N
), in+1 − in = 1,

q(1− in
N
) + p in

N
, in+1 − in = 0,

q in
N
, in+1 − in = −1,

0, r4. (5)�8� (4) <E
P (Xn+1 = in+1 | X0 = i0, · · · , Xn−1 = in−1, Xn = in)

=P (Xn+1 = in+1 | Xn = in)

=







p(1− in
N
), in+1 − in = 1,

q(1− in
N
) + p in

N
, in+1 − in = 0,

q in
N
, in+1 − in = −1,

0, r4. (6)
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P =

1

N
















qN pN 0 · · · 0 0 0

q q(N − 1) + p p(N − 1) · · · 0 0 0

0 2q q(N − 2) + 2p · · · 0 0 0

· · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 2q + p(N − 2) 2p 0

0 0 0 · · · q(N − 1) q + p(N − 1) p

0 0 0 · · · 0 qN pN
















.

�

5. 8g1�|,DIq2℄K9'
I/. �M2℄'
FkX� p, 2℄\
FkX� q, p + q = 1. ����Iq2℄9&I>8>�F Markov J, �}p7ny1WÆ9�w!�?/.[ � In ��J n 91�F&{, �M
In =

{

1, J n 91�2℄'
,
0, J n 91�2℄\
, n = 1, 2, · · · , (1)� {In, n = 1, 2, · · · } I|QGAb�1��MpO, P (I1 = 1) = p,P (I1 = 0) = q. RYJ1�
M
Xn = (In, In+1), n = 1, 2, · · · , (2)� Xn ��`PJ n � n+1 91�F&{,n = 1, 2, · · · . G( {Xn, n = 1, 2, · · · } �|>8>�I X = {(0, 0), (0, 1), (1, 0), (1, 1)} F Markov J. I8, ;�DV��'&& n ���>8 ik = (ik1, ik2) ∈ X , k = 1, · · · , n, �

P (Xk = (ik1, ik2), k = 1, · · · , n)
=P (Ik = ik1, k = 1, · · · , n, In+1 = in2)

=

n∏

k=1

P (Ik = ik1) · P (In+1 = in2)

=

n∏

k=1

(pik1q1−ik1) · pin2q1−in2

=







p

n∑

k=1

ik1+in2

q
n+1−(

n∑

k=1

ik1+in2)
, ik2 = ik+1,1, k = 1, · · · , n− 1,

0, r4, (3)�X, V��'&& n ���>8 ik = (ik1, ik2) ∈ X , k = 1, · · · , n + 1, �
P (Xn+1 = (in+1,1, in+1,2) | Xk = (ik1, ik2), k = 1, · · · , n)

=
P (Xk = (ik1, ik2), k = 1, · · · , n+ 1)

P (Xk = (ik1, ik2), k = 1, · · · , n)

=

{

pin+1,2q1−in+1,2 , ik2 = ik+1,1, k = 1, · · · , n,
0, r4. (4)




n: ^!�G9�0�|-�W9'> 29AD<*, V��'&& n ���>8 ik = (ik1, ik2) ∈ X , k = n, n+ 1, �
P (Xn+1 = (in+1,1, in+1,2) | Xn = (in1, in2))

=

{

pin+1,2q1−in+1,2 , in2 = in+1,1,

0, r4.�8� (4) <*, V��'&& n ���>8 ik = (ik1, ik2) ∈ X , k = 1, · · · , n+ 1, �
P (Xn+1 = (in+1,1, in+1,2) | Xk = (ik1, ik2), k = 1, · · · , n)

=P (Xn+1 = (in+1,1, in+1,2) | Xn = (in1, in2))

=

{

pin+1,2q1−in+1,2 , ik2 = ik+1,1, k = 1, · · · , n,
0, r4.#)dN, {Xn, n = 1, 2, · · · } �| markov J, {r<~kX3%I

P =









q p 0 0

0 0 q p

q p 0 0

0 0 q p









(0, 0)

(0, 1)

(1, 0)

(1, 1)

. (5)X {Xn, n = 1, 2, · · · } F1�b�I
P (X1 = (0, 0)) = q2, P (X1 = (0, 1)) = P (X1 = (1, 0)) = pq, P (X1 = (1, 1)) = p2.

(6)� T ���1�}.5 9Iq2℄K9'
3n1�F9&, �
{T = n} = {Xk 6= (1, 1), k = 1, · · · , n− 2, Xn−1 = (1, 1)}, n = 2, 3, · · · , (7)�X

P (T = 2) = P (X1 = (1, 1)) = p2, (8)

P (T = n) =P (Xk 6= (1, 1), k = 1, · · · , n− 2, Xn−1 = (1, 1))

=
∑

ik∈X−{(1,1)}
P (ik = ik, k = 1, · · · , n− 2, Xn = (1, 1))

=
∑

ik∈X−{(1,1)}
P (X1 = i1)Pi1i2 · · ·Pin−3in−2

Pin−2,(1,1), n = 3, 4, · · · . (9)

(9) )dN, C n = 3, 4, · · · �, P (T = n) �
Jl
M
(q2, pq, pq)






q p 0

0 0 q

q p 0






n−3




q p 0 0

0 0 q p

q p 0 0





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(q2, pq, pq)






q p 0 0

0 0 q p

q p 0 0




 = (q2, pq, pq2, p2q),�X

P (T = 3) = p2q. (10);�D3%





q p 0

0 0 q

q p 0




F Jordan b(I






q p 0

0 0 q

q p 0




 =

1

pq(λ2 − λ3)






p λ2 λ3

−q q q

0 λ2 λ3











0 0 0

0 λ2 0

0 0 λ3






·






q(λ2 − λ3) 0 q(λ3 − λ2)

−qλ3 −pλ3 q(p+ λ3)

qλ2 pλ2 −q(p + λ2)




 , (11)r5 λ2 =

q+
√

q2+4pq

2
∈ (0, 1),λ3 =

q−
√

q2+4pq

2
∈ (−1, 0), �X�






q p 0

0 0 q

q p 0






n

=
1

pq(λ2 − λ3)






p λ2 λ3

−q q q

0 λ2 λ3











0 0 0

0 λn2 0

0 0 λn3






·






q(λ2 − λ3) 0 q(λ3 − λ2)

−qλ3 −pλ3 q(p+ λ3)

qλ2 pλ2 −q(p+ λ2)






=
1

λ2 − λ3






q(λn2 − λn3 ) p(λn2 − λn3 ) pq(λn−1
2 − λn−1

3 )

q2(λn−1
2 − λn−1

3 ) pq(λn−1
2 − λn−1

3 ) pq2(λn−2
2 − λn−2

3 )

q(λn2 − λn3 ) p(λn2 − λn3 ) pq(λn−1
2 − λn−1

3 )




 , n = 1, 2, · · · .

