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Semantics of pattern unification

Anonymous Author(s)

ABSTRACT

It is well-known that first-order unification corresponds to the con-
struction of equalisers in a (multi-sorted) Lawvere theory. We show
that Miller’s decidable pattern fragment of second-order unification
can be interpreted similarly; the involved Lawvere theories are no
longer freely generated by operations. To illustrate our semantic
analysis, we present a generic unification algorithm implemented
in Agda. The syntax with metavariables given as input of the algo-
rithm is parameterised by a notion of signature generalising binding
signatures, covering a wide range of examples, including ordered
A-calculus, (intrinsic) polymorphic syntax such as System F, and
of course Miller’s original application, normalised simply-typed
A-calculus.
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1 INTRODUCTION

Unification is one of the basic algorithms of type inference. It takes
two terms t and u, each containing some metavariables, and returns
a substitution o which assigns a term to each metavariable, such
that t[o] = u[o]. This substitution is typically the most general
one, in the sense that that every other unifier for these two terms
factors through it. That is, given any other unifier J, there exists a
unique 8’ such that § = o[§’].

Unification is useful in type inference because it offers a conve-
nient way of handling the instantiation of quantifiers: whenever a
polymorphic type of the form Va. is eliminated, a fresh metavariable
can be substituted for the quantified variable a, and then unifica-
tion can be used to incrementally deduce what the instantiation
should have been, thereby sparing the programmer from having to
instantiate quantifiers manually.

However, while recent results in type inference, such as Dunfield
and Krishnaswami [10], or Zhao et al. [32], make heavy use of uni-
fication in their algorithms, they do not do so in a well-abstracted
way. They present a set of rules (i.e., a first-order functional pro-
gram) which explicitly re-implement unification, and as a result
their correctness proofs have to re-establish many of the fundamen-
tal results of unification theory individually. Almost no lemmas in
the proof of the one algorithm can be re-used in the other, which
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is particularly problematic given the sizes of the proofs involved:
Dunfield and Krishnaswami [10] comes with a 190 page appendix,
and Zhao et al’s Coq proof is many thousands of lines long.

Worse still, if any modifications to the unification algorithm were
needed, then the entire metatheory would need to be redone. For
example, both of these systems make use of first-order unification
(i.e., for types without binders in them), by retaining the ML-style
monotype/polytype distinction. Something as simple as innocuous
as the addition of a monomorphic type with a binder (for example,
a recursive type pa.Ala]) would require moving from first-order
unification to something like Miller pattern unification [21], where
metavariables are no longer constant but may be applied to distinct
variables. This would in turn require completely redoing all of the
proofs in the two systems. Type inference for dependent types
also uses Miller patterns, of course, but the example of recursive
types shows that this issue arises long before we reach the most
sophisticated type theories.

Fixing this problem would require doing two things. First, these
type inference algorithms need to be rephrased in such a way that
they invoke unification as a subroutine, which would enable us to
make use of generic results about unification theory. Second, the
unification algorithm needs to be formulated generically enough
that it can be plugged into multiple contexts without needing sub-
stantial modifications to the guts of the proof.

Contributions

In this paper, we take one further step towards addressing the mod-
ularity problem in the theory of type inference, by showing how
to formulate Miller pattern unification in a generic, abstract style.
Like prior developments [30], we parameterise the algorithm over a
notion of binding signature which is very general: it has a customis-
able notion of context, which makes it possible to handle examples
such as simply-typed second-order syntax, ordered lambda calculi,
and intrinsic polymorphic syntax (such as System F). This lets us
derive several new unification algorithms simply as instantiations
of our framework.

Furthermore, our notion of signature can be axiomatised in a
categorical style, which leads to an almost purely categorical proof
of the correctness of our algorithm -- each of the rules of our pat-
tern unification algorithm end up corresponding to some standard
categorical construction, and each part of our proof essentially just
shows that the construction actually has the expected properties.
This is similar to Rydeheard and Burstall’s similar reconstruction
of first-order unification [28], and serves as evidence that we have
correctly factored the unification algorithm.

Plan of the paper

In section §2, we present our generic pattern unification algorithm,
parameterised by our generalised notion of binding signature. We
introduce categorical semantics of pattern unification in Section §3.
We show correctness of the two phases of the unification algo-
rithm in Section §4 and Section §5. Termination and completeness
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are justified in Sections §6. Related work is finally discussed in
Section §7.

General notations

Given a list X = (x1, ..., x,) and a list of positions p = (p1,..., pm)
taken in {1,...,n}, we denote (xp,,...,Xp,,) by X5

Given a category 4, we denote its opposite category by %°P.
If a and b are two objects of &, we denote the set of morphisms
between a and b by hom g (a, b). We denote the identity morphism
at an object x by 1. We denote the coproduct of two objects A
and B by A + B and the coproduct of a family of objects (A;);es by
[1;er Ai, and similarly for morphisms.If f : A — Bandg: A" — B,
we denote the induced morphism A + A’ — B by f, g. Coproduct
injections A; — [[;cr A; are typically denoted by in;. Let T be a
monad on a category . We denote its unit by #, and its Kleisli
category by Klr: the objects are the same as those of %, and a
Kleisli morphism from A to B is a morphism A — TB in %. We
denote the Kleisli composition of f : A — TBand g : B— TC by
flg] : A—> TC.

2 PRESENTATION OF THE ALGORITHM

In this section, we start by describing a pattern unification algo-
rithm for pure A-calculus, summarised in Figure 4. Then we present
our generic algorithm (Figure 5). The type signatures of the imple-
mented functions are listed in Figure 3 and will be explained in the
following subsections.

We show the most relevant parts of the Agda code; the inter-
ested reader can check the full implementation in the supplemental
material. We tend to use Agda as a programming language rather
than as a theorem prover. This means that the definitions of our
data structures typically do not mention the properties (such as
associativity for a category), and we leave for future work the task
of mechanising the correctness proof of the algorithm. (The proper
formalisation of category theory in proof assistants remains a sig-
nificant challenge in its own right.) Furthermore, we disable the
termination checker and provide instead a termination proof on
paper in Section §6.1. Even used purely as a programming language,
dependent types are very helpful in structuring the implementation.
The Agda code is much simpler than an earlier, less-strongly typed,
version written in OCaml.

2.1 An example: pure A-calculus.

Consider the syntax of pure A-calculus extended with pattern metavari-

ables. We list the Agda code in Figure 1, together with a correspond-
ing presentation as inductive rules generating the syntax. We write
I';n + t to mean t is a well-formed A-term in the context I'; n, con-
sisting of two parts:
(1) a metavariable context (or metacontext) T, which is either a
formal error context L, or a proper context, as a list (M :
mi, ..., Mp : mp), of metavariable declarations specifying
metavariable symbols M; together with their arities, i.e,
their number of arguments m;;
(2) avariable context, which is a mere natural number indicat-
ing the highest possible free variable.
The error metacontext L will prove useful to handle failure in the
unification algorithm. The unification algorithm is fundamentally a

Anon.

partial one, since unifiers may not exist. Instead of modelling partial-
ity with some kind of error monad, we instead make our unification
algorithm total by adding a formal error, so that a metacontext is
either a proper metacontext or a formal error metacontext, and
the unification algorithm either returns a proper substitution or an
error substitution. Our approach to failure actually arises from the
categorical semantics (see Section §3.1).

In the inductive rules, we use the bold face T' for any proper
metacontext. In the Agda code, we adopt a nameless encoding of
proper metacontexts: they are mere lists of metavariable arities, and
metavariables are referred to by their index in the list. The type of
metacontexts MetaContext is formally defined as Maybe (List N),
where Maybe X is an inductive type with an error constructor L and
a success constructor | —] taking as argument an element of type
X. Therefore, T typically translates into |T'] in the implementation.
To alleviate notations, we also adopt a dotted convention in Agda
to mean that a successful metacontext is involved. For example,
MetaContext- and Tm- T’ n are respectively defined as List N and
Tm |T] n.

The last term constructor ! builds a well-formed term in any error
context L;n. We call it an error term: it is the only one available
in such contexts. Proper terms, i.e., terms well-formed in a proper
metacontext, are built from application, A-abstraction and variables:
they generate the (proper) syntax of A-calculus. Note that ! cannot
occur as a sub-term of a proper term.

Remark 2.1. The names of constructors of A-calculus for applica-
tion, A-abstraction, and variables, are dotted to indicate that they
are only available in a proper metacontext. “Improper” versions
of those, defined in any metacontext, are also implemented in the
obvious way, coinciding with the constructors in a proper context,
or returning ! in the error context.

Free variables are indexed from 1 and we use the De Bruijn level
convention: the variable bound in I'; n + At is n+1, not 0, as it would
be using De Bruijn indices [9]. In Agda, variables in the variable
context n consist of elements of Fin n, the type of natural numbers
between! 1 and n. Let us focus on the last constructor building a
metavariable application in the context I'; n. The argument of type
m € I'is an index of any element m in the list I'. The constructor also
takes an argument of type m = n, which unfolds as Vec (Fin n) m:
this is the type of lists of size m consisting of elements of Fin n, that
is, natural numbers between 1 and n. Note this does not fully enforce
the pattern restriction: metavariable arguments are not required
to be distinct. However, our unification algorithm is guaranteed to
produce correct outputs only if this constraint is satisfied in the
inputs.

The Agda implementation of metavariable substitutions for A-
calculus is listed in the first box of Figure 2. We call a substitution
successful if it targets a proper metacontext, proper if the domain is
proper. Note that any successful substitution is proper because there
is only one metavariable substitution 1, from the error context:
it is a formal identity substitution, targeting itself. A metavariable
substitution o : T — A from a proper context assigns to each
metavariable M of arity m in T a term A;m  opy.

!Fin n is actually defined in the standard library as an inductive type designed to be
(canonically) isomorphic with {0, ...,n — 1}.

