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Abstract: From minimal unbiased compositional change we construct compact internal

geometry and gauge–matter representations, and prove a mass gap for the generated Yang–

Mills response. On the least-dimensional nontrivial compact connected faithful irreducible

orthogonal carrier, independent composition and square-root scaling with unit covariance

fix the centred Gaussian source. Ladder operations and coherent comparisons generate the

round SU(2) process spectrum; complete centre-invariant observations give RP3. Within

complete continuations preserving adjoints, exchange structures, source phase and reversal,

three theorems characterize the faithfully acting group (SU(3) × SU(2) × U(1))/Z6, a

sixteen-dimensional full matter module with a fifteen-dimensional charged quotient, and an

elementary scalar connector parametrized by one complex doublet. The colour connection

determines a complete spectral response with a unique positive equilibrium at the source-

calibrated radius. Its normalized radial and common-frame coexact responses define the

generated Yang–Mills mass operator. The Gaussian equilibrium completion has a unique

vacuum and an attained positive gap. Its representation preserves the original connection

state and polynomial products and intertwines the update. The curvature susceptibility

detects the collective radial response. The same source algebra generates a Lorentzian event

carrier with a phase clock. Osterwalder–Schrader reconstruction gives free local fields. For

the renormalizable gauge–matter realization, causal perturbation theory constructs the

interacting net as a formal series at gauge-compatible finite internal resolution.
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1 Introduction

Minimal unbiased compositional change describes a reversible source action together with

the independent accumulation of its unresolved increments. The problem studied here is

to construct the response modes and their couplings from this source and to determine

the restoring scale of their collective equilibrium. The elementary carrier distinguishes

continuous reversible changes. Comparing their complete processes determines the internal
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geometry. Matter carries the resulting responses, and connections compare their local

frames.

The terminology is operational. A carrier is a vector space on which source changes act;

the elementary carrier has the least dimension among the admissible faithful irreducible

orthogonal actions. Operations compose these changes and compare their effects in pre-

pared states. A response records the change detected by an observation. The commutative

algebra of complete process observations records the distinguishable operations, and its

character space is the geometry resolved by those observations. The process heat spectrum

measures how resolved modes decay under unbiased composition. Local fields represent

these responses on the event carrier constructed from the same source algebra.

Minimal real dimension selects the standard SO(2) carrier among nontrivial compact

connected faithful irreducible orthogonal change data. Independent composition and ex-

act quadratic scaling with normalized finite variance fix a centred Gaussian law on its

one-dimensional Lie algebra. The finite correlation window gives the reflecting square

spectrum; the full-line ladder supplies matrix operations comparing source levels. The first

noncommuting matrix corner has two relevant real forms. Compact unitary operations gen-

erate the internal process geometry, while self-adjoint differences generate the Lorentzian

event carrier. Internal response and event localization are two observations of one source

algebra. The scale radius measures internal resolution.

The source construction realizes relative frames and least faithful matter together

with an elementary chiral connector. Three continuation theorems characterize these re-

alizations among complete continuations preserving the generated adjoint and exchange

structures together with source phase and reversal. Relative frames express the generated

carriers in local bases and turn their comparison into a connection. The generated tensor

carrier realizes every simple response block once. The least-matter theorem proves that this

adjoint-preserving action attains the minimum faithful dimension and is unique there up

to unitary equivalence. The elementary-connector theorem identifies the odd Clifford vari-

ation that is natural under independent source comparisons and real under reversal. Basis

phases and changes of local trivialization remain gauge descriptions of the same response.

Additional multiplicity spaces describe extensions by repeated families. The transported

source vacuum fixes the relative phase of the right frame and colour scalar. Its stabilizer

determines the charge direction. Primitivity fixes the charge unit and the common centre

fixes the faithful global group.

The Yang–Mills problem in this construction is to determine whether the generated

colour connection has a stable equilibrium and a positive restoring spectrum. Its mean

squared strength resolves collective changes; coclosed probes resolve transverse changes at

fixed intensity. Their spectral feedback and information metric are computed from the

same source law.

Kaluza–Klein theory associates lower-dimensional fields with modes of a chosen com-

pact internal geometry [1–3]. The spectral action of Chamseddine and Connes assigns an

action to noncommutative geometric data (A,H, D) [4]. On a spin manifold times a finite

noncommutative geometry it produces the gauge and matter sectors with Higgs terms [5].

These constructions establish how internal spectral data enter field dynamics on a chosen
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base. The present construction begins with the source operation algebra. From this algebra

it obtains both the internal carrier and the affine Lorentzian event carrier before passing

to a field representation.

Finite noncommutative geometry already provides classifications of Standard Model

content. Chamseddine and Connes characterize the finite geometry under algebraic con-

ditions including KO-dimension six and quaternion linearity [6]. The classification in

Ref. [7, Section III] starts from an irreducible symplectic geometry of KO-dimension six

combined with a four-dimensional spin manifold. At the smallest graded size its algebra is

HR⊕HL⊕M4(C). Its Pati–Salam realization carries sixteen fermions in (2, 1, 4)⊕ (1, 2, 4).

Here the quadratic source response resolves a triplet–singlet carrier C = W ⊕ L. The

colour frames preserve the two summands separately. A full SU(4) frame mixes them. The

split-preserving response algebra together with the transported neutral line and common

centre determines which operators act on the full sixteen-dimensional module and which

descend to the charged quotient. The comparison therefore tracks both the origin of the

carriers and the operators retained by their physical realization.

Minimal unbiased compositional change is also the source of the spectral arithmetic

developed in Ref. [8]. The two constructions share the Gaussian law, intrinsic correlation

endpoints and reflecting spectrum in a common normalization. Spectral arithmetic studies

the native operations of the resulting modes. The physical branch uses the Gaussian ladder

and complete process comparisons to construct internal geometry, frame transport, matter

response and connection dynamics. The source and reflecting-spectrum arguments required

for this construction are included here.

The first principal result is the internal structure construction. Coherent comparison of

the ladder matrix units generates the round SU(2) operation space and its heat spectrum.

Complete centre-invariant observations give X3 = RP3. The trace comparison gives the

four-real-dimensional response cone. The Weyl growth of the complete process spectrum

fixes dimension three. The shell capacity relation identifies the round spherical parent.

Applying the three continuation theorems to these carriers gives

Gint =
SU(3) × SU(2)W × U(1)

Z6
, dimCMfull = 16, dimCMch = 15. (1.1)

The group is the range of the source action on the full matter carrier; the six-element sub-

group is the kernel of its product presentation. The neutral right line remains in Mfull. An

operator descends to Mch precisely when it preserves that line. The elementary reversal-

real connector has one complex coordinate of type (1, 2)1/2. Its determinant is its positive

gauge-invariant amplitude square. The source number flow has a unique continuous lift

to the right frames. Its image fixes the transported source vacuum pointwise. The result-

ing stabilizer locks the relative phases of the right frame and colour scalar to the source

reference and fixes their primitive charge.

The second result is the generated Yang–Mills mass-gap theorem. Let q = E∥B∥2

be the invariant intensity of the Gaussian colour connection. Its adjoint Casimir fixes the

feedback coefficient and the long-root spectrum fixes the relative drive. The unit-covariance

source fixes a width b0 and the length unit ℓ∗ = b0. The reference profile whose UV endpoint

– 3 –



equals this unit has width b0/
√

2. Its IR radius gives Lc =
√
π. In this endpoint calibration

the canonical source has Lsrc =
√

2π > Lc. The complete relative spectral response is C2

and coercive with strict convexity. It has a unique positive minimum at this source-defined

radius and more generally at every L > Lc. The source Legendre metric normalizes the

radial fluctuation. The exact coclosed connection response gives

M2
YM = m2

YM,rad ⊕ (∆⊥
1 + δqLI), ∆2

YM = min

{︃
m2

YM,rad,
4

L2
+ δqL

}︃
> 0. (1.2)

The connection, source law and generated coexact domain transform together under

changes of frame. Their common-frame quotient gives the displayed one-response opera-

tor. Independent Gaussian composition of its linear restoring map gives an equilibrium

response completion with a unique vacuum and first positive mass-squared ∆2
YM. Its

gauge-invariant cyclic sector inherits this positive lower bound. The original connection

polynomials retain their full source inner products and multiplication in this completion.

Their equilibrium update is intertwined explicitly with its generator. The intensity score

retains its second Hermite degree. The radial linear readout is the derivative of the curva-

ture mean along the source family. Its positive coefficient makes the collective excitation

visible in the joint curvature susceptibility. It contains both the direct source response

and the additional change caused by relaxation of the mean intensity. The fixed-source

curvature correlation is computed separately with its full Hermite weights. Uniform tail

estimates provide one finite spectral cutoff controlling both qL and the gap on compact

condensed scale intervals.

The third result supplies the field representation. The self-adjoint real form of the same

first matrix corner has determinant t2−|x|2. Algebraic positivity selects its future cone and

the determinant-one action gives SO+(1, 3). Translated Gaussian comparisons generate

the affine event algebra. A translation character read by the source quadratures calibrates

proper time. Osterwalder–Schrader reconstruction gives the free local net. Mode products,

gauge curvature, matter transport and the elementary connector define local functionals

on this carrier. Causal reconstruction gives the gauge-compatible finite-resolution pertur-

bative net as quantum BRST cohomology in the renormalizable gauge–matter realization.

In its quadratic realization, integrating the internal one-response semigroup against the

event heat kernel gives the field covariance. The one-particle Poincaré Casimir retains the

internal mass spectrum. The colour intensity and the radial curvature polynomial have an

isolated positive scalar pole and explicit multiparticle continua, with weights fixed by the

observation.

The accompanying Lean development provides machine-checked proofs for the com-

mon source structure and finite physical interfaces identified in its theorem correspon-

dence [9]. The archived Coarse Graining Genesis Framework supplies independent com-

putational checks of finite responses and mode products, including their joint resolution

corrections [10]. The theorem correspondence and computational records specify which

results are checked. The analytic arguments are given in the paper.

The appendices give the source-operation constructions, spectral formulae, convergence

and truncation estimates, and field-reconstruction proofs used in the main text.
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2 Preliminaries

Complex Hilbert-space inner products are antilinear in the first argument and linear in the

second. Real inner products are symmetric bilinear forms.

The structural implications have the form

minimal unbiased
compositional change −→ Gaussian

−→ (finite window, full-line ladder)

source operations−−−−−−−−−−→ (X3, E4)

source continuationtheorems−−−−−−−−−−−−−−−−−→ (Gint,Mfull,Mch,Kch),

(2.1)

The source operations resolve complete processes into orthogonal heat shells. Their mul-

tiplicities supply the quadratic capacity used in the dimension count and the spherical

comparison. The relative-frame, least-matter and elementary-connector theorems char-

acterize continuations of the generated carriers that preserve their adjoint and exchange

structures, source phase and reversal. Local frames, matter and the scalar connector are

successive realizations in this class. The stated operation and observation classes fix the

scope of the uniqueness results, and each completion is taken in its specified norm or op-

erator domain. The entropy and representation results recalled here are standard tools for

this construction.

2.1 Maximum entropy principle

Let ρ be a probability density on Rd with respect to Lebesgue measure. Its differential

entropy is

H(ρ) = −
∫︂
Rd

ρ(x) log ρ(x) dx.

The reference measure is fixed in this definition. Jaynes’s maximum-entropy principle [11]

selects the Gaussian density ρG at fixed mean µ and positive-definite covariance Σ. In

these conventions the fixed-moment identity is

H(ρG) −H(ρ) = D(ρ∥ρG) ≥ 0.

It follows by integrating the quadratic polynomial log ρG against the two densities.

Relative-entropy positivity [12] gives uniqueness up to equality almost everywhere. An

infinite entropy deficit corresponds to H(ρ) = −∞.

The entropy deficit measures the additional statistical structure carried by a density

with the same moments. The compositional source fixes the Gaussian through independent

accumulation, exact quadratic scaling and normalized finite variance; maximum entropy

describes the uncertainty retained by that law. The Fourier-conjugate entropy inequality

of Bia lynicki-Birula and Mycielski [13] follows from the sharp Fourier norm inequality [14].

Unchirped Gaussian wavefunctions attain the entropy bound. Here the optimized quan-

tity is the total entropy of two conjugate readouts. A self-dual normalization balances

their spreads in fixed Fourier units. The profile e−πx
2

is self-dual for the Fourier kernel

e−2πixξ. These variational and harmonic statements use fixed measure and normalization

conventions.
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2.2 Representation theory preliminaries

Let Spin(4) ∼= SU(2)L × SU(2)R. Its irreducible representations are labelled by (jL, jR)

and have dimension (2jL + 1)(2jR + 1).

The standard representation classification [15] gives the following dimensions and ker-

nels. The least nontrivial complex irreducible representations of Spin(4) are (1/2, 0) and

(0, 1/2). Both have dimension two. Neither is faithful. The least faithful complex represen-

tation is the four-dimensional Dirac sum (1/2, 0)⊕(0, 1/2) and is unique up to equivalence.

A representation of dimension at most three omits one factor. The four-dimensional vector

representation (1/2, 1/2) has a diagonal central kernel.

For even n = 2m the complex Clifford classification [16, Chapter 3] gives an irreducible

module of dimension 2m. Restriction to the even Clifford subalgebra or to Spin(2m) gives

two semispinor modules of complex dimension 2m−1. Odd Clifford multiplication inter-

changes them. For odd n there is no chiral decomposition.

3 Minimal Change and Gaussian Coarse Graining

The elementary datum specifies how a reversible change is distinguished and how indepen-

dent increments of it accumulate. A real inner-product space records its response directions.

Orthogonality expresses comparison at fixed strength. The direction can change while the

comparison norm is preserved. Faithfulness allows distinct source operations to be resolved

through their action. Irreducibility makes the elementary response indecomposable into

proper invariant sectors. Minimality selects the fewest real directions that support such a

continuous reversible action. These conditions specify the elementary carrier before spa-

tial localization or clock calibration enters. The accumulation law belongs to the same

source datum. Independent composition and exact scaling determine its Gaussian realiza-

tion under a finite normalized second moment. This section specializes the common source

construction of [8] to the internal response problem.

The two Gaussian constructions answer complementary physical questions. The finite

window identifies the range over which changes remain correlated at a fixed resolution

and fixes the endpoint scale. The full-line ladder resolves how amplitudes are transferred

between source levels and supplies the matrix operations whose finite corners generate the

response algebra. The window operator and ladder Hamiltonian act on different Hilbert

spaces. Their common square normalization joins the correlation scale to the operation

spectrum.

3.1 The minimal real change carrier

Elementary changes are nonidentity operations in a group that also contains the null

change. Connectedness makes each group operation continuously accessible from the null

change. Compactness allows the family of response orientations to carry a normalized in-

variant average. Together with orthogonality these requirements describe reversible com-

parisons at fixed response strength.
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Definition 3.1 (Orthogonal change datum and unbiasedness). An orthogonal change da-

tum is a triple (V,G, ρ) with a nonzero finite-dimensional real inner-product space V and

a nontrivial compact connected Lie group G. Its action

ρ : G −→ O(V ) (3.1)

is faithful and continuous and irreducible over R. A set C0 ⊂ G\{e} of elementary changes

is admissible if it topologically generates G. The identity e represents the null change.

The elements of C0 represent elementary nonzero changes. Two choices of C0 are physically

equivalent when an orthogonal intertwiner of the corresponding data carries their generated

actions into one another.

Structural unbiasedness means that the real representation ρ has no nonzero proper

invariant subspace. Statistical unbiasedness of a Borel probability measure on a Euclidean

tangent space means invariance under its full orthogonal group. Structural unbiasedness

concerns the response representation whereas statistical unbiasedness concerns its proba-

bility law. Statistical unbiasedness of the compositional source follows from composition

and scaling with normalized finite variance.

An orthogonal change datum is minimal if dimR V is least among such data.

The source datum combines this minimal carrier with a probability law for the ac-

cumulation of independent changes. Its composition and scale dependence are specified

together in the following axiom.

Axiom 3.2 (Minimal unbiased compositional change). There exists a minimal orthogonal

change datum (V,G, ρ) and a family of Borel probability measures (µt)t>0 on its Lie algebra

g such that

(C) µs ∗ µt = µs+t for s, t > 0.

(S) µt = (D√
t)#µ1 with DrX = rX.

(V) µ1 has finite second moment and Cov(µ1) = Ig in the representation metric.

