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Can we solve games using tools from optimization?
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Gradient descent
x" = x—yDf(x)




Can we solve games using tools from optimization?

Consider general-sum 2-player game: Optimization of smooth f(x):
X[ = argmin fj(x;,x)) x* = argmin f(x)
X X

X = argmin f (x5, x,)

% %)
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Xy < Xy = YDy [(x1, X,)
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Future of autonomy: optimization problems...
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Gradient-based learning: a general framework

X =X—}/D1fl(X,y,Z)
"=y —rDyfh(x,Y,2)
Z+ — < ]/Dgfg(x,y, Z)



Gradient-based learning: a general framework

Problem Class Gradient Learning Rule
y_ Gradient Play CC:_ = L; — ’77D7f7 (:Ei,.il?_z')
0" =60—~Vl(0,w)
43 AN wt = w + vV, (0, w)
| Policy Gradient w
< Policy Prediction / ZU;F — X1 — 71V1J1(7T1(371),7T2(332) 5V2J2(7T1($1),7T2(332)))
MARL Multi}iAgent
PO“Cy Gradient 33:_ = T — Yqill “7~ Pr () |:Zt (Sfauf) ZA —0 V log 7T?('CUI)(U’L k|8k)]
Individual
Q-Learning q;r(uz) = qi(u;) +vi(ri(wi, m—i(qi, q—i)) — qi(u;))
Multi-Agent ]
MIAB Gradientg Bandits ng = i + VEBiRi(ui, u—i)lui = ul, u € U,
Multi-Agent .
Expertsg IJ“(, = 20 + VE[R; (uj,u_;)|u; = ul, ue U




Gradient-based learning: a general framework

X =X ylel(XayaZ)

Yt =y—rDy/(x,Y,2)

Z+ — < ]/Dgfg(x,y, Z)
What does this converge to...

... locally”?
... globally?
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Part 1: Local convergence results
Nash equilibria

Part 2: Global limiting behavior of game dynamics

O Non-Nash stable equilibria O

Periodic orbits
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Part 1

Part 1: Local convergence results
Nash equilibria
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Local equilibrium concepts: Nash equilibria and local minima

Gradient-play Gradient descent
x1+ = X1 — D f1(x, x,) xt = x — yDf(x)
Xy =Xy — yDy fr(%1, %))

Ratliff, Burden, Sastry. Genericity and Structural Stability of Non-Degenerate Differential Nash equilibria, ACC 2014

12



Local equilibrium concepts: Nash equilibria and local minima

Gradient-play Gradient descent
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At a local minimum...
Dfx*) =0  D*f(x*) >0
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Local equilibrium concepts: Nash equilibria and local minima

Gradient-play Gradient descent
X\ =x; = yD,fi(x}, %)) xT = x — yDf(x)
X =xy = yD, f5(x1, X))
At a local differential Nash equilibrium... At a local minimum...
D, f,(x*,x}) =0 D# fi(xF,xF) > 0 Dfx*)=0  D*f(x*) >0
D, fy(x,x3) = 0 D, f5(x{, x3) > 0

Ratliff, Burden, Sastry. Genericity and Structural Stability of Non-Degenerate Differential Nash equilibria, ACC 2014
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Local convergence analysis: gradient-play vs. gradient descent

Gradient-play Gradient descent
= X1 — D f1(x, x,) xt = x — yDf(x)
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Local convergence analysis: gradient-play vs. gradient descent

Gradient-play Gradient descent
= X1 — D f1(x, x,) xt = x — yDf(x)

Xy =Xy = yDy [(x1, X,)

- Jix1,x,) can increase - f(x) decreases at each step
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Local convergence analysis: gradient-play vs. gradient descent

Gradient-play

x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

- fx1,%,) can increase

Gradient descent
x* = x — yDf(x)

- f(x) decreases at each step

. D*f(x) symmetric Hessian

oounded by Lipschitz constant L

< LI

D{,f(x) Di,f (X)]

D*f(x) =
[D S0 Dy f(x)

13



Local convergence analysis: gradient-play vs. gradient descent

) Gradient-play Gradient descent
x; = x; — yD,fi(x), x,) g5 v
Xy =Xy — yDy fr(%1, %))
- f.(x1, %) can increase + f(x) decreases at each step
Non-symmetric game Hessian . D*f(x) symmetric Hessian
oounded by Lipschitz constant L
2 2 2 2
D (x) = [Dlzlfl(x) D122f1(x)] sz(x) _ [Dzllf(X)T D122f(X) < LI
D5 f,(x) D3y fr(x) Di,f(x)" D3 f(x)
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Local convergence analysis: gradient-play vs. gradient descent