(12)w
(q2, pq, pq)






q p 0

0 0 q

q p 0






n




q p 0 0

0 0 q p

q p 0 0






=
q

λ2 − λ3
(q2[pq(1 + p)(λn−2

2 − λn−2
3 ) + (1 + pq)(λn−1

2 − λn−1
3 )],
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pq[pq(1 + p)(λn−2
2 − λn−2

3 ) + (1 + pq)(λn−1
2 − λn−1

3 )],

pq[λn2 − λn3 + pq(λn−1
2 − λn−1

3 )],

p2[λn2 − λn3 + pq(λn−1
2 − λn−1

3 )]), n = 1, 2, · · · .�
3%, �
P (T = n) =

p2q

λ2 − λ3
[λn−3

2 − λn−3
3 + pq(λn−4

2 − λn−4
3 )], n = 4, 5, · · · . (13)� (8),(10) � (13) <*, IN�1�}.5Iq2℄K9'
, 3n1�Fp79&I

E(T ) =
∞∑

n=2

nP (T = n)

=2p2 + 3p2q +
p2q

λ2 − λ3

∞∑

n=4

n[λn−3
2 − λn−3

3 + pq(λn−4
2 − λn−4

3 )]

=
1 + p

p2
,�

F}�5, �DN�ZH�

∞∑

n=m

nxn−1 =
xm−1[m− (m− 1)x]

(1− x)2
, |x| < 1, m = 1, 2, · · · .

�

6. auR:. "e$`�au5INUFsX�w, �D 3.3 3�. �auFJ
7 �elj`�_M�UXJ 8 �elj��LÆ�$=4. �MC�$N
gl��
k n2?<�C�, �6D�1�Ir�|n, kXI 1

k
, ��M^|9�$0kmD`PFel�. R Xn I�$��= n �3�elF�&, n = 0, 1, 2, · · · . �g2}.

{Xn, n = 0, 1, 2, · · · } F<~kX3%, �}2�$��DLÆyk D�UFkX.[ �:�<*,{Xn , n = 0, 1, 2, · · · } �| Markov J, r<~kX3%I
P =






















0 1
2

1
2

0 0 0 0 0 0
1
3

0 0 1
3

0 0 0 1
3

0
1
3

0 0 1
3

0 0 0 0 1
3

0 1
4

1
4

0 1
4

1
4

0 0 0

0 0 0 1
3

0 0 1
3

1
3

0

0 0 0 1
3

0 0 1
3

0 1
3

0 0 0 0 1
2

1
2

0 0 0

0 1
2

0 0 1
2

0 0 0 0

0 0 1
2

0 0 1
2

0 0 0






















0

1

2

3

4

5

6

7

8

. (1)

� f
(n)
i7 ���$: X0 = i 2Z. n �L"LÆ 9 D�UFkX, �
f
(n)
i7 = P (Xn = 7, Xk 6= 7, 8, k = 1, · · · , n− 1 | X0 = i), n = 1, 2, · · · , (2)
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f
(1)
i7 = Pi7, i = 0, 1, · · · , 8,�

{

f
(1)
07 = f

(1)
27 = f

(1)
37 = f

(1)
57 = f

(1)
67 = f

(1)
77 = f

(1)
87 = 0

f
(1)
17 = f

(1)
47 = 1

3
.

(3)XV n = 2, 3, · · · , f (n)
i7 �

P[7,8]P
n−2
(7,8)[7,8]P(7,8) (4)F>8 i 3�l, >8 7 3�O##N4
F�-,i = 0, 1, · · · , 8, r5 P(7,8) ��: P5�3>8 7, 8 3�lEDF 7× 9 3%, P[7,8] ��: P 5�3>8 7, 8 3�OEDF

9× 7 3%, P(7,8),[7,8] ��: P 5�3>8 7, 8 3�l�OEDF 7× 7 3%.;�D
P[7,8]P(7,8) =






















1
3

0 0 1
3

0 0 0 1
6

1
6

0 1
4

1
4

0 1
12

1
12

0 0 0

0 1
4

1
4

0 1
12

1
12

0 0 0
1
6

0 0 1
3

0 0 1
6

1
6

1
6

0 1
12

1
12

0 1
4

1
4

0 0 0

0 1
12

1
12

0 1
4

1
4

0 0 0

0 0 0 1
3

0 0 1
3

1
6

1
6

1
6

0 0 1
3

0 0 1
6

1
3

0
1
6

0 0 1
3

0 0 1
6

0 1
3






















,

�8�
3%E






f
(2)
07 = f

(2)
37 = f

(2)
67 = 1

6
,

f
(2)
17 = f

(2)
27 = f

(2)
47 = f

(2)
57 = f

(2)
87 = 0,

f
(2)
77 = 1

3
.

(5)+X, ;�D P(7,8),[7,8] F Jordan b(I
P(7,8),[7,8] = TJT−1, (6)r5

T =
















1 0 0 λ1 λ2 −λ3 λ4

0 1 0 1 1 −1 1

0 −1 0 1 1 −1 1

−1 0 0 λ1 λ2 0 0

0 0 1 1 1 1 −1

0 0 −1 1 1 1 −1

1 0 0 λ1 λ2 λ3 −λ4,
















, (7)
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J = diag(0, 0, 0, λ1, λ2, λ3, λ4), (8)

T−1 =
















1
4

0 0 −1
2

0 0 1
4

0 1
2

−1
2

0 0 0 0

0 0 0 0 1
2

−1
2

0
λ1

8
1
8

1
8

λ1

4
1
8

1
8

λ1

8
λ2

8
1
8

1
8

λ2

4
1
8

1
8

λ2

8

−λ3

4
−1

8
−1

8
0 1

8
1
8

λ3

4
λ4

4
1
8

1
8

0 −1
8

−1
8

−λ4

4
















, (9)

r5 λ1,2 = ±
√

2
3
,λ3,4 = ± 1√

3
, �8

P[7,8]P
n
(7,8),[7,8]P(7,8) = P[7,8]TJ

nT−1P(7,8)

=






















1
12
(λn1 + λn2 + λn3 + λn4 )

1
8
(λn+1

1 + λn+1
2 + λ1λ

n
3 + λ2λ

n
4 )

1
18
(λn−1

1 + λn−1
2 + λn−1

3 + λn−1
4 ) 1

12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 )

1
18
(λn−1

1 + λn−1
2 + λn−1

3 + λn−1
4 ) 1

12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 )

