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Recap of Week 2 & Week 3

* Estimating population parameter from sample observations

 Method of Moment (MOM) Estimator:
» Express lower order population moment(s) in terms of parameter(s)

* Invert the expression (s) to express the parameter (s) in terms of the population
moment (s)

* Replace the population moment using sample moment
 Maximum likelihood Estimation
* Define log-likelihood function, |(8) = n (L(0))

* Solve the equation,w =0for @ .Assume 0’ is the solution

2
. Check & <0
do? lg= g,

* Properties of an Estimator
 Sampling distribution of X
* Measuring quality of an estimator
* Independence of Normal Variables




MOM Question 1

Let Xy, X, Xar .., X, Uniform(a,b). Find the Method of
Moments Estimator for a and b



MOM Question 2

Let X{, X5, X3, ....., X,,be arandom sample from Normal(u, a?)

distribution, with both parameters unknown. Find the Maximum
Likelihood Estimators for u, o2



MOM Question 3

Let X;,X,, X5, ....., X,, be arandom sample from a population with
pdf f(x|0) = - x

6 ,0<x<1,0<0<



Important Notes about Maximum
Likelihood Estimator

* MLE is not unique
* MLE may not exist

* Likelihood may not always be differential - common identifier
when range of X (random variable) involves 0 (parameter) **

 Invariance property of MLE : Let 0 be the MLE of 0 and g(0) be
any 1-1 function of 8 defined on (), then g(@) is the MLE of g(0)**

** examples later



MLE Question 1

Let X;,X,, X5, .....,X,, be arandom sample of size n from a
distribution with probability density function

X

fx,a) = a?xe a,x>0,aa>0
a) Obtain the maximum likelihood estimator of a

b) Find the approximate distribution of the MLE that you derived in
part(a). Provide the name and parameters of the distribution.

c) Given g(x) = 2 + x2. Find the MLE of g(x) with appropriate
justification.



MLE Question 2

e Let X, X5, X5, ....., X;, be arandom sample from a population with
2
pdf f(x|8) = —2:3 ,0<y< o

Find the maximum likelihood estimator of



Properties of an Estimator

Sampling distribution of X

2
« X, X5, 0, Xy 11~dN (u,0%) Then X lldN (,u n) doesn’t matter whether n is small or large.

* However, even wlben the rgndom variables of the sample don’t follow Normal distribution, by CLT,
whenn — o, X, > N =
Measuring quality of an estlmator
» Mean squared error, MSE(T) = E[(T — 0)%| = var [T] + (E(T) — 6)* = var[T] + (Bias[T])?
* Bias: Bias|[T] = E[T] —
* When Bias =0, Tis unbiased estimator of 8
* Unbiased estimator > biased estimator

* Biased estimator with lower variance > biased estimator with higher variance -> Minimze MSE
1

+ Sample variance, §% = — (X —X)? - unbiased estimator of 6% (Good practice to prove it)

* cov[UV]=0if and onlyif U andV are independent when U and V are different linear

combinations of X;s given X4, X, ...., X, 1}gN (u,02)



Question 1

LetY;,Y,, ....Y,, be arandom sample from a population with mean u

: , _ X1 |, Xpto+X
and variance a*. Consider the estimator of y’ =—41 + ;Ern_;)" +

X, /4. Calculate the mean squared error for each estimator




Question 2

e Let Xy, X,, ..., X, ~ N(u,0%).DefineU = ¥, X;, V=X, —X.
Show that Cov(U, V) = 0 for any k, and conclude that U and V are
independent.



Recap of Confidence Interval
o ol R
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Cl & Test Hypothesis Question 1

An instructor is interested in the variation (g%) among the final
scores for a particular course. She takes a random sample of 30
students and records their final scores (x;, X, ..., X3p). Assume all
the observations are independently sampled from a N(u, ¢2)
distribution.

You are told that for this particular sample Z(x; - X)2 = 2450
a. Construct a 90% ClI for 02

b. By constructing the rejection regions for a = 0.05, test the
hypothesis H,: 2= 100 vs. H,: d?# 100. Write down your

conclusion in plain words. Conclusion: We oo net
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Cl Question 2

Suppose we have a sample size of 50 from a N(u, 0?) where y, 02

are unknown. Given that the 95% CI for u is calculated to be
(8.234, 10.484), calculate the 90% ClI for p.
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Cl Question 3

Suppose you have a population following a Normal distribution of
mean p and variance o4, and you wish to estimate an unknown p.
After drawing a sample of 5 (X3, X5, X35, X, X5), you are given 2
possible estimators for u:

T=(X+ Xo+ Xs + Xy + X5)/5

T,=0.1X;+0.2X,+ 0.4X5+ 0.2X, + 0.1X;
Without explicitly deriving the bounds, determine which estimator
will result in a wider confidence interval and explain why.
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Cl Question 4

Suppose an advertising company wants to estimate the proportion
of people who have heard about their product through an
advertisement. They want their 90% confidence interval (two-sided)
to have a margin of error of £0.07. They decide to randomly call
some phone numbers and ask the question, “Have you heard
about product XYZ through an advertisement?”

Assume that each person gives one independent response,
every person contacted will answer the question (there are no
missing values), and no person is contacted more than once.

In order to achieve the desired margin of error, at least how many
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Recap of Test Hypothes%mﬂ g = il

© Detormine whether T s 1 RR or pot

* Approaches to test hypotheses
 Critical value approach (by calculating test stat) @
* p-value approach — p-value smalleat o0 that rejects He

* One-sided test f prialue <o tpredefined canfl), then ject H
* H,: 8> 6, - right rejection region ures OF o o stwidort formal At/ st
* H,: 0 < 6, - left rejection region
* Different p-values for left / right rejection region

< |
reject He ol fo Pject

* Type-1, Type-2 error & Power of a test 8
4 \ Z
reject Ho, given fie e ﬁn‘[ T Fejuct Ho,gfvam Ho fale Hoo =0, I
Ha: =6
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Test Hypothesis Question 2

phe-§ded Test

A company claims that the average amount of time customers
spend on their website per visit is more than 8 minutes. To test their
claim, they take a random sample of website visits and record the
time spent on each visit (in minutes). The numbers are given below.

7.6,6.0,9.2,8.4,7.6,7.2,5.2,6.1,6.5,6.3,10.0,8.2,9.4,8.3,9.4
For this sample, 2x; = 115.4 and Z(x; - X)? = 29.8.

At 5% level of significance, by stating the null and alternative
hypothesis, test their hypothesis and write a complete
conclusion. [hint: take y = 8 as H,]
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[unrelated to previous part] Y 4<8

Suppose you want to test Hy: y=8vs. H,: u =4 based or@
observations a level of significance. The population
standard deviation can be assumed to be 1.5! By deriving
the rejection rule in terms of X, calculate the power of this
test. Leave your final answer in terms of pnorm() or the CDF

of standard normal i.e., ®()]. = 2
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