STABb52 Final Review Seminar

Expectation, Variance, Conditioning, Transformations
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Continuous Random Variables

@ A continuous random variable is described by a PDF fx(x)
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Continuous Random Variables

@ A continuous random variable is described by a PD

@ Properties:
fx(x) >0, fx(x)dx =1
P (O E
T
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Continuous Random Variables

@ A continuous random variable is described by a PDF fx(x)

@ Properties:
fe(x) > 0, / fe(x) dx = 1

—00
* ;\,\(70 o
@ Probabilities are areas under the curve gU‘m ° g/tﬂ

T
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Question: Continuous RV

Let

fe(x) 2x, 0<x<1
X) =
X 0, otherwise
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Question: Continuous RV

Let

fe(x) 2x, 0<x<1
X) =
X 0, otherwise

O Find P(X > 0.5)
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Question: Continuous RV

Let

fe(x) 2x, 0<x<1
X) =
X 0, otherwise

O Find P(X > 0.5)
@ Find the CDF Fx(x)
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Solution: Continuous RV

(a) Probability
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Solution: Continuous RV

(a) Probability

1 ( REWAL
P(X > 0.5) :/ 2x dx 2ol
0.5 =
0 o 1
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Solution: Continuous RV

(a) Probability
1

P(X > 0.5) :/ 2x dx
0.5

= [x*]gs =1—0.25=0.75
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Solution: Continuous RV

(a) Probability

1

P(X > 0.5) :/ 2x dx
0.5

= [¥*]ys =1-0.25=0.75
(b) CDF
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Solution: Continuous RV

(a) Probability
1

P(X > 0.5) :/ 2x dx
0.5

= [x*]gs =1—0.25=0.75
(b) CDF
For 0 < x < 1: %/{)d
[ — X D olt
FX(x):/ 2t dt = x* - f_w*
0 1 x2xl = |
O, <% z L 5
2 —
p(re®) = 2, o< &= => - f_‘;;f,(u);f *’[) £t
l, ‘7{,7\ 15 d _
v
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Expectation

X Ao )

@ Discrete:

EIX] =3 xox(x)
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Expectation

@ Discrete:
EIX] =) xpx(x) = emF

o Continuous:

E[X] = / XfX(X)ng
PDE

STAB52 Final Review Seminar 5/25



Expectation

@ Discrete:

EIX] =3 xox(x)

o Continuous:

E[X] = /xfx(x) dx

@ Linearity always holds Elcl = C

£ [exy = ¢ €0«
e [xtY) = Era + £54]

QJ x LY DY) = elxJelt] o~
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Question: Expectation

Poaks  Dighiubuten

Let

0, otherwise

2
fX(X):{3__)£_, 0<x<1
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Question: Expectation

Let

3x2, 0<x<1
fx(x) = ’
x(x) {O, otherwise

O Find E[X]
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Question: Expectation

Let
3x2, 0<x<1
f; = ’
x(x) {O, otherwise
O Find E[X]
@ Find E[X?]

——
—
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Solution: Expectation

(a) E[X]
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Solution: Expectation

(a) E[X]

E[X]:/0 x(3x?) dx
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Solution: Expectation

(a) E[X]

E[X]:/0 x(3x?) dx

1

1 4
:3/ x3dx:3[x] =3
0 4|, 4
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Solution: Expectation

(a) E[X]

E[X]:/0 x(3x?) dx

1 491
:3/ x3dx:3[x] _3
) 4], a

(b) E[X?]
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Solution: Expectation

(a) E[X]
1
= X X2 X
E[X]_/o (3x%) d
! x4 3 =
= x*dx=3|—| =~ e
=3[Ry, -
(b) E[X?]

1 1
E[Xz]:/_xf(3x2)dx:3/ x4dx:g
0~ 0
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Variance

@ Definition:

£ Ler-AV1
»
Var(X) = E[()f — E[X])2]
N e
= £ 1) - END
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Variance

@ Definition:
Var(X) = E[(X — E[X])?]

