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Agenda

 Fuzzy Operators

 Fuzzy Numbers

 Fuzzy Calculations

 Fuzzy Relations
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Fuzzy Operators

 For Fuzzy sets ሚ𝐴 and ෨𝐵, the Union operator is defined as:

 Also known as 𝑠 − 𝑛𝑜𝑟𝑚𝑠
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Fuzzy Operators

 For Fuzzy sets ሚ𝐴 and ෨𝐵, the Intersection operator is defined as:

 Also known as t−𝑛𝑜𝑟𝑚𝑠
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Fuzzy Operators

 For Fuzzy set ሚ𝐴, the Complement operator is defined as:
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Fuzzy Operators

Important:
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Operation Modifies Alpha-cut Modifies Strong Alpha-cut

Fuzzy Union No No

Fuzzy Intersection No No

Fuzzy Complement Yes Yes
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Fuzzy Operators

Fuzzy sets algebra

 Commutative property

 Associative property

 Distributive property

7
Computational Intelligence - Ali Tourani - Fall 2020-2021



University 
of Guilan

Fuzzy Operators

Fuzzy sets algebra

 Idempotent laws

 Identity and complement expressions
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Fuzzy Operators

Fuzzy sets algebra

 Other rules
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Fuzzy Operators

Size of a Fuzzy set

 Simply, sum of the membership degrees

 Sample:
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𝐴 = ෍

𝑥∈𝐴

𝜇𝐴

ሚ𝐴 = { 5, 0.2 , 10, 0.7 , 16, 0.3 , 18, 0.4 , 19, 0.5 }

ҧሚ𝐴 = { 5, 0.8 , 10, 0.3 , 16, 0.7 , 18, 0.6 , 19, 0.5 }

ሚ𝐴 = 0.2 + 0.7 + 0.3 + 0.4 + 0.5 = 2.1

ҧሚ𝐴 = 0.8 + 0.3 + 0.7 + 0.6 + 0.5 = 2.9
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Fuzzy Operators

Multiplication operation

 Two Fuzzy sets being multiplied together:

 A number multiplied by a Fuzzy set:

 Sample:

11
Computational Intelligence - Ali Tourani - Fall 2020-2021

𝜇𝐴.𝐵 𝑥 = 𝜇𝐴. 𝜇𝐵

𝜇𝑎.𝐴 𝑥 = 𝑎. 𝜇𝐴

𝐴 = { 𝑎, 0.2 , 𝑏, 0.5 , 𝑐, 0.9 }

𝐵 = { 𝑎, 0.9 , 𝑏, 0.2 , 𝑐, 1 (𝑑, 0.1)}

𝐴. 𝐵 = { 𝑎, 0.18 , 𝑏, 0.1 , 𝑐, 0.9 , (𝑑, 0.1)}

0.5 × 𝐴 = { 𝑎, 0.1 , 𝑏, 0.25 , 𝑐, 0.45 }
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Fuzzy Operators

 How to show a Fuzzy set based on Alpha-cut?
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Fuzzy Numbers

 A generalization of the real numbers

 They refer to a connected set of possible values

 Applications:

 Control System

 Decision Making

 Optimization

 Probabilistic Reasoning
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Fuzzy Numbers

A Fuzzy number:

 Is a connected set of possible values

 Introduces the concept of uncertainty for numbers

 Has a membership degree

For a Fuzzy number A:

 Values can be the members of a normal Fuzzy set

 Alpha-cut is defined

 Support set (𝐴0+) is bounded

 Strong Alpha-cut for α=0

14
Computational Intelligence - Ali Tourani - Fall 2020-2021



University 
of Guilan

Fuzzy Numbers

Crisp vs. Fuzzy numbers
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Fuzzy Numbers

Crisp vs. Fuzzy ranges
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Fuzzy Numbers

 Fuzzy MFs can be formatted in discrete functions
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𝐴 = ൞

1 𝑓𝑜𝑟 𝑥 ∈ [𝑎, 𝑏]