) Gradient-play Gradient descent
A =X — }/lel(xbx2) = x — }/Df(X)
Xy =Xy — yDy fr(%1, %))
- fx1,%,) can increase + f(x) decreases at each step
Non-symmetric game Hessian . D*f(x) symmetric Hessian
oounded by Lipschitz constant L
2 2 2 2
D (x) = [Dlzlfl(x) D122f1(x)] sz(x) _ [Dzllf(X)T D122f(x) < LI
D31 />(x) D3, fr(x) D, f(x)" D3, f(x)
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Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

Definition: Game Hessian

Dif <x>] _ [D%lfl (@) Dif, <x>]

Dw 2 D
v [szz(x) D3 f,(x) D3, f>(x)
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Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

Definition: Game Hessian

Dif <x>] _ [D%lfl @ Dpf <x>]

Dw 2 D
v [szz(x) D3, f,(x) D3, f>(x)
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Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

Definition: Game Hessian

D <x>] _ [P0 DRfix)
Do D@ Danfi)

Example 1: Potential game (3¢ : D.f: = D.¢p )
Dep — [Dlz1¢(x) D122¢(X)] _ [Sl SZ]

DméD[

DLp(x) Diop(x) S, S
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Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

Definition: Game Hessian

D <x>] _ [P0 DRfix)
Do D@ Danfi)

Example 1: Potential game (3¢ : D.f: = D.¢p )

D} p(x) Dirp(x) 51 5
Do =1, 0 — | T
Di,gp(x)  D3¢(x) 5 53

DméD[

Symmetric hessian:
can be solved using
optimization!
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Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

Definition: Game Hessian

D <x>] _ [P0 DRfix)
Do D@ Danfi)

=xample 1: Potential game (3¢ : D,f. = D )
Example 2: Zero-sum game (fi = —f, =f)

D} f(x) D3 f(x) _ 51 5
—Di, f(x) —D3,f(x) -8, S

DméD[

Do =



Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

Definition: Game Hessian

D <x>] _ [P0 DRfix)
Do D@ Danfi)

=xample 1: Potential game (3¢ : D,f. = D )
Example 2: Zero-sum game (fi = —f, =f)

D}f(x) D3 f(x) S Sz]
Do = > > — | _eT
—Di,f(x) —D5,f(x) 5 53

DméD[

Anti-symmetric off diagonals:

Some ways to solve (L

Ps... etc)
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Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))
Definition: Game Hessian
Dif <x>] _ [P DRfi)
D, f5(x) D3, f,(x) D3, f5(x)
—xample 1: Potential game (3¢ : D.f. = D¢ )

—xample 2: Zero-sum game (fi=—f, =f )
Example 3: General-sum non-cooperative game

D121f1(x) Dzzlfl(x) _ [Sl Sz]
Dih(x) Dnfx)| 195 54

DwéD[

Do =

W

17



Examples of games: potential, zero-sum, general-sum

Gradient-play
x| = x; = rDfi(x), %)
Xy =Xy — yDy fr(%1, %))

Definition: Game Hessian

D (x)l _ [P0 DRfix)
Do D@ Danfi)

—xample 1: Potential game (3¢ : D.f,= D,p )
—xample 2: Zero-sum game (fy=—f =f )
Example 3: General-sum non-cooperative game

D}fi(x) D3f; (x)]
Db f(x) D3, fo(x)

DwéD[

Sl SZ - .
Do = = Difficult to solve in general!

S, S,
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Local convergence analysis: gradient-play vs. gradient descent

Gradient-play Gradient descent
x1+ = X1 — YD f1(xy, X5) xt = x —yDf(x)
Xy =Xy — yDy fr(%1, %))

Classical result:

pu-strongly convex and L-smooth
i< D*f(x)<L.

With learning rate ¥ = 1/L
x) approaches x* in T iterations:
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Local convergence analysis: gradient-play vs. gradient descent

Gradient-play Gradient descent
xT = x —yDf(x)

Classical result:

pu-strongly convex and L-smooth
i< D*f(x)<L.

