MATBA41 - Techniques of the Calculus of Several Variables I

Final Exam Review

Lecture Worksheet

1. Limits, Continuity, Differentiability.

Let f: R?2 — R be given by

222 — 2zy + 4y? .
f(x’y) == { x2+2y2 ) if (x7y) 7é (0,0) /
27 if (C(I,y) = (0,0)

Determine all values of (z,y) for which f(z,y) is continuous.
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Evaluate the following limit or show that it does not exist. Justify your answer.
sin(2zx) — 2z +y
im .
(2,4)=(0,0) 3 +y
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(a) Calculate the derivative of g(z,y) = (e*¥ + y, y?z). %‘. \R > “L
(b) Let f: R? — R be given by
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Tangent Plane to a Surface in R3

|
Let L. be the level surface f(z,y,2) = c in R3. The tangent plane of L, at the point KN/ 'c' =V
P(x0, Yo, 20) of L. is given by the equation

V£ (o, 40, 20) - (# = Z0,y — Yo,z — 20) = 0 E
or ’= L

0 0 0
0y 20) 2= )+ 5 gy 20) (4 = ) + - (o s 20) (2= 20) = 0

Find the equations of the tangent plane and the normal line to the ellipsoid
72 52
— + Y+ =3

; at the point P(—2,1,—3) edQA'Ys\& ’ |
8w = L 4 Jcit ‘) Flagn) s 3 ~ Surlner
\1

2
0 Wigd) = (&k y\b"b%) \ ) ‘1>
- =(11,2,-%)
(L2,75) (xv2ye, 213) =0
-(x) ¥ 2y - % (o 1)=0

“K-2 X2y 7_-5% -1=°

-')L-l—')_j_?_q: -6 =9 K—%)

\E&-— Gy +02 +R 0| &« Towad
] P lowe

&g{mﬂ QA\—(\ X = -;- L

QR ) y= { 2k
. i -2
p\-—?.\\,’b) 2=-3 :>JC




Rewans 2= L) = 2= (ko o) vt Lw) (X %9
T e et lee \5

2. Taylor’s Series, Multivariable Chain Rule Koy K,
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(a) Compute the fourth degree Taylor polynomial about the origin of
flz,y) =¥ sin(z +y).

(b) Give the fourth degree Taylor polynomial about the origin of

flz,y) =
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(b) Give the fourth degree Taylor polynomial about the origin of
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Let f: R® — R* be given by f(x,vy,2) = (vy? yz%, 2%z, vyz) and let g: R* — R be given
by g(x,y, z,w) = xy + zw. Use the Chain Rule to compute the gradient of g o f.
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3. Extrema of Multivariable Functions. Lagrange Multipliers

Let f(z,y,2) = 23+ 2% +y*+ 22 — zy + 2. Find all the critical points of f. Characterize
each critical point as a local maximum, local minimum, or a saddle point.
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Find the maximum value of f(z,y, z) = 2? — 4z + y* — 2y + 2% — 42 — 1 on the solid ball
2?2 +y? 4 2% < 9. Justify your answer including an explanation of why global extrema do
exist. —_——
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4. Double Integrals. Polar Coordinates. Changing the Order of Integration

[ |

Evaluate the integral / / (2 —1y) dA, where D is the region in the first quadrant enclosed
D
by the curve 2% + y? = 4 and the lines x = 0 and y = x.
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5. Change of Variables Formula

Theorem: Change of Variables (M&T p. 315)

If D and D* are elementary regions in the plane, T: D* — D is C! and one-to-one on D*,
and D = T'(D*), then for any integrable function f: D — R we have

//f(:v,y) dxdy = //f(fﬂ(uw),y(u, ) A(z,y)

B(u, ) dudv.

Evaluate / / xy dA over the region R shown in the diagram below.
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6. Triple Integrals. Volume. Cylindrical and Spherical Coordinates

Evaluate / / / zdV', where B is the region bounded by the planes z = 0 and z = 1 and
JJB
the surface (z + 1)vz? +y? = 1.
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Let B be the first octant region bounded by z = 22+4%+16, 2 = /22 + 32 and 2%+ = 4.
Use cylindrical or spherical coordinates to describe B and set up a triple integral to find
the volume of B. What is the volume of B?
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Find the volume of the solid that lies within the sphere 2% + y? 4+ 22 = 4, above the
xy-plane, and below the cone z = v/x? + y2.
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Summary of MAT B41

Linear algebra and functions of several variables

Differentiation of functions f : R* — R*

Multivariate chain rule

Quadratic forms, Hessian matrices, and extrema of multivariate functions

Constrained optimization and Lagrange multipliers

Approximation by Taylor polynomials

Integration of function f: R®™ - R

Change of Coordinates: spherical, cylindrical and polar coordinates
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