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The hierarchical Newton’s method for numerically
stable prioritized dynamic control

Kai Pfeiffer, Adrien Escande, Pierre Gergondet, Abderrahmane Kheddar, Fellow, IEEE

Abstract—This work links optimization approaches from hi-
erarchical least-squares programming to instantaneous priori-
tized whole-body robot control. Concretely, we formulate the
hierarchical Newton’s method which solves prioritized non-linear
least-squares problems in a numerically stable fashion even in
the presence of kinematic and algorithmic singularities of the
approximated kinematic constraints. These results are then trans-
ferred to control problems which exhibit the additional variability
of time. This is necessary in order to formulate acceleration
based controllers and to incorporate the second order dynamics.
However, we show that the Newton’s method without complicated
adaptations is not appropriate in the acceleration domain. We
therefore formulate a velocity based controller which exhibits
second order proportional derivative convergence characteristics.
Our developments are verified in toy robot control scenarios as
well as in complex robot experiments which stress the importance
of prioritized control and its singularity resolution.

Index Terms—Constrained control, multibody dynamics, opti-
mization algorithms, robot control

I. INTRODUCTION

CONTROL hierarchies formulated as optimization prob-
lems can be solved very efficiently, see e.g., [1]. How-

ever, the evaluation of this solver was confined to simulations
or well-calibrated experiments due to the lack of appropriate
methods to resolve singularities in hierarchies. If unresolved,
they lead to unpredictable instabilities and risky behaviors [2].
With this paper, and in the vein of [1], we aim at solving this
drawback from an optimization based perspective.

Hierarchical inverse dynamics problems have been ap-
proached for the longest time by projector based methods [3].
While they provide a very intuitive insight into the physics
of the problem, they lack the powerful tools of optimization.
This stretches from the incorporation of inequality constraints
to fast solver formulations. While some extensions for ex-
ample for inequality constraints have been proposed [4], [5],
only with the introduction of optimization based approaches
such problems could be overcome in a holistic fashion [6],
[7]. Nowadays, optimization based control is widespread in
robotics and has been applied in numerous works [8]–[11].
Especially the implementation of quadratic programming (QP)
based solvers acted as a catalyst for this process. In classical
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constrained QP based control approaches, control tasks can
be specified in a two-level hierarchy where the equation of
motion and all the corresponding dynamics constraints are
put on the constraints level, while the robot control is put
on the objective level, see e.g. [12]. With the rise of new
hierarchical solvers [1], [13], [14] the robot control can handle
more priority levels, for example respecting joint limits over
the control of any other task. This allows designing very
safe controllers, strictly prioritizing safety, physical stability
constraints and objective tasks. Switches in the hierarchical
ordering of tasks can be smoothly achieved as for example
proposed in [15].

Problems arise if tasks on different levels of the hierarchy
get into conflict. Such algorithmic singularities need to be
resolved alongside kinematic singularities. Otherwise the near
rank deficiency of the Jacobian of the task linearizations –or its
projection onto the Jacobians of higher priority tasks in case
of algorithmic singularities– leads to numerical instability with
high joint velocities. Kinematic singularities can be quantified
with the manipulability measure [16] which can be maximized
for singularity avoidance in an optimization setting [17].
Another measure is the singularity index [18] which has been
proposed in the context of gimbal attitude control of space-
craft. Analytical robot workspace analysis [19]–[21] enables
the prediction and avoidance of kinematic singularities. In
contrast, algorithmic singularities depend on the conflict with
higher priority tasks at the current robot configuration and
therefore are harder to analyze [22]. Furthermore, hierarchical
solvers are intended to be employed on humanoid robots
in any industrial setting, e.g. aircraft manufacturing [23] or
construction [24]. Here end-users are requested to specify
a set of usual tasks (set-point, tip force control, trajectory
tracking...) [6], [10] under various predefined constraints (joint
limits...) or constraints updated from online sensor readings
especially when concerned with the physical stability of the
robot [25]–[27]. Potential issues might arise if for example
sensor readings give targets that are outside of the feasi-
ble workspace of the robot. Here engineers without deeper
understanding of possible task conflicts and the resulting
singularities should be able to set up robot problems safely,
quickly and easily.

It is in the vein of optimization that singularity resolution
methods like ‘damping’ in the projector based approach [2],
[28]–[31] can be interpreted as their equivalent in optimiza-
tion, here the Levenberg-Marquardt (LM) algorithm. At the
same time, the LM algorithm can be interpreted as approxi-
mating the second order derivatives of the Taylor expansion of
the quadratic task error norm [32], [33] as a weighted identity
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matrix. In our previous work [34] we showed that using an
approximation of the true second order derivatives by the
Broyden, Fletcher, Goldfarb and Shanno (BFGS) method [35]
yields better convergence. Additionally, the tuning of the
damping parameter is not straightforward [36].

The previously presented Quasi-Newton method [34] was
only aimed at resolving singularities in hierarchical kinematics
based control problems. While kinematic control of robots
can be sufficient for fixed base robots [37], this does not
necessarily hold for legged humanoids with an un-actuated
free-flyer base and unilateral friction contacts. Only with a
model of the forces and torques acting on the robot’s body
the robot can aim to maintain a physically stable posture [38].
Therefore, we present ways to include the equation of mo-
tion and dynamics constraints into our scheme to generate
physically feasible motions while borrowing approaches from
numerical optimization.

This work then presents the following new contributions:
• We formulate the Newton’s method for prioritized non-

linear least-squares problems with a suitable formulation
of the hierarchical Hessian (see sec. III).

• We adapt Newton’s method, which is a tool from opti-
mization, to constrained prioritized control (see sec. IV);

• We show how regularization terms like damping nega-
tively influence the exponential convergence of second-
order motion controllers (see sec. V-A);

• Second-order motion controllers are suitably adapted to
fit into the velocity based Newton’s method of control
(see sec. V-B);

• The dynamics in form of the equation of motion are
adapted accordingly and then integrated into the hierar-
chical control scheme (see sec. V-C);

• Experimental assessment of our developments with the
HRP-2Kai humanoid robot in complex hierarchical con-
trol scenarios (see sec. VI).

A symbolic overview of this work is given in fig. 1. The
corresponding nomenclature is summarized in sec. II.

II. PRELIMINARIES

We present hereafter the nomenclatures and variables nam-
ing that are used all along the paper.

