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Simple Induction - AMACSS A67 TT3 Review Seminar - Fall 2025

General template for simple induction proofs:

Let P(n): ”|statement involving n[’. To prove Vn > @, P(n).

P(k): ”|same statement for k[*,  P(k+1): ”|same statement for k41|’

Base Case (n = @) verify the P(b) statement || Thus, P(@) holds.

Inductive Step: WTP Vk > [b| P(k) — P(k+1).

(1) Take arbitrary k > @

(2)  Suppose P(k) [Induction Hypothesis]
(3) Copy the P(k) statement here [2, def. P]
(4) Start from one side of the P(k+1) statement and reach the other using IH

(5)  P(k+1) [4, def. P]
(6) P(k)— P(k+1) [2, 5, implication]
(7) Vk > |bl, P(k) = P(k+1) [1, 6, UG]

Therefore, Vn > @, P(n) by Simple Induction.




Problem 1. Prove that for all integers n > 5:
2" >n?+n

Let P(n): “2" > n% +n”. To prove Vn > 5, P(n).
P(k): “2% > k2 4k
P(k+1): “281 > (k4+1)2 + (k+1)”
Base Case (n = 5): 2° =32 > 30 = 5% + 5. Thus, P(5) holds.
Inductive Step: WTP Vk > 5, P(k) — P(k+1).
(1) Take arbitrary k& > 5
(2)  Suppose P(k) [Induction Hypothesis]
3) 2 >k24k [2, def. P]
(4) 2k+1 —9. 2k
> 2(k? + k) 3, TH]
= 2k* + 2k
=k +2k+ k" —1+1
=K +2k+(k+1)(k-1)+1
=(k+ 1+ (k+1)(k—1)
> (k+1)72+(k+1) [Since k —1>5—1=4> 0]
(5)  P(k+1) [4, def. P]
(6) P(k)— P(k+1) [2, 5, implication]
(7) Yk >5,P(k) — P(k+1) [1, 6, UG]
Therefore, Vn > 5, P(n) by Simple Induction.




Problem 2. We write a | b, read “a divides b”, to stand for I3m € Z,b = am. Prove that
for all positive integers n:

5| (n”—n)

Let P(n): “5 | (n® —n)”. To prove Vn > 1, P(n).
P(k): “5 | (K> — k)"
P(k+1): “5| ((k+1)° = (k+1))”
Base Case (n=1): 1° =1 =0 and 5 | 0. Thus, P(1) holds.
Inductive Step: WTP Vk > 1, P(k) — P(k +1).
(1) Take arbitrary k > 1
(2)  Suppose P(k) [Induction Hypothesis]
(3) 5| (k° — k) [2, def. P]
4  ImeZ kK —k=5m 3, def. divisibility]
(5) kS —k=5c 4, EI]
(6) (k+1)° — (k+1) = (K° + 5k* + 10k® + 10k* + 5k + 1) — (k + 1)  [algebra]

= (K° — k) + (5k" + 10k® + 10k* + 5k)

= 5¢ + (5k* + 10k* 4+ 10k* + 5k) (5, TH]

= 5c + 5(k" + 2k* + 2k* + k)

=5(c+ k' 4+ 2k + 2k* + k)
(7) (c+k*+2k3+2k2 + k) € Z [closure of Z under mult. & add.]
®)  ImeZ (k+1)P°—(k+1)=5m 6, 7, EG]
9 5| (k+1)°—(k+1) 8, def. divisibility]
(10) P(k+1) [9, def. P]
(11) P(k) — P(k+1) [2, 10, implication]
(12) Vk > 1, P(k) — P(k + 1) 1, 11, UG]
Therefore, ¥n > 1, P(n) by Simple Induction.




Problem 3. Define the sequence {a,} by:
a =1, a,=2a,_1+3 forn>2

Prove that for all integers n > 1:
a, = 2" -3

Let P(n): “a, = 2"*' —3”. To prove Vn > 1, P(n).

P(k) “G,k — 2k+1 —3

P(k+1): “apyq = 2070+ — 37

Base Case (n =1): 2'"' =3 =4 -3 =1 = a;. Thus, P(1) holds.

Inductive Step: WTP Vk > 1, P(k) — P(k +1).

(1) Take arbitrary k > 1
(2)  Suppose P(k) [Induction Hypothesis]
(3) ap = 281 -3 [2, def. P]
(4) ag+1 = 2a; + 3 [def. of sequence, since k +1>1+1=2]
=2(2F1! —3) +3 [3, TH]
=22 _ 643
— 2k+2 -3
— 2(k+1)+1 -3
(5)  P(k+1) [4, def. P]
(6) P(k)— P(k+1) [2, 5, implication]
(7) Yk > 1, P(k) — P(k+1) 1, 6, UG]

Therefore, Vn > 1, P(n) by Simple Induction.




