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ABSTRACT: We construct decomposition and occupation operators on a generated
correlation-spectral arithmetic system. Prime residue classes form the augmentation
cotangent basis, and the corresponding one-word vectors span the degree-one kernel of a
decomposition Hodge Laplacian. The complementary spectral gap is exactly one, giving
sharp heat and resolvent approximations to the prime projection and summable Gaussian
trace errors. Symmetric and exterior occupations retain logarithmic arithmetic energy
and quadratic correlation energy on the same value space. A faithful extension of addition
records relative inputs; its charge defect intertwines input multiplicative parity with the
parity of the sum. Common-factor coordinates and exact square-divisor identities give
scale transforms of the resulting signed responses. Combining additive and decomposi-
tion responses defines a Gaussian endpoint map. Under diagonal self-consistency, this
map has a unique stable fixed point with an enclosure of the complete infinite response.
For compact Laplace realizations of square energy and quadratic shell capacity, Weyl
counting gives dimension three; further geometric and central-sign classifications hold in
their stated realization classes. Counting applications recover Bertrand’s theorem, the
prime-number asymptotic and square-free sign densities through the occupation traces
and their boundary responses.
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1 Introduction

Unique factorization identifies a positive integer with a finite prime occupation profile.
Logarithmic energy adds over the occupied prime directions and gives Euler products;
quadratic correlation energy depends on the square of the evaluated integer and governs
Gaussian response. Addition introduces a different identification: several ordered input
pairs have the same sum. We construct operators that retain factorization and relative
additive data on the correlation-spectral arithmetic system of [1].

The underlying data are an ordered Peano semiring of natural modes, its correlation
Hilbert space and canonical transport across scales and orientations. Finite expression
fibres retain ordered addition and multiplication before evaluation; a recursive positive
source connects those histories to the modes by conditional Hilbert readout. Section 2
records these data and their source.

Prime modes admit three compatible descriptions. Cascade irreducibility defines the
prime family in the arithmetic semiring. Their residue classes form the augmentation
cotangent basis. The corresponding one-word vectors form an orthonormal basis of the
degree-one harmonic subspace of the decomposition complex by Theorem 3.1. On the
one-word space K 1, let Ry, be the decomposition Laplacian and let PE " project onto its
kernel. The composite spectral gap is one, attained at prime squares. Theorem 3.10 gives
the sharp norm identities

lem® =P = e MR+ AD T = BY| = (r20,2>0)

1+
Gaussian weighting also gives summable trace errors. These estimates approximate the
prime projector uniformly on the whole one-word space.

The additive construction retains the information discarded by scalar summation. Ad-
dition is a closable map whose fixed-sum fibres split into one longitudinal line and a trans-
verse difference space. Its faithful extension records relative inputs, and the charge-defect
identity intertwines the two input Liouville signs with the sign of the sum at the central



character. A separate unitary records the common factor and primitive coprime legs of an
ordered pair, transporting the Gaussian scale by the square of the common factor.

Symmetric and exterior occupation give parallel realizations of the prime family. Sym-
metric occupation retains arbitrary exponents and Liouville parity on every positive mode.
Exterior occupation selects square-free profiles on which the same parity gives the Mobius
sign. Prime-direction transfer preserves the full signed response before an unsigned ca-
pacity estimate is taken. Square-divisor identities give mutually inverse dilation trans-
forms between the Liouville and Mo6bius responses on the stated weighted scale spaces.
Mellin transformation connects the quadratic Gaussian traces with the logarithmic Dirich-
let traces.

The occupation formulas have direct precedents in Julia’s prime gas [2] and Spector’s
interpretation of the Md&bius sign as fermion parity [3]. Related constructions include
the Bost—Connes arithmetic dynamical system [4] and the Bohr lift of Dirichlet series [5].
The bar and Koszul constructions have their standard homological sources [6, 7]. Here
evaluation transports the generated square-energy law to prime occupations. The factor-
word complex gives the gapped prime projector, while the faithful additive extension retains
relative inputs and their multiplicative charge defect. Mellin and square-divisor identities
relate these responses with their stated characters and scale normalizations. Appendix F
compares these structures.

Normalized endpoint states combine the additive and decomposition responses. The
permanent endpoint ratio gives an exact escort law. Under diagonal self-consistency, the
returned endpoint retention equals the attenuation coordinate of the same response map.
Theorem 6.5 proves that this map has a unique stable fixed point. Proposition 6.6 explains
its magnitude through the first contributing shell; the infinite-tail and interval estimates
enclose the complete response.

Representation fibres use the retained square coordinate in a further way. A com-
pact Laplace realization of both square energy and quadratic shell capacity has the three-
dimensional Weyl exponent. Affine energy—capacity compatibility within the round spher-
ical class identifies the three-spherical parent and its antipodal projective compression.
The nontrivial central character then selects the minimal half-spin module. The real-
ization classes and response laws are specified in Appendix A, with calculations in in
Appendices C- E.

The counting applications recover classical results on the same carrier. The central-
binomial argument gives Bertrand’s theorem in Appendix G. Positive prime-power response
and the Fock phase inequality supply the boundary data for the Wiener—Ikehara theorem
in Mellin form. Appendix H uses these data to obtain the prime-number asymptotic and
square-free sign densities, including the required boundary and summation arguments.

The Lean development cited in [8] provides formal counterparts of the underlying
source arithmetic and history construction. The computational supplement contains the
interval certificates and code for the endpoint enclosure. The accompanying correspondence
and computational records identify the formal statements and numerical bounds.

Figure 1 shows how decomposition, occupation and additive input spaces are related
through the common arithmetic data.
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Figure 1. Decomposition and occupation with additive input data. The decomposition complex is
formed from all nonunit-factor words and recovers the prime family through its degree-one kernel.
Occupation uses factorization coordinates. The faithful additive map retains relative inputs through
its defect environment including the order sign. Gaussian weighting combines their responses.
Diagonal self-consistency supplies the endpoint fixed-point equation.

2 Arithmetic and history data

We use the natural modes, Gaussian weights and expression readouts of [1]. The normal-
izations below fix the Hilbert spaces on which decomposition and addition act.

2.1 Natural modes and correlation energy under transport

The Gaussian profile at a positive correlation scale b is Kj(d) = exp(—d?/(2b?)). Its local
information radius and total normalized correlation radius are

tuv (D) = V20, Lir(b) = V27 b, Wi = [luv(b), Lir(D)], Ay = Lir(b) — Luv(b).
(2.1)
On Hp = L?(W,) the Neumann generator A, has orthonormal eigenvectors ¢p,n and energies

Eppn = Epin?, By = (1/0)% Cy(t) = e t/2, (2.2)

2 .
—0*Evn/2 . The zero mode is

The response eigenvalue at the local endpoint is Ay, = e
constant. Response comparison orders the spectral projections before the coordinate n is
introduced. Orientation gives the analytic lifts up,,(2) = 2" and the family U,. Its native

operations satisfy

Ub,m Bﬂb Up,n = Ubm+n, Up,m &b Upn = Ubmn- (23)

Here 0y = up 0 is the constant homomorphism and 1; = wuy, 1 is the identity circle map. The
real Neumann modes and analytic modes are linked by the unitary lift Ay¢p,, = uppn. The



winding map degy, up, , = n certifies the ordered Peano semiring and its unique factorization
[1, Sections 4-5 and Appendix B|. The prime family P, consists of the positive nonunit
cascade irreducibles. We write

Ky va (1)

u = &b s (u >p Ob) (2.4)

TEPY
for its finite exponent profile.

The integer and rational completions are denoted by Z; and Qp. The real and complex
completions are R, and Cp. An integer is a formal difference [u,v] of natural modes.
The equality [u,v] = [«/,v'] holds when u B, v' = « B, v. The difference has degree
degy(u) — degy(v). Fractions and metric completion give the remaining scalar fields [1,
Section 12]. We use their canonical identifications with the standard scalar fields in the
Hilbert constructions.

The composition algebra and augmentation are

A, = spang(Up \ {0p}), € (Z auu> = ay,, I, = ker ¢ (2.5)

Cascade is extended bilinearly in this algebra. Unique factorization identifies it with the
polynomial algebra on the prime modes. The classes [r] therefore form the basis of I,/I?.
Their finite symmetric products recover 2 through

Symy (Io/ 1) = Ay, [ [l — &y 700, (2.6)

s

These are the prime-cotangent identifications of [1, Section 5]. The Hilbert constructions
use the specified orthonormal bases for modes and occupations as well as for words. These
bases are related by the displayed evaluation maps.

The endpoint times and dimensionless parameter are

_ tEpy 1 tI7R

tuy = b?, tir = b, B ,

= . (2.7)
The positive parameter ¢ belongs to correlation response. Expression depth and assembly
time are separate parameters. Changing b canonically identifies modes in the same response
position and transports normalized energy and both arithmetic operations [1, Section 5.
This map acts entrywise on decomposition words and occupation profiles.

Gaussian time changes the root weight, whereas decomposition time acts on factor-
ization words. The escort power compares normalized states at fixed spectral data. In
the diagonal self-consistency equation, the decomposition attenuation equals the endpoint-
retention output. Table 1 distinguishes these parameters.

2.2 Expressions and the two coherent readouts

The reduced expression object Expr;, retains the ordered children and their brackets to-
gether with the addition or cascade label at each internal vertex. Normalization imposes
the stated zero and unit laws. Its evaluation val, intertwines expression operations with



Table 1. Parameters of the occupation and endpoint responses.

Symbol  Normalization Action

b>0 covariance scale of the source  fixes lengths and the dimensional energy
Gaussian unit

t>0 Cy(t) = e~ t4e/? supplies Gaussian correlation response

0>0 0 =t/v? compares responses across correlation

scales

5>0 B=1tEp1/2 gives the root weight e—Bn’

7>0 coefficient of Abbar or its runs decomposition flow toward the
transported response harmonic sector

n>0 normalized power of the reaches the infrared state at n =7

ultraviolet state

trial value in the 7 coordinate  gives the diagonal endpoint-retention
equation

= O
IN
x
IN

(2.3). Each fibre Expry(u) = val, *(u) is finite and has size hy(u). The quotient by equal
evaluation is Uj [1, Section 6 and Appendix D]. The expression Hilbert space and counting
readout are

= R(Bxpn). Q) = () M us u = valy(e). (28)

This is a normalized Hilbert compression. Algebraic evaluation acts on expressions them-
selves and has no normalization coefficient.

A root channel for u >3 1 is an ordered additive pair of positive child values or an
ordered cascade pair of nonunit positive child values evaluating to u. Write Cy(u) for this
finite set and c¢(u) for its size. The recursive history law is

_ po(e)py(f)

) (2.9)

pb(lb) =1, pb(nodec(e, f))
It has total mass one on each positive fibre. Writing Gy, g(u) for the root Gaussian mass
gives 3 ccppr, (u) Go.8(Wps(€) = Gpp(u). Our normalization is Gpp(upn) = e P’ Tts
total positive mass is

Z5B) = Gpau) =Y e < o0, (2.10)

u>p0p n>1

Adjoining the zero mode adds one to this mass. Thus the root marginal of the normalized
source has the same normalization as the complete Gaussian trace. The construction and
its phase extension are given in [1, Sections 6-7].

Given a probability m, on each fibre define

Qrle) = Vmule)we,  wrw= Y. Vmule)le). (2.11)

valpy e=u



Orthonormality of the vectors wr ,, gives QQy = I. The expression space therefore splits

Xpr

into their closed span and ker );. Uniform weights give Qi . The resulting decomposition

is
HyP" = span{wry : u € Uy} @ ker Q. (2.12)

The choice m, = pp on positive fibres gives

1S = P A(Expry(w),  QE™e) = vpole)lu)y,  wist = (QF) |u)p.  (2.13)

u>p0p

These coisometry identities follow by summing the fibre probabilities. Probability pushfor-
ward sums the probabilities themselves, whereas the Hilbert readout uses their square roots.
The history assembly operator gives the trace-class parent—child response. Its construction
and the variance and entropy decompositions are established in [1, Sections 8-11].

3 Prime decomposition and occupation representations

The value readout gives the natural modes with their original Gaussian masses. Flat-
tening the outer cascade skeleton of an expression retains an ordered word of evaluated
nonunit factors with the same total mode. It forgets the child histories and brackets but
preserves the adjacent factors that can be merged. Prime occupation instead records the
multiplicities in the evaluated factorization.

The bar differential merges adjacent factors, so its image in degree one consists exactly
of decomposable modes. Unique factorization identifies the composition algebra with the
symmetric algebra on the prime cotangent space. The Koszul resolution [7] then computes
the higher bar homology as its exterior powers. Symmetric occupation retains repeated
prime factors; exterior occupation retains square-free profiles. The two Fock completions
realize these occupation rules on orthonormal bases.

3.1 The reduced decomposition complex

Composition defines a canonical complex on the augmentation ideal by merging adjacent
factors. For r > 1 set
B, () :=I7", Bo(2) == C, (3.1)

and write a basis tensor as [u1]---|u,] with every u; a positive nonunit natural mode.
Define dq; = 0 and for » > 2 put

r—1

dyfur] -+ fur] = 3 (=17t - g By ] - . (3.2)
j=1

Associativity of X, gives d._1d, = 0. The total mode
Totp|ug| - - - |up] = ug Ky - - - Ky (3.3)

is preserved by d. Hence the complex is the algebraic direct sum of finite-dimensional
total-mode fibres.



Theorem 3.1 (Decomposition homology). The reduced decomposition complex satisfies

r

H,(Bo(W),d) = N\(I,/I}) = [\ spanc P, (r >0). (3.4)
In degree one this gives
Hi(Be(Ap),d) = I/ I} = spang Py. (3.5)

The total-mode fibre of a fized positive mode u has one-dimensional homology in degree r
precisely when w is square-free with exactly r distinct spectral-prime factors. Otherwise its
homology is zero.

Proof. The differential into degree one has image I g and d; = 0. Thus the first homology
is

Hi(Bo(Ap),d) = I/ 1. (3.6)

For prime classes 7,0 € I/, b2 the antisymmetric word

[m [ o] = [o] 7] (3.7)

is a cycle because the algebra is commutative. It represents ™ A p. Repetition of a prime
direction gives zero after antisymmetrization.

The identity in [1, Theorem 5.3] is 2, = Sym(I,/I?). Each finite set of prime generators
is a regular sequence in the polynomial algebra it generates. The Koszul resolution [7,
Corollary 4.5.5] is therefore a free resolution of its augmentation module. Tensoring with
that module sets every prime generator to zero. The differential therefore vanishes and
the resulting homology is the exterior algebra on the prime classes. The bar resolution
computes the same homology. Every bar word uses finitely many generators. Exactness
of filtered unions of vector spaces then gives (3.4) for the full algebra. The resolution
preserves total mode. A wedge basis uses each prime at most once. This proves the fibre
statement by unique factorization. O

The homology calculation distinguishes two occupation rules. Arbitrary prime multi-
plicities reconstruct the positive composition algebra. In homology repeated prime factors
disappear and a square-free mode contributes one exterior basis vector. Completing the
corresponding orthonormal bases gives the symmetric and antisymmetric Fock spaces.

3.2 Symmetric and antisymmetric Fock functors

We use the standard symmetric and antisymmetric Fock constructions [9, 10]. Their one-
component space is the Hilbert completion of the cotangent space in [1, Theorem 5.3] and
is given by

Hy, p = spanPy, C H*(T). (3.8)

The family P, is an orthonormal basis of this subspace. Let

T

Ts(Hep) == P Sym" (Hep),  Ta(Hop) = \Hup). (3.9)

r>0 r>0



The degree-zero summand in each Fock space is the vacuum. Under evaluation it gives
the empty cascade product 1. The vacuum therefore belongs to the positive arithmetic
family even though its occupation number is zero. Theorem 3.1 identifies the algebraic
span of the exterior occupation basis with the homology of the decomposition complex.
The symmetric functor is the completion in the occupation norm of the free cotangent
closure (2.6). For a finitely supported occupation profile v : P, — Ny let @3, be the
normalized symmetric occupation state. For € : P, — {0,1} let @} . be the corresponding
antisymmetric occupation state whose wedge sign is fixed by the prime order.

Theorem 3.2 (Fock evaluation). The basis maps

E®5, = %; (™) (3.10)
7T b

EpOp, = %; mee(m) (3.11)
TPy

extend to unitaries from the symmetric Fock space onto span{up, : n > 1} and from the
antisymmetric Fock space onto the closed span of the square-free natural modes respectively.

Proof. The occupation states are orthonormal bases of the two Fock spaces. [1, Theo-
rem 5.2] makes (3.10) a bijection onto all positive natural modes. Restricting each occu-
pation number to 0 or 1 makes (3.11) a bijection onto precisely the square-free modes. A
bijection between orthonormal bases extends uniquely to a unitary. O

For a prime mode m = uy, ), repeated symmetric occupation evaluates as
S (FS _ o Mpr
E (93 ,5,) =77 = Uppr. (3.12)

Repeated symmetric occupation and iterated cascade thus give the same prime power
under evaluation. Exterior occupation instead allows each prime direction at most once
and evaluates onto the square-free sector.

The relation with the complete history source is an isometric embedding. Identify the
positive mode Hilbert space with its value basis and define

Vi= Qg Vi = (@ e (3.13)
hist

bu * 8
struction does so on the square-free profiles. Fock evaluation is unitary and (ngm)* is

The symmetric occupation of a profile evaluating to v maps to w The exterior con-
isometric. These facts prove the assertions. The range of 1} is the source value subspace
of the history space. Its orthogonal complement consists of source-weighted history dif-
ferences. Root-dependent energies and characters intertwine these maps on their diagonal
domains.

Arithmetic transport also acts on every factor in a bar word. Preservation of cascade
makes this entrywise map commute with each adjacent merge. It therefore transports
the differential and its homology together with the two Fock bases. Recursive transport
preserves pp, and therefore also intertwines (3.13). These statements extend the canonical
mode transport to the factorization and history realizations.



Example 3.3 (The first seven modes). The modes u, ..., up e have normalized energies
0,1,4,9,16,25,36. Modulation by u; advances each mode to its successor. Cascade has
identity wup 1 and first irreducibles up 2, up 3, up 5. It also gives

Up g = Upo Xy up 2, up e = Up2 Xy up 3.

These seven modes exhibit the energy order and successor together with the first cascade
factorizations.

Figure 2 places this calculation beside its occupation-space continuation. Panel (a)
shows successor and composition irreducibility on the ordered modes. Panel (b) records
the factorization data retained by symmetric Fock evaluation.

(a) Successor and irreducibility
Sb(un) = UnpUl = Un+1
The blue modes are composition irreducible.
Up = Uq O Uc implies a =1 or ¢ = 1.

(b) Factorization and occupation

Fock evaluation
U = U2 O U3 U112 = U2 © U2 © U3z (I)S ng)
—> —> — U v
v = (1,1,0,...) Vu, = (2,1,0,...) v 7 O, @)
all positive modes

cascade by us

(c) Two assemblies before evaluation

four leaves four leaves

(+1)+1)+1 valy @ _vab (1+1) x (1+1)

Figure 2. Low-order arithmetic on the generated mode family. Panel (a) shows successor as
degree-one modulation and distinguishes the first composition-irreducible modes by blue borders.
Panel (b) gives the factorizations of two modes and the change of occupation under cascade by wus.
General Fock evaluation recovers every positive mode. Panel (c) gives distinct ordered addition and
multiplication histories with the same evaluated mode. The additive history has source probability
1/8 and the multiplicative history has source probability 1/4.

The circle variable z records a natural mode by its frequency. To resolve its factoriza-
tion we introduce a separate coordinate w, for each prime direction. A pointwise power
of a circle signal multiplies its frequency. A power of a prime coordinate increases that
prime’s occupation number. These operations generally give different natural modes.

The Bohr—Fock transform expresses factorization as multiplication of monomials. On
the resulting occupation basis, correlation response and logarithmic arithmetic energy give
different traces of the same modes. The following domination estimate controls the Gaus-
sian sums and their parameter derivatives.



Lemma 3.4 (Uniform Gaussian domination). Let By > 0 and C, M > 0. Then

> exp(C(log(n +1))?) (1 +n)Me= " (3.14)

n>1

converges uniformly for 8 > By. Consequently a full-spectrum series whose fibre multiplic-
ities and inserted spectral multipliers are bounded by the prefactor in (3.14) is absolutely
and locally uniformly convergent. Finite parameter derivatives and limits may be passed
through the series whenever the differentiated multipliers obey a bound of the same form.

Proof. Since (log(n +1))? = o(n?) and log(1 4+ n) = o(n?) there exists ng such that

C(log(n 4+ 1))* + Mlog(1+n) < %nQ (n > no).

The tail of (3.14) is therefore bounded uniformly in 8 > Sy by > e~Pom?/2 The finite
initial segment is bounded. The same argument absorbs every fixed polynomial factor and

n>ng

every further exp(O((logn)?)) factor. This proves the final statement by the Weierstrass
test and dominated convergence. O
3.3 Orientation and occupation gradings

The reflected circle carries the orientation space

Hor 1= H—%,O(T)@HB,O(T% For(f—i—af—) = (f+7_f—)' (315)
Reflection exchanges the two summands and satisfies

jror = _Forj- (316)

N records

This orientation grading distinguishes 2" from z~". The occupation grading (—1)
the parity of the number of composition-irreducible factors. The two gradings therefore

resolve additive orientation and multiplicative parity independently.

3.4 Divisibility and the occupation lattice

For a positive natural mode u let v, : P, — Ny be its unique exponent profile in (2.4).
Then

ulp v <= vy (m) <vp(m) (7 € Py), (3.17)
Ved, (u,v) (7) := min{vy(7), vy(7)}, (3.18)
Viemy (u,v) (77) = maX{VU(Tr)¢ VU(W)}' (319)
These definitions give
ged(u, v) K lemp (u, v) = v Ky v. (3.20)
b

If u |, v the quotient is the mode with exponent profile v, — v,,. The divisibility lattice is

therefore the coordinate lattice Nép”) supplied by the prime spectral basis.

~10 -



For every integer r > 2 define
Qp,r 1= {u eUp \{0p}: vy € TNE)P”)} . (3.21)

Then
Dby = (V7 v e U\ {0} ), 1(Qp,) = NI (3.22)

Unique spectral factorization gives v w,» = 11,,. Conversely suppose v, = rn with n € Népb).

The finite profile n defines a unique positive natural mode v satisfying v = v**". The rth
powers are therefore exactly the modes whose occupation coordinates are all divisible by
T.

The perfect-power sublattice is measured by intrinsic occupation operators. On the
symmetric Fock basis define

N @}, = v(m)®;,, 7EP (3.23)

3.5 The prime Hardy space and Bohr—Fock transform

For example w12 has two occupations in the direction wup 2 and one in up3. Its prime-
coordinate representative is wgb’ ,Wu, 5- In these coordinates adding occupation profiles
becomes multiplication of monomials.

Let

T = [ T (3.24)

TEPy

with product Haar measure. For a finite occupation profile v set

w” = H w? (™). (3.25)

TEPY

The closed span of these nonnegative monomials is the Hardy space H2(T%?). This product-

torus realization is the Bohr model for Hilbert spaces of Dirichlet series [5]. Here the

coordinate family is supplied by the prime cotangent space constructed in [1, Theorem 5.3].
The Bohr—Fock transform determined by the basis correspondence

By®y , = w” (3.26)
extends uniquely to a unitary
By : Ts(Hyp) — H?(T™). (3.27)

On finite occupation sums the transform identifies symmetric occupation composition with
pointwise polynomial multiplication according to

w’wh = w’ . (3.28)
The evaluation map of Theorem 3.2 then gives

v (E)By)!
w pb—> ubvnﬁdegb(”)”(")' (3.29)

- 11 -



The Fock occupation states and the monomials w” are orthonormal bases, which proves
unitarity. Multiplication adds exponent profiles, and (3.29) follows from unique spectral
factorization.

The z and w variables have different roles. For a prime 7 = w3, one has
wh s uppr(2) = 27 (3.30)

whereas the pointwise signal power is up,(2)" = uprp(2). Arithmetic exponentiation is the
former. It is repeated cascade in the z domain and repeated occupation in the w domain.

Figure 3 distinguishes these operations. The symmetric branch intertwines occupation
products with cascade. The exterior branch evaluates its ordered basis onto the square-free
sector and retains its antisymmetric product in the occupation space.

Table 2 follows up, 12. This is the least mode with two distinct prime directions and a
repeated occupation. The Hodge entry uses orthonormal factorization words. Its degree-
one bar Laplacian is dad5.

Example 3.5 (One mode seen by every representation). The factorization 12 = 22 -3
gives occupation profile (2,1,0,...) and excludes an exterior basis state. The four ordered
words (2,6), (3,4), (4,3), (6,2) give dad3[up,12] = 4[up,12]. Thus one factorization determines
the occupation coordinates and square-free status together with the decomposition energy
shown in the table.

3.6 Coefficient convolution

Finite linear combinations of occupation states are represented by their prime-coordinate
polynomials. Multiplication of these polynomials collects all factorizations of the same
output mode. This induces a convolution on coefficient families. Cascade remains the
operation on individual modes.

Let a, ¢ be finitely supported coefficient functions on Z/{bJr :=Uy \ {0p}. Define

(axpc)(u) := Z a(v)e(w). (3.31)

The sum is finite by unique factorization.
For the Bohr polynomials

Gpa := Z a(u) w™, (3.32)

ueu;r

one has

Gy(axp ¢) = (Gpa)(Gye). (3.33)

The coefficient of w”* in the product is the sum over v, + v, = v, or equivalently over
v X w = u.

Thus polynomial multiplication on occupation coordinates induces Dirichlet convolu-
tion on evaluated coefficients.
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(a) Ordered assembly and spectral evaluation

ordered addition—cascade histories
recursive positive source
phase and history observations

V‘dl},

upn(z) = 2"

> correlation energy and response

natural-mode semiring

UmUn = Um+n
modulation = addition

(b) Parallel occupation functors

Y

Um © Up = Umn

cascade = multiplication

prime one-component space

Ho,p

A

symmetric Fock and Bohr monomials
w = [ ws™, v(r) € No
w’w* = w'TH

Y

v

W' = U )
symmetric occupation products
map to cascades

Y

exterior Fock and ordered wedges

TN AT, < e < Ty
T AT = 0
&
LN s N T > Upyop,

ordered basis evaluation
onto square-free modes

Both evaluations take values in the signal-mode space of panel (a).

wy > upr is arithmetic power and wu,(2)"

Figure 3. Ordered assembly and its signal and occupation evaluations. The expression operations
retain ordered inputs and brackets. Evaluation intertwines them with modulation and cascade on
the generated mode family. This family retains its correlation response. The history source has the
original Gaussian mode mass as its marginal. The same prime one-component space supports two
different occupation functors. In the symmetric branch Bohr monomial multiplication evaluates as
cascade. In the exterior branch the ordered wedge basis evaluates onto square-free modes. The
occupation space retains its antisymmetric product. Here m; = up )y, and the wedges follow the
generated prime order. These basis correspondences distinguish arithmetic powers from pointwise

signal powers.

~13 -
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Table 2. The mode up,12 across the representations generated in the paper. A repeated prime
coordinate is retained by symmetric occupation and detected as a positive decomposition mode.
Exterior occupation excludes it.