1
12
(λn1 + λn2 )

1
8
(λn+1

1 + λn+1
2 )

1
18
(λn−1

1 + λn−1
2 − λn−1

3 − λn−1
4 ) 1

12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 )

1
18
(λn−1

1 + λn−1
2 − λn−1

3 − λn−1
4 ) 1

12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 )

1
12
(λn1 + λn2 − λn3 − λn4 )

1
8
(λn+1

1 + λn+1
2 + λ2λ

n
3 + λ1λ

n
4 )

1
12
(λn1 + λn2 )

1
8
(λn+1

1 + λn+1
2 )

1
12
(λn1 + λn2 )

1
8
(λn+1

1 + λn+1
2 )

1
8
(λn+1

1 + λn+1
2 + λ1λ

n
3 + λ2λ

n
4 )

1
6
(λn1 + λn2 )

1
12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 ) 1

9
(λn−1

1 + λn−1
2 )

1
12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 ) 1

9
(λn−1

1 + λn−1
2 )

1
8
(λn+1

1 + λn+1
2 ) 1

6
(λn1 + λn2 )

1
12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 ) 1

9
(λn−1

1 + λn−1
2 )

1
12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 ) 1

9
(λn−1

1 + λn−1
2 )

1
8
(λn+1

1 + λn+1
2 + λ2λ

n
3 + λ1λ

n
4 )

1
6
(λn1 + λn2 )

1
8
(λn+1

1 + λn+1
2 ) 1

6
(λn1 + λn2 )

1
8
(λn+1

1 + λn+1
2 ) 1

6
(λn1 + λn2 )



34 
n: ^!�G9�0�|-�W9'>
1
8
(λn+1

1 + λn+1
2 + λ2λ

n
3 + λ1λ

n
4 )

1
8
(λn+1

1 + λn+1
2 + λ2λ

n
3 + λ1λ

n
4)

1
12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 ) 1

12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 )

1
12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 ) 1

12
(λn1 + λn2 + λ2λ

n−1
3 + λ1λ

n−1
4 )

1
8
(λn+1

1 + λn+1
2 ) 1

8
(λn+1

1 + λn+1
2 )

1
12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 ) 1

12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 )

1
12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 ) 1

12
(λn1 + λn2 + λ1λ

n−1
3 + λ2λ

n−1
4 )

1
8
(λn+1

1 + λn+1
2 + λ1λ

n
3 + λ2λ

n
4 )

1
8
(λn+1

1 + λn+1
2 + λ1λ

n
3 + λ2λ

n
4)

1
8
(λn+1

1 + λn+1
2 ) 1

8
(λn+1

1 + λn+1
2 )

1
8
(λn+1

1 + λn+1
2 ) 1

8
(λn+1

1 + λn+1
2 )

1
12
(λn1 + λn2 − λn3 − λn4 )

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2)

1
18
(λn−1

1 + λn−1
2 − λn−1

3 − λn−1
4 ) 1

18
(λn−1

1 + λn−1
2 ) 1

18
(λn−1

1 + λn−1
2 )

1
18
(λn−1

1 + λn−1
2 − λn−1

3 − λn−1
4 ) 1

18
(λn−1

1 + λn−1
2 ) 1

18
(λn−1

1 + λn−1
2 )

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2)

1
18
(λn−1

1 + λn−1
2 + λn−1

3 + λn−1
4 ) 1

18
(λn−1

1 + λn−1
2 ) 1

18
(λn−1

1 + λn−1
2 )

1
18
(λn−1

1 + λn−1
2 + λn−1

3 + λn−1
4 ) 1

18
(λn−1

1 + λn−1
2 ) 1

18
(λn−1

1 + λn−1
2 )

1
12
(λn1 + λn2 + λn3 + λn4 )

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2)

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2)

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2 )

1
12
(λn1 + λn2)






















, (10)

�X�
3%E
{

f
(n)
07 = f

(n)
37 = f

(n)
67 = f

(n)
77 = f

(n)
87 = 1

12
(λn−2

1 + λn−2
2 ),

f
(n)
17 = f

(n)
27 = f

(n)
47 = f

(n)
57 = 1

18
(λn−3

1 + λn−3
2 ),

n = 3, 4, · · · . (11)	� fi7 ���$: X0 = i 2ZL"LÆ D�UFkX, �
fi7 =

∞∑

n=1

f
(n)
i7 , i = 0, 1, · · · , 8. (12)� (3),(5) � (11) �}E







f07 = f37 = f67 =
1
2
,

f17 = f47 = f77 =
2
3
,

f27 = f57 = f87 =
1
3
.

(13)

�

7. � Zi, i = 1, 2, · · · �|6QGAb�FC�1��M, b�I P (Zn = k) =

pk, k = 0, 1, 2, · · · ,
∞∑

k=0

pk = 1. �( {Zn, n = 1, 2, · · · , } �| Markov J, �}r<~kX3%.[o �:�*,{Zn, n = 1, 2, · · · , } F>8>�I X = {0, 1, 2, · · · }, V��'&&
n ��� i1, · · · , in+1 ∈ X , �

P (Zn+1 = in+1 | Z1 = i1, · · · , Zn = in) = P (Zn+1 = in+1) = pin+1
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P (Zn+1 = in+1 | Zn = in) = P (Zn+1 = in+1) = pin+1

.�X
P (Zn+1 = in+1 | Z1 = i1, · · · , Zn = in) = P (Zn+1 = in+1 | Zn = in) = pin+1

.#)dN {Zn, n = 1, 2, · · · , } �| Markov J, {r<~kX3%I
P =









p0 p1 p2 · · ·
p0 p1 p2 · · ·
p0 p1 p2 · · ·
...

...
...

. . .









.