Condition (C) makes the accumulated law independent of how successive independent

increments are grouped. Condition (S) closes this law under changes of composition scale.

Division by the square root of the composition parameter recovers the reference law. Con-

dition (V) allows the strength of unresolved changes to be calibrated through a finite second

moment and fixes the covariance unit at t = 1. The Gaussian uniqueness theorem estab-

lishes centring and orthogonal invariance with covariance tIg. The parameter t measures

accumulated variance. Physical time requires a clock calibration.

For an orthogonal change datum the differential representation equips g with the inner

product

⟨X,Y ⟩ρ := − 1

dimR V
TrV (dρ(X)dρ(Y )) . (3.2)

Faithfulness makes dρ injective. Hence (3.2) is positive definite.
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Theorem 3.3 (Minimal real carrier and complex structure). Every minimal orthogonal

change datum has

dimR V = 2, G ∼= SO(2), (3.3)

and ρ is orthogonally equivalent to the standard rotation action. If X0 is either unit

generator of g and J = dρ(X0) then

JT = −J, J2 = −IV , JTJ = IV . (3.4)

Choosing an orientation of V selects one of the two operators J . The rule

(a+ ic)v := av + cJv, a, c ∈ R, (3.5)

makes V a one-dimensional complex Hilbert space with

ρ(exp(θX0))v = eiθv, SO(2) ∼= U(1). (3.6)

Reversing the orientation sends J to −J and complex conjugates this coordinate.

Proof. In real dimension one O(V ) ∼= {±1} has no nontrivial connected subgroup. The

standard action of SO(2) on R2 is faithful and real irreducible. Thus the minimum is two.

Connectedness and compactness then make ρ(G) a nontrivial connected closed subgroup

of SO(2). It is therefore the whole circle. Faithfulness identifies G with SO(2). In an

orthonormal basis the two unit generators are ±
(︁
0 −1
1 0

)︁
. They satisfy (3.4).

Equation (3.4) supplies a real-linear complex structure. The compatible Hermitian

form is

hJ(v, w) = ⟨v, w⟩V + i⟨Jv,w⟩V . (3.7)

It is positive definite and satisfies hJ(v, Jw) = ihJ(v, w) in the convention of Section 2.

The identity eθJ = cos θ I + sin θ J gives (3.6).

The complex coordinate in Theorem 3.3 organizes the two real comparison directions

into an amplitude and a phase. The phase records a reversible rotation of the elementary

response. The two-level complex module spans two Gaussian levels and uses these same

complex scalars to compare their amplitudes.

3.2 The compositional Gaussian law

Theorem 3.4 (Gaussian uniqueness under composition). The minimal carrier of Theo-

rem 3.3 has one-dimensional Lie algebra g ∼= R. On this Lie algebra the family in Axiom 3.2

is uniquely

dµt(a) =
1√
2πt

exp

(︃
−a

2

2t

)︃
da, a ∈ g ∼= R. (3.8)

The family is centred and invariant under the full orthogonal group of g with covariance

tIg. Setting µ0 = δ0 gives a weakly continuous convolution semigroup on t ≥ 0.
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Proof. For a bounded continuous function f condition (S) gives∫︂
f dµt =

∫︂
f(
√
t a) dµ1(a).

Dominated convergence proves weak continuity for t ≥ 0 with µ0 = δ0. Conditions (V)

and (S) give finite second moments at every t > 0. Writing mt =
∫︁
a dµt(a) gives by

composition and scaling m2 = 2m1 =
√

2m1. Thus m1 = 0 and mt = 0 for all t. In a unit

coordinate on g ∼= R condition (V) now reads
∫︁
a2 dµ1(a) = 1.

Let φt(k) =
∫︁
eika dµt(a). The finite second moment gives the expansion φ1(h) =

1 − h2/2 + o(h2). For each positive integer N conditions (C) and (S) imply

φt(k) =
[︂
φ1

(︂
k
√︁
t/N

)︂]︂N
=

[︃
1 − tk2

2N
+ o(N−1)

]︃N
−→ e−tk

2/2.

The left-hand side is independent of N . Uniqueness of characteristic functions therefore

gives (3.8). Orthogonal invariance and covariance tIg follow from this density.

At its derived mean and covariance this composition law also maximizes entropy as

recalled in Section 2.1 [11]. It therefore leaves the greatest uncertainty about unresolved

increments consistent with their mean and variance. Composition fixes the law. The

entropy characterization explains its lack of statistical preference.

Set t = b2 and distinguish the unit-mass density from the unit-peak correlation profile

by

Gb(d) =
1√
2π b

e−d
2/(2b2),

∫︂
R
Gb(d) dd = 1, (3.9)

Kb(d) =
√

2π bGb(d) = e−d
2/(2b2), Kb(0) = 1. (3.10)

The convolution parameter is quadratic with

Gb1 ∗Gb2 = G√
b21+b

2
2
. (3.11)

Reversible changes and coarse graining. Let (U(a)f)(y) = f(y − a) be the unitary

representation of an individual tangent change on L2(R). Fourier transformation gives∫︂
R
U(a) dµt(a) = exp

[︃
− t

2

(︃
− d2

dy2

)︃]︃
. (3.12)

Each microscopic change remains reversible. Averaging over unresolved independent

changes produces a positive contraction with a preferred coarse-graining direction. The

average retains the probability-weighted response while discarding which individual dis-

placement occurred. Its Fourier multipliers suppress rapidly varying modes most strongly.

The parameter t measures the accumulated variance of these tangent changes.
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3.3 The finite correlation window

The two boundaries are local and global readouts of the generated correlation kernel in the

displacement coordinate fixed by its covariance. The local readout is the first separation

carrying one unit of additive information. The global readout is the length of a constant

profile with the same peak and total correlation mass. The information unit and mass

normalization specify these readouts and fix their endpoint values.

Let F : (0, 1] → [0,∞) be continuous and satisfy F (rs) = F (r) + F (s) with nor-

malization F (e−1) = 1. Then F (r) = − log r. The substitution H(x) = F (e−x) gives the

continuous Cauchy equation whose slope is fixed to one by the normalization. Consequently

the local information of Kb is

Db(d) := − log
Kb(d)

Kb(0)
=

d2

2b2
. (3.13)

The signed displacement coordinate is the additive locally compact group (R,+). In

the displacement coordinate fixed by the covariance normalization in Axiom 3.2 normalize

Haar measure by assigning mass one to a unit interval. The resulting positive locally

finite translation-invariant Borel measure is uniquely Lebesgue measure dd. For a nonzero

nonnegative profile K ∈ L1(R) ∩ L∞(R) define its correlation mass and peak-equivalent

length by

C(K) :=

∫︂
R
K(d) dd, L(K) :=

C(K)

∥K∥∞
. (3.14)

The quotient is invariant under translations and positive amplitude rescalings and scales

as a length under K(d) ↦→ K(d/a). Thus it is the constant-profile width carrying the same

normalized translation-invariant correlation mass.

Correlation boundaries. The first unit-resolvable separation and the translation-

invariant peak-equivalent width are uniquely

ℓUV(b) := inf{d > 0 : Db(d) ≥ 1} =
√

2 b, (3.15)

and

LIR(b) := L(Kb) =

∫︁
RKb(δ) dδ

Kb(0)
=

√
2π b. (3.16)

They satisfy

Db(ℓUV) = 1, Db(LIR) = π. (3.17)

The function in (3.13) is continuous and strictly increasing for d > 0. Its first unit level

is therefore
√

2 b. The normalized Haar measure fixes the correlation mass in (3.14). The

second identity is the elementary Gaussian integral. The two information levels follow by

substitution.

Both boundaries are obtained from the same Gaussian profile. The width b sets

their common length scale while the local information and global capacity readouts give

LIR/ℓUV =
√
π. Their numerical values supply the two ends of the correlation window
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without an independent cutoff parameter. The infrared length also has an entropy inter-

pretation as the exponential of the limiting Rényi entropy of the normalized correlation

profile.

Let K ≥ 0 be nonzero in L1(R) ∩ L∞(R). Put pK = K/
∫︁
K and define for α > 1

HR
α (pK) =

1

1 − α
log

∫︂
R
pK(d)α dd. (3.18)

With Lebesgue measure normalized in the same length units as the endpoint

eH
R
∞(pK) := exp

(︂
lim
α→∞

HR
α (pK)

)︂
=

∫︁
K(d) dd

∥K∥∞
. (3.19)

For Kb this is
√

2π b = LIR(b). The Lα norms of a probability density in L1 ∩L∞ converge

to its essential supremum. Since HR
α = α(1 − α)−1 log ∥pK∥α the limit is − log ∥pK∥∞.

Normalization of pK gives (3.19). The Gaussian value follows from (3.16).

The active window is therefore

Wb = [ℓUV(b), LIR(b)], ∆b = LIR(b) − ℓUV(b) = b(
√

2π −
√

2). (3.20)

Reflecting closure. On Hb = L2(Wb, dd) consider the local Laplacian Abf = −f ′′.
Among nondegenerate separated homogeneous self-adjoint boundary conditions conserva-

tion of the constant state uniquely selects

D(Ab) = {f ∈ H2(Wb) : f ′(ℓUV) = f ′(LIR) = 0}. (3.21)

The endpoint flux vanishes on this domain. The zero eigenspace consists precisely of the

constant functions. The remaining eigenvalues are

Eb,n =

(︃
nπ

∆b

)︃2

, n = 1, 2, . . . . (3.22)

A separated homogeneous condition at an endpoint has the form αf + βf ′ = 0 with

(α, β) ̸= (0, 0). Requiring the constant function to lie in the domain forces α = 0. Hence

β ̸= 0 and f ′ = 0. The Neumann condition at each endpoint gives zero flux. Integration

by parts shows that Ab is nonnegative and self-adjoint on (3.21). Its kernel consists of

functions with
∫︁
Wb

|f ′|2 = 0. Separation of variables then gives the Neumann spectrum of

the interval of length ∆b.

Put tb(d) = d2/2. Then the endpoint scales are tUV = b2 and tIR = πb2.

For a candidate outer length Ltrial write the squared ratio as c = (Ltrial/ℓUV)2. Equal-

capacity closure is the equation √
c−

√
π = 0. (3.23)

It has the unique dilation-invariant solution

cend = π =
tIR
tUV

. (3.24)

The only continuous positive function R(x, y) on x, y > 0 satisfying common scale invari-

ance and composition R(x, z) = R(x, y)R(y, z) with unit logarithmic differential at x = y

– 11 –



is R(x, y) = y/x. The endpoint formulas give LIR/ℓUV =
√
π. For the last assertion scale

invariance gives R(x, y) = f(y/x) and composition gives f(rs) = f(r)f(s). Continuity

implies f(r) = rq. The differential normalization fixes q = 1.

The Gaussian also reconstructs the metric used by the local generator. On [0, LIR]

define

dKb
(x, y) := b

√︄
2 log

Kb(0)

Kb(x− y)
. (3.25)

The Dirichlet form of Ab on the active window is

Eb(f) =

∫︂
Wb

|f ′(d)|2 dd, D(Eb) = H1(Wb). (3.26)

Substituting the Gaussian profile shows that its correlation metric is the Euclidean

separation dKb
(x, y) = |x− y|. On Wb it equals the intrinsic metric of the form (3.26). If

|f ′| ≤ 1 almost everywhere the fundamental theorem for Sobolev functions gives |f(x) −
f(y)| ≤ |x− y|. The affine function f(d) = d saturates this bound.

Translate Wb to [0,∆b] and reflect it across both endpoints. Its double is

˜︂Wb = R/(2∆bZ), θ =
π(d− ℓUV)

∆b
. (3.27)

Theorem 3.5 (Reflecting double and carrier compatibility). Even reflection gives a unitary

map from L2(Wb, dd) onto the reflection-even subspace of L2(S1, dθ/2π). The map is

(Rbf)(eiθ) =
√︁

∆b f

(︃
ℓUV +

∆b

π
|θ|
)︃
, −π ≤ θ ≤ π. (3.28)

It takes normalized Neumann modes to 1 and
√

2 cos(nθ) and intertwines Ab with

(π/∆b)
2(−∂2θ ) on that subspace.

After choosing the orientation in Theorem 3.3

Cb(exp(θJ)) =

[︃
∆b

π
θ

]︃
2∆bZ

(3.29)

is the unique orientation-preserving Lie-group isomorphism G → ˜︂Wb whose differential

sends the unit angular generator to ∆b/π. Thus the Gaussian tangent line and the reflected

spectral circle are respectively a universal cover and compact quotient of one normalized

change carrier.

Proof. Even extension doubles the integral on [0,∆b]. Multiplication by
√

∆b gives the

unitary normalization. Even H2 functions have zero derivative at the fixed points and every

Neumann function extends evenly. This proves the spectral statement. The exponential

coordinate of G ∼= SO(2) has kernel 2πZ while the lift θ ↦→ (∆b/π)θ maps this kernel onto

2∆bZ. It induces (3.29). The orientation and differential give uniqueness.

The reflecting operator has the corresponding finite-window interpretation. For τ ≥ 0

the semigroup is

Cb(τ) := e−τAb/2, Cb(τ)ϕn = e−τEb,n/2ϕn, (3.30)
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where ϕ0 = ∆
−1/2
b is the constant mode. The Neumann heat semigroup preserves positivity

and total probability. Thus every probability density ϱ0 ∈ L1(Wb) ∩ L2(Wb) satisfies⃦⃦⃦⃦
Cb(τ)ϱ0 −

1

∆b

⃦⃦⃦⃦
2

≤ e−τEb,1/2

⃦⃦⃦⃦
ϱ0 −

1

∆b

⃦⃦⃦⃦
2

. (3.31)

The uniform state is the equilibrium of this diffusion and is approached exponentially at a

rate fixed by the first Neumann eigenvalue. Here τ is the internal diffusion parameter on

the correlation window.

3.4 The Gaussian ladder and its central sign

On the full tangent line the Gaussian ladder acts on the normalized L2(R) vector propor-

tional to the correlation profile Kb given by

gGb (y) := (πb2)−1/4e−y
2/(2b2). (3.32)

The reflecting window organizes finite correlation scales. The ladder organizes operations

that resolve and connect source modes and their relative phases. Both constructions use

the same Gaussian profile with the full tangent line retaining the modes needed for the

operator algebra.

Proposition 3.6 (Gaussian ladder, order-neutral closure and central sign). Let

A = c1b
d

dy
+ c2

y

b
+ c0 (3.33)

be a first-order operator with complex affine coefficients on the Schwartz core of L2(R). If

AgGb = 0 and [A,A∗] = I there is some eiγ ∈ U(1) such that

A = eiγab, ab :=
1√
2

(︃
b
d

dy
+
y

b

)︃
. (3.34)

The ordered products A∗A and AA∗ are independent of the residual phase. The two phase-

independent products differ by I. Reversal exchanges their orderings. In the normalized

affine class

Qb = {Hb,α = αa∗bab + (1 − α)aba
∗
b : 0 ≤ α ≤ 1}, (3.35)

the unique element invariant under interchange of the two orderings is

HG
b =

1

2
(a∗bab + aba

∗
b) = a∗bab +

1

2
I. (3.36)

The self-adjoint closure of (3.36) has an orthonormal Hermite basis (hb,n)n≥0 with

HG
b hb,n =

(︃
n+

1

2

)︃
hb,n. (3.37)

Its unitary phase flow satisfies

e−2πiHG
b = −I, e−4πiHG

b = I. (3.38)

Within the class (3.35) the half-unit and the order-two central sign are therefore fixed by

order reversal.
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Proof. The logarithmic derivative of gGb is −y/b2. Annihilation therefore forces c2 = c1 and

c0 = 0. The commutator is 2|c1|2I and fixes |c1| = 1/
√

2. The ordering involution sends

Hb,α to Hb,1−α whose unique fixed point is α = 1/2.

The equation abg
G
b = 0 gives the ground-state eigenvalue 1/2. Successive applications

of a∗b give the Hermite basis and raise the eigenvalue by one. Equation (3.38) follows by

spectral calculus. The closure has domain⎧⎨⎩∑︂
n≥0

cnhb,n :
∑︂
n≥0

(︁
n+ 1

2

)︁2 |cn|2 <∞

⎫⎬⎭ . (3.39)

This central sign belongs to the metaplectic phase lift on the full tangent Hilbert space.