A. Kinematic control

In kinematic control we want to find a minimizer to a given
non-linear kinematic error e2(q(t)) ∈ Rm2 while not violating
the constraint e1(q(t)) ∈ Rm1 5 0

min.
q(t)

e2(q(t)) := f2,d(t)− f2(q(t)) (1)

s.t. e1(q(t)) 5 0

The indices 2 and 1 symbolize the prioritization between the
objectives and the constraints respectively. Both equalities and
inequalities are encapsulated in the symbol 5. The vector
q(t) ∈ Rn (n: number of joints) represents the kinematic
configuration of the robot’s joints and free-flyer base if any
(∈ SE(3), nf : number of free-flyer joints). It is continuous in
time t. f : Rn → Rm is a kinematic function with sufficient

continuity properties representing the non-linear kinematics of
the robot. m is the task dimension. fd(t) ∈ Rm is the desired
value. We define the Jacobian J(q(t)) := ∇q(t)f(q(t)) ∈
Rm×n so ∇q(t)e(q(t)) = −J(q(t)).

Non-linear optimization methods with global convergence
properties have been proposed in order to find a minimizer
to non-linear optimization problems (NLP) like (1) for some
given norm [40], [41]. However, these methods are usually
computationally heavy and cannot be applied in real-time
control. Instead, one can iteratively (i.e. in every consecutive
discrete control step k at time tk) linearize the non-linear
kinematic error in time t around the current point tk with
{qk, q̇k, q̈k} and solve an easier since linear problem. This can
be factually achieved by the second-order time derivative of
e(q(t)) at time tk which allows us to define motion controllers
linear in the joint accelerations q̈k

ëctrl
PD,k = −Jkq̈k − J̇kq̇k (2)

Thereby, ëctrl
PD (ctrl: control) is a PD controller of the form

ëctrl
PD,k := −kpek − kv ėk (3)

with positive proportional and derivative gains kp and kv . In
the case of velocity based control the first-order derivative
suffices with

ėctrl
P,k = −Jkq̇k (4)

and the proportional controller

ėctrl
P,k := −kpek (5)

The joint accelerations q̈k (or velocities q̇k) resulting from (2)
or (4) (for example as a least-squares solution with fixed
q̇k and qk) consecutively let the robot converge to a local
solution of (1). In sections III and IV we further detail how
this approach can be linked to optimization and control.

B. Dynamic control

The motions at a time tk resulting from the kinematic tasks
should obey the instantaneous Newton-Euler equations (or
forward dynamics (FD))

M(qk)q̈k +N(qk, q̇k) = ST τk + JTc (qk)γ, (6)

in order to be physically feasible, especially with respect to
dynamic limits of the robot. This includes limits on the joint
torques τ ∈ Rn and the contact forces γ ∈ Rnc (nc: number
of contacts). S ∈ Rnf×n is a selection matrix to exclude
the unactuated free-flyer. M(q) ∈ Rn×n is the whole-body
inertia matrix. N(q, q̇) ∈ Rn combines Coriolis, centrifugal,
gravitational and frictional force effects. Jc ∈ Rnc×n is the
contact points’ Jacobian matrix.

Note that the original non-linear dynamics are thereby
linearized by instantiating the equation at a time tk and
keeping qk and q̇k fixed in each respective iteration.
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Non-linear Hierarchical
Least-Squares Program
(NL-HLSP) (9)

L.1 ei1(q, q̇, q̈, τ, γ)− wi1 5 0
...

L.p eip(q, q̇, q̈, τ, γ)− wip 5 0

Linearization at time tk
• FK

– Hierarchical Newton’s
method (15), (17) of control
(20), (30), (37)

– Hierarchical Quasi-Newton
method [34] of control
(20), (30), (37)

– Hierachical Gauss-Newton
algorithm of control

• FD
– Instantiation (keeping qk, q̇k

const.)

Hierarchical Least-Squares
Program (HLSP) (7)

L.0 ‖q̇k+1‖∞≤ ρ

L.1 Aik,1xk + bik,1 − wik,1 5 0
...

L.p Aik,p+1xk + bik,p+1−wik,p+1 5 0

Hierarchical Least-
squares solver [1], [39]
xk =

[
q̇Tk+1, τ

T
k , γ

T
k

]TIntegration
qk+1, q̇k+1, q̈k+1, τk, γk

tk+1 += ∆t, k++

Fig. 1: A symbolic overview of the sequential hierarchical least-squares programming with trust region (S-HLSP) to solve
non-linear hierarchical least-squares programs (NL-HLSP) (9) with p levels. This enables real-time robot control for a given
set of non-linear forward dynamics (FD) or forward kinematics (FK) tasks. Contributions are marked in teal. Each priority
level (l, L.) 1 to p contains ml non-linear least-squares tasks (the norm notation is omitted for better readability). Each level l
is constrained by the tasks of the previous priority levels 1 to l − 1. First, the NL-HLSP is linearized either by optimization
based methods (our contribution, the Hierarchical Newton’s method of control (20) for FK) or by instantiation (for FD).
Linearization by the Hierarchical Gauss-Newton alogorithm of control leads to numerical instabilities in the case of kinematic
and algorithmic singularities (red). The state xk is given by xk :=

[
q̇Tk+1 ∆tτTk ∆tγTk

]T
(37). The dependency on qk, q̇k

of the linearization components Ak(qk, q̇k) and bk(qk, q̇k) is omitted for better readability. The resulting (linear) hierarchical
least-squares program (HLSP) (including a trust region constraint on q̇k+1, the number of priority levels is p+1) is then solved
for q̇k+1, τk and γk by a hierarchical active-set method. The integrated solution is sent to the robot. Finally, the next iteration
of the S-HLSP is instantiated at the current state qk, q̇k, q̈k, τk and γk after incrementation k++.

C. Hierarchical control

We can combine both the linearized kinematic tasks and
the equation of motion in a hierarchical least-squares problem
with p levels as done in [1], [14], [42], [43]. This boils down
to solving a sequence of linear least-squares programs (in the
sense of sequential hierarchical least-squares programming (S-
HLSP) and assuming that we want to find a local minimizer
of the task error (1) in the 2-norm) for l = 1 · · · p

min
xk,wk,l

1

2
‖wk,l‖2 l = 1 · · · p (7)

s.t. Ak,lx+ bk,l 5 wk,l

Ak,l−1x+ bk,l−1 5 w∗k,l−1

This results in a new instantaneous robot state

xk =
[
q̈Tk τTk γTk

]T
, (8)

at a given discrete control time step tk. A and b are determined
by the linearizations of the equation of motion (6) or the kine-
matic tasks (2). Priorities can be conveniently chosen such that
real-world constraints are respected without compromises as

is the case for weight-based constrained optimization (p = 2)
[10], [11]. wi ∈ Rm is a slack variable which relaxes infeasible
objectives for example due to task conflict. w∗l−1 are the
optimal values obtained from solving the problems for i < l.

