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“playing field without boundaries”
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Abstract

In this PhD thesis we develop a regularization scheme for time–ordered products in interact-
ing quantum field theories on curved spacetimes. We recall here that time–ordered products
of fields are necessary tools to treat interacting theories by means of perturbation methods.
In the naive construction of this products, by means of products of Feynman propagators,
divergences on diagonals occur and they need to be tamed preserving the good properties
of the underlying spacetime.

The procedure is implemented into the framework of perturbative algebraic quantum field
theory (pAQFT). First we recall the framework of pAQFT. Second we present our scheme. It
consists of an analytic regularization of Feynman amplitudes and a minimal subtraction of
the resulting pole parts. From a mathematical point of view, it consists in the extension of
certain distributions to submanifolds (diagonals) preserving good covariance properties.

This scheme is directly applicable to spacetimes with Lorentzian signature, manifestly gen-
erally covariant, invariant under any spacetime isometries present and constructed to all
orders in perturbation theory. Moreover, the scheme captures correctly the non–geometric
state–dependent contribution of Feynman amplitudes and it is well–suited for practical com-
putations. To illustrate this last point, we compute explicit examples on a generic curved
spacetime, and demonstrate how momentum space computations in cosmological space-
times can be performed in our scheme. In this work, we discuss only scalar fields in four
spacetime dimensions, but we argue that the renormalization scheme can be directly gen-
eralized to other spacetime dimensions and field theories with higher spin, as well as to
theories with local gauge invariance. This work is based on the article [1].
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Introduction

Quantum field theory and regularization

Physical systems with a finite numbers of degrees of freedom, like the harmonic oscillator,
are nowadays very well understood. However, in order to describe systems at very high
energy, like those necessary to describe the phenomena occurring in accelerators, infinite
degrees of freedom are necessary. We can naively imagine to approximate such systems
with a large number of harmonic oscillators which are interacting. Furthermore, because of
the presence of interaction it is not enough to know the dynamics of a single element to find
the dynamics of the whole model. In other words, those kind of systems cannot be treated
as ordinary dynamical systems, the notion of fields has to be introduced. Fields are objects
which associate a value to every point in space and time. One of the most popular example
of field is the (classical) electromagnetic field governed by Maxwell’s equations, in this case
the theoretical predictions coincide very well with the experimental results.

In order to describe atomic physics and electromagnetism in a comprehensive framework
quantum field theories on Minkowski spacetime have been introduced in the past. We recall
here that Minkowski spacetime is a four dimensional manifold (three spatial coordinates
and one time) equipped with a flat Lorentzian metric. The quantization of free fields, i.e.
fields which satisfy a linear equation of motion, on Minkowski spacetime is well understood.
However, in order to describe realistic physical models, fields satisfying non linear dynamics
have to be studied. Even if there is no rigorous mathematical theory of interacting fields, the
theory of perturbations developed in the last century permits to make prediction which are
extremely accurate.

In the perturbative treatment of interacting fields the relevant objects are described by
power series in the coupling constants, however, this series present three kinds of problems,
namely the elements of this series are plagued by

1. ultraviolet (UV) divergences occurring at very high energy,

2. infrared (IR) divergences occurring at very low energy,

3. and the series usually do not converge in any rigorous way.

The first kind of problems (1) are nowadays well understood and a solution to those prob-
lems is furnished by the theory of renormalization. Although a complete and generic so-
lution of the second kind of problems (2) is not available, the infrared divergences can be
tamed restricting the theory to local portions of the spacetime. For the last point (3) no so-
lution is available, so the elements of the theory are considered to be formal power series in
the coupling constants. In this work we shall concentrate on the first class of problems.

In order to treat UV divergences on Minkowski spacetime different methods are available,
we recall here the momentum cutoff, the Pauli Villar [2], the analytic [3], and the dimensional
regularizations. The latest attracted our attention, it has been developed by ’t Hooft and
Veltman [4] and independently by Bollini and Giambiagi [5].

In the recent years the theory of perturbations has been extended to the case of curved back-
grounds see e.g. [6]. It allows us to present in this work the treatment of UV divergences in
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the case of curved spacetime (CST), namely we shall analyze a theory where the spacetime is
described by a Lorentzian manifold with some further assumptions. As expected the same
kind of problems present in the flat case remains and sometimes becomes even more diffi-
cult. We cannot give a straightforward generalization of procedures to treat UV divergences
developed in Minkowski to curved spacetime. One of the reason is that now on curved back-
ground only local objects are meaningful, whereas on Minkowski we could work with non
local objects too. Quantum field theory (QFT) on curved background can be viewed as a first
try to enlarge the theory to general relativity, or more modestly just to a generalization of
theory of fields in Minkowski spacetime.

Several renormalization schemes which deal with UV divergences in the presence of non–
trivial spacetime curvature have been discussed in the literature in the last decades, such
as for example local momentum space methods [7], dimensional regularization in combi-
nation with heat kernel techniques [8, 9], differential renormalization [10, 11], zeta–function
renormalization [12], generic Epstein–Glaser renormalization [6, 13, 14], and, on cosmologi-
cal spacetimes, Mellin–Barnes techniques [15], and dimensional regularization with respect
to the comoving spatial coordinates [16]. Some of these schemes, such as heat kernel ap-
proaches, zeta–function techniques and local momentum space methods are based on con-
structions which are initially only well–defined for spacetimes with Euclidean signature.
These constructions can be partly transported to general Lorentzian spacetimes by local
Wick–rotation techniques developed in [17]. It appears that the problems comes from the
Feynman propagator, which is essentially unique on Euclidean spacetimes, unfortunately,
this is not the case on Lorentzian spacetimes where this propagator has a non–unique con-
tribution depending on the quantum state of the field model. Consequently, the Euclidean
renormalization techniques are able to capture the correct divergent and geometric parts of
Feynman amplitudes, but a priori not their non–geometric and state–dependent contribu-
tions.

Algebraic quantum field theory

In order to have a full understanding of quantum field theory axiomatic formulations have
been developed. One of them is the one introduced by Haag and Kastler [18], entirely based
on local concepts. For this reason it is well suited to approach quantum field theory on
curved background. Indeed in every curved spacetime physical quantities are only known
locally. Brunetti, Fredenhagen [6], and, Hollands and Wald [13, 14] have developed a proce-
dure to treat regularization problem on curved spacetimes with Lorentzian signature, which
is based on ideas of Steinmann, Epstein, and Glaser [19, 20]. This method is compatible with
the axiomatic approach initiated by Haag and Kastler.

The algebraic approach that we shall use is completely built with the requirement of using
only local objects. In chapter 1 we start by defining the off shell configuration space of real
scalar fields, where fields shall be view as smooth functions which map regions of space-
time to real numbers. Then we introduce the notion of observable in the functional approach
which is well suited to perform explicit computations. Every observable illustrate the ac-
tion of performing an experiment on a physical system, it shall be described as functional
mapping field configurations to complex numbers.

As a first step we define in section 1.3 the off shell algebra of classical observables. The
quantization procedure chosen is the formal deformation defined in section 1.5. The idea
is to formally deform the (classical) pointwise product between observables to a “quantum
product” in order to implement the quantum structure. The causality in the perturbative ap-
proach is implemented by considering a time–ordered prescription. In practice it is done by
modifying the “quantum product”, to obtain the time ordered product. The UV divergences
comes from the fact that this time ordered product can be ill defined. Hollands and Wald



9

in [13, 14, 21] gave a set of axioms to build time ordered product in order to get a physically
meaningful theory.

An explicit construction of time ordered products which satisfied the desired axioms has
been done using the generalized (Epstein–Glaser) regularization scheme developed in [6,
13, 14], where the problem is in fact reduced to the extension of distributions called Feyn-
man propagator. Actually, within this scheme the time-ordered products are constructed by
means of an iterative procedure over the number of local fields. At every induction step,
causal factorization, which is one of the requested axioms, permits to construct the time
ordered products up to the total diagonal. The last step is the extension of the obtained
products to the full space. This can be done by means of some scaling techniques, developed
by Steinmann, towards the point where the products are not known.

The procedure is based on microlocal techniques which replace the momentum space meth-
ods available in Minkowski spacetime and have been introduced to quantum field theory in
curved spacetime by the seminal work [22]. In particular it uses the notion of wave front
set which is well suited to work on curved spacetime owing it does not depend on the co-
ordinates system chosen. The wave front set characterize the singularities in position and
momentum spaces of distributions.

However, although this scheme is conceptually clear and mathematically rigorous, it is not
easily applicable in practical computations. On the other hand, Lorentzian schemes which
are better suited for this purpose have not been developed to all orders in perturbation theory
[10, 11], are tailored to specific spacetimes [15] or are not manifestly covariant [16]. We shall
mention that the the state of the art of the mathematical formulation of regularization of
quantum field theory in curve spacetime can be found in [23].

Motivated by this, we develop a regularization scheme in interacting field theories on
curved spacetimes which is directly applicable to spacetimes with Lorentzian signature. This
regularization scheme is inspired by the works [24, 25] which deal with perturbative QFT in
Minkowski spacetime and has been presented in the paper [1]. In these works, the authors in-
troduce an analytic regularization of the position–space Feynman propagator in Minkowski
spacetime which is similar to the one discussed in [5]. The scheme shall appear to be mani-
festly generally covariant, invariant under any spacetime isometries present and constructed
to all orders in perturbation theory. Moreover, it captures correctly the non–geometric state–
dependent contribution of Feynman amplitudes and it is well–suited for practical computa-
tions. In this work, we discuss only scalar fields in four spacetime dimensions, but we shall
argue that the renormalization scheme can be directly generalized to other spacetime dimen-
sions and field theories with higher spin, as well as to theories with local gauge invariance.

In particular in chapter 2 we extend the scheme proposed in [25] to curved spacetimes.
Motivated by [5] and the form of Feynman propagators on curved spacetimes, we introduce
an analytic regularization ∆

(α)
f of a Feynman propagator ∆f which can be written as follows

using the Hadamard representation

H
(α)
f := lim

ε↓0

1

8π2

(
u

(σ + iε)1+α
+
v

α

(
1− 1

(σ + iε)α

))
+ w ,

where u, v and w are the so–called Hadamard coefficients, σ is half of the squared geodesic
distance, and α a non zero complex parameter. Pointwise product of these distributions are
in general ill defined on coinciding points, however, using this analytic regularization we
can determine an extension by subtracting the principal part with respect to α. This method,
is called the minimal subtraction procedure. For instance if uα is the analytic regularization
of a distribution u, we can find an extension to u by

ums = lim
α→0

(uα − pp(uα)) .
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This analytic regularization, namely the construction of certain distributions by means of
powers of the geodesic distance, is reminiscent of the use of Riesz distributions to define
advanced and retarded Greens functions on Minkowski spacetime. A careful discussion of
Riesz distributions and their extension to the curved case is presented in [26]. The regulariza-
tion we use is loosely related to dimensional regularization because the leading singularity
of a Feynman propagator in d spacetime dimensions is proportional to (σ + iε)1−d/2, see
e.g. [27, Appendix A]. A regularization of the Feynman propagator similar to the one above
has recently been discussed in [28]. The minimal subtraction scheme can be encoded in a
forest formula of the kind discussed in [15, 24, 25] in order to obtain a time–ordered prod-
uct which satisfies the causal factorization property, i.e. a product which is indeed “time–
ordered”. In order to prove that the analytically regularized amplitudes constructed out of
H

(α)
f have the meromorphic structure necessary for the application of the forest formula and

in order to show how the corresponding Laurent series can be computed explicitly, we shall
make use of generalized Euler operators. At the end of chapter 2 we shall verify that the reg-
ularized time ordered product obtained through our scheme satisfies the axioms introduced
by Hollands and Wald [13, 21].

Finally in chapter 3 we illustrate the scheme by computing examples on generic space-
time, and on cosmological spacetimes, and in particular on Friedmann–Lemaître–Robertson–
Walker (FLRW) spacetimes. We exploit the high symmetry of these spacetimes in order
to evaluate analytical expressions in spatial Fourier space. However, the regularization
scheme discussed in this work operates on quantities such as the geodesic distance and the
Hadamard coefficients, whose explicit position space and momentum space forms are not
even explicitly known in FLRW spacetimes. Notwithstanding, we devote a large part of this
work in order to develop simple methods to evaluate quantities renormalized in our scheme
on FLRW spacetimes in momentum space, and we illustrate these methods by explicit exam-
ples.

In appendix A we collect known results about topology, differential and Lorentzian geom-
etry, causality, in order to give a complete definition of the notion of spacetime. We also
briefly review FLRW spacetimes.

Aspects of quantum field theory on noncommutative spacetimes

During the three years of my PhD course I was also interested in the noncommutative ap-
proach to quantum field theory. These studies have been done in collaboration with Tajron
Jurić1, Patrizia Vitale2, and Jean-Christophe Wallet3. The results have been presented in three
articles, [29], [30], and [31]. Here, I would like to briefly summarize the result obtained in
those papers.

Noncommutative Geometry introduced by Connes [32] could be a possibility to overcome
physical obstructions to the existence of continuous spacetime and commuting coordinates
at the Planck scale [33]. It gives a new approach to field theories, usually called noncommu-
tative field theories (NCFT), which have been considered long ago within string field theory,
see e.g. [34]. Models have been built for the fuzzy spheres [35], and also for gauge theories
on almost commutative geometries. In particular NCFT on noncommutative Moyal spaces
received a lot of attention from the viewpoint of perturbative properties and renormalizabil-
ity [36].

In several NCFT developed recently we can noticed that Jacobi operators appear as kinetic
operators. Therefore in [29] we wanted to characterize those operators in order to be helpful

1Rud̄er Bošković Institute, Theoretical Physics Division, Zagreb, Croatia
2Dipartimento di Fisica, Università di Napoli Federico II, Italy
3Laboratoire de Physique Théorique, CNRS and Université Paris-Sud 11, Orsay, France
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for NCFT. We restricted ourselves to the case of bounded Jacobi operators. A set of tools
mainly issued from operator and spectral theory is given in a way applicable to the study
of NCFT. We illustrate this formal development with an application to a gauge-fixed version
of the induced gauge theory on the Moyal plane expanded around a symmetric vacuum.
The characterization of the spectrum of the kinetic operator is given, showing a behavior
somewhat similar to a massless theory. An attempt to characterize the noncommutative
geometry related to the gauge fixed action is presented. Using a Dirac operator obtained
from the kinetic operator, it is shown that one can construct an even, regular, weakly real
spectral triple. This spectral triple does not define a noncommutative metric space for the
Connes spectral distance.

We also worked on particular NCFT models, namely field theories on the noncommutative
space R3

λ, a deformation of R3 preserving rotation invariance, studied in [37]. In the footsteps
of this work we considered gauge models on this same space. The construction of noncom-
mutative gauge models can be conveniently achieved by using the general framework of the
noncommutative differential calculus based on the derivations of an algebra. Mathematical
details and some related applications to NCFT can be found in [38]. We first defined the
Lie algebra of real inner derivations of R3

λ, denoted G. Second we consider a noncommuta-
tive extension of the notion of connection on the right-module M over R3

λ as a linear map
∇ : G ×M→ M. Here we restricted ourselves to the case M = C⊗ R3

λ. We define the gauge
field as the evaluation of a connection on the identity. By defining a gauge transformation
of the connection, we can notice that a new gauge coordinate can be defined which is gauge
invariant, it is called the covariant coordinate.

In [31] we considered a class of gauge invariant models on R3
λ where we choose as relevant

gauge coordinate the “canonical” gauge field. We focused ourselves on massless models
with no linear term in the gauge field dependence. We obtain noncommutative gauge mod-
els for which the computation of the propagator can be done in a convenient gauge. We find
that the infrared singularity of the massless propagator disappears in the computation of the
correlation functions. We show that massless gauge invariant models on R3

λ have quantum
instabilities of the vacuum, signaled by the occurrence of non vanishing one–point functions
for some but not all of the components of the gauge potential. Its global symmetry does not
fit with the one of the classical action, reminiscent of an explicit global symmetry breaking
term.

In another project [30], we look again at noncommutative gauge theory models on the same
space R3

λ, but this time we restrict ourselves to positive actions with covariant coordinates
as field variables. We showed that a suitable gauge-fixing leads to a family of matrix models
with quartic interactions and kinetic operators with compact resolvent. Their perturbative
behavior is then studied. We first compute the 2-point and 4-point functions at the one-loop
order within a subfamily of these matrix models for which the interactions have a symmetric
form. We find that the corresponding contributions are finite. We then extend this result
to arbitrary order. We find that the amplitudes of the ribbon diagrams for the models of
this subfamily are finite to all orders in perturbation. This result extends finally to any of
the models of the whole family of matrix models obtained from the above gauge-fixing.
The origin of this result is discussed. Finally, the existence of a particular model related to
integrable hierarchies is indicated, for which the partition function is expressible as a product
of ratios of determinants.



12



Chapter 1

Interacting quantum field theory

In the last decades quantum field theory (QFT) has been tested with very sophisticated ex-
periments, and predictions made by the theory coincide with very high precision to the ex-
perimental results. One of the missing block to this robust theoretical framework is imple-
menting gravitation. QFT on curved spacetime (CST) is a first step in that direction. In this
work, for simplicity we will restrict ourselves to the case of a quantum scalar field propagat-
ing over a curved background. Despite of the simplicity of this model, its treatment will give
us a clear idea of the mathematical structure necessary to describe quantum field theories on
curved spacetimes.

In this chapter we shall present the mathematical framework necessary to formalize the
theory of QFT on CST. In particular we shall use the approach of algebraic quantum field
theory. It consists in two steps. First we shall define the algebra of observables and the
relations among them. The second step consists in the determination of a state of the system
by means of which we can model expectation values.

We shall focus first on the free theory, and describe the mathematical elements necessary
to describe quantum field theories on a curved spacetime M (cf. definition A.10). That is
to say we shall introduce the notion of fields and observables within this approach, then the
classical field theory, and finally we present the quantization procedure we shall use.

At the end of this chapter we shall analyze the case of interacting theories, where the in-
teraction will be treated perturbatively. In the perturbative approach to interacting quan-
tum field theories, observables are given as formal power series in the coupling constant.
These kind of theories are affected by three class of problems, namely the ultraviolet diver-
gences, the infrared problems, and the convergence problems of the perturbative series. At
the present time we have the first problem under good mathematical control thanks to the
theory of regularization, the second problem can be tackled using for example the algebraic
adiabatic limit. Unfortunately it is still not known in which sense these series could con-
verge if it converges at all. In this chapter we shall concentrate on the first class of problems
presenting the status of the art.

1.1 Off shell configuration space

1.1.1 Configuration space of a real scalar field theory

As stated in the introduction, we aim to describe a quantum field theory over a curved back-
ground. In ordinary classical theory the state of a system is described by a section of a
particular vector bundle overM. Furthermore, if the field theory we are considering is free,
usually the section mentioned above needs to satisfy a linear equation of motion.

In this thesis we would like to describe an interacting real scalar field theory, hence a pos-
sible field configuration is described by a scalar function φ overM. Furthermore, since we



14

shall treat the interaction by means of perturbation theory, we need to enlarge the space
of admissible field configurations dropping the requirement that an equation of motion is
satisfied.

In order to be able to work easily with the theory, some regularities need to be requested
for the admissible field configurations. In particular, we shall assume that the admissible
functions are smooth.

We may summarize all these requirements in the following definition.

Definition 1.1 (Off shell configuration space)
The off shell configuration space over the spacetime M, as defined in A.10, is the space of
real valued smooth maps, φ ∈ E(M). It is equipped with the locally convex topology. �

1.1.2 Topological aspects of the configuration space

As we already said, in the general case the configuration space overM can be defined as the
space of sections of some vector bundle E overM. Since we shall work only with real scalar
fields, the chosen vector bundle is simply the real line bundle E(M) (cf. appendix A).

We would like now to discuss some mathematical aspects of E(M), i.e. we shall discuss its
topology and the notion of convergence on it. We start by looking at the space of functions
of the form

f : N ⊂ Rn → R .

Using L. Schwartz’s notation we denote the space of real valued smooth functions on N by
E(N). We equip E(N) with the following family of seminorms

P = {pK,r(f) , with compact subset K ⊂ N , and r ∈ N} , (1.1)

where the seminorms pK,r are defined as follows

pK,r(f) = sup {|∂af(x)| with x ∈ N and |a| ≤ r} ,

where the multiindex a ∈ Nn, |a| =
n∑
i=1

ai, and ∂a =
∂a1

∂xa1
1

. . .
∂an

∂xann
. (1.2)

The family of seminorms P endow E(N) with a locally convex topology. On this space a
sequence (fn) converges with limit f if for all a and all compact K,

(∂afn) converge uniformly on K to (∂af) ,

i.e. for all ε > 0 there is rε ∈ N such that for every x ∈ K and any n ≥ rε ,
we have |∂afn(x)− ∂af(x)| < ε .

This space is a locally convex topological vector space which appears to be a Fréchet space.
We recall that a Fréchet space is a complete locally convex topological vector space with
a metrizable topology. It can be shown that a locally convex topological vector space is
metrizable if and only if the topology can be induced by a countable family of seminorm.
Here, as defined in (1.1), the topology on E(N) is defined via a family of seminorm (1.1) and
is also complete. Thus it is true that E(N) is a Fréchet space.

Now let us come back to E(M), i.e. the space of smooth functions defined as follows

φ :M→ R .

As for E(Rn) the topology of E(M) can be induced by a family of seminorms. Let us consider
the atlas {(Ui,Φi)} on M, a compact set K ⊂ Φi(Ui) ⊂ Rn, and r ∈ N. We define the
seminorm pM on E(M) as follows

pM(φ) = pK,r
(
Φ
(
φ|Ui(x)

))
,
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with φ ∈ E (M). It defines the Fréchet topology on E (M). In particular, a sequence (φn)
converges to φ with respect to this topology if and only if for any compact set K ⊂ Ui, the
sequence (∂aφn) converges uniformly on K to ∂aφ.

For later purposes let us introduce the space of real valued smooth compactly supported
functions D(M), endowed with the locally convex topology implemented as follows

D(M) =
⋃

K⊂M
DK(M) ,

where in the right hand side the union is taken over all compact set K ⊂M. DK(M) ⊂ E(M)
is the space of all smooth functions supported in K, endowed with the topology induced from
E(M). On D(M) we have the inductive limit topology. It is a locally convex topological
vector space but non metrizable, therefore it is not a Fréchet space.

1.2 Observables as functionals over field configurations

In this section we shall introduce the set of observables of a scalar field theory over a curved
background. We recall that an observable models a possible experimental apparatus by
means of which we can test the physical system we are considering. In other words, it must
be possible to associate an observable to every detectable property of an element of the con-
figuration space over M. Examples of observables are the local energy density, the local
temperature, the local momentum and the local density of the field. Hence, roughly speak-
ing, observables are functions on the configuration space with values in ordinary numbers.

Once we have detected a sensible set of observables which describes a quantum field theory
on curved background, we shall analyze the relation among them. Here we aim to individ-
uate the algebraic properties satisfied by the set of observables, this is necessary in order to
use standard algebraic method to quantize the system. Notice that the algebra of observables
we want to obtain will not depend on the particular state of the system (cf. section 1.6 for an
introduction to states).

We shall use the functional approach to define mathematically the observables, since this
method is less abstract and more computationally friendly [39, 40]. Hence, we shall view
from now on an observable F as a functional

F :

{
E(M) → C
φ 7→ F(φ)

.

An important and simple example of functionals are the linear ones.

Definition 1.2 (Linear functionals)
We define a linear functional F(φ) as follows

F(φ) =

∫
M

dx
√
|g| f(x) φ(x) ,

with f ∈ D(M). �

The generic space of observables is thus the set of all possible functionals and it is denoted
by F(M). We shall now discuss some further restrictions we have to require in order to be
able to work with these objects.

The laboratory where the measurements are made is bounded in space and time, thus we
shall consider only observables defined on a finite subspace ofM. For this reason we need a
concept which permits to localize functionals in a certain region of spacetime.
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Definition 1.3 (Spacetime support)
Let F be a complex valued functional. The spacetime support of F is defined as follows

supp(F)
.
=

{
x ∈M

∣∣∣∣ ∀ U 3 x, ∃ φ, ψ ∈ E(M) with supp(ψ) ⊂ U,
such that F(φ+ ψ) 6= F(φ)

}
.

It is a closed subset ofM. �

According to definition 1.3 a functional F does not “feel” field configurations which are
localized outside supp(F). In other words the spacetime support of F is the subset of M
where F does see the “fluctuations” of the field configuration.

As discussed above, the space F(M) is still too large. We should consider functionals
with compact spacetime support over M, this set is denoted by F0(M). Notice that this
new space can be endowed with an algebraic structure, introduced in [39].

Definition 1.4 (Algebra of compactly supported functionals)
Let F and G be compactly supported functionals, i.e. elements of F0(M) then we define the
following operations.

• Sum : (F + G)(φ) = F(φ) + G(φ) ,

• Multiplication by a scalar z ∈ C : (z · F)(φ) = zF(φ) ,

• Pointwise product : (F · G)(φ) = F(φ)G(φ) ,

• Involution1 : F∗(φ) = F(φ),

• Unit : I = F(φ)

∣∣∣∣
φ=0

= 1 ,

with φ ∈ E(M). �

The space F0(M) equipped with the operations and elements listed above defines a com-
mutative unital ∗–algebra.

In order to ensure the well posedness of the previous definition, we can check that the alge-
braic operations introduced in definition 1.4 do not modify the spacetime support presented
in definition 1.3. Actually, we have the following lemma whose proof can be found in [39].

Lemma 1.1 (“Rigidity” of the spacetime support)
The algebraic operations introduced in definition 1.4 preserve the spacetime support of a
functional. In particular

• Sum : supp(F + G) ⊆ supp(F) ∪ supp(G) ,

• Multiplication by a scalar z ∈ C : supp(z · F) = supp(F) ,

• Pointwise product : supp(F · G) ⊆ supp(F) ∩ supp(G) ,

• Involution : supp(F∗) = supp(F) ,

• Scalar multiple of the unit, z ∈ C : supp(z · I) =M ,

with F,G ∈ F0(M) and φ ∈ E(M). I

1The operation · is the complex conjugation.
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Despite these restrictions, the functionals in F0(M) are too general. In order to be able to
properly work with a functional we have to be able to compute all its functional derivatives
and these functional derivatives have to show some regularity.

Let us start formalizing this discussion giving the definition of functional derivative which
will be used all along in the present work. Let X be a locally convex topological vector space,
a subset U ⊆ X, is also said to be locally convex if every point x ∈ U has a neighborhood
contained in U.

Definition 1.5 (Functional derivative)
Let X and Y be two locally convex topological vector spaces, and U ⊆ X an open subset. The
functional derivative (or Gâteaux derivative) of a map F : U → Y at φ ∈ U in the direction
ψ ∈ X is defined as the map F(1) : U× X→ Y,

F(1)(φ)[ψ] = lim
t→0

1

t

(
F(φ+ tψ)− F(φ)

)
.

The map F is called differentiable (or Gâteau differentiable) at φ ∈ U if the limit exists for
all ψ ∈ X, and continuously differentiable if F(1) is jointly continuous on the product space
U × X. The generalization to the n-th functional derivative of F at φ ∈ U with respect to the
directions ψ1, . . . , ψn ∈ X is defined as a map F : U× X⊗n → Y,

F(n)(φ)[ψ1, . . . , ψn] = lim
t→0

1

t

(
F(n−1)(φ+ tψn)[ψ1, . . . , ψn−1]− F(n−1)(φ)[ψ1, . . . , ψn−1]

)
.

The map F is said to be smooth at φ ∈ U if the limit exists for all ψ1, . . . , ψn ∈ X, and if F(n) is
jointly continuous on the product space U× X⊗n. �

We recall that a map
f : U× X→ Y

is jointly continuous at (x, y) ∈ X× U, if

for each neighborhood Y′ of f(x, y) ,

∃ a product of open sets U′ × X′ ⊆ U× X containing (x, y) ,

such that f(U′ × X′) ⊆ Y′ .

For later purposes we notice that the derivatives of a functional are distributions.
If instead of considering generic locally convex topological vector spaces X and Y in the

previous definition, we take E(M) or D(M) and C respectively, then we have a precise defi-
nition of the derivative of an observable described by a functional.

We illustrate this definition by means of a simple example.

Example 1.1
Here we compute the first two derivatives of a “functional potential” φ4. Let us consider a
test function λ ∈ D(M) and

V(φ) :=

∫
M

dx
√
|g| λ(x)

4!
φ(x)4 ,

then

V(1)(φ)[ψ] =

∫
M

dx
√
|g| λ(x)

3!
φ(x)3ψ(x) ,

V(2)(φ)[ψ1, ψ2] =

∫
M

dx
√
|g| λ(x)

2!
φ(x)2ψ1(x)ψ2(x) ,
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or with a small common abuse of notation

V(1)(φ) =
λ(x)

3!
φ(x)3 , V(2)(φ) =

λ(x)

2!
φ(x)2δ(x, y)

where δ is the Dirac delta function. �

We can show that the main results in differential calculus still hold in this framework.

Lemma 1.2
Let F and G be two smooth functionals, and let φ, ψ1,...,n contained in a locally convex topo-
logical vector space, e.g. E(M) or D(M).

• fundamental theorem of calculus

F(φ+ ψ)− F(φ) =

∫ 1

0
dt F(1)(φ+ tψ)[ψ]

• Taylor’s formula

F(φ+ ψ) = F(φ) + F(1)(φ)[ψ] + · · ·+ 1

n!
F(n)(φ)[ψ1, . . . , ψn]

+
1

n!

∫ 1

0
dt (1− t)n F(n+1)(φ+ tψ)[ψ⊗n]

• Leibniz formula

(F · G)(n) (φ)[ψ1, . . . , φn] =
n∑
k=0

(
n

k

)
F(k)(φ)[ψ1, . . . , ψk] G

(n−k)(φ)[ψ1, . . . , ψn−k] . I

We are now ready to introduce the space of observables we shall work with. It is a subset
of F0(M), called the space of regular functionals. Let us give its definition.

Definition 1.6 (Space of regular functionals)
We define the space of regular functionals as follows

Freg(M) =

{
F(φ)

∣∣∣∣ F(φ) ∈ F0(M) is smooth, F(n)(φ) ∈ D′(Mn)

}
,

where φ is a test function, i.e. an element of E(M). �

This set still forms an algebra. Furthermore, the space D′(Mn) which shall be define in
details in section 1.4.1. We shall for now work with regular functionals.

1.3 Classical free field theory

In the previous sections we have introduced the set of observables of a scalar field theory
in the functional approach, we discuss now how to describe a classical field theory in this
framework, therefore we have as equation of motion the generalized Klein Gordon equation

Pφ =
(
�+ V ′

)
φ = 0 , where V ′ = ξR+m2 + V . (1.3)

The coefficient m denotes the (positive real) mass of the theory, ξ ∈ R describes the coupling
with the scalar curvature R, and V is a non linear local potential.

In the present section 1.3 we shall only consider V = 0, i.e. we shall work only with a free
theory. We also notice that, in the case of vanishing curvature (ξ = 0), the generalized Klein
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Gordon equation (1.3) reduces to the Klein Gordon equation of the free scalar field theory on
Minkowski spacetime (cf. definition A.11). The case ξ = 0 is called minimal coupling, and
ξ = 1

6 conformal coupling (for more details look at [41]).
We recall that M is chosen to be a globally hyperbolic spacetime (cf. definition A.10),

therefore the differential equation (1.3) admits a unique solution once we fix enough initial
conditions on a generic Cauchy surface Σ. Namely,

Pφ = f , φ|Σ = φ1 , ∇nφ|Σ = φ2 , (1.4)

where f ∈ D(M), φ1, φ2 ∈ D(Σ), and n is a future directed timelike vector orthogonal to the
Cauchy surface Σ ofM. It is actually a well posed initial value problem onM. The unique
solution φ ∈ E(M) has the following support property

supp(φ) ⊂ J
(
supp(f) ∩ supp(φ1) ∩ supp(φ2),M

)
.

It has been shown in [26] that the operator P has unique retarded ∆r and advanced ∆a

fundamental solutions. In other words, there are unique continuous maps

∆r/a : D(M)→ E(M)

satisfying

Px∆r/a(x, y) = ∆r/a(x, y)Px = δ(x, y) , ∆a(x, y) = ∆r(y, x) , (1.5)

and supp(∆r/af) = J±
(
supp(f),M

)
,

where δ is the Dirac distribution, and f is a test function.

J+ (supp(f),M)

supp(f)

J− (supp(f),M)

Figure 1.1: Support of the causal
propagator.

The support of ∆r/af is in the causal future (respectively
past) of the test function f . The difference of the two fun-
damental solutions is called causal propagator of P, actu-
ally it is defined as follows

∆ := ∆r −∆a , thus Px∆(x, y) = 0 .

It is a map from the set of compactly supported test func-
tions to the one of smooth compactly supported test func-
tions. Its support is the union of the causal future and the
causal past of the element applied to it (cf. figure 1.1).

Furthermore if ∆f = 0, then for some f, g ∈ D(M) we
have f = Pg. Finally P is formally self adjoint, i.e.