With learning rate ¥ = 1/L
xT) approaches x* in T iterations:
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Local convergence analysis: gradient-play vs. gradient descent

Gradient-play Gradient descent
+ _
A =X~ }/lel(xl’XZ) = x — }/Df(X)
Xy =Xy — yDy fr(%1, %))
Main theorem (informal): Classical result:
, symmetric part of Dw ‘ t | d7 th
¢ = min 6. (Do0) + D)2 pu-strongly convex and L-Smoo
xEB, () u<D*(x)<L.
f = max oy, (Dw(x)) With learning rate y = 1/L

XEB (x)

With learning rate y = a/p*....

x) approaches x* in T iterations:

L.J. Ratliff, B. Chasnov, D. Calderone, E. Mazumdar, S. Burden. Convergence Guarantees for Gradient-Based Learning in Continuous Games, under review 2018. 19



Dynamic game: convergence to Nash equilibria

—— e el | 47
5 \\ \\ g l/t1+ — l/ll — yDlﬂ(U)
\‘\ 2 "5
Gy \ o] e T rahw
N2
A Iterationsl T : l/t3+ — MB o }/D3]C3(U)
r r r 80
c ’ \ 60 uy = uy = yDyfy(w)
101 1([)2 10° 1(1)4 165 10° .
Linear dynamics u. = | w(k)
7k + 1) = Az(k) + Buy(k) l .
General-sum costs ‘
-w f(uy, -+, uy) = (g0 to destination)* + exp(avoid each other) u;(N)
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Dynamic game: convergence to Nash equilibria

AN

-
o

Distance from Nash

O
U

O
o

Linear dynamics
z(k + 1) = Az (k) + Buy(k)

General-sum costs
'w f(uy, -+, uy) = (go to destination)* + exp(avoid each other)?

u = u; —yD, fi(u)
i, = uy — yD, f>(u)
u; = uz — yDsf3(w)
u, = uy — yD,fy(u)
u;(1)
U, = ui&k)
u ()

21



Dynamic game: convergence to Nash equilibria
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Part 2: What can go wrong?

- Part 2: Global limiting behavior of game dynamics

O Non-Nash stable equilibria O Periodic orbits

WU
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Part 2: What can go wrong? Limiting dynamics of gradient-play

Gradient-play

xl.+ — x; —yD. fi(x;, x_))
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Part 2: What can go wrong? Limiting dynamics of gradient-play

Gradient-play

xl.+ — x; —yD. fi(x;, x_))

Continuous time dynamical system Q

X =— w(Xx)
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Non-Nash stable equilibria: saddle point

Example:

Do = [_ +], spec(Dw) € C:,

24




Non-Nash stable equilibria: saddle point

Do = [_ +], spec(Dw) € C:,
Example:
f‘l(.xl,.XQ) — X12 + 4.X1X2

fr(x1, %) = 6x22 — 3X1X,

24




Non-Nash stable equilibria: saddle point

Dw = [_ +], spec(Dw) C C2 o

Example:
f‘l(.xl,.XQ) — X12 + 4.X1X2

fr(x1, %) = 6x22 — 3X1X,

] spec(Dw) = {2 = 4i}

24



Non-Nash stable equilibria: sadadle point /

Do = [_ +], spec(Dw) C C:,

i = — w(x)
Example:
(X(, %) = — x> + 4x,x _
Jil. % : i Da)=[ 2 4] spec(Dw) = {2 = 4i}
fo(x1, %) = 6x5 — 8xx, -3 12

Agent 1 is at a maximum! D;f, <0

W
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Non-Nash stable equilibria: sadadle point /

Do = [_ +], spec(Dw) C C:,

i =— ()
Example:
(X(, %) = — x> + 4x,x _
R ! i Da)=[ 2 4] spec(Dw) = {2 = 4i}
fr(x1, %) = 6x22 — 8X Xy -3 12

Agent 1 Is at a maximum!
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Periodic orbit: LQ game policy gradient

Each player aims to minimize their own cost

T T - T
Ji(ut,ug) = Y @f Qize + uf Ryug, i =1,2 up = [ug uny]
t

subject to 2441 = Az + Biuyi+ + Baugy
e Parameterize feedback controllers: u; = — K,z
e Nash policies (K, K2) exist and are unique

e Policy gradient:

A

K" =K; —n;:D;J;(K1, K2)

()
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Periodic orbit: LQ game policy gradient

- Stable parameters

0.35

A:

0
1

1

0.4 51 =

732:

- Convergence of LQR Policy Gradient

a2l S

Distance from Nash

0.25 -
0.20 -
0.15 -

0.10 -
- == €& (upper bound)

L2 distance, each trial

0.05 -

0.00 -

W

— |2 distance, mean 1o

10°

101

--—------
- ol
S~

-~

lterations

102 10°

: Ql,Qzly R1:

40

_O O_

7R2:

o
_O O_

Costs of Each Player

10°
lterations

10° 104
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Periodic orbit: LQ game policy gradient

Unstable parameters!