175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231

232



233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276

278
279
280
281
282
283
284
285
286
287
288
289
290

Semantics of pattern unification

Submitted to LICS ’24, 2024, Tallinn

Figure 1: Syntax of A-calculus (Section §2.1)

data Tm : MetaContext — N — Set
Tm-Tn=Tm|T |n

MetaContext- = List N
MetaContext = Maybe MetaContext-

= :N—> N — Set
m = n = Vec (Finn) m

data Tm where

1<i<n Tjnrt Tinru T;n+1rt
App:V{fnf—>TmTn—>TmTn—>Tm-T'n Tint i Tinrtu Tinr At
Lam~:V{F n}—>Tm~F(1 + n)HTm.rn Klyeens xmel{l,..., n} distinct
Var-:V{I'n} > Finn— Tm-Tn —_—
M:meTl xX:m=n

():V{T'nmj>meT->m=n—>Tm-T'n
2V{np—>Tm_Ln

Tink M(xq, ..., xm)

l;ar!

App:V{Inf>TmITn—>TmITn—TmIn
App {L}!!=!
App LT [} tu=App-tu

Lam {L}!=1!

Figure 2: Metavariable substitution

— Successful substitutions
r—A=|T|]—[A]

- Proper substitutions

r—A=|T]—A

data _—_ where
[(1:V{a} = (1-—4)
L VT Am>TmAm—> T -—A) > (m:T -— A)
1L:1— L

A-calculus (Section §2.1)

[ Jt:V{Ifn->TmIn>V{A}->T—A)—>TmAn
App-tulo]t=App(t[o]t)(ulao]t)
Lam-t[ o Jt=Lam (¢t [ o ]t)
Var-i[ o ]t=Vari
M(x)[o]t=nthoM{x}
1L Je=!

Tintt o: > A
A;nk t[o]

[Js:V{TAE} - (T —A) - (A—E)— ([ —E)

(Jlols=1] §:T—>A o:A—>E
(t,0)[o]s=t[o]t,6[c]s 6lc] :T—>E
1L[1L]s=1L —

Mdépo]

Generic syntax (Section §2.2)

[Jt:V{Tadd>TmTa—-V{A} > T —A)—>TmAa
[Is:VTAE}-> T —A) > (A— E)— ([ — E)

Rigid- 08 [ o Jt = Rigid 0 (6 [ o ]s)

M(x)[o]t=nthoM{x} Iiart o:T—oA
1L ]e=! Asartlo]
[Mlols=1] 6:T>A o:AN—>E
(t,0)[o]s=t[c]t,6[c]s 6lc] :T—>E
1L[1L]s=1L —

M6y o]

Lam:V{T n} > TmT (1+n) —>TmTn

Lam{| T |} t=Lam- ¢

Var:V{I'n} - Finn—TmTI n
Var {1} i=!
Var{[ T |} i=Var-i

This assignment extends (through a recursive definition) to any
term I'; n + t, yielding a term A; n + t[o]. Note that the congruence
cases involve improper versions of the operations (Remark 2.1),
as the target metacontext may not be proper. The base case is
M(x1,...,xm)[o] = op{x}, where —{x} is variable renaming, de-
fined by recursion. Renaming a A-abstraction requires extending the
renaming x : p = qtox T: p+1= g+ 1 to take into account the
additional bound variable p + 1, which is renamed to g + 1. Then,
(At){x} is defined as A(t{x 1}). While metavariable substitutions
change the metacontext of the substituted term, renamings change
the variable context.

The identity substitution 1p : T — T is defined by the term
M(1,...,m) for each metavariable declaration M : m € T. The
composition §[c] : T1 — I3 of two substitutions § : T — I; and
o : Iy — T3 is defined as M — Sy o].

A unifier of two terms I';n + t,u is a substitution o : I' — A
such that t[o] = u[o]. A most general unifier (later abbreviated as
mgu) of t and u is a unifier o : ' — A that uniquely factors any
other unifier § : T — A’, in the sense that there exists a unique
&8 : A — N such that § = 6[&].

Remark 2.2. Given a metacontext I', there is a single terminal
substitution ! : I' — L, which maps any metavariable to the only
available term ! if T is proper, or is the identity substitution 1,
otherwise. Any term substituted by !s yields the error term !, since
it is the only one in the metacontext L. As a consequence,

e !¢ : T — 1 is uniquely factored by any other substitution
o : T — A as the composition of o with !s : A — L
o !¢ unifies any pair of terms.

Remark 2.3. Because of the additional error context, our notion
of unification differs from the standard presentation, which is re-
covered by focusing only on successful substitutions. However, it
follows from Remark 2.2 that mgus in the standard setting are still
mgus in our setting. Moreover, when there is no successful unifier,
the terminal substitution is a mgu.

The main property of pattern unification is that the mgu of any
pair of terms exists as soon as there exists a unifier. Remark 2.3
shows that we can actually get rid of the latter condition: the non-
existence of unifiers (for example, when unifying t; t; with Au) is
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restated as !s being the mgu. Accordingly, our implementation does
not explicitly fail. Given two terms I'; n + t,u as input, the Agda
function unify returns a context A, which is L in case there is no
successful unifier, and a substitution o : ' — A. We denote such
asituation by I' - t = u = o 4 A, leaving the variable context
n implicit: the symbol = separates the input and the output of
the unification algorithm, which is the mgu of ¢ and u, although
this property of the output substitution is not explicit in the type
signature (see Figure 3).

This unification function recursively inspects the structure of the
given terms until reaching a metavariable at the top-level, as seen
in the second box of Figure 4. The last two cases handle unification
of two error terms, and unification of two different rigid term
constructors (application, A-abstraction, or variables), resulting in
failure.

When reaching a metavariable application M(x) at the top-level
of either term in a metacontext I', denoting by t the other term,
three situations must be considered:

(1) tis a metavariable application M(y);
(2) tis not a metavariable application and M occurs deeply in
£

(3) M does not occur in ¢.
The occur-check function returns Same-MVar y in the first case,
Cycle in the second case, and No-Cycle ¢’ in the last case, where ¢’
is t but considered in the context T’ without M, denoted by T'\M.

In the first case, the line let p,z = commonPositions m x y

computes the vector of common positions of x and y, that is, the
maximal vector of (distinct) positions (z1,...,zp) such that x; =
y3. We denote? such a situationby m + x =y = z 4 p . The most
general unifier o coincides with the identity substitution except
that M : m is replaced by a fresh metavariable P : p in the context
T, and o maps M to P(z).

Example 2.4. Let x,y, z be three distinct variables, and let us
consider unification of M(x, y) and M(z, x). Given a unifier o, since
M(x.y)lo] = ol — x.2 — y} and M(z.0)[0] = op{l
z,2 — x} must be equal, o) cannot depend on the variables 1 and
2. It follows that the most general unifier is M +— P, replacing M
with a fresh constant metavariable P. A similar argument shows
that the most general unifier of M(x,y) and M(z,y) is M +— P(2).

The corresponding rule SAME-MVAR does not stipulate how to
generate the fresh metavariable symbol P, although there is an
obvious choice, consisting in taking M which has just been removed
from the context I'. Accordingly, the implementation keeps M but
changes its arity to p, resulting in a context denoted by I'[M : p].

The second case tackles unification of a metavariable application
with a term in which the metavariable occurs deeply. It is handled
by the failing rule CycLE: there is no unifier because the size of
both hand sides can never match after substitution.

The last case described by the rule No-cycLE is unification of
M(x) with a term t in which M does not occur. This kind of uni-
fication problem is handled specifically by a previously defined
function prune, which we now describe. The intuition is that M(x)
and t should be unified by replacing M with t[x; — i]. However,

“The similarity with the above introduced notation is no coincidence: as we will see
(Remark 3.11), both are (co)equalisers.

Anon.

this only makes sense if the free variables of ¢ are in x. For example,
if t is a variable that does not occur in x, then obviously there is
no unifier. Nonetheless, it is possible to prune the outbound vari-
ables in t as long as they only occur in metavariable arguments,
by restricting the arities of those metavariables. As an example,
if t is a metavariable application N(x,y), then although the free
variables are not all included in x, the most general unifier still
exists, essentially replacing N with M, discarding the outbound
variables y.

For this pruning phase, we use the notationT' + ¢ :> x = t/;0
A, where t is a term in the metacontext I', while x is the argument
of the metavariable whose arity m is left implicit, as well as its (irrel-
evant) name. The output is a metacontext A, together with a term
t/ in context A; m, and a substitution o : I' — A. If T is proper, this
is precisely the data for the most general unifier of ¢ and M(x), con-
sidered in the extended metacontext M : m,T". Following the above
pruning intuition, ¢’ is the term ¢t where the outbound variables
have been pruned, in case of success. This justifies the type signa-
ture of the prune in Figure 3. This function recursively inspects its
argument. The base metavariable case corresponds to unification
of M(x) and M’ (y) where M and M’ are distinct metavariables. In
this case, the line let p,x’,3y’ = commonValues m x y computes
the vectors of common value positions (xi, .. .,x;J) and (yi, el y;J)
between x1, .. ,Ym’, 1., the pair of maximal lists
(x, J’ ) of distinct positions such that x, = Yy We denote? such

wxmandyy,...

a situation by mF x :> y = y’;x” 4 p . The most general unifier
o coincides with the identity substitution except that the metavari-
ables M and M’ are removed from the context and replaced by a
single metavariable declaration P : p. Then, o maps M to P(x’) and
M to P(y').

Example 2.5. Let x,y,z be three distinct variables. The most
general unifier of M(x,y) and N(z,x) is M — N’(1), N — N’(2).
The most general unifier of M(x,y) and N(z) isM +— N’,N - N’.

As for the rule SAME-VAR, the corresponding rule P-FLEx does
not stipulate how to generate the fresh metavariable symbol P,
although the implementation makes an obvious choice, reusing the
name M.

The intuition for the application case is that if we want to unify
M(x) with t u, we can refine M(x) to be M (x) My(x), where My
and M, are two fresh metavariables to be unified with ¢ and u.
Assume that those two unification problems yield +’ and u’ as
replacements for ¢t and u, as well as substitution oy and oy, then M
should be replaced accordingly with ¢’ [o3] u’. Note that this really
involves improper application, taking into account the following
three subcases at once.

