Computational Intelligence

Subject7: Fuzzy Operators, Calculations and Relations
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Fuzzy Operators

» For Fuzzy sets A and B, the Union operator is defined as:

» Also known as s — norms

ks =pzVeg VyelU

o
oo
)
oo

v
v
)

Computational Intelligence - Ali Tourani - Fall 2020-2021



Fuzzy Operators

» For Fuzzy sets A and B, the Intersection operator is defined as:

» Also known as t—norms
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Fuzzy Operators

» For Fuzzy set 4, the Complement operator is defined as:

py=l—pz(y) yeU

A 4
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Fuzzy Operators

Important:
(=)
—
Operation Modifies Alpha-cut
Fuzzy Union No
Fuzzy Intersection No
Fuzzy Complement Yes
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Modifies Strong Alpha-cut

No
No

Yes



Fuzzy Operators

Fuzzy sets algebra

» Commutative property
AUB=BUA
» Associative property
AU (ﬁué) - (}iuﬁ) uC
» Distributive property
AU (E’mé) = (EUE) N (}{ué)
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Fuzzy Operators

Fuzzy sets algebra

» Idempotent laws

AUA=A ANnA=A
» Identity and complement expressions
AU P = A AN =
ANU =A AuU=U

Computational Intelligence - Ali Tourani - Fall 2020-2021 8



Fuzzy Operators

Fuzzy sets algebra

» Other rules

ANB—AUB
AUB—AnNB
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Fuzzy Operators

Size of a Fuzzy set

» Simply, sum of the membership degrees |A| = z Ua
XEA

» Sample:

A ={(5,0.2),(10,0.7),(16,0.3), (18,0.4), (19, 0.5)}

A ={(5,0.8),(10,0.3),(16,0.7), (18, 0.6), (19, 0.5)}

|A|=02+07+03+04+05=21
|| = 0.8+0.3+0.7+06+0.5 =29

10
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Fuzzy Operators

Multiplication operation

» Two Fuzzy sets being multiplied together:
tap(x) = Ua.Ug

» A number multiplied by a Fuzzy set:
Haa(X) = a.uy

» Sample:
A = {(a,0.2),(b,0.5), (c,0.9)}
B = {(a,0.9), (b,0.2), (c,1)(d, 0.1)}

A.B = {(a,0.18), (b,0.1), (¢, 0.9), (d, 0.1)}
0.5 x A = {(a,0.1), (b, 0.25), (¢, 0.45)}

11
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Fuzzy Operators

» How to show a Fuzzy set based on Alpha-cut?

Ax)y = a. A(x)®

02 04 06 08 1 0 0 1 1 1

X1 X2 X3 X4 X5 X1 X2 X3 Xg Xg

1 1 1 1 1 0 0 0 1 1
Apg=—+—+—+—+— Apg=—+—+—+—+—
X{ Xy X3 X4 Xg
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Computational Intelligence - Ali Tourani - Fall 2020-2021



M

University
of Guilan

Fuzzy Numbers

» A generalization of the real numbers

» They refer to a connected set of possible values

» Applications:

» Control System 1
» Decision Making

» Optimization

- o

» Probabilistic Reasoning

Computational Intelligence - Ali Tourani - Fall 2020-2021



M

University
of Guilan

Fuzzy Numbers

A Fuzzy number:
» Is aconnected set of possible values
» Introduces the concept of uncertainty for numbers

» Has a membership degree

For a Fuzzy number A:
» Values can be the members of a normal Fuzzy set

» Alpha-cutis defined

» Support set (4°%) is bounded
» Strong Alpha-cut for a=0

14
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Fuzzy Numbers

Crisp vs. Fuzzy numbers

—_

membership
membership

A 4
v
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Fuzzy Numbers

Crisp vs. Fuzzy ranges

—_

membership
membership

A 4
v
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Fuzzy Numbers

» Fuzzy MFs can be formatted in discrete functions

1 A A(x)
. : 1 for x € [a,b]
: \ A= <l(x) forxe€ (—o,a]
a E E r(x)  forx € [b,)
2 5
S |
£ |
g 1 0
1 _ QC) =
=b, 1 /jr(@ +0
E pev: /; b, 1) /( )= 0
' CrIsP e S 00 = 0 # 0
0 5 N R CO ke
> CrisP ¥ 2 e a F
[(x) r(x)
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Fuzzy Numbers

Sample:
TEMPERATURE «---- Linguistic Variable
o @ium @ «&--- Term Set (classes)
Semantic
? < Rule
1 L]
' Membership
Al(t R A
i ':" functions
o ; » Universal set
10 20 30 40
t (temperature) .| 8
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Fuzzy Numbers

(1 forx €[0,7]
Sample: i = for x € (=<, 0]
p Low = 1 _ ) Something if x € (7,15)

kr(x) =10 if x € (15, )

TEMPERATURE

@ium

A(t)

«---- Linguistic Variable

@ <--- Term Set

Semantic
.(..-..