∆(f, g) = −∆(g, f) (1.6)

with ∆(f, g) := 〈f,∆g〉 =

∫
M

dx
√
|g| f(x) (∆g) (x) .

Actually property (1.6) holds because ∆r is the formal ad-
joint of ∆a and vice versa.

Historically classical on shell field theories have been quantized starting from a symplectic
structure. Such space is constructed from the space of smooth real valued solutions of Pφ = 0
(1.3) with compactly supported initial conditions on a Cauchy surface Σ, i.e.

S (M) =

{
φ ∈ E(M) such that Pφ = 0 ,
and φ has compactly supported initial values on Σ

}
. (1.7)
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We equip (1.7) with a weakly non degenerate map τ , called symplectic form2. It is defined
as follows

τ :

{
S (M)×S (M) → R

(φ , ψ) 7→
∫

Σ
dΣ

(
ψ (∇nφ)− φ (∇nψ)

)
,

where ∇n = nµ∇µ is the normal future directed derivative on Σ, and φ1, φ2 ∈ D(Σ) are the
initial datas on Σ of the solution φ of the initial value problem (1.4) with f = 0. We denote
this space, called symplectic space, by (

S (M), τ
)
.

The definition of the symplectic form is independent of the choice of Σ we make. Indeed we
can identify τ as the integral over Σ of the current jµ defined as follows

jµ(φ, ψ) := ψ(∇µφ)− φ(∇µψ),

where φ and ψ are two fields in the space of solutions (1.7). Using the Klein Gordon equation
we can show that jµ is covariantly conserved, i.e. ∇µjµ = 0. Hence the divergence theorem
implies that the choice of the Cauchy surface Σ does not matter.

Moreover the symplectic form τ can be written in terms of the causal propagator ∆. Let us
collect this result in the following proposition.

Proposition 1.1 (Relation between the symplectic form and the causal propagator.)
Let φ and ψ be two elements of the space of solutions (1.7), with compactly supported initial
conditions on a Cauchy surface Σ ofM. Then for every bounded region N (Σ) of Σ we can
find f, g ∈ D(M)such that

φ = ∆f , ψ = ∆g ,

with the support of f and g contain inN (Σ). Second the symplectic form τ can be written in
terms of the causal propagator ∆

τ(φ, ψ) = ∆(f, g) , where ∆(f, g) = 〈f,∆g〉 , I

Sketch of the proof
For any element φ of the space of solutions (1.7) we can find a compactly supported smooth
function f ∈ D(M) such that φ = ∆f . We consider a Cauchy surface Σ, and a bounded
neighborhood of B(Σ) such that it lies in the future of supp(f) (we can do the same for B(Σ)
lying in the past of supp(f)). We consider two other Cauchy surfaces Σ1 and Σ2 contained
in B(Σ), such that Σ1 is in the future of Σ, and Σ2 is in the past of Σ. We define the function
χ ∈ E(M) such that χ = 1 in the past of Σ1, and χ = 0 in the future of Σ2. Then we can write

Pχφ = (�+ V ′)χφ = (�χ)φ+ (∇χ)(∇φ) := f ,

P(1− χ)φ = −(�χ)φ− (∇χ)(∇φ) = −f ,

where f ∈ D(M) because the support of both �χ and ∇χ is contained in J+(Σ1) ∩ J−(Σ2)
and the support of φ is spatially compact therein. It permits to have

∆rPχφ = ∆rf , and ∆aP(1− χ)φ = −∆af .

Therefore
∆rPχφ+ ∆aP(1− χ)φ = (∆r −∆a)f ⇔ φ = ∆f .

2A symplectic form τ is said to be weakly non degenerate if τ(φ, ψ) = 0 for all φ ∈S implies ψ = 0.
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For all solutions φ of the equation of motion Pφ = 0 (1.3), with compactly supported ini-
tial conditions on a Cauchy surface Σ, it is then possible to find a (non unique) compactly
supported smooth function f such that φ = ∆f .

We consider now φ and ψ as elements of the space (1.7), then we have for suitable test
functions f and g, φ = ∆f and ψ = ∆g.

We write the definition of ∆(f, g) defined in (1.6), where we integrate over a subspaceN of
M according to the support of f and g. Then we divide N in two regions. The two regions
are defined as follows

Σ+ = J+(Σ,M) \ Σ , and Σ− = J−(Σ,M) \ Σ

where ∂Σ+ = ∂Σ− = Σ. Therefore we now have two integrals in which we use the identity
(1.5)

∆(f, g) =

∫
Σ+

dx
√
|g| ψP∆af +

∫
Σ−

dx
√
|g| φP∆rg

=

∫
Σ+

dx
√
|g| (ψP∆af + ∆afPψ) +

∫
Σ−

dx
√
|g| (φP∆rg + ∆rgPφ) ,

where the second equality is obtained due to the fact that φ and ψ are solutions of the equa-
tion of motion(1.3). Next step we apply the Stokes’ theorem, and then we identify the causal
propagator to the symplectic form τ(φ, ψ). �

However the symplectic quantization is an on shell quantization, and we would like to
describe an interacting real scalar field theory, where the interaction shall be treat by means
of perturbation theory, thus the requirement that an equation of motion is satisfied shall be
dropped, in other words we shall work off shell.

We shall quantize the classical theory with the idea to give a large importance to the al-
gebraic structure. The procedure used is the formal deformation presented in section 1.5.
Classical and quantum observables shall be seen as in the same vector space but endowed
with different products, which will give different algebras. Therefore we now define the
classical off shell ∗-algebra of a free field theory on regular functionals, where the involution
is defined as follows

F∗(φ) = F(φ) , (1.8)

and the operation considered on the right hand side is the complex conjugation.

Definition 1.7 (Classical free off shell algebra)
We define the classical free off shell algebra as follows

Areg(M) = (Freg(M),∗ , ·) , (1.9)

with Freg(M) the space of regular functionals introduced in definition 1.6. �

1.4 Wave front set of a distribution

We introduced in the section 1.2 the differentiability of functionals, cf. definition 1.5. It shall
be used to define spaces of observables having the correct structure to perform quantization
of the classical theory. We shall see in section 1.7 that we need to consider pointwise products
of derivatives of non regular functionals, i.e. pointwise products of distributions.

Therefore we shall in this section introduce the concept of distribution on a manifold, and
characterize its singularities via the concept of wave front set. Finally we shall discuss a
criterion due to Hörmander, see e.g. [42], which permits to define the pointwise product of
distributions.
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1.4.1 Distributions on a manifold

Let us first study distributions on Rn and then generalize it toM.

The set X denotes from now on an open subset of Rn. As defined previously the spaces
D(X) and E(X) denote respectively the space of compactly supported smooth functions on X
and the space of smooth functions on X. We call u a distribution on X, if it is a linear form
on D(X) such that for every compact set K ⊂ X there exist two constants C and k such that

|u(φ)| ≤ C
∑
|a|≤k

sup |∂aφ| , φ ∈ D(X) ,

where we used the same conventions as in (1.2). The set of all distributions in X is denoted
by D′(X). It is actually the dual space of D(X). Thanks to linearity, we can also characterize a
distribution in the following equivalent way. A linear form u on D(X) is a distribution if and
only if

u(φj)→ 0 when j →∞ ,

for every sequence φj ∈ D(X) converging to 0 in the sense that

supK |∂αφj | → 0 ,

for every fixed a and supp(φj) ⊂ K for all j and some fixed compact set K ⊂ X. We invite
the reader to look at the proof in the monograph of L. Hörmander [42, theorem 2.4]. Another
equivalent definition is given in [42, theorem 2.15].

Notice that it is not possible to evaluate a distribution u ∈ D′(X) on a single point in X, but
we can restrict u to a subset U ⊂ X. As for functions we can define the support of u ∈ D′(X),
denoted by supp(u). It is the set of points in X having no open neighborhood in which the
restriction of u is 0, i.e.

supp(u) =
{
x ∈ X

∣∣ it exists φ, supp(φ) ⊆ U 3 x, such that u(φ) 6= 0
}
. (1.10)

If a distribution u has compact support, then u ∈ E ′(X) is called compactly supported dis-
tribution.

Let us now generalize this notion to the case of a manifoldM. We recall that E(M, E) and
D(M, E) are respectively the spaces of smooth and compactly supported smooth sections of
the vector bundle E (see section A.2.2). Their topologies for the case of the real line bundle
have been studied in section 1.1.2. A distribution of the vector bundle E with value in Y is
a linear continuous map

u : D(M, E∗)→ Y ,

where E∗ is the dual space of E. Such linear map u is called continuous if for any (φn)
elements in D(M, E∗,Y) where φn → φ ∈ D(M, E∗), we have u(φn) → u(φ). The space
formed by these continuous linear maps is denoted by D′(M, E,Y). We shall restrict our-
selves for now to the complex line vector bundle. Therefore with a small common abuse
of notation we shall denote this space by D′(M). As above we can define the support of a
distribution u ∈ D′(M) and it is actually defined in the same way as (1.10). For every sub-
manifold N ⊂M with dim(N ) = dim(M), any distribution u ∈ D′(M) can be restricted to a
distribution u|N ∈ D′(N ) such that

u|N (φ) = u(φ) ,

for all φ ∈ D(N ). We denote by E ′(M, E∗,Y) the space of compactly supported distributions
of the vector bundle E with value in Y. As said above we shall only consider the complex
line bundle thus with the same abuse of notation as for the space of smooth distributions, we
shall denote the space of compactly supported distributions by E ′(M).

Let us illustrate the notions collected above with few examples.
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Example 1.2
• A first example is the Dirac distribution δ ∈ D′(R) defined as follows

〈δ, φ〉 = φ(0) ,

for φ ∈ D(R). We now compute its derivatives〈
∂kδ, φ

〉
= (−1)k

〈
δ, ∂kφ

〉
= (−1)k∂kφ(0) ,

with k ∈ N \ {0}, and where the first equality is obtained after performing k successive
integrations by part.

• A second example can be presented with the Heaviside function for which we associate
the distribution Θ as follows

H(x) =

{
1 if x > 0
0 if x ≤ 0

, and 〈Θ, φ〉
∫
R
dx H(x)φ(x) ,

where φ is a suitable test function. We compute its derivative as follows

〈∂Θ, φ〉 = −〈Θ, ∂φ〉 = −
∫
R
dx H(x)∂φ(x) = −

∫ ∞
0

dx ∂φ(x) = φ(0) = 〈δ, φ〉 .

Thus
∂Θ = δ .

• A last example is the distribution u ∈ D′(R) given by

u(x) = lim
ε↓0

uε , with uε(x) =
1

x2 + iε
, �

and where the limit is taken is a weak sense, i.e. in a distributional sense.

1.4.2 Schwartz’s space and tempered distributions

We shall introduce here the concept of Fourier transform for functions and distributions on
Rn. We shall define a new space of functions which have “good” property under the action
of Fourier transform.

Let us consider an integrable function f on Rn. The Fourier transform of f is defined as
follows

F : f 7→ f̂(k) =

∫
Rn

dx f(x) e−ix·k ,

where k ∈ Rn, and x · k is the inner product in Rn. The pointwise product of two Fourier
transforms of two integrable functions f and g over Rn can be written as the Fourier trans-
form of the convolution of f and g, i.e.

f̂ · ĝ = F(f ∗ g)(x) , with (f ∗ g) :=

∫
Rn

dy f(y)g(x− y) .

There exists a particular space of functions which behaves particularly well under the action
of F. It is the subspace of E(Rn) where all functions φ are rapidly decreasing, i.e.

φ ∈ E(Rn) where ||φ||ab := supx

∣∣∣xa∂bφ(x)
∣∣∣ <∞ , (1.11)

for all multiindices a and b, where we used the same convention as in (1.2). We call this
function space the Schwartz space and denote it by S(Rn). It is a Fréchet space with the
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semi norm defined in (1.11). The Schwartz space is a Fréchet space. In addition of being a
subspace of E(Rn) this new space is contained in D(Rn), i.e.

D(Rn) ⊂ S(Rn) ⊂ E(Rn) .

As main properties we have for φ ∈ S(Rn)

F(∂aφ)(k) = kaφ̂(k) , F(xaφ)(k) = ∂aφ̂(k) ,

and φ(x) = (2π)−n
∫
Rn

dx φ̂(k) eix·k . (1.12)

The relation (1.12) is called the inversion formula. We can show that the map

F : S(Rn)→ S(Rn) , and its inverse F−1 : S(Rn)→ S(Rn)

are two continuous isomorphisms. The Fourier transform F can be used to give a criterion for
the smoothness of functions in D(Rn). Indeed we have the following equivalence property

φ ∈ D(Rn) ⇐⇒
∣∣∣φ̂(k)

∣∣∣ ≤ Cn(1 + |k|)−n , for Cn ∈ R , n ∈ N \ {0} , and k ∈ Rn . (1.13)

In words (1.13) means a function φ is smooth compactly supported if and only if its Fourier
transform decays faster than any negative power of the dual variable k.

We can extend the concept of Fourier transform to the distributional framework. The dual
S ′(Rn) is the space of all continuous linear forms on S(Rn). We can show that S ′(Rn) is a
space of distribution with the following property

E ′(Rn) ⊂ S ′(Rn) ⊂ D′(Rn) .

Distributions on S ′(Rn) are called tempered distributions. If u ∈ S ′(Rn), its Fourier trans-
form is defined for φ ∈ S(Rn) as follows

〈û, φ〉 = 〈u, φ̂〉 , (1.14)

where we used the smearing u(φ) = 〈u, φ〉. The inversion formula here can be written as
follows 〈

u, φ̌
〉

= (2π)−n
〈
û, φ̂

〉
, (1.15)

for u ∈ S ′(Rn) and φ ∈ S(Rn). In order to give an adapted version of (1.13) for the distri-
butions, we notice that the Fourier transform of u ∈ E ′(Rn) can be equivalently seen as a
smooth function in the dual variable k defined as follows

û(k) = 〈u, φ(x)〉 , with φ(x) = e−ix·k . (1.16)

Thus we have the following lemma.

Lemma 1.3
For u ∈ D′(Rn) and X ⊂ Rn, using the characterization (1.16), we say that the restriction u|X
is smooth, if and only if for all φ in D(X) defined as follows

φ(x) = e−ix·kf(x) ,

where f is a suitable test function, we have

|〈u, φ(x)〉| ≤ Cn(1 + |k|)−n , (1.17)

for Cn ∈ R, n ∈ N \ {0}, and k ∈ Rn. I

The convolution of u ∈ S ′(Rn) and v ∈ E ′(Rn) is in S ′(Rn) and its Fourier transform is
equal to the pointwise product of the Fourier transforms of u and v, i.e.

F(u ∗ v) = û · v̂ .
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1.4.3 Singularities and wave front set

We will give here a way to characterize the singularities of a distribution introducing the
notion of wave front set. We shall see that it tells us not only at which points a singularity
occurs, but it also indicates the directions in the dual space from which the singularities are
“coming” from. We shall first analyze the particular case of Rn and then generalize it to a
curved spacetimeM.

Before introducing the precise definition of the wavefront set, let us start recalling some
preliminaries important notions.

• We define the singular support of a distribution u, singsupp(u), as the set of points in
X ⊂ Rn having no open neighborhood to which the restriction of u is a smooth function
(cf. lemma 1.3).

• A set Γ ⊂ Rn \ {0} is called a conic set if for any point k ∈ Γ, it contains all the points
ak with a > 0. By a conic neighborhood of a point k ∈ X \ {0}we mean an open conic
set that contains the point k.

• We can now define what is a regular direction of a compactly supported distribution
u ∈ E ′(X). It is a vector k ∈ R \ {0} such that there exists an open neighborhood Γ of k,
over which û is rapidly decreasing. In other words, the relation (1.17) holds for every
k ∈ Γ.

• Conversely a singular direction of a distribution u is a direction which is not regular.
The set of singular directions is denoted by Σ(u), i.e.

Σ(u) =

{
k ∈ Rn \ {0} is not a regular direction of u

}
. (1.18)

The singular support gives the location of the singularities in space and the set of singular
directions gives the high frequencies which are the sources of these singularities. The idea is
to combine these two notions. Thus the set of singular directions of u ∈ D′(X) at a point x is
defined as follows

Σx(u) :=
⋂

φ∈D(X)

Σ(φu) ,

with φ(x) 6= 0. Since it is an intersection of closed conic sets, Σx(u) is also a closed conic set.
The set Σx(u) encodes both notions namely the singular support and the singular directions
of u. This permits us to define the notion of wave front set (cf. [42]).

Definition 1.8 (Wave front set of a numerical distribution)
If u ∈ D′(X), then the closed subset of X× (Rn \ {0}) defined by

WF(u) :=

{
(x, k) ∈ X× (Rn \ {0}) , with k ∈ Σx(u)

}
is called the wave front set of u. �

The projection of WF(u) to X is its singular support singsupp(u). If u ∈ E ′(Rn) then the
projection of WF(u) on (Rn \ {0}) is the set of its singular directions Σ(u).

The main properties of the wave front set defined in definition 1.8, which can also be ex-
tended for the situation on manifold, are the following [42].

Lemma 1.4 (Properties of the wave front set)
For u and v in D′(Rn), we have the following results.

1. WF(φu) ⊂WF(u) ,

2. WF(u+ v) ⊂WF(u) ∪WF(v) ,

3. WF(Pu) ⊂WF(u) ,

with φ ∈ D(Rn), and P a generic linear differential operator. I
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We would like now to be able to compute the wave front set of pointwise products of
distributions. We notice first that if two distributions u and v have disjoint singular support
then the pointwise product of u and v is well defined.

The notion of Fourier transform introduced in section 1.4.2 can give a method to build the
pointwise product of two distributions. Let us notice that the Fourier transform of a product
of distributions, if it exists, is the convolution of the Fourier transforms of these distributions.
Thus the idea would be to define the product of distributions as the inverse Fourier transform
of the convolution of the Fourier transform of these distributions. Nonetheless we cannot
define the Fourier transform of a distribution in D′(M) globally, hence we need to localize
the distributions before computing the pointwise product in the way described above.

Definition 1.9 (Pointwise product of numerical distributions)
Let u, v ∈ D′(Rn). We say thatw ∈ D′(Rn) is the pointwise product of u and v on the compact
set K ⊂ Rn if and only if for all x ∈ Rn there exists a function compactly supported φ such
that

û(k) = 〈u, φ(x)〉 , φ(x) = χ(x)e−ixk ,

where χ is a suitable smooth characteristic function of the domain K where we want to com-
pute the pointwise product, and where the following integral is absolutely convergent for
all k ∈ Rn

ŵ(k) := (û ∗ v̂) (k) = (2π)−n
∫
Rn

dq û(q) v̂(k − q).

We defined v̂(k) in the same way as we did for û(k) with an appropriate characteristic func-
tions of K. �

However, definition 1.9 uses the notion of Fourier transform which cannot be generalized
to D′(M) in contrast to the wave front set as just seen above. Furthermore, the obtained
distribution w has compact support and coincide with the pointwise product of u and v only
on K.

Therefore let us try to give a criterion for the multiplication of distributions with the notion
of wave front set. We shall first notice that the wave front set of a distributions does not
depend on the particular coordinates we are considering. Actually, this observation will
permit us to generalize the notion of wave front set to manifold.

Let X be an open subset of Rn, and Γ a closed cone in Y×(Rn \ {0}). We define a new space
of distributions taking account of the wave front set

D′Γ(Y) =
{
u ∈ D′(Y) , with WF(u) ⊂ Γ

}
.

For a smooth function F which maps X to another open subset of Rn denoted Y, we define
the normal set associated to this function as follows

NF = {(F (x), k) ∈ Y × Rn | x ∈ X , T ∗xF (k) = 0} ,

where T ∗xF is the cotangent map of F at x. It is shown in [42, theorem 8.2.4] that if we have

NF ∩ Γ = ∅ , (1.19)

with F ∈ D′Γ(Y), then the pull back F ∗ : E(Y)→ E(X) has a unique sequentially continuous3

extension map
F ∗ : D′Γ(Y)→ D′F ∗Γ(X) ,

3We recall that a map f : X → Y where X and Y are at least topological spaces, is said to be sequentially
continuous if for any convergent sequence (xn)→ x in X, we have (f(xn))→ f(x) in Y.
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denoted with the same symbol, and where

F ∗Γ = {(x, T ∗xF (k)) where (F (x), k) ∈ Γ} .

In particular for any u ∈ D′(Y) if the condition NF ∩WF(u) = ∅ is satisfied then

WF(F ∗u) ⊂ F ∗WF(u) .

From this point it is possible to extend the definition of wave front set to the the case of
distribution defined on a manifold M. The wave front set of a distribution u ∈ D′(M),
roughly speaking, is a conic subset of the cotangent bundle, i.e.

WF(u) ⊂ T ∗M\ {0} (1.20)

where the first component gives the singular support, singsupp(u), and the second gives the
direction in which the Fourier transform of u does not decrease rapidly. Considering an
atlas {(Ui,Φi)} coveringM, a distribution u ∈ D′(M) can be restricted to ui ∈ D′(Ui) if the
conormal bundle of each open set Ui does not intersect WF(u). In this case WF(u) is defined
as follows

WF(u) =
⋃
i

WF(ui) ,

where WF(ui) is the wave front set of the restriction ui ∈ D′(Ui)

WF(ui) =

{(
x, T ∗xΦ(k)

)
∈ Ui × (Rn \ {0})

∣∣∣∣ (Φ(x), k) ∈WF
(
u ◦ Φ−1

i

)}
.

We notice that in order to obtain the wave front of a distribution on a manifold it is sufficient
to work in local coordinates.

We would like now characterize to the pointwise product of distributions. Let u, v ∈
D′(M), we notice that the pointwise product u · v can be defined as the projection of the
tensor product u⊗ v to the diagonal. In this way the pointwise product u · v is now defined
as the restriction of the tensor product u⊗ v to the diagonal. The diagonal map is defined as
follows

δ :

{
M → M×M
x 7→ (x, y)

, (1.21)

where the normal set associated to this map is

Nδ = {(x, k;x,−k) , x ∈M, k ∈ Rn} .

Therefore, as explained above, ifNδ∩WF(u⊗v) = ∅ then the distribution u⊗v ∈ D′(M⊗M)
can be pull back to the distribution u · v ∈ D′(M). The condition Nδ ∩ WF(u ⊗ v) = ∅ is
equivalent to say if (x, k) ∈WF(u) then (x,−k) /∈WF(v). In particular we have also

WF(u · v) ⊂ δ∗WF(u⊗ v) .

Knowing the wave front set of the tensor product of two distributions u, v ∈ D′(M)

WF(u⊗v) ⊂
(
WF(u)×WF(v)

)
∪
(

(supp(u)× {0})×WF(v)

)
∪
(
WF(u)×(supp(v)× {0})

)
,

we can characterize the wave front set of the pointwise product u · v

WF(u · v) ⊆
{

(x; k, k′)

∣∣∣∣ (x; k) ∈WF(u), (x; k′) ∈WF(v)

}
∪WF(u) ∪WF(v) .

We summarize the result of these observations in the following lemma which gives us the
necessary condition for the pointwise product of distributions to be well defined.
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Lemma 1.5 (Pointwise product of distributions)
The pointwise product of two distributions u ∈ D′(M) and v ∈ D′(M) exists if (x, k) ∈
WF(u) implies (x,−k) /∈WF(v). Furthermore, if u · v exists,

WF(u · v) ⊆
{

(x; k, k′)

∣∣∣∣ (x; k) ∈WF(u), (x; k′) ∈WF(v)

}
∪WF(u) ∪WF(v) . I

1.5 Formal deformation

We shall now pass to discuss the quantization of the classical free off shell theory we pre-
sented in section 1.3. In other words we shall quantize the algebra Areg(M) of classical reg-
ular observables in the functional approach in order to define the corresponding quantum
algebra Areg(M)[[~]]. We require the following formal classical limit

Areg(M)[[~]] −→
~→0

Areg(M) .

The quantization procedure we choose is a formal deformation of the (classical) pointwise
product. The idea is to map the classical observables to the same ones with quantum correc-
tions. For doing it we need to define quantum observables as power series in ~ having for
coefficients classical observables. Since we are working with formal power series no conver-
gence conditions is required. We summarize this new notion in the following definition.

Definition 1.10 (Quantum regular observable)
The quantum regular observables are defined as power series in ~ with coefficients inFreg(M).
The space of quantum regular observables is denoted by Freg(M)[[~]]. �

Notice that a generic element F ∈ Freg(M)[[~]] can be written as follows

F = F0 + F1 ~ + F2 ~2 + F3 ~3 + F4 ~4 + . . . ,

with F1,F2, · · · ∈ Freg(M).
The quantum algebra is obtained equipping Freg(M)[[~]] with a product called the quan-

tum product and it is a formal deformation of the pointwise (classical) product.

Definition 1.11 (Regular quantum product)
The quantum product on Freg(M)[[~]] is defined as follows

(F ?∆ G)(φ) := F(φ) · G(φ) +

∞∑
n=1

~n

n!

〈
F(n),∆⊗nG(n)

〉
, (1.22)

where ∆ is the causal propagator introduced in section 1.3. This product is associative and
shall be called ?∆ product. �

We notice that it is not clear that the power series in ~ in (1.22) does converge. However,
usually the physically relevant quantum observables have only a finite number of non van-
ishing functional derivatives, thus at least for these elements the series in the definition of ?∆

product is always convergent. Despite of this fact, the possibility to use formal power series
will be crucial in the perturbative treatment of interacting observables.

The product ?∆ implements the canonical commutation relations, actually, taking two lin-
ear fields

F(φ) =

∫
M

dx
√
|g| f(x) φ(x) , G(φ) =

∫
M

dx
√
|g| g(x) φ(x) ,
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having for functional derivatives

F(1)(φ) = f(x) , G(1)(φ) = g(x) ,

it holds that

[F (φ), G(φ)]?∆
= F (φ) ?∆ G(φ)−G(φ) ?∆ F (φ) = ~∆(f, g) , (1.23)

where ∆ is the causal propagator defined in (1.6).

Let us analyze an example.

Example 1.3
We illustrate some properties of the ?∆ product with the following regular functional

F(φ) =

∫
M2

dx dy f(x, y) φ(x) φ(y) ,

with f ∈ D(M2). We compute its first and second functional derivatives

F(1)(φ) = 2

∫
M

dy f(x, y) φ(y) , F(2)(φ) = 2 f(x, y) , and F(3)(φ) = 0 .

Therefore using (1.22) we can write explicitly the ?∆ product of F with itself as follows

(F ?∆ F)(φ) = F(φ) · F(φ) + ~
〈
F(1)(φ),∆ F(1)(φ)

〉
+

~2

2

〈
F(2)(φ),∆⊗2 F(2)(φ)

〉
=

∫
M4

dx dy dz dt g(x, y, z, t)

(
φ(x)φ(y)φ(z)φ(t)

+ 4~ φ(x)φ(z)∆(y, t) + 2~2 ∆(y, t)∆(x, z)

)
.

where g is a suitable test function. �

All in all we have defined the regular quantum algebra as the free off shell ∗–algebra of
regular functionals endowed with a ?∆ product.

Definition 1.12 (Quantum free regular off shell algebra)
We define the the quantum free off shell algebra of regular quantum functionals as follows

Areg(M)[[~]] = (Freg(M)[[~]],∗ , ?∆) .

withFreg(M)[[~]] is the space of quantum regular functionals. It is a noncommutative, unital,
associative ∗–algebra. The involution defined in (1.8) is not changed. �

Let us come back to formal classical limit requirement. We do have

Freg(M)[[~]] −→
~→0

Freg(M) and F ? G −→
~→0

F · G .

Therefore in the limit ~ → 0 the quantum free regular off shell algebra tends to the classical
free regular off shell algebra.
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1.6 States in algebraic quantum field theory

In a laboratory the physical system is prepared in order to be able to perform experiments
on it. The prescription on how we shall prepare a system is called the state of the system,
preparing a system in a different way corresponds to changing the state. The outcome of
experiments in a quantum system are of statistical nature, hence the theory should be at least
able to model the mean values (numbers) of the moments (powers) of every observables. In
this spirit a state of a system can be seen as a functional over all possible observables with
some further properties we shall discuss below. For instance if we prepare the system such
that the uncertainty of the value of the measurements is minimal, we defined a pure state.

Up to now all the construction used to build quantum field theory on curved background
is state independent. This is important to have an independent state construction in the case
of theories on curved spacetime, because we do know “physics” on this background only
locally, and it turns out that states are actually non local objects.

Let us precise what we mean by physical system and give the definition of state.

Definition 1.13 (Physical system and state)
• A physical system is described by its observables, seen as elements in a certain ∗–

algebra A.

• A state ω on the ∗–algebra A is defined as a continuous linear functional ω : A → C,
which is normalized and positive, i.e.

ω(I) = 1 , and ω(A∗A) ≥ 0 .

for all A ∈ A. �

Once we have a state on an algebra, an important result tells us that we can represent this
algebra on an Hilbert space. This result is know as the GNS representation. For details on
the GNS representation we invite the reader to look at the monograph of V. Moretti [43].

We call the evaluation of A inA on a state ω the expectation value of A in the given state ω,
and we denote it by ω(A). The expectation value of an observable represents the mean value
of all possible outcomes of an experiment which test that observable on the state ω.

The ∗–algebras we are considering in this work represent observables of a scalar field the-
ory. In particular let us define a state over the quantum free algebra Areg(M)[[~]] introduced
in section 1.5.

Definition 1.14 (State over the free quantum algebra)
A state ω on Areg(M)[[~]] is defined as a continuous linear functional ω : Areg(M)[[~]] → C,
which is normalized ω(I) = 1 and positive ω(A∗ ?∆ A) ≥ 0 for all A ∈ Areg(M)[[~]]. �

The state ω onAreg(M)[[~]] is completely determined by its n–point (correlation) functions
ωn ∈ D′(Mn), i.e. the expectation values of the product of n linear functionals, namely, for
every Fi ∈ Areg(M)[[~]] written as

Fi(φ) =

∫
M

dx
√
|g| fi(x)φ(x) ,

with fi ∈ D(M) and 1 ≤ i ≤ n,

ωn(f1, . . . , fn) := ωn(F1 ?∆ · · · ?∆ Fn) .
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Definition 1.15 (Specific states over the free quantum algebra)
• A state ω on Areg(M)[[~]] is called quasifree or Gaussian if for all even n its n−point

functions

ωn (f1, . . . , fn) =
∑
π∈Sn

ω2

(
fπ(1), fπ(2)

)
· . . . · ω2

(
fπ(n−1), fπ(n)

)
,

where the test functions fi ∈ D(M) and where Sn is the set of ordered permutations
of n elements, i.e. we have

π(1) < π(3) < · · · < π(n− 1) , and π(1) < π(2) ; π(n− 1) < π(n) .

• A state ω on Areg(M)[[~]] is called Hadamard if its two–point function satisfies the
microlocal spectrum condition

WF(ω2) =

{(
x, y; kx, ky

)
∈ T ∗M2 \ {0}

∣∣∣∣ (x, kx) ∼ (x,−ky), kx . 0

}
, (1.24)

where (x, kx) ∼ (y, ky) implies that there exists a null geodesic γ connecting x to y such
that kx is coparallel and cotangent to γ at x and ky is the parallel transport of kx from x
to y along γ, and where kx . 0 means that the covector kx is future directed. �

This previous definition of Hadamard states is abstract and inconvenient for computations.
We shall give another definition more computationally friendly, which are equivalent [22].

Definition 1.16
A state ω is Hadamard if and only if its two point function ω2 is of local Hadamard form, i.e.
if we can write ω2 as follow

ω2(x, y) = lim
ε↓0

1

8π2

(
u(x, y)

σε(x, y)
+ v(x, y)log (σε(x, y)) + w(x, y)

)
,

where the limit is taken in a distributional sense,

σε(x, y) = σ(x, y) + 2iε (t(x)− t(y)) + ε2 ,

with t a time function on M, and σ the Synge’s world function defined in section A.2.4.
The coefficients u, v, and w are smooth symmetric biscalars functions regular on coinciding
points and called Hadamard coefficients. v(x, y) and w(x, y) possess expansion of the form

v(x, y) =
+∞∑
n=0

vn(x, y)σ(x, y)n , w(x, y) =
+∞∑
n=0

wn(x, y)σ(x, y)n ,

where w is the state dependency of the two point function ω2. �

1.7 Interacting picture

We shall present now the perturbative construction of an interacting quantum field theory
on a generic curved spacetimeM. We shall work in the framework of perturbative algebraic
quantum field theory (pAQFT) which has been recently developed in [40, 44, 45] and it is
based on earlier ideas of Steinmann, Epstein, and Glaser [19, 20].
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1.7.1 Enlarged space of observables

We shall construct observables of the interacting theory in section 1.7.4 by means of per-
turbation theory, namely when the free algebra is perturbed by a non linear local potential.
However, up to now, we have worked with regular functionals only, unfortunately the case
of interacting potentials constructed with regular functionals are of limited interest. We aim
to be able to work with local non linear interacting potentials like

V(φ) =

∫
M

dx
√
|g| λn(x)

n!
φn(x) , (1.25)

with λn ∈ D(M) and n ≥ 2. However, the functional derivatives of V are not smooth
functions, hence, we have to enlarge the space of functionals we are considering. The first
new space we consider is called space of microcausal functionals and it is defined as follows

Fµc(M) :=

{
F(φ)

∣∣∣∣ F(φ) ∈ F0(M), F(n)(φ) ∈ E ′(M⊗n)

and WF(F(n)(φ)) ∩
(
Mn × (V n

+ ∪ V n
− )
)

= ∅

}
, (1.26)

where we have set that the wave front set of F(n) does not intersect the setM× (V n
+ ∪ V n

− ),
furthermore, V± denotes the closed forward and backward light cone in the cotangent space,
respectively. We shall work with its quantum version Fµc(M)[[~]], by adapting definition
1.10.

