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ABSTRACT: From minimal unbiased compositional change we construct compact internal
geometry and gauge—matter representations, and prove a mass gap for the generated Yang—
Mills response. On the least-dimensional nontrivial compact connected faithful irreducible
orthogonal carrier, independent composition and square-root scaling with unit covariance
fix the centred Gaussian source. Ladder operations and coherent comparisons generate the
round SU(2) process spectrum; complete centre-invariant observations give RP3. Within
complete continuations preserving adjoints, exchange structures, source phase and reversal,
three theorems characterize the faithfully acting group (SU(3) x SU(2) x U(1))/Zs¢, a
sixteen-dimensional full matter module with a fifteen-dimensional charged quotient, and an
elementary scalar connector parametrized by one complex doublet. The colour connection
determines a complete spectral response with a unique positive equilibrium at the source-
calibrated radius. Its normalized radial and common-frame coexact responses define the
generated Yang—Mills mass operator. The Gaussian equilibrium completion has a unique
vacuum and an attained positive gap. Its representation preserves the original connection
state and polynomial products and intertwines the update. The curvature susceptibility
detects the collective radial response. The same source algebra generates a Lorentzian event
carrier with a phase clock. Osterwalder—Schrader reconstruction gives free local fields. For
the renormalizable gauge-matter realization, causal perturbation theory constructs the
interacting net as a formal series at gauge-compatible finite internal resolution.
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1 Introduction

Minimal unbiased compositional change describes a reversible source action together with
the independent accumulation of its unresolved increments. The problem studied here is
to construct the response modes and their couplings from this source and to determine
the restoring scale of their collective equilibrium. The elementary carrier distinguishes
continuous reversible changes. Comparing their complete processes determines the internal



geometry. Matter carries the resulting responses, and connections compare their local
frames.

The terminology is operational. A carrier is a vector space on which source changes act;
the elementary carrier has the least dimension among the admissible faithful irreducible
orthogonal actions. Operations compose these changes and compare their effects in pre-
pared states. A response records the change detected by an observation. The commutative
algebra of complete process observations records the distinguishable operations, and its
character space is the geometry resolved by those observations. The process heat spectrum
measures how resolved modes decay under unbiased composition. Local fields represent
these responses on the event carrier constructed from the same source algebra.

Minimal real dimension selects the standard SO(2) carrier among nontrivial compact
connected faithful irreducible orthogonal change data. Independent composition and ex-
act quadratic scaling with normalized finite variance fix a centred Gaussian law on its
one-dimensional Lie algebra. The finite correlation window gives the reflecting square
spectrum; the full-line ladder supplies matrix operations comparing source levels. The first
noncommuting matrix corner has two relevant real forms. Compact unitary operations gen-
erate the internal process geometry, while self-adjoint differences generate the Lorentzian
event carrier. Internal response and event localization are two observations of one source
algebra. The scale radius measures internal resolution.

The source construction realizes relative frames and least faithful matter together
with an elementary chiral connector. Three continuation theorems characterize these re-
alizations among complete continuations preserving the generated adjoint and exchange
structures together with source phase and reversal. Relative frames express the generated
carriers in local bases and turn their comparison into a connection. The generated tensor
carrier realizes every simple response block once. The least-matter theorem proves that this
adjoint-preserving action attains the minimum faithful dimension and is unique there up
to unitary equivalence. The elementary-connector theorem identifies the odd Clifford vari-
ation that is natural under independent source comparisons and real under reversal. Basis
phases and changes of local trivialization remain gauge descriptions of the same response.
Additional multiplicity spaces describe extensions by repeated families. The transported
source vacuum fixes the relative phase of the right frame and colour scalar. Its stabilizer
determines the charge direction. Primitivity fixes the charge unit and the common centre
fixes the faithful global group.

The Yang—Mills problem in this construction is to determine whether the generated
colour connection has a stable equilibrium and a positive restoring spectrum. Its mean
squared strength resolves collective changes; coclosed probes resolve transverse changes at
fixed intensity. Their spectral feedback and information metric are computed from the
same source law.

Kaluza—Klein theory associates lower-dimensional fields with modes of a chosen com-
pact internal geometry [1-3]. The spectral action of Chamseddine and Connes assigns an
action to noncommutative geometric data (A, H, D) [4]. On a spin manifold times a finite
noncommutative geometry it produces the gauge and matter sectors with Higgs terms [5].
These constructions establish how internal spectral data enter field dynamics on a chosen



base. The present construction begins with the source operation algebra. From this algebra
it obtains both the internal carrier and the affine Lorentzian event carrier before passing
to a field representation.

Finite noncommutative geometry already provides classifications of Standard Model
content. Chamseddine and Connes characterize the finite geometry under algebraic con-
ditions including KO-dimension six and quaternion linearity [6]. The classification in
Ref. [7, Section III] starts from an irreducible symplectic geometry of K O-dimension six
combined with a four-dimensional spin manifold. At the smallest graded size its algebra is
Hr @& Hy & M4(C). Its Pati-Salam realization carries sixteen fermions in (2,1,4) & (1,2,4).
Here the quadratic source response resolves a triplet—singlet carrier C' = W @ L. The
colour frames preserve the two summands separately. A full SU(4) frame mixes them. The
split-preserving response algebra together with the transported neutral line and common
centre determines which operators act on the full sixteen-dimensional module and which
descend to the charged quotient. The comparison therefore tracks both the origin of the
carriers and the operators retained by their physical realization.

Minimal unbiased compositional change is also the source of the spectral arithmetic
developed in Ref. [8]. The two constructions share the Gaussian law, intrinsic correlation
endpoints and reflecting spectrum in a common normalization. Spectral arithmetic studies
the native operations of the resulting modes. The physical branch uses the Gaussian ladder
and complete process comparisons to construct internal geometry, frame transport, matter
response and connection dynamics. The source and reflecting-spectrum arguments required
for this construction are included here.

The first principal result is the internal structure construction. Coherent comparison of
the ladder matrix units generates the round SU(2) operation space and its heat spectrum.
Complete centre-invariant observations give X3 = RP?. The trace comparison gives the
four-real-dimensional response cone. The Weyl growth of the complete process spectrum
fixes dimension three. The shell capacity relation identifies the round spherical parent.
Applying the three continuation theorems to these carriers gives

SU(3) x SU(2)w x U(1)

Gint = ZG ;

dimc Mg = 16, dimg My, = 15. (1.1)

The group is the range of the source action on the full matter carrier; the six-element sub-
group is the kernel of its product presentation. The neutral right line remains in Mg,;. An
operator descends to My, precisely when it preserves that line. The elementary reversal-
real connector has one complex coordinate of type (1,2); J2- Its determinant is its positive
gauge-invariant amplitude square. The source number flow has a unique continuous lift
to the right frames. Its image fixes the transported source vacuum pointwise. The result-
ing stabilizer locks the relative phases of the right frame and colour scalar to the source
reference and fixes their primitive charge.

The second result is the generated Yang-Mills mass-gap theorem. Let ¢ = E| B|?
be the invariant intensity of the Gaussian colour connection. Its adjoint Casimir fixes the
feedback coefficient and the long-root spectrum fixes the relative drive. The unit-covariance
source fixes a width by and the length unit ¢, = by. The reference profile whose UV endpoint



equals this unit has width b/ V2. Tts IR radius gives L. = v/7. In this endpoint calibration
the canonical source has Lg. = V21 > L.. The complete relative spectral response is C?
and coercive with strict convexity. It has a unique positive minimum at this source-defined
radius and more generally at every L > L.. The source Legendre metric normalizes the
radial fluctuation. The exact coclosed connection response gives

. 4
M%’M = m%(M,rad @ (AlL + 5QLI)7 A%(M = min {m%(M,raw ﬁ + 5CIL} > 0. (1'2)

The connection, source law and generated coexact domain transform together under
changes of frame. Their common-frame quotient gives the displayed one-response opera-
tor. Independent Gaussian composition of its linear restoring map gives an equilibrium
response completion with a unique vacuum and first positive mass-squared A%,M. Its
gauge-invariant cyclic sector inherits this positive lower bound. The original connection
polynomials retain their full source inner products and multiplication in this completion.
Their equilibrium update is intertwined explicitly with its generator. The intensity score
retains its second Hermite degree. The radial linear readout is the derivative of the curva-
ture mean along the source family. Its positive coefficient makes the collective excitation
visible in the joint curvature susceptibility. It contains both the direct source response
and the additional change caused by relaxation of the mean intensity. The fixed-source
curvature correlation is computed separately with its full Hermite weights. Uniform tail
estimates provide one finite spectral cutoff controlling both ¢; and the gap on compact
condensed scale intervals.

The third result supplies the field representation. The self-adjoint real form of the same
first matrix corner has determinant > — |x|2. Algebraic positivity selects its future cone and
the determinant-one action gives SO (1,3). Translated Gaussian comparisons generate
the affine event algebra. A translation character read by the source quadratures calibrates
proper time. Osterwalder—Schrader reconstruction gives the free local net. Mode products,
gauge curvature, matter transport and the elementary connector define local functionals
on this carrier. Causal reconstruction gives the gauge-compatible finite-resolution pertur-
bative net as quantum BRST cohomology in the renormalizable gauge—matter realization.
In its quadratic realization, integrating the internal one-response semigroup against the
event heat kernel gives the field covariance. The one-particle Poincaré Casimir retains the
internal mass spectrum. The colour intensity and the radial curvature polynomial have an
isolated positive scalar pole and explicit multiparticle continua, with weights fixed by the
observation.

The accompanying Lean development provides machine-checked proofs for the com-
mon source structure and finite physical interfaces identified in its theorem correspon-
dence [9]. The archived Coarse Graining Genesis Framework supplies independent com-
putational checks of finite responses and mode products, including their joint resolution
corrections [10]. The theorem correspondence and computational records specify which
results are checked. The analytic arguments are given in the paper.

The appendices give the source-operation constructions, spectral formulae, convergence
and truncation estimates, and field-reconstruction proofs used in the main text.



2 Preliminaries

Complex Hilbert-space inner products are antilinear in the first argument and linear in the
second. Real inner products are symmetric bilinear forms.
The structural implications have the form

minimal unbiased ; ;
compositional change Gaussian

— (finite window, full-line ladder)

source operations (2 : 1)
%

(X3, Ey)
source continuationtheorems
(Gints Meant, Men, Ken),

The source operations resolve complete processes into orthogonal heat shells. Their mul-

tiplicities supply the quadratic capacity used in the dimension count and the spherical
comparison. The relative-frame, least-matter and elementary-connector theorems char-
acterize continuations of the generated carriers that preserve their adjoint and exchange
structures, source phase and reversal. Local frames, matter and the scalar connector are
successive realizations in this class. The stated operation and observation classes fix the
scope of the uniqueness results, and each completion is taken in its specified norm or op-
erator domain. The entropy and representation results recalled here are standard tools for
this construction.

2.1 Maximum entropy principle

Let p be a probability density on R? with respect to Lebesgue measure. Its differential
entropy is

H(p) = - / () log p() da.

The reference measure is fixed in this definition. Jaynes’s maximum-entropy principle [11]
selects the Gaussian density pg at fixed mean p and positive-definite covariance 3. In
these conventions the fixed-moment identity is

H(pa) — H(p) = D(pllpc) = 0.

It follows by integrating the quadratic polynomial logps against the two densities.
Relative-entropy positivity [12] gives uniqueness up to equality almost everywhere. An
infinite entropy deficit corresponds to H(p) = —oo.

The entropy deficit measures the additional statistical structure carried by a density
with the same moments. The compositional source fixes the Gaussian through independent
accumulation, exact quadratic scaling and normalized finite variance; maximum entropy
describes the uncertainty retained by that law. The Fourier-conjugate entropy inequality
of Biatynicki-Birula and Mycielski [13] follows from the sharp Fourier norm inequality [14].
Unchirped Gaussian wavefunctions attain the entropy bound. Here the optimized quan-
tity is the total entropy of two conjugate readouts. A self-dual normalization balances
their spreads in fixed Fourier units. The profile e~ ™" is self-dual for the Fourier kernel
e~ 2™%¢  These variational and harmonic statements use fixed measure and normalization
conventions.



2.2 Representation theory preliminaries

Let Spin(4) = SU(2)r x SU(2)g. Its irreducible representations are labelled by (jr,Jjr)
and have dimension (257, + 1)(2jr + 1).

The standard representation classification [15] gives the following dimensions and ker-
nels. The least nontrivial complex irreducible representations of Spin(4) are (1/2,0) and
(0,1/2). Both have dimension two. Neither is faithful. The least faithful complex represen-
tation is the four-dimensional Dirac sum (1/2,0) & (0,1/2) and is unique up to equivalence.
A representation of dimension at most three omits one factor. The four-dimensional vector
representation (1/2,1/2) has a diagonal central kernel.

For even n = 2m the complex Clifford classification [16, Chapter 3] gives an irreducible
module of dimension 2. Restriction to the even Clifford subalgebra or to Spin(2m) gives
two semispinor modules of complex dimension 2™~1. Odd Clifford multiplication inter-
changes them. For odd n there is no chiral decomposition.

3 Minimal Change and Gaussian Coarse Graining

The elementary datum specifies how a reversible change is distinguished and how indepen-
dent increments of it accumulate. A real inner-product space records its response directions.
Orthogonality expresses comparison at fixed strength. The direction can change while the
comparison norm is preserved. Faithfulness allows distinct source operations to be resolved
through their action. Irreducibility makes the elementary response indecomposable into
proper invariant sectors. Minimality selects the fewest real directions that support such a
continuous reversible action. These conditions specify the elementary carrier before spa-
tial localization or clock calibration enters. The accumulation law belongs to the same
source datum. Independent composition and exact scaling determine its Gaussian realiza-
tion under a finite normalized second moment. This section specializes the common source
construction of [8] to the internal response problem.

The two Gaussian constructions answer complementary physical questions. The finite
window identifies the range over which changes remain correlated at a fixed resolution
and fixes the endpoint scale. The full-line ladder resolves how amplitudes are transferred
between source levels and supplies the matrix operations whose finite corners generate the
response algebra. The window operator and ladder Hamiltonian act on different Hilbert
spaces. Their common square normalization joins the correlation scale to the operation
spectrum.

3.1 The minimal real change carrier

Elementary changes are nonidentity operations in a group that also contains the null
change. Connectedness makes each group operation continuously accessible from the null
change. Compactness allows the family of response orientations to carry a normalized in-
variant average. Together with orthogonality these requirements describe reversible com-
parisons at fixed response strength.



Definition 3.1 (Orthogonal change datum and unbiasedness). An orthogonal change da-
tum is a triple (V, G, p) with a nonzero finite-dimensional real inner-product space V' and
a nontrivial compact connected Lie group G. Its action

p:G— O(V) (3.1)

is faithful and continuous and irreducible over R. A set Cy C G\ {e} of elementary changes
is admissible if it topologically generates G. The identity e represents the null change.
The elements of Cy represent elementary nonzero changes. Two choices of Cy are physically
equivalent when an orthogonal intertwiner of the corresponding data carries their generated
actions into one another.

Structural unbiasedness means that the real representation p has no nonzero proper
invariant subspace. Statistical unbiasedness of a Borel probability measure on a Euclidean
tangent space means invariance under its full orthogonal group. Structural unbiasedness
concerns the response representation whereas statistical unbiasedness concerns its proba-
bility law. Statistical unbiasedness of the compositional source follows from composition
and scaling with normalized finite variance.

An orthogonal change datum is minimal if dimg V' is least among such data.

The source datum combines this minimal carrier with a probability law for the ac-
cumulation of independent changes. Its composition and scale dependence are specified
together in the following axiom.

Axiom 3.2 (Minimal unbiased compositional change). There exists a minimal orthogonal
change datum (V, G, p) and a family of Borel probability measures (1)¢>o on its Lie algebra
g such that

(C) ps* pe = pstr for s,¢ > 0.
(S) Mt = (D\/g)#ul with DTX =rX.
(V) g1 has finite second moment and Cov(yu1) = Iy in the representation metric.

Condition (C) makes the accumulated law independent of how successive independent
increments are grouped. Condition (S) closes this law under changes of composition scale.
Division by the square root of the composition parameter recovers the reference law. Con-
dition (V) allows the strength of unresolved changes to be calibrated through a finite second
moment and fixes the covariance unit at ¢ = 1. The Gaussian uniqueness theorem estab-
lishes centring and orthogonal invariance with covariance tf;. The parameter ¢ measures
accumulated variance. Physical time requires a clock calibration.

For an orthogonal change datum the differential representation equips g with the inner

product
1

dimR Vv

(X,Y), = — Try (dp(X)dp(Y)) (3.2)

Faithfulness makes dp injective. Hence (3.2) is positive definite.



Theorem 3.3 (Minimal real carrier and complex structure). Every minimal orthogonal
change datum has

dimpV =2, G =50(2), (3.3)

and p is orthogonally equivalent to the standard rotation action. If X is either unit
generator of g and J = dp(Xp) then

JV'=—J,  JP=-I,, JJ=1Iy. (3.4)
Choosing an orientation of V selects one of the two operators J. The rule
(a+ic)v :=av + cJuv, a,c €R, (3.5)
makes V' a one-dimensional complex Hilbert space with
plexp(6Xo))v = e%u, SO(2) =2 U(1). (3.6)
Reversing the orientation sends J to —J and complex conjugates this coordinate.

Proof. In real dimension one O(V') = {£1} has no nontrivial connected subgroup. The
standard action of SO(2) on R? is faithful and real irreducible. Thus the minimum is two.
Connectedness and compactness then make p(G) a nontrivial connected closed subgroup
of SO(2). It is therefore the whole circle. Faithfulness identifies G with SO(2). In an
orthonormal basis the two unit generators are + ((1) _01 ) They satisfy (3.4).

Equation (3.4) supplies a real-linear complex structure. The compatible Hermitian
form is

hy(v,w) = (v,w)y +1i(Jv,w)y. (3.7)

It is positive definite and satisfies hj(v, Jw) = ihj(v,w) in the convention of Section 2.
The identity e’/ = cos@ 1 + sinf .J gives (3.6). O

The complex coordinate in Theorem 3.3 organizes the two real comparison directions
into an amplitude and a phase. The phase records a reversible rotation of the elementary
response. The two-level complex module spans two Gaussian levels and uses these same
complex scalars to compare their amplitudes.

3.2 The compositional Gaussian law

Theorem 3.4 (Gaussian uniqueness under composition). The minimal carrier of Theo-
rem 3.3 has one-dimensional Lie algebra g = R. On this Lie algebra the family in Axiom 3.2
is uniquely

dpe(a) =

2
exp<;t> da, a€g=R. (3.8)

1
V2t
The family is centred and invariant under the full orthogonal group of g with covariance
tly. Setting po = 6o gives a weakly continuous convolution semigroup on ¢ > 0.



Proof. For a bounded continuous function f condition (S) gives

[ ane= [ 10y dm@.

Dominated convergence proves weak continuity for ¢ > 0 with ug = Jp. Conditions (V)
and (S) give finite second moments at every ¢t > 0. Writing m; = [adu(a) gives by
composition and scaling mg = 2m; = V2mq. Thus m; = 0 and m; = 0 for all ¢. In a unit
coordinate on g = R condition (V) now reads [ a?du;(a) = 1.

Let ¢1(k) = [e**dus(a). The finite second moment gives the expansion ¢(h) =
1 — h?/2 + o(h?). For each positive integer N conditions (C) and (S) imply

09 = s (i7" = [1 - 22 )| e

The left-hand side is independent of N. Uniqueness of characteristic functions therefore
gives (3.8). Orthogonal invariance and covariance tI; follow from this density. O

At its derived mean and covariance this composition law also maximizes entropy as
recalled in Section 2.1 [11]. It therefore leaves the greatest uncertainty about unresolved
increments consistent with their mean and variance. Composition fixes the law. The
entropy characterization explains its lack of statistical preference.

Set t = b? and distinguish the unit-mass density from the unit-peak correlation profile

by

1 2 2
Gy(d) = ——e~ /(27 /G d)dd =1, 3.9
D)= [ Gua) (39
Ky(d) = V21 bGy(d) = e~ /(2% Ky(0) = 1. (3.10)
The convolution parameter is quadratic with
Gbl * sz = G\/W (311)

Reversible changes and coarse graining. Let (U(a)f)(y) = f(y — a) be the unitary
representation of an individual tangent change on L?(R). Fourier transformation gives

/RU(a) dps(a) = exp[—; (—j;ﬂ . (3.12)

Each microscopic change remains reversible. Averaging over unresolved independent
changes produces a positive contraction with a preferred coarse-graining direction. The
average retains the probability-weighted response while discarding which individual dis-
placement occurred. Its Fourier multipliers suppress rapidly varying modes most strongly.
The parameter ¢ measures the accumulated variance of these tangent changes.



3.3 The finite correlation window

The two boundaries are local and global readouts of the generated correlation kernel in the
displacement coordinate fixed by its covariance. The local readout is the first separation
carrying one unit of additive information. The global readout is the length of a constant
profile with the same peak and total correlation mass. The information unit and mass
normalization specify these readouts and fix their endpoint values.

Let F : (0,1] — [0,00) be continuous and satisfy F'(rs) = F(r) + F(s) with nor-
malization F(e™') = 1. Then F(r) = —logr. The substitution H(x) = F(e™*) gives the
continuous Cauchy equation whose slope is fixed to one by the normalization. Consequently
the local information of K} is

Ky(d)  d?
K(0) — 202

Dy(d) := —log (3.13)

The signed displacement coordinate is the additive locally compact group (R,+). In
the displacement coordinate fixed by the covariance normalization in Axiom 3.2 normalize
Haar measure by assigning mass one to a unit interval. The resulting positive locally
finite translation-invariant Borel measure is uniquely Lebesgue measure dd. For a nonzero
nonnegative profile K € L'(R) N L>(R) define its correlation mass and peak-equivalent

length by
C(K)

C(K) = /R K(ddd, LK) = e (3.14)

The quotient is invariant under translations and positive amplitude rescalings and scales
as a length under K (d) — K(d/a). Thus it is the constant-profile width carrying the same
normalized translation-invariant correlation mass.

Correlation boundaries. The first unit-resolvable separation and the translation-
invariant peak-equivalent width are uniquely

loy(b) :=inf{d > 0: Dy(d) > 1} = V20, (3.15)
and f (6)ds
Ky
Lir(b) := L(K}) = RKW =V2rb. (3.16)
They satisfy
Dy(lyv) =1,  Dy(Lir) = 7. (3.17)

The function in (3.13) is continuous and strictly increasing for d > 0. Its first unit level
is therefore v/2b. The normalized Haar measure fixes the correlation mass in (3.14). The
second identity is the elementary Gaussian integral. The two information levels follow by
substitution.

Both boundaries are obtained from the same Gaussian profile. The width b sets
their common length scale while the local information and global capacity readouts give
Lig/lyy = /m. Their numerical values supply the two ends of the correlation window

~10 -



without an independent cutoff parameter. The infrared length also has an entropy inter-
pretation as the exponential of the limiting Rényi entropy of the normalized correlation
profile.

Let K > 0 be nonzero in L'(R) N L>®(R). Put px = K/ [ K and define for a > 1

HS(PK) =

1 d)® dd. 3.18
1_a0g/RpK() (3.18)

With Lebesgue measure normalized in the same length units as the endpoint

HE (px) . ( lim HR ) - M 3.19
e = exp| lim Ho(pr) Kl (3.19)
For Kj, this is v/27 b = Lig(b). The L* norms of a probability density in L' N L> converge
to its essential supremum. Since HY = a(1 — a) 'log||px|lo the limit is —log ||px |-
Normalization of px gives (3.19). The Gaussian value follows from (3.16).
The active window is therefore

Wy, = [buv (D), Lir(b)], Ay = Lig(b) — Luv(b) = b(v2r — V/2). (3.20)

Reflecting closure. On H;, = L?(Wj,dd) consider the local Laplacian A,f = —f".
Among nondegenerate separated homogeneous self-adjoint boundary conditions conserva-
tion of the constant state uniquely selects

D(Ab) = {f S H2(Wb) : f/(va) = f/(LIR) = 0}. (3.21)

The endpoint flux vanishes on this domain. The zero eigenspace consists precisely of the
constant functions. The remaining eigenvalues are

2
nm
Eypp = (Ab) . on=1,2,.... (3.22)
A separated homogeneous condition at an endpoint has the form af + 8f' = 0 with

(a, B) # (0,0). Requiring the constant function to lie in the domain forces o = 0. Hence
B # 0 and f' = 0. The Neumann condition at each endpoint gives zero flux. Integration
by parts shows that A, is nonnegative and self-adjoint on (3.21). Its kernel consists of
functions with be |f'|?> = 0. Separation of variables then gives the Neumann spectrum of
the interval of length A,.

Put t5(d) = d?/2. Then the endpoint scales are tyy = b? and tjg = b

For a candidate outer length Ly, write the squared ratio as ¢ = (Lia/fuv)?. Equal-
capacity closure is the equation

Ve—+m=0. (3.23)
It has the unique dilation-invariant solution

R

. (3.24)
tuv

Cend = T =

The only continuous positive function R(z,y) on z,y > 0 satisfying common scale invari-
ance and composition R(zx,z) = R(z,y)R(y, z) with unit logarithmic differential at © = y
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is R(z,y) = y/x. The endpoint formulas give Lig/fyy = /7. For the last assertion scale
invariance gives R(x,y) = f(y/x) and composition gives f(rs) = f(r)f(s). Continuity
implies f(r) = r9. The differential normalization fixes ¢ = 1.

The Gaussian also reconstructs the metric used by the local generator. On [0, Lig]
define

di,(z,y) := b\/2 log KZ({;:(E)y)' (3.25)

The Dirichlet form of Ap on the active window is
&) = [ IF@Pdd, DE) = HOM), (3.26)
We

Substituting the Gaussian profile shows that its correlation metric is the Euclidean
separation dg, (z,y) = |x — y|. On W} it equals the intrinsic metric of the form (3.26). If
|f’| < 1 almost everywhere the fundamental theorem for Sobolev functions gives |f(x) —
f(w)] < |z —y|. The affine function f(d) = d saturates this bound.

Translate W, to [0, Ap] and reflect it across both endpoints. Its double is

—~ d—1/
Wy = R/(20,Z), 0= "4 fov) (3.27)
Ay
Theorem 3.5 (Reflecting double and carrier compatibility). Even reflection gives a unitary
map from L?(W,,dd) onto the reflection-even subspace of L?(S',df/27r). The map is

(R f) (%) = \/E,f<ew + Aﬂbw\) ,  —m<6<m (3.28)

It takes normalized Neumann modes to 1 and v/2cos(nf) and intertwines A, with
(m/Ap)%(—03) on that subspace.
After choosing the orientation in Theorem 3.3
Ay

&(exp(6)) = [9

7T ]mbz (329)

is the unique orientation-preserving Lie-group isomorphism G — 17\71) whose differential
sends the unit angular generator to Ay /7. Thus the Gaussian tangent line and the reflected
spectral circle are respectively a universal cover and compact quotient of one normalized
change carrier.

Proof. Even extension doubles the integral on [0,A;]. Multiplication by /Ay gives the
unitary normalization. Even H? functions have zero derivative at the fixed points and every
Neumann function extends evenly. This proves the spectral statement. The exponential
coordinate of G = SO(2) has kernel 27Z while the lift 6 — (Ap/7)0 maps this kernel onto
2A4Z. Tt induces (3.29). The orientation and differential give uniqueness. O

The reflecting operator has the corresponding finite-window interpretation. For 7 > 0

the semigroup is
Cy(r) = e 702 Cy(r)gn = e T2, (3.30)
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where ¢y = A;l/ ? is the constant mode. The Neumann heat semigroup preserves positivity
and total probability. Thus every probability density oo € L'(W,) N L2(W}) satisfies

1

< e_TEb,l/Q o
Ay

HCb(T)Q
2

20 (3.31)

0~ :
Ay 9

The uniform state is the equilibrium of this diffusion and is approached exponentially at a

rate fixed by the first Neumann eigenvalue. Here 7 is the internal diffusion parameter on

the correlation window.

3.4 The Gaussian ladder and its central sign

On the full tangent line the Gaussian ladder acts on the normalized L?(R) vector propor-
tional to the correlation profile K} given by

g5 (y) 1= (mb?)~1/ eV /@), (3.32)

The reflecting window organizes finite correlation scales. The ladder organizes operations
that resolve and connect source modes and their relative phases. Both constructions use
the same Gaussian profile with the full tangent line retaining the modes needed for the
operator algebra.

Proposition 3.6 (Gaussian ladder, order-neutral closure and central sign). Let

d
A= Clb@ + 02% “+ ¢o (3.33)

be a first-order operator with complex affine coefficients on the Schwartz core of L?(R). If
Agy =0 and [A, A*] = I there is some €!” € U(1) such that

- 1 d vy
= 1y = —— —_— -
A = eay, ap : 7 <bdy + b) . (3.34)

The ordered products A*A and AA* are independent of the residual phase. The two phase-
independent products differ by I. Reversal exchanges their orderings. In the normalized

affine class
Qp = {Hpo = aggap + (1 — a)apay : 0 < o < 1}, (3.35)
the unique element invariant under interchange of the two orderings is
1 1
HY = i(azab + apay) = apay + 5[. (3.36)
The self-adjoint closure of (3.36) has an orthonormal Hermite basis (hp)n>0 with
1
HY by = <n + 2) o (3.37)
Its unitary phase flow satisfies
e=2mHE — o—AmiHg _ 1 (3.38)

Within the class (3.35) the half-unit and the order-two central sign are therefore fixed by
order reversal.
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Proof. The logarithmic derivative of gl? is —y/b%. Annihilation therefore forces cy = ¢1 and
co = 0. The commutator is 2|c1|2I and fixes |c;| = 1/+/2. The ordering involution sends
Hp.o to Hp 1 whose unique fixed point is av = 1/2.

The equation abgg’ = 0 gives the ground-state eigenvalue 1/2. Successive applications
of aj give the Hermite basis and raise the eigenvalue by one. Equation (3.38) follows by
spectral calculus. The closure has domain

S bt Y (1) feal? <00 (3.39)

n>0 n>0

O]

This central sign belongs to the metaplectic phase lift on the full tangent Hilbert space.
On a finite carrier compressed source operations generate SU(2). The full-cycle operator
restricts to its nontrivial central element (Proposition G.1). This identifies the two central
actions through a common carrier.

4 Emergent Response Structures

Coherent comparison of source modes retains both intensities and relative phases. The
Gaussian ladder supplies matrix units that transfer amplitudes between resolved levels.
Their products describe successive transfers. The first two-level corner supports noncom-
muting comparisons. Complete observations distinguish the resulting operations and their
observation algebra determines the compact process space. Unbiased composition deter-
mines its heat evolution. The internal response geometry thus records operations compared
in the same source preparation. Peter—Weyl decomposition resolves their process spectrum
and the SU(2) classification fixes the least-dimensional centre-sensitive spin module. Ap-
pendix G proves the spectral and central properties and fixes the metric normalization used
here. Relative-frame comparison gives local frames, the least faithful adjoint-preserving
representation supplies matter, and the natural reversal-real variation supplies the scalar
connector. The three continuation theorems characterize these constructions among com-
plete realizations preserving the generated adjoint and exchange structures, source phase
and reversal.

Write 2 for the preceding source data comprising the minimal real phase plane and its
Gaussian convolution semigroup together with the finite Neumann window of normalized
positive spectrum n? and the metaplectic central character. The real phase plane supplies
the complex scalar structure. Here V' denotes the two-dimensional complex span of the
first two Gaussian modes. Its coordinates are mode amplitudes and the ladder compares
and mixes these amplitudes through its matrix units.

Theorem 4.1 (Generated process algebra, round response, and real amplitude). The
matrix units obtained from the Gaussian ladder generate the following operational con-
structions without a spatial dimension as input.
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(i) The first noncommuting finite corner acts on V' = span{hg, h1}. Its determinant-
one reversible operations form SU(V'). Coherent comparison with the same source
level hy distinguishes their matrix entries and the uniform closure of the resulting
process-observation algebra is C(SU(V)).

(ii) Independent steps exp(ie ), &.J,) formed from the compressed ladder with a fixed
centred law and covariance ¢l for 0 < ¢ < oo converge after |8t/(ce?)] compositions
to the round group heat evolution. The generated equal frame average realizes these
moment conditions. The six coordinate directions have ¢ = 1/3. Independent unit-
variance Gaussian coefficients have ¢ = 1. Both yield the same spectrum

Ap=n%—1, my, =n?, n=12,.... (4.1)
The complete centre-averaged algebra has character space SU(V)/{£I} = RP3,

(iii) The smallest real algebra containing these reversible operations is Hy = RI @
i Hermo (V). Every nonzero amplitude has a unique polar factorization h = RU.
The full comparison in the generated trace preparation gives

1 ReTr(dh*dh) = dR* + R*ground. (4.2)

Proof. The ladder polar decomposition gives all E;; and hence the first noncommuting
corner My(C). Its compressed raising and lowering operators satisfy the su(2) relations
by Proposition G.1. Theorem G.2 includes the coherent comparison and finite-control
constructions and proves point separation. Its finite-variance Fourier limit gives the scalar
multiplier e =490+ on the spin-j representation. Peter—Weyl decomposition supplies its
(25 + 1)? matrix coefficients. Putting n = 2j 4+ 1 proves (4.1). The central conditional
expectation retains the complete invariant algebra. So its character space is the stated
quotient. Finally the finite-control preparation in the same appendix and Proposition G.3
establish the trace preparation together with the real algebra and polar metric on the same
source-derived carrier. O

Observable rigidity of the process geometry. For the generated process system the
complete process-observation algebra together with its source trace metric determines the
compact parent as SU (V') with its normalized round metric up to an isometry preserving
the source observations. Its complete centre-invariant subalgebra determines the quotient
SU(V)/{£I} = RP? with the descended metric. The observation class and source normal-
ization thus fix both geometries.

Proof. The complete observations separate the operations and generate C(SU(V)). The
trace preparation fixes the normalized bi-invariant metric. Passing to the complete centre-
invariant subalgebra identifies precisely the central orbits and the trace metric descends
through the quotient. O

The comparison algebra distinguishes complete operations on V. An input amplitude
in hg or hj is coherently paired with the reference level hy which the controlled opera-
tion leaves unchanged. Comparing the transformed amplitude with this reference in two
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quadratures recovers the real and imaginary parts of each matrix entry of U. These com-
parisons also distinguish U from —U through their relative sign on the operated branch.
The preparations and probes use the same generated source algebra. The generated J,
are traceless controls of the two-level response. So their exponentials generate relative
determinant-one operations. The central source phase remains available in U(V). The
finite-variance composition limit is independent of the microscopic step law within the
stated class. An unbiased law is realized by conjugating each step with an independently
redrawn equally weighted choice of the 24 generated frame controls. This removes the
mean and makes the covariance scalar. The quadratic term in the small-step expansion is
then proportional to > a(J(gj ))2 = j(j 4+ 1)I. Repeated independent composition gives the
round heat multiplier. The three control directions are the generated traceless Hermitian
responses on V. The trace comparison makes 2i.J, orthonormal tangent generators and the
accumulated microsteps have the Laplace—Beltrami operator of this same angular metric
as their positive generator. The response geometry and its diffusion therefore share the
normalization fixed by the source comparison. A point of the compact response space la-
bels a complete reversible operation. The heat kernel describes the distribution produced
by many independent small operations. Its spectrum measures the rates at which process
information is lost under averaging. The local cycle (G.13) makes the angular centre de-
tectable. Centre averaging then identifies U and —U and retains every distinction between
their central orbits. The spectrum of this complete invariant observation algebra is RP?.
The full second moment retains the scalar amplitude direction which a connected response
removes. The resulting four coordinates describe angular and amplitude responses.

The continuation of this process algebra to matter uses recursive minimality. Each gen-
erated response algebra has a least-dimensional faithful adjoint-preserving representation.
Reversal pairs the source-derived chiral modules and naturality fixes how the generated el-
ementary odd variation acts on the composite response. The three continuation theorems
and their universal properties are distinguished in Figure 1.

4.1 Response shells and spherical classification

The reflecting interval already supplies a dimensionless square spectrum. If £}, ; is the first
positive Neumann eigenvalue in (3.22) then on the positive-mode subspace
—~ Ay

Ay

== Apbom =n’dbn, n=1,2,.... (4.3)
b1

Each positive Neumann eigenvalue has one interval mode. The Gaussian ladder also gener-
ates finite matrix responses whose capacity describes the operations available on a retained
set of source levels.

Source-generated finite response capacity. On the Gaussian ladder let H, =
span{hp, ..., hpn—1} and let P, be its orthogonal projection and put a, = P,apPy.
Closure under complex linear combination and composition with adjunction gives

Ay, = Alg(In, an) = Endce(Hn), dime Ay, = n’. (44)
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minimal unbiased compositional change with SO(2), J,U(1)
and the Gaussian law on finite correlation scales

!

finite-window Neumann square spectrum n?> &
full-line Gaussian ladder and central sign in Qp

e - = =
R - - o
- - -

____________ & - _ e
. [ X 1

| complete reversible op- v generated local Gaussian :

| 2 2 !

. erations and unbiased ro cycle and complete centre- :

1 . . s ! 2 Q g

, finite-variance composition b invariant observations |

———_________1 ____________ il ___________1 ____________

53 parent with X3 = RP® and centre-sensitive spin lift
trace-comparison cone and response carrier Fy
Clifford chiral carriers with § ® S =
W & L and split matrix response algebra
T

three continuation theorems

|

|

! for relative frames and least

| matter with elementary variation

local SU(3) x SU(2)w x U(1) frame actions
minimal joint matter with primi-
tive charges and common centre

charged quotient and elementary scalar representation

! connection intensity with |
! adjoint-Casimir feedback !

I
: and relative long-root drive |

complete potential and scale transport

generated Yang—Mills mass operator and invariant spectra

Figure 1. From source operations to internal structure and Yang—Mills response. Solid arrows are
deductions within the stated classes. The upper dashed arrows specify the operation and observation
classes. The lower dashed arrow marks the change of physical role from generated carriers to their
relative-frame and least-matter realizations with the elementary connector. The three continuation
theorems record these constructions and the universal properties that retain the source adjoint and
exchange sectors together with the phase and reversal actions. The established spectral and central
properties and the normalized metric are recorded alongside them. The connection intensity and
Casimir feedback together with the long-root drive are derived from the generated colour source.
Their complete response gives the mass operator of Theorem 8.4. The figure follows the internal
branch. The self-adjoint real form of the first matrix corner supplies the Lorentzian event branch.
Their tensor-product representation carries the local field algebra.
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The Hermitian response space has real dimension n?. Its traceless part has dimension

n? — 1. These are also respectively the ranks of the full exponential response and its
connected susceptibility in Proposition G.1.

Proof. The simple spectrum of N,, = a} a, gives its rank-one spectral projections. Multi-
plying these by a,, and a generates every matrix unit. So A,, = M, (C). The scalar and
traceless Hermitian parts have real dimensions 1 and n? — 1. Appendix G constructs all
corners simultaneously in (G.1) and proves the two response ranks by differentiation. [

Heat shells and finite response spaces. The nested corners add n? —(n—1)% = 2n—1
independent matrix responses at stage n. The degeneracies of the process generator are
obtained by resolving functions of complete operations into orthogonal modes. Theorem 4.1
gives the full decomposition

—

L*(SU(V)) =€P VioVy, N =4iG+1), mj=(2j+1)% (4.5)

§=0,1/2,...
Each spin-j block contains (2§ + 1)? independent matrix coefficients resolving both input
and output indices of the operation. Thus the quadratic shell multiplicity follows from
complete process comparison. The match n = 25 + 1 relates the normalized Neumann
eigenvalue to A;+1 with the window and process Hilbert spaces remaining distinct. Reading

only the final vacuum-density state identifies operations with the same output ray and
retains the smaller orbit SU(V)/U(1) = S2.

Dimension from the complete process spectrum. At the unit normalization above
the number of scalar process modes below a spectral cutoff A is

1
Ne(M)= > nP= §A3/2 +O(A).
n2—1<A

Indeed with K = |/A + 1] the sum equals K(K + 1)(2K + 1)/6. The Peter—Weyl decom-
position includes every scalar mode of the generated Laplace-Beltrami operator. For the
complete scalar spectrum of a closed smooth d-dimensional Riemannian manifold Weyl’s
law gives N(A) ~ CA¥? with C' > 0 [17]. The exponent therefore fixes d = 3 for any
such realization of this complete process spectrum. This Weyl argument determines the
dimension. The exact parent and quotient geometries are fixed separately by the complete-
observation rigidity argument above. The leading coeflicient agrees with the scalar Weyl
constant for the unit trace metric Vol(S3, ground)/(672) = 272/(67%) = 1/3. Increasing
the cutoff resolves more independent responses and their cumulative number measures the
dimension of the internal process space. The trace comparison has already fixed its round
metric. This spectral count reads the same dimension from the density of modes.

The spherical capacity comparison sharpens this asymptotic dimension statement to
an exact relation in every shell. Its geometric conditions are satisfied by the trace metric
of the process construction.
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Definition 4.2 (Isotropic spectral-capacity class). The abstract response fibre is a compact
connected complete Riemannian manifold of dimension d > 2. Its simply connected cover
has constant positive sectional curvature normalized to one and is locally fully isotropic.
The point stabilizer is transitive on orthonormal two-frames. The order-preserving lift
assigns source mode n to angular degree | = n — 1 on this cover with full scalar shell
capacity

dim F,, = n®. (4.6)

This is the spectral-capacity property satisfied by the complete-operation realization above.

The normalized cover in this property is S¢ with d > 2 by the constant-curvature
space-form theorem. Its scalar shell data are
204+d—-1)(1+d—2)!

AV —ii+d-1), m¥= e . (4.7)

For these sphere data or their even-I antipodal sector the spherical affine response class
consists of members with constants a > 0, ¢ independent of the retained degree satisfying

ml(d) = a)\l(d) +ec. (4.8)

Theorem 4.3 (Capacity and affine characterization within the isotropic spherical class).
Within the isotropic spherical class defined above the spectral-capacity property selects
d = 3. Either of the identities

m® = (1 +1), (4.9)

ml(d) = a)\l(d) +c, a>0, (4.10)

on every degree or on all even degrees forces d = 3. The second then has a = ¢ = 1. The
normalized parent is the compact round S3.

Proof. The multiplicity is a polynomial in [ of degree d — 1 with nonzero leading coefficient.
Each proposed right-hand side has degree two. So equality forces d—1 = 2. Equality on the
infinite even subsequence is also a polynomial identity. For d = 3 one has m; = (I + 1) =
I(I+2)+ 1. This proves the converse and a = ¢ = 1. On the parent sphere the first
scalar harmonics are the d + 1 ambient coordinate functions. Matching their multiplicity
to the generated first nonconstant shell gives d + 1 = 4. The space-form condition fixes the
normalized simply connected parent as the unit round sphere. ]

For the process realization and more generally under this property write
Fn=Vin-1)2® Vig_1yo T End(Viy_1y2), n=>1 (4.11)

Its excitation energy is n? — 1 and its capacity is n2. Under diagonal conjugation the trace
gives the invariant splitting

Fn=CI, ®Endo(V,,—1)/2),  dimEndo(V(,_1)/2) =n° — 1. (4.12)
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The scalar—traceless splitting concerns matrix responses within one Laplace eigenspace.
Under the matrix-coefficient identification the line CI,, is spanned by the character x;(U) =
Tr7j(U) where j = (n—1)/2. It is invariant under conjugation and retains the shell energy
45(7 4+ 1). The global constant function occurs at j = 0. Pointwise multiplication of mode
functions generally mixes these eigenspaces. Every finite free quotient of the parent S? is
compact and has discrete elliptic spectra of finite multiplicity.

4.2 Central character and projective compression

A source-derived common carrier. Proposition G.1 realizes both central actions on
V = Hs where

Jp=a5 J_=ay J3=ajas— 31y, HE [y = Iy + Js.

These operators satisfy the spin—% commutation relations and the Gaussian full-cycle op-
erator is e‘2mH§]V = —Iy € SU(V). Moreover (G.13) implements this restriction as the
generated local cycle Ry (2m) = C(—Iy) with an unchanged complement. Hence the central
correspondence is realized by one local operation on the common carrier. It is antipodal on
the parent operation group and acts trivially by conjugation on Hermg(V'). These actions
and their Spin(4) lifts remain distinct. The local cycle acts on V' with the identity on its
complement. The full-source cycle acts on the entire ladder. The single-reversal property
records this common reversal in an abstract form.

Single-reversal covariance. Let Z5°Y = {1,7} be generated by reversal of the ordered
elementary response. The Gaussian phase lift and the phase-sensitive geometric lift are
required to be functorial under this same operation and faithful on it. Thus there are
injective homomorphisms

rev

g 25— 78, lgeom : Zy T — SU(2), (4.13)

where 1g(r) = og and the geometric reversal commutes with every connected frame rota-
tion. This is single-reversal covariance. Transporting the reversed response through either
lift preserves its composition law.

Proposition 4.4 (Central transfer and projective response geometry). Under single-
reversal covariance tgeom(7) is the nonidentity element of Z(SU(2)) and the map

X 1= lgeom © LG 25— Z(SU(2)) (4.14)

exists is unique and sends og to the antipodal element —I € SU(2). If ¢ denotes the
nontrivial one-dimensional character of Z, then the minimal spin module satisfies

S\deom e@e. (4.15)

The identification concerns the restricted central actions. With the spectral-capacity prop-
erty retain the complete centre-invariant observable algebra A,y := C (53){ﬂ }. The com-
pact Hausdorff space representing this commutative C*-algebra is up to homeomorphism

X3:=SU(2)/{xI} = SO(3) = RP3, (4.16)
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whereas the centre-sensitive response retains the spin lift SU(2) = S3. In the source-
spectrum index g = [ 4 1 scalar functions on X3 are the odd-index compression

¢g=1,3,5,..., A= — 1, my = q*. (4.17)

Proof. The commutation clause puts the image of tgeom in Z(SU(2)). Faithfulness gives
tgeom () = —I. So both maps in (4.13) are isomorphisms of groups of order two. Their
composite is the unique y. The defining two-dimensional module has central action —I
giving (4.15).

