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Simple Induction - AMACSS A67 TT3 Review Seminar - Fall 2025

General template for simple induction proofs:

Solution

Let P(n): ” statement involving n ”. To prove ∀n ≥ b , P (n).

P(k): ” same statement for k ”, P(k+1): ” same statement for k+1 ”

Base Case (n = b ): verify the P(b) statement . Thus, P ( b ) holds.

Inductive Step: WTP ∀k ≥ b , P (k) → P (k + 1).

(1) Take arbitrary k ≥ b

(2) Suppose P(k) [Induction Hypothesis]

(3) Copy the P(k) statement here [2, def. P]

(4) Start from one side of the P(k+1) statement and reach the other using IH

(5) P(k+1) [4, def. P]

(6) P (k) → P (k + 1) [2, 5, implication]

(7) ∀k ≥ b , P (k) → P (k + 1) [1, 6, UG]

Therefore, ∀n ≥ b , P (n) by Simple Induction.
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Problem 1. Prove that for all integers n ≥ 5:

2n > n2 + n

Solution

Let P(n): “2n > n2 + n”. To prove ∀n ≥ 5, P (n).
P(k): “2k > k2 + k”
P(k+1): “2k+1 > (k + 1)2 + (k + 1)”

Base Case (n = 5): 25 = 32 > 30 = 52 + 5. Thus, P(5) holds.

Inductive Step: WTP ∀k ≥ 5, P (k) → P (k + 1).

(1) Take arbitrary k ≥ 5

(2) Suppose P(k) [Induction Hypothesis]

(3) 2k > k2 + k [2, def. P]

(4) 2k+1 = 2 · 2k

> 2(k2 + k) [3, IH]

= 2k2 + 2k

= k2 + 2k + k2 − 1 + 1

= k2 + 2k + (k + 1)(k − 1) + 1

= (k + 1)2 + (k + 1)(k − 1)

> (k + 1)2 + (k + 1) [Since k − 1 ≥ 5− 1 = 4 > 0]

(5) P(k+1) [4, def. P]

(6) P (k) → P (k + 1) [2, 5, implication]

(7) ∀k ≥ 5, P (k) → P (k + 1) [1, 6, UG]

Therefore, ∀n ≥ 5, P (n) by Simple Induction.
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Problem 2. We write a | b, read “a divides b”, to stand for ∃m ∈ Z, b = am. Prove that
for all positive integers n:

5 | (n5 − n)

Solution

Let P(n): “5 | (n5 − n)”. To prove ∀n ≥ 1, P (n).
P(k): “5 | (k5 − k)”
P(k+1): “5 | ((k + 1)5 − (k + 1))”

Base Case (n = 1): 15 − 1 = 0 and 5 | 0. Thus, P(1) holds.

Inductive Step: WTP ∀k ≥ 1, P (k) → P (k + 1).

(1) Take arbitrary k ≥ 1

(2) Suppose P(k) [Induction Hypothesis]

(3) 5 | (k5 − k) [2, def. P]

(4) ∃m ∈ Z, k5 − k = 5m [3, def. divisibility]

(5) k5 − k = 5c [4, EI]

(6) (k + 1)5 − (k + 1) = (k5 + 5k4 + 10k3 + 10k2 + 5k + 1)− (k + 1) [algebra]

= (k5 − k) + (5k4 + 10k3 + 10k2 + 5k)

= 5c+ (5k4 + 10k3 + 10k2 + 5k) [5, IH]

= 5c+ 5(k4 + 2k3 + 2k2 + k)

= 5(c+ k4 + 2k3 + 2k2 + k)

(7) (c+ k4 + 2k3 + 2k2 + k) ∈ Z [closure of Z under mult. & add.]

(8) ∃m ∈ Z, (k + 1)5 − (k + 1) = 5m [6, 7, EG]

(9) 5 | (k + 1)5 − (k + 1) [8, def. divisibility]

(10) P (k + 1) [9, def. P]

(11) P (k) → P (k + 1) [2, 10, implication]

(12) ∀k ≥ 1, P (k) → P (k + 1) [1, 11, UG]

Therefore, ∀n ≥ 1, P (n) by Simple Induction.
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Problem 3. Define the sequence {an} by:

a1 = 1, an = 2an−1 + 3 for n ≥ 2

Prove that for all integers n ≥ 1:
an = 2n+1 − 3

Solution

Let P(n): “an = 2n+1 − 3”. To prove ∀n ≥ 1, P (n).
P(k): “ak = 2k+1 − 3”
P(k+1): “ak+1 = 2(k+1)+1 − 3”

Base Case (n = 1): 21+1 − 3 = 4− 3 = 1 = a1. Thus, P(1) holds.