This space contains the functionals of the form (1.25) but not only. For instance the regu-
lar functionals are still contained in it. The space which contains only the local interaction
potentials is called space of local functionals, denoted Floc(M). We define it as the space of
microcausal functionals having as support for their derivatives the total diagonal dn

Floc(M) :=

{
F(φ) ∈ Fµc(M)

∣∣∣∣ supp(F(n)(φ)
)
⊂ dn

}
,

where the total diagonal dn is defined as follows

dn = {(x, . . . , x) ⊂Mn} . (1.27)

Again the quantum version Floc(M)[[~]] shall be considered.

We have restricted the space of observables via conditions on their wave front set, we have
to introduce a topology to keep control on those objects. The so-called topology we shall
associate is the Hörmander topology, a definition can be found in the Ph.D. thesis of T.-P.
Hack [46, Chapter III] and in the article [47] of Brunetti Fredenhagen and Koeler.

1.7.2 Quantum product among local functionals

In section 1.5 we have defined a quantum product among quantum regular functionals
Freg(M)[[~]]. But as we mentioned in section 1.7.1 in order to treat interacting theories we
shall consider local functionals. We shall work for now on with quantum microcausal func-
tionals Fµc(M). For this reason we need to work with a ? product like (2.21) constructed
with an Hadamard distribution ∆+ instead of the causal propagator ∆. This Hadamard
distribution has to satisfy the following conditions.

1. The antisymmetric part is proportional to the causal propagator ∆, i.e.

i∆(f, g) = ∆+(f, g)−∆−(f, g) , with ∆+(f, g) = ∆−(f, g) ,

and f, g ∈ D(M). Hence the commutation relations are preserved, in particular (1.23).

Notice that this split of ∆ is not unique. However, thanks to the work of Radzikowski
[22] two different Hadamard distributions differ only by a smooth function.
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2. The decomposition of the causal propagator defined in 1 divides the wave front set of
∆ in two parts, where WF(∆) is given as follows

WF(∆) =

{
(x, y; kx, ky) ∈ T ∗M2\{0}

∣∣∣∣ (x, kx) ∼ (y,−ky)
}
. (1.28)

Here again (x, kx) ∼ (y, ky) implies that there exists a null geodesic γ connecting x to
y such that kx is coparallel and cotangent to γ at x and ky is the parallel transport of
kx from x to y along γ. The split of ∆ given in 1 divides WF(∆) in a part containing
positive frequencies and the other one the negative frequencies. The distribution ∆+

has to satisfy the microlocal spectrum condition introduced in (1.24), namely

WF(∆+) =

{(
x, y; kx, ky

)
∈ T ∗M2 \ {0}

∣∣∣∣ (x, kx) ∼ (x,−ky), kx . 0

}
, (1.29)

where kx . 0 means that the covector kx is future directed. In particular as seen in
section 1.6, ∆+ can be written using the local form introduced in definition 1.16

Therefore the new quantum product can be written as follows

(F ?∆+ G)(φ) := F(φ) · G(φ) +
∞∑
n=1

~n

n!

〈
F(n),∆⊗n+ G(n)

〉
. (1.30)

The quantum product (1.30) among microcausal functionals is always well defined thanks
to the imposed wave front set condition to the functional derivatives. A proof of this claim
can be found for example in [48]. In order to analyze this issue let us start considering the
following example.

Example 1.4
We consider

F(φ) =

∫
M

dx
√
|g| φ(x)2 f(x) , (1.31)

with f ∈ D(M). Its functional derivatives are

F(1)(φ) = 2 φ(x) f(x) , F(2)(φ) = 2 f(x) δ(x, y) , and F(3)(φ) = 0 .

We notice that the supports of F(1)(φ) and F(2)(φ) are contained in their corresponding total
diagonals, thus F(φ) is an element of the space of local functionals which is a subspace of
Fµc(M)[[~]]. Then we write explicitly the ?∆+ product as follows

(F ?∆+ F)(φ) = F(φ) · F(φ) + ~
〈
F(1)(φ),∆+ F(1)(φ)

〉
+

~2

2

〈
F(2)(φ),∆⊗2

+ F(2)(φ)
〉

=

∫
M

dx dy f(x)f(y)

(
φ2(x)φ2(y) + 4~φ(x)φ(y)∆+(x, y) + 2~2 (∆+(x, y))2

)
.

(1.32)

We see that a pointwise product of distributions is present, and as we know such products
can be ill defined. In order to know if this pointwise product is well defined we shall use the
notion of wave front set introduced in section 1.4.3 and in particular the result from lemma
1.5. The wave front set of ∆+ is given by (1.29), the additional requirement kx.0 prevents the
point (x, 0) to be contained in WF(∆+)⊕WF(∆+). Therefore owing lemma 1.5 the pointwise
product is well defined. �
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In this way we have seen that the new ?∆+ product is well defined among local functionals.
However, it is also well defined on all microcausal functionals. The microlocal spectrum
condition (1.29) ensures to have

(x, 0) /∈WF(∆⊗n+ )⊕WF
(
F(n)(φ)⊗ G(n)(φ)

)
,

for F(φ) and G(φ) quantum microcausal functionals. Then by lemma 1.5 we have that the
pointwise products considered above are always well defined.

We have changed the quantum product by considering ∆+ instead of ∆, therefore the as-
sociated algebras differ. Nonetheless on regular functionals the change is realized by an
isomorphism of algebras defined as follows

αW (F) = exp

(
~
〈
W (x, y),

δ

δφ(x)

δ

δφ(y)

〉)
F , (1.33)

where W = ∆+ −∆. Then we can write

F ?∆+ G = αW (α−W (F) ?∆ α−W (G)) .

for F and G regular functionals. In this way the commutation relations are not modified,
as it can be directly checked in the particular case of linear fields, introduced in definition
1.2. The isomorphism (1.33) corresponds to the normal ordering and the ?∆+ is an algebraic
version of the Wick’s theorem. We invite the reader to look at the monograph of Itzykson and
Zuber [49] for an introduction to the normal ordering and the Wick’s theorem in quantum
field theory.

The product introduced in (1.30) seems to depend on the choice of ∆+, however, if we
choose a different ∆′+ with the same properties, we have that w := ∆′+ −∆+, which is real,
smooth and symmetric. Using (1.33) we have

F ?∆′+
G = αw

(
α−w(F) ?∆+ α−w(G)

)
. (1.34)

Thus the algebras constructed with ?∆+ and ?∆′+
are isomorphic via αw (1.33) and the con-

struction does not depend on the choice of ∆+.

The new quantum product is well defined for all functionals in Fµc(M)[[~]], the commuta-
tion relations are preserved, and it satisfies the following properties

(F ? G)∗ = F∗ ? G∗ ,

where ∗ denotes the involution operation. Finally we can introduce the quantum free off
shell algebra among microcausal quantum functionals.

Definition 1.17 (Quantum free microcausal off shell algebra)
We define the the quantum free off shell algebra of microcausal quantum functionals as fol-
lows

Aµc(M)[[~]] = (Fµc(M)[[~]],∗ , ?) .

where Fµc(M)[[~]] is the space of quantum microcausal functionals and ∆+ is a generic
Hadamard function. It is a noncommutative, associative, unital ∗–algebra. �
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1.7.3 Time ordered product

In every perturbative construction of an interacting theory there is the need of writing prod-
ucts of the perturbation potential where the factors are ordered in time. Hence, a necessary
tool to construct a perturbative interacting theory is the time ordered product. Let us start
constructing it in the case of regular functionals where it is completely characterized by the
causal factorization property, namely by the condition

F ·T G =

{
F ? G if supp(F) is later than supp(G)
G ? F if supp(G) is later than supp(F)

, (1.35)

where supp(F) is said to be later than supp(G) if J+(supp(F)) ∩ supp(G) = ∅. In order to de-
fine completely the time ordered product for more involved functionals others requirements
are needed, we shall present them later on. However, in the case of linear functionals the
previous condition is sufficient to define the product also for functionals with overlapping
support. We shall now analyze this case in more details. Let us look at this product for linear
functionals.

Example 1.5
We consider the following functionals

F(φ) =

∫
M2

dx dy f(x, y) φ(x)φ(y) , G(φ) =

∫
M2

dx dy g(x, y) φ(x)φ(y) .

Therefore

(F ·T G)(φ) = F(φ) · G(φ) +



if supp(F) is later than supp(G)

~
〈
F(1)(φ) ,∆+ G(1)(φ)

〉
+

~2

2

〈
F(2)(φ) ,∆⊗2

+ G(2)(φ)
〉

if supp(G) is later than supp(F)

~
〈
G(1)(φ) ,∆+ F(1)(φ)

〉
+

~2

2

〈
G(2)(φ) ,∆⊗2

+ F(2)(φ)
〉

,

where we can set

∆f(x, y) = Θ(tx − ty)∆+(x, y) + Θ(ty − tx)∆+(x, y) , (1.36)

with Θ the Heaviside function. In order to write

(F ·T G)(φ) = F(φ) · G(φ) + ~
〈
F(1)(φ) ,∆f G

(1)(φ)
〉

+
~2

2

〈
F(2)(φ) ,∆⊗2

f G(2)(φ)
〉
.

∆f shall be called the Feynman propagator. We need to know if the term〈
F(2)(φ) ,∆⊗2

f G(2)(φ)
〉

= 4
〈
f(x, y) ,∆⊗2

f g(x, y)
〉

= 4

∫
M2

dx dy f(x, y)g(x, y)∆f(x, y)2

is well defined. By a direct computation (using definition 1.9) we show that it is well defined.
We can also show that the pointwise product of ∆f with itself is well defined by consideration
on wave front sets (using lemma 1.5). �

Let us now introduce the time ordered product for generic regular functionals. The explicit
form of the time ordering product is

(F ·T∆f
G)(φ) = F(φ) · G(φ) +

∞∑
n=1

~n

n!

〈
F(φ)(n),∆⊗nf G(φ)(n)

〉
, (1.37)
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where ∆f still denotes the Feynman propagator. The wave front set of ∆f is equal to

WF(∆f) =

(x, y; kx, ky) ∈ T ∗M2\{0}

∣∣∣∣∣∣∣
(x, kx) ∼ (y,−ky) , (x− y)2 = 0 ,

kx ∈ V± for (x− y) ∈ V ± ,
and kx ∈ T ∗xM\{0} for x = y

 . (1.38)

Therefore using lemma 1.5 we can say that the product (1.37) is well defined among regular
functionals, indeed

(x, 0) /∈WF(∆⊗n+ )⊕WF
(
F(n)(φ)⊗ G(n)(φ)

)
,

for F(φ), and G(φ) quantum regular functionals.

As for the ? product we can wonder if the time ordered product introduced in (1.37) de-
pends on the choice of ∆f . Again if we choose a different ∆′f with the same properties, we
have that w := ∆′f −∆f , and using αw defined in (1.33) the algebras build with ·T∆f

and ·T∆′
f

are isomorphic and thus the construction is independent of this choice.

Let us discuss how it is possible to construct observables of the interacting theory by means
of perturbation theory, namely, when the free algebra is perturbed by a potential V, which is
taken here regular. The interacting algebra is represented on the free algebra by means of the
Bogoliubov formula which is given in terms of the local S matrix,

S(V) = expT (V) =
∞∑
n=0

in

n! ~n
V(φ) ·T · · · ·T V(φ)︸ ︷︷ ︸

n times

, . (1.39)

The ? product and the time ordered are well defined for regular functionals. The observ-
ables are mapped from the interacting off shell algebra to the free off shell algebra with the
Bogoliubov formula [50] which is defined as follows

RV(F(φ)) := S(V)?−1 ? (S(V) ·T F(φ)) , (1.40)

where S?−1(V) is the inverse of S(V ) with respect to the ? product.

Definition 1.18
We define the the (regular) interacting free quantum off shell algebra as follows

Areg(M)[[~]]{I} = (Freg(M)[[~]],∗ , ?, ·T) .

with Freg(M)[[~]] is the space of quantum regular functionals. It is an unital noncommuta-
tive, associative ∗–algebra. The involution defined in (1.8) is not changed. �

Because the construction of interacting field theory with regular functionals is of limited
interest, we shall in the next section 1.7.4 look at the situation where the potential V is repre-
sented by a local functional.

1.7.4 Interacting off shell quantum algebra

We shall now extend the time ordered product among generic local functionals, in order to
build the interacting quantum algebra. Actually, we shall see that it will not be possible to
have a time ordered product among microcausal functionals. Despite of this fact the theory
of renormalization we are going to introduce permits to build time ordered products of local
functionals and, luckily enough this is sufficient for the perturbative construction of non
linear local theory.

The product ·T defined in (1.37) is well defined among regular functionals, but we shall
now wonder if it is the case when the factors are local functionals. Let us start to look at this
issue in an example.
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Example 1.6
We keep working with the same local functionals F(φ) defined in (1.31). Using (1.37) we can
write explicitly the time ordered product for F(φ) with itself as follows

(F ·T F)(φ) = F(φ) · F(φ) + ~
〈
F(1)(φ),∆f F

(1)(φ)
〉

+
~2

2

〈
F(2)(φ),∆⊗2

f F(2)(φ)
〉

=

∫
dx dy f(x)f(y)

(
φ2(x)φ2(y) + 4~φ(x)φ(y)∆f(x, y) + 2~2 (∆f(x, y))2

)
.

A pointwise product of distributions is present. We need to know if it is well defined or not.
As mentioned in (1.36), the Feynman propagator ∆f satisfies the following identities

∆f(x, y) = ∆+(x, y) + i∆a(x, y) = ∆−(x, y) + i∆r(x, y) . (1.41)

By lemma 1.4 we have
WF(∆f) ⊂WF(∆+) ∪WF(∆a) .

The wave front set of ∆+ does not allow for singularities which are “too bad”, because as
we know pointwise products of ∆+ are well defined. The possible issues will come from the
wave front set of ∆a, which satisfies P∆a = δ. Thanks again to lemma 1.4 we know that the
wave front set of the integral kernel of ∆a contains the wave front set the Dirac distribution δ,
and we know that pointwise product of Dirac distributions are not well defined. Actually, it
can shown by direct computation using definition 1.9 that the pointwise product of ∆f with
itself is not well defined because of the presence of singularities in the diagonal. Thus we
shall have to find a way to make sense of pointwise products of ∆f . This issue is called the
regularization problem. �

The regularization problem will be to find an “extension” to pointwise products of the
Feynman propagators ∆f . Unfortunately this “extension” is not trivial and it requires the
introduction of the theory of regularization. In fact giving sense of these products shall be
the the core of the present work.

Hollands and Wald have successfully established the set of axioms to build a time ordered
product in order to get a physically meaningful theory [13, 14, 21]. This axioms are given
for the time ordered map introduced in the following definitions. The relation of the time
ordered maps and the time ordered products will be given later.

Definition 1.19 (Axioms of time ordered products)
Let {Tn , n ∈ N} be a set of linear maps

Tn : Floc(M)[[~]]⊗n → Fµc(M)[[~]] .

The maps Tn are called time ordered products if they satisfy the following statements.

T1 – Initial condition. T0 = 0 and T1(F) = F.

T2 – Symmetry. Tn(F1 ⊗ · · · ⊗ Fn) = Tn(Fπ(1) ⊗ · · · ⊗ Fπ(n)) for every permutation π of
{1, . . . , n}.

T3 – Unitarity. Let I = (I1, . . . , Ik) be a partition of {1, . . . , n} into k pairwise disjoint sub-
sets, then

Tn(F1 ⊗ · · · ⊗ Fn)∗ =
∑
I

(−1)n+kT|I1|

⊗
i∈I1

F∗i

 ? · · · ? T|Ik|

⊗
i∈Ik

F∗i

 ,

where the sum is over all partitions of I .
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T4 – Causal factorization. Already introduced in (1.35), we recall it here. If the supports of
F1, . . . ,Fk is later than the supports of Fk+1, . . . ,Fn we have

Tn(F1 ⊗ · · · ⊗ Fn) = Tk(F1 ⊗ · · · ⊗ Fk) ? Tn−k(Fk+1 ⊗ · · · ⊗ Fn) .

T5 – Field independence. Tn should satisfy

δ

δφ
Tn(F1 ⊗ · · · ⊗ Fn) =

n∑
k=1

Tn
(
F1 ⊗ · · · ⊗

δFk
δφ
⊗ · · · ⊗ Fn

)

T6 – Locality and covariance. The time ordered products have to be local covariant fields as
defined in [13].

T7 – Microlocal spectrum condition. Let ω be a continuous state on a field algebra A, we
should have that the wave front set of the expectation value of Tn(F1⊗ · · · ⊗ Fn) satisfy

WF (ω (Tn(F1 ⊗ · · · ⊗ Fn))) ⊂
{(

x, y; kx, ky

)
∈ T ∗M2\{0}

∣∣∣∣ (x, kx) ∼ (x,−ky), kx.0
}
.

T8 – T12. Tn has to to satisfy scaling, smoothness, analyticity, commutator conditions, Leib-
niz rule as defined in [13, 14, 21].

The time ordered product Tn(F1 ⊗ · · · ⊗ Fn) can be written using the previously introduced
symbol ·T, we therefore get F1 ·T · · · ·T Fn. �

Therefore if the map

Tn :

{
Floc(M)[[~]]⊗n → Fµc(M)[[~]]
F1(φ)⊗ ... ⊗ Fn(φ) 7→ F1(φ) ·T ... ·T Fn(φ)

.

satisfies all the previous axioms, it is called time ordered product of functionals. Now that
we have a defined time ordered product we can introduced a new space of functionals. The
space of “causal” functionals denoted FT(M)[[~]], it is the space of functionals which can
be written as time ordered products of quantum local functionals. The reason to consider
this new space instead of the microlocal space is that the time ordered product is associative
among causal functionals [45].

We can now define the quantum free off shell algebra among causal quantum functionals
endowed with a quantum product and a time ordered.

Proposition 1.2 (Interacting quantum algebra)
By means of the Bogoliubov map introduced in (1.40) a representation of the interacting
quantum algebra can be obtained

RV : RT(M)[[~]]{I} → AT(M)[[~]]{I} . (1.42)

where AT(M)[[~]]{I} is the quantum free off shell algebra among causal quantum function-
als endowed with a quantum product and a time ordered as follows

AT(M)[[~]]{I} = (FT(M)[[~]],∗ , ?.·T) .

It is a noncommutative, associative ∗–algebra. I

Remark 1.1 (Global view of the construction of the interacting theory)
Now that we just gave the definition of the interacting quantum algebra 1.2, we shall review
the path we took to give this definition.
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1. Fist we define the off shell configuration space of fields in 1.1.

2. Second we implemented observables as functionals over field configuration. We define
in particular the regular functionals Freg(M) in 1.6.

3. Third we define the classical free off shell algebra of regular observables Areg(M) in
1.7.

4. The quantization procedure we choose is the formal deformation. We discussed it in
section 1.5 by starting to define a quantum observable in 1.10 in order to define the
quantum free off shell algebra for regular functionalsAreg(M)[[~]] in 1.12, and then we
extend the situation to microcausal observables (1.26) in order to define the quantum
free microcausal off shell algebra Aµc(M)[[~]] in 1.17.

5. In order to construct an interacting theory perturbatively we needed to implement a
time ordered product (1.37). Finally we define the interacting quantum algebra 1.2 via
the Bogoliubov formula (1.40) which maps the interacting algebra RT(M)[[~]]{I} to
the free algebra AT(M)[[~]]{I}. �

We shall conclude this section with a practical computation.

Example 1.7
We compute here the two point function of the interacting field in a Gaussian Hadamard
state ω of the free field, cf section 1.6. We shall consider a local potential V of the form given
in (1.43), and perform the computation up to the second order in λ.

In practice we need to compute the ? product of RV(F(φ)) and RV(G(φ)) where F and G are
linear local functionals as defined in 1.2, and where we evaluate it on the state ω

〈ω2, f ⊗ g〉 := ω(RV(F) ? RV(G)) .

A graphical representation of the Bogoliubov formula (1.40) is displayed and permits us to
write this two point function as a sum of graphs.

The potential V is given by

V(φ) = λ

∫
dx

(
β(x)

4!
φ(x)4 +

µ(x)

2!
φ(x)2

)
, (1.43)

where β and µ are compactly smooth test functions on M. Then we can compute the S
matrix (1.39) for the potential V

S(V) = 1 + iV(φ)− 1

2
V(φ) ·T V(φ) +O(λ3)

= 1 + iV(φ)− 1

2
V(φ) · V(φ)

−
∫
M

dx dy β(x)β(y)

(
~
72
φ(x)3φ(x)3∆f(x, y) +

~2

16
φ(x)2φ(x)2∆f(x, y)2

+
~3

6
φ(x)φ(x)∆f(x, y)3 +

~4

8
∆f(x, y)4

)
+

∫
M

dx dy µ(x)µ(y)

(
~
2
φ(x)φ(x)∆f(x, y) +

~2

4
∆f(x, y)2

)
+O(λ3) ,

and also its inverse with respect to the ? product

S(V)?−1 = 1 − i V(φ) +
1

2
V(φ) ·T V(φ) − V(φ) ? V(φ) + O(λ3) .



40

We can now compute the corresponding interacting functional for F

RV(F) = S(V)?−1 ? (S(V) ·T F(φ))

= F(φ)− iV(φ) ? F(φ) + iV(φ) ·T F(φ) +
1

2
(V(φ) ·T V(φ)) ? F(φ)

−V(φ) ? V(φ) ? F(φ)− 1

2
V(φ) ·T V(φ) ·T F(φ) + V(φ) ? (V(φ) ·T F(φ)) +O(λ3) ,

and in the same way we get RV(G). Then as already said we have to compute the ? product
of RV(F) and RV(G) and evaluate in the state ω. In the computation many expressions can
be shortened by using the relation (1.41). The resulting Feynman diagrams are depicted in
(1.46) where we used the conventions from (1.44) concerning the various propagators and
vertices. Notice we choose µ(x) = 3w(x, x).

∆f(x, y) = x y = ∆f(y, x)

∆+(x, y) = x y = ∆−(y, x)

∆r(x, y) = x y = ∆a(y, x) (1.44)

µ(x) =

λ =

The up to second order contributions to the two point function of the interacting field with
potential V. We omit the labels of the external vertices after the first line using the convention
that the left external vertex is always the x-vertex, and then the right external vertex the y-
vertex.

ω2(x, y) = x y

− x y − x y

+ x y + x y + x y

−3i x y + 3i x y − 3i x y + 3i x y

−6i x y + 6i x y

−6i x y + 6i x y (1.45)

+6 x y

Each edge corresponds to a propagator (cf. (1.44)), every internal vertices to λ or µ(x) (cf.
(1.44)), and any closed loop represent an integration of the propagator(s) in the loop against
suitable test function(s). All graphs are a pointwise product of “vertices” and “edges”. �

1.8 The regularization problem

Due to the causal factorization property stated as one of the axioms presented in section 1.7.4
that every time ordered product has to satisfy, the time ordered product (2.14) is well defined
if the support of F1, ...Fn are pairwise disjoint

supp(Fi) ∩ supp(Fj) = ∅ , ∀i, j ∈ {1, ..., n}, i 6= j .
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However, if we restrict ourselves to functionals which have pairwise disjoint support, we
are excluding the local functionals. Unfortunately, as we said earlier the functionals which
represent the local non linear interacting potentials of the theory are elements of the space
of local functionals. Hence we have to extend the definition of the time ordered product
for functionals with overlapping supports. This section is based on the work of Brunetti,
Fredenhagen, Deutsch, Keller, Rejzner [6, 25], and on earlier ideas of Epstein and Glaser and
Steinmann [19, 20].

In this section we shall first extend the time ordered product up to the total diagonal, i.e.
when all supports of F1, . . . ,Fn coincide. Second we will characterize this remaining diver-
gence with the so called scaling degree. Third we will present two different methods to
extend distributions, the W extension and the minimal subtraction. We will show how these
two procedures are related. Finally, we will show how the minimal subtraction procedure
can be explicitly applied in the case of specific distributions.

1.8.1 Extension up to the total diagonal

We have build successfully the interacting quantum field theory perturbatively using the
functional approach. The interacting observables have been obtained with the Bogoliubov
formula (1.40). The problem using RV lies in the construction of the time ordered product.

We have already seen in example 1.6 that the time time ordered product among local func-
tionals can be ill defined. It is what we call the regularization problem. It can be solved
using the procedure developed in [6], where the time ordered product is built recursively in
the number of local fields on the full space up to the total diagonal. At each recursion step the
causal factorization property permits to construct the distributions defining the time ordered
product up to the total diagonal. Let us present this recursive construction.

We consider ∀i ∈ {1, . . . , n} the functionals Fi(φ) ∈ Floc(M)[[~]]. The time ordered product
shall be written constructing the maps Tn

Tn :

{
Floc(M)[[~]]⊗n → Fµc(M)[[~]]
F1(φ)⊗ ... ⊗ Fn(φ) 7→ F1(φ) ·T ... ·T Fn(φ)

,

with the properties stated in section 1.7.4. Here we shall present the recursive method pro-
posed by Epstein and Glaser, where the recursion is in the number of local fields. In particu-
lar, we prove that, at each recursive step, the time ordered product is well defined up to the
total diagonal (1.27).

Simple cases (n = 1 & 2). The time ordered product of a local functional is a local functional,

T1(F) ∈ Floc(M)[[~]] ,

and the time ordered product of two “causal” functionals

T2 (F1(φ)⊗ F2(φ)) = F1(φ) ·T F2(φ) = F1(φ) ? F2(φ) ,

coincides with the ? product for supp(F1) later that supp(F2). It is well defined on the
full spaceM2 except on the coinciding points, which here is equal to the total diagonal
d2.

Inductive hypothesis (k ≤ n). Now let us assume that we are able to construct the time or-
dered product of k local functionals, for any k ≤ n. We suppose it is well defined on the
full spaceMk minus the total diagonal dk, and that it satisfies the causal factorization
property.

Inductive step (k=n+1). We want now to define the time ordered product of n+1 functionals
onMn+1 \ dn+1.
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Partition. We shall need a partition ofMn+1 \ dn+1. Let J be the set of all non empty
proper subset I of {1, . . . , n+ 1}, and Ic the complement set of I in {1, . . . , n+ 1}.
We define the subset CI ofMn+1 as follows

CI =
{

(x1, . . . , xn+1) ∈Mn+1 | ∀(i, j) ∈ I × Ic, xi /∈ J−(xj)
}
.

Then we can show [6, lemma 4.1]⋃
I∈J
CI =Mn+1 \ dn+1 .

Induction. On every subset CI onMn+1 we have

Tn+1 (F1(φ)⊗ · · · ⊗ Fn+1(φ)) = TI (FI(φ)) ? TIc (FIc(φ)) ,

where TI (FI(φ)) denotes the time ordered product of all Fi(φ) with i ∈ I , and in
the same way TIc (FIc(φ)) is the time ordered product of all Fi(φ) with i ∈ Ic. Ac-
cording to the induction hypothesis the time ordered product of k + 1 functionals
is then well defined on CI .
Two sets CI1 and CI2 can overlap, but we can show [6, proposition 4.2] that for any
set I1, I2 ∈ J such that CI1 ∩ CI2 6= ∅we have

TI1 (FI1(φ))|CI1∩CI2 = TI2 (FI2(φ))|CI1∩CI2

in the distributional sense onMn+1 \ dn+1.
Therefore, if we define a smooth partition of unity {gI} subordinated to {CI}I∈J ,
we have

Tn+1 (F1(φ)⊗ · · · ⊗ Fn+1(φ)) =
∑
I∈J
TI (FI(gIφ)) ,

which does not depend on the partition of unity chosen, cf. proposition 4.2 and
theorem 4.3 in [6]. It is well defined on the full space up to the total diagonal
Mn+1 \ dn+1.

Conclusion. We have proved that Tn+1 is well defined up to the total diagonal, if Tk is know
to be also well defined for every k ≤ n. If the time ordered map can be extended on the
total diagonal we can recursively construct every time ordered map.

1.8.2 Regularization of numerical distributions

In section 1.8.1 we have shown that the time ordered product can be defined up to the to-
tal diagonal. The remaining step, namely the the extensions of these products to the total
diagonal, is done using ideas of Steinmann. Let us first of all present these methods to the
problem of extending a numerical distributions on a point. The use of similar methods to
extend the time ordered products to the diagonal can be found in [6]. In the next chapter we
shall present a complete regularization scheme which makes use of similar methods.

1.8.2.1 Extensions and Steinmann scaling degree

We shall use the following notations

D′ :=
{
D′(Rn) or D′(Rn \ {0})

}
, and D :=

{
D(Rn) or D(Rn \ {0})

}
.



43

Let us consider u ∈ D′(Rn\{0}) namely a distribution for which we want to find an extension
over {0}. Hence, u is defined only for all test functions supported outside the {0}. We call
◦
u ∈ D′(Rn) an extension of u if

∀φ ∈ D (Rn \ {0}) , ◦
u(φ) = u(φ) .

We cannot always find an extension of a distribution, and even if extensions exists, they must
not be unique. A distribution supported on the origin can be written as a polynomial in the
derivatives of the Dirac distribution. Therefore we could add a polynomial in the derivatives
of the Dirac distribution to the extension obtaining different extensions. We have to restrict
the possibilities of extension by adding a constraint. A possible choice of a constraint is to
require that the distributions we want to extend and their corresponding extensions should
have the same Steinmann scaling degree. To define this Steinmann scaling degree, we shall
first define a geometric scaling transformation towards the origin as follows,

φλ = λn φ (x1(λ), x2(λ), . . . , xn(λ)) , (1.46)

for all λ ≥ 0 and all φ ∈ D(Rn), where xi=1,...,n(λ) = λxi=1,...,n. We can now give the
definition the Steinmann scaling degree of a distribution.

Definition 1.20
The Steinmann scaling degree of a distribution u ∈ D′ towards the origin is defined as

sd(u)
.
= inf

{
ω ∈ R

∣∣∣∣ lim
λ↓0

λω
〈
u, φ1/λ

〉
= 0, ∀φ ∈ D(Rn \ {0})

}
. �

Let us illustrate the definition 1.20 with an example.

Example 1.8
We consider the distribution u ∈ D′(R\{0}) defined as

〈u, φ〉 =

∫
R
dx u(x)φ(x) ,

whose integral kernel is

u(x) =
1

|x|
.

In order to compute its Steinmann scaling degree we consider

λω
〈
u, φ1/λ

〉
= λω

∫
R
dx u(x) φ

(x
λ

)
= λω−1 〈u, φ〉

from definition 1.20 it follows that u has Steinmann scaling degree equal to 1. �

The scaling degree has the the following properties whose proof can be found in [6, theorem
5.1]. Let u, v ∈ D′(Rn) and a ∈ Nn, then

• sd(∂au) ≤ sd(u) + |a|,
• sd(xau) ≤ sd(u)− |a|,
• sd(φu) ≤ sd(u), for all φ ∈ E(Rn),

• sd(u⊗ v) = sd(u) + sd(v)

We notice that when the product u · v is well defined it has the same scaling degree as u⊗ v.
The reason is that we define u · v starting from u⊗ v, cf. section 1.4.3.

The scaling degree permits us to predict the existence and the possible uniqueness of a
distribution. According to the value of the scaling degree of the distribution u and comparing
it to the dimension of the total space, we shall be able to control the existence and uniqueness
of an extension. Let us present this important result in the following theorem [6, theorems
5.2 and 5.3].
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Theorem 1.1 (Existence and uniqueness of an extension)
We consider a distribution u ∈ D′(Rn \ {0}), then

• if sd(u) < n, then there exists a unique extension
◦
u ∈ D′(Mn) with sd(

◦
u) = sd(u),

• if n ≤ sd(u) < ∞, then there exist several extensions
◦
u ∈ D′(Rn) with sd(

◦
u) = sd(u),

which are uniquely defined by their values on a finite set of test functions.

A distribution which have scaling degree infinite cannot be extended. I

1.8.2.2 Regularization procedures

Once we know that a distribution can be extended the next step is to find a way to obtain at
least one extension. We shall discuss a method which assures us to find an extension. For
that we need to define the partial space of order λ. It is the space of functions which vanish
up to order λ ∈ R towards the origin,

Dλ(Rn) = {φ ∈ D(Rn) | ∀ |a| ≤ λ , (∂aφ) (0) = 0} ,

with Dλ(Rn) = D(Rn) if λ < 0. The dual space D′λ(Rn) is the corresponding space of distri-
butions.