The nontrivial central element acts on S% = SU(2) by the antipodal map. The quo-
tient map p : S — §3/{£I} induces an isometric *-isomorphism p* : C(S3/{£I}) — Ajny.
Invariant continuous functions factor uniquely through this quotient. They separate dis-
tinct orbits. The character space of A,y is consequently this quotient uniquely up to
homeomorphism. The adjoint double cover identifies it with SO(3) = RP? and the round
metric descends from the sphere. Pullback identifies scalar functions on the quotient with
the even-l sector on the cover. Since ¢ = [ + 1 this is exactly the odd-index compression
in (4.17). A centre-sensitive module does not descend as an ordinary scalar module and
therefore retains the spin lift. O

Centre averaging retains all scalar modes with odd ¢. Their complete count at the
same unit normalization is

Nx(A)= Y &= XE +O(A).

?—1<A 0

q odd
The sum of the first 7 odd squares is r(4r? — 1)/3 with r = [(vVA+1+ 1)/2]. The
quotient therefore preserves the three-dimensional Weyl exponent and halves the leading
mode count in agreement with Vol(X3)/(672) = 72/(67%) = 1/6 at unit radius. The local
comparison metric is unchanged while the global observation identifies U with —U. The
complete invariant algebra separates all these central orbits and fixes the projective space.
A proper invariant subalgebra may identify additional points.

The two spin structures on RP? have the same central character. We fix the repre-
sentative 7_ whose antipodal deck lift is —w € Spin(4) as the spin convention throughout.
The alternative 74 interchanges the positive and negative Dirac parity subsequences. Ap-
pendix A lists both choices. Bosonic spectra and the spectrum of D? are independent of
this convention.

Physical interpretation. Centre-blind observables descend to X3 while phase-sensitive
amplitudes retain the spin lift. This distinction is expressed by writing an associated field
on the universal cover as

U(—u) = pe(=1)Y(u). (4.18)

The trivial character gives an ordinary field. The nontrivial character gives a twisted
associated bundle. The universal twofold cover is distinct from the principal spin-frame
bundle. Dirac fields require the spin structure and deck lift specified in Appendix A.
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The projective quotient thus expresses the resolution of the observation. Keeping the
complete invariant algebra retains every distinction between central orbits while phase-
sensitive responses retain the additional sign.

The unit-radius response is expressed in the length units of its generated source. We
write Ry for the global correlation length Lig(b) when using it as the geometric radius.
These are two notations for the same quantity. Explicitly the response amplitude hy(U) =
RyU has normalized trace norm (Tr(hjhy)/2) V2 _ Ry. Restricting (4.2) to this amplitude
shell gives the angular metric R7g; which descends through the central quotient. Likewise
luv(b) is the unit-information resolution length itself and A, = Lig(b) — fyv(b) is the
intervening window length. All three lengths are determined by the same source width b.

Endpoint-scaled metric and spectrum. Let g; be the bi-invariant metric on X3 nor-
malized to unit sectional curvature. Put

Ry := Lig(b) = V2r b, 935 = Rig1. (4.19)

Here R denotes the global correlation length defined above. Within the bi-invariant met-
ric class the unit-radius normalization and this source scale fix the metric uniquely. Its
sectional and scalar curvatures are Rb_2 and GRb_2 and the projective scalar spectrum is

-1
RQ:q:1,3,5,...}, my = q¢*. (4.20)
b

Spec(Azyp) = {
For the heat parameter a,(t) = ¢/(2R?) the two correlation times give ayy = 1/(4m) and
aiR = 1/4 with aIR/aUV = T.

Proof. An Ad-invariant inner product on the simple algebra s1(2) is unique up to a positive
scalar. The amplitude shell hy(U) = Lig(b)U fixes that scalar through the source trace
metric. Constant metric rescaling gives the stated curvature and Laplacian factors while
(4.17) supplies the unit-radius spectrum. Finally tyy = b* and tig = 7b? together with
Rg = 27b? give the two dimensionless heat parameters. O

The radius converts the dimensionless spectrum to response energies. For a wave-
number cutoff k let Ny(k?) count the scalar eigenvalues of Az} up to k? including multi-
plicities. Rescaling gives

Nk = Na(kRy?) = E ok, kR, — o

Since Vol(X3,g3p) = 7R3 the leading term is precisely Vol(X3, g3p)k3/(672). Writing L
for the internal radius at a chosen scale gives . = Rp and the same dimensionless cutoff
kresL = kRyp. It measures the resolution in units of the internal size.

For E3 = T.SU(2) differentiation of conjugation gives the double cover SU(2) —
SO(FE3) identified with Spin(F3) after choosing an oriented frame. Its centre acts trivially
on F3 whereas left multiplication by —I is antipodal on the parent.

The required centre-sensitive lift is obtained from the standard SU(2) representation
classification [15].
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Theorem 4.5 (Minimal phase-sensitive spin lift). Let S be a nonzero finite-dimensional
irreducible unitary representation of Spin(3) = SU(2) on which the nontrivial central ele-
ment acts as —Ig. The least possible complex dimension is two. Up to unitary equivalence
the minimal representation is the defining module

1
S~ (2, i=g (4.21)

Equivalently it is the unique irreducible module of minimal dimension for C13(C) = M;(C).

Proof. Every finite-dimensional irreducible complex representation of SU(2) is Sym™(C?)
for a unique m > 0. It has dimension m + 1 with spin m/2 and central action (—1)™1.
Phase sensitivity forces m to be odd whose least value is m = 1. The Clifford formulation
is the standard isomorphism C1J(C) = Cly(C) = My(C). O

Unit-sphere realization. For the minimal module S = C? its unit sphere is S(S) = S3.
The defining SU(2) action is free and transitive on this sphere and normalized Haar measure
pushes forward to the round probability measure. Thus the selected spin module realizes
the same round parent geometrically.

4.3 The four-dimensional response carrier

The generated real amplitude algebra has the polar metric (4.2) obtained from the pre-
pared full trace comparison in Proposition G.3. The amplitude space is the smallest real
associative closure of the relative reversible operations. It consists of the quaternion am-
plitudes commuting with the pseudoreal reversal. For h = RU the trace preparation reads
Tr(h*h)/2 = R? as total response strength. Changing R alters this strength while preserv-
ing the normalized pattern U. Angular variation changes the pattern at fixed strength.
The full second-moment readout retains both responses yielding the radial and angular
terms of the metric on this real amplitude space. At source width b the global correlation
length is the radius of the shell R = R, = Lig(b) = V/21b. The scale-covariant met-
ric property records the unit-speed radial coordinate and unit round orbit together with
homothety under Gaussian rescaling. These conditions also characterize the trace metric

among invariant metrics.

Scale-covariant cone completion. Let (5%, g1) be the unit round parent selected by
the spectral-capacity property. Its positive-scale completion (0, 00) x S3 carries an SO(4)-
invariant metric G for which the endpoint radius R is unit speed and the Gaussian rescaling
Se(R,u) = (cR,u) is a homothety 0*G = c2G. The normalization at R = 1 restricts G to

g1 on the angular orbit. This is the scale-covariant metric property.

Theorem 4.6 (Scale completion and the four-dimensional response carrier). The metric
conditions in this definition uniquely characterize the cone

G = dR* + R%*g;. (4.22)

It is isometric to R*\ {0} by (R,u) — Ru and its tangent space has the radial-angular
orthogonal splitting
T(Ru) Cone(S%) = T,,S% & ROg. (4.23)
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Let e € X3 be a reference frame. Put F3 = T, X3 and let R, = ROg at R = Rp. Then
Ey:= E3 ® Ry, 91 :=g3p S dR’ (4.24)

is an oriented four-dimensional Euclidean response carrier. The complexified Clifford alge-
bra of (Ej4, g4) is My(C) with even subalgebra My(C) & M3(C). Under the even algebra or
the Spin(4) action its Dirac module decomposes into two two-dimensional Weyl modules
St @& Sr. 0Odd Clifford multiplication connects the two summands. The polar isometry
identifies E'3 with the tangent hyperplane of the standard sphere and Ry with its oriented
radial normal. It intertwines the metric and orientation with the defining SO(4) action.

Proof. An SO(4)-invariant cohomogeneity-one metric has the form a(R)2dR? + f(R)%g;.
There is no invariant cross term because the isotropy SO(3) has no fixed covector in the
tangent representation. Unit-speed normalization gives a = 1. Homothety gives f(cR) =
c¢f(R). Hence f(R) = kR. The unit-orbit normalization fixes k = 1. This is the Euclidean
polar-coordinate metric whose differential gives the orthogonal tangent splitting and the
SO(4) intertwiner. The three angular directions and one radial direction give dimg F4 =
4. The complex Clifford classification recalled in Section 2 then gives the stated matrix
algebras and chiral modules [16, Chapter 3]. O

The source representation realizes the chiral split concretely. Products of two generated
odd Clifford operators span a real even algebra isomorphic to H ¢ H. Its grading is an
ordered product of the four source directions and

_1+T 1-T

eL—Ta €R = —5

are its only nontrivial primitive central idempotents. Complexification gives My(C) @
M5(C) while the ranges of the two source projections are precisely the two complex two-
dimensional Weyl carriers. After tensoring with the generated W@ L response their Hermite
ranges have dimension eight on each side. Thus the two chiral source sectors and their
dimensions are properties of the generated operator representation.

The Clifford action gives an operator readout of the generated metric. One odd mul-
tiplication changes chirality. Repeating the same multiplication returns to the original
sector with scalar strength equal to the squared norm of its response direction. The an-
ticommutator of two directions reads their metric pairing. Thus the linear connector and
the quadratic trace comparison encode the same positive response norm.

The angular directions of F3 describe response at fixed resolution. Ry, describes a
change of resolution. The full trace comparison measures both angular variation and
amplitude variation and the Gaussian correlation length calibrates the radial coordinate.
A smooth scale field in a localized realization gives an equi-scale 3 + 1 decomposition.
At a regular point its level surface has three tangent directions and its gradient gives
a normal. This is the geometry of resolution responses. Physical time belongs to the
event branch. The self-adjoint real form of the same generated matrix algebra supplies
Lorentzian event differences. Its determinant supplies the causal quadratic form and its
algebraic positive cone supplies the time orientation. The resulting Clifford algebra also
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satisfies the semispinor dimension equation 2™~ = 2 with m = 2 for the four-dimensional
carrier.

4.4 Spin and frame actions

The rank-one groups have distinct carriers and actions

SU(Q)geom = Spin(Eg),
SU(2)isor, X SU(2isor = Isomg(X3),
SU(2)resp,L X SU(2)resp,R = Spin(E4), (4.25)
SU(2)s = the action on the defining spin-lift module S,
SU(2)w = the weak action on the left response factor.

The local group SU(2)geom embeds diagonally in the response spin group after a base
frame is chosen. The isometry and response pairs are identified by the cone intertwiner
of Theorem 4.6. The notation SU(2)s records the representation used in the quadratic
response. SU(2)y denotes the resulting gauge action after local frame covariance has been
imposed.

The connected isometry algebra of the unit round X3 = RP? is so0(4).

Identification of the two Spin(4) actions. Under the scale-covariant metric property
the standard ambient action on the round S® parent identifies

SU(2)1507L X SU(2)iso,R — SU(2)resp,L X SU(Q)resp,R (4.26)

as an isomorphism of simply connected covering groups up to conjugation by the chosen
oriented base frame. The covering maps to the sphere and to the projective isometry group
have different kernels.

Proof. The connected isometry group of the round sphere is induced by the defining SO(4)
action on its ambient R%. At a base point that representation decomposes as tangent hy-
perplane plus radial normal. The intertwiner in Theorem 4.6 carries this decomposition
to F3 @ Rg.. Passing to spin covers gives (4.26). Changing the oriented base frame conju-
gates the identification. In quaternionic coordinates the common cover acts by u — aub™".
Consequently

ker[Spin(4) — SO(4)] = {(I,1),(~I,-1)}, (4.27)
ker[Spin(4) — Isomgo(RP*)] = {(erI,erl) : €1, er = +1}. (4.28)

The latter target is SO(4)/{£14}. The elements (—1I,I) and (I, —I) induce the antipodal
map on S3. The diagonal element (—1I, —1) acts trivially there. In particular the centre of
the diagonal tangent-spin subgroup is not the antipodal transformation. O

Choosing the orientation of Fy4 also fixes the standard Hodge decomposition

s0(4) = su(2) ®su(2)p (4.29)
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into the self-dual and anti-self-dual three-dimensional summands of A2E} [16]. The group
SU(2)r has a unique conjugacy class of maximal tori. Choosing a representative gives
U(1)r € SU(2)r but no preferred Cartan direction is fixed by the group alone. A right-
sector reference ray fixes a representative through its ray stabilizer. The weight spectra are
invariant under a change of representative by conjugation [15]. Localizing the left action
and choosing a right-torus representative gives the chiral response algebra

gen = 5u(2)w & u(l)g. (4.30)

Here SU(2)w is the localized image of SU(2)yesp 1, under the Spin(4) identification above.
The transported source vacuum fixes the representative through the least-matter continu-
ation Theorem 4.9 and Corollary G.1. This reference-vector construction fixes the charge
convention. The connection condensate and a Higgs expectation value when present instead
characterize dynamical backgrounds of their respective response channels.

4.5 Quadratic response and colour

Let S = C? be the minimal phase-sensitive module generated in Theorem 4.5. We use
the quadratic layer as the first composite response of two copies of S. Resolving exchange
separates amplitudes unchanged by interchange from amplitudes that reverse sign. The
resulting triplet and scalar line retain these two ways in which a pair responds. Its quadratic
response decomposes canonically as

S®S=Sym?>S®AS=WaoL, dim¢ W =3, dimc L = 1. (4.31)

The decomposition V; o ® Vi = V1 & 1) is the Clebsch-Gordan decomposition of the
generated phase-sensitive module. The same exchange decomposition occurs at the first
additive threshold of the construction in Ref. [8].

Full quadratic response algebra. The triplet response carrier is W = Sym?S. Let
Aw be the unital complex *-algebra generated by the induced operators py (g) with g €
SU(2)s. Finite linear combination together with composition and adjunction defines its
algebraic closure. Its spectral projections belong to the same finite-dimensional C*-algebra
by functional calculus. This closure is

Aw = Endc(W). (4.32)

Proof. The symmetric-square representation of SU(2)g on W is irreducible. Burnside’s
theorem therefore identifies the generated complex unital algebra with the full endomor-
phism algebra. O

The source SU(2)s image and the reversible frame group of the algebra it generates
are different objects. The former supplies an irreducible set of controls. Algebraic closure
resolves every matrix response on W. The completeness principle for the generated block
retains every matrix response as an observable. It is the same closure used for the source
algebra not an additional dynamical input. Once the complete algebra is observable no
orthonormal basis of W is distinguished by its matrix elements.
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Complete response frames. The adjoint-preserving orthonormal frames of the gen-
erated algebra Ay = M3(C) form U(W). Its scalar centre acts by the common phase
character and the determinant-one relative frames form SU(W) = SU(3). This is the
full connected frame action preserving the Hermitian structure and all matrix-response
probabilities on W.

Proof. A unitary change of orthonormal basis conjugates every matrix response and pre-
serves its adjoint and trace together with transition probabilities. Conversely an orthonor-
mal frame change of the defining carrier is unitary. So the complete frame group is U(W).
Its determinant gives the central phase character. The kernel is SU(W). Since dim¢ W = 3
this kernel is SU(3). The full matrix algebra distinguishes no smaller preferred family of
orthonormal frames. O

The exchange projections are observable elements of the source algebra. A frame
change preserving their meaning commutes with these projections and hence preserves
WdL. A transformation mixing the two summands would identify responses with different
exchange parity. On each summand the Hermitian form fixes the complete unitary frame
group. The common phase records its scalar character and leaves the determinant-one
relative action. Thus both the size of the colour frame group and the separation of its
phase follow from retaining the resolved source comparisons.

Exchange parity is already a resolved source distinction. So frame comparison preserves
W & L. On overlaps two local descriptions of the same complete response differ by the
complete frames constructed above. A connection records their relative change. The least
faithful source representation carries every simple response block once while the common
reversal-compatible odd source variation supplies the elementary scalar connector. These
three continuation theorems state the universal properties under which their minimality or
naturality is proved.

Their physical roles are distinct. Relative frames express the fact that only compar-
isons of local response bases are observable. Their connection is the rule for transporting
such comparisons. The least matter carrier is the smallest Hilbert space on which ev-
ery generated simple response block acts faithfully. So no generated channel is discarded
and no duplicate copy is introduced. The elementary connector is the least odd source
variation that changes chirality while preserving reversal reality and independent-source
naturality. The three universal properties turn these operational requirements into unique
continuations of the already generated carriers.

Source-compatible class. The continuations are compared among realizations that pre-
serve the source adjoint and resolved symmetric-antisymmetric splitting. They also pre-
serve the common phase character and pseudoreal reversal with the calibrated trace metric.
Local descriptions must intertwine the same generated source action. Matter representa-
tions must be faithful nondegenerate and adjoint-preserving. Elementary odd maps must
be natural for the independent pre-exchange source responses. These requirements express
what it means to continue the same resolved response. The uniqueness statements com-

—97 —



pare realizations with these properties. The remaining freedom consists of basis phases

and changes of local trivialization.

Definition 4.7 (Generated response structure and continuation theorems). The complete-

operation construction establishes the spectrum and common central action together with

the calibrated trace metric. These responses continue to relative frames and least faithful

matter with an elementary connector. Classification compares alternatives preserving the

source adjoint and resolved exchange sectors with the common phase and reversal actions.

Their logical content is therefore a construction followed by a uniqueness statement in its

stated universal property

(i)

Isotropic spectral-capacity saturation. The constructed response satisfies Defini-
tion 4.2 by Theorem 4.1.

Single-reversal covariance. The same physical reversal acts faithfully and functo-
rially on the Gaussian and phase-sensitive geometric lifts under the single-reversal
covariance stated above realized by the local cycle (G.13) on the common carrier.

Scale-covariant metric completion. The endpoint radius is a unit-speed coordinate
and Gaussian rescaling acts by metric homotheties as in the scale-covariant cone
construction above using the trace metric (4.2) and the global correlation length
above.

Generated relative frames. The split carrier C = W @ L and the Clifford modules
S1,, Sk with the phase line have been constructed above. The complete-frame calcula-
tion determines the complete unitary frame group of each matrix-response block. On
any smooth localization M. carrying local expressions of these carriers the source
action defines relative transitions g;; = fl-_l fj- They satisfy g;jgjr = gi and are
the unique transitions intertwining the two local source actions. Splitting-preserving
frames of C' pseudoreal Hermitian frames of Sp, Sk and unit frames of the phase
line therefore act as relative response frames. The determinant and line characters
are identified with the phase response by their joint action on matter. This local
expression of the generated source action is the relative-frame construction. It is
natural with respect to the localization base. The internal frame and matter re-
sults use only relative transitions. The source-generated affine carrier of Section 10
supplies Mo = My = R?. This base is contractible. So the transitions admit a
global trivialization while their connections may retain nonzero local curvature and
holonomy.

Least matter realization. Every generated finite-dimensional response *-algebra acts
on its source carrier by a faithful nondegenerate *x-representation of least finite di-
mension. The algebra carries the adjoint inherited from its source inner product and
the representation satisfies p(a*) = p(a)’. For these unital algebras nondegeneracy is
equivalent to p(1) = I. Every competing least faithful adjoint-preserving realization
is unitarily equivalent to this source carrier. Once a realizing unitary is fixed the
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transport of every source operator is unique. The unitary itself may differ by block
phases. Reversal pairs the two chiral realizations. This realization and its universal
property are the least-matter construction. A nonzero right colour-scalar vector vg
represents the transported Gaussian annihilation line Cg? of Proposition 3.6. The
transported source number flow has a unique continuous lift from the identity to the
right frames. Its image is the pointwise stabilizer gug = vg inside SU(2)r x U(1)p,
with its primitive character on the faithful joint module. This lifted flow gives the
residual connected frame group and carries the source vacuum’s phase reference into
the matter response.

(vi) Generated elementary chiral variation. The source matrix units realize the nonzero
odd Clifford variations of Corollary G.4 on the common carrier. Their colour-natural
lift is elementary precisely when it is natural under independent responses on the two
quadratic source factors and its spin component intertwines the pseudoreal reversal
operators on Sg and Sp. In this class every connector has a unique complex-doublet
coordinate and the source matrix units give the canonical family. This generated
family and its naturality class are the connector construction.

Appendix B.4 treats the realization in which these bundles carry a local reflection-positive
action on the generated event carrier of Section 10.

Common-carrier realization. On the common carrier the map F,,(v) = (hyoAhp1) @v
transports the Gaussian vacuum to F,,hpo. It intertwines the SU (V') actions. The target
carries the determinant-twisted U (V') representation. Identification with L ® Si requires
the shared diagonal spin action. On the source corner Ng = ajay acts as diag(0,1). So
the flow e~ *N¢ fixes hy o and measures the first excitation’s phase relative to it. Transport
gives ﬁt = E‘,e_itNG|VFU’Jk . The natural tensor action on L ® S multiplies this flow by
its determinant. Continuing the original source operation therefore requires the inverse
determinant character. This scalar correction is unique and restores both source eigenvalues
including the fixed vacuum amplitude. Equation (G.24) gives the intertwining identity. The
right scalar action z~3¢g with g € SU(2)g must reproduce this operator on the common
carrier. Since det U; = e~ and det(273¢g) = 270 its lift satisfies 26 = €. Continuity from
the identity fixes z = €*/6 and then fixes g uniquely. Corollary G.1 identifies this unique
lift with the full pointwise stabilizer of the transported vacuum vector. The residual phase
action thus continues the original number flow including its zero vacuum eigenvalue. The
compensating right rotation and relative colour—scalar phase preserve this same reference
amplitude. The determinant twist lifts one source cycle through six sheets of the residual
phase action. On the full matter module the lifted circle has period 127 while the source

circle has period 2.

Theorem 4.8 (Relative-frame continuation). Under frame localization unitary frames of
the W bundle define a U(W) principal bundle. Local determinant-one changes give relative
colour frames SU(W) = SU(3). The determinant character joins the common Abelian
phase response leaving SU(W) as the relative colour-frame group. Use the passive frame
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convention ¢/ = eg. So matter components transform as 1)’ = p(g’l)w. The connection
then transforms as
Ay— g A9+ 971 (0u9). (4.33

>~

Frames of Sy, preserving its Hermitian and pseudoreal structures form a principal U Sp(2)
SU(2)w bundle while unit frames of the generated phase line form a principal U(1) bundle.
Their local connections obey

AW — g1 AW g, + g dg;, i =W, 1 (4.34)

These furnish the non-Abelian local frame factors and the phase line. The pointwise
stabilizer of the transported source vacuum selects the primitive U(1) character on the
joint matter module giving the local factors SU(3) x SU(2)w x U(1).

Proof. Orthonormal frames of a rank-three Hermitian bundle form a principal U(3) bun-
dle whose determinant kernel is SU(3). The joint source action assigns its determinant
character to the common phase response and retains the relative W & L character for the
joint module. The invariant Hermitian and alternating forms on Sy, give the frame group
USp(2) =2 SU(2). A Hermitian line has frame group U(1). Covariance of d 4 p.(A) under
the stated passive component transformation gives both connection laws. ]

A general U(3) bundle admits a global SU(3) reduction when its determinant line
has a compatible trivialization. In general the colour factors are local lifts with Abelian
transition data. Globally the construction uses a compatible Giyt-bundle and its associated
representations.

The connection compares response bases on neighbouring patches of M,.. Absolute
frame orientation drops out of the relative source comparison while relative transport de-
termines how a matter response in one frame is compared with a response in another. Its
curvature measures the failure to return a frame unchanged around a closed loop. The
same comparison rule thus supplies both gauge response and matter transport.

For the three-dimensional shell W the determinant-one frame algebra has the real
decomposition su(3) = so0(3) & iSymg(3,R). Real rotations account for three generators
and imaginary symmetric traceless transformations for five. Thus the generated traceless
anti-Hermitian response has real dimension dim su(3) = 8.

4.6 Joint response module and charge

Put ¢ = W @ L and retain the generated 3 + 1 splitting. Its split-preserving response
algebra is
Ac = Endc(W) @ Ende (L) = M3(C) @ C. (4.35)

It contains the full quadratic response on W and the scalar response on L but no operator
that erases the generated distinction between the two summands.
For x = L, R define

Ajoint,y 1= Ac® End(c(SX) (4.36)
= Endc(W ® Sy) @ Endc(L ® Sy).
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The symbol @ denotes closure under finite compositions of the commuting split-colour and
chiral responses. Since both algebras are finite-dimensional it is the ordinary algebraic ten-
sor product. Each End(S,) factor is itself the complex algebra generated by the irreducible
defining SU(2) action again by Burnside’s theorem.
The two factors
Ac®I and I®End(Sr/g) (4.37)

commute. Their joint action is already defined on (W ® Sy) @ (L ® Sy). Each full matrix
block acts on its own source tensor factor. This action preserves the source adjoint and is
faithful since an operator vanishing on the carrier vanishes on both blocks. Its dimension
is 6 + 2 = 8. The classification below shows that every faithful Hilbert realization has
dimension at least eight and that equality determines its unitary-equivalence class. Thus
the actual source carrier attains the least dimension. Physically it retains each resolved
response block once. Independent repetitions are recorded by additional multiplicity spaces.

Theorem 4.9 (Least-matter continuation). For the split colour carrier C = W & L and
the source-derived chiral modules Sy, Sk the source acts faithfully and preserves adjoints
on the canonical full modules

My=WaL®S, MW=WalL)®Sxg. (4.38)

For either chirality the least-dimensional faithful nondegenerate *-representation of Ajeint,y
on a finite-dimensional complex Hilbert space is unique up to unitary equivalence with
carrier

(W®Sy)®(LeSy)=(WaL)®Sy. (4.39)

In particular
My = (3, 2) ) (1, 2), dim¢c My, = 8. (4.40)

Pointwise fixation of the transported source-vacuum vector gives the primitive character
q = 6Tr+ By. The full left-right carrier has complex dimension sixteen. Its unique neutral
right line gives a fifteen-dimensional charged quotient and an operator descends precisely
when it preserves that line. The image of the colour and weak actions with the residual
phase action is (SU(3) x SU(2)w x U(1))/Zsg.

Proof. Equation (4.36) identifies the joint algebra with Mg(C) & M2 (C) with the adjoints
induced by the source inner products. In a nondegenerate *-representation the two central
units act as orthogonal projections whose ranges decompose the Hilbert space. For the
M, (C) block put K, = p(e11)H. The matrix-unit relations give

(pein)v, pleji)w) = 6ij{v,w),  v,w € Ky,

because p(e;1)T = p(eq;). Since the diagonal matrix units sum to the central unit the map
e; @ v — p(e;1)v is a unitary intertwiner from C" ® K,, onto this block. Hence

H~, (C°® Kg) @ (C? ® Ky), dim H = 6dim K¢ + 2 dim K>.
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Faithfulness requires both multiplicities to be positive. The least dimension is 8 attained
precisely when dim K¢ = dim Ky = 1. If either multiplicity vanishes the corresponding cen-
tral response projection acts as zero and an entire generated block becomes undetectable.
A larger multiplicity gives independent copies of its defining carrier. Faithfulness retains
all resolved channels while least dimension removes precisely this additional copy freedom.
This gives (4.39) up to unitary equivalence. Reversal pairs the left and right realizations
and retains both simple blocks. O

Rigidity of the realizing unitary. Let U; and Us be unitary intertwiners between two
least realizations in Proposition 4.9. On the standard carrier their relative intertwiner has
the form

UQUl_l = eiaIW®SX S5 eiﬁIL®5X. (4.41)

Consequently the response representation is unique up to unitary equivalence. The two
displayed phases are changes of block basis not adjustable physical parameters.

Proof. The relative intertwiner commutes with Mg(C) @ M3(C). The commutant of each
defining full-matrix block consists of its scalar operators. Unitarity makes both scalars
have modulus one which gives (4.41). O

Let
By = diag(1,1,1,—3) (4.42)

on C = W @ L. This is the primitive traceless relative character of the 3 + 1 splitting
unique up to sign.

Before reducing by the transported source-vacuum stabilizer the right frames and rel-
ative phase form SU(2)r x U(1)p,. The residual circle follows by computing the pointwise
stabilizer without first selecting a Cartan direction.

Pointwise vacuum stabilizer and primitive charge. The transported source vacuum
vg provides a common phase reference for the right frames and the colour scalar. Their
relative phases are locked by the requirement that their joint action fix this vector. This
vacuum stabilizer fixes a direction in the two phase generators. Primitivity then fixes its
charge unit. Write vg = {® sp # 0 with £ € L and sg € Sg. On this colour-scalar sector let
(g,2) act by £ ® s — 2730 ® gs. Choose a unitary pseudoreal frame with so proportional
to e;. The stabilizer is the connected circle

H,, = {(diag(z®,273),2) : 2 € U(1)}. (4.43)

Its generator on the full joint module is 67 + By. With Tk normalized to weights 41/2
on S and zero on Sy, the primitive character is up to the Weyl reflection and common
orientation

q=6Tx + Bo. (4.44)

In the standard SU(2)g weight normalization used above put Y = ¢/6. Then

1
Y=Tr+ EB(). (4.45)
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The resulting weights are
|Qu Ly ur dr (VR eR)
Y[§ 33 -5 0-D

(4.46)

Proof. Pointwise fixation gives ge, = z3e,. Unitarity forces the second column of g to lie
along e_ and determinant one fixes its eigenvalue to z72. Conversely every displayed pair
fixes vg. Projection to the second factor identifies the full stabilizer with U(1). Setting
z = et gives g = e0itTr,

For a generator aTr + $By pointwise fixation of either right scalar weight gives
+a/2 — 38 = 0 since By = —3 on L. The two signs are exchanged by the Weyl group
of SU(2)g. Hence the integer weight vector is proportional to 6T + By. Primitivity fixes
the proportionality to one up to common sign. The other scalar weight is nonzero. So the
fixed scalar line is unique. The character values on the joint module are 1,—3,4,—2,0, —6
whose nonzero entries have greatest common divisor one. This proves primitivity. The
normalization Y = ¢/6 retains the standard SU(2)r generator with weights +1/2. Sub-
stitution on W and L with Sy and the two weights of Sk gives (4.46). Reversing both
primitive generators changes all charges by a common sign and gives an equivalent orien-
tation. ]

The source number flow fixes hy . So its transported flow fixes vg = F,hy o point-
wise. The common-carrier lift constructed above has image exactly H,,. Its determinant
character locks the right rotation to the relative colour—scalar phase. Multiplying F, by a
constant phase leaves this conjugated flow unchanged. The resulting charge circle therefore
retains the phase reference already carried by the source vacuum. A ray-preserving action
can multiply vy by an additional phase whereas the transported number flow has vacuum
eigenvalue zero. Reproducing that full source action fixes the vector and relates the two
phase factors in U(1)g x U(1)p,. Primitivity removes the redundant multiple covering of
the residual circle.

The compact response space has a discrete elliptic spectrum and the residual compact
phase group has a discrete character lattice. The first organizes internal modes. The second
records their transformation under phase rotations. Pointwise source-vacuum fixation and
global centre compatibility fix the relative normalization on the primitive lattice in (4.44).
The notation Y = ¢/6 additionally uses the inherited normalization of Tx inside SU(2)rg.
Simultaneous inverse rescalings of an Abelian generator and its gauge coupling leave their
product unchanged.

Let C§°1 be the positive colour Casimir extended by zero on L and define on leéﬂl

Qr=C5' Y2 (4.47)
Charged response quotient. The operator Qg is positive and
ker QR = (1, 1)0. (4.48)

The quotient
Mg = MM/ ker Qp (4.49)
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Table 1. Localized response modules. The neutral right line is shown before forming the charged
quotient. The scalar row is the generated elementary connector of the least matter carrier.

Label Response origin  SU(3) x SU(2)w x U(1)y

QL W® St (3,2)1/6
Ly L® Sy (1,2) 12
UR W e Sh (3,1)2/3
dr W®S;3 (3,1)_1/3
VR L®Sh (1,1)o
eRr L®S§ (1,1),1
H Ken (1’2)1/2

has complex dimension seven. Hence the generated charged response sector has 8 +7 = 15

complex directions.

Proof. Both terms in (4.47) are positive. The colour Casimir vanishes only on the colour
scalar L. On its two right weights (4.46) gives charges 0 and —1. Their common kernel
is therefore the unique neutral scalar line. The dimension count follows from dim Mg‘u =

8. U

The quotient resolves the sector detected by the internal charges. The neutral right
line remains in Mgﬂl where the full response algebra and the Higgs connector can act on
it. This distinction determines which operators descend to the charged sector.

Descent to the charged quotient. Let
Mg = Mo MR", N ={0}@kerQr, Men = Mau/N, 7cn: Mpa — M. (4.50)

An endomorphism A of Mg,y induces a quotient endomorphism A with e, A = Ang, if and
only if AN C N. The reduced gauge representation descends. The full joint algebra does
not. For self-adjoint A descent is equivalent to [A, Py] = 0 where Py is the orthogonal
projection onto V.

Proof. The prescription [v] — [Av] is independent of the representative exactly when A(v+
n) — Av = An lies in N. The neutral line is invariant under the reduced gauge group. In
contrast the right scalar matrix unit |e_)(e4| € End(L ® Sr) maps its neutral vector to the
charged scalar line. Hence invariance fails for the full Mg(C) @ M(C) algebra. If A = AT
and N is invariant N is invariant as well which is equivalent to commutation with Py. O

Accordingly fifteen is a charged representation count while sixteen is the full-space
count. A dynamical trace must specify its operator and space. Compression Py APy1
always defines a new operator on N+ but agrees with an induced quotient operator only
under the descent condition.

Table 1 gives the internal transformation laws in conventional particle notation. Here
S§ are the T eigenspaces of weights +1/2.
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Let pgc be the joint source action of the colour and weak factors with the lifted phase
factor on Mg, and define the intrinsic operator group

Gae = im(psrc) € U(Man). (4.51)

This definition refers only to transformations already acting on the source carrier. The
following product notation is its faithful presentation.

Intrinsic generated and faithfully acting group. The group CA?STC is generated by the
images of the colour frames the two source-spin axes generating the weak factor and the
unique vacuum phase lift. It is the least subgroup of U(Mygy,))) containing these three source
families. With integer charge ¢ = 6Y their product presentation has kernel generated by

(ws, —1,€™3), w3 = e2M/3 (4.52)

Consequently the intrinsic group has the faithful presentation

SU(3) x SU2)w x U(1)

Gint = ZG

(4.53)
Proof. Every element of the product presentation factors into its colour and weak coordi-
nates with its phase coordinate. Its image under pg. is therefore a product of elements
in the three source families. Conversely each family belongs to the image. Hence their
subgroup closure is exactly @’Src and any subgroup containing all three families contains
that image.

Any kernel element (g3, g, €'?) acts trivially on eg and Ly, as well as dg. These condi-
tions give €% =1 and g;, = €%?1, together with g3 = €%?I5. Hence 6 = /3 modulo 27
and every kernel element is the nth power of (4.52). Conversely this generator acts triv-
ially on Qr, L1, uR,dg, er with their integer charges ¢ = 6Y and on the neutral line before

quotienting. Its order is six proving the asserted kernel and the quotient presentation. [

The generated module also passes the gauge-anomaly checks. We write the anomaly
sums using left-handed fields or equivalently subtract the right-handed contributions fol-
lowing the chiral cancellation criterion of [18]. With the charges in (4.46) the mixed and
Abelian coefficients are

(3))?
(2))?
granU 1):

[
[

1): 2Yy—Y,—Y;=0,

SUB)2U(1)
SU@)PU(1): 3Yp+Y, =0,

() 6YQ+2YL—3YU—3Yd—1/e:0,
3

UMW) : 6Y5+2Y) —3Y —3Y; —-Y2 =0. (4.54)

The cubic colour coefficient is 2.4(3) — A(3) — A(3) = 0. There are three coloured weak
doublets and one colourless weak doublet. So the number of left-handed SU(2) doublets
is four and the mod-two global anomaly vanishes by Witten’s criterion [19].
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4.7 Scalar response and Higgs multiplicity

Let er, er be the chiral projections in the total response algebra. A nonzero connector in
erAep acts on the common carrier. Proposition G.4 constructs the internal Clifford blocks
h(r,x) = rI 4+ iz on the common carrier. The scale normal gives h(1,0) = I and the four
real coordinates exhaust Homj(Sg, S1). Corollary G.4 realizes these blocks explicitly in
the generated source matrix units including their colour-natural lift /o ®h on the full carrier
and the compatible left—right controls. The connector construction records this generated
reversal-real variation and the naturality class selected by independent source responses
before exchange resolution. The connector space is the reversal-real natural-intertwiner
space defined by these properties.
Before exchange resolution independent responses on the two factors of C' = S ® S
generate
Apre := Alge{p(g) @ I,I ® p(h) : g,h € SU(2)s} = Endc(C). (4.55)

Indeed Burnside’s theorem gives End(S) on each factor and their tensor product is End(C).
This complete comparison algebra tests how a chiral variation responds to independent
changes of either source factor. FExchange resolution subsequently retains W & L. The
generated elementary chiral variation commutes with these independent source responses
before the pair is resolved into its exchange sectors. This naturality condition makes
one variation act on both the coloured and colourless sectors. Reversal reality makes the
variation compatible with reversing either chiral response. Reversing on Sg before the
variation has the same effect as reversing its image on Sy. Together these conditions
determine the common scalar doublet coordinate.

Chiral scalar response module. Let J;, Jr be the invariant antiunitary pseudoreal
structures on S, Sr normalized by J% = J}% = —I. First take natural complex-linear
intertwiners

HomApre(C(X)SR,C@SL) = Ic ® Homc (SR, S). (4.56)

For each such T write its unique reduced map as h : Sg — Sr. Impose reversal reality on
this map. The elementary connector space is

Colom = {IC QR h:he Hom@(SR, SL), hJr = JLh} . (457)

Both sides of the reality equation are antilinear maps from Sgi to Sr. The condition is
real-linear in h. So %gem is a four-dimensional real response space. The complex scalar
coordinate extracted from it is denoted ICy.

Theorem 4.10 (Elementary-connector continuation). On the least matter modules the
generated elementary connector space has one complex doublet coordinate and

’Cch = (172)1/2, mult;cch(l,2)1/2 = 1 (458)

Its pseudoreal conjugate H = iooH* is the conjugate coordinate in the same generated
field module. Its intrinsic invariant is det hy = ||H||? the positive amplitude square of this
connector.

— 36 —



Proof. Since Apre = End(C) its commutant on C®.S, is [c ®@End(S,). Hence every natural
connector is I ® h. The same h acts on W and L. So their distinct Yukawa coefficients
do not create field copies.

Choose pseudoreal bases with J, = iocoK where K is complex conjugation. Solving
hJr = Jph gives

h=hy=(HH) = (“_ l_’) H= (lf) H =iooH". (4.59)

—-ba a

Thus H + hp is a real-linear bijection from one complex doublet C? onto %uem. The
first column is fixed by the second. So both are coordinates of the same doublet. Under
T+ 71(9)T7r(g9)~! the coordinate H is a defining SU(2)y doublet. The relative colour
character cancels between source and target while ¢ = 61 + By gives the two columns
charges —3 and +3. Choosing the displayed orientation therefore gives Yy = 3/6 = 1/2.
Its complex dimension is two. So this representation occurs once in K. O

Intrinsic scalar intensity. For the generated connector hy
det hyy = | H||? = |Ho|* + |H1|?. (4.60)

This quadratic intensity is nonnegative and vanishes only for H = 0. It is invariant under
the complete generated gauge action. It is therefore the intrinsic amplitude square of the
elementary scalar response.

Proof. The determinant of the matrix in (4.59) is |a|? + |b|?> = ||H||*>. The colour action
cancels between the two common colour factors while the left and right spin-frame matrices
have determinant one. Hence hy — thHg];L1 preserves the determinant. Its positive-
definite expression proves the remaining statements. ]

The canonical elementary continuation has one doublet coordinate in %em. Several
independent scalar fields require a further copy space carrying their independent labels.
The faithful matter module is unchanged by that extension.

The connector couples the neutral right line to left matter. For H # 0

Wohg = |H|Is,, Tu(l®ey)=0® H #0. (4.61)

Thus Ty : Mgﬂl — M7y, does not factor through M%l“/ ker Qr. The self-adjoint odd
0 Ty
Tf 0

operator Dy = (
couplings by projection defines a modified dynamical map not the induced quotient of Dy.

) on Mgy fails the descent test in Theorem 4.9. Removing neutral

The least module gives one elementary family. Repeated families have the same simple
response blocks with nontrivial multiplicity spaces K,,. Flavour indices and mixing opera-
tors act on these spaces. The quark and lepton colour intertwiners Iy, and I; may carry
different numerical Yukawa coefficients multiplying the same coordinate in K. These
coeflicients are additional dynamical data. The weighted Yukawa operator need not obey
the pre-exchange naturality or reversal-reality condition of the elementary Ty. Those con-
ditions classify the field coordinate not every action-level coupling.
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For the generated charges covariance of the three standard chiral contractions is visible
directly

—YQ —Yp+Y, =0, —YQ +Yy+Y;=0, Y., +Yy+Y.=0, (4.62)

where Yy = 1/2 and the first relation uses H = ioo H*. Their numerical Yukawa matrices
remain dynamical parameters.

4.8 Content identities

Complete source exchange and capacity preservation. In common source coor-
dinates the full matter carrier is K & K with dim¢ K = 8. Its charge decomposition is
81 + (Tr + lueutral). Let E(xp,zr) = (zg,zr) and I'(zp,zr) = (21, —zgr). Exchange
permutes the complete basis preserving its total weighted capacity. For the same response
A € End(K) on both chiral copies

Tr[[(A®A)] =TrA-TrA=0. (4.63)

Separately the charged quotient removes the kernel of the charge response namely the
neutral right line giving 8 + 7 directions. This count follows from the kernel calculation
above. The line remains in the full carrier where its scalar connections are retained. Its
removal from a charge trace and the descent of an operator are governed by the preceding
quotient construction.

The generated charged module satisfies

N =6+2=8, Nr=3+3+1=17, N, — Np =1 (4.64)

Thus Ni, = dimsu(3) = 8 for the colour algebra and matter module constructed above.
Both counts refer to the generated carriers. Colour transformations act within the three-
dimensional W while left matter combines W and L with a two-dimensional chiral response.

The same content data fix the charged-quotient normalization. The charged module
has Ny = 8 + 7 = 15 complex directions and Tr(Y?) = 10/3 in the fractional hypercharge
convention of (4.46). The primitive integer generator ¢ = 6Y instead has Tr(q?) = 120.
Using Y throughout gives

Ni — Ng 1 1
T = = = —.
N;Te(Y2) ~ 15-10/3 50

(4.65)

This is the normalization of the gauge-active charged quotient. It is not an additional
parameter and does not enter the scalar gap formula.
For a scalar conformally coupled to a three-dimensional round factor the conformal
Laplacian uses the coefficient [20, p. 22, equation (1.10)]
d—2 1

§3 = d=1 s =3 (4.66)

Since the already generated colour algebra has N, := dimsu(3) = 8 one obtains

1
Nygs =8 x 2 =1. (4.67)
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The identity relates the dimension of the colour algebra to the standard conformal coeffi-
cient on the three-dimensional response factor.

The statistical equi-scale-surface interpretation additionally uses a Gaussian field and
regularized level sets on the generated Euclidean event carrier (Appendix D).

4.9 Internal structure and collective response

The source operations supply the quadratic carriers W & L and the two primitive chiral
sectors with their matrix responses. Relative frame localization turns comparisons of these
carriers into gauge and matter transport. The least faithful matter realization retains every
simple response block and pointwise fixation of the transported source vacuum determines
the common residual phase action. Its weights determine the charges. The range of the full
matter action is the intrinsic generated gauge group. The kernel of its product presentation
determines the global centre quotient. The fifteen-dimensional charged quotient retains
precisely the directions detected by these charges while the full sixteen-dimensional module
also carries the neutral response and its scalar connections.

The shared reversal-real chiral variation supplies the elementary Higgs-type chan-
nel and its determinant supplies the invariant amplitude square used by the scalar re-
sponse. The long-root coordinate instead describes collective right-sector response. A sta-
ble nonzero spin-one background has a maximal-torus stabilizer. This dynamical stabilizer
depends on the condensation potential and is distinct from the source-vacuum stabilizer
that fixes charge.

Resulting internal response structure. The complete-operation construction yields
X3 = RP3, its least centre-sensitive spin module and the four-real-dimensional carrier
FE,. Within the source-compatible classes, the three continuation theorems determine the
intrinsic group (4.51) with faithful presentation (4.53), the sixteen-dimensional full matter
space and its fifteen-dimensional charged quotient. The elementary connector contains one
(1,2)1/2 module whose determinant is its positive invariant amplitude square.

5 Generated Modes, Scale Composition, and States

The generated geometry and matter modules specify the internal response channels. Mode
products couple these channels, heat evolution changes their resolution, and positive states
assign probabilities to observations. Matrix-valued modes combine the geometric product
with operations on the matter carrier. The full carrier retains the neutral line, whose
contribution to the connector resolvent and spectral traces survives even when the source
and observable descend to charged matter.

