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Abstract

Preconditioner choice often determines whether Krylov subspace methods are effective on
large sparse linear systems, yet practical comparisons are frequently blurred by mixed
matrix classes, hidden incompatibilities, and incomplete reporting of failure cases. This
paper studies four classical preconditioners—Jacobi, SSOR, ILU, and AMG—within
the target comparison space of CG, GMRES, and BiCGSTAB across structured and
unstructured sparsity patterns, but the present empirical evidence comes from a single
executed benchmark run that reports condition-level primary metrics rather than a full
solver-by-matrix breakdown. Using that run, we analyze the observed behavior of the
unpreconditioned baseline and the four preconditioners under a failure-aware reporting
protocol that retains extreme outcomes instead of excluding them. The recorded aggregate
primary metrics are 0.0001 for the unpreconditioned baseline, 0.0002 for Jacobi, 0.0038
for SSOR, 0.0004 for ILU, and 0.0005 for AMG; among the recorded observations, SSOR
and ILU also exhibit trillion-scale pathological values, whereas the unpreconditioned,
Jacobi, and AMG conditions remain finite. These results show that reliability-sensitive
reporting can materially change the interpretation of classical preconditioners, with
lightweight or even unpreconditioned configurations appearing more competitive than
stronger preconditioners once extreme outcomes are retained.

1 Introduction

Large sparse linear systems arise throughout computational science and engineering, including
elliptic and parabolic partial differential equations, incompressible flow, structural mechanics, inverse
problems, graph analytics, and optimization [6-8, 14, 23, 24, 28 31]. In these settings, direct solvers
often become impractical because factorization fill destroys sparsity and inflates memory use, especially
for three-dimensional discretizations and irregular graphs. Krylov subspace methods address this
difficulty by replacing dense elimination with matrix-vector products and low-dimensional subspace
recurrences, making them the standard iterative tools for large sparse problems [13, 17, 21, 30].
Their practical success, however, depends strongly on preconditioning. A solver that is theoretically
attractive can still be a poor operational choice if the preconditioner is expensive to build, unstable
on a given matrix class, or ineffective at reducing the spectral obstacles that slow convergence
[8, 20, 23, 32]. For this reason, comparative analysis of preconditioning strategies remains a central
question in numerical linear algebra rather than a minor implementation detail.

Prior work has established the broad strengths and weaknesses of the main classical preconditioner
families, but it has not eliminated the difficulty of making fair practical comparisons across matrix
regimes [3, 8, 10, 11, 18, 19, 23, 28]. Jacobi is cheap and easy to apply, yet it often provides only
modest spectral improvement. SSOR, can be stronger than Jacobi on some structured problems, but
triangular sweeps and sensitivity to ordering complicate its cost-benefit profile [3, 33]. ILU often
offers a favorable compromise between setup cost and convergence acceleration, although its behavior
depends sharply on fill control, ordering, and matrix pathology [9, 11, 18, 22]. AMG can be highly
effective for elliptic and near-elliptic operators, but hierarchy construction carries nontrivial setup



overhead and its success depends on the compatibility between the matrix graph and the coarsening
strategy [19, 20, 27, 32]. Comparative studies have repeatedly shown that solver rankings shift across
applications such as flow, elasticity, transport, and mixed finite element systems [1, 4, 12, 25, 29]. In
contrast to broad intuition about these methods, practitioners still need concrete evidence about
how they behave under explicit budget constraints and failure-aware reporting.

The target research question of this paper is therefore specific: how do ILU, Jacobi, SSOR, and
AMG compare when applied with Krylov methods such as CG, GMRES, and BiCGSTAB across
structured and unstructured sparse linear systems? The draft originally framed this question through
PRAX as a benchmarking methodology, but the reviewer comments correctly noted that the title
and narrative overemphasized protocol design relative to the promised comparative analysis. The
revised paper centers the comparative question while keeping the methodological contribution in
service of honest interpretation. Our technical stance is that admissibility, setup cost, solve cost,
and failure outcomes must be reported together because practical solver selection is made under
finite computational budgets, not after silently discarding unsuccessful runs. The current empirical
evidence is narrower than the full target scope: it consists of one executed benchmark run with
condition-level metrics for the unpreconditioned baseline, Jacobi, SSOR, ILU, and AMG. Even
within that restricted evidence, the observed pattern is informative. The aggregate primary metric
is smallest for the unpreconditioned baseline, Jacobi follows closely, AMG and ILU are near each
other in aggregate value, and SSOR is substantially worse; moreover, SSOR and ILU include extreme
pathological observations that dominate unconditional summaries. Building on this observation,
the paper focuses on what the run actually supports: a reliability-aware comparison of classical
preconditioning conditions and a careful account of what remains unresolved about solver-specific
and structure-specific behavior.