Rule

Membership
%= fanctions

10 20
Computational Intelligence - Ali Tourani - Fall 2020-2021
t (temperature)

» Universal set
30 40
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Fuzzy Calculations

» A Fuzzy set is exclusively defined on its Alpha-cuts

» Alpha-cuts are closed ranges of real numbers where a € (0,1]

» Thus, calculations on Alpha-cuts define the calculations on Fuzzy numbers

Calculations in Fuzzy (Interval Arithmetic)
» Lets consider * as any operation (addition, subtraction, multiplication and division)

» Note: division is not defined if 0 € [c, d]
[a,b] *[c,d] ={f*gla<f<bhc<g<d

20
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Fuzzy Calculations

Accordingly: la,b] x[c,d] ={f*g|la<f<bc<g<d}

la,b] + |c,d] =[a+c,b+d]
la,b] — [c,d] =[a—d,b— ]

la, b]. [c,d] = [min(ac, ad, bc, bd) ,max(ac, ad, bc, bd)]

3)m(ca7a)

ﬁl@

&I@
ﬁlw

Q..I@‘

la,b]/|c,d] = [min(

alsa
ﬁl@

a a
d’ d’

21
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Fuzzy Calculations

Interval Arithmetic
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» Basic calculations on below Fuzzy numbers

(0
x+1
Alx) =1 2
3—x
L 2
(0
x—1
Blx)=14{ 2
5—x
\ 2
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forx < —landx >3

for—1<x<1
forl1<x<3
forx <landx >5
for1<x<3

for3<x<5

A

A

A(x) B(x)

v
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Fuzzy Calculations

Interval Arithmetic

» First, let’s calculate Alpha

(0 forx < —landx >3

] < A% =[2a—1,3 -2
X 1<x<3

W for x <

(0 forx <landx>5

x—1

Bix) = { 3 forl<x=3 B% = [2a + 1,5 — 2a]
5—x
for3<x<5

. 2
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Fuzzy Calculations

Interval Arithmetic

» Addition
» We know that: la,b] + [c,d] = [a+c, b+ d]

» Thus, for these Alpha values:

A% =[2a —1,3 — 2a] B* = [2a+ 1,5 — 2]

(A+ B)*= [4a,8 — 4a]

24
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Fuzzy Calculations

Interval Arithmetic

(A+ B)*= [4a,8 — 4] .
» Addition

» Now, let’s see how will the output look like
da=x »a=x/4

8—4a=x >a=(8-x)/4

X —
[forazZ: a=0 -x=0 a=1-x=4 ] [fora=84x;a=0 -x=8 a=1->x=4 ]

0 forx <0and x > 8
x N
z <x<
(A + B)(x) = [4 for0<x<4
8 —x )
2 for4d <x <8

Computational Intelligence - Ali Tourani - Fall 2020-2021 25
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Fuzzy Calculations

Interval Arithmetic

(0 forx <0andx > 8
» Addition X 0<x<a

(A+B)(x) = {2 for0=x<
t 8 —x 4<x<8

w for x <

B(x)
1
(A+B)(x)
-1 1 2 3 4 5 6 7 8

Computational Intelligence - Ali Tourani - Fall 2020-2021 2 6
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Fuzzy Calculations

Interval Arithmetic

» Subtraction
» We know that: [a, b] — [C, d] = [a —d,b — C]

» Thus, for these Alpha values:

A% =[2a —1,3 — 2a] B* = [2a+ 1,5 — 2]

(A—B)*= [4a — 6,2 — 4a]

27
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Fuzzy Calculations

Interval Arithmetic (A—B)*=[4a — 6,2 — 4a]