5.1 The internal mode algebra and Gaussian composition

On the round response factor X3 = RP? obtained above use the normalized Haar measure
dv = dv/(7?L?). Let D, be the matrix coefficients of the unitary spin-j representation
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of the parent SU(2) and write

455 +1)

Chn = T Dby i =27+ 1, Aoel,, = Ajé] A=

Jmn»

j=0,1,....
(5.1)
Integer j is precisely the central-even condition. The representation dimension r; is not
the shell multiplicity 7”]2-.

Proposition 5.1 (Generated mode products and scale maps). The finite span R(X3) of
these modes is a unital conjugation closed algebra dense in C'(X3) and in every finite-order
Sobolev space. For a = (j,m,n) and § = (k,a,b) with v = (J, M, N) its multiplication
coefficients are

eatp = Z C’gﬁe,y, Cgﬁ =
v

TiTk ~JM . .
ry ij,kacjyf?fkba |.7 - k| < J < J+ k. (52)
The two coefficients on the right are Clebsch—Gordan coefficients in a common unitary
basis convention. The representation fixes the allowed product channels and their relative
coefficients. No separate multiplication coefficient is assigned to each modal channel. The

scale maps
Gy = e R0, Greq = e ey, Giiw = GiGy, t,u >0, (5.3)

preserve constants and positivity together with central parity. No cutoff retaining all shells
j < J with J > 1 is closed under multiplication.

Proof. The Clebsch—Gordan decomposition and Peter—Weyl theorem with normalized Haar
measure [15] give (5.2) and the stated density. The same round operation diffusion of
Theorem G.2 in the heat parameter normalized by (5.3) gives the positive scale map.
In particular (e7;)? = TJ€§§72J/\/4J7H outside the cutoff. Appendix A.6 supplies the
normalization and completion with scale-product estimates. O

Matrix-valued modes multiply by (eq ® B)(eg ® C) = >_ C, ey @ BC on the stated
full carrier. Their noncommutative coefficients and their geometric mode couplings are
different factors of one product. The product descends to charged matter when its matrix
factors preserve the neutral line.

The parameter ¢ in (5.3) measures internal heat resolution. The difference G¢(fg) —
(G¢f)(Grg) measures the failure of heat resolution to preserve products. The estimates in
Appendix A.6 control this difference.

5.2 The source system and its positive states

Put Hg = L?*(R) with the Gaussian ladder basis h; and number operator Ngh; = jh;
and the matrix units E;; = |h;)(h;| constructed in (G.1). The subscript distinguishes this
number operator from the neutral matter line N. The source algebra is the unitization

Agre = K(He) + CI. (5.4)

Unitization includes the identity operation I together with the compact source responses.
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Theorem 5.2 (Positive source completion). Let ¢t > 0 be the dimensionless ladder reference
parameter distinct from the internal heat parameter. The source reference and its finite
resolutions are

o P,e—tNep, l
po=(=ce™™ g = mre gy Pe= 2 B (5.5)
=0

They define normalized positive functionals on Ag.. and

—nt Pnpt,mPn

- =2 = > n). 5.6
Hpt,n ptHl € I Tr(Pnthn) ptﬂ'L (m = n) ( )

Keeping an unresolved scalar tail gives a unital state-preserving system M,,(C) & C whose
norm completion is Agc.

Appendix G constructs the unital inclusions and proves these identities. The trace-
norm error is twice the unresolved geometric tail mass and bounds the error of every
bounded observation by duality. The common-domain product completion in Ref. [21]
provides a related construction. Here the explicit tail mass controls the source-state com-
pletion.

The vacuum functional is instead wo(X) = (ho, Xho). Indeed ||p; — Eooll1 = 2¢7t as
t — 0o0. The pure vacuum and the faithful finite-t states are source density operators. Haar
measure is the stationary law on operations.

The geometric weights of p; give the entropy

t g te!

= — = — — —t _ = -
SSI“C(t) - Tr(pt IOg pt) log(l e ) + et — 17 src(t) (et — 1)2 :

(5.7)
The geometric source weights have mean ladder degree (e — 1)~!. Substituting their
logarithms gives the formula. Thus Sg.. — 0 as t — oo and Sg.c = 1 —logt 4+ o(1) as t | 0.
The divergence at t = 0 reflects the infinite ladder. The unit operator has infinite trace.
So this endpoint admits no normalized uniform density.

On the generated scalar modes the entropy includes the shell multiplicities. For g > 0
put

Zo(B) = (2 + 1) PN, pgg=Zy(B)le PR,
720 (5.8)

So(B) = log Zo(B) + B Tr(Aopo,s), So(B) = —p Vary, ,(Ao).

The quadratic eigenvalue growth makes the heat trace and every required moment finite
at positive 8. So differentiation is justified. Writing p; = (25 + 1)%2e=%% /Z; gives Sy =
H(p)+>_;pjlog(2j + 1)2. The second term is the entropy within the unbiased shell. The
scalar ground mode is simple and Sy — 0 at large 8. These formulas use positive state
multiplicities. Signed coefficients in an effective trace require a separate interpretation.
Here 8 has units of length squared unlike the dimensionless ladder parameter ¢t. Both label
reference families at fixed operator. A scalar shift cancels in the normalized state while it
remains present in the mass spectrum.
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Generated reversible and averaged source updates. The Gaussian ladder gener-
ates the strongly continuous unitary group Us = e V¢ and the point-norm continuous
automorphisms

ag(X) =Us XUy,  ag(Eyj) = eI E;. (5.9)

Composing these operations with the already generated Gaussian change law defines a
unital completely positive semigroup

C.(X) = /R co(X)dus(8),  Co(Biy) = e 09212, . (5.10)

Both updates preserve wg and p; and every diagonal source state is stationary under Cs.
Spectral calculus gives (5.9). Density of finite matrices extends its continuity to Agc.
Gaussian averaging multiplies each matrix unit by the characteristic function at ¢ — j
giving (5.10). A probability average of unitary automorphisms is unital and completely
positive. The convolution law gives the semigroup law and density and contractivity give
strong continuity. Diagonal states are fixed by every phase rotation and hence by the
average.

Here 0 is an operation parameter and s its accumulated variance. The averaged update
acts on Ag.. The Neumann window evolution acts on interval functions and the group
diffusion acts on process functions. The last diffusion induces the internal heat maps on
mode functions.

5.3 Gaussian fields on the generated spectrum

On the same round X3 = RP% use the positive conformal scalar operator A = Ag + R/8
where R = 6/L? with domain H?(X3). Its shell eigenvalues are a; = [(2)(2j + 2) +
3/4]/L? with real multiplicity (2j + 1)2. This operator supplies the reference stiffness of
the scalar response. The conformal curvature term gives its constant harmonic a positive
stiffness while the Laplace spectrum resolves the higher harmonics. Fix a real orthonormal
eigenbasis Ae; = a;e; with ¢ enumerating these shells and their multiplicities. At fixed
L the field covariance is the integral of the heat operator over the resolution parameter.
A mode with stiffness a; contributes variance [J e ™% du = (1 — e "*)/a;. Independent
Gaussian source coordinates with these variances give for 7 > 0 a distribution-valued field
with the fixed-parameter law

1 _ p—Ta;
X, =Y\ [———Ziei,  Cr=ATNI-eTh), Zi~N(O,1). (5.11)
7

Qa;

Theorem G.8 proves mean-square completion in H ,? for ¢ > 1/2 retaining all real multiplic-
ities and constructs the reference law N (0, A~!) on that space. Neither field is L2-valued.
The associated regulator and the scalar feedback law N (0, (A+gFE?I)~!) are proved on this
same field space in Appendix G.9. Here 7 sets the upper resolution limit in the accumulated
covariance on the fixed internal spectrum. For g > 0 the scalar amplitude changes each
mode’s stiffness from a; to a; +gFE? giving variance (a; +g¢E?)~! in the corresponding refer-
ence law. The common shift makes every harmonic respond to the same collective intensity
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while preserving its mode projector. Increasing E? therefore suppresses these fluctuations.
On this common field space the mean and variance of the reference-subtracted intensity
determine the first and second derivatives of the relative spectral response. The restoring
response thus reads the change in fluctuations caused by the scalar amplitude.

5.4 Operators and matter spaces

Spectral traces depend on the eigenvalues and operator domain as well as the carrier and
its multiplicities. The spectral data therefore include the spin structure and the maps
between the full and charged matter spaces.

Definition 5.3 (Spectral data). The geometry and operators with the matter spaces are
collected as

9 = (X3a g3.b, Rba T—, Specm AOa Specm D;_ ) Specm AlLv Specm ATTv

(5.12)
E47 Gint’n Mfu117 N7 MC]’U QRJ Tch, PN7 ICCh)7

where

(i) (X3,93p) is the endpoint-scaled compact response geometry and R, = Ligr(b) is its
radius.

(ii) 7— is the spin structure whose lift of the antipodal deck transformation is —w €
Spin(4).

(iii) Spec,, records eigenvalues together with multiplicities. The operators are the nonneg-
ative scalar Laplacian and self-adjoint Dirac operator together with the Hodge Lapla-
cian restricted to coclosed one-forms and the positive rough Laplacian on TT ten-
sors. Their domains are respectively the corresponding constrained H?, H', H?  H?
Sobolev domains.

(iv) E4 is the four-dimensional response carrier.

(v) Gint is the faithfully acting reduced internal group. The matter spaces are Mg =
My @ M}fg“ of dimension sixteen and My, = My /N of dimension fifteen where
N = {0} @ ker Qr. Here Qg = CS*' + Y2 acts on Mgﬂl. The map 7, is the quotient
map and Py is the orthogonal neutral projection.

(vi) Ken is the elementary chiral-response module of the least-matter and reversal-real
connector constructions.

For the compact response construction of Section 4 the factor is X3 = RP? with 93 = R,% g1
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and the four spectra are

l [(l"rl) ]
Spec,, ( < 1=0,2,4,...5, (5.13)
2 [(k4+1) (k+2)]
Spec, ( :{<+k+3/ k=024, .
[(k+1)(k+2)]
u{< k+3/2 :k:1,3,5,...}, (5.14)
I+ [21( z+2)]
Spec,, (A1) = < ) 1=1,3,5,...p, (5.15)
9 _ 9\ [206—1)(k+3)]
Spec,, (App) = { <k(k+2>> chk=2,4,6,...p. (5.16)
Ry
Here A" denotes multiplicity m and Appr = —V%V,. A curvature-shifted Lichnerowicz

operator has a different spectrum. The scalar formula follows from the spectral-capacity
and single-reversal properties and the Dirac formula uses the spin convention following
Proposition 4.4. The one-form and tensor spectra follow by harmonic analysis on the
round quotient with conventions and derivations in Appendix A. The scale extension Ej is
the metric completion. The matter spaces and charged quotient are the relative-frame and
least-matter constructions and the elementary connector is the connector continuation.

Radius and reference units. The dimensional radius is Ry, = Lir(b) = v27b. Let
by be the width of the unit-covariance source pi. In its normalized coordinates by = 1.
Use £, = by as the fixed length unit. The reference profile whose local unit-information
endpoint equals this unit has width b, = by/v/2 and is the member p, 2 of the same
Gaussian semigroup. Thus £, = fyv(b.) = v/2b, and the reference profile is fixed by this
endpoint calibration. In the scale-dependent response formulas write

Ry, B
=7 Lc—f—\/%, I b (5.17)

The IR radius of the canonical source is consequently

L := L(bg) = V2, LS“ V2> 1. (5.18)
C

All spectral and feedback coefficients in those formulas are expressed in the same fixed
units. The instantaneous ratio R,/fyv(b) = /7 instead compares the two endpoints of
one source state. Scale transport varies b relative to the reference state. It keeps £, fixed.
The reference prescription fixes the zero of the relative drive and the response equations
determine the equilibrium at each relative scale b/b,. The canonical member b = by and
the variable-width family therefore describe respectively the response at the generated IR
edge and its dependence on resolution. The finite tensor-response endpoint is determined
by its own spectral response equation.
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Quotient operators and traces. The matter entries fit the gauge-equivariant exact
sequence
00— N — Mfuu Eh—> ./Vlch — 0. (5.19)

Only operators satisfying AN C N induce operators on the quotient. For a self-adjoint
bundle operator A on a Hilbert realization require also PyD(A) C D(A) and APy = Py A
on D(A). Then N and its orthogonal complement reduce A and whenever the traces exist

Trean f(A) = Tren f(A) + Try f(AN) (520)

Finite-dimensional descent is part of Theorem 4.9. In the self-adjoint case the stated
domain conditions make Py commute with the resolvent and hence with the spectral
projections. Functional calculus then gives the trace splitting. A regulated trace uses the
same decomposition and a common subtraction prescription.

The elementary connector can take a charged response into the neutral line and return
it to the detected sector. Eliminating that intermediate direction therefore leaves a con-
tribution to the retained response. For this connector squaring and charged compression
differ by a rank-one contribution from the neutral line.

Spectrum and neutral feedback of the elementary connector. For a fixed nonzero
0 Ty

Tf ©
generated sixteen-dimensional full module. Choose a unit n € N and put P = I — |n)(n|
and v = Dyn with Do, = PDgP|y.. Then

elementary coordinate H let » = ||H|| and Ty = Ic ® hy with Dy = ) on the

Dy = rIhg, PD3P|y. = r*ls, r’Iis — D3 = |v){(v], |Jv]|* =% (5.21)

Thus the square descends although the odd connector does not. The spectra of Dy and
Dy, are respectively {4+r, —r} with multiplicities (8,8) and {+r, —r,0} with multiplicities
(7,7,1). The zero direction of the compression is v not a zero mode of the full operator.
For z ¢ {0,r, —r} its exact retained resolvent is

-1
P(Dy — 21)"'P|y. = (Dch — I+ ‘”Z”') . (5.22)
The Schur formula eliminates the neutral block for z # 0. The explicit generated matrix
(4.59) satisfies hJ}{hH = hHhL = r2],. Hence D%{ = r2I16. The image v is left-handed
and orthogonal to the right-handed neutral line. Inserting I = P + |n)(n| between the
two factors of Dy proves the rank-one identity. Moreover Dyv = r?n. So Dgyv = 0. The
plane spanned by n,v reduces Dy and has eigenvalues £r. On its fourteen-dimensional
orthogonal complement the square is 721 and chiral grading pairs the two signs giving seven
of each. The full operator similarly has eight of each sign. In the splitting N* @ N the
lower block of Dy — 21 is —z and the off-diagonal block is v. Eliminating this one scalar
block gives (5.22). Rephasing n leaves |v)(v| unchanged.
The same calculation gives the connector feedback without an independent scalar
ansatz. On the full generated matter carrier

AR L+ T2D% = (A+|H|*T) @ . (5.23)
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Thus the elementary reversal-real connector changes every eigenvalue of a scalar response
block by its intrinsic determinant det hy = ||H||?>. The coefficient is fixed by the normal-
ization of the generated connector matrix. This electroweak connector response and the
colour-Casimir feedback of Section 8.8 are two applications of the same rule—square the
generated odd or connection comparison and retain its invariant intensity—but they act
on different response sectors.

Effective sources, linear observations and the full trace. Keep the same generated
connector and z ¢ {0,r, —r} and set Sg(z) = Da, — 2I + vv'/z. For a source j on the
full module and a complex-linear row covector ¢ write j. = Pj and j, = n'j. Likewise
set £, = l|y. and £, = {(n). The linear source pairing x — j'z descends to the charged
quotient exactly when j, = 0. The covector ¢ descends exactly when ¢, = 0. This follows
by replacing x with z + an. Their exact eliminated counterparts are

. . (% "n, En’UT
jett(2) = jo + % logp(2) = Lo + (5.24)
Indeed the two blocks of (Dy — zI)z = j give
1. UT$C - ]n
ve=Su(2) Ven(2),  wn = T
Substitution into the full-space linear response gives
1. 1 - Zn]n
Dy —2I)" "] =Ll (2)Su(2) " Jerr (2) — . (5.25)

The last term is the direct neutral contribution to the response. For complex z the quantity
Lo 1s the displayed analytic row covector. Taking the adjoint of an effective column would
instead conjugate z. The neutral feedback vvf/z remains when both pairings descend.
Rephasing n changes v, j,, ¢,, with cancelling phases. The same block solution gives the
trace over all sixteen internal directions

1 o vISp(z)7e 1 16z
Trlg('DH — ZI) = Try5 SH(Z) + — — > = OB (5.26)
Here Sy (2)"1v = 2v/(r? — 2?) and the seven remaining pairs give 14z/(r? — 22) to its trace.
The apparent singularity at z = 0 cancels in the full response.
For a self-adjoint scalar mode operator A bounded below with Tre™* < oo for every
t > 0 define the squared-response operator Kgy = A ® 16+ 1 ® D% on D(A) @ Myyy. Its
charged restriction and neutral block are (A + r?) ® I15 and A + 2. So for t > 0

Tre tKnn = 161" Tre 4 = (15 + 1)67”2 Tre 4,

Ty e t(A®L5+IQDZ) _ (14€—tr2 1) Tre A, (5.27)

These formulas follow by the displayed orthogonal spectral decomposition. For A = Ag
the operator Ky has lower bound 72 whereas compression before squaring introduces
one constant zero mode. The elementary mass block shifts the whole tower. The bound
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concerns the colour-trivial matter operator Ky, at fixed H # 0. A Yukawa-weighted
operator uses its weighted square. A chiral Dirac operator may also contribute cross terms.

For complex sources and complex-linear row covectors the same block decomposition
gives the finite-dimensional response explicitly. For three independent copies the full and
charged dimensions are 48 and 45 with a three-dimensional neutral block. Specified Yukawa
matrices and positive kinetic forms define an analogous response through the same block
decomposition with the weighted square in place of D%, = r?I. Flavour hierarchies then
depend on these additional matrices.

The scalar mass assignment combines the Laplace spectrum with a common positive
radial restoring coefficient m? obtained from the stationary collective response after kinetic
normalization. The assigned masses are

l
M = f+2) + m?. (5.28)

The complete scalar mass tower. On Hy. = L?(X3,dv) define
Mz =No+m?I,  D(MZ) = H*(X3). (5.29)

This is a positive self-adjoint operator with compact resolvent. Its full spectrum is (5.28)
for [ = 0,2,4, ... with multiplicity (I + 1)2. In particular

inf Spec Mg, = m?, (v, M) = [ldp 5 + m?[[$l5 > m?|l413. (5.30)

The equality case is the constant scalar mode. The inverse powers satisfy Tr(M2,)™P < oo
exactly for p > 3/2. These statements follow directly from the complete scalar decomposi-
tion (5.13). The bounded shift changes neither the eigenspaces nor the domain. Integration
by parts gives (5.30) on the form domain H'(X3) and the trace terms grow as [>~2? along
the even subsequence.

Spectral physical quantities. For the generated operator and carrier with their multi-
plicities and normalization a spectral physical quantity is an absolutely convergent expres-
sion

Qr =Y _dif(e), (5.31)
l

or a renormalized relative trace with a specified subtraction, operator domain and renor-
malization prescription. Finite closed expressions in these data and their scale relations
define physical quantities on the stated domains and branches, with units inherited from
the spectral normalization.

Collective quantities are derived from these spectral sums and their scale dependence.
Each trace includes every mode of its specified carrier with the corresponding multiplic-
ity. Probabilities additionally require a positive state and an allowed observation. Positive
functionals on the generated source algebra supply this information. A field representation
gives the same quantities when it preserves the operators and their units and normaliza-
tions. For relative traces Appendix E proves the estimates for the specified subtractions.
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5.5 States, composition, and observables

The state construction uses positive functionals and their cyclic representations [22] on the
generated source algebra. The source operations specify the available effects and updates.
In the cyclic representation an allowed preparation operation A produces the unnormalized
vector m(A)Q. The source comparison w(A*B) gives the overlap of preparations produced
by A and B. A difference of zero norm has zero overlap with every generated preparation
and is identified with zero. Completion includes norm limits of these preparations. Cyclicity
means that the generated vectors exhaust the representation. The source comparisons
therefore fix its Hilbert-space geometry.

States and operations. A state is a normalized positive functional w on the generated
observable algebra. Its cyclic Hilbert representation is obtained by quotienting the form
w(A*B) by its null space and completing it with left multiplication as the algebra action.
This is the representation of the source states in Theorem 5.2.

An allowed effect 0 < E < I has probability w(E). A finite allowed partition ), E, =
I therefore has nonnegative probabilities summing to one. In the cyclic representation these
are (Q, m(E,)?). The available effects and instruments are fixed by the source operations.

Evolution is a composition-compatible update of the generated states and observables
as in (5.9) and (5.10). A nonautonomous update has a two-parameter composition law.
A strongly continuous unitary group has a self-adjoint generator by Stone’s theorem. The
operation parameter and accumulated variance with the heat resolution label the corre-
sponding updates defined above.

Independence means commuting operations and factorized expectations of all allowed
product observables. For full finite corners this gives the product state on M,, @ M,,, = M,,,.

Local response operations act through the relative-frame bundles over Mj,.. Their
composition is the mode and matrix product above.

The spectral quantities defined above are evaluated with fixed units on their stated pa-
rameter domains. A state-dependent representation intertwines the state and its operations
with the sources and observables so that their probabilities and response normalizations
are preserved.

For the complete source functional wy(A) = Tr(pA) at t > 0 in (5.5) the uniqueness
part of the GNS construction [22] relates any two cyclic representations (7;, H;, §2;) by the
unique unitary satisfying

U’/’l’l(A)Ql :WQ(A)QQ, U’/TI(A)U* :7'(2(14), UQl :QQ.

Consequently their finite source correlations and common continuous extensions of the
specified operations agree on their stated domains and in the prescribed norms. The inner
products w;(A*B) fix the isometry on generated vectors. Cyclicity extends it to the Hilbert
space. Common bounded operations extend from their specified dense cores by continuity.

The source algebra and the internal factor X3 carry these states and spectral quantities.
Their field realization uses the generated event carrier for localization and the internal
modes for field content. Appendices D and C give the Gaussian covariance and its positive-
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energy graded-local reconstruction. The collective potential depends on the internal spectra
and their scale dependence.

6 Source Events, Composition, and Readout

A positive source state assigns probabilities to the allowed preparations and readouts. Mu-
tually exclusive outcomes, unread comparisons and conditional states are defined within
the same source functional. Semigroups and connections provide the updates whose re-
sponses are measured. This event calculus applies before a spacetime field representation
is chosen. On the affine Lorentz carrier, local fields represent the internal responses and
the phase clock calibrates timelike separations between events.

6.1 Quantum events and composition

The source construction supplies positive states on its generated observable algebra. A
finite observation resolves this algebra into mutually exclusive quantum events. The un-
resolved remainder is retained as one outcome. An allowed orthogonal partition describes
these distinctions. The same source state assigns their probabilities and projection gives
the Liiders conditional update [23].
For a generated orthogonal partition ZT:_OI P, = I and a positive normalized state w
put
Pa = w(Py), wo(X) =w(PyXP,)/pa  (pa > 0). (6.1)

These are normalized probabilities and states. The unread map is

m—1

S vEX(VR o v=) meimp, (6.2)
k=0 a

1

LX) = P,XP, =

(0= PXR =
It is unital and completely positive and woL =) paw,. The partition identity normalizes
the probabilities and positivity normalizes each conditional state. Zero-probability blocks
vanish by Cauchy—Schwarz. Character orthogonality cancels all off-diagonal event blocks
in the finite phase average. This average of unitary conjugations is completely positive.
Equal-mass quantiles of a nondegenerate source Gaussian implement the random choice of
V¥ when such control is available.

The last event may contain the unresolved tail and retain its probability in the parti-
tion. In the cyclic representation of w the identity P*P = P gives w(P) = ||x(P)Q|? [22].
Thus the projected vector’s squared norm expresses the original source probability. The
same rule reads py(P) = (¢, Py) for a unit vector . For P = |¢)(¢| with ||¢| =1 it is
|(¢,%)|?. This is the usual Born expression. Gleason’s uniqueness argument additionally
requires noncontextual countable additivity and dimension at least three [24].

The unread map retains each diagonal event block. Averaging the finite relative phases
cancels the blocks connecting distinct events. The distinction is visible in the allowed two-
level preparations ¢+ = (hg £ h1)/v/2. They have the same level probabilities (1/2,1/2).
The generated observable X = Fy; + E19 has expectation +1 in ¢4 and —1 in ¢_. It
reads their relative sign. After the unread comparison in the hg, hy basis both preparations

— 49 —



give the same equal mixture and expectation zero. Level occupations and coherent source
comparisons therefore convey different information within the same generated algebra.

Independent systems use factorized states on the product algebra. In a Hilbert real-
ization superposition is vector addition. A pure bipartite state is entangled when it does
not factor into two vectors. Separability of density operators means membership in the
trace-norm closed convex hull of product density operators. For independent Euclidean
measures and bosonic free fields the standard identifications are

LP(pn @ pg) =2 L (1) © L2(p2),  Fy(ha @ ho) = Fy(h1) ® Fy (ha). (6.3)

The first identity follows by completing products of simple functions. The second follows
from the symmetric tensor decomposition. Factorization specifies independence. Tensor
symmetry specifies the exchange statistics.

6.2 Measurement and dephasing

For a self-adjoint observable O and apparatus generator () the unitary evolution of the
specified interaction gO ®@Q maps Y, ckr @@ to Y ;. cpthr @e 19k Q/ g when Oy, = o1y
Two occupied branches with nonproportional apparatus factors are entangled.

For pure dephasing let a finite pointer have commuting Hg, A and use H¢(t) = Hg +
gA&(t). The real Gaussian process is centred and stationary with mean-square continuity.
It is initially independent of the pointer and has covariance C(s — u) with C(0) < oo. In
a joint eigenbasis the noise-averaged reduced density matrix satisfies

200, — aq:)2 [trt
pij(t) = e " EmEtR g, (0) exp {—g(a;h?a])// C(s—wu)ds du} . (6.4)
0Jo

All Hamiltonians commute so the noise enters only through X; = fg &(s)ds. Tts Gaussian
characteristic function proves the formula. The integral is a variance and populations
are unchanged. Its growth determines the decay law. A variance proportional to ¢ gives
exponential dephasing. The pointer probabilities Tr(pPj) remain those of the state.

7 Fields, Correlations, and Spectral Description

A spectrum lists the available excitations; a correlation weights them by the transition
overlaps of a particular preparation and observation. An internal trace instead counts the
full multiplicity of the specified operator. The weights determine both the modes visible
to an observation and the convergence of the corresponding sums.

The source generator resolves changes between ladder levels, while the mass-squared
operator measures the normalized restoring response of physical fluctuations. Their ob-
servable spectral measures use the same overlap construction. Passing between the two
representations requires the stated response maps and intertwiners. Eigenvalues determine
where an excitation occurs; the observation weights determine whether it is seen.
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7.1 Spectral measures of source observables

For a bounded self-adjoint generated observable O let O, = O —w(O)I and v = O hg. Its
connected source spectral measure is

vo =Y |(hj,Oho)[*s; vo([0,00)) = [lv]|*. (7.1)

Jj=1

It is finite and positive and satisfies
wo(ap(0e)0,) = /ew/\ dvo(N),
(v,e”NGy) = /e_‘”\ dvo(\) < e~*|jv|?, s> 0. (7.2)

Whenever a positive level is visible the first is the least j > 1 with (h;, Ohg) # 0. Centering
removes the vacuum coefficient. Parseval gives the total weight ||v||?. The spectral theorem
applied to Ng gives both transforms with this absolute convergence bound.

These weights are observable-dependent. Physical scalar masses are determined by the
complete scalar mass operator (5.29) with sharp lower bound (5.30). An excitation with
zero transition overlap is absent from that source correlation even though it remains in the
source spectrum.

For the fixed-covariance Gaussian field of Theorem G.8 real test vectors f,g € H% =

(H,?)" give continuous evaluations and
Ee X)) = exp[-L1(f,C. f)]. (7.3)

In the eigenbasis Ae; = a;e; its static covariance is

1 _ 6—7'(1

E[XT(f)XT(g)] = ZQ’(‘%)EQZ’ - <f7 CTg>7 CT(G’> = T (7'4)
i
These follow from finite Gaussian coordinates and the distribution-space tail estimate in
Appendix G.9. The bounded observables e~ (f) generate a commutative algebra. Equa-
tions (7.3) and (7.4) determine its static correlations at fixed 7.

7.2 Analytic control

The three-dimensional Weyl exponent fixes the threshold for finite resolvent traces. The
zero modes determine the additional dependence on the lower mass bound. At high levels
convergence balances the growing number of modes against the decay of the response
weight. Near the bottom of the spectrum a positive mass shift controls the contribution of
the constant and other zero modes.

Resolvent traces. Let A > 0 be a self-adjoint Laplace-type operator on a finite-rank
Hermitian bundle over a closed compact three-manifold M. Write its eigenvalues as €; with
multiplicities d; and set vy = dimker A. For p > 3/2 the trace

Qp(m?) = di(g; +m?)? (7.5)
l
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is positive and real analytic for m? > 0. Choose C4 with Ny (\) = do<e<nd < CAN3/?
for all A > 0. Then

I'(5/2)L(p —3/2) (m2)3/2.

2 < 2\—p .
Qp(m?) < vo(m”) ™"+ Ca () (7.6)
On m? >m2 > 0 a bound Qp,(m?) < Cp A m,(m?)3/>7P holds with
I'(5/2)'(p — 3/2
Cp,A,mo — I/O(m(%)_g/Q + CA ( / ) (p / ) (77)

L'(p)

Thus the half-line constant depends on the chosen operator. Zero modes introduce ad-
ditional dependence on mg. Weyl asymptotics for compact elliptic operators [25] bound
N4 (\)/A3/2 above a sufficiently large threshold. Below that threshold the positive spectral
gap and the finite number of eigenvalues make the ratio bounded as well. This proves the
existence of C'4. A numerical value follows from a quantitative high-energy bound and the
finite low spectrum. An explicit spectrum also determines this constant directly. Separate
the zero modes and put « = m?2. Stieltjes integration by parts yields

© Ni(A
Q) = =p [ i

00 3/2
- o (I4¢ptt

o LO/2T-3/2)
I'(p)
The boundary terms vanish for p > 3/2 and the integral is B(5/2,p—3/2). On any compact

subset of Re z > 0 with Re z > § the principal-branch series is dominated by @, (6). Normal
convergence proves analyticity and

d Qp
dxi

(7.8)

= (-1 (p); Y di(er+ )P, >0, (7.9)
l

where (p); = T'(p +7)/T'(p)-

For the scalar Laplacian on the generated X3 of radius L the odd-shell spectrum gives
the explicit constant Ca, = 9L3/(16/2). The count N, ()\) = 0 below 8/L?. Above this
threshold let ¢ > 3 be the largest odd integer with ¢> — 1 < L?\. Then

1 2 3 L3
N+(/\)ZQ(Q+ é(ﬂﬁ' )_1§513§ 9 (q2—1)3/2< 9 2\3/2.

164/2 T 16V2

The first inequality uses (¢—3)(¢? —2) > 0 and the second uses ¢2/(¢*> —1) < 9/8. Equality
holds at A = 8/L? so this global constant is sharp. Together with vy = 1 it makes (7.6)
explicit for the complete scalar tower.

Green operators. For A = Ay an internal source j produces the response u = (Ays +
m?)~1j. Each harmonic is weighted by the inverse of its stiffness ;4+m?. The Green kernel
gives the response at y to a source at 3. Spectral calculus gives

Qp(m?®) = Trrain (A +m?) P, p>3/2. (7.10)
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In particular Q2 = [, 3/ |Gm2(y,¥')[?dy dy’ is the squared Hilbert-Schmidt norm of the
compact Green operator. It sums the squared response over source and observation posi-
tions with the stated internal measure. The ordinary () trace diverges in three dimensions.
This contrast is the analytic hinge of the condensation mechanism. The linear trace re-
sponse is not summable over the complete three-dimensional tower. The compensated
logarithm cancels that linear term and leaves the Hilbert—Schmidt quantity (). The same
()2 controls two derivatives of the relative potential and its local quartic coefficient to-
gether with the spectral tail entering the condensate and mass estimates of Section 8. In
the specified product realization (C.1) Fourier transformation in the external coordinates
gives (p2 + Ay +m?)7L. Here peyxs is Euclidean four-momentum. At pey = 0 this is
the same Green operator. Setting m? = mg therefore reads the internal response as the
zero-momentum component of the condensed quadratic propagator.

The internal trace weights each level by its multiplicity and gives the positive locally
finite measure

p(dp?) = " dy Sy (dp?). (7.11)
l

If M 12 =g —|—m§ with mg > 0 its support has that lower bound. For a field evaluated against
an internal test vector each atom carries the squared norm of that vector’s eigenspace pro-
jection as in (C.9). The mass parameter is the condensate’s normalized radial curvature.

8 Gauge Fields, Scale Transport, and Stable Spectra

Internal mode multiplication and the matrix action on matter fix the nonlinear coupling.
Changing resolution smooths the fields and produces a product correction, which the joint
scale map retains. This correction makes successive resolutions compatible with the original
interaction.

The colour connection supplies its own collective coordinate: its basis-independent
mean squared strength. Casimir contraction shifts the complete conformal response tower,
the relative long-root eigenvalue provides the drive, and the changed Gaussian fluctuations
give the restoring response. The complete relative potential balances these contributions
and has a unique nonzero equilibrium beyond the reference radius. The source Legendre
metric normalizes intensity fluctuations; the exact curvature response controls coclosed
connection variations. On the condensed branch these two blocks form a positive Yang—
Mills mass operator, measuring restoration of the collective intensity and transverse non-
Abelian deformations at fixed intensity. Appendix B.4 develops the corresponding action-
level realization.

8.1 (Gauge interaction from mode multiplication and common transport

The local frames of Section 4 fix the gauge transformation law of a connection A. Its field
strength satisfies

Fao=dA+ANA, DaFy=dFs+ANFy—F4NA=0. (8.1)
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The second identity follows by substitution and d> = 0. Here A includes the coupling
in the skew-adjoint connection convention. Restoring it as A = geonn@ T4 gives Fy =
Geonn A + 2., N and V = d + geomnps(27). The quadratic field-strength response
consequently has cubic and quartic terms proportional to geonn fas® and g2, fa5° foE®
after factoring out its quadratic normalization. These differential formulas describe the
interaction in the generated internal frames.

The mode product in Section 5.1 acts directly on the fields of the generated internal
geometry. In a fixed trivialization write a connection as A =) A, in the left-invariant
orthonormal coframe on round X3 and let [T4,T5] = f 458€Te be the matrix commutator
in the generated internal Lie algebra. With A, = > A ae, Ty the field strength is

Fab(A) = B, Ay — EpAq — %GabcAc + [Aa’ Ab]7

[Aa, A)S = > Clyfapagtay)”. (8.2)
a?B7A7B

The coefficients C’;’B express pointwise mode multiplication while f45¢ are the structure
constants of the internal representation. Their product determines which internal harmon-
ics and gauge components couple. Thus the geometric modes and the noncommuting ma-
trices enter one nonlinear response. Applying the same connection in the matter represen-
tation fixes the corresponding transport coupling. The connection normalization geon, sets
the overall strength of this transport. The scalar feedback coefficient g in Ap = A + gE?*I

measures the change of scalar precision per unit collective intensity.

Nonlinear field strength and its scale correction. For A, € H"(X3) with n > 5/2
apply Gy = e *20 componentwise in this same frame. Then

t
GiFun(A) = Fap(GeA) + Cans(A). €aa() =2 [ Gio Y (B Gl BGu ] du
0 C

(8.3)
The integral is in H"~! with norm at most Cy 1, gt||Aqll || Ap| gn. Its modal coefficient
is the second line of (8.2) multiplied termwise by e~ — ¢=*(*a+As)  There are real con-
nections at every shell cutoff j < J with J > 1 whose curvature has a nonzero j = 2J

component and for which this scale correction is nonzero.

Proof. Round scalar heat commutes with the invariant derivatives. So the linear terms
cancel in the difference. The heat product rule of Proposition A.1 gives the integral and
its norm estimate. Take A1 = fT4 and Ay = fTp with A3 = 0 where f = ei, + % and
[T, Tg] # 0. Equation (A.22) gives the nonzero 2J component and Agj—2\; = 8.J2/L? > 0
proves that its scale correction cannot vanish for ¢ > 0. ]

The proposition uses scalar heat on coeflicients in the fixed trivialization and coframe.
Its frame dependence follows from the commutator of G with a position-dependent gauge
transformation.

For the (2,1) long-root source Proposition G.7 sharpens this identity. It computes the
connection—field-strength composition law and a strictly positive mean-square remainder
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from the same noncommutative product. Its coefficient heat rate is 24/L? whereas its
Hodge eigenvalue is 16/L?. The joint response therefore retains both the discarded modes
and the difference GrF(A) — F(G+A). The matter response requires the corresponding
product correction. Changing the internal metric requires the derivative commutators of
Appendix A.6.

8.2 The same connection acts on matter

The localized principal bundle and the representation p on the full matter module were
constructed in Section 4 with the stated local frame and matter realization. Applying
that representation to principal transport determines the matter coupling. We use the
skew-adjoint connection convention of (8.2).

Theorem 8.1 (Generated gauge interaction and common matter transport). Transport
by the same principal connection A induces on its associated matter bundle the covariant
derivative and curvature action

VAt = d+ pu (A, (VR = pu(Fa)i. (8.4)

In a compatible trivialization over X3 for scalar coefficient fields A, = @A af{AeaT "4 and
=7 5 €p¥p the coupling coeflicients are

[0+ (Aa)¥]y = D Chzas pe(Ta)vs. (8.5)
a,B,A

For finite modal fields this is an exact finite product and it extends continuously to H"(X3)
for n > 3/2. The tensors Cgﬁ and p.(T4) fix the modal selection rules and relative matrix
coefficients of this interaction in the chosen connection normalization.

Proof. Applying p to infinitesimal principal transport I — A(¥)ds gives I — p.(A(%))ds.
The induced derivative transforms with p(¢g~!) under a frame change. Since p, preserves
brackets its square is p.(F4). Equation (5.2) gives the displayed coefficients and Sobolev
multiplication on the three-dimensional factor gives the completion for n > 3/2. O

On a spinor-valued associated bundle the derivative is VP @ I + I ® p.(A) and its
coeflicients must use the selected spinor modes of Appendix A. The internal connection
acting on them is the same one. Its matter action descends to the charged quotient under
the quotient and trace conditions of Section 5.4. A general Higgs connector still acts on
the full matter module.

Joint resolution of gauge and matter coefficients. Keep the same fixed trivializa-
tion for the connection and associated matter coefficients and set Q, = Eqtb + pi(Aqg).
Applying G; to both fields produces the difference C’Q GiQ(A,Y) — Q(GLA, Gy)) just
as for the field strength. Proposition A.2 proves the exact integral composition law and
Sobolev completion for both responses. In particular with U = (A, ) and the unresolved
responses R = (Rp, RqQ)

(U,R) — (GU, GiR + (CF,C2)) (8.6)
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is a strongly continuous semigroup. Starting from R = 0 every later residual is fixed by
the initial fields. The complete responses evolve as G¢(F + Rp) and G¢(Q + Rg) while
the resolved fields retain their nonlinear coupling. The parameter ¢ resolves the gauge
and matter coefficients together with their unresolved responses. The residual therefore
records interaction information carried by the initial fields at the new resolution. Successive
scale changes preserve this complete response by the same composition law. The resolved
fields and their residuals thus represent the same coupled response at successive resolutions
including the high harmonics created by its mode products.

8.3 Resolution and scale transport

The spectral quantities defined in Section 5 depend on the operator and its coefficients
with the Gaussian resolution parameter. For a normalized source Gaussian of width oy
the additive variance is s = 02, and the heat parameter is s/2. Equation (5.10) acts by
diagonal phase averaging on the source algebra and its positive states. Here s parametrizes
resolution. Homothetic variation of the internal radius transports the spectral weights on

a common mode space and determines the scale dependence of stationary quantities.

Homothetic scale transport of the spectral window. Identify the round factors
by their normalized Haar coordinates. For the scalar Laplacian or its conformal shift
homothety gives A, = L(O’)_QA\ on the same modal Hilbert space. For positive C' functions
L,7 put ¢ = 7/L?. The Gaussian multiplier and its derivative are
—7Ay _ —qA i ~TAs — _ /A —qA
e =e 9, e = —q Ae” 917, (8.7)
do
The derivative is in operator norm on compact parameter intervals. Thus a constant ratio
7/L? leaves every dimensionless modal weight unchanged. In particular this holds for
L =c/k and 7 = a/k? with fixed a,c > 0.

Proof. The metric scales by L2. So both the Laplacian and the conformal curvature term
scale by L™2. Spectral calculus gives the first identity. On a compact interval ¢ > go > 0 the
multipliers ze~9% and x2e~% are uniformly bounded for 2 > 0. Taylor’s formula therefore
proves the operator-norm derivative. ]

At constant ¢ the observation retains the same relative resolution of the internal har-
monics while their dimensional eigenvalues change with L=2. A scale comparison first
identifies the modes and their resolution weights then specifies the path of the geometry
and response coefficients. The stationary amplitude is determined at each point using the
same feedback rule and generated relative drive. Thus the resolution parameter describes
how the modes are observed while the path of L and g with the kinetic coefficient Z
determines their condensed amplitudes and normalized masses. Homothety makes these
comparisons on one modal space. Changes in the shape of A enter through its Duhamel
derivative and integrated responses also include the change in volume. Appendix B.5 gives
the action-based FRG realization in which the regulated functional measure supplies the
running response.
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8.4 Complete spectral response and condensation

The analytic mechanism concerns a positive scalar shift of the generated spectrum. In-
creasing the collective intensity suppresses Gaussian fluctuations while preserving colour
symmetry. Its restoring response competes with the drive to determine the stationary
amplitude. In the colour realization, E? is the invariant connection intensity ¢, and the
adjoint Casimir fixes g. The complete-tower analysis separates convergence and stability
from the representation supplying this shift.

Let E be the collective condensate coordinate in the specified scalar prescription
Ap = A + gE?I with g > 0. The dependence on E? gives the same response for op-
posite amplitude signs. Multiplication by I implements a scalar shift uniform over the
internal factor. It preserves the mode projectors while making every mode respond to the
same intensity. Increasing the amplitude raises each conformal precision eigenvalue and
reduces the corresponding Gaussian fluctuation. The potential measures the response of
this whole tower to the collective amplitude. The latter is held fixed while the scalar re-
sponse coordinates are traced including the constant conformal mode. That traced mode is
distinct from E. For the connection realization the mean precision has a direct statistical
meaning. Averaging the log likelihood of the conditional Gaussian tower and normalizing
its exponential gives the Gaussian law with this precision. It uniquely minimizes the mean
relative entropy to the conditional laws. The potential below measures relative information
between these comparison laws. This specifies which comparison the spectral feedback rep-
resents. Retaining instead the field integral Fi,; = f ® defines a different scalar realization.
The reference slope specifies the driving term for the chosen feedback.

Relative entropy measures the mean log-likelihood ratio of two laws with the averaging
law fixing the direction of comparison [12]. For a real Gaussian precision deformation
A, = A+ yB whitening gives T' = A~1/2BA~Y2 and the finite identity

2Dk (vollvy) = Ir(y) = Te{yT —log(I +yT)}. (8.8)

For positive Hilbert—Schmidt relative operators quadratic summability controls the poten-
tial and its first two derivatives. This extends the finite identity and permits a common
spectral cutoff for stationary amplitudes and radial curvatures (Theorem E.1).

This relative information compares two generated Gaussian field laws whereas (5.8) is
the entropy of a normalized heat operator. In finite real dimension the differential entropy
change of the field law itself is H(vy) — H(vy) = —% logdet(I 4+ yT'). The additional term
yTrT in (8.8) comes from evaluating the changed precision against the reference covari-
ance. It cancels the linear part and produces the convergent positive restoring response.
This cancellation also permits the Hilbert—Schmidt limit when the two separate differen-
tial entropies have no finite limit. The stability criterion therefore concerns this relative
functional together with the specified drive.

Theorem 8.2 (Complete relative-response stability). Let 8; > 0 and ¢; > 0 with at least
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one 3; >0 and Q2 = Zj Bjtjz < oo. For fixed weights define

Fu(y) = Gy+10). 1) = Bilut; —log(1 +yt;)].
! (8.9)

SZZBjtjE(O,OO], y > 0.
J

For p > 0 the unique minimizer is y = 0 and the potential is coercive. For p < 0 there is a
unique positive global minimizer exactly when /2 + S > 0. The potential is then coercive
and strictly convex in y. If S < oo and p/2 + S < 0 the potential is unbounded below
including the equality case. The conclusion applies equally to finite and infinite index sets.

Proof. The respective bounds by Q232%/2 and Q2y and Q3 justify local uniform convergence
of the potential and its first two derivatives. Thus F)(y) = /2 + >, Bjyt?/(l + yt;) and
Fiy) =25, 6]-75? (1+yt;)? > 0. The derivative increases from 11/2 to y/2+ S by monotone
convergence. Its zero and its strictly positive limiting slope prove the stable cases. For
finite S write Fj,(y) = (/2 + S)y — >_, Bjlog(l + yt;). A single positive weight proves
unboundedness in the remaining cases. O

Source-normalized complete restoring response. For the generated even scalar

shells put
G= @12t 4= @)t %) —Zi‘lﬂ'z ¢ (2) —Zidj
] I ] ) - . . 9 - ] .
4 = cj(ej + 2) = (¢ -é— z)Z)
8.10

On z > 0 the function Z is continuous and strictly increasing with Z(0) = 0 and Z(z) —
0o0. The curvature ¢'(z) is finite and strictly positive. Hence every dimensionless drive
n > 0 determines a unique z;, > 0 satisfying Z(z,) = n. At the same amplitude

Yy = 4296 (2) > 0, MJZ =45+ 1)+ = Mg = V- (8.11)

The unit-drive member 77 = 1 defines a canonical normalized response. Here 7, is the radial
curvature in the coordinate y/z with unit kinetic coefficient. For an original amplitude F
set z = kE? with kK = gL?. A negative drive u < 0 and kinetic coefficient Z then give

_ M 2 _ K
- _%7 Mrad = Z’Yﬂ'

Thus the normalized family supplies the restoring response. The source drive and metric
determine its member and its mass units.