On a finite carrier compressed source operations generate SU(2). The full-cycle operator

restricts to its nontrivial central element (Proposition G.1). This identifies the two central

actions through a common carrier.

4 Emergent Response Structures

Coherent comparison of source modes retains both intensities and relative phases. The

Gaussian ladder supplies matrix units that transfer amplitudes between resolved levels.

Their products describe successive transfers. The first two-level corner supports noncom-

muting comparisons. Complete observations distinguish the resulting operations and their

observation algebra determines the compact process space. Unbiased composition deter-

mines its heat evolution. The internal response geometry thus records operations compared

in the same source preparation. Peter–Weyl decomposition resolves their process spectrum

and the SU(2) classification fixes the least-dimensional centre-sensitive spin module. Ap-

pendix G proves the spectral and central properties and fixes the metric normalization used

here. Relative-frame comparison gives local frames, the least faithful adjoint-preserving

representation supplies matter, and the natural reversal-real variation supplies the scalar

connector. The three continuation theorems characterize these constructions among com-

plete realizations preserving the generated adjoint and exchange structures, source phase

and reversal.

Write D0 for the preceding source data comprising the minimal real phase plane and its

Gaussian convolution semigroup together with the finite Neumann window of normalized

positive spectrum n2 and the metaplectic central character. The real phase plane supplies

the complex scalar structure. Here V denotes the two-dimensional complex span of the

first two Gaussian modes. Its coordinates are mode amplitudes and the ladder compares

and mixes these amplitudes through its matrix units.

Theorem 4.1 (Generated process algebra, round response, and real amplitude). The

matrix units obtained from the Gaussian ladder generate the following operational con-

structions without a spatial dimension as input.
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(i) The first noncommuting finite corner acts on V = span{h0, h1}. Its determinant-

one reversible operations form SU(V ). Coherent comparison with the same source

level h2 distinguishes their matrix entries and the uniform closure of the resulting

process-observation algebra is C(SU(V )).

(ii) Independent steps exp(iϵ
∑︁

a ξaJa) formed from the compressed ladder with a fixed

centred law and covariance cI for 0 < c < ∞ converge after ⌊8t/(cϵ2)⌋ compositions

to the round group heat evolution. The generated equal frame average realizes these

moment conditions. The six coordinate directions have c = 1/3. Independent unit-

variance Gaussian coefficients have c = 1. Both yield the same spectrum

λn = n2 − 1, mn = n2, n = 1, 2, . . . . (4.1)

The complete centre-averaged algebra has character space SU(V )/{±I} ∼= RP3.

(iii) The smallest real algebra containing these reversible operations is HV = RI ⊕
iHerm0(V ). Every nonzero amplitude has a unique polar factorization h = RU .

The full comparison in the generated trace preparation gives

1
2 ReTr(dh∗dh) = dR2 +R2ground. (4.2)

Proof. The ladder polar decomposition gives all Eij and hence the first noncommuting

corner M2(C). Its compressed raising and lowering operators satisfy the su(2) relations

by Proposition G.1. Theorem G.2 includes the coherent comparison and finite-control

constructions and proves point separation. Its finite-variance Fourier limit gives the scalar

multiplier e−4tj(j+1) on the spin-j representation. Peter–Weyl decomposition supplies its

(2j + 1)2 matrix coefficients. Putting n = 2j + 1 proves (4.1). The central conditional

expectation retains the complete invariant algebra. So its character space is the stated

quotient. Finally the finite-control preparation in the same appendix and Proposition G.3

establish the trace preparation together with the real algebra and polar metric on the same

source-derived carrier.

Observable rigidity of the process geometry. For the generated process system the

complete process-observation algebra together with its source trace metric determines the

compact parent as SU(V ) with its normalized round metric up to an isometry preserving

the source observations. Its complete centre-invariant subalgebra determines the quotient

SU(V )/{±I} ∼= RP3 with the descended metric. The observation class and source normal-

ization thus fix both geometries.

Proof. The complete observations separate the operations and generate C(SU(V )). The

trace preparation fixes the normalized bi-invariant metric. Passing to the complete centre-

invariant subalgebra identifies precisely the central orbits and the trace metric descends

through the quotient.

The comparison algebra distinguishes complete operations on V . An input amplitude

in h0 or h1 is coherently paired with the reference level h2 which the controlled opera-

tion leaves unchanged. Comparing the transformed amplitude with this reference in two
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quadratures recovers the real and imaginary parts of each matrix entry of U . These com-

parisons also distinguish U from −U through their relative sign on the operated branch.

The preparations and probes use the same generated source algebra. The generated Ja
are traceless controls of the two-level response. So their exponentials generate relative

determinant-one operations. The central source phase remains available in U(V ). The

finite-variance composition limit is independent of the microscopic step law within the

stated class. An unbiased law is realized by conjugating each step with an independently

redrawn equally weighted choice of the 24 generated frame controls. This removes the

mean and makes the covariance scalar. The quadratic term in the small-step expansion is

then proportional to
∑︁

a(J
(j)
a )2 = j(j + 1)I. Repeated independent composition gives the

round heat multiplier. The three control directions are the generated traceless Hermitian

responses on V . The trace comparison makes 2iJa orthonormal tangent generators and the

accumulated microsteps have the Laplace–Beltrami operator of this same angular metric

as their positive generator. The response geometry and its diffusion therefore share the

normalization fixed by the source comparison. A point of the compact response space la-

bels a complete reversible operation. The heat kernel describes the distribution produced

by many independent small operations. Its spectrum measures the rates at which process

information is lost under averaging. The local cycle (G.13) makes the angular centre de-

tectable. Centre averaging then identifies U and −U and retains every distinction between

their central orbits. The spectrum of this complete invariant observation algebra is RP3.

The full second moment retains the scalar amplitude direction which a connected response

removes. The resulting four coordinates describe angular and amplitude responses.

The continuation of this process algebra to matter uses recursive minimality. Each gen-

erated response algebra has a least-dimensional faithful adjoint-preserving representation.

Reversal pairs the source-derived chiral modules and naturality fixes how the generated el-

ementary odd variation acts on the composite response. The three continuation theorems

and their universal properties are distinguished in Figure 1.

4.1 Response shells and spherical classification

The reflecting interval already supplies a dimensionless square spectrum. If Eb,1 is the first

positive Neumann eigenvalue in (3.22) then on the positive-mode subspace

ˆ︁Ab :=
Ab
Eb,1

, ˆ︁Abϕb,n = n2ϕb,n, n = 1, 2, . . . . (4.3)

Each positive Neumann eigenvalue has one interval mode. The Gaussian ladder also gener-

ates finite matrix responses whose capacity describes the operations available on a retained

set of source levels.

Source-generated finite response capacity. On the Gaussian ladder let Hn =

span{hb,0, . . . , hb,n−1} and let Pn be its orthogonal projection and put an = PnabPn.

Closure under complex linear combination and composition with adjunction gives

An := Alg∗C(In, an) = EndC(Hn), dimCAn = n2. (4.4)
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minimal unbiased compositional change with SO(2), J, U(1)

and the Gaussian law on finite correlation scales

finite-window Neumann square spectrum n2 ⊕
full-line Gaussian ladder and central sign in Qb

complete reversible op-

erations and unbiased

finite-variance composition

generated local Gaussian

cycle and complete centre-

invariant observations

S3 parent with X3 = RP3 and centre-sensitive spin lift

trace-comparison cone and response carrier E4

Clifford chiral carriers with S ⊗ S =

W ⊕ L and split matrix response algebra

three continuation theorems

for relative frames and least

matter with elementary variation

local SU(3) × SU(2)W × U(1) frame actions

minimal joint matter with primi-

tive charges and common centre

charged quotient and elementary scalar representation

connection intensity with

adjoint-Casimir feedback

and relative long-root drive

complete potential and scale transport

generated Yang–Mills mass operator and invariant spectra

Figure 1. From source operations to internal structure and Yang–Mills response. Solid arrows are

deductions within the stated classes. The upper dashed arrows specify the operation and observation

classes. The lower dashed arrow marks the change of physical role from generated carriers to their

relative-frame and least-matter realizations with the elementary connector. The three continuation

theorems record these constructions and the universal properties that retain the source adjoint and

exchange sectors together with the phase and reversal actions. The established spectral and central

properties and the normalized metric are recorded alongside them. The connection intensity and

Casimir feedback together with the long-root drive are derived from the generated colour source.

Their complete response gives the mass operator of Theorem 8.4. The figure follows the internal

branch. The self-adjoint real form of the first matrix corner supplies the Lorentzian event branch.

Their tensor-product representation carries the local field algebra.
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The Hermitian response space has real dimension n2. Its traceless part has dimension

n2 − 1. These are also respectively the ranks of the full exponential response and its

connected susceptibility in Proposition G.1.

Proof. The simple spectrum of Nn = a∗nan gives its rank-one spectral projections. Multi-

plying these by an and a∗n generates every matrix unit. So An = Mn(C). The scalar and

traceless Hermitian parts have real dimensions 1 and n2 − 1. Appendix G constructs all

corners simultaneously in (G.1) and proves the two response ranks by differentiation.

Heat shells and finite response spaces. The nested corners add n2−(n−1)2 = 2n−1

independent matrix responses at stage n. The degeneracies of the process generator are

obtained by resolving functions of complete operations into orthogonal modes. Theorem 4.1

gives the full decomposition

L2(SU(V )) =
ˆ︃⨁︂

j=0,1/2,...
Vj ⊗ V ∗

j , λj = 4j(j + 1), mj = (2j + 1)2. (4.5)

Each spin-j block contains (2j + 1)2 independent matrix coefficients resolving both input

and output indices of the operation. Thus the quadratic shell multiplicity follows from

complete process comparison. The match n = 2j + 1 relates the normalized Neumann

eigenvalue to λj+1 with the window and process Hilbert spaces remaining distinct. Reading

only the final vacuum-density state identifies operations with the same output ray and

retains the smaller orbit SU(V )/U(1) ∼= S2.

Dimension from the complete process spectrum. At the unit normalization above

the number of scalar process modes below a spectral cutoff Λ is

NG(Λ) =
∑︂

n2−1≤Λ

n2 =
1

3
Λ3/2 +O(Λ).

Indeed with K = ⌊
√

Λ + 1⌋ the sum equals K(K + 1)(2K + 1)/6. The Peter–Weyl decom-

position includes every scalar mode of the generated Laplace–Beltrami operator. For the

complete scalar spectrum of a closed smooth d-dimensional Riemannian manifold Weyl’s

law gives N(Λ) ∼ CΛd/2 with C > 0 [17]. The exponent therefore fixes d = 3 for any

such realization of this complete process spectrum. This Weyl argument determines the

dimension. The exact parent and quotient geometries are fixed separately by the complete-

observation rigidity argument above. The leading coefficient agrees with the scalar Weyl

constant for the unit trace metric Vol(S3, ground)/(6π2) = 2π2/(6π2) = 1/3. Increasing

the cutoff resolves more independent responses and their cumulative number measures the

dimension of the internal process space. The trace comparison has already fixed its round

metric. This spectral count reads the same dimension from the density of modes.

The spherical capacity comparison sharpens this asymptotic dimension statement to

an exact relation in every shell. Its geometric conditions are satisfied by the trace metric

of the process construction.
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Definition 4.2 (Isotropic spectral-capacity class). The abstract response fibre is a compact

connected complete Riemannian manifold of dimension d ≥ 2. Its simply connected cover

has constant positive sectional curvature normalized to one and is locally fully isotropic.

The point stabilizer is transitive on orthonormal two-frames. The order-preserving lift

assigns source mode n to angular degree l = n − 1 on this cover with full scalar shell

capacity

dimFn = n2. (4.6)

This is the spectral-capacity property satisfied by the complete-operation realization above.

The normalized cover in this property is Sd with d ≥ 2 by the constant-curvature

space-form theorem. Its scalar shell data are

λ
(d)
l = l(l + d− 1), m

(d)
l =

(2l + d− 1)(l + d− 2)!

l!(d− 1)!
. (4.7)

For these sphere data or their even-l antipodal sector the spherical affine response class

consists of members with constants a > 0, c independent of the retained degree satisfying

m
(d)
l = aλ

(d)
l + c. (4.8)

Theorem 4.3 (Capacity and affine characterization within the isotropic spherical class).

Within the isotropic spherical class defined above the spectral-capacity property selects

d = 3. Either of the identities

m
(d)
l = (l + 1)2, (4.9)

m
(d)
l = aλ

(d)
l + c, a > 0, (4.10)

on every degree or on all even degrees forces d = 3. The second then has a = c = 1. The

normalized parent is the compact round S3.

Proof. The multiplicity is a polynomial in l of degree d−1 with nonzero leading coefficient.

Each proposed right-hand side has degree two. So equality forces d−1 = 2. Equality on the

infinite even subsequence is also a polynomial identity. For d = 3 one has ml = (l + 1)2 =

l(l + 2) + 1. This proves the converse and a = c = 1. On the parent sphere the first

scalar harmonics are the d + 1 ambient coordinate functions. Matching their multiplicity

to the generated first nonconstant shell gives d+ 1 = 4. The space-form condition fixes the

normalized simply connected parent as the unit round sphere.

For the process realization and more generally under this property write

Fn = V(n−1)/2 ⊗ V ∗
(n−1)/2

∼= End(V(n−1)/2), n ≥ 1. (4.11)

Its excitation energy is n2− 1 and its capacity is n2. Under diagonal conjugation the trace

gives the invariant splitting

Fn = CIn ⊕ End0(V(n−1)/2), dim End0(V(n−1)/2) = n2 − 1. (4.12)
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The scalar–traceless splitting concerns matrix responses within one Laplace eigenspace.

Under the matrix-coefficient identification the line CIn is spanned by the character χj(U) =

Trπj(U) where j = (n−1)/2. It is invariant under conjugation and retains the shell energy

4j(j + 1). The global constant function occurs at j = 0. Pointwise multiplication of mode

functions generally mixes these eigenspaces. Every finite free quotient of the parent S3 is

compact and has discrete elliptic spectra of finite multiplicity.

4.2 Central character and projective compression

A source-derived common carrier. Proposition G.1 realizes both central actions on

V = H2 where

J+ = a∗2, J− = a2, J3 = a∗2a2 − 1
2IV , HG

b |V = IV + J3.

These operators satisfy the spin-12 commutation relations and the Gaussian full-cycle op-

erator is e−2πiHG
b |V = −IV ∈ SU(V ). Moreover (G.13) implements this restriction as the

generated local cycle RV (2π) = C(−IV ) with an unchanged complement. Hence the central

correspondence is realized by one local operation on the common carrier. It is antipodal on

the parent operation group and acts trivially by conjugation on Herm0(V ). These actions

and their Spin(4) lifts remain distinct. The local cycle acts on V with the identity on its

complement. The full-source cycle acts on the entire ladder. The single-reversal property

records this common reversal in an abstract form.

Single-reversal covariance. Let Zrev
2 = {1, r} be generated by reversal of the ordered

elementary response. The Gaussian phase lift and the phase-sensitive geometric lift are

required to be functorial under this same operation and faithful on it. Thus there are

injective homomorphisms

ιG : Zrev
2 −→ ZG

2 , ιgeom : Zrev
2 −→ SU(2), (4.13)

where ιG(r) = σG and the geometric reversal commutes with every connected frame rota-

tion. This is single-reversal covariance. Transporting the reversed response through either

lift preserves its composition law.

Proposition 4.4 (Central transfer and projective response geometry). Under single-

reversal covariance ιgeom(r) is the nonidentity element of Z(SU(2)) and the map

χ := ιgeom ◦ ι−1
G : ZG

2 −→ Z(SU(2)) (4.14)

exists is unique and sends σG to the antipodal element −I ∈ SU(2). If ε denotes the

nontrivial one-dimensional character of Z2 then the minimal spin module satisfies

S
⃓⃓
Zgeom
2

∼= ε⊕ ε. (4.15)

The identification concerns the restricted central actions. With the spectral-capacity prop-

erty retain the complete centre-invariant observable algebra Ainv := C(S3){±I}. The com-

pact Hausdorff space representing this commutative C∗-algebra is up to homeomorphism

X3 := SU(2)/{±I} ∼= SO(3) ∼= RP3, (4.16)
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whereas the centre-sensitive response retains the spin lift SU(2) ∼= S3. In the source-

spectrum index q = l + 1 scalar functions on X3 are the odd-index compression

q = 1, 3, 5, . . . , λq = q2 − 1, mq = q2. (4.17)

Proof. The commutation clause puts the image of ιgeom in Z(SU(2)). Faithfulness gives

ιgeom(r) = −I. So both maps in (4.13) are isomorphisms of groups of order two. Their

composite is the unique χ. The defining two-dimensional module has central action −I
giving (4.15).

