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1. Overview

Let us suppose that there is two economies i = { H, F'} of relative size n and 1 — n respectively.

1.1 Households

Suppose a welfare maximizing household enjoying current and future consumption and dislike working with
respective curvatures o¢, oy > 0. The household maximizes the following stream of utilities discounted

at a fixed rate :
{ <Cjt+7' - XtJrT)l_UC H;:*‘(;H }

1—o0¢ _le—i—O'H

(1)

where C;; is consumption, X, is the stock of external habits X;; = hC;;_, with h € [0;1) the degree of
persistence habits, H;, is hours worked and x; > 0 is a shift parameter allowing to pin down the amount
of hours worked in steady state.

The budget constraint in real terms reads as:

max Z BT E;
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t
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where dj; denotes the acquisition of domestic riskless bonds and b;; foreign ones adjusted by the exchange
rate e;. Households pay an cost on foreign bonds, this is deemed necessary to remove an unit root
component in consumption dynamics in an open economy environment. Here, the cost function reads as

g (bjt) = 0.5xB (bjt - BJ’)Q-
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The Lagrangian problem reads as:

Lo =3 p [(ij
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where )\ is a lagrangian multiplier.
First order conditions are:

Cjt . (C]t — Xt)_UC — /\g =0
dje : BE AN} e/ By {ﬂ'tc-;—l} — A =0
bjt : BE A 11041} 71/ B {ﬂ-tc+1} —eA =0
Hjt : —XH;H + )\fwt =0
We define the real exchange rate as:
PC*
rer; = etpt—tc. (7)

The households allocates their consumption on domestically produced goods and also imports foreign
goods. The consumption basket of the household:

= (00t e + (o) (5)7) .

where a¢ € [0,0.5] is the fraction of foreign goods in the consumption basket, conversely 1-a¢ is referred
to as the home bias. In addition, ¥ is an AR(1) shock process of the demand for foreign goods and can
be interpreted as an import shock. Parameter p > 0 is the substitution degree between home goods and
foreign goods, when p is high, households are more sensible to price differential between home and foreign
goods, and will reduce their imports.

The price index of goods reads as:

1

FE = [(1 - ae) (P)'™ + ac (e.Fy) ] (9)
Optimal demands for home c¢;; and foreign ¢}, varieties are given by:

P\ " e, P\ "
cit = (1 —ag) <pt0> Cj+ and c;t = 55(040 (;g) Cj (10)
t t

. .
Here, ¢, are imports.

1.2 Retalilers

Final firms competitively pack different types of good varieties i drawn on an unitary continuum to
produce an homogeneous good sold to households. This firm is necessary when introducing monopolistic
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competition as they allows to create an elastic demand curve that intermediate firms exploits to generate
positive profits. Production of final firms employs the following CES packing technology:

e/(e—1)
(/"%E”*da (11)

where € > 1 is the perfect substitutability between different types of varieties ¢. The economy converges
to a competitive equilibrium for e — 1, while for any € > 1, goods are imperfect substitutes which allows
firms to rise their selling price above their marginal cost.

Final firms are perfectly competitive and maximize profits, P,Y; — p;i:yi,, under their technology
constraint in Equation 11 to obtain the optimal demand constraint for the i-th good:

%:<$) Yi. (12)

While the zero profit condition reads as: P, = (fy py “di)'/(1=9).

1.3 Intermediate firms

Let us now suppose that there is a large number of identical firms. They hire workers and combine them
with capital (both produced by them and supplied by households). Intermediate firms’ technology is given
by:

Yie = ¢} Hg (13)

Profits of the intermediate firm i are given by:
Hit = Rtft Hﬁ WtHit (14)
Intermediate firms solve a two stage problem. First they minimize input costs on a perfectly competitive
market. First order condition provides the marginal cost:

Hy

MCi = ay;
it

Wi (15)

Second, firms face price adjustment costs paid in terms of home goods P;. These are quadractic ad-
justment costs:

A= (e 1)2 (16)
" 2 Rt—l—&—’r

The profit optimization becomes dynamic, intermediates set prices facing nominal rigidities by maxi-
mizing the discount sum of real profits:

Noo | Piir (Pasr\ ~ p Pyir\ " Pir xp [ Piir ?
max T — &, _MCiyr -1 ) 17
Pat —rZ:;)B )‘C Ptg-r Pt+T i " ‘Pt+T Pt+T 2 Rt—l—H— " ( )
where mc; is the marginal cost and €] is an AR(1) price shock.
First order condition, assuming symmetry (i.e. P, = FPy) :
P t+1 Yt+1
(1 —€)+ e, mey — xpmy (mp — 1)+ 5 X Y, XpTig1 (M1 — 1) =0 (18)
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1.4 Authorities

We use a 7 rule-type to model the setting of the nominal interest rate by the monetary authority:

1-p
_ 7TC br Y by
R, =R, (R (7_;0) <Yt> ek (19)

where p € [0, 1) is the smoothing coefficient of the monetary policy rule, ¢, the reaction to the inflation gap
and ¢, the reaction to the ouput gap. Steady states for interest rates, inflation and output are respectively
R, © and Y. Finally, e¥ is a monetary policy shock.