It has been shown in [6] that a distribution ill defined at the origin which has finite Stein-
mann scaling degree can be extended to a distribution on the whole space using the so-called
W–projection. It is a map from D(Rn) to Dλ(Rn). The complement of D′λ(Rn) in D′ is the
space of polynomial derivatives of the the Dirac functions up to order λ. Hence we can write
W as follows,

W :

{
D(Rn) → Dλ(Rn)
φ 7→ Wφ = φ− rW (φ)

, (1.47)

with λ ≤ sd(u)− n, and the remainder term rW (φ) defined as follows

rW (φ) :=
∑
|γ|≤λ

ωγ ∂
γφ(0) ,

where ωγ are some fixed smooth compactly supported functions such that ∂γωβ(0) = δγβ . It
has been shown in [50, lemma 11] that for every choice of such functions ωγ we can construct
the linear map W from D(Rn) to Dλ(Rn), and conversely for any such projector W there
exists functions such as ωγ defined above.

For any φ ∈ D(Rn), any element of Dλ(Rn) can be written in the form

Wφ(x) =
∑
|γ|=λ+1

xγϕγ(x) ,

for some ϕγ ∈ D(Rd) depending on φ. Then for any distribution u ∈ D′(Rn \ {0}), with
sd(u) = λ+ n, an extension with same scaling degree,

◦
u ∈ D(Rn), can be written as follows〈◦

u, φ
〉

= 〈u,Wφ〉 +
〈◦
u, rW (φ)

〉
=

∑
|γ|=λ+1

〈xγu, ϕγ〉 +
∑
|γ|≤λ

∂γφ(0)
〈◦
u, ωγ

〉
. (1.48)

The second term in the right hand side of (1.48) are just some constants multiplied by some
derivatives of the Dirac delta functions. Actually the choice of this constants represent the
available freedom in the extension. However in the first term in the right hand side of (1.48)〈◦

u,Wφ
〉

=
∑
|γ|=λ+1

〈xγu , ϕγ〉 ,
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the term xγu has scaling degree equal at most to sd(u) − (λ + 1). We notice that in the case
λ = sd(u)− n, we have sd(xγu) ≤ n+ 1 < n, thus according to theorem 1.1, the distribution
xαu has a unique extension with the same scaling degree. We say that

◦
u|Dλ(Rn), the restriction

of
◦
u to Dλ(Rn), has an unique extension, we denote it by u ∈ D′λ(Rn), where λ = sd(u) − n.

The distribution u is called the direct extension of u.

We would like to present an alternative way to extend distributions, called the minimal
subtraction procedure. We shall link this new regularization procedure to the W projection.

Let us now define the regularization of a distribution u ∈ D′(Rn \ {0}) with scaling degree
λ+ n. It is a family {uα} of distributions uα ∈ D′(Rn) if

lim
α→0
〈uα, φ〉 = 〈u, φ〉 , ∀φ ∈ Dλ(Mn) ,

where α ∈ Ω \ {0} with Ω ⊂ C a neighborhood of the origin. The family {uα} is called
analytic regularization if for all φ ∈ D(Rn) the map

α 7→ 〈uα, φ〉 ,

is analytic in α ∈ Ω \ {0} with pole(s) of finite order at the origin. We can write the direct
extension of u ∈ D′(Rn) with its analytic regularization uα in terms of the W–projection

〈u,Wφ〉 = lim
α→0

(
〈uα,Wφ〉 −

∑
|γ|≤λ

〈uα, ωγ〉 ∂γφ(0)

)
,

where ωγ are still some fixed smooth compactly supported functions such that ∂γωβ(0) = δγβ .
Given the analyticity of uα it is possible to expand in series both term in the right hand side
around α = 0. After taking the limit α→ 0 we get a finite result, therefore the principle parts4

with respect to α of both series in the right hand side have to be equal. Thus the principal
part of any analytic regularization is a local distribution. We can now define the so-called
minimal subtraction (MS) procedure [25].

Theorem 1.2 (Minimal subtraction)
Any analytic regularization {uα} of a distribution u ∈ D′(Rn\{0}) implies an extension of u
which is defined by

〈ums, φ〉 = lim
α→0

(
〈uα, φ〉 − pp (〈uα, φ〉)

)
,

where pp is the principal part. We require the same scaling degree, sd(ums) = sd(u). The
extension ums is called the minimal subtraction of u. I

Let us illustrate the MS procedure in an example.

Example 1.9
We consider the distribution un ∈ D′(R4 \ {0}) defined as

〈u, φ〉 =

∫
R
dx u(x)φ(x) ,

whose integral kernel is

un(x) =
1

(x2)n+α
, with n ≥ 1 ,

4The principal part of a function f(α) =
∑∞
k=−∞ Ck(α − a)

k at α = a is the terms of the Laurent series with
negative degree.
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where the square is defined with the Minkowskian metric. Its scaling degree is sd(un) = 2n.
Therefore for n > 1 the extension is not unique. Let us regularize it with the minimal sub-
traction procedure. To perform the MS procedure we introduce the regularized distribution
uαn ∈ D′(R4) defined as follows

uαn(x) =
1

(x2)n+α
.

For practical reason we consider the following identity.

� uαn(x) = −2 (n+ α) (n+ α− 2) uαn+1(x) ,

where � is the so-called d’alembertian operator in dimension 4. Therefore after integrating
by parts few times we obtain

〈uαn , φ〉 =
(−1)n

2n−1

Γ(α+ 1)Γ(α− 1)

Γ(α+ n)Γ(α+ n− 2)

·
∫
R4

dx exp
(
−(1 + α) log

(
x2
))
�n−1φ(x) , (1.49)

where Γ(n) is the Euler gamma function. We want to determine the principal part of 〈uαn , φ〉,
thus we need to expand in series with respect to α the expression (1.49). We get

pp (〈uαn , φ〉) =
(−1)n

2n−1

1

Γ(n− 2)Γ(n)

∫
R
dx

1

x2
�n−1φ(x)

thus

〈un , φ〉ms =
(−1)n

2n−1

1

Γ(n− 2)Γ(n)

·
∫
R
dx

1

x2

(
− 1 + 2γ + log(x2) + Ψ(0)(n− 2) + Ψ(0)(n)

)
�n−1φ(x) ,

where Ψ(n) is the (n+ 1)th derivative of the logarithm of the gamma function. Therefore

(un)ms =
(−1)n

2n−1

1

Γ(n− 2)Γ(n)
�n−1

(
−1 + 2γ + log(x2) + Ψ(0)(n− 2) + Ψ(0)(n)

x2

)
. �

In the next chapter, we shall use a similar method to extend the distributions which defines
the time ordered products. However, we already notice in this example that the extraction
of the possible pole of an analytic regularization is not an easy task. In example 1.9, without
the relation (1.9), we would not have been able to extract the poles. In next section we shall
present a procedure to help to subtract the principal part for specific distributions.

1.8.2.3 Extensions of (almost) homogeneous distributions

As already said we shall here present a procedure to facilitate the extraction of the poles with
respect to the parameter of regularization for specific distributions.

The same geometric transformation (1.46) can be used to introduce some homogeneity
properties of a distribution.

Definition 1.21
A distribution u ∈ D′ is called homogeneous of degree δ, if it satisfies the equality

λδ 〈u, φλ〉 = 〈u, φ〉 , λ > 0 , and δ ∈ C , (1.50)

where the transformation (2.3) are applied for all φ ∈ D. �
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The definitions 1.20 and 1.21 imply that a distribution which is homogeneous of degree δ
has scaling degree equal to −Re(δ), indeed

if u ∈ D′ is homogeneous, then sd(u) = −Re(δ) . (1.51)

Moreover, if the distribution u ∈ D′(Rn \ {0}) is homogeneous of degree δ, and δ is not an
integer equal or smaller to −n, then u has a unique extension

◦
u ∈ D(Rn) which is homoge-

neous of degree δ, and sd(
◦
u) = sd(u) [42].

An homogeneous distribution u ∈ D′ can also be characterized with the Euler operator for
the numerical distribution,. Actually, a distribution u scales homogeneously with degree δ if
and only if

〈(xa∂a − δ)u, φ〉 = 0 ,

for all φ ∈ D , and xa∂
a = x1

∂a1

∂xa1
1

. . . xn
∂an

∂xann
.

The following theorem [25] gives the existence of extensions of homogeneous distributions,
and distributions which still satisfy a scale property that we shall defined.

Theorem 1.3
Let u ∈ D′(Rn \ {0}) and suppose that for some degree δ ∈ C and some power m ∈ N \ {0},〈

(xa∂
a − δ)m+1 u, φ

〉
= 0 (1.52)

where m is the smallest natural number such that relation (1.52) is satisfied5. Then u has an
extension

◦
u ∈ D′(Rn) satisfying (1.52) for the same degree δ, and power ` ≥ m,

• for δ /∈ N \ {0}+ `,
◦
u is unique and scale under same power as u, i.e. ` = m,

• for δ ∈ N \ {0}+ `,
◦
u is non unique and ` ∈ {m,m+ 1} I

In [50] it has been proved that the requirement (1.52) is equivalent to

λm+1 dm+1

dλm+1

(
λ−δ u(λx)

)
= 0 . (1.53)

Let us consider a distribution u ∈ D′(Rn\{0}) which satisfies (1.52) with degree−δ = n+α,
we impose α ∈ C \ {0} and Re(α) < 1. Thus we have

0 = (xa∂
a + n+ α)m+1 u .

Using the binomial expansion formula we see that we can restrict ourselves to

0 = (xa∂
a + α)m+1 u

= αm+1u+

m+1∑
k=1

(
m+ 1

k

)
αm+1−k (xa∂

a)k ◦ u

= αm+1u+ (−1)m+1
m+1∑
k=1

(
m+ 1

k

)
αm+1−k

((
∂bxb

)
◦ (xa∂

a)k−1 ◦ u
)
. (1.54)

The Steinmann scaling degree of the term in brackets is equal to sd(u) = −Re(δ) = n+Re(α)
which can be bigger than n thus the extension is not unique. However, we have

sd

(
xa ◦

(
xb∂

b
)k−1

◦ u
)

= sd(u)− 1 = n+ Re(α)− 1 < n .

5Notice that in the case m = 0 (1.52) is the homogeneous scaling (1.50).
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Thus this term can be uniquely extended, and its extension is its direct extension introduced
in section 1.8.2.2. The poles in α are apparent in (1.54), therefore we can subtract the principal
part with respect to α. Finally we have

ums = −
n+1∑
k=1

(
n+ 1

k

)
α−kxa

(
xa ◦ (xb∂b)

k−1 ◦ u
)
,

where we used the notation v for the direct extension of v.

We have just presented a method to extend certain numerical distribution using the mini-
mal subtraction scheme. This method is useful to compute explicitly the principal part with
respect to the parameter of regularization. In the next chapter we shall also use the MS
method to extend distributions defined on manifolds, and to help to extract poles we will
introduce a similar method that the one presented in this section.



Chapter 2

A covariant regularization scheme

In the perturbative construction of models in quantum field theory on curved spacetimes we
have to construct time ordered products of field polynomials which are a priori ill defined
due to the appearance of UV divergences. Several regularization schemes which deal with
these divergences in the presence of non trivial spacetime curvature have been discussed
in the literature [6–16]. The Epstein–Glaser regularization discussed in section 1.8 is one
of them. Although this scheme is conceptually clear and mathematically rigorous, it is not
easily applicable in practical computations.

In this chapter we develop a regularization scheme for time ordered products in interact-
ing field theories on curved spacetimes, manifestly generally covariant, invariant under any
spacetime isometries present and constructed to all orders in perturbation theory. As in the
previous chapters, we discuss only scalar fields in four spacetime dimensions, but we shall
argue that this scheme can be directly generalized to other spacetime dimensions and field
theories with higher spin, as well as to theories with local gauge invariance.

The renormalization scheme we propose is inspired by the works [24,25] recalled in section
1.8, which deal with perturbative QFT in Minkowski spacetime. In these works, the authors
introduce an analytic regularization of the position space Feynman propagator in Minkowski
spacetime which is similar to the one discussed in [5]. This chapter is based on the article [1].

2.1 General regularization framework

We have seen in section 1.8.1 that the time ordered product of local functionals can be ex-
tended up to the total diagonal via a recursive method. Therefore even if the regularization
scheme we shall develop in the present chapter proceed in another way we know that the
only relevant divergence is the one on the total diagonal. For this reason, in this section, we
shall focus to the extension of generic distributions u ∈ D′(Mn \ dn) over the total diagonal.

Following the path adopted in section 1.8.2 in section 2.1.1, we shall characterize the pos-
sible divergences occurring on dn. Later on in section 2.1.2 we shall construct an explicit
extension over the diagonal.

2.1.1 Extensions and scaling degree

We shall here extend the concepts of extensions and Steinmann scaling degree introduced
for numerical distributions in section 1.8.2.

The distribution u ∈ D′(Mn \ dn) is defined for all test functions supported outside the the
total diagonal. We recall that the total diagonal dn is the following subspace ofMn

dn = {(x, . . . , x) ⊂Mn} . (2.1)
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We call
◦
u an extension of u if

for
◦
u ∈ D′(Mn), we have ∀φ ∈ D (Mn \ dn) ,

◦
u(φ) = u(φ) .

In order to obtain an extension
◦
u we need relevant informations about the behavior of such a

distribution in the neighborhood of the total diagonal dn. For this reason, and having in mind
the path followed in section 1.8.2, we shall introduce a geometric scaling transformation.
However, before doing this, let us define the neighborhood of the total diagonal.

First we shall show thatM admits a covering of open geodesically convex sets. Actually,
we have the following lemma taken from [51].

Lemma 2.1
For any Lorentzian manifoldM there exits a cover C such that every elements Ni of C and
their overlaps Ni ∩Nj are open geodesically convex subspaces ofM. I

Therefore we consider such a cover C ofM, and then we define the set

Nn =
⋃
N∈C

N × · · · × N︸ ︷︷ ︸
n times

⊂Mn (2.2)

We call sets of the form Nn the normal neighborhoods of the total diagonal dn. We can
deduce that for any point x ∈Mwe can find a normal neighborhood Nx ∈ C of x inM.

As we know for every pair of points x1, xi in a normal neighborhood N ⊂ M there exists
a unique geodesic γi connecting x1 and xi, with i runs over 1, . . . , n. We shall assume that

γi : λ 7→ γi(λ) = xi(λ)

is affinely parametrized and that xi(0) = x1 whereas xi(1) = xi. For all λ ≥ 0 and all
φ ∈ D(Nn) with Nn ⊂ Mn a normal neighborhood of the total diagonal dn (2.2), we shall
consider the following geometric scaling transformation

φλ = λ4(n−1) φ (x1(λ), x2(λ), . . . , xn(λ))
n∏
i=2

√∣∣∣∣g(xi(λ))

g(xi)

∣∣∣∣ , (2.3)

where g(x) is the the determinant of the metric g expressed in normal coordinates. For λ > 1
it may happen that (x1(λ), . . . , xn(λ)) lies outside Nn and is thus not well defined in gen-
eral. In this case we may set φλ = 0 for points lying outside Nn by means of some smooth
partitions of unit.

For later purposes, we recall that the determinant of the metric computed in normal coor-
dinates centered at x1 is such that √

g(xi) =
1

u2(x1, xi)
,

where u is the Hadamard coefficient introduced in the definition of the two-point function
of an Hadamard state in section 1.6, and u2 is the van Vleck–Morette determinant, see e.g.
[52] for a derivation of this formula. We notice that the geometric scaling transformation
(2.3) is similar to the one defined for numerical distributions in (1.46), the difference here
is that the scaling towards the point x1 is done along geodesics. We can now introduce
a notion of scaling degree towards submanifolds which generalizes the Steinmann scaling
degree 1.20. Let us first of all introduce some notations. Consider a distribution u ∈ D′(Mn)
or u ∈ D′(Mn \ dn), employing the scaling transformations (2.3) we might introduce the
family of scaled distributions

〈uλ, φ〉 :=
〈
u, φ1/λ

〉
.
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Furthermore, if

WF(u) ∩ {(x1, . . . , xn, k, 0, . . . , 0) ∈ T ∗Mn,∀k 6= 0} = ∅ , (2.4)

we say that WF(u) is transversal to dn. We may now introduce a definition of scaling degree
inspired from the results of section 6 in [6] .

Definition 2.1
Consider a distribution u ∈ D′(Mn) or u ∈ D′(Mn \ dn) with transversal wave front set to
dn. The scaling degree of u towards dn is defined as

sd(u) := inf

{
ω ∈ R

∣∣∣∣ lim
λ↓0

λω uλ = 0

}
.

where the limit is taken in the Hörmander topology of D′Γ(Mn \ dn), and Γ is transversal to
dn, namely (2.4) holds for Γ. �

We recall here the definition of D′Γ(Mn \ dn)

D′Γ(Mn \ dn) =
{
u ∈ D′(Mn \ dn) , WF(u) ⊂ Γ

}
.

Theorem 1.1 can be partially extended to the present situation.

Corollary 2.1
If a distribution u ∈ D′(Mn) or u ∈ D′(Mn \ dn) has scaling degree towards dn strictly
lower than the total dimension of the scaled coordinates 4(n− 1), then u possesses a unique
extension towards dn with the same scaling degree. I

A proof of this corollary can be obtained along the lines of the proof of theorem 6.9 in the
paper of Brunetti and Fredenhagen [6].

In the same way as we did for numerical distributions in section 1.8.2, we define the ana-
lytic regularization of a distribution u ∈ D′(Mn \ dn) as a family

{
u(α)

}
of distributions in

D′(Mn) such that

u(α) is weakly analytic with respect to α in some domain with 0 in its boundary, and
lim
α→0

u(α) = u on D(Mn \ dn) ,

where α is a multivariate complex parameter. We shall define the notion of multivariate
analytic function.

We consider the complex space Cd, and an open subspace Ωd ∈ Cd. A generic point α =
(α1, . . . , αd) ∈ Cd has real and imaginary part respectively denoted by the pair (a,b) ∈
Rd × Rd. An open ball B(β, ε) ⊆ Ωd centered at β ∈ Ωd of radius ε > 0 is defined as follows

B(β, ε) =
{
α ∈ Cd such that ||α− β|| < ε

}
, with ||α|| = max

1≤i≤d

√
a2
i + b2i .

We say that the map

f(α) :

{
Ωd → Cd
α 7→

〈
u(α), φ

〉
, φ ∈ D(Mn)

is analytic, or holomorphic at a point β ∈ Ωd if f(α) is given in B(β, ε) as a power series

f(α) =
∞∑

k1,...,kd≥0

ak1,...,kd (α1 − β1)k1 . . . (αd − βd)
kd , (2.5)

such that for 0 ≤ r ≤ ε , we have
∞∑

k1,...,kd≥0

ak1,...,kd r
k1+···+kn <∞ .
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Then f(α) is said to be analytic on the domain Ωd if f(α) is analytic in every points in Ωd.
If in the power series (2.5) of f(α) the condition ki∈{1,...,d} ≥ 0 is dropped for some kis, e.g.

for k2 and k3, then we say that f(α) has poles in α2 and is α3. For ki finite the pole in αi is
said to be of finite order. The function f(α) is said to be meromorphic on an open subset
Ωd if f(α) is a function that is analytic on all Ωd except on a set of isolated pole(s) of finite
order(s).

If u(α) is continuous and analytic in every single variables, where each of them is an ele-
ment of the complex plane C, then u(α) is analytic in α. We are then back to analyticity on
C.

Let us give a last result which is convenient for practical computations.

Theorem 2.1 (Cauchy–Riemann criterion)
We consider the complex function f(α) in α which is defined in an open subset Ωd ⊂ Cd

and which is continuously differentiable in the underlying real coordinates of Cd (real and
imaginary parts of α). Then f(α) is analytic in Ωd if and only if it satisfies the system of
partial differential equations

∂

∂ᾱi
f(α) :=

1

2

(
∂

∂ai
+ i

∂

∂bi

)
f(α) = 0 , (2.6)

for i ∈ {1, . . . , d} and α ∈ Ωd. I

Once we obtain an analytic regularization we would like to have a procedure which gives
us the corresponding extension(s). In section 1.8.2 among the procedures discussed we de-
fined the MS subtraction. We shall adapt theorem 1.2 to the present situation.

Theorem 2.2 (Minimal subtraction for complex valued multivariate functions)
Any analytic regularization {u(α)} of a distribution u ∈ D′(Mn\dn) with α ∈ Ω ⊂ C provides
an extension of u which is defined by

〈ums, φ〉 = lim
α→0

(〈
u(α), φ

〉
− pp

〈
u(α), φ

〉)
,

where pp is the principal part with to α. The extension ums is called the minimal subtraction
of u. I

For a generic analytic regularization {u(α)} where α is in Cn we could also find an exten-
sion in a similar way as the one introduced in the previous theorem, however this extension
could not be unique, actually, the procedure of taking the limit α → 0 and the extraction of
the principal part in the MS subtraction can be tricky. It the case of the time ordered product
it shall be done with the help of the Forest formula, cf. theorem 2.3.

2.1.2 The generalized Euler operator

In this section we analyze analytically regularized distributions satisfying a certain weaker
homogeneity condition, and show how the principal part of a distribution of this type can
be efficiently computed.

We first recall the notion of homogeneity for distributions, which can be defined in a similar
way as we did in 1.21, only the geometric scaling transformation (2.3) differs.

Definition 2.2
A distribution u ∈ D′(Mn) or u ∈ D′(Mn \ dn), which satisfies the equality

λδ 〈u, φλ〉 = 〈u, φ〉 , ∀λ > 0 , (2.7)

under geometric scaling transformations of the form (2.3) for all φ ∈ D(Nn \ dn) and for a
δ ∈ C, is called homogeneous of degree δ. �
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According to this definition, a distribution u which is homogeneous of degree δ and with
WF(u) transversal to dn has scaling degree −Re(δ), indeed for all φ ∈ D(Nn \ {x}) we have

inf

{
ω ∈ R

∣∣∣∣ lim
λ↓0

λω
〈
u, φ1/λ

〉
= lim

λ↓0
λω+δ 〈u, φ〉 = lim

λ↓0
λω+Re(δ)λiIm(δ) 〈u, φ〉 = 0

}
= −Re(δ) ,

hence, sd(u) − Re(δ) because, for homogeneous distribution with wave front set transversal
to dn, the limit λ → 0 of λωuλ in the topology of distribution is equivalent the limit in the
Hörmander topology D′Γ(Mn \ dn) with Γ transversal to dn.

Finally, for homogeneous distributions towards dn with wave front set transversal to dn we
have actually the following lemma whose proof can be obtained following the one of [42,
theorem 3.2.3] due to L. Hörmander.

Lemma 2.2
If u ∈ D(Mn \ dn) has wave front set transversal to dn, is homogeneous of degree δ, and
−(δ + 4(n− 1)) /∈ N, then u possesses a unique extension u ∈ D′(Mn) with the same degree
of homogeneity. I

Sketch of the proof
The existence of an extension can be obtained in two ways. It is possible to write a proof
along the lines of the proof of [42, theorem 3.2.3] due to L. Hörmander or, thanks to the
previous observation about the relation of the scaling degree towards dn and the degree
of homogeneity, we might directly use [6, theorem 6.9]. The uniqueness of the extension
descends form the uniqueness of the extension of the homogeneous distributions ux obtained
restricting u to the set {(x, y2, . . . , yn) ∈Mn,∀yi ∈M}. �

Unfortunately the relevant distributions we have to regularize in order to extend the time
ordered product are not homogeneous. Nonetheless, as we mention in section 1.8.2, they are
“almost homogeneous”. Therefore we consider a family of distributions u(α) ∈ D′(Nn \ dn)
defined for α in Ω \ 0 for some neighborhood Ω ⊂ C of 0 and assume that u(α) have wave
front set transversal to dn and that they can be expanded as

u(α) =
m∑
k=0

u
(α)
k + r(α) ,

where u(α)
k are homogeneous terms with transversal wave front set and with degree with

degree ak = −δα + k1, thus

sd(u
(α)
k ) = −Re(ak) = Re (δα)− k ≥ 4(n− 1) .

We place ourselves in the worst case where sd(u
(α)
k ) ≥ 4(n − 1), otherwise the extension is

straightforward due to corollary 2.1. The remainder r(α) ∈ D′(Nn \ dn) has scaling degree
towards dn strictly smaller than 4(n−1) and thus according to corollary 2.1 it can be uniquely
extended to x for every α ∈ Ω.

As we did for numerical distributions when we introduced a notion of “almost homogene-
ity” by theorem 1.3, here we shall define the generalized Euler operator. We consider a
normal neighborhood Nn of the total diagonal dn, see e.g.(2.2) and define the operator Ep as
follows

Ep :


D(Nn) → D(Nn)

φ(x1, . . . , xn) 7→ (−1)p λp+4(n−1) dp

dλp

(
λ−4(n−1)φλ(x)

)∣∣∣∣
λ=1

, (2.8)

1The choice on how to write ak is arbitrary but independent from the following construction.
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where the scaling transformation (2.3) is used. Owing to its homogeneity, every u(α)
k can be

rewritten by means of the relation (2.7) and the generalized Euler operator Ep (2.8) as〈
u

(α)
k , φ

〉
=

1
p−1∏
j=0

(ak + j + 4(n− 1))

〈
u

(α)
k ,Epφ

〉
. (2.9)

Note that, Epφ(x1, . . . xn) is smooth and vanishes for

y = (y1, . . . , yn)→ x = (x1, . . . , xn) , as C|y − x|p ,

i.e. it is in the class O(|y − x|p). For this reason, if p is chosen sufficiently large as p >
−ak − 4(n− 1) then

u
(α)
k ◦ Ep

possesses a unique extension towards dn by applying Lemma 2.2.

We recall that, in order to regularize u(α) for α = 0 in the MS procedure of theorem 2.2, we
have to subtract its principal part before computing the limit of vanishing α

〈(uk)ms, φ〉 = lim
α→0

(〈
u

(α)
k , φ

〉
− pp

〈
u

(α)
k , φ

〉)
.

However, if we use the representation of u(α)
k provided by the right hand side of equation

(2.9), its poles are manifestly exposed and can be easily subtracted. We recall that, since the
original distribution u

(α)
k is well defined on Nn \ dn even for α = 0, the principal part we

are subtracting can only be supported on dn. We summarize this discussion in the following
proposition.

Proposition 2.1
Consider Nn, a normal neighborhood of the diagonal dn and Ω ⊂ C a neighborhood of the
origin. Assume that u(α) ∈ D′(N n \ dn) is an analytic regularization of u ∈ D′(N n \ dn).
Moreover, assume that u(α) can be decomposed as

u(α) =
m∑
k=0

u
(α)
k + r(α) ,

where u(α)
k are weakly analytic distributions which scale homogeneously under transfor-

mations of the form (2.3) with degree ak = −δα + k, and where r(α)
k is a weakly analytic

distribution whose scaling degree towards dn is strictly smaller than 4(n−1). If u(α)
k and r(α)

k

have wave front set transversal to dn, then the following statements hold.

1. u(α) ∈ D′(N n \ {x}) can be extended to
◦
u

(α)
∈ D′(N n) for every α ∈ Ω \ {0}.

2.
◦
u

(α)
is weakly meromorphic for α ∈ Ω with possible poles for α = 0 and it is the unique

weakly meromorphic extension of u(α).

3. The pole of
◦
u

(α)
in 0 is supported on dn.

4. The limit α→ 0 can be considered after subtracting the pole part, namely

〈ums, φ〉 = lim
α→0

(〈
◦
u

(α)
, φ

〉
− pp

〈
◦
u

(α)
, φ

〉)
is well defined for all φ ∈ D(N n) and ums is an extension of u which preserves the
scaling degree. I
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Proof
1 & 2 The distribution u(α) is the sum of homogeneous terms u(α)

k plus a remainder term r(α).
The latest term r(α) has scaling degree strictly smaller than 4(n−1), therefore according
to corollary 2.1 r(α) possesses a unique extension towards dn for every α ∈ Ω \ {0}.
Regarding the homogeneous terms u(α)

k , we can use lemma 2.2. A term u
(α)
k has degree

of homogeneity equal to ak = −δα+k, which satisfies the condition− (ak + 4(n− 1)) /∈
N, thus every u

(α)
k possesses a unique extension in D′(Nn) for every α ∈ Ω \ {0}. It

follows that the map

α 7→
〈
◦
u

(α)
, φ

〉
(2.10)

is analytic in α ∈ Ω \ {0}, and that
◦
u

(α)
is the unique analytic extension of u(α). Thus

the map (2.10) is meromorphic for α ∈ Ω with possible poles for α = 0 and
◦
u

(α)
is the

unique weakly meromorphic extension of u(α).

3 We know that the original distribution u(α) defined on N n \ dn is weakly analytic. An
explicit construction of the weakly meromorphic extension u̇(α) to N n is provided by
(2.9) that we recall here

〈
u

(α)
k , φ

〉
=

1
p−1∏
j=0

(ak + j + 4(n− 1))

〈
u

(α)
k ,Epφ

〉
.

Indeed if we choose for every component u(α)
k a sufficiently large p, then according

corollary 2.1 we shall be able to construct a weakly meromorphic extension
◦
u

(α)
toN n.

Hence, the poles of
◦
u

(α)
can only be supported on dn.

4 Because the pole of
◦
u

(α)
in 0 is supported on dn, after subtracting the principal part of the

distribution the limit α → 0 can be safely taken. The such obtained distribution prior
to considering the limit α→ 0 coincides with u(α) onN n \dn and the same holds in the
limit α→ 0. Consequently ums is an extension of u.

Finally, due to 1 we have by the lemma 2.2 that the extension of each u
(α)
k keeps the

degree of homogeneity, and therefore keeps also the scaling degree. By corollary 2.1

the extension of the remainder rα conserves the scaling degree. Therefore sd(
◦
u

(α)
) =

sd(u(α)). We have by definition limα→0 u
(α) = sd(u), thus because the subtraction of the

principal part is a linear operation we can conclude sd(ums) = sd(u). �

We now discuss how equation (2.9) can be used in order to regularize the most singular
part of a distribution u(α) which is known to be of the form

u(α) =
m∑
k=0

u
(α)
k + r(α) ,

but where the distributions u(α)
k are not explicitly known. To this end, observe that equation
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(2.9) implies〈
u(α),Epφ

〉
=

m∑
k=0

〈
u

(α)
k ,Epφ

〉
+
〈
r(α),Epφ

〉

=
m∑
k=0

p−1∏
j=0

(ak + j + 4(n− 1))

〈u(α)
k , φ

〉
+
〈
r(α),Epφ

〉

=
m∑
k=0

ck,p

〈
u

(α)
k , φ

〉
+
〈
r(α),Epφ

〉
,

where we introduced the coefficients

ck,p =

p−1∏
j=0

(ak + j + 4(n− 1)) .

Moreover, we may assume without loss of generality as in proposition 2.1 that the homo-
geneity degrees ak of u(α)

k are of the form ak = −δα + k where Re(δα) is the scaling degree
of u(α). Consequently u(α)

0 is the contribution with the highest scaling degree which may be
extracted by considering〈

u(α),Epφ
〉
− c0

〈
u(α), φ

〉
=

m∑
k=1

(ck − c0)
〈
u

(α)
k , φ

〉
+
〈
r(α),Epφ

〉
− c0

〈
r(α), φ

〉
, (2.11)

where the distributions on the right hand side of (2.11) have a scaling degree smaller than
Re(δα) = −Re(a0). Hence, although in general the distribution u(α) does not scale homoge-
neously, equation (2.9) still holds up to distributions with a lower scaling degree. Knowing
the decreasing degree of homogeneity of the components in the expansion of u(α), we may
use a recursive procedure in order to expose the pole part of this distribution. In fact, the
previous discussion implies the validity of the following proposition.

Proposition 2.2
We consider a distribution u(α) with the properties assumed in proposition 2.1 and set

V0 = u(α) , Vk+1 = ckVk − Vk ◦ Epk , 0 ≤ k < m

where pk are the smallest natural numbers chosen in such a way that

pk + Re(ak) + 4(n− 1) > 0 , and ck =

pk−1∏
j=0

(ak + j + 4(n− 1)) ,

where ak is the degree of homogeneity of u(α)
k . Then in order to expose the poles of u(α), we

may invert the recursive definition of Uk obtaining

u(α) =
1

c0

(
V0 ◦ Ep0 +

1

c1

(
V1 ◦ Ep1 + · · ·+ 1

cn
(Vn ◦ Epn + Vn+1)

))
. I

In order to be able use the previous results for our purposes, we provide in the next propo-
sition a criterion which is sufficient to ensure that a generic distribution can be decomposed
into the sum of a homogeneous distribution and a remainder with lower scaling degree.

Proposition 2.3
Let Nn be a normal neighborhood of the total diagonal dn and u ∈ D′(Nn) with scaling
degree s1 towards dn. If there exists an δ ∈ C satisfying Re(α) = −s1 such that

u ◦ (E1 + δ + 4(n− 1))
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has scaling degree s2 < s1, then u can be decomposed into the sum of a homogeneous
distribution with degree of homogeneity δ and a remainder with scaling degree smaller than
or equal to s2. I

Proof
We start by observing that, for every test function φ ∈ D(Nn),

F (λ, φ) :=
〈
u, φ1/λ

〉
is a continuous linear functional of φ which is smooth in λ for λ > 0. Moreover, since the
scaling degree of u is s1, λaF (λ, φ) vanishes in the limit λ→ 0 for every a > s1 and for every
φ ∈ D(Nn). Let us now consider

G(λ, φ) :=
〈
(−E1 + α+ 4(n− 1))u , φ1/λ

〉
.