» Subtraction

» Now, let’s see how will the output look like ba—6=x - a=(x+6)/4

2—4a=x »a=(2-x)/4

[foraz(x+6): a=0->x=-6 a=1—>x=—2] [forazzzx: a=0-ox=2 a=1—>x=—2]
0 forx < —6and x > 2
X+ 6 )
(A_B)(x)z T fOT'_6SXS_21
2—x )
2 for —2<x<?2

Computational Intelligence - Ali Tourani - Fall 2020-2021 28



Fuzzy Calculations

Interval Arithmetic

» Subtraction

(A-B)(x)

A-B)x) =1 4
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(0 forx < —6andx > 2

for —6<x< -2

for —2<x<?2

A(x) B(x)

/

-6 -5 -4 -3 -2 -1

Computational Intelligence - Ali Tourani - Fall 2020-2021
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Fuzzy Calculations

Interval Arithmetic

» Multiplication
» Weknowthat:  [a,b].[c,d] = [min(ac, ad, bc, bd) ,max(ac, ad, bc, bd)]

» Thus, for these Alpha values:

A% =[2a —1,3 — 2a] B* = [2a+ 1,5 — 2]

[—4a? + 12a — 5,4a? — 16a + 15]  for a € (0, 0.5]

A.B)¢=
(4.5) [4a? — 1,4a® — 16a + 15] for a € (0.5,1]

30
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Fuzzy Calculations

Interval Arithmetic
» Division
b Welk it (@ bl/[c.d] ~(fa a b b aabb
e know that: = - —,—,— - —,—,—
a,bl/lc, min| =, =, =, 7 [, max| —, =, =,
» Thus, for these Alpha values:
A% =[2a —1,3 — 2a] B* = [2a+ 1,5 — 2]

/B = |a—1)/2a+1),(3—-2a)/2a + 1)] for a € (0,0.5]
(4/B)"= |2a—1)/(5-2a),(3—2a)/2a + 1)] for a € (0.5,1]

31
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Fuzzy Calculations

Interval Arithmetic
s (0, x<—=5and x > 15
» Multiplication 3 — (4 x)1/2]
> , —-5<x<0
1
A.B = 4 2
l4— @+ 0]
\ > , 3<x<15
» Division
(0, x<—-landx >3
sy ~1<x<0
(A/B)(x)ﬂg:z}c, 0<x<1/3
L23+_2xx, 1/3<x<3

32
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Fuzzy Calculations

» For the Fuzzy numbers A, B, and C:

A+B=B+A and A.B=B.A
(A+B)+C=A+(B+C) and (A.B).C =A.(B.C)
A=A+0=0+A4 and A=A4.1=1A
A(B+C)CAB+A.C
A (B+C)=AB+A.C if b.c=0forallbeBandc€eC
a.(B+C)=a.B+a.C if A=]a,d]

A

0eAd—-A d 1€e—
an 2

if ACE and BCF,then A * B C E * F where * can be+,—,.and /

Computational Intelligence - Ali Tourani - Fall 2020-2021 33
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Fuzzy Relations

We know from classical relations:

» A classic relation Ris a subsetof A X B
R(xl | l ENn) g X1 XXZ X "'XX3
Sample:

X = {English, French} Y = {Dollar, Pound, Euro, Mark}

Z = {US, Britain, Canada, France}

R(X,Y,Z) = {(English, Dollar,US), (French, Euro, France), (English, Dollar, Canada)}

34
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Fuzzy Relations

We know from classical relations:
v O f’;ﬂ»

o

b——=¢

Reflexive, if R(x, x)

Irreflexive, if ! R(x, x) (j
Symmetric, if (x,y) € R, then (y,x) €R
Antisymmetric, if (x,y) € R, then (y,x) € R

Transitive, if (x,y) € R and (y,z) € R,then (x,z) € R

vV vV v v v .Y

Anti-transitive, if (x,y) € R and (y,z) € R,then (x,z) € R

Computational Intelligence - Ali Tourani - Fall 2020-2021
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Fuzzy Relations

» Membership degrees in relations

America = {New York, Washington, Atlanta}
Europe = {Paris, Milan, Barcelona, Rome}

Asia = {Tehran, Beijing, Tokyo, Dubi}

R(Europe, Asia) = 0.7 (Paris, Tehran) + 0.8 (Milan, Dubai) + 0.2 (Rome, Dubai)

Computational Intelligence - Ali Tourani - Fall 2020-2021 3 6
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Fuzzy Relations

Projection

» We can project a fuzzy relation R € A x B with respect to A or B as in the
following manner