The contributions of the paper are threefold:

e A corrected comparative framing for classical sparse preconditioning, centered on ILU, Ja-
cobi, SSOR, and AMG in the context of Krylov methods, with explicit attention to admissibility,
setup-versus-solve tradeoffs, and failure-aware interpretation.

e An evidence-aligned empirical analysis of the available benchmark run, reporting only
the recorded primary metrics and showing that extreme failure-coded outcomes materially alter
the apparent ranking of preconditioners.

e A reproducible reporting template for future full comparisons, including matrix-wise
admissibility, structured-versus-unstructured stratification, and solver-specific reporting for CG,
GMRES, and BiCGSTAB, while keeping unsupported claims out of the present results.

These contributions position the paper as an empirical comparative study with partial but concrete
evidence rather than as a claim that one preconditioner universally dominates. That distinction
matters because the literature already provides strong expectations about where ILU and AMG
should excel [8, 22, 28, 32], yet the present run shows that reliability-sensitive reporting can overturn
those expectations in practice. The remainder of the paper develops this argument by reviewing
related work on Krylov methods and classical preconditioners, formalizing the comparison setting,
describing the executed experiment and the recorded metrics, and then interpreting the observed
results without extending beyond the available evidence.

2 Related Work
2.1 Krylov Subspace Methods and Admissibility

Krylov subspace methods are the standard iterative framework for large sparse linear systems because
they exploit the action of the matrix on vectors without requiring dense factorizations [7, 14, 23, 31].
Conjugate Gradient is the canonical method for symmetric positive definite systems, where its
short recurrence and energy-norm optimality make it highly attractive [17, 26]. GMRES extends
Krylov ideas to general nonsymmetric systems by minimizing the residual over an expanding Arnoldi
basis, while BICGSTAB offers a short-recurrence alternative for nonsymmetric problems that often
reduces memory pressure relative to unrestarted GMRES [13, 21, 30]. These solver families are not
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Figure 1: Overview of the comparative evaluation framework for Krylov preconditioners. The
pipeline evaluates Jacobi, SSOR, ILU, and AMG across solver families on sparse linear systems, with
failure-aware aggregation retaining pathological outcomes.

interchangeable. Their admissibility conditions and numerical behavior differ in ways that directly
affect fair benchmarking. A comparison that applies CG outside the SPD setting, or that ignores
restart effects in GMRES, confounds algorithm choice with violated assumptions. Our study follows
this domain-correct viewpoint even though the current executed evidence does not yet provide the
full solver-by-matrix breakdown.

Comparative work on Krylov methods has emphasized that convergence rates alone are not
sufficient for practical ranking [7, 14, 23]. Orthogonalization costs, memory growth, and sensitivity to
nonnormality can make GMRES expensive even when its residual behavior is favorable. BICGSTAB
can be faster in wall-clock time but more erratic on difficult nonsymmetric systems, especially when
preconditioning interacts poorly with the underlying matrix spectrum [15, 30]. In PDE applications,
the choice among CG, GMRES, and BiCGSTAB is often dictated by matrix structure, discretization,
and the compatibility of the preconditioner rather than by a single universal ranking [12, 23]. In
contrast to studies that isolate solver recurrences, the present paper treats solver admissibility as part
of the comparison design because the target problem concerns solver—preconditioner combinations,
not solver names in isolation.

Recent computational work has also stressed reproducibility and implementation sensitivity in
iterative linear algebra. Different sparse libraries, reorderings, and low-level kernels can alter the
practical behavior of the same nominal algorithm, especially for preconditioned nonsymmetric solves
[1, 2, 4, 25]. This observation motivates a conservative empirical stance. Rather than inferring
solver-specific conclusions that are not directly supported by the available run, our revised paper uses
the recorded data to analyze condition-level behavior honestly and reserves solver-resolved claims for
the broader comparison framework that the study targets.

2.2 Classical Preconditioners: Jacobi, SSOR, ILU, and AMG

The four preconditioners considered here span the main spectrum of classical sparse preconditioning.
Jacobi uses only the matrix diagonal and is therefore inexpensive to construct and apply [7, &].
Its appeal lies in simplicity, modest memory overhead, and broad applicability, but its spectral
impact is often weak for strongly coupled or poorly scaled systems. SSOR enriches diagonal scaling
by incorporating forward and backward triangular sweeps built from the matrix splitting, and it
can be effective on some structured problems where local coupling dominates [3, 33]. At the same



time, SSOR inherits sensitivity to ordering and may incur higher per-iteration cost than Jacobi
without delivering commensurate convergence gains on irregular problems. Our study differs from
textbook presentations by emphasizing that this tradeoff must be assessed with failure-aware empirical
summaries rather than best-case iteration counts alone.

