CSCB36
REVIEW SEMINAR!




* "Language" (L): a set of strings for a given alphabet
oeg.{0,101}, {1,101,10101,1010101...}, {01 (k21 {all palindromes}

* "Regex" (R): a code specifying a set of strings (language)
oegl(0+101), 1+(01)*
o Belongs to RFfthe set of all regular expressions

* "Regular language": a language that can be encoded by a regex
o Notated L(R)
oeg.{1,101,10101,1010101...} is regular
oeg.{all palindromes}is notregular

REMEMBER: Regexes are STRINGS, languages are SETS




Regexes to languages

- Foranytwo regexes S, T encoding languages L(S), L(T):
o"S+ T"encodes the language L(S) U L(T) (union of sets)
0 "ST" encodes L(S)-L(T) (set concatenation)

= Concatenation: all strings stwhere s € L(S), t € L(T)
o0 "S*" encodeJl—_(\T*\

= Kleene star: all combinations of elements of L(S) concatenated to each other in any
amount. L(S)* always includes the emptystrlng'

o & encodes the empty set (no strings at all)
ﬂ o"e" encodes {}, the set containing only the empty string E»% &'750_’5
o

a=

"a" encodesor any single letter a in the alphabet

a
- Two regexes R, T are equivalent if the languages they encode are the
same, i.e. L(R) =L(T)
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Regex equivalences

2. State whether each of the following equivalences hold. If so, prove it
formally. If not, disprove with a counterexample.
(a) RT =(R+¢€)T
(b) R*T = (R+¢€)*T
(¢) RRT =R(R+¢€)T




Regex equivalences practice

2. State whether each of the following equivalences hold. If so, prove it
formally. If not, disprove with a counterexample.
(a) RT =(R+¢€)T
(b) R*T = (R+¢€)*T
(¢) RRT =R(R+¢€)T
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Regex equivalences solution

(a) RT=(R+¢)T

Not equivalent. Let R =1,T7 = 0. Then 0 € L((R+¢€)T),0 & L(RT).
(b) BT = (R+¢€)*T

—

Equivalent! ((_;
L(R*T) = L(R*) - L(T) ”(‘QZ of ° (14)
— — LR LT A A& 15
= (L(R) U {e})* - L(T) as {¢} C L(R)* (16)
= L(R+¢)*- L(T) (17)
(18)

= L((R* +¢)T) as wanted
—_—

(¢) RR*T = R*T
Not equivalent. Let R =1,7 =0. Then 0 € L , 0 RTY).
q R=1T= 0€ LED),0 ¢ (RED)
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Structural induction review

The structure of a set defines the structure of our inductive proof.

Inductive set definitionfor S Structural induction: prove P(x)

- Basecase:elementsa,b,care = holds for allxinS —
inS => _ Basecase: show P(a), P(b), P(c)

- Inductive step:if x,yareinS, __» - Inductive step:forallx,yinS, show
thenz =1(x, y), w=g(x,y) arein S " P(x), P(y) -> P(z), P(w)

Inductive set definition for RE Structural induction on regexes: prove

- Basecase:regexes 0, €, single- P(R) for allRin RE
letter aare in RE » - Basecase:show P(@), P(g), P(a)

- Inductive step: if regexes S, —=p - Inductive step:forall S, T in RE, show
TareinRE, thenregexesS +T, P(S), P(T) -> P(S + T), P(ST), P(S*)
ST, S* are in RE gD g &




Structural Induction on Regular Languages

1. For some string 2 € ¥*, let b(x) represent z in reverse. For example, if
x = CSCB36, b(x) =63BSTS: ({'O’BCSC
Let BW (L) be the set of all backwards strings of L - for example, if L =
{NESS,RAMEEN, BEN}, then BW(L) = {SSEN, NEEM AR, NEB}.
Formally, BW(L) = {b(z) : x € L}.
Prove that if L is regular, then so is BW(L).
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Structural Induction on Regular Languages

Solution:
Define our predicate B(R) as ”there is a regex R’ st L(R') = BW(L(R))”.
We want to show that B(R) holds for all R € RE.

Base Cases: - 6\A} C &> |
(a) Let R =0, then R’ = (. \& %— 7\% = EuCE

(b) Let R =¢, then R’ =e.
(c) Let R = a € Y then R’ = a. (A single character is itself backwards).

Inductive Hypothesis:

Let S,T € RE.

Suppose B(S), B(T).

In other words, 35", 7" st BW(L(S)) = L(S"), BW(L(T)) = L(T").