@ Shortcut:

Var(X) = E[X?] — (E[X])Z/
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Question: Variance

Let

fe(x) 2x, 0<x<1
X) =
X 0, otherwise
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Question: Variance

Let

fe(x) 2x, 0<x<1
X) =
X 0, otherwise

O Find E[X]
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Question: Variance

Let

fe(x) 2x, 0<x<1
X) =
X 0, otherwise

Q Find E[X]
@ Find Var(X)
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Solution: Variance

(a) Expectation
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Solution: Variance

(a) Expectation

1 1
2
E[X]:/ X@dXZZ/ X2dX:§
0 — 0
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Solution: Variance

(a) Expectation

1 1 2
E[X]:/ X(2X)dX:2/ x2dx ==
0 0 3

(b) Variance
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Solution: Variance

(a) Expectation

1 1 2
E[X]:/ X(2X)dX:2/ x2dx ==
0 0 3

(b) Variance

1 1
E[X? = / x?(2x) dx = 2/ x3 dx = %
0 0
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Solution: Variance

(a) Expectation

1 1 2
E[X]:/ X(2X)dX:2/ x2dx ==
0 0 3

(b) Variance

1 1
E[X? = / x?(2x) dx = 2/ x3 dx = %
0 0
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Conditional PDFs

@'}M Tha
/") = T
fX7Y(X7y)\y
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Conditional PDFs

Frix(ylx) = fx’g( (():)y)

— e g g
Defined only where fx(x) > Q/@)& N prod
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Question: Conditional PDF

Given
fxy(x,y)=x+y, Q<X<i., O<y<l-—x
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Question: Conditional PDF

Given
fxy(x,y)=x+y, 0<x<1l, 0<y<l-x
@ Find f(x) — Mool

S (b = e 09

’Jcr)((’()
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Question: Conditional PDF

Given
fxy(x,y)=x+y, 0<x<1l, 0<y<l-x

@ Find fx(x) /
Q Find fylx(y|X)
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Solution: Conditional PDF

(a) Marginal
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Solution: Conditional PDF

(a) Marginal
1-—x
0= [~ e

=
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Solution: Conditional PDF

(a) Marginal

1—x
f(x) = /0 (x+y) dy

(1—x)?

=x(1—-x)+ 5
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Solution: Conditional PDF

(a) Marginal

1—x
f(x) = /0 (x+y) dy

(1—x)?

=x(1—-x)+ 5

(b) Conditional
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Solution: Conditional PDF

(a) MarginaIJ/
1—x
5= [ ey

(1—x)?

=x(1—-x)+ 5

(b) Conditional

X+Yy
1—x)+(1—x)2/2’

O<y<l-—x
y < 1 -

fY\X(Y‘X) = x(
O <1< |
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Transformations

@ CDF method
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Transformations

@ CDF method

@ Jacobian method
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Transformations

o CDF method »//
o Jacobian method — fluy bl o1

° Convolution\/
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Question: CDF Method

Let X ~ Uniform(0,1) and Y = X2.
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Question: CDF Method

Let X ~ Uniform(0,1) and Y = X2.
Q Find Fy(y)
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Question: CDF Method

Let X ~ Uniform(0,1) and Y = X2.
@ Find Fy(y) 7 Glwon COF fOF
@ Find fy(y)

| (coF)
dy

STAB52 Final Review Seminar 15/25



Solution: CDF Method
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Solution: CDF Method
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Solution: CDF Method

Fy(y) = P(X? <y) = P(X <\/y)

. X~ Iy Lo, 11

=y, O<y< «
= —_— -
- PO = ¢
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Solution: CDF Method

Fy(y) = P(X2 <y) = P(X < \/y)
0 v £0 _*J‘J‘““LG%’L P

I}
=y, 0<y<l1
([, o>l

d 1
Ary) = —Fy(y) = ——
v(y) d v(y) 2y

Iy = i i 0
0 /o/w
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Question: Convolution

Let X and Y be independent random variables with

X ~ Exponential(1), Y ~ Uniform(0, 1).