𝑙 𝑥 𝑓𝑜𝑟 𝑥 ∈ (−∞, 𝑎]

𝑟 𝑥 𝑓𝑜𝑟 𝑥 ∈ [𝑏,∞)

1
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𝑒𝑚

𝑏
𝑒𝑟
𝑠ℎ
𝑖𝑝

0                          a                              b
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Fuzzy Numbers

Sample:
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Universal set

(classes)
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Universal set

Fuzzy Numbers

Sample:
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𝐿𝑜𝑤 =

1 𝑓𝑜𝑟 𝑥 ∈ [0,7]

𝑙 𝑥 = 0 𝑓𝑜𝑟 𝑥 ∈ (−∞, 0]

𝑟 𝑥 = ቊ
𝑆𝑜𝑚𝑒𝑡ℎ𝑖𝑛𝑔 𝑖𝑓 𝑥 ∈ (7,15)
0 𝑖𝑓 𝑥 ∈ (15,∞)



University 
of Guilan

Fuzzy Calculations

 A Fuzzy set is exclusively defined on its Alpha-cuts

 Alpha-cuts are closed ranges of real numbers where α ∈ (0,1]

 Thus, calculations on Alpha-cuts define the calculations on Fuzzy numbers

Calculations in Fuzzy (Interval Arithmetic)

 Lets consider * as any operation (addition, subtraction, multiplication and division)

 Note: division is not defined if 0 ∈ [𝑐, 𝑑]
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𝑎, 𝑏 ∗ 𝑐, 𝑑 = 𝑓 ∗ 𝑔 𝑎 ≤ 𝑓 ≤ 𝑏, 𝑐 ≤ 𝑔 ≤ 𝑑}
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Fuzzy Calculations

Accordingly:
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𝑎, 𝑏 ∗ 𝑐, 𝑑 = 𝑓 ∗ 𝑔 𝑎 ≤ 𝑓 ≤ 𝑏, 𝑐 ≤ 𝑔 ≤ 𝑑}

𝑎, 𝑏 + 𝑐, 𝑑 = [𝑎 + 𝑐, 𝑏 + 𝑑]

𝑎, 𝑏 − 𝑐, 𝑑 = [𝑎 − 𝑑, 𝑏 − 𝑐]

𝑎, 𝑏 . 𝑐, 𝑑 = [min 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑 ,max(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑)]

𝑎, 𝑏 / 𝑐, 𝑑 = min
𝑎

𝑐
,
𝑎

𝑑
,
𝑏

𝑐
,
𝑏

𝑑
,max

𝑎

𝑐
,
𝑎

𝑑
,
𝑏

𝑐
,
𝑏

𝑑
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Fuzzy Calculations

Interval Arithmetic

 Basic calculations on below Fuzzy numbers
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𝐴 𝑥 =

0 𝑓𝑜𝑟 𝑥 < −1 𝑎𝑛𝑑 𝑥 > 3
𝑥 + 1

2
𝑓𝑜𝑟 − 1 ≤ 𝑥 ≤ 1

3 − 𝑥

2
𝑓𝑜𝑟 1 < 𝑥 ≤ 3

𝐵 𝑥 =

0 𝑓𝑜𝑟 𝑥 < 1 𝑎𝑛𝑑 𝑥 > 5
𝑥 − 1

2
𝑓𝑜𝑟 1 ≤ 𝑥 ≤ 3

5 − 𝑥

2
𝑓𝑜𝑟 3 < 𝑥 ≤ 5

1

-1                 1          2          3          4          5

A(x) B(x)
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Fuzzy Calculations

Interval Arithmetic

 First, let’s calculate Alpha
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𝐴 𝑥 =

0 𝑓𝑜𝑟 𝑥 ≤ −1 𝑎𝑛𝑑 𝑥 > 3
𝑥 + 1

2
𝑓𝑜𝑟 − 1 < 𝑥 ≤ 1

3 − 𝑥

2
𝑓𝑜𝑟 1 < 𝑥 ≤ 3

𝐵 𝑥 =

0 𝑓𝑜𝑟 𝑥 ≤ 1 𝑎𝑛𝑑 𝑥 > 5
𝑥 − 1

2
𝑓𝑜𝑟 1 < 𝑥 ≤ 3

5 − 𝑥

2
𝑓𝑜𝑟 3 < 𝑥 ≤ 5

𝐴𝛼 = [2𝛼 − 1, 3 − 2𝛼]