Inductive Step:
There are three cases: R=S+T,R=ST,R = S*




Structural Induction on Regular Languages

(a) R=S+T. Let R = S"+ T, then

BW(L(I) = BW(L(S +T))
TS = (@) = BW(L(S)) UBW(L(T))
as order does not matter for +
= L(S") U L(T") 197 (H
=L(S"+T")
= L(R') as wanted

n -7 2 7 5%‘5%8\";2
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Structural Induction on Regular Languages

(b) R=ST. Let R' =T'S’, then

=%

BW(L(R)) = BW(L(ST)) 9, (1)
e BW (L(T)) - BW(L(S)) (2)

))as swapping the order of concatenation of the reverses, reverses the regex
A 3)
— L(T")- L(S) L7 H (4)
= L(T'S) (5)
= L(R') as wanted. (6)

)

R - s¥ s’ 27

4= ( ts) +/@oe>
2 : [oz; +ooo}>
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Structural Induction on Regular Languages

(¢) R=S5*. Let R' =S, then s)
BW(L(R)) = BW(L(S"))y/ )

- BWLS)) ") % )

= BW(L(S))" 9)

as order does matter for * (10)
] (0
)

= L(R')as wanted

1) ()

13)
\ —
.. by structural induction{ B(R)/ holds VR € RE BWCL (QJ)

.. L is regular — BW(L) isTegular

Iy
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DFSA Review 2=, 2

ADFSA M: 5-tuple (Q, 3, 3, q0, F), with 0 \

* Q: the set of states @5,’ .- fgf 5

 2: the alphabet ! e
*0:Qx2~>Q,thetransitionfunction

* g0 € Q: the start state \

— 2

* F € Q: the set of accepting states

* Astringis accepted by M if it ends in an accepting state
* L(M): the language of all strings accepted by M
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DESA and regex practice

3. Let L be the set of strings where all occurrences of 00 are followed by an
occurrence of 11 before the next 00 (including overlapping occurrences) or
the end of the string.

For example:
Valid: €,0,0011,00101011,0011001011
Invalid: 00,1100,0010011,00011

Construct a regex and a DFSA for L.

14
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DESA and regex practice

(a) Regex: (1*0(1+ 01)*11)*
Reasoning;:
i. We can start with as many 1’s (including none) as we like.
ii. If we encounter a 0:
A. If the next digit is a 1, no problem! We can keep going.

B. If the next digit is a 0, the digit after that MUST be a 1, as
there can be no more occurrences of 00.

iii. Keep adding either 1’s or 01s to the string until we get a 11.
iv. Repeat this entire pattern as long as we like.
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(b) We can apply similar logic to our construction of the DFSA. We will
need:

i
ii.
iii.
iv.

A start / 7all clear” state. (This will be our accepting state).
A state that tracks if a first 0 has been read.

A state that tracks if a second 0 has been read.

Once in iii), ”"two” states that track if a first and a second 1 has

been read. (The ”second” state should be the initial accepting
state).

[d
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NFSAReview ./ w44,

* Remember the BIG RESULT

o The following are equivale arguage L
= L is the language for someregular expressions

= Lis the language for someDESA
= Lis the languageforso W

0 So NFSA's are notinherently more powerful
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Preserving Regular Languages Review

* To show a function preserves regular languages .
o GivemrBFSA M that acceptsts describe how to constru'that accepts f(L)

* How many copies of M are needed in M=

* What additional states (if any) are needed? -—v
 What is the initial state of M'? A_

* What are the accepting states of M'? &=—"

* What transitions need to be added/&emewed
* For each transition, make{it clear what symbol (or epsite

* For each transition, make it clear what sta

is being read,
d whatstate it goes to.
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NESA Question

. [7 marks] Let ¥ = {0,1}. Given %guage L over X, we define f(L) to be:

{1yl : 040 € {M lyl e L}
Let M = (Q,X,6,s, F) be a DFSA. T\K//]

Describe clearly how to construct an NFSA M’ = (Q', %, s, F') such that L(M') = f(L(M)).

No justification is required, but part marks may be given for it if your construction is incorrect.

NP

@m,ﬁ,akét
| |
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NFSA Question — BAD SOLUTION (WHY?)