G(λ, ·) is again a family of distributions on Nn which depends smoothly on λ for positive λ.
Furthermore, λaG(λ, φ) vanishes in the limit λ → 0 for every a > s2 and every φ ∈ D(Nn).
Hence, λα−1G(λ, ·) tends to 0 in D′(N0) for λ → 0 and, additionally, the Banach–Steinhaus
theorem [53] implies that

|λaG(λ, φ)| ≤ C
∑
α≤k
|∂αφ| , (2.12)

for every a > s2, uniformly for φ supported in a compact set K ⊂ Nn and for suitable C and
k which do not depend on λ.

After these preparatory considerations, we observe that G and F are related by the gener-
alized Euler operator in the following way

G(λ, φ) = λ−α+1 d

dλ
λαF (λ, φ) .

We can invert this relation to obtain

F (λ, φ) =
C(φ)

λα
+

1

λα

∫ λ

0
λ̃α−1G(λ̃, φ)dλ̃,

where, C(φ) is a suitable constant which depends on φ. We want to prove that C(·) is in
fact a distribution. To this end, we note that, owing to the bound (2.12), the integral in λ̃
can be performed and the result of this integration is a distribution for every λ > 0 because
Re(α) > s2. This implies that

C(φ) = F (1, φ)−
∫ 1

0
λ̃α−1G(λ̃, φ)dλ̃

is a distribution because it is a linear combination of distributions. By constructionF (1, φ1/λ) =
F (λ, φ) and C ◦ (E1 + α) = 0, hence C is a homogeneous distribution of degree α. By means
of a direct computation we also find that the scaling degree of the remainder F (1, φ)− C(φ)
is smaller than or equal to the scaling degree of G which is s2. �

We are going to analyze the action of the generalized Euler operators Ep appearing in (2.9)
on test functions. In fact, we shall see that Ep corresponds to a particular geometric partial
differential operator. To this end, we observe that2

Ep = (E1 + (p− 1))Ep−1 .

2It is shown by direct computation starting from the relation (2.9).



58

Hence, knowing the differential form of the generalized Euler operator E1, it is possible to
construct recursively every Ep. Regarding the differential form of E1, we note that it can be
written in terms of the geodesic distance and the van Vleck–Morette determinant3 u2 as

E1φ(x1, . . . , xn) =
n∑
j=2

(
σa(xj)∇

xj
a − 2σa(xj)∇

xj
a log (u(xj , x1))

)
φ(x1, . . . , xn) ,

where ∇xja indicates the a–th component of the covariant derivative computed in xj and
σa(xj) = ∇xjaσ(x1, xj). Considering the adjoint E†p of Ep, we have u ◦ Ep = E†pu where, using
the relation

�σ + 2σa ∇a (log(u)) = 4 ,

we find for p = 1

E†1u(x1, . . . , xn) =

n∑
j=2

(
−∇xja σa(xj)− 2σa(xj)

(
∇xja log (u(xj , x1))

))
u(x1, . . . , xn)

= −

4(n− 1) +

n∑
j=2

σa(xj)∇
xj
a

u(x1, . . . , xn) . (2.13)

We finally observe that the recursive identity for Ep implies that also E†p can be constructed
recursively starting from E†1 as

E†p = E†p−1

(
E†1 − (p− 1)

)
.

Therefore knowing E†1 gives us every differential operator E†p.

2.2 Another approach to the regularization problem

Here we present the approach to treat the regularization problem we choose in the present
work. First in section 2.2.1 we introduce a “graphical way” to write the time ordered product
of observables. To the treat the regularization issues we need to introduce a suitable regu-
larization scheme. A possibility is the Epstein Glaser procedure discussed in the previous
chapter, but even if it is mathematically well established, it is inconvenient for practical com-
putations, thus we choose to work with the minimal subtraction scheme already discussed
previously. We present in section 2.2.2 the MS method adapted to perform computations.
Then we will see in section 2.2.3 that the time ordered is defined only locally, we will there-
fore give a way to define it globally.

2.2.1 “Pictorial” perspective of the time ordered product

We define a method to write the time ordered product in a “graphical way”, i.e. as a sum of
Feynman diagram.

The time ordered product of “causal” functionals can be viewed as the following map

Tn :

{
FT(M)[[~]]⊗n → FT(M)[[~]]
F1(φ)⊗ ... ⊗ Fn(φ) 7→ F1(φ) ·T ... ·T Fn(φ)

. (2.14)

3Recall that the square root of the van Vleck–Morette determinant coincides with the Hadamard coefficient u
appearing in (2.25).
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By defining the n-th order pointwise product mn

mn (F1 ⊗ ... ⊗ Fn) (φ) = F1(φ) · ... · Fn(φ) ,

we can rewrite the time ordering product of n argument in terms of an exponential

Tn(F1 ⊗ ... ⊗ Fn)(φ) := mn ◦ Tn
(
F1(φ1)⊗ ... ⊗ Fn(φn)

)∣∣∣∣
φ1=...=φn=φ

,

with

Tn := exp

~
∑

1≤i<j≤n
Dij

 =
∏

1≤i<j≤n

∞∑
|`ij |=1

~|`ij |
D
|`ij |
ij

|`ij |!
,

and Dij :=

〈
∆ij ,

δ2

δφi

〉
where φi = φ(xi), and ∆ij = ∆f(xi, xj). We shall now introduce the graphical procedure we
shall use.

We aim at rewriting the time ordered product as a sum of graphs. To this end we start
giving some standard definitions. A generic graph γ is a set of points, called vertices V (γ),
which can be connected by some (unoriented) lines called edges E(γ). We shall denote by
|E(γ)| and |V (γ)| the number of elements in the set E(γ) and V (γ) respectively.

We define by Gn the set of graphs with the following requirements

• γ has n vertices,
|V (γ)| = n ,

• an edge of γ which connect the vertices i and j, is denoted by `ij . In order to avoid
tadpoles, i.e. when an edge connects a single vertex, we require

`ii = 0 .

we shall use the notation ∂`ij = {i, j}, and |`ij | which denotes the number of edges
between the vertices i and j.

• We define for each graph γ its corresponding degree of divergence as follows

ωγ = 2 |E(γ)| − 4(|V (γ)| − 1) , (2.15)

and we say γ is

1. superficially convergent if ωγ > 0,

2. logarithmically divergent if ωγ = 0,

3. divergent if ωγ < 0.

In the case of a graph with only two vertices (e.g. or ) the graphs is diver-
gent for |V (γ)| ≥ 2. Indeed the scaling degree towards the diagonal of ∆r

f defined in
definition 2.1 is lower than 4 only for r = 1.
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Therefore the time ordered product can be written as follows in order to encode the full
combinatorics of the Feynman diagrams,

Tn =
∑
γ∈Gn

Tγ , with Tγ =
1

N(γ)
〈tγ , δγ〉 , (2.16)

N(γ) = ~−|E(γ)|
∏

`ij∈E(γ)

|`ij |! = ~−|E(γ)|
∏

(i,j)∈γ

|`ij |! ,

δγ =
δ2|E(γ)|∏
i∈V (γ),
j∈∂`ij

δφ
|`ij |
i

:=
δ2|E(γ)|∏
(i,j)∈γ

δφ
|`ij |
i

,

and tγ =
∏
i<j,

i∈V (γ),
j∈∂`ij

∆
|`ij |
ij :=

∏
(i,j)∈γ

∆
|`ij |
ij , (2.17)

We can use the notion of scaling degree previously introduced in definition 2.1 to give the
scaling degree of tγ (2.17) as follows

sd(tγ) = 2 |E(γ)| . (2.18)

Without giving a general proof we can see that this is really the case for it by looking at the
triangular graph with one internal loop, on Minkowski spacetime. In particular considering

using (2.17) it gives us tγ = ∆2
12 ∆13 ∆23 .

We recall that ∆ij = ∆f(xi, xj). The Feynman propagator for free massive scalar fields on
Minkowski can be written as

∆f(x) =
1

(2π)4

∫
R4

d4p
eipx

p2 −m2 + iε
, and has scaling degree sd(∆f) = 2 .

Thus assuming for the moment that the product in the expression of tγ is well defined, its
scaling degree is the sum of the scaling degree of each term. Therefore sd(tγ) is given by
(2.18).

Let us illustrate this graphical approach, and give some explicit expansion of the time or-
dered product in terms of graphs.

Examples 2.1
First the time ordered product of two observables

(F ·T G)(φ) = F(φ) · G(φ) + ~
〈
F(1)(φ),∆f G

(1)(φ)
〉

+
~2

2

〈
F(2)(φ),∆⊗2

f G(2)(φ)
〉

+
~3

3

〈
F(3)(φ),∆⊗3

f G(3)(φ)
〉

+O(~4)

= + ~ + ~2 + ~3 +O(~4) .

Second the time ordered product for three observables

(F ·T G ·T K)(φ) = + ~
(

+ +
)

+~2

[
+ + +

1

2

(
+ +

)]
+O(~3) �
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2.2.2 Forest formula for the minimal subtraction scheme

We have just presented a convenient way to represent the product ·T of “causal” local func-
tionals. However, in the previous expansion and in particular in equation (2.17),

tγ =
∏

(i,j)∈γ

∆
|`ij |
ij , with ∆ij = ∆f(xi, xj)

is a distribution which is well defined outside of all partial diagonals, namely on D(Mn \
Dn), where

Dn =

{
x1, . . . , xn

∣∣∣∣ xi = xj for at least one pair (i, j), with , i 6= j

}
. (2.19)

The restricted domain of tγ is the reason why Tn defined in (2.16) is not a well defined
operation for quantum local functionals, i.e. Floc(M)[[~]]⊗n.

In order to complete the construction of (2.16) we need to extend the obtained distributions
tγ to all diagonals Dn. The extension is not straightforward because of the singular structure
of the Feynman propagator ∆f . Indeed, as already explained in section 1.7.4, pointwise
products of Feynman distribution are ill defined on the coinciding points. Consequently
we do need a regularization procedure in order to extend tγ to the full space D(Mn). We
shall see that this extension is in general not unique, but subject to a so-called regularization
freedom.

The procedure we shall use is the minimal subtraction (MS) method defined presented in
theorem 2.2. The MS procedure shall permit us to extend distributions tγ (2.16) to partial
diagonals Dn. It makes use of an analytic regularization defined in section 2.1.1 of the Feyn-
man propagator ∆f , defined as ∆

(α)
f , parametrized by complex parameters α contained in

some neighborhood Ω ⊂ C of the origin. An analytic regularization of the Feynman propa-
gator ∆f shall be studied later on. Nonetheless the idea of the MS scheme is independent of
the details of the analytic regularization. Namely, given any analytic regularization ∆

(α)
f of

∆f we repeat the formal construction of Tn in (2.16) by replacing ∆ij by ∆
(αij)
ij in the integral

kernels t(α)
γ given in (2.17) in particular we obtain

t(α)
γ =

∏
(i,j)∈γ

∆
(αij ,|`ij |)
ij , (2.20)

where ∆
(αij ,|`ij |)
ij is the regularized version of ∆

|`ij |
ij , and, with αij ∈ Ω ⊂ C, and α =

{αij}(i,j)∈γ are multivariate complex parameters contained in some neighborhood of the ori-
gin. To each Feynman distribution ∆ij , corresponding to one line between the vertices i and
j, we associate a complex parameter αij in order to be able to treat separately the diver-
gences occurring on partial diagonals. In the case of a triangular graph with sub divergences
we have the following situation. For the particular graph

(2.17) gives us tγ = ∆
|`12|
12 ∆

|`13|
13 ∆

|`23|
23 ,

and the regularized form (2.20) gives us t(α)
γ = ∆

(α12,|`12|)
12 ∆

(α13,|`13|)
13 ∆

(α23,|`23|)
23 ,

with α13, α13, α13 ∈ Ω ⊂ C a neighborhood of the origin. Here,
α = {α12, α13, α23} .

Proceeding in this way for every graph we can define

T(α)
n =

∑
γ∈Gn

T(α)
γ , with T(α)

γ =
1

N(γ)

〈
t(α)
γ , δγ

〉
(2.21)



62

where α = {αij}(i,j)∈γ are multivariate complex parameters contained in some neighbor-
hood of the origin.

We shall show that the distributions t
(α)
γ introduced in (2.20) are multivariate meromor-

phic functions which have poles at the origin for some of the αij , cf. section 2.1.1. Hence, in
order to obtain well defined distributions in the limit αij to 0 and consequently a regularized
time ordered product, all these poles will have to be subtracted. The analyticity property of
the regularized Feynman propagator shall imply that t(α)

γ is well defined onMn \Dn even
if all αij are vanishing. Since t

(α)
γ is a multivariate meromorphic function in α which is ana-

lytic if restricted toMn \Dn, we may deduce that the principal part of t(α)
γ for some αij must

be supported on a partial diagonal ofMn. In fact in order for the time ordered products to
fulfill the factorization property (1.35), the subtraction of the principal parts of t(α)

γ needs to
be done in such a way that at each step only local terms are subtracted.

However the domain of analyticity of t(α)
γ only implies that the support of the principal

part is contained in Dn, i.e. the union of all the partial diagonals inMn. Hence, in order to
satisfy the causal factorization property, the principal part needs to be removed in a recursive
way starting from the partial diagonals corresponding to two vertices and proceeding with
the partial diagonals dI corresponding to an increasing number k ≤ n of vertices

dI = {(x1, . . . , xn) ∈Mn, xi = xj , with i, j ∈ I ⊂ {1, . . . , n}, |I| = k} .

We call dI partial ordered diagonals.

The correct recursion procedure is implemented by the so called Epstein Glaser forest
formula, which is a position space analogue of the Zimmerman forest formula [25]. Notice
that this method does not depend on the graph expansion. In order to present this formula
let us start considering the set of indices

n := {1, . . . , n}

and let us define a forest F as a collection of subsets of n with at least two elements, namely

F = {I1, . . . , Ik} , Ij ⊂ n , and |Ij | ≥ 2 ,

where |Ij | is the number of elements contained in Ij . Furthermore, for every pair Ii, Ij of a
forest F we require

Ii ∩ Ij = ∅ , or Ii ⊂ Ij , or Ij ⊂ Ij .

The set of all forests of n indices together with the empty forest {∅} is denoted by Fn.
For every subset I ⊂ n we indicate by RI the “principal part operator” which extracts the

principal part of of a multivariate meromorphic function

RIf(α) = −ppαIf(α) , with αI = {αij}i,j∈I , (2.22)
if I = ∅ , R∅ = I .

The operator RI applied to f(α), where α = {αij}, extracts the principal part with respect to
every αij with i, j ∈ I . We can now define the regularized time ordered product in the MS
scheme [25].

Theorem 2.3 (The regularized time ordered product in the MS scheme)
The regularized time ordered product of n arguments can be written in the MS scheme by
means of the forest formula as follows

Tn = (Tn)ms = lim
α→0

mn ◦

∑
F∈Fn

∏
I∈F

RI

 ◦ T(α)
n . (2.23)
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In the product over I ∈ F , the operator RI has to be applied before RJ if I ⊂ J . Further the
limit α→ 0 is taken in three steps.

1. after applying RI we set αij = αI for i, j ∈ I ,

2. we set αI = αF for I ∈ F before taking the sum over all forests,

3. then we take the limit αF → 0. I

Let us now illustrate theorem 2.3 with few examples.

Example 2.1 (Triangular graphs)
We shall illustrate 2.3 on the triangular graphs with one and two subdivergences.

• Let us look at the Forest formula construction for the case of triangular graphs (three
vertices), i.e. when the set of indices is

{1, 2, 3} .

The subsets I from which we construct the forests are then

{1, 2} , {1, 3} , {2, 3} , and {1, 2, 3} .

Therefore the forests are the following

{(∅} , {{1, 2}} , {{1, 3}} , {{2, 3}} , {{1, 2, 3}} ,
{{1, 2}, {1, 2, 3}} , {{1, 3}, {1, 2, 3}} , {{2, 3}, {1, 2, 3}} .

Then

(T3)ms = lim
α→0

(
1 + R12 + R13 + R23 + R123 + R123R12 + R123R13 + R123R23

)
T

(α)
3 ,

where we already looked at T3 in example 2.1.

• We shall look at a particular term in T3, namely at the triangular term/graph with
one subdivergence with vanishing degree of divergence, i.e. ωγ = 0. Therefore the
considered graph is logarithmically divergent. In particular, we shall consider

Its regularized integral kernel (2.20) can be written as follows

t(α)
γ = ∆

(α12,2)
12 ∆13 ∆23 ,

where we have introduced a complex parameter α12 for the divergent part only

In the particular case of the triangular graph with one fish graph as subgraph the sub-
sets which correspond to divergent contributions are {1, 2} and {1, 2, 3}, therefore the
relevant forests are

{∅} , {{1, 2}} , {{1, 2, 3}} , {{1, 2}, {1, 2, 3}} .

The regularized tγ thus reads

(tγ)ms = lim
α→0

(1 + R12 + R123 + R123R12) t(α)
γ

= lim
α→0

(1 + R123)(1 + R12)t(α)
γ (2.24)

The regularization of tγ (2.24) is discussed in details in section 3.1.2.
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• We consider another triangular graph but with two subdivergences.

(2.15) gives us ωγ = −2

therefore the graph considered is divergent.

The relation (2.20) gives us the form of tγ

t(α)
γ = ∆

(α12,2)
12 ∆13 ∆

(α23,2)
23 .

To build the minimal subtraction of tγ we shall use theorem 2.3. Therefore the sub-
sets which correspond to divergent contributions are {12}, {23}, and {123}, thus the
relevant forests are

{∅} , {{1, 2}} , {{1, 2, 3}} , {{1, 2}, {1, 2, 3}} , {{2, 3}, {1, 2, 3}} .

The regularized tγ thus reads

(tγ)ms = lim
α→0

(1 + R12 + R23 + R123 + R123R12 + R123R23) t(α)
γ

= lim
α→0

(1 + R123)(1 + R12 + R23)t(α)
γ �

Example 2.2 (A more complicated graph)
We shall here look at a more complicated graph, with 4 vertices.

It degree of divergence is ωγ = −4 ,

therefore this graph is divergent.

The corresponding regularized integral kernel can be written as follows

t(α)
γ = ∆12 ∆2+α13

13 ∆14 ∆23 ∆2+α24
24 ∆34

with all αij in a neighborhood of the origin on the complex plane. The relevant subset of
indices are

{1, 3} , {2, 4} , {1, 2, 3} , {1, 3, 4} , {1, 2, 4} , {2, 3, 4} , {1, 2, 3, 4} .

We can then write all the relevant forests.

{∅}, {{1, 3)}}, {{2, 4}},
{{1, 2, 3}}, {{1, 3, 4}}, {{1, 2, 4}},
{{2, 3, 4}}, {{1, 2, 3, 4}}, {{1, 3}, {1, 2, 3}},
{{1, 3}, {1, 3, 4}}, {{2, 4}, {1, 2, 4}}, {{2, 4}, {2, 3, 4}},
{{1, 3}, {1, 2, 3, 4}}, {{2, 4}, {1, 2, 3, 4}}, {{1, 2, 3}, {1, 2, 3, 4}},
{{1, 3, 4}, {1, 2, 3, 4}}, {{1, 2, 4}, {1, 2, 3, 4}}, {{2, 3, 4}, {1, 2, 3, 4}},
{{1, 3}, {1, 2, 3}, {1, 2, 3, 4}}, {{1, 3), {1, 3, 4}, {1, 2, 3, 4}}, {{2, 4}, {1, 2, 4}, {1, 2, 3, 4}},
{{2, 4}, {2, 3, 4}, {(1, 2, 3, 4}},

Finally we can write the expression of the minimal subtraction for this graph.

(tγ)ms = lim
α→0

(
1 + R13 + R24 + R123 + R134 + R124 + R234 + R1234

+R13R123 + R13R134 + R24R124 + R24R234 + R13R1234 + R24R1234

+R123R1234 + R134R1234 + R124R1234 + R234R1234

+R13R123R1234 + R13R134R1234 + R24R124R1234 + R24R234R1234

)
t(α)
γ �
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2.2.3 Time ordered product on the whole spacetime

In the minimal subtraction defined in theorem 2.3 we extract the principal part of the reg-
ularized time ordered product with respect to some complex parameters previously imple-
mented. In order to be able to extract the principal part we need to write the kernel (2.20) in a
convenient way. We shall write ∆f using the Hadamard representation introduced in section
1.6. That is in a normal neighborhood ofM denoted N , a Feynman Hadamard distribution
Hf is of the form

Hf(x, y) =
1

8π2
lim
ε↓0

(
u(x, y)

σf(x, y)
+ v(x, y) log

(
M2σf(x, y)

))
+ w(x, y) , (2.25)

where σf(x, y) = σ(x, y) + iε, where σ(x, y) is the Synge’s world function defined in sec-
tion A.2.4, and M is an arbitrary mass scale. The Hadamard coefficients u and v are purely
geometric and thus state independent, whereas the smooth coefficient w is state dependent.

The analytic regularization of the local Hadamard expansion 2.25 of ∆f is defined for α ∈
Ω ⊂ C \ {0} as follows

H
(α)
f (x, y) =

1

8π2
lim
ε↓0

(
u(x, y)

M2α σf(x, y)1+α
+
v(x, y)

α

(
1− 1

M2α σf(x, y)α

))
+ w(x, y) , (2.26)

where we use the (arbitrary but fixed) mass scale M for preserving the mass dimension of
Hf in the regularization. We shall prove later on that H(α)

f is really an analytic regularization.
The expressions (2.25) and (2.26) are only meaningful on normal neighborhoodsN ofM. We
would like to define it globally. Rather than providing general and cumbersome formulas,
we prefer to illustrate the idea at the example of the triangular graph discussed in example
2.1,

(2.20) and (2.29) give us t(α)
γ = H

(α13)
13 H

(α23)
23

(
H

(α12)
12

)2
,

where Hij = Hf(xi, xj) .

This expression is only well defined locally because σ used in the expression of Hf (2.25) is
defined on geodesically convex normal neighborhood. However, in section 2.1.1 we recalled
thatM admits a covering of open geodesically convex sets. Therefore, in order to define tγ
globally, we may employ suitable partitions of unity.

We recall that we denote normal neighborhood of the total diagonal dn byNn, cf. (2.2). The
squared geodesic distance σ is then well defined on N2. We set

σij = σ(xi, xj) .

We observe that σ12 is well defined on N2, and that σ12, σ13 and σ23 are well defined on N3.
We now consider the following smooth and compactly supported functions

χ12 ∈ D(N2) , with χ12 = 1 on d2 ⊂ N2 ,

and χ123 ∈ D(N3) , with χ123 = 1 on d3 ⊂ N3 .

Note that by construction χ12 and χ123 vanish outside of N2 and N3 respectively. We may
now define the analytically regularized distribution t

(α)
γ by setting

t(α)
γ = H

(α13)
13 H

(α23)
23

(
H

(α12)
12

)2
χ12 χ123 + H13 H23 H2

12 (1− χ12)

+ H13 H23

(
H

(α12)
12

)2
χ12 (1− χ123) . (2.27)

By construction t
(α)
γ is globally well defined.

Keeping in mind this approach to define global analytically regularized quantities, we shall
for simplicity work only with local quantities in the following.
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2.3 The regularization scheme

2.3.1 Program

Now that we present the new approach to the regularization problem in section 2.2 and
that we introduced the generalized Euler operator in 2.1 let us applied this to our particular
situation.

As we know the problem we have is using the Bogoliubov formula (1.40) for constructing
interacting fields perturbatively, in particular, it is given in terms of the S matrix, which
is the time–ordered exponential (1.39). Unfortunately, the time ordered product defined in
terms of a “deformation” written by means of a Feynman propagator ∆f is well defined
only on regular functionals because the singularities present in ∆f forbid their application to
more general functionals. Therefore we shall here look for a the regularization scheme to be
applied to distributions build from the Feynman propagator.

We recalled and introduced in section 2.1 definitions and properties in the general case to
construct an extension of an ill defined distribution. Then in section 2.2 we presented the
regularization procedure we shall use in this work. For implementing the minimal subtrac-
tion scheme as presented in theorem 2.3 we need to specify an analytic regularization ∆

(α)
f

of the Feynman propagator ∆f on generic curved spacetimes, and show that for all graphs
γ ∈ Gn the analytically regularized integral kernels appearing in (2.20) satisfy the necessary
properties for the implementation of the MS scheme.

In particular we need to show that the distribution t
(α)
γ (2.20), which is a priori defined

only onMn \Dn, can be uniquely extended to the full spaceMn without regularization. The
uniqueness of this extension is important in order to obtain a definite regularization scheme.
Moreover, we need to show that the distribution t

(α)
γ ∈ D′(Mn) is weakly meromorphic in

α in a neighborhood Ω ⊂ C of 0. Due to the fact we shall work with the forest formula
we just need to show that, setting αij = αI for all i, j ∈ I , (2.20) is weakly meromorphic in
αI . Additionally, we need to prove that if tγ in (2.17) is well defined outside all the partial
ordered diagonal dI , then the pole of t

(α)
γ in (2.20) with αij = αI for all i, j ∈ I in αI is

supported on dI and thus local. The local pole contributions are independent of the choice
of χij , andNij in order to write (2.27), such that the MS regularized amplitude (tγ)ms is both
globally well defined and independent of the quantities used for the global definition of the
analytic regularization. Finally, we need to prove that our MS scheme satisfies all properties
given in [13, 21] and discussed in section 1.7.4 which a physically meaningful regularization
scheme on curved spacetimes should satisfy.

Our plan to construct the mentioned quantities and to prove their required properties is as
follows.

• In section 2.3.2 we shall build an analytic regularization ∆
(α)
f of the Feynman prop-

agator based on the observation that locally ∆f can be written using the Hadamard
representation (2.28). Indeed in a normal neighborhood of M denoted N , ∆f can be
written of the form

Hf(x, y) =
1

8π2
lim
ε↓0

(
u(x, y)

σf(x, y)
+ v(x, y) log

(
M2σf(x, y)

))
+ w(x, y) , (2.28)

where σf(x, y) = σ(x, y) + iε, where σ(x, y) is the Synge’s world function defined in
section A.2.4, and M is an arbitrary mass scale. The Hadamard coefficients u and v
are purely geometric and thus state independent, whereas the smooth coefficient w is
state dependent. The analytic regularization of the local Hadamard expansion of Hf is
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defined for α ∈ Ω ⊂ C \ {0} as follows

H
(α)
f (x, y) =

1

8π2
lim
ε↓0

(
u(x, y)

M2α σf(x, y)1+α
+
v(x, y)

α

(
1− 1

M2α σf(x, y)α

))
+ w(x, y) ,

(2.29)
where we use the (arbitrary but fixed) mass scaleM for preserving the mass dimension
of Hf in the regularization.

– In order to show that H
(α)
f is well defined we prove in proposition 2.6 that the

relevant distributions

A(α)
γ =

∏
(i,j)∈γ

1

σ
`ij(1+αij)
f

∈ D′(Mn \Dn)

are multivariate analytic functions. The distribution of that form only shows the
most singular contribution of (2.29). The others contributions are of the same form
up to replacing some of the factors (1 + αij) in the exponents by αij or 0.

– In order to show that A(α)
γ (2.31) can be uniquely extended fromMn \Dn toMn

in a weakly meromorphic way, i.e. that the singularities relevant for the forest for-
mula are poles of finite order, we follow a strategy similar to the one used in [13]
and consider a scaling expansion with respect to a suitable scaling transformation.
We first argued in proposition 2.1 that an analytically regularized distribution
u(α) ∈ D′(Mn \ dn), which can be written as a sum of homogeneous terms with
respect to this scaling transformation plus a sufficiently regular remainder, can be
uniquely extended toMn in a weakly meromorphic way.
In proposition 2.3 we gave a sufficient condition for the existence of such a ho-
mogeneous expansion and we shall show in proposition 2.7 that the distributions
A

(α)
γ satisfy this condition.

• The above mentioned results are proved by means of generalized Euler operators which
can be written abstractly in terms of a scaling transformation, but also in terms of co-
variant differential operators whose explicit form can be straightforwardly computed
as we argued in section 2.1.2.

In proposition 2.2 we used these operators in order to demonstrate how the full rele-
vant pole structure of A(α)

γ can be computed, thus showing the practical feasibility of
the MS scheme. We have found that our regularization scheme corresponds in fact to
a particular form of differential regularization.

2.3.2 Regularization of the Feynman propagator

We would like to define an analytic regularization H
(α)
f (2.29) of Hf (2.28). To this end we

start our analysis by constructing the distribution

1

σ1+α
f

(2.30)

in M2 for α ∈ C \ N. We shall make use of scaling properties of (2.30) and the induced
quantities

A(α)
γ =

∏
(i,j)∈γ

1

σ
`ij(1+αij)
f

, for γ ∈ Gn , i.e. |V (γ)| = n , (2.31)

with respect to the geometric scaling transformation (2.3).
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Remark 2.1
The construction we are going to present, namely the construction of certain distributions
by means of powers of the geodesic distance, is in some way similar to the extension of
Riesz distributions to curved spaces presented in [26]. In particular, here we shall discuss
the boundary value of

1

σαf
=

1

(σ + iε)α

for ε→ 0 while ordinary Riesz distributions are related to the antisymmetric part of a differ-
ent boundary value of the functions 1/σα. �

Therefore we introduce the distributions we shall use as building blocks for the construc-
tion of regularized Feynman propagators onM, introduced in definition A.10.

Proposition 2.4
Consider a normal neighborhoodN2 ⊂M2 of d2 and the following expression for α ∈ C and
φ ∈ D(N2) 〈

1

σαf
, φ

〉
= lim

ε→0+

∫
M2

dx dy
1

(σ(x, y) + iε)α
φ(x, y) .

Then the distribution
1

σαf
(2.32)

satisfies the following statements.

1. The distribution (2.32) restricted toD(N2\d2) is a distribution which is weakly analytic
in α.

2. The distribution (2.32) is homogeneous of degree −2α with respect to transformations
of the form (2.3) for φ ∈ D(N2 \ d2).

3. The distribution (2.32) is well defined as a distribution on N2 for 2α − 4 /∈ N. Further-
more

for all φ ∈ D(N2) ,

〈
1

σαf
, φ

〉
is analytic for 2α− 4 /∈ N

and meromorphic for α ∈ C with simple poles at 2α− 4 ∈ N. I

Proof
1 For every x ∈Mwe fix a normal coordinate system as follows

ξx : y → R4 (2.33)

in order to parametrize the point y in a normal neighborhood of x. Consequently, on
N2 half of the squared geodesic distance, also called the Synge’s world function, can be
expressed as follows

σ(x, y) =
1

2
η(ξx(y), ξx(y)) =

1

2
ξaxξxa , (2.34)

where η is the standard Minkowski metric (cf. definition A.11) given in cartesian coor-
dinates. We shall first show that the function f defined as follows

f(ξaξa, α) =
1

(ξaξa)α
, (2.35)

for ξa ∈ {z ∈ C4 | Im(z) ∈ V ±}, where V ± is the forward or past light cone (taken
without the tip) with respect to the Minkowski metric, is analytic both in ξ and α.
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We can write ξaξa and f , for ξ ∈ Σ ⊂ C4, n ∈ N, and α ∈ Ω ⊂ C, as follows,

ξaξa = (a+ ib)2 = a2 − b2 + 2iab , with Re(ξ) = a and Im(ξ) = b ,

f(ξaξa, α) = exp (−α log(ξaξa)) , (2.36)

where in (2.36) we used the “complex logarithm”

log :

{
C\{0} → R⊕ (−π, π]
r eiθ 7→ log(r eiθ) = log(r) + iθ + 2ikπ .

(2.37)

The logarithm (2.37) gives a single valued function on the principal branch (k = 0) in
the complex plane. The principal branch has a discontinuity along the negative real
axis (θ = π). Therefore f is analytic if ξaξa /∈ R0

−

ξaξa ∈ C\R0
− ⇐⇒

{
Im(ξaξa) 6= 0

or Im(ξaξa) = 0 and Re(ξaξa) > 0
.

Im(ξaξa) = 0 ⇐⇒ ab = 0

⇐⇒ a0b0 = ab

Re(ξaξa) > 0 ⇐⇒ a2 − b2 > 0

⇐⇒ −(a0)2 + a2 + (b0)2 − b2 > 0

⇐⇒ (b0)4 + (b0)2 (a2 − b2) − (ab)2 > 0

⇐⇒ (b0)2 > b2

⇐⇒ b ∈ V ±b

Therefore the functions f is analytic in ξ in the following set

T± =
{
ξ ∈ C4

∣∣ Re(ξ) ∈ R4, Im(ξ) ∈ V ±Im(ξ)

}
. (2.38)

Figure 2.1: Domain of analyticity of 1/ξaξa.