FTrt>x=t'01 1M
Aq Fulor] > x> u’;ag 4 Ag

Trtu:>x=t[oy] u;o1[o2] 4 A2

Frt:>x=t;01 4 M1
A rulol] >x= 4L

Frt>x=Ll4L
LE!'>x=>Ll4L

FTrtu>x=Nlg41 Frtu>x=1g41L

3The similarity with the notation for the pruning phase is no coincidence: both can be
interpreted as pullbacks (or pushouts), as we will see in Remark 4.3.
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Figure 3:

record —?T : Set k> where
constructor _«_
field
A : MetaContext
o:T— A

prune:Y{Tam}—>TmlTa—-(m=a) - [m]JUl —?

prune-c :YV{{ T’'T"} - (I'"-—T)

Submitted to LICS ’24, 2024, Tallinn

Type signatures of the functions implemented in Figure 4 and Figure 5

record _U_—7? (T : MetaContext:)(I'’: MetaContext)
:Set (iU j U k) where
constructor _«_
field
A : MetaContext
6,0:T-— A)x T — A)

record [_JU_—? mT : Set k’ where
constructor _«_
field
A : MetaContext
u,o:(TmA m)x (T — A)

unify-flex-*:V{IT ma} > mel' > (m=4a) >TmTa—T —7?
- I"=T)>T"Ul —?  unify:V{fTadf >TmlTa—>Tmla—>T—?

unify-o :V{IT} > T —TI)—> " —TI)— ([ —?)

Figure 4: Pattern unification for A-calculus (Section §2.1)

prune{[ T [}(M: m(x))y-=
let p,x’, y’= commonValues m x y
inT[M: p]-<((M: p)(y), M=-(x"))

mrEx>y=y;x 4p

TM:m]FM(x)>y=

prune!y =1 <(,l)

P-FLEx

P-FarL

1LE!'>x=Ll4L

prune (App- t u) x =
let A1 « (t’,
A < (u’, 09) =prune (u[ o1 Jt) x
in Ay <« (App (' [o2]t) u’, 01 [ 02 ]s)
Trt>x=1t50140
M Fulo] >x=u's500 40,

01) = prune t x

Tritu>x=t|oy] u;o1[o2] 4A2

P(y’');M +— P(x’) 4AT[P : p]

prune (Lam- t) x =
let A« (¢, 0)=prunet(xT)
in A <«(Lamt’, o)

prune {T'} (Var- i) x with i { x } 71
wlL=L ()
.|| Prelmagej ] =T « (Varj, 15)

FTrt>xT=t04A
TrAt:>x = At';04A

i¢x

Fri>x=44L I‘rg:>le';1p4l‘

IL=Xj

unify ¢t (M ( x)) = unify-flex-* M x t
unify (M ( x)) t = unify-flex-* M x t

unify (App- t u) (App- t’ u’) =
let Ay < o1 = unify t
Ay < op = unify (u[ o1 Jt) (w' [ o1 ]t)
in Ap <oy [0z ]s
Fl—t:t’=>0'1—iA1
Al F u[ol] = u'[og] = 02 Ag

Tritu=t'u = o1[oz] 41 A,

unify 'l = 1L <l

LE!=I=>41

unify-flex-* {T'} {m} M x ¢
with occur-check M t
...| Same-MVar y =

merx=y=2z4p
SAME-MVAR

T[M:m]+r M(x)=My) =
M P(z) AT[P:p]
let p, z= commonPositions m x y

inT[M: p]l-«M—-(z2)
.| Cycle = L «g

..| No-Cycle t’ =

let A «(u, o) =prune t’ x
inA<«M—u,o

Met t#M(..)

CycLE
IM:m-Mkx)=t=!41L

Mé¢t T\Mrt:>x=>t;04A
TrMx)=t=M—-t',c4A

No-CYCLE

(+ symmetric rules)

unify {T} (Var- i) (Var- j) with i Fin.% j
unify (Lam- t) (Lam- t’) = unify t ¢’ w|no_ =1 <l

. |yes_=T <1

Frt=t' =>04A
FrAt=At > c4A

Fri=j=!4L Fri=i=> 14T

0 # o’ (rigid term constructors)

U-FarL = =
Tro(f)=0'(t') > !s4 L

unify __ =1 <l

523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580



581
582
583
584

586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610

612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637

638

Submitted to LICS ’24, 2024, Tallinn

Anon.

Figure 5: Our generic pattern unification algorithm

prune{| T [}(M: m(x))y=

TIM: p]l-<(M: p)(y), M=-(x7))

prune (Rigid- 0 8) x with o { x } !
wlL=La(,)
.|| Prelmage 0’ | =
let A« (8, 0) =prune-cg 6 (x * 0)
in A < (Rigid 0’8’ 0)

prune-o {T} [J [] =T <« ([], 15)
prune-o (t, 8) (xp :: xs) =
let Ay « (", 01) = prune t xp
Ay < (8, 02) = prune-o (8 [ o1 ]s) xs
in Mg« ((t'[o2]t,8),(01[02]s))

let p,x’, y = pullback mx yin Same as the rule P-FLEX in Figure 4.

prune!y=_L < (!,!)

Same as the rule P-FAIL in Figure 4.

o#...{x}
Tro(f)>x=Lls4L
T+8>x" = 804A o=o0"{x}
Tro(8)>x=0(8),04A

P-RiG-FaiL

P-Ric

P-EmMpTY

F'r()>(0=(0;1r4T

rl—t:>x0ﬁt,;0'1-iA1

A F 5[0’1] > X = 5/;0'2 ERAY)
P-SpuiT

TrHEE:> x0,x =
t'[o2],8";01[02] 4 Az

unify t (M ( x)) = unify-flex-* M x ¢
unify (M ( x)) t = unify-flex-* M x t
unify (Rigid- 0 §) (Rigid- 0’ §°) with 0 =0’
wlno_=1 <l

... | yes =.refl = unify-c 6 6’

unify 'l = 1L <l
unify-o {T} [] [] =T <« 15
unify-o (t1 , 81) (2, 82) =
let A <« o =unify t; tp
A’ <« ¢’ =unify-0 (81 [0 ]s) (52 [ o ]s)
in Neco[o’]s
unify-o 1L 1L = 1 <

unify-flex-* is defined as in Figure 4, replacing commonPositions with equaliser .

See the rules SAME-MVAR, CycLE, and No-CycLE in Figure 4.
o#0
Tro(d)=0'(8)=!s4L
rt6=8=o04A
T+o(8) =0(d)=>04A

Same as the rule U-Fait in Figure 4.

CLASH

U-Ric

U-EmpPTY

'r()=(0)=1r4T
FT'rti=th=>04A Al-(sl[O']:(Sz[O']:)O"-IA/

U-SpLIT
Trit,01 =t,00 = O'[(f,] 1A

U-Ip-FAa1L

1rl; =1, =141

Figure 6: Generalised binding signatures in Agda

record Signature i j k : Set (Isuc (i U j LI k)) where
field
A:Seti
= :A—> A—>Setj
id:V{a - (a= a)
o :V{abd—-(b=>c)—>(a=b—(a=¢)
O:A— Setk
a:V{a} — O a— List A

- Functoriality components
A }:V{ab}—-0a—(a=b—>0b
M V{abl(x:a=Db)(0:0a) o= a(o{x})

The same intuition applies for A-abstraction, but here we ap-
ply the fresh metavariable corresponding to the body of the A-
abstraction to the bound variable n + 1, which needs not be pruned.

In the variable case, i{x} ! returns the index j such that i = x 7, 0r
fails if no such j exist.

This ends our description of the unification algorithm, in the
specific case of pure A-calculus.

2.2 Generalisation

In this section, we show how to abstract over A-calculus to get a
generic algorithm for pattern unification, parameterised by a new
notion of signature to account for syntax with metavariables. We
split this notion in two parts:

(1) anotion of generalised binding signature, or GB-signature
(formally introduced in Definition 3.13), specifying a syntax
with metavariables, for which unification problems can be
stated;

(2) some additional structures used in the algorithm to solve
those unification problems, as well as properties ensuring
its correctness, making the GB-signature pattern-friendly
(see Definition 3.15).
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Figure 7: Syntax generated by a GB-signature

MetaContext- = List A data Tm where

MetaContext = Maybe MetaContext:
—Tm-T a
data Tm : MetaContext — A
— Set (iU jUk)
Tm-Ta=Tm [T |a

—Tm-T a
1:V{agg—>Tm La

This separation is motivated by the fact that in the case of A-calculus,
the vectors of common (value) positions as well as inverse renam-
ing —{-}~1 of variables are involved in the algorithm, but not in
the definition of the syntax and associated operations (renaming,
metavariable substitution).

Let us first focus on the notion of GB-signature, starting from
binding signatures [2]: the latter consist in a set of operation sym-
bols, and for each o € O, an arity @, = (01, . ..,0p), i.e., alist of natu-
ral numbers specifying how many variables are bound in each argu-
ment. For example, pure A-calculus is specified by O = {lam, app},
with agpp = (0,0), a4y, = (1). Now, a GB-signature consists in a
tuple (A, O, «) consisting of

e a small category A whose objects are called arities or vari-
able contexts, and whose morphisms are called renamings;

o for each variable context a, a set of operation symbols O(a);

o for each operation symbol o € O(a), a list of variable con-
texts ap = (01,...,0p).

such that O and « are functorial in a suitable sense (see Remark 2.9
below). Intuitively, O(a) is the set of operation symbols available in
the variable context a. The Agda implementation in Figure 6 does
not include properties such as associativity of morphism compo-
sition, although they are assumed in the proof of correctness. For
example, the latter associativity property ensures that composition
of metavariable substitutions is associative.

The syntax specified by a GB-signature (A, O, @) is inductively
defined in Figure 7, where a context I'; a is defined as in Section §2.1
for A-calculus, except that variables contexts and metavariable ar-
ities are objects of A instead of natural numbers. We call a term
rigid if it is of the shape o(...), flexible if it is some metavariable
application M(...).

Remark 2.6. Recall that the Agda code uses a nameless con-
vention for metacontexts: they are just lists of variable contexts.
Therefore, the arity o, of an operation o can be considered as a
metacontext. It follows that the argument of an operation o in the
context I'; a can be specified either as a metavariable substitution
(defined in Figure 2) from o = (01,...,0p) to I, as in the Agda
code, or explicitly as a list of terms (1, ..., t,) such that T;0; + t,
as in the rule RiG. In the following, we will use either interpretation.

Remark 2.7. The syntax in the empty metacontext does not de-
pend on the morphisms in A. In fact, by restricting the morphisms
in A to identity morphisms, any GB-signature induces an indexed
container [5] generating the same syntax without metavariables.