𝐵𝛼 = [2𝛼 + 1, 5 − 2𝛼]
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Fuzzy Calculations

Interval Arithmetic

 Addition

 We know that:

 Thus, for these Alpha values:
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𝐴𝛼 = [2𝛼 − 1, 3 − 2𝛼] 𝐵𝛼 = [2𝛼 + 1, 5 − 2𝛼]

𝑎, 𝑏 + 𝑐, 𝑑 = [𝑎 + 𝑐, 𝑏 + 𝑑]

(𝐴 + 𝐵)𝛼= [4𝛼, 8 − 4𝛼]
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Fuzzy Calculations

Interval Arithmetic

 Addition

 Now, let’s see how will the output look like
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(𝐴 + 𝐵)𝛼= [4𝛼, 8 − 4𝛼]

4𝛼 = 𝑥 → 𝛼 = x/4

8 − 4𝛼 = 𝑥 → 𝛼 = (8 − x)/4

(𝐴 + 𝐵) 𝑥 =

0 𝑓𝑜𝑟 𝑥 < 0 𝑎𝑛𝑑 𝑥 > 8
𝑥

4
𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 4

8 − 𝑥

4
𝑓𝑜𝑟 4 < 𝑥 ≤ 8

𝛼 = 0 → 𝑥 = 0 𝛼 = 1 → 𝑥 = 4𝑓𝑜𝑟 𝛼 =
x

4
: 𝛼 = 0 → 𝑥 = 8 𝛼 = 1 → 𝑥 = 4𝑓𝑜𝑟 𝛼 =

8 − x

4
:
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Fuzzy Calculations

Interval Arithmetic

 Addition

26
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(𝐴 + 𝐵) 𝑥 =

0 𝑓𝑜𝑟 𝑥 < 0 𝑎𝑛𝑑 𝑥 > 8
𝑥

4
𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 4

8 − 𝑥

4
𝑓𝑜𝑟 4 < 𝑥 ≤ 8

1

-1                 1          2          3          4          5         6         7          8

A(x) B(x)

(A+B)(x)
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Fuzzy Calculations

Interval Arithmetic

 Subtraction

 We know that:

 Thus, for these Alpha values:
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𝐴𝛼 = [2𝛼 − 1, 3 − 2𝛼] 𝐵𝛼 = [2𝛼 + 1, 5 − 2𝛼]

(𝐴 − 𝐵)𝛼= [4𝛼 − 6, 2 − 4𝛼]

𝑎, 𝑏 − 𝑐, 𝑑 = [𝑎 − 𝑑, 𝑏 − 𝑐]
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Fuzzy Calculations

Interval Arithmetic

 Subtraction

 Now, let’s see how will the output look like
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(𝐴 − 𝐵)𝛼= [4𝛼 − 6, 2 − 4𝛼]

4𝛼 − 6 = 𝑥 → 𝛼 = (x + 6)/4

2 − 4𝛼 = 𝑥 → 𝛼 = (2 − x)/4

(𝐴 − 𝐵) 𝑥 =

0 𝑓𝑜𝑟 𝑥 < −6 𝑎𝑛𝑑 𝑥 > 2
𝑥 + 6

4
𝑓𝑜𝑟 − 6 ≤ 𝑥 ≤ −2

2 − 𝑥

4
𝑓𝑜𝑟 − 2 < 𝑥 ≤ 2

𝛼 = 0 → 𝑥 = −6 𝛼 = 1 → 𝑥 = −2𝑓𝑜𝑟 𝛼 =
(x + 6)