Furthermore, by theorem 3.1.15 of Hörmander in [42], noticing that

|f(ξaξa, α)| ≤ C 1

Im(ξaξa)
,

we can see (2.35) as a distribution defined as the boundary value of f as Im(ξ) approach
the origin (Im(ξ) → 0) from the future or past cone (we set Im(ξ) =

(
ε
2 , 0
)

and then
consider the limit ε→ 0).
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Let us now check the analyticity in α ∈ Ω ⊂ C. Setting α = β + iγ, with β, γ ∈ R, we
show that f satisfies the Cauchy Riemann equation with respect to α,

∂f(α)

∂β
= −i∂f(α)

∂γ

(
= log(ξaξa)f(α)

)
.

Thus f is analytic in α.

The analytic dependence on α is weakly preserved in the limit ε ↓ 0, and thus the
resulting distribution is weakly analytic in α.

2 The transformation defined in (2.3) acts on points parametrized by normal coordinates as

ξ → λξ . (2.39)

Furthermore, 1/(ξaξa)
α on a subset of C4 is homogeneous of degree −2α with respect

to the transformation (2.39), indeed〈
1

(ξaξa)α
, φλ

〉
= λ−2α

〈
1

(ξaξa)α
, φ

〉
Taking into account〈

1

σαf
, φ

〉
= lim

ε→0+

∫
M

∫
R4

d4ξx dx
√
|g(ξx)| 2α

(ξaxξxa + iε)α
φ(x, ξx) .

which is well defined for φ ∈ D(N2), it follows that the distribution (2.32) is homoge-
neous of degree−2αwith respect to transformations of the form (2.3) for φ ∈ D(N2\d2).

3 Theorem 3.2.3 in [42] ensures that the distribution

u :=
1

(ξaξa)α
∈ D′(R4 \ 0)

has a unique extension
◦
u ∈ D′(R4) preserving its degree of homogeneity δ = −2α for

every
−δ /∈ N \ {0} ⇔ 2α− 4 /∈ N .

Hence, I⊗ u defines a distribution onM× R4. Finally, notice that there exists a neigh-
borhood N of the diagonal inM2 where φ(x, ξx)

√
|g(ξx)| is a smooth and compactly

supported function for every φ ∈ D(N ). Consequently, the statement follows by choos-
ing a partition of unity adapted to N2. �

The proposition 2.4 guarantees that (2.32) is weakly meromorphic in α with simple poles
at 2α − 4 ∈ N. This property is preserved taking linear combinations and multiplication
by smooth functions. Consequently, the analytically regularized Feynman propagator H

(α)
f

defined by (2.29) is well defined on a normal neighborhood of the total diagonal and weakly
meromorphic in α.

The singularities of H(α)
f given in (2.29) represented by points in its wave front set are con-

tained in the wave front set of Hf (2.28). Hence, this guarantees that the regularization does
not add new divergences. The scaling degree of H(α)

f which characterize the existence and
uniqueness of an extension of H(α)

f is infinite when the real part of the complex parameter α
tends to∞. We summarize these statements in the following proposition.

Proposition 2.5
Consider a normal neighborhoodN2 of the total diagonal d2 ∈M2. The following statements

hold for the analytically continued Feynman propagator H(α)
f ∈ D′(N2) defined in (2.29).
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1. lim
α→0

H
(α)
f = Hf

2. WF
(
H

(α)
f

)
⊂WF (Hf)

3. sd
(
H

(α)
f

)
→∞ when Re (α)→∞ . I

Proof
1 & 3 The result 1 tells us that

1

σαf
∈ D′(N2 \ {0})

is weakly analytic in α, for α ∈ C, thus in particular we still have (2.4) for α→ 0. Thus

lim
α→0

H
(α)
f (x, y) = Hf(x, y)

The result 2 tells us that (2.4) is homogeneous of degree −2α, thus as we notices in
section 2.1.2 we have

sd(H
(α)
f ) = 2α ,

and by analyticity we can take the limit Re(α)→∞which gives us sd(H
(α)
f )→∞.

2 The result 1 tells us that
1

σαf
∈ D′(N2 \ {0}) ,

and in particular by proving this result we have shown that

f(ξaξa) ≤ C
1

Im(ξaξa)
,

for any ξ ∈ T± defined in (2.38). Therefore by theorem 8.1.6 of Hörmander [42] we
have that

WF

(
1

σαf

)
⊂ T± × (Σ \ {0}) , (2.40)

where
Σ =

{
k ∈ R4 such that 〈y, k〉 ≥ 0 , with y ∈ V ±y ⊂M

}
.

We recall the following relation for the wave front set of Hf

WF(Hf) ⊂ WF(∆+) ∪WF(∆a) ,

where

WF(∆+) ⊂
{(

x, y; kx, ky

)
∈ T ∗M2 \ {0}

∣∣∣∣ (x, kx) ∼ (x,−ky), kx . 0

}
.

We notice that

WF

(
1

σαf

)
⊂ T± × (Σ \ {0}) ⊂ WF(∆+) ⊂ WF(∆f) .

Using lemma 1.4 we have

WF(∆
(α)
f ) ⊂ WF

(
1

σαf

)
=⇒ WF(∆

(α)
f ) ⊂ WF(∆f) . �
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We are now able to discuss the analytical regularization t
(α)
γ (2.20) of the distributions tγ

given in (2.17) which appear in the graph expansion (2.16) of the time ordered products Tn
(2.14).

Owing to the form of H(α)
f given in (2.29) the relevant distributions which need to be dis-

cussed are A
(α)
γ introduced in (2.31). We analyze (2.31) in the following proposition.

Proposition 2.6
Let consider N a normal neighborhood of the union of all partial diagonals Dn. The opera-
tion 〈

A(α)
γ , φ

〉
=

∫
Mn

dx1 . . . dxn
∏

(i,j)∈γ

1

σ
`ij(1+αij)
ij

φ(x1, . . . , xn) , (2.41)

for σij = σf(xi, xj), `ij ∈ N, αij ∈ Ω ⊂ C, and φ ∈ D(Mn \ Dn ∩ N ), has the following
properties.

1. A
(α)
γ is a distribution onMn \Dn ∩N .

2.
〈
A

(α)
γ , φ

〉
is a continuous function for α ∈ Cn(n−1)/2.

3.
〈
A

(α)
γ , φ

〉
is analytic for every αij and thus it is a multivariate analytic function. I

Proof
The domainMn \Dn ∩N is a disjoint union of connected components Ck⊔

k

Ck =Mn \Dn ∩N .

On every connected component Ck, σf(xi, xj) equals either σ+(xi, xj) or σ+(xj , xi) de-
pending on the causal relation between xi and xj which is fixed in Ck. We shall use the
notation σf(xi, xj) = σij .

1 The distribution 1/σij is well defined onN2\d2 where it coincides either with 1/σ+ or with
1/σ−. In order to analyze the wave front sets of 1/σ±, we pass to a normal coordinate
system and obtain

1

σ±
=

2

ξaξa ± iεξ0
.

This distribution can be extended to a tempered distribution and thus its Fourier trans-
form can be directly computed. One finds that for 1/σ±, only the null future/past
directed directions do not decay rapidly. Hence, on Ck the wave front set of 1/σij is
contained either in V+ or V−, where

V± =

{
(x, y; kx, ky) ∈ T ∗M2 \ {0}

∣∣∣∣ (x, kx) ∼ (y,−ky), kx / / . 0

}
.

We have been brief to proved the last point, but it has already been proved in the proof
of proposition 2.5, when we showed (2.40).

Consequently, 1/σij satisfies the micro local spectrum condition up to a permutation
of the arguments. Due to proposition 2.4, and also to the proof of proposition 2.5, the
same holds for the distributions

1

σ
`ij(1+αij)
ij

for `ij ∈ N, αij ∈ Ω ⊂ C. Owing to the form of their wave front set, the pointwise
products of these distributions present in A

(α)
γ (2.31) are well defined because the Hör-

mander criterion for multiplication of distributions, collected in lemma 1.5, is satisfied.
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In fact, up to some fixed permutation of the arguments (x1, . . . xn), A(α)
γ satisfies the

micro local spectrum condition introduced in 1.29.

Hence A
(α)
γ is a well defined distribution on every connected component Ck of Mn \

Dn ∩N and thus it is well defined also onMn \Dn ∩N .

2 In order to check continuity in α = {αij}(i,j)∈γ ∈ Cn(n−1)/2 of the map

α 7→
〈
A(α)
γ , φ

〉
,

in a fixed point α, we may analyze the distribution on a fixed connected component Ck
of the domain of A(α)

γ and factorize the distribution in two parts.

In fact, due to the wave front set of A(α)
γ on C the factorization

A(α)
γ = A(α)

γ · A(β)
γ

is unique where the integral kernel of A(β)
γ is∏

1≤i<j≤n

1

σ
βij
ij

.

For β in a sufficiently small neighborhood of 0, A(β)
γ is an integrable function which

is differentiable for β = 0 as can be obtained by dominated convergence. Finally, the
continuity is preserved by pointwise multiplication with A

(α)
γ .

3 For an arbitrary but fixed pair of indices i, j, the complex parameter αij appears in the
product displayed in (2.41) as

1

σ
`ij(1+αij)
ij

and we have already analyzed the analyticity property of such a distribution in propo-
sition 2.4.

We shall thus interpret A(α)
γ as a composition of distributions, namely as

1

σ
αij
f

◦ z , with z : D(Mn \Dn ∩N ) → D′(M2 \D2 ∩N2) ,

for a suitable N2 ⊃ D2 = d2.

The ε–regularized integral kernel of z corresponds to the product present in (2.41) with
the factor 1/σ

αij
f removed. Because of the singular structure of z

〈z, φ〉 , ∀φ ∈ D (Mn \Dn ∩N ) ,

is in fact a compactly supported smooth function supported onM2 \D2 ∩ N2. Hence,
the analysis of its composition with 1/σ

αij
f is straightforward. These considerations

imply separate analyticity of A(α)
γ in each αij whereas joint analyticity follows from the

continuity proved in 2. �

The weakly meromorphicity of A(α)
γ is guaranteed by means of proposition 2.6. It allows

to apply the machinery developed using the generalized Euler operator to A
(α)
γ , in order to

apply the minimal subtraction procedure, i.e. to be able to explicitly subtract the principal
part.
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2.3.3 The generalized Euler operator in practice

In section 2.1.2 we defined the generalized Euler operator, and give a recursive way to obtain
the differential form of every Euler operators. We also analyzed the action of Ep on test
functions. Here we shall look at a particular case. The distribution we shall consider A

(α)
γ

(2.31) is of the form

A(α)
γ =

∏
(i,j)∈γ

1

σ
`ij(1+αij)
ij

and has scaling degree
sd(A(α)

γ ) =
∑

(i,j)∈γ

2`ij (1 + Re(αij))

towards the thin diagonal dn furthermore, thanks to the form of the integral kernel of the
distribution we have that the wave front set of A(α)

γ is transversal to dn. When we apply E†1,
introduced in (2.13), to distribution A

(α)
γ , we obtain

E†1A
(α)
γ (x1, . . . , xn) = − (4(n− 1) + ρ)A(α)

γ (x1, . . . , xn) . (2.42)

where we set

ρ = −
n∑
j=2

σa(xj)∇
xj
a . (2.43)

We shall see now that the result (2.42) after applying E†1 to A
(α)
γ is equal to a term proportional

to A
(α)
γ plus a remainder which has lower scaling degree. Hence proposition 2.3 implies that

A
(α)
γ can be written as a homogeneous distribution plus a remainder with lower scaling de-

gree. If the scaling degree of the remainder is not sufficiently low, we reiterate the procedure
in order to obtain a full almost homogeneous expansion of the desired form.

In order to analyze this issue we shall only consider the relevant differential operator ρ
on Mn appearing in E†1. We start by looking at the “three dimensional case”, i.e. M3. We
analyze the action of ρ on σ(x2, x3) for x2, x3 in a normal neighborhood Nx1 of the point x1.

Lemma 2.3
Let Nx1 be a normal neighborhood of the point x1 and let x2, x3 ∈ Nx1 . Then,

ρσ(x2, x3) = 2σ(x2, x3) +G(x1, x2, x3) ,

whereG is a smooth function which vanishes in the limit x2, x3 → x1 as a monomial of order
4 in the normal coordinates of x2 and x3 centered in x1. I

Proof
For x1 ∈Mwe fix a normal coordinate system as follows

ξx1 : y → R4

in order to parametrize points y in a normal neighborhood of x1. We then write the action of
ρ on σ23 := σ(x2, x3) as follows

ρσ23 = ξa(x2)σa23 + ξb′(x3)σb
′

23 .

We recall that σa23 is the covector in T ∗x2
M cotangent to the unique geodesic joining x2 and x3,

that −σb′23 is equal to the parallel transport of σa23 from x2 to x3 along the geodesic γ joining
the two points, and that ξc(xi) := σc(x1, xi). Let us parametrize the image of γ with an affine
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parameter λ such that x(0) = x2 and x(1) = x3. In order to simplify the notation, we indicate
by t(λ) the tangent vector of the geodesic in x(λ). As argued before, we have

ta(0) = σa23 , and tb
′
(1) = −σb′23 .

Consequently,

ρσ23 = ξata(0)− ξbtb(1) = −
∫ 1

0

d

dλ
(ξata)(λ)dλ =

∫ 1

0
tatbσab(x(λ), x1)dλ ,

where σab := ∇a∇bσ. If we now consider the covariant Taylor expansion of σab(x(λ), x1)
around x(λ) (see e.g. [52]), we find that

σab(x, x1)− gab(x) := Eab(x, x1)

is a smooth function that vanishes for x→ x1 as O(σ(x, x1)), hence

ρσ23 =

∫ 1

0
tatbgab(x(λ))dλ+

∫ 1

0
tatbEab(x(λ), x1)dλ = 2σ(x2, x3) +G(x1, x2, x3) ,

where the remainder is smooth because of the smoothness of the metric g and can be further
expanded as

G(x1, x2, x3) =

∫ 1

0
ta(λ)tb(λ)

(
σab (x(λ), x1)− gab (x(λ))

)
dλ (2.44)

=

∫ 1

0
ta(λ) tb(λ) tc(λ) td(λ) Racbd (x(λ)) dλ + . . . + O

(
|ξ(x2)|4 + |ξ(x3)|4

)
,

where the absolute value of the normal coordinates |ξ(xi)| of xi, i = 2, 3 is intended in the
Euclidean sense. �

We are now in position to analyze the action of ρ on the distribution A
(α)
γ introduced in

(2.31). The distribution A
(α)
γ can be written as a sum of homogeneous distributions plus a

remainder term with lower scaling degree which can be directly extended towards the total
diagonal. Let us present precisely this result in the following proposition.

Proposition 2.7
The distribution A

(α)
γ introduced in (2.31) can be written as a sum of homogeneous distribu-

tions plus a remainder towards the total diagonal dn.

A(α)
γ =

m∑
k=1

A
(α)
γ,k + r(α)

γ .

The degrees of homogeneity of the homogeneous distributions A
(α)
γ,k are contained in the

following set k − ∑
(i,j)∈γ

2`ij(1 + αij) , with k ∈ N ∪ {0}

 . (2.45)
I

Proof
We perform this analysis with ε in σf taken to be strictly positive. We start by applying ρ

given in (2.43) to A
(α)
γ . Thanks to the results stated in lemma 2.3 we have

ρA(α)
γ = CA(α)

γ + r(α)
γ ,
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where the constant C is
C = −

∑
(i,j)∈γ

2`ij(1 + αij).

Furthermore, lemma 2.3 and in particular (2.44) imply that the remainder r(α)
γ has a scaling

degree towards dn which is lower than the one of A(α)
γ by at least two,

sd
(
r(α)
γ

)
≤ sd

(
A(α)
γ

)
− 2 =

∑
(i,j)∈γ

2`ij (1 + Re(αij)) − 2 . (2.46)

Proposition 2.3 then implies that the distribution A
(α)
γ can be written as a homogeneous dis-

tribution of degree C plus a remainder with lower scaling degree.
In order to finalize the proof we need to control the recursive application of ρ, therefore we

discuss the application of ρ on ρnA(α)
γ for an arbitrary n.

Let us start with n = 1,

ρ2A(α)
γ = CρA(α)

γ + ρr(α)
γ = C2A(α)

γ + Cr(α)
γ + ρr(α)

γ .

In this case, we observe that the relevant contribution is the one given by the remainder
ρr

(α)
γ , which reads

r(α)
γ =

∑
(i,j)∈γ

`ij(1 + αij)
G(x1, xi, xj)

σf(xi, xj)
A(α)
γ .

Note that σf(xi, xj)A
(α)
γ has the same structure as A(α)

γ , but with the scaling degree sd(A
(α)
γ )+

2. The term G(x1, xi, xj) defined in (2.44) is a smooth function whose Taylor expansion for
xi, xj around x1 starts with components of order 4.

Hence, if we apply ρ to the remainder r(α)
γ we obtain a constant multiple of r(α)

γ plus an-
other remainder which has scaling degree lower or equal to sd(r

(α)
γ )− 1. The difference with

respect to (2.46) stems from the fact that G can be expanded as a polynomial in σa(xi) whose
lowest components are monomials of degree 4 multiplied by curvature tensors. These mono-
mials are homogeneous and thus contribute to the degree of homogeneity of ρr(α)

γ , while the
contributions in G with degree higher or equal to the scaling degree of the remainder. Re-
peating this analysis for a generic n, we find that similar results hold when ρ is applied
recursively to the remainder.

Consequently, an iterated application of proposition 2.3 implies that the distribution A
(α)
γ

can be written as a finite sum of homogeneous distributions plus a remainder. Furthermore,
since the scaling degree of these distributions is always finite, the degree of homogeneity of
these components is finite as well. �

The next step in the strategy outlined in section 2.3.1 is to extend the distributions A
(α)
γ

defined in (2.31) in a unique and weakly meromorphic fashion to a normal neighborhood of
the union of all partial diagonal Dn.

Therefore we use proposition 2.7 to write the distribution A
(α)
γ as a sum of homogeneous

distributions of degree contained in (2.45) plus a remainder towards the total diagonal dn

A(α)
γ =

m∑
k=1

A
(α)
γ,k + r(α)

γ .

Then proposition 2.1 tells us A(α)
γ can be extended to the full space for every α, and that the

extension is meromorphic in α with possible poles of finite order which are supported on
the set of all partial diagonals, and thus that the minimal subtraction scheme introduced in
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theorem 2.3 can be applied where we shall before isolate the poles using the procedure given
by proposition 2.2.

To this avail, we stress that proposition 2.7 holds in particular for any subgraph γI , with
I ⊂ {1, . . . , n} of γ and the corresponding distribution A

(α)
γI which is obtained by omitting all

factors in A
(α)
γ which correspond to edges not contained in γI . Finally, the recursive structure

of the forest formula in theorem 2.3 implies that we are not dealing only with expressions of
the form A

(α)
γI

∣∣∣
αij=αI

, ∀i, j ∈ I , but also with expressions which are of this form up to a sub-

traction of their principal part. However, our above analysis and in particular the discussion
in the proof of proposition 2.1 implies that the propositions 2.7 and 2.2 also hold in this case.

2.4 Properties of the scheme

We conclude the general analysis of the regularization scheme introduced in this work by
demonstrating that this scheme satisfies (up to one property we shall mention at the end of
this section) all axioms of [13, 14, 21] that, as argued by Hollands and Wald, any physically
meaningful scheme to regularize time ordered products should satisfy. These axioms are
recalled in section 1.7.4. In addition to showing these properties of the scheme, we also
argue that it preserves invariance under any spacetime isometries present.

Proposition 2.8
The time ordered products

Tn :

{
Floc(M)[[~]]⊗n → Fµc(M)[[~]]
F1(φ)⊗ ... ⊗ Fn(φ) 7→ F1(φ) ·T ... ·T Fn(φ)

,

defined by means of the relation in theorem 2.3 have the following properties.

1. Tn is symmetric and satisfies the causal factorization condition.

2. Tn is unitary.

3. Tn is local and covariant.

4. Tn satisfies the microlocal spectrum condition.

5. Tn is φ independent.

6. Tn satisfies the Leibniz rule.

7. Tn satisfies the Principle of Perturbative Agreement for perturbations of the general-
ized mass term µ in the free Klein Gordon equation

Pφ = (−�+ µ)φ = 0 .

8. If the spacetime M has non trivial isometries and if the Feynman propagator Hf is
chosen such as to be invariant under these isometries, then Tn is invariant under these
isometries as well. I

Proof
1 The condition holds because we constructed the renormalized time–ordered product by

means of the forest formula (2.23) and because, as implied by proposition 2.1, all counter
terms subtracted in the forest formula are local.

2 Unitarity holds because the operation of extracting the relevant principal part of a regu-
larized amplitude t

(α)
γ commutes with complex conjugation (even if α is not real).
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3 The regularized amplitudes t(α)
γ satisfy locality and covariance. Upon setting αij = αI for

i, j ∈ I ⊂ {1, . . . , n}, t(α)
γ is weakly meromorphic in αI . Thus locality and covariance

holds for each term in the corresponding Laurent series and consequently also after
subtracting the principal part of this series.

4 As argued in the proof of proposition 2.6, the distributions t(α)
γ satisfy the microlocal spec-

trum condition. Consequently, the regularized amplitudes A
(α)
γ have the correct wave

front set as well. As t
(α)
γ is weakly meromorphic in the sense recalled in the proof

of 3, each term in the corresponding Laurent series has a wave front set bounded by
the wave front set of t(α)

γ . Consequently the microlocal spectrum condition holds af-
ter subtracting the principal part and considering the limit of vanishing regularization
parameters.

5 This property follows directly from the construction. In particular the subtraction of counter
terms is defined in terms of numerical distributions and independent of the field φ.

6 In analogy to 2, the Leibniz rule holds because the operation of extracting the relevant
principal part of a regularized amplitude t

(α)
γ commutes with all partial differential

operators.

7 The Principle of Perturbative Agreement for perturbations of the generalized mass term
µ demands essentially that upon setting µ = µ0 + µ1, the renormalization of Tn com-
mutes with the operation of perturbatively expanding quantities in µ1 around µ0. A
Feynman propagator Hf depends on µ only via the Hadamard coefficients v and w in
(2.28). However, in the definition of the analytically regularized Hαf in (2.29) and the
corresponding regularized amplitudes A

(α)
γ , these coefficients are not altered but only

the σ–dependent terms multiplying these coefficients are modified. Consequently, the
analytic regularization and minimal subtraction scheme we consider commutes with a
perturbative expansion in µ1 around µ0.

8 As recalled in 7 all operations in our analytic regularization and minimal subtraction
scheme act directly on quantities defined entirely in terms of the geometric quantity σ.
As σ is invariant under any spacetime isometries present, the renormalization scheme
preserves this invariance. �

Note that the Principle of Perturbative Agreement (PPA) as introduced in [14] also poses
conditions on T1, i.e. the regularization of local and covariant Wick polynomials, which we
omitted in our analysis. However, given Tn for n > 1, T1 can be adjusted in order to satisfy
the PPA for changes of µ by using e.g. [54, Theorem 3.3]. Moreover, the PPA as introduced
in [14] further demands that, setting g = g0 + g1, the regularization also commutes with per-
turbatively expanding quantities in g1 around an arbitrary but fixed background metric g0.
Since σ depends on g, it is not easy to check whether a perturbative expansion in g1 com-
mutes with our analytic regularization and minimal subtraction scheme and thus it might
well be that the regularization scheme discussed in the present work fails to satisfy this part
of the PPA. However, if this is the case, the scheme can be modified according to the con-
struction in [14] in order to satisfy also this condition while preserving the other properties
in proposition 2.8, including the invariance under any spacetime isometries present.

We have omitted the explicit dependence of regularized quantities on the mass scale M
appearing in the analytically regularized Feynman propagator H

(α)
f (2.29), but our analysis

implies that the dependence of these quantities on M is such that all regularized quanti-
ties are polynomials of (derivatives of) log

(
M2σf(xi, xj)

)
, see also the examples in the next

section. Thus, the regularization group flow with respect to changes ofM may be computed.



Chapter 3

Computations in our scheme

After having defined a regularization procedure in the previous chapter, we shall perform ex-
plicit computations using our regularization scheme, first on generic curved spacetime as de-
fined in A.10, and then on cosmological spacetime, in particular on spatially flat Friedmann-
Lemaître-Robertson-Walker spacetime, that we presented in section A.3.2.

3.1 Examples on generic curved spacetime

In this section we illustrate the method developed in the previous chapter to explicitly com-
pute regularized quantities in our scheme by considering first the example of the fish graph
and the sunset graph, i.e. ∆n

f for n = 2, 3. These pointwise powers of the Feynman prop-
agator are the only ones occurring in renormalizable scalar field theories in four spacetime
dimensions. Afterwards we will consider a triangular graph in section 3.1.2 in order to illus-
trate the method in the case of more than two vertices. We shall work only on subsets of the
spacetime where the geodesic distance is well defined without loss of generality, cf section
2.2.3.

3.1.1 The regularized fish and sunset graphs

In the special case of ∆n
f , we are dealing with distributions which are already defined on

M2 \ d2 and have to be extended toM2. In order to accomplish this task we shall use the
relation (2.9) in order to expose the poles before subtracting them. In this context, we note
that E†1 given in (2.13) applied to a distribution u whose integral kernel u(σf) depends on
x, y only via σ(x, y), can be further simplified. In particular, introducing u1(σf) such that
∇au1(σf) = σau(σf), we have

E†1u(σf) = − (4 + σa∇a)u(σf)

= −∇aσa u− 2σa(∇alog(u)) u(σf)

= −�u1(σf)− 2
∇au
u
∇au1(σf) , (3.1)

where x is considered to be arbitrary but fixed, and all the covariant derivatives are taken
with respect to y.

3.1.1.1 Standard approach

We recall that the Feynman propagator ∆f(x, y) admit the Hadamard representation Hf(x, y)
introduced in (2.28),

Hf(x, y) =
1

8π2
lim
ε↓0

(
u(x, y)

σf(x, y)
+ v(x, y) log

(
M2σf(x, y)

))
+ w(x, y) .
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x1 x2

Figure 3.1: Graphs with two vertices

From (2.28) we can infer that, in order to regularize H2
f and H3

f , i.e. in order to extend them
to the full spaces, we need to regularize the three following distributions

1

σ2
f

,
log
(
M2σf

)
σ2
f

,
1

σ3
f

, (3.2)

because all other occurring powers of σf , i.e. σ−mf logn(σf) for m ∈ {0, 1} and n ∈ {0, 1, 2, 3}
have a scaling degree for y → x smaller than 4, and thus can be uniquely extended to the
diagonal. To this avail, we introduce the following notation

σa1···an = ∇an · · · ∇a1σ , [B](x) = B(x, x) ,

where the covariant derivatives are taken with respect to x and B is a generic bitensor. We
recall the following identities satisfied by σ

σaσ
a = 2σ , σabσ

b = σa , �σ = 4− 2
σa∇au
u

. (3.3)

For our purposes, it will prove useful to use the last identity in the form

�σf = 4 + fσf , with f = −2
σa∇au
u σf

,

where f is a distribution, which considered as a distribution in y for fixed x, has scaling
degree zero for y → x as can be seen from the covariant Taylor expansion

u = [u] +

(
[∇au]−∇a[u]

)
σa +Ru = 1 +Ru ,

where the remainderRu vanishes towards the diagonal faster than σa (see e.g. [52]).

Remark 3.1
As f has vanishing scaling degree for y → x, the pointwise product

f(x, y)u(x, y)

with any bidistribution t of scaling degree for y → x lower than 4 may be uniquely extended
to the diagonal. However, we will also encounter expressions which are naively of the form

f(x, y)δ(x, y) (3.4)

and which are a priory ill defined because f is in general divergent for x and y light like
related, and thus not continuous on the diagonal. Notwithstanding, the distribution (3.4),
which is well defined and identically vanishing outside of the diagonal x = y, may be ex-
tended to the diagonal. In fact, our scheme, in which expressions of the form (3.4) appear as
α→ 0 limits of particular weakly analytic expressions, provides a unique and non vanishing
extension of (3.4) to the diagonal by the very analyticity of the aforementioned expressions.
In particular our scheme implies the following unique and well defined definitions of distri-
butions onM2.

f �

(
logn(M2σf)

σf

)
= lim

α→0
f �

(
logn(M2σf)

σ1+α
f

)
, n ≥ 0 , (3.5)
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Hereby uniqueness and weak analyticity of

f �

(
logn(M2σf)

σ1+α
f

)

follow from arguments used throughout previous chapter. �

From proposition 2.4, we know that the distribution

1

σn+α
f

is weakly meromorphic in α. In order to compute the Laurent series, we use the above
mentioned identities for σ and obtain

1

σn+1+α
f

=
1

2(n+ α)(n− 1 + α)
(�+ (n+ α)f)

1

σn+α
f

,

in accordance with (2.9) and (3.1). Using this, we may compute the following Laurent series,
where we recall that in H

(α)
f (2.28) we use the same (arbitrary) constant M present in the

logarithmic term of (2.25) to correct for the change of dimension and a sufficiently regular
function k for later purposes,

1

(Mk)2α

1

σ2+α
F

=
1

2
(�+ f)

(
1

α σf
−

log
(
M2σf

)
σf

)
− log(k2)

2
(�+ f)

1

σf

− � 1

2σf
+ O(α) ,

d

dα

(
1

(Mk)2α

1

σ2+α
f

)
=

1

2
(�+ f)

(
− 1

α2 σf
+

log2
(
M2σf

)
2 σf

)

+ �

(
log
(
M2σf

)
+ 1

2 σf

)
+ log2(k2) (�+ f)

1

4σf

+ log(k2)

(
�

1

2 σf
+ (�+ f)

log
(
M2σf

)
2 σf

)
+ O(α) ,

1

(Mh)2α

1

σ3+α
f

=
1

8
(�+ 2f) (�+ f)

(
1

ασf
−

log
(
M2σf

)
σf

)

− log(k2)

8
(�+ 2f) (�+ f)

1

σf

− 1

16

(
(5�+ 8f) (�+ f) − 2(�+ 2f) f

)
1

σf
+ O(α) .

(3.6)

Note that by means of lemma 3.1 one may explicitly check that the pole terms in these Lau-
rent series are local expressions as expected.

Using the Laurent series, the lowest regularized powers of σf may be defined and com-
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puted as1

(
1

σ2
f

)
ms

= lim
α→0

(
1

M2α

1

σ2+α
f

− pp

(
1

M2α

1

σ2+α
f

))

= −1

2
(�+ f)

log
(
M2σf

)
σf

− �
(

1

2σf

)
,(

log
(
M2σf

)
σ2
f

)
ms

= − lim
α→0

(
d

dα

(
1

M2α

1

σ2+α
f

)
− pp

d

dα

(
1

M2α

1

σ2+α
f

))

= − 1

4
(�+ f)

log2
(
M2σf

)
σf

− �

(
log
(
M2σf

)
+ 1

2σf

)
,

(
1

σ3
f

)
ms

= lim
α→0

(
1

M2α

1

σ3+α
f

− pp

(
1

M2α

1

σ3+α
f

))
,

= − 1

8
(�+ 2f)(�+ f)

log
(
M2σf

)
σf

− 1

16

(
(5�+ 8f)(�+ f) − 2(�+ 2f)f

)
1

σf
.

(3.7)

Finally
(
H2
f

)
ms

and
(
H3
f

)
ms

are defined and computed by expanding the unregularized pow-
ers H2

f and H3
f and replacing the three problematic expressions (3.2) by their regularized ver-

sions (3.7).

3.1.1.2 Alternative computation

As a preparation towards the application of our regularization scheme to QFT in cosmo-
logical spacetimes, we shall now derive an alternative way to compute

(
H2
f

)
ms

and
(
H3
f

)
ms

which is better suited for practical computations. We start by stating and proving a few
distributional identities.
Lemma 3.1
The following distributional identities hold.

1. For any continuous F0 and any twice continuously differentiable F2

σF0δ = 0 , σaF0δ = 0 , F0∇∇σδ = −[F0�σ]δ ,

F2�δ = [�F2]δ + �[F2]δ − 2∇a[∇aF2]δ .

2. (�+ f)
1

σf
= 8π2iδ, and (�+ 2f)(�+ f)

1

σf
= 8π2i

(
�− R

3

)
δ .

3. For all n1, n2, n3 ∈ N0 and n4, n5, n6 ∈ {0, 1}with n2 − n3 + n4 ≥ −1,

logn1 (σf) (σaf )n4 σn2
f

(
1

σn3
f

)
ms

= logn1 (σf) (σaf )n4 σn2−n3
f ,

�log(σf) =
�σ − 2

σf
,

∇a
(
logn5(σf)

σn6
f

)
=

(n5 − n6log
n5(σf)) ∇aσ

σn6+1
f

.

1Note that we use here a definition of the analytic regularization of the logarithm in terms of a direct derivative
rather than a limit of differences like in (2.26). While the two definitions differ up to a constant factor in the
principal part, they coincide in the constant regular part and thus give the same (σ−2

f log(M2σf))ms.
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4. σf

(
1

σ3
f

)
ms

=

(
1

σ2
f

)
ms

. I

Proof
1 These identities follow from Bδ = [B]δ for any continuous bitensor B, [σ] = 0, [σa] = 0

and the definition of weak derivatives.