Rigid-:V{[ a}(0: 0 a) = (¢ 0-—>-T)

_():V{Tamj—>meT >m=a

i
g3 T”

0 € O(a) ;o1

T;on F tnR
T;aro(ty,...,tn)

1G

M:meT xe€homg(m,a)

FLEX
T;a+ M(x)

1Link!

Example 2.8. Binding signatures can be compiled into GB-signatures.

More specifically, a syntax specified by a binding signature (O, @)
is also generated by the GB-signature (F,, O’, a’), where

o F;, is the category of finite cardinals and injections between
them;

e 0'(p) ={L....p} u{oplo € O};

. (xi =() anda(')p =(p+01,...,p+0p) forany i,p € N and
n-ary operation symbol o € O.

Note that variables i are explicitly specified as nullary operations
and thus do not require a dedicated generating rule, contrary to
what happens with binding signatures. Moreover, the choice of
renamings (i.e., morphisms in the category of arities) is motivated
by the FLEX rule. Indeed, if M has arity m € N, then a choice of
arguments in the variable context a € N consists of a list of distinct
variables in the variable context a, or equivalently, an injection be-
tween the cardinal sets m and a, that is, a morphism in F,, between
m and a.

GB-signatures capture multi-sorted binding signatures such as
simply-typed A-calculus, or polymorphic syntax such as System F
(see Appendix §B). Although equations are not explicitly supported,
simply-typed A-calculus modulo - and - equations can be handled
by working on the normalised syntax (see Section §B.3).

Remark 2.9. In the notion of GB-signature, functoriality ensures
that the generated syntax supports renaming: given a morphism
x :a — bin A and a term I';a + t, we can recursively define
aterm I';b + t{x}. The metavariable base case is the same as in
Section §2.1: M(y){x} = M(x o y). For an operation o(t1,...,t,),
functoriality provides the following components:

(1) a n-ary operation symbol o{x} € O(b);
(2) alist of morphisms (x7,...,x;) in A such that x} : 0; —
o{x}; foreachi € {1,...,n}.
Then, o(ty, ..., tn){x} is defined as o{x}(t1 {x7}, ..., tn{x7})-

Notation 2.10. If T and A are two metacontexts M : my,..., Mp :
mp and Ny : ny,.. Np inp of the same length, we write § : T =
A to mean that J is a vector of renamings (81, ...,0,) between T
and A, in the sense that each J; is a morphism between m; and
n;i. The second functoriality component in Remark 2.9 is accord-
ingly specified as a vector of renamings x° : @y = a,(f} in
Figure 7, considering operation arities as nameless metacontexts
(Remark 2.6). We extend the renaming notation to substitutions:
given§ : I - Aand x : A" = A, we define §{x} : I — A’ as
(61{x1}, ..., On{xn}) where n is the length of A, so that o(8){x}
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can be equivalently defined as o{x}(5{x°}). Note that a vector of
renamings § : I' = A canonically induces a metavariable substi-

tution5: A — T, mapping N; to M;(6;).

The Agda code adapting the definitions of Section §2.1 to a
syntax generated by a generic signature is usually shorter because
the application, A-abstraction, and variable cases are replaced with a
single rigid case. Because of Remark 2.6, it is more convenient define
operations on terms mutually with the corresponding operations on
substitutions. For example, composition of substitutions is defined
mutually with substitution of terms in the second box of Figure 2.
The same applies for renaming of terms and substitution as in
Notation 2.10.

We are similarly led to generalise unification of terms to unifica-
tion of proper substitutions, and we extend accordingly the notation.
Given two substitutions 61,52 : I/ — I, we writeT + §; = §; =
o 4 A to mean that o : ' — A unifies §; and §5, in the sense that
01[o] = 82[ 0], and is the most general one, i.e., it uniquely factors
any other unifier of §; and §2. The main unification function is thus
split in two functions, unify for single terms, and unify-o for sub-
stitutions as seen in Figure 3. Similarly, we define pruning of terms
mutually with pruning of proper substitutions. We thus also extend
the pruning notation: given a substitution § : I’ — I and a vector
x : T"" = T of renamings, the judgement T + § :> x = §;0 4 A
means that the substitution o : I' — A extended with §’ : T”” — A
is the most general unifier of § and X as substitutions from I, T’ to
A. This justifies the return type of unify-o in Figure 3.

In the A-calculus implementation (Figure 4), unification of two
metavariable applications requires computing the vector of com-
mon positions or value positions of their arguments, depending
on whether the involved metavariables are identical. Both vectors
are characterised as equalisers or pullbacks in the category F,
defined in Example 2.8, thus providing a canonical replacement
in the generic algorithm, along with new interpretations of the
notations mrx=y=z4p and mrx:>y=y’;x’ 4p and
as equalisers and pullbacks.

X
Notation 2.11. We denote an equaliser p —Zsm—=...
Y

inAby mrx=y=z4p.Similarly, m+x:>y=y;x" 4p
»
p——=m

denotes a pullback in A of the shape y’l lx

Y

Let us now comment on pruning rigid terms, when we want to
unify an operation o(8) with a fresh metavariable application M(x).
Any unifier must replace M with an operation o’(§’), such that
o’ {x}(8'{x°"}) = 0(8), so that, in particular, o’ {x} = o. In other
words, o must be have a preimage o’ for renaming by x. This is
precisely the point of the inverse renaming o{x}~! in the Agda
code: it returns a preimage o’ if it exists, or fails. In the A-calculus
case, this check is only explicit for variables, since there is a single
version of application and A-abstraction symbols in any variable

Anon.

Figure 8: Friendly GB-signatures in Agda

record isFriendly {i j k}(S : Signature i j k) : Set (i U j U k) where
open Signature S

field
equaliser :V{ggm - (xy:m=a ->ZAlp—-p=>m)
pullback :Vm{m' a} - (x:m=a) — (y: m = a)
—XAAp—op=>2mxp=>m)
_i_:V{a}(o 0’:0 a) — Dec (0= 0)
{3y V{a(o:0a) > V{b(x: b= a)
— Maybe (pre-image (_{ x }) o)

context. Inverse renaming is a function provided by friendly GB-
signatures, which are GB-signatures with additional components
listed in Figure 8 on which the algorithm relies. To sum up,

o cqualisers and pullbacks are used when unifying two metavari-
able applications;
e equality of operation symbols is used when unifying two
rigid terms;
e inverse renaming is used when pruning a rigid term.
The formal notion of pattern-friendly signatures (Definition 3.15) in-
cludes additional properties ensuring correctness of the algorithm.

3 CATEGORICAL SEMANTICS

To prove that the algorithm is correct, we show in the next sections
that the inductive rules describing the implementation are sound.
For instance, the rule U-SpLIT is sound on the condition that the
output of the conclusion is a most general unifier whenever the
output of the premises are most general unifiers. We rely on the
categorical semantics of pattern unification that we introduce in this
section. In Section §3.1, we relate pattern unification to a coequaliser
construction, and in Section §3.2, we provide a formal definition
of GB-signatures with Initial Algebra Semantics for the generated
syntax.

3.1 Pattern unification as a coequaliser
construction

In this section, we assume given a GB-signature S = (A, O, «) and
explain how most general unifiers can be thought of as equalisers in
a multi-sorted Lawvere theory, as is well-known in the first-order
case [6, 28]. We furthermore provide a formal justification for the
error metacontext L.

LEMMA 3.1. Proper metacontexts and substitutions (with their com-
position) between them define a category MCon(S).

This relies on functoriality of GB-signatures that we will spell
out formally in the next section. There, we will see in Lemma 3.20
that this category fully faithfully embeds in a Kleisli category for a
monad generated by S on [A, Set].

Remark 3.2. The opposite category of MCon(S) is equivalent
to a multi-sorted Lawvere theory whose sorts are the objects of
A. In general, this theory is not freely generated by operations
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unless A is discrete, in which case we recover (multi-sorted) first-
order unification. Note that even the GB-signature induced (as in
Example 2.8) by an empty binding signature is not “free” in this
sense.

LEmMA 3.3. The most general unifier of two parallel substitutions

r’ 631 T' is characterised as their coequaliser.
2

This motivates a new interpretation of the unification notation,
that we introduce later in Notation 3.10, after explaining how fail-
ure is categorically handled. Indeed, pattern unification is typically
stated as the existence of a coequaliser on the condition that there
is a unifier in this category MCon(S). But we can get rid of this con-
dition by considering the category MCon(S) freely extended with
a terminal object L, resulting in the full category of metacontexts
and substitutions.

Definition 3.4. Given a category %, let 78, denote the category
A extended freely with a terminal object L.

Notation 3.5. We denote by ! any terminal morphism to L in
B .

LEMMA 3.6. metacontexts and substitutions between them define
a category which is isomorphic to MCon  (S).

In Section §2.1, we already made sense of this extension. Let us
rephrase our explanations from a categorical perspective. Adding a
terminal object results in adding a terminal cocone to all diagrams.
As a consequence, we have the following lemma.

LEMMA 3.7. Let ] be a diagram in a category 2. The following
are equivalent:

(1) J has a colimit as long as there exists a cocone;
(2) J has a colimit in A, .

The following results are also useful.

LEMMA 3.8. Let & be a category.

(i) The canonical embedding functor 2 — 98, creates colimits.
(ii) Anydiagram J in 2, such that L is in its image has a colimit
given by the terminal cocone on L.

This ensures in particular that coproducts in MCon(S), which
are computed as union of metacontexts, are also coproducts in
MCon, (S). It also justifies defining the union of a proper metacon-
text with L as L.

The main property of this extension for our purposes is the
following corollary.

COROLLARY 3.9. Any coequaliser in MCon(S) is also a coequaliser
in MCon, (S). Moreover, whenever there is no unifier of two lists of
terms, then the coequaliser of the corresponding parallel arrows in
MCon, (S) exists: it is the terminal cocone on L.

This justifies the following interpretation to the unification no-
tation.

Notation 3.10. T + &1 = 2 = o 4 A denotes a coequaliser
&
...—=T—Z5 A in MCon, (S).
8,
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Remark 3.11. This is the same interpretation as in Notation 2.11
for equaliser, taking A to be the opposite category of MCon,| (S).

Categorically speaking, our pattern-unification algorithm pro-
vides an explicit proof of the following statement, where the con-
ditions for a signature to be pattern-friendly are introduced in the
next section (Definition 3.15).

THEOREM 3.12. Given any pattern-friendly signature S, the cate-
gory MCon, (S) has coequalisers.