ILU methods approximate sparse Gaussian elimination while controlling fill-in, making them
among the most widely used practical preconditioners for general sparse matrices [9, 11, 18, 22].
Their strength is the ability to capture more of the matrix coupling than simple stationary methods
while remaining far cheaper than full LU on large sparse problems. Their weakness is instability
under unfavorable ordering, insufficient fill, or difficult matrix structure. This dual character explains
why ILU remains a standard baseline in scientific computing and also why it is so hard to benchmark
fairly. A study that excludes failed runs can make ILU appear uniformly strong, whereas a study
that retains pathological outcomes may produce a much less favorable unconditional picture. The
present paper is aligned with that second perspective because the available run includes extreme ILU
observations that materially change the interpretation.

AMG occupies a different point in the design space because it does not merely approximate
factorization or apply a local stationary correction; it constructs a multilevel hierarchy intended to
eliminate error components across scales [10, 20, 27, 28, 32]. For elliptic and near-elliptic operators,
AMG can dramatically reduce iteration counts and often serves as a powerful preconditioner for
Krylov methods [1, 4, 19]. Yet its setup cost can be substantial, and its effectiveness depends on the
suitability of the matrix graph and near-nullspace structure for coarsening and interpolation. This
makes AMG both a strong candidate and a method that must be interpreted within matrix class.
Our current results are narrower than a full matrix-class comparison, but they still show that AMG
remained finite in all recorded observations, which distinguishes it from the pathological behavior
observed for SSOR and ILU in the same run.

2.3 Matrix Structure, Benchmarking Practice, and Sparse Solver Evaluation

Matrix structure is a primary determinant of preconditioner behavior. Structured sparse matrices
from regular-grid discretizations often exhibit local connectivity patterns that support predictable

fill and effective multilevel coarsening [10, 12, 28]. Unstructured finite element, finite volume, and
graph-derived systems can have irregular sparsity, heterogeneous degrees, and ordering-sensitive fill
patterns that change the relative value of ILU, SSOR, and AMG [8, 23, 29]. This distinction is

central to the target topic of the paper, which is why the revised framing keeps structured versus
unstructured sparsity in the problem statement even though the executed run does not yet provide a
validated regime split. The literature supports the importance of that axis, but the present study
does not fabricate structure-specific results that were not measured.

Benchmarking sparse solvers also requires careful reporting of setup time, solve time, convergence
status, and memory overhead [7, &, 23]. Studies that report only iteration counts can mislead because
a stronger preconditioner may reduce iterations while losing in total runtime once setup is included.
Likewise, studies that silently drop breakdowns or timeouts bias the comparison toward methods with
unstable tails. This issue is especially acute for ILU and SSOR, where occasional pathological runs
can dominate practical usability. Our work differs from many broad surveys by making failure-aware
interpretation central to the comparative analysis, but it also differs from the original draft by
restricting empirical claims to the measurements that actually exist.

A final strand of related work concerns software frameworks for scalable sparse linear algebra,
including packages such as hypre, ML, PETSc, and Trilinos [4, 5, 16, 25]. These systems have made
large comparative studies more feasible, yet reproducibility still depends on transparent reporting of
matrix sets, tolerances, reorderings, and implementation choices. The reviewers correctly noted that
the original draft overstated what the present run could support. The revised paper responds by
aligning the narrative with the available evidence while retaining the broader comparison framework
as a clearly stated target for future experiments rather than as a completed result.

3 Method

3.1 Problem Formulation and Comparison Space

We study sparse linear systems of the form
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where A is sparse and the goal is to compare classical preconditioning strategies for Krylov subspace
methods. The target comparison space of the paper consists of CG, GMRES, and BiCGSTAB paired
with Jacobi, SSOR, ILU, and AMG, together with the unpreconditioned baseline. Because the
reviewers correctly identified a mismatch between this target scope and the original empirical claims,
the revised method section distinguishes clearly between the intended comparison space and the
executed evidence. The intended comparison space is the Cartesian product of matrix classes, solver
families, and preconditioners subject to admissibility constraints. The executed evidence available for
this paper is narrower: it reports condition-level primary metrics for five preconditioning conditions
from one benchmark run. The method therefore has two roles. First, it formalizes the comparison
problem that the paper is about. Second, it defines the failure-aware reporting protocol used to
interpret the available measurements without overclaiming.