�

8. VJ 7 :5F {Zi, i = 1, 2, · · · }, R Xn = max{Z1, · · · , Zn}, n = 1, 2, · · · , ��M
X0 ≡ 0. �R {Xn, n = 0, 1, 2, · · · } �dI Markov J? 	�, �}r<~kX3%.[ �:�*,{Xn , n = 0, 1, 2, · · · , } F>8>�I X = {0, 1, 2, · · · }. �
 P (X0 =

0) = 1, �8,X0, Z1, Z2, · · · QG. V�� i1 ∈ X , �
P (X1 = i1 | X0 = 0) = P (Z1 = i1 | X0 = 0) = P (Z1 = i1) = pi1 . (1)+X, V��'&& n ��� i1, · · · , in+1 ∈ X , �

P (Xn+1 = in+1 | X0 = 0, X1 = i1, · · · , Xn = in)

=
P (X0 = 0, X1 = i1, · · · , Xn = in, Xn+1 = in+1)

P (X0 = 0, X1 = i1, · · · , Xn = in)

=
P (X1 = i1, · · · , Xn = in, Xn+1 = in+1)

P (X1 = i1, · · · , Xn = in)

=
P (Z1 = i1,max{i1, Z2} = i2, · · · ,max{in−1, Zn} = in,max{in, Zn+1} = in+1)

P (Z1 = i1,max{i1, Z2} = i2, · · · ,max{in−1, Zn} = in)

=P (max{in, Zn+1} = in+1)

=







0, in > in+1,

P (Zn+1 ≤ in+1), in = in+1,

P (max{in, Zn+1} = in+1), in < in+1

=







0, in > in+1,

P (Zn+1 ≤ in+1), in = in+1,

P (max{in, Zn+1} = in+1, Zn+1 < in)

+P (max{in, Zn+1} = in+1, Zn+1 ≥ in), in < in+1

=







0, in > in+1,

P (Zn+1 ≤ in+1), in = in+1,

P (Zn+1 = in+1), in < in+1
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=







0, in > in+1,
in+1∑

k=0

pk, in = in+1,

pin+1
, in < in+1.

(2)AD<*, V��'&& n ��� in, in+1 ∈ X , �
P (Xn+1 = in+1 | Xn = in) =







0, in > in+1,
in+1∑

k=0

pk, in = in+1,

pin+1
, in < in+1.

(3)�8� (2) <E
P (Xn+1 = in+1 | X0 = 0, X1 = i1, · · · , Xn = in)

=P (Xn+1 = in+1 | Xn = in). (4)�8� (1) <*, {Xn, n = 0, 1, 2, · · · } I| Markov J, {r<~kX3%I
P =












p0 p1 p2 p3 · · ·
0 p0 + p1 p2 p3 · · ·
0 0 p0 + p1 + p2 p3 · · ·
0 0 0 p0 + p1 + p2 + p3 · · ·
...

...
...

...
. . .












.

�

10. VJ 7 :5F Zi, i = 1, 2, · · · , 	M� Xn =
n∑

i=1

Zi, n = 1, 2, · · · , X0 ≡ 0, �(
{Xn, n = 0, 1, 2, · · · } I| Markov J, �}r<~kX3%.[ �:�<*, V��>8 i1 ∈ X , �

P (X1 = i1 | X0 = 0) = P (X1 = i1) = pi1 . (1)+X, V��'&& n ���>8 ik, k = 1, · · · , n+ 1, �
P (Xn+1 = in+1 | X0 = 0, Xk = ik, k = 1, · · · , n)

=P (Zn+1 = in+1 − in | Xk = ik, k = 1, · · · , n)
=P (Zn+1 = in+1 − in)

=

{

pin+1−in, in+1 − in = 0, 1, 2, · · · ,
0, r4. (2)AD<*, V��'&& n ���>8 in, in+1, �

P (Xn+1 = in+1 | Xn = in) = P (Zn+1 = in+1 − in)

=

{

pin+1−in , in+1 − in = 0, 1, 2, · · · ,
0, r4. (3)




n: ^!�G9�0�|-�W9'> 37� (1),(2) � (3) �*, {Xn, n = 0, 1, 2, · · · } I| Markov J, {r<~kX3%I
P =









p0 p1 p2 p3 · · ·
0 p0 p1 p2 · · ·
0 0 p0 p1 · · ·
...

...
...

...
. . .









.

�

11. | Markov J�>8 0,1,2,3 �<~kX3%
P =









0 1
2

0 1
2

0 0 1 0

0 0 0 1
1
2

0 0 1
2









,�} f
(n)
00 , n = 1, 2, · · · � f00.[  [,f

(1)
00 = P00 = 0. r9, V n ≥ 2, f

(n)
00 �3%









1
2

0 1
2

0 1 0

0 0 1

0 0 1
2














0 1 0

0 0 1

0 0 1
2






n−2




0 0 1 0

0 0 0 1
1
2

0 0 1
2




F (1, 1)− �, n = 2, 3, · · · . X






0 1 0

0 0 1

0 0 1
2






n

=






0 0 1
2n−2

0 0 1
2n−1

0 0 1
2n




 , n = 2, 3, · · · ,�X









1
2

0 1
2

0 1 0

0 0 1

0 0 1
2














0 0 1 0

0 0 0 1
1
2

0 0 1
2




 =









1
4

0 1
2

1
4

0 0 0 1
1
2

0 0 1
2

1
4

0 0 1
4









,









1
2

0 1
2

0 1 0

0 0 1

0 0 1
2














0 1 0

0 0 1

0 0 1
2











0 0 1 0

0 0 0 1
1
2

0 0 1
2






=









1
8

0 0 5
8

1
2

0 0 1
2

1
4

0 0 1
4

1
8

0 0 1
8









,
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







1
2

0 1
2

0 1 0

0 0 1

0 0 1
2














0 1 0

0 0 1

0 0 1
2






n




0 0 1 0

0 0 0 1
1
2

0 0 1
2






=









5
2n+2 0 0 5

2n+2

1
2n

0 0 1
2n

1
2n+1 0 0 1

2n+1

1
2n+2 0 0 1

2n+2









, n = 2, 3, · · · .w
f
(2)
00 =

1

4
, f

(3)
00 =

1

8
, f

(n)
00 =

5

2n
, n = 4, 5, · · · .:X

f00 =

∞∑

n=1

f
(n)
00 =

1

4
+

1

8
+

∞∑

n=4

5

2n
= 1.

�

12. �,�kF8g�w5, ^9�w&{I,s (S) 
�� (F). A|&{`�2℄+I|n
. (Run), ��&{ FSSFFFSF 5v�Kn,s
.�
n��
.. �,skXI p, ��kXI q = 1− p. � Xn I n 9�w�,s
.F(R (	 n 9�w��� Xn = 0),n = 1, 2, · · · . �( {Xn, n = 1, 2, · · · } I| Markov J, ��Mr<~kX%. � T I℄�>8 0 F��, �} T Fb��7-, ��8V#| Markov JF>8+lbB.[o 	� In ��J n 9�wF&{, �M
In =

{

1, J n 9�w,s,
0, J n 9�w��, n = 1, 2, · · · , (1)� {In, n = 1, 2, · · · } I|QGAb�1��MpO,P (In = 1) = p, P (In = 0) = q,n =

1, 2, · · · , {
Xn =

n∑

k=1

Ik, n = 1, 2, · · · . (2)G( {Xn, n = 1, 2, · · · } �>8>�I X = {0, 1, 2, · · · } F Markov J. r�, V��'&& n ���>8 i1, · · · , in+1 ∈ X , �
P (Xn+1 = in+1 | X1 = i1, · · · , Xn = in)

=P (In+1 = in+1 − in | X1 = i1, · · · , Xn = in)

=P (In+1 = in+1 − in)

=

{

pin+1−inq1−(in+1−in), in+1 − in = 0, 1,

0, r4, ik = 0, 1, · · · , k, k = 1, · · · , n+ 1.




n: ^!�G9�0�|-�W9'> 39#)dN P (Xn+1 = in+1 | X1 = i1, · · · , Xn = in) 0Æ in � in+1 �x, �X {Xn, n =

1, 2, · · · } I Markov J, {r<~kX%I
P =












q p 0 0 0 · · ·
0 q p 0 0 · · ·
0 0 q p 0 · · ·
0 0 0 q p · · ·
...

