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CFG Review

ACFG G: 4-tuple (V, 2, P, S), with
* V. A finite set of variables

* 2: Afinite set of terminals

* P: Afinite set of productions (A -> b, A€V, be(VUZ)*)
* S € V:The start variable

* L(G): the language of all strings derived from S

* Alanguage L' is said to be context-free (CFL) if L(G) =L' for some
CFG G




CFG Review

A CFG G = (V, %, P, S) is right linear if every pfoduction in P has one of the following forms:

LETD

2. A

where A,BeV al

G is strict right-linear if every production in P has one of following forms:
1. A—e Q [ 'O E
2. A—zB J i

where A,BeV, z € X*, an
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* CFG are more powerful than Regular Expressions

* In fact, regular expressions are a subset of languages
generated by CFG
oTHE BIG RESULT PLUS!
oThe following are equivalent
= | =L(R) for some regular expression R
= | =L (G)for someright-linear CFG G
= | =L (G)for some strict right-linear CFG G




CFEG Question

5. [8 marks] Let ¥ = {0,1}. Let L; = {z € &*

: Foo(x) 2’@9\(1)}

Here is Nick’s design, with 7 variables, for a CFG that generates Ls.

S generates Ls.
Ago generates {z € L;

gJgenerates {z € Lj
penerates {z € Ls
10:0 generates {z € Lj
Ajo:1 generates {z € Ls

productions for the variables

(S:>A00/ oly

A > O A 010, OA
( Oy A
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: x starts with 0,  ends with 0}.74<O(O
Apy_generates {z € Ls :

x starts with 0, z ends with 1}.

Apr C

: x starts with 1 but not 10, = ends with 0}. A (©
: x starts with 1 but not 10, z ends with 1}.
: o starts with 10, z ends with 0}.

: ¢ starts with 10, z ends with 1}.

Please help Nick get started on his CFG by using tf left-to-right (

A

2R) method to “code” the

A\\o A\\O 7&&.‘

' 1 She oA
\\B r—%
A 2

listed below.
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CEG Question —= SOLUTION

*S>Ago | Agrl Ao | Al Ajoo | A1o:1\ é—
°A0090A01A1020 | OA10 | OA1O:O \O
*A1o> 1A | 1A10.0A00

*Aso:1 > 1Ap,




PDA Definition

A pushdown automaton (PDA) is a 6-tuple M = (Q,X,T, 4, qo, F'), where
e () is a set of states
e ¥ is the input alphabet

o I is the stack alphabet

0 0:Qx (ZU{e}) x (TU{e}) — 'P(Q x (Ty {6})) is the transition function; each label is of the form

OO

where a € S U {e}, X,Y € T U {e}, and ¢.¢' € Q. There are four cases with X and Y:
1. X =eand Y € I': push Y onto the stack
2. X eTl'and Y = e: pop X from the stack
3. X,Y €I replace X with Y at the top of the stack
4. X =Y = e: perform no action on the stack
® g € @ is the initial state

o F C (@ is the set of accepting states




PDA Review

* APDA accepts x € 2 if by starting with an empty stack,

there is a sequence of transitions that:
oReads all of x

nds in an accepting st
eaves the stack empt

* CFG and PDA are equally as powerful

oA language is accepted by some CFG if and only ifitis
accepted by some PDA
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PDA Question @ \_@

6. [7 marks] Let ¥ = {0,1}. Let Ls = {z € E*

For your information, if z = 10, then #(z #10 T)= Als l l §100,0010 € Lg.
anyone saw it, the Automaton Mangler struck!
¥, and all exceift 4

Nick created .@.\ that accepts Lg. Bef &

Destroyed beyond recognition were ~- ( p .
Here is what remains of Nick’'s DPD
qiervg




PDA Question = SOLUTION
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CNF/DNF Review

* Literal: a single propositionalvariable or its negation

X, Y, X, 7Z

* Minterm: a literal, or a * Maxterm: a literal, or a disjunction
conjunction (A) of minterms (V) of maxterms
X, (@aAbAC), f(x) Ag(x,y) X, (aVbvc),f(x)VeXy)

* DNF: a disjunction (V) of minterms ¢ CNF: a conjunction (A)
(@aA-bAc)V(aAb)V (-c) of minterms

“bVe)A(@Vb)A(mc)

at/
(ra Ay et ST

a
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CNF/DNF Review

* Every propositional formula can be converted into a CNF and a DNF.

Equivalent to:

ul "Either xis false and y is true, or xand y are both true"

S CXANY x)

10
_— 1 1
1 o o Equivalent to:
' 11 "It is NOT the case that (xandy are both false, or x is
true andy is false)"

OXATY)V(XATY))
_|(_|X/\ —|y)/\ A(x A

% Vy)A (7x V)
CNF

= 29> LYy
(x9N SewE
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PNF Review - o E

Definition 6.13 A first-order formula is in Prenex Normal Form (PNF) if and only if
it is of the form

Que1Qoxy ... Qrar E

where k > 0, each Q; is a quantifier (V or 3) and E is a quantifier-free first-order formula.

Informally: a formula is in PNF if allthe quantifiers are in the front, followed by
only one formula.

! VxVyZ(P(x) -> Q(y)) isin PNF.

VX,\P(x) -> Q(y) is not in PNF.
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Converting to PNF is simple:
1. Look up your equivalence laws.
2. Apply your equivalence laws until the equation looks like a PNF.