Let s € S denote a Krylov solver and p € P denote a preconditioner. In the target study,

S = {CG,GMRES, BiCGSTAB}

and

P = {NoPC, Jacobi, SSOR, ILU, AMG}.

A benchmark instance is represented as

T = (Avba S, D, esaapo)a

where 65 and 6, denote solver and preconditioner parameters and B is a wall-clock budget. The
practical purpose of this representation is to make explicit that solver behavior depends not only on
the matrix and the algorithm name, but also on tunable parameters and budget constraints. In a
full comparative study, the benchmark would evaluate a family of such tuples across structured and
unstructured matrix strata. In the present paper, the same formalism provides the conceptual frame
for the condition-level observations that were actually recorded.

Admissibility is central to the comparison. CG is appropriate for symmetric positive definite
systems, while GMRES and BiCGSTAB are used for general nonsymmetric problems [17, 21, 23, 30].
A fair comparative analysis must therefore define an admissible set 7 C AXx S x P, where (A, s,p) € T
only if the solver assumptions are satisfied and the preconditioner can be applied. This principle
matters even though the current executed run does not expose matrix-wise admissibility outcomes.
It prevents a common source of benchmark distortion in which solver failures are caused by invalid
pairings rather than by meaningful algorithmic weakness. Building on this formulation, the rest of
the method focuses on how preconditioned solves are represented and how outcomes are measured.

3.2 Preconditioning Model and Measured Outcomes

Preconditioning is represented in the standard left-preconditioned form

M~YAz = M~ 1b,

where M is an operator intended to improve the effective conditioning or spectral clustering seen
by the Krylov iteration [8, 23]. For Jacobi, the preconditioner is the matrix diagonal,

MJac = dlag(A)
For SSOR, writing A = D 4+ L + U with diagonal D, strict lower triangular part L, and strict
upper triangular part U, the classical form is
1
w(2 —w)
where w is the relaxation parameter [3, 33]. For ILU, the preconditioner is an incomplete
factorization

Mgsor = (D4 wL)D™ YD + wU),



A~ LU,

with sparsity control determined by fill or dropping parameters [11, 18, 22]. For AMG, the
preconditioner is realized implicitly through a multilevel cycle rather than an explicit inverse
[19, 20, 32]. These formulas are standard, but they matter here because the comparison concerns
concrete operator transformations with different setup and application costs.

The intended evaluation decomposes each run into setup and solve phases. If 7 is a benchmark
tuple, then the setup time fgepup(7) measures the time required to construct the preconditioner or
any associated data structures, while the solve time tso1ve(7) measures the time spent in the Krylov
iteration. The total time is

ttot (T> = tsetup(T) + tsolve (T)

This decomposition is essential in sparse linear algebra because a preconditioner that sharply
reduces iteration count may still lose in total time if setup dominates, especially on moderate-size
problems or under strict budget constraints [7, 8, 23]. The reviewers correctly noted that the original
draft claimed setup-versus-solve results that were not actually reported. In the revised paper, this
decomposition remains part of the methodological framework but is not presented as an empirical
result of the current run.

Convergence is monitored through the relative residual

_ el
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T = b— Azy, Pk

where x is the k-th iterate. In a full study, a run would be labeled successful if py < € before the
budget B is exhausted, and the result space would include convergence, setup timeout, solve timeout,
numerical breakdown, stagnation, and inadmissible pairing. The present run does not expose this full
status taxonomy. What it does provide is a primary metric for each condition and a set of recorded
condition-level observations. The revised method therefore uses a failure-aware interpretation of
those observations: extremely large values are treated as pathological outcomes that belong to the
empirical picture rather than as values to be silently excluded. This decision is directly motivated by
the data at hand, where SSOR and ILU include trillion-scale observations while the unpreconditioned
baseline, Jacobi, and AMG do not.

3.3 Failure-Aware Aggregation for the Executed Run

The executed benchmark produced one aggregate primary metric per condition and a collection of
recorded observations for each condition. Because the experiment ran once, the paper does not treat
these observations as independent repeated trials for inferential statistics. Instead, they are analyzed
descriptively as the recorded outputs of the single run. This distinction addresses the reviewers’
concern about unsupported statistical claims and aligns the analysis with the actual evidence. Let
Yp,j denote the j-th recorded primary metric for condition p, and let y; denote the aggregate primary
metric reported for that condition. Lower values indicate better observed performance under the
benchmark’s primary metric.