The nontrivial central element acts on S3 ∼= SU(2) by the antipodal map. The quo-

tient map p : S3 → S3/{±I} induces an isometric ∗-isomorphism p∗ : C(S3/{±I}) → Ainv.

Invariant continuous functions factor uniquely through this quotient. They separate dis-

tinct orbits. The character space of Ainv is consequently this quotient uniquely up to

homeomorphism. The adjoint double cover identifies it with SO(3) ∼= RP3 and the round

metric descends from the sphere. Pullback identifies scalar functions on the quotient with

the even-l sector on the cover. Since q = l + 1 this is exactly the odd-index compression

in (4.17). A centre-sensitive module does not descend as an ordinary scalar module and

therefore retains the spin lift.

Centre averaging retains all scalar modes with odd q. Their complete count at the

same unit normalization is

NX(Λ) =
∑︂

q2−1≤Λ
q odd

q2 =
1

6
Λ3/2 +O(Λ).

The sum of the first r odd squares is r(4r2 − 1)/3 with r = ⌊(
√

Λ + 1 + 1)/2⌋. The

quotient therefore preserves the three-dimensional Weyl exponent and halves the leading

mode count in agreement with Vol(X3)/(6π
2) = π2/(6π2) = 1/6 at unit radius. The local

comparison metric is unchanged while the global observation identifies U with −U . The

complete invariant algebra separates all these central orbits and fixes the projective space.

A proper invariant subalgebra may identify additional points.

The two spin structures on RP3 have the same central character. We fix the repre-

sentative τ− whose antipodal deck lift is −ω ∈ Spin(4) as the spin convention throughout.

The alternative τ+ interchanges the positive and negative Dirac parity subsequences. Ap-

pendix A lists both choices. Bosonic spectra and the spectrum of D2 are independent of

this convention.

Physical interpretation. Centre-blind observables descend to X3 while phase-sensitive

amplitudes retain the spin lift. This distinction is expressed by writing an associated field

on the universal cover as

ψ(−u) = ρE(−I)ψ(u). (4.18)

The trivial character gives an ordinary field. The nontrivial character gives a twisted

associated bundle. The universal twofold cover is distinct from the principal spin-frame

bundle. Dirac fields require the spin structure and deck lift specified in Appendix A.
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The projective quotient thus expresses the resolution of the observation. Keeping the

complete invariant algebra retains every distinction between central orbits while phase-

sensitive responses retain the additional sign.

The unit-radius response is expressed in the length units of its generated source. We

write Rb for the global correlation length LIR(b) when using it as the geometric radius.

These are two notations for the same quantity. Explicitly the response amplitude hb(U) =

RbU has normalized trace norm
(︁
Tr(h∗bhb)/2

)︁1/2
= Rb. Restricting (4.2) to this amplitude

shell gives the angular metric R2
bg1 which descends through the central quotient. Likewise

ℓUV(b) is the unit-information resolution length itself and ∆b = LIR(b) − ℓUV(b) is the

intervening window length. All three lengths are determined by the same source width b.

Endpoint-scaled metric and spectrum. Let g1 be the bi-invariant metric on X3 nor-

malized to unit sectional curvature. Put

Rb := LIR(b) =
√

2π b, g3,b := R2
bg1. (4.19)

Here Rb denotes the global correlation length defined above. Within the bi-invariant met-

ric class the unit-radius normalization and this source scale fix the metric uniquely. Its

sectional and scalar curvatures are R−2
b and 6R−2

b and the projective scalar spectrum is

Spec(∆3,b) =

{︃
q2 − 1

R2
b

: q = 1, 3, 5, . . .

}︃
, mq = q2. (4.20)

For the heat parameter ab(t) = t/(2R2
b) the two correlation times give aUV = 1/(4π) and

aIR = 1/4 with aIR/aUV = π.

Proof. An Ad-invariant inner product on the simple algebra su(2) is unique up to a positive

scalar. The amplitude shell hb(U) = LIR(b)U fixes that scalar through the source trace

metric. Constant metric rescaling gives the stated curvature and Laplacian factors while

(4.17) supplies the unit-radius spectrum. Finally tUV = b2 and tIR = πb2 together with

R2
b = 2πb2 give the two dimensionless heat parameters.

The radius converts the dimensionless spectrum to response energies. For a wave-

number cutoff k let Nb(k
2) count the scalar eigenvalues of ∆3,b up to k2 including multi-

plicities. Rescaling gives

Nb(k
2) = NX((kRb)

2) =
(kRb)

3

6
+O((kRb)

2), kRb −→ ∞.

Since Vol(X3, g3,b) = π2R3
b the leading term is precisely Vol(X3, g3,b)k

3/(6π2). Writing L

for the internal radius at a chosen scale gives L = Rb and the same dimensionless cutoff

kresL = kRb. It measures the resolution in units of the internal size.

For E3 = TeSU(2) differentiation of conjugation gives the double cover SU(2) →
SO(E3) identified with Spin(E3) after choosing an oriented frame. Its centre acts trivially

on E3 whereas left multiplication by −I is antipodal on the parent.

The required centre-sensitive lift is obtained from the standard SU(2) representation

classification [15].
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Theorem 4.5 (Minimal phase-sensitive spin lift). Let S be a nonzero finite-dimensional

irreducible unitary representation of Spin(3) ∼= SU(2) on which the nontrivial central ele-

ment acts as −IS . The least possible complex dimension is two. Up to unitary equivalence

the minimal representation is the defining module

S ∼= C2, j =
1

2
. (4.21)

Equivalently it is the unique irreducible module of minimal dimension for Cl03(C) ∼= M2(C).

Proof. Every finite-dimensional irreducible complex representation of SU(2) is Symm(C2)

for a unique m ≥ 0. It has dimension m + 1 with spin m/2 and central action (−1)mI.

Phase sensitivity forces m to be odd whose least value is m = 1. The Clifford formulation

is the standard isomorphism Cl03(C) ∼= Cl2(C) ∼= M2(C).

Unit-sphere realization. For the minimal module S ∼= C2 its unit sphere is S(S) ∼= S3.

The defining SU(2) action is free and transitive on this sphere and normalized Haar measure

pushes forward to the round probability measure. Thus the selected spin module realizes

the same round parent geometrically.

4.3 The four-dimensional response carrier

The generated real amplitude algebra has the polar metric (4.2) obtained from the pre-

pared full trace comparison in Proposition G.3. The amplitude space is the smallest real

associative closure of the relative reversible operations. It consists of the quaternion am-

plitudes commuting with the pseudoreal reversal. For h = RU the trace preparation reads

Tr(h∗h)/2 = R2 as total response strength. Changing R alters this strength while preserv-

ing the normalized pattern U . Angular variation changes the pattern at fixed strength.

The full second-moment readout retains both responses yielding the radial and angular

terms of the metric on this real amplitude space. At source width b the global correlation

length is the radius of the shell R = Rb = LIR(b) =
√

2πb. The scale-covariant met-

ric property records the unit-speed radial coordinate and unit round orbit together with

homothety under Gaussian rescaling. These conditions also characterize the trace metric

among invariant metrics.

Scale-covariant cone completion. Let (S3, g1) be the unit round parent selected by

the spectral-capacity property. Its positive-scale completion (0,∞)× S3 carries an SO(4)-

invariant metric G for which the endpoint radius R is unit speed and the Gaussian rescaling

δc(R, u) = (cR, u) is a homothety δ∗cG = c2G. The normalization at R = 1 restricts G to

g1 on the angular orbit. This is the scale-covariant metric property.

Theorem 4.6 (Scale completion and the four-dimensional response carrier). The metric

conditions in this definition uniquely characterize the cone

G = dR2 +R2g1. (4.22)

It is isometric to R4 \ {0} by (R, u) ↦→ Ru and its tangent space has the radial–angular

orthogonal splitting

T(R,u) Cone(S3) = TuS
3
R ⊕ R∂R. (4.23)
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Let e ∈ X3 be a reference frame. Put E3 = TeX3 and let Rsc = R∂R at R = Rb. Then

E4 := E3 ⊕ Rsc, g4 := g3,b ⊕ dR2 (4.24)

is an oriented four-dimensional Euclidean response carrier. The complexified Clifford alge-

bra of (E4, g4) is M4(C) with even subalgebra M2(C)⊕M2(C). Under the even algebra or

the Spin(4) action its Dirac module decomposes into two two-dimensional Weyl modules

SL ⊕ SR. Odd Clifford multiplication connects the two summands. The polar isometry

identifies E3 with the tangent hyperplane of the standard sphere and Rsc with its oriented

radial normal. It intertwines the metric and orientation with the defining SO(4) action.

Proof. An SO(4)-invariant cohomogeneity-one metric has the form a(R)2dR2 + f(R)2g1.

There is no invariant cross term because the isotropy SO(3) has no fixed covector in the

tangent representation. Unit-speed normalization gives a = 1. Homothety gives f(cR) =

cf(R). Hence f(R) = κR. The unit-orbit normalization fixes κ = 1. This is the Euclidean

polar-coordinate metric whose differential gives the orthogonal tangent splitting and the

SO(4) intertwiner. The three angular directions and one radial direction give dimRE4 =

4. The complex Clifford classification recalled in Section 2 then gives the stated matrix

algebras and chiral modules [16, Chapter 3].

The source representation realizes the chiral split concretely. Products of two generated

odd Clifford operators span a real even algebra isomorphic to H ⊕ H. Its grading is an

ordered product of the four source directions and

eL =
1 + Γ

2
, eR =

1 − Γ

2

are its only nontrivial primitive central idempotents. Complexification gives M2(C) ⊕
M2(C) while the ranges of the two source projections are precisely the two complex two-

dimensional Weyl carriers. After tensoring with the generatedW⊕L response their Hermite

ranges have dimension eight on each side. Thus the two chiral source sectors and their

dimensions are properties of the generated operator representation.

The Clifford action gives an operator readout of the generated metric. One odd mul-

tiplication changes chirality. Repeating the same multiplication returns to the original

sector with scalar strength equal to the squared norm of its response direction. The an-

ticommutator of two directions reads their metric pairing. Thus the linear connector and

the quadratic trace comparison encode the same positive response norm.

The angular directions of E3 describe response at fixed resolution. Rsc describes a

change of resolution. The full trace comparison measures both angular variation and

amplitude variation and the Gaussian correlation length calibrates the radial coordinate.

A smooth scale field in a localized realization gives an equi-scale 3 + 1 decomposition.

At a regular point its level surface has three tangent directions and its gradient gives

a normal. This is the geometry of resolution responses. Physical time belongs to the

event branch. The self-adjoint real form of the same generated matrix algebra supplies

Lorentzian event differences. Its determinant supplies the causal quadratic form and its

algebraic positive cone supplies the time orientation. The resulting Clifford algebra also
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satisfies the semispinor dimension equation 2m−1 = 2 with m = 2 for the four-dimensional

carrier.

4.4 Spin and frame actions

The rank-one groups have distinct carriers and actions

SU(2)geom = Spin(E3),

SU(2)iso,L × SU(2)iso,R = ˜︁Isom0(X3),

SU(2)resp,L × SU(2)resp,R = Spin(E4),

SU(2)S = the action on the defining spin-lift module S,

SU(2)W = the weak action on the left response factor.

(4.25)

The local group SU(2)geom embeds diagonally in the response spin group after a base

frame is chosen. The isometry and response pairs are identified by the cone intertwiner

of Theorem 4.6. The notation SU(2)S records the representation used in the quadratic

response. SU(2)W denotes the resulting gauge action after local frame covariance has been

imposed.

The connected isometry algebra of the unit round X3 = RP3 is so(4).

Identification of the two Spin(4) actions. Under the scale-covariant metric property

the standard ambient action on the round S3 parent identifies

SU(2)iso,L × SU(2)iso,R −→ SU(2)resp,L × SU(2)resp,R (4.26)

as an isomorphism of simply connected covering groups up to conjugation by the chosen

oriented base frame. The covering maps to the sphere and to the projective isometry group

have different kernels.

Proof. The connected isometry group of the round sphere is induced by the defining SO(4)

action on its ambient R4. At a base point that representation decomposes as tangent hy-

perplane plus radial normal. The intertwiner in Theorem 4.6 carries this decomposition

to E3 ⊕ Rsc. Passing to spin covers gives (4.26). Changing the oriented base frame conju-

gates the identification. In quaternionic coordinates the common cover acts by u ↦→ aub−1.

Consequently

ker[Spin(4) → SO(4)] = {(I, I), (−I,−I)}, (4.27)

ker[Spin(4) → Isom0(RP3)] = {(ϵLI, ϵRI) : ϵL, ϵR = ±1}. (4.28)

The latter target is SO(4)/{±I4}. The elements (−I, I) and (I,−I) induce the antipodal

map on S3. The diagonal element (−I,−I) acts trivially there. In particular the centre of

the diagonal tangent-spin subgroup is not the antipodal transformation.

Choosing the orientation of E4 also fixes the standard Hodge decomposition

so(4) ∼= su(2)L ⊕ su(2)R (4.29)
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into the self-dual and anti-self-dual three-dimensional summands of Λ2E∗
4 [16]. The group

SU(2)R has a unique conjugacy class of maximal tori. Choosing a representative gives

U(1)R ⊂ SU(2)R but no preferred Cartan direction is fixed by the group alone. A right-

sector reference ray fixes a representative through its ray stabilizer. The weight spectra are

invariant under a change of representative by conjugation [15]. Localizing the left action

and choosing a right-torus representative gives the chiral response algebra

gch = su(2)W ⊕ u(1)R. (4.30)

Here SU(2)W is the localized image of SU(2)resp,L under the Spin(4) identification above.

The transported source vacuum fixes the representative through the least-matter continu-

ation Theorem 4.9 and Corollary G.1. This reference-vector construction fixes the charge

convention. The connection condensate and a Higgs expectation value when present instead

characterize dynamical backgrounds of their respective response channels.

4.5 Quadratic response and colour

Let S ∼= C2 be the minimal phase-sensitive module generated in Theorem 4.5. We use

the quadratic layer as the first composite response of two copies of S. Resolving exchange

separates amplitudes unchanged by interchange from amplitudes that reverse sign. The

resulting triplet and scalar line retain these two ways in which a pair responds. Its quadratic

response decomposes canonically as

S ⊗ S = Sym2 S ⊕ Λ2S =: W ⊕ L, dimCW = 3, dimC L = 1. (4.31)

The decomposition V1/2 ⊗ V1/2 = V1 ⊕ V0 is the Clebsch–Gordan decomposition of the

generated phase-sensitive module. The same exchange decomposition occurs at the first

additive threshold of the construction in Ref. [8].

Full quadratic response algebra. The triplet response carrier is W = Sym2 S. Let

AW be the unital complex ∗-algebra generated by the induced operators ρW (g) with g ∈
SU(2)S . Finite linear combination together with composition and adjunction defines its

algebraic closure. Its spectral projections belong to the same finite-dimensional C∗-algebra

by functional calculus. This closure is

AW = EndC(W ). (4.32)

Proof. The symmetric-square representation of SU(2)S on W is irreducible. Burnside’s

theorem therefore identifies the generated complex unital algebra with the full endomor-

phism algebra.

The source SU(2)S image and the reversible frame group of the algebra it generates

are different objects. The former supplies an irreducible set of controls. Algebraic closure

resolves every matrix response on W . The completeness principle for the generated block

retains every matrix response as an observable. It is the same closure used for the source

algebra not an additional dynamical input. Once the complete algebra is observable no

orthonormal basis of W is distinguished by its matrix elements.
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Complete response frames. The adjoint-preserving orthonormal frames of the gen-

erated algebra AW = M3(C) form U(W ). Its scalar centre acts by the common phase

character and the determinant-one relative frames form SU(W ) ∼= SU(3). This is the

full connected frame action preserving the Hermitian structure and all matrix-response

probabilities on W .

Proof. A unitary change of orthonormal basis conjugates every matrix response and pre-

serves its adjoint and trace together with transition probabilities. Conversely an orthonor-

mal frame change of the defining carrier is unitary. So the complete frame group is U(W ).