D. Kinematic and algorithmic singularities

As it is, the above hierarchy (7) cannot intrinsically deal
with kinematic singularities of the Jacobians A := J in (2).
More, objectives on different priority levels might conflict with
each other resulting in algorithmic singularities. Therefore, ap-
propriate singularity resolution methods have to be considered
in order to prevent unstable robot behavior due to numerics.

III. THE HIERARCHICAL NEWTON’S METHOD

As has been proposed by [33], Newton’s method can be used
to solve non-linear inverse kinematics problems (1) in a least-
squares sense. This maintains critical second-order information
in the vicinity of singularities of the Jacobian of the kinematic
error (1) (see bellow). A similar reasoning is applicable for
prioritized inverse kinematic control as observed in [34], where
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only a hierarchical Quasi-Newton method was proposed. Now,
we derive the hierarchical Newton’s method. We start with the
following non-linear hierarchical least-squares problem (NL-
HLSP, the time dependency t is omitted to ease readability)

min
q,wl

1

2
‖wl‖2 l = 1 · · · p (9)

s.t. el(q) 5 wl

el−1(q) 5 w∗l−1

The goal is to minimize the constraint violation wl of each
level l ‘at best’ (in a least-squares sense). Already obtained op-
timal violations of previous levels w∗l−1 must stay unchanged.

In the sense of the active-set method, we formulate the
Lagrangian of an equality only problem of (9) at level l

Ll =
1

2
wTl wl + λTl,l(wl − el) + λTl−1,l(w

∗
l−1 − el−1) (10)

Only active constraints with el ≥ 0 and el−1 = w∗l−1 are con-
sidered. λl,l and λl−1,l are the Lagrange multipliers associated
with the active constraints of level l and the previous levels
1, . . . , l − 1, respectively.

The non-linear first order optimality conditions are

∇q,wl,λl,l,λl−1,l
Ll = Kl(q, wl, λl,l, λl−1,l) (11)

=


JTl λl,l + JTl−1λl−1,l

wl + λl,l
wl − el

w∗l−1 − el−1

 = 0

We perturb the KKT system (not in time t but only in
configuration space q, see Sec. IV) leading to the Newton step

Kl(xk + ∆xk) = Kl(xk) +∇Kl(xk)∆xk = 0 (12)

Here, the index k indicates the current iteration of the New-
ton’s method. The variable vector x (and its increment ∆x) is
given by

xT =
[
qT wTl λTl,l λTl−1,l

]
(13)

The Lagrangian Hessian is

∇Kl(x) =


Ĥ l 0 JTl JTl−1

0 I I 0
Jl I 0 0
J l−1 0 0 0

 (14)

We refer to the expression

∇2
qLl = Ĥ l =

ml∑
d=1

λl,l,dHl,d +

l−1∑
i=1

mi∑
d=1

λi,l,dHi,d (15)

as the hierarchical Hessian. Hl := ∇2
qfl are the Hessians of

the respective kinematics fl(q).
Equation (12) is also the optimality condition of the HLSP

min
∆qk,wk,l

1

2
‖wk,l‖2 +

1

2
∆qTk Ĥk,l∆qk (16)

s.t. ek,l + Jk,l∆qk = wk,l

ek,l−1 + Jk,l−1∆qk = w∗k,l−1

which we refer to as the hierarchical Newton’s method in
combination with the active-set method. As we repeatedly

execute the above steps at the current iterate qk, a non-linear
hierarchical least-squares programming is turned into a linear
one and solved until convergence; we can also refer to this
method as sequential hierarchical least-squares programming
(S-HLSP). If Ĥ l is positive definite, its Cholesky decomposi-
tion Ĥ l = RTl Rl exists and we get the least-squares program

min
∆qk

1

2

∥∥∥∥[Jk,lRk,l

]
∆qk −

[
ek,l
0

]∥∥∥∥2

2

l = 1 · · · p (17)

s.t. ek,l−1 − Jk,l−1∆qk = w∗k,l−1

If Ĥ l is neglected, we obtain the GN algorithm. If the Jacobian
Jl is rank deficient, the problem is ill-posed and results in a
numerically unstable solution ∆qk. If Ĥl = µ2I is chosen as
an identity matrix with weight µ, we get the LM algorithm.
If Ĥl is approximated by the BFGS algorithm [34] using the
gradient ∇qL in (11), we get a Quasi-Newton method.

The hierarchical Newton’s method is in the form of the
hierarchical least-squares program formulated in (7) (with wl
given implicitly). Efficient solvers to (17) based on the active-
set method are described in e.g. [1] or [39].

Inequality constraints are incorporated by means of active
and inactive constraints and due to the problem formulation
with slack variables, see [13]. Above first order optimality con-
ditions extend to the Karush-Kuhn-Tucker conditions. Inactive
constraints i thereby result in wi = 0, λj,i = 0, not further
influencing the Hessian Ĥj on some level j ≥ i.

For the hierarchical Hessian calculation Ĥ l of level l (15)
we need to calculate the second order derivatives

H = ∇2
qf(q) (18)

of the kinematic functions f(q) for all levels 1 to l. For this
we follow [44] with computational complexity of O(n2).

Since the hierarchical Hessian Ĥ can become indefinite,
the Cholesky decomposition for obtaining the factor R can
not be applied. We use the symmetric Schur decomposition
(O(9n3) [45]) to obtain the spectral decomposition Ĥ =
QUQT with U = diag(λ(Ĥ)). Negative eigenvalues in U
are then replaced by a small positive threshold such that
R =

√
UQT and convexity of the optimization problem

is maintained. This method proves to be faster than other
regularization methods like [46] which is based on the (asym-
metric) SVD decomposition (O(12n3) [45] plus an additional
Cholesky decomposition O(n3/3) in order to obtain R). A
positive definite approximation of the Hessian can also be
obtained by the BFGS algorithm as detailed in [34].

IV. FROM OPTIMIZATION TO KINEMATIC CONTROL

In Section III we introduced the Newton’s method of
constrained optimization to bring a non-linear kinematic error
to zero. The Newton’s method corresponds to a quadratic
Taylor approximation [33] around q that is valid within a
neighborhood (called trust region) of it, and allows for a
bounded step ∆q. Assuming a zero order holder with a control
time step of ∆t = 1 s; the change of joint configuration is
∆q = ∆tq̇ = q̇. This allows us to make a trivial connection
between optimization, aiming to make a step ∆q towards the
optimum (note how the KKT system is not disturbed in time
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t in the derivation of the hierarchical Newton’s method (12)),
and control, aiming to determine the next robot state triple
{qk, q̇k, q̈k}. It is also noteworthy that in this case the lin-
earization in time t as done in (2) corresponds to the Gauss-
Newton algorithm and its subsequent numerical instability at
kinematic singularities.