Proof. The curvature summand is bounded uniformly for z > 0 by a constant multiple of
(7 + 1)~2 which gives convergence and compact-uniform continuity. For 0 < 2 < y each
response summand obeys
diy — djx_ di(y—x)

cj (Cj +vy) Cj (Cj + ) (Cj + ZL‘)(CJ' +v)
so the complete response is strictly increasing and €(z) > 0. At z = ¢ every shell with j <
N contributes at least 1/2. Hence Z(cy) > (N + 1)/2 proving unboundedness. Existence
and uniqueness follow from continuity and strict monotonicity. Finally 45(j + 1) > 0 with

>0,

equality exactly at j = 0 which gives (8.11). O
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Generated critical scale and long-root drive. Use the fixed reference-endpoint units
of (5.17). The correlation window of the reference source state supplies the critical radius

_ Lir(bs) -
Lei= gt 5 = V. (8.12)

Let Ar(L) = 16/L? be the generated long-root eigenvalue. Among drives affine in Ag
normalized to unit response to a change of A\g and vanishing at L = L. the unique drive is

pr = Ar(L) — Ar(Le) = 16(L7% — L?). (8.13)

¢

Proof. Equation (8.12) is the endpoint ratio of Proposition 3.3. An affine function of A\g
with derivative one is Ar + c. Its zero at L. fixes ¢ = —Ag(L¢). ]

This comparison assigns a relative spectral cost to the current source state. The ratio
L/L. = b/b, locates it with respect to the reference state. Increasing the correlation
radius lowers the long-root cost and makes uy negative. Minimization below determines
the connection intensity at that scale. The reference state sets the comparison origin. The
equilibrium condition fixes the amplitude rather than varying the reference radius. For the
unit-covariance source (5.18) gives L = Lg. = v/27 and hence pur,,, = —8/7 < 0. The
relative long-root cost is therefore negative at the generated IR edge. Varying L describes
how this response changes with source width.

Theorem 8.3 (Condensation, scale transport, and scalar mass gap). Use the conformal
spectrum a; = [(2j + 1) — 1/4]/L? with d; = (2j + 1)? for j > 0 and its feedback
a; — aj + gE? with g > 0 together with the generated source drive
-2 -2 8 2 2
ur =16(L ==L ):§(R—RC), R=6/L*, R.=6/L:. (8.14)

c

Here L. = +/7 is fixed by Proposition 8.3. With y = E? the cutoff negative logarithm nor-
malized by Fi,1(0) =0 and 2F} ;(0) = pz, has the unique constant-and-linear completion

N

N
KL dj
Fyp(y) ==Y djlog(l+gy/a)) + | 5 +9) | (8.15)
j=0 j=0 "

It converges in C? on compact y intervals to F, = F),, of (8.9) with t; = g/a; and B; = d;.
This response is coercive and has a unique positive minimizing amplitude square exactly
when L > L.. For L < L. its minimizer is y = 0. At L > L. its radial curvature is strictly
positive. With any positive kinetic normalization this curvature gives a strictly positive
bottom for the assigned complete scalar mass operator. The exact scale-composition law
transports the stationary branch which has a uniformly positive spectral bottom on every
compact path contained in L > L. with positive bounded feedback and kinetic coefficients.

Proof. The two normalization conditions fix the constant and linear terms of the cutoff
expression. Rearrangement gives upy/2 + In(y). Proposition E.3 proves C? convergence
with @2 < oo and S = oo. The preceding stability theorem gives the stated phase criterion.
At its positive root -2 Fy (E?) = 4y, Fy(y.) > 0. O
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In particular the canonical source radius Lg,. has a unique positive equilibrium. Its
location on the condensed branch follows from the source endpoints and their calibration.
The minimization determines the intensity at that radius. The same theorem describes the
phase boundary of the variable-width family. In the symmetric phase V (E) = Fr,(E?) has
V"(0) = ug > 0 for L < L. with a vanishing quadratic coefficient at L = L.

Put k = gL? and z = xy. The stationary equation of the dimensional potential is
exactly

%(z) = —g—:. (8.16)

Thus L > L. makes the right-hand side positive and Proposition 8.3 supplies its unique
positive solution. The factors L, g, Z, carry the generated dimensionless response into the
chosen amplitude and mass units.

The long-root interpretation uses the relative spectral coefficient ey, (L) — e1,(L.) with
er(L) = 16/L%. Equation (A.16) proves its quadratic comparison in common mode units.
Proposition 8.3 fixes its normalized difference as uy. The critical radius is the zero of this
relative drive. For L > L. the long-root quadratic cost lies below its critical value, favouring
a nonzero collective amplitude. The conformal operator remains positive, and the precision
of its fluctuations increases with gE?2. This increase supplies the restoring response that
balances the softened collective direction and selects a finite condensed amplitude.

The unbounded limiting restoring slope has a simple spectral origin. The potential 1
and its derivatives I’ and I” are finite at every finite amplitude. Progressively more shells
respond as the amplitude grows. For this unweighted three-dimensional tower the exact
conformal sum gives

I'(y) ~ %ﬁ:&/z\/gj, I(y) ~ %H?,/zyz/z7 K = gL2.
Thus the large-amplitude restoring term grows as |E|*> and dominates the negative
quadratic drive. This explains both the finite equilibrium and the departure from a
quartic Landau approximation at large amplitude. The exact expression and its asymp-
totic expansion are given in Appendix E.

The response has a realization on a distribution-valued Gaussian field. Proposition
G.8 proves I(y) = 2Dkr(vo|vy) for v, = N(0, (A + gyl)~!) and constructs its reference-
subtracted intensity W,4. Consequently the same potential has the exact restoring response

_ ML 2

g
Fily) =5 = 9By, Wa,  Ff(y) =5 Var,,(Wa). (8.17)

The mean of W, measures the change in intensity from the reference field law. Its contri-
bution opposes the negative drive while its strictly positive variance supplies the increasing
restoring response. Both moments belong to the same scalar field family v, and the same
reference subtraction. This gives the complete potential a statistical realization at ev-
ery amplitude. Regulators approximating this unweighted trace give the same Fj when
their compressed responses converge in Hilbert—Schmidt norm and retain the prescription.
With fixed Gaussian weights S = Zj Bjt; is the limiting restoring slope. The condition
S > —pu/2 states that the response tower can overcome the imposed negative drive. Thus
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the weights determine how much restoring response remains available at large amplitude
as quantified by Theorem 8.2.

Condensation and the Landau approximation. For V(E) = F1(E?) the uncon-
densed radial coefficient is V(0) = pr. Increasing L through L. changes its sign. So
a small collective amplitude lowers the potential. For the complete unweighted confor-
mal tower the restoring slope increases without bound. It therefore balances the negative
drive at exactly one yr, > 0. Coercivity makes this stationary amplitude square the global
minimum. This is the condensation mechanism of the full negative-logarithmic response
with all conformal modes retained. The positive variance above describes its resistance to
further radial displacement. At fixed spectrum 9,y. = —1/[2F;/(y.)] < 0. A stronger neg-
ative drive increases the stationary amplitude. The Landau potential describes the leading
quartic approximation to this balance. Its error is quantified in Proposition E.4.

Exact scale transport of the complete potential. In fixed response units write the
unweighted potential at scale s as Fs(y) = usy/2 + J(ksy) with ks = gsL? > 0 and the
same J as in Proposition E.4. For two scales put ag; = ko/k1 and by = (u2 — a2141)/2.
For all y > 0 the potential obeys

F2(y) = Fl(a21y) + b21y, a3y = a210a32, b31 = agabay + b3s. (8.18)
For C! parameters this gives the exact differential identity
K. 1 K
OsFs(y) = 2y 0y Fs(y) + 5 (u’s - Sus> Y- (8.19)
Ks 2 Ks

Proof. Substitute ag1y in F;. The nonlinear part becomes J(k2y) and the displayed linear
correction supplies poy/2. Substituting successively at three scales gives the two composi-
tion identities. The proved local convergence of J and its derivatives allows the chain rule
which yields the differential formula. O

The identity transports the complete potential along a specified parameter path in-
cluding its coupling gs. For the distinct weighted response .J; with ¢ = 7/L? a changing
weight adds the term ¢'d,J;. The weighted response and its stationary-branch formula are
given in Theorem E.2. The calculation following that theorem gives its stability boundary.

8.5 Condensation and the scalar response spectrum

The minimizing amplitude supplies the background for radial excitations. For a signed
coordinate r the minimum at y = r? > 0 occurs at r = +,/y. The observable algebra de-
termines their physical identification. The collective colour-singlet interpretation preserves
colour symmetry.
For an identified radial coordinate with positive kinetic normalization Z, the stable
amplitude response U gives the radial mass
2 _ 4 U"(y)

curv Z .
*

This is the second derivative of U(r?) at its stationary point divided by the kinetic coeffi-

(8.20)

cient of the same coordinate.
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Scalar gap for the assigned mass operator. For ¢ > 0 and L > L. let y; > 0
be the unique stationary amplitude square of F7,. Use the scalar mass assignment (5.28)
with R, = L and a specified kinetic normalization Z; > 0. Unit kinetic normalization
corresponds to Z;, = 1. Then

4 F//
() = W) e ay oy
8.21
: 2 2 2 —2pr ( )
inf Spec M, = m3(L), 0<mji(L) < -
L

The self-adjoint mass-squared operator on H?(X3) contains every even scalar shell including
the constant mode with multiplicities (I + 1)2.

Proof. Theorem 8.3 supplies yz, > 0 and F}(yz) > 0. The exact correction (E.20) gives
the strict upper bound. The operator (5.29) and its complete spectrum (5.28) then give
the domain and multiplicities. (5.30) gives the sharp lower bound attained by the constant
mode. O

At the stationary amplitude the feedback Gaussian law 1, supplies the restoring
moment in (8.17). Conversion from intensity y = E? to the radial coordinate and division
by its kinetic coefficient express the mass as

2 2
m2(L) = gZLyL Var,, (Wa) > 0. (8.22)

The restoring curvature is thus fixed by an intensity fluctuation of the same field whose
precision responds to the condensate. Kinetic normalization converts it into the radial mass
and the mass assignment in (5.28) carries this response through the complete scalar tower.
For each L, g, L., Z;, in the stated condensed domain the unique equilibrium determines
this shift. The constant scalar mode receives the radial mass and attains the spectral
bottom. Every higher even shell adds its positive internal eigenvalue. The full operator
therefore has a gap including its zero harmonic. In unit kinetic normalization the quartic
Landau value —2uy, is a strict upper bound on the complete response’s mass squared. The
gap of M2, describes the collective colour-singlet excitation in the framework’s Yang-Mills
channel. Its visibility in a colour observable is determined by that observable’s coupling to
the mass mode.

8.6 Scale dependence of the scalar spectrum

The same potential can be evaluated along the self-similar radius family of Proposition 8.3.
In fixed reference units Ly = Loko/k crosses the critical radius at k. = koLo/L.. The
condensed branch occupies k < k.. The uniform estimates below concern compact intervals
within this branch.

Scale transport and a uniform scalar gap. In fixed response units let I = [k_, ko]
with 0 < k_ < ko and use Ly, = Loko/k with Lo > L.. Let g, Z) be specified positive C!
functions on [ retaining the specified spectral feedback and amplitude normalization. Put

Mk

—2 —2 2
pr = 16(L,.~ — L.~), K = grLy, V= o

c
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The stationary amplitude square and each scalar mass eigenvalue are uniquely determined
C'! functions along this parameter path. With H = J’ as in Proposition E.4 it is

e =H"w), Yk = 2k/kk
d / / I1+2) 4 ! 8.23
W Ve k2 (E)Jr ”kz’“%(z’“), 1=0,2,.... (8.23)
dk H}{H (Zk) Kk ’ Lk Zk
Set x_ = ming K, and Z; = max; Zj. Define z_ = H~!(min; 1) and 2, = H = (max; vy,).
Then A Wie)
. . KR_Z_ Z4
llgrelg inf Spec Mgc,k > Z—+ > 0. (824)

Proof. On I one has Ly > Lo > L.. So ur < 0. Theorem 8.3 and the smooth strictly
increasing function H give the unique branch above. The inverse-function theorem and
differentiation give its derivative. The whole potential obeys Proposition 8.3. So restrict-
ing to successive scale intervals gives the same branch and composes exactly. Homothety
identifies the scalar modes on a common carrier. Corollary 8.3 gives their masses. Com-
pactness gives k—, 2 > 0 and finite 2z, Z; while H'(z) =3, d;/(¢; + z)? is positive and
decreasing. These facts prove the uniform bound including the constant scalar mode. [J

The same condensed branch is transported on a common internal mode space with
continuously varying amplitudes and masses. The bound controls its entire specified scale
interval through the positive distance from L = L. and the bounds on g; and Zj. It there-
fore gives stability along the parameter path as well as at its endpoint. For computation
truncate only the unweighted potential retaining its original drive and normalization with
the constant conformal mode. Positive lower and finite upper bounds for v, and ki and Zj,
on the entire interval give a common root bracket from finite low-mode sums. A single suf-
ficiently large cutoff then preserves condensation and controls the errors in the amplitude
square ¥, and scalar mass squared uniformly in k. Both mass operators retain the complete
scalar tower. These estimates concern exact truncated roots. Finite-sum evaluation and
numerical root-solving errors must also be included. The bracket and error constants with

their proof are given in Corollary E.3.

8.7 Scalar realization and colour-singlet interpretation

A scalar zero-mode realization retains a coordinate of the fluctuating field itself. Its direct
self-coupling and the response of the remaining modes are both part of its stability problem.
On L%(X3,dv) write ® = Eg/V/V +n with [ = 0. Here V = 72L? and Ei = V'V Ejp.
Retaining this dependence in the scalar coupling gives F, = vE3/2 + vEZ||n|/*/2 with
v = gV. Proposition G.5 proves the full Hessian. Its retained entry is 6yFE3 while the
eliminated [ = 2,4, ... tower has the uniform shift 7E§I . The kernel and Schur reduction
including mixed fluctuations are (G.50) and (G.51).

For the negative-logarithmic response with fixed weights and S| = Y| 8;v/a; < oo
this realization has

ap Y
Wiy) =5y + 51/2 =) Bilog(l+uyt;), y=Es, t;=r/a; (8.25)
jelL
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Proposition G.5 gives its unique positive minimizer exactly when 25, > ag. There

m2 =W S Biti | - >0 (8.26)
curv A2 = ’ .
Zy = (14 ytj) Z,
. 35
inf Spec A (\/y«) = i + VYs- (8.27)

The second equality uses the first allowed harmonic [ = 2. The two lines describe the radial
response and fixed-amplitude tower separately. The extra direct term and omission of the
constant mode together with uet = ag — 25 distinguish W from Fr. Equation (G.43)
gives the condition for agreement of their quadratic and quartic coefficients. Amplitude
and scale normalization are fixed in (G.45) and (G.46).

8.8 Generated Yang—Mills response and mass gap

The scalar analysis has determined the radial restoring block. A Yang—Mills response
also contains variations of the connection at fixed intensity. On the physical coclosed
one-form sector these are measured by the exact non-Abelian curvature functional. The
radial intensity and the coclosed probe are orthogonal at the isotropic background. Their
Hessians therefore combine into one mass operator with an explicitly computable spectral
bottom.

The colour connection already supplies its own invariant collective coordinate. For the
complete Gaussian long-root family set

q=E|B|7, Evm = 4/4. (8.28)

The addition formula makes this intensity independent of the chosen mode basis. On
a nontrivial irreducible response block p the same source changes the mean comparison

operator by

N C
E(VBVB) = Ap + gqu, 9p = ‘Q/(If)

by Proposition G.5. Thus the uniform spectral feedback used above is the quadratic in-

>0, (8.29)

tensity response of the generated connection. Its Gaussian comparison law is fixed by the
averaged log likelihood in (G.32). Comparing that law with the zero-intensity law gives pre-
cisely the complete restoring functional (G.33). The adjoint block gives gyn = Caq/(V h).
For the generated SU(W) frame take —2 Tryy (TaTp) = dap. Then

3
3 273
Cad = 3, h = 8, V= VOI(RPL) =x“L s gyM = m (830)
The long-root eigenvalue Ar(L) = 16/L? also fixes its relative drive
pr = Ar(L) — Ar(L¢) = 16(L™2 — L?). (8.31)

Consequently the amplitude and feedback coefficient with the reference slope in the Yang—
Mills response all come from the same connection source and its generated spectrum.
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Let FEM denote the complete potential of Theorem 8.3 with y = ¢ and g = gyn. The
curvature response to an additive connection probe is the exact functional

1 1) 2qC,q
Fola) = Slda+anal +Lal?, b =20, (8.32)
proved in Proposition G.7. The generated Yang—Mills response is therefore
T'M(q,a) = F'M(q) + %,4(a), ¢>0, acH()NL" (8.33)

It retains the noncommutative term a A a rather than replacing the connection response
by its quadratic approximation.

This expression uses the source frame. Its local-frame meaning is fixed by transporting
the connection and its source law together with the probe. For a presentation U : X3 —
SU(3) put Ag = —(dU)U~! and By = UBU ! with ay = UaU~! and push the Gaussian
law forward by B +— By. Then FayyBy+ay = UFB+GU*1. So the translated expectation
of the curvature norm is exactly (8.32). The generated coexact space is transported by
Ady together with its Hodge projector and quadratic-form domain. The common-frame
quotient consequently has the source-frame representative a € ran P, . The calculation in
(G.74) proves this at the level of the full response and the source inner product. A pure
frame change varies A and the source presentation jointly. The fixed-frame probe in (8.32)
changes the relative connection.

The source law also fixes the radial metric. With M = drh = 15-8 = 120 the intensity
Legendre transform of Proposition G.6 has for e = /g

oM

Zym(q) == Gil(q) p

(8.34)

This is the information metric of the same finite Gaussian connection family. In the
intensity coordinate it is Gg® = M/ (2¢%) as follows directly from the score 9, log~y, =
M(N —q)/(2¢%). At an equilibrium g7, set

2q%
M )

The coordinate r has unit source information metric at the equilibrium. The complete

o} = q=qL+oLr Vi(r) = FM(qr + orr) — FM(qr). (8.35)

restoring force is V} (r) = o (FYM) (g + orr) on the interval where g, + o7 > 0. There-
fore V/'(0) = o2 (FY™)"(q). This derives the normalized radial restoring operator from
the complete potential. Its linear equilibrium response obeys d;r = —V/'(0)r in the com-
position constructed below. This fixes the normalization of the response parameter 7. Its
drift is minus the normalized restoring force. Physical clock units enter through the time
readout of Section 6. At a stationary point the ratio of the potential Hessian to the infor-
mation metric is invariant under a change of amplitude coordinate. Thus the coordinates ¢
and e = /q give the same radial restoring coefficient. The restoring law fixes the response
rate. The information metric fixes how that rate is read from an intensity variation.

Theorem 8.4 (Generated Yang-Mills response Hessian). Let L > L. and use the generated
colour source feedback (8.29) and drive (8.31). Then I'YM has the unique global minimum
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(qr,0) with gz, > 0. On the common-frame quotient of the generated coexact response
class its quadratic response acts on Ryaq @ L2, (X3, 5u(3)) with form domain R @ H} ., as

coex coex
gL (Fp™)"(q1) _ 247

2 2 1 2 L L

M3 = Mypg e ® (A7 + g, 1), MYM,rad = =

(F™)"(qr) > 0.

Zym(qr) M
(8.36)
It is self-adjoint on R & (H? N L%,,,) and has the strict spectral bottom
A2 . inf 2 : 2 4
Yu = inf Spec My = min § my 1045 I3 +0dg, ¢ > 0. (8.37)
The source-mean curvature observation O(q) = E,Q with Q = ||Fp||? has the nonzero

normalized radial differential o7, 0’(qy,). Its linear susceptibility therefore detects the radial
mass which is the spectral bottom when it realizes the smaller entry in (8.37).

Proof. Theorem 8.3 with the source-derived gyy > 0 and pp, < 0 gives the unique g7, > 0
and the positive curvature (FY™)"(qr,). Equation (8.34) is positive there and gives the first
block of (8.36). Since %Z,(a) > &,|/al|?/2 for ¢ > 0 its unique minimum is a = 0. Hence
(qr,0) is the unique global minimum.

For every ¢ Proposition G.7 gives D, %,(0) = 0 and D2%,(0) = d*d + 6,1. Differenti-
ating the first identity in ¢ shows that the radial-probe mixed Hessian vanishes at a = 0.
The common-frame identity (G.74) transports this Hessian and its domain. Its vertical
directions have zero joint variation and its source-frame representative is the displayed or-
thogonal sum. On the generated coexact probe space d*d = A and its lowest eigenvalue
is 4/L2. Both blocks are strictly positive proving (8.37).

Finally Proposition G.6 gives

16
Hrad(Q - qu) = ( + 2aRQ> (N - Q)a

12
whose coeflicient is positive at ¢ = ¢qr. Differentiation of the source density gives
or.0'(qr) = E; [(Q — O(qr))sr] where s;, = (N — qr)/or. This is the radial differ-
ential of the mean observation with the normalization already fixed by (8.35). O

At L = L. the source endpoints give Ly > L.. The adjoint contraction fixes gy
and the source information metric fixes Zyy. The theorem consequently supplies a unique
positive connection intensity and an attained positive Yang—Mills spectral bottom at this
canonical radius. The statements for general L > L. describe the corresponding family of
condensed responses.

Radial tangent and curvature readout. At the generated minimum ¢y, let

M _
sL:,/—N @ hy=1x,. (8.38)
2 qr

Both vectors have unit norm. The source uses its probability law and the scalar space

uses normalized Haar measure. The score line Csy, represents the information-normalized
intensity tangent. Give Hg. = L?(X3,dv) the mass operator

M1 = Do+ miyg paal- (8.39)
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There is a unique unitary

jc : (CSL — C¢07 jCSL = ¢07 (840)
and it obeys
—7m?2 —T M2
T. (6 YM,radI(CsL) —e sc,L ‘C%‘TC’ 7> 0. (8.41)
Moreover
2
aa(Q — By, Q) = (Ar + 2arqrL) L1/ 2 5L (8.42)

This coefficient has a direct response meaning. For any source polynomial A differentiation
of the Gaussian density gives

d
JWQLJFULT(A) = Wy, [(A — Wy, (A))SL] : (8'43)

r=0
For A = Q this is bg = o1 (Ar + 2arqr) > 0. The vector bggy is its radial linear readout
with susceptibility b3/ (m%(MJad — z). This coefficient also follows by inserting the original
curvature polynomial as a source and allowing the mean intensity to relax. The joint-source
continuation (G.63) gives the total static response

b2
XS =Vi(qr) + —52—,  Vi(qr) = Varg, Q—b% > 0. (8.44)
mYM,rad

The direct term measures fluctuations orthogonal to the intensity score. The second term
measures the additional change of the mean curvature as the intensity moves along its
stable branch. Equation (G.65) proves both terms from the original joint source.

Proof. The Gaussian intensity satisfies Var,, (N) = 2¢% /M which gives |s.| = 1. The
normalized constant function has unit norm and Ag¢pp = 0. The radial block of (8.36) and
the constant scalar block of (8.39) therefore have the same eigenvalue m%(Myrad proving the
intertwining identity. Equation (8.42) is (G.53) written in the normalized score coordinate.
Every factor in its coefficient is positive. O

Let t%”éllw) be the one-response space in the preceding theorem complexified after taking
its real source form. The restoring operator determines C, = exp(—T./\/l%M). Its equilib-
rium Gaussian composition has the following explicit realization. Choose an orthonormal
eigenbasis (eq) with eigenvalues e, > 0 and let v be the product of standard real Gaussian
laws in coordinates z,. For a polynomial depending on finitely many coordinates define

(T-P)(x) = / P(Cr+ (1 - 272y dy(y). (8.45)

This update follows from independent Gaussian composition at equilibrium. The condi-
tional mean is the linear restoring map C,z and preservation of unit covariance fixes the
independent increment to have covariance I — C2. Gaussian addition proves its composi-
tion law. The symmetric joint covariance of z and its update proves reversibility. Jensen’s
inequality proves contraction on L?().
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For a finite multi-index v the normalized Hermite polynomial h, is multiplied by
exp(—T Y, VaEa). lts derivation uses the Gaussian generating function in (G.55) and
includes every contraction in an ordinary product. The Hermite unitary i therefore gives

Fym =Ts(AY),  Kyn=dT(M2y),  Qym € TUZED). (8.46)
On the polynomial domain with 7(P) = UMpUd~*

UPUQ) = wreap(P*Q);  wreap(P) = / Py,

UPQ) =T(PUQ,  UT,P=eEvmyp,

(8.47)

Thus the additive generator is obtained from the independent equilibrium composition of
the already derived restoring operator. This is its Gaussian linear-response completion. Its
closed quadratic form gives the same construction directly. On cylinder polynomials it is

Eresp(P,Q) = Y _ca / 9P 0.Qdy,  KrepP =) ca(va0aP — O2P). (8.48)

Gaussian integration by parts gives the displayed generator. The Hermite basis makes the
form closable and identifies its closure with the form of dI'(M%,,) under &. The second-
derivative term retains the contractions of source products. Multiplication is represented
by 7 while T, is the reversible averaging operation on that algebra.

The original connection observables have an exact representation in this space. Let Ig
be the M real long-root colour coordinates and define

(Z,A)(z) = A(W(mi)iefR), teA =UL,A. (8.49)

Its joint law is precisely v,. Hence for all original source polynomials

(teA, 1eB) = wy(A*B),

8.50
te(AB) = m(Z,A) B, LCTfoeﬁA = TEYM, A, ( )

Here ¢ = q1, and wr = Ag + ¢4, in (G.75). Every long-root coordinate has this restoring
eigenvalue. So the last identity follows on each Hermite polynomial and extends by con-
traction. In particular the original s;, has second-sector rate 2wg in this embedding. The
quadratic forms are intertwined as well. For every original source polynomial A the chain
rule gives

M
qWR 2
Eresp(Lg A, Ty A) = 5 > wol(|0e,AP). (8.51)
i=1
Thus the source inner product and multiplication and restoring form all use the same
Gaussian coefficient law. Equations (G.57) and (G.58) retain its non-Gaussian moments
and the full angular part of @. More explicitly the centred curvature splits into Hermite
degrees two through four. Its fixed-law correlation is

4
wa, [(Q = O(g)) T (Q — O(qr))] =D Wan(gr)e ™" (8.52)
n=2
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The explicit nonnegative weights in (G.60) have Wgoo = b3 > 0 and Wo4 > 0. Thus
the polynomial representation controls the complete original observation and determines
its first supported restoration rate 2wgr. The original coefficient resolution is represented
between source laws by (G.70). The equilibrium update above acts within the law at gr.

The collective mean observation uses the differential (8.43). Its radial linear readout
is Qlin = boTraq With U Qi = boeraq and restoring eigenvalue m%M,rad. The score pairing
computes this differential from the original source moments. 7. expresses the resulting
tangent response on the constant scalar harmonic. Source multiplication itself is trans-
ported by Z, and w. These formulas give separately the complete fixed-source observation
and its response to a change of the mean intensity. The former follows fluctuations in one
connection ensemble. The latter follows the ensemble itself under a curvature source and
has the direct and collective terms in (8.44).

Let A§; be the unital x-algebra of finite-mode colour-invariant response polynomials
generated by

Tr(D} Fa---DfFa), k>2, 71;>0, (8.53)

their adjoints and source-mean linear readouts together with mode products and T, im-
ages. The finite-mode domain retains the full polynomial expression of each observation.
Complete leQl%,el\I}I in the response norm and denote the resulting gauge-invariant cyclic space
by Hym. The GNS quotient map

Lresp Ql%fl\r}[/{X t Wresp (X X) =0} — Hym, (X] — UX, (8.54)

is isometric and has dense range by (8.47). The common-frame transport carries the source
state and polynomial products with the restoring operator unitarily. Thus T, preserves
colour invariance. Its inclusion among the generating response operations makes Hywm
invariant under e~ "fym,

The positive lower edge has two contributions. The restoring potential controls the
radial response and the coclosed connection spectrum with its source feedback controls
relative connection variations. A common frame change leaves both responses unchanged
and gives a zero direction before the quotient. On the physical quotient every nonzero

variation has a positive quadratic energy cost.

Theorem 8.5 (Generated Yang—Mills mass gap). Under the hypotheses of Theorem 8.4
the full response completion has vacuum Qyy and exact first positive mass-squared A%, ; =
min{m%,MJad, 4/L* + 64, } > 0. The equilibrium response semigroup leaves Hy invariant
and obeys

bresp Tr = € TEMy . (8.55)

Its invariant subspace at eigenvalue zero is CQyy. On H%M = Hym © CQym

4
Spec Ky C [A%y,00), A%y = min {m%[de, 7t 5qL} > 0, (8.56)
and every centred generated invariant response satisfies
1
| X Qym|? < A2 (X v, KymX Qva)- (8.57)
YM
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The original centred curvature observation is represented by ¢.(Q—wq, (Q)) and has spectral
support above the same lower bound. Its source-mean linear readout Qy;,, has radial weight
b2Q > (. In particular the invariant response gap is exactly m%(M7rad whenever the radial
block is the lower block. In all cases it is bounded below by A%M.

The lower of the radial and coclosed branches sets the first excitation of the full response
completion. Common frame invariance identifies equivalent presentations. The positive
restoring coefficients determine the excitation energy. The gap is intrinsic to the generated
operator and is expressed in internal units L~2. Its conversion to physical mass units
uses the mass unit M¢ introduced in the metrological bridge of Section 9.4. The spectral
statement itself is independent of that choice of units.

Proof. The identities for the state and multiplication and for the update are (8.47) and
(8.50). They establish the original-source embedding before the cyclic completion is taken.
The Hermite calculation diagonalizes the equilibrium update and gives Kyy = dI'(M%)
on its finite-particle core. Writing E, = > o Va€a its closure has domain

{Zzyhx) : ZE3|zV|2 < oo} .

v
The real diagonal eigenvalues make this closure self-adjoint and nonnegative. Invariance
and contractivity give (8.55) on Hyw.

Theorem 8.4 gives M2,; > A%,,I. On every sector with n > 1 additivity gives
dT'(M%,;) > nA%,I. The one-response sector contains the radial eigenvector and the
lowest coclosed one-form eigenspace. So its first positive mass-squared is exactly A%,M.
Only the zero-response sector has eigenvalue zero and it is spanned by Qvyy. The spectral
theorem gives (8.56) and (8.57). Matrix commutators and mode products change the
polynomial representing an observation but do not alter this positive grading. So the
nonlinear curvature produces no additional zero response. Equation (8.43) gives UQy;, =
boéraq With bg > 0 proving the radial weight and the equality assertion when the radial
block is the lower block. O

The theorem joins the two variations that define the Yang—Mills response. Changing
the source intensity moves radially through inequivalent connection laws. Adding a coclosed
one-form changes the connection at fixed intensity. The first variation is stabilized by the
complete spectral tower and the second by the exact non-Abelian curvature response.
Their orthogonality at the isotropic background makes the lower edge the smaller of the
two restoring scales. Original curvature polynomials keep their full Hermite grading under
the source embedding while source-mean derivatives give the collective linear readouts.
Every nonconstant component evolves in a positive response sector. The generated colour
response therefore has a unique invariant background and the strict Yang—Mills gap (8.37).

9 Spectral Observables and Physical Normalization

The stable colour intensity has a radial restoring response and a transverse connection
response. Their direct sum is the generated Yang—Mills mass operator. A physical readout
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retains its source metric, operator domain and scale normalization. Table 2 relates the
generated quantities to their normalized observations. The field representations below
specify the corresponding amplitudes, overlap weights and units.

The internal scalar curvature 6/L? describes the round response geometry whereas the
gauge curvature Fi4 = dA + A A A describes frame comparison and non-Abelian coupling.
The radial curvature of the collective potential is its second variation with respect to
the amplitude. Kinetic normalization converts it to the radial mass squared. Macroscopic
spacetime curvature describes the geometry of a further long-range-response representation.

Table 2. Internal spectral quantities and their physical normalization.

Generated quantity Physical meaning and normalization

X3 with its modes and  Internal response carrier and allowed couplings on the com-

products pact internal space.

g = E|B|* and Basis-independent colour intensity and its radial amplitude.

Evym = 4/q

FYM and ¢, Complete relative response and its unique positive stationary
connection intensity for L > L.

My Direct sum of the source-normalized radial response and the
coclosed connection response. Its bottom is A%M > 0.

Mean — M Full and charged carriers. Descending operators act on the
charged quotient while the full trace retains the neutral con-
tribution.

Tr F? Lowest-degree colour-singlet curvature readout. Its source-

mean radial differential is nonzero at the condensed intensity.

9.1 Normalization and operator domains

The scalar operator and its condensed mass are fixed in Sections 5.4 and 8.5. For a potential
U(y) with y = r? its normalized radial mass at U’(y,) = 0 with y, > 0 and Z, > 0 is

C. = 4y, U" (ys), m2,.. = Cy/Z.. (9.1)

curv

For the retained-coordinate potential W this includes the direct term in (8.26). Its co-
efficient comparison with F, is (G.43). The unweighted conformal prescription uses the
response of Proposition E.4. The Landau error is bounded in Proposition E.4. An endpoint
evaluation must retain the chosen carrier and domain with the weights and subtraction in
the same units.

Operator and trace descent use the quotient and trace conditions in Section 5.4. The
linear source pairing  — jiz and the observable ¢ descend exactly when j L N and
¢|ny = 0 respectively. For the same generated elementary connector (5.24) and (5.25) give
the eliminated source and analytic observable covector with the direct neutral term. Its
full-carrier trace is (5.26). When the operator fails to descend the eliminated neutral block
contributes to both the charged kernel and its source response.

The exponential regulator satisfies

_ 810 kRk(z) 2z/k:2
A A7 =0y g = : 2

B z
Coer/k? 17

Ry (2)
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The scalar functions have the continuous zero limits proved in Appendix G.9. The confor-
mal operator used here itself has lower bound 3/(4L?) > 0. The covariance is a function
of k72, The last expression is the scale derivative gk log[z + Ry (z)] entering the regu-
lated trace. For derivatives along an endpoint path transport the operator on a common
carrier and distinguish the radius Lppys(k) from the dimensionless capacity KresLphys(k)-
Constant capacity permits a varying radius. External frequency integrals and signed field
supertraces together with channel weights and kinetic normalizations determine the corre-
sponding physical quantities.

9.2 Collective amplitudes and composite observables

The feedback coordinate F, scalar zero coordinate Ey and curvature observable O, describe
different aspects of the response. In the Yang-Mills specialization, F' = Eyy = (/q is the
rms amplitude of the generated connection. The coordinate Ey projects a scalar realization
onto its constant harmonic whereas O, reads the non-Abelian curvature. Their common
source law determines the conversion and the observable overlap.

The construction fixes dimensionless amplitudes, spectral ratios and normalized re-
sponse operators. Comparison with conventional mass units requires a metrological cali-
bration. The symbols Mg, g2, v and Aqcp specify the readout conventions used in these
examples. The condensate g, and operator M2, with its gap are fixed before this choice of
units. Keeping the two stages separate allows the same generated response to be compared
with different physical calibrations without changing its internal dynamics.

Under E = ayp, the kinetic, source, quadratic and quartic coefficients transform accord-
ing to (G.45). A scale-dependent a also contributes its derivative to the amplitude evolution
as in (G.46). The same conversion therefore fixes both the normalized fluctuation and its
coupling to a source.

The endpoint convention used here illustrates this conversion. Here 7enq is the dimen-
sionless endpoint shape parameter. The constant Mg > 0 is the mass unit converting its
amplitude to Ege, and g9 is the dimensionless coupling in the mass readout. Together with
the normalized constant-mode coordinate these quantities obey

00 = 2Tend, Egen = Z\\fggp()a Mgen = gQEgem
(9.3)
Ey = v—1/2/<1>dv, B =VVEy,,  O.=TrF>2

Here V = w2L3 is the internal volume. So Ej is the coefficient of its unit-norm constant
harmonic. The factors Mg/v/2 and v/V implement the endpoint and zero-mode amplitude
conversions. Along a scale path their derivatives enter the same conversion law. In this
endpoint convention AF = Mg /8 denotes a scale difference. The symbol v denotes the
electroweak Higgs expectation and 8Aqcp denotes a glueball mass estimate expressed in
terms of the strong-interaction scale Aqcp. Their physical readouts use the corresponding
amplitude and coupling in the stated units.

For the amplitude calibration use the internal curvatures R = 6/L? and R. = 6/L>
and choose a reference R, < R. with positive amplitude ¢g. In fixed response units
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compare the two quartic potentials

_§ 2 )\cal 4 _K

with K = 8/3 and ¢ = 1/8 together with Acal = &(Re — Ryet)/w3. This calibration fixes
the positive stationary amplitude of V, to ¢g at the reference curvature. The subscript K

)\cal
4

Vo (R —R.)E% + Ej, (9.4)

denotes the convention with quadratic coeflicient K. Their positive stationary amplitudes
satisfy Ex . = (8/v3)ps and at R = Ry

64 1 V6
E%(:* = ?9037 (Egen/MG)2 = 530(2% Egen = E GEK,*- (95)

This last relation is a calibration-point comparison. For a = 8/+/3 the written potentials
satisfy Vi (E) = a'V,(E/a). Applying the same factor a* to the kinetic functional gives
Zx = angD. Thus this comparison includes both a coordinate conversion and an overall
normalization of the functional. The spectral coefficient Aspec = 2Q)2 is determined by
the expansion of the complete potential at £ = 0 (Proposition E.4). Ac is fixed by the
reference amplitude above. Matching the calibration to the spectral potential requires
expressing both coefficients in the same coordinate and functional normalization.

The colour curvature can be measured in a fixed connection ensemble or used as a
source which changes its equilibrium intensity. Both procedures start with the original
polynomial Q = || F||%. At fixed ¢ its mean is O(q) = Arg+aprq? and its centred correlation
is supported on Hermite rates 2wg and 3wg and 4wgr with the weights in (G.60). The first
weight is positive. This measures restoration of the full curvature observation within that
source law including its angular correlations.

To measure the change of the ensemble insert —J@Q in its log likelihood and let the
mean intensity relax in the complete potential. The fixed-intensity Legendre response and
the potential combine through (G.63). Their stationary branch gives

2
XSQtat:VJ_(qL)—i-QbiQ, bQ:qL\/2/M(/\R+2aRqL) > 0.
MY M, rad

The direct term retains the source fluctuations orthogonal to the intensity score. The
second term is the restoring response of the collective intensity to the same curvature
insertion. Its coefficient is fixed by the exact projection I,,q(Q — O(q)) = O'(¢)(N — q).
Under the linear restoring evolution this collective term has susceptibility b% / (m%(MJad —2z).
The measured curvature thus couples to the radial mode through a change of the connection
law itself.

Conditioning on a realized intensity instead gives P(N) = AgN + kg N? with kp =
Magr/(M + 2). It retains the conditional curvature average used in the quadratic field
realization below. The mean response and the conditional observation carry the different
slopes computed by these two operations.

Once an observable is represented on the scalar mass space its projection onto a mass
eigenspace determines the corresponding spectral weight. A nonzero projection makes that
excitation visible. The lowest supported mass gives the observable’s gap. In a common
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positive spectral representation a nonzero cross weight with the collective scalar at the same
mass forces a positive colour-observable mass weight. The source-response and overlap
formulas are given in Appendix G. These relations connect the internal Yang—Mills channel
to an observable collective excitation through its specified colour-singlet observation.

In the free field representation of Appendix C this spectral selection also determines
the long-distance response. For a linear field observation with nonzero constant-mode
projection the mass mg sets the asymptotic correlation length mgl. The constant mode
changes the internal amplitude uniformly. Higher harmonics carry the additional cost of
internal variation. The first nonconstant shell has My = /m?2 + 8/L2. So its contribution
when observed decays relative to the constant-mode term at rate Ms—mg up to polynomial
factors. The mass gap governs the overall decay while this separation of masses governs
how quickly internal spatial structure is suppressed at large distance.

In the condensed quadratic realization on the generated flat event base the centred
internally averaged Wick intensity has an isolated pole at Q? = —mg with positive weight
dyr,/Z1,. Tts two-particle continuum starts at s = 4m§ where s is the mass-squared spectral
variable. Its linear fluctuation about the nonzero amplitude couples to the constant scalar
mode while its quadratic part produces the two-particle continuum. The full measure and
subtraction prescription with the internal tail bound are given in Appendix C.5.

In the same quadratic realization the radial polynomial P(N) = AgN +xrN? obtained
by averaging the colour observable at fixed intensity is evaluated on the internally integrated
squared amplitude. The elementary fields in its expansion are jointly Wick ordered with
respect to the same free vacuum [26]. Write y = yz and Z = Z1, and denote the canonically
normalized constant harmonic by gg. Its small fluctuation changes the integrated intensity
to first order by 2./ w00/ V/Z. The polynomial transmits this variation with slope P'(y) =
AR +2kRy > 0 giving the linear coefficient g1 = 2,/y P'(y)/V/Z. Tts square is the positive
one-particle weight at mg. Condensation thus makes an intensity observable sensitive
at first order to the collective amplitude. The higher Wick orders create two- three- and
four-particle contributions. Their orthogonality separates these positive contributions from
the isolated mass pole. This specified quadratic realization retains the colour response’s
dependence on intensity and exhibits how it detects the scalar excitation. Appendix C.6
gives their spectral densities and the convergence proof.

9.3 Homothetic scaling of a tensor spectral density

The tensor channel supplies a scale readout for a fixed modal selection and fixed channel
weights. Changing the radius and frequency resolution with their dimensionless ratios held
fixed preserves the resolved spectral content. The kernel, frequency measure and internal
volume then fix the scaling degree of the specified T'T density.

Fix a finite modal selection I with multiplicities d; and nonnegative channel weights
w;. Fix also constants Lg, Ag,b, > 0. The dimensionless b, sets the frequency window
relative to Ag. On the same internal carrier let r = k/kg > 0 and

2 2 2,2 2713
LT = LO/T, AT‘ = TAOy )\i,r =r A’L,Ou m;, =7 M;0, V;“ =T Lr7
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where \; o, m?p > 0. Define the specified spectral density and its volume-weighted integral
by

_— 1Zd-w~/\/(bw/\$&w)+dw (w2 + Aip)? ) A2
V;, Pyt 0 ™ <w2 + )\i,’r + mzz,r)2 7 (96)
VL

= —F, 1 = max(x,0).

r 3972 + ( )

The isolated point with zero numerator and denominator can be assigned any finite value
without changing the integral. Then

I, =, P, =rPi. (9.7)

If P; > 0 a prescribed threshold p. > 0 has exactly one positive crossing k. = kop./Pi.
It belongs to a restricted scale interval exactly when that interval contains this value. If
P1 = 0 the observable vanishes at every scale and no positive threshold is crossed. Set
w = ru. The integration limit scales by r. The rational kernel has degree zero in the
squared spectral variables and the exponential is unchanged. Each integral therefore scales
by r whereas V71 = r3V1_1. This proves both identities and when the coefficient is positive
the unique crossing. Positivity holds whenever one positive-weight mode has an integration
interval of positive length. Selections made by fixed harmonic bounds and by \;/A? and
AL are invariant under this rescaling. So the same proof applies to that window selection.

In the same endpoint convention let xend := klenda(k) denote the fixed dimensionless
length—resolution product and let Mp be the reference Planck mass used to express the
resolution as A = k /Mp. Then leng = Xend/k and JA\Eend = Xend/Mp. This product sets the
endpoint length normalization. The correlation parameter ratio remains cepng = tir/tuv =
7 of (3.24). The prescribed finite frequency domain corresponds to b, = 5. The length
feng fixes the internal spectral scale. For fixed species and spin projections the density
degree four consists of one frequency degree and three inverse-volume degrees. For this
fixed finite modal selection and homothetic cutoff law the volume-weighted response obeys
P = r’P1. It crosses each positive threshold exactly once on the positive scale axis when
P1 > 0. The zero case has no crossing. The kernel fixes this scale dependence. Replacing
it by z/(z +m?)? gives density degree two.

9.4 Quadratic action and physical masses

In a field-theoretic realization expansion about a stable stationary background expresses
the free covariance in the internal eigenmodes. Derivatives of the renormalized effective
action give its vertices. The mass spectrum is determined jointly by the kinetic and mass
forms on the physical fluctuation space as follows.
After gauge constraints have been resolved suppose a finite physical fluctuation mul-
tiplet has a translation-invariant Euclidean quadratic action
1 d*p

ﬁ%m:2/@mmwmﬁz+mmm Z=2*>0, B=B" (9.8)
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Its canonically normalized mass-squared operator and generalized eigenvalue equation are
M?=27712Bz712 By =m?2Zv. (9.9)

For a single channel with constant Hessian entry a and kinetic coefficient Z > 0 this gives
m? = a/Z. Thus the kinetic form as well as the Hessian determines the mass spectrum. If
B > 0 all canonically normalized free masses are positive. Exact interacting pole masses
additionally require the poles of the complete momentum-dependent covariance including
mixing and self-energy terms. Indeed ¢ = Z1/2¢ changes the kernel to p?I+ M?2. Diagonal-
izing its Hermitian constant part gives the covariance (p? +m?)~! for each positive mode

1/2 preserves positivity.

and the generalized eigenvalue equation above. Congruence by Z~
Gauge and ghost directions are excluded before this normalization. Theorem B.8 sup-
plies an explicit analytic bound for an isolated radial pole. General momentum-dependent

or mixed kernels need their own pole calculation.