4
: 𝛼 = 0 → 𝑥 = 2 𝛼 = 1 → 𝑥 = −2𝑓𝑜𝑟 𝛼 =

2 − x

4
:
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Fuzzy Calculations

Interval Arithmetic

 Subtraction
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(𝐴 − 𝐵) 𝑥 =

0 𝑓𝑜𝑟 𝑥 < −6 𝑎𝑛𝑑 𝑥 > 2
𝑥 + 6

4
𝑓𝑜𝑟 − 6 ≤ 𝑥 ≤ −2

2 − 𝑥

4
𝑓𝑜𝑟 − 2 < 𝑥 ≤ 2

(A-B)(x)

1

-6         -5           -4           -3          -2           -1              1          2        3        4          5

A(x) B(x)
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Fuzzy Calculations

Interval Arithmetic

 Multiplication

 We know that:

 Thus, for these Alpha values:

30
Computational Intelligence - Ali Tourani - Fall 2020-2021

𝐴𝛼 = [2𝛼 − 1, 3 − 2𝛼] 𝐵𝛼 = [2𝛼 + 1, 5 − 2𝛼]

𝑎, 𝑏 . 𝑐, 𝑑 = [min 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑 ,max(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑)]

(𝐴. 𝐵)𝛼= ൝
−4𝛼2 + 12𝛼 − 5, 4𝛼2 − 16𝛼 + 15 𝑓𝑜𝑟 𝛼 ∈ (0, 0.5]

4𝛼2 − 1, 4𝛼2 − 16𝛼 + 15 𝑓𝑜𝑟 𝛼 ∈ (0.5, 1]
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Fuzzy Calculations

Interval Arithmetic

 Division

 We know that:

 Thus, for these Alpha values:
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𝐴𝛼 = [2𝛼 − 1, 3 − 2𝛼] 𝐵𝛼 = [2𝛼 + 1, 5 − 2𝛼]

𝑎, 𝑏 / 𝑐, 𝑑 = min
𝑎

𝑐
,
𝑎

𝑑
,
𝑏

𝑐
,
𝑏

𝑑
,max

𝑎

𝑐
,
𝑎

𝑑
,
𝑏

𝑐
,
𝑏

𝑑

(𝐴/𝐵)𝛼= ቊ
(2𝛼 − 1)/(2𝛼 + 1), (3 − 2𝛼)/(2𝛼 + 1) 𝑓𝑜𝑟 𝛼 ∈ (0, 0.5]

(2𝛼 − 1)/(5 − 2𝛼), (3 − 2𝛼)/(2𝛼 + 1) 𝑓𝑜𝑟 𝛼 ∈ (0.5, 1]
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Fuzzy Calculations

Interval Arithmetic

 Multiplication

 Division
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(𝐴. 𝐵) 𝑥 =

0, 𝑥 < −5 𝑎𝑛𝑑 𝑥 ≥ 15

3 − (4 − 𝑥)1/2

2
, −5 ≤ 𝑥 < 0

1 + 𝑥
1
2

2
, 0 ≤ 𝑥 < 3

4 − 1 + 𝑥
1
2

2
, 3 ≤ 𝑥 < 15

(𝐴/𝐵) 𝑥 =

0, 𝑥 < −1 𝑎𝑛𝑑 𝑥 ≥ 3
𝑥 + 1
2 − 2𝑥

, −1 ≤ 𝑥 < 0

5𝑥 + 1
2 + 2𝑥

, 0 ≤ 𝑥 < 1/3

3 − 𝑥
2 + 2𝑥

, 1/3 ≤ 𝑥 < 3
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Fuzzy Calculations