2 The first identity holds in Minkowski spacetime because 1/(8π2σf) is the Feynman propa-
gator of the massless vacuum state. In curved spacetimes (3.3) imply that

(�+ f)
1

σf
(3.8)

vanishes outside of the origin and thus must be a sum of derivatives of δ distributions.
Because σ depends smoothly on the metric, the coefficients in this sum must be smooth
functions of the metric with appropriate mass dimension and thus (� + f)1/σf = cδ
with a constant c that can be fixed in Minkowski spacetime.

In order to prove the second identity we recall remark 3.1 and observe that it is suffi-
cient to compute

u := lim
α→0

f(�+ f)
1

σ1+α
F

This expression has for y → x a scaling degree ≤ 4, vanishes outside of x = y, depends
smoothly on the metric, is covariant and has mass dimension 6. Consequently u =
cRδ where the dimensionless constant c can be computed on any spacetime with R 6=
0. Moreover, in any spacetime where f is actually continuous in a neighborhood of
the diagonal we have u(x, y) = 8πif(x, x)δ(x, y). A spacetime which satisfies both
properties is (the patch of) de Sitter spacetime defined in conformal coordinates by the
metric line element

ds2 =
1

H2τ2

(
−dτ2 + d~x2

)
on (−∞, 0)× R3, where H is a constant. On this spacetime we have R = 12H2 and

µ2 := 2H2σ(τ1, ~x1, τ2, ~x2) = cos−1

(
τ2

1 + τ2
2 − (~x1 − ~x2)2

2τ1τ2

)
,

see e.g. [55], where analytic continuation of cos−1 is understood for time–like separa-
tions. From this one can infer

�σ = 1 + 3µ cot(µ) ⇒ f =
�σ − 4

σ
= 6H2µ cot(µ)− 1

µ2
= −R

6
+O(µ2)

which demonstrates that on de Sitter spacetime f is continuous in a neighborhood of
the diagonal with f(x, x) = −R/6.

3 The distributions on both sides of each equation, considered as distributions in y for fixed
x, have the same scaling degree < 4 for y → x and agree outside of the diagonal. Thus
they agree also on the diagonal as unique extensions.

4 As in the proof of 1 we observe that the potential local correction term on the right hand
side must be a sum of derivatives of δ with coefficients that depend smoothly on the
metric because σ does. Thus the correction term must be of the form cδ with a con-
stant c that can be computed in Minkowski spacetime. This computation may be per-
formed by using (3.3), the previous statements of this lemma, and the following iden-
tities which are valid in Minkowski spacetime for any function F such that F (σf) is a
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distribution

σf�F (σf) = �σfF (σf)− 4F (σf)− 2∇∇σfF (σf) , (3.9)
σf�

2F (σf) = �2σfF (σf)− 4�F (σf)− 4�∇∇σfF (σf) , (3.10)

whereby one finds that c = 0. �

These identities can be used to compute
(
H2
f

)
ms

and
(
H3
f

)
ms

in an alternative way under
certain conditions.

Proposition 3.1
Let N be a normal neighborhood inM and let Hf be a distribution on N × N of Feynman
Hadamard form (2.25). Then the following identities hold.

If Hαf is a well defined distribution which is weakly meromorphic in α , then

1. (H2
f )ms = lim

α→0

(
1

M2α
H2+α
f − pp

(
1

M2α
H2+α
f

))
+
ilog(8π2)

16π2
δ , (3.11)

2.
(
H2
f log

(
M−2Hf

))
ms

= lim
α→0

(
d

dα

(
1

M2α
(Hf)

2+α

)
− pp

d

dα

(
1

M2α
(Hf)

2+α

))

− ilog2(8π2)

32π2
δ , (3.12)

and if [v] = 0 , then

3. (H3
f )ms = lim

α→0

(
1

M2α
H3+α
f − pp

(
1

M2α
H3+α
f

))
+

i

48(8π2)2

(
(1 + 2log(8π2))R+ 192π2[w]

)
δ . (3.13)

I

Proof
• We shall here prove 3.11. Setting h = 8π2σF∆f and k =

√
8π2/h, we obtain

1

M2α
∆2+α

f =
h2

(8π2)2

1

(Mk)2α

1

σ2+α
f

.

Using (3.6), [h2] = [u2] = 1 and lemma 3.1, we may compute

lim
α→0

(
1

M2α
∆2+α

f − pp
1

M2α
∆2+α

f

)
=

h2

(8π2)2
lim
α→0

(
1

(Mk)2α

1

σ2+α
f

− pp
1

(Mk)2α

1

σ2+α
f

)

=
h2

(8π2)2

((
1

σ2
f

)
ms

− log(k2)

2
(�+ f)

1

σf

)
= (∆2

f )ms −
ilog(8π2)

16π2
δ .

• We shall here prove 3.12. In analogy to 3.11, we may compute

lim
α→0

(
d

dα

1

M2α
∆2+α

f − pp
d

dα

1

M2α
∆2+α

f

)

=
h2

(8π2)2

−( log
(
M2σf

)
σ2
f

)
ms

− log

(
8π2

h2

)(
1

σ2
f

)
ms

+
log2

(
8π2

h2

)
4

(�+ f)
1

σf


=

(
∆2

f log
(
M−2∆f

))
ms

+
ilog2(8π2)

32π2
δ .
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• We shall here prove 3.13. This can be proven in analogy to 3.11 and 3.12, whereby
one also needs lemma 3.1 and the fact that [v] = 0 implies by means of the covariant
expansion of bitensors near the diagonal (see e.g. [52, Section 5]) that

v = [v] + ([∇av]−∇a[v])σa +Rv = [∇av]σa +Rv ,

where the remainder term Rv vanishes towards the diagonal fast than σa. Thus, the
assumption [v] = 0 implies that the term in ∆3

f proportional to σ−2
f logM2σf does not

need to be renormalized, which is crucial for the present proof. The correction term
arises from the log

(
h/(8π2)

)
term in the expansion of

1

(Mk)2α

1

σ3+α
f

whose contribution may be computed as

h3

8(8π2)3
log

(
h

8π2

)
(�+ 2f)(�+ f)

1

σf
=

i

8(8π2)2

(
log(8π2)

R

3
+ [�h3log(h)]

)
δ

=
−i

8(8π2)2

(
log(8π2)

R

3
− [�u+ 8π2w�σ]

)
δ

=
i

48(8π2)2

(
(1 + 2log(8π2))R+ 192π2[w]

)
δ,

where again lemma 3.1 prove to be useful. �

3.1.2 A more complicated graph

x1 x3

x2

In order to show how the proposed regularization scheme
works for graphs which have more than two vertices we dis-
cuss the regularization of the following triangular graph

tγ = H13 H23 H2
12 ,

where Hij = Hf(xi, xj). In order to apply the forest formula
from theorem 2.3 to regularize this graph, we already know
that the forests which correspond to divergent contributions
are

{12} , {123} , {12, 123} .

Then as already said in (2.24) the regularization of tγ thus reads

(tγ)ms = (1 + R12 + R123 + R123R12) t(α)
γ = (1 + R123)(1 + R12)t(α)

γ .

In order to illustrate the explicit form of the R, we consider only the most singular contribu-
tion to A

(α)
γ , namely

A
(α)
γ,0 =

1

σ1+α13
13

1

σ
2(1+α12)
12

1

σ1+α23
23

, (3.14)

where σij = σf(xi, xj). Note that, with obvious notation

(8π2)−4 u13 u2
12 u23 tγ,0

is in fact the only contribution to Aγ which needs to be renormalized. The application

of 1 + R12 to (3.14)
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has already been discussed in the preceding sections and corresponds to the regularization
of the fish graph. Indeed, after setting

α12 , α23 , and α13 , to α = αI for I = {1, 2, 3}

we obtain

A
(α)
γ,1 = lim

αij→α
(1 + R12) A

(α)
γ,0

=

((
1

σ2
12

)
ms

+O(α)

)
1

(σ13)1+α

1

(σ23)1+α
. (3.15)

The distribution (
1

σ2
12

)
ms

is a homogeneous distribution of degree δ = −4 under scaling of x2 towards x1, conse-
quently, (3.15) has scaling degree 8 + 4α. Owing to proposition 2.7, we know that (3.15) can
be decomposed into the sum of a homogeneous distribution of degree −(8 + 4α) and a re-
mainder. Hence, in order to expose the poles of (3.15), we can directly apply proposition 2.2
with m = 1 and c0 = −4α. To this end, we set

U0 = A
(α)
γ,1

and find

U1 = −4α U0 − E†1U0

=

((
1

σ2
12

)
ms

+O(α)

)
1

(σ13)1+α

1

(σ23)2+α
G ,

where G = G(x1, x2, x3) is the smooth function introduced in lemma 2.3. From (2.9) we can
infer that the principal part of (3.15) is

pp
(
A

(α)
γ,1

)
= − 1

4α

(
E†1 +

G

σ23

)((
1

σ2
12

)
ms

1

σ13

1

σ23

)
,

whereas the constant regular part can be easily computed as well. Consequently, the regu-
larized distribution

(Aγ,0)|ms = lim
α→0

(
A

(α)
γ,1 − ppA

(α)
γ,1

)
can be straightforwardly computed in explicit terms.

3.2 Explicit computations in Friedmann-Lemaître-Robertson-Walker
spacetime

In the previous section we have applied our regularization scheme to particular graphs
on generic curved spacetime. Now we shall apply this scheme on Friedmann-Lemaître-
Robertson-Walker spacetime (FLRW) introduced in section A.3.2.

3.2.1 Propagators in Fourier space

In comoving coordinates with conformal time, the Klein-Gordon operator reads

P = −�+ ξR+m2 =
1

a(τ)3

(
∂2
τ − ~∇2 +

(
ξ − 1

6

)
Ra2 +m2a2

)
a(τ) .



87

It is convenient to employ Fourier transformations with respect to the spatial coordinates in
order to expand quantities in QFT on FLRW spacetimes in terms of mode solutions of the
free Klein-Gordon equation

φ~k(τ, ~x) =
χk(τ) ei

~k~x

(2π)
3
2 a(τ)

,

where the temporal modes χk(τ) satisfy(
∂2
τ + k2 +m2a2 +

(
ξ − 1

6

)
R a2

)
χk(τ) = 0 (3.16)

and the normalization condition

χk ∂τχk − χk ∂τχk = i . (3.17)

Here k =
∣∣∣~k∣∣∣ and · denotes complex conjugation.

In particular we can use the mode expansion in order to give explicit expressions for the
various propagators of the free Klein-Gordon quantum field in a pure, Gaussian, homo-
geneous and isotropic state ω (see [56, 57] for associated technical conditions on the mode
functions). To this avail, we define

∆](x1, x2) = lim
ε↓0

1

8π3 a(τ1) a(τ2)

∫
R3

d3k ∆̂](τ1, τ2, k) ei
~k(~x1−~x2)−εk , (3.18)

where ∆] stands for either ∆+ (two-point function), ∆r/a (retarded/advanced propagator) or
∆f (Feynman propagator). Recall that our regularization scheme preserves invariance under
spacetime isometries and thus we know that regularized powers of the Feynman propagator
may also be written in the form (3.18).

The Fourier versions of the single propagators read

∆̂+(τ1, τ2, k) = χk(τ1)χk(τ2) ,

∆̂−(τ1, τ2, k) = ∆̂+(τ1, τ2, k) ,

∆̂f(τ1, τ2, k) = Θ(τ1 − τ2) ∆̂+(τ1, τ2, k) + Θ(τ2 − τ1) ∆̂−(τ1, τ2, k) ,

∆̂r/a(τ1, τ2, k) = ∓iΘ (±(τ1 − τ2))
(

∆̂+(τ1, τ2, k)− ∆̂−(τ1, τ2, k)
)
,

(3.19)

whereas by the convolution theorem, we have the following Fourier versions of products
and convolutions of multiple propagators, provided those products and convolutions are
well defined. Defining

[∆]1 ∗4 ∆]2 ] (x, y) =

∫
M

d4x
√
|g|∆]1(x1, x) ∆]2(x, x2) ,[

∆̂]1 ∗1 ∆̂]2

]
(τ1, τ2, k) =

∫
I
dτ a(τ)2 ∆̂]1(τ1, τ, k) ∆̂]2(τ, τ2, k) ,[

∆̂]1 ∗3 ∆̂]2

]
(τ1, τ2, k) =

∫
R3

d3p ∆̂]1(τ1, τ2, p) ∆̂]2

(
τ1, τ2, |~k − ~p|

)
,

(3.20)

we have

̂∆]1 ∗4 · · · ∗4 ∆]n = ∆̂]1 ∗1 · · · ∗1 ∆̂]n ,

n̂∏
i=1

∆]i(τ1, τ2, k) =
1

((2π)3a(τ1)2a(τ2)2)n−1

[
∆̂]1 ∗3 · · · ∗3 ∆̂]n

]
(τ1, τ2, k) ,

(3.21)
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Choosing a pure, Gaussian, homogeneous and isotropic state ω of the quantized free Klein-
Gordon field on a spatially flat FLRW spacetimes amounts to choosing a solution of (3.16)
and (3.17) for each k. In order for ω to be a Hadamard state the temporal modes χk have
to satisfy certain conditions in the limit of large k which are difficult to formulate precisely.
Heuristically, a necessary but not sufficient condition is that the dominant part of χk for large
k, when the mass and curvature terms in (3.16) are dominated by k2, is

1√
2k

e−ikτ ,

i.e. a positive frequency solution. Note that the retarded and advanced propagators are
state-independent and thus

∆̂r/a(τ1, τ2, k)

is independent of the particular χk chosen for each k.

3.2.2 The regularized fish and sunset graphs in Fourier space

In perturbative calculations at low orders we encounter (pointwise) powers of ∆± and ∆f .
While the powers of ∆± are well-defined if ω is a Hadamard state on account of the wave
front set properties of these distributions, we need to regularize the powers of ∆f by means
of the scheme developed in the previous sections. In order to be useful for explicit com-
putations in FLRW spacetimes, we have to develop a spatial Fourier–space version of this
scheme. Having in mind the application to φ4 theory, we shall compute

(̂∆f)nms(τ1, τ2, k) for n = 2, 3 .

The difficulty in achieving this is that, to our knowledge, despite of the large symmetry of
flat FLRW spacetimes, neither σ nor the Hadamard coefficients u, v and w may written in
a tractable form which can be Fourier transformed easily. Our strategy to circumvent this
problem is the following section.

3.2.2.1 Strategy

1. For a general mass m and coupling to the scalar curvature ξ and a general homoge-
neous and isotropic, pure and Gaussian Hadamard state ω, split Hf as

Hf = Hf,0 + d , d = Hf − Hf,0 , (3.22)

where Hf,0 must satisfy the following conditions.

• Hf,0 is explicitly known in position space and Fourier space.

• Hf,0 is of the form

Hf,0 =
1

8π2

(
u0

σf
+ v0log

(
M2σf

))
+ w0 ,

with u0 = u, i.e. it agrees with Hf in the most singular term but not necessarily in
the subleading singularities.

• [v0] = 0 and Hαf,0 is weakly meromorphic in α such that(
H2
f,0

)
ms

,
(
H2
f,0log

(
M−2∆f,0

))
ms

, and
(
H3
f,0

)
ms

may be computed with proposition 3.1. This is crucial for preserving the explicit
knowledge of Hf,0 in position space in the regularization procedure, so that one
may hope to compute the Fourier transforms of the regularized powers.
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2. With these assumptions on Hf,0 it follows that the regularized fish and sunset graphs
may be computed as

(H2
f )ms = (H2

f,0)ms + 2 Hf,0 d + d2 ,

(H3
f )ms = (H3

f,0)ms + 3
(
H2
f,0 d

)
ms

+ 3Hf,0 d
2 + d3 , (3.23)

because the non regularized terms in the above formulae are distributions with scaling
degree lower than 4 for y → x and thus can be directly and uniquely extended to the
diagonal.

3.
(
H2
f,0

)
ms

and
(
H3
f,0

)
ms

may be computed with proposition 3.1 as anticipated. In order

to compute
(
H2
f,0 d

)
ms

we further split d as

d = d1 + d2 , d1 = −
[v]log

(
M−2 Hf,0

)
8π2

, d2 = d− d1 .

Because
v = [v] +O(σa) ,

d1 contains the leading logarithmic singularity in d (and thus Hf) which is the only log-
arithmic singularity relevant for the regularization of the sunset graph. Consequently

(
H2
f,0 d

)
ms

= − [v]

8π2

(
H2
f,0 log

(
M−2 Hf,0

))
ms

+ d2

(
H2
f,0

)
ms

, (3.24)

and thus proposition 3.1 can be applied again.

4. Due to the symmetry of FLRW spacetimes and the assumption that the pure and Gaus-
sian Hadamard state ω is invariant under this symmetry, [v] and [w] do not depend on
the spatial coordinates. Given that one succeeds to compute the spatial Fourier trans-
forms of

log
(
M−2 Hf,0

)
,
(
H2
f,0

)
ms

,
(
H2
f,0 log

(
M−2 Hf,0

))
ms

,
(
H3
f,0

)
ms

,

and
(̂Hnf )ms(τ1, τ2, k)

may be computed by means of the convolution identities (3.21), since the Fourier trans-
forms of Hf,0, d1 and d2 are known by construction.

3.2.2.2 Explicit computations

In order to follow the computational strategy outlined above, we first compute [v] and [w].
Indeed, the coinciding point limit of the Hadamard coefficient v reads (see e.g. [46, Section
III.1.2] for details)

[v] =
m2 +

(
ξ − 1

6

)
R

2
.

Moreover, using the method of [58] to compute a spatial Fourier representation of the Hadamard
parametrix hf (here considered as (2.25) with w = 0) in FLRW spacetimes, one can compute
(see the review in [59] and a related method in [56] for the conformally coupled case)

[w] = lim
x→y

(Hf(x, y)− Hf(x, y))

=
1

(2π)3a2

∫
R3

d3k |χk(τ)|2 − 1

2
√
k2 + a2m2 + a2

(
ξ − 1

6

)
R

+
1

16π2

(
m2 +

(
ξ − 1

6

)
R

)(
2γ − 1 + log

(
m2 +

(
ξ − 1

6

)
R

2M2

))
− R

36(8π2)

(3.25)
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where γ is the Euler-Mascheroni constant and Hf is taken with the mass scaleM inside of the
logarithm of σ. Note that one may take instead of the function

F (k) =
1

2
√
k2 + a2m2 + a2

(
ξ − 1

6

)
R

in (3.25) any distribution F ′(k) such that F ′(k) − F (k) is O(k−5) for large k and integrable.
By taking e.g.

F ′(k) =
1

2k
−Θ(k − am)

a2m2 + a2
(
ξ − 1

6

)
R

4k3

one may cancel the log (R) term outside of the integral.
As anticipated we see that [v] and [w] are functions of time only (recall (A.3.2)). Moreover,

we see that [v] = 0 for a conformally coupled (ξ = 1
6 ) massless scalar field. Thus, in order to

pursue our computational strategy, we should look for a candidate for Hf,0 among the Feyn-
man propagators in suitable states of this theory. In fact, choosing the conformal vacuum
state of the massless conformally coupled scalar field does the job. The conformal vacuum is
given by choosing the modes

χk(τ) =
e−ikτ√

2k
,

and thus the Feynman propagator ∆f,0 in this state is of the form

∆f,0(x1, x2) =
1

8π2a(τ1)a(τ2)

1

σf,M(x1, x2)
, ∆̂f,0(τ1, τ2, k) =

e−ik|τ1−τ2|

2k
. (3.26)

Here, and in the following, the index M indicates quantities in Minkowski spacetime, in
particular

σM(x1, x2) =
1

2
(~x1 − ~x2)2 − 1

2
(τ1 − τ2)2 .

∆α
f,0 is weakly meromorphic in α because the massless vacuum Feynman propagator in

Minkowski spacetime has this property and the conformal rescaling by a does not violate
it. Thus, we may follow our computational strategy and compute(

∆2
F,0

)
ms

,
(
∆2
F,0log

(
M−2∆F,0

))
ms

, and
(
∆3
F,0

)
ms

,

by means of proposition 3.1. This is easily done using (3.6) for σf,M rather than σf and

h =
√

8π2 a(τ1)a(τ2) =
√

8π2 a⊗ a .

The results are

(∆2
f,0)ms = lim

α→0

(
1

M2α
(∆f,0)2+α − pp

1

M2α
(∆f,0)2+α

)
+
ilog(8π2)

16π2
δ

= lim
α→0

1

(8π2)2a2 ⊗ a2

(
1

(M
√

8π2a⊗ a)2α

1

σ2+α
f,M
− pp

1

(M
√

8π2a⊗ a)2α

1

σ2+α
f,M

)

+
ilog(8π2)

16π2
δ

= −1 + 2log(a)

16π2a4
i δM −

1

2(8π2)2a2 ⊗ a2
�M

(
log
(
M2σf,M

)
σf,M

)
,

(
∆2

f,0log
(
M−2∆f,0

))
ms

= lim
α→0

(
d

dα

1

M2α
(∆f,0)2+α − pp

d

dα

1

M2α
(∆f,0)2+α

)
− ilog2(8π2)

32π2
δ

=
2 + 2log(a28π2) + log2(a2)

32π2a4
iδM +

1

4(8π2)2a2 ⊗ a2
�M

log2
(
M2σf,M

)
σf,M

+
1 + log(8π2)a⊗ a

2(8π2)2a2 ⊗ a2
�M

log
(
M2σf,M

)
σf,M

,
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and

(∆f,0)3
ms = lim

α→0

(
1

M2α
(∆f,0)3+α − pp

1

M2α
(∆f,0)3+α

)
+
i
(
(1 + 2log(8π2))R+ 192π2[w]

)
48(8π2)2

δ

= −(15 + 12log(a))�M + 6(�Mlog(a)) + 2(∂2
τa)/a

48(8π2)2a6
iδM

− 1

8(8π2)3a3 ⊗ a3
�2

M
log
(
M2σf,M

)
σf,M

.

where we have used δ =
δM
a4

, fM = 0, and the fact that by (3.25) 8π2[w0] = −R
36

for the
conformal vacuum state of the massless, conformally coupled scalar field.

Using these results as well as the Fourier representation of 1/σf,M (3.26) and log
(
M2σf,M

)
(3.29), and convolution identities, we can finally obtain the Fourier versions of the regular-
ized powers of ∆f,0. For instance, we find for

̂(
∆2
F,0

)
ms

(τ1, τ2, k) = − 1 + 2log(a(τ1))

16a(τ1)2π2
δ(τ1 − τ2)−

− 1

16π3a(τ1)a(τ2)
(∂2
τ1 + k2)

∫
R3

d3p

(
1

2

(
1

p3

)
ren,M

+
i|τ1 − τ2|

2p2

)
· 1

2|~k − ~p|
e−i(p+|

~k−~p|)|τ1−τ2| (3.27)

where the appearing regularization of
1

p3
is defined in (3.28). Note that the ~p integral has no

convergence problems for large p because one may write the potentially dangerous contri-
bution

−i|τ1 − τ2|e−2ip|τ1−τ2|

p
as ∂p

(
e−2ip|τ1−τ2|

2p2

)

plus an O(p−3) term. Regarding the convergence for small p we observe that the integral is
manifestly convergent if k 6= 0, thus yielding a well defined distribution in ~k on R3 \ {0}.
The scaling degree of this distribution is easily seen to be 1 < 3 and thus a unique extension
towards the origin exists. In practical terms this means that the integral for k = 0 may be
computed as a limit k → 0 of the integral with nonvanishing k without any regularization.

3.2.2.3 Fourier transform on Minkowski spacetime

In order to compute the Fourier transform of log
(
M2σf,M

)
, we recall that the Feynman prop-

agator of the Klein-Gordon field with mass m in the Minkowski vacuum is given by

∆f,m,M = lim
ε↓0

1

(2π)3

∫
R3

d3k
1

2
√
k2 +m2

e−i
√
k2+m2|τ1−τ2| ei

~k(~x−~y) e−εk

=
1

8π2

√
2m2

σF,M
K1

(√
2m2σF,M

)
=

1

8π2

(
1

σf,M
+
m2

2

(
1 +

m2σf,M
4

)
log

(
e2γm2σf,M

2

)
− m2

2

(
1 +

5m2σf,M
8

))
+O(m4),
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where K1 is a modified Bessel function and γ is the Euler-Mascheroni constant. Using this,
we find

log
(
M2σf,M

)
= lim

m→0

(
16π2d ∆f,m,M

dm2
− log

(
e2γm2

2M2

))
= − lim

m→0

(
lim
ε↓0

1

π

∫
R3

d3k
1 + i

√
k2 +m2|τ1 − τ2|

2(k2 +m2)
3
2

e−i
√
k2+m2|τ1−τ2| ei

~k(~x−~y) e−εk

+ log

(
e2γm2

2M2

))
= − lim

ε↓0

1

π

∫
R3

d3k

(
lim
m→0

(
1

2(k2 +m2)
3
2

+ πlog

(
e2γm2

2M2

)
δ(~k)

)

+
i|τ1 − τ2|

2k2

)
e−ik|τ1−τ2|ei

~k(~x−~y) e−εk

= − lim
ε↓0

1

π

∫
R3

d3k

(
1

2

(
1

k3

)
ren,M

+
i|τ1 − τ2|

2k2

)
e−ik|τ1−τ2|ei

~k(~x−~y) e−εk

=
1

(2π)
3
2

lim
ε↓0

∫
R3

d3k flog(τ1 − τ2, k) ei
~k(~x−~y) e−εk

where the regularization of the (tempered) distribution
1

k3
is

(
1

k3

)
ren,M

:= lim
m→0

(
1

(k2 +m2)
3
2

+ πlog

(
e4γm4

4M4

)
δ(~k)

)
(3.28)

and

flog(τ1 − τ2, k) := −
√

8π

(
1

2

(
1

k3

)
ren,M

+
i|τ1 − τ2|

2k2

)
e−ik|τ1−τ2| (3.29)

is the sought spatial Fourier transform of log
(
M2σF,M

)
.

3.2.3 Two point function for a quartic potential up to second order

In order to compute the analytic expressions corresponding to the graphs in figure (1.46), we
may use the Fourier versions of the appearing propagators (3.19), (3.27), and the analogous
expressions for

̂(
∆2

f,0log
(
M−2∆2

f,0

))
ms

(τ1, τ2, k) and
̂(
∆3

f,0

)
ms

(τ1, τ2, k)

the explicit form of µ(x) = 3λw(x, x) in (3.25), as well as (3.23), (3.24) and the identities
for products and convolutions (3.20), (3.21). Note that µ(x) is in fact only time-dependent
because ω was chosen homogeneous and isotropic. Thus the integrals with µ-vertices can be
computed partly with the above mentioned identities by means of

̂(1⊗ µ)∆](τ1, τ2, k) = µ(τ2)∆̂](τ1, τ2, k) , ̂(µ⊗ 1)∆](τ1, τ2, k) = µ(τ1)∆̂](τ1, τ2, k) .

Similarly, the bubbles in the third line of Figure (1.46) contribute only time dependent vertex
factors which can be computed as

h](τ) :=

∫
M
dτ1d

3x1 a(τ1)4µ(τ1)∆](τ, τ1, ~x− ~x1) =
1

a(τ)

∫
I
dτ1 a(τ1)3µ(τ1)∆̂](τ, τ1, 0)
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where ∆] is either ∆2
+ or

(
∆2

f

)
ms

.
With these preparations, we can compute e.g. the first graphs of the fourth and fifth line in

figure (1.46) in Fourier space as

̂∆R ∗4 ((hf ⊗ 1)∆+) = ∆̂R ∗1 ̂((hF ⊗ 1)∆+))

=

∫
I2

dτ3 dτ4 a(τ3)a(τ4)3µ(τ4)∆̂R(τ1, τ3, k)∆̂+(τ3, τ2, k) ̂(∆2
F )ms(τ3, τ4, 0)

and

̂∆R ∗4 (∆F )3
ms ∗4 ∆+ = ∆̂R ∗1 ̂(∆F )3

ms ∗1 ∆̂+

=

∫
I2

dτ3 dτ4 a(τ3)2a(τ4)2∆̂R(τ1, τ3, k) ̂(∆3
F )ms(τ3, τ4, k)∆̂+(τ4, τ2, k) .

3.2.4 More complicated graphs on cosmological spacetimes

In order to compute the Fourier transforms of more complicated graphs on FLRW space-
times, one can use a strategy generalizing the one employed in section 3.2.2. Namely, one
again decomposes the Feynman propagator ∆f into several pieces which capture the rele-
vant singularities and can be expressed in terms of the conformal vacuum Feynman prop-
agator ∆f,0 whose explicit form in position and Fourier space is well known in contrast to
the form of σ itself. The corresponding decomposition of general Feynman amplitudes tγ
is straightforward. The only non–trivial step is to generalize proposition 3.1 to the case of
general amplitudes, i.e. to compute the difference between the minimal subtraction scheme
used in conjunction with either analytically regularizing powers of σ directly or analytically
regularizing powers of the full propagator ∆f,0. However, we do not foresee any problems
in obtaining such a generalization by proving versions of lemma 2.3 and proposition 2.7 for
∆f,0 rather than σ.

In fact, one can also skip this last step by taking a rather pragmatic approach and working
directly with the regularization scheme consisting of decomposition in ∆f,0, analytic reg-
ularization of powers of this propagator and minimal subtraction of the principal parts.
This scheme, clearly applicable only to conformally flat spacetimes, satisfies all properties
proved in proposition 2.8, with two exceptions. It is not obvious whether the Principle of Per-
turbative agreement with respect to generalized mass perturbations holds for this scheme,
whereas locality and covariance of course only hold in the sense restricted to conformally
flat spacetimes. In this respect it is essential that the Feynman propagator of the conformal
vacuum ∆f,0 on conformally flat spacetimes is manifestly “geometric”, because the corre-
sponding propagator of the massless Minkowski vacuum has this property.
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Conclusion

The regularization problem we treated in this thesis was to extend the time ordered problem
for local functionals, which appears to be an extension of product of Feynman propagator
when their supports overlaps. Fredenhagen and Brunetti were able in [6] to extend those
products up to the total diagonal, i.e. when this time all supports coincide. Unfortunately
their procedure of extension to the full space was not convenient for practical computations,
and to the best of our knowledge, other renormalization schemes on curved spacetimes dis-
cussed in the literature such as dimensional regularization, local momentum space methods,
zeta–function regularization, heat–kernel techniques, generic Epstein–Glaser renormaliza-
tion and, on cosmological spacetimes, dimensional regularization only with respect to spa-
tial variables, lack at least one of the property we obtain with our scheme listed in section
2.4. Therefore in this thesis, we have introduced a regularization scheme on curved space-
times consisting of a particular analytic regularization of the Feynman propagator, which is
well suited to perform computations. The regularization procedure consists in three main
steps. First we define an analytic regularization, second we extract the principal part of the
resulting meromorphic expression with respect to the parameter of regularization, and third
we perform the minimal subtraction by subtracting the principal part in order to finally take
the limit of the parameter to zero. For graphs with more than two vertices it is required
to use the forest formula, in this case the limit has to be taken in a certain order 2.2. The
main problem was to be able to extract the principal part. It is the reason we introduced the
generalized Euler operator which allowed us to isolate the poles. We have argued that this
scheme has all properties that a physically meaningful renormalization scheme on curved
spacetimes should have and that it is in fact a particular form of differential renormalization.
The renormalization scheme discussed in this work has the advantage that it is

1. directly applicable to spacetimes with Lorentzian signature,

2. manifestly (local and) covariant,

3. manifestly invariant under any spacetime isometries present,

4. capturing correctly the non–geometric and non–unique state–dependent contribution
of Feynman amplitudes and not only the geometric divergent part, which is unique up
to finite renormalizations,

5. well–suited for practical computations, e.g. in cosmological spacetimes,

6. constructed to all orders in perturbation theory,

7. and mathematically rigorous.

In order to demonstrate the practical applicability of the scheme, we have computed sev-
eral examples on generic curved spacetimes. Moreover, we have shown how explicit com-
putations in cosmological spacetimes can be done, in particular, how the renormalization
scheme initially defined in position space can be interpreted in terms of quantities Fourier
transformed with respect to comoving spatial coordinates.
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We have discussed the renormalization scheme only for scalar fields in four spacetime di-
mensions, however, the extension to other spacetime dimensions is straightforward. More-
over, as the analytic regularization discussed in this work consists of regularizing only in-
verse powers of the squared geodesic distance, it can be straightforwardly generalized to
field theories with higher spin, with and without gauge–invariance. In particular, spinorial
quantities can be directly regularized without the need to worry about their dependence on
the dimension such as in dimensional regularization. Finally, we expect that a generalization
of the scheme introduced in this work to gauge theories yields a scheme which preserves the
local gauge symmetry.
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Appendix A

Spacetime

The starting block for a physical theory is the notion of spacetime, it is a set of points (events)
located in time and space. In Newton physics, space and time are usually treated separately
and, moreover, their role encoded in the axioms of absolute time and of absolute space is
passive. This two axioms simply describe the ambient where everything happens. At the be-
ginning of the last century Einstein and others introduced a completely new point of view of
these two entities where they are treated on the same level, namely as elements of an unique
entity. This new point of view has been an important turning point in the understanding of
“the laws of nature”.