...
...

...
...

. . .












,

0

1

2

3
...

. (3)

G} f
(n)
00 , n = 1, 2, · · · .  [, �

f
(1)
00 = P00 = q. (4)r9,f

(n)
00 �

P[0]P
n−2
(0)[0]P(0) =

(

pe1

P

)

P n−2(0, P )

=

(

0 pe1P
n−1

0 P n

)F>8 0 3�l, >8 0 3�O##N4
F�- 0,n = 2, 3, · · · , r5 e1 = (1, 0, 0, · · · ),�
f
(n)
00 = 0, n = 2, 3, · · · . (5)� (4) � (5) <E℄�>8 0 F�� T Fb�I







P (T = 1 | Xm = 0) = f
(1)
00 = q,

P (T = n | Xm = 0) = f
(n)
00 = 0, n = 2, 3, · · · ,

P (T = +∞ | Xm = 0) = p,

m = 1, 2, · · · . (6)#)dN>8 0 �(}F, { E(T | Xm = 0) = +∞.�

16. ;V|�(Æ�~fk. #B Markov J {Xn, n = 0, 1, 2, · · · } �>8 0, 1, 2, · · · .C}.4
>8 i ��<k�kX pi <~D>8 i+ 1(�(), z<k�kX qi = 1− piY�>8 0(�~),i = 1, 2, · · · . X:>8 0 ���” S5��”, � P01 = 1.

(a) �(3�>8I'℄F>!� lim
n→∞

(p1p2 · · · pn) = 0.

(b) 	8J�'℄F, �}rIQ'℄F>!.[o (a) ;�D {Xn, n = 0, 1, 2, · · · } F<~kX%I
P =












0 1 0 0 0 · · ·
q1 0 p1 0 0 · · ·
q2 0 0 p2 0 · · ·
q3 0 0 0 p3 · · ·
...

...
...

...
...

. . .












,

0

1

2

3
...

. (1)
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n: ^!�G9�0�|-�W9'>�8<*, �>8>� X = {0, 1, 2, · · · } 5F��Kn>8 i � j(> i) }�Z_��=:

i
pi→ i+ 1

pi+1→ · · · pj−1→ j
qj→ 0

1→ 1
p1→ · · · pi−1→ i. (2)�X, IN(d3�>87'℄ ⇔ lim

n→∞
(p1p2 · · · pn) = 0, 0n(d>8 0 '℄ ⇔ lim

n→∞
(p1p2 · · · pn) = 0. I8G} f

(n)
00 , n = 1, 2, · · · .  [, �

f
(1)
00 = P00 = 0. (3)r9,f

(2)
00 �
P[0]P(0) =












1 0 0 0 · · ·
0 p1 0 0 · · ·
0 0 p2 0 · · ·
0 0 0 p3 · · ·
...

...
...

...
. . .




















q1 0 p1 0 0 · · ·
q2 0 0 p2 0 · · ·
q3 0 0 0 p3 · · ·
...

...
...

...
...

. . .









=









q1 0 p1 0 0 · · ·
p1q2 0 0 p1p2 0 · · ·
p2q3 0 0 0 p2p3 · · ·
...

...
...

...
...

. . .







F>8 0 3�l, >8 0 3�O##N4
F�-, �

f
(2)
00 = q1. (4)H�, V n = 3, 4, · · · , f (n)

00 �
P[0]P

n−2
(0)[0]P(0)

=












1 0 0 0 · · ·
0 p1 0 0 · · ·
0 0 p2 0 · · ·
0 0 0 p3 · · ·
...

...
...

...
. . .




















0 p1 0 0 · · ·
0 0 p2 0 · · ·
0 0 0 p3 · · ·
...

...
...

...
. . .









n−2







q1 0 p1 0 0 · · ·
q2 0 0 p2 0 · · ·
q3 0 0 0 p3 · · ·
...

...
...

...
...

. . .







F>8 0 3�l, >8 0 3�O##N4
F�-,n = 3, 4, · · · . X

P n
(0)[0] =









0 p1 0 0 · · ·
0 0 p2 0 · · ·
0 0 0 p3 · · ·
...

...
...

...
. . .









n

=














0 · · · 0
︸ ︷︷ ︸

no p1 · · · pn 0 0 0 · · ·

0 · · · 0
︸ ︷︷ ︸

no 0 p2 · · · pn+1 0 0 · · ·

0 · · · 0
︸ ︷︷ ︸

no 0 0 p3 · · · pn+2 0 · · ·

...
...

...
...

...
. . .














, n = 1, 2, · · · ,
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P[0]P

n
(0)[0]P(0)

=












1 0 0 0 · · ·
0 p1 0 0 · · ·
0 0 p2 0 · · ·
0 0 0 p3 · · ·
...

...
...

...
. . .

























0 · · ·0
︸ ︷︷ ︸

no p1 · · ·pn 0 0 0 · · ·

0 · · ·0
︸ ︷︷ ︸

no 0 p2 · · · pn+1 0 0 · · ·

0 · · ·0
︸ ︷︷ ︸

no 0 0 p3 · · · pn+2 0 · · ·

...
...

...
...

...
. . .














·









q1 0 p1 0 0 · · ·
q2 0 0 p2 0 · · ·
q3 0 0 0 p3 · · ·
...

...
...

...
...

. . .









=














0 · · · 0
︸ ︷︷ ︸

no p1 · · · pn 0 0 0 · · ·

0 · · · 0
︸ ︷︷ ︸

no 0 p1 · · · pn+1 0 0 · · ·

0 · · · 0
︸ ︷︷ ︸

no 0 0 p2 · · · pn+2 0 · · ·

...
...

...
...