However, usually robots are controlled at much higher rates,
that is ∆t � 1 s. Yet, the time step ∆t connects the two
entities of ‘optimization’ (optim) and ‘control’ (assuming a
simple proportional controller ėctrl

P,k for now)

woptim
k := Jk∆qk + ∆tėctrl

P,k = ∆t(Jkq̇k + ėctrl
P,k) =: ∆twctrl

k

(19)

That is, we calculate a new velocity q̇k but only make a
step ∆qk = ∆tq̇k towards the optimum. Consequently, the
model needs to be updated with the Hessian of the Lagrangian
(10) using woptim

k and λoptim
k . Since solving the constrained

control problems (20) yields wctrl
k and λctrl

k , a scaling of the
form woptim

k = ∆twctrl
k according to (19) is required. Due to

the linear dependency between the slack w and the Lagrange
multipliers λ [39] we further get λoptim

k = ∆tλctrl
k . In what

follows, we write w = woptim and λ = λoptim
k .

With these considerations in mind we can directly derive
the hierarchical Newton’s method of control from (17) (with
k now again representing the time tk and not the k-th Newton
iteration)

min
q̇k

1

2

∥∥∥∥[Jk,lRk,l

]
q̇k +

[
ėctrl

P,k,l
0

]∥∥∥∥2

2

for l = 1 · · · p (20)

s.t. − ėctrl
k,l−1 − Jk,l−1q̇k 5 w∗k,l−1

Neglecting the second order information Ĥl (or its Cholesky
factor Rl thereof) yields the hierarchical GN algorithm of
control. If the Jacobian Jl is rank deficient the problem is
ill-posed and results in a numerically unstable solution q̇k.
If Ĥl = µ2I , I being the identity matrix with weight µ,
we get the LM algorithm. If Ĥl is approximated by the
BFGS algorithm [34], by using the gradient ∇qL in (11),
the slacks wctrl and the Lagrange multipliers λctrl, we get the
Quasi-Newton method of control. The trust region constraint is
converted into a limit on the joint velocities. In the following
we refer to Newton’s method as being the ‘augmented’ (as in
augmented with second order information) version of the GN
algorithm [32].

As described in [34] we switch between the GN algorithm
and the Newton’s method judging upon the residual of the GN
algorithm

1

2
‖Jk,lq̇k + ėctrl

P,k,l‖22< ν (21)

By doing so, the joints are ‘freed’ from the full rank second
order augmentation whenever the linearization represents the
non-linear original task function sufficiently enough. This way
we ensure the best possible convergence of lower priority lev-
els. Note that the threshold ν = 10−12∆t2 is now dependent
of the time step ∆t in accordance with (19).

V. DYNAMICALLY FEASIBLE KINEMATIC CONTROL

In previous Sec. IV we formulated the GN algorithm and
Newton’s method of control only in the velocity domain. In
this section, we extend our approach to equation of motion (6)
of second order (dynamics). In Sec. V-A we argue why
Newton’s method cannot be straightforwardly extended to the
acceleration domain. Note that this also concerns regular-
ization of acceleration based tasks as is commonly done in
robotics (albeit with a small weight), see for example [10],
[14]. Therefore, our idea for acceleration-based control is to
change the controller ėctrl

P from a linear proportional controller
to some controller ėctrl

PD that emulates PD control ëctrl
PD in the

velocity domain. In Sec. V-B we show how this can be
achieved and applied to the equation of motion (see Sec. V-C).

A. Damping in acceleration-based control

In the following we show that the instantaneous acceleration
based kinematic optimization at a discrete time tk

min
q̈k

1

2

∥∥∥∥[JkRk
]
q̈k +

[
J̇kq̇k + ëctrl

PD,k
0

]∥∥∥∥2

2

(22)

leads to low frequency oscillations over time t. Solving (22)
using the pseudo-inverse to obtain the instantaneous joint
accelerations and using Euler integration to obtain the new
joint velocities at time tk+1 = tk + ∆t we get (assuming full
rank of

[
JTk RTk

]T
)

q̇k+1 = (JTk Jk +RTkRk)−1 (23)

((RTkRk + (1−∆tkv)J
T
k Jk)q̇k −∆tJTk (kpek + J̇kq̇k))

qk+1 = qk + ∆tq̇k (24)

It can be observed that the positive definite augmentation
RTR reduces the negative definite term −∆tkvJ

TJ (which
represents the derivative term of the PD controller) and
therefore leads to an under-damped system with characteristic
overshooting behaviour. Damping in the form of R = µI is
commonly applied in robotics for regularization purposes [10],
[14]. The weight µ is usually chosen small such that the
oscillations are small in amplitude and do not negatively
influence practical task achievement. From a theoretical point
of view this still might be undesirable.

In order to illustrate the above derivations we assume a point
mass with a continuous 1D translational degree of freedom
(DoF) q(t) and f(t) = q(t). The desired position is qd = 0.
The task error is then e(t) = qd− q(t) = −q(t). The Jacobian
of this robot is J = df

dq = dq
dq = 1, the time derivative of the

Jacobian is J̇ = 0.
The acceleration based controller (2) becomes

q̈(t) + kv q̇(t) + kpq(t) = 0 (25)

with the solution

q(t) = e−δt(C cos(wdt) +D sin(wdt)) (26)

where δ = kv/2/m and wd =
√
δ2 − kp/m. C and D are

constants of integration. Critical damping with exponential
convergence can be achieved for kv(kp) = 2

√
mkp such that

wd = 0.
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Fig. 2: Equation (26) plotted for m = 1, kp = 1, different
µ and kv(kp) = 2

√
mkp (black line and dashed lines) or

kv(kp, µ) = 2
√
m(1 + µ2)kp.

We now apply a damping term µ to the system (25)[
1
µ

]
q̈(t) +

[
kv q̇(t) + kpq(t)

0

]
=

[
0
0

]
(27)

We can convert this system into a homogenous ODE with the
same solution as in (26) by applying the pseudo-inverse

q̈(t) +
kv

1 + µ2
q̇(t) +

kp
1 + µ2

q(t) = 0 (28)

The influence of the damping µ on the critically damped task
gains kp and kv is clearly exposed. Critical damping can be
achieved with

kv(kp, µ) = 2
√
m(1 + µ2)kp (29)

Some convergence curves for q(0) = 1, q̇(0) = 0, ∆t = 5 ms
are plotted in Fig. 2. Note that the damping µ influences the
critically damped system negatively (i.e. overshooting) if the
gain is chosen according to kv(kp) instead of kv(kp, µ).