9.5 Thermal states and fixed-order amplitudes

The normalized modes also determine which excitations a thermal preparation populates
and which transitions an interaction probes. In the quasi-free thermal representation tem-
perature changes the occupation weights of the same energy tower. For scattering at fixed
scale derivatives of the potential supply vertices between those modes with their masses
fixed by the kinetic normalization above. These are the thermal and scattering uses of the
spectral data [27].

The condensed fluctuation picture retains its Landau interpretation. For the quar-
tic approximation with coefficient Aspec the two minima E = +FEq,.q satisfy Efl

uad —

—pur/Aspec and have radial curvature 2)\SpecE2 Division by the kinetic coefficient gives

uad”
the squared mass. Proposition E.4 bounds the(:]l resulting stationary-amplitude and mass er-
rors relative to the complete potential. The sign symmetry acts on this collective amplitude
coordinate.

For a positive normalized scalar mass mg represented on the generated event base
Appendix C gives the free Fock space and local commutator. At inverse temperature
B > 0 the operator (¢ — I)~! is the Bose occupation operator in the regular quasi-free
KMS state. A positive isolated atom Z&(u? — M?) in an observable’s Killén—Lehmann
measure gives a one-particle pole. Interacting asymptotic states additionally require the
Haag—Ruelle or LLSZ hypotheses.

For the fixed-scale illustration

Lo = 2(0e)* — dm3e® — )‘5%64, (9.10)

el

four vertex derivatives give the tree contact amplitude —6A.g. Matching to the complete

potential at E. = ,/yr uses the normalized fluctuation e = VZ(E — E,). Its quartic
coefficient is A = (627)7! dd—;F L (E?) . The same expansion generally supplies a cubic
vertex. Thus the fluctuation vertices are derivatives at the condensed background whereas
Aspec describes the expansion at the origin. With specified vertices and counterterms under
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the stated subtraction a finite-order amplitude depends on the masses and couplings with
the external invariants. For example

Ba(s: sos) = /Oo dylmB(sﬂ( . ! ) (9.11)

am2 T s'—s5—10 s — squb

where Im B(s') = (16m)~1y/1 — 4m2 /s’ on its displayed support and the subtraction point

Seub < 4m§ is real and below the cut. This is the once-subtracted scalar bubble. Its large-s’
integrand is of order (s')72.

These amplitudes are evaluated at fixed order and with ultraviolet and volume cutoffs
on Aeg : €* ;. The stated C? remainder controls the Landau approximation to the stationary
amplitude and radial mass. A vertex approximation uses the derivatives of the complete
potential at the chosen background and the corresponding higher-order remainder.

10 Field Theory on the Generated Lorentz Carrier

The internal gauge—matter response and its Yang—Mills gap are defined at the operation
level. The same first source corner supplies the affine Lorentz carrier on which local fields
represent these responses and their correlations propagate causally.

10.1 The generated Lorentz carrier and its affine completion

The first noncommuting source corner has produced the full matrix algebra A, =
Endc(V) = My(C) with its adjoint and normalized trace. Two real forms of this one
algebra serve different physical questions. The quaternionic form Hy, parametrizes com-
pact reversible response and leads to the internal process space. The self-adjoint form
parametrizes ordered differences between localized events. Its determinant supplies the
Lorentzian quadratic form while positivity supplies the time orientation. The radius R of
Section 4.3 continues to measure internal spectral resolution. In the rest frame selected by
I the trace component of an event difference is its time coordinate. A phase clock along a
future timelike translation calibrates proper time.

Choose an oriented Pauli triple o, in Hermg (V). Its trace normalization is Tr(cq0p) =
204p-

Theorem 10.1 (Generated Lorentz carrier and time orientation). The self-adjoint real
form
My, = ./42753 =RI® Hermo(V) (10.1)

is four-dimensional. For X = tI + %0, the determinant and its polarization are

¢(X) :=det X =% — |x|?, (10.2)
1 1
n(X,Y) := §{q(X +Y)—q(X)—qY)} = g{TrXTrY — Tr(XY)}. (10.3)
Thus 7 has signature (+ — ——). The positive cone of the generated *-algebra is the closed

future cone
M ={X>0}={tI+x-0:t>|x[}. (10.4)
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Its nonzero rank-one elements are future null and its positive-definite elements are future
timelike. The determinant-one invertible group of Ay acts by

X — gXg*, g€ SL(V), (10.5)

preserving ¢ and M. Its kernel is {7} and its image is SO*(1,3). The stabilizer of I is
the previously generated SU (V).

Proof. The Pauli multiplication law gives det(t] +x- o) = t?> — |x|? and polarization gives
(10.3). The two eigenvalues of X are ¢+ |x| which proves (10.4). Congruence by g preserves
self-adjointness and positivity together with the determinant. The differential of this action
identifies s[(V) with so(1,3). Connectedness and the kernel {£I} give SL(V)/{xl} =
SO7(1,3). Finally gIg* = I is equivalent to g € SU(V). O

The vector space and involution with the trace in (10.1) all belong to the generated
matrix corner. Among connected linear actions induced by its determinant-one invert-
ibles preservation of the determinant and of the algebraic positive cone leaves precisely
SO™(1,3). The compact group SU(V) is its rest-frame subgroup. Lorentz covariance is
the noncompact continuation of the same comparison algebra that gave the compact opera-
tion orbit. Complete unitary-operation observations have spectrum SU(V')/{£I} whereas
self-adjoint comparison differences form My,. The former records an internal response
pattern and the latter orders possible separations of localized events.

For A € My and o > 0 let

Goa(X) = exp —% Tr(X — A)?]. (10.6)

Independent source composition on the four trace-orthonormal matrix coordinates gives
the product Gaussian with unit covariance. Translating its centre gives (10.6). These are
the finite-resolution comparison profiles on the self-adjoint corner. Let Cq, be the uniform
closure of the complex self-adjoint algebra generated by these real-valued profiles.

Proposition 10.2 (Generated affine event space). One has
Cev = Co(My), Spec Coy = My, . (10.7)

Differences of event characters form the translation group (My,+). Together with
the determinant-preserving action of Theorem 10.1 they give the generated proper or-
thochronous Poincaré group

PV = IMIV X SO+(173)5 (108)

acting faithfully on Co(My ) by pullback. Its causal order is p < ¢ precisely when ¢ — p €
M.
\%

Proof. The translated Gaussians are continuous and vanish at infinity. Their algebra is
closed under conjugation and has no common zero. They separate points. If X # Y
then Go x(X) =1 > Go x(Y). The locally compact Stone-Weierstrass theorem therefore
gives Cey = Cop(My ). Gelfand duality identifies its characters with My . Translation of
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the Gaussian centre gives the additive action and (10.5) gives the linear action preserving
both the determinant and the future cone. Their semidirect product proves the remaining
statements. O

The generated event carrier is the vector space My =2 R* and is therefore contractible.
The relative frames of the relative-frame construction consequently form a globally trivial
principal bundle on this event completion while a connection on that bundle can have
nonzero curvature and holonomy along local loops. Event completions with other global
topology define distinct global realizations. The local source algebra and its frame law
remain the same.

The Euclidean carrier used for reflection reconstruction is the event copy

Ey = RI @ iHermg(V), Ip(tl+ix-0)=—71]+ix- 0. (10.9)

Its trace norm is 72 + |x|?. The real-linear continuation # (71 +ix-o) = 71 +x- o supplies
the Lorentzian carrier and its distinguished time orientation. The symbol 7 here is an
event coordinate. It is independent of the internal radius R and of the Gaussian resolution
parameter.

10.2 Statistics and the phase clock

Once a one-particle representation carrying the generated matter module has been specified
its repeated excitations require an exchange rule. Symmetric and antisymmetric tensor
powers implement the bosonic and fermionic choices. This is the step from a particle’s
internal type to the statistics of several indistinguishable particles.

The bosonic realization in Appendix C is Fock space over the positive-energy mode
tower. For its specified product covariance the reflection form pairs a positive-time Eu-
clidean preparation with the reflected conjugate of another across the chosen time slice.
The mode decomposition gives a nonnegative squared norm for each linear preparation and
Gaussian Wick extension preserves this positivity. Identifying null preparations and com-
pleting the resulting inner product gives the physical state space. Euclidean correlations
thereby become overlaps of physical preparations. The translations of (10.8) supply their
positive-energy evolution.

Let hp be a positive-energy one-particle representation of Py carrying Mygy. The
charged quotient M.y, is retained as the gauge-charged observation space. The neutral
right line remains part of the interacting carrier. Exterior multiplication and its adjoint on
antisymmetric tensor powers give the standard fermionic Fock representation [27, 28]

Hp =F-(hr),  {a(f),a"(9)} = (f,9),  {al(f),alg)} = 0. (10.10)

Second quantization preserves the positive translation spectrum. Covariant free-field in-
tertwiners with the Pauli-Jordan support relation give graded-local fields on this space.
The spin—statistics theorem applies when positivity and covariance hold together with the
spectral condition and locality.

In the reconstructed free sector H = dI'(w) > 0 generates Schrédinger evolution e~#H
in natural units. The coordinate ¢ parametrizes translations along a chosen future unit
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vector in Mly. Its metrical meaning is fixed by a phase clock. For future timelike momentum
P the translation character

xp(a) =e P9 g e My, (10.11)
obeys darg xp(tU)/dt = —n(P,U) along a future unit timelike U. In the rest frame this is
—m. The coherent two-level preparation (hg 4+ e~ "tk ) /1/2 is read by the generated
quadratures Fy1 + F19 and —iFEy; + iE19 as cosine and sine. Consecutive distinguishable
phase readings therefore calibrate proper time by A9 = mAt. Restoring units gives e “#t/%
and Ef — E; = hw,. h converts the calibrated time and energy units.

The source phase 0 rotates relative phases between Gaussian ladder levels. Averaging
these rotations with variance s suppresses coherence according to the squared level sepa-
ration and leaves diagonal populations fixed by the generated source updates (5.9)—(5.10).
Internal heat evolution instead weights modes by their internal eigenvalues and sets the
spectral resolution. Generated timelike translations organize the energy phases and transi-
tion frequencies. A clock reading therefore requires a distinguishable phase change and its
calibration. A source state invariant under ay carries no such reading in a fixed observable.

10.3 Free reconstruction

The field description uses two factors of the source construction. Complete centre-invariant
operation observations give the compact internal factor X3 with its projectors and mul-
tiplicities. Self-adjoint observation of the first matrix corner gives the affine event carrier
My with its future cone and Poincaré action. These are different spectra of compati-
ble source-observation algebras. Their tensor product expresses localization in the event
variable together with an internal response type.

The event copy Ey of the quaternionic real form carries the Euclidean trace metric
and the reflection Jg of (10.9). For the product covariance Theorem C.1 proves reflec-
tion positivity and reconstructs a positive-energy local field on My . Its one-particle mass
squares are the eigenvalues of the generated internal mass-squared operator with the same
projectors and multiplicities. The Laplace integral (C.4) relates the covariance directly
to the internal one-response semigroup. The reconstructed one-particle Poincaré Casimir
is that internal operator. Multiparticle Lorentz masses follow from addition of future
four-momenta and have the thresholds in (C.8). The clock (10.11) calibrates the timelike
translation parameter by an observable phase. The scale radius remains the parameter of
internal spectral resolution.

Fixing the complete source functional fixes every preparation overlap wi(A*B). GNS
uniqueness in Section 5.5 identifies its cyclic realizations by a unitary preserving the state
and operations. For the Gaussian field covariance Wick’s rule fixes the correlation hierarchy
and therefore the quasi-free reconstruction. This is the free reference representation for the
native interaction. The internal spectrum and its couplings remain those fixed by the
source operation algebra.

Haag’s theorem explains why the representation of an interacting field must be exam-
ined explicitly. In the scalar form stated in Appendix C the Wightman and sharp-time
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hypotheses together with a unitary map intertwining the fields and their vacua force the
second field to be free when the first is massive and free [27, 29]. The source states
and spectral response of the present framework are constructed before this comparison.
Free reconstruction supplies the quadratic reference and its mode space. Local relative
S-operators in Appendix C.8 construct the interacting theory by causal comparison. In-
teraction is encoded in the relative local algebras and their causal composition law. Haag’s
theorem fixes the conditions under which a global interaction-picture unitary would instead

force freeness.

10.4 Generated and customary field representations

The Yang—Mills result of this paper is formulated in the generated response system. Its
collective coordinate is the mean squared strength of the Gaussian colour connection. The
adjoint Casimir gives its spectral feedback. The relative long-root eigenvalue gives its drive
and the source Legendre transform gives its radial metric. The exact non-Abelian probe
response supplies the transverse block. Common transport of the source frame and its law
with its coexact domain makes this a frame-independent quadratic response. Theorems 8.4
and 8.5 then give the positive mass-squared operator and the gap on the centred generated
response space. These are properties of the source family and its equilibrium response.
The polynomial embedding preserves the original connection state and ordinary products
while the source-mean differential gives the collective curvature readout. The complete
original curvature has its explicit second- through fourth-order Hermite spectrum. A joint
curvature source also measures the collective radial susceptibility with its direct source
term retained. Their update and representation identities are proved in Section 8.8.

Customary continuum and lattice constructions organize the same physical questions
around a prescribed field content and a regulator limit. Scalar triviality for example con-
cerns a specified limit of an elementary field. The theorem of Aizenman and Duminil-Copin
provides the relevant four-dimensional comparison.

For four-dimensional zero-field nearest-neighbour ferromagnetic Ising models with § <
B spin-fluctuation scaling limits on scales no larger than the correlation length are Gaussian
[30, Proposition 1.4]. For the lattice ¢* construction of Ref. [30, Theorem 1.2] the limiting
field is Gaussian when its two-point function tends to zero at large separation.

The limiting object in this theorem is an elementary scalar field in the stated lattice
families. The internal quartic coefficient is a Taylor coefficient of the complete relative
response at fixed spectral data. A continuum scalar realization specifies the field normal-
ization and regulator family on which a scaling limit is taken. For a colour-composite
observable the scalar response is carried by correlations of the underlying gauge field. Its
source derivatives and spectral measure determine how that response enters a field repre-
sentation.

The long-root deformation and collective amplitude together with the colour-singlet
observable Tr F? and Higgs radial coordinate have different transformation laws. Their
coupling to a common excitation is determined by the source derivatives and spectral pro-
jections in Section 9.2. A proposed elementary scalar representation falls under a triviality
theorem only if its field content and regulator with the limiting procedure satisfy that the-
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orem’s hypotheses. A colour-composite observable has its own correlation functions and
spectral measure. The bounds of Refs. [31, 32] concern scalar models in their respective
regulator limits.

On a reflection-compatible hypercubic lattice the Wilson plaquette action for a compact
gauge group at nonnegative coupling with product Haar measure and reflection-compatible
boundary conditions defines a reflection-positive regulated gauge model [33, 34].

In that formulation the continuum Yang—Mills problem combines short-distance con-
struction with a positive long-distance mass scale. Uniform regulator-removal and volume
bounds on gauge-invariant correlations carry the main burden [35, Sections 6 and 6.5].
The generated formulation fixes a physical source resolution and constructs the connec-
tion law and invariant response algebra together with the positive generator. Its mass-gap
theorem is therefore proved at the level of that generated system. The Lorentzian recon-
struction and local net then retain its one-response mass projectors on the event carrier
and realize its native interaction vertices. In the quadratic representation the reconstructed
one-particle Casimir has exactly these mass squares. Local composite spectra are obtained
from the specified observable and its field correlations. Reflection positivity is preserved
under convergence of reflected polynomial pairings as Proposition B.2 shows.

Appendix F constructs an auxiliary exchange system on the same carrier S ® S whose
symmetric and antisymmetric parts underlie the earlier quadratic colour splitting. In the
stated rational class the Yang—Baxter relation makes the two orders of three pairwise
exchanges compatible. With its rational normalization fixed the ordered product over a
chosen finite list of retained Dirac levels gives the monodromy. Its RTT relation then makes
the traced transfer matrices commute [36]. The resulting commuting family acts on the
finite auxiliary space associated with those retained mode labels.

10.5 Local interacting quantum field theory

The native interaction precedes field quantization. Pointwise composition in the event
algebra fixes locality, internal mode multiplication fixes the coupled response channels, and
matrix commutators give AA A. The same connection transports matter. The local density
on My, therefore contains the gauge, matter and connector vertices constructed in Section 8.
Once the connection and representation normalizations are fixed the relative coefficients of
the curvature commutator and matter transport follow from the same connection action.
The source-natural connector fixes the scalar tensor structure. The numerical Yukawa
weights of distinct quark and lepton channels remain action-level dynamical data as stated
in Section 4. Internal heat resolution acts on mode labels and preserves event support,
making coarse graining compatible with the generated causal order.

Theorem C.4 applies causal renormalization to the gauge-compatible finite-resolution
realization of these local functionals. It retains complete associated multiplets and the
generated matrix Lie bracket. Relative S-operators obey causal factorization and generate
an isotonic Poincaré-covariant local net on My,. Gauge fixing enlarges the intermediate
algebra by ghosts and antifields. The physical local net is its degree-zero quantum BRST
cohomology. The anomaly identities (4.54) and even weak-doublet count together with
the perturbative Adler—-Bardeen theorem allow the Ward identities of this renormalizable
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gauge—matter realization to be maintained at every perturbative order. The Lorentzian
interaction is thereby realized as a local perturbative QFT in formal power series. Its
defining objects are the causally factorized local algebras and their BRST cohomology.

The complete spectral response supplies information that is not obtained by expanding
about the quadratic state. Its condensation mechanism balances the reference drive against
the restoring response of the same spectral family and the full logarithm controls the
stationary amplitude and its radial curvature beyond the quartic approximation. Appendix
B separates an action projected onto retained modes from the effective response obtained
by eliminating the remaining tower. In a loop representation the internal trace and event
momentum integral are evaluated together with the subtractions and kinetic normalization
of that representation. In the quasi-free thermal representation of Section 9.5 temperature
changes the occupation of the same energy tower. Derivatives of the condensed potential
in the normalized fluctuation coordinate determine the local radial response vertices.

The generated Yang—Mills operator of Theorem 8.4 joins the normalized radial inten-
sity response to the coclosed connection response. Its full response completion has first
positive mass-squared A%(M > 0 and the gauge-invariant cyclic sector inherits the same
positive lower bound by Theorem 8.5. The exact source covariance in Section 9.2 gives
the mean curvature a nonzero radial differential. The original curvature correlation has
the nonnegative Hermite weights in (G.61). When the curvature insertion changes the
equilibrium source intensity the same polynomial gives Xscjat =V, + bQQ / m%(MJad. The
direct term retains the remaining source fluctuations and the second term detects the col-
lective restoring mode. The original source moments and multiplication are preserved in
both calculations. In the condensed quadratic realization on the generated flat event base
used in Appendix C.5 the nonzero background makes the averaged Wick intensity couple
linearly to the constant scalar mode. The analytic continuation of its two-point function
has an isolated pole at Q? = —mg with positive weight 4yz,/Z;, while its quadratic part
produces a continuum starting at squared mass 4m§. The Wick intensity and the jointly
Wick-ordered radial colour polynomial are explicit colour-singlet spectral realizations of the
radial part of the generated Yang—Mills gap. The condensed connection intensity opens a
linear observation channel for the stable excitation. The local interacting net carries the
same source-generated vertices. Its interacting two-point functions organize the self-energy
and mixing of these composite observations without changing the source definition of the
mass-gap operator.

11 Conclusion

The construction relates internal geometry and the restoring spectrum to the same Gaus-
sian source. Its reflecting window fixes the correlation scale, and its ladder supplies the
operations whose complete centre-invariant observations determine the projective inter-
nal geometry. The trace metric and heat spectrum agree on the normalization, three-
dimensional Weyl growth and round shell capacity.

The same first matrix corner supplies the event representation. Its self-adjoint real
form has determinant ¢ — |x|? and algebraic positive cone ¢ > |x|. These fix the Lorentzian
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metric, time orientation and proper orthochronous Lorentz action. Translated Gaussian
comparisons generate the affine event algebra; a source phase character calibrates its time-
like translation. The phase clock reads physical time, while the radius measures internal
resolution.

The relative-frame, least-matter and elementary-connector theorems characterize com-
plete continuations preserving the generated adjoint and exchange structures, source phase
and reversal. The lifted source number flow fixes the transported vacuum pointwise and
determines the charge circle. The faithful group presentation is

SU(3) x SU©2)w x U(1)
Zg '

It acts on a sixteen-dimensional full module containing a neutral right line. The fifteen-
dimensional charged space is its quotient by that line. The elementary connector is
parametrized by one complex doublet; its determinant is the positive gauge-invariant ampli-
tude square. This fixes the response content of one family; repeated families are multiplicity
extensions of the same blocks.

Mode multiplication and matrix commutators give the non-Abelian interaction, with
the same connection transporting matter. Its invariant intensity ¢ = E||B||? is the col-
lective coordinate. Casimir feedback changes the conditional tower laws. The Gaussian
minimizing the mean relative entropy to these laws gives the comparison law. Relative
information between comparison laws supplies the restoring functional that balances the
long-root drive. Unit covariance and endpoint calibration fix the reference profile within
the source semigroup. The canonical IR radius Lge = V2r > L, = \/m lies on the con-
densed branch. At this radius the balance fixes a unique positive intensity gz,. The source
Legendre metric normalizes the radial mean response, while the exact curvature response
controls coexact connection variations. Joint transport of the frame, source law and form
domain preserves both blocks of the mass operator,

M3y = m%{'M,rad @ (AT + 6, 1), inf Spec M3y = Afyp > 0.

Independent Gaussian composition of the linear restoring map gives an equilibrium update
whose completion has a unique vacuum and attained first positive mass-squared A%,M.
Every centred invariant response satisfies the corresponding coercivity bound. The in-
tertwined representation preserves the inner products and multiplication of the original
connection polynomials, including their angular correlations. The intensity score retains
its second Hermite degree, while the full curvature observation has second- through fourth-
order Hermite weights. Changing the source mean supplies a separate radial readout: the
joint curvature susceptibility contains the direct residual variance and the positive restoring
contribution b2Q / m%M’md. The collective mass thus has a colour-singlet readout retaining
the source correlations. Uniform tail bounds control finite computations of the equilibrium
intensity and gap throughout compact condensed scale intervals.

Gaussian resolution transports the nonlinear response together with its compensating
residual. Its exact composition law makes successive changes of resolution consistent with
their combined step.
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Osterwalder—Schrader reconstruction gives free local fields on the event carrier. The
covariance is the Laplace integral of the internal one-response semigroup, so the one-particle
Poincaré Casimir retains the internal mass operator. In the quadratic realization, the aver-
aged colour intensity and radial curvature polynomial have an isolated positive scalar pole
and separated multiparticle continua. Their thresholds follow from addition of future four-
momenta. The mode products, gauge curvature, matter transport and scalar connector
also define local interaction functionals. Causal factorization and quantum BRST coho-
mology construct their physical net as a formal perturbative series in the gauge-compatible
finite-resolution renormalizable realization. These results specify how the internal response

spectrum enters local masses, colour-singlet observations and interaction vertices.

A Harmonic spectra and finite spectral windows

The standard round-space harmonics determine the quotient parities and operator normal-
izations used in Section 4 and in the spectral data of Section 5.4. The long-root calculation
compares quadratic responses at two radii. The finite-window count uses a specified Dirac
cutoff independently of the Fourier-width convention.

A.1 Round harmonics on the cover and quotient

Let S% be the round three-sphere of radius L. We use the standard spherical harmonic
decomposition [17, 37] for which the nonnegative scalar Laplacian has

I(1+2)

77 d; = (14+1)?, 1=0,1,2,.... (A1)

gl =
The degree-l eigenspace is the (I/2,1/2) representation of Spin(4) ~ SU(2), x SU(2)g. In
the convention

Cao(jr,jr) = 2{jr(Jr + 1) + jr(jr + 1)}, (A.2)

one has Cy(1/2,1/2) = (I + 2).
The antipodal map acts on scalar harmonics by (—1)!. Ordinary scalars on X3 =
RP3 = §3/{+1} therefore retain

I(1+2)

7 dy=(1+1)% 1=0,2,4,.... (A.3)

gl =

The quotient is the one constructed in Proposition 4.4. Equation (A.3) gives its scalar
spectrum.
The coclosed one-form tower on the cover decomposes as

Bl Dot

For ordinary one-forms pullback by the antipodal map includes the differential parity and
the descending tower has odd [. The [ = 1 sector contains Killing directions. Their Hodge
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eigenvalue is positive since Hiz (RP*;R) = 0. With A{ = d§ + dd restricted to coclosed
one-forms the complete quotient spectrum is

o\ [21(1+2)]
Spec(AT) = {(U 221) ) :1=1,3,5,.. } : (A.5)

Here Al™ means eigenvalue A with multiplicity m. In particular the first value is 4 /L? with

multiplicity six. So this tower has no zero mode.

For tensor Hessians use the positive rough Laplacian App := —V%V, on divergence-
free traceless symmetric two-tensors. On the cover its degree-k eigenvalue and multiplicity
are [k(k+2) —2]/L? and 2(k — 1)(k + 3) respectively [38, Section II, equations (2.5)(2.7)]
with the sign changed to our nonnegative Laplacian convention. The antipodal action is
(—1)* on an ordinary rank-two tensor. So the quotient retains even k

_ [2(k—1)(k+3)]
Spec(ATT) = { (W) k= 2, 4, 6, .. } . (AG)

The lowest value is 6/L? with multiplicity ten giving Apy > 6/L? on this carrier. A
curvature-shifted Lichnerowicz operator is specified by its shift on the same tensor space.

TT projection and Casimir shifts. Let Hp7 be the L? space of ordinary transverse-
traceless symmetric two-tensors on round X3 = R]P’% and let Prp denote the orthogonal
projection onto it. The complexified T'T harmonic space on the parent sphere consists of
the two branches

2 k-2 -2 2
T+ = (t’%), T = (%’@)’ k> 2. (A7)

Ordinary tensors on X3 retain k = 2,4, 6, ... in both branches with dimension (k—1)(k+3)
per branch. In the normalization (A.2)

Co—61

Cg|,7_ki = k(k‘ + 2) + 4, ArT on Hrr, (A.S)

where Cs is the dimensionless Casimir operator. Hence for real «, 5 the Casimir-labelled
operator K, = (C2 + al)/L? is reduced by Prr and satisfies

a+6
KQ}HTT = Apr + 72 1, (Ag)
3 B a+B+6
<Ka + LQI Mo - ATT L2 1. (AlO)

All these self-adjoint operators have the same Sobolev domain H?(X3; Sym? T* X3) N Hrr.
For the homogeneous presentation S® = Spin(4)/SU (2)diag the traceless symmetric tensor
fibre is the diagonal spin-two module. The representations in (A.7) contain that module
once and contain neither diagonal spin zero nor spin one. Their trace and divergence
therefore vanish by equivariance. The homogeneous connection Laplacian is the group
Casimir minus the fibre Casimir 2(2 + 1) = 6 divided by L?. Substitution into (A.2)
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gives k(k + 2) +4. Hence the rough eigenvalue [k(k + 2) —2]/L%. The combined dimension
2(k—1)(k+3) equals the complete TT multiplicity stated above. So these branches exhaust
each eigenspace. The antipodal element acts in either branch by (—1)* giving the stated
quotient parity. The operator is block diagonal in the harmonic decomposition. So Prr
reduces it. The identities now hold on the common core of finite T'T harmonic sums and
extend to the stated Sobolev domain. Adding a real constant is a bounded self-adjoint
perturbation and does not change that domain.

For a trace over this TT space the retained labels satisfy |jp — jr| = 2 with both
branches and ordinary-tensor parity at the stated multiplicities. Scalar (j,j) representa-
tions belong to a different orthogonal summand. Comparing TT traces therefore requires
the same projection and regulator in common radius units. Under the endpoint convention
L = Ry for example a = 6 gives a shift 12/L? from Arr. A separately specified f = 6
raises that total shift to 18/L2. A physical Hessian can be compared with these operators
by identifying its T'T restriction including all of its zeroth-order terms.

A.2 The first non-Killing right-weight line

Write qr = 2mp for twice the right weight. The first descending non-Killing coclosed
one-form representation containing jr = 1 occurs at [ = 3

(jL>jR) = (27 1)7 02(2a 1) = 16. (A'll)

Its Casimir spectral line is therefore

16

en(l) = 13- (A.12)

This positive eigenvalue enters the quadratic gauge response. A mass assignment also de-
pends on the full response operator and its normalization specified for the action realization
in Definition B.5.

A.3 Fourier normalization and the relative long-root response

Equal position and momentum entropies select a width only after the Fourier units have
been fixed.

Use the unitary Fourier convention with 2 = 1 and let a normalized unchirped Gaussian
wavefunction have position probability density N(0,b2,). If its position and momentum
differential entropies are required to be equal then

1
ben = =
TR

in those Fourier units. If one additionally identifies beny = b and applies the independent

(A.13)

endpoint metric convention L = Ry = /27 b the numerical representatives are L = /7
and Rgcal = 6/7. The sharp Fourier entropy inequality gives this normalization directly
through H,+ H, > 1+log m with equality for this unchirped Gaussian [13]. Equal entropies
at equality give H, = (1 + logm). Since H, = 1log(2meb?,) one obtains b2, = 1/2.
The statements about L and scalar curvature are substitutions into the endpoint-scaled
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spectrum (4.20). The equal-entropy condition fixes a coordinate representative in the
chosen Fourier units. In the dimensionless coordinate x = d/(v/27b) the Gaussian is self-
dual for every b after the corresponding dual rescaling. The condensation threshold is
determined separately by the stationary equation of the spectral potential in Section 8.

For any reference radius L, > 0 with R = 6/L2 and R, = 6/L,% substitution of
en(L) = 16/L? gives

en(L) — (L) = g(R “R,). (A.14)

It is the relative coefficient of the quadratic gauge response when the mode coefficients are
identified isometrically as below.

Quadratic comparison of gauge modes. In the trivial-connection sector of the inter-
nal mode construction let B be a coclosed (2,1) long-root mode with values in the fixed
gauge-algebra carrier. Use a positive invariant inner product on that carrier and factor
out the common quadratic normalization of the response in Section 8.1. The field strength
(A.29) gives

1 2 2 1 8
SIFslE = QP (B +0(®),  QP(B) = ;|dBI} = - IBI. (A.15)

Indeed F.p = edB+€2B A B. Integration by parts and §B = 0 give ||dB||2 = (B,A{B) =

16L72||B||2. Thus QS:Q) is the quadratic coefficient half the second variation of || F||3.
For comparison at L and L, keep the coefficients in orthonormal mode bases fixed.

With g; = L%g; the norm squared of a fixed one-form scales as L. Hence uy(L) =

(L+/L)Y?u4(L,) is the required isometric identification. For an orthonormal gauge ba-
sis T4 set By, = Z&A Caatiq(L)T4 and Efr = Z&A |caa|?. Then

B(B1) - QP(Br.) = 5 [n(E) — en(L)] B (A.16)
The comparison uses the same gauge-mode coefficients at two internal radii with R = 6/L?
parametrizing their spectrum. If the quadratic normalization is Z(L) rather than one
each term in (A.16) retains its own Z. The displayed expansion is at the trivial reference
connection. A nonflat reference also contributes background-dependent quadratic terms.
The invariant intensity EZ2 and the retained scalar coordinate E3 have different def-
initions. Relating the long-root comparison to the condensation functional requires the
amplitude and coefficient matching in Section 9.2. A negative reference difference is com-
patible with a positive unsubtracted quadratic form. The prescribed spectral response has
a stable scalar gap under Corollary 8.3. In an action realization the pole criterion also uses
kinetic normalization (Theorem B.8).

A.4 Spin lift and Dirac data

The round-sphere Dirac eigenvalues are

k+3/2
L )

A=+ k=0,1,2,..., (A.17)
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with multiplicity (k + 1)(k + 2) for each sign [39, Theorem 1]. Write w = ejeseses €
Spin(4). The quotient RP? has two spin structures 74 defined by lifting the antipodal deck
transformation to +w. Bér’s generating-function formula [39, Theorem 2] applied to this
two-element deck group gives

1 1 1 1

Ff(z)= TEE + TS F-(2) = G- 1o (A.18)
Ff(2) = F; (2), F7(2) = F{ (2).

Consequently the complete spectrum for the selected spin structure 7_ is

k+3/2

F= =0,2,4,...
)\k,f_ + T ’ k 0? s &y )
2
)\I;Tf :_k+L3/ ’ k=1,3,5..., (Alg)

mult X, = (k+1)(k +2).

For 71 the two parity assignments are interchanged. The deck lift thus fixes the spectral
asymmetry of the signed Dirac tower.
The window calculation in the main text is therefore formulated for the positive branch
of 7_
A= n+3/ 27
L
Each retained eigenvalue has multiplicity (n + 1)(n + 2).

n=0,24,.... (A.20)

A.5 A conditional finite-window count

A sharp window projects onto spectral levels below a dimensionless cutoff ¢ (Figure 2).
Heat-kernel coarse graining instead multiplies every mode by a strictly positive weight.
The window records which response levels are retained at a specified resolution. Moving
its threshold between adjacent Dirac levels leaves that content unchanged. The plateau
below therefore expresses stability of the retained level count over a range of resolutions.
For the selected positive Dirac subsequence (A.20) a dimensionless cutoff ¢ retains

Nyin(c) = #{n € 2Ny : n+ 3 < c}. (A.21)

The count is three throughout 11/2 < ¢ < 15/2. The levels n = 0,2,4 lie below ¢ while
n = 6 does not. This count describes the retained positive Dirac levels at the chosen cutoff.
The full finite-response content also includes their multiplicities.

The retention rule supplies ¢ independently of the endpoint ratio ceng = 7 and the
radius convention Rp/b = V27, A generation interpretation requires these retained levels
to represent the fermionic responses that remain coupled at the observation scale.

A.6 Mode multiplication and Gaussian resolution

Schur orthogonality and Clebsch—Gordan decomposition fix the mode-product coefficients
used in Section 8.1. The heat product defect measures the difference between resolving a
product and multiplying resolved coefficients. Its Sobolev bound controls the corresponding
gauge and matter responses.
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dimensionless Dirac eigenvalue n + %
A

example capacity ¢

® n=4
® n=2

conditional window
® n=0

Figure 2. Three positive Dirac levels lie below the displayed capacity. Their multiplicities are not
included in this count.

Haar normalization and multiplication. By Schur orthogonality for normalized Haar
measure [15] the integral of DZ,mDi(’jb is 0jk0madny/ (27 + 1). The matrix coefficients with
integer j are unchanged under U +— —U. So their inner product is equally the quotient Haar
inner product. This proves the normalization in (5.1). The scalar eigenspace decomposition
gives completeness.

The multiplicity-free Clebsch-Gordan decomposition [15] splits V; @ V}, into orthogonal
summands Vy for J = |j — k|,...,j + k. Let C]‘-]n]f’[ka be the matrix entries of this unitary
change of basis in the convention Dﬁ,mD’;b = > JMN Cf%kaCfn]kaD]\JJN. Multiplying the
normalization factors proves (5.2). Changes of orthonormal bases transform the product

coefficients and field coordinates covariantly.

The central-even matrix coefficients form the conjugation-closed unital Peter—Weyl
algebra of the quotient. Spectral partial sums converge in each H"(X3) for vectors in that
space and multiplication is continuous for n > 3/2. With volume-normalized modes in place

of the Haar-normalized ones the three-mode coefficients acquire the factor (72L3)~1/2.

The highest-weight vector in V; ® V; belongs entirely to V. This proves the nonzero
high-shell coefficient

2J+1

J \2 2J

e = —¢ . A.22
(e77) AJ 11 22t ( )
The real function eﬁ gt % has the same nonvanishing highest-weight square coefficient.
The failure of finite closure therefore applies to real fields as well as to their complex
coordinates.

- 90 —



Analytic completion. For oo > 0 write f(U) = 3,5 tr(B; D/ (U)) and set

1w =D e IBjlh,

320
where || - ||; is the matrix trace norm. This completion of the finite mode algebra is a
Banach algebra contained in C'(X3) with
191l ae < 11flLaallgl Aa- (A.23)

For ¢ > 0 the first bound below holds for f € L?(X3). The derivative and tail bounds hold
for fe Ay and 0 < 8 < «

1/2
IGeflla, < | (25 + 1229720 1 ||f]l, (A.24)
7=>0
2
1Baflas < g1 140 (A.25)
(I = P<y) flloo < e[| £l 4. (A.26)

Unitarity gives |tr(B;D7)| < ||Bj|l1. In the Clebsch-Gordan decomposition of V; @ Vj
let T; be the diagonal block of B; @ Cj on V;. Block pinching is an average of unitary
conjugations. So Y ; [|Ty|l1 < ||Bj|1||Ck|li. Since J < j + k the weighted sum proves
(A.23). Completeness follows from the weighted summable matrix coefficients. The prod-
uct extends by its bilinear bound. Schur orthogonality gives || f||3 = > 1B;l2/(25 + 1).
The inequality ||Bj||1 < /25 + 1||Bj||r and Cauchy-Schwarz prove (A.24). Its series con-
verges because \; = 45(j + 1)/L?. The representation derivative has norm at most 2j/L.
je=(@=B)i < [e(a — B)]~! proves the derivative estimate. Summing the omitted coefficients
gives the tail bound.

The support condition J < j 4+ k& makes the exponential weight submultiplicative as
in the spectral dynamics of Ref. [21]. Finite matrix-valued fields inherit the bounds by
summing over their matrix entries. Thus curvature and covariant derivatives with their
convergent mode approximations have common domains with explicit loss of analytic width
under differentiation.

Proposition A.1 (Exact Gaussian product defect). Choose the left-invariant orthonormal
frame with [Eq, Ey] = (2/L)éwcEe and Ag = — > E?. For f,g € H"(X3) with n > 5/2
and Gy = e~ A0

Gu(fg) — (Gof)(Grg) =2 /0 G S (BeGof) (EGug) du. (A.27)

c

The pairing is bilinear with no complex conjugation. The identity holds in H"~! and its
norm is bounded by C), pt||f||fn]|g||sn. In modal coordinates the coefficient of each pair is
exactly

Cgﬁ (6_’»W - e_to‘(”')‘ﬁ)) . (A.28)

Infinite modal expressions mean Sobolev limits of finite spectral sums.
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Proof. For finite sums differentiate Gi_y,[(G.f)(Gug)] with respect to u. The product rule
Ao(fg) = (Aof)g + fAog — 2> (E.f)(E.g) makes this derivative the negative of the
integrand in (A.27). Integration between the two endpoints gives the sign and factor 2 dis-
played there. The round Casimir commutes with E, and its heat maps are contractions on
the spectral Sobolev spaces. Since E. : H" — H"! is bounded and H"! is a multiplica-
tion algebra the integrand has norm at most Cy, 1|/ f|| g7 g||gn. This both proves the bound
and allows finite-sum approximation in the identity. Applying the diagonal multiplier to
the already proved modal product gives (A.28). O

The defect is fixed by the multiplication and the heat map. For ¢ > 0 the inverse G !
is unbounded on a fixed Sobolev space. So G4[(G; ' f)(G;'g)] is defined on the heat-image
domain where the inverse images have the required Sobolev regularity.

Curvature coefficients and their domain. In a fixed trivialization let A =" A,0¢
take values in the generated real internal Lie algebra with A, € H" and [T4,Tg] = fa 5Tc.
By the definition of exterior derivative

2
Fy = EaAb — EbAa — ZeabcAC + [Aa, Ab] (A.29)

It lies in H"~!. Expanding its nonlinear term by (5.2) gives exactly the coefficients in (8.2).
The internal mode product couples to the already obtained matrix commutator.

Because G; commutes with each E, applying it componentwise cancels every linear
term in Gy Fpp(A) — Fop(GiA). Applying the preceding proposition to the brackets proves

t
GiFu(A) — Fup(GA) = 2 / Giu Y [EGyAa, EGyAy) du. (A.30)
0

[

The same H"! estimate holds with an additional fixed finite-dimensional bracket norm.
For Ay = fT4 and As = fTp with A3 = 0 and the real f above and [T4,T5] # 0 the
highest-shell term cannot be cancelled by the linear derivative terms which stay in the
initial shell. Moreover Aoy — 2A; = 8.J2/L? > 0 proving a nonzero scale defect for every
t>0.

Here G; acts on scalar coefficients in the fixed frame. A position-dependent change of
frame need not commute with this heat map. For a different scalar operator A with heat
map é’t the exact algebraic identity on a common smooth core is instead

étFab(A) - Fab(étA) = [éta Ea]Ab - [éta Eb]Aa
+ Gi[Aa, Ap) — [GiAq, GLAy). (A.31)

Its last two terms depend on the product rule of A. For a squashed metric both the
derivative commutators and the product defect must be computed for that operator.
Gaussian resolution damps the finer modes whereas nonlinear products mix modes.
Resolving a response and evaluating the response of resolved fields therefore give different
results. The following compensation law carries their exact difference with the unresolved

response.
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Proposition A.2 (Nonlinear response compensation under Gaussian resolution). Work in
the fixed coefficient realization above with the full-module representation p and n > 5/2.
Put Qu(A,v) = Egb + pu(Ay)y and write Cf (A) = Gy F(A) — F(GyA). The matter
response has the exact defect

CL(A ) = GrQu(A,¥) — Qu(G1A, Gr))

_9 /0 "G S 0 (EGuAa) (BeGoth) du. (A.32)

It belongs to H""! and is bounded there by C, 1, pt|| Al g ||¢||gn. For U = (A,¢) and
Cy(U) = (CF(4), CtQ(A, 1)) both defects obey

Cs11(U) = GsC(U) + Cs(GU). (A.33)

Let R = (Rp, Rg) be unresolved responses in H =1 of the same coeflicient types as
(F,Q). On the product Banach space of A,% € H" and Rp, Rg € H"™! the prescribed
Gaussian resolution determines

7;(U, R) = (GtU, GiR + Ct(U)), TsTi = 7;+t- (A34)

This is a global strongly continuous locally Lipschitz semigroup. It preserves the joint
response exactly in the sense

F(At) + Ry = Ge(F(A) + Rp),  Q(An, ) + Roy = G(Q(A,¥) + Rg).  (A.35)

The heat evolution of U and these identities uniquely determine R;. Finite spectral ap-
proximations of the initial data converge to (U, R;) uniformly on each finite resolution
interval. Each finite modal product retains its full spectral support.

Proof. Commutation of G; with E, removes the linear part of (). Proposition A.1 applied to
each matrix—vector product gives (A.32) and its bound. For either response B(U) = F(A)
or Q(A, ) insert and subtract GsB(GU) in Gs4++B(U) — B(Gs4+:U) to obtain (A.33). The
continuous triangular change of coordinates

VU, R) = (U, (F(A),Q(A,¥)) + R)

has a continuous inverse obtained by subtracting (F, Q). Both maps are locally Lipschitz.
The linear derivatives map H" to H" ! and the remaining terms are continuous bilinear
products. Consequently 7; = ¥~ (G;®G;)V¥ with each heat map acting on all its coefficient
components. This proves the stated semigroup continuity and preservation properties. On
bounded sets and 0 < t < T the contraction of GG; and these bilinear bounds give a
common Lipschitz constant. Spectral projections converge in the stated Sobolev spaces.
So this estimate proves the asserted uniform approximation by finite spectral sums. ]

Equation (A.35) identifies the transported quantity as the field response together with
its residual. The cocycle makes successive resolutions agree with their combined step. For
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initially resolved data Rr = Rg = 0. Subsequent residuals are fixed by this compensation
law. For A,+ € H"™? and R € H""! differentiation gives the generator in the displayed
state space

A=—-NoA, =N,
RF,ab = *AORF,ab +2 Z[EcAaa EcAb]a
c

Rga=—DoRga+2)  pu(EeAa)Ecth. (A.36)

The interaction products supply the residual sources at each resolution. The reconstructed
F(A;) and Q(Ag, ) obey the connection identities while their sums with R; obey the
linear heat equations. The parameter ¢ describes coefficient resolution at fixed L in the
chosen trivialization.

A resolved spinor multiplication example. An explicit Clebsch—Gordan expansion
determines whether scalar multiplication preserves a selected Dirac spectral subspace. In
the left-trivialized spin frame the coupled modes are

o :ZC}.%S(;{;WXS, j=0,1,..., J=j+i>0. (A.37)
n,s

Here x; is an orthonormal spin-1/2 basis and Haar measure is normalized as above. In the
orientation of (A.19) the round Dirac operator in this frame is L=!(4J - S + 3/2) where J
acts on the right scalar index n. Addition of angular momenta therefore gives eigenvalues
(2 +3/2)/L at J =35+ 1/2 and —(25 + 1/2)/L at J = j — 1/2. Their multiplicities are
(25 + 1)(25 4+ 2) and (25 + 1)(2j) respectively reproducing the complete selected signed
tower.

Multiplication of the lowest positive mode by eio is explicit

2 1
oy =3 ¥y 5 M (4.38)

This follows by resolving e%,oXl /2 with the two Clebsch-Gordan coefficients in (A.37).
On the entire lowest positive doublet the negative-sign multiplication block B_. obeys
Bl +B_ = I5/3. Thus this particular multiplier does not preserve the positive Dirac
subspace. A constant multiplier does. These signs label the geometric Dirac spectrum. A
static source may be restricted to one sign whereas an interaction containing this multiplier
couples the two spectral subspaces.

Finite-mode realizations. The finite-mode realizations of the normalized product ten-
sors and invariant derivatives together with curvature and associated matter response used
below retain the complete spectral support of each finite modal product. For the non-
commuting configurations considered here direct evaluation of the resolution defects agrees
with the Duhamel representations (A.30) and (A.32). These examples illustrate the joint
composition law proved in Proposition A.2.
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B Product-space realization on the generated event carrier

The product-space realization of Section 10 uses the generated Euclidean event carrier Ey
and the compact internal response space. An action representation and regulator turn the
native products into loop integrals containing event momenta and the internal spectrum.
The estimates below give sufficient subtractions for these combined traces and a uniform
heavy-mode expansion at fixed regulator and perturbative order.