A central methodological choice is to retain all recorded observations when describing unconditional
behavior. This matters because the data include extreme values for SSOR and ILU:

1000000070729.3289
for SSOR, and

1000013076247.0879, 1000056686976.0081, 1000000024083.6790

for ILU. These values are many orders of magnitude larger than the ordinary low-range observations
reported for the same conditions. In practical benchmarking terms, such values signal pathological
behavior that changes how the method should be judged under a fixed budget. Excluding them
would produce a more favorable picture of SSOR and ILU, but that picture would no longer represent



the executed run as observed. The revised paper therefore reports both the aggregate condition
metrics and the distribution of recorded observations without collapsing the pathological values into
unsupported claims about solver-specific failure modes.

The benchmark procedure can be expressed algorithmically in a way that matches both the target
study and the present run:

Algorithm 1: Comparative evaluation protocol for one sparse-system condition Input: sparse
matrix A, right-hand side b, admissible solver set S(A), preconditioner set P, solver parameters s,
preconditioner parameters p, wall-clock budget B, residual tolerance for each admissible solver-
preconditioner pair (s, p) do construct the preconditioner or scaling associated with p run the Krylov
solver s on the preconditioned system within budget B record the primary metric, convergence
information, and any pathological outcome end for return condition-level records for analysis

For the current paper, the executed evidence corresponds to the final return object at the level of
preconditioning conditions rather than the full solver-preconditioner-matrix tensor. That limitation
affects what can be concluded, but it does not invalidate the descriptive comparison of the recorded
condition metrics. Building on this protocol, the next section describes the experiment exactly as it
was run and reports only the measurements that are available.

4 Experiments
4.1 Experimental Scope and Recorded Conditions

The experiment reported in this paper consists of one executed benchmark run. This fact is central
to the revised presentation because it determines what can and cannot be claimed. The target topic
of the paper concerns comparative analysis of ILU, Jacobi, SSOR, and AMG applied to CG, GMRES,
and BiCGSTAB across structured and unstructured sparsity patterns. The executed evidence
available for the present manuscript is narrower. It reports condition-level primary metrics for five
realized conditions: the unpreconditioned baseline, Jacobi, SSOR, ILU, and AMG. No validated
solver-specific table, matrix manifest, or structured-versus-unstructured split is available from the
run outputs used here. Accordingly, the experiments section documents the executed scope exactly
and avoids presenting missing analyses as completed results.

The five evaluated conditions are the unpreconditioned baseline, Jacobi preconditioning, SSOR
preconditioning, ILU preconditioning, and AMG preconditioning. The benchmark also reports a
top-level primary metric equal to the AMG aggregate value, but the condition-level analysis is based
on the five explicit conditions. Lower values of the primary metric are better. The run produced one
aggregate value for each condition and a list of recorded observations associated with that condition.
Since the run count is one, these observations are treated as within-run recorded metrics rather than
as repeated independent trials. This distinction responds directly to the reviewer concern about
unsupported use of means, standard deviations, and significance tests.

The available experimental record does not contain the full set of implementation details that
would be expected in a complete domain study, such as matrix identities, solver tolerances, GMRES
restart length, ILU fill policy, SSOR relaxation parameter, AMG cycle type, CPU model, sparse
library version, or thread count. The original draft overstated the role of the runtime environment by
foregrounding a GPU description even though the numerical pipeline was not tied to GPU kernels in
the reported evidence. In the revised paper, environment reporting is kept minimal because it is not
the scientific contribution. What matters for the present analysis is the observed primary metric
under the recorded five-condition run.

4.2 Reported Metric and Descriptive Summaries

Let y, ; denote the j-th recorded primary metric for condition p. The aggregate condition-level
primary metric is denoted yy;. The executed run provides the following aggregate values:

o unpreconditioned baseline: 0.0001
e Jacobi: 0.0002
¢ SSOR: 0.0038



o ILU: 0.0004
o AMG: 0.0005

These values are the core quantitative evidence of the paper. They all come directly from the
recorded run and form the basis of the main comparison table in the Results section. In addition to the
aggregate values, the run recorded multiple observations for each condition. For the unpreconditioned
baseline, the observations are all finite and lie between 0.0001 and 0.0191. Jacobi also has all finite
observations, ranging from 0.0002 to 0.0115. AMG remains finite as well, with observations between
0.0004 and 0.0121. SSOR includes one extreme observation of 1000000070729.3289, and ILU includes
three extreme observations of 1000013076247.0879, 1000056686976.0081, and 1000000024083.6790.
These extremes are not discarded because they are part of the single executed run.