For a complicated 3D robot with more and especially
coupled DoF’s, and a varying R(q, µ), it seems cumbersome
to find the expression for critical damping kv(kp, R) such
that overshooting behavior can be prevented. Therefore, we
favour to shift the whole problem into the velocity domain
and emulate acceleration-based control by formulating an
appropriate controller.

B. Acceleration control expressed in the velocity domain

We propose a controller ėctrl
PD that is able to emulate accel-

eration based PD control in the velocity domain

ėctrl
PD,k := −ėk −∆t(ëctrl

PD,k + J̇kq̇k) (30)

If we use this controller in the unconstrained Newton’s method
of control (20), by application of the pseudo-inverse we get
(note that ėctrl

PD,k already incorporates the Euler integration
q̇k+1 = q̇k + ∆tq̈k; the new decision variable in (20) is
therefore q̇k+1 instead of q̇k)

q̇k+1 = (JTk Jk +RTkRk)−1 (31)

((1−∆tkv)J
T
k Jkq̇k −∆tJTk (kpek + J̇kq̇k))

qk+1 = qk + ∆tq̇k (32)

Fig. 3: Plots of convergence of the 1-D mass governed by (34).
The larger µ the slower the robot behaves. Simultaneously, the
difference to the control of the undamped (µ = 0) accelera-
tion based PD controller ëctrl increases. However, exponential
convergence is always achieved.

In contrast to (24) we can now see that the derivative term
−∆tkvJ

T
k Jk is not influenced by the augmentation RTkRk.

As long as the system is critically damped kv(kp) = 2
√
mkp

and kv > 1/∆t exponential convergence is ensured. If there is
no augmentation (Rk = 0, GN algorithm) we get the original
acceleration based PD control dynamics

q̇k+1 = q̇k + ∆tJ+
k (−kvJkq̇k − kpek − J̇kq̇k) (33)

qk+1 = qk + ∆tq̇k (34)

It can be seen that the augmented system (31) exhibits slower
convergence than the equivalent undamped acceleration based
PD controller (33) depending on the magnitude of RTkRk ≥
0 since ‖(JTk Jk + RTkRk)−1JTk Jkq̇k‖≤ ‖q̇k‖. However, we
can argue that we only use Newton’s method when slow joint
movements in singular configurations are desirable anyways
and the particular type of critically damped PD motions is not
further relevant.

To come back to the 1-D robot example from the previous
section V-A we get

q̇k+1 =
1

1 + µ2
(1−∆tkv q̇k −∆tkpek)

qk+1 = qk + ∆tq̇k (35)

Some convergence curves for q(0) = 1, q̇(0) = 0, ∆t = 5 ms
are plotted in Fig. 3. With increasing damping µ the robot
convergence becomes slower and diverges from the undamped
control generated by the acceleration based PD controller
ëctrl. Unlike the acceleration based controller ëctrl however,
exponential convergence is achieved by ėctrl

PD for any µ as long
as the system is critically damped with kv = 2

√
mkp.

At the optimum of each instantaneous control cycle we
solve an equality only least-squares problem projected into the
null-space basis of the active constraints of the higher priority
levels [39]. Therefore the same argumentation as above using
the pseudo-inverse (32) holds for the constrained Newton’s
method of instantaneous control.

The above scheme uses linear integration. This forces to
adopt Euler angles to represent 3D rotations such as the robot
base orientation. To avoid gimbal lock, we use them as a
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local parametrization: a rotation Q is written Q0Q(θ) with Q0

fixed and Q(θ) the Euler parametrization. After each control
iteration Q0 is set to Q0Q(θ) and θ is set to 0. We assume
small changes of θ between iterations.

C. Including the dynamics

We have formulated our second order motion controllers in
the velocity domain. Similarly, the acceleration components of
the equation of motion (6) are replaced by finite differences

q̈k =
q̇k+1 − q̇k

∆t
(36)

such that we get

[
M(qk) −ST −JTc (qk)

]  q̇k+1

∆tτk
∆tγk

 = Mq̇k −∆tN(qk, q̇k)

(37)

For numerical robustness it is desirable to keep the condition-
ing of the system matrix

[
M(qk) −ST −JTc (qk)

]
so we

compute q̇k+1, ∆tτk and ∆tγk.
The equation of motion can be considered full rank if

the inertia matrix M is physically consistent and therefore
positive definite [47], [48]. This means that the system matrix
of the equation of motion

[
M(qk) −ST −JTc (qk)

]
is not

concerned with kinematic singularities of the contact Jacobians
Jc(qk) due to the full-rank property of M(qk) (‘row rank
equals column rank’). Furthermore, the equation of motion
is already linear in the accelerations q̈k (or velocities q̇k+1 in
case of the forward integration and only non-linear in q̇k), joint
torques τk and generalized contact forces γk. Hence, a Taylor
expansion for the purpose of linearization is not necessary.
We therefore do not consider the equation of motion in the
Hessian calculation of the lower level linearized constraints.

VI. VALIDATION

Here, we assess our proposed method named LexDynAH
(acronym for Lexicographic Augmentation for Dynamics with
Analytic Hessian). We aim to validate that we can achieve:
(i) agreement between the velocity and acceleration based
controllers ėctrl

PD (30) and ëctrl
PD (3); and (ii) numerical stability

in singular robot configurations. First, we conduct three simu-
lations with simple 2D stick robots (sec. VI-A) to confirm our
derivations. Then, we apply our method in two real HRP-2Kai
robot experiments (sec. VI-B) that is position controlled. HRP-
2Kai has 32 actuated DoF and a 6 DoF un-actuated free-flyer.
The control frequency is 200 Hz (∆t = 5 ms). Equation (20) is
solved with the hierarchical least-squares warm-started active
set solver LexLSI [39]. The trust region limit (Sec. IV) is
chosen as 0.1 m or rad with an adaptive heuristic for real-
time hierarchical control as in [34].

For comparison, we use the hierarchical Quasi-Newton
method presented in [34] (referred to as LexDynBFGS). It
was originally designed for optimization problems of the
form (17) but including the modifications presented in this
paper it is identical with LexDynAH except that the hierar-
chical Hessian (15) is approximated by the BFGS algorithm.
Furthermore, for regularized acceleration based control (2) we

use the QP solver LSSOL [49] (p = 2). Inequality constraints
are only allowed on level 1. Since the notion of constraint
relaxation is not introduced in LSSOL, the feasibility of these
constraints has to be guaranteed in order to avoid solver
failures. On both levels a soft hierarchy can be established
by weighting tasks against each other (therefore we call this
solver Weighted Least Squares - WLS). Such a control setup
is commonly found in the literature [6]–[11].