Representation Data for degree 12

Correlation spectrum ¢ 12 With Ej 10/Ep 1 = 122 = 144

Circle signal up12(2) = 212

Cascade semiring Up,12 = Up,2 Xy up 2 Xy up 3

Symmetric Fock <I>Z7 2y +0uy 5 evaluated unitarily to up,12

Exterior Fock no evaluating basis state because the uy 2 direction is repeated
Degree-one AP [y, 19] = 4[uy, 12] from the four ordered nontrivial
bar—Hodge fibre factorizations

3.7 Two energies and three Euler traces

The Gaussian response is governed by quadratic energy. For products of prime modes
logarithmic energy is also useful because it adds over the factors. On the prime subspace
define

Ecorr(ub,p) = Eb,p = Eb,1p27 8aur(ub,p) = logp' (334)

The same symbols denote the associated diagonal one-component operators on Hy p. They
satisfy the functional-calculus identity

1 ECOTI‘
ar = =1 . .
€ 5 og<Eb,1> (3.35)
For t > 0 and ®s > 1 put
Op,p(t) := Try, e tecorn/Bp1 — Z e_tp2, (3.36)
ub’pE'Pb
Ecorr —s/2 _
Pb(S) = ’I‘I‘an: (E > = Z D s, (337)
b1
ub,pEPb
Then

Py(s) = 1/00 /2710, p(t) dt. (3.38)

I'(s/2) Jo ’

This is the heat—Mellin bridge on the generated prime subspace. On the prime basis the
normalized correlation energy has eigenvalue p?. For a > 0 and Rs > 0 the scalar Gamma-
integral gives

/ $5/2=1g=0t gy  D(s/2)a"/2. (3.39)
0

Taking a = p? and summing proves (3.38). The exchange is justified by > p 7 < oo for
Rs > 1.

Second quantization sums either one-component energy over the occupied prime direc-
tions. For correlation energy the sumis ) _v(w)Ep(m). Transporting A, by Fock evaluation
instead assigns the energy of the evaluated mode to the whole occupation state. Thus these
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two extensions of prime correlation energy have different meanings. Logarithmic arithmetic
energy is additive over factors. Its second quantization is therefore the logarithm of the
evaluated degree and satisfies

dl(ear) @, = log(deg, £ 03 ,,) D} - (3.40)

For the complete occupation profile v let n(v) = [, deg,(7)"(™ and subtract the unit
energy to obtain &,(v) = n(r)? — 1. Then

(v +n) = &) + &) + 4(v)E(n). (3.41)

The equality n(v + n) = n(v)n(n) proves the identity by expansion. The vacuum is the
unique zero of this energy. Its first nonvacuum value is three and is attained by the mode
of degree two. The Gaussian source of the history system uses the whole root square and
therefore retains the joint term in (3.41). Logarithmic energy instead resolves the additive
occupation sum.

These occupation sums give three related generating functions. The interpretation of
the Mobius sign as fermion parity appears in Spector [3]. Here the one-component space
is the prime space of the generated semiring. Its occupation basis gives all three traces.

Theorem 3.6 (Symmetric and exterior trace identities with grading). For s > 1 one has

Zoym(5) i= i, a4, 5y e = [T (1=p™)7 = ((), (3.42)

Up,p €Py

—S8 —S8 C S

Zp(s) = Trl‘a(%b,v) e i) = H (I+p7) = C((22)7 (3.43)

Up,p EPy

—S —S 1
Stra(s) = Trp, g, py (- DNe*TE) =TT (1-p7) = O} (3.44)
ubme??b

Proof. Each symmetric prime coordinate contributes > -,p™" = (1 — p~%)~1. Each

antisymmetric coordinate contributes 1 + p~°.

Insertion of (—1)N changes it to 1 — p~*.
Absolute convergence follows from p s < Y on>o n~%®. Unique factorization identifies
the symmetric expansion with all positive modes and the antisymmetric expansion with
square-free modes. The elementary identity 1+ x = (1 — 22)/(1 — z) proves the quotient

in (3.43). O

The three traces in Theorem 3.6 converge absolutely for s > 1. Their meromorphic
continuations are obtained from the completed Gaussian trace. Beyond the trace-class
domain the formulas refer to those continued functions. Each zero of ((s) is a pole of the
continued reciprocal with the same multiplicity.

Define the total occupation number and the spectral Liouville sign by

Q) == w(m),  Aplu) = (—1)*™, (3.45)

TEPY
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The sign )\ is defined on every positive natural mode. The square-free selector is

qb(u) = H 1{0’1}(Vu(7T)). (346)

TEPy

Define the spectral Mobius function by

—1)2=vu(™ oy () € {0,1} for every T,
o {1 (m) € {01} .
0, otherwise.
Equivalently one has
pn(w) = qp(u) Ap(w). (3.48)

The symmetric occupation carrier supplies the total occupation number and the Liouville
sign on every positive mode. Its restriction to the antisymmetric sector agrees with exterior
parity. Exterior nilpotence supplies the square-free selector. Their combination is the
Mobius coefficient appearing in (3.44). It also satisfies

My *p 1= (Slb. (349)

The divisor sum factors into [ (1 — 1) unless u = 1.

|pu
Degree carries the occupation profile to the ordinary prime exponent profile and pre-

serves square-free support and parity. Thus the ordinary Liouville and M&bius functions A
and p on Ny satisfy

Ap(u) = A(degy(w)),  po(u) = p(degy(u))  (ue U\ {0p}). (3.50)

Cutoff sums and cancellation estimates for p; consequently transfer exactly under the
degree isomorphism.
The finite-cutoff counterpart is an ordinary finite-rank supertrace. Let

Ho = d0(cw),  Qx = Ljiogx)(Har)y X > 1. (3.51)

An exterior occupation state has energy logdeg,(u) and parity up(u). Finiteness of
the states of degree at most X implies that () x has finite rank and gives

TrFa(’Hb,p) <(_1)NQX> = euz\{o }Ub(u) (352)
u b b
degy, (u)<X

Nonsquare-free modes contribute zero. The trace is the signed count of square-free
modes whose sign is determined by the number of occupied prime directions.

3.8 Multiplicative compact-charge sector

Write the prime torus of (3.24) as

Glo= [ U)x (3.53)

TEPy
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with the product topology. For g = (gr)r € G} its action on the symmetric Fock basis is

be (g) ls7,l/ = H 97111'(”) 2,1/' (354)
TEPy

Each occupation vector has finite support and therefore a continuous character. Unitarity
extends strong continuity from finite linear combinations to I's(#,p). The coordinate
generators are the commuting occupation operators N, of (3.23). Cascade multiplication
adds their joint integer charges according to

Vo () = vu(T) + v (7). (3.55)
The arithmetic Hamiltonian from (3.40) is

Hy := > logdeg,(m) Nx = dT'(car). (3.56)
TEPy

For Rs > 1 the trace Tre 7 is the Euler partition function (3.42). The charge-addition
law is the exponent law in unique spectral factorization.
The discrete group completion of the occupation cone is

AS = Gp(Népb)) = @ Zey. (3.57)

TEPy

Its positive cone is the symmetric-Fock occupation lattice. Pontryagin duality gives

A = Tl v.=ar. (3.58)

TEP,

The compact prime torus and the signed occupation lattice are the two dual realizations
of the same charge data.
For an integer r > 2 the coordinatewise power map

Gy — Gy, [rl(9)x = gn, (3.59)
is surjective and has compact kernel

K :=ker[r] = L. 3.60
b,r
TEPy

Here p, is the group of rth roots of unity. Each coordinate map is an r-fold covering of
the circle. The full product map is a continuous surjective homomorphism with compact
kernel. Each occupation character depends on only finitely many coordinates.

Theorem 3.7 (Finite-order occupation sectors). For [a] € A /rA) define

’H,[)Oﬂ := Span {‘IDZSW :v=a (mod TAbX)} . (3.61)
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Then

T(Hop)= P Ho (3.62)
[a]GA;/rA;

orthogonally. The restriction of U to K[, acts on H([,Oﬂ through the character kK +—

IL. mfr‘(w) . Its invariant sector is also called the untwisted sector and is given by

#Y —RanRy,, Ry, = / U (k) dr, (3.63)
) Kb)ir

and therefore evaluates exactly onto the arithmetic rth powers.

Proof. Two occupation basis states carry the same character of K;T exactly when their
exponent profiles agree modulo r. Character orthogonality gives the orthogonal decompo-
sition (3.62). Haar averaging retains the trivial character and annihilates every nontrivial
sector. The surviving basis states are exactly those with v € T’N[(]Pb). Equation (3.22)
identifies their evaluated range with the rth-power modes. O

The involution
A — AL, I (@) == —a, (3.64)

is the reflection of the signed charge completion. On the signed charge lattice define the
logarithmic charge functional

() == a(r)log degy(m). (3.65)

TEPy

The sum is finite because every lattice element has finite support. On ¢*(A}) let J*|a) :=
| — @) and realize this functional by the diagonal logarithmic charge generator

Ly o) == €5 (o) |cv). (3.66)
For [a] € A /rA[ put
ﬁl[)oﬂ :=span {|[7) :y=a (mod rA)} C (A)). (3.67)

Proposition 3.8 (Faithful signed charge and reflection). The homomorphism ¢ : Ay — R
has trivial kernel. Consequently one has

ker L, = C|0) on (2(A)). (3.68)
The operator JbX s a unitary involution and
JXLY = —LXJY, J e B =0 (0>0). (3.69)
The involution J,* also preserves the signed finite-order decomposition by sending

Ho e Hy (3.70)
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Inversion is odd on logarithmic charge and even on its Gaussian square. It exchanges con-
Jugate signed torsion sectors. The positive Fock sectors in (3.62) are the intersections of
these signed sectors with the nonnegative occupation cone. Inversion acts on their signed
group completion. It sends each nonnegative-cone intersection to the nonpositive-cone in-

tersection in the conjugate signed sector.

Proof. Write v = ey —v— with nonnegative disjoint supports. If £, («) = 0 exponentiation
gives
H degy (m)*+(™ = H degy (m)*= (™). (3.71)
TEPy TEP,
Both products are finite. Unique spectral factorization gives ;. = a— and hence o = 0.
This proves the kernel statement. Reflection permutes the orthonormal basis and changes
the sign of be («). This proves unitarity and anticommutation on the diagonal operator
domain. Even functional calculus gives the Gaussian commutator. Reduction modulo rA;
sends [a] to [—a] and proves the final statement. O

Prime powers occupy a single prime coordinate. Their closed span is
AP :=span {®} ... : T € Py, m > 1}, PPP := its orthogonal projector.  (3.72)

Fock evaluation maps this axis exactly onto the prime-power natural modes.

The bar construction locates the prime subspace without first choosing prime coordi-
nates: it starts with all words of nonunit factors and merges adjacent factors by cascade.
On one-word vectors its Hodge operator vanishes precisely on irreducible modes. The pos-
itive spectral gap gives an explicit convergence rate to the prime projection. Since merging
preserves total mode, Gaussian energy commutes with Hodge flow. The same estimate
therefore gives a summable error in the correlation trace. The operator-theoretic language
is that of Hilbert complexes [11]. In this direct-sum setting closedness and self-adjointness
are verified on the finite-dimensional total-mode fibres.

3.9 Bar supercharge and decomposition closure

Declare the bar words in (3.1) orthonormal and let Kp, - be the Hilbert completion of B, ().
For n > 1 let KCy(n) be the span of all bar words of total mode u,,, with the degree-zero
vacuum assigned total mode 1;. Every factor in a nonempty reduced bar word has degree
at least two. A word in Ky(n) has length at most logyn. Hence every KCp(n) is finite
dimensional. The bar differential preserves these fibres. Let d,, be its finite-dimensional
restriction and define

D(d) =2 =(xn): > _|ldnznl> <00y,  d:=EDdn. (3.73)

n>1 n>1

This maximal direct-sum realization is densely defined and closed. On

,Cb = @Kb,r = @ ICb(n) (3.74)

r>0 n>1
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put Qp p := d, + dj, and define

Q=P %n D)= w=(2a): Y [Qunanl? < o0y,

n>1 n>1

. , . ) ) (3.75)
Ab = Qb’ D(Ab ) = T = (xn) : Z HQb,n‘T"LH <00 )

n>1
Tharli,, = (1) 1.

Each 9y, is a self-adjoint finite matrix. Their orthogonal direct sum is therefore self-
adjoint on the displayed graph domain. On the algebraic bar core the identity d?> = 0
gives

1Qpl|* = [|d® + | d]|*. (3.76)

Applying this identity fibrewise and then summing over n shows that D(Qy) = D(d)ND(d*).
The nonnegative closed quadratic form

ap” [2] = ||dz|® + [ld"z|®,  D(ap™) := D(d) N D(d"), (3.77)

has associated self-adjoint operator Abbar = Qz. On the common operator domain this
operator is dd* + d*d. The grading satisfies I'p,, Op = —Opl'par. This grading is the homo-
logical source of the exterior occupation grading. It remains distinct from the orientation
grading (3.15).
The normalized correlation Hamiltonian is constant on each total-mode fibre and acts
by
Hylui| - - - uy] == degy(u1 Ky - - - By up)® [u] - - - |ur], (3.78)

with the vacuum in degree zero assigned total mode 1;. It strongly commutes with d and
with both Qp and A}far.
For a positive nonunit mode u define its ordered two-factor response by

TIEQ) (u) := card {(v,w) : v,w € Up \ {Op, 1}, v&pw=u}. (3.79)
This finite quantity is defined entirely by the cascade law.

Proposition 3.9 (Exact local decomposition kernel). For n > 2 the total-mode-uy,, fibre
of Ky, is one-dimensional and

A};ar[ub,n] = 7’152) (upn) [Upnl, T‘IS2) (uppn) =d(n) —2, (3.80)

where d(n) is the number of positive divisors of n. It follows that for t >0 and 7 > 0 one
has
oo
Tri, , (eftHbefTAl?ar) = Z et =m(d(n)-2), (3.81)
’ n=2
The zero eigenspace consists exactly of the spectral-prime modes and every composite mode
has eigenvalue at least one.
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Proof. The degree-one fibre of total mode wy,,, has the single basis vector [uy, ,]. The degree-
two fibre has one basis vector [up 4|up o] for each ordered factorization ac = n with a, ¢ > 2.

Each satisfies da[upq|upc] = [upn]. In the declared orthonormal bar basis the adjoint is
therefore
d3up,n] = Z [ub,alup,c), Hd;[ub,n”‘z = #{(a,c) :ac=n, a,c>2}. (3.82)
a,c>2

Hence dad; acts on [up ] by the number of these factorizations. Since d; = 0 this is the

degree-one bar Laplacian. Choosing the first factor a identifies the ordered factorizations

with the positive divisors other than 1 and n. This proves (3.80). Summation over the or-
(2)

thonormal degree-one basis proves (3.81). The condition r,™' (u) = 0 is exactly composition
irreducibility. A composite mode has at least one nontrivial factorization. O

The same positive gap controls heat and resolvent localization and gives exact operator-
norm errors together with a bound for the Gaussian trace error.

Theorem 3.10 (Heat and resolvent localization of the prime sector). Let Ry = AP™ |k, |
and put

PP = 1qp (A‘garkw) . (3.83)

Then P} is the orthogonal projection onto span{[r] : m € Pp}.
(i) For every T > 0 one has

77_Abar pr
€ b "Cb,l - Pb

=e 7. (3.84)
Accordingly for t > 0 one has

0 < Trg,, [e_tH” (e_TAEar - Pfr)} <e T Z e tn*, (3.85)

n>2
n composite

(ii) For every A > 0 one has

ARy + M)~ = PP = (I — PPYA(Ry + A) 7L, (3.86)
and
ARy + AL — PP = 2 (3.87)
b L+
1
r -1

Hence

PP = % ARy + A)™1 (3.89)

i operator norm. Equivalently the simple pole of the decomposition resolvent at zero has
residue Plf)r. Its compression to the composite sector is uniformly regular at the pole.
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Proof. Proposition 3.9 diagonalizes R;, with eigenvalue zero on the prime modes and with
positive integer eigenvalues on the composite modes. The least positive eigenvalue is one
and is attained at every prime square. Functional calculus gives (3.84). Summing the
composite contributions with their Gaussian weights proves (3.85). For the normalized
resolvent it gives the identity on the prime block and the scalar multiplier A\/(r + \) on
a composite eigenvector of response r > 1. The largest such multiplier is attained at
r = 1. This proves (3.87). The regular resolvent multiplier is (r + A)~! and has maximum
(14 A)~!. The norm limit and residue statement follow. O

To place this projection in the history space identify a one-word vector [u] for u >p 1p
with its value basis vector. Let V; be the restriction of ( l};iSt)* to this nonunit value space.

There are then two prime projections on histories given by
Pi%le) = 1p, (valy(e))le), Py =WViPP'V" (3.90)

The first retains every history having a prime root. The second retains the source-weighted
line over each prime root. Since these lines lie in the corresponding root fibres one has
PZOOt P3¢ = Pyr¢. Their difference is the orthogonal projection onto the history differences
inside prime-root fibres. Transporting the degree-one Hodge operator by V; gives an oper-
ator on Ran V7. Its heat and resolvent estimates are exactly the preceding estimates under
this isometry. Its kernel is the span of the prime source lines. The assembly operator acts
on the full history space and has the parent—child relations proved in [1, Section 10].

Figure 4 shows the degree-one restriction. Each nontrivial two-factor decomposition
contributes one unit to its eigenvalue. The prime modes have no such contribution and
remain fixed under the heat flow. The composite modes decay.

There are two traces to distinguish. Restricting the Hodge flow to degree one and
taking its large-time limit leaves the prime modes. Taking the alternating trace over all
bar degrees instead retains the Euler characteristic of each total-mode fibre. The latter is
the Mobius coeflicient computed by the exterior homology.

Theorem 3.11 (Decomposition-flow closure). For every t > 0 the Hodge flow has the
following trace and localization properties.

(i) The degree-one Hodge flow converges to the prime heat trace.

lim Trg, (e—tHbe‘TA‘z?“> = Z etdean(™)® — @, o (1). (3.91)

T—00
TEPy
(i) The full graded heat trace is independent of T > 0 and is the Gaussian Mdébius trace.

Strle (eftHbef‘rAEar) — Z Mb(u)eftdegb(u)Q‘ (392)
u€lp\{0p}

(iii) At the local endpoint T = 0 the degree-r trace is the factorization-chain sum

Trg,, e M= Y exp[—tdegy(u Ry By u,)?]. (3.93)

UL, Ur #0p, 1

At the closed endpoint T = oo the surviving degree-r space is \" Hpp.
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. closed bar-Hodge form . L
factorization words y degree-one restriction
> Qb =d + d > R, = Abar
[u1\ |ur] A]gar _ Q% b = b |Kh11
Y
decomposition flow
eerb
Y Y
prime modes composite modes
eigenvalue 0 din) —2 > 1
retained decay at most e "
—TR -7
o= L), e = B o= e

The least positive eigenvalue is attained by prime squares.

Figure 4. Hodge localization on the degree-one bar sector. The self-adjoint operator associated
with the closed bar-Hodge form is first restricted to Kp ;. This restriction tests the nontrivial

two-factor decompositions of each nonunit mode. Its kernel consists of the prime directions. The

heat multiplier of each composite mode is at most e~ 7. Equality at prime squares gives the exact

operator-norm convergence to the prime projector. This flow acts on multiplicative decomposition
words. The parent—child assembly response acts on the separate ordered-history coefficient space.

Proof. On every total-mode fibre finite-dimensional Hodge decomposition gives
ker AP =2 Hy(Bo(2p), d). (3.94)

Proposition 3.9 proves (i) directly. Theorem 3.1 identifies the degree-r kernel with the
rth exterior power of the prime space. This proves the closed-endpoint statement in (iii).

1/29, exchanges the even and odd parts of its

For each positive eigenvalue A the map A~
eigenspace and is an involution there. The two parity contributions to the supertrace
therefore cancel. The harmonic contribution is (—1)" on a square-free mode with r prime
factors. This proves (ii). Formula (3.93) is the definition of the bar-word basis and total-
mode Hamiltonian. A word of total degree n has length at most logsn. A crude bound
for the number of such words is therefore (1 + log,n)n'°2™ = exp(O((logn)?)). This is

tn?/2

dominated by e for all sufficiently large n. After multiplication by the heat weight

e~ the bound in Lemma 3.4 therefore justifies absolute convergence and all displayed
limiting interchanges. O

For r > 0 and n > 1 let ¢,,(n) be the number of ordered bar words of length r and
total mode up . Thus ¢,0(1) =1 and ¢p(n) = 0 for n > 1. For r > 1 one has

cpr(n) == #{(n1,...,ny) :n; >2,n1---np =n}. (3.95)

Theorem 3.12 (Bar-resolvent factorization). For every r > 0 and fs > 1 one has

1 00 s/2=1 . o—tHs _ M: &) 1)
F(S/2)/O 5 T, (e7 ) dt 7;1 > (C(s) —1)". (3.96)
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For every fized n only finitely many cp,(n) are nonzero and

Nb(ub,n) = Z(_l)rcb,r(n)' (3'97)

r>0

Consequently the complete alternating bar tower has the scalar resolvent

> “b(;‘j’”) = Cl (Rs > 1), (3.98)

= (s)

and in the nonempty region |((s) — 1| < 1 one has

C(ls) = S (1) () — 1) (3.99)
r>0

The Dirichlet-series identity (3.98) continues this geometric expression holomorphically
throughout s > 1.
In degree one the decomposition response itself satisfies

7,(2)<ub )
d = () -1 Rs>1, (3.100)

ns
n>2

Proof. Mellin integration of the rth trace in (3.93) replaces the Gaussian factor of a word
by (ny---n,)”%. Absolute convergence for $ts > 1 allows the factors to separate and gives
(>>,59n~°)" and hence (3.96).

Let fo(1) =0 and fy(n) =1 for n > 2. Then ¢, = f;*". Since every factor in a word
is at least two ¢ »(n) = 0 for r > logy n. Therefore the pointwise sum ¢, := ), <o (=1)"cp
is finite and -

(01 + fo) *b e = 01.

The function §; + f; is the constant-one divisor function. Its convolution inverse is the
internally defined M&bius function. This proves (3.97). Dirichlet transformation proves
(3.98). The identity Tl()2) (Upn) = cp2(n) holds for n > 2. The case r = 2 proves (3.100). O

At 7 = 0 every finite factorization chain contributes. The limit 7 — oo retains the
harmonic part, represented by exterior products of prime directions. Degree one gives the
prime heat trace; the complete graded trace retains the Mobius coefficient of each root.

4 Additive roots and relative input data

An additive history retains both child expressions. Evaluating the children gives an ordered
pair of natural modes, whereas evaluating the root retains only their sum. The intervening
fixed-sum fibre records the relative inputs. Uniform and source-weighted compressions
connect this fibre to the history space; a faithful dilation retains the input pair together
with its multiplicative charge defect.
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4.1 Addition as a closable two-input map

Let E;r be the Hilbert space whose orthonormal basis |n), for n > 1 is identified with the
positive natural modes. Put
Nb|n>b = n\n)b (4.1)

On the dense domain
Dy := span{|m), ® [n)p : m,n > 1} C L} @ L;f
of finite support vectors define the addition map
AL p(Im)p @ [n)p) := |m + n)yp. (4.2)

At sum 5 the two inputs |1, 4); and |2, 3);, together with their reversals |3, 2); and |4, 1),
all map to |5)y. Here |m,n), := |m) ® |n)p. On their span addition sums the four coef-
ficients. It therefore retains one linear combination and annihilates the three-dimensional
subspace whose coefficients sum to zero. The longitudinal line and its transverse comple-
ment distinguish the common output from these relative input directions.

Proposition 4.1 (Closure and adjoint of the additive merge). All input pairs with the
same sum have the same image. Under the orthogonal decomposition

L’; QL = @}},,k, Fo i =span{|m,k —m), : 1 <m <k —1}, (4.3)
k>2

the map A,y is closable. Its closure is the maximal orthogonal direct sum of the row

functionals on the fibres and has domain

2
<00 p. (4.4)

k—1
Z Tm,k—m

m=1

DALy =qaelf@Lf:)
k>2

The adjoint has domain
DAL, =S y=> wlk)p: > (k—1)|yl* < o0 (4.5)
k>1 £>2

and acts by

k—1
ALy = Zyk Z [m, k —m)p. (4.6)

k>2  m=1

In particular one has A7 ,|k)y = an;ll |m, k —m)y for k> 2.

Proof. On Fyj, & C*~1 the restriction of A, p is the bounded row functional

k—1
Ay, 2p1) = D T, Azl = Vi — 1.
m=1
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Thus A4 p on finite-support vectors is the algebraic direct sum of the operators A;. For
Y = > 1> Yklk)p and every finite-support x one has

k-1
(A, y) =D D Tokmh-

k>2m=1

The representing vector in the input space has squared norm Y ,<,(k — 1)|yx|>. This
proves (4.5) and (4.6). Finite-support output vectors lie in the adjoinjc domain. Thus A% ,
is densely defined and A, j is closable. Taking the double adjoint gives the maximal direct
sum of the Ag. Its output is square summable precisely under the condition in (4.4). O

The same fibre calculation gives the additive covariance identities. On Dgy put
N1 =Ny® 1, Ny :=1® Ny, N, := Ny + No, (4.7)
Then one has
NpAyp = Ay p Ny (4.8)

For every integer a > 1 the multiplicative dilation Dg,|n), = |an), satisfies
DoAyp = Ay (Do ® D). (4.9)

Both sides of (4.8) send a basis pair to (m + n)|m + n),. Both sides of (4.9) send it to
la(m+mn))p. Thus addition assigns coefficient one to every ordered basis pair and commutes
with common integer dilation of the inputs.

4.2 Expression-root compression

The complete additive-root space retains both child histories at a fixed sum. For k& > 2
define
= P Hyd @M (4.10)
k

m—+n=
m,n>1

Assembly at the root gives the isometry

My r(le) @|f)) == |e Bexpr f) from %;rk into H, > (4.11)

bup

The restrictions m,n > 1 ensure that the displayed additive node is not removed by
normalization. Put

. ~1/2
124 (e) @ |1)) 1= (o oty ) () ™, ), (4.12)
B () P (11 ) \ /2
Dif Im,n)y = < : : m,n)yp. 4.13
b,k| > hb(ung) | > ( )
Proposition 4.2 (Counting compression and additive-root quotient). The map Qy™*" is

a coisometry with initial space Hy > . Equation (2.12) is its orthogonal initial-kernel de-

composition. For every k > 2 the map Qj%" is a coisometry onto the fized-sum fibre Fy
of (4.3) and satisfies

Qo My bk = Ay Dy Q%" (4.14)
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where Q" is the restriction of Q)" to Hy'w . Thus Fyy, is obtained by compressing the

full expression space to its root-input values. It is distinct from a literal depth-one subspace.

Proof. Equation (2.12) with uniform weights proves the first assertion. The tensor product
of the two fibre coisometries proves that Q“’Ot is a coisometry. Root assembly is injective on
the displayed basis because ordered children and bracketing remain part of the normalized
expression.

For e € Expry(up,») and f € Expry(up,) both sides of (4.14) send |e) ® |f) to
hb(ub,k)*l/ 2|k>b. This proves the intertwining identity and the stated interpretation of
the fixed-sum fibre. O

Cascade roots admit the same construction with m,n > 2 and value mn. The restric-
tions exclude the zero and unit multiplications removed by normalization. The resulting
root space retains the two child expressions. Flattening its outer cascade skeleton instead
gives the bar-word compression described after [1, Theorem 6.1].

The recursive source gives a second root-input compression. On the summand with
child values m,n define

N
or ey @ 1)) = V/po(e)po(f)m, n)p. (4.15)

It is a coisometry by the tensor-product form of (2.11). The source recursion gives

thStM+,b,k _ Cb(ub,k) 1/2 A Qroot hlSt (4.16)

Both sides send a child-history pair to \/ po(e)py(f)/co(up )| k)p. This identity records the
probability of selecting an additive channel among all available root channels. The fixed-
sum input geometry itself uses its specified orthonormal value-pair basis. Both readouts
therefore act through explicit maps on the same input geometry.

Readout at an additive root has two stages. The maps Q%" and Qroot hist 1eplace each
child history by its value and retain the ordered pair |m,n>b. Apphcatlon of Ay then
merges that pair to its sum. The faithful additive realization retains the relative-input
information lost at this second stage.