I 0.75 0.001 - 1 o 1 y
L7 10.02 066 7T |1 YT o] T4
\———— N~ "
A B4 B-
0.01 O 1 0 1 0 0 0
cost parameters: = — R, = Ro =
P @1 o 1'% =0 o151 =10 11" 2= |0 o.01
2.5
g Grad Kl,O — (Pl) Grad
o Grad K11 | — (P2) Grad
(>D GradKz,o 20 - (Pl) Nash
GL) GradKz’l - (P2) Nash
o - Nash K7, g -'(7;1'5_
% ‘NaShK]_,l 8
E NaSth'o 1'0
(ol
> - Nash K5 1
L;) 0.5_._._._._ ._._._.72.
g —
050 | | | | P ———— = J\".
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
iterations iterations
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Solution: modified learning rule via coordination

f === (0(x) + HX)Dw ™ (x)w(x))

where
H = diag(D? f; D? ) — Dw
11/ 1° > “nnJn
1.00 2.5
S —— Adj K1,0 — (P1) Ad|
= 0.751 —— Adj Ky 1 _ —— (P2) Adj
> — Adj K2, ¢ 2.0 — - (P1) Nash
E)‘ 0.50] - Adj K3 1 15 = (P2) Nash
O ---Nash Ky ¢ T
£ 0.25- — = Nash K Q
O F - P10
(© - = Nash Kz,o '
i OOO- - = Nash K2,1
O
Y s — 0.5
¥ rl-‘
_0. . . . . 0.0 . . . -
2% 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
iterations iterations

Mazumdar, Sastry, Jordan. On Finding Local Nash equilibria (and Only Local Nash equilibria) in Zero-Sum Games, arxiv:1901.00838.
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Conclusion

Local convergence
Nash equilibria

“Undesirable” limiting behaviors

O Non-Nash  Q Periodic

2
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Conclusion

Local convergence

Nash equilibria min £(x,y, 2) min f(X, y, 2)

“Undesirable” limiting behaviors

O Non-Nash  Q Periodic
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Future work

Efficient coordination methods
Sharing other gradient information
D;f i#) to converge to Nash”

77

7?

7
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Future work

- Efficient coordination methods

- Other updates rules (stochastic): min £(x, y, 7) - min f(%,y,2)
Do the dynamics correspond to ' _—
the original game? 2, min ftey2)
Problem Class Gradient Learning Rule
Gradient Play x; =xi —viDifi(xi, x_;)

67 =60 —~yVel(0,w)
wh =w+ vV, (0, w)

Policy Gradient w
Policz Prediction / i =x1 — nVidi(m(21), m2(z2) + 0Vada(mi(21), m2(22)))

/S GANs

MARL Multi-Agent + t
Policy Gradient Ty =% = Yilkrnpr(m) [Zt Ri(s¢,uq) Zk:O V;log Wi(mi)(uz',klsk)]
g—dli\éiadrlrﬁ:g ¢; (wi) = qi(ui) +vi(ri(wi, 7-i(qi, 4-i)) — qi(u:))

MAB Eﬂrglc;c:;ﬁfeg;ndits x;fe = Tie + VBB R (i, u—i)|ui = ul, w € Uy
E/Ixuplcteir_tégent vy = Tie + VB[R (wi, u—i)|u; = u], u € U
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Future work

Efficient coordination methods
Other update rules (stochastic)
Constrained optimization

Safety constraints




Questions?

Thank you!

y —vD, fr(x,Y, 2)

yT =

UNIVERSITY of
WASHINGTON

K

COMPUTATIONAL
NEUROSCIENCE

CENTER
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Theorem: (x”: stable differential Nash)
suppose g € B,(x*), w is Lipschitz, and v, =
va/(kp) for each i € [n| with a < k3. Gradient

based learning obtains an e-differential Nash in finite
time T > [ng log(r/e)]

a= min omiy(Dw(z)+ Dw(z)T),
xE B, (x) N——

symmetric part of Dw

2
— max D
f= max o (Dw(z))
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