A. Three simulation toy examples

z

x
q1 q2

g

Fig. 4: Example 1: initial configuration of the robot.

1) Example 1 – Freely swinging pendulum: consists of a
fixed-base planar robot with two links (both having unit length
and unit mass) and two revolute joints. The joint torques of
both joints are set to zero so that it swings freely. The initial
configuration is set to [−π/2, 0] rad with zero velocity (see
Fig. 4). The motion of the pendulum is determined by solving
the instantaneous equation of motion (6) in a least squares
sense. The hierarchical problem is described in Fig. 5.

Results of Example 1 show that we can reproduce the
behavior of the acceleration equation of motion (6) by the
use of the velocity domain based one (37), with identical joint
trajectories q(t) (see Fig. 6).

2) Example 2 – In reach end-effector task: steers the robot
from the previous Example 1 to reach the desired Cartesian
task-point [1, 1] m. The initial robot posture corresponds to
an arbitrary non-singular configuration, e.g., [−π, 1] rad, see
Fig. 7. We define the acceleration- or velocity-based hierarchy
in Fig. 8.

The problem is solved by the GN algorithm ((20) with Ĥl =
0). The joint positions, joint velocities, joint torques and task
error norms are given in Fig. 9. It can be seen that both the
velocity and acceleration based control lead to an identical
behavior. The converged robot posture is given in Fig. 10.

3) Example 3 – Conflict between linearized task constraint
and dynamics constraint: In this simulation we want to test
the behavior of the robot if a linearized end-effector task is
in conflict with a (non-linearized) dynamics constraint. We
use a robot with 3-DoF’s. We set its initial configuration to
[−π, 1, 0] rad, see Fig. 11. The hierarchy is given in Fig. 12.
Constraints in bold have to be considered in the calculation of
the hierarchical Hessian. Note that for bound constraints we
have H = 0. The commanded joint 1 torque is set to zero
and hence conflicts with the end-effector task of reaching the
point [1, 1] m. The trust region constraint is put on the second
level in order to not interfere with the equation of motion.

The norm of the distance of the end-effector from the target
is given in Fig. 13. As discussed in Sec. V-A, damping in the
acceleration domain leads to slowly oscillating behavior that
can be observed from the error curve ‘acc. based, damping’.
The damping value is set to µ = 0.1. The error norm of the
other methods gets minimized fairly well but is disturbed by
the slow oscillations of the freely swinging joint 1.
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Hierarchy for example 1
L.1 • Equation of motion, acceleration-based (6) or

velocity-based (37)
• τ = 0

L.2 • Regularization term q̇ = 0 (vel. based), expressed in
accelerations by using finite differences (36) in case
of acceleration-based control

Fig. 5: Example 1. Hierarchy for swinging pendulum.

Fig. 6: Example 1. The upper graph shows the joint posi-
tions of the swinging pendulum for the acceleration-based
(‘acc. based’) equation of motion and the velocity-based (‘vel.
based’) ones (full superposition). The lower graph shows the
difference between the values.

z

x
q1

q2

g

×Target

Fig. 7: Example 2, initial configuration of the robot. The
desired end-effector position is at the cross.

Hierarchy for example 2
L.1 Equation of motion, acceleration-based or velocity-

based
L.2 Joint velocity limit (corresponds to the trust region

constraint), expressed with accelerations by using finite
differences (36) in the case of acc. based control

L.3 End-effector task with ëctrl (acc. based) or with ėctrl
PD

(vel. based)
L.4 q̇ = 0 (vel. based), expressed with accelerations by

using forward differences (36) in case of acceleration-
based control

L.5 τ = 0

Fig. 8: Example 2. Control hierarchy.

Figure 14 shows the joint velocities of the robot. For the
GN algorithm (both acc. and vel. based) numerical instabilities

Fig. 9: Example 2, joint (J.) positions, velocities, torques and
task error norm. They are identical for the acceleration- and
velocity-based equation of motion and PD motion controllers
ëctrl and ėctrl

PD .

Fig. 10: Example 2, converged robot posture.

z

x
q1

q2
q3

g

×Target

Fig. 11: Example 3, initial configuration of the robot. The
desired end-effector position is at the cross.

Hierarchy for example 3
L.1 • Equation of motion, acceleration-based or velocity-

based with accelerations integrated by (36)
• τ1 = 0

L.2 Trust region constraint, expressed with accelerations by
using forward differences (36) in the case of acc. based
control

L.3 End-effector task with ëctrl (acc. based) or with ėctrl
PD

(vel. based), solved by the GN algorithm, Newton’s
method (vel. based) or the LM algorithm (acc.
based)

L.4 q̇ = 0 (vel. based), expressed with accelerations by
using forward differences (36) in case of acceleration-
based control

L.5 τ = 0

Fig. 12: Example 3. Control hierarchy.

can be observed. This is due to the zero commanded joint 1
torque that conflicts with the aim of getting closer to the target
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Fig. 13: Example 3, task error norm for the end-effector task.
Damping in the acceleration domain leads to overshooting
behavior and the error is barely minimized (dark gray curve).
The velocity-based PD controller ėctrl

PD prevents this behavior.

Fig. 14: Example 3, joint velocities. The acc. and vel. based
GN algorithm leads to numerical instabilities in the joint
velocities q̇2 and q̇3. They occur whenever the kinematic
subchain consisting of link 2 and link 3 is close to kinematic
singularity. LexDynAH (AH) and LexDynBFGS (BFGS) are
numerically stable. Damping in the acceleration domain is
numerically stable but leads to overshooting behavior.

Fig. 15: Example 3. The robot managed to reach the target
as close as possible (LexDynAH). However, some swaying
motion remains due to the freely swinging joint 1 (white
ball) with zero commanded torque. Note how the kinematic
subchain of the green and blue link is in kinematic singularity.

with the end-effector. In order to minimize the task error as
much as possible the kinematic subchain consisting of both
links 2 and 3 is forced into kinematic singularity.

Newton’s method with second order information from both
LexDynAH and LexDynBFGS leads to numerically stable
joint velocity behavior without overshooting the end-effector
as seen for the damping in acceleration-based control. The
robot configuration with low error norm but with remaining
some swaying motion is given in Fig. 15.