4.3 Common-factor and primitive input coordinates

The prime-occupation coordinates also separate the scale shared by two inputs from the
part on which they are coprime. Let

P = {(r,s) € N2 : ged(r, s) = 1}. (4.17)
For m,n > 1 define d,r, s by
Vuy o(m) = min{uy, (1), vy, . (1)} (7 € Py), m=dr, n=ds, (r,s)e€ P2 (4.18)

where the minimum is taken coordinatewise. This is the occupation-space form of the
internal ged constructed in [1, Appendix BJ.
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Proposition 4.3 (Two-leg common-factor decomposition). The assignment

Ugedp|m, n)y := |d; 7, s)p (4.19)
extends to a unitary
Ugedp : £ @ L — 2(N4 x Pa). (4.20)
If Qb(ub,m)qb(ub,n) =1 then
i () (i ) = () o () (1t ) = i (W) o (i) (i) - (4.21)

The quadratic Gaussian weight transforms by

e Bm>+n?)/2 _ —d*B(r?+s?)/2 (4.22)

Thus the common factor is an exact dilation coordinate and (r,s) retains the primitive
ordered pair.

Proof. Unique factorization gives a bijection (m,n) <+ (d,r, s) with (r,s) = 1. Its lineariza-
tion is the unitary in (4.20). If both inputs are square-free then d, r, s are pairwise coprime
and square-free. Multiplicativity of p; on coprime modes gives the first equality in (4.21).
The identity up(u)? = qp(u) gives the second. Substitution of m = dr and n = ds proves
(4.22). 0

4.4 Additive charge defect and faithful environment

Common dilation preserves the additive merge. The merge itself mixes prime-charge coor-
dinates. The additive charge defect records the information lost in the one-output mode.
Write
() =Y vy, (m)er € NJP € A (4.23)
TEPy

and define the additive charge defect
O p(m,n) == wp(m) +vp(n) —vp(m+n) € AJ. (4.24)

Negative coordinates are allowed because the defect belongs to the signed group completion
containing the Fock positive cone.

Theorem 4.4 (Additive charge-defect identities). For all m,n,r,a > 1 the defect is sym-
metric and satisfies

vy(m) + vy(n) = vy(m +n) + 64 5(m,n), (4.25)
i p(m,n) + 04 p(m+n,r) =04 p(n,r) + 64 p(m,n+7), (4.26)
It p(am,an) = vy(a) + 04 p(m,n). (4.27)

Equation (4.24) is the exact additive two-coboundary of the prime-occupation map. It also

satisfies -
exp (4 (04 p(m,m))) = (4.28)

m+n
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The augmented data
(m+mn,dyp(m,n), e(m,n)), e(m,n) = sgn(m — n), (4.29)
determine the ordered pair (m,n) uniquely.

Proof. The conservation identity is the definition and symmetry is immediate. Expanding
both sides of (4.26) gives vy(m) + vp(n) + vp(r) — vp(m + n + r). Unique occupation
factorization gives vy(an) = vp(a) + vp(n). This proves (4.27). Equation (3.65) gives

Uy (04 p(m,n)) =logm +logn —log(m + n),

and exponentiation proves (4.28). If k = m+n and ¢ = exp(¢; (04 (m,n))) then mn = ko
and the unordered pair {m,n} is the root multiset of 22 — kx + ko. The sign in (4.29) fixes
its order including the diagonal case m = n. O

For k > 2 let Dy, be the finite set of admissible pairs (64 5(m, k —m),e(m,k —m))
with 1 <m <k —1. Put
Evp = EP L (Dip). (4.30)

k>2

The reconstruction part of Theorem 4.4 gives |Dy ;| = k — 1. Thus the defect labels give a
unitary relabelling

Wep: Lf@L) — @ ClR)p@C2(Dog),  Wiglm,n)y = [m+n)y®|0, p(m,n), e(m,n)).

E>2
(4.31)
Transport the compact charge action to E; by
U (@) = Xy (@), Xalg) = ] 92, (4.32)

TEP

and let the defect environment carry Uget(g)[9, €) := x5(9)|9, €).
For k > 2 consider the fixed-sum fibre F,j, from (4.3). Its longitudinal unit vector is

1
v =
T VE—1

The normalized merge isolates the common output direction. The associated fibre projec-

k—1
D m)y @ [k — m)s. (4.33)
=1

m

tors are
~ 1
A & = —|m+ , 4.34
+7b(|m>b |n>b) m‘m n>b ( )
PP = oy 1) (v, P¥ = 15, — PP, (4.35)

Theorem 4.5 (Canonical addition with faithful dilation and central character). (i) Fiz
k > 2. Among coisometries By, : Fy ), — Clk), that are invariant under every permutation
of the ordered-pair basis of Fy 1 the restriction g+,b‘fb,k 18 unique up to a phase on the one-
dimensional target. Requiring positive basis coefficients fizes that phase and gives (4.34).
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Suppose an isometric dilation of the deterministic merge has the form
Vilm, k —m)y = |k)p @ exm 1<m<k-1) (4.36)

and retains enough environment information to distinguish the ordered inputs orthogonally.
Then its environment has dimension at least k — 1. At equality it is unitarily equivalent
to (*(Dyy). The dilation is then unitarily equivalent to W p| Fyr- The defect environment
1s therefore the minimal faithful orthogonal dilation of addition and is uniquely determined
up to unitary equivalence.

The completed addition map satisfies compact-charge covariance in the form

Wb (U(9) @ U (9) = (U5 (9) @ Udet(9)) Wi . (4.37)

For

1
- N 1), 4.38
‘wbak/‘> \/kj . | > ( )
ElDb’k

the normalized merge is the uniform-environment compression

YW bl 7y (4.39)
)

A plz, . = (Iowy, ® (wok

)

The projector Pék retains the common defect superposition and P}k retains its orthogonal

relative information.
(ii) For a finitely supported signed charge a € A set

Xeen(@) 1= (—1)%7e7 47, (4.40)
Define the Liouville involution on E;r and the defect involution on £, by

T3°n)y := Ao (upn) e, (4.41)
TCaet|0, €) := Xcen(9)]0, €). (4.42)

Then the charge-completed addition unitary satisfies
Wi (T @ THO)W; , = T4 @ Tyer. (4.43)
Equivalently for every m,n > 1 one has
b (,m ) A (Ubn) = Ao (Ubman) Xeen (04,5(m, 1)) . (4.44)
Combining this identity with the square-free selectors gives
o (Wb,m ) 146 (Ub,) = Qb (Ub,m )b (Ub,n) Ao (Wb imtn) Xeen (04 (M2, 1)) - (4.45)

Proof. Permutation invariance gives Bi|lm,k — m), = c|k), with (k — 1)|c|> = 1. Posi-
tive basis coefficients therefore select ¢ = (k — 1)71/2. Tsometry of (4.36) makes the e,
orthonormal. The environment therefore has dimension at least k — 1. At equality send-
ing this basis to the k — 1 distinct defect labels of Theorem 4.4 is the required unitary
equivalence.
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On a basis pair the character on the input side of (4.37) is Xy, (m)4u,(n)- Equation
(4.25) factors it as Xy, (m+n)Xs, 4 (m,n)- Lhis is the output character. Equation (4.39) sends
every basis pair in the kth fibre to (k — 1)~%/2|k), as in (4.34). Pulling back the rank-one
projector |wp i) (wp k| gives Pék). Its orthogonal complement gives P;k).

In (4.37) take the central compact charge g = —1 in every prime direction. Since
every occupation and defect charge has finite support its character is respectively Ay or
Xcen- Lhe resulting intertwining relation is

W (T @ TH) = (T3 @ Laor) Wi p.

Unitarity of W, ; allows right multiplication by W7} , and gives (4.43). Evaluation on a
basis pair gives (4.44). The identity p, = qpAp gives the final identity.
O

The Liouville identity acts on every positive occupation profile. Multiplication by the
two square-free selectors gives the exterior Mobius identity. The defect environment retains
the ordered inputs through either readout.

4.5 Connected Gaussian response and center—difference coordinates

The square of the total degree differs from the sum of the two input energies by a bilinear
cross-term. This term varies among pairs with the same sum, so it measures relative input
data even when the total Gaussian weight is fixed.

Theorem 4.6 (Connected additive Gaussian response). The closed quadratic form
Kyp:=N3—Nf—Nj=2N Ny =0 (4.46)

18 the comnected two-input response of the additive channel. It is the unique symmetric
bilinear cross-term obtained by polarizing the generated quadratic energy Q(n) = n?. For
every 3> 0 one has

o—BN3 _ BN} —BNE —BK (4.47)
On the basis pair (m,n) the connected response is 2mn.

Proof. The operators N1 and Ny are nonnegative and strongly commute. Expansion of
(N7 + N2)? proves (4.46). Joint functional calculus proves (4.47). If a symmetric bilinear
form B satisfies Q(z +y) = Q(z) + Q(y) + B(z,y) for all positive generated degrees then
direct substitution gives B(z,y) = 2xy. Its joint functional-calculus realization is therefore
2N N>. This proves uniqueness. O

The reflecting double retains a second two-input coordinate system. It is lost when
the two input legs are evaluated at the same circle point. Let

Aeg:={(N,D)€Z*:N=D (mod2)}. (4.48)

The map
C: 7% — A, C(m,n) == (m+n,m—n) (4.49)

is a group isomorphism with inverse m = (N + D)/2 and n = (N — D)/2. Denote the
character of Aq indexed by (N, D) by ey, p.
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Theorem 4.7 (Center—difference Gaussian prime-pair field). For 8 > 0 the full oriented
prime-pair field

r, B
ICE,; = Z exp |:—2 (degb(ﬂ)2 —+ degb(p)Q) €deg, () +deg, (p),deg, () —deg, (0) (450)
T,pEPy

belongs to L2(//\(;). Its Fourier coefficient at (N, D) € Aeq s
~ _ 2, 12
ICE}%’Q(N, D)=e BN+D )/417% (Ub,(N+D)/2) 1p, (ub,(N—D)/2) ) (4.51)

where the coefficient is zero unless (N £+ D)/2 are positive integers. The Gaussian energy
and the multiplicative product are recovered simultaneously from the two uncompressed

coordinates by
N2 + D? N2 - D?
p2+q2:T7 Peg=—

Let P]§ and P]% be the Fourier projections onto a fixed first and second coordinate

(4.52)

respectively. Then

2
72 — 2 — —q)2
Hp}%;cgrﬁ ‘2 = IN2NT a2, (4.53)
=N
v prime

2
A 1-pr,2
28]

_ —BD?/2 —B(p+a)?/2 4.54
,=¢ Z e . (4.54)

p—q=D
p,q prime

The fized-sum norm is positive exactly when N has an ordered prime decomposition. The
fized-difference norm is positive exactly when D occurs as an ordered prime gap. Goldbach
fibres and prime gap fibres are therefore the two coordinate projections of one Gaussian-
weighted two-input field.

Proof. The parity condition in (4.48) makes C' bijective. Its Pontryagin dual therefore
identifies the two oriented input circles with A.q. Gaussian summability gives

_ 2, 2
Z e B +4%) < o0,
p,q prime

so (4.50) is an L? Fourier series. For each (N, D) there is at most one ordered pair p =
(N 4+ D)/2 and ¢ = (N — D)/2. This proves (4.51). The identities in (4.52) follow by
expanding (p+¢)? and (p—q)?. Parseval’s identity on each coordinate fibre gives (4.53) and
(4.54). All their summands are strictly positive. This proves the two positivity criteria. [

On the reflection-even diagonal the same two-input information is compressed to the

familiar product-to-sum formula

cos(ph) cos(af) = 5 [cos((p -+ 0)6) + cos((p — 0)6)]. (4.55)

This identity describes pointwise spectral mixing. Arithmetic cascade is a different opera-
tion given by wupp, © up g = Uppg. The two-variable field in (4.50) keeps sum and difference
coordinates separate. The one-variable cosine compression identifies them.
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The connected response (4.46) uses Ny directly. On each fixed-sum fibre N acts as
the scalar k. The operator Ai,bNbQAhb instead couples all pairs through the longitudinal
rank-one direction. It vanishes on the transverse subspace where K ; is positive.

4.6 Longitudinal and transverse quotient
For k > 2 the fibre m +n = k has k — 1 positive input pairs. The normalized merge of

(4.34) combines these fibre maps into a global coisometry.

Theorem 4.8 (Transverse quotient and fixed-sum geometry). (i) The normalized merge
is a coisometry onto span{|k), : k > 2}. In particular one has

AL A =1 (4.56)
It follows that o
Pr = Aiijan, Pr=1-PFp (4.57)
are orthogonal projectors. The transverse two-input space is
L e L

7t0—,b = PT(,C;_ & ,C;_) = —.
Ran Ai,b

(4.58)

For every k > 2 let KI:ék) be the finite-dimensional positive compression Pj(ﬂk)K+7b|fb’kPr1(—vk).
Define

T,(k T,(k
KT, =@KIP, DKL) ={z= ()Y KLV <ocop. (4.59)
k>2 k>2

Then KJ:C’b is a nonnegative self-adjoint operator on Ti . The algebraic direct sum of the
transverse fibres is a core.
(ii) On Fp one has

Pék)}—b’k = (CU(,JC, Pj(wk)fb’k = vli_k N }-b,lm (4.60)
and hence
dmFyp=k—1, dimPPFp=k-2. (4.61)

Define the complete fibre capacity and the normalized longitudinal weight by

rank Pék) 1

Cyp(k) =dimFpp =k —1, Erp(k) = dim Ty =T 1 (4.62)
They obey the exact reciprocal normalization
Coolb)Era) =1 (k> 2). (4.63)
In the ordered basis indexed by 1 < m < k — 1 one has
(m,k — ml POk — i) = s — ﬁ (4.64)
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The connected response has the exact transverse trace

KT, - k(k + 1;(k -2) (4.65)

Tr

Pr}k)fb’k

For every B > 0 the untruncated additive transverse response is the convergent positive
spectral sum

k(k+1)(k -2
% ,(8) = Trr, , (Kf,be‘ﬁNi) =y (h ;( o1 (4.66)
k=3

Proof. The adjoint is

1
vk—-1

k—1
Ai,b’k’>b = Z |m)p @ |k —m)p = Up, k- (4.67)
=1

m

Applying g—y,b returns |k)p. This proves the coisometry identity and the projector and
quotient assertions. Each K f”ék) is a positive self-adjoint matrix. Their maximal orthogonal
direct sum is positive and self-adjoint on (4.59) with finite-support vectors as a graph core.
The range of Py, in the kth fibre is Cvp ;. This proves (4.60)— (4.64). On the basis vector

indexed by m the connected response has eigenvalue 2m(k — m). Therefore

1

k—
k(k? —1)
Trr,, Kip = sz::l m(k —m) = —g (4.68)
1 k(k+1
(Vb ks Kt pUb k) = .1 Trr, , Kip = (3) (4.69)

Subtracting the longitudinal trace gives (4.65). Since Ny = kI on F}, it commutes with
both fibre projectors. Summing the finite-fibre traces proves (4.66). Gaussian decay gives
absolute and locally uniform convergence by Lemma 3.4. O

The quotient removes the uniform merge direction in each fixed-sum fibre and retains
the relative two-input response. This information is lost under scalar merging but remains
available to the transverse operator.

Example 4.9 (The fixed-sum fibre at k = 5). Put e; := ey, ; for j = 2,3,5. The fibre has
four ordered basis pairs
‘174>b7 ‘273>b7 |3a2>b7 ’47 1>b

Their normalized longitudinal vector is their half-sum. The transverse quotient therefore
has rank three. The connected Gaussian response has diagonal values (8,12,12,8). The
faithful defect labels are

(262_65)_)7 (€2+63_657_)5 (€2+63_€5,+), (262_657+)'

Scalar addition retains the common output 5. The transverse projector retains three rela-
tive directions. The signed defect environment still distinguishes all four ordered inputs.
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4.7 Fixed-sum response and Schur reduction

The longitudinal expectation is the response of the uniform input vector. A second scalar
response is obtained by fixing its longitudinal component and allowing the transverse com-
ponent to vary so as to minimize the quadratic form. This elimination of the transverse
variables is expressed by a Schur complement. In the present fibre it can be evaluated
exactly. Let

j
1
Hj:=)_ —, Hy:=0, (4.70)
m=1

and write the connected response on Fy,;, = Cuyj, @ Pi(pk)Fb,k as

Ay Bf
K+,b’]:b,k = (Bb’k CZ:) : (4.71)

Theorem 4.10 (Exact transverse Schur response). For every k > 2 the transverse block
Cy 18 positive and invertible on P}k)}"b,k with the empty block understood when k = 2.
Ezact elimination of the transverse environment gives the scalar shorted response

_ k(k—1
Sealk) 1= Ay~ BiyCpt By = "= o g (472)
k—1
FEquivalently one has
S-}-,b(k) = inf (Ub,k + w, K+,b(vb,k + w)) . (4.73)

we P Fy i

The longitudinal expectation and the transverse self-energy are therefore
kE(k+1)
3 )

with strict inequality for k > 4. Eliminating the transverse component therefore changes

Apk = Sho(k) = Ay — St (k) 2 0, (4.74)
the longitudinal expectation by the nonnegative quantity Eib(k‘).

Proof. In the fixed-sum basis the connected response is the positive diagonal matrix
Dy = diag{2m(k —m):1 <m <k —1}.

Every compression of Dy, is positive definite. This proves the claim about Cj ;. The Schur-
complement variational principle gives (4.73). The constraint w L w,y is equivalent to

(vpk, Vb +w) = 1. Minimizing the Dj-energy under this constraint gives
Dilvb k 1

Up,k + Wmin = k—_l’, Siplk) = ——g—r.

(Vb,k Dy, b k) (Vb,k> Dy, b k)

The remaining matrix element is explicit and equals

k—1

1 1
p-1 - —
(Vb Dy, " Vb k) kE—1 — 2m(k —m)
k—1
1 1 1 Hiy—y
R -2 _ , 4.75
2h(k— 1) <m+k—m> k(k —1) o
m=1
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This proves (4.72). The value of Apj; was computed in the proof of Theorem 4.8(ii).
Positivity of the Schur correction follows from the block decomposition. Equality holds
exactly when vy, is an eigenvector of Dj. This occurs for £ = 2,3. For k£ > 4 the diagonal
entries 2m(k —m) are not all equal. O

The fixed-sum fibre retains the ordered pair, its longitudinal line gives the common
additive output, and its transverse quotient retains relative input directions. The Schur
response measures the change in longitudinal energy when those directions are eliminated.

5 Occupation sign and scale transport

Total occupation parity gives the Liouville sign on every positive mode; restriction to
square-free profiles gives the Mobius sign. Both pull back to histories through the root
value. Square-divisor identities relate their complete scale responses, while prime-direction
transfers retain the sign and Gaussian weight of each occupation.

5.1 Square-dilation equivalence of complete and exterior parity responses

The complete occupation grading and its exterior reduction can be compared before an
asymptotic estimate is made. Let ® : (0,00) — C be locally bounded and suppose that
®(z) = O(x=4) as  — oo for some A > 1. In particular one has

> |@(d®m/L)] (L > 0). (5.1)

d,m>1

The Gaussian profiles used in the spectral response satisfy this condition. Define the
complete responses

B;fq) Z/\b Upn)P(n/L), Zub (Upn)®(n/L). (5.2)

n>1 n>1

Proposition 5.1 (Complete-occupation square-dilation equivalence). The responses in
(5.2) satisfy

=" u(d) B 4 (L/d*), (5.3)

a>1
Bl p(L) = Bly(L/d). (5.4)
d>1
For o > % let
Sc 2 —QUdL 2
A2 =L (0,00), L ) (S F)(L) := F(L/d?). (5.5)

Then the operator series

Dy =Y u(d)Se, Dy =) Sp (5.6)

d>1 d>1
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converge in operator norm on H.°. They are mutually inverse and obey

¢(20)
D, < , Dl <<{(20). 5.7
DA< gy IPsl < o) (57)
Consequently one has
By ey <= Blge A" (5.8)
The same comparison respects the exact finite cutoff. If
By g.n(L) = Z Uy (upn)®(n/L), v e {\ut, (5.9)
1<n<N
then
Bion(L)= D wld) By nye)(L/d%), (5.10)
d<v'N
B/t@;N(L) = Z BZ@;LN/dﬂ(L/dQ)- (5.11)
d<v'N

Put ¢po(L) := ®(1/L) and |, = B:q) — ¢a. The responses with the unit mode removed
satisfy
@ =Dulre + (Dy —I)da, (5.12)
re =D+lue + (Dt — Ido. (5.13)

Whenever ¢pg € 2 membership of either centered response in F.° is therefore equivalent
to membership of the other. The Gaussitan profiles above satisfy this condition.

Proof. The coefficient identities

un) = Am) S u(d),  Am) =3 p(n/d) (5.14)

d?|n d?|n

follow from p?(n) = 22| 1(d) and A(d?>m) = A\(m). Reindexing n = d*m is justified by
(5.1) and gives (5.3) and (5.4). The same reindexing with d?m < N gives (5.10) and (5.11).
A change of scale gives

1Saz F || sse = d 2 || F|| sse. (5.15)

Hence both series in (5.6) converge in operator norm when o > % and satisfy

Sl = 3 pdpd = 20 S 4 = ((20),

d>1 d>1 4(4 ) d>1

Absolute operator convergence permits the Cauchy product. The coefficient of Si2 in
either D,D4 or DD, is Zd|k p(d) = 1g,—1y. Thus the two operators are mutually inverse.
Subtracting the common unit-mode term gives (5.12) and (5.13). O

This equivalence holds in each fixed weighted space. Its constants grow as o | %
Estimates transfer between the complete Liouville response and the exterior Mobius re-
sponse through the displayed square-dilation operators, including the unit-mode terms for
centered responses.
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5.2 Character-twisted traces and marked prime-power response

The occupation representation also carries the characters of the free multiplicative monoid.
Let

XU —{zeC:zl<1} x() =1, x(uBv) = x(u)x(v), (5.16)
and define the diagonal twist on either occupation space by

U@y =[] x(m)" 2y, (5.17)
TEPY

It is a contraction and is unitary when |x(7)| = 1 on every prime direction.
The marked prime-power space retains individual prime directions and their positive
repetition numbers. Define

Ty = LC{(m,m): 7 € Py, m € NLY}) (5.18)
with orthonormal basis |7, m) and put

Ny P|m,m) = degy (7)™ |m, m), LyP|m, m) := log degy(m)|m, m), (5.19)
URP|m,m) := x(m)™ |, m). (5.20)

Theorem 5.2 (Twisted occupation traces and marked prime-power response). (i) For
Rs > 1 one has

-1
« — —sdl(ear) ) — ﬂ
Zb (saX) . T‘rFs(’Hb,‘P) (UX ) Z degb u H <1 degb(ﬂ)s ,

eu“" 71'6791)
(5.21)
1
Strap(s,x) =T —NU e e = <1 __x(n) > = .
1"/\,b(s X) I'To (He,p) (( ) x€ ) Wl;[% deg, (7)* Zb>< (5,X)
(5.22)
(ii) For Rs > 1 one has
7;)101)(5’ X) = Trjb (LPPUPP(NPP)—S>
log degy, (7 ( )™ 0
Z Z degb =5 log Z,* (s, X). (5.23)
TP, m>1 (7
For the continuous phase character
Xr(u) i= e~ 1T logdegy (1) T eR, (5.24)
one has )
Zy) (s, xr) = C(s +171), TP (s,x7) = == (s +1i7). (5.25)

¢
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Proof. On the 7 coordinate the symmetric trace is the absolutely convergent geometric
series > <o x(m)™ degy(m) ™™, The graded exterior trace is 1 — x(m) deg,(7)™*. Multipli-
cation over the prime coordinates is justified by absolute convergence in s > 1. Unique oc-
cupation factorization identifies the coefficient of each symmetric state with y (u) degy (u)~%.
The first equality follows by taking the diagonal trace on J,. Termwise differentiation
of the absolutely convergent Euler product in part (i) gives the logarithmic derivative. The
identity x(u)degy(u)~* = deg,(u)~(+t7) proves the shift identities.
O

The marked basis retains the prime direction and its repetition number separately. The
logarithmic derivative weights each such pair by log deg, () and gives the von Mangoldt
weight on prime powers. The subspace with repetition number one identifies with the
prime Hodge kernel. Keeping all repetition numbers gives the logarithmic response as a
trace that resolves the individual phase factors.

5.3 Completed Gaussian trace

Let
O.(t):=Y ™ (5.26)

n>1

For Rs > 1 termwise Mellin transformation gives
o0 dt
T (s)2) 2 (5, 1) = / 0, (1% (5.27)
0

The Gaussian Poisson identity implies @ (t) = t~ /20, (t~1) + (t~/2 — 1)/2. Splitting
(5.27) at t = 1 therefore yields

o/ SN S s/2 4 y(1-s)/2) 9
7w *T(s/2)((s) = + OL(t) (t9°+t . (5.28)
s—1 s 1 t
Proposition 5.3 (Completed arithmetic trace). The function
1
Zp(s) = 5s(s - )=/ (s/2) Z) (5, 1) (5.29)
extends to an entire function and satisfies
Zp(s) = (1 — 9). (5.30)
Its logarithmic response is
= 1 1 1 11
b PP
—=2(s)=—=-— =1 ———(s/2 1). 31
22(s) = =5 — g + o8 — 5 E(s/2) + s ) (5:31)

Proof. Equation (5.28) is invariant under s — 1—s. On every compact subset of the s-plane
the integrand and each of its s-derivatives are bounded by an integrable multiple of e~
times a fixed power of ¢ and logt for ¢ > 1. The integral is therefore normally convergent
and entire. Multiplication by s(s — 1)/2 removes the two displayed poles. Logarithmic

differentiation together with Theorem 5.2 proves (5.31). O

The reflection formula extends the Gaussian Mellin trace to the whole plane. Its loga-
rithmic derivative separates the completion terms from the marked prime-power response.
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5.4 Full-charge Gaussian—Fock readout

For w = (wy)y € T let

=[] we™, weu. (5.32)

TEPy

Write U, := U,,, for the diagonal unitary (5.17). Define the phase-resolved Gaussian trace

= Y xwlwe B’ g, (5.33)

uEZ/{;r
The series converges absolutely and uniformly in w for every ¢t > t3 > 0.

Theorem 5.4 (Full-charge Gaussian-Fock readout). For w € T and Rs > 1 one has

0 dt
. s/2 % —S/QF 2
/ Op(t; w)t , (s/2) E degb

0

— 775/2D(5/2) H <1 - w”))_l . (5.34)

s
TEP, degb (7T

Equivalently the Mellin transform of the phase-resolved Gaussian scale trace is the phase-
resolved symmetric-Fock trace of Theorem 5.2.

Let D be a trace-class operator diagonal in the symmetric occupation basis with diagonal
coefficients d,,. Then the compact-charge transform

FiD(w) :=Te(UyD) = > du” (5.35)

VENUD”)

determines every coefficient d, and is therefore injective. The coefficients are recovered by

dy, = F D(w)w” dw. (5.36)
TP
Evaluation at the identity w = 1 is the scalar trace compression and retains the sum of the
diagonal coefficients.

Proof. Apply (3.39) with @ = 7deg,(u)?. Since |xw(u)| = 1 the sum of absolute Mellin
integrals is 7~7/2I'(0/2)((c0) < oo for o = Rs > 1. Fubini gives the Dirichlet series and
Theorem 5.2 gives the Euler product.

The trace-class condition gives (d,) € ¢*. Hence (5.35) converges uniformly. Character
orthogonality on every finite coordinate torus followed by the directed limit over finite
coordinate sets proves (5.36). Setting w = 1 in (5.35) gives the coefficient sum. O

The Mellin integral decomposes into scaled copies of the permanent dimensionless
window. Partition (0, 00) into the intervals [7*, 7%%1] indexed by k € Z. The substitution
t = m*u gives the exact scale-tower identity

/ @b(t;w)ts/?%: / S O (s w) e s/ L (5.37)
0 1

u
keZ
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in the same half-plane. For w = 1 the Gaussian—Poisson reflection used in (5.28) folds
the negative scale half of this tower onto the positive half and supplies the displayed unit
and zero-mode completion terms. For a general charge w the unfolded tower (5.37) is the
defining scale representation.