...
. . .






















q1 0 p1 0 0 · · ·
q2 0 0 p2 0 · · ·
q3 0 0 0 p3 · · ·
...

...
...

...
...

. . .









=


















p1 · · · pnqn+1 0 · · ·0
︸ ︷︷ ︸

n+1o p1 · · · pn+1 0 0 0 · · ·

p1 · · · pn+1qn+2 0 · · ·0
︸ ︷︷ ︸

n+1o 0 p1 · · ·pn+2 0 0 · · ·

p2 · · · pn+2qn+3 0 · · ·0
︸ ︷︷ ︸

n+1o 0 0 p2 · · ·pn+3 0 · · ·

p3 · · · pn+3qn+4 0 · · ·0
︸ ︷︷ ︸

n+1o 0 0 0 p3 · · ·pn+4 · · ·

...
...

...
...

...
...

. . .


















,

n = 1, 2, · · · ,w�
3%E
f
(n)
00 = p1 · · · pn−2qn−1, n = 3, 4, · · · . (5)� (3),(4) � (5) <E

f00 =
∞∑

n=1

f
(n)
00 = q1 +

+∞∑

n=3

(p1 · · · pn−2qn−1)

=1− p1 +

+∞∑

n=3

[p1 · · · pn−2 − p1 · · · pn−1]

=1− lim
n→∞

(p1 · · ·pn), (6)



42 Ka: TmLRq�bWUN�hdZP�8�E>8 0 '℄ ⇔ lim
n→∞

(p1p2 · · · pn) = 0.

(b) � (a) 5 (3),(4) � (5) <*>8 0 Fp7'℄�I
µ0 =

∞∑

n=1

nf
(n)
00 = 2q1 +

+∞∑

n=3

(np1 · · · pn−2qn−1)

=2(1− p1) +
+∞∑

n=3

n[p1 · · · pn−2 − p1 · · · pn−1]

21. b)}. {Xn, n = 0, 1, 2, · · · } 5|nn;&���Fb�I
P (Zni = 0) =

1

8
, P (Zni = 1) =

1

2
, P (Zni = 2) =

1

4
, P (Zni = 3) =

1

8
,

i = 1, · · · , Xn, n = 0, 1, 2, · · · , (0)�}J n �D& Xn F7-�_%��;dFFkX.[ � (0) <EJ|�D& X1 F�,�&I
φ1(s) =E(s

Z01) =

3∑

k=0

skP (Z01 = k)

=
1

8
(1 + 4s+ 2s2 + s3), s ∈ (−∞,+∞),�X�;dFFkX π [F
1

8
(1 + 4π + 2π2 + π3) = π,�
(π − 1)(π2 + 3π − 1) = 0,(+E π =

√
13−3
2

. � (0) <E
µ = E(Z01) = 0× 1

8
+ 1× 1

2
+ 2× 1

4
+ 3× 1

8
=

11

8
,

E(Z2
01) = 02 × 1

8
+ 12 × 1

2
+ 22 × 1

4
+ 32 × 1

8
=

21

8
,

σ2 = V ar(Z01) = E(Z2
01)− [E(Z01)]

2 =
47

64
,�X,Xn F7-I

µX(n) = E(Xn) = µn =

(
11

8

)n

,_%I
RX(n, n) =V ar(Xn) = σ2µn−11− µn

1− µ

=
47

24

[(
11

8

)2n−1

−
(
11

8

)n−1
]

, n = 0, 1, 2, · · · .
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�

22. 	B|n;&���Fb�I P (Z01 = 0) = q,P (Z01 = 1) = p,p+ q = 1, ��M}.9��FG[& X0 ≡ 1, �}b)}. {Xn, n = 0, 1, 2, · · · } FJ n �D& Xn Fb�.[ �:�<*J|�D& X1 F�,�&I
φ1(s) = E(sZ01) = s0P (Z01 = 0) + s1P (Z01 = 1) = q + ps, s ∈ (−∞,+∞),JY�D& X2 F�,�&I

φ2(s) = φ1(φ1(s)) = q + p(q + ps) = 1− p2 + p2s, s ∈ (−∞,+∞),J
�D& X3 F�,�&I
φ3(s) = φ2(φ1(s)) = 1− p2 + p2(q + ps) = 1− p3 + p3s, s ∈ (−∞,+∞),

· · · · · · · · · · · ·J n �D& Xn F�,�&I
φn(s) = φn−1(φ1(s)) = 1− pn + pns, s ∈ (−∞,+∞).#)dN Xn Fb�I

P (Xn = 0) = 1− pn, P (Xn = 1) = pn, n = 0, 1, 2, · · · .

�

23. |�tIq�� Markov J� 0 � 1 Kn>8, �>8 0 � 1 FOS��f:"&I λ > 0 � µ > 0 F.&b�. �}��= 0 :>8 0 u�,t �=4
>8 0 FkX P00(t).[ � T0 ��: X(0) = 0 u�OS>8 0 F��, T2n+1 ��: T2n = t2n u�OS>8 1 F��,n = 0, 1, 2, · · · , T2n ��: T2n−1 = t2n−1 u�OS>8 0 F��,n = 1, 2, · · · . �:�<*, pM X(0) = 0 �, T0 F>!bR�&I
fT0|X(0)(t0 | 0) = λe−λt0 , t0 > 0,pM (X(0), T0) = (0, t0) �, T1 F>!bR�&I

fT1|(X(0),T0)(t1 | (0, t0)) = µe−µt1 , t1 > 0,pM (X(0), T0, T1) = (0, t0, t1) �, T2 F>!bR�&I
fT2|(X(0),T0,T1)(t2 | (0, t0, t1)) = λe−λt2 , t2 > 0,

· · · · · · · · · · · ·pM (X(0), T0, T1, T2, · · · , T2n) = (0, t0, t1, t2, · · · , t2n) �, T2n+1 F>!bR�&I
fT2n+1|(X(0),T0,T1,T2,··· ,T2n)(t2n+1 | (0, t0, t1, t2, · · · , t2n)) = µe−µt2n+1 , t2n+1 > 0,
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n = 0, 1, 2, · · · ,pM (X(0), T0, T1, T2, · · · , T2n−1) = (0, t0, t1, t2, · · · , t2n−1) �, T2n F>!bR�&I

fT2n|(X(0),T0,T1,T2,··· ,T2n−1)(t2n | (0, t0, t1, t2, · · · , t2n−1)) = λe−λt2n , t2n > 0,

n = 1, 2, · · · ,�X, pM X(0) = 0 �, 1�
M (T0, T1, T2, · · · , T2n) F>!bR�&I
f(T0,T1,T2,··· ,T2n)|X(0)(t0, t1, t2, · · · , t2n | 0)