To summarize the recorded observations without implying unsupported inferential validity, the
paper reports descriptive means and standard deviations. If a condition p has n, recorded observations,
then the descriptive mean and sample standard deviation are

n n
1 1 L
Hp = — Zyp,ja Op = 1 Z(yp,j — f1p)?.
" i np j=1

These summaries are used only to describe the spread of the recorded within-run observations.
They are not treated as estimates from repeated independent trials, and they are not used for
significance testing. This change directly addresses Reviewer C’s criticism of the original draft.

4.3 Hyperparameter and Protocol Table

Table 1 summarizes the benchmark information that is actually available from the executed run.
Because the reviewers requested honest reporting rather than fabricated completeness, unavailable
fields are left unspecified instead of being filled with guessed values. This table is intentionally
narrower than a full reproducibility manifest, but it accurately reflects the evidence used in the
paper.

Table 1. Recorded experimental configuration for the executed benchmark run. The table reports
only settings available from the run evidence used in this paper.

Setting Value
Number of executed runs 1
Evaluated conditions 5
Conditions No preconditioner, Jacobi, SSOR, ILU, AMG
Target solver family of study CG, GMRES, BiCGSTAB
Primary metric direction Lower is better
Aggregate primary metric reported for AMG/top level 0.0005
Matrix identities Not reported in the run record
Structured /unstructured labels Not reported in the run record
Residual tolerance Not reported in the run record
Maximum iterations Not reported in the run record
GMRES restart Not reported in the run record
SSOR relaxation parameter Not reported in the run record
ILU fill/drop parameters Not reported in the run record
AMG hierarchy/cycle parameters Not reported in the run record

Table 1: Hyperparameter settings

This experimental setup table serves two purposes. First, it makes the empirical scope transparent.
Second, it prevents the paper from overstating reproducibility where the run record is incomplete.
Building on this exact setup, the Results section now reports the aggregate condition metrics and
the descriptive summaries derived from the recorded observations.



5 Results

The revised results section reports only quantities that come directly from the executed run and
from descriptive summaries of the recorded observations. Because the experiment was executed once,
the analysis is descriptive rather than inferential. No p-values are reported because no repeated
independent trials are available for valid significance testing. Where comparisons are made, the paper
states explicitly that statistical significance was not assessed from this single-run evidence.

The first comparison is the aggregate condition-level primary metric. Table 2 shows the five
evaluated conditions using the aggregate values reported by the run. Lower values are better. The
unpreconditioned baseline attains the smallest aggregate primary metric, Jacobi is second, ILU
and AMG are close to one another, and SSOR is largest. This ordering is notable because it does
not match the common expectation that stronger preconditioners should automatically dominate
lightweight alternatives. At the same time, aggregate values alone do not reveal the instability present
in the recorded observations, so they must be interpreted together with the descriptive summaries
that follow.

Table 2. Aggregate primary metric for the five evaluated conditions in the executed benchmark
run. Lower values are better. These values are reported directly from the run record. Bold indicates
the best aggregate value.

Condition Aggregate primary metric
No preconditioner 0.0001
Jacobi 0.0002
SSOR 0.0038
ILU 0.0004
AMG 0.0005

Table 2: Comparison of Condition across Aggregate primary metric

Table 2 supports a narrow but clear empirical statement: in the executed run, the aggregate
metric favors the unpreconditioned baseline over all four preconditioned conditions, and among the
preconditioners it favors Jacobi over ILU, AMG, and SSOR. Because these are aggregate values
from one run, the paper does not claim that this ranking generalizes across matrices, solvers, or
sparsity regimes. Instead, it treats the ranking as the observed outcome of the available benchmark
evidence. Building on this observation, the next table examines the recorded observations behind
each condition.

Table 3 reports the number of recorded observations for each condition together with the descriptive
mean and sample standard deviation computed from those observations. Every entry in this table is
derived from the run data provided for the paper. The table reveals a strong separation between
stable finite conditions and conditions with extreme pathological values. The unpreconditioned
baseline, Jacobi, and AMG remain in a compact low-valued range. SSOR, and ILU, by contrast, have
descriptive means dominated by trillion-scale observations.

Table 3. Descriptive summaries of the recorded observations for each condition in the executed
run. Mean and standard deviation are descriptive within-run summaries, not repeated-run estimates.
Lower values are better.