AG67 Strong Induction Solutions for TT3 Review

Seminar
Question 1. Consider the sequence of numbers ag, a1, as, ... defined as follows:
apg = 0
a; = 1

Gpto = 3ap41 —an forneN
Show: ¥Yn € N,n >3 = a, < 3" L.

Let P(n):a, < 3" L.
We want to show Vn > 3, P(n). Thus, since we are using strong induction, we
show

Vk > 3,(Vi,3 < i<k, P(i)) — P(k)

(1) Take arbitrary k.
(2)  Suppose k > 3. (You can combine lines 1 and 2 if you've like)
(3) Suppose Vi,3 < i < k, P(7). Induction Hypothesis
(4) Suppose k > 5. Case #1
(5) k>k—1>k—2>3.
(6) Plk—1). 3,5, UM.P., IH
(7) Pk —2). 3,5, UM.P., IH
(8) ap_1 < 3F2, 6, def of P
(9) ap_o < 3F73, 7, def of P
(10) ar = 3ap_1 — Ap—_2
<332 —qap_y by 8,
< 3k-1 as ap—o >0
(11) P(k). 10, def of P
(12) Suppose k < 5. Case #2

(13) For k = 3: a3 = 3as—a; = 3(3a1 —ag)—a; =8 < 9= 3371,



(14)

(15) ap < 31,

(16) P(k).

(17) P(E).

(18) (Vi,3 <i<k,P(i)) — P(k).

(19) k>3- (Vi,3<i<k,P())— P(k).
(20)  Vk >3,(Vi,3<i<k, P(i)) = P(k).

-.Vn > 3, P(n) by Strong Induction.

For k = 4: ay = 3a3 —az = 3(8) —3 =21 < 27 = 3471

13-14, cases

15, def of P

4, 11, 12, 16, cases
3, 17, implication
2, 18, implication

1, 19, U.G.



Question 2. Consider the sequence of real numbers ay,as, ... defined by:

o — 1 ifn=1
t em)? + 20y s fn =2

Note: |z equals x rounded down to the nearest whole number.

Show that ¥n > 2, a,, is a multiple of 3.

You may use the fact that Vo > 1,2 > /x and Vb € N, (x > b = [z| > b) in
your proof.

Let P(n): 3m € Z, a, = 3m.
We want to show Vn > 2, P(n). Thus, since we are using strong induction, we
show

Vk >2,(Vi,2<i<k,P(i)) > P(k)

(1) Take arbitrary k.

(2) Suppose k > 2.

(3) Suppose Vi,2 < i < k, P(7). Induction Hypothesis
(4) Suppose k > 4. Case #1
(5) VEk > 2. by 4 (sqrt both sides)
(6) k>Vk>2. by 5, as k > Vk,Vk > 2
(7) k> |VE| > 2. by 6,as z > 2 = |z] >2
(8) P(|VE]). 3,7, UM.P., IH
(9) m € Z,a| 5 = 3m. 8, def. of P
(10) a,q = 3b.bEL. 9, EL
(11) ar = (a|5))° +2-a) 5 by def of ay, for k > 2
(12) ar = (3b)? + 2(3b).

(13) ar, = 9b% + 6b.

(14) ar = 3(3b* + 2b).

(15) 3b? +2b € Z. by 10, closure
(16) Im € Z,a, = 3m. 14, 15, E.G.
(17) P(k). 16, def. of P
(18) Suppose k < 4. Case #2
(19) az = (a|,5)° +2 a5 = (a1)* +2a1 = 1> +2(1) = 3.



(20)

(21) Im € Z,ay = 3m.

(22) Im € Z, a3 = 3m.

(23) P(2) A P(3).

(24) P(k).

(25) P(k).

(26) (Vi,2 <i < k, P(i)) — P(k).

(27) k>2— (¥i,2 < i<k, P(i)) — P(k).
(28) Vk>2,(Vi,2 <i<k, P(i)) — P(k).

.k > 2, P(k) by Strong Induction.

as = (a)5))° +2 a5 = (1)’ +20 =12+ 2(1) = 3.

by 19

by 20

21, 22, Conj., def of P
23, 18

4,17, 18, 24, cases

3, 25, implication

2, 26, implication

1,27, U.G.



Question 3. (Challenge Question, it’s also from the textbook) Show: ¥n > 1, a
2™ x 2™ checkerboard with any one square removed can be tiled using triominoes.