3.2 Initial Algebra Semantics for GB-signatures

Definition 3.13. A generalised binding signature, or GB-signature,
is a tuple (A, O, a) consisting of
e asmall category A of arities and renamings between them;
e afunctor O_(-) : N X A — Set of operation symbols;
e a functor « : f] - A

where f J denotes the category of elements of J : N X A — Set
mapping (n, a) to Op(a) X {1,....,n}, defined as follows:

e objects are tuples (n,a,0,i) such that o € O,(a) and i €
{1,...,n};

e a morphism between (n, a,0,i) and (n’,d’,0’,i’) is a mor-
phism f : a — a’ such thatn = n’,i =i’ and o{f} = 0’
where o f} denotes the image of o by the function O, (f) :
On(a) — On(a).

Remark 3.14. This definition of GB-signatures superficially dif-
fers from the one we informally introduced in Section §2.2, in the
sense that the set of operation symbols O(a) in a variable context
a was not indexed by natural numbers. The two descriptions are
equivalent: Op(a) is recovered as the subset of n-ary operation
symbols in O(a), and conversely, O(a) is recovered as the union of
all the Oy, (a) for every natural number n.

We now introduce our conditions for the generic unification
algorithm to be correct.

Definition 3.15. A GB-signature S = (A, O, a) is said pattern-
friendly if
(1) A has finite connected limits;
(2) all morphisms in A are monomorphic;
(3) each Op(-) : A — Set preserves finite connected limits;
(4) « preserves finite connected limits.

These conditions ensure the following two properties.

Property 3.16 (proved in §A.1). The following properties hold for
pattern-friendly signatures.

(i) The action of Oy : A — Set on any renaming is an injec-
tion: given any o € O, (b) and renaming f : a — b, there
is at most one o’ € Oy(a) such that o = o’ {f}.

(i) Let £ be the functor A°? — MCon, (S) mapping a mor-
phism x € hom (b, a) to the substitution (X : a) — (X :
b) selecting (by the Yoneda Lemma) the term X (x). Then, £
preserves finite connected colimits: it maps pullbacks and
equalisers in A to pushouts and coequalisers in MCon (S).

The first property is used for soundness of the rules P-RiG and
P-RiG-Fai1L. The second one is used to justify unification of two
metavariables applications as pullbacks and equalisers in A, in the
rules SAME-MVAR and P-FLEX.

987

988

989

990

991

992

993

994

995

996

997

998

999

1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043

1044



1045
1046
1047
1048

1049

1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101

1102

Submitted to LICS ’24, 2024, Tallinn

Remark 3.17. A metavariable application I';a + M(x) corre-
sponds to the composition Lx[inys] as a substitution from X : a to
T, where iny is the coproduct injection (X : m) = (M : m) — T
mapping M to M(1,,).

The rest of this section, we provide Initial Algebra Semantics for
the generated syntax (this is used in the proof of Property 3.16.(ii)).
Any GB-signature S = (A, O, a), generates an endofunctor Fg
on [A, Set], that we denote by just F when the context is clear,

defined by
Fs(X)e= ]| ] X% xX,
neNoe0,(a)

LEMMA 3.18 (PROVED IN §A.2). F is finitary and generates a free
monad T. Moreover, TX is the initial algebra of Z — X + FZ.

The proper syntax generated by a GB-signature (see Figure 7) is
recovered as free algebras for F. More precisely, given a metacontext
r= (M] : ml,...,Mp :mp),

T(D)g=A{t|T;atrt}

whereT : A — Set is defined as the coproduct of representable
functors [1; ym;, mapping a to []; hom g (m;, a). Moreover, the ac-
tion of T(T) on morphisms of A correspond to renaming.

Notation 3.19. Given a proper metacontext I'' We sometimes
denote T just by T'.

IfT = (M : my, o Mp mp) and A are metacontexts, a Kleisli
morphism ¢ : T — TA is equivalently given (by combining the
above lemma, the Yoneda Lemma, and the universal property of
coproducts) by a metavariable substitution from I’ to A. Moreover,
Kleisli composition corresponds to composition of substitutions.
This provides a formal link between the category of metacontexts
MCon(S) and the Kleisli category of T

LEMMA 3.20. The category MCon(S) is equivalent to the full sub-
category of Kl spanned by coproducts of representable functors.

We exploit this characterisation to prove various properties of
this category when the signature is pattern-friendly.

LEMMA 3.21 (PROVED IN §A.3). Given a GB-signatureS = (A, O, a)
such that A has finite connected limits, Fs restricts as an endofunctor
on the full subcategory € of [ A, Set] consisting of functors preserv-
ing finite connected limits if and only if the last two conditions of
Definition 3.15 holds.

We now assume given a pattern-friendly signature S = (A, O, @).

LEMMA 3.22 (PROVED IN §A.4). ¥ is closed under limits, coproducts,
and filtered colimits. Moreover, it is cocomplete.

COROLLARY 3.23 (PROVED IN §A.5). T restricts as a monad on
€ freely generated by the restriction of F as an endofunctor on ¢
(Lemma 3.21).

4 SOUNDNESS OF THE PRUNING PHASE

In this section, we assume a pattern-friendly GB-signature S and
discuss soundness of the main rules of the two mutually recursive
functions prune and prune-o listed in Figure 5, which handles uni-
fication of two substitutions § : T} — I and x : ] — I'; where x
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is induced by a vector of renamings x : I') = T7. Strictly speak-
ing, this is not unification as we introduced it because § and x do
not target the same context, but it is straightforward to adapt the
definition: a unifier is given by two substitutions ¢ : ' — A and
o’ : T} — A such that the following equation holds

Slo] =x[o’] (1)

As usual, the mgu is defined as the unifier uniquely factoring any
other unifier.

Remark 4.1. The right hand-side X[¢”] in (1) is actually equal to
o’{x}. Indeed, x = (..., M;(x;),...) and M;(x;)[0”] = o] {x;}.

From a categorical point of view, such a mgu is characterised as
a pushout.

Notation 4.2. Given§ : T] —» I, x:T; =T, 0:T — A, and
o’ :T; — A, the notation T + § :> x = ¢’; 0 4 A means that the

X Fé

r

- S

square §

[ [ ——

lg' is a pushout in MCon (S).
A

_
o

Remark 4.3. This justifies the similarity between the pruning
notation — + — :> — = —; — and the pullback notation of Nota-
tion 2.11, since pushouts in a category are nothing but pullbacks in
the opposite category.

In the following subsections, we detail soundness of the rules for
the rigid case (Section §4.1) and then for the flex case (Section §4.2).

The rules P-EMPTY and P-SpLIT are straightforward adaptions
specialised to those specific unification problems of the rules U-EmpTY
and U-SpLIT described later in Section §5.1. The failing rule P-FA1L
is justified by Lemma 3.8.(ii).

4.1 Rigid (rules P-RiG and P-RiG-Fa1r)

The rules P-RiG and P-RiG-Fa1L handle non-cyclic unification of
M(x) with T;a + o(5) for some o € Op(a), where M ¢ T. By
Remark 4.1, a unifier is given by a substitution o : T — A and a
term u such that

o(8[o]) = u{x}. )
Now, u is either some M(y) or o’ (9). But in the first case, u{x} =
M(y){x} = M(x o y), contradicting Equation (2). Therefore, u =
0’ (8’) for some o’ € O,(m) and & is a substitution from a, to
A. Then, u{x} = o’{x}((')‘{x"'}). It follows from Equation (2) that
0=0'{x}, and §[o] = §'{x""}.

Note that there is at most one o’ such that o = o’{x}, by Prop-
erty 3.16.(i). In this case, a unifier is equivalently given by substitu-
tions o : T — Aand ¢’ : @y — A such that §[¢] = ¢’{x° }. But,
by Remark 4.1, this is precisely the data for a unifier of § and x?.
This actually induces an isomorphism between the two categories
of unifiers, thus justifying the rules P-RiG and P-RiG-FAIL.

4.2 Flex (rule P-FLEX)

The rule P-FLEX handles unification of M(x) with N(y) where M #
N in a variable context a. More explicitly, this is about computing
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the pushout of (X : a) i:—x—> (X :m) (M : m) <™, T and

(X:a)i(X:n)z(N:n).

Thanks to the following lemma, it is actually enough to compute
the pushout of Lx and Ly, taking A = (X : a), B = (X : m),
C=(X:N),Y=T\M,sothat B+Y =T.

LEMMA 4.4. In any category, if the square below left is a pushout,
then so is the square below right.

f

A—) 5B A—L g " Biy

| |
gl lo 9l lo+Y
\s Y

Ce—>7 C—o>Z——>Z+Y

u iny

By Property 3.16.(ii), the pushout of Lx and Ly is the image by L of
the pullback of x andy in A, thus justifying the rule P-FLEX.

5 SOUNDNESS OF THE UNIFICATION PHASE

In this section, we assume a pattern-friendly GB-signature S and
discuss soundness of the main rules of the two mutually recur-
sive functions unify and unify-o listed in Figure 5, which compute
coequalisers in MCon (S).

The failing rules U-FAIL and U-Ip-FA1L are justified by Lemma 3.8.(ii).

Both rules CLasu and U-RiG handle unification of two rigid terms
0(8) and 0’ (8”). If 0 # o, they do not have any unifier: this is the
rule CrasH. If 0 = 0’, then a substitution is a unifier if and only if it
unifies § and §’, thus justifying the U-Ric.

In the next subsections, we discuss the rule sequential rules
U-Empty and U-SpLiT (Section §5.1), the rule No-CYCLE transition-
ing to the pruning phase (Section §5.2), the rule SAME-MVAR uni-
fying metavariable with itself (Section §5.3), and the failing rule
CyctE for cyclic unification of a metavariable with a term which
includes it deeply (Section §5.4).

5.1 Sequential unification (rules U-EmpPTY and
U-SPLIT)

The rule U-EMPTY is a direct application of the following general
lemma.
LEmMMA 5.1. If A is initial in a category, then any diagram of the

1
shape A—< B —L2 . B isa coequaliser.