Forallx € A,y €B
Projection to A: ur,(x) = Max pg (x,y)

Projection to B: HRp (x) = Max ug (x,y)

37
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Projection

» For instance:

Fuzzy Relations

b, b, by
a 0.1 0.2 1.0
a, 0.6 0.8 0.0
as 0.0 1.0 0.3

Computational Intelligence - Ali Tourani - Fall 2020-2021
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Mg
a4 1.0
a, 0.8
as 1.0
b b, b,
B
0.6 1.0 1.0

33
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Fuzzy Relations

Projection
Proj x(A). - Pron(A)

Computational Intelligence - Ali Tourani - Fall 2020-2021
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Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection

X1 X2 X3 R(x1, x2,x3) R(x1, x2)
0 0 0 0.4 ] 0.9
) o | | e Ly o
0 0 2 0.2 } 0.9
0 1 0 1.0 7 1.0
0 S R
0 1 2 0.8 1.0
1 0 0 0.5 h 0.5
: o0 e Ly o
1 0 2 0.1 0.5
1 1 0 0.0 7] 1.0
1 1 1 05 . |I- 10
1 1 2 1.0 1.0
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Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection

»
—
el
N

X3 R(x1, x2, x3) R(x1, x3)
0.4 1] 1.0

0.9
b Max(04,10)

1.0 | 1.0
0.0

0.8

0.5

0.3

0.1

0.0

0.5

1.0

= R R R R R, O O o] O O O
=R =) O O O kR = = O O o
N Rk, O N kB O N P [OoOfl N ~,r O

41
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Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection

»
—
el
N

X3 R(x1, x2, x3) R(x1, x3)
0.4 1.0
0.9 | 0.9

Cr Max(09,00)
1.0 1.0

0.0 | 0.9
0.8
0.5
0.3
0.1
0.0
0.5
1.0

L S S S S e B (=) =l el i)
=R =) O O O kR = = O O o
N Pk, O N Rk O N [[kr] O N |k O

42
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Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection
X1 X2 X3 R(x1, X2, x3) R(x1,x3)
0 0 0 0.4 1.0
0 0 1 0.9 0.9
| 0 | 0 I 2 0.2 I 0.8
) 1 X - | Max(08,02) -~
0 1 1 0.0 0.9
[ 0 | 1 [ 2 0.8 I 0.8
1 0 0 0.5
1 0 1 0.3
1 0 2 0.1
1 1 0 0.0
1 1 1 0.5
1 1 2 1.0

43
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Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection

X1 X2 X3 R(x1, x2,x3) R(x1, x3)
0 0 0 0.4 1.0
0 0 1 09 0.9
0 0 2 0.2 0.8
0 1 0 1.0 1.0
0 1 1 0.0 09
: 1 z o | o
1 0 0 0.5 0.5
1 0 1 0.3 0.5
1 0 2 0.1 1.0
1 1 0 0.0 0.5
1 1 1 0.5 0.5
1 1 2 1.0 1.0

44
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Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection

X1 X2 X3 R(x1, X2, x3) R(x1)
0 0 0 0.4 ] 1.0
0 0 1 0.9 1.0
° ° : o2 ||- +0
0 1 0 1.0 1.0
0 1 1 0.0 1.0
0 1 2 08 _ 1.0
1 0 0 05 ] 1.0
1 0 1 03 1.0
' ° : o1 ||- Ho
1 1 0 0.0 1.0
1 1 1 05 1.0
1 1 2 1.0 1.0
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Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection

X1 X2 X3 R(x1, x2, x3) R(x2)
0 0 0 0.4 ] 0.9
0 0 1 0.9 0.9
0 0 2 0.2 0.9
0 1 0 1.0
; e L)
0 1 2 0.8
1 0 0 0.5 0.9
1 0 1 03 0.9
1 0 2 0.1 0.9
1 1 0 0.0
1 1 1 0.5
1 1 2 1.0

46

Computational Intelligence - Ali Tourani - Fall 2020-2021



T

University
of Guilan

Fuzzy Relations

X, ={01} X,={01} X;=1{012}

Projection

X1 X2 X3 R(x1, x2,x3) R(x2)
0 0 0 0.4 0.9
0 0 1 09 0.9
0 0 2 0.2 09
0 1 0 1.0 1.0
0 1 1 0.0 1.0
: 1 z s IR
1 0 0 0.5 09
1 0 1 0.3 09
1 0 2 0.1 0.9
1 1 0 0.0 1.0
1 1 1 0.5 1.0
1 1 2 1.0 1.0

