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Regular Languages review

• "Language" (L): a set of strings for a given alphabet
o eg. {0, 101}, {1, 101, 10101, 1010101...}, {0k1(k+2)}, {all palindromes}

• "Regex" (R): a code specifying a set of strings (language)
o eg. (0 + 101), 1+(01)*
oBelongs to RE, the set of all regular expressions

• "Regular language": a language that can be encoded by a regex
oNotated L(R)
o eg. {1, 101, 10101, 1010101...} is regular
o eg. {all palindromes} is not regular

REMEMBER: Regexes are STRINGS, languages are SETS
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Regexes to languages
- For any two regexes S, T encoding languages L(S), L(T):

o "S + T " encodes the language L(S) ∪ L(T) (union of sets)
o "ST" encodes L(S)⋅L(T) (set concatenation)

▪ Concatenation: all strings st where s ∈ L(S), t ∈ L(T)
o "S*" encodes L(S)*

▪ Kleene star: all combinations of elements of L(S) concatenated to each other in any 
amount. L(S)* always includes the empty string!

o "∅" encodes the empty set (no strings at all)
o "ε" encodes {}, the set containing only the empty string
o "a" encodes {a} for any single letter a in the alphabet

- Two regexes R, T are equivalent if the languages they encode are the 
same, i.e. L(R) = L(T)
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Regex equivalences
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Regex equivalences practice
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Regex equivalences solution
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Structural induction review

Inductive set definition for S
- Base case: elements a, b, c are 

in S
- Inductive step: if x, y are in S, 

then z = f(x, y), w = g(x, y) are in S

Structural induction: prove P(x) 
holds for all x in S
- Base case: show P(a), P(b), P(c)
- Inductive step: for all x, y in S, show 

P(x), P(y) -> P(z), P(w)

Structural induction on regexes: prove 
P(R) for all R in RE
- Base case: show P(∅), P(ε), P(a)
- Inductive step: for all S, T in RE, show 

P(S), P(T) -> P(S + T), P(ST), P(S*)

Inductive set definition for RE
- Base case: regexes ∅, ε, single-

letter a are in RE
- Inductive step: if regexes S, 

T are in RE, then regexes S + T, 
ST, S* are in RE

The structure of a set defines the structure of our inductive proof.
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Structural Induction on Regular Languages
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Structural Induction on Regular Languages
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Structural Induction on Regular Languages
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Structural Induction on Regular Languages
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Structural Induction on Regular Languages
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DFSA Review

A DFSA M: 5-tuple (Q, Σ, δ, q0, F), with
• Q: the set of states
• Σ: the alphabet
• δ : Q × Σ → Q, the transition function
• q0 ∈ Q: the start state
• F ⊆ Q: the set of accepting states

• A string is accepted by M if it ends in an accepting state
• L(M): the language of all strings accepted by M
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DFSA and regex practice
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DFSA and regex practice
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NFSA Review

• Like DFSA but we can have...
oNon-deterministic transitions
o Epsilon transitions

• Remember the BIG RESULT
o The following are equivalent for any language L

▪ L is the language for some regular expressions
▪ L is the language for some DFSA
▪ L is the language for some NFSA

o So NFSA's are not inherently more powerful
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Preserving Regular Languages Review

• To show a function preserves regular languages
o Given DFSA M that accepts L, describe how to construct FSA M' that accepts f(L)

• How many copies of M are needed in M'?

• What additional states (if any) are needed?

• What is the initial state of M'?

• What are the accepting states of M'?

• What transitions need to be added/removed/changed?
• For each transition, make it clear what symbol (or epsilon) is being read.

• For each transition, make it clear what state it goes from and what state it goes to.
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NFSA Question



It doesn't enforce strings to have the same starting and ending character
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NFSA Question – BAD SOLUTION (WHY?)