 For the Fuzzy numbers A, B, and C:
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𝐴 + 𝐵 = 𝐵 + 𝐴 and 𝐴. 𝐵 = 𝐵. 𝐴
𝐴 + 𝐵 + 𝐶 = 𝐴 + 𝐵 + 𝐶 𝑎𝑛𝑑 𝐴. 𝐵 . 𝐶 = 𝐴. 𝐵. 𝐶
𝐴 = 𝐴 + 0 = 0 + 𝐴 𝑎𝑛𝑑 𝐴 = 𝐴. 1 = 1. 𝐴
𝐴. 𝐵 + 𝐶 ⊆ 𝐴. 𝐵 + 𝐴. 𝐶
𝐴. 𝐵 + 𝐶 = 𝐴. 𝐵 + 𝐴. 𝐶 𝑖𝑓 𝑏. 𝑐 ≥ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑏 ∈ 𝐵 𝑎𝑛𝑑 𝑐 ∈ 𝐶
𝑎. 𝐵 + 𝐶 = 𝑎. 𝐵 + 𝑎. 𝐶 𝑖𝑓 𝐴 = 𝑎, 𝑎

0 ∈ 𝐴 − 𝐴 𝑎𝑛𝑑 1 ∈
𝐴

𝐴
𝑖𝑓 A⊆E and B⊆F, then 𝐴 ∗ 𝐵 ⊆ 𝐸 ∗ 𝐹 𝑤ℎ𝑒𝑟𝑒 ∗ 𝑐𝑎𝑛 𝑏𝑒+,−, . 𝑎𝑛𝑑 /
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Fuzzy Relations

We know from classical relations:

 A classic relation R is a subset of 𝐴 × 𝐵

Sample:

34
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𝑅 𝑥𝑖 𝑖 ∈ 𝑁𝑛) ⊆ 𝑋1 × 𝑋2 ×⋯× 𝑋3

𝑋 = {𝐸𝑛𝑔𝑙𝑖𝑠ℎ, 𝐹𝑟𝑒𝑛𝑐ℎ} 𝑌 = {𝐷𝑜𝑙𝑙𝑎𝑟, 𝑃𝑜𝑢𝑛𝑑, 𝐸𝑢𝑟𝑜,𝑀𝑎𝑟𝑘}

𝑍 = {𝑈𝑆, 𝐵𝑟𝑖𝑡𝑎𝑖𝑛, 𝐶𝑎𝑛𝑎𝑑𝑎, 𝐹𝑟𝑎𝑛𝑐𝑒}

𝑅 𝑋, 𝑌, 𝑍 = { 𝐸𝑛𝑔𝑙𝑖𝑠ℎ, 𝐷𝑜𝑙𝑙𝑎𝑟, 𝑈𝑆 , 𝐹𝑟𝑒𝑛𝑐ℎ, 𝐸𝑢𝑟𝑜, 𝐹𝑟𝑎𝑛𝑐𝑒 , (𝐸𝑛𝑔𝑙𝑖𝑠ℎ, 𝐷𝑜𝑙𝑙𝑎𝑟, 𝐶𝑎𝑛𝑎𝑑𝑎)}
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Fuzzy Relations

We know from classical relations:

 Reflexive, if 𝑅(𝑥, 𝑥)

 Irreflexive, if ! 𝑅(𝑥, 𝑥)

 Symmetric, 𝑖𝑓 𝑥, 𝑦 ∈ 𝑅, 𝑡ℎ𝑒𝑛 (𝑦, 𝑥) ∈ 𝑅

 Antisymmetric, 𝑖𝑓 𝑥, 𝑦 ∈ 𝑅, 𝑡ℎ𝑒𝑛 (𝑦, 𝑥) ∉ 𝑅

 Transitive, 𝑖𝑓 𝑥, 𝑦 ∈ 𝑅 𝑎𝑛𝑑 𝑦, 𝑧 ∈ 𝑅, 𝑡ℎ𝑒𝑛 (𝑥, 𝑧) ∈ 𝑅

 Anti-transitive, 𝑖𝑓 𝑥, 𝑦 ∈ 𝑅 𝑎𝑛𝑑 𝑦, 𝑧 ∈ 𝑅, 𝑡ℎ𝑒𝑛 (𝑥, 𝑧) ∉ 𝑅

35
Computational Intelligence - Ali Tourani - Fall 2020-2021



University 
of Guilan

Fuzzy Relations

 Membership degrees in relations
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𝐴𝑚𝑒𝑟𝑖𝑐𝑎 = {𝑁𝑒𝑤 𝑌𝑜𝑟𝑘,𝑊𝑎𝑠ℎ𝑖𝑛𝑔𝑡𝑜𝑛, 𝐴𝑡𝑙𝑎𝑛𝑡𝑎}