Hierarchy for LexDynAH and LexDynBFGS
L.1 • 4nc (nc: number of contacts) bounds on generalized

contact wrenches: γ > 0
• 32 joint limits using a velocity damper [50]

L.2 • 38 integrated equations of motion
• 38 torque limits

L.3 38 trust region limits
L.4 3 inequality constraints for self-collision avoidance
L.5 18 geometric contact constraints
L.6 1 equality constraint on the head yaw joint to put the

vision marker into the field of view
L.7 3 inequality constraints on the CoM
L.8 • 6 end-effector equality constraints for left and

right hand
• 3 equality constraints to keep the chest orienta-

tion upright
L.9 3 stricter inequality constraints on the CoM

L.10 38 constraints to minimize joint velocities: q̇ = 0
L.11 4nc constraints to minimize the generalized contact

wrenches: γ = 0

Fig. 16: Control hierarchy for HRP-2Kai experiments.

Hierarchy for WLS
L.1 • 4nc bounds on generalized contact wrenches: γ > 0

• 32 joint limits using an acceleration damper [50]
• 38 equations of motion
• 38 torque limits
• 3 inequality constraints for self collision avoidance
• 18 geometric contact constraints
• 3 inequality constraints on the CoM

L.2 • 6 end-effector equality constraints for left and right
hand

• 32 equality constraints to maintain a reference pos-
ture (with the head yaw joint turned towards the
vision marker)

• 4nc constraints to minimize the generalized contact
wrenches: γ = 0

Fig. 17: Weighted least-squares control hierarchy

B. Experiments with a humanoid robot

Here, we assess our approach with a real humanoid robot
HRP-2Kai. We devised a control hierarchy given in Fig. 16.
The hierarchical separation of the bound constraints on the
generalized contact wrenches and the joint limits (l = 1) from
the equation of motion (l = 2) allows LexLSI to cheaply
handle the variable bounds on the first level.

For comparison purpose, we use the acceleration-based
weighted control hierarchy given in Fig. 17, and solved
by LSSOL. The hierarchy for WLS contains the dynamic
constraints (equation of motion and bounds on γ and τ ), joint
limits, self-collision avoidance, center of mass (CoM) task
and contact tasks as constraints on priority level 1. All these
tasks have the same priority without weighting. Although the
self-collision avoidance, the contact and the CoM constraints
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Fig. 18: Pictures of HRP-2Kai performing exp. 1, LexDynAH,
from left to right: 1.: The left hand has grabbed the pole while
the right hand task on level 9 is in conflict with the CoM task
on level 8. 2.: The CoM on level 8 switched from box 1 to
box 2 and is not in conflict with the right hand task anymore.
The right hand task on level 9 is not augmented anymore.
3.: HRP-2Kai is in full forward stretch. 4.: The robot moves
its right hand to the back. 5.: HRP-2Kai is in full backward
stretch. 6.: The robot during its second forward stretch.

can be the source of potential conflict or even (unresolved)
kinematic singularities, there are no regularization tasks in
order to avoid interaction with the equation of motion. This
highlights the significance of being able to easily design
safe hierarchical robot control problems with LexDynAH or
LexDynBFGS. The reaching task is defined as an objective
on priority level 2. A posture reference task is also added at
the objective level. Similarly to the LM algorithm, it acts as
a velocity damper to approach singular configurations; it has
a low weight (5 · 10−2) that is tuned depending on the task to
be performed. For example reaching for very far away targets
requires a higher weight. A further regularization task γ = 0
on the contact forces is added to yield a fully determined and
full-rank problem. It is weighted with a small value 10−4.

For both solvers we substitute the torques τ with the
equation of motion which reduces the number of variables
from 112 to 74.

1) Experiment 1: The first experiment (exp. 1, see Fig. 18)
is designed in such a way that a third contact between the left
hand and a rigid pole must be established in order to prevent
falling. This is a fixed bilateral contact that allows pulling or
pushing forces.

In the following we describe the experiment for LexDynAH.
At first, the robot moves its left hand to the vertical metal pole
and grabs it. The pole position is determined by vision thanks
to a marker provided by the whycon library [51]. During
the movement, the CoM task on level 7 is constrained by
the bounding box 1 [±0.03,±0.1,±∞] m and gets activated,
see Fig. 19. The right hand on the next level 8, which must
remain at its current position, is therefore in conflict and moves
slightly backwards. This is a purely algorithmic singularity and

Fig. 19: Exp. 1, LexDynAH, CoM movement. The CoM starts
at the black dot and moves until it arrives at the white dot,
first being constrained in box 1 and then in box 2.

Fig. 20: Exp. 1, LexDynAH, map of activity (light gray) and
Newton’s method (dark gray)

Fig. 21: Exp. 1, computation times and active set iterations.
LexDynAH peaks at 28 s with 2.63 ms and a maximum
number of active set iterations of 52. LexDynBFGS peaks
at 28 s with 1.11 ms and a maximum number of active set
iterations of 52. WLS peaks at 56 s with 2.94 ms and a
maximum number of active set iterations of 34.

triggers the switch to Newton’s method. Figure 20 shows the
activation of the CoM task and the augmentation of the right
hand position task and the chest orientation task at around 8 s.

Box 1 is widened from [±0.03,±0.1,±∞] m to
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Fig. 22: Exp. 1, LexDynAH, joint velocities. The upper graph
shows the moment when the CoM is released and the 52 active
set iterations occur (followed by 5 occurrences of 30 iterations
until 32.7 s). The middle one shows the moment when the
right hand stretches to the right and starts being augmented.
The lower graph shows the joint velocities when the robot
stretches to the back and crouches.

Fig. 23: Exp. 1, comparison of the error norm of the right hand
tracking the swinging target during forward (for.) and back-
ward (back.) stretch. The lower graph shows the differences
of the error norms of the different methods.

Fig. 24: Exp. 1, WLS, joint velocities.

[±0.2, 0.05±0.05,±∞] m since we increase the support area
of the robot in the sagittal plane due to the additional contact.
However, several control iterations with a high number of
active set is made to adjust the robot state; in Fig. 21 at 28 s
notice the active set iterations peak (52). Figure 20 shows that

at the instant of CoM release (around 28 s), both CoM tasks at
level 7 and 9 are activated and shortly after deactivated again.
Similar behavior is seen for the collision constraint between
the left elbow and the torso. The upper graph of Fig. 22 shows
how the velocity suddenly increases from zero to maximum
velocity 0.5 s during the CoM release. The corresponding
dynamic effects are also adjusted (the trust region and the
contact force constraints, with possible interplay), resulting in
a large number of active set iterations.