STAB52 Final Review Seminar 17 /25



Question: Convolution

Let X and Y be inde random variables with

: independent.

X ~ Exponential(1), Y ~ Uniform(0, 1).
Find the PDF of

Z=X+Y.
_'—//_——\
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Solution: Convolution (Setup)

Since Z =X+ Y and X@Y, we use convolution: %= %tY Y
—_ ,\{: Z_x

fz(z) = /00 fx(X)fy(Z:—_’:X) dx.

- £ ()
1 b = 40 410
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Solution: Convolution (Setup)

Since Z =X+ Y and X L Y, we use convolution: « .
5—1
o0

fz(z) :/ fx(x)fy(z — x) dx. 1 // /)

—00
Recall the PDFs:
fx(x)=e*, x>0 i
fr(y)=1, 0<y<1°0 3 (v) = 270, 0<YL I}
(oo whet okt o Y clow
b, o the st

A bourd Y [ Lourd <Y
L, oct = 0;5' Fwé_lu Eﬁ [j

(orbve thee — omax (0,3-1) <x <
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Solution: Convolution (Setup)

Since Z =X+ Y and X L Y, we use convolution:

fz(z) = /00 fx(x)fy(z — x) dx.

— o0
Recall the PDFs:
fx(x)=e, x>0
fy(y):]., 0<y<1

We must determine the integration limits from the support.

_ >0 20
0 l/ %2/ 14370
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Solution: Convolution (Case 1)

Case 1:
ase 9:%’1“
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Solution: Convolution (Case 1)

Casel: 0<z<1 <
ax -1)cx<g & 0<t
Here: ” (0/3 5 %
O<x<z
i
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Solution: Convolution (Case 1)

Casel: 0<z<1
Here:
O<x<z

fz(z) = / e - 1ldx
0
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Solution: Convolution (Case 1)

Casel: 0<z<1
Here:
O<x<z

fz(z) = / e - 1ldx
0
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Solution: Convolution (Case 2)

Case 2: z>1
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Solution: Convolution (Case 2)

Case 2: z>1
Here: viox (0,3-1) <x< 3
z—1<x<z
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Solution: Convolution (Case 2)

Case 2: z>1
Here:
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Solution: Convolution (Case 2)

Case 2: z>1
Here:
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Solution: Convolution (Final Answer)

0<zxl1
z>1

otherwise
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Solution: Convolution (Final Answer)

1—e7%, 0<zxl1
fz(z) =K e ) ez z>1
0, otherwise

‘Always split convolution by support
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Order Statistics

0&[_ % R ) f\—’l‘\'d‘ 7['{ (7()
.
Fx,y(x) = [F(x)]"
p( wer (%, Xp)<€X) = P(¥éA and Yy Ex-- *n<H)
S P(X $X) — i 1rd
G
- tFun”
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Order Statistics

Fx(x) = [F(x)]"
Used for max and min problems

P
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Question: Order Statistic

Let X3, X2, X3 ~ Uniform(0,1) i.i.d.
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Question: Order Statistic

Let X3, X2, X3 ~ Uniform(0,1) i.i.d.
Find
P(max{Xl, XQ, X3} S 0.5)
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Solution: Order Statistic
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Solution: Order Statistic

P(max < 0.5) = [F(0.5)]*
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Solution: Order Statistic

&CW F(X) =

2

1

P(max < 0.5) = [F(O.S)]3 :(_1\) 3 =
3 1 =
—s =g "1

Fyerais : powue kel Stat e ma
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Final Exam Advice

CdF
@ Show integration limits / Mpw%,i/ual (bF

Trasyphm ahons
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Final Exam Advice

@ Show integration limits

@ State distributions explicitly
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Final Exam Advice

@ Show integration limits
@ State distributions explicitly

@ Structure earns partial credit
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Final Exam Advice

@ Show integration limits
@ State distributions explicitly

@ Structure earns partial credit

|
v

Clear logic beats perfect arithmeti::y
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