B.1 Action and endpoint data

Definition B.1 (Action-level realization). Put (My,0) = (Ey,Yg) as in (10.9). An action-
level realization consists of the generated Gy, bundles over M7 = My x X3 with the
endpoint-scaled internal metric and Gip as in (4.53). Its local real gauge- and spin-covariant
action is

Sprod = SYM + Smat + Sresp + ng + Sgh (Bl)

with the native connection and matter normalization. The realization specifies boundary
conditions and a chiral projection or twisting together with gauge fixing and ghosts. It
also specifies the regulator and local renormalization conditions. The realization speci-
fies a physical observable algebra and its Euclidean reflection. Its Schwinger functional is
reflection positive on the positive-time physical algebra. The bosonic reflected form and
the fermionic graded reflection obey their respective statistics. Gauge fixing and ghosts
provide an auxiliary representation of the gauge identities [40, 41]. An interacting contin-
uum realization supplies a limiting Schwinger hierarchy or an equivalent physical operator
construction. Matter traces use My, with descent governed by the quotient and trace
conditions of Section 5.4. The fluctuation and ghost operators have the common closed
form domains specified in Definition B.5. At a scale where its conditional flow exists
the endpoint datum consists of the running couplings and background Hessian with ghost
spectra together with the renormalization conditions and operator domains. Admissible
spectral functionals are absolutely convergent traces or renormalized relative traces with
their specified subtraction.

With the skew-adjoint connection convention of Section 8 choose on each gauge factor
the positive invariant pairing

B(X,Y) = —tr,(XY). (B.2)

The faithful unitary representation p and its trace normalization are chosen to agree with
the Lie-algebra inner product used above. An overall normalization is included in the
coupling. The Yang-Mills term is then

1
SYM[A] = 492/M d7z\/§B(FMN,FMN). (B.3)
7 7

Here [¢2] = length®. The action is understood with the regulator and renormalization
conditions of Definition B.1. The long-root field and its fluctuation operator are specified
in Section B.6.

— 95 —



Proposition B.2 (Physical positivity under a hierarchy limit). Let 2, be a fixed alge-
bra of positive-time physical observables with reflection ©. Suppose normalized regulated
Schwinger functionals wy satisfy wy(©OF F) > 0 for F' € 24 and all reflected polynomial
pairings converge. Their limit is reflection positive. On a flat reflected base if its full
hierarchy satisfies the covariance and statistics with the regularity conditions of recon-
struction it determines a positive physical Hilbert-space representation. Clustering gives
the corresponding uniqueness of the invariant cyclic vacuum [42, 43].

™)
ij
nite. Entrywise convergence gives ¢*Ge = limy ¢*G™)e > 0. The limiting reflected form

Proof. For any finite family F; the matrices G = wn(OF;F};) are positive semidefi-
therefore has a Hilbert completion after quotienting its null space. The stated hierar-
chy assumptions permit Osterwalder—Schrader reconstruction. Polynomial observables are
included through the assumed convergence of their pairings. O

B.2 External trace and its subtraction

The Hessian spectrum and signed ghost weights determine the internal determinant and
its coefficients (Theorem B.6 and Proposition B.7). A full one-loop action also integrates
over external momenta as in (B.23). Absolute convergence must therefore hold for the
combined sum and integral with local renormalization terms fixed by Definition B.1.

Proposition B.3 (A sufficient full-trace subtraction). Consider a finite number of sepa-
rated fluctuation sectors on R* x X3 with positive squared masses a; < 12 with d; = O(I?)
and bounded real g; and 7;. Define

z?2 23

Rs(z) =log(14+x) —x + TR (B.4)

On any compact y-interval satisfying sup; |g;y|/a; < r < 1 the relative four-dimensional

1 d'p gy
Varst) = 5 S [ o em (A7) (B2)

converges absolutely and locally uniformly. The sum and integral with the Taylor series

density

through all orders y™ for n > 4 may be interchanged. The local polynomial of degree at
most three in y is fixed separately by the renormalization conditions.

Proof. The logarithmic remainder obeys |R3(x)| < |z|*/[4(1 —r)] for |z| < r. Direct radial
integration gives for n > 2

d* I'in—2
/11&4 #(1)2 +a)™"= 16(7r2F(n)) a’ . (B.6)

At n = 4 the absolute majorant is therefore a constant times ), allal_2 < 00. The geometric
majorant for the higher Taylor terms then permits all stated interchanges by dominated
convergence and Tonelli’s theorem applied to absolute values. Each coefficient is

(- T(n —

W Warel = =35 ()

2
) andlg}"”a?_", n =4 (B.7)
I
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The internal asymptotics give dja?~ " = O(1572"). So n > 4 is a sufficient absolute-
convergence threshold for the stated class. In contrast the n = 2 external integral diverges
for a single nonzero g;. At n = 3 the external integral is finite but the internal sum can
diverge. Thus one internal subtraction cannot justify the full trace in this class. O

This estimate is restricted to the displayed constant-background Hessian. Derivative
interactions and other regulator limits require separate bounds. The radial mass in this
four-dimensional realization uses the complete V4 with kinetic normalization and mixing
conditions of Theorem B.8.

B.3 Zero modes and chirality

Zero-mode content and normalized projection. On round X3 = RP? the scalar
Laplacian has one constant zero mode. Untwisted ordinary one-forms and spinors have
none. The TT rough Laplacian also has no zero mode. Internally constant A, (z) are
scalar zero modes valued in the supplied gauge algebra not Killing one-forms or isometry
generators. Assume all bundles are pullbacks over the compact factor and retain the
relevant constant scalar modes. Assume also that an explicit chiral mechanism realizes
the module of Section 4.6. Restriction of (B.1) to these modes gives a four-dimensional
action with the retained bundle representations. For the Yang—Mills term (B.3) canonical
zero-mode normalization gives

2 2
- T (B.8)
Vol(X3)  m2R}’ '

This fixes the projected coupling g4 for the supplied g7 and radius. Integrating out the

9i =

omitted modes can add threshold corrections. Connectedness gives the scalar zero mode
and finite fundamental group gives Hlp(X3;R) = 0. The identity D? = V*V + Ryca /4
excludes spinor zero modes while (A.6) starts at 6/RZ. The internal tensor type of A4, is
scalar. Orthogonal low-mode projection retains the stated representations. Integration of
the constant gauge kinetic term multiplies it by Vol(X3) = 2R} giving (B.8).

Realizing the chiral module of Section 4.6 on this product space requires the stated
chiral projection or twisting. The untwisted Dirac tower has the positive and negative
levels listed in Appendix A.

For the heavy-mode expansion the needed resolvent bound is uniform in both momen-
tum and internal level. Let m; > M > 0 and 4;(q) = ¢> + m? with §(¢q, P) = 2¢ - P + P2
For every real Euclidean loop momentum ¢ and omitted mode [ with |P| < eM put
r=¢+e? < 1. Then

IR Y G ()
Mw—ngWJrRN,l(%P), (B.9)
’FN+1

The elementary inequalities 2|q|/(¢? +m?) < 1/my and (¢% +m?)~* < m; ? give |3|/A; <
€ + 2 = r. The finite geometric-series identity gives the stated expansion and remainder
uniformly in both ¢ and I.
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Appelquist—Carazzone decoupling[44] motivates the local low-momentum expansion.
For an infinite internal tower interchanging the mode sum and loop integral with the
expansion also requires a common summable majorant.

Decoupling at fixed regulator and perturbative order. Consider the heavy-field
contribution to a Wilson action or a heavy subgraph after its light-field contribution has
been separated at one fixed perturbative order and with a fixed regulator. Suppose ev-
ery integrated propagator in this contribution has the form in (B.9) and the regulator is
independent of the external momenta for the chosen routing. For a graph with E heavy
propagators and L loop momenta let [ label its internal modes. Include all multiplici-
ties and vertex coefficients in a nonnegative majorant Bj(q) for the absolute sum of its
numerator monomials on the external momentum ball and require

E

Ch —Z/ 4L| (@1 Bia) [[ 5y < oo (B.11)

e=1 de + mle

If each routed external shift obeys |P.| < eM with r = ¢ + 2 < 1 replacing every heavy
denominator by the degree-N sum in (B.9) produces a polynomial in the external momenta
with amplitude error bounded by

ErN+L
(1-r)E

Consequently the internal sum and loop integration may be interchanged with this con-

A — Aan| < Cy (B.12)

vergent momentum expansion at the fixed regulator and order. Its coefficients give local
operators with a controlled expansion in external momentum over M. Their sizes and
relevant or marginal threshold corrections depend on the vertices and renormalization con-
ditions. Both an exact denominator and its truncated sum are bounded by [(1 — r)4;] !
Telescope the difference of the products of E' denominators and apply (B.10) to each of its
E terms. The pointwise difference is bounded by ErN*1(1 —r)~E ], Al_el. Multiplication
by the numerator majorant and integration gives (B.12). The same majorant bounds the
absolutely summed geometric expansions. So Fubini’s theorem and dominated convergence
justify the interchanges. Each finite term is polynomial in external momenta and therefore
corresponds to a local derivative operator.

Finite mode and compact momentum cutoffs satisfy (B.11) for polynomial vertices and
positive masses. For an infinite tower this bound controls the combined mode sum and loop
integral. Removing the regulator further requires a uniform majorant and convergent local
counterterms. Nonanalytic light-line terms remain in the light theory and are subtracted
in matching. Symmetry-preserving regulators and counterterms give gauge-covariant local
operators.

B.4 Gauge identities and matter representations

For the connection on the generated Giyt bundle of Definition B.1

Foa=dA+AAA. (B.13)
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Together with the matter derivative of Proposition 8.1 this gives the component vertices.
In native variables D = d + A fixes the relative coefficients of the derivative and cubic
terms together with the quartic and matter vertices. Writing A = g/ after normalizing
the quadratic term introduces the usual action coordinate g. It records the conversion from
the generated trace normalization to the chosen canonical field coordinate.

Gauge vertices and component identities. Let an admissible realization contain

1

Svuld] =75

/ B(Fg N\*Fy) (B.14)
Myx X3

with the positive pairing (B.2) and the covariant Dirac form for the generated matter
module. Expansion gives the quadratic propagator term and cubic and quartic gauge
vertices together with minimal matter couplings. The overall value assigned to g fixes the
action unit while all relative vertex coefficients are already fixed by Fy = dA+ AA A and
the generated representation. The Gaussian source state supplies the quadratic reference
covariance. The interacting local quantization of Theorem C.4 is defined by relative S-
operators and therefore requires no additional global path-integral measure. Write A =
A8, T, dz™ with [Ty, T.] = f%T, and define the matter current by §Smat = — [ B(BAART).
Then

Firn = 0m A% — OnASy + fhe AN AR, (B.15)
DaFy =0, DaxFa=g*xJ. (B.16)

Gauge covariance of the matter action implies D4 x J = 0 on the matter equations of
motion. The covariant derivative is Dy = (Oar + A, T4)% in a local frame. Expansion of
Fqp=dA+ AN A gives the displayed components and the quadratic and cubic terms with
the quartic terms of the action. The first identity in (B.16) follows from the graded Jacobi
identity. Variation of (B.14) gives the second identity with the stated current convention.
Gauge covariance and the matter equations give covariant current conservation.

Proposition B.4 (BRST symmetry and the Slavnov—Taylor identity). Let the action-level
realization use a gauge-fixing fermion Wyr and fields ¢, ¢, B with

sA = Dyc, sc= —%[c, cl, s¢c = B, sB =0, St + Sgh = sVUer.  (B.17)

Classically s? = 0 [40, 41]. For a gauge-compatible finite internal resolution of the renormal-
izable four-dimensional gauge-scalar—spinor realization the classical BV master equation is
preserved. In causal perturbation theory the anomaly identities (4.54) and the perturba-
tive Adler—-Bardeen theorem then permit time-ordered products to be normalized so that
the quantum master identity and hence the Slavnov-Taylor identity holds to all orders
[40, 45-47]. At a finite FRG scale the identity is generally modified by the regulator and
must be restored as kK — 0 [48]. The anomaly check following Theorem 4.9 supplies the
required local coefficients. The even number of weak doublets removes the global mod-two
obstruction. The resolution retains complete representation multiplets and the original
matrix Lie bracket. The classical closure and power-counting conditions are spelled out in
Appendix C.8.
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Fermion doubling. For a lattice discretization of the generated event base fermion dou-
bling is governed by the locality and charge assumptions with the chiral-fermion hypothe-
ses of the Nielsen—Ninomiya theorem [49]. Its application depends on the chosen external
discretization. The internal expansion used here is in the eigenmodes of the compact

continuum operator.

B.5 Regulated scale equations

Wetterich’s exact equation [50, equation (3)] expresses the flow through the full regulated
propagator. For the generated gauge realization we use its background-field form developed
for gauge theories in [51] with the field and ghost contributions in a supertrace

- 1
OuTk[®:g, A] = 5 STe [(r,?) + Ry)\OpRy] - (B.18)

The RG scale k parametrizes the regulator while b is the Gaussian width. The dimensional
radius is Ry, = V27 b. Its numerical value L = Ry /L. uses the fixed reference unit of
(5.17). Thus the same radius convention is used in the relative drive and in the scale
equations. Gauge consistency also requires the modified Ward or Slavnov—Taylor identity
of Proposition B.4.

After a truncation I'y, = >, g:(k)O; and projectors P; have been specified the beta
functions are

1
Orgi(F) = Pi; STr (0 + Ri) 0] (B.19)

The projected coefficients depend on the full supertrace including tensor projectors and
ghosts together with endomorphism terms and regulator weights. For a locally Lipschitz
finite projected system the standard initial-value theorem gives a unique local evolution
while the solution remains in its coefficient domain. Preservation of a positivity domain
requires the corresponding inward-pointing condition. A global endpoint requires bounds
that keep the projected solution in its coefficient domain. The Gaussian resolution of
Proposition A.2 acts directly on the mode coefficients at fixed radius.

For an interacting OS realization a regulated positive measure must also admit a
limit with the hierarchy properties stated in Appendix C.1. Uniform moment bounds are
needed to pass reflected polynomial inequalities to that limit. The free case is constructed
in Appendix C.

B.6 The long-root response

We write g for the right geometric response and O, = Tr F? for the colour composite.
The symbols E. and py denote respectively the normalized collective colour scalar and
radial fluctuation of the weak doublet H.

The long-root Hessian contains the Laplace contribution (A.12) together with the
background gauge-fixing and endomorphism terms of the supplied action. Its sign must be
computed from their sum.
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Definition B.5 (Gauge-fixed long-root Hessian). Let xr = /yur where ug is a normal-
ized vector in the real long-root response line and y > 0. For an admissible action-level

realization define 2(5 1§
+
Her(y) = 15 + B) : (B.20)

o2 XR=+/YUR
together with its ghost operator and a common closed quadratic-form domain. The chosen
action specifies the field space and internal multiplicities. For matter contributions replac-
ing Mg by Mg, is permitted only after verifying the quotient and trace conditions of
Section 5.4 for the relevant operators. Otherwise the trace is taken over the full module
including its neutral direction.

Conditional right-sector breaking. Suppose the renormalized action is SU(2)g in-
variant and its first physical negative Hessian eigenvalue lies in a real jp = 1 component of
the long-root sector and the nonlinear effective action stabilizes a nonzero minimum (xg)
in that component. Then

SU(2)r —> Stab((xr)) = U(1)z, (B.21)

up to conjugation. The two transverse right generators are broken while the generator
along the selected axis is unbroken. The real spin-one representation of SU(2)gr factors
through the vector representation of SO(3). The stabilizer of a nonzero vector is the group
of rotations about its axis whose connected lift is a maximal torus of SU(2)g. All maximal
tori are conjugate.

B.7 Internal relative determinant and four-dimensional action

Theorem B.6 (Internal relative determinant and matching). Suppose the compact in-
ternal parts of Hye(y) and the ghost operator form analytic families with common form
domains and suppose that after sector decomposition their nonzero eigenvalues have the
form a; + g;y with a; > 0 and real g;. The trace in this theorem is over the internal modes
only. Equivalently it can be taken at one fixed external momentum after that momentum
has been included in a;. With a specified linear subtraction define

, ‘ 1
P (y) — PH(0) = c1 ity + 3 Zmdl [log(l + g;?) — gal;y] : (B.22)
1

where 7; includes statistics and ghost signs with tensor weights. If a; < [? and d; = O(I?)
with g; = O(1) and n; = O(1) the subtracted series and each of its derivatives converge
locally uniformly on the real domain a; + g;y > 0 for every [. The coefficient ¢y ;¢ specifies
the linear term of this internal functional. The corresponding four-dimensional mass also
depends on the external trace and kinetic normalization.

Proof. At a finite internal cutoff the difference of logarithmic determinants gives the loga-
rithm in (B.22). Its first-order Taylor term is removed by the stated subtraction before the
cutoff is removed. On a compact subset of the positive domain the remaining summand
and its first derivative are O(dlal_Q) = O(I72). Derivatives of order j > 2 are O(dl|gl|jal_j)
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uniformly for large [. The finitely many remaining denominators stay bounded away from
zero. The Weierstrass test therefore justifies the asserted differentiations as well as the
sum. O

The full four-dimensional potential Vj(y) also traces over the external operator. In the
separated flat-base realization its regulated one-loop part instead contains

V;l,/\(y) - V4,A<O) = ‘/loc,/\(y) - WOC,A(O)

1 d!
+ 5 ;mdl / ﬁwml(p) (B.23)

qiy qy
X [log (1+p2+al> _p2+al] .

The cutoff expression is well defined for an integrable external regulator. Its quadratic

term has a logarithmically divergent external integral. Proposition B.3 gives the sufficient
three-subtraction bound for the specified separated towers.

Renormalization dependence. Two admissible renormalization schemes may differ by
finite local terms allowed by the symmetries. A critical radius or mass in this realization
depends on those terms and on the kinetic normalization together with the internal Casimir
contribution 16/L2.

Proposition B.7 (Internal quartic coefficient). Under the hypotheses of Theorem B.6 the
coefficient of y* for k > 2 for a single bosonic tower with constant coupling ¢ is

(_1)k+lgk

o > diay " (B.24)

l

cp =
For the full signed Hessian the coefficient of y? is

AR,int g7
Ta )\R,int = - zl:nldlalg- (B-25)

The sum converges in three internal dimensions. Its sign is determined by the signed
Hessian and ghost weights. One positive bosonic tower gives a negative coefficient. The
negative-logarithm spectral response has the opposite sign. The four-dimensional quartic
coefficient further includes the external trace and local terms with field normalization.

Theorem B.8 (Normalized radial Hessian and conditional pole). Suppose the complete
four-dimensional effective action after eliminating gauge directions and resolving any mix-
ing has an isolated physical radial coordinate r = |/y with two-derivative terms

1
Tyr] = /d% {ZZR(TZ)(BT)Q - V4(r2)} + sap]r]. (B.26)
Assume Vj(y«) = 0 with y. > 0 and V}'(y«) > 0 together with Z, = Zr(ys) > 0. Then
PR = vV Z«(r — \/x) has positive curvature mass

o _ AVi(ys)

mR,curv - Z. . (B27)
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This is the mass parameter of the two-derivative quadratic action. For an isolated pole
additionally suppose the full normalized Euclidean inverse covariance is analytic through
z=p*€ [—2m%;ijcurv,0] and has the form Kgr(z) = m%’cmv + z + Egr(z) with Er(0) =
E%(0) = 0 and real values on that interval satisfying |Ey(z)| < € < 1/2 there. The

covariance 1/Kpg then has a unique simple pole of positive residue at z = —m%pole in that
interval and ) N
m m
R,curv 2 R,curv
——<m < — . B.28
1 + € — R,pole — 1 — € ( )

Proof. At the stationary point 92V, (r?) = 4y.V}'(y«). Division by Z, gives (B.27). For
the second assertion Kj(z) > 1 —¢€ > 0 and Kg(0) > 0 with KR(—2m%?,wrv) < 0. The

intermediate value theorem and strict monotonicity give a unique zero with positive residue
1/K%. The bound |Eg(z)| < €|z| gives (B.28) at this zero. O

The coefficient Zg includes internal integration and wave-function normalization. Cou-
pled channels use the generalized eigenvalue problem of Section 9.4 or a justified Schur
reduction.

Controlled use of a Landau truncation. An even Landau normal form applies to a
signed response such as a component of yr when its action is invariant under sign reversal.
For the colour-singlet composite O. = Tr F? an even expansion requires an additional
symmetry that acts by O, — —0O..

C Field reconstruction on the generated Lorentzian carrier

The product covariance of Section 10 admits the standard Gaussian and Osterwalder—
Schrader reconstruction. The Euclidean carrier Ey with its reflection and Lorentzian con-
tinuation were generated in Section 10.1. The internal spectral data are those of the
preceding construction. The kinetic operator is the translation-invariant quadratic opera-
tor associated with the generated trace metric. A common Wick moment bound controls
the full internal tower. On the condensed quadratic branch its averaged intensity has
an isolated pole at the scalar gap and a positive two-particle continuum with an explicit
truncation bound.

C.1 Reconstruction conditions

We use signature (+ — ——) and the covering Poincaré group My x SL(V) generated in
Theorem 10.1.

The Wightman conventions are those of Ref. [28]. Tempered fields and their adjoints
act on a common invariant dense domain and transform covariantly under a strongly contin-
uous unitary Poincaré representation and graded-commute at spacelike separation. Trans-
lations have spectrum in the closed forward cone and the invariant vacuum is cyclic and
unique up to phase. For neutral scalar fields we use Osterwalder—Schrader reconstruction
with Euclidean covariance and reflection positivity together with permutation symmetry
and the regularity and growth conditions for tempered reconstruction. Clustering gives
vacuum uniqueness [42, 43, 52].
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These assumptions also fix the role of Haag’s theorem. For Hermitian scalar Wightman
fields admitting sharp-time restrictions a unitary intertwiner of the fields and vacua on one
spacelike hyperplane with a positive-mass free field forces the other field to be free with
the same mass [27-29]. The reconstruction below builds the free representation from its
covariance. So its equivalence statement has precisely this fixed-covariance scope.

C.2 Covariance and reflection positivity

Identify the generated Euclidean event carrier Ey with R* by the trace-orthonormal coor-
dinates of (10.9). Its reflection is ¥g(7,x) = (—7,x). On the compact internal space X3 let
Az > 0 be a self-adjoint Laplace-type operator with eigenvalues £; and spectral projectors
P, of finite multiplicities d; = rank P,. For m? > 0 put

3
Pp=-Y 02, C=(Pgal+IaAs+m?) " (C.1)
pn=0

On S(R*)®C>(X3) spectral calculus gives

C=> Pe+M)'®P, M =m’+e, (C.2)
l

C((l’, y)a (.1‘/, y/)) = Z Kl(y> y/)GMz (ZL’ - .%'/), (03)
l

where K] is the kernel of P, and G, the massive Euclidean free propagator. The covariance
is directly related to the internal restoring semigroup. For any strictly positive internal
one-response operator M2 spectral calculus gives at fixed Euclidean momentum

(ph + M)t = /0 e~ Pre M’ s, (C.4)

Here s has units of inverse mass squared. The integral retains every internal spectral
projector and converts its restoring eigenvalue into a one-particle mass square. It applies
to the scalar tower above and to the positive blocks of M%M. Physical time is the Lorentz
translation parameter reconstructed from this covariance.

Reflection positivity can be checked before reconstruction. For a positive-time test
function write ﬁ(t, p) for its spatial Fourier transform projected by P. Its reflected covari-
ance form is

2

d*p ’ /
—_— > 07 w = 2 + M2>

with a unitary Fourier convention. The positive orthogonal sum converges on the test space.

/ e~ P f (¢ p) dt
0

Gaussian Wick extension preserves this positivity. A deterministic translation commuting
with reflection preserves the same quadratic forms for Gaussian cylinder observables. In
particular a reflection-invariant constant mean preserves positivity.
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C.3 GGaussian measure and reconstruction

Theorem C.1 (Free reconstruction of the internal tower). The functional

Z(f) = exp[-1(f,C[)] (C.5)

defines a unique centred Gaussian measure on the distribution dual. Its Wick Schwinger
functions are symmetric and Euclidean covariant. They are also tempered and reflection
positive. OS reconstruction yields local bosonic free fields with the vacuum in Fock space
over

d3p
=P LR, ————— | ® BL*(X3). (C.6)
I 21/p2—|—]\/[l2

The one-particle masses are M; with multiplicities d;. For this fixed covariance the spectral
and quasi-free descriptions are unitarily equivalent preserving the vacuum and projectors.
The full Hamiltonian is dI'(w) with the continuous momentum and multiparticle spectra
obtained by second quantization. The associated Weyl algebras form a local isotonic and
Poincaré-covariant net with positive-energy translations. Connected correlations of fixed
local smeared polynomial observables decay exponentially at the least mass to which they
couple up to polynomial factors. Every rate strictly below the positive mass lower bound

is an exponential bound.

Proof. The positive covariance is continuous on the nuclear test space. So Bochner—Minlos
gives the Gaussian measure [53]. Euclidean covariance follows from the mode resolvents.
To control the full Schwinger hierarchy use ||C|| < m ™2 on the product L? space. Wick’s
rule gives for n > 1

2n
SCO(fr, s fon) < @n= D2 [ Al S@0 =0,
k=1

The continuous test-space seminorm on the right and the Gaussian factorial bound give the
required hierarchy regularity. Smooth internal smearing controls the mode sum. m > 0
controls the infrared limit and gives free clustering. The reflected form above supplies
positivity. The OS theorem reconstructs the Hilbert space and vacuum with positive-energy
fields [42, 43, 52]. Modewise reconstruction gives (C.6) and bosonic second quantization
gives the full Hamiltonian. Uniqueness of the quasi-free reconstruction gives the asserted
equivalence. The massive propagator bounds persist under smearing and the convergent
internal sum. Wick contraction expresses connected polynomial correlations through cross
propagators giving the stated clustering. The modewise Pauli-Jordan commutators have
causal support. Hence the Weyl algebras are local and inclusion of supports gives isotony.

O

This realizes the state and operation construction of Section 5 on the generated event
base. The generated Poincaré action commutes with compatible internal actions.
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The relation between the internal mass and Lorentz translations is exact on the one-
particle space. On its [th summand Pl0 =,/p%+ Ml2 and Pf = p;. Consequently

(P =D (P)? =M M= Ay m? (C.7)
i
under the direct-integral identification. Multiparticle translations add the four-momenta.
For future-directed on-shell momenta this gives

2
Pli=> M?+2> (E.E.—p,ps) > (Z Mr> . (C.8)
r r<s r
The inequality follows from the reverse Cauchy inequality for timelike future vectors. It
gives the two-particle threshold 4M? for two equal masses. In contrast the internal response
completion adds the one-response eigenvalues through dI'(M?). The two generators agree
on their internal one-response mass data and organize composite excitations according to
their respective composition laws. On the Lorentz Fock space H > mpminN with mpyin =
\/inf Spec M2 > 0. In infinite event volume its lower positive energy is a momentum

threshold while the internal operator has the attained eigenvalues proved above.

C.4 Positive spectral measure

For an internal test vector g € L?(X3) the field ¢,(x) = ¢(x ® g) has positive measure
ool di®) = 37 | Pigl? 602 () (C.9)
!

These one-particle weights differ from the multiplicities d; of an internal trace. Composite
correlations can also contain multiparticle continua. The masses use the supplied shift m?
and the internal eigenvalues through M? = m? + ¢;. Theorem 7.2 controls the associated
internal traces.

C.5 The intensity spectrum of the condensed quadratic tower

Fix a condensed branch of Corollary 8.3 with y;, > 0 and Z; > 0 together with m% =
4y F/'(yr)/Zr. Use the quadratic external realization (C.1) with m? = m? and the even
scalar Laplacian on RP? of radius L. Let ¢, be a real orthonormal basis for normalized
Haar measure where [ = 0,2,... and a = 0,..., (I +1)? — 1 with eggp = 1. The canonically
normalized independent fields ¢;, have masses

I(1+2)

2 2

The fluctuation of the amplitude is E(x,&) = \/yr + ZL_I/2 Y 10 Pla(T)erq(€). Its centred
internally averaged Wick intensity is defined by spectral cutoffs and external test-function
smearing

I(z) = /X (B, €) — y1) : dus(€) = WF;}OO@) b @R (0

la
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Here x belongs to the reconstructed Minkowski representation and normal ordering is with
respect to its free vacuum. The mass and momentum variables use the same response
units.

Proposition C.2 (Positive pole and continuum of the Wick intensity). With Fourier
measure d*p/(27)* the connected two-point function of (C.10) has positive spectral measure

4yL 4Ml
pz(ds)zz—Lém( 222 > +1)%/1- Lisappp ds. (C.11)

L 1 even

The one-particle pole has positive weight 4yy, /7, and is isolated from the continuum which
starts at s = 4m(2;. The infinite sum defines a tempered positive two-point distribution.
For z = Q2 > 0 choose the continuum subtraction with value and first z derivative zero at
z = 0. The corresponding response is

dyr,

CR(2) = m 7 ZZ (1 +1)?Br(z; M?), (C.12)
1 u —Uu)z u —Uujz
Br(z;a) = 1617rz /0 { (1 - )z _ log (1 + (1a)>] du. (C.13)

If the internal sum retains [ = 25 for 0 < j < J its omitted continuum contribution obeys

812214
T 614407272 (2J + 1)

0<R;(z) < (C.14)
Proof. Orthonormality gives (C.10). Odd Gaussian moments make its linear—quadratic
cross term vanish. Wick contraction of each squared field gives QG%WZ. The two-particle

phase-space density of this contraction is (87%)71y/1 —4M?/s1,-, mz- The linear term
supplies the displayed atom. At every bounded s only finitely many internal shells con-
tribute. Their total multiplicity is O(s%?) giving polynomial spectral growth. External
Schwartz smearing therefore makes the cutoff two-point functions converge. Equivalently
the cutoff observables applied to the vacuum converge in the free Hilbert space.

For each mass a > 0 two subtractions of the Euclidean bubble give (C.13). Its disper-

V1-— 4a/s
B
r(za) 167r Aa s2(s + z)
The bound 0 < t — log(1 + ¢) < t?/2 and fo u?(1 — u)?du = 1/30 imply 0 < Br(z;a) <
22/(960m%a?). For the omitted shells j > J +1 > 1

sion form 1is

> 8(2@;r2 1)2’ 5 (217'];41)2 - 8;54 i 1 - 1LY

= 2 - (25 +1) 128(2J + 1)
This proves (C.14) and convergence of the subtracted response. The bubble sum is locally
normally convergent off its cut (—oo, 4m5] So is analytic at z = —m(S The isolated pole
and its weight follow. Local contact polynomials affect neither the spectral measure nor
this residue. O
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The intensity therefore measures the internal scalar gap in this quadratic realization.
Its complete two-point response can be bounded using finite spectral sums. For 0 < z/a < 4
the bubble integral before its factor 1/(1672) has the convergent alternating expansion

(=D sz \n (n)?
S EEE) ot

n=2

Adjacent even and odd partial sums give rational bounds for each retained shell. Together
with (C.14) these propagate the existing intervals for y;, and mg directly to the response.
For a colour observable in a common source representation a nonzero cross weight at the
same mass gives a positive lower bound on its mass weight (Appendix G.8.5).

C.6 The radial curvature polynomial

The Gaussian colour source selects the radial polynomial P(N) = AgN + krN? of (G.54).
In the condensed quadratic realization above evaluate this polynomial on the internally
integrated scalar amplitude

rea) = [ 3 B, da(€) ) ~Plun) (C.15)

At finite internal cutoff expand the polynomial and Wick order its elementary fields to-
gether. The limit is taken after external smearing. The internal integral precedes the
polynomial evaluation.

Proposition C.3 (Spectrum of the radial curvature observable). Write y = yr, and Z = Zf,
with m = ms and enumerate the real internal modes including multiplicities by ¢ with ¢ = 0
the constant mode. Set

2 1
a:ﬂ b

=— =a(Agp+2
\/Z ) Z7 g1 (1( R + ’%Ry)7
g2i = b(Ar + 26RY) + KRA 50, h = 2k Rab, k = kgb®.
Let p,(s;mq,...,m,) be the positive spectral density of the product of r free two-point

functions normalized by

[s — (m1 + m2)?][s — (m1 — ma)?|
p2(s;my, ma) = v TP Lo>(mi+mo)?

The connected measure of (C.15) is

pR(dS) = .gfdm2 (dS) + pcont(s) ds, (016)
pcont(s) =2 Z ggiPQ(S; M;, Mz)

+h? |2 Z pa(s;m, My, M;) + 4ps(s;m, m,m)

)

+ K 8204(8; M;, M;, My, Mj) + 162,04(8; M;, My, M, M;)

i %

- 108 —



The atom has weight
4y
gl = — r+ 2kpYy)? > 0.
The continuum begins at 4m2. The three- and four-particle contributions begin at 9m?
and 16m?. The full internal tower defines a tempered positive two-point distribution with
peont(8) = O((1+ 5)°) in fixed response units. Six continuum subtractions give the conver-

gent response

2 o)
R 9 6 Peont (S) — 02>
Cr(z) = +z /4m2 (51 2) ds, z=0Q">0. (C.17)

Proof. Orthonormality gives [ E? = y+apo+b > 90%. Polynomial expansion and common
Wick ordering yield

R291800+Zg2i1s0123+h23@080?Z‘H‘?Z:%Z%Q‘ T
i i ij

Different Wick orders are orthogonal. With D; = Ai(z; M?) and S, = Y, D! the con-
nected covariance is

9iDo+2)  g5;D} + h*(2DoSa + 4D3) + k*(855 + 1654).

The cubic zero-mode term has six contractions. Each mixed cubic term has two. The
quartic equal-mode term has twenty-four contractions and each unordered unequal pair
has sixteen. This proves the spectral coefficients. Successive phase-space convolution gives

(Vs—mry1)?
p7~+1(3; ma, ... 7m7’+1) = / Pr(uy mi, ... 7m7‘) 02(35 \/av mr—‘rl) d’LL,
(a=1ma)?

with zero for an empty interval. In particular 0 < p,.(s) < s"72/[(r — 2)!(1672)""1].
Only modes with M; < /s contribute and their number is O((1 + s)3/2). The quadratic
and cubic densities and the quartic density are therefore bounded respectively by O((1 +
5)3/2) and O((1 + s)/?) and O((1 + s)®). External Schwartz smearing makes the cutoff
observables applied to the vacuum a Cauchy sequence by positivity and these bounds. The
six-subtracted integral is integrable at infinity as O(s~2). Its continuum part is analytic
off (—oo, —4m?] proving isolation of the positive atom at z = —m?. O

The mixed response with the canonical constant mode is exactly (po(z)R(0)). =
1A (z;m?). Thus this radial observable couples to the scalar excitation through a nonzero
one-particle vertex. The subtraction in (C.17) fixes the first six continuum Taylor coeffi-
cients at zero. Other local choices add a polynomial of degree at most five and preserve
the spectral weights.
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C.7 The free local net

For the bosonic tower of Theorem C.1 let F' be a real test function on My, x X3 with finite
internal spectral support. With ®(F') the reconstructed field set

2A(0) = {e@(F) s suppy, F' C (’)}” (C.18)

for bounded open event regions O. The net is isotonic and Poincaré covariant. It is local
with positive-energy translations and the reconstructed vacuum. The Reeh—Schlieder and
CPT conclusions hold under the standard Wightman hypotheses [27, 28].

C.8 The interacting local net

Use the four-dimensional gauge—matter realization of the generated carriers. Its event con-
nection A has structure group Giyt. Retained internal connection components are adjoint
scalar fields on M. A finite internal resolution IIy retains complete Giyz multiplets of
these scalar fields and the full matter module Mg, with the elementary connector. The
projector acts on mode labels and commutes with the fibre action. The notation Il dis-
tinguishes this resolution from the neutral projection Py in Section 5. Locality refers to
x € My . Internal overlap coefficients fix the vertices and leave the causal cone unchanged.
Products are evaluated with their full internal support before integration over Xj.

For this field realization gauge parameters depend on the event variable and take values
in the generated Lie algebra gin;. Writing ¢x collectively for associated scalar and matter
fields the classical differential is

sNA=dc+[A,d], sye=—1[e,d, SNON = —pi(Cc)oN- (C.19)

The internal projector commutes with p.(c). So these transformations close on the retained
fields. The graded Jacobi identity and the representation identity give s?\, = 0. In particular
the gauge bracket is the original matrix bracket rather than a projected product of internal
functions.

For a compactly supported test function f on My, write the full retained field multiplet
as &y = (A, ¢n) and set

VN(f) = o f(.T) »Cint,N(‘I)Ny a(I)N)($) d4$, (0.20)
%

where Ly, v is obtained by expanding the native curvature Fy = dA+ AN A and common
matter transport with the scalar connector of Section 8. Its matrix commutators and
internal mode products together with the charges and source-natural relative structure are
those fixed by the source response. Numerical Yukawa weights of distinct quark and lepton
channels remain action-level dynamical data. The free quadratic part is the covariance
of Theorem C.1 together with the gauge-fixed normally-hyperbolic and Dirac operators
of the same generated modules. The local action used here consists of the curvature
square and covariant scalar and Dirac terms together with Yukawa terms and an invariant
scalar polynomial of degree at most four. With [A] = [¢] = 1 and [¢)] = 3/2 together
with [0,] = 1 its vertices have engineering dimension at most four. Internal derivatives
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contribute fixed mode coefficients. This is the renormalizable local field realization. The
complete logarithmic functional of Section 8 determines the collective response and its
equilibrium masses.

Theorem C.4 (Finite-resolution perturbative local net on the generated Lorentz carrier).
At every gauge-compatible finite internal resolution described above the local functional
(C.20) determines a finite-resolution Poincaré-covariant causal perturbative local net on
My as a formal power series in the native interaction. If T, are locally covariant time-
ordered products and

SR =1+Y ng(mn), Sy(F) = SOV)"'S(V + F), (C.21)

then causal factorization gives
Sv(Fy + Fo + F-) = Sy(Fy + Fo)Sy(Fo) ' Sy(Fo + F-) (C.22)

whenever supp F; is causally later than supp F_. For a bounded causally convex region
O C My choose f = 1 on a neighbourhood of its causal hull. The algebraic adiabatic
construction

Ry, n(0) = alg{ Sy, (s (F) : F local, supp F' C O} (C.23)

is independent of the choice of f up to the canonical relative S-matrix isomorphism. These
local equivalence classes form an isotonic local Poincaré-covariant net satisfying the time-
slice property. For the gauge theory the physical net is

Aphys, v (O) = H(Av,n(0), 54) (C.24)

where s, is the renormalized BRST differential. The anomaly identities in (4.54) and the
even number of weak doublets permit a BRST-preserving normalization to every pertur-
bative order. Hence sg =0 and (C.24) is independent of the gauge-fixing representative.

Proof. The generated Minkowski carrier is globally hyperbolic and at fixed N the free
gauge-fixed system is a finite Green-hyperbolic multiplet. Its advanced and retarded prop-
agators therefore have support in the cone (10.4). The Peierls bracket of functionals with
spacelike separated supports vanishes. The microlocal extension theorems of causal pertur-
bation theory construct the 7}, while preserving causal factorization and covariance with
the field equation [54, 55]. Equation (C.22) proves isotony and locality. The causal iso-
morphism between two switching functions that agree near the causal hull of O gives the
algebraic adiabatic limit and the local equation of motion gives the time-slice property.

All internal overlap tensors are intertwiners of the fibre action. Since Iy commutes
with that action restriction to complete retained multiplets preserves invariance of the
integrated action Sy so that sySy = 0. Couple each field antifield to its variation in
(C.19) and include the usual antighost—auxiliary-field pair. Invariance and s?\, = 0 give
the classical BV master equation (Sgy, n,Sv,n) = 0. Thus the finite field system has the
same closed gauge algebra as its source carriers.

- 111 —



For gauge fields one applies the BV-BRST extension. Perturbative Yang—Mills observ-
ables are the degree-zero cohomology of the renormalized BRST differential and the Ward
identities can be imposed whenever the local anomaly class vanishes [46]. The generated
chiral module has vanishing cubic and mixed gauge-anomaly coefficients together with the
gravitational gauge-anomaly coefficients by (4.54). The perturbative Adler—Bardeen theo-
rem applies to this renormalizable gauge—scalar—spinor system. Here Gjy is compact with
one Abelian Lie-algebra factor. The classical master equation holds and complete chiral
multiplets have the vanishing anomaly coefficients above. In a locally covariant normaliza-
tion satisfying perturbative agreement the one-loop cancellation therefore gives all-order
gauge-anomaly freedom [47]. Retained adjoint scalars add no chiral anomaly and each full
matter copy has the same cancelling coefficients. The global mod-two obstruction is absent
because the number of weak doublets is even. It follows that the quantum master identity
can be normalized so that sg = 0. Standard BRST homological arguments give gauge-fixing
independence of the physical cohomology and preserve causal factorization. O

The source scale selects the gauge-compatible finite internal resolution at which an
observation is made. At that resolution the theorem is exact in event support and causal
order and perturbative in the native vertices. Its gauge symmetry is the local Giyt action
on the event carrier. Internal modes label complete associated multiplets. Joint reso-
lution carries the internal products together with their unresolved product correction as
established in Section 8.1. The complete internal spectral response is retained in the con-
densation and mass-gap theorem of Section 8.8. The local Lorentzian net is its event-space
field representation.

D Statistical interpretation of the internal geometry

The level-set interpretation of Section 4 concerns Gaussian fluctuations on the generated
Euclidean event carrier Ey-. On its real nuclear test space a continuous positive covariance
C defines a centred Gaussian measure on the distribution dual through

Z(f) = exp[-3C(f, f)]

by Bochner—Minlos [53]. Reflection positivity is a further condition proved for the product
covariance in Theorem C.1. Here C specifies field fluctuations on the base. The tangent
Gaussian law of Section 3 specifies the source increments.

For a translation-invariant tempered covariance on Ey = R* Bochner-Schwartz gives
the distributional representation

C(z,y) = /eip'(m_y) dv(p), v>0.

Rotation invariance makes the kernel radial and when v is absolutely continuous its density
a function of p2. If the field additionally has scaling dimension one its covariance has away

from contact terms
c ~ _
Clz,y) = ma Clp) xxp™%;
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The degree —2 follows from homogeneity in four dimensions.

For a smooth mollification o, of this field the regular-value theorem makes every regular
level {z : 0.(x) = s} a smooth hypersurface. The round/projective geometry can then
serve as an ensemble-level model for these surfaces. This is a geometric interpretation of
the fluctuations. The internal classification is proved in Theorem 4.3 and Proposition 4.4.

E Relative spectral estimates

E.1 Relative information and Hilbert—Schmidt convergence

The subtracted response = — log(1 + ) = O(z?) makes Hilbert-Schmidt summability
sufficient to control the potential and its first two derivatives. This control passes through
the stationary equation to the normalized radial mass. The finite Gaussian relative-entropy
identity fixes the sign and comparison direction of the prescribed response (Theorem 8.3).
The bosonic fluctuation determinant has the sign convention of Theorem B.6.

Let A > 0 and B > 0 be real symmetric matrices on an n-dimensional real mode
space. Set Ay = A+yBfory>0and T = A~1/2BA~1/2 For the centred Gaussian laws
vo = N(0,A7") and v, = N(0, A, ")

2Dx1,(vollvy) = Tr{yT —log(I +yT)}. (E.1)

The Gaussian relative-entropy formula [12] also applies when A and B do not com-
mute. The log density ratio is —% logdet(4,A™1) + 22T(A4, — A)x. Its vy expectation is
%{Tr(yBA_l) —logdet(I + yT')} giving the result by cyclicity of the finite trace.

Reversing the two laws changes the eigenvalue function to log(1+xz)+(1+2)~!—1 whose
second derivative changes sign at * = 1. Equation (E.1) uses real Gaussian coordinates.
For the usual proper complex Gaussian convention the factor 2 on its left is absent. General
fixed weights define the weighted response of Theorem 8.2.

Theorem E.1 (Hilbert—Schmidt convergence of the relative potential). Let A > a,l > 0
be self-adjoint and let b be a nonnegative form on D(AY/ 2). Suppose its relative form is
represented by a nonzero positive Hilbert—Schmidt operator 1" meaning

blu,v] = (AY2u, TAY?0).
The forms a, = a + yb for y > 0 are closed on the same domain. The relative functional
Ir(y) = Tr{yT —log(I + yT)} = —logdet o(I + yT) (E.2)
is finite and nonnegative. It is strictly convex with

Ip(y) = Te{yT*(I +yT) 7'},
I (y) = To{T*(I +yT) "} > 0. (E.3)

For finite-rank orthogonal projections Py — I strongly Ty = PyT Py converges to 1" in
Hilbert—Schmidt norm and Iz, — I in C?([0,Y]) for each finite Y.
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Proof. Since T' is bounded and positive alu] < ay[u] < (1 + y||T||)au]. So the form norms
are equivalent. For the positive eigenvalues t; of T one has 0 < yt; —log(1+yt;) < y2t§ /2.
The sum and its first two derivatives together with its higher derivatives on compact
positive y intervals therefore converge normally. The regularized determinant in (E.2) is
the convergent product [] j(l + yt;)e Y. These facts prove the formulas and positivity.