For the Gaussian state this recovery applies at every positive scale. The charge variable
retains the occupation data through the Mellin transform. Evaluation at w = 1 gives the
scalar partition trace.

Exterior occupation gives the Mobius sign by combining occupation parity with square-
free support. The relation of this two-element group action to the tangent Gaussian depends
on the operator class. Among affine first-order operators annihilation of the Gaussian and
commutator normalization select the annihilation operator up to phase and determine its
adjoint. Symmetric quadratic ordering gives a half-step spectrum and its nontrivial central
character. A nontrivial lift that commutes with finite prime permutations acts uniformly
on the prime directions. Exterior products then carry this character to the occupation
grading.

Signed and unsigned occupation traces measure this central action along the Gaussian
flow. Their ratio changes according to the mean-energy difference between the two sign sec-
tors. The Gaussian construction and the projective half-spin representation of Appendix E
meet at their common central character.

5.5 Gaussian half-step from minimal quadratic closure

Normalize the tangent Gaussian by
gu(y) = (mb?) "V e v/ ), (5.38)

The logarithmic derivative of this state is linear in y. This singles out affine first-order
differential operators as the minimal class in which to seek a normalized annihilator. Fixing
its commutator leaves only the phase of the annihilator. Its first-order ladder directions
act on the Schwartz space in L*(R) as

1 d Y | d Y
w= 75 +t) a0 rh) (53

The normalized ordered quadratic closure of these directions is the affine class
Qp = {Hpo == aapap + (1 — a)apay : 0 < a < 1}. (5.40)

Its coefficients are nonnegative and have unit sum. The principal quadratic part is therefore
fixed while only the relative coefficients of the two orderings vary. Ordering neutrality gives
neither ordering priority. Let O exchange the two ordered quadratic expressions a;a; and
apa; within Q.
The identity aya; = ajap + I shows that the ordering involution sends Hy o to Hp1—q.
Its unique fixed coefficient is &« = 1/2. Thus the order-neutral generator is
Yy

HG‘—E(a*a + apay) = aza —1—11—1 —52i2+j (5.41)
b AT T T T T ot T g a2 ) '
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This full-line generator belongs to the tangent Gaussian datum. The finite-window Neu-
mann generator A, arises only after correlation closure. The two operators thus belong
to successive stages of the construction and act on different Hilbert spaces. The Hermite
basis and oscillator closure are standard [12, Chapter 1]. Their role here is fixed by the
Gaussian annihilator and its commutator normalization.

Theorem 5.5 (Gaussian ladder normalization and oscillator central sign). (i) Let

A= CleZ/ + CQ% + co (542)

be a first-order differential operator with complex affine coefficients on the Schwartz core.
If Agy = 0 and [A, A*] = I then a phase e € U(1) exists such that

A=y, A* = e} (5.43)

The ordered quadratic products A*A and AA* are therefore independent of this phase.
Within the stated affine first-order class the normalized Gaussian and commutator normal-
ization determine the pair up to its U(1) gauge.

(ii) The closure of Hg; is positive and self-adjoint and has an orthonormal Hermite
basis (hypn)n>0 satisfying

Hy i = (n + ;) ho - (5.44)
Its ground state is hyo = gy with unnormalized profile Ky. The unitary phase flow
UG (0) 1= e 10H (5.45)
obeys
Ui (2r) = -1, Ui (4m) = 1. (5.46)

The half-unit in (5.44) gives the nontrivial central character of the double-valued phase lift.

Proof. The logarithmic derivative of g, is g;/9, = —y/ b%2. Consequently Ag, = 0 forces
cg = c¢1 and ¢y = 0. The formal adjoint is then

d 'y
A= | -b—+ ). 5.47
a(-vg+) (5.47)
The identity [bd/dy,y/b] = I gives [A, A*] = 2|c1|?I. The commutator normalization then
gives |c1| = 1/4/2 and proves (5.43). The phase cancels in both quadratic products.

The unitary dilation Uy f(y) = b~'/2f(y/b) intertwines Hf with H{. The standard

Hermite expansion [12, Chapter 1] therefore gives hy, ,, = Uphy ,, and the self-adjoint closure
with domain

2
D(H{) = chhb,n : Z (n+ %) lenl? < o0}, (5.48)
n>0 n>0
The ground state scales to g;. On every basis vector the phase at 27 is e 2™ (" +1/2) — _1
Completeness and squaring give (5.46).
O
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5.6 Mobius grading from the Gaussian central character

Let
Z$ = {I,0}, op = U (2m) = —1I, (5.49)

and let £ be its nontrivial one-dimensional character satisfying e(op) = —1.

For a finite permutation 7 of the prime basis let U, denote the unitary determined
by Uy,m = n(m). A central-sign lift is called prime-natural when its one-particle action
commutes with every U,. The condition assigns the central character independently of
the prime label; the prime directions retain their distinct spectral energies. The nontrivial
lift preserves the Gaussian central character. This character relates the tangent oscillator
to the prime one-particle space and the projective half-spin module while keeping their
representations distinct.

Proposition 5.6 (Prime-natural central lift and M&bius grading). (i) Let V' be the unitary
involution representing oy, on Hyp. If

VU, =U,V for every finite permutation n of Py, (5.50)

then V.= 1 or V. = —I. The nontrivial central character uniquely selects V.= —1I. lIts
unique exterior lift compatible with decomposable products is

Ty ;:@/\V, Iy

r>0

= (—1)"I. (5.51)

A" Hy,p

Thus the Gaussian central sign attaches uniformly to every generated prime direction.
Exterior degree records its accumulated character. (i) Denote the selected one-particle
representation and its exterior lift by

bp = Hpp @c¢, V= Iy, @(0b) = — Iy s Leen :=Ta(Vs) on Ta(Hpp),
(5.52)
where 'y denotes antisymmetric second quantization.
On the r-particle exterior sector one has

Leen|arpgen = (=1)"1. (5.53)
For Rs > 1 this gives
Tr (F e*de(Eaﬂ) =TI (1 - degy(m)™*) = L (5.54)
La(H§p) \ - cen = 124N = C(S) .
TEPy

The sign in this supertrace is the second-quantized central character of the Gaussian
half-step under the stated prime-natural lift. Exterior nilpotence supplies the independent
square-free selector.

Proof. In the prime basis commutation with every finite permutation makes the diagonal
entries of V' equal and the off-diagonal entries equal. A nonzero common off-diagonal
entry would give V7 infinitely many coeflicients of the same nonzero modulus. This would
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contradict Vrr € ¢2(P,). Thus V = ¢l and the unitary involution condition gives ¢ =
+1. The nontrivial character selects ¢ = —1. Compatibility with decomposable exterior
products requires I'v(v1 A--- Avy) = (Vug) A+« A (Vo). This determines the lift and its
sign (—1)". Each prime coordinate of the exterior Fock space has occupation zero or one
and therefore contributes 1 — degy (7)™ to the trace. Absolute convergence on s > 1 and
the Euler identity already established in Theorem 3.6 prove (5.54). O

5.7 Central overlap and energy—entropy flow

The central character determines the occupation sign. Its cancellation along the arithmetic
scale is measured by an overlap. For a square-free positive mode u denote the corresponding
exterior occupation vector by ®f - including the vacuum vector for u = 1.

Theorem 5.7 (Central overlap and its energy—entropy evolution). (i) For X > 1 define

Uiy = > bur QX)) = [Tk (5.55)
ueub\{()b}
degy, (u) <X, qp(u)=1
Then
Z Mb(u) = <\Illsny> Fcen‘llls)fx> . (556)
u€lp\{0p}
degy, (u) <X

Define the normalized central angle by

(T Teen U5 )

cos Up(X) := 5.57
The finite Mobius sum then equals Qp(X) cos Up(X).
For B > 0 the Gaussian-smoothed vector
U= Y Pl 2gp (5.58)
u€Up\{0s}
qp(u)=1
belongs to the exterior Fock space and satisfies
(Ul Teanily) = D polue om0, (5.59)
u€Up\{0p }
S — €, u 2
152 = 3 () 2e P demn(w?, (5.60)
u€Up\{0s }

(ii) The Gaussian overlap admits an exact energy—entropy evolution. Split the square-
ree modes according to their central sign and se
fi d ding to thei tral si d set

Z5(B) = > e~ P degy(w)? (5.61)
u€lp\{0p }
ap(u)=1, pp(u)==%1
s 1  Bde (u)?
EL(B) = 73 Z degy (u)?e 7 doe(v)", (5.62)
b+ u€lpy\{0p}

ap(u)=1, pp(u)==%1
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Both partition functions are strictly positive for § > 0.
Define
Zy (B) — Z;_(B)
cb(’B) = st sf ’
Zb,+(ﬁ) + Zb,f(ﬁ)

Then cp(B) is precisely the normalized Gaussian Mobius overlap in (5.59)- (5.60) and

ty(B) = artanh ¢ (5). (5.63)

satisfies
1,z
1
5(8) = 5 (8208 - &.(9)). (5.65)
1— 2
8 = =W (g1 () - g1.(9)). (5.66)
In particular the permanent endpoint ratio Sir/Buv = 7 gives the exact residual-energy
law
1 [
w(xB) ~ulB) = 3 /B (80— &) at. (5.67)

Let ngi(ﬂ) be the Shannon entropy of the normalized Gibbs weights in the two sign
sectors. Then

20,(8) = S5t (8) - Si_(8) - B (&5.(8) - &) . (5.68)

Proof. The exterior occupation vectors are orthonormal. On the vector indexed by u the
sign given by Proposition 5.6(ii) is (—1)%(*) = p;(u) because the summation is restricted to
square-free modes. Taking the indicated inner products proves (5.56) and (5.59). Omitting
the central sign gives the two norm identities. Gaussian summability proves convergence
of the smoothed vector.

Equations (5.59) and (5.60) are respectively the difference and sum of the two partition
functions. This proves the formula for ¢;,. The identity for v, follows from artanh((a —
b)/(a+1b)) = log(a/b). Gaussian decay makes all required moments locally summable in
each sign sector. Applying (6.34) to the two partition functions proves (5.65). The chain
rule ¢, = (1 — ¢})v} proves (5.66). Integration over [3,7/3] gives the endpoint identity.
Subtracting the two entropy formulas in (6.35) gives (5.68).

O

5.8 Prime-direction dilation transfer

Exterior occupation also gives an exact dilation pairing in every prime direction. Fix
T = Upyp € Pp and let Ag » be the closed exterior-Fock span of square-free modes whose
m-occupation is zero. Define the prime-creation isometry

Wiy : A, — Ap s Wi p @3, = P} o, - (5.69)

Here Aé p 18 the corresponding occupied sector.
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Theorem 5.8 (Signed prime-direction transfer and unsigned capacity bound). Let
Dy @5, := degy(u)®f . On A} one has

CeenWop = —Wh pLcen, DiW,,, = p* Wi, Di. (5.70)

Define the unoccupied-sector vector and its signed and unsigned Gaussian responses by

\I/z(f,é()) — Z e*ﬁdegb(u)zﬂqyau’ (5.71)
welty\ {0}
qp(u)=1, vy (m)=0

,0 ;0 ,0

A3,(8) = () Lo W) 20,(8) = w02, (5.72)
Then
S ,0 ,0

Wy = ‘I’z(f@ )+ Wb,p‘lfl(f;z)ﬁ, (5.73)
A1) = (Wil Teen Wil ) = A0,.(8) — A7, (v°B), (5.74)
ZHB) = 135117 = Z5,(B) + Zp (0 B).- (5.75)

The normalized central overlap obeys the strict bound

28,(0) ~ Z0,6%9)
= 25 5y + 23, 078)

< 1. (5.76)

Proof. Prime creation changes the exterior degree by one. This proves the first identity
in (5.70). Evaluation multiplies the natural degree by p and proves the second. Every
square-free occupation vector lies in exactly one of the orthogonal sectors .Ag’p and All)yp.
The occupied vector has the unique form Wh p @y, With vy () = 0. The energy covariance
therefore proves (5.73). Orthogonality and the central anticommutation give the signed
difference and unsigned sum.

For the signed difference one has

A(B) = A8 = 3 pu(w) (om0 e )

The factor in parentheses is strictly positive. The triangle inequality therefore bounds the
absolute value by Zl?’ »(B3) _Zz?, » (p?f3). The denominator is (5.75). Strictness follows because
both positive partition values are nonzero. ]

The recursions retain signed and unsigned responses separately. The capacity bound
follows only after the triangle inequality. For several prime directions, dilation and sign
exchange combine into a positive transfer on the pair of central sectors. To express its
normalized one-prime response, define

A5, (8) Zy,(p*B)
o S T = b.p . .
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Theorem 5.9 (Finite-prime transfer and normalized central response). (i) Let S C Py
be finite. Write pp = Hub,peEp for E C S with py = 1 and let ng,i(ﬁ) denote the
Gaussian partition functions of the square-free modes which occupy no direction in S and
have central sign 1. On scalar functions of 5 put

(ToF)(B) == F(aB),  0q:= <(1) é) : (5.78)

Then the full central-sector vector is obtained from the unoccupied vector by the commuting

positivity-preserving transfers
zZt zy
(Z;;) = [[ (I+0.Tp) (ZdS* : (5.79)
b77 ub,pes b7577

Equivalently the basis of the total and signed responses gives

ZB) =" ZiswwB) = | [ U+Te)| Z0s(B), (5.80)
ECS ub,peS

AR =D (-)FA s(pEB) = | ] - Te)| A s(B). (5.81)
ECS ub,pes

The unsigned capacity and the central residual are respectively the even and odd eigenchan-
nels of one positive occupation transfer.
(ii) For every prime direction uy, and every 3> 0 one has

chp(B8) = 1,0(B)ch,(p?B)

c = 5.82
b(ﬁ) 1 +Tb,p(6) ( )
_1=mp(B) o ro,p(5) 0 (.2 0
- 1 +Tb,p<5) Cb,p(ﬁ) 1 +7°b,p(/8) (Cb,p(p 5) Cb,p(ﬂ)) . (583)
If Egp’i are the two conditional mean energies in the p-unoccupied sector then
1 (P8
chp(P*B) = c5,(B) = 5 /,3 (1=, (0)?) (€2, () — £, (1)) dt. (5.84)
The unsigned capacity satisfies
1 7
70 (8) = —L— VT 40,874, 10, 5.85
and consequently
1 1—mp(B) p-—1
T — -, : — . 5.86
bolf) = 5 L+mp(B) p+1 (5:86)

The scale-transport term accompanying the explicit one-prime coefficient is the integrated
central-sector energy imbalance in (5.84).
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Proof. Every square-free occupation pattern has a unique decomposition into a pattern
avoiding S and a subset £ C S. Occupying F multiplies the natural degree by pg. It

Bl Adding one prime

therefore replaces 3 by p% 3 and changes the central sign by (—1)
direction therefore leaves the sign sector unchanged for the unoccupied contribution and
exchanges the two sectors for the occupied contribution. This is the positive operator
I + 0,T,2. Distinct occupation directions and their dilations commute. Expanding their
product proves (5.79). The vectors (1,1) and (1, —1) diagonalize o, with eigenvalues 1 and
—1. This gives (5.80) and (5.81).

Divide the signed recursion (5.74) by the unsigned recursion (5.75). This gives
(5.82). Elementary rearrangement gives (5.83). Applying Theorem 5.7 inside the closed
p-unoccupied sector proves (5.84).

Let Qp (X)) count internally constructed square-free modes of degree at most X whose

up, p-occupation is zero. The exterior-Fock Mobius selector gives the square-divisor identity

Qop(X) = > m(upa) <{2§J - {;;J) = picf(z) + 0,(VX).

d<vX
pld

Stieltjes summation against e— Pz’ yields (5.85). Replacing 8 by p?8 and taking the ratio
proves (5.86).
O

This occupation grading acts on a different space from the orientation grading of the
two circle channels. Additive index parity is different again because it acts on the natural-
mode degree. Their values lie in the same two-element group. The underlying actions and
the data they distinguish are specified separately.

6 Endpoint states and joint response

Normalizing the Gaussian root masses gives trace-one endpoint states. Their spectral prob-
abilities admit exact escort and entropy identities. On additive input fibres, the Gaussian
energy and decomposition response also define a joint positive trace. These two parameters
remain independent until diagonal self-consistency equates the decomposition attenuation
with the returned endpoint ratio.

6.1 Normalized correlation states

Adjoin the singleton zero expression with intensity one. Normalize the diagonal intensities
on the counting history space by 1+ Zlf (8). The probability of a root mode is the sum of
its diagonal history probabilities. It is therefore Gy, g(u)/(1+ 2, (B)) for a positive root and
1/(1+ 2} (B)) at zero. This is probability pushforward under val,. The source-compatible
Hilbert map of Section 2 instead acts on amplitude vectors. The two constructions recover
the Gaussian weights in their respective probability and Hilbert formulations. The finite

phase extension remains confined to positive roots.
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For t > 0 define the heat trace and normalized correlation operator by

Zy(t) = Tre /2 (t) := ¢ (6.1)
b = ) Pb = Zb(t) . .
The spectral decomposition in Section 2.1 gives
o0 oo
Zy(t) =Y e Fnl2 o) = @ (t)Gom) (Dol (6.2)
n=0 n=0
where
eftEb,n/2
wb,n(t) = Zb(t) (6'3)

For every t > 0 the operator py(t) is positive and trace class with trace one. The
rank-one projections

Py := |Pvn)(Pvnl, n >0, (6.4)

form its spectral projective measurement and satisfy
o
Ton(t) >0, Y wn(t) =1, Pr(n) = Te(py(t) Pon) = whn(1)- (6.5)
n=0

Positivity and trace class follow from functional calculus and [1, Proposition 3.5]. Division
by the finite positive trace gives (6.5). Thus the spectral projective measurement of p(t)
has weights @y, , (t).
The zero mode and the positive natural-mode sector may be sampled separately. Put
e~ tEbn/2
ZF () == Zy(t) — 1, @y (1) = 0 n>1. (6.6)
b
This is the conditional distribution given a positive-energy outcome. Conditioning further
on the spectral-prime sector gives

ZP - 1B, p/2 > - e*tEb,p/2
T) = Y e e2 ol (1) = V0N (6.7)
up,p€Pp
Both sums converge for every t > 0. The first law ranges over every positive natural mode.
The second ranges only over the modes selected by composition irreducibility.
Conditioning on the prime subspace at the ultraviolet endpoint gives the normalized
law

Ab,p

Zub,q cPy Ab»q
This is the probability of the prime-mode outcome u, conditional on observing a prime

Pl (upyp | Py) = m]jp(b?) = (6.8)

mode. Uniform counting on the finite set of primes below a degree cutoff gives another
sampling rule. The two laws use the same prime modes with different weights and normal-
izations.

For x > 2 uniform sampling in the prime sector below degree x has capacity entropy
log mp(x). Here mp(x) counts the generated prime modes up to degree x. The full positive-
degree sector has capacity entropy log|z]. A window in logarithmic degree describes the
same counting cutoff after the change of coordinate x = €. The quadratic Neumann energy
instead determines the Gaussian sampling law in (6.7).
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6.2 Endpoint escorting and observable transport
Let
py Y = pp(b%),  ppt = py(b?). (6.9)
For n > 0 define the normalized power path by
(o V)"

pbm = W, <O>T7 = TI'(Opbm). (610)

The path joins the two endpoint states at n =1 and n = 7.

Theorem 6.1 (Endpoint escorting and response). The two finite correlation endpoints

satisfy
UV\7
IR (py ")
Py = - (6.11)
Tr(py V)"
The equivalent probability identities are
UV« IR UV\ "™
IR _ (wb,n) wb,n _ <wb7n > (6 12)
bn — UVh\r’ IR uv !
" > (@ )" @h,m “om

The same formulas hold after conditioning either on the positive-energy sector or on the
spectral-prime sector.
Every bounded self-adjoint spectral observable O = f(Ay) satisfies

Tr(O(pyV)™)

O)VR = ——72 6.13
< >IR Tl"(pgv)” ( )

Differentiation along the path (6.10) gives

d

%<O)77 = Cov,(0,log p;’V), (6.14)

and hence -
(O)m — (Ohov] < /1 \/Var,(0) Var,(log o) dn. (6.15)

All moments in these formulas are finite.

Proof. Functional calculus gives (pp V)" = e~ 4/2 /7, (B2)1. Normalization at n = =
proves the operator and probability identities. Restriction to either specified spectral sec-
tor gives the conditional laws. Evaluation against O yields (6.13). Differentiating its nor-
malized trace along the path gives (6.14). Gaussian decay controls every energy moment
locally uniformly for n > 0 and justifies differentiation. Cauchy—Schwarz and integration
from 1 to 7 give (6.15). O

For a probability vector p satisfying > j p? < 0o the map

&)= =", 1>0, (6.16)
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is the escort transformation of generalized statistical mechanics [13]. Root escorting fol-
lowed by the history lift leaves the conditional probabilities py(e) unchanged. On the
positive sector this follows from

Bonpe) = Enlgpp)(wpple),  u = valy(e).

Raising the full history probability to the power 1 would instead replace the conditional
law on each fibre by the normalization of py(e)?. The root deformation and the history
lift are therefore performed in the stated order. Their entropy is given by the conditional
decomposition in [1, equation (8.21)]. The root law satisfies

ot = (), (6.17)

so its exponent is the correlation-time ratio g /tyy = m. The covariance bound describes
how a commuting observable changes along this endpoint path.

6.3 Scale-independent mode law and prime conditioning

Set
2
@ = V21 —V2,  cqi= % — 4.135182382.. .. (6.18)
%
The identity Ay = bg, gives the mode law at a dimensionless scale ¢ = §b2.
tEb n 2 2 e_HCGnZ
—— = fcgn”?, Wpn(0b) = =———. 6.19
5 G b,n( ) ijo o—0cci? ( )

The distribution depends on b only through § = ¢/b?. The ultraviolet positive-mode ratios
are therefore

+ 2
M — o—cc(n®=1) (6.20)
wljjl(lﬂ)
The first values are
-+ + -
w § w w
b2 ~ 4.096 x 107°, "3~ 4.294 x 1071, Ml 21153 x 1077, (6.21)
Wp,1 W1 Wp,1

) ) )

Every component retains positive weight. The Gaussian factor orders the relative likeli-
hoods along the complete spectrum.
Spectral primes satisfy Fj, ), = p2Eb71 and hence

wZ?p(Hb2)

__—0bc 2_42
F ) e70ecP" =) (U, € Py). (6.22)

Relative probabilities within the prime sector are therefore determined by the same
quadratic energy law as on the full mode family.

The escort deformation orders the full mode family by correlation energy and hence
by degree magnitude. The comparison of cascade products with their factors is expressed
for positive integers m,n > 2 by

wb,mn(ebz)
@, m (0b%)wop 1 (002)

vag(m,n) = (623)
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Then

Dy g(m,n) = Zy(6b?)e~0cc(m?n®—m*=n?), (6.24)
Dbﬂ(m,n) Zb(ﬂ'b2) _( _1) G( 2,2 2 2)

) — s C m-n m n . 625
Dyi(m,n) — Zy(02) © (6.25)

These identities compare the Gaussian weight of a product degree with the weights of its
factors. Composition irreducibility supplies the prime selector used in (6.7). The energy
law then supplies the relative weights within that selected family.

6.4 Spectral entropy and information recovery

The generated operator and its scale determine a normalized spectral state. Let A be a
nonnegative operator with compact resolvent satisfying Tre~74 < oo for every v > 0. Put

Za(y)=Tre ™ pay=Zaly) e, Saly) =—Trpaylogpa,.  (6.26)

Here yA is dimensionless. The dimensional Neumann Laplacian uses 7 = ¢/2 and its
normalized square spectrum uses [ = yE 1.
Let (E); ==Y, @pn(t)Epy and define the spectral entropy

Sep(t) == =Y @i (t) log @y n(t). (6.27)

n=0

Differentiating the Gaussian partition function at ¢ > 0 gives

Clog Z4(t) = 5 {E)u (6.28)
d? 1
el log Zy(t) = 1 Var,(E), (6.29)
d 1
By = —5 Van(E) <0, (6.30)
Sep(t) = log Zy(t) + %<E>t, (6.31)
d t
2 Sep(t) = = Var(E) < 0. (6.32)

The Fisher information of the family wy(¢) with respect to ¢ is
2 1
T =Y wyn(t) (0 log wpn(t))” = 1 Vare(E), (6.33)
n

and hence —S{,(t) = tZ;.

The Gaussian spectrum permits termwise differentiation for every ¢ > 0. The loga-
rithmic derivative of Z; gives (6.28). Differentiating the Gibbs average gives (6.30) and
hence (6.29). Substitution of log @y, , = —tE}, /2 — log Zy gives the entropy formula and
its derivative. The identity O;logwp,, = —(Ey, — (E)¢)/2 proves (6.33). The identity
Tr py(t) = 1 expresses conservation of total probability. Equation (6.30) gives the accom-
panying monotone evolution of mean spectral energy.
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Under the hypotheses of (6.26) let A, be the distinct eigenvalues with multiplicities
m, and p, = mpe " /Z 4. Applying the same calculation with ~ as the parameter gives

Oylog Zay = —(A),, 0v(A) = — Var,, (A). (6.34)
Including the multiplicities in the entropy gives

Sa=H(p) + an logm, =log Z4 +~vTr(Apay), Sh(v) = —v VarpAw(A). (6.35)

n

The entropy tends to logmg as v — co. As v | 0 it tends to log D on a D-dimensional
carrier and to 400 on an infinite-dimensional carrier. Adding a scalar multiple of the
identity to A leaves the state and its entropy unchanged.

Each eigenvalue of the density matrix in shell n is p,/m,. Summing its entropy
gives the first identity. Trace class at 7/2 controls every polynomial spectral moment
at v and justifies differentiation and the variance identity. Shift the ground energy to
zero. For fixed 79 > 0 dominated convergence with the heat trace at vy gives Za(y) —
mo and yTr(Ae 1) — 0 as vy — oco. In finite dimension the state tends to I/D at
the other endpoint. In infinite dimension Z4(y) — oo and S4 > log Z4 for the shifted
nonnegative operator. Finally the scalar factor introduced by an energy shift cancels in
the normalization.

Uniform weights within a shell are fixed by invariance under all unitary changes of basis
in that shell. They also maximize entropy for prescribed shell probabilities with finite lifted
entropy. A conditional state o, in shell n satisfies S(o,) < logm,, with equality only for
I/m,,. Thus multiplicity contributes to state entropy through its probability weight. The
separate quantity Scap(K) = logrank 1|y g2)(A) is the maximum entropy on the retained
carrier whenever that carrier is nonempty. It measures the carrier’s capacity.

The spectral entropy and the spatial entropy in the de Bruijn identity belong to dif-
ferent probability laws. Gaussian convolution spreads a spatial density and increases its
entropy. Normalized spectral weights concentrate toward the zero mode as high energies
are suppressed. Their Shannon entropy therefore decreases.

Combining [1, Theorem 3.6] with the Gibbs identities (6.28)—(6.33) gives the two en-
tropy derivatives

d 1 d t

%Hpos,b(t) = §Ipos,b(t) >0, %Ssp(t) =7 Var,(F) <0. (6.36)
Both evolutions use the same heat semigroup. It acts on spatial densities in the first identity
and defines normalized mode weights in the second. The spatial Fisher information and
the spectral energy variance give the respective rates.

Endpoint probabilities also recover the generator gaps. For 0 < t; < ty the recovery

formula is

Whn(t2)/@pm(t2)
Eon — Epm = — 0 ’ ’ :
e T 8 B (h1) [ ()

Two normalized correlation states therefore determine all spectral energy gaps.