* Take 1 copy of M: M1

* No additional states needed

* The initial state of M'is the initial state of M1

* The accepting states of M' are the accepting states of M1

* For initial state in M1
o Replacing outgoing 1-transition

* For each accepting state (
o Replacing outgoing 1-iransitien

ansitions and vice versa

\ﬁu O-transitions a&:@sa

2 -
It doesn't enforce strings t e startlng chéracter
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NESA Question — SOLUTION IDEA

* Take 2 copies of M: M1, M2

* Add two new states, gs and qe (start state, end state)
* The initial state of M'is gs

* The accepting state of M' is
* Add a 1-transition from gs here swas the starting state in M1

* For each state qin M1 such thatd{q, 0) was originally an accepting state
o Add a 1-transition from qto ge
* Add a O-transition from gs to 6(s, 1) where swas the starting state in M2

* For each state gin M2 such that d(qg, 1) v ginally an accepting state
o Add a O-transition from g to ge.

21



PUMPING LEMMA

IfLis @REGULAR Language

By way of contradiction
C—

Suppose Lis regular, let nbe
\—~> as inthe pumping lemma.
Letx=... ELsuch thé@>= n
k___J>

rere-ex where uvkw is

notin L

’ ’4,. IS

22



If L is a REGULAR Language

PUMP'NG LEMMA QUESTION There exists n>0such that

forany string x € L

where |x| >=n

4. [7 marks] Let ¥ = {0,1}. For arbitrary strings z,y € X*, we defiffe #,(z) to be [{(u,v) : = = uyv}|.
Let Ly ={z € £*: #10(2) < #u(2)}

Use the Pumping Lemma to prove that L, is not regular.

% &“\,\I\M there exists n > 0 such that
(i) x=uvw forallxinL

(ii) v notepsilon
(iii) Juv]<=n
(

iv) uvkw s in L for all k=0,1,2,3,4
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PUMPING QUESTION - SOLUTION IDEA

| G
°Choosex= uvw k
oShow that xisin L, and [x] >= n
0#11(X@ #10(X)@ =>

o|X| =3n>=n

nel x)uw

L/—,\/\/
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PUMPING QUEST|ON[SOLU ION IDEA

°T\9/k=0
ouw = 121¢(10)" =(

\Uét

*Thus uw notinL,

A R 4 VAN
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PUMPING QUESTION - SOLUTION IDEA

* |luv|<=n
ou=12a,v=10 w=1¢(10)"
ob>=1,a+b+c=n

* Take k=0
o uw = 131¢(10)" = 1(mb)(10)"
o#41=n-b-1+1, #,0=n
on-b<n(sinceb>=1)
oThus uw notin L, thus language is not regular
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CFG Review

ACFG G: 4-tuple (V, 2, P, S), with : B — 0B0,0

*V: A fhln.lte set ofvarla.bles / C —s ClO, 001, 1
* 2: Afinite set of terminals

* P: Afinite set of productions (A -> b, A€V, be(VUZ)*)

* S € V:The start variable

* L(G): the language of all strings derived from S

* Alanguage L' is said to be context-free (CFL) if L(G) =L' for some
CFG G
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CFG Review

A CFG G = (V, E,v P, S) is right linear if every pfoduction in P has one of the following forms:
1. A—e
2. A—zB
where A,B €V and z € ¥*.
G is strict right-linear if every production in P has one of following forms:
1. A— e
2. A—zB
where A,B €V, z € £* and|z| < 1.

28



CFG Review

* CFG are more powerful than Regular Expressions
* In fact, regular expressions are a subset of languages
generated by CFG
oTHE BIG RESULT PLUS!
oThe following are equiva

, R) for some regular expression
o arCFG G
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CFEG Question

5. [8 marks] Let ¥ = {3 exarbi / strings z,
L {zexwr
Ni Sed the desig

S generates Ls. For i,j € ¥, A;; generates {z € Ly : x starts with 4, z ends with j}.

Before anyone saw his CFG, the Grammar Mangler struck! Destroyed beyond recognition were all
the S productions and all but one production for each of variables As3, A7z, A77. The A37 productions
were untouched. Here is what remains of Nick’s CFG.

ol oan - 3/3?33

Az — 3A77, 3As7

wey o)

—

alag—znd tho-eft-to-right method to create a

Please Testore Nick’s CF here you see “--”. No justification is required.
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? %Q \srrz
CFEG Question —SOLUTION

o T 5
°S ?@A & | 7'27173 | 7A-;A%%)
*Asz > 3As3| 3Ag3| 3 Z%WQ&\QB

*As; > 3A;; | 3A;;
*As3 > 7TA7Az7A53 | 7A57A77A53

*A77 2> TA7;A3A37 | 7A37A33A77 | 7 2‘—' g\(@ ‘
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