After that, in the theory of General Relativity, which is nowadays used to describe gravita-
tional interactions, the physical background (i.e. the spacetime) is an “active actor”. Indeed
gravitation roughly speaking can be viewed as a deformation of the spacetime. Therefore
we shall introduce the notion of spacetime starting from the very beginning. We shall intro-
duce the mathematical framework to describe the spacetime. First we shall define what is
a manifold starting from topological considerations, then implement differential structures,
and finally equip the manifold with a causality.

A.1 From topology to manifold

The most fundamental way to define a space is to use the notion of topology. It permits to
study spaces that are preserved under different type of deformations. We choose to start
with the topological structure in order to define the notion of manifold.

Definition A.1 (Topological space)
Let X be a set1. A topology on X is a collection T of subsets satisfying the three following
axioms,

• conventions : ∅, X ∈ T ;

• arbitrary union : Ui ∈ T for i ∈ I =⇒
⋃
i∈I Ui ∈ T ;

• finite intersection : U1, . . . , Un ∈ T =⇒ U1 ∩ · · · ∩ Un ∈ T ,

where I is an arbitrary index set. �

The pair (X, T ) is called a topological space. The element of T are the open sets of X. We
shall often omit to specify the topology T , and simply say that X is a topological space.

We shall illustrate this definitions by few examples. If X is a set and T is the collection of
all the subsets of X , then (X, T ) is a topological space and this topology is called the discrete

1It is simply a collection of objects.
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topology. When T is just the empty set and X is the entire space, then (X, T ) is called the
trivial topology. In the case of X corresponding to the real line R all open intervals (a, b) and
their unions define a topology called the usual topology.

The notion of topology is still general. It does not implement a lot of structure on the-
ses spaces. For instance the operations between elements in X are not for now considered.
Nonetheless it already characterizes maps between different topological spaces.

Definition A.2 (Continuous map and homeomorphism)
Let X and Y be topological spaces. We consider a map f : X→ Y. We say

• f is continuous if f−1(U) ⊂ X is open for every open U ⊂ Y ;

• f is a homeomorphism if f is bijective and both f and f−1 are continuous. �

If we consider two continuous maps f : X→ Y and g : Y → Z between topological spaces,
then f ◦ g is continuous. An example of a map which is not continuous is a function from R
to R with the usual topology

f(x) =

{
x if x ≤ 0 ,
x+ 2 if x > 0 .

In “usual” calculus we say that f is discontinuous in 0. Let us check that this is also the case
with the previous definition. The inverse by f of the open (−1, 1) is the set (−1, 0] which is
not an open anymore. Thus the function f is not continuous.

Notice that the previous definition permits to show that any open interval of R is homeo-
morphic to any other open interval. In order to prove it consider the function g : (−1, 1) →
(0, 2) such as

g(x) = x+ 1 .

This function is bijective and, g and g−1 are continuous. Another possible example for a
homeomorphism is the function tangent hyperbolic which maps R to (−1, 1).

Suppose to have two different continuous functions f and g, which map a topological
space X to another topological space Y, and a continuous function h : X × [0, 1] → Y, with
h(x, 0) = f(x) and h(x, 1) = g(x) for all x ∈ X, we say that h is an homotopy.

Let us give some generic definitions which shall appear to be useful later on. Below, we
shall denote by X a topological space by T its topology. Furthermore, Z is a subspace of X.

• Z is the closure of Z ⊂ X, which is obtained as the intersection of all closed sets2 con-
taining Z.

• Z is dense in X if Z = X.

• B ⊂ T is a topological basis if every elements in T can be written as the union of
elements of the basis B.

• X is second countable if it has a countable3 topological basis.

• X is separable if there exists a dense and countable subset.

• K ⊂ X is compact if any covering of it admits a finite subcovering.

2A set C ⊂ X is closed if X \ C is open.
3A set is said to be countable if there exists a one to one correspondence between the set considered and the

set of natural numbers.
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• X is locally compact if every point in X admits a neighborhood which has compact
closure.

• X is connected if it cannot be written as a disjoint union of two nonempty open subsets.

• X is Hausdorff if every pair of points have disjoint neighborhoods.

• X is paracompact if every open cover has a refinement4 covering that is locally finite5.

• X is said to be contractible if the identity map X→ X is homotopic to a constant map.

In order to restrict ourselves to a less general picture, we require that the topological spaces
we are considering satisfy some separability (Hausdorff) and countability (second countable)
condition, so that they look locally like Rn. We have now enough background to introduce
the notion of manifold. We start with topological manifolds and we shall implement the
differential structure in the next section.

Definition A.3 (Topological manifold)
A topological manifoldM of dimension n is a Hausdorff and second countable topological
space in which every point admits an open neighborhood homeomorphic to a subset of Rn.�

It is possible to show that instead of requiringM to be Hausdorff and second countable,
we could equivalently demandM to be separable and metrizable. However, these last men-
tioned conditions are global extents, while what is really important for describing physical
theories, is the requirement thatM admits locally the same topological properties as Rn, or
in other words thatM is locally compact, connected, and contractible.

An important tool to pass from a local to a global point of view is the partition of unity of
M.

Definition A.4 (Partition of unity)
Let X be a topological space and I an index set. A partition of unity on X is a collection
{gi}i∈I of continuous functions gi : X→ R such that

• 0 ≤ gi(x) ≤ 1 for all x ∈ X and each i ∈ I ,

•
∑

i gi(x) = 1, for all x ∈ X ,

• for every x ∈ X, there is only a finite number of maps gi such that gi(x) 6= 0. �

A partition of unity defines an open cover of X. We call, {gi}i∈I , partition of unity subor-
dinate to an open cover U = (Ui)i∈I , if for all i ∈ I , the support of gi is contained in Ui. And
we have that a topological manifoldM is paracompact if and only if it admit a partition of
unity subordinate to every open cover ofM. This is the reason why we shall later require to
work with paracompact manifold.

A.2 Lorentzian manifold

A.2.1 Smoothness

We concluded the previous section introducing the notion of topological manifold. Now
we would like to implement a differential structure on it in order to be able for instance to
define the notion of tangent spaces. In the next, we shall restrict our analysis to the case of

4A refinement C of a cover C is a cover such that every element in C is a subset of an element in C.
5A cover {Uα} of X is locally finite if every points in X has a neighborhood which has a nonempty intersection

with a finite numbers of Uα.
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smooth manifold. This particular case shall appear to be enough to introduce the notion of
Lorentzian manifold.

Let M be a topological manifold of dimension n. We would like to be able to “localize”
points on a manifold, to this end we shall introduce the notion of chart. A chart onM is a
pair (U,Φ), where U is an open subset ofM and Φ is a homeomorphism from U to an open
subset Φ(U) ⊂ Rn. We call U a coordinate neighborhood, Φ a coordinate map, and the
component functions of Φ = (Φ1, . . . ,Φn) local coordinates on U .

M

U V

Rn
Φ(U)

Rn
Ψ(V )

Φ Ψ

Ψ ◦ Φ−1

Figure A.1: Charts and transition function.

We want to define smooth manifold, therefore we need to define one more notion. Let
(Φ, U) and (Ψ, V ) be two charts on M such that U ∩ V 6= ∅. We call transition map, the
application

Ψ ◦ Φ−1 : Φ(U ∩ V ) ⊂ Rn → Ψ(U ∩ V ) ⊂ Rn .

Since M is a topological manifold, the previous map is surely a homeomorphism. We say
that (Φ, U) and (Ψ, V ) are smoothly compatible if U ∩ V = ∅ or if furthermore the transition
map Ψ ◦ Φ−1 is a diffeomorphism, i.e. bijective with smooth inverse.

We call an atlas ofM a set of charts {(U,Φ)}which coversM. An atlas A is called smooth
if any two charts in A are smoothly compatible. A smooth atlas A is called maximal if it is
not contained in any strictly larger smooth atlas. We now can give the definition of a smooth
manifold.

Definition A.5 (Smooth manifold)
M is a smooth manifold if it is a topological manifold with a smooth maximal atlas {(U, φ)}.�

One of the first characterization of a smooth manifoldM we can give is its orientability.
An orientation of a smooth manifold is the choice of a maximal smooth oriented atlas. A
smooth atlas {(U,Φ)} is called oriented if the determinant of the derivatives of all transition
maps is positive.

It shall appear useful to define smooth maps between manifolds. We shall also characterize
real valued maps on smooth manifolds, and say on which conditions they are smooth and
compactly supported.
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Definition A.6 (Smooth map)
A map f : M → N between two smooth manifolds is said to be smooth if for every charts
(U,Φ) and (V,Ψ) onM and N respectively, the transition function Ψ ◦ f ◦ Φ−1 is smooth. �

We notice in particular that if the two manifolds are of the same dimension then f is said
to be a diffeomorphism.

M
U

x

N
V

f(x)

Φ

Rn

Φ(U)

Ψ

Rn

Ψ(V )

Ψ ◦ f ◦ Φ−1

f

Figure A.2: Smooth map between manifolds.

We shall now proceed defining what is a real valued smooth (compactly supported) func-
tion.

Definition A.7 (Smooth - compactly supported - function)
A function f :M→ R is said to be smooth if and only if f ◦ Φ−1 : Φ(U) ⊂ Rn → f(U) ⊂ R
is smooth for each coordinate chart in the atlas.

A function f :M→ R is said to be compactly supported if the support of f :M→ R (i.e.
the closure of the set where f does not vanish) is compact. �

The set of all real valued smooth functions onM is denoted by E(M), and the one of all
real valued smooth compactly supported functions onM by D(M).

For now onM shall be understood as a smooth manifold of dimension n.

A.2.2 Lorentzian structure

Let us consider a smooth manifold M and and define a curve γ passing through x as the
map

γ : (−1, 1)→M , such that γ(0) = x ∈M .

We consider ε > 0 small enough such that γ((−1, 1)) ⊂ U , for a coordinate neighborhood U
of a chart (U,Φ). We say that two curves γ and γ′ are equivalent if

lim
t→0

1

t
(γ(x+ t)− γ(x)) = lim

t→0

1

t

(
γ′(x+ t)− γ′(x)

)
.

We call tangent space at x, denoted by TxM, the set formed by all possible equivalence
classes at x. The tangent space to a point of a manifold has the same dimension as the given
manifold.

Before adding more structure to TxM we shall introduce the notion of vector bundle. A
smooth real vector bundle is a triple (E,M, π), where E (total space) andM (base space of
dimension n) are smooth manifolds and

π : E →M,
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M
U

φ

Rn

Φ(U)

f ◦ Φ−1

R
f(U)

f

Figure A.3: Real valued smooth function.

M

TxMx

Figure A.4: Tangent space

a smooth surjection6 which defines a n dimensional vector spaceEx = π−1({x}) for every x ∈
M, called the fiber of E at x ∈M. Additionally we require that for every x ∈M there exists
an open neighborhoodU ⊂M and a smooth diffeomorphism ψ : π−1(U)→ U×Ex such that
its projection on the first component pr1 gives the image of π. This conditions corresponds to
require the “commutation” of the diagram A.5. ψ is called a trivial trivialization.

We shall omit to indicate the corresponding triple when speaking of a vector bundle, and
specify only the total space E, and if necessary the base space.

We call smooth section of a vector bundle a smooth map s :M→ E, such that π ◦ s = id.
The corresponding vector space is denoted Γ(M). We shall later see the importance of this
notion in physics.

There are important particular smooth real vector bundles, the tangent bundle and the real
line bundle.

The tangent bundle is the triple TM = (TxM,M, πt) with πt : TxM → M. A section of

6A map f : A→ B is a surjection if for any b ∈ B there exists an a ∈ A such that b = f(a).
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ψ

π pr1

π−1(U) U × {Ex}

U

Figure A.5: Vector bundle structure.

the tangent bundle is v :M→ TxM, it is called the vector field.
The real line bundle is the triple (R,M, π`) with π` : R → M. A section of the real line

bundle is φ :M→ R, it is called the real scalar field.
Let us come back to the notion of tangent space. It is a vector space therefore we can

consider the dual of it. It is called the cotangent space ofM at x, and is denoted by T ∗xM.
We recall that the dual of vector space is the vector space of the linear applications from this
space to R, and it forms also a vector space. We can then consider the cotangent bundle, it
is the triple

T ∗M = (T ∗xM,M, π∗t ) with π∗t : T ∗xM→M .

A section of T ∗M is called a covector field.
Let E, F , and G be vector spaces. The vector space of the multilinear forms E × F → G

is called tensor product and denoted E ⊗ F . We can generalize this notion to the case of r
vector spaces, i.e the set of multilinear forms

E1 × · · · × Er︸ ︷︷ ︸
r times

→ G .

In the particular case where E1 = · · · = Ep = E and Ep+1 = · · · = Er = E∗ all these
multilinear forms form the tensor product

E1 ⊗ · · · ⊗ Er = E⊗p ⊗ (E∗)⊗q ,

with q = r − p. An element of this set is a tensor of type (p, q), p times covariant, and q times
contravariant.

A tensor product is said to be symmetric if it is invariant under permutations of its ar-
guments and it is said to be antisymmetric if it is invariant under even permutations and
invariant up to a sign under odd permutations.

A q differential form on M is a antisymmetric tensor of type (0, q). We shall denote by
Ωq(M) the vector space of the q differential forms onM. If q > n with n the dimension of
M then Ωq(M) = {0}, and Ω0(M) is the space of the smooth functions onM.

On the space of differential form we can define a product, called the exterior product. For
every copy of differential forms, ω ∈ Ωr(M) and η ∈ Ωs(M), the exterior product is denoted
by ω ∧ η ∈ Ωr+s(M) and it is defined as

(ω ∧ η)(x1, . . . , xr+s) =
1

r!s!

∑
σ∈Or+s

(−1)sign(σ)ω(xσ1, . . . , xσr) · η(xσr+1, . . . , xσr+s) .

In order to be able to measure the length of tangent vectors, the angles among them and
eventually the distance between different points we have to equip our spacetime with a
metric. Locally a metric is a scalar product. Let us consider a vector space E of dimension n
endowed with a non degenerate scalar product X,Y 7→ (X,Y ). If {(ea)} is an orthonormal
basis of E an element X of E can be written as X = Xaea, where the summation over the
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indice a is understood. The scalar product can be seen as a bilinear, symmetric, and non
degenerate function g such that

g :

{
E × E → R ,
(X,Y ) 7→ gabX

aY b ,

where (gab) is a diagonal matrix of size n×n. We notice that in order to implement causality
in the general case the scalar product does not need to be positive (look at A.3.1). In the
present definition (gab) is diagonal7 and has only ±1 on it. The signature of a scalar product
is the pair (r, s) where r is the number of +1 on the diagonal, and s the number −1 on the
same diagonal.

We shall generalized the notion of a metric tensor on a manifold. It is a non degenerate
bilinear symmetric tensor of type (0, 2), denoted g, such that for smooth vector fields X and
Y, g(X,Y) is a smooth function on M. We can show that the smoothness implies that the
signature is constant on any connected component ofM. On each point x onM the metric
tensor g defines a scalar product on TxM. It is common practice to call a metric tensor a
metric.

Using the metric we can relate a vector space E to its dual E∗. Indeed Y 7→ g(X,Y ) ∈ R is
an element of E∗.

We call g a riemannian metric if for every point of the manifold g has signature n, the
dimension ofM. If the associated scalar product has signature equal to n− 1 for every point
of the spacetime we call g a pseudo riemannian (or lorentzian) metric. We shall use for now
on only lorentzian metric g.

Definition A.8 (Lorentzian manifold)
A Lorentzian manifold is a couple (M, g) whereM is a n dimensional smooth manifold, and
g is a Lorentzian metric tensor. �

We shall omit to say tensor metric and simply say metric.

A.2.3 Integration

We define the differential d on a form as the linear application

d : Ωr(M)→ Ωr+1(M) .

The differential d : Ω0(M) → Ω1(M) is the differential of functions, i.e. the map from the
tangent space to the scalars.

We first consider the particular case M = Rn, where we have only one chart covering
the whole manifold, {xi} being the local coordinates of the coordinate map. Let ω be a n
differential form on Rn, then it can be written as

ω = ω1,...,n dx1 ∧ · · · ∧ dxn .

The integral over a subset U of Rn is defined as∫
U
ω =

∫
U
ω1,...,n dx1 . . . dxn ,

where we omit to write the symbol∧ for the exterior product. In this definition an orientation
has been implicitly chosen, i.e. an order in the exterior product of {xi} is taken. Taking
another orientation will change the sign of the integral. This is one of the reason while it is
important to work with an orientable manifold.

7Every (non degenerate) metric can be diagonalized.
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Let us go back to the general situation, where M is defined as in A.8. Furthermore we
requireM to be paracompact and oriented. As we knowM looks locally like Rn, actually
this was one of the requests in our construction. Therefore it should be possible to define
locally an integral on M. In order to map M to Rn we consider an atlas {(Φi, Ui)} of M.
The support of ω does not lie entirely in one coordinate neighborhood, thus we need to use
a partition of unity {gi} subordinate to the covering {Ui}. Then any other n form ω can be
written as

ω =
∑
i

giω .

where the sum is finite because supp(ω) is compact. We map giω on each coordinate neigh-
borhood Ui with φi : Ui → Wi ⊂ Rn. Therefore the n form φ∗i (giω) on Wi can be integrated
as we have done on Rn. Meaning∫

M
ω =

∑
i

∫
Ui

giω =
∑
i

∫
Wi

φ∗i (giω) =
∑
i

∫
Wi

Fi(x1, . . . , xn) dx1 . . . dxn ,

with Fi(x1, . . . , xn) dx1 . . . dxn = φ∗i (giω). The map φ∗i is the pull back of φ∗i , we have
φ∗i (giω) = (giω) ◦ φi. It can be shown that this construction does not depend on the cho-
sen partition of unity.

Because the manifold is assumed paracompact, M is orientable if there exits a non zero
smooth n form µ. It is called the volume form ofM. Due to the fact thatM is a Lorentzian
manifold with tensor metric g we have

µ =
√
|det (g)| dnx =

√
|g| dnx ,

We then define the integral of a function f overM as follows∫
M
f =

∑
i

∫
Wi

(gif)(x1, . . . , xn)
√
|g| dx1 . . . dxn . (A.1)

A.2.4 Covariant derivative, geodesic and curvature

We shall introduce the notion of covariant derivative. A linear connection∇ is a map

∇ :

{
Γ(M)× Γ(M) → Γ(M)

(X,Y ) 7→ ∇XY
,

such that for every sections X,Y, Z ∈ Γ(M) and any real valued smooth function f ∈ E(M)
we have

∇X+Y Z = ∇XZ +∇Y Z ;

∇fXY = f∇XY ;

∇X(Y + Z) = ∇XY +∇XZ ;

∇X(fY ) = f∇XY + (X · f)Y .

The connection ∇XY is called the covariant derivative of Y with respect to X . ∇ is said to
be compatible with respect to the pseudo riemannian metric g if for all X,Y, Z ∈ Γ(M) we
have

X · g(Y,Z) = g(∇XY,Z) + g(Y,∇XZ) .

We shall say that∇ is tensor metric connection. The torsion of∇, T , is a tensor of type (1, 2)
such that for every vector fields X,Y ∈ Γ(TM)

T (X,Y ) = ∇XY −∇YX − [X,Y ] .
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M

x
Ox

O′xTxM

expx

Figure A.6: Exponential map.

The connection ∇ is said to be torsion free if its torsion tensor is the zero tensor. A funda-
mental theorem in pseudo riemannian geometry (see [51]) tells us that onM there exists a
unique linear connection that is compatible with the metric and torsion free. It is called the
Levi Civita connection.

A neighborhood Ox ⊂ M is called a geodesically starshaped with respect to x ∈ M if
there is an open subsetO′x in TxMsf which is starshaped8 with respect to 0 ∈ TxM such that
expx : O′x → Ox is a diffeomorphism. O ⊂M is geodesically convex if it is starshaped with
respect to all its points. Notice in particular that every two points x, y in O are connected by
a unique geodesic which is completely contained in O.

If we consider O ⊂ M to be geodesically convex, it makes sense to introduce the Synge’s
world function (or half of the square geodesic distance) [52] due to the uniqueness of the
geodesic between two points.

x

x′

z(t)

ż(t)
γ

Figure A.7: Geodesic on a geodesically convex domain.

In order to introduce its precise definition, let us fix two points x′ and x in a O. The point
x′ is called the base point, and x the field point. The geodesic segment γ that links x to x′ is
described by the parametric function z(t), in which t is an affine parameter, t ∈ [t1, t2], such
that z(t1) = x and z(t2) = x′. The tangent vector to the geodesic on a point z is denoted by

8A vector space X is called a starshaped set if and only if for all x ∈ X we have −x ∈ X.
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ż. The Synge’s world function is a scalar function of the base point x′ and the field point x.
It is defined by

σ(x, x′) =
1

2
(t1 − t2)

∫ t2

t1

dt gµν (z(t)) żµ(t) żν(t) .

In flat space time we have gµν (z(t)) = ηµν , in this case the Synge’s world function simplifies
to

σ(x, x′) =
1

2
(t1 − t2) ηµν

∫ t2

t1

dt żµ(t) żν(t)

=
1

2
(t1 − t2) ηµν (y − x)µ (x′ − x)ν .

On the geodesic, the quantity gµν żµżν
.
= ε is constant, then σ(x, x′) = 1

2(t2 − t1)2 ε.
The quantity which characterize how “deformed” is M is called the curvature of M. It

is a tensor of type (1, 3) such that for every vector fields X,Y, Z ∈ Γ(TM) and any linear
connection we have

R(X,Y )Z =
(
∇X∇Y −∇Y∇X −∇[X,Y ]

)
Z .

We recall that we shall use for now on the Levi Civita connection.

A.3 Causality

A.3.1 Global hyperbolicity

We shall now work with the pair (M, g) which denotes a Lorentzian manifold of dimension
n ≥ 2 together with a Lorentzian metric g. We associate to each point x of the manifold
its corresponding tangent space TxM. Considering a vector over a point, namely we can
evaluate its Lorentzian scalar product with itself, using the metric g. It divides the tangent
space in three different regions.

g(v, v) > 0, then v is called timelike vector,
g(v, v) = 0, then v is called null vector,
g(v, v) < 0, then v is called spacelike vector.

In every tangent space TxM the set of timelike vectors, is called light cone, it consists of
two connected components. A time orientation onM is a choice of one of these connected
components. Then the light cone is defined as the union of the forward and backward light-
cones,

V = V+ ∪ V− , with V± =
{
x ∈M | x2 > 0, ±x0 > 0

}
.

A vector v ∈ TxM is future (respectively past) directed if v is a non spacelike vector and
contained in V+ (respectively in V−).

A differentiable curve γ(λ) is said to be

• a future (respectively past) directed timelike curve if at each point x(λ) ∈ γ the tangent
vector v is a future (respectively past) directed timelike vector ;

• a future (respectively past) directed causal curve if at each point x(λ) ∈ γ the tangent
vector v is either a future (respectively past) directed timelike or null vector.
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V−

V+

Figure A.8: Light cone.

The chronological future (respectively past) of x ∈ M is denoted by I+(x). It is defined
as the sets of points which can be reached by a future (respectively past) directed timelike
curve starting from x,

I±(x) =

{
y ∈M

∣∣∣∣ There exists a future (resp. past) directed timelike
curve λ(t), with λ(0) = x and λ(1) = y

}
.

We define I+(S) =
⋃
x∈S I

±(x) for any subset S ⊂M.
The causal future/past of a point of the spacetime is defined in a similar way as the chrono-

logical future/past of this point, using this time the notion of the causal curve.
The causal future (respectively past) of x ∈ M, denoted by J+(x), is defined as the sets of

points that can be reached by a future (respectively past) directed causal curve starting from
x,

J±(x) =

{
y ∈M

∣∣∣∣ There exists a future (respectively past)
directed causal curve λ(t), with λ(0) = x and λ(1) = y

}
,

We define J±(S) =
⋃
x∈S J

±(x) for any subset S ⊂M.
A subset S ⊂M is said to be achronal if there do not exist x, y ∈ S such that y ∈ I+(x), i.e.,

if I+(S) ∩ S = ∅.
We define the future (respectively past) domain of dependence of S, denoted by D+(S),

by

D±(S) =

{
x ∈M

∣∣∣∣ Every past (respectively future) inextensible causal curve
through x intersects S

}
.

The (full) domain of dependence of S, denoted by D(S), is defined as,

D(S) = D+(S) ∪ D−(S).

The set S is a closed achronal set.

Definition A.9 (Cauchy surface)
A closed achronal set Σ for which D(Σ) = M is called a Cauchy surface. �

A spacetime (M, g) which possesses a Cauchy surface is said to be globally hyperbolic. We
invite the reader to look at the end of chapter 8 of [41] for the equivalence of this definition
of global hyperbolicity and the ones of Leray, Hawking, and Ellis. We have now enough
background to define a curved spacetime.
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Definition A.10 (Curved spacetime)
A pair (M, g) is a curved spacetime ifM is a n ≥ 2 dimensional Lorentzian manifold, en-
dowed with a Lorentzian metric of signature (− + · · ·+). The spacetime is required to be
orientable, paracompact, time orientable, and globally hyperbolic. �

A particular case of a globally hyperbolic spacetime is the Minkowski spacetime.

Definition A.11 (Minkowski spacetime)
A pair (M, η) is called Minkowski spacetime if M is the 4 dimensional euclidean space en-
dowed with a metric η of signature (1, 3) for which only its diagonal elements are non zero.�

A.3.2 Friedmann–Lemaître–Robertson–Walker spacetime

If we look at our universe from different directions it looks very similar, at least on large
scales. Furthermore it seems reasonable to assume that there are no special points in it. For
these reason it is common to assume the universe to be homogeneous and isotropic. This two
requirements imply that the spacetime describing our universe must be a warped product
I × Σ where I is an interval of time and Σ a three dimensional riemannian manifold of
constant curvature which can be open closed or flat. In this work we shall consider only a
spatially flat FLRW spacetime, i.e. a curved spacetime (M, g) equipped with the following
metric

ds2 = dt2 − a(t)2d~x2 = a(τ)2
(
−dτ2 + d~x2

)
,

where t is the cosmological time, τ is conformal time, and a(t) is the scale factor whose
expansion rate is the Hubble rate

H = ∂tlog(a) =
∂τa

a2
=
H
a
.

The time variables are related by

dt = adτ =
da

aH
= − dz

(1 + z)H
.

The curvature can also be written in terms of the Hubble rate

R = 6(∂tH + 2H2) =
∂2
τa

a3
.

We notice that this metric is invariant under translation and rotation of the space coordinates.
We have chosen a FLRW spacetime without spatial curvature in order to simplify compu-
tations and because observations are compatible with the assumptions of vanishing spatial
curvature.



114



Bibliography

[1] A. Géré, T.-P. Hack, and N. Pinamonti, “An analytic regularisation scheme on curved
spacetimes with applications to cosmological spacetimes,” accepted in Classical and
Quantum Gravity (2015) , arxiv:1505.00286 [math-ph].

[2] W. Pauli and F. Villars, “On the Invariant Regularization in Relativistic Quantum
Theory,” Reviews of Modern Physics 21 (1949) 434–444.

[3] E. R. Speer, “Analytic Renormalization,” Journal of Mathematical Physics 9 (1968)
1404–1410.

[4] G. ’t Hooft and M. Veltman, “Regularization and renormalization of gauge fields,”
Nuclear Physics B 44 (1972) 189–213.

[5] C. G. Bollini and J. J. Giambiagi, “Dimensional renorinalization : The number of
dimensions as a regularizing parameter,” Il Nuovo Cimento B 12 (1972) 20–26.

[6] R. Brunetti and K. Fredenhagen, “Microlocal Analysis and Interacting Quantum Field
Theories: Renormalization on Physical Backgrounds,” Communications in Mathematical
Physics 208 (2000) 623–661.

[7] T. S. Bunch, “BPHZ renormalization of λφ4 field theory in curved spacetime,” Annals of
Physics 131 (1981) 118–148.

[8] M. Lüscher, “Dimensional regularisation in the presence of large background fields,”
Annals of Physics 142 (1982) 359–392.

[9] D. J. Toms, “Renormalization of interacting scalar field theories in curved space-time,”
Physical Review D 26 (1982) 2713–2729.

[10] J. Comellas, P. E. Haagensen, and J. I. Latorre, “A Generic Renormalization Method in
Curved Spaces and at Finite Temperature,” International Journal of Modern Physics A 10
(1995) 2819–2839.

[11] D. Prange, “Epstein-Glaser renormalization and differential renormalization,” Journal
of Physics A: Mathematical and General 32 (1999) 2225.

[12] A. Bilal and F. Ferrari, “Multi-Loop Zeta Function Regularization and Spectral Cutoff
in Curved Spacetime,” Nuclear Physics B 877 (2013) 956–1027, 1307.1689 [hep-th].

[13] S. Hollands and R. M. Wald, “Local Wick Polynomials and Time Ordered Products of
Quantum Fields in Curved Spacetime,” Communications in Mathematical Physics 223
(2001) 289–326.

[14] S. Hollands and R. M. Wald, “Conservation of the stress tensor in perturbative
interacting quantum field theory in curved spacetimes,” Reviews in Mathematical
Physics 17 (2005) 227–311.

http://arxiv.org/abs/1505.00286
http://dx.doi.org/10.1103/RevModPhys.21.434
http://dx.doi.org/10.1063/1.1664729
http://dx.doi.org/10.1063/1.1664729
http://dx.doi.org/10.1007/BF02895558
http://dx.doi.org/10.1007/s002200050004
http://dx.doi.org/10.1007/s002200050004
http://dx.doi.org/10.1016/0003-4916(81)90187-1
http://dx.doi.org/10.1016/0003-4916(81)90187-1
http://dx.doi.org/10.1016/0003-4916(82)90076-8
http://dx.doi.org/10.1103/PhysRevD.26.2713
http://dx.doi.org/10.1142/S0217751X95001339
http://dx.doi.org/10.1142/S0217751X95001339
http://dx.doi.org/10.1088/0305-4470/32/11/015
http://dx.doi.org/10.1088/0305-4470/32/11/015
http://dx.doi.org/10.1016/j.nuclphysb.2013.10.003
http://arxiv.org/abs/1307.1689
http://dx.doi.org/10.1007/s002200100540
http://dx.doi.org/10.1007/s002200100540
http://dx.doi.org/10.1142/S0129055X05002340
http://dx.doi.org/10.1142/S0129055X05002340


116

[15] S. Hollands, “Correlators, Feynman diagrams, and quantum no-hair in deSitter
spacetime,” Communications in Mathematical Physics 319 (2010) 1–68, 1010.5367
[gr-qc].

[16] J. Baacke, L. Covi, and N. Kevlishvili, “Coupled scalar fields in a flat FRW universe:
renormalisation,” Journal of Cosmology and Astroparticle Physics 1008 (2010) 026,
1006.2376 [hep-th].

[17] V. Moretti, “Proof of the symmetry of the off-diagonal Hadamard/Seeley-deWitt’s
coefficients in C∞ Lorentzian manifolds by a local Wick rotation,” Communications in
Mathematical Physics 212 (2000) 165–189.

[18] R. Haag and D. Kastler, “An Algebraic Approach to Quantum Field Theory,” Journal of
Mathematical Physics 5 (1964) 848–861.

[19] O. Steinmann, Perturbation Expansions in Axiomatic Field Theory. Berlin, New York,
Springer-Verlag, 1971.

[20] H. Epstein and V. Glaser, “The role of locality in perturbation theory,” Annales de
l’institut Henri Poincaré (A) Physique théorique 19 (1973) 211–295.

[21] S. Hollands and R. M. Wald, “Existence of Local Covariant Time Ordered Products of
Quantum Fields in Curved Spacetime,” Communications in Mathematical Physics 231
(2002) 309–345.

[22] M. J. Radzikowski, “Micro-local approach to the Hadamard condition in quantum field
theory on curved space-time,” Communications in Mathematical Physics 179 (1996)
529–553.

[23] N. V. Dang, Renormalization of quantum field theory on curved space-times: a causal
approach. phdthesis, Université Paris-Diderot - Paris VII, 2013.

[24] K. J. Keller, Dimensional Regularization in Position Space and a Forest Formula for
Regularized Epstein-Glaser Renormalization. phdthesis, Universität Hamburg, 2010.
arxiv:1006.2148 [math-ph].

[25] M. Duetsch, K. Fredenhagen, K. J. Keller, and K. Rejzner, “Dimensional Regularization
in Position Space, and a Forest Formula for Epstein-Glaser Renormalization,” Journal of
Mathematical Physics 55 (2014) 122303, arxiv:1311.5424 [hep-th].

[26] C. Baer, N. Ginoux, and F. Pfäffle, Wave Equations on Lorentzian Manifolds and
Quantization. Zurich, Switzerland : European Mathematical Society, 2007.

[27] V. Moretti, “Comments on the Stress-Energy Tensor Operator in Curved Spacetime,”
Communications in Mathematical Physics 232 (2003) 189–221.

[28] N. V. Dang, “Complex powers of analytic functions and meromorphic renormalization
in QFT,” 1503.00995 [math-ph].

[29] A. Géré and J.-C. Wallet, “Spectral theorem in noncommutative field theories: Jacobi
dynamics,” J. Phys. Conf. Ser. 634 (2014) 012006, arxiv:1402.6976 [math-ph].
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