(6.37)
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6.5 Theta representation and controlled tails

With
w2t
the heat trace is
e ) —ap(t)
— —ap(t)n? _ I+ 193(076 b )
Zy(t) = n;)e b()n” — 5 : (6.39)

Jacobi’s identity [14]
93(0,e7%) = \/Zﬁg(o,e—WQ/a) (6.40)
relates the short- and long-scale heat traces. For every N > 1 one has
emoN?

0o
—an? —ax?
E < dr < . 6.41
n>Ne ; /N ‘ v 2aN ( )

This bounds the truncation error of the complete heat trace at each V.

6.6 Equivalence of Gaussian scales

For b,b’ > 0 define

(U )(d) = ;f(:,d’) . d eWy. (6.42)

Theorem 6.2 (Scale equivalence). The map Uy : Hy — Hy is unitary and satisfies

b 2
AyUpy = (b’) Uppr As, Ubp Do = Ot/ - (6.43)

For every 8 > 0 one has

Py (06 Upy = Uy py(66°). (6.44)

The analytic lifts identify uy, , with wy , and induce a Peano-semiring isomorphism U, =
Uy . Their restrictions to the composition-irreducible modes also identify the corresponding
prime subspaces and their two Fock functors.

Proof. A change of variables proves unitarity. Differentiation gives the generator relation.
Functional calculus then intertwines the heat operators at equal dimensionless scale. Equal-
ity of their traces proves (6.44). The explicit cosine formulas give the component identity.
The induced map on analytic modes sends up, 5, to uy , and preserves degree together with
modulation and cascade. It therefore preserves irreducibility and extends to the symmetric
and antisymmetric Fock spaces. O
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6.7 Normalized decomposition flow and endpoint compatibility

On the degree-one space put
Ry = A}farhcb’l, ZSBC(B, T) = Tri, , e AH—TRy
and define the normalized state for § > 0 and 7 > 0 by

e—BHy—TRy

dec I
W G

The two generators strongly commute by (3.78).

(6.45)

(6.46)

Theorem 6.3 (Normalized localization and joint response). The normalized state satisfies

the following properties for every § > 0 and 7 > 0.

(i) The mean decomposition response decreases monotonically.

Orlog Zy*(8,7) = —(Rb)s,r.
67<Rb>[7’,’r = _VarB,T(Rb) <0.

(ii) Let
PPre— Aty
1y
pb,P(/B) : TI'(PEre_BHb) .
Then pec(B,7) converges in trace norm to ppp(8) as T — oo. With

Zp(B):= Y e Pl Ze(g) = Y0 e

TE€Py n>2
n composite

the quantitative bound is

Zo(B)
Zp(B)

[ote<(8,7) = pp(8), <2¢

(iii) The joint response of the same state satisfies

> 0.

V?ﬁﬂ_) log dec(ﬁ, T) — ( Varﬂ,T(Hb) COVB,T(Hbbe)>

COV@T(Hb,Rb) Val"gﬂ-(Rb)

For a >0 and ¢ > 0 put G, := aHy + cRy and

e—sGa,c

pa,c(s) : s> 0.

" Tre 5Gac’
Then

a
ds
d

_ = — <
dSS(pM(s)) s Varg(Gae) <0,

<Ga,c>s - _Vars(Ga,c) < 07
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where S(p) := —Tr(plog p).

Let mc(B,7) be the total probability of the composite modes in p;}ec(ﬁ,v'). Its odds
satisfy the decay bound

mC(B7T) < o T mC(ﬁao)

L—mc(B,m) = 1T-me(B,0) (659

Correlation energy and decomposition response form a joint directed flow. The positive
integer decomposition gap removes composite mass at least exponentially in 7.

Proof. The operators Hp and R} strongly commute and are diagonal in the natural-mode
basis. Thus Z{}ec = > e=An?=T(d(n)-2), Every required moment is locally uniformly
summable for # > 0 and 7 > 0 because d(n) —2 < n and Gaussian decay controls
polynomial factors. Termwise differentiation gives (i). The first derivatives of log Zl‘}ec are
—(Hp) and —(Ry). Differentiating again gives the covariance matrix in (6.52). Its quadratic
form at (x,y) is Var(zHp + yRyp) and is therefore nonnegative.

Along (8,7) = s(a,c) apply (6.34) and (6.35) to G4 They give the energy and
entropy derivatives in (iii).

Write

B(f)= Y e frimrdm=) (6.57)

n>2
n composite

The positive integer gap d(n) — 2 > 1 gives B,(8) < e "By(f) = e "Zc(B). Thus Z;}ec =
Zp+ B;. The prime block loses mass B;/(Zp + B;) relative to the conditioned prime state
and the composite block has exactly that mass. Orthogonality of the blocks makes their
two contributions add to the trace-norm bound in (ii). Finally mc/(1 — mc) = B./Zp
proves (6.56) from the same gap estimate. O

For n > 0 and a positive trace-one operator p satisfying 0 < Trp”7 < oo define
Escy(p) := p7/ Trp". On spectral states commuting with P define Hodge conditioning
by

PP pP>
Hd = b =b 6.58
gb(p) TI'(Pé)rp) ( )
Functional calculus gives the following identity whenever the denominator is nonzero.
Hdg,,(Esc,(p)) = Esc,(Hdgy(p)) - (6.59)
With ¢g from (6.18) the diagram
PR, 0) = (e, 0)
Hdgbl lHdgb (6.60)

Escr
prp(ca) —= pyp(mca)

is a commutative square. One obtains the same prime-conditioned infrared state by con-
ditioning before or after escort transport. Hodge-flow convergence gives these conditional
states as trace-norm limits.
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The scale equivalence of Theorem 6.2 induces the analytic basis unitary Vjyup, =
uy - 1t lifts to the bar Hilbert spaces by

Upplut] - ur] :== Vopur]| - [Vopruy). (6.61)
Preservation of cascade and degree implies
Ub,b’db = db/Ub,b’, U@zﬂA?ar = Alb)/arﬁb,b/, Ub,b’ Hy, = Hb’Ub,b“ (6.62)

The Hodge projector and normalized decomposition flow are consequently invariant under
changes of b. So are the spectral gap and convergence rate.

6.8 Joint additive and decomposition response

The joint trace weights each additive pair by its total Gaussian energy, its transverse
response and the decomposition attenuation of both inputs. At fixed attenuation, the
infrared-to-ultraviolet ratio measures the fraction retained between the permanent end-
points. Setting the attenuation equal to this ratio gives a scalar fixed-point equation. The
first contributing fibre bounds its denominator from below; Gaussian decay controls the
higher fibres and the derivative of the ratio.

The fixed-sum input. Let Elj be the positive natural-mode Hilbert space. Multiplica-
tive occupation vectors define a compact character action. Addition acts on two-input
fibres

Fo i =span{|m)p @ |k —m)p : 1 <m <k —1}.

The normalized merge has a one-dimensional longitudinal range in every fibre. Its orthog-
onal complement retains the relative two-input data erased by scalar addition. The fibre
dimension and the squared coefficient of each input pair in the normalized longitudinal

vector satisfy
1
Crpk) Erp(k) = (k= 1) — =1.
The multiplicative character and additive transverse quotient remain available together
with the Gaussian UV/IR response before scalar compression.
Equation (4.16) obtains this input space from the complete additive-root histories.
Occupation and decomposition operators act on the child values, while the transverse

compression retains their relative directions.

6.9 Diagonal full-spectrum closure

The endpoint closure is defined directly on these carriers. Let

rp(n) := n>1, (6.63)

0, n =1 or n is prime,
d(n) —2, n is composite,

be the transported degree-one decomposition response. On the fixed-sum fibre indexed by
k > 3 put

g = 2m(k —m) (1 _ 2 ) + (k2 _1;) 1<m<k-1 (6.64)

— 57 —



These coefficients are the diagonal weights of the positive transverse compression on each
fixed-sum fibre. Equation (4.64) gives the compression matrix and equation (B.62) com-
putes its diagonal entries. Summing the fibres gives the complete response

.y e~ TIom) 7 (b)), (6.65)

1
hE
)

H+,b(/87 T) :

The two-leg source embedding (QMs*)* @ (QP')* is an isometry. Conjugating a positive
value-input operator by this embedding preserves its nonzero spectrum and trace. Thus
the response in (6.65) is also its trace on the source-weighted two-history subspace. It
retains the same weights ay, ,,, without a history multiplicity factor.

Here 7 controls decomposition attenuation and § controls the Gaussian observation
scale. The permanent correlation endpoints give the dimensionless parameters

71'2

Buv == W—_\/Q)T BIr = TBuv. (6-66)

Their numerical values are
Buv = 4.1351823821 ..., Br = 12.9910585929. ...
Their full-spectrum retention map is

Iy (PR, K)
Pulr) = I s (Buv, k)’

Definition 6.4 (Diagonal self-consistency). For an input attenuation 7, evaluate the joint

0<rk<I. (6.67)

response at the two permanent endpoints and use their retention ratio as the attenuation
in the next evaluation. The diagonal continuation law Cgiag identifies a stationary input
with this returned value. A state satisfying this condition has 7 = k and x = Ry(k). The
diagonal continuation law acts on the response constructed over the generated arithmetic
carrier and uses the spectral coefficients of that response.

Theorem 6.5 (Full-spectrum endpoint closure under diagonal self-consistency). The series
(6.65) is finite and strictly positive. It converges locally uniformly for 5 > 0 and T > 0.
The map (6.67) sends [0,1] into (0,1) and satisfies

sup |9, (k)| < 8.70 x 10747, (6.68)

0<k<L1

The self-consistency equation

Kk = Rp(k) (6.69)

has a unique solution kj € (0,1). It is invariant under every scale equivalence b — b’ and
lies in the certified interval

2.429273782017158 x 1073 < K} < 2.429273782017160 x 1073, (6.70)

For this endpoint response Definition 6.4 therefore determines a single stable retention
capacity from the complete additive—decomposition spectrum.

— H8 —



Proof. The operator representation and the local uniform convergence of the full series
are established in Theorem B.8. The derivative identity and the £ = 3 lower contribution
together with the positive-series majorants appear in (B.64)— (B.66) and are proved in Ap-
pendix B. They give the displayed contraction estimate. Banach’s fixed-point theorem then
gives a unique stable solution. All quantities in the defining response are dimensionless.
The solution is therefore unchanged by b+ b'.

The interval in (6.70) follows from the finite evaluation together with the iteration
estimate (B.69) and the Gaussian tail estimate (B.77). These errors are combined in the
outward-rounded enclosure (B.79). O

Proposition 6.6 (Leading-shell form of the diagonal closure). Set

o

1 k(k+1)(k—2

to = e—g(ﬁnvrﬁuv)7 a(B) == ZZ (k + ?2( )efﬁ(szg). (6.71)

k=4

The following bounds hold uniformly for 0 < x < 1.

to
— = <% <to(l . 6.72
T+ alBoy) = b(k) < to(1+ a(fr)) (6.72)
They imply
R
sup | 20l%) _ 1’ <8948 x 1071, [} — 9(0)] < 2.12x 1075 (6.73)
0<k<1| Yo

Thus the k = 3 shell fixes the scale of the endpoint retention. The higher shells give the
displayed uniform relative correction. The remaining dependence on the feedback coordinate
1s smaller still at the fixed point.

Proof. The k = 3 fibre has zero decomposition response and contributes 4e~??. The exact
—Iihk,m

transverse trace (4.65) and positivity together with e <1 give

Ly (8, k) =4e P (1 +d5(k)),  0<d5(k) < alB).

Taking the ratio at fig and Syy proves (6.72). The tail starts at k > 4 so (B.65) gives
1

a(B) < ZB<ﬁ)

The certified bounds in (B.67) therefore give a(Byy) < 8.9475 x 107! and a(Br) <
1.06975 x 10739, This proves the first estimate in (6.73). The second is (B.80). O

The small fixed-point value comes from the endpoint separation and the lowest con-
tributing energy, k% = 9. Higher fibres change this leading scale by less than 8.948 x 10~13
in relative value; the contraction estimate separately controls feedback. Taking this scalar
trace leaves the occupation and additive carriers intact: compact-charge readout recovers
their diagonal occupation coefficients, and each fixed-sum fibre retains its longitudinal line
and transverse quotient.

Appendix B also decomposes the endpoint state into the multiplicative vacuum, prime-
power axes and their orthogonal complement. Theorem B.9 gives the resulting trace budget,
and Theorem B.9 gives its entropy decomposition.
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7 Representation-fibre interfaces

The constructions retain root modes and their weighted expression fibres. A representation
lift assigns coefficient capacity to that root. We compare compact Laplace realizations of
the quadratic root energy and square coefficient capacity. Reproducing both sequences
fixes the Weyl exponent; the exact spherical and central-sign statements use the realization
classes specified below.

7.1 Value data and shell capacity

For a positive mode u = wuy, the normalized correlation eigenvalue is n?. The source

readout Q};ib‘t recovers |u)p from its source-weighted history line. A representation-fibre lift

assigns the coefficient space
Fp = End(Cy),  dimF, =n?

with the response-compatibility law of Appendix C. Thus the same square coordinate
supplies the root energy and the capacity of this specified lift. In a basis of Cj' the n?
matrix units count the independent coefficient directions. The response acts on this entire
coeflicient fibre according to the stated compatibility law.

These capacities count different objects. The Neumann eigenspace has rank one, the
root phase group has order n, the expression and expression—phase fibres have cardinal-

2. Recursive probability

ities h,, and nh,, and the representation fibre has dimension n
normalizes each history fibre to its root mass. Representation capacity counts coefficient
directions over that root.

Suppose a complete compact Laplace realization reproduces the square-energy coor-
dinate and square capacity, with the finite initial exceptions allowed in Definition C.2.
Summing the shell capacities gives an eigenvalue count of order A2, Weyl’s law then

gives dimension three (Proposition C.3).

7.2 Projective and central-sign realizations

Within the round spherical affine energy—capacity class the exact shell identity selects the
three-spherical parent and its antipodal projective compression. The proofs in Appen-
dices C and D retain the normalization and multiplicities of the Laplace spectrum together
with the acting groups. The scalar/traceless splitting of a coefficient fibre is invariant un-
der diagonal conjugation. Each summand remains in that fibre’s Laplace eigenspace. This
includes its scalar matrix direction.

The resulting three-dimensional rotation group has the double cover Spin(3) = SU(2).
Requiring its nontrivial central element to act by a negative sign selects the two-dimensional
half-spin module of smallest positive dimension (Theorem E.1). Its restriction to the centre
has the same nontrivial character as the Gaussian half-step of Section 5.4. The prime-
natural occupation lift carries that character to the exterior grading. These are intertwining
statements on their specified spaces.

Figure 5 compares the two central actions.
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End(Cy) capacity
Weyl dimension d = 3

generated radial coordinate

n2

one state per index

exact S° realization

> energy n? — 1

capacity n?

Gaussian half-step
Ug@2r) = —I
Section 5.4

antipodal compression
qg = 1,3,5,...
X3 =~ RP?

Y

Spin(3) — SO(3)

minimal centre-sensitive lift

i =3

common one-dimensional
central character
e(=I) = -1, S|z, 2 ede

Y

prime-natural nontrivial lift
Hep @ ¢, Vo = -1

Y

exterior second quantization
La(Vo)[ar = (=1)"[

The Gaussian and projective half-spin routes agree on the central character.
Their full metaplectic and SU(2) representations remain distinct.

Figure 5. The Gaussian central sign and its projective geometric continuation. The radial square
spectrum has one state per index. A response-compatible square-capacity lift has three-dimensional
Weyl growth. Exact affine classification in the round spherical class identifies the three-spherical
parent. Antipodal compression and the minimal centre-sensitive rotational lift provide the geometric
route. The Gaussian half-step supplies the same central character directly. Prime-permutation
naturality and the nontrivial-character condition select its uniform action on the prime space.

Exterior second quantization gives the occupation sign. The half-spin module restricts to two

copies of the character. The arithmetic lift uses one copy per prime direction.
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The geometric construction uses the root square spectrum and representation capacity;
the Gaussian construction uses the first-order factorization of the correlation profile. Their
restrictions to the centre agree, with full actions and multiplicities as defined in each
construction. The symmetric-power identification (E.7) realizes a fixed-sum input fibre as
a normalized monomial space on the minimal two-dimensional module.

8 Conclusion

The cascade-irreducible modes give the prime family. Their residue classes form the aug-
mentation cotangent basis, and the corresponding one-word vectors span the degree-one
harmonic subspace of the decomposition complex. The unit gap on the composite sector
gives sharp heat and resolvent approximations to their projection. Gaussian weighting
makes the corresponding trace errors summable on the complete mode family.

Both symmetric and exterior occupation retain logarithmic energy and evaluated
quadratic energy. The first gives Euler traces; the second retains the source Gaussian
response. Symmetric occupation carries Liouville parity, while exterior square-free occupa-
tion gives the Mobius sign. The adjoint of conditional readout embeds the value space into
history space. Under this embedding, the prime projection selects one source-weighted
line at each prime root. The full prime-root event also contains the orthogonal history
differences.

The faithful additive extension retains ordered inputs, with transverse fixed-sum di-
rections recording the information lost by scalar addition. Its charge defect relates input
Liouville parity to output parity. Common-factor coordinates retain a shared multiplica-
tive scale and primitive coprime legs. Prime-direction transfer, square-divisor identities and
Mellin transformation relate the signed responses while preserving the unit mode, cutoff
boundaries and Gaussian scale dilations.

Combining additive and decomposition responses defines the endpoint map. Under di-
agonal self-consistency it has a unique stable fixed point. Its small magnitude is determined
by the endpoint separation and the first contributing energy; the higher-shell correction
and feedback are bounded separately. The interval enclosure includes the infinite tail and
the iteration error, rather than only the finite numerical sum.

For representation fibres, realizing square energy and quadratic capacity as one com-
pact Laplace spectrum gives counting exponent 3/2 and hence dimension three. Affine
energy—capacity compatibility in the round spherical class identifies the three-spherical
parent and its antipodal projective compression. The central-sign condition selects the
minimal half-spin module in the stated representation class.

The counting applications recover Bertrand’s theorem, the prime-number asymptotic
and square-free sign densities in this carrier. Their boundary and summation arguments
use the occupation traces with the same arithmetic normalization as the decomposition
and additive operators.
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A Further representation extensions

These representations use the arithmetic value obtained from the expression source. Com-
posing their value-basis maps with (Q};i“)* embeds them in the source-weighted history
subspace. Their scalar and group-completion formulas are those of the value carrier.

The group completion admits bilateral Fourier characters. Logarithmic characters
diagonalize multiplicative change. These two representations lead to a positive correlation
kernel on the natural-mode semigroup.

A.1 Bilateral Fourier representation of the group completion

For Z = [u,v] € Z put
ky(Z) := degy(u) — degy(v) € Z (A1)

and define
xz(0) = eFe(£)0, 6 €10, 2m). (A.2)
By [1, Theorem 12.1](i) the map kp is additive and injective. Thus Z +— xz embeds
(Zy, +) into the character group of T. The characters satisfy the usual orthogonality relation
1 2m
o | xz(@)xw(0)dd = ozw. (A.3)
T Jo

The linear extension of this embedding is the standard bilateral Fourier transform in the
intrinsic degree coordinate.

A.2 Logarithmic change characters

For positive natural modes define

xt(u) = eitlogdess(w) teR. (A.4)
Then
Xe(u by v) = xi(u)xi(v). (A.5)
The long-time mean of logarithmic characters at positive natural modes u, v satisfies
1 (T
lim — dt = 0y - A.
Jim 5z [ et d = s, (A6)

The integrand is one when u = v. Otherwise put w = log(deg, u/ deg, v) # 0. The average
equals sin(Tw)/(Tw) and tends to zero.

For distinct prime modes 71, ..., g the numbers log deg,(;) are linearly independent
over Z. An integer relation exponentiates to an equality between two prime factorizations.
It follows that

t— (xe(m), ... xe(7K)) (A7)
is equidistributed on TX. The time average of every nonconstant torus character is
sin(Tw)/(Tw) with w # 0. Density of trigonometric polynomials in C(TX) extends this
equality of limiting averages to every continuous function. This strengthens (A.6) from
pairwise characters to every finite prime-coordinate cylinder.
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A.3 Positive correlations on the natural-mode semigroup
Let a : Z/{b+ — C have finite support and define the two-variable correlation kernel
Co(u,v) = Z a(w Ky u)a(w Xy v), (A.8)
weugL

where absent coefficients are read as zero.

For positive modes uyq,...,uy and coefficients cy,...,cy regrouping the finite sum
gives
N N 2
Z cicr Coluj, ug) = Z Z (w By uj)| >0. (A.9)
Jk=1 wel [7=1

C, is the Gram kernel of the translated coefficient vectors. Its two-variable form supplies
the Hermitian symmetry required for arbitrary complex coefficients.

A.4 Kernel dependence

The algebraic semiring proof uses the monomial analytic lift 2. A different correlation law
changes the endpoint window and spectral generator before any analytic lift is chosen. If
its oriented spectrum admits the same monomial realization then the modulation—cascade
semiring persists together with its internally defined irreducibles and occupation represen-
tations. The results use the Gaussian analytic class and are invariant under changes of its
scale b.

B Joint-response identities and estimates

The two-leg source embedding V5 of (4.15) preserves positive trace-class responses:
Tr(VoTVy) = TrT. Thus the residual traces have the same normalization on the
value-input and source subspaces. On each fixed-sum fibre the additive projections and
decomposition response have a commutator determined by the variation of decomposition
energy. Their joint traces give the full-spectrum capacity of Section 6.8. The spatial kernel
and compact charge response reconstruct the same endpoint residual operator.

B.1 Channel curvature and Wilson holonomy

The two-input decomposition response is diagonal on F . We write
HSClm, k —m)y = hymlm, k —m)y, g = p(m) +7p(k —m),
where 7}, is the transported one-input response in Section 6.8 and satisfies 75(1) = 0.
Theorem B.1 (Additive-multiplicative curvature). On the fized-sum fibre Fy ) define
Q= [HySE, PLY) = —[HyE, PR, (B.1)
In the ordered basis e, = |m, k —m)y its entries and Hilbert-Schmidt norm satisfy

hk,m - hk,n

e (B.2)

<€m7 Qb,ken> =
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and
= = 2
Willfe=2|—— he o - —— h . B.
|| b,kz”HS kE—1 mz::l k,m (k‘ ] mz::l k,m) ( 3)

The identity y ;, = 0 holds if and only if the decomposition response is constant across the
complete fized-sum fibre. The first nonflat fibre is k =5 and gives

1
(hs5,1, hs,2, b3, hs.4) = (1,0,0,1), [ 3 (B.4)
For every B > 0 the full Gaussian curvature response
> 2
G(B) =Y e | kllfs (B.5)
k=3

is finite and strictly positive. It is invariant under the scale equivalences b b'.

Proof. The operator HI?ZC is diagonal with entries hy, ,,. Every matrix entry of ng) equals
(k —1)~!. Their commutator therefore gives (B.2). Summing its squared matrix entries
yields

=
2
o12 > Mk — han)’,

m,n=1
which is exactly (B.3). The vanishing criterion follows from vanishing of a finite variance.
The values in (B.4) follow from 7(1) = 7(2) = 7(3) = 7(5) = 0 and 7(4) = d(4) —
2 = 1. The bound 0 < hy,,, < k gives |Qxl?s < 2k% and hence convergence of the
Gaussian series. Its k = 5 term proves strict positivity. Both hj ,, and the dimensionless
Gaussian exponent are preserved by the canonical scale equivalences. This proves scale
invariance. 0

The reciprocal normalization (4.63) remains exact on fibres with nonzero curvature.
Vanishing of (), ;, means that the decomposition response preserves the additive longitudinal
and transverse subspaces separately.

The curvature has a closed-path realization. For u,v € R put

dec

Hol,, k(u’ U) — 6iUHb’k eing@) e—iqukae_ivPék) . (BG)
This unitary holonomy is formed from the two channel operations. Its expansion is
Holp . (u,v) =1 —uv Qpp, + O(|u\2|v| + |u|\v|2) as (u,v) — (0,0). (B.7)

The k = 5 loop has nontrivial holonomy when u and v are both sufficiently small and
nonzero. A common unitary change of basis conjugates both generators and their holonomy.
The trace and spectrum of the holonomy are therefore unchanged.

The complete holonomy trace is explicit. Put di := k — 1 and define the normalized
decomposition characteristic function

d

1 A

X,k (1) = & Z efuhim, (B.8)
m=
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Theorem B.2 (Gaussian Wilson generating function). For every k > 3 and u,v € R one
has

dj — Tr Holy 4 (u, v) = 4sian (1= |xos(u)?) > 0. (B.9)
On the first nonflat fibre this becomes

4 — TrHoly 5(u,v) = 4sin2% sin2%. (B.10)

The full Gaussian Wilson response

Wy, (5 u,v) := Z e P [di, — Tr Holp, 1, (u, v)] (B.11)
k=3

converges absolutely and locally uniformly for > 0. It is nonnegative and satisfies

Wy (5;u,v) > 4258 sinQ% sin2§. (B.12)
For Rs > 1 its Mellin transform is the joint Dirichlet generator
00 > 2
1—
/0 B985 u,v) dB = 4F(§) sian 3 W (B.13)

This generating function records the additive fized-sum geometry and multiplicative decom-
position data together with the Gaussian scale flow.

Proof. Let P = Pék) and P, = eUHLE e~ HE  The rank-one identities for P and P,
give
ePu — 14 (ei” - 1)P,, e P — 14 (e_i” —1)P.

Moreover Tr(P,P) = |xp(u)>. Multiplication and taking the trace give (B.9). At k=5
the identity xp5(u) = (1 + €™)/2 proves (B.10). Since 0 < 1 — |ypx(u)]?> < 1 Gaussian
domination proves absolute local uniform convergence. Retaining the & = 5 term gives
(B.12). Termwise Mellin integration is justified for #s > 1 by the same domination and

> 5/2—1 —Bk> _ s —s
/O 35/2=1=BK g3 r(2) ks,
This proves (B.13). O

B.2 Hodge transfer and additive entropy

The Hodge flow sends part of a longitudinal state into the transverse space whenever the
decomposition response varies within the fibre. For 7 > 0 put

ko1
— ec 1
spk(r) = (v e R vy ) = 1 D e, (B.14)
m=1
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Theorem B.3 (Longitudinal Hodge transfer and transverse defect). For every k > 3 and
7 >0 one has

ec

PP~ P = g (1) PP, (B.15)

whereas the exact transverse leakage of the normalized longitudinal state is

ec 2
Db,k(T) = HP/Z(—vk)e_THgvk vb’kH
= sp,1(27) — sp,(7)% = Vari<peg (e 7m) > 0. (B.16)

For 7 > 0 it is positive exactly when the additive-multiplicative curvature is nonzero. On
the first nonflat fibre

1—e 7 2
0p,5(7) = Sl 1 L, (B.17)
Let
g(k) =#{1<m<k—-1:7(m)="y(k—m)=0}. (B.18)
Then the complete Hodge localization is
. (k) . _ gv(k) gv(k)
S s () =3 B () = (- ) (B-19)
For 8,7 > 0 the full joint defect
Dp(B,7) := ZefﬁkQDb,k(T) (B.20)
k=3
18 finite and satisfies the strict internal lower bound
1
Dp(B, 1) > 167255(1 —e )2 >0. (B.21)

Proof. The first identity follows because Pék) is the rank-one projector onto vy, ;. Pythago-
ras gives

dec

k) — dec _ dec _
HP} Je~mHb opil|? = (Op gy e 2R vy 1) — [(vp g, €0k vy )2,

which is (B.16). A finite variance vanishes exactly when its entries are constant. Because
x +— e " is injective for 7 > 0 this is equivalent to €3 = 0. The k = 5 formula is
immediate from (hs ) = (1,0,0,1). In the limit 7 — oo precisely the terms with hy, , = 0
survive. Nonnegativity of the two one-leg responses makes this equivalent to the two
simultaneous zero-mode conditions in (B.18). Gaussian domination proves convergence of
(B.20). Its k = 5 term proves the strict lower bound. O

Orthogonal blocks satisfy the entropy identity

S @pjffj Z—ijlogpj+zpj5(0’j), (B.22)
J J J
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where each o; has unit trace on its support. The identity follows by writing each block
eigenvalue as p;A in —Tr(plogp). All terms are finite for these Gaussian states by
Lemma 3.4.