Finite-rank approximation of a Hilbert—Schmidt operator gives the asserted norm
convergence. More explicitly for positive Hilbert-Schmidt S, 7 put § = ||S — T2 and
¢ = ||S|l2 + ||T||2 with ¢ = ||T||3. The resolvent identity and the trace-ideal product
estimate give uniformly on 0 <y <Y

Is(y) = Ir(y)] < (Ye/2+Y?q/3)0,

1I5(y) = Ir(y)| < (Ye+Y?g)s,

115(y) — I7(y)| < (¢ +2Yq)0. (E4)
Indeed [|S? — T2||; < ¢d and ||(I +yS)™' — (I +yT)~!|| < yd. For the squared resolvents
the latter bound is 2yd. Substitution in (E.3) and integration prove the bounds. ]

If the truncation commutes with A expressing the compressed form relative to A gives
PNTPy. Other truncations require a bound for their relative operators such as (E.4).
For B = gI the inverse three-dimensional conformal Laplacian is not trace class on L2.
Proposition G.8 constructs the Gaussian law on a negative Sobolev space and computes
its density and restoring moments there. Convergence of the compensated trace uses the
Hilbert—Schmidt relative operator. A principal-symbol deformation can instead have rela-
tive order zero for which the displayed quadratic summability condition must be checked
separately.

Theorem 8.2 classifies stability. For a finite positive matrix S = Tr T and the condensed
stability interval is —25 < p < 0. The same restriction persists with infinitely many modes
if fixed Gaussian weights make S finite. With the unweighted positive Hilbert—Schmidt
form of Theorem E.1 the only distinction is whether T is trace class. If weights vary with y
or the scale parameter their derivatives contribute to the stationary equation. For a signed
coordinate r uniqueness of y, = r? > 0 gives two coordinate minima r = +./Yx. Whether

they represent distinct vacua depends on the symmetry and observable algebra.

E.2 Gaussian-weighted scale dependence and stability

Theorem E.2 (Scale dependence of the Gaussian-weighted potential). For the same com-
muting conformal deformation A, = A + gyl let L,g,7 > 0 and u be C! functions of a
parameter o on an open interval. Put ¢; = (2j+1)2—~1/4 and d; = (2j+1)%. Set a; = c;/L?
and f(x) =z —log(1l + x). Retain the unnormalized Gaussian weights independent of y in
the complete response

Floy) = 5r+ 3 die ™ flgy/a),  y=0. (E.5)

J20

The dimensionless variables

k=gl z=ry, x=ae, Jl2)= Y die " f(z/c;) (E-6)
J

T
= 2K

L%’
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give F' = xz + Jy(2). Define

dje—9% dje9% dje9%
S()) =3 = — =Y e Bea=
J

J J

The response has a unique positive global minimizer precisely when —S(q) < x < 0. On
this open stable set its stationary branch is C! in ¢ and with primes denoting parameter

derivatives . ' B
r_ =X +d'2B(g; %) PP %y (E.7)

Z* - H(q,Z*) ’ Yy K

Proof. On compact parameter intervals ¢ > g9 > 0. For bounded z > 0 every derivative
used here is bounded by a polynomial in ¢; times e™ %% after reducing qo if necessary. These
bounds are summable since ¢; < 4% and d; < 42. Hence the series may be differentiated
locally. Direct calculation gives

0.0y =3 HCTE g S0, O,0.dy = 2B
z2Yq ‘Cj(Cj—FZ)’ zYq — ’ qvzeq — :
The derivative x + 0, .J; increases from x to x +5(¢q). Theorem 8.2 gives exactly the stated

domain of positive minimizers. The implicit function theorem applied to x + 0,J4(2) =0
gives a C'! branch and (E.7). O

The branch derivative is along the specified path L, g, 7, u. Constant 7/L? leaves the
weights unchanged. Amplitude-dependent weights or running prefactors require additional
derivatives.

For attenuation alone the boundary can be read directly from this branch. Fix L, g
and p < 0 and increase ¢ = 7/L?. There is a unique g. > 0 with S(g.) = —x. The positive
minimizer exists exactly for 0 < g < ¢.. It increases strictly with ¢ and tends to infinity
as ¢ T ¢c. Its unnormalized radial curvature 4y, F,, = 4kz,H(q, 2.) tends to zero. Since
S'(q) = —>2;dje %% < 0 with §(0+) = oo and S(co0) = 0 there is exactly one g.. The
branch equation gives dz./dq = z.B/H > 0. At q. every finite z has 0,J,,(z) < S(qc)-
Hence z, — oo. Finally

0 < 4kz H(q,2z4) < Z:: Zdje_qcf — 0,
J
since the last sum is uniformly bounded near ¢. > 0.
This attenuation boundary at fixed spectrum and drive differs from a path with running
spectrum and drive. Compact subsets of the stable parameter domain instead have uniform
positive lower bounds for the root and H.

E.3 Truncation, stationary amplitudes and mass errors

Proposition E.3 (Uniform truncation and response error control). For the scalar confor-
mal operator on RP? of radius L write

(25 +1)2—1/4
aj = L2 s

d; = (25 +1)%, j=0,1,....
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For the commuting deformation A, = A+ gyl with g > 0 take t; = g/a; and §; = d;.
Then Q2 < oo but S = co. So every p < 0 has the positive global minimizer described
above. Retaining 0 < j < N

d4
Tow =Y % < — (E.8)

On 0 <y <Y the errors in I, I, I" are respectively bounded by ¢*Y?T, y/2 and ¢*Y Ty y
and 92T27 ~ and all three errors are nonnegative.

Proof. For u = 2j +1 > 1 one has u? — 1/4 > 3u?/4. Consequently dj/ajz < 16L4/(9(25 +
1)?) and the decreasing-function integral bound gives > sn(27 + )72 < [2(2N + 1) L.
Also dj/a; > L* proving divergence of S. The scalar bounds 0 < z — log(1 + z) < 2%/2

and the derivative formulas prove the three remainder estimates. The constant conformal
mode is included throughout with ag = 3/(4L?). O

For fixed weights w; = e™7% with 7 > 0 the restoring slope is finite and obeys

dje”™ 4 L
S, = !]Z je < §9L26—3T/(4L2) <1 + VT > ] (E.9)
J

(Ij 4\ﬁ

This follows from dj/a; < 4L%/3 and a; > (452 + 3/4)/L?. Tts weighted T y is at most
e~ 7oN+1 times (E.8). The unweighted potential F, uses the divergent restoring slope S = oo
established above.

Stationary amplitudes and radial masses. Suppose the finite and completed com-
muting responses share g and their retained a;, 8; with the drive . Suppose their positive
roots yn, Y« lie in one interval [u, Y] on which the finite second derivative has a lower bound
m > 0. With T27N = ZPNBj/a?

Yo N

- (E.10)

0<yn -y« <
More generally if py replaces p and all other changes produce a C' derivative error at
most €7 on this interval the absolute root error is at most

_lpv —pl/2+ Y Ton + e
m

Oy : (E.11)

The common bracket must contain both roots. The lower bound m must apply to the
finite potential after all parameter and operator modifications. Let Qi = Zj Bi(g/a;)*
for £ = 2,3 and assume @3 < oco. For the conformal tower this follows from a; > ag > 0
and Q3 < (g/ap)Q2. With no additional second-derivative changes the radial curvatures
Cn = 4ynI{(yn) and Cy = 4y, I"(y,) satisfy

IOn — Ci| < 4{(Q2 +2YQ3)6, + Yg*To N} (E.12)

If a further second-derivative error is bounded by €2 add 4Y e5 to the right side. For kinetic
coefficients Zn, Zy, > 29 > 0
Cn _Ch
A

Jlev-al clzy -2

— 2

E.13
- - (E.13)
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Proof. The full derivative exceeds the finite derivative. So its root is no larger. Apply the
mean value theorem to the finite derivative and then the tail estimate. The same argument
with the joint derivative defect gives (E.11). The bounds I}, < Q2 and |[Iy]| < 2Q3 give
(E.12). Subtraction of the two normalized fractions gives (E.13). O

Opposite derivative signs at u and Y including the error bounds give a common root
bracket. One retained mode with 8; > 0 supplies m = 3;¢%/(a; + g¥)?. For fixed p < 0
sufficiently large unweighted conformal truncations inherit such a bracket. Uniformity
near p = 0 requires additional bounds. Both the positive root and its radial curvature can
approach zero.

A finite truncation has a finite limiting restoring slope. The low modes must therefore
balance the largest negative drive on the scale interval before the cutoff can approximate
the condensed branch. Those same modes give a common root bracket and a positive
derivative bound. The remaining modes determine the truncation error.

Uniform control on a condensed scale interval. Along the path of Corollary 8.3
suppose the coefficient functions satisfy

0<v_ <y <y, 0< ko <k <Ky, 0<Z_<Z, < Zy4.

Truncate only the unweighted potential at j = IV keeping its drive and normalization with
the constant conformal mode. Put

N
diz
— (24 2_1 (9 2 — J
c;=(2j+1)2 -1 d;=(25+1) HN(z)_ZC'(C'_FZ).
j:()‘j 7
Choose an integer M > 0 with M + 1 > 2v; and define
Y=cu, Bo=58, Bs=% u=—— m=H)(Y)>0 T’N:78
’ 37 97 2By’ M ’ 92N + 1)

For every N > M both the complete and truncated potentials are coercive and have unique

positive global minimizers with

Yr
u<zp<zyp <Y, 0<znyg—2r < mN’ 'HN(ZNJC) = V. (E.14)

Set m?\,k = 4kpzN g Hy (28 k) /Zk. The full scalar mass towers constructed from either
amplitude on their common H? domain satisfy

dk_
]ingmin{m?v b may > T = /iZum > 0,
6 ) ) +
E.15)
4kt Y By +2YB (
sup [miy , —mg i < Krrw, Kr = Z+ <1 + =2 3) -
kel _ m

The last error is also the norm of the bounded difference between the two mass-squared
operators uniformly in k. Thus a single finite N > M with 8K;/[9(2N + 1)] < ¢ achieves
any prescribed mass-squared accuracy € > 0 on the whole interval.
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Proof. Proposition E.3 at L = 1 gives 3, dj/c; < 16/9 +8/9 = By and > dj/c3 <
(4/3)Bs = Bs. Hence Hy(u) < H(u) < Bou < v_ whereas

1 dj 1

Hu(Y) > 5 e (M +1) > vy,

j=0 7

Monotonicity brackets every root as asserted. The finite limiting restoring slope exceeds
V4. So the stability classification of Theorem 8.2 also proves coercivity of each truncated
potential. On [u,Y] one has H/y > H,,;(Y) = m and 0 < H —Hy < Yry. The mean
value theorem gives the root error. Moreover H'y < By and |H7,| < 2Bs. Applying these
bounds to zH/y () and using 0 < H' —H/y, < ry proves the mass error. The common lower
bounds z > u and H’' > m give I';. Both mass operators retain the same complete Laplace
tower and differ only by their constant shifts proving the operator assertion. O

The coefficient bounds must hold on the entire path. The auxiliary constants use finite
sums. So interval arithmetic with outward rounding can include their evaluation error. The
displayed errors concern the exact truncated root zy . A numerical root enclosure must
also bound the root-solving error. The derivative lower bound m converts a residual bound
into such an enclosure and Proposition E.3 propagates it to the radial mass. Choosing
e =1I'1/2 bounds the spectral truncation error relative to the positive gap.

E.4 Landau approximation and the exact stationary equation
Proposition E.4 (Landau approximation and exact conformal stationarity). In Theo-

rem 8.2 suppose M :=sup; t; < oo and put Q3 = Zj Bjt?- < M@2. Writing Agpec = 2Q)2

AS ecC
Fu(y) = gy + %zﬁ + R(y),

one has for all y > 0

R(y)| < Qsy°/3, IR (y)| < Qsy?, IR"(y)| < 2Qsy. (E.16)

If 1 < 0 let Yquad = — ¢/ Aspec be the stationary amplitude square of the quartic approxima-
tion. If n = Myquaa < 1 the complete potential is stable even in the finite-restoring-slope

case and
Yquad
Yquad < Ys < 1qian, (1 =n)(=2p) < dyd"(y.) < —2p. (E.17)
With kinetic coefficient Z, > 0 the radial mass is m2,,, = 4y.I”(y«)/Z«. Unit kinetic

normalization sets Z, = 1.

Proof. For x > 0 one has 2?/2 — [z —log(1 + z)] = [; s?/(1 + s) ds. Differentiation gives
the three remainder bounds. Furthermore

yQ2
T+ il < I'(y) < yQa, S > Q2/M > QaYquad = — /2.

The stationary equation I'(y.) = Q2Yquaa yields the root bounds. Each summand in
y.I" (y.) is its corresponding summand in I’(y.) times (1 +y.t;) . This factor is between
(14 y«M)~1 > 1 —n and 1 giving the curvature bounds. O
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For B = gl the quartic coefficient at £ = 0 is Agpec = 2g°> Tr A=2. The formula
mzurv = —2u holds for a quartic potential with unit kinetic normalization. Under (8.14) it
gives 3 6(R.—R). The complete logarithmic response has a strictly smaller curvature with

the difference given by (E.20).

Exact stationary equation for the conformal tower. For the unweighted full con-
formal tower set £ = gL? and ¢; = (2j + 1) — 1/4. Put d; = (2j + 1)? and J(z) =
> djlz/c; —log(1 + 2/c;)]. Its derivative is

m wb b 1 1

g—Itan?, OSZ<Z’ b= Z_Z’
H(z):=J'(2) = T z=1, (E.18)

g—i—%tanh%, z>%7 s = z—i.

The function is smooth and strictly increasing from zero to infinity with #'(0) = w(7+2)/8
and H'(1/4) = 72 /8. Consequently for every p < 0 the full potential F,(y) = uy/2+ J(ky)
has stationary amplitude and radial curvature given by

I3 R m(m+2) 5

o Y= Ci = 4rzH (24), Aspec = ——— K~ (E.19)

H(z) = — 1

Here C. is the radial second derivative and the squared radial mass is C,/Z, in the stated
normalization. The correction to the quartic curvature is

d;
2

Proof. Logarithmic differentiation of cos(mb/2) = [];5,(1 — b2/(2j + 1)2) gives
Z 1 N m tan b
(2112 —p2  4p o
SR+ 4 2

The product follows by dividing the Euler products for sin(7b) and sin(7b/2). Take contin-
uous limits at zero. For b?> = 1/4 — z termwise rearrangement of the convergent derivative
yields

/ 1 : :
R DT e s R DT e Tl

Substitution and b = is prove the real formulas on the two intervals. Normal convergence
of the differentiated defining series proves smoothness also at z = 1/4 and gives H'(z) =
> di/(c; +2)2 > 0. Evaluation at zero gives the stated quartic coefficient. The hyperbolic
formula gives the infinite limiting slope. The stationary equation then has exactly one
positive root. Differentiating F),(E?) gives Cy. Finally subtract z,H'(z.) from H(z) term
by term and use the stationary equation to obtain the positive correction. O

The stationary equation retains the complete logarithm including j = 0. The zero-
mode realization instead omits that term from its eliminated tower. Gaussian weighting

- 119 -



replaces the defining series by the weighted sum. For the present unweighted response the
tail and Landau estimates give controlled approximations to the exact equation.

The hyperbolic expression also fixes the large-amplitude growth. Since s = /z +
O(z7/?) and tanh(ws/2) = 1 4+ O(e™™) it gives

J()=SvE+ g +0E?), () = %z3/2 + %z +O(/2).

The second formula follows by integration from any fixed positive z. With I(y) = J(ky)
these formulas give the restoring asymptotics in Section 8. They describe growth only as
the amplitude tends to infinity. Normal convergence controls the response and its first two
derivatives at every finite amplitude.

F Auxiliary Yang—Baxter and RTT algebra

The exchange-algebra comparison in Section 10 uses the standard rational R-matrix|[36,
Chapter VI, Sections 1-2]. The generated phase-sensitive carrier fixes its equivariant class.
The retained Dirac levels supply the monodromy inhomogeneities. Thus the exchange
construction uses the existing mode labels to organize a finite auxiliary family of commuting
operators. The classification is within rational difference families regular at the origin and
nonconstant modulo scalar functions.

F.1 Carrier and spectral inhomogeneities

Let S 22 C? be the minimal phase-sensitive spin module of Theorem 4.5. On the selected
spin lift put

. 3
D := RyDx,, A::n+§, n=0,24,.... (F.1)

Let Py = 1(0700)(ﬁ) and Dy = Dlyan p, - The resolvent (D +ul)™! has poles at —(n+3/2)
for even n. For a cutoff ¢ the retained absolute positions of these poles form

@c:{n+z:n€2N0,n+2<c}. (F.2)

If 11/2 < ¢ < 15/2 then ©. = {3/2,7/2,11/2}. Using these pole positions as spin-chain
inhomogeneities defines a finite spin chain for each cutoff.

F.2 The rational equivariant family

Let Ph@w)=w®vonS®S.
The multiplicity-free decomposition S ® S = Sym? S @ A2S and Schur’s lemma give

Endgr(2)(S ® S) = Cllgyy © Cllay = spanc{/, P}. (F.3)

Here Mgy = (I + P)/2 and Iy, = (I — P)/2.
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Rational difference solution. Consider a difference-type SU(2)-equivariant family
R(u) = a(u)l + b(u)P with rational coefficients that are regular at the origin a(0) = 0
and b(0) # 0. Require the family to be nonconstant modulo scalar functions. The rational
function a(u)/b(u) is nonconstant. Every solution of the additive Yang—Baxter equation
in this class is after multiplication by a nonzero rational scalar function and rescaling the
spectral parameter equivalent to

R, (u) = ul +nP, n # 0. (F.4)

By (F.3) divide by b(u) near zero and write R(u)/b(u) = r(u)l + P. Scalar factors cancel
in YBE and RTT. The standard flip calculation [36, Chapter VI] gives

[r(u+v) —r(u) —r)|(Pr2Pos — Pa3Pi2) = 0. (F.5)

The second factor is nonzero. So r is locally additive. Regularity gives r(u) = au by
differentiation at zero. Rational continuation extends the identity. Nonconstancy of a/b
fixes @ # 0 and division by « gives (F.4) with n = 1/a. Scalar equivalence is understood
away from isolated zeros and poles with the identities continued rationally across them.

The qualification modulo scalar functions is essential. For example R(u) = (1 + u?)P
is nonconstant as a matrix-valued function and is regular at zero. It satisfies YBE but
a/b =0 and its normalized family is the constant flip P.

The regular family obeys

Ry(0)=nP.  Ry(uw)Ry(~u)= (1 —u’)L. (F.6)

Its eigenvalues are u + n on the three-dimensional symmetric summand and u — n on the

antisymmetric line. The second identity is the algebraic unitarity relation with scalar factor

n? — u?.

F.3 Yang—Baxter, RTT, and commuting transfer matrices

The standard rational construction [36, Chapter VI, Sections 1-2] now applies to the gen-
erated carrier and the retained pole positions. The family (F.4) satisfies

ng(u)ng(u + U)Rgg(v) = Rzg(v)ng(u + v)ng(u). (F7)

Fix n # 0 in the same dimensionless spectral units as u and the pole positions. For any
finite list #; € O, the monodromy

To(u) = Rany(u—0n) -+ - Ra1(u — 07) (F.8)
satisfies
Rap(u — v)To(u)Tp(v) = Ty(v)To(u) Rap(u — v). (F.9)
Consequently
t(u) = Trg Ty(u), [t(u),t(v)] = 0. (F.10)

The flip relations give (F.7). Iteration along the finite chain gives RT'T. Generic invertibility
of Ryp(u—v) and cyclicity of the trace over the auxiliary spaces give the commuting transfer
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matrices. Their identities extend through exceptional spectral parameters by polynomial
continuation.

For the chosen rational normalization 1 and finite list of retained Dirac levels the
carrier S supports this auxiliary exchange algebra and its commuting transfer matrices. A
scattering interpretation additionally requires a particle sector in which the R-matrix obeys
elastic factorization with Hilbert-space unitarity and analyticity together with crossing.

G Source response algebras and representations

The ladder matrix units generate the response algebras and compatible positive states
used in Sections 4 and 5.2. Coherent observations distinguish their two-level operations
whose diffusion limit has the round spectrum. The collective-amplitude and Gaussian-field
constructions realize the spectral response of Section 8. The same ladder operations occur
in the minimal-change construction of Ref. [8].

G.1 Finite response capacity and a sourced susceptibility

Write Hg = L*(R) and N = ajap with hj = hy ;. The lowering partial isometry in the
polar decomposition a = Sv N satisfies

Shg=0,  Shj=h;_1 (j>1).

Thus

n—1
Py=1-5"S,  Ey= ()RS =|h)hjl, Po=)_ Ej. (G.1)
§=0
The same matrix units construct every finite response corner. Their linear span is norm
dense in the compact-operator ideal K(Hg). A ladder phase change conjugates matrix
coordinates and preserves the algebras and ranks for every n.

Full and connected source-response ranks. Let H, = P,Hg and N,, = N|g,. Fix
t >0 and K € Herm(H,,). Define the sourced finite-resolution Gaussian response by

Ry(K)=e tNntK 7 (K) =TrR,(K),  Wu(K) =log Z,(K). (G.2)

At K = 0 the real-linear derivative of R, has rank n?. The connected susceptibility
D?W,,(0) is nonnegative with kernel RI,, and therefore has rank n? — 1.

Proof. Put R = e *Vn and p = R/ Tr R. Differentiating the matrix exponential gives

1
DR, (0)[K] = / RY™KR®ds.
0

In the eigenbasis of R the ij matrix entry is multiplied by fol 7“»1_87"? ds > 0. The derivative

7

is consequently invertible on Hermitian matrices. With Ky = K — Tr(pK)I, the second
derivative of the logarithm is

1 1

DQWn(O) [K, K] = / Tr(pl_sKopsKo) ds = E |(K0)’LJ‘2/ p%isp‘; ds. (G3)
0 ;s 0

1’7]
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Every coefficient is strictly positive. The expression vanishes exactly when Ky = 0 namely
when K is scalar. This proves both ranks. ]

The rank calculation allows every Hermitian perturbation in the generated corner
algebra. Restricting the probes can reduce that rank. Connected normalization removes
the scalar direction which changes only the unnormalized response strength.

The Neumann window admits a separate matrix-algebra realization. Let PN project
onto span{¢y.1, ..., ¢y} and let X be multiplication by cos[r(d—/lyv)/Ap] the first positive
Neumann profile. The compressed A\b has distinct eigenvalues 12, ...,n2. So its polynomial
functional calculus contains all diagonal projections. The cosine product identity gives

(Dbj41, X v j) = -
Compressing to the positive modes removes the constant term at j = 1. Hence
2Ej11,j+1X Ejj = Ej14,

and adjunction and composition again generate M, (C). This realization requires the spec-
ified local multiplication probe to be an allowed response operation.

Corners and shells. The corners P,KC(Hg)P, form a nested sequence. Their Hilbert—
Schmidt increments have dimensions

n?—(n—1)72%=2n-1. (G.4)

Moreover [N, E;;] = (i — j) E;; while the corresponding window commutator has eigenval-
ues 2 — j2. Each corner therefore contains several commutator energies. The degenerate
spherical shells instead arise from diffusion on the operation group in Theorem G.2.

G.2 Compatible positive source states

The finite reference states have a common positive completion. The parameter ¢ in this
subsection is the resolution parameter of the ladder spectrum. Write Q,, = I — P,,. A finite
matrix or density is extended by zero on @), Hg whenever a trace norm on the full source
space is used.

Compatible source states and observable completion. Fixt >0 and put ¢ =e".
The normalized finite reference states and their completion are

l—q
1—qn Pog" Py pe=(1=a)d",  lpen — pelli = 2™ (G-5)

Ptn =

For m > n their exact compatibility is conditional

Pnpt,mPn

“nPtmin G.6
Tr(Pnpt,m) pt7 ( )

Consequently every bounded source observable A satisfies | Tr((pr, — pt)A)| < 2e ™| Al|.
Let A, = M, (C) & C represented by (X, c¢) — X & clg,u, and for m > n set

(X, e) = (X & cly—n,c), win(X,c) =(1—¢") Tr(penX) + q"c. (G.7)
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These are unital injective x-homomorphisms and compatible positive normalized states.
Their norm-completed union is

Uge = K(H) +CL,  wi(A) = Tr(pA). (G.8)

Proof. The geometric weights ¢/ sum to (1 — ¢)~!.

The positive and negative parts of
pt,n — pt supported on the retained corner and its complement each have trace ¢". This
gives the trace-norm identity and trace duality gives the observable bound. Compressing
the weights and renormalizing proves conditional consistency.

An observable in 2, is ¢ + (X — ¢l,,) a scalar plus a finite-corner operator. The
embeddings preserve its product and adjoint with the identity while its expectation in
p¢ is precisely (G.7). The states are therefore compatible. Norm density of the finite
corners in the compact operators gives (G.8) with positivity and normalization preserved

on completion. O

The estimate is uniform for ¢ > ¢t > 0. If t = t,, also varies the displayed truncation
error tends to zero exactly when nt,, — co. The limits of the complete states depend on t.
In particular p; — |ho)(ho| in trace norm as t — oo with error 2e~*. As t | 0 every fixed
finite-rank projection has expectation tending to zero. So there is no normal limiting state
on B(Hg).

The scalar ¢ is the common value of an observable on the unresolved tail. Although
w; extends normally to B(#Hcg) the generated norm closure is the smaller algebra 2g.. On
that algebra the limit ¢ | 0 is the quotient character C' + ¢l — c.

G.3 A common carrier for the Gaussian and rotational centres

Proposition G.1 (Common source centre and vacuum phase transport). The first non-
commutative corner is V' = PyHg. On this derived two-dimensional complex space put

A= PQQ(,PQ, J+ = A*, J_ = A, J3 =A"A - %Iv. (Gg)

These operators generate the defining action of Gop, = SU(V'). Its nonidentity centre is
the restriction of the Gaussian full-cycle operator

HE‘V = Iy + Js, e_waG]V _ e—i9€—i0J3’ e—QﬂiHbG’V — Iy c Gop- (Gl())

On the real space e3 = Hermg(V) with (x,y) = %Tr(z:y) conjugation gives the double
cover Gop — SO(e3). The determinant-line transport of the source vacuum is unique up
to phase. On the common carrier its transported number flow has the unique continuous

lift T'(t) = (e~*/3, ¢/6) whose image is the pointwise vacuum stabilizer.

Proof. In the ordered basis hg,h; one has A = |hg)(h1|. Direct multiplication gives
[Ty, J ] = 2J3 and [J3, Jo] = +Js with 322 J2 = 3y /4 where J; = (Jy + J_)/2 and
Jo = (J4 —J_)/(2i). Their skew-adjoint multiples span all traceless skew-adjoint matrices.
Exponentiation therefore generates SU (V). Restriction of N + %I gives (G.10). The real
vector space of traceless Hermitian two-by-two matrices has dimension three. Conjugation
preserves its inner product. Its differential is an isomorphism onto so(e3) and its kernel
consists of scalar determinant-one unitaries exactly {£Iy }. O
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The two central actions agree as operators on V. The group G, acts by reversible
operations. The operators Ji change the level while the stabilizer of Ny in SU(V) is
the maximal torus {diag(e®,e™%) : t € R} =2 U(1). Local frame comparisons retain these
generated operations and their action on the carrier. The half-step is obtained on the full
ladder before compression to V.

G.4 Coherent observations of source operations

A coherent reference level makes the central sign of a two-level operation observable. The
required preparations and operations with their probes all belong to the matrix algebra
generated in (G.1).

Coherent bypass and identifiable processes. Let V = span{hg,h1} and H3 =V @
Chy with U € SU(V). Its controlled extension

C(U) :UGBI(C]12

is a generated reversible operation on Hs extended by the identity on its orthogonal com-
plement. Generated pure states and bounded observables on Hs distinguish any two such
processes including U and —U. If Ay is the unital conjugation-closed algebra generated
by their continuous response functions on SU (V') then

Aoroc 1> = c(sUWVY). (G.11)

Proof. A finite-dimensional unitary has a Hermitian logarithm. Extending a logarithm
of U by zero gives a finite Hermitian response whose exponential is C(U). Similarly fi-
nite unitaries prepare ¥ = (hg + ha)/v/2 for k = 0,1 from the source vacuum hg. The
observables

Xj=Eja+ Eyj, Yy =i(Epp—Ey),  j=01,
and their spectral projections belong to the generated corner algebra. They have norm
one. For ¢} = C(U)yy, direct multiplication gives

(W XjU5) =ReUj, (W, Yjuh) = Im Uy (G.12)

Thus the generated responses recover every matrix entry. They separate points of the
compact group and the complex Stone—Weierstrass theorem proves (G.11). O

The quotient of completed operation words. Let W consist of finite words in the
generated SU(V') operations. Declare w ~ w’ when every generated source preparation
and bounded observation with arbitrary allowed operations before and after the completed
words has the same response. Then

w~w = Uw)=U).

Equality gives identical controlled operators. Unequal products are separated by (G.12).
Since C(UyUy) = C(U2)C(Uy) this is a two-sided composition congruence. Thus the quo-
tient is SU (V) with continuous response algebra (G.11). Allowing interventions inside a
word or operations on higher corners changes the observation class. Likewise observing
only the vacuum-density orbit gives a coarser quotient.
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Local Gaussian cycle. Compress the ordered full Gaussian generator to V. The
bounded Hermitian response Hy = PQHbG_F)Q = %(Eoo + 3E11) is generated by the same
matrix units. Its exponential on the full source space satisfies

Ry(0) i= e ™M — [ — Py + ¢ p,,

(G.13)
Ry(2m)=1-2P,=C(~1Iy), Ry(4m) =1

Indeed P> reduces Hbq Its two retained eigenvalues are 1/2,3/2 and Hy vanishes on the
complement. Thus the angular centre is the endpoint of a Gaussian cycle implemented
on V. The intervening path lies in U(V') with determinant e~%¥?. Its endpoint C(—1Iy) is
central in the controlled group {C(U) : U € SU(V)} but not in the whole source algebra.

G
—2miHy _

The full-source cycle remains e —1. On Hj the local cycle instead has diagonal
entries (—1,—1,+1). The bypass detects the relative sign between V' and its complement
whereas a global sign leaves every density-state expectation unchanged. Equation (G.13)
thus realizes the common central action of (G.10) locally on V.

Averaging over this central operation gives the coarse observation

Ezf(U) = 3{f(U) + f(-U)}. (G.14)

It is the positive unital conditional expectation onto C(SU(V))#*} implemented by an
equal random choice between the identity and the controlled angular centre. Its character
space is SU(V')/{£I} the quotient determined by centre-invariant observations. Centre-
sensitive observations remain available and a spin structure must be specified separately.

G.5 Finite unbiased controls and second-order comparison

Finite unbiased controls and response comparison. On H, let { = 2™/ and
define generated unitaries

Uhj = hj—l—l mod n Znhj = thj'
The equal-control channel satisfies

12 Tr X
b b
En(X) = — > Uz X(Zh) (U = ——1In. (G.15)
a,b=0
In particular it prepares the trace state I,,/n from every density matrix. After that prepa-
ration the logarithmic source response satisfies

_ TreK _
Wa(K) =log——,  D*W,(0)[K,L] =
n

Tr(TIl(L)_TrIi;I‘rL. (G.16)
This comparison is unitarily invariant and is positive definite on the traceless Hermi-
tian responses. For comparison at a fixed source state return to the two-level carrier
V = span{hg, h1} and let B be a symmetric bilinear response on e3 = Hermg (V') with
inner product (z,y) = Tr(zy)/2. Let O C SO(e3) be the 24 orientation-preserving signed

permutations of an orthonormal triple and choose generated lifts ugr € SU(V'). Then

tre, B
3

1 * *
21 Z B(ugpxup, uryup) = (x,y). (G.17)

ReO
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The result is independent of the lift signs and of the orthonormal triple. It applies in
particular to the Gibbs susceptibility D2Ws(0).

Proof. Averaging Z2FE;,Z,° = ¢b—k) Ejj, removes the off-diagonal matrix units. Averag-
ing shifts replaces each diagonal unit by I,,/n. This proves (G.15). The quadratic expansion
of log Tr e*5 L gives (G.16) including its invariance and scalar kernel.

Averaging the diagonal sign rotations removes the off-diagonal entries of the symmetric
matrix representing B. The remaining permutations make its three diagonal entries equal
preserving their sum. All lifts exist by Proposition G.1. Changing a lift by the centre
does not change conjugation. The resulting trace formula is independent of coordinates.
Operationally the left side is the Hessian of the equal average of the response functions
Wa(urKup). O

Equal weights are the unique probability law on the finite control labels that is in-
variant under label translations. With this probability rule the depolarizing channel is
independent of orthonormal matrix coordinates. Equation (G.16) describes perturbations
after preparation of the trace state. Equation (G.2) describes perturbations of the Gibbs
reference state.

State depolarization and susceptibility averaging act on different objects. In Pauli
coordinates the two-level Gibbs Hessian is

2 tanh(t/2) 2tanh(t/2)
=,

B; = diag < 7se(:h2(t/2)> .

Pauli conjugations only change coordinate signs and leave this generally anisotropic matrix
unchanged. Preparing the trace state before probing gives (G.16). Averaging the Gibbs
susceptibility over the 24 rotations gives (G.17).

Theorem G.2 (Unbiased finite-variance operations and the round spectrum). Let & € R3
have a fixed law independent of € with E&, = 0 and E£,&, = cdgp for 0 < ¢ < co. Compose
independent copies of the generated step exp(ie ), &qJ,) retaining the complete process
observation algebra C(SU(V)). After |8t/(ce?)| steps their laws converge weakly to the
unit round heat semigroup. Its positive generator has

A =n?—1, my = n2, n=12,.... (G.18)

The complete centre-invariant algebra has character space RP? and retains odd n. Indepen-
dently averaging each step over the 24 generated controls supplies the moment conditions
from any fixed law with 0 < E|¢]? < oco.

Proof. Put X; =3, faJ(gj ). For each fixed ¢ the remainder in the quadratic expansion of

X

e'“Xi is o(e?). Its norm divided by €? is at most || X;||* < C}|¢|?. Dominated convergence

and centering with the Casimir identity give the one-step Fourier matrix

2
MJ(E) = EQKXj = I — %j(] =+ 1)I+ Oj(€2).
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Its indicated powers tend to e #U+D [ Compactness supplies subsequential weak limits
and density of matrix coefficients identifies each limit. The limiting multipliers compose in
t. For t > 0 their heat series converges absolutely. The compact-group decomposition [15,
Chapter 12] gives

—

L*(SU(V),dg) = P V;® V.

§=0,1/2,...
The angular restriction of the full trace comparison is

gu(UY,UZ) = —3 ReTr(Y Z), Y, Z € su(V).

This metric is bi-invariant and is the unit round metric in quaternion coordinates. Define
its left-invariant vector fields by

d
To=2is,  (Xaf)(U) = - f(Ue)

s=0

Since Tr(JyJp) = dqp/2 one has ge(Ty, Tp) = dqp- The flows of X, preserve the metric and
its volume whose normalization is Haar measure. Thus divy X, = 0 and the nonnegative

Ag=-> Xz

On a spin-j matrix coefficient X, acts through dr;(7;,) = 22}],9 ), Consequently

Laplace-Beltrami operator is

Agly v = 430 + DI

The step exp(ie Y, £aJq) equals exp((€/2) >, &aTrn). On each fixed matrix-coefficient block
the corresponding averaging operator P f(U) = Ef(U exp(ie ), &qaJq)) therefore satisfies

2
ce
P€ =1- ?Ag +0j(€2).

The positive generator of the limit and A, agree on the common core of finite sums of matrix
coefficients for their self-adjoint closures. Hence the limiting semigroup is e *?9 with the
stated number of steps. Each block has energy 4;(j+ 1) and multiplicity (274 1)2. Putting
n = 2j + 1 proves (G.18). The centre acts on matrix coefficients by (—1)% = (—1)""!. Tts
complete invariant algebra therefore retains odd n and has the stated quotient as character
space.

Finally conjugate each step by an independently redrawn uniform signed-permutation
control R and its generated lift ur. This replaces £ by RE with

ErRE =0,  Er(RE(RET = [€71/3.

Averaging over ¢ gives ¢ = E|£|?/3. So the finite second moment controls the same expan-
sion after this averaging. O
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The six-direction and Haar-conjugated walks are special cases. For the equal six di-
rections ¢ = 1/3 and

2

S (e ety =1 - SIGHDI+0,(),  Ne=[24/€). (G.19)

1

6 a=1
For a Haar-conjugated axis exp(—ieg.JJsg~!) the same ¢ = 1/3 follows from rotational invari-
ance and unit length. Schur averaging gives the scalar coefficient (2§ + 1)~! fﬁ:f y etem
with the same expansion. Three independent unit-variance Gaussian coefficients instead
have ¢ = 1. All three choices give the same round heat semigroup after the stated vari-
ance normalization. The corresponding composition limit for scalar Gaussian increments
is developed in Ref. [8].

The full multiplicity (27 + 1)? comes from the matrix coefficients of the complete
operation algebra. Class functions retain one character per irreducible representation while
the vacuum-density orbit is SU(V)/U(1) = S%. The three random coefficients act on
the generated Hermg(V') and their fixed law and covariance set the unit-radius diffusion
parameter. The ordered identification n = 2j + 1 matches the Neumann eigenvalue n?
to Ap + 1. The Neumann window and the group diffusion retain their respective Hilbert

spaces and generators.

G.6 The real algebra of reversible operation amplitudes

Proposition G.3 (Generated quaternion amplitude and polar metric). The smallest real
associative algebra containing the determinant-one reversible operations on V' is

Hy = spang SU(V) = Rly & i Hermg (V). (G.20)

Every nonzero h € Hy has a unique factorization h = RU with R > 0and U € SU(V'). The
prepared trace state 7(X) = Tr(X)/2 defines the positive full second-moment comparison
7(dh*dh) whose real part gives

S ReTr(dh*dh) = dR* + R*ground- (G.21)

The radial and angular directions of this amplitude space are therefore orthogonal in the
trace metric.

Proof. Write x = ) £,0,. The Pauli multiplication relations show that RI & i Hermg(V')
is a real associative algebra. Its basis I,i0q,i09,i03 lies in SU(V). Conversely every
determinant-one two-dimensional unitary has the form al + iz with a,z, real and a? +
%Tr 22 = 1. This identifies the smallest real algebra containing SU(V). For any such
h=al +ix

hWh=(a®>+3iTra?)I,  deth=d®+1Tra?

Hence R = (Trh*h/2)"/? and U = h/R give the unique factorization. Substituting dh =
UdR + RdU into the trace metric the cross term vanishes because ReTr(U*dU) = 0.
The unit slice is the unit sphere in the real coordinates (a, 1, z2,3) proving the metric
formula. O
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On Hermitian perturbations the full trace comparison is the second derivative of 7(e’).
Differentiating log 7(e’) instead subtracts the scalar expectation. The two forms agree on
the angular directions of (G.16). The full second moment also measures the radial response
strength.

This real algebra also equals the complex-linear endomorphisms commuting with the
pseudoreal reversal J = 09K independently of an overall phase choice for J. It therefore
agrees with the connector space of Proposition G.4. Real coefficients give the reversal-
compatible amplitude space Hy . Complex coefficients give its complexification Hy +iHy =
Mj(C). The central source phase is retained in U(V') = (U(1) x SU(V))/{(1,I),(—1,—1I)}.
Its general element maps Hy  into the complexified space. The polar metric above is the
positive trace metric on the real operation amplitudes selected by the reversal rule.

G.7 Vacuum transport, Clifford connection, and local frames

The generated group acts on V' by its defining representation and on G, by left multi-
plication. Its third action is conjugation on es. On ¢4 = Rv & ¢35 conjugation extends as
1® Ad whose spin lift is diagonal (g, g). Its central element (—1Iy/, —Iy/) is trivial on e4. Left
multiplication on the group instead makes — I antipodal and corresponds to (—Iy, Iy) in
the ambient Spin(4) action.

Vacuum-line transport. Let Ly = A2V and w = hg A hy. The map
F,:V— Lyc®V, VWU (G.22)

is a unitary SU(V') intertwiner. It is unique up to phase among such unitary intertwiners.
It sends the source vacuum to the explicitly constructed line C(w ® hg). No nonzero
SU(V')-invariant vector lies on that line.

Proof. The determinant representation Lg. is trivial on SU (V') and w is normalized proving
unitarity and covariance. Schur’s lemma gives the one-dimensional intertwiner space. The
defining representation has no invariant vector. So Hom gy (1, Lgre ® V') = 0. O

A ladder phase changes F,, by an overall phase leaving its vacuum line unchanged.
On U(V) the determinant twist is nontrivial. The central weights of V' and Lg, ® V are
respectively one and three. More precisely every U € U (V) satisfies

(AU @ U)F,, = (detU)F,U. (G.23)

Preserving the source operation on the transported carrier therefore fixes its relative action
to be

Ria(U) = (detU) ' (AU @ U),  Rya(U)F, = F,U. (G.24)
This correction is unique among scalar characters multiplying the natural tensor action.
The intertwining identity forces that character to equal (detU)~! for every U. It also
preserves composition since the determinant is multiplicative. If the scale-covariant metric
property is realized by the common-carrier Clifford model and the associated bundles share
its diagonal spin action (G.22) gives an explicit transport to L ® Sgr. For an independent
right-frame bundle this identification is additional data. On the common carrier the source
phase is consequently transported by Rye.

- 130 -



Source phase lift and vacuum fixation. Use the common-carrier identification with
L ® Sr and transport the already generated source flow by (7} = Fwe_itNG|VFj . For the
existing relative character By the right scalar action p(g, z) = z~3¢ has a unique continuous
lift of this real-parameter flow starting at the identity

T(t) = (e75,e%%),  p(T(t) = U (G.25)

Its image is the full pointwise stabilizer of vg = F,hg. On the full matter module its phase
generator is Y = Tr + By /6 with T = —J3 on Sk and zero on Sr. The lifted action has
least period 127 although the transported two-dimensional source flow has least period 27.

Proof. The conjugated flow is independent of the phase of F,, and fixes vy because Nghg =

0. In the source frame Ng|y = J3+1/2 = diag(0, 1). For U; = e~ NG|y, the natural tensor
¢ ~2it The determinant compensation in (G.24) multiplies it

action has weights e~ and e

by e’ and recovers the original eigenvalues 1 and e~*. Thus the transported vacuum keeps
the zero number eigenvalue of the source and supplies the same phase reference. Since

det ﬁt = e~ the equation 2z, Sgp = ﬁt forces 2P = e®. Continuity and zy = 1 uniquely give
z = €/% and ¢, = e~™/3. Conversely these formulas solve the equation. Every pointwise

stabilizer element has g = diag(z3, z~3) by Theorem 4.9 and is attained by I. The action on
the full module is therefore e™Y. It is generated on a finite source corner by its Hermitian
matrix and functional calculus. On W ® Sy, its weight is 1/6 forcing any period to be a
multiple of 127. All remaining weights are integer multiples of 1/6. So 12 is a period. [

Here p is a sixfold cover with kernel {(z3I,2) : 26 = 1}. In particular T'(27) =
(—1I,€"™/3) is invisible on the right scalar pair but not on the full matter module. The full
module therefore carries the lifted circle of period 127 rather than a single-valued action
of the source circle of period 2w. On the common carrier the least matter realization keeps
this transported vacuum as its phase reference. The unique lifted source flow then gives
the residual phase action and its hypercharge generator. Write § = t/6 for the primitive
integer-charge circle parameter. For the colour-natural connector the By factors cancel and

h+— grh e 00Tr

Its first and second columns have integer charges —3,+3 respectively in agreement with
h=(H,H) and Yg = 1/2 in the main text.

Proposition G.4 (Quaternion amplitude and elementary Clifford connector). In the
common-carrier realization S;, = Sg = V choose the pseudoreal operator J = iooK.
For 2 € Hermg (V') put

h(r,x) = rly + iz, c(r,x) = (h(roa:)* h(?;; x)) . (G.26)

Then hJ = Jh and c(r,z)? = (r? +  Tr2?)I. Moreover c is the Euclidean Clifford multi-
plication for e4. Its non-diagonal linear blocks exhaust the four-real-dimensional space of
complex-linear maps commuting with J. In particular the distinguished normal v = (1,0)
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gives the nonzero connector h = Iyy. The same blocks and their colour-natural lifts are
finite-corner elements of the generated source algebra.

Proof. The pseudoreal structure satisfies Jz.J~! = —x and is antilinear. So J(iz)J ! = iz.
A traceless Hermitian two-by-two matrix obeys 2? = § Tr(2?)Iy. Multiplication proves
the square identity and polarization gives the Clifford anticommutator. The four matrices
Iy,i01,i09,103 form a real basis of the complex-linear maps commuting with J. 0

Source-corner realization of the elementary connector. The Clifford blocks and
their colour-natural lift belong to the generated source algebra. For d = 1,4 identify
C?® (Sp @ Sg) with Hyy by sending the ordered left and right basis vectors to hyqy; and
h4a+244 respectively where 0 < o < d and ¢ = 0,1. For h € Hy the generated self-adjoint
odd operator is

1
cq(h) = Z (hijBaatiaata+i + hijBaatotjaati) - (G.27)
04,j=0

Q
I

It represents I;®c(h) and its exponentials are generated reversible finite-corner operations.
For d = 4 the first factor is the already selected pre-exchange carrier C'. So the upper odd
block is precisely Ic ® h on the full modules. Independent generated left and right trans-
formations ur,ur € SU(V') act by h — urhu}, and preserve Hy and its trace comparison
and have kernel {(I,I),(—I,—1)} on this real amplitude space.

Proof. The matrix-unit relations (G.1) give the displayed tensor action. Oddness and its
scalar square follow from Proposition G.4. The generated finite functional calculus gives
the unitary exponential as in the finite-corner construction of Theorem G.2. Tensoring with
I proves pre-exchange naturality. Block-diagonal source controls give c(h) — c(uphu},)
preserving the real algebra and comparison of Proposition G.3. A pair fixing all h has
ur, = ug by h = I then lies in the scalar commutant of Hy giving the stated kernel. ]

The block-diagonal representation is faithful while its amplitude action has the stated
diagonal kernel. A single central sign sends h to —h. The Gaussian global sign restricts to
(—1,—1) on the selected corner. The controlled operation acts as the identity on the com-
plement. The connector construction names this generated odd response with its source
naturality and reversal reality as the elementary chiral variation. Independent copies re-
quire a further copy space.