𝐸𝑢𝑟𝑜𝑝𝑒 = {𝑃𝑎𝑟𝑖𝑠,𝑀𝑖𝑙𝑎𝑛, 𝐵𝑎𝑟𝑐𝑒𝑙𝑜𝑛𝑎, 𝑅𝑜𝑚𝑒}

𝐴𝑠𝑖𝑎 = {𝑇𝑒ℎ𝑟𝑎𝑛, 𝐵𝑒𝑖𝑗𝑖𝑛𝑔, 𝑇𝑜𝑘𝑦𝑜, 𝐷𝑢𝑏𝑖}

𝑅 𝐸𝑢𝑟𝑜𝑝𝑒, 𝐴𝑠𝑖𝑎 = 0.7 𝑃𝑎𝑟𝑖𝑠, 𝑇𝑒ℎ𝑟𝑎𝑛 + 0.8 𝑀𝑖𝑙𝑎𝑛, 𝐷𝑢𝑏𝑎𝑖 + 0.2 (𝑅𝑜𝑚𝑒, 𝐷𝑢𝑏𝑎𝑖)
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Fuzzy Relations

Projection

 We can project a fuzzy relation R ⊆ A × B with respect to A or B as in the
following manner

For all 𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵

Projection to A:

Projection to B:
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𝜇𝑅𝐴 𝑥 = 𝑀𝑎𝑥 𝜇𝑅 (𝑥, 𝑦)

𝜇𝑅𝐵 𝑥 = 𝑀𝑎𝑥 𝜇𝑅 (𝑥, 𝑦)
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Fuzzy Relations

Projection

 For instance:
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𝑏1 𝑏2 𝑏3

𝑎1 0.1 0.2 1.0

𝑎2 0.6 0.8 0.0

𝑎3 0.0 1.0 0.3

𝑎1 1.0

𝑎2 0.8

𝑎3 1.0

𝑏1 𝑏2 𝑏3

0.6 1.0 1.0

𝑀𝑅𝐴

𝑀𝑅𝐵

𝑀𝑅
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Fuzzy Relations

Projection
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}

R(x1, x2)

0.9

0.9

0.9

1.0

1.0

1.0

0.5

0.5

0.5

1.0

1.0

1.0

Max

Max

Max

Max
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

R(x1, x3)

1.0

1.0

Max (0.4 , 1.0)

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

R(x1, x3)

1.0

0.9

1.0

0.9

Max (0.9 , 0.0)

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

R(x1, x3)

1.0

0.9

0.8

1.0

0.9

0.8

Max (0.8 , 0.2)

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

R(x1, x3)

1.0

0.9

0.8

1.0

0.9

0.8

0.5

0.5

1.0

0.5

0.5

1.0

Likewise …

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

R(x1)

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

Max

Max

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

R(x2)

0.9

0.9

0.9

0.9

0.9

0.9

Max

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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Fuzzy Relations

Projection
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X1 X2 X3 R(x1, x2, x3)

0 0 0 0.4

0 0 1 0.9

0 0 2 0.2

0 1 0 1.0

0 1 1 0.0

0 1 2 0.8

1 0 0 0.5

1 0 1 0.3

1 0 2 0.1

1 1 0 0.0

1 1 1 0.5

1 1 2 1.0

R(x2)

0.9

0.9

0.9

1.0

1.0

1.0

0.9

0.9

0.9

1.0

1.0

1.0

Likewise …

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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Fuzzy Relations

Projection (we are reducing the dimensions and losing data)
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X1 X2 X3 R(x1, x2, x3) R(x1, x2) R(x1, x3) R(x2, x3) R(x1) R(x2) R(x3)