=fT0|X(0)(t0 | 0)fT1|(X(0),T0)(t1 | (0, t0))fT2|(X(0),T0,T1)(t2 | (0, t0, t1)) · · ·
· fT2n|(X(0),T0,T1,T2,··· ,T2n−1)(t2n | (0, t0, t1, t2, · · · , t2n−1))

=λn+1µne
−λ

n∑

k=0

t2k
e
−µ

n∑

k=1

t2k−1

, t0, t1, t2, · · · , t2n > 0, n = 0, 1, 2, · · · , (1)pM X(0) = 0 �, 1�
M (T0, T1, T2, · · · , T2n−1) F>!bR�&I
f(T0,T1,T2,··· ,T2n−1)|X(0)(t0, t1, t2, · · · , t2n−1 | 0)

=fT0|X(0)(t0 | 0)fT1|(X(0),T0)(t1 | (0, t0))fT2|(X(0),T0,T1)(t2 | (0, t0, t1)) · · ·
· fT2n−1|(X(0),T0,T1,T2,··· ,T2n−2)(t2n−1 | (0, t0, t1, t2, · · · , t2n−2))

=λnµne
−λ

n−1∑

k=0

t2k
e
−µ

n∑

k=1

t2k−1

, t0, t1, t2, · · · , t2n−1 > 0, n = 1, 2, · · · . (2)

(1) � (2) �dN, pM X(0) = 0 �,T0, T1, T2, · · · , �`>!QG, {
T2n | X(0) = 0 ∼ P (λ), T2n+1 | X(0) = 0 ∼ P (µ), n = 0, 1, 2, · · · , (3)r5 P (λ) ��"&I λ F.&b�. 	�

Wn =

n∑

k=0

Tk, n = 0, 1, 2, · · · , (4)�: X(0) = 0 u�
�= t 44
>8 0 F�!I
{X(0) = 0, X(t) = 0} = {W0 > t}+

+∞∑

n=1

{W2n > t,W2n−1 ≤ t},�8
P00(t) =P (X(t) = 0 | X(0) = 0)

=P (W0 > t | X(0) = 0) +
+∞∑

n=1

P (W2n > t,W2n−1 ≤ t | X(0) = 0)

=P (W0 > t | X(0) = 0)

+
+∞∑

n=1

(P (W2n > t | X(0) = 0)− P (W2n−1 > t | X(0) = 0)), t > 0. (5)
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Un =

n∑

k=0

T2k, n = 0, 1, 2, · · · , Vn =

n∑

k=1

T2k−1, n = 1, 2, · · · , (6)�� (4) E
W2n = Un + Vn, W2n−1 = Un−1 + Vn, n = 1, 2, · · · , (7)X� (3) <*, pM X(0) = 0 �,Un Æ Vn >!QG, {
fUn|X(0)=0(u | 0) = λn+1

n!
une−λu, u > 0, n = 0, 1, 2, · · · , (8)

fVn|X(0)=0(v | 0) = µn

(n− 1)!
vn−1e−µv, v > 0, n = 1, 2, · · · . (9)w

P (W2n > t | X(0) = 0)

=P (Un + Vn > t | X(0) = 0)

=1− λn+1µn

n!(n− 1)!

∫∫

u,v>0,u+v≤t

unvn−1e−(λu+µv)dudv

=1− λn+1µn

n!(n− 1)!

∫ t

0

vn−1e−µvdv

∫ t−v

0

une−λudu, n = 1, 2, · · · ,

P (W2n−1 > t | X(0) = 0)

=P (Un−1 + Vn > t | X(0) = 0)

=1− (λµ)n

[(n− 1)!]2

∫∫

u,v>0,u+v≤t

(uv)n−1e−(λu+µv)dudv

=1− (λµ)n

[(n− 1)!]2

∫ t

0

vn−1e−µvdv

∫ t−v

0

un−1e−λudu, n = 1, 2, · · · ,�X
P (W2n > t | X(0) = 0)− P (W2n−1 > t | X(0) = 0)

=
(λµ)n

[(n− 1)!]2

∫ t

0

vn−1e−µvdv

∫ t−v

0

un−1e−λudu

− λn+1µn

n!(n− 1)!

∫ t

0

vn−1e−µvdv

∫ t−v

0

une−λudu. (10)X
∫ t−v

0

une−λudu =− 1

λ

∫ t−v

0

unde−λu

=
n

λ

∫ t−v

0

un−1e−λudu− 1

λ
(t− v)ne−λ(t−v), n = 1, 2, · · · ,
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P (W2n > t | X(0) = 0)− P (W2n−1 > t | X(0) = 0)

=
(λµ)n

n!(n− 1)!

∫ t

0

vn−1(t− v)ne−[µv+λ(t−v)]dv, n = 1, 2, · · · . (11)"r�� (5) 5E
P00(t) =e

−λt +

+∞∑

n=1

(λµ)n

n!(n− 1)!

∫ t

0

vn−1(t− v)ne−[µv+λ(t−v)]dv, t > 0. (12)C λ = µ �, �
�E
P00(t) =e

−λt

(

1 +

+∞∑

n=1

λ2n

n!(n− 1)!

∫ t

0

vn−1(t− v)ndv

)

=e−λt
+∞∑

n=0

(λt)2n

(2n)!
=

1 + e−2λt

2
, t > 0. (13)C λ 6= µ �, � (12) E

24. �J 23 :5, M� N(t) I}.� [0, t] 5j�>8F9&, �} N(t) FkXb�. [ v�
::(5F���
P (N(t) = 0) =P (W0 > t | X(0) = 0)

=P (T0 > t | X(0) = 0) = e−λt, t > 0, (1)

P (N(t) = 1) =P (W0 ≤ t,W1 > t | X(0) = 0)

=P (W1 > t | X(0) = 0)− P (W0 > t | X(0) = 0)

=1− e−λt − λµ

∫ t

0

e−µvdv

∫ t−v

0

e−λudu

=e−µt − e−λt + µ

∫ t

0

e−[µv+λ(t−v)]dv

=

{

λte−λt, λ = µ,
λ

λ−µ
(e−µt − e−λt), λ 6= µ,

t > 0, (2)

P (N(t) = 2k) =P (W2k−1 ≤ t,W2k > t | X(0) = 0)

=P (W2k > t | X(0) = 0)− P (W2k−1 > t | X(0) = 0)

=
(λµ)k

k!(k − 1)!