Its determinant gives the central phase character. The kernel is SU(W ). Since dimCW = 3

this kernel is SU(3). The full matrix algebra distinguishes no smaller preferred family of

orthonormal frames.

The exchange projections are observable elements of the source algebra. A frame

change preserving their meaning commutes with these projections and hence preserves

W⊕L. A transformation mixing the two summands would identify responses with different

exchange parity. On each summand the Hermitian form fixes the complete unitary frame

group. The common phase records its scalar character and leaves the determinant-one

relative action. Thus both the size of the colour frame group and the separation of its

phase follow from retaining the resolved source comparisons.

Exchange parity is already a resolved source distinction. So frame comparison preserves

W ⊕ L. On overlaps two local descriptions of the same complete response differ by the

complete frames constructed above. A connection records their relative change. The least

faithful source representation carries every simple response block once while the common

reversal-compatible odd source variation supplies the elementary scalar connector. These

three continuation theorems state the universal properties under which their minimality or

naturality is proved.

Their physical roles are distinct. Relative frames express the fact that only compar-

isons of local response bases are observable. Their connection is the rule for transporting

such comparisons. The least matter carrier is the smallest Hilbert space on which ev-

ery generated simple response block acts faithfully. So no generated channel is discarded

and no duplicate copy is introduced. The elementary connector is the least odd source

variation that changes chirality while preserving reversal reality and independent-source

naturality. The three universal properties turn these operational requirements into unique

continuations of the already generated carriers.

Source-compatible class. The continuations are compared among realizations that pre-

serve the source adjoint and resolved symmetric–antisymmetric splitting. They also pre-

serve the common phase character and pseudoreal reversal with the calibrated trace metric.

Local descriptions must intertwine the same generated source action. Matter representa-

tions must be faithful nondegenerate and adjoint-preserving. Elementary odd maps must

be natural for the independent pre-exchange source responses. These requirements express

what it means to continue the same resolved response. The uniqueness statements com-
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pare realizations with these properties. The remaining freedom consists of basis phases

and changes of local trivialization.

Definition 4.7 (Generated response structure and continuation theorems). The complete-

operation construction establishes the spectrum and common central action together with

the calibrated trace metric. These responses continue to relative frames and least faithful

matter with an elementary connector. Classification compares alternatives preserving the

source adjoint and resolved exchange sectors with the common phase and reversal actions.

Their logical content is therefore a construction followed by a uniqueness statement in its

stated universal property

(i) Isotropic spectral-capacity saturation. The constructed response satisfies Defini-

tion 4.2 by Theorem 4.1.

(ii) Single-reversal covariance. The same physical reversal acts faithfully and functo-

rially on the Gaussian and phase-sensitive geometric lifts under the single-reversal

covariance stated above realized by the local cycle (G.13) on the common carrier.

(iii) Scale-covariant metric completion. The endpoint radius is a unit-speed coordinate

and Gaussian rescaling acts by metric homotheties as in the scale-covariant cone

construction above using the trace metric (4.2) and the global correlation length

above.

(iv) Generated relative frames. The split carrier C = W ⊕ L and the Clifford modules

SL, SR with the phase line have been constructed above. The complete-frame calcula-

tion determines the complete unitary frame group of each matrix-response block. On

any smooth localization Mloc carrying local expressions of these carriers the source

action defines relative transitions gij = f−1
i fj . They satisfy gijgjk = gik and are

the unique transitions intertwining the two local source actions. Splitting-preserving

frames of C pseudoreal Hermitian frames of SL, SR and unit frames of the phase

line therefore act as relative response frames. The determinant and line characters

are identified with the phase response by their joint action on matter. This local

expression of the generated source action is the relative-frame construction. It is

natural with respect to the localization base. The internal frame and matter re-

sults use only relative transitions. The source-generated affine carrier of Section 10

supplies Mloc = MV
∼= R4. This base is contractible. So the transitions admit a

global trivialization while their connections may retain nonzero local curvature and

holonomy.

(v) Least matter realization. Every generated finite-dimensional response ∗-algebra acts

on its source carrier by a faithful nondegenerate ∗-representation of least finite di-

mension. The algebra carries the adjoint inherited from its source inner product and

the representation satisfies ρ(a∗) = ρ(a)†. For these unital algebras nondegeneracy is

equivalent to ρ(1) = I. Every competing least faithful adjoint-preserving realization

is unitarily equivalent to this source carrier. Once a realizing unitary is fixed the
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transport of every source operator is unique. The unitary itself may differ by block

phases. Reversal pairs the two chiral realizations. This realization and its universal

property are the least-matter construction. A nonzero right colour-scalar vector v0
represents the transported Gaussian annihilation line CgGb of Proposition 3.6. The

transported source number flow has a unique continuous lift from the identity to the

right frames. Its image is the pointwise stabilizer gv0 = v0 inside SU(2)R × U(1)B0

with its primitive character on the faithful joint module. This lifted flow gives the

residual connected frame group and carries the source vacuum’s phase reference into

the matter response.

(vi) Generated elementary chiral variation. The source matrix units realize the nonzero

odd Clifford variations of Corollary G.4 on the common carrier. Their colour-natural

lift is elementary precisely when it is natural under independent responses on the two

quadratic source factors and its spin component intertwines the pseudoreal reversal

operators on SR and SL. In this class every connector has a unique complex-doublet

coordinate and the source matrix units give the canonical family. This generated

family and its naturality class are the connector construction.

Appendix B.4 treats the realization in which these bundles carry a local reflection-positive

action on the generated event carrier of Section 10.

Common-carrier realization. On the common carrier the map Fω(v) = (hb,0∧hb,1)⊗v
transports the Gaussian vacuum to Fωhb,0. It intertwines the SU(V ) actions. The target

carries the determinant-twisted U(V ) representation. Identification with L ⊗ SR requires

the shared diagonal spin action. On the source corner NG = a∗bab acts as diag(0, 1). So

the flow e−itNG fixes hb,0 and measures the first excitation’s phase relative to it. Transport

gives ˜︁Ut = Fωe
−itNG |V F ∗

ω . The natural tensor action on L ⊗ SR multiplies this flow by

its determinant. Continuing the original source operation therefore requires the inverse

determinant character. This scalar correction is unique and restores both source eigenvalues

including the fixed vacuum amplitude. Equation (G.24) gives the intertwining identity. The

right scalar action z−3g with g ∈ SU(2)R must reproduce this operator on the common

carrier. Since det ˜︁Ut = e−it and det(z−3g) = z−6 its lift satisfies z6 = eit. Continuity from

the identity fixes z = eit/6 and then fixes g uniquely. Corollary G.1 identifies this unique

lift with the full pointwise stabilizer of the transported vacuum vector. The residual phase

action thus continues the original number flow including its zero vacuum eigenvalue. The

compensating right rotation and relative colour–scalar phase preserve this same reference

amplitude. The determinant twist lifts one source cycle through six sheets of the residual

phase action. On the full matter module the lifted circle has period 12π while the source

circle has period 2π.

Theorem 4.8 (Relative-frame continuation). Under frame localization unitary frames of

the W bundle define a U(W ) principal bundle. Local determinant-one changes give relative

colour frames SU(W ) ∼= SU(3). The determinant character joins the common Abelian

phase response leaving SU(W ) as the relative colour-frame group. Use the passive frame
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convention e′ = eg. So matter components transform as ψ′ = ρ(g−1)ψ. The connection

then transforms as

Aµ ↦−→ g−1Aµg + g−1(∂µg). (4.33)

Frames of SL preserving its Hermitian and pseudoreal structures form a principal USp(2) ∼=
SU(2)W bundle while unit frames of the generated phase line form a principal U(1) bundle.

Their local connections obey

A(i) ↦−→ g−1
i A(i)gi + g−1

i dgi, i = W, 1. (4.34)

These furnish the non-Abelian local frame factors and the phase line. The pointwise

stabilizer of the transported source vacuum selects the primitive U(1) character on the

joint matter module giving the local factors SU(3) × SU(2)W × U(1).

Proof. Orthonormal frames of a rank-three Hermitian bundle form a principal U(3) bun-

dle whose determinant kernel is SU(3). The joint source action assigns its determinant

character to the common phase response and retains the relative W ⊕ L character for the

joint module. The invariant Hermitian and alternating forms on SL give the frame group

USp(2) ∼= SU(2). A Hermitian line has frame group U(1). Covariance of d+ ρ∗(A) under

the stated passive component transformation gives both connection laws.

A general U(3) bundle admits a global SU(3) reduction when its determinant line

has a compatible trivialization. In general the colour factors are local lifts with Abelian

transition data. Globally the construction uses a compatible Gint-bundle and its associated

representations.

The connection compares response bases on neighbouring patches of Mloc. Absolute

frame orientation drops out of the relative source comparison while relative transport de-

termines how a matter response in one frame is compared with a response in another. Its

curvature measures the failure to return a frame unchanged around a closed loop. The

same comparison rule thus supplies both gauge response and matter transport.

For the three-dimensional shell W the determinant-one frame algebra has the real

decomposition su(3) = so(3) ⊕ i Sym0(3,R). Real rotations account for three generators

and imaginary symmetric traceless transformations for five. Thus the generated traceless

anti-Hermitian response has real dimension dim su(3) = 8.

4.6 Joint response module and charge

Put C = W ⊕ L and retain the generated 3 + 1 splitting. Its split-preserving response

algebra is

AC := EndC(W ) ⊕ EndC(L) ∼= M3(C) ⊕ C. (4.35)

It contains the full quadratic response on W and the scalar response on L but no operator

that erases the generated distinction between the two summands.

For χ = L,R define

Ajoint,χ := AC ˆ︁⊗EndC(Sχ) (4.36)

∼= EndC(W ⊗ Sχ) ⊕ EndC(L⊗ Sχ).
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The symbol ˆ︁⊗ denotes closure under finite compositions of the commuting split-colour and

chiral responses. Since both algebras are finite-dimensional it is the ordinary algebraic ten-

sor product. Each End(Sχ) factor is itself the complex algebra generated by the irreducible

defining SU(2) action again by Burnside’s theorem.

The two factors

AC ⊗ I and I ⊗ End(SL/R) (4.37)

commute. Their joint action is already defined on (W ⊗ Sχ) ⊕ (L⊗ Sχ). Each full matrix

block acts on its own source tensor factor. This action preserves the source adjoint and is

faithful since an operator vanishing on the carrier vanishes on both blocks. Its dimension

is 6 + 2 = 8. The classification below shows that every faithful Hilbert realization has

dimension at least eight and that equality determines its unitary-equivalence class. Thus

the actual source carrier attains the least dimension. Physically it retains each resolved

response block once. Independent repetitions are recorded by additional multiplicity spaces.

Theorem 4.9 (Least-matter continuation). For the split colour carrier C = W ⊕ L and

the source-derived chiral modules SL, SR the source acts faithfully and preserves adjoints

on the canonical full modules

ML = (W ⊕ L) ⊗ SL, M full
R = (W ⊕ L) ⊗ SR. (4.38)

For either chirality the least-dimensional faithful nondegenerate ∗-representation of Ajoint,χ

on a finite-dimensional complex Hilbert space is unique up to unitary equivalence with

carrier

(W ⊗ Sχ) ⊕ (L⊗ Sχ) ∼= (W ⊕ L) ⊗ Sχ. (4.39)

In particular

ML = (3, 2) ⊕ (1, 2), dimCML = 8. (4.40)

Pointwise fixation of the transported source-vacuum vector gives the primitive character

q = 6TR+B0. The full left–right carrier has complex dimension sixteen. Its unique neutral

right line gives a fifteen-dimensional charged quotient and an operator descends precisely

when it preserves that line. The image of the colour and weak actions with the residual

phase action is (SU(3) × SU(2)W × U(1))/Z6.

Proof. Equation (4.36) identifies the joint algebra with M6(C) ⊕M2(C) with the adjoints

induced by the source inner products. In a nondegenerate ∗-representation the two central

units act as orthogonal projections whose ranges decompose the Hilbert space. For the

Mn(C) block put Kn = ρ(e11)H. The matrix-unit relations give

⟨ρ(ei1)v, ρ(ej1)w⟩ = δij⟨v, w⟩, v, w ∈ Kn,

because ρ(ei1)
† = ρ(e1i). Since the diagonal matrix units sum to the central unit the map

ei ⊗ v ↦→ ρ(ei1)v is a unitary intertwiner from Cn ⊗Kn onto this block. Hence

H ≃u (C6 ⊗K6) ⊕ (C2 ⊗K2), dimH = 6 dimK6 + 2 dimK2.
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Faithfulness requires both multiplicities to be positive. The least dimension is 8 attained

precisely when dimK6 = dimK2 = 1. If either multiplicity vanishes the corresponding cen-

tral response projection acts as zero and an entire generated block becomes undetectable.

A larger multiplicity gives independent copies of its defining carrier. Faithfulness retains

all resolved channels while least dimension removes precisely this additional copy freedom.

This gives (4.39) up to unitary equivalence. Reversal pairs the left and right realizations

and retains both simple blocks.

Rigidity of the realizing unitary. Let U1 and U2 be unitary intertwiners between two

least realizations in Proposition 4.9. On the standard carrier their relative intertwiner has

the form

U2U
−1
1 = eiαIW⊗Sχ ⊕ eiβIL⊗Sχ . (4.41)

Consequently the response representation is unique up to unitary equivalence. The two

displayed phases are changes of block basis not adjustable physical parameters.

Proof. The relative intertwiner commutes with M6(C) ⊕M2(C). The commutant of each

defining full-matrix block consists of its scalar operators. Unitarity makes both scalars

have modulus one which gives (4.41).

Let

B0 = diag(1, 1, 1,−3) (4.42)

on C = W ⊕ L. This is the primitive traceless relative character of the 3 + 1 splitting

unique up to sign.

Before reducing by the transported source-vacuum stabilizer the right frames and rel-

ative phase form SU(2)R×U(1)B0 . The residual circle follows by computing the pointwise

stabilizer without first selecting a Cartan direction.

Pointwise vacuum stabilizer and primitive charge. The transported source vacuum

v0 provides a common phase reference for the right frames and the colour scalar. Their

relative phases are locked by the requirement that their joint action fix this vector. This

vacuum stabilizer fixes a direction in the two phase generators. Primitivity then fixes its

charge unit. Write v0 = ℓ⊗ s0 ̸= 0 with ℓ ∈ L and s0 ∈ SR. On this colour-scalar sector let

(g, z) act by ℓ ⊗ s ↦→ z−3ℓ ⊗ gs. Choose a unitary pseudoreal frame with s0 proportional

to e+. The stabilizer is the connected circle

Hv0 = {(diag(z3, z−3), z) : z ∈ U(1)}. (4.43)

Its generator on the full joint module is 6TR + B0. With TR normalized to weights ±1/2

on SR and zero on SL the primitive character is up to the Weyl reflection and common

orientation

q = 6TR +B0. (4.44)

In the standard SU(2)R weight normalization used above put Y = q/6. Then

Y = TR +
1

6
B0. (4.45)
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The resulting weights are
QL LL uR dR (νR, eR)

Y 1
6 −1

2
2
3 −1

3 (0,−1).
(4.46)

Proof. Pointwise fixation gives ge+ = z3e+. Unitarity forces the second column of g to lie

along e− and determinant one fixes its eigenvalue to z−3. Conversely every displayed pair

fixes v0. Projection to the second factor identifies the full stabilizer with U(1). Setting

z = eit gives g = e6itTR .

For a generator αTR + βB0 pointwise fixation of either right scalar weight gives

±α/2 − 3β = 0 since B0 = −3 on L. The two signs are exchanged by the Weyl group

of SU(2)R. Hence the integer weight vector is proportional to 6TR +B0. Primitivity fixes

the proportionality to one up to common sign. The other scalar weight is nonzero. So the

fixed scalar line is unique. The character values on the joint module are 1,−3, 4,−2, 0,−6

whose nonzero entries have greatest common divisor one. This proves primitivity. The

normalization Y = q/6 retains the standard SU(2)R generator with weights ±1/2. Sub-

stitution on W and L with SL and the two weights of SR gives (4.46). Reversing both

primitive generators changes all charges by a common sign and gives an equivalent orien-

tation.