Duality of quantifiers: o
1. -Qz F LEQV Qz —F

Factoring quantifiers:
Ila. EAQz F LEQV Qz (E AF), if z is not free in E
IIb. EV Qz F LEQV Qz (E V F), if z is not free in E
Ilc. Qz E A F LEQV Qz (E A F), if z is not free in F
1Id. Qz EV F LEQV Qz (E V F), if z is not free in F
Qr E — F LEQV Qz (E — F), if z is not free in F
IITTFE — Qz F LEQV Qz (E — F), if z is not free in £

Renaming of quantified variables:
IIl. Qz F LEQV Qy Fy, if y does not occur in F'
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PNF/CNF/DNF practice

Consider the following statement: ”If someone has a birthday today, then
someone got a gift from all of their friends”.

Let B(z) represent "x has a birthday”, F(z,y) mean ”"x and y are friends”
with F(z,y) ¢ F(y,z), and G(z,y) represent ”x gave y a gift”.

1. Represent the above statement as a propositional formula.
2. Rewrite the formula to be in PNF. (Make sure to cite your steps!)
3. Rewrite the unquantified part of the PNF formula as a DNF and a CNF.

4. Create an interpretation with domain {a,b, ¢} that satisfies the formula.

—
Vo W% e
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PNF/CNF/DNF solution (1)

Consider the following statement: ”Ef someone has a birthday today, then
someone got a gift from all of their friends”. -
e EE—

Pl g
S —
i F[i‘, ~7> (—2 %7, X
1. 3z, B(x)) — (32Vy, F(z,y) = G(y,z))
[ —
Some notes on this formula:
(a) Careful: the x of B(z) is NOT the same x as in F(z,y) = G(y,z)!
(b) You could have said F(z,y) or F(y,x); both are valid.

(¢) Do note that it’s G(y,z) and not G(z,y). y is giving x a gift, not
(necessarily) vice versa.
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PNF/CNF/DNF solution (2) !

2.

(3z, B(®) — (FzVy, F(z,y) — G(y,x))
leqv (32, B(2)) — (32Vy, F(z,y) = G(y,z)) 111
leqv Vz, (B(z) = (3aVy, F(z,y) = G(y,x))) Ile
(z2) = (F(z,y) = G(y,x))) IIf (twice)

which is in PNF, as required.

leqv"\{z3dzVy,
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PNF/CNF/DNF solution (3)

Step 1. Make a truth table

3. For brevity, let b, f, g represent B(z), F(z,y), G(

b

-

bR (f = 9)

0

f1}

—

[

e L B R E==) K==] K]

= =OIoR=oo

ol ool ~lo| o

= O = =] =] = =
= O = =] =] o =

y, ) respectively. <‘ z

“
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PNF/CNF/DNF solution (3)

DNF formula: we can just read this one off the truth table.
blflg|bn (f—9)
o[ofo[f1 1 — (mbA—f A=g)V
0jo0[1[]1 1 L——— ) (-bA-fAg)V
0j1]0 ( 1 0 (=b A f A—g)V
011 1 1
t[ofo[(t 1 (CbATAGV
1{1[o] 9O/ 0 D GA-=fAgV
RN AN O 1 = (bASA9)
CNF formula
bAfrzg)
leqv(—=bV ~f V g)
——
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PNF/CNF/DNF solution (4) éczj é'/ 53

(3z, B(z)) — (32Vy, F(x, J)H(‘(J, 7))

F(a,b - . .
—'BQ F(b, ()) =G(b,a) o Lk as b—f"][

~B(e) Fla,c) o b o b d"“L 0& (/&Wb
= 24l ot

-r
K{_The are Inany inter igns, but one would be:
G(a,b

Then notice:

(a) Everyone is friends.
(b) Everyone got each other a gift, except b who didn’t get a a gift.
(¢) It’s a’s birthday.

T T ED T
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Sets of Connectives Review

o Completeness for a set of connectives

A set C of connectives is said to be complete iff every boolean function can be represented by a propositional
formula that uses only connectives in C. From the course notes, we have {-, A} and {—,V} as examples
of complete sets.

Note:
Any formula that uses no connectives at all also uses only connectives in any set of connectives.
E.g., the formula z uses only connectives in {A, V}.

Abbreviation:

‘We use uoc as an abbreviation for uses only connectives in.
E.g., “F uoc C” means “F uses only connectives in C”.
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Proving Sets of Connectives are
Logically Complete Review

Here are the stepsto formally prove that a set Cis complete:

1. Use structural induction to define the set G that uoc {7,A} or
{7,V}(the choice is yours; either is acceptable).

2. Use structural induction to prove that for every formula F € G,
there existsa formula F'suchthat F' uocCand F'leqvF.

3. Our result follows from the fact that {7,A} (or {7,V}if you chose it)
is complete.

23



Proving Sets of Connectives are

Logically NOT Complete Review

Here are the steps to formally prove that a set C is NOT complete:

1.

2.

Use structural induction to define the set H of formulas that uoc C.
Define a predicate P(F) that holds for every F € H, but not in general.

Hse structural induction to prove that P(F) holds for every formula F €

Give a specific formula F and show that P(F) does not hold. Then our
result follows as argued above.
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Proving/Disproving Sets of Connectives are
Logically Complete Practice

(a) Determine whether the set of connectives

C={=-}
is complete.
(b) The unary connective 0 is defined by
vr, 7*(0P) = 0.
Determine whether the set of connectives
C ={0,A}

is complete.
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