Define the additive channel state by

2
e BNY

P+,b(ﬁ) = Z.y(B)’

Zip(B) = Tre PN =3 (k- 1), (B.23)
k=2

Its weight depends only on the total output degree k. Thus all internal prime-charge
realizations in the same fixed-sum fibre couple with the same coefficient.

The same state also has a coherent longitudinal-transverse resolution. Its two partition
functions and fractions are

Zo() = Tr(Pre ™) = Ze—ﬂ“, ZralB) = e (Pre ) = 32— 20,

k=3
(B.24)

(B.25)
For X € {L,T} let px(8) := Pxe N /Zx 4(B)
Grouping inputs by their sum measures the information within each fixed-sum fibre.

Resolving the longitudinal line and its orthogonal complement gives a different decompo-
sition of the same state. Both entropy formulas follow from (B.22).

Theorem B.4 (Additive entropy under output and transverse resolution). (i) Let

(k—1)e P
= k>2 B.26
Then
S(p4p(8) == pok(B)logpsi(B) + Y poi(B)log(k — 1). (B.27)
k>2 k>2

Let (M, N) denote the ordered input pair and put K = M + N. The equivalent Shannon
identities are

H(M,N)=H(K)+ H(M,N | K), H(M,N |K)=H(4+(M,N),e(M,N) | K).
(B.28)
The compact prime-charge description and the ordered natural-mode description have the
same input entropy. The second term in (B.27) is the conditional information carried by
the fixed-sum fibre and compressed by the one-output addition map.
(ii) For every > 0 one has

Qrp(B) + Qrp(B) =1, Qrp(B), Qrp(B) >0, (B.29)

and
S(p+p) = ha(Qrp) + QrpS(pLp) + QrpS(ors), (B.30)
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where ha(x) := —xlogax — (1 — z)log(1l — ). On each fibre with k > 3 this gives

log(k—l)—h2<ki1> +::flog<k—2). (B.31)

The transverse fraction is therefore a strictly positive component of every finite Gaussian

endpoint state.

Proof. Apply (B.22) with o}, = Ix, , /(k—1) and weights pp . The sum K is a deterministic
function of (M, N'). Thus the first equality in (B.28) is the Shannon chain rule. Theorem 4.4
gives a bijection at fixed K between ordered pairs and admissible defect—orientation labels.
This proves the second equality. Unique occupation factorization is a bijection between a
natural mode and its prime-charge vector and therefore preserves entropy.

The partition identities follow from dim P™ 7, , = 1 and dim P\ F, ,, = k — 2. Both
sums are strictly positive and Z, , = Zr, + Z7. Since Pr, and Pr commute with N the
state is block diagonal. Equation (B.22) gives (B.30). Equation (B.31) is its specialization
for Iz, /(k—1). Its longitudinal and transverse weights are 1/(k —1) and (k —2)/(k — 1).

O

The defect identity also measures information lost under generated compression. Sup-
pose a discrete generated label X is mapped deterministically to an output Y and a residual
label M such that (Y, M) recovers X. Whenever H(X) < oo the entropy satisfies

H(X)=H(Y,M)=H(Y)+H(M|Y). (B.32)

The encoding is a bijection onto its image. The last equality is the chain rule. Discarding
the residual loses H(M | Y'). Replacing this conditional entropy by H (M) adds the mutual
information I(Y’; M) to the joint entropy. The additive defect and orientation labels give
an instance in which the residual is generated by the same operation as the output.

For the rank-two response impose tensor multiplicativity on survival. If y € [0,1] is
the longitudinal fraction and S, (y) the survival fraction of an r-leg transverse carrier then
the rule is

Siy)=1-y,  Sw®) =SS (y) (rr'=1). (B.33)
Induction gives
Sr(y) = (L —y)". (B.34)
The identity dy/ds = y(1 —y) for s = log(y/(1 — y)) gives the response per leg

_1dS,

r ds

B, (y) == =y(l—-y)" (B.35)

Its derivative is (1 —y)"~![1 — (r + 1)y]. Hence its unique maximum is r"/(r + 1)"*! at
y=1/(r+1). For the two additive input legs this gives

B(y) == Ba(y) = y(1 — y)*. (B.36)
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By (B.35) the function B is half the loss rate of the squared transverse fraction along the
log-odds flow. For the Gaussian sector probabilities it becomes

Brrp(B) == BQp(B)) = QLp(8)276(8)*. (B.37)
Its maximizer and value are determined by the spectral probabilities.

Theorem B.5 (Rank-two longitudinal-transverse balance). The longitudinal fraction
Qpp(B) is strictly increasing on (0,00) and satisfies

Qup(B) ~ /T8 (BLO),  Qup(B) — 1 (B— o). (B.38)
There is therefore a unique Br,« > 0 such that
1 4
Qro(Bry) = 3 max Qrp(B)Qrp(8)? = o7 (B.39)

The balancing parameter is dimensionless and scale itnvariant. Monotone evaluation gives
Br« = 0.0361234412094753 . . .. (B.40)

Proof. Let Ej, denote expectation with weights proportional to e PR Let E. denote
expectation with weights proportional to (k — 1)e‘5k2. Logarithmic differentiation gives

COVL(]CQ, k— 1)

log 21,4(8) = E4 [k*] —Er[k?] = Epk—1]

d
a8 > 0, (B.41)

because k? and k — 1 are strictly increasing on k > 2. Gaussian sum-integral comparison

gives Zp,(8) ~ /7/(2y/B) and Z; ,(8) ~ 1/(28) as B | 0. This proves the first limit.
The k£ = 2 term is the unique lowest shell and proves the second. The intermediate-value
theorem and strict monotonicity give a unique point where the fraction is 1/3. The r = 2
extremum calculated in (B.35) gives the maximum 4/27. Monotone bisection of the two
positive Gaussian series with their integral tail bounds gives (B.40). O

B.3 Free-energy balance and exchange sectors

The connected response also gives a direct entropy—energy comparison. Let
2

Zop(B) =Y e . (B.42)

n>1

—B(NZ+N3)

Po,b(ﬁ) = T(ma

Relative entropy compares the connected and disconnected states through the following
identities for every 8 > 0.

Do o) ms(3)) = 108 7%~ 5Te(p s 1) 2 0, (B.43)

S(p4p(B)) =log Z4 5(B) + BTr(p4(B)NT),

d

355 (P+a(B) = =B Var, ,5)(NF) < 0. (B.44)
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Equation (4.47) gives N2 = N7 + N3 + K, ;. Substitution into the definition of relative
entropy proves (B.43). Positivity of relative entropy gives the inequality. The Gibbs entropy
formula and differentiation give (B.44). The ordered two-input carrier has a canonical finite
twist given by exchange of its two legs. Define

Sio([m)s @ [n%s) = ) ® [m)s, P = %(1 +5y). (B.45)

Theorem B.6 (Two-leg exchange sectors). The exchange involution commutes with N
and K j as well as Pr, and Pr. It also satisfies

Ay ¥ =4y,  P_<Pr (B.46)

On every fized-sum fibre one has

PrFyp = P_Fo 1 @ (PyFor © Copp) (B.47)
with
k kE—1
dim P, Fy o = {2J , dim P_Fy, = LQJ . (B.48)

In particular PrFyo = 0 and PrFy,3 = P_Fy 3 is the first nonzero transverse sector. The
two-input additive carrier therefore contains both an exchange-untwisted relative response
and an exchange-twisted response. The normalized merge removes the common longitudinal
line.

Proof. The total degree and connected Gaussian response are symmetric in the two legs.
Exchange invariance of the uniform fibre vector v, ;, implies that its rank-one projector Pék)
commutes with ¥12. The same holds for P}k). The merge identity in (B.46) shows that
every exchange-antisymmetric vector lies in its kernel and hence in the transverse space.
Removing the invariant line Cuvp, ), from the symmetric sector gives (B.47). Exchange pairs
m with k& —m. There is one fixed pair exactly when k is even. Counting the symmetric
and antisymmetric combinations gives (B.48) and the two threshold statements. O

The two smallest fixed-sum fibres determine the minimal nontrivial additive threshold.
The k = 2 fibre is one-dimensional and entirely longitudinal. Hence P:(F2) =0. The k =3
fibre is the first with a nonzero transverse direction and satisfies

dm PP Fs=1, Tr KT, =4. (B.49)

P Fy 5

Thus three is the first fixed sum supporting a transverse direction. The calculation depends
only on the dimension of the additive fibre.

B.4 Prime and transverse overlap

Let ﬁb be the nonnegative degree-one decomposition response transported from Ry, in (6.45)
and extended by Rp|1), = 0. The complete additive response kernel

Ki,b(ﬁ, T) := Pprexp [—BN_?_ — T(ﬁb RI+IR® ﬁb) Pr>=0 (B.50)
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is trace class for § > 0 and uses the full two-input spectrum.
Let
P = 140y (Ro) — [1)o(1]p (B.51)

be the transported Hodge prime projector on E;. The subtraction removes the separately
adjoined unit mode. The response Ry vanishes on that mode by definition. For w € P let
P,  denote its rank-one summand. Define the collective prime-to-transverse overlap map

JPrt = Pr(PP @ PP). (B.52)
Theorem B.7 (Prime-zero-mode and additive-transverse overlap). For > 0 the operator
B H(B) = (KT ) /2Pt e AT /2 (B.53)
is Hilbert-Schmidt. Its squared norm
OF* (8) = 1By () = Te[e M2y KTyt ™2 (Bsd)
1$ finite and nonnegative. The charge-resolved operators
Birp(B) i= (K1 )" *Pr(Pye @ Py p)e N3/2 (B.55)
have the positive-semidefinite Gram matriz

gb;(rr,p),(ﬂ",p/) (6) =Tr [Bb;fr,p<5)*Bb;7r’,p’(6)] . (B56)

The effective coupling between multiplicative prime-charge zero modes and the additive
transverse channel is the overlap of the two internally constructed sectors. Its charge
resolution is inherited from the Hodge prime projectors.

Proof. The projectors and J} " are contractions. On the kth fixed-sum fibre the oper-
ator (KJTr,b)l/2 has squared Hilbert-Schmidt norm k(k + 1)(k — 2)/3 by Theorem 4.8(ii).
Its contribution to the squared norm is multiplied by e=P** . The resulting polynomially
weighted Gaussian series converges by Lemma 3.4. This proves the Hilbert—Schmidt as-
sertion. Equation (B.54) is the identity || B||}g = Tr(B*B). For every finitely supported
scalar family cr , one has

2

Z %Cﬂ'/,p’gb;(ﬂ,p),(ﬂ'/,pl) (5) = HZ Cw,pBb;ﬁ,p</8)HHs >0, (B57)
!
which proves Gram positivity. O

B.5 Full-spectrum closure and spectral stability

The one-input joint kernel of Theorem 6.3 is
IC[;(B,T) — e*/@Hb*TRb7 B>0, T>0. (B.58)

It is positive and trace class. The Hessian of the logarithm of its trace is the positive
semidefinite covariance matrix of the two energies. Equations (B.58) and (B.50) are the
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complete positive kernels of the multiplicative-decomposition and additive-transverse chan-
nels. Both are defined directly on the complete spectral index set.

The transverse projector generally does not commute with decomposition attenuation.
We therefore keep the two projections around the joint heat operator. This compression is
positive. Inserting the square root of the transverse response on both sides gives a positive
trace. The finite-fibre calculation reduces it to scalar weights.

Theorem B.8 (Operator realization of the full-spectrum response). The response defined
in (6.65) has the operator representation

HJr,b(B:T) = TI'T.‘.,b [(Kz,b)l/QlCI,b(ﬁaT)(Kz,b)l/z} ) >0, 72>0. (B59)

It is finite and strictly positive. It is continuous and nonincreasing in each variable on
(0,00) x [0,00) and satisfies

I45(8,0) = T1L,(8) = ) bk + 1?))(k —2) o, (B.60)

The endpoint ratio satisfies
0 <Ry(k) <1 (0<kK<1). (B.61)

Proof. The diagonal entries of R are the values 74(n) = y(n|Ry|n), in (6.63). On a
fixed-sum fibre put e, := |m,k — m), and dy,, = 2m(k — m) together with Dy, :=
diag(dkyl, ceey dk’kfl). Then K+’b|Fb7k = Dk and P,Z(ﬂk) =1- |Ub,k><vb,k’- Thus

k—1
(k) (k) \ _ 2 1 ,
(em, Py DY ep) = dpom (1 - 1) e ;dk,j

2
=2m(k —m) <1 % 3 1) + I;EZ — 1;3 = Qk,m, (B.62)
where Zf;ll 2j(k — j) = k(k* —1)/3. This gives the weights in (6.64). Cyclicity of the
finite-fibre trace moves the compressed response next to the diagonal heat operator. Its
diagonal entries are =Bk =[Py (m) 7 (k—m)] Summing therefore gives (6.65).

The operators N, and Eb RI+T® ]?ib are commuting nonnegative diagonal operators
before transverse compression. Also Pr commutes with Ny. On every fixed-sum fibre the
trace in (B.59) is nonnegative and bounded by the corresponding trace at 7 = 0. Equation
(4.66) supplies a summable Gaussian majorant. Lemma 3.4 therefore proves finiteness
and local uniform convergence. It also justifies parameter differentiation and interchange
of limits. Increasing either parameter decreases the positive fibrewise heat response. At
7 = 0 the definition reduces to (4.66). This proves (B.60). Positivity is strict because the
k = 3 Hodge zero-mode sector has a nonzero transverse component.

Since fir > Puv every nonzero fixed-sum fibre is suppressed strictly more strongly at
the IR endpoint. This proves (B.61). O
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Theorem 6.5 proves that the diagonal condition of Definition 6.4 selects a unique scale-
invariant capacity ;. The geometric ratio tir/tuv = 7 fixes the evaluation points. The
full additive-decomposition spectrum determines the retained fraction.

Write

hk,m = ?b(m) + ?b(k: — m), (B.63)

and let (h)g, denote the expectation of hy ,, with respect to the positive weights in the
response at parameters (3, k). Logarithmic differentiation gives

Ry, (k) = Ro (k) (1) v e — () i) - (B.64)

The divisor estimate d(n) — 2 < n gives 0 < him < k. The k = 3 fibre has zero decompo-
sition response and contributes 4¢~%° to the denominator. Hence

(h)gn < B(B) := ii il 13)(k —2) ~p02-9), (B.65)
k=4

The ratio fRy(k) is also a positive weighted average of e~ (Bir=Buv)k*  Therefore
%R}, (k)] < e 2BV [B(Byy) + B(Bin)]- (B.66)

Summing the positive series B and bounding its remaining tail by the geometric estimates
below gives

B(Buv) < 3.579 x 10712, B(Br) < 4.279 x 10739,

qgtr — 6—9(/BIR_ﬂUV)[B(/3UV) + B(Bmr)],

sup |9 (k)| < g5 < 8.70 x 107*7 < 1. (B.67)
0<k<1
The numerical certificate combines a finite interval evaluation with the contraction estimate
(B.67). It bounds the omitted Gaussian tail and the finite-iteration error together with
outward rounding in the retained finite sum. Define

N Lkl o ) (B, -)
M)(8,7) = 30 e 3 a e TP i) AR S (B 6s)
k=3 m=1 Iy % (Buv, -)

Starting from xg = 0 and iterating ;11 = 9{1()30)(/@-) gives kg — k1| < 4 x 10798 Set g'*
as in (B.67). The same positive-series estimate applies to every truncation. Both the full
and truncated maps therefore have contraction constant at most . The a posteriori

contraction estimate gives
0" 144
% —
|k3g — Ka| < 1_qgtr]/<:2—/£1] <4 x 107 (B.69)

)

where k3 is the fixed point of 9{1()30 . The outward-rounded evaluation with the endpoint

parameters in (6.66) gives

2.429273782017158 x 1073 < s} < 2.429273782017160 x 1073, (B.70)
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The displayed decimal approximation has the explicit error bound
Fonum = 2.429273782017159 x 10735, |5} — Fopum| < 107°. (B.71)
All fixed points lie below
exp[—9(Bir — Buv)] < 2.429273782019334 x 10735, (B.72)

because (6.67) is a positive weighted average of e~ (Br=Buv)¥* oyer k > 3. The closeness of
(B.71) to this bound is the quantitative expression of the k& = 3 threshold in (B.49). To
bound the omitted tail put

Tn(B) = Rk + 1?2("" — 2>e*5k2, Dy = 4e™ v, (B.73)
k>N

Write Wy, := k(k + 1)(k — 2)/3 to evaluate the tails. For k > 4 one has

Wi (B+2(=1) (k)W
Wi k(k — 2) ’ KW,

<4 (B.74)

For N > 4 and ry(3) := 4e P2N+3) < 1 the two tails therefore satisfy

W e PO+’

Ty < =
1 —B(k2—9) (N + 1)WN+16—B((N+1)2—9)
4 Z kWye < 10— (3) ' (B.75)

k>N

Each estimate follows by bounding the ratio of consecutive positive summands by 7x(/3)
and summing the geometric series. Positivity and II, ;(Buv, k) > Dy give the following
uniform bound for 0 < x < 1.

N
192 — R0 <

Tn(Bir) + Tn(Buv) < QTN(BUV)‘

B.
Dy - Dy ( 76)

At N = 30 one has Ts0(Buv) < 1071721, The perturbation bound for contractions then

gives
(30

P il
|’fb - 530‘ < Hl_ql::trH < 10 1705. (B.77)
b

The finite evaluation at N = 30 uses interval arithmetic to enclose each operation at
decimal precision p = 220. Addition and multiplication use the same directed rounding as
division. Lower endpoints round towards negative infinity and upper endpoints towards
positive infinity. Scaled integer-square-root bounds enclose square roots. Machin’s identity

m = 16 arctan(1/5) — 4 arctan(1/239)

is evaluated using alternating-series remainder bounds. With n, = 10~ (P15 each arctan-
gent series is stopped when the first omitted term has upper bound below 7,. At p = 220
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the two retained series have 166 and 49 terms respectively. Exponentials use dyadic reduc-
tion to 0 < h < 1/8 with the remainder bound

M .
hJ hMA+1 1
0<e" - =< (B.78)
Jj=0

g = (M + 1)1 —h/(M+2)

Outward-rounded squaring reverses the reduction. Reciprocation treats negative argu-
ments. The Taylor degree is the first M for which the outward-rounded bound in (B.78)
is below 7,. The largest degree used in the N = 30 evaluation is 95.

Let [kq, R2] be the resulting enclosure of the exact second iterate. Its width is at most
3.671 x 1072% and hence less than 107230, If ¢ and e,; denote the certified bounds in
(B.69) and (B.77) respectively then

Ky € [Kg — €it — €tail, K2 + €it + Etail- (B.79)

This enclosure accounts for both rounding and iteration as well as truncation. It lies
strictly inside (B.70). Table 3 separates these three error contributions. The final fixed-
point enclosure has width less than 6.16 x 10744, The iteration error dominates the other
two contributions. The much smaller second-iterate width measures the finite interval
evaluation itself.

Repeating the same interval procedure at N = 32 and p = 260 gives the second row.
In this evaluation the arctangent series retain 195 and 57 terms and the largest exponential
Taylor degree is 109. The two fixed-point enclosures overlap and each verifies the displayed
interval (B.70). The full rational interval endpoints are supplied in the accompanying
computational supplement.

There is also a truncation-independent one-step check. Since k; = Ry(k;) and Ry (k) <
e~ 9BR=Puv) one obtains

ki — MRp(0)] < qS¥kE < 2.12 x 1078, B.80
b b b

One full-spectrum iteration from the unattenuated decomposition end therefore has abso-
lute error less than 2.12 x 1078L,

The integer gap in Proposition 3.9 gives an exact interval of spectral stability. Spectral
functional calculus yields the following identity for every 0 < A < 1.

Lo (Re) = B (B.81)

The selected sector is therefore constant on the open threshold interval (0,1). Equa-
tion (6.62) makes it invariant under every Gaussian scale equivalence b — b'.

Every threshold in the displayed gap selects exactly the same prime subspace. A
finite-energy cutoff approximates individual states in that subspace with a tail error. The
algebraic and geometric identifications used to construct the response are compared in
Appendix F.
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N  p  second-iterate width €it €tail

30 220 3.671 x 107249 3.076 x 10714 9.919 x 10~1707
32 260 4.255 x 10289 3.076 x 10~ 1.605 x 101936

Table 3. Upper bounds from two outward-rounded evaluations of the endpoint-retention map.
Here N is the last retained shell and p is the decimal working precision. The iteration and tail
bounds enlarge the second-iterate interval to enclose the fixed point of the full series.

B.6 Global endpoint budget and permanent residual

For n > 1 let
wp(n) = card{m € Py : vy, , (1) > 0} (B.82)

be the number of occupied prime directions. On 7—[;r define mutually orthogonal projections
Pyodbn = 1in=1}Pbn,

PP Gy i= 1y (n)=1} Poins
By dbn := 1y, (n)>2) Poin- (B.83)

They correspond under transport to the Fock vacuum and the one-coordinate axis (3.72)
together with its multi-charge complement. Hence

H = PooH) & PP & PH . (B.84)

Let T, (t) := e~/ 2|H§' All three projectors are diagonal in the complete correlation

basis and therefore commute with ;" (t).
For t > 0 define the sector operators by

Ty o(t) == PooT," (1), TPP(t) == PPPTH(¢), T3 (t) := BT, (1). (B.85)

Write Zp, ;(t) := Tr Ty ;(t) with Ty := 1" and Tjyes := T3, Define their trace fractions
by

Z,j(t) ,
Qb,j(t) = Z;_(t) ) S {Oa pp,res}. (B86)
Normalize the complete positive-mode state and all three sector states by
T (t) Tio(t)
F(t) = 2L , t) (= =~ ,
pb ( ) le_(t) pb,O( ) pr(t)
Tpp(t) Tres(t)
PP(t) = 22 1S (1) 1= 2L B.87

Use the indexed notation pppp := pp° and ppres := pic™.

Theorem B.9 (Endpoint sector budget and entropy decomposition). (i) The sector oper-
ators are positive and trace class. They satisfy

T, (t) = Tho(t) + TP (t) + T;(¢). (B.88)
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Taking traces gives
Zy(t) = Zyo(t) + ZEP(t) + 235 (1), (B.89)

where each term is the trace of the corresponding positive kernel. At both finite endpoints
tuy = b and tig = 7b* one has
Z1(t) > 0. (B.90)

(ii) For every t > 0 one has
i () = Q00 ()pno(t) + (DR (1) + Qires (DD (B.91)

on mutually orthogonal supports. The entropy satisfies

S(p;— (t)) = H(Qb,o (t)v Qb,pp (t)v Qb,res (t))
+ Qo pp(t)S (03" (1)) + Dres (£)S (™ (1))- (B.92)

The vacuum conditional state is pure and hence contributes no conditional entropy. At the
two permanent endpoints every conditional sector obeys the escort law

)= L9CT e f0,pp,res) (B.93)
. — T .
Pb,\T Tr pb,j(bQ)ﬂ—’ J , PP, T€Sy,
and the sector fractions transform as
QO b2 T . b2 s
Qpj(mb?) = b ()7 T ,5(07) (B.94)

Z Qbyg(bzyr Tr pbyg(bz)ﬂ'
£€{0,pp,res}

Proof. The orthogonal decomposition (B.84) and commutation with A; give the operator
and trace budgets. Positivity and trace class are inherited from TbJr (t). There are at
least two spectral primes by [1, Section 5]. Their cascade product has two occupied prime
directions and contributes a strictly positive Gaussian eigenvalue to Z;*(t) for every finite
t>0.

Divide the operator budget (B.88) by Z,"(t) to obtain (B.91). Apply (B.22) with zero
conditional entropy on the one-dimensional vacuum support. Since every sector projector

commutes with A one has
Tb?j(ﬂ'b2) = TbJ(bz)ﬂ.

Normalization proves (B.93). Taking traces of the same identity and using Zb7j(b2) —
Q;(b%) Z, (b?) gives (B.94).
O

The normalized fractions satisfy the exact closure
o) + () + Upres(t) = 1. (B.95)

The residual is the sector with at least two occupied prime directions. Its weight is fixed
by the endpoint state and the orthogonal decomposition.
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B.7 Three representations of the endpoint residual

The scalar trace of the residual is
EN(t) := Tr TFS(t) = Z8(¢). (B.96)
Its spatial representation is the integral kernel

K= dst)i= ) e B 2n0(d)don(d). (B.97)
n>1
wp(n)>2
Transport the compact charge action (3.54) to ’HEL by Fock evaluation. The phase projec-
tion is
&t g) = Te (U (9)Tr= (1)) , g€ Gy (B.98)
Let G(figg denote the trace-class operators on H;r that are diagonal in the complete

natural-mode basis. For D € G?igg write Kp for its spatial integral kernel and define the
completed endpoint readout

Oy(D) := (Tr D, Kp, [g — Tx(U)(9)D)]) - (B.99)

Proposition B.10 (Three representations of the endpoint residual). For every t > 0
the kernel K;*(-, -;t) and the function g — 5bs(t;g) are positive definite. Their scalar
specializations agree with the residual trace.

K;®(d,d;t)dd = Eb (1), (B.100)
W

EX(t;1) = EN(1). (B.101)

Thus the trace and spatial kernel represent the same positive residual operator as the
compact-charge phase response. The completed readout Oy is injective on G(ffsg. Its scalar
component records the sum of the diagonal coefficients. Its compact-charge component re-
covers every coefficient by Haar—Fourier inversion.

Proof. Positive definiteness of the spatial kernel follows term by term from (B.97). Its
diagonal series converges uniformly and integration with |¢p |2 = 1 gives (B.100). For
gi,---,9r € Gy and c1,. .., ¢, € C one has

> @& (tg7 ")) (Zc gz)> ZCJ (9)) | T7=()| = 0. (B.102)

’]

Evaluation at the identity proves (B.101). The third component of (B.99) is the full-charge
transform (5.35) after Fock evaluation. Theorem 5.4 recovers every occupation coefficient
and proves injectivity. Absolute summability and the uniform bound on ¢y, also give

TrD = Kp(d,d)dd.
W

Evaluation of the charge field at the identity gives the same trace. O
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Thus scalar observation compresses a charge readout that retains every diagonal coef-
ficient.

Theorem B.11 (Conditional maximum entropy and endpoint amplitude). For everyt > 0
res

the state p;*(t) is the unique mazimizer of S(p) = — Tr(plog p) among all density operators
p supported on PgeSH;r with the same mean correlation energy as specified by

Tr(pAs) = Te(pf (1) Ay) . (B.103)

The permanent residual therefore has an intrinsic conditional mazimum-entropy charac-
terization.
Put 6ty := tir — tuv = (7 — 1)b? and define on the residual sector

Z;JV—>IR,res — Pgese—étbAb/2’ (B104)

M;JV—HR,res — (Z;JV—HR,reS>1/2 _ PgesefétbAb/zl' (B.105)
Then

Tges (tIR) _ bres(tUV)l/QZ;JVHIR,resTges (tUV)l/Q’ (B.106)

and every residual component ¢y, satisfies

UV—IR,res
M, 10}

“T_l[)leE””‘} B, (B.107)

bn — €XP |:_

The operator Z;J VoIRTes o the endpoint quadratic weight ratio. Its positive square root
M,}J VoIRTes o the corresponding response-amplitude transfer. Both commute with the com-

pact prime-charge action.

Proof. Let o be a density operator satisfying (B.103). Positivity of relative entropy gives

0 < D(ollpi*(1) = (o) + 5 Tr(oAy) +log Z°(). (B.108)

For o = p}*(t) the right-hand side is zero. Equality of the mean energies therefore implies

S(o) < S(py(t)) with equality only when the two states agree. This proves the variational
statement.