The source number flow fixes hb,0. So its transported flow fixes v0 = Fωhb,0 point-

wise. The common-carrier lift constructed above has image exactly Hv0 . Its determinant

character locks the right rotation to the relative colour–scalar phase. Multiplying Fω by a

constant phase leaves this conjugated flow unchanged. The resulting charge circle therefore

retains the phase reference already carried by the source vacuum. A ray-preserving action

can multiply v0 by an additional phase whereas the transported number flow has vacuum

eigenvalue zero. Reproducing that full source action fixes the vector and relates the two

phase factors in U(1)R × U(1)B0 . Primitivity removes the redundant multiple covering of

the residual circle.

The compact response space has a discrete elliptic spectrum and the residual compact

phase group has a discrete character lattice. The first organizes internal modes. The second

records their transformation under phase rotations. Pointwise source-vacuum fixation and

global centre compatibility fix the relative normalization on the primitive lattice in (4.44).

The notation Y = q/6 additionally uses the inherited normalization of TR inside SU(2)R.

Simultaneous inverse rescalings of an Abelian generator and its gauge coupling leave their

product unchanged.

Let Ccol
2 be the positive colour Casimir extended by zero on L and define on M full

R

QR = Ccol
2 + Y 2. (4.47)

Charged response quotient. The operator QR is positive and

kerQR = (1, 1)0. (4.48)

The quotient

MR = M full
R / kerQR (4.49)
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Table 1. Localized response modules. The neutral right line is shown before forming the charged

quotient. The scalar row is the generated elementary connector of the least matter carrier.

Label Response origin SU(3) × SU(2)W × U(1)Y

QL W ⊗ SL (3, 2)1/6
LL L⊗ SL (1, 2)−1/2

uR W ⊗ S+
R (3, 1)2/3

dR W ⊗ S−
R (3, 1)−1/3

νR L⊗ S+
R (1, 1)0

eR L⊗ S−
R (1, 1)−1

H Kch (1, 2)1/2

has complex dimension seven. Hence the generated charged response sector has 8 + 7 = 15

complex directions.

Proof. Both terms in (4.47) are positive. The colour Casimir vanishes only on the colour

scalar L. On its two right weights (4.46) gives charges 0 and −1. Their common kernel

is therefore the unique neutral scalar line. The dimension count follows from dimM full
R =

8.

The quotient resolves the sector detected by the internal charges. The neutral right

line remains in M full
R where the full response algebra and the Higgs connector can act on

it. This distinction determines which operators descend to the charged sector.

Descent to the charged quotient. Let

Mfull = ML⊕M full
R , N = {0}⊕kerQR, Mch = Mfull/N, πch : Mfull → Mch. (4.50)

An endomorphism A of Mfull induces a quotient endomorphism Ā with πchA = Āπch if and

only if AN ⊂ N . The reduced gauge representation descends. The full joint algebra does

not. For self-adjoint A descent is equivalent to [A,PN ] = 0 where PN is the orthogonal

projection onto N .

Proof. The prescription [v] ↦→ [Av] is independent of the representative exactly when A(v+

n) − Av = An lies in N . The neutral line is invariant under the reduced gauge group. In

contrast the right scalar matrix unit |e−⟩⟨e+| ∈ End(L⊗SR) maps its neutral vector to the

charged scalar line. Hence invariance fails for the full M6(C) ⊕M2(C) algebra. If A = A†

and N is invariant N⊥ is invariant as well which is equivalent to commutation with PN .

Accordingly fifteen is a charged representation count while sixteen is the full-space

count. A dynamical trace must specify its operator and space. Compression PN⊥APN⊥

always defines a new operator on N⊥ but agrees with an induced quotient operator only

under the descent condition.

Table 1 gives the internal transformation laws in conventional particle notation. Here

S±
R are the TR eigenspaces of weights ±1/2.
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Let ρsrc be the joint source action of the colour and weak factors with the lifted phase

factor on Mfull and define the intrinsic operator group

ˆ︁Gsrc := im(ρsrc) ⊂ U(Mfull). (4.51)

This definition refers only to transformations already acting on the source carrier. The

following product notation is its faithful presentation.

Intrinsic generated and faithfully acting group. The group ˆ︁Gsrc is generated by the

images of the colour frames the two source-spin axes generating the weak factor and the

unique vacuum phase lift. It is the least subgroup of U(Mfull) containing these three source

families. With integer charge q = 6Y their product presentation has kernel generated by

(ω3,−I, eiπ/3), ω3 = e2πi/3I3. (4.52)

Consequently the intrinsic group has the faithful presentation

Gint =
SU(3) × SU(2)W × U(1)

Z6
. (4.53)

Proof. Every element of the product presentation factors into its colour and weak coordi-

nates with its phase coordinate. Its image under ρsrc is therefore a product of elements

in the three source families. Conversely each family belongs to the image. Hence their

subgroup closure is exactly ˆ︁Gsrc and any subgroup containing all three families contains

that image.

Any kernel element (g3, gL, e
iθ) acts trivially on eR and LL as well as dR. These condi-

tions give e6iθ = 1 and gL = e3iθI2 together with g3 = e2iθI3. Hence θ = πn/3 modulo 2π

and every kernel element is the nth power of (4.52). Conversely this generator acts triv-

ially on QL, LL, uR, dR, eR with their integer charges q = 6Y and on the neutral line before

quotienting. Its order is six proving the asserted kernel and the quotient presentation.

The generated module also passes the gauge-anomaly checks. We write the anomaly

sums using left-handed fields or equivalently subtract the right-handed contributions fol-

lowing the chiral cancellation criterion of [18]. With the charges in (4.46) the mixed and

Abelian coefficients are

[SU(3)]2U(1) : 2YQ − Yu − Yd = 0,

[SU(2)]2U(1) : 3YQ + YL = 0,

grav2U(1) : 6YQ + 2YL − 3Yu − 3Yd − Ye = 0,

[U(1)]3 : 6Y 3
Q + 2Y 3

L − 3Y 3
u − 3Y 3

d − Y 3
e = 0. (4.54)

The cubic colour coefficient is 2A(3) − A(3) − A(3) = 0. There are three coloured weak

doublets and one colourless weak doublet. So the number of left-handed SU(2) doublets

is four and the mod-two global anomaly vanishes by Witten’s criterion [19].
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4.7 Scalar response and Higgs multiplicity

Let eL, eR be the chiral projections in the total response algebra. A nonzero connector in

eLAeR acts on the common carrier. Proposition G.4 constructs the internal Clifford blocks

h(r, x) = rI + ix on the common carrier. The scale normal gives h(1, 0) = I and the four

real coordinates exhaust HomJ(SR, SL). Corollary G.4 realizes these blocks explicitly in

the generated source matrix units including their colour-natural lift IC⊗h on the full carrier

and the compatible left–right controls. The connector construction records this generated

reversal-real variation and the naturality class selected by independent source responses

before exchange resolution. The connector space is the reversal-real natural-intertwiner

space defined by these properties.

Before exchange resolution independent responses on the two factors of C = S ⊗ S

generate

Apre := AlgC{ρ(g) ⊗ I, I ⊗ ρ(h) : g, h ∈ SU(2)S} = EndC(C). (4.55)

Indeed Burnside’s theorem gives End(S) on each factor and their tensor product is End(C).

This complete comparison algebra tests how a chiral variation responds to independent

changes of either source factor. Exchange resolution subsequently retains W ⊕ L. The

generated elementary chiral variation commutes with these independent source responses

before the pair is resolved into its exchange sectors. This naturality condition makes

one variation act on both the coloured and colourless sectors. Reversal reality makes the

variation compatible with reversing either chiral response. Reversing on SR before the

variation has the same effect as reversing its image on SL. Together these conditions

determine the common scalar doublet coordinate.

Chiral scalar response module. Let JL, JR be the invariant antiunitary pseudoreal

structures on SL, SR normalized by J2
L = J2

R = −I. First take natural complex-linear

intertwiners

HomApre(C ⊗ SR, C ⊗ SL) = IC ⊗ HomC(SR, SL). (4.56)

For each such T write its unique reduced map as h : SR → SL. Impose reversal reality on

this map. The elementary connector space is

Celem := {IC ⊗ h : h ∈ HomC(SR, SL), hJR = JLh} . (4.57)

Both sides of the reality equation are antilinear maps from SR to SL. The condition is

real-linear in h. So Celem is a four-dimensional real response space. The complex scalar

coordinate extracted from it is denoted Kch.

Theorem 4.10 (Elementary-connector continuation). On the least matter modules the

generated elementary connector space has one complex doublet coordinate and

Kch
∼= (1, 2)1/2, multKch

(1, 2)1/2 = 1. (4.58)

Its pseudoreal conjugate ˜︁H = iσ2H
∗ is the conjugate coordinate in the same generated

field module. Its intrinsic invariant is dethH = ∥H∥2 the positive amplitude square of this

connector.
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Proof. Since Apre = End(C) its commutant on C⊗Sχ is IC⊗End(Sχ). Hence every natural

connector is IC ⊗ h. The same h acts on W and L. So their distinct Yukawa coefficients

do not create field copies.

Choose pseudoreal bases with Jχ = iσ2K where K is complex conjugation. Solving

hJR = JLh gives

h = hH = ( ˜︁H,H) =

(︄
a b

−b̄ ā

)︄
, H =

(︃
b

ā

)︃
, ˜︁H = iσ2H

∗. (4.59)

Thus H ↦→ hH is a real-linear bijection from one complex doublet C2 onto Celem. The

first column is fixed by the second. So both are coordinates of the same doublet. Under

T ↦→ πL(g)TπR(g)−1 the coordinate H is a defining SU(2)W doublet. The relative colour

character cancels between source and target while q = 6TR + B0 gives the two columns

charges −3 and +3. Choosing the displayed orientation therefore gives YH = 3/6 = 1/2.

Its complex dimension is two. So this representation occurs once in Kch.

Intrinsic scalar intensity. For the generated connector hH

dethH = ∥H∥2 = |H0|2 + |H1|2. (4.60)

This quadratic intensity is nonnegative and vanishes only for H = 0. It is invariant under

the complete generated gauge action. It is therefore the intrinsic amplitude square of the

elementary scalar response.

Proof. The determinant of the matrix in (4.59) is |a|2 + |b|2 = ∥H∥2. The colour action

cancels between the two common colour factors while the left and right spin-frame matrices

have determinant one. Hence hH ↦→ gLhHg
−1
R preserves the determinant. Its positive-

definite expression proves the remaining statements.

The canonical elementary continuation has one doublet coordinate in Celem. Several

independent scalar fields require a further copy space carrying their independent labels.

The faithful matter module is unchanged by that extension.

The connector couples the neutral right line to left matter. For H ̸= 0

h†HhH = ∥H∥2ISR
, TH(ℓ⊗ e+) = ℓ⊗ ˜︁H ̸= 0. (4.61)

Thus TH : M full
R → ML does not factor through M full

R / kerQR. The self-adjoint odd

operator DH =
(︂

0 TH
T †
H 0

)︂
on Mfull fails the descent test in Theorem 4.9. Removing neutral

couplings by projection defines a modified dynamical map not the induced quotient of DH .

The least module gives one elementary family. Repeated families have the same simple

response blocks with nontrivial multiplicity spaces Kn. Flavour indices and mixing opera-

tors act on these spaces. The quark and lepton colour intertwiners IW and IL may carry

different numerical Yukawa coefficients multiplying the same coordinate in Kch. These

coefficients are additional dynamical data. The weighted Yukawa operator need not obey

the pre-exchange naturality or reversal-reality condition of the elementary TH . Those con-

ditions classify the field coordinate not every action-level coupling.
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For the generated charges covariance of the three standard chiral contractions is visible

directly

−YQ − YH + Yu = 0, −YQ + YH + Yd = 0, −YL + YH + Ye = 0, (4.62)

where YH = 1/2 and the first relation uses ˜︁H = iσ2H
∗. Their numerical Yukawa matrices

remain dynamical parameters.

4.8 Content identities

Complete source exchange and capacity preservation. In common source coor-

dinates the full matter carrier is K ⊕ K with dimCK = 8. Its charge decomposition is

8L + (7R + 1neutral). Let E(xL, xR) = (xR, xL) and Γ(xL, xR) = (xL,−xR). Exchange

permutes the complete basis preserving its total weighted capacity. For the same response

A ∈ End(K) on both chiral copies

Tr
[︁
Γ(A⊕A)

]︁
= TrA− TrA = 0. (4.63)

Separately the charged quotient removes the kernel of the charge response namely the

neutral right line giving 8L + 7R directions. This count follows from the kernel calculation

above. The line remains in the full carrier where its scalar connections are retained. Its

removal from a charge trace and the descent of an operator are governed by the preceding

quotient construction.

The generated charged module satisfies

NL = 6 + 2 = 8, NR = 3 + 3 + 1 = 7, NL −NR = 1. (4.64)

Thus NL = dim su(3) = 8 for the colour algebra and matter module constructed above.

Both counts refer to the generated carriers. Colour transformations act within the three-

dimensional W while left matter combines W and L with a two-dimensional chiral response.

The same content data fix the charged-quotient normalization. The charged module

has Nf = 8 + 7 = 15 complex directions and Tr(Y 2) = 10/3 in the fractional hypercharge

convention of (4.46). The primitive integer generator q = 6Y instead has Tr(q2) = 120.

Using Y throughout gives

τ =
NL −NR

Nf Tr(Y 2)
=

1

15 · 10/3
=

1

50
. (4.65)

This is the normalization of the gauge-active charged quotient. It is not an additional

parameter and does not enter the scalar gap formula.

For a scalar conformally coupled to a three-dimensional round factor the conformal

Laplacian uses the coefficient [20, p. 22, equation (1.10)]

ξ3 =
d− 2

4(d− 1)

⃓⃓⃓⃓
d=3

=
1

8
. (4.66)

Since the already generated colour algebra has Ng := dim su(3) = 8 one obtains

Ngξ3 = 8 × 1

8
= 1. (4.67)
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The identity relates the dimension of the colour algebra to the standard conformal coeffi-

cient on the three-dimensional response factor.

The statistical equi-scale-surface interpretation additionally uses a Gaussian field and

regularized level sets on the generated Euclidean event carrier (Appendix D).

4.9 Internal structure and collective response

The source operations supply the quadratic carriers W ⊕ L and the two primitive chiral

sectors with their matrix responses. Relative frame localization turns comparisons of these

carriers into gauge and matter transport. The least faithful matter realization retains every

simple response block and pointwise fixation of the transported source vacuum determines

the common residual phase action. Its weights determine the charges. The range of the full

matter action is the intrinsic generated gauge group. The kernel of its product presentation

determines the global centre quotient. The fifteen-dimensional charged quotient retains

precisely the directions detected by these charges while the full sixteen-dimensional module

also carries the neutral response and its scalar connections.

The shared reversal-real chiral variation supplies the elementary Higgs-type chan-

nel and its determinant supplies the invariant amplitude square used by the scalar re-

sponse. The long-root coordinate instead describes collective right-sector response. A sta-

ble nonzero spin-one background has a maximal-torus stabilizer. This dynamical stabilizer

depends on the condensation potential and is distinct from the source-vacuum stabilizer

that fixes charge.

Resulting internal response structure. The complete-operation construction yields

X3 = RP3, its least centre-sensitive spin module and the four-real-dimensional carrier

E4. Within the source-compatible classes, the three continuation theorems determine the

intrinsic group (4.51) with faithful presentation (4.53), the sixteen-dimensional full matter

space and its fifteen-dimensional charged quotient. The elementary connector contains one

(1, 2)1/2 module whose determinant is its positive invariant amplitude square.

5 Generated Modes, Scale Composition, and States

The generated geometry and matter modules specify the internal response channels. Mode

products couple these channels, heat evolution changes their resolution, and positive states

assign probabilities to observations. Matrix-valued modes combine the geometric product

with operations on the matter carrier. The full carrier retains the neutral line, whose

contribution to the connector resolvent and spectral traces survives even when the source

and observable descend to charged matter.

5.1 The internal mode algebra and Gaussian composition

On the round response factor X3 = RP3
L obtained above use the normalized Haar measure

dv̄ = dv/(π2L3). Let Dj
mn be the matrix coefficients of the unitary spin-j representation
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of the parent SU(2) and write

ejmn =
√
rjD

j
mn, rj = 2j + 1, ∆0e

j
mn = λje

j
mn, λj =

4j(j + 1)

L2
, j = 0, 1, . . . .

(5.1)

Integer j is precisely the central-even condition. The representation dimension rj is not

the shell multiplicity r2j .