• Take 1 copy of M: M1
• No additional states needed
• The initial state of M' is the initial state of M1
• The accepting states of M' are the accepting states of M1
• For initial state in M1

oReplacing outgoing 1-transitions with 0-transitions and vice versa

• For each accepting state in M1
oReplacing outgoing 1-transitions with 0-transitions and vice versa



21

NFSA Question – SOLUTION IDEA
• Take 2 copies of M: M1, M2
• Add two new states, qs and qe (start state, end state)
• The initial state of M' is qs
• The accepting state of M' is qe
• Add a 1-transition from qs to δ(s, 0) where s was the starting state in M1
• For each state q in M1 such that δ(q, 0) was originally an accepting state

o Add a 1-transition from q to qe

• Add a 0-transition from qs to δ(s, 1) where s was the starting state in M2
• For each state q in M2 such that δ(q, 1) was originally an accepting state

o Add a 0-transition from q to qe.
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PUMPING LEMMA

If L is a REGULAR Language

There exists n>0 such that
for any string x∈ L
where |x| >= n

there exists n > 0 such that
(i)   x = uvw for all x in L
(ii)  v not epsilon
(iii)  |uv| <= n
(iv) uvkw is in L for all k=0,1,2,3,4

By way of contradiction

Suppose L is regular, let n be 
as in the pumping lemma.
Let x = … ∈ L such that |x| >= n

Given (i), (ii), (iii) show that 
there exists k where uvkw is 
not in L
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PUMPING LEMMA QUESTION
If L is a REGULAR Language

There exists n>0 such that

for any string x ∈ L
where |x| >= n

there exists n > 0 such that

(i)   x = uvw for all x in L

(ii)  v not epsilon

(iii)  |uv| <= n

(iv) uvkw is in L for all k=0,1,2,3,4
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PUMPING QUESTION – SOLUTION IDEA

•Choose x = 1n(10)n = uvw
oShow that x is in L, and |x| >= n
o#11(x)=n, #10(x)=n   =>  x ∈ L4
o|x| = 3n >= n
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PUMPING QUESTION – SOLUTION IDEA

•|uv| <= n
ou = 1a

ov = 1b

ow = 1c(10)n

ob >= 1
oa + b + c = n

•Take k = 0
ouw = 1a1c(10)n = 1(n-b)(10)n

o#11(uw) = n-b-1+1 = n – b
o#10(uw) = n
on-b < n (since b>=1)

•Thus uw not in L, 
language is not regular
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PUMPING QUESTION – SOLUTION IDEA

• |uv| <= n
o u = 1a, v = 1b, w = 1c(10)n

o b >= 1, a + b + c = n

• Take k = 0
o uw = 1a1c(10)n = 1(n-b)(10)n

o #11 = n-b-1+1, #10 = n
o n-b < n (since b>=1)
o Thus uw not in L, thus language is not regular
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CFG Review

A CFG G: 4-tuple (V, Σ, P, S), with
• V: A finite set of variables
• Σ: A finite set of terminals
• P: A finite set of productions (A -> b, A∈V, b∈(V∪Σ)*)
• S ∈ V: The start variable

• L(G): the language of all strings derived from S
• A language L' is said to be context-free (CFL) if L(G) = L' for some 

CFG G
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CFG Review
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CFG Review

• CFG are more powerful than Regular Expressions
• In fact, regular expressions are a subset of languages 

generated by CFG
oTHE BIG RESULT PLUS!
oThe following are equivalent

▪ L = L(R) for some regular expression R
▪ L = L(G) for some right-linear CFG G
▪ L = L(G) for some strict right-linear CFG G
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CFG Question
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CFG Question – SOLUTION

•S → 3S | 7A37A77 | 7A77A37 | 7A37A73 | 7A77A33

•A33 → 3A73 | 3A33 | 3
•A37 → 3A77 | 3A37

•A73 → 7A77A37A33 | 7A37A77A33

•A77 → 7A77A37A37 | 7A37A33A77 | 7