The rule U-SpL1T is a direct application of a stepwise construction
of coequalisers valid in any category, as noted by [28, Theorem 9]:
if the first two diagrams below are coequalisers, then the last one
as well.

r
f " LN "
— 1 2
I -1y A I, Ay =23 A,
! N A
Uy o1
r
, , t1,t 02007
[+ —=T—-=>A
ug,uz

5.2 Flex-Flex, no cycle (rule No-CycLE)

The rule No-CycLE transitions from unification to pruning. While
unification is a coequaliser construction, in Section §4, we explained
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that pruning is a pushout construction. The rule is justified by
the following well-known connection between those two notions,
taking B to be I'\M and C to be the singleton context M : m, so that
the coproduct of those two contexts in MCon | (S) is their disjoint
union I'.

_".B

Lf in

C——=D
g9

A
LEmMA 5.2. Consider a commuting square Ul

any category. If the coproduct B + C of B and C exists, then this is a
pushout if and only if B+ C —Jig—> D is the coequaliser of iny o u and

iny o v.

5.3 Flex-Flex, same metavariable (rule
SAME-MVAR)

Here we detail unification of M(x) and M(y), for x, y € hom # (m, a).

By Remark 3.17, M(x) = Lx[inp] and M(y) = Ly[iny]. We ex-
ploit the following lemma with u = Lx and v = Ly.

LEMMA 5.3. In any category, if the below left diagram is a co-
equaliser, then so is the below right diagram.

u h /E,ZV 13 inB h
1
A=—=B-2>C 4 B+DoLc+D
ZJ\B/”;B

It follows that it is enough to compute the coequaliser of Lx and
Ly. Furthermore, by Property 3.16.(ii), it is the image by L of the
equaliser of x and y, thus justifying the rule SAME-MVAR.

5.4 Flex-rigid, cyclic (rule CycLE)

The rule Cycire handles unification of M(x) and a term ¢ such that
t is rigid and M occurs in t. In this section, we show that indeed
there is no successful unifier. More precisely, we prove Corollary 5.8
below, stating that if there is a unifier of a term ¢ and a metavariable
application M(x), then either M occurs at top-level in ¢, or it does
not occur at all. The argument follows the basic intuition that
om = t[M — o] is impossible if M occurs deeply in u because
the sizes of both hand sides can never match. To make this statement
precise, we need some recursive definitions and properties of size.

Definition 5.4. The size |t| € N of a proper term ¢ is recursively
defined by [M(x)| = 0, and |o(?)| = 1 + |£], with [1] = 3, t;.

We will also need to count the occurrences of a metavariables in
a term.

Definition 5.5. For any term ¢ we define |t|j; recursively by
IM(x)|pr = 1, IN(x)|pr = 0if N # M, and |o(F)|p = |flpr with
the sum convention as above for |7|ar.

LEMMA 5.6. For any term T;a +t, if [t|p = 0, then T\M;a + t.
Moreover, for anyT = (M : my,..., My : mp), well-formed term
t in context T'; a, and successful substitution o : T — A, we have
[tla]l = 1t] + X; [tlm; X |ail.

COROLLARY 5.7. For any termt in contextT;a with (M : m) € T,
successful substitution o : T — A, morphism x € hom g (m, a) and
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u in context A;u, we have |t[o,M +— u]| > |t| + |u| X |t|p and
[M(x) [u]] = [ul.

COROLLARY 5.8. Let t be a term in context T';a with (M : m) € T
and x € hom g (m, a) such that (M — u,0) : T — A unifiest and
M(x). Then, eithert = M(y) for somey € hom #(m, a), orT;at t.

Proor. Since t[o,M +— u] = M(x)[u], we have |t[o,M >
u]| = [M(x)[u]|. Corollary 5.7 implies |u| > |t]| + |u| X |¢|pr. There-
fore, either |t|3; = 0 and we conclude by Lemma 5.6, or |t[3; > 0
and [t| = 0, so that ¢ is M(y) for some y. O

6 TERMINATION AND COMPLETENESS
6.1 Termination

In this section, we sketch an explicit argument to justify termination
of our algorithm described in Figure 5. Indeed, it involves three
recursive calls in the pruning phase (cf. the rules P-R1G and P-SpL1T),
as well as in the main unification phase (cf. the rules U-RiG and
U-SpL1T). In each phase, the second recursive call for splitting is not
structurally recursive, making Agda unable to check termination.
However, we can devise an adequate notion of input size so that for
each recursive call, the inputs are strictly smaller than the inputs of
the calling site. First, we define the size |T'| of a proper metacontext T
as its length, while | L| = 0 by definition. We also recursively define
the size* ||t|| of a proper term ¢ by ||M(x)|| = 1and ||o()|] = 1+|7]],
with |[£]| = ; ||ti||. Note that no term is of empty size.

Let us first quickly justify termination of the pruning phase.
Consider the above defined size of the input, which is a term ¢ for
prune, or a list of terms  for prune-c. It is straightforward to check
that the sizes of the inputs of recursive calls are strictly smaller
thanks to the following lemmas.

LEMMA 6.1. For any proper term T';a + t and successful substi-
tution o : T — A, if 0 is a metavariable renaming, i.e., oy is a
metavariable application for any (M : m) € T, then ||t[o]|| = ||t]|.

LEMMA 6.2. If there is a finite derivation tree of T + T :> x =
w; 0 4 A then [T'| = |A| and o is a metavariable renaming.

The size invariance in the above lemma is actually used in the
termination proof of the main unification phase, where we consider
the size of the input to be the pair (|T|, ||¢||) for unify or (|T|, ||£]|) for
unify-o, given as input a term ¢ or a list of terms 7 in the metacontext
T. More precisely, it is used in the following lemma that ensures
size decreasing (with respect to the lexicographic order).

LEMMA 6.3. Ifthere is a finite derivation tree of T F t = ii = o 4 A,
then |T| > |A|, and moreover if |T| = |A| and A is proper, then o is a
metavariable renaming.

6.2 Completeness

In this section, we explain why soundness (Section §4 and Sec-
tion §5) and termination (Section §6.1) entail completeness. Intu-
itively, one may worry that the algorithm fails in cases where it
should not. In fact, we already checked in the previous sections
that failure only occurs when there is no unifier, as expected. In-
deed, failure is treated as a free “terminal” unifier, as explained in

“The difference with the notion of size introduced in Definition 5.4 is that metavariable
applications are now of size 1 instead of 0.
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Section §3.1, by considering the category MCon (S) extending cat-
egory MCon(S) with an error metacontext L. Corollary 3.9 implies
that since the algorithm terminates and computes the coequaliser in
MCon, (S), it always finds the most general unifier in MCon(S) if
it exists, and otherwise returns failure (i.e., the map to the terminal
object L).

7 RELATED WORK

First-order unification has been explained from a lattice-theoretic
point of view by Plotkin [25], and later categorically analysed by
Barr and Wells [6], Goguen [14], Rydeheard and Burstall [28, Section
9.7] as coequalisers. However, there is little work on understanding
pattern unification algebraically, with the notable exception of Vez-
zosi and Abel [31], working with normalised terms of simply-typed
A-calculus. The present paper can be thought of as a generalisation
of their work.

Although our notion of signature has a broader scope since
we are not specifically focusing on syntax where variables can be
substituted, our work is closer in spirit to the presheaf approach [11]
to binding signatures than to the nominal approach [13] in that
everything is explicitly scoped: terms come with their support,
metavariables always appear with their scope of allowed variables.

Nominal unification [30] is an alternative to pattern unifica-
tion where metavariables are not supplied with the list of allowed
variables. Instead, substitution can capture variables. Nominal uni-
fication explicitly deals with a-equivalence as an external relation
on the syntax, and as a consequence deals with freshness problems
in addition to unification problems.

Cheney [8] shows that nominal unification and pattern unifica-
tion problems are inter-translatable. As he notes, this result indi-
rectly provides semantic foundations for pattern unification based
on the nominal approach. In this respect, the present work provides
a more direct semantic analysis of pattern unification, leading us
to the generic algorithm we present, parameterised by a general
notion of signature for the syntax.

Pattern unification has also been studied from the viewpoint of
logical frameworks [1, 22-24] using contextual types to characterise
metavariables. LF-style signatures handle type dependency (which
is future work for us), but there are also GB-signatures which can-
not be encoded with an LF signature. For example, GB-signatures
allow us to express pattern unification for ordered lambda terms
(Section §B.4).

Our semantics for metavariables has been engineered so that it
can only interpret metavariable instantiations in the pattern frag-
ment, and cannot interpret full metavariable instantiations, contrary
to prior semantics of metavariables (e.g., Hu et al. [18] or Hamana
[16]). This restriction gives our model much stronger properties,
enabling us to characterise each part of the pattern unification
algorithm in terms of universal properties. This lets us extend Ry-
deheard and Burstall’s proof to the pattern case.
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A  PROOFS OF STATEMENTS IN SECTION 3.2
A.1 Property 3.16

We use the notations and definitions of Section §3.2.
Let us first prove the first item.

PROOF OF PROPERTY 3.16.(1). We show that givenany o € O, (b)
and renaming f : a — b, there is at most one o’ € Oy, (a) such that
o=0"{f}.

Since Oy, preserves finite connected limits, it preserves monomor-
phisms because a morphism f : a — b is monomorphic if and only
if the following square is a pullback (see [20, Exercise III.4.4]).

A=——==A
I b
AT)B

O

The rest of this section is devoted to the proof of Property 3.16.(ii).

By right continuity of the homset bifunctor, any representable
functor is in ¥ and thus the embedding ¥’ — [A, Set] factors the
Yoneda embedding AP — [A, Set].

LEmMMA A.1. Let 9 denote the opposite category of A andK : 9 —
@ the factorisation of € — [ A, Set] by the Yoneda embedding. Then,
K : 9 — € preserves finite connected colimits.

Proor. This essentially follows from the fact functors in ¢
preserves finite connected limits. Let us detail the argument: let
y : A°? — [A,Set] denote the Yoneda embedding and J : 4 —
[A, Set] denote the canonical embedding, so that

y=JoKk. (3)

Now consider a finite connected limit lim F in A. Then,

% (KlimF, X) = [A, Set](JK lim F, JX) (J is fully faithful)
= [A,Set](ylim F, JX) (By Equation (3))
=~ JX(limF) (By the Yoneda Lemma.)