0 0 0 0.4 0.9 1.0 0.5 1.0 0.9 1.0

0 0 1 0.9 0.9 0.9 0.9 1.0 0.9 0.9

0 0 2 0.2 0.9 0.8 0.2 1.0 0.9 1.0

0 1 0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

0 1 1 0.0 1.0 0.9 0.5 1.0 1.0 0.9

0 1 2 0.8 1.0 0.8 1.0 1.0 1.0 1.0

1 0 0 0.5 0.5 0.5 0.5 1.0 0.9 1.0

1 0 1 0.3 0.5 0.5 0.9 1.0 0.9 0.9

1 0 2 0.1 0.5 1.0 0.2 1.0 0.9 1.0

1 1 0 0.0 1.0 0.5 1.0 1.0 1.0 1.0

1 1 1 0.5 1.0 0.5 0.5 1.0 1.0 0.9

1 1 2 1.0 1.0 1.0 1.0 1.0 1.0 1.0

48
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Fuzzy Relations

Cylinder Extension

 The opposite concept of Projection

 A fuzzy relation R ⊆ A × B can be extended to A × B × C to generate a new
Fuzzy set. Thus for the new Fuzzy set C(R):

 Sample:
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𝜇𝐶(𝑅) 𝑎, 𝑏, 𝑐 = 𝜇𝑅 (𝑎, 𝑏) 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶

𝑏1 𝑏2 𝑏3

𝑎1 1.0 1.0 1.0

𝑎2 0.8 0.8 0.8

𝑎3 1.0 1.0 1.0

𝑎1 1.0

𝑎2 0.8

𝑎3 1.0

𝑀𝑅𝐴

𝑀𝐶(𝑅𝐴)
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X1 X2 X3 R123 R12 R13 R23 R1 R2 R3

0 0 0 0.4 0.9 1.0 0.5 1.0 0.9 1.0

0 0 1 0.9 0.9 0.9 0.9 1.0 0.9 0.9

0 0 2 0.2 0.9 0.8 0.2 1.0 0.9 1.0

0 1 0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

0 1 1 0.0 1.0 0.9 0.5 1.0 1.0 0.9

0 1 2 0.8 1.0 0.8 1.0 1.0 1.0 1.0

1 0 0 0.5 0.5 0.5 0.5 1.0 0.9 1.0

1 0 1 0.3 0.5 0.5 0.9 1.0 0.9 0.9

1 0 2 0.1 0.5 1.0 0.2 1.0 0.9 1.0

1 1 0 0.0 1.0 0.5 1.0 1.0 1.0 1.0

1 1 1 0.5 1.0 0.5 0.5 1.0 1.0 0.9

1 1 2 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Fuzzy Relations

Cylinder Extension
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Cylinder(R12,R13,R23)

0.5

0.5

Min

Let’s say: R12 = 
R(x1,x2)

Min

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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X1 X2 X3 R123 R12 R13 R23 R1 R2 R3

0 0 0 0.4 0.9 1.0 0.5 1.0 0.9 1.0

0 0 1 0.9 0.9 0.9 0.9 1.0 0.9 0.9

0 0 2 0.2 0.9 0.8 0.2 1.0 0.9 1.0

0 1 0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

0 1 1 0.0 1.0 0.9 0.5 1.0 1.0 0.9

0 1 2 0.8 1.0 0.8 1.0 1.0 1.0 1.0

1 0 0 0.5 0.5 0.5 0.5 1.0 0.9 1.0

1 0 1 0.3 0.5 0.5 0.9 1.0 0.9 0.9

1 0 2 0.1 0.5 1.0 0.2 1.0 0.9 1.0

1 1 0 0.0 1.0 0.5 1.0 1.0 1.0 1.0

1 1 1 0.5 1.0 0.5 0.5 1.0 1.0 0.9

1 1 2 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Fuzzy Relations

Cylinder Extension
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Cylinder(R12,R13,R23)

0.5

0.9

0.2

1.0

0.5

0.8

0.5

0.5

0.2

0.5

0.5

1.0

Min

𝑋1 = {0,1} 𝑋2 = {0,1} 𝑋3 = {0,1,2}
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What’s Next?

 Fuzzy Logic and Inference
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Questions?
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