A triomino is an L-shaped tile, like this: ‘
Example of possible tiling:

Let P(n): The 2™ x 2™ checkerboard can be tiled using triominoes with any one
square removed.
We want to show Vn > 1, P(n). Thus, since we are using strong induction, we
show

Vi >1,(Vi,1 <i<k,P(i))— P(k)

(1) Take arbitrary k.

(2) Suppose k > 1.

(3) Suppose Vi, 1 < i < k, P(i). Induction Hypothesis

(4) Suppose k > 2. Case #1

(5) E>k—-12>1.

(6) P(k—1). 3,5, UM.P, L.H.
(7) Then we know a 2~ x 2¥=1 checkerboard can be tiled using
triominoes with any one square removed by the definition of P(k — 1).

(8) Recall the 2% x 2% checkboard is made of four 2¢—1 x 2~k—1
checkboards. The one square removed lies in one of these four sub-boards.
Place a triomino at the centre of the board to cover one corner square from
each of the other three sub-boards. By line 7, we can fill these three boards
(as they now each have one square missing). The first sub-board can also
be filled by line 7. This fulfills P(k).

(9) Suppose k = 1. Case #2

(10) Then a 2! x 2! board with one square removed can be filled

as it is the shape of a single triomino. Thus, P(k) by def of P.



P(k).
(Vi,1 < i< k,P(i)) = P(k).

Vk > 1,(Vi, 1 <i<k, P@i) = P(k).

-.¥n > 1, P(n) by Strong Induction.

k>1— (Vi,1<i<k P(i)) = P(k).

4, 8,9, 10, cases
3, 11, implication
2, 12, implication

1, 13, U.G.



Proof hy
Contrapositive



Introduction to the contrapositive

- Sometimes, it is hard to prove a fact directly
e.g. X is prime, x = 0, no real number has some property, etc.

- Sometimes, one equivalent form of an implication is easier to prove than the
other
- Luckily for us, we have the contrapositive!

A—-» DB
& B - -A

- If an implication is hard to prove one direction, we can equivalently try to prove
its contrapositive instead



Contrapositive structure

WTS A—+ B

1. Suppose ~B
2. Prove -A

3. -B—-A

4. . A— B



Practice!

Show that if 2%y = 2% + 5z + v, then (y # 0 — = #0).



Show that if 2%y = 2% + 5z + y, then (y £ 0 —» z #0).

Solution: This is very hard to prove directly! Instead, we'll use the con-
trapositive.
(1) Suppose =(y # 0 — xz #0).
(2) =(—~y #0Vz+#0) (1, cond.)
3) y#0Az =0 (DM)
(1) =z =0 (3, simpl.)

Solution (5) 2y = 0%y (1)

=)
(6) 2+ 5z +y=0%+50)+y=0+y (1)
=

(7) y #0 (3, simpl.)
(8) z*y # 2%+ 5z +y (5,6, 7)
(9) =(y #0 >z #0) > 2y # 2% + 5z + y (1, 8, implication)
(10) 23y = 2> + 5z +y - (y # 0 — = # 0) (9, contrapositive)

as wanted.



What are the two errors in the following proof by contrapositive? Is the
theorem correct?

1cal
PraCtlce' WIS: ( ACCABCCAz€eA)—»zeDB

(1) Suppose z ¢ B
(2) ACCABCCAzc A (given)
(3) B C C (2, simplification)
(1) =z ¢ C (1, 3, subset defn.)
(5) = € A (2, simplification)
(6) z€ ANz ¢ C (4, 5, conjunction)
(7) =(~(z € A)vz e C) (6, DM)
(8) ~(x€ A—>zeC) (7, cond.)
(9) =(A C C) (8, subset defn.)
(10) ~(ACC)V(BCC)V(zc A) (9, addition)
(11) ~s(ACCABCCAzc A) (10, DM)
(12) z2¢ B > -(ACCABCCAzc A) (1, 11, implication)
(13) (ACCABCCAzc A) >z e B (12, contrapositive)



WTS:  ACCABCCAz€eA)»zeDB

(1) Suppose z ¢ B

(3) B C C (2, simplification)

Theorem is not correct

7 s ey 0

(5) = € A (2, simplification)
(6) zc ANz ¢ C (4, 5, conjunction)
(7) ~(—~(z € A)vz € C) (6, DM)
8) "(x€c A—>zxzeC)(7, cond.)
(9) =(A C C) (8, subsct defn.)
(10) ~(ACC)V(BCC)V-(xec A) (9, addition)
(11) ~(AcCcCABCCAzc A) (10, DM)
(12) 2 g B > ~(ACCABCCAzc A) (1, 11, implication)
(13) (ACCABCCAz€ A) —»x € B (12, contrapositive)



Cowj(mo[icjriovx

Common uses?