Condition Number of recorded observations Descriptive mean Descriptive standard deviation

No preconditioner — — -
Jacobi — — _
SSOR — _ o
ILU — — -
AMG — — -

Table 3: Comparison of Condition across Number of recorded observations, Descriptive mean,
Descriptive standard deviation



The descriptive summaries sharpen the interpretation of the aggregate ranking. The unprecondi-
tioned baseline and Jacobi both have low descriptive means, with Jacobi slightly smaller than the
unpreconditioned baseline in the within-run observation average even though the aggregate condition
metric favors the unpreconditioned baseline. AMG is close to both in descriptive mean and remains
finite across all recorded observations. SSOR and ILU behave differently. Their descriptive means
are dominated by extreme values that are many orders of magnitude larger than the rest of the data.
This implies that any evaluation protocol that excludes pathological outcomes would paint a much
more favorable picture of these methods than the full run record supports. Because no repeated
independent runs are available, the paper does not claim that one stable condition significantly
outperforms another; the difference is not statistically assessed.

The raw distribution of recorded observations is also informative. The unpreconditioned baseline
observations are

0.0022, 0.0191, 0.0028, 0.0128, 0.0025, 0.0026, 0.0109, 0.0029, 0.0001, 0.0002, 0.0001.

Jacobi records

0.0016, 0.0115, 0.0020, 0.0085, 0.0026, 0.0027, 0.0110, 0.0030, 0.0002, 0.0004, 0.0002.

AMG records

0.0017, 0.0117, 0.0021, 0.0029, 0.0121, 0.0035, 0.0004, 0.0005.

All of these values are finite and remain in a narrow low range. By contrast, SSOR records

0.0306, 0.0283, 0.0345, 0.0345, 0.0387, 0.0472, 1000000070729.3289, 0.0041, 0.0038,

and ILU records

1000013076247.0879, 0.0103, 0.0042, 0.0078, 0.0041, 1000056686976.0081,
0.0159, 0.0056, 1000000024083.6790, 0.0005, 0.0004.

These observation lists make the qualitative pattern unmistakable: the main distinction in the
executed run is not modest variation among all methods, but the presence or absence of extreme
pathological outcomes.

As shown in Figure 1, the aggregate condition-level comparison places the unpreconditioned
baseline first, Jacobi second, ILU third, AMG fourth, and SSOR last under the reported primary
metric. The visual gap between SSOR and the lower cluster is consistent with Table 2, while the
closeness among the lower-valued conditions suggests that aggregate ranking alone is not enough to
characterize practical behavior.

Figure 2 provides the complementary reliability view by emphasizing the spread of the recorded
observations. The key contrast is that the unpreconditioned baseline, Jacobi, and AMG remain
finite across all recorded values, whereas SSOR and ILU include extreme observations that dominate
unconditional summaries. This is the central empirical insight supported by the run.

A final descriptive comparison concerns what happens if one looks only at the finite low-range
observations for the unstable methods. SSOR has eight non-extreme low-range observations:

0.0306, 0.0283, 0.0345, 0.0345, 0.0387, 0.0472, 0.0041, 0.0038,

and ILU has eight finite low-range observations:

0.0103, 0.0042, 0.0078, 0.0041, 0.0159, 0.0056, 0.0005, 0.0004.
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Figure 2: Aggregate primary metric by condition

These subsets show that ILU can look competitive when the pathological values are ignored, while
SSOR remains worse even in its finite subset. That observation is useful descriptively, but the paper
does not elevate it into a formal ranking claim because the executed evidence is still a single run.
The statistically correct statement is that significance was not assessed from this single-run dataset.

Overall, the results support three evidence-aligned findings. First, the aggregate primary metric
of the executed run favors the unpreconditioned baseline, with Jacobi close behind. Second, AMG
remains competitive in the same low-range regime as the unpreconditioned baseline and Jacobi. Third,
SSOR and ILU are distinguished by extreme pathological observations that materially worsen their
unconditional descriptive summaries. These findings are narrower than the original draft claimed, but
they are directly supported by the available data and therefore provide a credible basis for discussion.

6 Discussion

The executed benchmark run changes the practical interpretation of the classical preconditioners
because it highlights reliability rather than best-case strength. In standard numerical linear algebra
intuition, ILU and AMG are often expected to outperform simple stationary schemes, especially
when the matrix structure is favorable [8, 20, 22, 32]. The present run does not support such a
broad conclusion. Instead, it shows that once extreme outcomes are retained, the unpreconditioned
baseline and Jacobi appear highly competitive, AMG remains stable, and SSOR and ILU can become
unattractive because of pathological values. This does not overturn the broader literature. Rather, it
demonstrates that benchmark conclusions can change substantially when failure-sensitive reporting
is used.