At around 36 s the augmentation of the level 8 position
task stops as the right hand reached its prescribed position,
see Fig. 20. The right hand then follows a target swinging
from the front [3,−1.5, 2] m to the back [−3,−1.5, 0] m
of the robot (for reference, HRP-2Kai is 1.71 m tall with
a 2.11 m arm span). The target is always out of reach but
numerically stable robot control is obtained thanks to the
switch to the Newton’s method. As can be seen from the
middle and bottom graph of Fig. 22, the joint velocities are
numerically stable and do not show signs of high frequency
oscillations as for example observed in Fig. 14 for the GN
algorithm. The joint velocities thereby exhibit a bang-bang
type of behavior (generating joint velocities at the limits) for
as fast as possible task convergence [52]. During the stretch
motions, the CoM is well outside the support polygon of the
feet (approximately at [±0.1,±0.2,±∞] m) which stresses the
importance of the left hand supporting contact (see Fig. 19).

Figure 23 shows the norms of the tracking error of the
right hand during the stretch motions. During forward stretches
LexDynAH performs better than WLS (ErrWLS−ErrLexDynAH >
0). Especially during the second forward stretch (130s+)
LexDynAH gets over 0.05 m closer to the target than WLS due
to fully stretching its arm leading to a kinematic singularity.
LexDynAH has a higher error norm than WLS during the
backward stretch (see Fig. 23, 100 s to 117 s). This is despite
the fact that the robot crouches more than seen for WLS (see
video). This can be explained by local minima of the non-
linear kinematic optimization problem created by joint limits.

Figure 21 shows that the computation time of LexDynAH,
which includes the calculation time of the analytic Hessian, in-
creases by about 1.5 ms as the right hand task gets augmented
at time 8 s. An additional increase can be observed at 40 s
when the CoM task on level 9 also requires augmentation (see
Fig. 20). Now two expensive symmetric Schur decompositions
of the hierarchical Hessian on level 8 and 9 are required.

LexDynBFGS is very similar to LexDynAH and shows the
capabilities of the BFGS algorithm to provide a valid approxi-
mation of the analytic hierarchical Hessian. Computation times
(Fig. 21) are lower than for LexDynAH since the hierarchical
Hessian approximation is already positive definite.

WLS exhibits very smooth joint velocities (see Fig. 24) due
to the conservatively chosen damping factor. This comes at
the cost of worse convergence, especially compared to Lex-
DynBFGS, see Fig. 23. Especially during the forward stretches
the robot does not fully stretch its right arm. Also during the
backward stretch the robot crouches to a lesser extent than
seen for LexDynAH and LexDynBFGS (see video).

2) Experiment 2: With the second experiment (exp. 2) we
show the importance of handling kinematic and algorithmic
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Fig. 25: Exp. 2, LexDynAH, right hand task error. The upper
graph shows the actual right hand position in x, y and z
direction and the desired ones xd, yd and zd. The lower graph
shows the error norm.

singularities without the reliance on heuristic damping tuning.
This experiment is set up similarly to exp. 1. This time
however the robot’s right hand tracks a target held by a human
operator which is sampled by a motion capture system. In such
situations, and especially for a humanoid robot with multi-
level prioritized constraints, it is difficult to determine the robot
workspace beforehand. Our proposed methods LexDynAH and
LexDynBFGS allow to only have approximate knowledge or
no knowledge at all of the robot workspace while still enabling
safe control of the robot. The target could be at the border
of the workspace with the end-effector being in kinematic
singularity or being in algorithmic conflict with a stable-
balance task like the CoM task on a higher priority level. At
the same time, the whole possible workspace is used. This
might be in contrast to a conservatively tuned regularization
term in order to ensure non-singular behavior over a range of
robot configurations which might not be known in advance.

The right hand tracking error of LexDynAH is given in
Fig. 25. From around 50 s onwards, the right hand is tracking
the position of a handheld wand with markers detected by the
motion capture system. The provided position xd, yd and zd
is filtered by a 3 s moving average filter (see dotted lines in
upper graph of Fig. 25). Over all the course of the experiment
the robot exhibits a numerically stable control. The marker
is moved outside, on the border and inside of the robot’s
workspace with a left hand (LH) error norm of up to 70 cm.
Note that in order to prevent too fast and unsafe motions,
especially when the marker is far away, we set the right
hand proportional task gain to kp = 0.5 instead of kp = 1
in the previous experiment. This leads to rather slow robot
movements with relatively slow convergence behavior.

C. Performance comparison

The overall performance of LexDynBFGS and LexDynAH
in the experiments is compiled comprehensively in Table I.

LexDynAH and LexDynBFGS both performed best in the
category ‘Error convergence’. The performance of WLS de-
pends highly on the chosen damping. Its behavior can only
be considered acceptable at best since determining ‘perfect’

LexDyn LexDyn WLS
AH BFGS

Error convergence + + o / –
Joint stability + + + / –
Joint smoothness o o + / –
Easiness of use + + o

TABLE I: Comprehensive overview of the performance of
LexDynAH, LexDynBFGS and WLS in the evaluation. The
symbols +, o, – indicate best, acceptable and worst perfor-
mance in the corresponding evaluation criteria.

damping can not be achieved with adaptive heuristics. The
same holds for the ‘stability’ and ‘smoothness’ of the joint
trajectories. If the damping weights for the posture reference
task of WLS are too low, the numerical behavior is unstable
and therefore not smooth. If the damping weights are too
high we get very smooth joint trajectories but bad error
convergence. LexDynAH and LexDynBFGS are numerically
stable alternatives with relatively smooth joint trajectories.
Especially, there is no need for damping tuning which makes
it very easy to use (‘Easiness of use’).

VII. CONCLUSION

In this paper we formulated the hierarchical Newton’s
method of control which enables numerically stable computa-
tions in case of singularities of kinematic tasks. We made the
link to control and formulated second order PD controllers in
the velocity domain with exponential convergence properties
even in the case of regularization. Our simulations on toy
robotic examples confirmed that such an approach is viable.
Experiments with the HRP-2Kai, a complex humanoid robot,
showed that the reliance on accurate representations of second
order information –that is in contrast to approximations like
classical damping methods– leads to better robot workspace
occupancy and consequently better task error reduction. At the
same time we confirmed that the notion of hierarchy enables
formulating problems with strict safety prioritization.

Computation times of the hierarchical least squares solver
are a limiting factor. Without important dynamic effects,
the active set iteration count is limited to a few iterations.
However, situations where several torque, trust region and
contact force constraints become active are more challenging
for the active set search. Our future work needs to focus on
handling these situations cheaply, for example by factorization
updates in the solver proposed in [39] or a more effective
active set search.
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