47
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Fuzzy Relations

Projection (we are reducing the dimensions and losing data)

X1 X2 X3 R(x1, x2, x3) R(x1, x2) R(x1,x3) R(x2,x3) R(x1) R(x2) R(x3)
0 0 0 0.4 0.9 1.0 0.5 1.0 0.9 1.0
0 0 1 0.9 0.9 0.9 0.9 1.0 0.9 0.9
0 0 2 0.2 0.9 0.8 0.2 1.0 0.9 1.0
0 1 0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
0 1 1 0.0 1.0 0.9 0.5 1.0 1.0 0.9
0 1 2 0.8 1.0 0.8 1.0 1.0 1.0 1.0
1 0 0 0.5 0.5 0.5 0.5 1.0 0.9 1.0
1 0 1 0.3 0.5 0.5 0.9 1.0 0.9 0.9
1 0 2 0.1 0.5 1.0 0.2 1.0 0.9 1.0
1 1 0 0.0 1.0 0.5 1.0 1.0 1.0 1.0
1 1 1 0.5 1.0 0.5 0.5 1.0 1.0 0.9
1 1 2

1.0 1.0 1.0 1.0 1.0 1.0 4%
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Fuzzy Relations

Cylinder Extension

» The opposite concept of Projection

» A fuzzy relation R € A x B can be extended to A x B x C to generate a new
Fuzzy set. Thus for the new Fuzzy set C(R):

tewry(a,b,c) = ug (a,b) a€AbeEB,cEC
» Sample:
b4 b, b3
aq 1.0 a; | 1.0 | 1.0 | 1.0
Moy | oy | 0 |W) T oo o5 | os
as 1.0 a; | 1.0 | 1.0 | 10

Mc(ry) 49
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Fuzzy Relations Let's say: R12 =
R(x1,x2)
@

Cylinder Extension © =01 =01 %={012
X1 X2 X3 R123 R12 = R13 R23 R1 R2 R3 Cylinder(R12,R13,R23)
0o 0 0 0.4 09 1.0 05 |10 09 10 ||- e
0 o0 1 0.9 09 09 09 10 09 09
0 0 2 0.2 09 08 02 10 09 10
0 1 0 1.0 10 10 10 10 10 10
0o 1 1 0.0 10 09 05 10 1.0 09
0 1 2 0.8 10 08 10 10 10 10
1 0 0 0.5 0.5 05 05 |10 09 10 ||- 0.5
1 0 1 0.3 05 05 09 10 09 09
1 0 2 0.1 05 10 02 10 09 10
1 1 0 0.0 10 05 10 10 10 10
i o1 | 05 10 05 05 10 1.0 09
1 1 2 1.0 10 10 10 10 10 10

QU
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Fuzzy Relations

X, ={01} X,=1{01} X;=1{01,2}

Cylinder Extension

X1 X2 X3 R123 R12 R13 R23 R1 R2 R3 Cylinder(R12,R13,R23)
0 0 0 0.4 0.9 1.0 0.5 1.0 09 1.0 ] 05
o o0 1 0.9 0.9 0.9 0.9 1.0 09 0.9 0.9
o 0 2 0.2 0.9 0.8 0.2 1.0 09 1.0 0.2
0o 1 0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
o 1 1 0.0 1.0 0.9 0.5 1.0 1.0 0.9 0.5
o 1 2 0.8 1.0 0.8 1.0 1.0 1.0 L | ||- 0.8
1 0 0 0.5 0.5 0.5 0.5 1.0 09 1.0 05
1 0 1 0.3 0.5 0.5 0.9 1.0 09 0.9 0.5
1 0 2 0.1 0.5 1.0 0.2 1.0 09 1.0 0.2
1 1 0 0.0 1.0 0.5 1.0 1.0 1.0 1.0 0.5
SO T 0.5 1.0 0.5 0.5 1.0 1.0 0.9 0.5
1 1 2 1.0 1.0 1.0 1.0 1.0 1.0 1.0 | 1.0

9 |
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What's Next?

» Fuzzy Logic and Inference

—»Yes/1

Is it hot water? Boolean
Logic

—-No/o

— Very much/0.9

Fuzzy

Is it hot water? —>Little/0.25 i
logic

—Very less/0.1

52
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Questions?

Y 4

Y 4

53
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