All operators in (B.104)- (B.106) are functions of A, compressed by a commuting
spectral projector. Adding their exponents proves the factorization. Spectral functional
calculus gives (B.107). The compact charge action is diagonal in the same complete natural-
mode basis and hence commutes with both transfer operators. ]

B.8 Conservative completion of the permanent endpoint flow

The positive amplitude in (B.105) is a contraction when the defect channel is ignored.
Retaining that channel restores a conservative flow. Put H;* := Plfengr and for k € Z set

)

res
Hb

Dy = (I — M2 (B.109)

t —t
th ) = b, My, == exp [_MAI’]

4
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Both operators are commuting positive functions of the residual generator. Define the
scale-cell operator on H;* ® H;* by

My Dy
Jp = ’ ’ . B.110
i (Db,k _Mb,k> ( )

Theorem B.12 (Conservative scale cascade and its unitary gauge). Every Jpx is a self-
adjoint unitary and

My px||” + | Dy | = [l2]*  (z € H;™). (B.111)
Let
9 = CLHE o HE), T =PIk (B.112)
kEZ

and let S be the bilateral shift in the scale index. Then
U3¢ := STy (B.113)

1s unitary. It is the conservative bilateral realization of the generated endpoint-scale cas-
cade. In the physical continuation this cascade is termed the Gaussian UV/IR flow. The
first channel carries retained amplitude and the second carries exactly the complementary
endpoint defect. The compact prime-charge action commutes with every cell and with the
complete cascade.

Put K¢ = H;* @ Hy™. There is a diagonal unitary

Vo= Vir on (Z:Ky) (B.114)
keZ
such that
VbIU?,CVZ‘ =S® IICIS)C- (B.115)
Unitary equivalence gives
o(Up°) =T. (B.116)

The local Julia cells form a flat unitary connection on the bilateral scale lattice. On the
contractible index graph Z their weights are removed by a unitary gauge. The projections
distinguishing retained and defect amplitudes are transported by the same gauge when in-
dividual cell responses are compared.

Proof. Functional calculus gives My, Dy, = Dy My ), and Mb27 e Dl?,k = I. Block mul-
tiplication proves that every Jpj is a self-adjoint unitary and gives (B.111). Both its
orthogonal direct sum and the bilateral shift are unitary. Their product is therefore uni-
tary. The charge action commutes with every cell entry because these are functions of the
same diagonal generator. It consequently commutes with the cascade.
Write ([Uzcx)k = Jpr—12x—1. Choose Vo = I and determine the remaining unitary
operators recursively by
Vordbr-1Vog—1 =1 (keZ). (B.117)
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The recursion is solvable in both directions because every Jy ;. is unitary. For z € £;° one

has
(VbUIS,CVZ$)k = Vb,keﬂb,k—l%fk_lﬁk—l = TL_1, (B.118)

which proves (B.115). The bilateral shift has spectrum T. Unitary equivalence proves
(B.116). O
B.9 Integrated UV /IR entropy—energy bridge

The differential identities (6.28)—(6.33) and [1, Theorem 3.6] can be integrated over the
complete endpoint interval. Its positive lower endpoint allows Gaussian domination to
control all spectral moments uniformly there. With tyy = b% and tig = 7b? one obtains

Zy(tyy) 1 /tm
log ———2% = — E), dt, B.119
8 Zy(tr) 2 tUV< ) ( )
1 tiR
Supltuv) — Sepltin) = | /t £ Var, (E) dt, (B.120)
uv
1 tir
HpOS,b(tIR) - HpOS,b(tUV) == 2/ IpOS,b(t) dt (B121)
tuv

For the universal additive state functional calculus and fir = wByv give the endpoint
escort. Integrating (B.44) on the same dimensionless interval gives its entropy loss.

p+p(Bir) = m, (B.122)
Bir
S(p+p(Buv)) — S(p+(Br)) = \ BVar,, ,(N3)dp. (B.123)

At both endpoints the exact longitudinal-transverse budget (B.29) has Q73 > 0 by Theo-
rem B.4. The window lengths and endpoint times in (2.1) and (2.7) give the spans

L 1
¥y = log & = = log , logt—R = log. (B.124)
\%

Stov 2
The logarithmic span compares the two Gaussian endpoints on the same carrier. The
vacuum, prime-power and multi-charge sectors in (B.84) partition its normalized state
exactly.
The exact response fixed point has a dimensionless endpoint action. Define

TP —lggbfﬂ?i' (B.125)
The certified approximation in (B.71) gives
EZeSp = 139.251865234744 . . .. (B.126)
The first-shell value is
EZ?;p = M = 139.251865234742 . . .. (B.127)

2
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Their relative difference is below 107'2. The quantity Z,°" is the normalized action of

the endpoint retention response. Shannon entropy is given separately by (B.92). The near
saturation of Z;°" by the first-shell square 3? is the quantitative fixed-point form of the
minimal additive threshold. Appendix C independently selects the same first positive shell
index under antipodal geometric lifting.

The occupation basis diagonalizes the finite-order sector projectors, occupation oper-
ators and H;°. Charge reflection exchanges conjugate sectors and commutes with even
Gaussian functions of L;* by Proposition 3.8. In the additive channel the exchange pro-
jectors commute with total degree, connected response and the longitudinal-transverse
projectors, with P_ < Pr. Retaining the signed defect gives the compact-charge covari-
ance of Theorem 4.5; uniform-defect compression recovers normalized merge. These sector
resolutions preserve the endpoint budgets because their projectors commute with the cor-
responding Gaussian operators.

C Projective representation-fibre continuation

Representation capacity is attached to the root spectral value recovered by the source-
weighted readout of Section 2. It counts linear coefficients between input and output
states, rather than histories or phases above that value.

The normalized correlation generator supplies the dimensionless square spectrum

Ay =

=5 Ay = 1Py (C.1)
b1

The radial spectrum has one state at each square index. To retain every linear coefficient
between an input and an output in the generated rank n, use the spaces

Wyn :=Cy,  Cppn:=Endc,(Wy,),  dimg,Cp, =n’ (C.2)

The full coefficient space is determined by this input and output task: it contains every
rank-one map.

Lemma C.1 (Complete coefficient space). For a finite-dimensional vector space W, the
smallest linear subspace of End(W) containing every map w — f(w)u, with w € W and
f e W, is End(W). Its dimension is (dim W)?2.

Proof. For any basis (e;) and its dual (e/), these maps include the matrix units w + e/ (w)e;.
They form a basis of End(W). O

Thus retaining all input and output coefficients gives the capacity n? independently of
the choice of basis. A rotational action and a geometric eigenspace require a representation-
fibre lift. Such a lift realizes these coeflicient spaces as geometric multiplicity spaces while
leaving the natural-mode semiring and its prime factorization unchanged. When one com-
pact Laplace spectrum realizes both the square energy coordinate in (C.1) and the quadratic
capacity in (C.2) their common counting law determines the dimension.
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C.1 The Weyl dimension of a square-capacity lift

Definition C.2 (Square-capacity Laplace realization). Let X be a closed connected Rie-
mannian manifold. A representation-fibre lift is a square-capacity Laplace realization on
X if one common positive normalization yields a finite integer gg > 1 and an index set

Qe {{1,2,3,...},{1,3,5,...}}

such that its complete scalar Laplace spectrum consists of finitely many exceptional shells
of finite multiplicity together with one shell for every ¢ € Q satisfying ¢ > qo with

N=+0(1), my=q¢+0(q), (C.3)

where m, is the multiplicity of the shell with eigenvalue )\,. The first asymptotic law is
the bounded recentering of (C.1). The second is the corresponding geometric realization
of (C.2) up to lower-order terms that preserve its quadratic growth.

Proposition C.3 (Weyl dimension of a square-capacity lift). If the generated square-energy
law (C.1) and the coefficient-capacity law (C.2) admit a common Laplace realization in the
sense of Definition C.2 then the realizing manifold has dimension three. Its scalar counting
function satisfies

1/3, 9=1{1,2,3,...},

(C.4)
1/6, Q=1{1,3,5,...}.

Nx(A) = coA?? +0(8),  co= {
Proof. Let Q(A) be the largest retained index with A, < A. Equation (C.3) gives Q(A) =
A'/240(1). The finite initial segment below gy and the exceptional shells contribute O(1)
to Nx(A). For the full sequence one has

22:@ O 2
¢ =5 +0(Q),

q<Q

whereas restriction to odd ¢ gives Q3/6 + O(Q?). The accumulated O(q) term in the mul-
tiplicities contributes O(Q?). This proves (C.4). The Weyl law for a closed d-dimensional
manifold has leading exponent d/2 [15, Chapter VI]. Hence d/2 = 3/2 and d = 3. O

The proposition determines the dimension from the complete lifted counting law.
Within the round spherical class the exact geometry is fixed by requiring the shell ca-
pacity to be affine in the shell eigenvalue with positive slope after a common dimensionless
normalization. The constant term is the zero-energy shell capacity. This relation selects a
spherical parent whose antipodal compression gives the projective realization.

C.2 Exact affine selection in the spherical class

On the unit round d-sphere with d > 2 the scalar Laplace eigenvalue and multiplicity at
degree [ are [15]

(d) _ 2l+d-1)(1+d-2)!

A —it+d-1),  m I(d—1) )

— 84 —



Definition C.4 (Spherical affine energy—capacity class). For a round d-sphere or the even-
degree sector determined by its antipodal quotient shellwise affine energy—capacity closure
means that there are constants a > 0 and ¢ independent of [ such that

ml(d) = a)\l(d) +c (C.6)

on every retained shell. The coefficient a fixes the common response unit and ¢ is the
zero-energy shell capacity.

Theorem C.5 (Classification of spherical affine energy—capacity lifts). Within the spher-
ical affine energy—capacity class dimension three is the unique dimension satisfying the
shellwise relation on all degrees or on all even degrees retained by the antipodal quotient.
In that dimension

a=1, c=1, mP=2Vr1=0+12 (C.7)

The one-dimensional spherical family has constant positive-mode multiplicity and hence
lies outside this affine positive-slope class.

(d)

Proof. For d > 2 the expression m; ’ is a polynomial in [/ of degree d — 1 with nonzero

)

leading coefficient whereas a)\gd + ¢ is a polynomial of degree two because a > 0. Equality
on all nonnegative integers or on the infinite even subsequence implies a polynomial identity

and therefore d — 1 = 2. Thus d = 3. Substitution gives
A =11+2), mP=0+1)2=2" 41,

soa =c=1. On S' the zero mode has multiplicity one and every positive scalar eigenvalue
has multiplicity two. These multiplicities cannot satisfy the stated positive-slope affine
relation. O

Proposition C.3 fixes the dimension from the complete counting law. The theorem
identifies the exact shells within the round spherical class and its antipodal quotients.
In this class the eigenvalue equals the shell multiplicity minus one, the dimension of the
traceless subspace in the matrix realization.

C.3 The full three-spherical parent spectrum
For every n > 1 set
-1
o=t RSV, 0V 2 Ed(V,), B 20,0000 dm AP =t

2
(C.8)
Here V; denotes the irreducible SU(2) representation of spin j and dimension 2j + 1.

For the selected three-dimensional spherical member the abstract coefficient capacity (C.2)
acquires a rotational realization. Write its action as p;. The left-right action on the matrix
fibre is

(92,9r) - T = pj, (9)Tpj, (9r) " (C.9)
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On the diagonal subgroup this is conjugation. The decomposition T = (trT'/n)I, + Tj
with tr Ty = 0 is orthogonal for the Hilbert—Schmidt inner product and invariant under
that subgroup because conjugation preserves both the trace and I,,. Independent left and
right actions send I, to pj, (919" )- This matrix need not be scalar when n > 1. Thus the
scalar—traceless splitting refers specifically to diagonal conjugation.

Define the all-mode parent Hilbert space and its shifted generator by

’Hzph’g = @ FPh @ span{ey . }, (C.10)
n>1

AP = EP(0* = 1) Lspn @ |66,0) (S0 (C.11)
n>1

Theorem C.6 (Full three-spherical parent lift). The spectrum of (C.11) with its multi-
plicities is

Ap=n2—1, my, = n?, n=12.3,.... (C.12)
It is the complete scalar Laplace spectrum of the unit round three-sphere. On every shell

restriction to diagonal conjugation gives
FPh =~ CT, @ Endg(V,), dim Endg(V;,) = n? — 1 = \,. (C.13)

Under spherical energy—capacity closure the all-mode natural coordinate defines the selected
spherical parent. Parity quotients are subsequent orthogonal compressions of this complete

space.

Proof. Scalar harmonics of degree [ on the unit S have eigenvalue I(I +2) and multiplicity
(I+1). Their representation fibre is Vj/o ® Vija [15-17]. Setting n =1+ 1 proves (C.12)
and (C.8). The scalar—traceless matrix splitting proves (C.13). O

The scalar line in a shell is a representation-theoretic notion. Under the matrix-
coefficient realization on SU (2) the matrix I, gives a function proportional to the character
Xj,- This function is nonconstant for n > 1. The generator in (C.11) satisfies

AP I ® o) = (0 = D)(In @ Gn). (C.14)

The same eigenvalue acts on every traceless direction in that shell. Only the n = 1 shell
supplies the constant zero mode.

C.4 Antipodal compression and projective representation fibres

Let
Podd¢b,n = ]—{n 0dd}¢b,n (015)
on the positive correlation-mode space. Write every retained index as ¢ = 2r 4+ 1 and put
-1
Jg = 5 =T (C.16)

For the irreducible SU(2) module V}, of dimension 2j, + 1 = ¢ define the fibre

FPoli=FP =V, @ Vi 2End(V;,),  dimFP = g% (C.17)
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The projectively lifted Hilbert space and its nonnegative generator are

1PV = P FP @ span{dyq}, (C.18)
q>1
q odd

,Agmj’?’ = @ (¢* — 1)1]_-5roj ® |Pb,q) (P,q]- (C.19)
q>1
q odd

The parent and projective spaces are related by
prroj73 _ Poddf}_[z‘ph,?)? Al}:roj,3 _ PoddAZ h’3Podd- (CQO)

The first positive natural square ¢ = 1 is thereby recentered as the geometric zero mode.
All higher retained squares become positive excitations.

Theorem C.7 (Projective spectrum with quotient topology and normalized metric). (i)
The spectrum of (C.19) with its multiplicities is

A= — 1, my = ¢, ¢g=1,3,5,.... (C.21)

It is the scalar Laplace spectrum of the unit round real projective three-space. It is obtained
from the scalar spectrum of S® by retaining the antipodally even harmonics. On every fibre
diagonal conjugation preserves the scalar—traceless splitting

FProl = CI, @ Endo(V}, ), dimEndo(V},) = ¢* — 1 = Aq. (C.22)

The normalized shell eigenvalue equals the traceless fibre dimension. Both summands carry
that eigenvalue under Agroj’?’.
(ii) The antipodal compression in (C.20) is the spatial quotient

X3 := SU(2)/{xI} = SO(3) = RP?. (C.23)
It is a compact connected orientable three-manifold with
X3 SU(2) =83,  m(Xs)Z/2Z. (C.24)

The bi-invariant Riemannian metric on X3 is unique up to an overall positive factor. The
normalization for which its scalar Laplacian has spectrum

¢ —1  with multiplicity ¢>, qg=1,3,5,..., (C.25)

fizes that factor uniquely. Denote the resulting metric by g1. It is the unit round projective
metric and has constant sectional curvature one.

Proof. The antipodal map acts on degree-I harmonics by (—1)! [15]. The quotient therefore
retains exactly the even [ and hence the odd ¢ =1+ 1 in Theorem C.6. Restricting that
theorem to these shells proves both the spectrum and the diagonal-conjugation splitting
together with the eigenvalue on each summand.
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The standard covering S = SU(2) — SO(3) has kernel {1} [16]. It gives the stated
topology. Its pullback on functions is the even compression in part (i). An invariant inner
product on the simple algebra su(2) is a positive multiple of the negative Killing form.
The bi-invariant metric therefore has only a scale freedom. Replacing g by R%g multiplies
its Laplacian by R~2. Thus (C.25) fixes the unit round projective metric with sectional
curvature one [15].

O]

The same square coordinate has two compatible roles. Before the lift ¢? is the normal-
ized one-component correlation energy. After the projective lift it is the full shell capacity
while ¢ — 1 is the eigenvalue of the entire shell. The identity direction and the traceless
directions are degenerate in energy for each ¢. The original correlation coordinate therefore
fixes both the multiplicity and the eigenvalue of every lifted shell. The first three retained
shells and their central characters are displayed in Table 4.

D Spectral calculations for the projective lift

The shell multiplicities of Appendix C determine finite capacities, heat—Mellin transforms
and the lift from radial probabilities to fibre states. The resulting entropy correction counts
representation directions within a shell. Conditional history entropy is the separate term
in [1, equation (8.21)]; the root probabilities are the marginals of that history source.

D.1 Finite capacity and the three-dimensional Weyl exponent

For an odd cutoff Q = 2N + 1 the lifted finite-band capacity is

Dy(Q):= Y ¢ (D.1)
1<q<Q
q odd

Summing (2r + 1) for 0 < r < N gives (N + 1)(4N? + 8N + 3)/3. Substitution of
N =(Q —1)/2 yields

D) = QO+ 16)(Q+2) _ <

Q—|—2>

; (D.2)

for every odd Q > 1. Thus D3(Q) ~ Q3/6. Since the geometric energy is ¢g> — 1 the number
of states below energy E grows as E3/2/6.

This exact finite sum is the odd-shell instance of Proposition C.3. It supplies the Weyl
coefficient as well as the exponent for the projective realization.

The base correlation spectrum has one state per square index and therefore linear
finite-band growth in (). The representation-fibre lift changes this count to cubic growth
without changing the underlying square coordinate.
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Table 4. The first projective shells. Odd square indices correspond to antipodally even scalar
harmonics and integer-spin fibres. The scalar-line and traceless dimensions refer to diagonal con-
jugation. The listed eigenvalue acts on both summands. The half-spin lift detects the opposite
central character on a separate two-dimensional carrier.

q Jq eigenvalue shell scalar line traceless centre on Vj,
-1 capacity ¢2 capacity

1 0 0 1 1 0 +1

3 1 8 9 1 8 +1

5 2 24 25 1 24 +1

D.2 Scale covariance and stable shell platforms

The scale equivalence Uy of Theorem 6.2 preserves every normalized square coordinate.
Its fibre lift is
r7 '73 -—_—
Uy = D Lgpror @ Uny- (D.3)
q odd

The identity Uy y¢pq = ¢dp 4 and the scale-independent fibre identity show that this
lift intertwines the normalized generators

r7 .73 .73 .73~ .73
b AR = AR U (D.4)

The retained eigenvalues are 0,8, 24,48, ... and correspond to ¢ = 1,3,5,7,.... If Pg’roj is
the gth fibre projector then spectral functional calculus gives

Lio ) (AP%) = PPl 0<A<8, (D.5)
1o (APH?) = PP, 8 < A< 24. (D.6)

Both the geometric zero sector and the first positive shell are constant on open threshold
intervals and are independent of b.

D.3 Heat and Mellin transforms of the lifted spectrum
Let

Ou(@) =3 €™, Opqala) := Tr(Poaae M) = Oyq(a) — Ouq(4a). (D.7)

n>1

Here Ogq(a) = O (a/m) in the normalization of (5.26). The subscript distinguishes the
square-energy parameter used for the geometric generator.

Theorem D.1 (Projective heat—Mellin lift). For every a > 0 the lifted heat trace is

r0j,3 d
Zproj,3(a) = TI"HII:Y0L3 e—aAE — _ea%godd(a)- (D8)
As a | 0 one has
™ _ ™ _
9odd(a) ~ [a 1/27 Zproj,3<a) ~ \Sfa 3/2' (DQ)
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For ®s > 3 one also has

T1-s/2\ 2—s __ 2—s
Tr(POddAb ) - ; > = (1—2279)C(s — 2). (D.10)
qqo_dd

Fibre multiplication raises the heat exponent from 1/2 to 3/2 and shifts the Mellin zeta
coordinate by two.

Proof. The definition gives

2 _ 271 a2
Zproj3(a) = Z e T = _eag, Z e 7,
q odd q odd

which proves (D.8). Poisson summation gives Oy (a) = /7/(2y/a) —1/2+ O(a=12e~m"/a)
as a | 0. Differentiation of the convergent Poisson series shows that the derivative of the
remainder is O(a~% 2=/ @). Subtracting the value at 4a proves the first asymptotic in
(D.9). Differentiation of the controlled Poisson expansion proves the second. Removal of
the even indices from the defining Dirichlet series gives

S g6 (1 - 276 D)(s - 2),
q odd
which is (D.10). O

Let (X3, g1) be the normalized central quotient of Theorem C.7 and choose an orthonor-
mal scalar-harmonic basis {Y; 11 < a < ¢?} in each retained shell. The identification

Z/[lf)mjﬁ(eq,a ® ¢b,q) = }/q,a (Dll)

is unitary from ”Hfmj’?’ to L?(X3) and intertwines Agmj’g with the nonnegative scalar Lapla-
cian on Xj.
The spatial realization also makes the local and global heat descriptions identical. For

every a > 0 the positive trace-class operator e~ has the smooth spectral kernel
q2
—alq?— Y
Kproj,3(a; €T, y) = Z € ala”=1) Z 1/q,oz(x))/q,oz(y)' (D'12)
q odd a=1

Its operator trace is the integral of its spatial diagonal

Zproj3(a) = Tr(e—aAgmj’?’) = / Kproja(a;z, x) da. (D.13)
X3
Homogeneity gives
Zproj,3(a)

Kpojs(a;z,x) = %, Vol(X3) = 2. (D.14)

The local heat-kernel coefficient independently reproduces
— = Y D.15
(47a)3/2 g ¢ ( )
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in agreement with (D.9). The spectral theorem gives (D.12) and the trace identity. The
diagonal of every spectral projector is constant on the homogeneous round projective space.
Its integral is the projector rank ¢2. This proves (D.14). The unit three-sphere has volume
272 and its antipodal quotient has volume 2. The standard leading heat coefficient on a
closed three-manifold [15, Chapter VI] then gives (D.15).

D.4 Endpoint states and the entropy chain rule

The fibre multiplicities determine a canonical lift of shell probabilities to complete fibre
states. Let I be countable and let K = P, F; with 0 < d; := dim F; < co. Let P; be
the projection onto Fj. For a probability vector p = (p;)jer put

prad ijb on EQ(I)a (D16)
jel

d(praa(p @ P I]: on KC, (D.17)
jel

= ZTY(JDJ‘U)\J'><j!~ (D.18)
jel

Here £4 is the capacity lift and €, is shell coarse graining.

Theorem D.2 (Canonical capacity—entropy bridge). Suppose
H(p):=— ij log p; < o0, ij logd; < oo. (D.19)
J J
Then

(1) €aLa(prad(p)) = prada(p). The lifted state is the unique density operator with shell
weights p; that is invariant under every block unitary @j U; with U; € U(F;).

(ii) The lift has the exact entropy

S(La(praa(p))) = H(p) + Z p;log d;. (D.20)

It is the unique entropy mazimizer among all density operators o on K satisfying
Tr(Pjo) = p; for every j.

(iii) For 0 > 0 define the capacity-corrected escort

dl 9
ENp); = =1 (D.21)
Z dl- epk
kel
Whenever its denominator is finite one has
Sd(prad(p))e (d)
e — 24( praa (€ . D.22
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Shell entropy and fibre-capacity entropy are the two terms of one state entropy. Endpoint
escorting commutes with the lift when the derived multiplicity is retained.

Proof. Equations (D.17) and (D.18) give the first identity. Independent scalar phase
changes on the blocks force all off-diagonal blocks to vanish. By Schur’s lemma invari-
ance under all U(F;) forces every diagonal block to be a scalar multiple of I 7;- The
prescribed shell trace fixes that scalar to p;/d;. This proves uniqueness in part (i).

The lifted state has the eigenvalue p;/d; with multiplicity d;. Direct substitution gives
(D.20). If o has the same shell weights then the relative entropy satisfies

D(o€4(praa(p))) = —S(0) + H(p) + ij log d; > 0. (D.23)

Equality holds only for the lifted state. This proves part (ii). The jth block of the normal-
ized 6th power has scalar eigenvalue proportional to p? / d? and block trace proportional to
d;~%p?. This is (D.21) and proves part (iii). O

Apply the theorem to the full spherical fibres with I = N, and d,, = n%. Put

Zspn,z(a) := Z n2e~(’=1),

n>1
The normalized radial law and its capacity lift are

n2e—a(n2—1)

rp(a) i = ———, rad.3(@) := rp(a)|n)n|, D.24
Oy Pl = L@l (D.21)
and )
S a) = L,2(praas(a)) = ——— e—a*=Dyp D.25
p ph,3( ) 2(/) d,3( )) Zsph,3(a) 7163 Foph ( )

At the specified Gibbs parameter a multiplying the weight of one microstate by the derived
shell capacity gives the radial measure. Taking the trace within each shell recovers this
same measure from the complete state.
The global correlation radius obtained in Section 2.1 is also the infrared endpoint
length
RE™ = Lig(b) = v2m b. (D.26)

This radius defines the geometric generators
Als)ph,3 — (Rgeom) -2 Als)ph,3’ AEIOjﬁ — (ng);eom) -2 A§r0j73‘ (D27)

The dimensionless parameter multiplying either unit-radius generator in the Gaussian
semigroup is

t r0j, r0j,
av(t) = 5 Eeomyz. AT = AT (D.28)
b

and similarly for the spherical parent.
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The infrared length fixes the remaining metric scale. The metric
2
g = (RF™™) ¢ (D.29)

is the unique bi-invariant metric on X3 whose radius is the intrinsic infrared correlation
distance R§*™ = Lig(b). Its distance and angle are

dy(z,y) = Ry di (2, y), (D.30)

cos Zy(v,w) = 9olv, ) = cos Z1 (v, w), (D.31)

V0, 0)gy(w, w)

and its curvature tensors satisfy
Sec(gy) = (RE®™) ™%, Ric(gy) = 2 (RE™) 2 gy, Scal(gy) = 6 (RE™) . (D.32)

The nonnegative scalar Laplacian of (X3, gp) is precisely Agmj’?’ under (D.11). Hence

. 2_1
Spec(AP™?) = { 1 5:q=1,3,5,.. } , my = q¢°. (D.33)

The chosen infrared metric scale fixes the distance and angle together with the curvature
and the dimensional square spectrum.

At the two correlation times of (2.7) the geometric heat parameters are
1 1 air

ayv = ap(tyy) = e arr = ap(tir) = T a =T. (D.34)

They are independent of b. The interval coefficient Syyv = tuvEp1/2 and the geometric
coefficient ayy = tyyv/(2(R5™™)?) are the dimensionless products associated with two
different generators. Each is fixed by the same dimensional endpoint time and the natural
unit of its own spectral channel. Theorem C.7 leaves one positive scale in the bi-invariant
metric. Equation (D.26) fixes its radius to Rfeom. Scaling the unit metric by its square
multiplies lengths by Rfeom and preserves angles. It multiplies sectional curvature and
the scalar Laplacian by (R£“™)~2. The constant-curvature identities give the Ricci and
scalar-curvature formulas. Transport of the unit-radius spectrum through (D.11) gives
(D.33).