Inductive Step: WTP ∀k ≥ 1, P (k) → P (k + 1).

(1) Take arbitrary k ≥ 1

(2) Suppose P(k) [Induction Hypothesis]

(3) ak = 2k+1 − 3 [2, def. P]

(4) ak+1 = 2ak + 3 [def. of sequence, since k + 1 ≥ 1 + 1 = 2]

= 2(2k+1 − 3) + 3 [3, IH]

= 2k+2 − 6 + 3

= 2k+2 − 3

= 2(k+1)+1 − 3

(5) P(k+1) [4, def. P]

(6) P (k) → P (k + 1) [2, 5, implication]

(7) ∀k ≥ 1, P (k) → P (k + 1) [1, 6, UG]

Therefore, ∀n ≥ 1, P (n) by Simple Induction.
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A67 Strong Induction Solutions for TT3 Review

Seminar

Question 1. Consider the sequence of numbers a0, a1, a2, . . . defined as follows:

a0 = 0

a1 = 1

an+2 = 3an+1 − an for n ∈ N

Show: ∀n ∈ N, n ≥ 3 =⇒ an < 3n−1.

Let P (n) : an < 3n−1.
We want to show ∀n ≥ 3, P (n). Thus, since we are using strong induction, we
show

∀k ≥ 3, (∀i, 3 ≤ i < k, P (i)) → P (k)

(1) Take arbitrary k.

(2) Suppose k ≥ 3. (You can combine lines 1 and 2 if you’ve like)

(3) Suppose ∀i, 3 ≤ i < k, P (i). Induction Hypothesis

(4) Suppose k ≥ 5. Case #1

(5) k > k − 1 > k − 2 ≥ 3.

(6) P (k − 1). 3, 5, U.M.P., IH

(7) P (k − 2). 3, 5, U.M.P., IH

(8) ak−1 < 3k−2. 6, def of P

(9) ak−2 < 3k−3. 7, def of P

(10) ak = 3ak−1 − ak−2

< 3 · 3k−2 − ak−2 by 8,
< 3k−1 as ak−2 ≥ 0

(11) P (k). 10, def of P

(12) Suppose k < 5. Case #2

(13) For k = 3: a3 = 3a2−a1 = 3(3a1−a0)−a1 = 8 < 9 = 33−1.



(14) For k = 4: a4 = 3a3 − a2 = 3(8)− 3 = 21 < 27 = 34−1.

(15) ak < 3k−1. 13-14, cases

(16) P (k). 15, def of P

(17) P (k). 4, 11, 12, 16, cases

(18) (∀i, 3 ≤ i < k, P (i)) → P (k). 3, 17, implication

(19) k ≥ 3 → (∀i, 3 ≤ i < k, P (i)) → P (k). 2, 18, implication

(20) ∀k ≥ 3, (∀i, 3 ≤ i < k, P (i)) → P (k). 1, 19, U.G.

∴ ∀n ≥ 3, P (n) by Strong Induction.
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Question 2. Consider the sequence of real numbers a1, a2, . . . defined by:

an =

{
1 if n = 1

(a⌊
√
n⌋)

2 + 2a⌊
√
n⌋ if n ≥ 2

Note: ⌊x⌋ equals x rounded down to the nearest whole number.
Show that ∀n ≥ 2, an is a multiple of 3.
You may use the fact that ∀x > 1, x >

√
x and ∀b ∈ N, (x ≥ b ⇒ ⌊x⌋ ≥ b) in

your proof.

Let P (n) : ∃m ∈ Z, an = 3m.
We want to show ∀n ≥ 2, P (n). Thus, since we are using strong induction, we
show

∀k ≥ 2, (∀i, 2 ≤ i < k, P (i)) → P (k)

(1) Take arbitrary k.

(2) Suppose k ≥ 2.

