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In this paper under review titled “Interpolating sequences in spaces with the complete Pick
property” (see [Ale+19]), Aleman, Hartz, McCarthy, and Richter generalise a result due to
Carleson for the Hardy space [Car58b] and of Marshall and Sundberg for the Dirichlet space
[MS94].

Carleson showed in [Car58b] that for a complex sequence (λi) satisfying |λi| < 1 for each
i ∈ N, the following are equivalent:

(1) For any bounded complex sequence (wi), there is f ∈ H∞ (D) (which is the multiplier
algebra of the Hardy-Hilbert space H2 (D)) such that f (zi) = wi for each i ∈ N.

(2) There is some c > 0 such that for each i ∈ N,

(0.1)
∏
j ̸=i

∣∣∣∣ λi − λj

1− λ̄iλj

∣∣∣∣ ≥ c > 0.

In modern terminology, a sequence (λi) ⊂ D, the open unit disk, is called an interpolating
sequence for H∞ (D) if it satisfies at least one of the condition (hence, both) of Carleson’s
result. Intuitively, it means a sequence is interpolating for H∞ (D) iff the points are suf-
ficiently spread out in the hyperbolic metric of the open unit disc. This is an conclusion
that one can make by observing equation 0.1. An analogous result can be formulated in the
context of reproducing kernel Hilbert spaces (or rkHs, inshort).

Aleman, Hartz, McCarthy, and Richter in [Ale+19] show that for a complete Pick space
H, a sequence is interpolating for its multiplier algebra M (H) iff it is separated and gen-
erates a Carleson measure. More specifically, if H is complete Pick space (a special rkHs
where positivity of Pick matrix with matricial entries implies interpolation by multipliers,
see [AM02] for a precise definition) then the following are equivalent:

(IM): (Λ) = (λi) ⊂ X is interpolating for M (H), that is, whenever (wi)i∈N ∈ ℓ∞, there is
a multiplier φ ∈ M (H) such that φ (λi) = wi for each i, and,

(S+C): the following two hold:
(S): Λ is separated with the pseudometric d on X given by

d (z, w) =

√
1− |k (z, w)|2

k (z, z) k (w,w)
(z, w ∈ X),

that is, there is some c > 0 such that d (λi, λj) ≥ c > 0 for each i ̸= j and
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(C): the atomic measure µ given by µ =
∑
i

δλi

k (λi, λi)
is a Carleson measure for H,

in other words, there is some c > 0 such that∑
i

|f (λi)|2

k (λi, λi)
≤ c ∥f∥2 (f ∈ H) .

This settled a 20 year problem posed by Agler and McCarthy in Chapter 9 of their mono-
graph Pick interpolation and Hilbert function spaces [AM02]. It is interesting to note that
the proof used an equivalent form of the Kadison Singer problem, called the Paving Conjec-
ture (as demonstrated in [And79]). The long standing Kadison Singer problem was resolved
by Marcus, Spielman, and Srivastava in [MSS15] in 2013.

Finally, the authors explore interpolating sequences for multipliers of pairs of reproducing
kernel Hilbert spaces. Tsikalas resolved some of the problems asked by the authors in his
paper [Tsi23].

References

[Ale+19] Alexandru Aleman, Michael Hartz, John E. McCarthy, and Stefan Richter. “In-
terpolating sequences in spaces with the complete Pick property”. English. In: Int.
Math. Res. Not. 2019.12 (2019), pp. 3832–3854. issn: 1073-7928. doi: 10.1093/
imrn/rnx237.

[AM02] Jim Agler and John E. McCarthy. Pick interpolation and Hilbert function spaces.
Vol. 44. Graduate Studies in Mathematics. American Mathematical Society, Prov-
idence, RI, 2002, pp. xx+308. isbn: 0-8218-2898-3. doi: 10.1090/gsm/044. url:
https://doi.org/10.1090/gsm/044.

[And79] Joel Anderson. “Extensions, Restrictions, and Representations of States on C∗-
Algebras”. In: Transactions of the American Mathematical Society 249.2 (1979),
pp. 303–329. issn: 00029947. url: http://www.jstor.org/stable/1998793
(visited on 04/13/2024).

[Car58a] Lennart Carleson. “An Interpolation Problem for Bounded Analytic Functions”.
In: American Journal of Mathematics 80.4 (1958), pp. 921–930. issn: 00029327,
10806377. url: http://www.jstor.org/stable/2372840 (visited on 04/14/2024).

[Car58b] Lennart Carleson. “An interpolation problem for bounded analytic functions”. In:
Amer. J. Math. 80 (1958), pp. 921–930. issn: 0002-9327,1080-6377. doi: 10.2307/
2372840. url: https://doi.org/10.2307/2372840.

[MS94] Donald E. Marshall and Carl Sundberg. “Interpolating Sequences for the Multi-
pliers of the Dirichlet Space”. In: 1994. url: https://api.semanticscholar.
org/CorpusID:28005494.

[MSS15] Adam W. Marcus, Daniel A. Spielman, and Nikhil Srivastava. “Interlacing families
II: Mixed characteristic polynomials and the Kadison-Singer problem”. In: Ann. of
Math. (2) 182.1 (2015), pp. 327–350. issn: 0003-486X,1939-8980. doi: 10.4007/
annals.2015.182.1.8. url: https://doi.org/10.4007/annals.2015.182.1.
8.

[Sar67] Donald Sarason. “Generalized Interpolation in H∞”. In: Transactions of the Amer-
ican Mathematical Society 127.2 (1967), pp. 179–203. issn: 00029947. url: http:
//www.jstor.org/stable/1994641 (visited on 04/14/2024).

https://doi.org/10.1093/imrn/rnx237
https://doi.org/10.1093/imrn/rnx237
https://doi.org/10.1090/gsm/044
https://doi.org/10.1090/gsm/044
http://www.jstor.org/stable/1998793
http://www.jstor.org/stable/2372840
https://doi.org/10.2307/2372840
https://doi.org/10.2307/2372840
https://doi.org/10.2307/2372840
https://api.semanticscholar.org/CorpusID:28005494
https://api.semanticscholar.org/CorpusID:28005494
https://doi.org/10.4007/annals.2015.182.1.8
https://doi.org/10.4007/annals.2015.182.1.8
https://doi.org/10.4007/annals.2015.182.1.8
https://doi.org/10.4007/annals.2015.182.1.8
http://www.jstor.org/stable/1994641
http://www.jstor.org/stable/1994641


REFERENCES 3

[Tsi23] Georgios Tsikalas. “Interpolating sequences for pairs of spaces”. English. In: J.
Funct. Anal. 285.7 (2023). Id/No 110059, p. 43. issn: 0022-1236. doi: 10.1016/
j.jfa.2023.110059.

https://doi.org/10.1016/j.jfa.2023.110059
https://doi.org/10.1016/j.jfa.2023.110059

	References