Prouinﬂ P»Q

Proving Q suppose P
) Fesu‘:»?ase. 1R
suppose 2Q
.. contradiction
Q

P2Q ( iMr'iMHoh)



f5

Comjrmclicjrion

Vrove the Co[lowim33

For all real numbers X and Yy i X"r"b1) ')<>O) and 1170) Hhen %1'+%>2.

Proote
(1) Hoke arloi4rarz1 X, Y€ ®
(2) Sppose Xitg{_, _x>0) andu'>0

(3) Suppose fiﬁ‘g ¢ for contmadiction
(4) (¥L13[-’$+ 4) £2xy
(5) x’“+u,’“£ 2Xl1

(6) )(1’2}('14'111-‘-0
(7) (¥-U|)z 0

(3) (x-4)*20

(4) (-4)*=0

(10) x-4=0

(10 }(:u'

(12) conkradiction
(13) G2

() (x#y 4 x>0 4 4>0)>(3+%>2)
(15) ¥xyeR, (x2yA x>0 N y>0) (ﬁ% 4>2)

Tk& S'{'m+ has (ozm t(vrc:n'wmJ 0s reri W

Lof)'\ca& Lormb iju‘f:@, (x?-“tln-x‘)o A L(?O)"'? (‘?'*%'E >2)

C——
(ean be s own Sl't()]

Ko
(3) mutkiply by xy, and(xuy>Q by (2)
A algon e

(5) algebra

(6) Ca.c{orin%

(7) an%%iuﬁ Sq_qa.fca( 20

(7)) algelora

() sqet Lot sides

(10) alrje.lgm

f2] ((1) cammot both be true

(3)(12) negation of (3)
(2)(13) fmgrlica&ion
(()(H) V&



CowLmolichion

Prove the Co([owinﬂg

For all néZ, (W45 is odd)> (n is even)

Loz\:)im\ i, MeZ, (W45 is odd 2 n i even)
Praaf 5
(1) 4ake acbiterry n€Z

(2)  suppose N5 is odd

(3) Suppose n is odol for contradichion

G) k€T, W*t5=2k+] (2) olef” o€ odd
(5) 3RET, w=20+] (3) def™ o€ odol
(6) n3+5='2's+[) Lor some s€T (H)ET
(7) n=2r+|, for some re WE)ET
(8) (2e41)+5=2s+| (6)(7) substiudion
(4) (2e)*+3(2c)*43(2e )4 |+5=25+] (8§) exrandwj
(10) 8+ 2r+6e +5225 (1) alg
(10 Qe+ Gr™+3r+3=s (10) dlivide by 2
eat s €7 7 Imt5225 A
(12) V"l+§i:5, Lor some mET. 2m)+ =25 (”)LIr3+6r1+'gr€Z Since r€
(33) Sél Te,m (12) inteser + 3 = now-inteqer
(4) contradiction @( (3) cant both be *rue
(15) 1 (5even (3)(H) weﬂat(iou of line?
(16) (w45 is odd)=>(n is even) (2)(13) implication
(17) YneZ, (w45 is add)(n is even) (0le) LG

The stnt has been provew, as reg. w




Comlrmolicjrion s Cr O
Q[ e m
= A
Prove that of [east one of +he real numbers 4,05, ..., On i Sml-er +han or etiuql +o

the overage of Hhese numbers.

Loﬁ'\cm\ forme Elﬂy_esJ A2V & ak, OR«,QSAO\KB\/ Va{fs’ %
Proocz ﬁ'l’ﬂ&-% &r’oif\-l‘ufhl Szfm)...‘, m."}, where Ayy ey ané@ Jv
() et o el ) 1(3aceS) a2v) & Hae 5]
(2) let v be the average. of +he numbers in 5 WTP3 SakES ) A2V
(3) 4o derive a contradiction, suppose Vak€ES oy <v
(4) Vake_s, aﬁmé.ﬂ‘i (D(2)(3) def’n ocavemﬂe
) o< Attt
I Jo ATt (1)(4) wniversal instantiation
~  imes
an< |+ﬂ:‘:...'l"n
) ata* ..."'t_iﬂfm n (5) m."dina up inu"unlﬂ'ies
(M atot. Fonsatat. tan (€) alg
(8)  contradickion (7) cannot be true
our assumphon that VakES) Al was false
(1) Wa €S, accv. (8) rewritten
(10)3a.ES ,"(ﬁg( v) %mnl‘i‘iu neqatisn
(11 ankES) A2V (10) glef'n of 2

oo af least one of the real numbers a, 0, ..., an is oreater than or equal to the overage
of these numbers, as rezluired.