∫ t

0

vk−1(t− v)ke−[µv+λ(t−v)]dv,

k = 1, 2, · · · , (3)

P (N(t) = 2k + 1) =P (W2k ≤ t,W2k+1 > t | X(0) = 0)
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=P (W2k+1 > t | X(0) = 0)− P (W2k > t | X(0) = 0)

=
λk+1µk

k!(k − 1)!

∫∫

u,v>0,u+v≤t

ukvk−1e−(λu+µv)dudv

− (λµ)k+1

(k!)2

∫∫

u,v>0,u+v≤t

(uv)ke−(λu+µv)dudv

=
λk+1µk

k!(k − 1)!

∫ t

0

uke−λudu

∫ t−u

0

vk−1e−µvdv

− (λµ)k+1

(k!)2

∫ t

0

uke−λudu

∫ t−u

0

vke−µvdv

=
λk+1µk

(k!)2

∫ t

0

uk(t− u)ke−[λu+µ(t−u)]du,

k = 1, 2, · · · . (4)C λ = µ �, � (3) � (4) <E
P (N(t) = 2k) =P (W2k−1 ≤ t,W2k > t | X(0) = 0)

=
(λ)2k

k!(k − 1)!
e−λt

∫ t

0

vk−1(t− v)kdv

=
(λt)2k

(2k)!
e−λt, k = 1, 2, · · · , (5)

P (N(t) = 2k + 1) =P (W2k ≤ t,W2k+1 > t | X(0) = 0)

=
λ2k+1

(k!)2
e−λt

∫ t

0

uk(t− u)k

=
(λt)2k+1

(2k + 1)!
e−λt, k = 1, 2, · · · , (6)

(1),(2),(5) � (6) )dN, C λ = µ �,N(t) f:"&I λt F Poisson b�, t > 0.�



48 
n: ^!�G9�0�|-�W9'>ie 4

5. � {Xn, n = 1, 2, · · · } �|QGAb�1��MpO,P (X1 = 1) = p, P (X1 =

−1) = q,p + q = 1. R Sn = X1+···+Xn√
n

, n = 1, 2, · · · . �}pO {Sn, n = 1, 2, · · · } FBf_%�&�B`x�&, �(d {Sn, n = 1, 2, · · · } �pQ.[o �:�<*
E(Xn) = 1 · P (Xn = 1) + (−1) · P (Xn = −1) = p− q, n = 1, 2, · · · , (1)

E(X2
n) = 12 · P (Xn = 1) + (−1)2 · P (Xn = −1) = p+ q = 1, n = 1, 2, · · · ,

V ar(Xn) = E(X2
n)− [E(Xn)]

2 = 1− (p− q)2, n = 1, 2, · · · . (2)�X, {Sn, n = 1, 2, · · · } F7-�&I
mS(n) =

1√
n

n∑

k=1

E(Xk) =
√
n(p− q), n = 1, 2, · · · , (3)Bf_%�&I

RS(m,n) =Cov

(

1√
m

m∑

k=1

E(Xk),
1√
n

n∑

l=1

E(Xl)

)

=
1√
mn

m∑

k=1

n∑

l=1

Cov(Xk, Xl)

=
1√
mn

min{m,n}
∑

k=1

V ar(Xk) =
min{m,n}√

mn
[1− (p− q)2], m, n = 1, 2, · · · . (4)� (3) <*, �� {Sn, n = 1, 2, · · · } pQ, �o p = q = 1

2
. XC p = q = 1

2
�, � (4)E

RS(m,n) =
min{m,n}√

mn
, m, n = 1, 2, · · · .#)dN RS(m,n) �<k0Æ m− n �x, w {Sn, n = 1, 2, · · · } �pQ. �

6. � {X(t), t ∈ (−∞,+∞)} pQ, V^| t ∈ (−∞,+∞), X ′(t) ;�. (dV^|
t ∈ (−∞,+∞), X(t) Æ X ′(t) �`x.o

10. � {X(t), t ∈ (−∞,+∞)} �|g-pQ}., (d
E[| X(t+ τ)−X(t) |2] = 2Re(R(0)− R(τ)).o � {X(t), t ∈ (−∞,+∞)} FpQm*

E[| X(t+ τ)−X(t) |2] = E[| (X(t+ τ)−m)− (X(t)−m) |2]
=E[| X(t+ τ)−m |2] + E[| X(t)−m |2]
− E[(X(t+ τ)−m)(X(t)−m)]− E[(X(t)−m)(X(t+ τ)−m)]
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=2R(0)−R(−τ)− R(τ),r5 m = E(X(t)), t ∈ (−∞,+∞). X R(−τ) = R(τ), �X�
�<E
E[| X(t + τ)−X(t) |2] =2R(0)−R(τ)− R(τ)

=2Re(R(0)− R(τ)), t ∈ (−∞,+∞).

�

11. � {X(t), t ∈ (−∞,+∞)} �|pQ Gauss }., Bf_%�&I R(τ). (d
P (X ′(t) ≤ a) = Φ(

a
√

−R′′(0)
), a ∈ (−∞,+∞),r5 Φ(·) I�?'8b��&.o �:�<*

(

X(t)

X(t+ h)

)

∼ N2(

(

µ

µ

)

,

(

R(0) R(h)

R(h) R(0)

)

), ∀t, t + h,�8<E
X(t+ h)−X(t) ∼ N(0, 2(R(0)− R(h))), ∀t, t + h.�X

P (
X(t+ h)−X(t)

h
≤ a) = Φ(

ah
√

2(R(0)−R(h)
), ∀t, h > 0.w

P (X ′(t) ≤ a) = lim
h→0+

P (
X(t+ h)−X(t)

h
≤ a)

= lim
h→0+

Φ(
ah

√

2(R(0)− R(h)
)

= Φ(
a

√

−R′′(0)
), ∀t.

�
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§0.1 ?#�MD�t�FFAS_0.1.1 ([1, Theorem I.4.3]). � f ∈ C1 (X,R) {��x (C), ��|	

∞∑

q=0

Mqt
q =

∞∑

q=0

βqt
q + (1 + t)Q (t) , (0.1.1)
z Q �	tuÆ��s��w�,.�D�e:H<B+#������##��	MD 0.1.1 5F�A (0.1.1) +I Morse �H�.#�Wlt��� align �/	

ind (∇ϕ, v) =
∞∑

q=0

(−1)q rankCq (ϕ, v)

=
∞∑

q=0

(−1)q rankCq (f, v + ψ (v))

= ind (∇f, v + ψ (v)) . (0.1.2)	�a��1� align* �/, #��nyg nonumber eR. align � eqnarray F�4�
, H�
�H�K���S7W>�.
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