Proposition 5.1 (Generated mode products and scale maps). The finite span R(X3) of

these modes is a unital conjugation closed algebra dense in C(X3) and in every finite-order

Sobolev space. For α = (j,m, n) and β = (k, a, b) with γ = (J,M,N) its multiplication

coefficients are

eαeβ =
∑︂
γ

Cγαβeγ , Cγαβ =

√︃
rjrk
rJ

CJMjm,kaC
JN
jn,kb, |j − k| ≤ J ≤ j + k. (5.2)

The two coefficients on the right are Clebsch–Gordan coefficients in a common unitary

basis convention. The representation fixes the allowed product channels and their relative

coefficients. No separate multiplication coefficient is assigned to each modal channel. The

scale maps

Gt = e−t∆0 , Gteα = e−tλjeα, Gt+u = GtGu, t, u ≥ 0, (5.3)

preserve constants and positivity together with central parity. No cutoff retaining all shells

j ≤ J with J ≥ 1 is closed under multiplication.

Proof. The Clebsch–Gordan decomposition and Peter–Weyl theorem with normalized Haar

measure [15] give (5.2) and the stated density. The same round operation diffusion of

Theorem G.2 in the heat parameter normalized by (5.3) gives the positive scale map.

In particular (eJJJ)2 = rJe
2J
2J,2J/

√
4J + 1 outside the cutoff. Appendix A.6 supplies the

normalization and completion with scale-product estimates.

Matrix-valued modes multiply by (eα ⊗ B)(eβ ⊗ C) =
∑︁

γ C
γ
αβeγ ⊗ BC on the stated

full carrier. Their noncommutative coefficients and their geometric mode couplings are

different factors of one product. The product descends to charged matter when its matrix

factors preserve the neutral line.

The parameter t in (5.3) measures internal heat resolution. The difference Gt(fg) −
(Gtf)(Gtg) measures the failure of heat resolution to preserve products. The estimates in

Appendix A.6 control this difference.

5.2 The source system and its positive states

Put HG = L2(R) with the Gaussian ladder basis hj and number operator NGhj = jhj
and the matrix units Eij = |hi⟩⟨hj | constructed in (G.1). The subscript distinguishes this

number operator from the neutral matter line N . The source algebra is the unitization

Asrc = K(HG) + CI. (5.4)

Unitization includes the identity operation I together with the compact source responses.
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Theorem 5.2 (Positive source completion). Let t > 0 be the dimensionless ladder reference

parameter distinct from the internal heat parameter. The source reference and its finite

resolutions are

ρt = (1 − e−t)e−tNG , ρt,n =
Pne

−tNGPn
Tr(Pne−tNG)

, Pn =
n−1∑︂
j=0

Ejj . (5.5)

They define normalized positive functionals on Asrc and

∥ρt,n − ρt∥1 = 2e−nt,
Pnρt,mPn

Tr(Pnρt,m)
= ρt,n (m ≥ n). (5.6)

Keeping an unresolved scalar tail gives a unital state-preserving system Mn(C) ⊕C whose

norm completion is Asrc.

Appendix G constructs the unital inclusions and proves these identities. The trace-

norm error is twice the unresolved geometric tail mass and bounds the error of every

bounded observation by duality. The common-domain product completion in Ref. [21]

provides a related construction. Here the explicit tail mass controls the source-state com-

pletion.

The vacuum functional is instead ω0(X) = ⟨h0, Xh0⟩. Indeed ∥ρt − E00∥1 = 2e−t as

t→ ∞. The pure vacuum and the faithful finite-t states are source density operators. Haar

measure is the stationary law on operations.

The geometric weights of ρt give the entropy

Ssrc(t) = −Tr(ρt log ρt) = − log(1 − e−t) +
t

et − 1
, S′

src(t) = − tet

(et − 1)2
. (5.7)

The geometric source weights have mean ladder degree (et − 1)−1. Substituting their

logarithms gives the formula. Thus Ssrc → 0 as t→ ∞ and Ssrc = 1 − log t+ o(1) as t ↓ 0.

The divergence at t = 0 reflects the infinite ladder. The unit operator has infinite trace.

So this endpoint admits no normalized uniform density.

On the generated scalar modes the entropy includes the shell multiplicities. For β > 0

put

Z0(β) =
∑︂
j≥0

(2j + 1)2e−βλj , ρ0,β = Z0(β)−1e−β∆0 ,

S0(β) = logZ0(β) + β Tr(∆0ρ0,β), S′
0(β) = −βVarρ0,β (∆0).

(5.8)

The quadratic eigenvalue growth makes the heat trace and every required moment finite

at positive β. So differentiation is justified. Writing pj = (2j + 1)2e−βλj/Z0 gives S0 =

H(p) +
∑︁

j pj log(2j + 1)2. The second term is the entropy within the unbiased shell. The

scalar ground mode is simple and S0 → 0 at large β. These formulas use positive state

multiplicities. Signed coefficients in an effective trace require a separate interpretation.

Here β has units of length squared unlike the dimensionless ladder parameter t. Both label

reference families at fixed operator. A scalar shift cancels in the normalized state while it

remains present in the mass spectrum.
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Generated reversible and averaged source updates. The Gaussian ladder gener-

ates the strongly continuous unitary group Uθ = e−iθNG and the point-norm continuous

automorphisms

αθ(X) = U∗
θXUθ, αθ(Eij) = eiθ(i−j)Eij . (5.9)

Composing these operations with the already generated Gaussian change law defines a

unital completely positive semigroup

Cs(X) =

∫︂
R
αθ(X) dµs(θ), Cs(Eij) = e−s(i−j)

2/2Eij . (5.10)

Both updates preserve ω0 and ρt and every diagonal source state is stationary under Cs.
Spectral calculus gives (5.9). Density of finite matrices extends its continuity to Asrc.

Gaussian averaging multiplies each matrix unit by the characteristic function at i − j

giving (5.10). A probability average of unitary automorphisms is unital and completely

positive. The convolution law gives the semigroup law and density and contractivity give

strong continuity. Diagonal states are fixed by every phase rotation and hence by the

average.

Here θ is an operation parameter and s its accumulated variance. The averaged update

acts on Asrc. The Neumann window evolution acts on interval functions and the group

diffusion acts on process functions. The last diffusion induces the internal heat maps on

mode functions.

5.3 Gaussian fields on the generated spectrum

On the same round X3 = RP3
L use the positive conformal scalar operator A = ∆0 + R/8

where R = 6/L2 with domain H2(X3). Its shell eigenvalues are aj = [(2j)(2j + 2) +

3/4]/L2 with real multiplicity (2j + 1)2. This operator supplies the reference stiffness of

the scalar response. The conformal curvature term gives its constant harmonic a positive

stiffness while the Laplace spectrum resolves the higher harmonics. Fix a real orthonormal

eigenbasis Aei = aiei with i enumerating these shells and their multiplicities. At fixed

L the field covariance is the integral of the heat operator over the resolution parameter.

A mode with stiffness ai contributes variance
∫︁ τ
0 e

−uai du = (1 − e−τai)/ai. Independent

Gaussian source coordinates with these variances give for τ > 0 a distribution-valued field

with the fixed-parameter law

Xτ =
∑︂
i

√︄
1 − e−τai

ai
Ziei, Cτ = A−1(I − e−τA), Zi ∼ N(0, 1). (5.11)

Theorem G.8 proves mean-square completion inH−q
A for q > 1/2 retaining all real multiplic-

ities and constructs the reference law N(0, A−1) on that space. Neither field is L2-valued.

The associated regulator and the scalar feedback law N(0, (A+gE2I)−1) are proved on this

same field space in Appendix G.9. Here τ sets the upper resolution limit in the accumulated

covariance on the fixed internal spectrum. For g > 0 the scalar amplitude changes each

mode’s stiffness from ai to ai+gE
2 giving variance (ai+gE

2)−1 in the corresponding refer-

ence law. The common shift makes every harmonic respond to the same collective intensity
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while preserving its mode projector. Increasing E2 therefore suppresses these fluctuations.

On this common field space the mean and variance of the reference-subtracted intensity

determine the first and second derivatives of the relative spectral response. The restoring

response thus reads the change in fluctuations caused by the scalar amplitude.

5.4 Operators and matter spaces

Spectral traces depend on the eigenvalues and operator domain as well as the carrier and

its multiplicities. The spectral data therefore include the spin structure and the maps

between the full and charged matter spaces.

Definition 5.3 (Spectral data). The geometry and operators with the matter spaces are

collected as

D =
(︁
X3, g3,b, Rb, τ−, Specm ∆0, SpecmDτ− , Specm ∆⊥

1 , Specm ∆TT ,

E4, Gint,Mfull, N,Mch, QR, πch, PN ,Kch

)︁
,

(5.12)

where

(i) (X3, g3,b) is the endpoint-scaled compact response geometry and Rb = LIR(b) is its

radius.

(ii) τ− is the spin structure whose lift of the antipodal deck transformation is −ω ∈
Spin(4).

(iii) Specm records eigenvalues together with multiplicities. The operators are the nonneg-

ative scalar Laplacian and self-adjoint Dirac operator together with the Hodge Lapla-

cian restricted to coclosed one-forms and the positive rough Laplacian on TT ten-

sors. Their domains are respectively the corresponding constrained H2, H1, H2, H2

Sobolev domains.

(iv) E4 is the four-dimensional response carrier.

(v) Gint is the faithfully acting reduced internal group. The matter spaces are Mfull =

ML ⊕ M full
R of dimension sixteen and Mch = Mfull/N of dimension fifteen where

N = {0} ⊕ kerQR. Here QR = Ccol
2 + Y 2 acts on M full

R . The map πch is the quotient

map and PN is the orthogonal neutral projection.

(vi) Kch is the elementary chiral-response module of the least-matter and reversal-real

connector constructions.

For the compact response construction of Section 4 the factor is X3 = RP3 with g3,b = R2
bg1
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and the four spectra are

Specm(∆0) =

{︄(︃
l(l + 2)

R2
b

)︃[(l+1)2]

: l = 0, 2, 4, . . .

}︄
, (5.13)

Specm(Dτ−) =

{︄(︃
+
k + 3/2

Rb

)︃[(k+1)(k+2)]

: k = 0, 2, 4, . . .

}︄
∪

{︄(︃
−k + 3/2

Rb

)︃[(k+1)(k+2)]

: k = 1, 3, 5, . . .

}︄
, (5.14)

Specm(∆⊥
1 ) =

{︄(︃
(l + 1)2

R2
b

)︃[2l(l+2)]

: l = 1, 3, 5, . . .

}︄
, (5.15)

Specm(∆TT ) =

{︄(︃
k(k + 2) − 2

R2
b

)︃[2(k−1)(k+3)]

: k = 2, 4, 6, . . .

}︄
. (5.16)

Here λ[m] denotes multiplicity m and ∆TT = −∇a∇a. A curvature-shifted Lichnerowicz

operator has a different spectrum. The scalar formula follows from the spectral-capacity

and single-reversal properties and the Dirac formula uses the spin convention following

Proposition 4.4. The one-form and tensor spectra follow by harmonic analysis on the

round quotient with conventions and derivations in Appendix A. The scale extension E4 is

the metric completion. The matter spaces and charged quotient are the relative-frame and

least-matter constructions and the elementary connector is the connector continuation.

Radius and reference units. The dimensional radius is Rb = LIR(b) =
√

2π b. Let

b0 be the width of the unit-covariance source µ1. In its normalized coordinates b0 = 1.

Use ℓ∗ = b0 as the fixed length unit. The reference profile whose local unit-information

endpoint equals this unit has width b∗ = b0/
√

2 and is the member µ1/2 of the same

Gaussian semigroup. Thus ℓ∗ = ℓUV(b∗) =
√

2 b∗ and the reference profile is fixed by this

endpoint calibration. In the scale-dependent response formulas write

L(b) =
Rb
ℓ∗
, Lc =

Rb∗
ℓ∗

=
√
π,

L(b)

Lc
=

b

b∗
. (5.17)

The IR radius of the canonical source is consequently

Lsrc := L(b0) =
√

2π,
Lsrc

Lc
=

√
2 > 1. (5.18)

All spectral and feedback coefficients in those formulas are expressed in the same fixed

units. The instantaneous ratio Rb/ℓUV(b) =
√
π instead compares the two endpoints of

one source state. Scale transport varies b relative to the reference state. It keeps ℓ∗ fixed.

The reference prescription fixes the zero of the relative drive and the response equations

determine the equilibrium at each relative scale b/b∗. The canonical member b = b0 and

the variable-width family therefore describe respectively the response at the generated IR

edge and its dependence on resolution. The finite tensor-response endpoint is determined

by its own spectral response equation.
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Quotient operators and traces. The matter entries fit the gauge-equivariant exact

sequence

0 −→ N −→ Mfull
πch−−→ Mch −→ 0. (5.19)

Only operators satisfying AN ⊂ N induce operators on the quotient. For a self-adjoint

bundle operator A on a Hilbert realization require also PND(A) ⊂ D(A) and APN = PNA

on D(A). Then N and its orthogonal complement reduce A and whenever the traces exist

Trfull f(A) = Trch f(Ā) + TrN f(AN ). (5.20)

Finite-dimensional descent is part of Theorem 4.9. In the self-adjoint case the stated

domain conditions make PN commute with the resolvent and hence with the spectral

projections. Functional calculus then gives the trace splitting. A regulated trace uses the

same decomposition and a common subtraction prescription.

The elementary connector can take a charged response into the neutral line and return

it to the detected sector. Eliminating that intermediate direction therefore leaves a con-

tribution to the retained response. For this connector squaring and charged compression

differ by a rank-one contribution from the neutral line.

Spectrum and neutral feedback of the elementary connector. For a fixed nonzero

elementary coordinate H let r = ∥H∥ and TH = IC ⊗ hH with DH =
(︂

0 TH
T †
H 0

)︂
on the

generated sixteen-dimensional full module. Choose a unit n ∈ N and put P = I − |n⟩⟨n|
and v = DHn with Dch = PDHP |N⊥ . Then

D2
H = r2I16, PD2

HP |N⊥ = r2I15, r2I15 −D2
ch = |v⟩⟨v|, ∥v∥2 = r2. (5.21)

Thus the square descends although the odd connector does not. The spectra of DH and

Dch are respectively {+r,−r} with multiplicities (8, 8) and {+r,−r, 0} with multiplicities

(7, 7, 1). The zero direction of the compression is v not a zero mode of the full operator.

For z /∈ {0, r,−r} its exact retained resolvent is

P (DH − zI)−1P |N⊥ =

(︃
Dch − zI +

|v⟩⟨v|
z

)︃−1

. (5.22)

The Schur formula eliminates the neutral block for z ̸= 0. The explicit generated matrix

(4.59) satisfies h†HhH = hHh
†
H = r2I2. Hence D2

H = r2I16. The image v is left-handed

and orthogonal to the right-handed neutral line. Inserting I = P + |n⟩⟨n| between the

two factors of DH proves the rank-one identity. Moreover DHv = r2n. So Dchv = 0. The

plane spanned by n, v reduces DH and has eigenvalues ±r. On its fourteen-dimensional

orthogonal complement the square is r2I and chiral grading pairs the two signs giving seven

of each. The full operator similarly has eight of each sign. In the splitting N⊥ ⊕ N the

lower block of DH − zI is −z and the off-diagonal block is v. Eliminating this one scalar

block gives (5.22). Rephasing n leaves |v⟩⟨v| unchanged.

The same calculation gives the connector feedback without an independent scalar

ansatz. On the full generated matter carrier

A⊗ I16 + I ⊗D2
H = (A+ ∥H∥2I) ⊗ I16. (5.23)
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Thus the elementary reversal-real connector changes every eigenvalue of a scalar response

block by its intrinsic determinant dethH = ∥H∥2. The coefficient is fixed by the normal-

ization of the generated connector matrix. This electroweak connector response and the

colour-Casimir feedback of Section 8.8 are two applications of the same rule—square the

generated odd or connection comparison and retain its invariant intensity—but they act

on different response sectors.

Effective sources, linear observations and the full trace. Keep the same generated

connector and z /∈ {0, r,−r} and set SH(z) = Dch − zI + vv†/z. For a source j on the

full module and a complex-linear row covector ℓ write jc = Pj and jn = n†j. Likewise

set ℓc = ℓ|N⊥ and ℓn = ℓ(n). The linear source pairing x ↦→ j†x descends to the charged

quotient exactly when jn = 0. The covector ℓ descends exactly when ℓn = 0. This follows

by replacing x with x+ αn. Their exact eliminated counterparts are

jeff(z) = jc +
vjn
z
, ℓeff(z) = ℓc +

ℓnv
†

z
. (5.24)

Indeed the two blocks of (DH − zI)x = j give

xc = SH(z)−1jeff(z), xn =
v†xc − jn

z
.