= lim(JX o F)
(X preserves finite connected limits)

= lim([A, Set] (yF-, JX)]

(By the Yoneda Lemma)
= lim([A, Set] (JKF—, JX)] (By Equation (3))
= lim % (KF-, X) (J is full and faithful)

= %'(colim KF, X)
(By left continuity of the hom-set bifunctor)

These isomorphisms are natural in X and thus K lim F = colim KF.
0

ProoF OF PROPERTY 3.16.(11). Note that £ factors as

2 £ MCon(S) < MCon, (S),

where the right embedding preserves colimits by Lemma 3.8.(i), so
it is enough to show that L*® preserves finite connected colimits.
Let Tj¢ be the monad T restricted to ¢, following Corollary 3.23.
Since K : & — € preserves finite connected colimits (Lemma A.1),
composing it with the left adjoint ¢ — Kl yields a functor
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2 — Kl also preserving those colimits. Since it factors as 7 £
MCon(S) — K IT‘( o where the right functor is full and faithful, £*
also preserves finite connected colimits. O

A.2 Lemma 3.18

F is finitary because filtered colimits commute with finite limits
[20, Theorem IX.2.1] and colimits. The free monad construction is
due to Reiterman [27].

A.3 Lemma 3.21

Notation A.2. Given a functor F : [ — £, we denote the limit
(resp. colimit) of F by fi:IF(i) or lim F (resp. f”l F(i) or colim F)
and the canonical projection lim F — Fi by p; for any object i of I.

This section is dedicated to the proof of the following lemma.

LEMMA A.3. Given a GB-signature S = (A, O, &) such that A
has finite connected limits, Fs restricts as an endofunctor on the full
subcategory € of [A, Set] consisting of functors preserving finite
connected limits if and only if each O, € €, and a : /] - A

preserves finite limits.
We first introduce a bunch of intermediate lemmas.

LEMMA A4, If B is a small category with finite connected limits,
then a functor G : 98 — Set preserves those limits if and only sz B
is a coproduct of filtered categories.

Proor. This is a direct application of Adamek et al. [3, Theorem
2.4 and Example 2.3.(iii)]. O

COROLLARY A.5. Assume A has finite connected limits. Then J :
N x A — Set preserves finite connected limits if and only if each
Oy, : A — Set does.

Proor. This follows from /] = Hpen Ujeqa,..om fOn. O

,,,,,

LEMMA A6. Let F : 8 — Set be a functor. For any functor

G:I—> /F, denoting by H the composite functor I S, fF — B,
there exists a unique x € lim(F o H) such that Gi = (Hi, p;j(x)).

PROOF. f F is isomorphic to the opposite of the comma category
y/F, where y : #°P — [2,Set] is the Yoneda embedding. The
statement follows from the universal property of a comma category.

[m]

LEMMA A.7. Let F : 8 — Set and G : I — fF such that F

G
preserves the limit of H : [ — / F — . Then, there exists a unique
x € Flim H such that Gi = (Hi, Fpi(x)) and moreover, (lim H, x) is
the limit of G.

Proor. The unique existence of x € FlimH such that Gi =
(Hi, Fpi(x)) follows from Lemma A.6 and the fact that F preserves
lim H. Let € denote the full subcategory of [, Set] of functors
preserving lim G. Note that f F is isomorphic to the opposite of
the comma category K/F, where K : #8°°? — ¢ is the Yoneda
embedding, which preserves colim G, by an argument similar to
the proof of Lemma A.1. We conclude from the fact that the forgetful
functor from a comma category L/R to the product of the categories
creates colimits that L preserve. O
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COROLLARY A.8. LetI be a small category,  and %’ be categories
with I-limits (i.e., limits of any diagram overI). Let F : 98 — Set be a
functor preserving those colimits. Then, / F has I-limits, preserved by
the projection / F — 2. Moreover, a functorG : / F — A’ preserves
them if and only if for any d : I — 98 and x € Flimd, the canonical
morphism G(limd, x) — fi:I G(d;, Fpi(x)) is an isomorphism.

Proor. By Lemma A.7, a diagram d’ : [ — /F is equiva-
lently given by d : I — % and x € Flimd, recovering d’ as
d; = (d;, Fpi(x)), and moreover limd”" = (lim d, x). O

COROLLARY A.9. Assuming that A has finite connected limits and
each O, preserves finite connected limits, the finite limit preservation
ona: f] — A of Lemma A.3 can be reformulated as follows: given
a finite connected diagram d : D — A and element o € O, (limd),
the following canonical morphism is an isomorphism

5]' —>/ O{Pi}j
i:D
foranyje{1,...,n}.

Proor. This is a direct application of Corollary A.8 and Corol-
lary A.5. O

LEMMA A.10 (LIMITS COMMUTE WITH DEPENDENT PAIRS). Given
functors K : I — Set and G : fK — Set, the following canonical
morphism is an isomorphism

[ [ ctn@— [ []cuxn

a€elimK “ " xeKi

Proor. The domain consists of a family (@;);ec; where a; € K;
together with a family (g;);e; where g; € G(i, @;), such that that for
each morphism i 5 jinI, we have Ku(a;) = aj and (Gu)(g;) = g;.

The codomain consists of a family (x;, g;)je; where x; € Ki and
gi € G(i,x;), such that for each morphism i 5 j in I, we have
Ku(x;) = xj and (Gu)(gi) = gj-

The canonical morphism maps ((x;)ies, (gi)ier) to the family
(xi, gi)ier- It is clearly a bijection. o

PrROOF OF LEMMA A.3. Let d : I — A be a finite connected
diagram and X be a functor preserving finite connected limits.
Then,

LIF(X)d,:/IU ]_[ X5, XX X5

¥on 0€0,(d;)

EU[ U X5, X -

n H e, (dy)
(Coproducts commute with connected limits)

11 [ @ %,

" oc [ On(di)

1]

X Xgn

(By Lemma A.10)

X—— XX
~/i:I pi(0),

Xi
i PiO)n
o€ [, On(d;)

(By commutation of limits)
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Thus, since X preserves finite connected limits by assumption,

fl_ Foa =] ]

XLI;TO)I X oo XXLIIT(U)n 4)
n oc [ On(d;)

Now, let us prove the only if statement first. Assuming that
a: / J — A and each O,, preserves finite connected limits. Then,

/i Fog =] ]

" oc [ On(di)

1R

Xapor, X @),

(By Equation (4))

IR

}( —_— X+ X )( .
n 0eOp(limd) Jotpih Jirolpita

(By assumption on Oy,)

= U U Xa1 X oo
n 0e0y(limd)
= F(Xlimd
Conversely, let us assume that F restricts to an endofunctor
on €. Then, F(1) = [[,, O, preserves finite connected limits. By
Lemma A.4, each O, preserves finite connected limits. By Corol-
lary A.9, it is enough to prove that given a finite connected diagram
d : D — A and element 0 € Oy (limd), the following canonical
morphism is an isomorphism

Bj_’/ O{Pi}j
i:D

X X5, (By Corollary A.9)

Now, we have

/IF(X)di = F(X)limd

(By assumption)

= [441 [441 )(}51 X oo X )<i5n
n 0e0y,(limd)
On the other hand,
L roa =L L Xy oo,
' " oc [ On(di)
(By Equation (4))

= l__l l__l X DYy XXX —
n 0e0,(limd) Jaotpih firolpitn

(Op, preserves finite connected limits)

It follows from those two chains of isomorphisms that each function
Xz, — X, —— is a bijection, or equivalently (by the Yoneda
J /, 7 o{pi} Jj

Lemma), that ¢'(Koj,X) — € (K fi:l o{pi}j,X) is an isomorphism.
Since the Yoneda embedding is fully faithful, 0; — ﬁ polpitjis
an isomorphism. O

A4 Lemma 3.22

Cocompleteness follows from Adamek and Rosicky [4, Remark
1.56], since ¢ is the category of models of a limit sketch, and is
thus locally presentable, by Adamek and Rosicky [4, Proposition
1.51].

For the claimed closure property, all we have to check is that
limits, coproducts, and filtered colimits of functors preserving finite
connected limits still preserve finite connected limits. The case of

1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1707
1708
1709
1710
1711
1712
1713
1714
1715
1716
1717
1718
1719
1720
1721
1722
1723
1724
1725
1726
1727
1728
1729
1730
1731
1732
1733
1734
1735
1736
1737
1738
1739

1740



1741
1742
1743
1744
1745
1746
1747

1748

1760
1761
1762
1763
1764
1765

1766

1774
1775
1776
1777
1778
1779
1780
1781
1782
1783
1784
1785
1786
1787
1788
1789
1790
1791
1792
1793
1794
1795
1796
1797
1798

Submitted to LICS ’24, 2024, Tallinn

limits is clear, since limits commute with limits. Coproducts and
filtered colimits also commute with finite connected limits Adamek
et al. [3, Example 1.3.(vi)].

A.5 Corollary 3.23

The result follows from the construction of T using colimits of initial
chains, thanks to the closure properties of 6. More specifically, TX
can be constructed as the colimit of the chain ¢ - H) — HH0O —
..., where 0 denotes the constant functor mapping anything to the
empty set, and HZ = FZ + X.

B APPLICATIONS

In this section, we present various examples of pattern-friendly sig-
natures. We start in Section §B.1 with a variant of pure A-calculus
where metavariable arguments are sets rather than lists. Then, in
Section §B.2, we present simply-typed A-calculus, as an example
of syntax specified by a multi-sorted binding signature. We then
explain in Section §B.3 how we can handle § and 1 equations by
working on the normalised syntax. Next, we introduce an exam-
ple of unification for ordered syntax in Section §B.4, and finally
we present an example of polymorphic such as System F, in Sec-
tion §B.5.

B.1 Metavariable arguments as sets

If we think of the arguments of a metavariable as specifying the
available variables, then it makes sense to assemble them in a set
rather than in a list. This motivates considering the category A = |
whose objects are natural numbers and a morphism n — pisa
subset of {1, ..., p} of cardinal n. For instance, | can be taken as
subcategory of F,, consisting of strictly increasing injections, or
as the subcategory of the augmented simplex category consisting
of injective functions. Then, a metavariable takes as argument
a set of variables, rather than a list of distinct variables. In this
approach, unifying two metavariables (see the rules U-FLEx and
P-FLEX) amount to computing a set intersection.

B.2 Simply-typed A-calculus

In this section, we present the example of simply-typed A-calculus.
Our treatment generalises to any multi-sorted binding signature Fiore
and Hur [12].