(3) Suppose ∀i, 2 ≤ i < k, P (i). Induction Hypothesis

(4) Suppose k ≥ 4. Case #1

(5)
√
k ≥ 2. by 4 (sqrt both sides)

(6) k >
√
k ≥ 2. by 5, as k >

√
k, ∀k ≥ 2

(7) k > ⌊
√
k⌋ ≥ 2. by 6, as x ≥ 2 =⇒ ⌊x⌋ ≥ 2

(8) P (⌊
√
k⌋). 3, 7, U.M.P., IH

(9) ∃m ∈ Z, a⌊√k⌋ = 3m. 8, def. of P

(10) a⌊
√
k⌋ = 3b, b ∈ Z. 9, E.I.

(11) ak = (a⌊
√
k⌋)

2 + 2 · a⌊√k⌋. by def of ak for k ≥ 2

(12) ak = (3b)2 + 2(3b).

(13) ak = 9b2 + 6b.

(14) ak = 3(3b2 + 2b).

(15) 3b2 + 2b ∈ Z. by 10, closure

(16) ∃m ∈ Z, ak = 3m. 14, 15, E.G.

(17) P (k). 16, def. of P

(18) Suppose k < 4. Case #2

(19) a2 = (a⌊
√
2⌋)

2 + 2 · a⌊√2⌋ = (a1)
2 + 2a1 = 12 + 2(1) = 3.
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(20) a3 = (a⌊
√
3⌋)

2 + 2 · a⌊√3⌋ = (a1)
2 + 2a1 = 12 + 2(1) = 3.

(21) ∃m ∈ Z, a2 = 3m. by 19

(22) ∃m ∈ Z, a3 = 3m. by 20

(23) P (2) ∧ P (3). 21, 22, Conj., def of P

(24) P (k). 23, 18

(25) P (k). 4, 17, 18, 24, cases

(26) (∀i, 2 ≤ i < k, P (i)) → P (k). 3, 25, implication

(27) k ≥ 2 → (∀i, 2 ≤ i < k, P (i)) → P (k). 2, 26, implication

(28) ∀k ≥ 2, (∀i, 2 ≤ i < k, P (i)) → P (k). 1, 27, U.G.

∴ ∀k ≥ 2, P (k) by Strong Induction.
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Question 3. (Challenge Question, it’s also from the textbook) Show: ∀n ≥ 1, a
2n×2n checkerboard with any one square removed can be tiled using triominoes.

A triomino is an L-shaped tile, like this:
Example of possible tiling:

Let P (n): The 2n×2n checkerboard can be tiled using triominoes with any one
square removed.
We want to show ∀n ≥ 1, P (n). Thus, since we are using strong induction, we
show

∀k ≥ 1, (∀i, 1 ≤ i < k, P (i)) → P (k)

(1) Take arbitrary k.

(2) Suppose k ≥ 1.

(3) Suppose ∀i, 1 ≤ i < k, P (i). Induction Hypothesis

(4) Suppose k ≥ 2. Case #1

(5) k > k − 1 ≥ 1.

(6) P (k − 1). 3, 5, U.M.P, I.H.

(7) Then we know a 2k−1×2k−1 checkerboard can be tiled using
triominoes with any one square removed by the definition of P (k − 1).

(8) Recall the 2k × 2k checkboard is made of four 2k−1 × 2k−1

checkboards. The one square removed lies in one of these four sub-boards.
Place a triomino at the centre of the board to cover one corner square from
each of the other three sub-boards. By line 7, we can fill these three boards
(as they now each have one square missing). The first sub-board can also
be filled by line 7. This fulfills P (k).

(9) Suppose k = 1. Case #2

(10) Then a 21×21 board with one square removed can be filled
as it is the shape of a single triomino. Thus, P (k) by def of P.
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(11) P (k). 4, 8, 9, 10, cases

(12) (∀i, 1 ≤ i < k, P (i)) → P (k). 3, 11, implication

(13) k ≥ 1 → (∀i, 1 ≤ i < k, P (i)) → P (k). 2, 12, implication

(14) ∀k ≥ 1, (∀i, 1 ≤ i < k, P (i)) → P (k). 1, 13, U.G.

∴ ∀n ≥ 1, P (n) by Strong Induction.
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Proof by
Contrapositive



Introduction to the contrapositive
- Sometimes, it is hard to prove a fact directly

- e.g. x is prime, x != 0, no real number has some property, etc.

- Sometimes, one equivalent form of an implication is easier to prove than the 
other

- Luckily for us, we have the contrapositive!

- If an implication is hard to prove one direction, we can equivalently try to prove 
its contrapositive instead



Contrapositive structure



Practice!



Solution



Practice!



Solution

Theorem is not correct