1.5 Equilibrium conditions
First, the nominal exchange rate and real exchange rates in both sides of each countries are related by:
e; =1/e; and rery = 1/rer]

we can thus substitute for the foreign country and express our model in terms of e; and rer;.
Resource constraints is given by the total demand for home goods from home and foreign households
(including also adjustment costs)

n n 1 n n
/0 Yiidi :/0 Cjtdj+/ C;tdj+/0 Aijtdj+/0 erg (be) dj (20)
Pt He X x Pt he * P
n}/t :n(l —Oéc) ﬁ Ct+<1 —n) & Q¢ W Ct +nAt Y}—I—ng (bt) (21)
t tLt

P\ 1—n) . P\ L XB 7\2
Y, =(1—ac) <Ptg> Ot+( . )55 ac <€tPZC*) C’t+AfYt+7(bt—b) (22)

Similarly for the foreign country:

1 1 n 1 1 ~\2
[ vidi= | c;ftdj+/l i+ [ APYdj+ [ 22 (b, - 8,) dj

To get the accumulation of net foreign asset, we aggregate the household constraint and assume the amount
of domestic bonds is zero, B; = B;_1 = O:

etnBt — €tR;;7177,Bt,1 = thHt + nHt — PtCnCt — Ptng (bt)

Recall that with a zero profit condition over inputs markets, we have, MC,Y; = W,H,. While on final
goods, a markup is applied net of ajustment costs of prices, II; = [Pt - MC; — AP } Y;. We find after
rewriting and injecting Y;:
etBy — e, R} Bi_y = MC\Y; + [P, — MCy — PAL| Y, = PECy = Pig (by)
:Rgiﬁ—PtAfYt—PtCCt—Hg(bt)
Pt —HC s Pt —HC § 1 -n
(]. — Oéc) (_Pto> Ct + & O¢ etTtC* Ct

n

This equation determines the quantity of foreign asset at the end of period, this way the left hand side of the
equation needs to be rewritten in order to take into account the timing effect of the echange rate over the
previous stock of foreign debt. In particular, an increase in the foreign echange rate e;/e;_1 > 1 generates
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a wealth effect for the domestic household by boosting his financial revenues. The left hand side including
this end of period wealth effect from changes in the nominal exchange rate reads as, B} —e;/e;—1 Rf | B} ;.
In real terms, the final equation of net foreign assets is given by:

R:—l P, P, el “ P, el . 1—n
bjt = ?Aetbﬁ_l + P7t0 ((1 - OZC) (f)tc> Ct + & O¢ ?‘Pt* Ot n - Ct (23)

In a world populated by two countries, international financial markets are closed by:

nby+ (1 —n)b; =0 (24)

2. Determinacy of the equilibrium

For determinacy purpose, some variables need to be rewritten to be stationnary. In particular, prices and
the exchange rate are not stationnary, thus requiring to express (i) the nominal exchange rate is variations
Ae;, and (ii) prices in a relative fashion p; = P,/ PC.

First, the relative price index can be expressed in growth rates to be stationnary:

Dt Tt
— 't 25
Pi—1 7th ( )

Second, recall that rer; = e, PC* /PE | then we can express the real exchange in terms of growth too:

C'*
rer: T
= Aet tc (26)
reri—1 T

And the FOC on foreign bonds can also be written in terms of variations of the nominal exchange rate:

—\\ Ry
Et {A6t+1} = (1 + XBTET (bt - b)) Rizﬁ (27)
Third, dividing the CES price index by P, the following relation emerges:
1= {(1 —a)p M+ arertlf"c} e (28)
In addition, relative price setting affect the following equations:
—u l—n D\ 2
Y = (L= ac)p "G+ —ac (L) 7 67+ 05xn (m — 1 Vit g ) (29
t
* R*— * - 1 -n * Dt e *
b = el 4 ((1 ~ac) (p) ™ G+ e () ct) -G, (30)
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