Let T denote the set of simple types generated by a set of atomic
types and a binary arrow type construction — = —. Let us now
describe the category A of arities, or variable contexts, and renam-
ings between them. An arity ¢ — 7 consists of a list of input types
¢ and an output type 7. A term ¢ in & — 7 considered as a vari-
able context is intuitively a well-typed term ¢ of type 7 potentially
using variables whose types are specified by . A valid choice of
arguments for a metavariable M : (¢ — 7) in variable context
¢’ — r’ first requires 7 = 7/, and consists of an injective renaming
7 between ¢ = (01,...,0m) and 6’ = (O'i, ...,0p), that is, a choice
of distinct positions (ry,...,ry) in {1,...,n} such that 6 = o..

This discussion determines the category of arities as A = Fp, [T] X
T , where F,,[T] is the category of finite lists of elements of T and
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injective renamings between them. Table 1 summarises the defini-
tion of the endofunctor F on [A, Set] specifying the syntax, where
|G|, denotes the number (as a cardinal set) of occurrences of 7 in G.

The induced signature is pattern-friendly and so the generic
pattern unification algorithm applies. Equalisers and pullbacks are
computed following the same pattern as in pure A-calculus. For
example, to unify M(X) and M(3), we first compute the vector Z of
common positions between ¥ and , thus satisfying x; = y3. Then,
the most general unifier maps M : (¢ — ) to the term P(Z), where
the arity ¢’ — 7’ of the fresh metavariable P is the only possible
choice such that P(Z) is a valid term in the variable context ¢ — T,
thatis, 7’ = rand 6’ = 03.

B.3 Simply-typed A-calculus modulo Sy

Higher-order pattern unification was originally introduced for
closed simply-typed lambda-terms with metavariables applied to
distinct variables. Lambda-terms are considered in f-short 5-long
normal forms. Although we do not explicitly cover equations, the
syntax of those normal formas is equation free and can be speci-
fied by a GB-signature: we take the same category of arities as in
Section §B.2, and we consider the operations as specified in Table 1.

B.4 Ordered A-calculus

Our setting handles linear ordered A-calculus, consisting of A-terms
using all the variables in context. In this context, a metavariable
M of arity m € N can only be used in the variable context m, and
there is no freedom in choosing the arguments of a metavariable
application, since all the variables must be used, in order. Thus, there
is no need to even mention those arguments in the syntax. It is thus
not surprising that ordered A-calculus is already handled by first-
order unification, where metavariables do not take any argument,
by considering ordered A-calculus as a multi-sorted Lawvere theory
where the sorts are the variable contexts, and the syntax is generated
by operations Ly, X Ly, — Lp4m and abstractions L1 — Lp.

Our generalisation can handle calculi combining ordered and un-
restricted variables, such as the calculus underlying ordered linear
logic described in Polakow and Pfenning [26]. In this section we
detail this specific example. Note that this does not fit into Schack-
Nielsen and Schiirman’s pattern unification algorithm Schack-Nielsen
and Schiirmann [29] for linear types where exchange is allowed
(the order of their variables does not matter).

The set T of types is generated by a set of atomic types and two
binary arrow type constructions = and —». The syntax extends
pure A-calculus with a distinct application ¢~ u and abstraction
A7 u. Variables contexts are of the shape G| — 7, where &, &, and
7 are taken in T. The idea is that a term in such a context has type
7 and must use all the variables of & in order, but is free to use any
of the variables in &. Assuming a metavariable M of arity Gl — T,
the above discussion about ordered A-calculus justifies that there is
no need to specify the arguments for & when applying M. Thus, a
metavariable application M(X) in the variable context ¢’|&" — 7’
is well-formed if 7 = 7’ and X is an injective renaming from & to d’.
Therefore, we take A = Fp, [T] X T* X T for the category of arities,
where T* denote the discrete category whose objects are lists of
elements of T. The remaining components of the GB-signature are
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Table 1: Examples of (pattern-friendly) GB-signatures (Definition 3.13)

Simply-typed A-calculus (Section §B.2)

Typing rule ‘ O(—>1)=..+ ‘ ao=(...) ‘
x:7€eT S
Trxz {vili € |ol} 0
Ttt:' =7 Tru:7 o ’
T T u:t (av|t €T} ( c—o (' =1 )

F'rtu:r

-1

TrAxt: g =

Ix:tprt:m

{lrl,rzlf =(n1 = )}

72

(3, 1 — T2)

Simply-typed A-calculus modulo S (Section §B.3)
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Typing rule

[ O(cd—>r1)=..+ [

x:T =>r71€l

7 is a base type

T+E: 7

Trxi:r

{a,-gfl/’_"),;l li € |6]7 -, and 7 is a base type}

I,x:mirt:m
TrAxt:11 = 10

{lrl,rzlf = (Tl = TZ)}

(6,71 = 12)

Ordered A-calculus (Section §B.4)

TIQ+rtu:t

gl) -’

Typing rule [ oG —>1)=..+ [ ao=(...) ‘
o {oili € 31 and 3 = () 0
- =
Tx:tkx:7T 716 =0} 0
T|Q o7’ r|- i g|&d !
Qrt:" =7 T|ru:t (av|t’ € T} (0'|w—>(r =>1'))

IQirt:t’ »7r T|Qru:t

rlQl,Qz Ftou:r

T’

{a%? | € Tand & = &1, D2} (

. ,
Glwy — T

Gliy — (¢ = 1) )

F,x:r1|Q Ft:1o
IQ+rAxt:11 =1

{lonlt= (11 = 1)}

(G, 116 — 12)

TQx:11+t:1

TIQ+Axt:11 » 1y

{7 5,7 = (r1 » 2)}

(6. 11lé — 2)

System F (Section §B.5)

l Typing rule ‘ O(plorr)=..+ ‘ ao=(..)
x:t€el -
m {vili € |o]¢} 0

nT+t:" =7 nlru:7

nTrtu:rt

{ar|t’ € Sn}

= ’
nlo -1 =1
(n|3—>r’ )

nl,x:11Ft:1

nlTFAxt:1 = 1

{lTI,T2|T = (11 = 1)}

(nlo, 71 — 1)

nT+t:Vr

T2 € Sp

nTrt-1:1[12]

{Ar 5l = 11[72]}

(n|g — V1)

nlT + At : VT

n+1|lwk(T) -t

: T

{Ar]r=Vr'}

(n+1|wk(c) - 7')
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specified in Table 1: we alternate typing rules for the unrestricted
and the ordered fragments (variables, application, abstraction).

Pullbacks and equalisers are computed essentially as in Sec-
tion §B.2. For example, the most general unifier of M(X) and M(y)
maps M to P(Z) where Z is the vector of common positions of ¥
and ¢, and P is a fresh metavariable of arity o3| — 7.

B.5 Intrinsic polymorphic syntax

We present intrinsic System F, in the spirit of Hamana [17].
The syntax of types in type variable context n is inductively
generated as follows, following the De Bruijn level convention.

1<i<n nkt nru n+lrt
nki nkt=u ntVt
Let S : F;, — Set be the functor mapping n to the set S, of types
for system F taking free type variables in {1, ..., n}. In other words,

Sn = {r|n v t}. Intuitively, a metavariable arity n|d — r specifies
the number n of free type variables, the list of input types &, and
the output type 7, all living in Sj,. This provides the underlying
set of objects of the category A of arities. A term ¢ in n|d — 7
considered as a variable context is intuitively a well-typed term of
type 7 potentially involving ground variables of type ¢ and type
variables in {1,...,n}.
A metavariable M : (n|o1,...,0p — 7) in the variable context
n’|6’ — ¢’ must be supplied with
e a choice (11, ..., np) of n distinct type variables among the
set {1,...n"}, such that z[77] = 7/, and
e an injective renaming o[j] — J’, i.e., a list of distinct
positions r1, . .., rp such that G[7] = 0';.

This defines the data for a morphism in A between (n|lo — 1)
and (n’|6’ — 7’). The intrinsic syntax of system F can then be
specified as in Table 1. The induced GB-signature is pattern-friendly.
For example, morphisms in A are easily seen to be monomorphic;
we detail in Appendix §C the proof that A has finite connected
limits. Pullbacks and equalisers in A are essentially computed as in
Section §B.2, by computing the vector of common (value) positions.
For example, given a metavariable M of arity m|6 — t, to unify
M(w|X) with M(y|Z), we compute the vector of common positions
p between w and 7, and the vector of common positions ¢ between
¥ and Z. Then, the most general unifier maps M to the term P(p|q),
where P is a fresh metavariable. Its arity m’|¢" — 7’ is the only
possible one for P(p|q) to be well-formed in the variable context
m|G — 1, that is, m’ is the size of p, while 7’ = r[p; > i] and

2/

& = ozlpi o il.

C PROOF THAT A HAS FINITE CONNECTED
LIMITS (SECTION B.5 ON SYSTEM F)

In this section, we show that the category A of arities for System
F (Section §B.5) has finite connected limits. First, note that A is
the op-lax colimit of the functor from F, to the category of small
categories mapping n to Fp, [Sn] X Sp,. Let us introduce the category
A’ whose definition follows that of A, but without the output
types: objects are pairs of a natural number n and an element of Sj,.
Formally, this is the op-lax colimit of n — Fp,[S,].

LemMA C.1. A’ has finite connected limits, and the projection
functor A" — F,, preserves them.

18

Anon.

Proor. The crucial point is that A’ is not only op-fibred over F,
by construction, it is also fibred over F,. Intuitively, if 5 € Fy,[Sy]
and f : n’ — nis a morphism in F,, then fic € F,,[Sy] is
essentially ¢ restricted to elements of S, that are in the image of
S¢. We can now apply Gray [15, Corollary 4.3], since each Fp, [Sy]
has finite connected limits. O

We are now ready to prove that A has finite connected limits.
LemMA C.2. A has finite connected limits.

Proor. Since S : Fj;, — Set preserves finite connected limits,
/ S has finite connected limits and the projection functor to F,
preserves them by Corollary A.8.

Now, the 2-category of small categories with finite connected
limits and functors preserving those between them is the category of
algebras for a 2-monad on the category of small categories Blackwell
et al. [7]. Thus, it includes the weak pullback of A’ — Fyy, « f S.
But since f S — Fyy, is a fibration, and thus an isofibration, by Joyal
and Street [19] this weak pullback can be computed as a pullback,
which is A. O
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