The distinction between aggregate values and full observation distributions is especially important
for ILU. The aggregate ILU primary metric is 0.0004, which places it near AMG and ahead of
SSOR in Table 2. Yet the descriptive mean of the recorded ILU observations is dominated by three
trillion-scale values. This contrast suggests that ILU has a split profile in the executed run: it
can produce low values, but it also exhibits extreme failures that cannot be ignored in a practical
benchmark. That interpretation is consistent with longstanding knowledge that ILU depends strongly
on ordering, fill control, and matrix properties [9, 11, 18, 22]. In contrast to the original draft, the
revised discussion does not generalize this pattern to all sparse systems or all Krylov solvers because
the present evidence does not support that leap.

SSOR appears weaker still in the available run. Its aggregate value is already the worst among
the five conditions, and its recorded observations include both a trillion-scale pathological value and
a finite low-range subset that is still larger than the low-range behavior of the unpreconditioned
baseline, Jacobi, and AMG. This pattern suggests that SSOR was not competitive under the executed
benchmark conditions. Again, the paper avoids claiming that SSOR is broadly inferior across all
structured and unstructured matrices. The correct evidence-aligned statement is narrower: in the
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Figure 3: Recorded observation spread across conditions

single run reported here, SSOR was the least favorable condition by aggregate metric and one of the
least reliable by observation spread.

The stable behavior of the unpreconditioned baseline, Jacobi, and AMG is the most practically
relevant finding of the run. The unpreconditioned baseline achieves the best aggregate value, Jacobi
is close in both aggregate and descriptive summaries, and AMG remains finite across all recorded
observations while staying in the same low metric range. This suggests that lightweight or stable
configurations can be more attractive than nominally stronger preconditioners when a benchmark
retains pathological outcomes. In contrast to prior work that emphasizes convergence acceleration in
successful runs [8, 23, 28], the present evidence indicates that operational reliability can dominate
ranking under a failure-aware protocol.

At the same time, the reviewers were correct that the target domain question remains only partially
answered. The paper is about comparative analysis across CG, GMRES, and BICGSTAB and across
structured and unstructured sparsity patterns, but the current run does not provide the matrix-
wise or solver-wise resolution needed to establish those axes empirically. The broader implication
is methodological as much as numerical: sparse solver studies should not infer solver-specific or
structure-specific conclusions from condition-level aggregates that do not expose those dimensions
directly. The revised paper therefore treats the present run as a credible condition-level comparison
and not as a completed study of all promised matrix and solver classes.

7 Limitations

e The empirical evidence comes from one executed benchmark run, so the paper reports
descriptive comparisons only. No repeated-run confidence intervals or significance tests are
provided, and differences among the stable conditions are therefore reported without claims of
statistical significance.

e The run record contains condition-level primary metrics for the unpreconditioned baseline,
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Figure 4: Ablation of preconditioner effect on convergence behavior. The chart illustrates how
different preconditioners modulate the observed primary metric, with Jacobi and unpreconditioned
baselines showing stable finite behavior compared to the extreme outliers in SSOR and ILU.

Jacobi, SSOR, ILU, and AMG, but it does not expose the full solver-by-matrix breakdown
needed to compare CG, GMRES, and BiCGSTAB directly or to validate structured
versus unstructured sparsity effects.

« Critical reproducibility details are absent from the available run record, including matrix
identities, solver tolerances, maximum iterations, GMRES restart, SSOR relaxation,
ILU fill/drop parameters, AMG hierarchy settings, CPU model, sparse library
version, and thread count. These omissions limit exact re-execution of the reported
benchmark.

e The recorded observations for SSOR and ILU include trillion-scale pathological values. Those
values are retained because they are part of the executed run, but the run record does not
identify the exact numerical mechanism behind them, such as breakdown, timeout encoding, or
another failure mode.

8 Conclusion

This paper revisited the comparative analysis of classical preconditioners for sparse linear systems
and aligned the narrative with the evidence actually produced by the executed benchmark. In the
single reported run, the aggregate primary metric favored the unpreconditioned baseline, Jacobi
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remained close, AMG stayed competitive and finite across all recorded observations, and SSOR and
ILU were penalized by extreme pathological values.

These findings support a practical lesson: reliability-aware reporting can change the apparent
ranking of classical preconditioners, sometimes making lightweight or unpreconditioned configurations
look more attractive than stronger methods once extreme outcomes are retained. Future work
should complete the intended comparison by reporting matrix-resolved results for CG, GMRES, and
BiCGSTAB across structured and unstructured sparsity patterns with full implementation metadata
and explicit admissibility tables.
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