To obtain the endpoint parameters substitute (R§™™)? = 27b® into ap(t) =
t/(2(RE*™)?) at t = b* and t = wb?. This gives 1/(4n) and 1/4 after the common factor
b2 cancels. The distinction between 8 and a follows from their generators A\b = Ay/Eyq
and (D.27). Extend P,qq fibrewise to the spherical parent and put Peyen := I — Poqq- The
normalized projective Gibbs state is the odd conditional state

Poddpsph 3((1)P0dd 1 —a(q®—1)
. a) = 3 — (& I TOj « D35
Pproj,3(a) Tr(Poaapsph.3(a)) Zproj,3(a) q@d F§H ( )

Let peven,3(a) be the corresponding normalized even compression and define

Qoad(a) := Tr(Poaapsph,z(a)), Qeven(a) : =1 — Qogq(a). (D.36)
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Then the parent entropy has the exact parity chain

S(psph,S (a)) = ho (Qodd (a')) + Qodd(a)s(pproj,?; (CL))
+ Qeven(a)s(peven,S (CL)) . (D37)

The projective state’s probability of occupying shell ¢ is

@)= T (D.3%)
pgla) i= ———F—. .38
a Zproj,3(a)
With
Pradproj,3(a) = > pqla)lg)al, (D.39)
q odd

the projective state is its odd-shell capacity lift

Pproj,3 (a) = 2q2 (prad,proj73 (a)) s pq(a) = Tr(P(;)rijprojﬁ (a>) . (D-4O)

The parent and projected states have the same shell energy ¢ — 1 and multiplicity
¢>. They differ in the allowed shells and their normalization. Write x = sph or proj with
(Zepn, wP) = (N, 7) and (Zproj, wP™) = ({1,3,5,...},p).

The capacity—entropy bridge of Theorem D.2 with d, = ¢? gives for either state and
every a > 0

S(peala) = H(w*(a) + 3 w}(a) log ¢ (D.41)
q€L,
The two terms are the shell entropy and the mean entropy within a fibre. For both
index sets every energy moment is locally uniformly summable for ¢ > 0. Substituting
wy = q26_“(q2_1)/Z*73 into (6.35) therefore gives

S(px3(a)) =log Z, 3(a) + aTr (p*’?’(a)AZ’S) 7
ds

1o = —a Var

3
P«,3(a) (“4; ) <0. (D.42)
At the fixed dimensionless endpoint parameters of (D.34) functional calculus gives an
operator escort law with the same intrinsic endpoint exponent 7m both before and after
parity compression
psph,3(auv)” Pproj,3(avv)”

psph,3(AIR) = P e Pproj3(a1R) = 77 P P (D.43)

The shell probabilities at the two endpoints are

q26_(q2_1)/(47r)

pUV _
TS e D/
r odd
2,—(q*~1)/4
= (D.44)
Z 74267(1" —1)/4
r odd
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Grouping the microstates into shells gives the fibre-corrected level law

) py(auy)”

r odd 702(1_7r)p7‘(aUV)7r .

pe(ar) = > (D.45)

Equation (D.45) is (D.22) with d, = ¢* and § = 7. The complete state and its radial coarse

(1-7) is the pushfor-

graining use one probability measure at each endpoint. The factor ¢*
ward of the derived fibre capacity. The entropy chain rule then counts shell uncertainty
and conditional fibre uncertainty as the two components of one state entropy.

For each of the two states integration of the entropy derivative gives

S(px3(avv)) — S(ps3(ar)) = H(w*(auv)) — H(w*(a1r))

+ ) (wi(auy) — wi(am)) log ¢°
q€L,

airR

3

= / a Var, ) (A”) da. (D.46)
auv

Every term is fixed by the same normalized endpoint state. The radial Shannon contribu-

tion and the conditional fibre-capacity contribution form the two components of the total

entropy loss under this measure.

D.5 The first nontrivial shell

The projective zero mode is ¢ = 1. The first nonzero antipodally retained shell is therefore
g=3, dimFP =9 = A3=8 = 9=1+8. (D.47)
Under the diagonal action one has the exact matrix decomposition
End(V;) = CI3 & Endy(V1), dim Endy(V;) = 8. (D.48)

All nine directions have eigenvalue eight. The diagonal conjugation singlet CI3 belongs to
this positive-energy shell while the constant zero mode lies in the separate ¢ = 1 shell.

The first odd shell above the scalar zero mode also has the same index as the first
nonzero additive transverse quotient in (B.49)

@O =3 min{k: dim PP F > 0} = 3. (D.49)

The corresponding spaces have dimensions nine and one respectively. Their common shell
index expresses compatibility of two selection rules while their dimensions and representa-
tion actions distinguish the two spaces.

The projective lift equips the square-spectrum shells with geometric representation
spaces and their multiplicities. Its square coordinate and endpoint semigroup agree with

the arithmetic carrier, while its geometric action resolves the additional directions within
each shell.
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E Central-sign and half-spin continuation

The projective realization obtained in Appendix C has a nontrivial central double cover.
Its dimension is fixed by the square-capacity Weyl law while the exact spherical parent and
antipodal compression follow from the affine shell identity. The minimal phase-sensitive
rotational representation carries the resulting central sign. Its central character also occurs
in the exterior occupation lift. The same minimal carrier gives an additive two-input
realization.

E.1 Minimal central-sign representation

For the three-dimensional spherical /projective realization of Theorem C.5 the oriented local
frame rotations form SO(3) with universal double cover

Spin(3) = SU(2) — SO(3). (E.1)

The nontrivial central element —I € SU(2) maps to the identity rotation. It therefore
records information invisible to an ordinary SO(3) vector representation.
A phase-sensitive rotational lift is a finite-dimensional irreducible unitary representa-
tion
p:SU2) — U(Y) (E.2)

for which p(—1) = —Ig.

Theorem E.1 (Minimal half-spin unit). Up to unitary equivalence the phase-sensitive
rotational lift of smallest positive dimension is the defining representation on S = C2. Its
highest weight is one and its spin is

i=z (E.3)

Equivalently S is the unique minimal irreducible module of the even complex Clifford algebra
C1)(C) = My(C). (E.4)

Proof. Every finite-dimensional irreducible complex representation of SU(2) is Sym™(C?)
for a unique m € Nj. Its dimension is m+1 and its spin is j = m/2. The central element —1
acts as (—1)™I. Phase sensitivity therefore requires m to be odd. The smallest admissible
value is m = 1. It gives dimension two and spin 1/2. The Clifford statement follows
from the standard isomorphism C13(C) = Cly(C) = My(C) whose irreducible module is C?
[16, 17]. O

The scalar projective shell F2™ supplies the multiplicity ¢* of a geometric eigenvalue.
The module S supplies the minimal phase-sensitive lift of the local three-dimensional ro-
tation group. The central-sign condition selects the spin value 1/2 after three-dimensional
closure.

The Gaussian half-step and the minimal half-spin unit provide compatible realizations
of the same central character. Write Zy := {£I} C SU(2) and let € denote its nontrivial
one-dimensional character. The restriction of the half-spin module to the center is

S‘ZQ HePe. (E.5)
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Theorem 5.5 gives the nontrivial sign Ug;(27r) = —I. The nontrivial center of the spin lift
acts as —I on S. Since Z/27 has a unique nontrivial complex character each multiplic-
ity component carries the same character €. The identification is at the level of central
characters. Each representation retains its own carrier and full group action.

Figure 5 relates the projective geometric continuation to the Gaussian construction
of Section 5.4 through their common central character. The prime-natural lift of Propo-
sition 5.6(i) then attaches one copy of that character to each prime direction. Exterior
second quantization gives its occupation grading.

These constructions realize the representation interfaces of Section 7.

E.2 Additive half-spin fibres

The same minimal two-dimensional carrier also lifts the fixed-sum additive fibres of Sec-
tion 4. Let z,y be an ordered orthonormal basis of S = C2.

For every k > 2 the additive fibre has a symmetric-power realization. The basis
correspondence

—

|m, k —m)p — am—lyk—m—1 1<m<k-1, (E.6)
uses the normalized monomial indicated by the hat and gives a unitary identification
Fos = Sym* 2(8) = Vij_a) 2. (E.7)
For k > 3 coupling one minimal phase-sensitive unit gives the Clebsch—Gordan splitting
Fok @5 = Vig_1)/2 D Vik—3)/2, 2k —=1)=k+(k—2). (E.8)
At the first nontrivial additive threshold one has
F3 = Vi, Vip@Vip=Vieh. (E.9)

The homogeneous monomials of degree k — 2 form the standard weight basis of SymkiQ(S )
and are in bijection with the k — 1 ordered positive decompositions of k. Choosing their
standard invariant normalization makes (E.6) unitary. The Clebsch-Gordan rule V; ®
Vija 2 Vji1/2©Vj_1/2 proves (E.8). Setting k = 3 gives the final identity. Let Ls(v®@w) =
w®vonS®S and put Psy := (I +3g)/2. Then

S® S =Sym?(S)®A2S =V &V, (E.10)
with
PS7+(S®S) =V, PSV_(S(X)S) =W. (E.ll)

The highest-weight vector x®ux lies in the three-dimensional symmetric sector and identifies
it with V1. The remaining antisymmetric line is V. Thus the spin-one triplet is exchange-
symmetric and the spin-zero singlet is exchange-antisymmetric.

Example E.2 (The first projective and half-spin thresholds). The first three retained
projective indices are ¢ = 1,3,5. Their energy—capacity pairs are (0,1) followed by (8,9)
and (24, 25) as displayed in Table 4. Under diagonal conjugation the traceless summands
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have dimensions 0, 8,24 respectively. Each dimension equals its shell eigenvalue. This
eigenvalue also acts on the scalar line. In the independent additive family k = 3 is the first
fibre with a nonzero transverse quotient and

Fz = Vi, Fo3@S=Vial.

The projective lift first acquires positive excitation energy at index three. The additive
lift first resolves a triplet—singlet pair at the same index. The two selection rules therefore
reach the same threshold. Each space carries its own representation action.

The projectors Pg and Ps _ are the two-particle instances of the permutation idem-
potents used by the symmetric and exterior Fock functors in Section 3.2. The common
functorial mechanism is exchange symmetry. The arithmetic trace assigns one occupation
coordinate to each prime direction and therefore uses the one-dimensional central character
¢ as in Proposition 5.6(ii).

The lower Clebsch—Gordan branch and the additive transverse quotient both have
dimension k — 2. This exact rank agreement records their common two-input loss count.
The Clebsch-Gordan branch carries an irreducible SU(2) action whereas P}k)}"b’k. carries
the fixed-sum additive representation. These actions are defined on their respective carriers.

The geometric carrier has the shell capacities and heat—Mellin transforms of Ap-

pendix D. The same appendix derives its endpoint entropy.

F Occupation, response, and geometric context

The source arithmetic and ordered history construction are established in [1]. The present
paper adds occupation energies and operator readouts together with representation multi-
plicities.

F.1 Relation to arithmetic quantum statistics

Julia’s free Riemann gas assigns one-particle energies log p so that occupation energies add
under prime factorization [2]. Spector relates the square-free M6bius sign to fermion parity
and studies its supersymmetric interpretation [3]. These works supply direct precedents for
the occupation partition and graded trace formulas. The Bost—Connes construction begins
with Hecke algebras associated with ring inclusions. For the inclusion of the integers in the
rationals its C*-dynamical system has the zeta partition function. It also has arithmetic
symmetries and a phase transition in its equilibrium states [4]. The Bohr lift instead
identifies Dirichlet series with functions of prime coordinates [5].

The present Fock evaluation retains both energies in (3.34). Quadratic correlation
energy controls the Gaussian response while logarithmic energy adds over prime factors
and gives the Euler traces. On a general occupation state transporting the correlation
generator assigns Fj 1 times the square of the evaluated degree. This differs from the sum
of the prime quadratic energies. The full-charge Mellin identity of Theorem 5.4 relates this
Gaussian trace to the arithmetic trace without discarding the occupation characters.
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F.2 Square spectrum and geometric capacity

The one-component generator and the projective lift retain different data. The former has
simple normalized eigenvalues n? and constructs the natural-mode semiring. The latter
retains odd coordinates ¢ and attaches the representation fibre End(V(4_1)/2). It therefore
obeys

~

¢ = 1 + (¢#-1) . (F.1)
full fibre capacity  scalar line tracmgcity

This enriches the generated square spectrum by the selected representation multiplicity
spaces. The splitting is invariant under diagonal conjugation. Its traceless dimension
equals the normalized shell eigenvalue A\, = ¢> — 1. This eigenvalue acts on the entire
fibre including its scalar line. The global constant mode belongs to ¢ = 1. Theorem C.5
gives the dimension selection within the affine energy—capacity class. Theorem E.1 then
selects the smallest central-sign-sensitive rotational module. Scalar shell multiplicity and

rotational spin thus arise at different stages of the construction.

G Bertrand’s theorem in the generated Hodge shell

Prime counts refer to root modes. The history-source embedding carries the root prime
projection to its source-weighted history subspace as in (3.90). The ranks of corresponding
finite restrictions agree.

We apply the central-binomial argument of Erdés [18] to the generated Pascal modes.
If a Hodge shell is empty then the prime occupations bound the degree of the central
mode from above. The lower bound for that degree gives a contradiction at all sufficiently
large degrees. Explicit finite certificates cover the remaining shells. The Hodge prime
projector and the occupation coordinates thus express the central-binomial argument on
the generated carrier.

For N > 0 and 0 < K < N define the Pascal modes recursively by

Bpoo = 1p, By N,k = By N_1,Kk-1 By By N—1,K, (G.1)

with an out-of-range term read as 0. The semiring degree map gives

degy, (BN, i) = (g) (G.2)

Write &, := By 9y, for the central mixing mode.
The central mode is also an exact U(1) phase average. If my(1) is normalized Haar
measure then

degy(Chn) = /U el dmo ) (G.3)

The integral extracts the zero character from (1+2)"(14271)". With z = ¢ the integrand
is 4" cos?"(0/2). Near the identity one has

2
4" cos?™(0/2) = 4™ exp(—nz + O(n94)) .
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This coefficient combines the additive mixing capacity with a compact phase carrier and a
Gaussian local profile before its prime occupations are resolved.
Let m € Py have degree p. Its occupation in € ,, is

2n n
ve,, (1) =) QJ —2 {D : (G.4)
= P’ P’
Every summand is zero or one. The occupation therefore satisfies

pren(™ < o, (G.5)

In the cascade product of the modes of degrees 1,..., N each multiple of p’ contributes
one further unit of 7-occupation. Thus its total occupation is Y-, |N/p’]. The factorial
identity for the central Pascal coefficient subtracts twice the value at N = n from the value
at N = 2n. This gives (G.4). For a real number z the quantity |2z| — 2|z] is zero or
one. A nonzero term requires p’ < 2n. The number of nonzero terms is therefore at most
|log,(2n)]. This proves (G.5). For N > 1 let

(V)= B, =« (G.6)
TePy
degy (1) <N

be the finite prime-shell product.
For every integer N > 1 the finite prime-shell product satisfies

deg, By(N) < 4V, (G.7)

We prove this by strong induction. If N = 2m then every prime mode of degree in (m, 2m)|

occurs in &, ,,. Hence

deg, Ty (2m) < deg, By (m) (2;:) < 4mgm — 42m. (G.8)

If N =2m + 1 then every prime mode of degree in (m + 1,2m + 1] occurs in By 2m41,m-
The two central coefficients in row 2m+ 1 are equal and the full row has degree sum 22m+1,
Therefore (2”:;1) < 22m — g™ Tt follows that

degy Py (2m + 1) < 4mT1gm = g2m+1, (G.9)

The cases N = 1,2 follow directly and complete the induction. Let Np[up ] := m]up,,] on
the degree-one bar space and recall the Hodge prime projector P} from (3.83).

Lemma G.1 (Finite Hodge certificates). Fach degree in
Cin == {3,5,7,13,23,43, 83,163,317, 631} (G.10)

is a Hodge zero mode. Thus Ry[uyp) = 0 for every p € Can.
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Proof. By the internal factorization theorem a composite mode of degree p has a prime
divisor mode of degree at most \/p. The required finite composition tests are

p |q < /p to be tested p mod ¢

3 |D %)

5 12 1

712 1

13 12,3 1,1

23 12,3 1,2 (G.11)
43 12,3,5 1,1,3

8312,3,5,7 1,2,3,6
163(2,3,5,7,11 1,1,3,2,9
317|2,3,5,7,11,13,17 1,2,2,2,9,5,11
631(2,3,5,7,11,13,17,19,23/1,1,1,1,4,7,2,4,10.

Every displayed remainder is nonzero. Hence none of the modes has a nontrivial composi-
tion divisor. Each therefore lies in ker R, = Ran P,". O]

Theorem G.2 (Bertrand shell theorem). For every integer n > 1 one has

Trlcb,l (1(n,2n)(Nb)P1§)r) > 1 (G12)

Equivalently there is a spectral-prime mode 7 with n < degy(mw) < 2n.

Proof. Assume first that n > 512 and that the trace in (G.12) vanishes. Formula (G.4)
separates the Fock occupation of &, into three ranges. Prime degrees at most V2n
contribute at most (Qn)m In the range v/2n < p < 2n/3 each occupation is at most one.
Equation (G.7) bounds their product by 42*/3. For 2n/3 < p < n formula (G.4) gives zero
occupation. The assumption excludes any contribution from n < p < 2n. Therefore

<2n) < (2n)m 42n/3.

n

(G.13)

The 2n+1 Pascal modes in row 2n have total degree 4 and the central one is maximal.

Therefore on o
Equations (G.13) and (G.14) would imply
43 < (20 + 1)(2n) V2", (G.15)
For real x > 512 put
F(z):= glogél — log(2z + 1) — v2z log(2x). (G.16)
Direct evaluation gives F'(512) > 7.85 and
Fl(z) = 10§4 - 2x2+ - log(\Q/:z%—l— 250 (2>512), (G.17)
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because the two subtracted terms decrease on that interval and F’(512) > 0.181. Hence
(G.15) is impossible.
For 2 < n < 512 the Hodge zero modes of degrees

3,5,7,13,23,43,83, 163,317, 631 (G.18)

give the successive integer covers

p |p/2<n<p
3 2

5 3-4

7 4-6

13 7-12

23| 12-22 (G.19)
43| 2242
83| 42-82
163 82-162
317| 159-316
631| 316-511.

Lemma G.1 verifies every listed zero mode by the internal composition tests. This completes
the proof. O

H Prime density in the generated spectral carrier

The counting measures are defined on root values. Exact pushforward of the history source
and the Fock embeddings of (3.13) identify their spectral realizations. A root contributes
once to these measures independently of the number of histories evaluating to it.

The positive prime-power measure defined by the von Mangoldt observable counts the
Hodge prime modes through the logarithmic response of the Fock partition function. The
boundary phase inequality is the de la Vallée Poussin nonvanishing argument described in
[19, Chapter 6]. The distributional Wiener-Ikehara theorem [20, Theorem 1.1], in Mellin
form, then gives the counting asymptotic. Removing higher prime powers gives the prime
count. Adding a constant to bounded signed coefficients reduces the exterior-trace conclu-
sion to the same positive theorem.

For u € Z/lbJr define the spectral von Mangoldt observable by

logdeg, (1), u=7"%F 1ePy, k>1,
Ab@Q:__{ b() (H.1)

0, otherwise.

Write v |, u when v = v X, w for some w € M;’ and let x, denote convolution over this
divisor relation.
For every u € Z/lb+ one has

log degy(u) = ZAb(v). (H.2)

v|pu
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Equivalently log, = 1 x Ap.

Let v, () be the finite prime-occupation profile. Unique Fock occupation gives

log degy(u) = Y  vy(m) log degy, ().
TEP

For a fixed 7 exactly the powers ,...,7%"(") divide u. Their Ap-weights add to the
corresponding summand.

Define the positive Hodge prime-power counting function

Tp(X) = > My(w). (H.3)

degy (u)<X

Its Mellin—Stieltjes transform is the logarithmic marked response.

- egy(u)® (s)”

/00 x* dVy(z) = Z Molw) =T P(s,1) = _¢) Rs > 1. (H.4)
U

The first equality uses only the positive atomic measure determined by (H.1). The last
two equalities are Theorem 5.2.

Lemma H.1 (Fock boundary phase positivity). For every nonzero t € R one has
C(1+it) #0. (H.5)

It follows that

_ Cs) 1
Gls) := C(s) s—1

extends continuously to every point of the line Rs = 1.

(H.6)

Proof. For o > 1 the positive loop expansion of the symmetric Fock trace is

m

log ((s) = Z Z degb(mTr)_S.

TEP, m>1

Applying 3 + 4 cosv + cos(2v) = 2(1 + cosv)? > 0 term by term gives
(@) IC(o +)[C(o + 2] > 1. (1.7)

If ¢(1 +it) had a zero of order ¢ > 1 then letting ¢ | 1 would make the left side O((c —
1)%=3). A possible zero at 1 + 2it only increases the vanishing order. This contradicts
(H.7). Thus (H.5) holds.

The completed Gaussian trace of Proposition 5.3 continues ¢ meromorphically across
the line. Its only pole there is the simple pole at s = 1. Away from s = 1 the zero-free result
makes —(’/¢ locally holomorphic. At s = 1 the Laurent expansion ¢((s) = (s —1)"1 +0O(1)
shows that the subtraction in (H.6) removes the pole. Hence G} has the asserted continuous
boundary values. O
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The Mellin form of the Wiener—Ikehara theorem turns these analytic boundary val-
ues into an asymptotic for an unsmoothed counting function. Positivity enters through
monotonicity of the counting function.

Let A : [1,00) — [0,00) be nondecreasing and right-continuous with A(x) = O(z).

Suppose
o0
F(s) ::/ x~ % dA(x), Rs > 1, (H.8)
and that for some a > 0 the remainder
a
F(s) — H.9
() -~ (11.9)

has distributional boundary values on s = 1 that are locally represented by continuous
functions. Then

A(z)

T

— a. (H.10)

To reduce to the boundary formulation in [20, Theorem 1.1] put S(v) := e VA(e") for
v > 0 and extend it by zero for v < 0. Then write g(v) := S(v) — aljg )(v). The growth
assumption makes g bounded. For Rz > 0 Stieltjes integration by parts gives

_ F(l142)—a/z a
dv = — . H.11
[ atwe=ray = FESEE (H.11)

The right side has locally continuous boundary values on &z = 0. After multiplication

by a smooth compactly supported cutoff each boundary function is integrable. Its inverse
Fourier transform tends to zero by the Riemann—Lebesgue lemma. The boundary function
is therefore a local pseudofunction. Thus the nondecreasing function v — A(e”) extended
by zero to v < 0 satisfies the boundary hypothesis of [20, Theorem 1.1]. That theorem
gives e VA(e") — a and = = e" proves the assertion. The same positive theorem applies
to a bounded signed sequence after adding a constant. Let (an)n>1 be a bounded real
sequence and set

a
Aa(X) =) an,  Dals) =) ni (Rs > 1). (H.12)
n<X n>1
Suppose D, has distributional boundary values on $s = 1 that are locally represented by
a continuous function and that this function vanishes at s = 1. Then
Aa(X)
X
Choose C' > sup,, |ay|. The function Ac(X) := C|X| + A.(X) is nonnegative and

C
nondecreasing. It is also right-continuous and O(X). Its Mellin—Stieltjes transform is
Fo(s) = C((s) + Dq(s). Thus

— 0. (H.13)

Fe(s) - -7 =Dl + € (006 - 27 ).

s—1

The right side has locally continuous boundary values by the hypothesis and Proposi-
tion 5.3. The positive Mellin conclusion (H.10) therefore gives Ac(X)/X — C. Subtract-
ing C| X |/X — C proves (H.13).
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Lemma H.2 (Gaussian Abelian passage). Let N : [1,00) — [0,00) be nondecreasing and
right-continuous. Suppose it vanishes below some xg > 1 and satisfies

X
N(X) ~ g X' (H.14)
Then - JF
—,8362 T
e dN(x) ~ 64 0). H.15
J. O s meve O o
Proof. Write Lg :=log(1/+/f). Stieltjes integration by parts and y = /B give
/ e’ dN(z) =20 :ve_BJCQN(x) dx
_ 20
2 [y N/VB) i (H.16)
zov/B
For each fixed y > 0 hypothesis (H.14) implies
VBLgN(y//B) — v, (H.17)

because log(y/v/B) = Lg + logy.
Split the first integral in (H.16) at = = 8~'/4. Its lower part is at most N(5~/%)

because 23 fooo ze P dy = 1. Multiplication by +/BLg gives O(B'*). On the upper part
y > BY/* and hence
Lg+logy > 1Lg. (H.18)

The hypothesis gives N (z) < Cz/logx for sufficiently large . It follows uniformly on this
upper range for small 5 that

VBLsN(y/\/B) < 2Cy. (H.19)

Thus the normalized integrand is dominated by a constant multiple of er_yz. Dominated
convergence in (H.16) now gives

VBLg /1 e P’ dN (z) — 2/0 y2e V dy = \27?, (H.20)

which proves (H.15). O

For the prime contribution alone write

Ip(X) := Z log degy (7). (H.21)
TEPY
degy (1) <X

Theorem H.3 (Prime-number theorem for the generated spectral primes). The Hodge
prime modes satisfy

X
~ : < ~ . .
Up(X) ~ X, #{m € Py :degy(m) < X} log X (H.22)
Their Gaussian heat trace consequently satisfies
Opp(B) =Y e fdea(™” VT B10). H.23

TEPy
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Proof. The measure dV; in (H.4) is positive. The finite prime-capacity estimate of Ap-
pendix G gives
Ip(Y) < Ylog4.

Since every prime power below X has exponent at most log, X one has
Ty(X) = > (X)) < (logd) > XY™ =0(X).
m>1 1<m<logy X

Lemma H.1 verifies the boundary hypothesis of the positive Mellin conclusion (H.10) with
a = 1. Hence ¥p(X) ~ X.
Put
(X)) = #{m € Py : degy(7) < X}. (H.24)
Prime powers of exponent at least two contribute

0 < Up(X) —05(X) = O(VXlog X) = o(X), (H.25)

because their bases have degree at most v/ X and the Hodge capacity bound is linear. Thus
Up(X) ~ X. Stieltjes partial summation then gives

_ h(X) /X U (t) X
+ dt
2

X) = ~ .
m(X) log X tlog?t log X

The integral is O(X/log? X) after splitting it at v/ X.
Applying Lemma H.2 to N = 7, gives

[ v/
Oup(s) = [ e dma) ~ 5

which is (H.23). O

(H.26)

For uniform sampling among the prime modes of degree at most x the counting entropy
introduced in Section 6 is log mp(x). The theorem now gives log m(x) = log z — loglog x +
o(1) as x — oc.

Theorem H.4 (Asymptotic balance of the central-sign sectors). Define the intrinsic
Mébius sum and square-free capacity together with the two central-sector counts by

My(X):= > m(w), Qi (X) = > m(u)?

u€ly\{0,} u€Uy\{0p }
degy, (u) <X degy, (u)<X

(H.27)

NiL(X) i= # {u € Uy \ {0p} : degy(u) < X, pp(u) = £1}. (H.28)

Then

My(X) = o(X), (H.29)

H(X) = Cé) +0(VX) = %X +O0(VX), (H.30)

Nt (X) ~ N3 (X) ~ %X. (H.31)
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Thus the two central characters have equal asymptotic density within the square-free occu-
pation sector.

Proof. The exterior-Fock Euler identity gives

po(u) 1 .
UEZ/IbZ\{Ob} degb(u)s B C(S) (?R > 1) (H32)

Lemma H.1 and the simple pole of ( at s = 1 show that the right-hand side has continuous
boundary values on s = 1 and vanishes at s = 1. Since |up(u)| < 1 the signed conclusion
(H.13) applies to the generated degree ordering and proves (H.29).

Exterior nilpotence gives the square-divisor identity

1 (pn)® = 16 (up)- (H.33)

d?|n

Summing it up to X yields

S0 = Y m(upa) B;J =xy “"(;‘Qb’d) +O(VX). (H.34)

d<vX d=1

The omitted tail contributes O(v/X). The exterior Euler product at s = 2 identifies the
series with 1/¢(2) = 6/72. The sector counts satisfy

() = N§L(X) + N(X), My(X) = N, (X) — N (X). (H.35)
Equations (H.29) and (H.30) give (H.31). O

The boundary phase inequality supplies the common analytic input for the prime-
number asymptotic and central-sign balance. The first uses the positive prime-power mea-
sure while the second uses bounded signed occupation coefficients.
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