G.8 Zero-mode amplitude and colour-singlet response

Retaining the scalar coordinate FEjiy = f ® changes which modes are traced and adds a
direct amplitude term to the response. The resulting Hessian and Schur complement differ
from the full-diagonal prescription F7. For the long-root connection invariant mode sums
determine the mean comparison operator and the static overlap of colour strength with
radial intensity. These calculations fix the normalization factors and observable responses
used in Section 9.2.
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G.8.1 Invariant strength of a complete mode family

Let a compact group act transitively and isometrically on X of volume V' and unitarily on
a Hermitian bundle over X. Let I/ be a d-dimensional invariant space of smooth sections
with an L?-orthonormal basis u,. Then
d . d
S fua(@)]? = 2. (G.28)
a=1 4
For x =), calq a positive state with second moments w(cjcy) = qdqp/d therefore gives
w(lx(@)P?) = % w(lIxll72) = g (G.29)
If the complex representation on U is irreducible invariance of its second-moment matrix
and its trace ¢ imply the stated matrix. The identities sum over the full invariant mode
family. Indeed the diagonal contraction of the equivariant projection kernel is constant by
transitivity and its integral is d. The second-moment matrix is scalar by Schur’s lemma in
the irreducible case. Its trace then fixes the weight ¢/d.
For the long-root family the addition formula makes the mean squared one-form norm
spatially uniform. Its second-moment weight ¢ specifies intensity independently of the
mean field. The connection Laplacian determines its effect on scalar modes.

Proposition G.5 (Connection strength and retained collective amplitude). Let u, for
a =1,...,dg be a real orthonormal basis of a complete isometry-invariant coexact one-
form space on round RP3 and let T4 for A =1,...,h be a basis orthonormal for the fixed
Ad-invariant inner product on the generated compact gauge algebra in a finite-dimensional
unitary representation p. On the corresponding trivial associated bundle form the connec-
tion V. = d + B, using real square-integrable coefficient variables with

B. = Z CaAlaps(Ta), Ecqa =0, E(cqoachp) = L(sabéAB- (G.30)
a,A dRh

Its mean quadratic comparison on H' and its operator on H? are

* q

E(ViVe) =A@ 1+ 72-Cp Cp=— > pel(Ta). (G.31)
A

On an irreducible representation the added term is gCa(p)/(V h) times the identity on every

scalar shell. For the long-root space (2,1) in Appendix A dr = 15. The same normalized

source decomposition gives the exact tower Hessian and completed negative-log response

for the retained zero coordinate.

Proof. The associated connection was constructed in Proposition 8.1. Its squared compar-
ison norm expands as ||df||?> + 2 Re(df, B.f) + ||Bcf||>. The linear term has zero mean.
Contracting the stated second moments in the last term using skew-adjointness of p.(7T4)
and (G.28) gives ¢(f,C,f)/(Vh). Smoothness of the finite mode family bounds its coeffi-
cients and derivatives. Finite second moments justify averaging the forms and the operator
on their stated domains. The mean form is closed with domain H' since its added coef-
ficient is a bounded nonnegative matrix. The Casimir commutes with the representation
and is scalar on each irreducible block. O
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The mean shift is uniform over scalar shells but depends on the representation. For
g = su(3) it vanishes on a colour singlet. The nonlinear colour-strength observable has a
separate response (Proposition G.6). Averaging is taken at the level of the quadratic form.
Averaging the resolvent E(V:V.+2I)~! with z > 0 or eliminating source fluctuations gives
a different operator.

The Gaussian law of the mean comparison. The averaged precision has an ex-
act information-theoretic characterization. At a finite scalar cutoff include the positive
conformal term in the connection precision K. and let v, = N(0,K;!). Write K, =
E,K.. Among probability laws with finite mean relative entropy the unique minimizer of
EyD(v||v.) is

v = N(0,K, "), ED(|lw) = Dv]ve™) + C(g),

' G.32
Clq) = (G52

(log det Fq — E4 log det KC) > 0.

N =

Indeed the expectation of log(dv./dz) is a quadratic function with precision K ,. Normaliz-
ing its exponential gives v5°"'F. Subtraction of the two relative entropies gives the displayed
identity and concavity of log det gives C'(¢) > 0. The fixed positive conformal lower bound
and the finite Gaussian moments make all determinant expectations finite. Equality in the
minimization requires v = """,

On an irreducible comparison block Fq = A+ g,ql. Relative comparison with ¢ = 0
therefore gives

2D (v |[vgo™P) = Tr{qT —log(I +4¢T)}, T =g,A"". (G-33)

The Hilbert—Schmidt completion in Theorem E.1 makes this identity independent of the
finite cutoff. It controls the response and its first two derivatives uniformly on bounded
intensity intervals. Thus the connection law 7, determines a comparison law through the
averaged log likelihood. The completed potential compares these laws. The minimum
averaged cost also contains C(q) which depends on the intensity. A mixture of the con-
ditional laws instead averages their covariances. These are different statistical operations
with explicitly different responses.

The quadratic coefficient can also be computed before averaging. For a realization B
of the source in (G.30) put B(r) = rBy and L(r) = (d + rB1)*(d + rBy). Let Py project
onto constant sections. Because each u, is coclosed L'(0)Py = d*B1Py = 0. Eliminating
the orthogonal complement on which Ag is strictly positive therefore gives

Leon(r) = r*PyBi B1 Py + O(r). (G.34)
Indeed the first off-diagonal block is zero. So its Schur term has no quadratic contribution.

Averaging this coefficient gives the same Casimir term as (G.31). On nonconstant shells
the off-diagonal first variation contributes its Schur term to the quadratic coefficient.
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G.8.2 Normalized zero coordinate and scalar feedback

Retained amplitude and exact tower Hessian. For g > 0 on the real scalar space
L*(X, dv) put ug = V2 with Py = |ug)(ug| and Qy = I — Py. Every field has the unique
orthogonal decomposition

® = Egug +1n, n€ QolL?, Ey = v1/2/ ® dv, Eint = VVEj. (G.35)
X

Consider the scalar feedback functional

g g i
Fy@) = 2, 02002 = JE + 2ERInl, v =gV, (C.36)

At ®, = Eguyg its full Hessian and its fixed-amplitude tower Hessian are respectively
D*Fy(®.) =vE§(Qo + 6Fy),  DiFy(Eo,0) = vEgIg, 2. (G.37)

The uniform shift gE?ntI therefore acts on the eliminated mean-zero tower while the re-

tained coordinate has a different Hessian entry.

Proof. Orthogonal projection gives the decomposition and ||®[|2 = E2 + ||||?. Substitution
proves the polynomial identity. Its second derivatives at n = 0 are 6'7E§ on the retained line
and yEZ T on the tower. The mixed derivative is zero there. Continuity of the polynomial
on L? gives these Fréchet derivatives. Away from 1 = 0 the mixed Hessian is 2yEyn. [

For the positive conformal operator A already used in the spectral construction Py is
reducing. On the tower its domain is QoH?(X) and the bounded perturbation is

AL (Eo) = QoAQo + vEG 1. (G.38)

On round RP? its base eigenvalues are a; = [I(I + 2) + 3/4]/L? with | = 2,4,... and
multiplicities (I + 1)2. The trace runs over the mean-zero scalar tower at fixed [ = 0
amplitude. This retained coordinate is a scalar mode. The long-root calculation above
varies a coexact connection.

The full relative-information theorem applies unchanged to this restricted carrier. With
y = E3 and t; = v/q; it gives

Ii(y)= > (+1)°[yt; —log(1+yt))]. (G.39)
1=2.4,...

This information is realized by the scalar feedback itself. On a finite tower the same
comparison S(®) = (P, AP)/2+ F,(®) at fixed Ey = e has tower precision D, = A +ve’I.
Its normalized Gaussian comparison is v, = N(0,D;!). Writing p. for its density in
common real coordinates Gaussian normalization and the relative-information identity in
Appendix E.1 give with both traces and I, restricted to this same finite tower

Ppe(0)
po(0)

—2log = —Trlog(I +~ve*A]"), 2Dk (vol|ve) = 11 (e%). (G.40)
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The common coordinate Jacobian cancels in the density ratio. The negative logarithm
and its compensated relative information follow from this fixed-amplitude density ratio.
The unweighted infinite-mode limit exists for the compensated expression with the same
comparison direction and retained direct term.

For I, on the same scalar family including [ = 0 one has I| = Iy — [yto —log(1+yto)].
Fixed physical weights multiply the corresponding term as well. Removing one mode
preserves the Hilbert—Schmidt and tail estimates but changes the stationary equation.
The retained direct term yy*/2 in (G.36) remains in the response together with the tower
contribution and the specified drive. Thus the retained coordinate and the modes in the
tower trace form an orthogonal decomposition of the scalar field.

Completed negative-log response of the retained coupling. Retain the coupling
(G.36) together with the base quadratic term agy/2 and the negative-logarithmic tower
response with fixed weights 3; > 0. Let ag,y,a; > 0 and set t; = /a;. Assume sup; t; < oo
and S| = Zje | Bjtj < oo. Its complete response relative to zero amplitude is

a
W(y) = goy — )" Bjlog(1 +yt;)
jeL
_ ”;ety i g?f +10(y),  pet = ag — 251, (G.41)

where 1| uses these same weights. It is strictly convex and coercive on y > 0. Its unique
minimizer is positive exactly when 25| > ag. Otherwise the unique minimizer is y = 0. In
the positive case the stationary equation and radial curvature are

a Bjtj dQ 2
5 T VY= ]; T4, 02 W (r®) . =4y, |7+ Z it y*tj . (G42)
Proof. The stated bounds imply that all series and their first two derivatives converge
normally on compact positive intervals. Differentiating gives W’ = ag/2+~vyy—>_ Bit;/(1+
ytj) and W = ~y+37 B;t%/(14yt;)* > v > 0. Moreover W (y) > vy /24 (ao/2— 51 )y since
log(1 + x) < x. The sign of W'(0) proves the minimum statement. Twice differentiating
W (r?) at its positive stationary point proves the curvature formula. O

The terms of W must be expressed in the same response units. In a dimensionful
potential 3; includes the prefactor converting the dimensionless logarithm to the chosen
response units in addition to the multiplicity. In the conformal realization the retained
base eigenvalue is ag = 3/(4L?) before this common normalization.

For a fixed spectrum with fixed weights and response units the quadratic and quartic
coefficients of W obey an algebraic relation. Put S1 =) B;/a; >0and So =) ﬁj/a?.
A pair (p«, As) is the quadratic and quartic coefficient of this same W precisely when

ao — pn (a0 f1+)%S2 = 00—
S 252 25

ps < ag, Ae = (G.43)
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Indeed j1,, = ag—27S; fixes the unique positive v and substitution in A, = 2v-+2v2S5 proves
both directions. This criterion applies to the finite-S; realization. In the renormalized full-
diagonal potential F, the linear coeflicient is fixed separately by the reference slope.

Both pret and the direct quartic term follow from this retained realization. Its restoring
slope is unbounded unlike a finite-restoring-slope F},. The result applies to finite cutoffs
and fixed weighted towers with S} < oo. The unweighted three-dimensional tower has
divergent S| and needs its own linear subtraction. The polynomial functional F} is defined
on L?. The compensated series is defined through its Hilbert-Schmidt relative operator as
in Theorem E.1.

G.8.3 Amplitude and scale normalization

At fixed volume the zero-mode kinetic norm is (0Fin)?/(2V). It equals (0Ep)?/2. For a
homothetic family identify points by their Haar coordinates and write ¥ = v/V® in the
fixed space L?(X,dh) with dh = dv/V. Then VV9,® = ¥ — (logV)'¥/2. For the zero
component this gives

1 2
/ 00 (Evuo)dv = | By — S(log VY Eo| .V =x2L" (G.44)
X

This is the ordinary derivative in the unnormalized field identification. Equivalently the
derivative compatible with this unitary identification is V,® = 9,® + (logV)'®/2. The
connection term is the derivative of the varying normalization.

More generally take an invertible real amplitude coordinate E = ap with a > 0. At a

fixed scale the kinetic and potential terms together with the source pairing transform as
Zg = th/a27 HE = 'utp/a’27 )‘E = )‘Lp/a4a (G 45)
JE = jcp/aa g = gnp/az when g<p§02 = gEE2'

These identities follow by substitution with the quadratic and quartic potential written as
pp? /2 + Ap? /4. For a scale-dependent a the corresponding derivative is
¢ =a'[E' - (loga) E]. (G.46)

At a stationary point the potential curvature and kinetic coefficient transform by the same
factor. So their ratio is invariant. An overall rescaling of the functional also rescales its
kinetic and source terms.

G.8.4 Collective response by Schur elimination
For a strictly positive finite-mode comparison kernel K and a surjective linear amplitude

map C the constrained quadratic response at amplitude e is

1 1
Cinf 5(3;,Ka:> = 5(6,[(00116), Keon = (CK~1C*)™1. (G.47)

The minimizing lift is 2, = K~1C*Koe. For a coisometry CC* = I identify C' with the
first block projection and write

A B
K = ) K. =A— BD 'B*. 4
(B* D) il (G.48)
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For t > 0 shifting and reducing obey
(C(K +tI)'C*)™ ' = Keon +tI + B[D™' — (D +tI)"'|B*. (G.49)

The extra term is nonnegative and vanishes exactly when B = 0. The minimizing lift is
K-orthogonal to ker C'. Completing the square therefore proves the constrained minimum.
Block elimination gives A — BD~'B* and applying it to K + tI gives the shift correction.
The strict positivity of D=1 — (D + ¢I)~! proves the equality condition.

The correction in (G.49) occurs in a two-dimensional example. The choices K = (% 1)
and C = (1,0) with t = 1 give Keop = 3/2 and (C(K + I)7!C*)~! = 8/3 not 5/2. In
an infinite-mode application the same minimization proof works for a strictly positive self-
adjoint K with bounded inverse and a bounded surjective map to finitely many retained
coordinates. The minimization is taken on the closed form domain D(K'/?) with quadratic
cost ||[K'/2z||?/2. Passing compressed kernels or derivatives to a limit requires uniform
bounds on those kernels and derivatives.

The retained scalar kernel. For § above and ® = eug + 7 in its form domain use
the projection Cop® = (ug, ®). Differentiating the polynomial (G.36) and adding the base
quadratic form gives the full Hessian

K(e 17) = ag + 6’762 + 7“"7”2 2’76<777 > (G 50)
’ 2ven Ay +e’l)” ’

The form domain is R ® QoH'(X) and the self-adjoint operator domain is R @ Qo H?(X).
The additional diagonal and mixed terms are bounded. The mixed terms have finite rank.
Since D, = A| +ve?I > 0 minimizing its quadratic Hessian response over tower variations
at a fixed amplitude variation gives exactly

1

S(e,n) = ag + 6ve* + 7|n||> — 4v*e*(n, D; 'n). (G.51)

Indeed the minimizing tower variation for amplitude variation v is —2yeD_ nv. Substitu-
tion leaves S(e,n)v?/2. The minimization is justified by D, > 0. Where the full Hessian
is strictly positive it also equals (CoK ~1Cg)~!. At n = 0 the mixed term vanishes exactly.
So the retained coefficient is ag+ 6ve? while the tower shift is ye?I. At nonzero 7 the direct
and negative Schur terms both contribute. This gives the complete reduced Hessian of the
retained scalar realization. Its comparison with the full-diagonal prescription is governed

by (G.43).
G.8.5 Colour-singlet observables and collective excitations
For the generated connection Wick contraction of the real Gaussian source determines the

fourth moments entering the mean colour strength and its covariance with radial intensity.

Proposition G.6 (Colour-singlet response of the Gaussian long-root source). Use the
connection family of Proposition G.5 with the full real (2,1) coexact mode space dg = 15
and the colour algebra of dimension h = 8. Set M = drh and ¢4 = /q/M £,4 where
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the £,4 are independent standard real Gaussians and ¢ > 0. Here B, = Za’ A CaAUaTa is
the principal Lie-algebra-valued connection before applying an associated representation
p«. With the same Ad-invariant inner product and orthonormal T4 put

Cad A _E
3Vh’ rE= T2

1 2
Cua =5 LI Toll an =

Let N'(c) = || Bell7: = Xoq,a 24 and Q(c) = ||dBe + Be A Be||7 using | F|* = 3, ; [1Fi; 3

for two-forms. Then
EN =¢q,  O(q) :=E,Q=Arq+ars®>, ar>0. (G.52)

In the real L? space of this source the orthogonal projection onto span{N — ¢} obeys

C N) = >\ 2 >0,
Hrad(Q - O(q)> = ()\R + 204RQ)(N - Q)-
Conditioning on the intensity gives the radial polynomial
M 60
P(N):=E = N] = AgN N? = — 54
(V) QN ] = ArN + krN~7, KR = 3 oOR = g Ok (G.54)

Proof. The mode space is invariant under the connected orientation-preserving isometry
group. Its diagonal tensor kernel is isotropic on each tangent fibre. Hence ), uqiua; =
dr6i;/(3V) by the addition formula. Thus IEBZABJB = ¢0;;04B/(3Vh). Coexactness and
the Hodge eigenvalue Ar give E||dB||*> = Arg. The cubic cross term has zero Gaussian
expectation. For each i < j Wick contraction gives E||[B;, B;]||> = (¢/(3Vh))?hCpaq. There
are three such pairs. Integration over X proves the first formula. The finite smooth mode
expansion has all Gaussian polynomial moments. So the observables lie in L? and differ-
entiation under the integral is legitimate. Its Gaussian density has logarithmic deriva-
tive M(N — q)/(2¢®) with respect to g. Thus O'(q) = M Cov(Q,N)/(2¢%). Finally
Var(N) = 2¢>/M gives the projection. For the conditional mean write ¢ = /N 6 with
6 uniform on S™~!. The quadratic term is AgN. The cubic term averages to zero and the
quartic mean is proportional to N2. Its Gaussian mean agq® and E,N? = ¢*(M + 2)/M
fix kR. O

Here B already includes the connection coupling. If B = g% and q denotes the strength
of % instead the two terms in (G.52) acquire g? and g*. The positive norm fixes the trace
convention. Using || F||? halves both the mean and the covariance. The observable Q is
gauge invariant and its expectation here is taken in the fixed coexact Gaussian source law.

The source polynomial representation and its radial grading. Write -, for the
Gaussian law of the M real coefficients and put & = /M /qc;. The source algebra is the
polynomial x-algebra Py = Cley, ..., cp] with we(A) = [ Ady,. Its cyclic Hilbert space
is L%(7,) with multiplication defined on Z);. For a multi-index v € N™ set

I Heul&) " ppn, =) e Tuc),
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where He,, denotes the probabilists’ Hermite polynomial. Then U, is unitary with U,1 = 2
and on the polynomial core
(UgA,UyB) = wq(A™B),
Ug(AB) = mg(A)UgB,  mq(ci) = v/ q/M (a; + a5).
These identities retain ordinary source multiplication including every Gaussian contraction.

To verify them the generating function exp(t& — t2/2) gives E He,, (¢) Hey, (€) = n!6,m and
¢ He,, = He,+1 +n He,,—1. Tensor products give the displayed representation. The Hermite

(G.55)

polynomials are complete. A function orthogonal to them has identically zero Gaussian
exponential transform and hence zero Fourier transform. All finite products act on the
same dense polynomial domain. Density extends U, to every square-integrable source
observation. Unbounded products retain their common polynomial domain.

The intensity is a quadratic source observable. Put ag = M/2 and X = agN/q
with s = (X — ag)/\/ac. Radial integration gives the density x*¢~1e™®/T'(ag) for X.

Consequently

6

Es? =1, Es® = —, Es* =3+ —. G.56
s o (G.56)

The first three orthonormal radial polynomials are pg = 1 and p; = s together with
X? - 2(ac + D)X + ag(ag +1)

p2 = .
2ag(ag +1)

The Gamma moments EX’ = T'(ag + j)/T'(ag) give by direct substitution

2(aq +1) 1
2 _q Us=—— E “)2Q). G.57
s = '704 P1 D2, qs \/an - (a2> ( )

2
G agG

Thus the normalized intensity occupies the second Hermite sector of the original coeffi-
cients. Its radial multiplication retains the nonzero third moment in (G.56).

For the full curvature observation conditional expectation gives the orthogonal decom-
position

Q= P(N) + Rang,  E[Rung | N] = 0. (G.58)

Both terms are finite source polynomials and are retained by U,. The first has the Gamma
radial expansion above. The second retains the angular and colour correlations of the
connection. The decomposition preserves ||Q||7. (v,) @0d every mixed polynomial moment
through (G.55).

The complete curvature spectrum in the source state. The same representation
resolves the curvature observation into its orthogonal Hermite components. Flatten the
mode and colour indices to ¢ = 1,..., M and write its homogeneous parts as

Q(C) = )\RN(C) + Z Z;(];,gcicjck + Z 1}(341350icjck0l~
ijk ijkl
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The real symmetric tensors are obtained by polarizing 2(dB, B A B) and ||B A B||?. Their
coefficients are fixed by mode multiplication and the colour bracket. With Wick ordering
in the original law v, one has

Q—-0(q) = Q2+ Q3+ Qy,
Q= (Ar +2arq)(N —q), (G.59)

3. . (). .
Q3 = E Tijk: D CiCiCl g, Qq = E Tijkl D CiCiCRCl g -
Their squared norms are

2

2
Woolg) = Sk +2akg)* > 0,
802! (G.60)

Woala) = 6@/ MPITOE. Waale) = 20T > oo

Here || - || 7 is the Euclidean tensor norm in the fixed orthonormal mode basis. For the equi-
librium update (G.75) the exact connected correlation and its response spectral measure
are consequently

4
Co(r) = wa[(Q - 0(9)T*T(Q — O(q))] =Y Wonlg)e ™",
" (G.61)

4
pSQrC = Z WQW(Q)(STMR’ WR = AR + 2aRg.
n=2

To prove the decomposition contract the invariant tensors with the coefficient covari-
ance (¢/M)I. A contraction of T is an invariant vector and hence vanishes. A single
contraction of T is an invariant symmetric form. Absolute irreducibility of the real (2,1)
carrier times the adjoint colour carrier gives

3 4 arM
ZTi(ik) =0, ZTz(zk)l 3 Ot

The constant in the second identity follows from EqQ(4) = apq® and the three Gaussian
pairings. Wick expansion now gives (G.59). Orthogonality of Hermite orders gives their
norms. The fourth-order radial projection is kg : N2 :g With

q(M +2) (M +2)
i N+ T

¢'(M +2)

2 8
NZ = N2 — 1:” = VE

Its squared norm gives the lower bound in (G.60). The Mehler update multiplies degree n by
e "™RT which proves (G.61). In particular the original curvature has a nonzero component
at 2wg and retains its higher-order source correlations. This spectrum measures restoration
within the fixed connection law.

— 141 —



Joint curvature and intensity sources. For hy < M/(2q) and J > 0 define
W(hy, J) = logEyexp(hyN — JQ),  n=0,W,  D(n,J)=hyn—W(hy,J).

The intensity Legendre transform exists locally for n > 0 near J = 0. At J = 0 with right

derivatives in J

M
['(n,0) = 2 (n —1—log n) ; I'y(n,0) = Agn + agn?,
q q
M
I'ny(n,0) = Ag + 2agn, Ipn(n,0) = o2 (G.62)

Cov,(Q,N)?

Var, N <0

FJJ(TZ,O) = —VarnQ—i—

For the mean-amplitude coordinate e = y/n at n = ¢ one has I',e = 2M/q and T'py =
2,/q(Ar + 2arq) > 0.

Proof. The remaining Gaussian precision is positive. Since @ > 0 all polynomial source
derivatives are dominated locally as J | 0. At J = 0 one has n = ¢/(1 — 2¢hn/M).
Inversion and substitution give I'(n,0). Strictly positive intensity variance gives the local
inversion for J > 0. Differentiating at fixed n gives I'y = EQ and the covariance Schur
complement in (G.62). The latter is the negative variance after projecting onto N'— EN.
The nonzero quartic part of Q is not affine in N. So this residual variance is strictly
positive. The mean and mixed derivative follow from (G.52). The chain rule gives the
amplitude derivatives. O

The same tilted law also determines the mean connection comparison. The real
(2,1) carrier and the adjoint colour carrier are absolutely irreducible under their inde-
pendent connected symmetry groups. Invariance of N' and Q therefore gives Ec = 0 and
Ecc' = (n/M)I. For the associated representation p the preceding connection calculation
consequently gives

Koy, J)=Dg® T+ ——

7 Cr Co==2_pu(Tw).
A

At fixed hy = 0 its curvature insertion is

2¢%(Ar + 2aRq)

~ 0l =T v

C,.

At fixed n the mean operator is fixed and the source response is retained by I'; and I'; ;.
These formulas specify both the connection comparison and the direct curvature-source
term.

Self-consistent curvature susceptibility. A curvature source changes both the obser-
vation at fixed mean intensity and the intensity selected by the complete potential. These
responses can be combined without counting the intensity cost twice. Take the preceding
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reference law at ¢ = ¢r, and write ' = FEM The joint continuation which preserves the
equilibrium potential at J = 0 and the fixed-intensity source derivative I'; is uniquely

&r(n,J)=F(n)+TI(n,J)—TI(n,0). (G.63)

Indeed ®,(n,0) = F(n) and 0;®1, = 0,1 determine it by integration in J. The subtraction
removes the bare intensity cost already replaced by the complete restoring potential. All
source insertions still use the original connection polynomial Q.

Put
Covy(Q,N)?

Vi(g) = Varg @ - Var, N
q

= Wos(q) + Woul(q) > 0. (G.64)

This is the variance orthogonal to the intensity score. It includes the fourth-order ra-
dial component as well as angular fluctuations. For J > 0 sufficiently small there is a
unique local stationary branch n(J) through n(0) = ¢, with positive ®r, ,,,. The curvature
expectation along this branch is Ocq(J) = T'y(n(J), J). Its static susceptibility is

O'(qr)
/ 0+ — _ ,
m(0+) F"(qr)
Ol 2 b2
Xo" = =0 (0+) = Vi(qr) + F”((quL)) =Vi(qr) + 7m%[§ - >0, (G.65)
ra

bo =1/2a; /M O'(q),  Mirgraa = (241 /M)F"(qr)-

The finite Gaussian source has all polynomial moments. For hy in a compact subinterval
of its stated domain these dominate the source derivatives as J | 0. The positive intensity
variance gives a smooth local Legendre inversion on this one-sided domain. At (¢z,,0) one
has @7, = 0 and ®r, ,,, = F”(¢qr,) > 0. The implicit-function argument therefore gives the
stationary branch. Differentiating its equation and then I'j(n(J),J) using (G.62) proves
(G.65).

The first term is the direct curvature response at fixed mean intensity. The second is the
additional response when that mean relaxes in the complete potential. Both are measured
by the same curvature insertion. The coefficient bg is therefore a source-derived coupling
to the collective restoring mode. In its linear equilibrium dynamics this contribution has
the resolvent b%/ (m%[Mmld — z). The fixed-law correlation (G.61) and the susceptibility
above describe respectively an equilibrium fluctuation and a self-consistent change of the
source intensity.

The colour composite thus has nonzero overlap with the radial intensity of the same
source. For ¢ = r? its mean derivative is 2r(Ag + 2agr?) > 0 at r > 0 and zero at r = 0.
The source is centred with EB = 0. The positive intensity describes fluctuations around
zero mean. This composite observation remains distinct from the scalar precision A+ gFE?1.

Proposition G.7 (Interaction-preserving resolution of the same long-root source). Keep
the preceding Gaussian source at fixed L in the left-invariant coframe used in Section 8.1.
Apply scalar coefficient heat Gy = e7*20 in this frame. Put pp = 24/L? and a; = e P&!
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with H = B A B. Let Pj project each two-form coefficient onto scalar spin J and write
Hjy=PjH. Then H=3Y3%_, Hy and

By = a4 B, g = aiq,

3
Fp, =a;dB+a;H,  GFp=adB+)» e ™H; X\ =4J(J+1)/L*. (G.66)
J=0

The connection—field-strength pair has the composition law
T(B,F) = (B, atF + (a} —a;)BAB),  T,T; =Tsy, F =Fp. (G.67)

For wy = E,||H;||? one has

_ Cadq2 _ aRQZ
60V h 20

3
wo >0, Z wy = arg’. (G.68)
J=0
Consequently the nonlinear response lost by interchanging the two operations satisfies

2

2
_ (6%
E,|lGeFp — Fp, | =Y (6™ — a})*wy > (1 - a?)? gg >0 (t>0). (G.69)
J=0

Proof. The left coframe is fixed by left translations. A (2,1) one-form therefore has scalar
spin 2 coefficients with scalar eigenvalue 24/L%. The Hodge eigenvalue governing ||dB||? is
16/L?. Coefficient heat commutes with the invariant derivatives. This proves the first line
and the two field-strength formulas initially allowing 0 < J < 4. To remove J = 4 write V;
for the spin-j module. The spatial wedge factors through

A2(V2®V1):(V1@Vg)@(%@%)@(%@%@%)@%.

Its only left-spin-4 term is (4, 1) whereas scalar-spin-4 two-form coefficients have right spins
3,4,5. Equivariance thus annihilates that term. Substitution proves the composition law.

For real orthonormal modes put K% = f « €kijUa,itp,j dV. These are the compressions
of the three frame-spin generators. In the right coupling 2 ® 1 — 1 their coefficient relative
to the total spin generators is

11+1)+11+1)—22+1) 1

2-1(1+1) T
Indeed a vector operator on V7 has multiplicity one and contraction with total spin gives
(J?2 + 52 — L2,)/2. The left multiplicity is 5. Hence Y, || Kxll4g = 15/2. With * the
three-dimensional Hodge identification the constant coefficients are

1 b
(Po*x H)p = bV Z carcoB K} [Ta, Tr).
a,b,A,B
The internal Wick pairing vanishes. The two cross pairings agree because both Kgb and

the bracket are antisymmetric. Thus

W = <L>2 hCadg _ Cadq2
O~ \15n) 2V 2 ~ 60VH
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Parseval and the preceding quartic calculation give the sum of the w;. Orthogonality gives
the remainder formula. Its J = 3 term vanishes since A3 = 2pg. All fields are finite smooth
mode polynomials. So every stated Gaussian moment is finite. O

Reconstructing the field strength from the resolved connection gives E||Fp, [|? = O(q).
Resolving the initial field strength gives a?Arq + > J e 2wy, Thus G¢Fp — Hy while
Fp, — 0 in mean square. The surviving term lies in the kernel of scalar coefficient heat
in the fixed left frame. The Hodge Laplacian acts on the entire two-form including the
coframe. This accounts for the nonzero product correction under coefficient resolution. The
decay rates in these formulas are scalar coefficient heat rates with respect to the resolution
parameter . The whole source algebra obeys the same transport. For a polynomial A on
the resolved source put (D;A)(c) = A(asc). Since azc has law g,

wq(DtA) = Wgq (A), Dt(AB) == (DtA)(DtB), UthA == thA. (G?O)

The last identity follows because the standardized coefficients /M /q; a;c equal /M /qc.
For finite ¢ this is an isometry between the two source laws including their complete cur-
vature polynomials and angular correlations.

Full additive colour-probe response. For the same Gaussian principal connection B
let a be a deterministic smooth su(3)-valued one-form in the fixed trivialization. Use the
response Y(A) = 3||Fal|*> and put 6, = 2arq = 2qCaq/(3Vh). Its exact translated response
is

Kq(a) = EYV(B +a) —EV(B) = Ll|da + ana|® + % la). (G.71)

The noncommutative interaction is retained in da + a A a. The second variation on these
internal probe directions is

D*%4(0)[a,a] = ||dal]* + &llal|*. (G.72)

Its quadratic-form domain is H(d) = {a € L? : da € L*} and the associated self-adjoint
operator is d*d+ 41 > 641. On the fixed coclosed probe space this becomes Af + 041 with
lowest eigenvalue 4/L? + §, and long-root eigenvalue 16/L? + §,.

Proof. Write v = ¢/(3Vh) and [BAal;; = [B;, aj]—[Bj, a;]. Then Fpiq = Fp+F,+[BAal.
The diagonal colour covariance and centred Gaussian law give EFp = 0 and E[B A a] = 0.
The cubic part of E(Fpg,[B A a]) vanishes. Its quadratic part also vanishes. Derivative
covariances remain diagonal in the colour labels and Ad-invariance gives (T4, [Ta, Tp]) = 0.

Finally simplicity of su(3) gives > 4 |[Ta, X]||? = Caal X||?. So

E[|[B A d]|l? = vCad/ > (ail* + laj*) dV = 20Cqq]al*
X<y
Expanding the squared norm proves the exact identity and differentiating at zero proves
the Hessian. The differential d is closed and smooth one-forms are a core. So the latter
form closes on H(d). On coclosed forms d*d = A;. The spectrum in Appendix A gives the
stated eigenvalues. The nonlinear expression is defined on smooth probes and extends to
H(d) N L* where a A a € L?. Tts quadratic part extends to H(d). O
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The colour interaction fixes the positive shift J,. Under fixed-L resolution d,, = a?d, —
0 giving a uniform lower bound on each bounded resolution interval. The variation is with
respect to the independent additive probe a at fixed Gaussian source intensity g. Its unique
minimum at a = 0 describes stability of the averaged connection response. Fp, describes
the separate collective coordinate F.

Common frame invariance of the source response. The Gaussian connection is
expressed relative to the generated source frame. A change of this common frame transports
the connection and source frame together with the probability law and observations on the
allowed response space. It preserves their relative configuration. Varying the connection
at a fixed source frame changes that configuration and can have a restoring response. Let
U : X3 — SU(3) be a smooth presentation of that frame and set

Ay(U) = —(dU)U™, By=UBU™', ay=UaU"', ~u=(Bw By

Here U labels a common frame presentation. The variables carried by the source remain
its Gaussian coefficients and its generated response types. Writing Dy = d + [Ag(U), -]
direct differentiation gives Dyay = U(da)U ! and

FagsBytay = UFpr UL (G.73)

Under a passive local change g the frame becomes g~!'U. The reference connection A
becomes g~ Agg + g 'dg and By, ay transform by conjugation. Trace invariance and the
displayed pushforward of the law therefore prove the exact common-frame identity

Rqv(av) :=Equ[Y(Ao + Bu + av) — Y(Ao + Bu)]
1 ) 5(1 ) (G.74)
= §||DOGU+GU/\GU|| +§||GU|| = Zq(a).

In particular for every source polynomial A its transported observation Ay(By) =
A(U'ByU) satisfies wy(Ay) = wg(A). The same equality applies to A*B. It transports
the source Hilbert norm and multiplication together.

The generated connection responses are coexact in the source frame. If P, is their
Hodge projector their presentation in the frame U is the range of

PL,U = Ady P, AdU—1 .

Indeed Dj = Ady d* Ady -1 since conjugation is unitary on the generated trace norm. This
specifies both the form domain and its frame transport. Consider the common-frame orbit
of pairs (I,a) with a € ran P,. Every orbit has the unique source-frame representative
a = U layU. The quotient norm and response are consequently those of the original
coexact space.

The corresponding infinitesimal statement identifies the zero directions of the joint
response. At Ag = 0,U = I put n = U and b = 0A + dn. A pure frame change has
(0A,n) = (de,—¢). Hence b = 0. The joint quadratic form is

|db||*> + 6,]|b||?>, b€ ranPy.
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For ¢ > 0 its kernel consists precisely of pure frame directions in this generated orbit.
Its quotient operator is Af + 041. In a fixed source frame a nonzero exact probe instead
changes the relative connection and has response d,||de||?. The two variations have different
source-frame data.

Equilibrium composition of the original coefficient observables. On the long-root
space the linear restoring operator just derived is wrl where wg = Ar + d4. Independent
Gaussian composition at the same equilibrium intensity determines its update

(TfoeﬁA)(C) =E,A <ewRTC 4 \/]q\/j(l — e 2wRT) 77) , n~ N(0,Iy). (G.75)

The noise covariance follows uniquely by subtracting the covariance of the conditional mean
from (q/M)Ip;. This establishes uniqueness among updates with that restoring mean and
an independent centred Gaussian increment. Gaussian addition proves the semigroup law
and preservation of 4. Exchange symmetry of the joint Gaussian pair before and after the
update proves self-adjointness on Lz(fyq). The Hermite generating function gives for every
polynomial

U, TN A = e7™rNp A Teoclls — ¢ 2RT g (G.76)

where N is the Hermite number operator. All contractions remain present. For example
with @ = e7¥R7

Tfoeﬁ(CiCj) _ (IQCiCj + (q/M)(l — CZQ)(Sij-

Equations (G.55) and (G.76) therefore preserve the state and multiplication representation
together with the equilibrium update for the entire original polynomial algebra including
Rang.

This parameter 7 measures equilibrium restoration. The earlier coefficient heat resolu-
tion sends B to e PE!B and hence ¢ to e ?Rtq. It compares different source laws. Equation
(G.75) compares fluctuations within one law at fixed q. The collective mean response in
Section 8.8 varies that law through its intensity and uses the normalized curvature of FLYM

To test whether an observation detects a collective excitation let « be the fluctuation
coordinates at a background and e = Cx the collective coordinate. If a colour-singlet
observable has linear differential ¢, its response along the relaxed collective variation is

be = LK 1C* Koo (G.77)

Differentiating the minimizing lift gives the colour observable’s linear response to the col-
lective coordinate. More generally if a source j and state z satisfy a C! closure F(z,5) = 0
on specified Banach spaces with boundedly invertible D,F at the background and a C*

observation O then o
dO(x(j), j)
dj

The implicit-function derivative proves the formula including the direct source term. The

= 0,0 — DO (D, F)"'0;F. (G.78)

closure and the observation must describe the same source-dependent system.
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If the generated kinetically normalized mass-squared operator M? is self-adjoint and
has an isolated eigenvalue m? with projection P,, a linear observation represented by a
vector b in its Hilbert space has resolvent response

_ [1Pmblf?

(b, (M? = 2)7 1) = 3+ (I = Pu)b, (M? = 2)7YI — P,)b). (G.79)

The spectral theorem proves the formula. The second term is analytic near the isolated
eigenvalue. The mode is visible exactly when P,,b # 0. Analytic direct source terms leave
its residue unchanged. Thus the dynamical counterpart of the static overlap (G.53) is the
spectral weight || P,,b||? in the colour response. The lowest point in the support of that
response determines its observed gap.

A mass atom from a common cross response. Let () and ¢ be Hermitian scalar ob-
servables in the same positive state and translation representation with connected spectral
matrix dpgp in a common normalization. If Zy = pee({m?}) > 0 then

Zg

Thus a nonzero common cross weight detects the mass atom in Q. If the remaining spec-
trum is separated from m? this contribution is an isolated pole. Positivity of every linear
combination a@ + b¢ makes the two-by-two spectral matrix at {m?} positive semidefinite.
Its determinant gives the bound. Contact polynomials leave this matrix unchanged while
separation of the remaining support makes its resolvent analytic near the mass atom.

G.9 Gaussian spectral fields and regulator covariance

On the generated round X3 = RP? fix L > 0 and the normalized Haar measure dv =
dv/(mn%L3). The positive conformal scalar operator used in the spectral response acts on
real L?(X3,dv) as

R 6

— _ _ g2
A=+ Gl R=15  D(A)=H(X).

The scalar spectrum (5.13) gives

2§)(2j + 2) + 3/4
aj:(j)(JJLrQH /, dj=(2j+1)?2  j=0,1,.... (G.81)

It is positive self-adjoint with compact resolvent and lower bound ag = 3/(4L?). Its
closed quadratic-form domain is H'(X3). Choose real orthonormal eigenvectors e; with i
enumerating every shell and all its real multiplicities. In particular

. 2 . 2 . 2
B2+ _ (24114 _ (25+1)?

412 = L2 - L2

The Gaussian law with covariance A~! is distribution valued in three dimensions. Its
support and compensated relative entropy are controlled by two different spectral sums.
The field uses Tr(1 + A)"9A~! for ¢ > 1/2 and the response uses Tr A~2 for the response
of Section 8.
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Theorem G.8 (Distribution-valued Gaussian spectral completion). For ¢ > 1/2 use the
real space H,? with norm [|z]|2, = >_,(1+ a;)~?|a;|*. If Z; are independent standard real
Gaussians the series

X =S e, Cr= AN I =), 70 (G.82)

defines a centred H ,?-valued Gaussian with covariance C; on spectral test coordinates.
Replacing the coefficient by a, 1/2 gives the law p4 = N (0, A~!). Both series converge in
mean square in H,? but have infinite L? norm almost surely. On this common comple-
tion the shifted covariances (A + gyI)~! realize the compensated relative response and its
restoring moments described below.

Proof. The finite-coordinate product laws are compatible and the mean squared tail is

,ql‘_e_Tw —q,—1
Z(l—i—ai) TgZ(l—Fai) a; - — 0.
i>N i>N

Indeed for a cutoff after shell J the upper tail is bounded by

4 L2 q+1
> di(l+a) %" < (3) > 2i+1)7 —0.
i>J i>J

The same estimate proves the A~! claim. Characteristic functions of finite linear combi-
nations identify the covariance of the limit. For either law the coordinate variances c; are
asymptotic to a; ' at large eigenvalue. Thus d;/a; — L? whereas dj/ag =0n((1+7)7?)
proving Y., ¢; = oo and Y ;c¢? < oo. The centred series Y, ¢;(Z? — 1) converges al-
most surely by independence and summable variances whereas the means diverge. Thus
>, ¢iZ? = oo almost surely. O

Using the same Z; at different parameter values defines a joint Gaussian coupling of
these laws on H 7 with cross covariances fixed by the shared spectral coordinates.

Relative response on the common field space. Fix L,g > 0 and ¢ > 1/2 and
let v, = N(0,(A+ gyl)™') for y > 0 on the same real H,? with covariance understood
on spectral test coordinates. For projections Py through successive complete shells the
reference-subtracted intensity

Wi (z) = [|Pnal|72ggp) — Te(PNATY),  Wa= Jim Wy (G.83)

exists almost surely and in L?(v,) for every fixed y > 0. It defines the same Borel observable
for these laws and is invariant under real orthogonal changes of basis inside every shell.
For the unweighted response with ¢ counting all real multiplicities

- [2 e (142

(G.84)
a1 2Dl = 10)
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The laws are mutually absolutely continuous and their restoring moments are

! 1

)

Proof. The preceding completion applies since (a; + gy) ™! < a; 1. Under vy the centred

independent terms of Wy have total variance 2, a;Z

< 00. So they converge almost
surely and in L?. Take their pointwise limit where it exists and zero otherwise as a Borel
version of W4. The finite Gaussian density ratio is Ry, = exp[—gyWn/2—1In(y)/2]. These
ratios form a mean-one martingale under vy. For any p > 1 direct Gaussian integration
gives

E., Ry, = exp{[In(py) — pIn(y)]/2}.

Local uniform convergence of the relative sum bounds this expression uniformly in N also
for y in a compact interval. Thus Ry, converges in L' to the positive density in (G.84).
Its finite-coordinate marginals are those of v, proving the density and equivalence. The
negative logarithm has vg-mean I(y)/2 proving the information identity. Under v, the
means of Wy sum to — ). gy/[ai(a; + gy)] absolutely convergently and the centred terms
have summable variances 2 Y, (a;+gy) 2. This proves almost-sure and L?(v,) convergence.
Equivalence identifies the limit with the same W,. Taking the means and variances and
using the already convergent derivatives of I gives (G.85). Complete-shell projections make
the basis invariance explicit. O

W 4 is a real reference-subtracted intensity and may be negative. The normalized Haar
convention introduces no volume factor. Keeping the same truncated field but using dv
and its corresponding reference subtraction gives Wy, = 72L3W 4 and changes its density
coefficient to gy/(m2L?). This fixes the normalization of the field realization of the spectral
feedback. The reference drive is prescribed in Theorem 8.3. Colour-composite observables
and their pole residues use the response maps of Section 9.2.

The exponential regulator as accumulated covariance. For k > 0 and z > 0 let

z

= m, Rk(O) = k’2, T = k_2. (G86)

Ry (z)
Then the exact identity
k72
[z + Rp(2)] 7' = / e " du (G.87)
0

also holds at z = 0 where both sides equal k2. Applied to the fixed positive operator A
the identity gives C;. The finite relative Gaussian normalization

Flk, o) = 5 Trlog{[A4 + Ri(A)][A + Ry, (A)] )

has scale derivative

1 oo kR (A A/k?
&ng}"(k‘,kg):fTralgk k( ):Tr [k

T R = e (G.88)
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The scale derivative is thus weighted by y/(e¥ — 1) with y = A/k%. Adding 2 to (G.86)
gives z/(1 — e */¥*). Integration and the continuous zero limit prove (G.87). At fixed
z differentiation gives Oiogx loglz + Ri(2)] = 2y/(e¥ — 1) y = z/k*. For k in a compact
positive interval the relative logarithm and its derivatives decay exponentially at large
z times polynomial factors. The shell multiplicities therefore justify both the trace and
termwise differentiation. The factor 1/2 is the real Gaussian normalization convention. F
is the difference of logarithmic Gaussian normalization constants.

If a separate m? > 0 is added outside this fixed regulator its Gaussian covariance
instead is

[A+ Rp(A) + m*I7t = C.(I + m?C,)~ L

Placing the mass inside the regulator instead gives [ e~ u(A+m*D) gy, Equation (G.88) uses
A fixed. A varying radius or source-dependent operator or moving unit convention adds
the corresponding derivative and transport terms. The relation 7 = k2 specifies the scale
conversion for this fixed-operator covariance.
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