Substitution into the full-space linear response gives

ℓ(DH − zI)−1j = ℓeff(z)SH(z)−1jeff(z) − ℓnjn
z
. (5.25)

The last term is the direct neutral contribution to the response. For complex z the quantity

ℓeff is the displayed analytic row covector. Taking the adjoint of an effective column would

instead conjugate z. The neutral feedback vv†/z remains when both pairings descend.

Rephasing n changes v, jn, ℓn with cancelling phases. The same block solution gives the

trace over all sixteen internal directions

Tr16(DH − zI)−1 = Tr15 SH(z)−1 +
v†SH(z)−1v

z2
− 1

z
=

16z

r2 − z2
. (5.26)

Here SH(z)−1v = zv/(r2−z2) and the seven remaining pairs give 14z/(r2−z2) to its trace.

The apparent singularity at z = 0 cancels in the full response.

For a self-adjoint scalar mode operator A bounded below with Tr e−tA < ∞ for every

t > 0 define the squared-response operator Kfull = A⊗ I16 + I ⊗D2
H on D(A) ⊗Mfull. Its

charged restriction and neutral block are (A+ r2) ⊗ I15 and A+ r2. So for t > 0

Tr e−tKfull = 16e−tr
2

Tr e−tA = (15 + 1)e−tr
2

Tr e−tA,

Tr e−t(A⊗I15+I⊗D
2
ch) = (14e−tr

2
+ 1) Tr e−tA.

(5.27)

These formulas follow by the displayed orthogonal spectral decomposition. For A = ∆0

the operator Kfull has lower bound r2 whereas compression before squaring introduces

one constant zero mode. The elementary mass block shifts the whole tower. The bound
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concerns the colour-trivial matter operator Kfull at fixed H ̸= 0. A Yukawa-weighted

operator uses its weighted square. A chiral Dirac operator may also contribute cross terms.

For complex sources and complex-linear row covectors the same block decomposition

gives the finite-dimensional response explicitly. For three independent copies the full and

charged dimensions are 48 and 45 with a three-dimensional neutral block. Specified Yukawa

matrices and positive kinetic forms define an analogous response through the same block

decomposition with the weighted square in place of D2
H = r2I. Flavour hierarchies then

depend on these additional matrices.

The scalar mass assignment combines the Laplace spectrum with a common positive

radial restoring coefficient m2 obtained from the stationary collective response after kinetic

normalization. The assigned masses are

M2
l =

l(l + 2)

R2
b

+m2. (5.28)

The complete scalar mass tower. On Hsc = L2(X3, dv̄) define

M2
sc = ∆0 +m2I, D(M2

sc) = H2(X3). (5.29)

This is a positive self-adjoint operator with compact resolvent. Its full spectrum is (5.28)

for l = 0, 2, 4, . . . with multiplicity (l + 1)2. In particular

inf SpecM2
sc = m2, ⟨ψ,M2

scψ⟩ = ∥dψ∥22 +m2∥ψ∥22 ≥ m2∥ψ∥22. (5.30)

The equality case is the constant scalar mode. The inverse powers satisfy Tr(M2
sc)

−p <∞
exactly for p > 3/2. These statements follow directly from the complete scalar decomposi-

tion (5.13). The bounded shift changes neither the eigenspaces nor the domain. Integration

by parts gives (5.30) on the form domain H1(X3) and the trace terms grow as l2−2p along

the even subsequence.

Spectral physical quantities. For the generated operator and carrier with their multi-

plicities and normalization a spectral physical quantity is an absolutely convergent expres-

sion

Qf =
∑︂
l

dlf(εl), (5.31)

or a renormalized relative trace with a specified subtraction, operator domain and renor-

malization prescription. Finite closed expressions in these data and their scale relations

define physical quantities on the stated domains and branches, with units inherited from

the spectral normalization.

Collective quantities are derived from these spectral sums and their scale dependence.

Each trace includes every mode of its specified carrier with the corresponding multiplic-

ity. Probabilities additionally require a positive state and an allowed observation. Positive

functionals on the generated source algebra supply this information. A field representation

gives the same quantities when it preserves the operators and their units and normaliza-

tions. For relative traces Appendix E proves the estimates for the specified subtractions.

– 47 –



5.5 States, composition, and observables

The state construction uses positive functionals and their cyclic representations [22] on the

generated source algebra. The source operations specify the available effects and updates.

In the cyclic representation an allowed preparation operation A produces the unnormalized

vector π(A)Ω. The source comparison ω(A∗B) gives the overlap of preparations produced

by A and B. A difference of zero norm has zero overlap with every generated preparation

and is identified with zero. Completion includes norm limits of these preparations. Cyclicity

means that the generated vectors exhaust the representation. The source comparisons

therefore fix its Hilbert-space geometry.

States and operations. A state is a normalized positive functional ω on the generated

observable algebra. Its cyclic Hilbert representation is obtained by quotienting the form

ω(A∗B) by its null space and completing it with left multiplication as the algebra action.

This is the representation of the source states in Theorem 5.2.

An allowed effect 0 ≤ E ≤ I has probability ω(E). A finite allowed partition
∑︁

aEa =

I therefore has nonnegative probabilities summing to one. In the cyclic representation these

are ⟨Ω, π(Ea)Ω⟩. The available effects and instruments are fixed by the source operations.

Evolution is a composition-compatible update of the generated states and observables

as in (5.9) and (5.10). A nonautonomous update has a two-parameter composition law.

A strongly continuous unitary group has a self-adjoint generator by Stone’s theorem. The

operation parameter and accumulated variance with the heat resolution label the corre-

sponding updates defined above.

Independence means commuting operations and factorized expectations of all allowed

product observables. For full finite corners this gives the product state onMn⊗Mm
∼= Mnm.

Local response operations act through the relative-frame bundles over Mloc. Their

composition is the mode and matrix product above.

The spectral quantities defined above are evaluated with fixed units on their stated pa-

rameter domains. A state-dependent representation intertwines the state and its operations

with the sources and observables so that their probabilities and response normalizations

are preserved.

For the complete source functional ωt(A) = Tr(ρtA) at t > 0 in (5.5) the uniqueness

part of the GNS construction [22] relates any two cyclic representations (πi,Hi,Ωi) by the

unique unitary satisfying

Uπ1(A)Ω1 = π2(A)Ω2, Uπ1(A)U∗ = π2(A), UΩ1 = Ω2.

Consequently their finite source correlations and common continuous extensions of the

specified operations agree on their stated domains and in the prescribed norms. The inner

products ωt(A
∗B) fix the isometry on generated vectors. Cyclicity extends it to the Hilbert

space. Common bounded operations extend from their specified dense cores by continuity.

The source algebra and the internal factor X3 carry these states and spectral quantities.

Their field realization uses the generated event carrier for localization and the internal

modes for field content. Appendices D and C give the Gaussian covariance and its positive-
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energy graded-local reconstruction. The collective potential depends on the internal spectra

and their scale dependence.

6 Source Events, Composition, and Readout

A positive source state assigns probabilities to the allowed preparations and readouts. Mu-

tually exclusive outcomes, unread comparisons and conditional states are defined within

the same source functional. Semigroups and connections provide the updates whose re-

sponses are measured. This event calculus applies before a spacetime field representation

is chosen. On the affine Lorentz carrier, local fields represent the internal responses and

the phase clock calibrates timelike separations between events.

6.1 Quantum events and composition

The source construction supplies positive states on its generated observable algebra. A

finite observation resolves this algebra into mutually exclusive quantum events. The un-

resolved remainder is retained as one outcome. An allowed orthogonal partition describes

these distinctions. The same source state assigns their probabilities and projection gives

the Lüders conditional update [23].

For a generated orthogonal partition
∑︁m−1

a=0 Pa = I and a positive normalized state ω

put

pa = ω(Pa), ωa(X) = ω(PaXPa)/pa (pa > 0). (6.1)

These are normalized probabilities and states. The unread map is

L(X) =
∑︂
a

PaXPa =
1

m

m−1∑︂
k=0

V kX(V k)∗, V =
∑︂
a

e2πia/mPa. (6.2)

It is unital and completely positive and ω◦L =
∑︁

a paωa. The partition identity normalizes

the probabilities and positivity normalizes each conditional state. Zero-probability blocks

vanish by Cauchy–Schwarz. Character orthogonality cancels all off-diagonal event blocks

in the finite phase average. This average of unitary conjugations is completely positive.

Equal-mass quantiles of a nondegenerate source Gaussian implement the random choice of

V k when such control is available.

The last event may contain the unresolved tail and retain its probability in the parti-

tion. In the cyclic representation of ω the identity P ∗P = P gives ω(P ) = ∥π(P )Ω∥2 [22].

Thus the projected vector’s squared norm expresses the original source probability. The

same rule reads pψ(P ) = ⟨ψ, Pψ⟩ for a unit vector ψ. For P = |ϕ⟩⟨ϕ| with ∥ϕ∥ = 1 it is

|⟨ϕ, ψ⟩|2. This is the usual Born expression. Gleason’s uniqueness argument additionally

requires noncontextual countable additivity and dimension at least three [24].

The unread map retains each diagonal event block. Averaging the finite relative phases

cancels the blocks connecting distinct events. The distinction is visible in the allowed two-

level preparations ψ± = (h0 ± h1)/
√

2. They have the same level probabilities (1/2, 1/2).

The generated observable X = E01 + E10 has expectation +1 in ψ+ and −1 in ψ−. It

reads their relative sign. After the unread comparison in the h0, h1 basis both preparations
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give the same equal mixture and expectation zero. Level occupations and coherent source

comparisons therefore convey different information within the same generated algebra.

Independent systems use factorized states on the product algebra. In a Hilbert real-

ization superposition is vector addition. A pure bipartite state is entangled when it does

not factor into two vectors. Separability of density operators means membership in the

trace-norm closed convex hull of product density operators. For independent Euclidean

measures and bosonic free fields the standard identifications are

L2(µ1 ⊗ µ2) ∼= L2(µ1) ⊗ L2(µ2), F+(h1 ⊕ h2) ∼= F+(h1) ⊗F+(h2). (6.3)

The first identity follows by completing products of simple functions. The second follows

from the symmetric tensor decomposition. Factorization specifies independence. Tensor

symmetry specifies the exchange statistics.

6.2 Measurement and dephasing

For a self-adjoint observable O and apparatus generator Q the unitary evolution of the

specified interaction gO⊗Q maps
∑︁

k ckψk⊗ϕ to
∑︁

k ckψk⊗e−itgokQ/ℏϕ when Oψk = okψk.

Two occupied branches with nonproportional apparatus factors are entangled.

For pure dephasing let a finite pointer have commuting HS , A and use Hξ(t) = HS +

gAξ(t). The real Gaussian process is centred and stationary with mean-square continuity.

It is initially independent of the pointer and has covariance C(s − u) with C(0) < ∞. In

a joint eigenbasis the noise-averaged reduced density matrix satisfies

ρij(t) = e−i(Ei−Ej)t/ℏρij(0) exp

[︃
−g

2(ai − aj)
2

2ℏ2

∫︂ t

0

∫︂ t

0
C(s− u) ds du

]︃
. (6.4)

All Hamiltonians commute so the noise enters only through Xt =
∫︁ t
0 ξ(s)ds. Its Gaussian

characteristic function proves the formula. The integral is a variance and populations

are unchanged. Its growth determines the decay law. A variance proportional to t gives

exponential dephasing. The pointer probabilities Tr(ρPk) remain those of the state.

7 Fields, Correlations, and Spectral Description

A spectrum lists the available excitations; a correlation weights them by the transition

overlaps of a particular preparation and observation. An internal trace instead counts the

full multiplicity of the specified operator. The weights determine both the modes visible

to an observation and the convergence of the corresponding sums.

The source generator resolves changes between ladder levels, while the mass-squared

operator measures the normalized restoring response of physical fluctuations. Their ob-

servable spectral measures use the same overlap construction. Passing between the two

representations requires the stated response maps and intertwiners. Eigenvalues determine

where an excitation occurs; the observation weights determine whether it is seen.
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7.1 Spectral measures of source observables

For a bounded self-adjoint generated observable O let Oc = O−ω0(O)I and v = Och0. Its

connected source spectral measure is

νO =
∑︂
j≥1

|⟨hj , Oh0⟩|2δj , νO([0,∞)) = ∥v∥2. (7.1)

It is finite and positive and satisfies

ω0(αθ(Oc)Oc) =

∫︂
e−iθλ dνO(λ),

⟨v, e−sNGv⟩ =

∫︂
e−sλ dνO(λ) ≤ e−s∥v∥2, s ≥ 0. (7.2)

Whenever a positive level is visible the first is the least j ≥ 1 with ⟨hj , Oh0⟩ ̸= 0. Centering

removes the vacuum coefficient. Parseval gives the total weight ∥v∥2. The spectral theorem

applied to NG gives both transforms with this absolute convergence bound.

These weights are observable-dependent. Physical scalar masses are determined by the

complete scalar mass operator (5.29) with sharp lower bound (5.30). An excitation with

zero transition overlap is absent from that source correlation even though it remains in the

source spectrum.

For the fixed-covariance Gaussian field of Theorem G.8 real test vectors f, g ∈ Hq
A =

(H−q
A )′ give continuous evaluations and

EeiXτ (f) = exp[−1
2⟨f, Cτf⟩]. (7.3)

In the eigenbasis Aei = aiei its static covariance is

E[Xτ (f)Xτ (g)] =
∑︂
i

cτ (ai)figi = ⟨f, Cτg⟩, cτ (a) =
1 − e−τa

a
. (7.4)

These follow from finite Gaussian coordinates and the distribution-space tail estimate in

Appendix G.9. The bounded observables eiXτ (f) generate a commutative algebra. Equa-

tions (7.3) and (7.4) determine its static correlations at fixed τ .

7.2 Analytic control

The three-dimensional Weyl exponent fixes the threshold for finite resolvent traces. The

zero modes determine the additional dependence on the lower mass bound. At high levels

convergence balances the growing number of modes against the decay of the response

weight. Near the bottom of the spectrum a positive mass shift controls the contribution of

the constant and other zero modes.

Resolvent traces. Let A ≥ 0 be a self-adjoint Laplace-type operator on a finite-rank

Hermitian bundle over a closed compact three-manifold M . Write its eigenvalues as εl with

multiplicities dl and set ν0 = dim kerA. For p > 3/2 the trace

Qp(m
2) =

∑︂
l

dl(εl +m2)−p (7.5)
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is positive and real analytic for m2 > 0. Choose CA with N+(λ) =
∑︁

0<εl≤λ dl ≤ CAλ
3/2

for all λ > 0. Then

Qp(m
2) ≤ ν0(m

2)−p + CA
Γ(5/2)Γ(p− 3/2)

Γ(p)
(m2)3/2−p. (7.6)

On m2 ≥ m2
0 > 0 a bound Qp(m

2) ≤ Cp,A,m0(m2)3/2−p holds with

Cp,A,m0 = ν0(m
2
0)

−3/2 + CA
Γ(5/2)Γ(p− 3/2)

Γ(p)
. (7.7)

Thus the half-line constant depends on the chosen operator. Zero modes introduce ad-

ditional dependence on m0. Weyl asymptotics for compact elliptic operators [25] bound

N+(λ)/λ3/2 above a sufficiently large threshold. Below that threshold the positive spectral

gap and the finite number of eigenvalues make the ratio bounded as well. This proves the

existence of CA. A numerical value follows from a quantitative high-energy bound and the

finite low spectrum. An explicit spectrum also determines this constant directly. Separate

the zero modes and put x = m2. Stieltjes integration by parts yields

Qp(x) − ν0x
−p = p

∫︂ ∞

0

N+(λ)

(λ+ x)p+1
dλ

≤ CAp x
3/2−p

∫︂ ∞

0

t3/2

(1 + t)p+1
dt

= CA
Γ(5/2)Γ(p− 3/2)

Γ(p)
x3/2−p. (7.8)

The boundary terms vanish for p > 3/2 and the integral is B(5/2, p−3/2). On any compact

subset of Re z > 0 with Re z ≥ δ the principal-branch series is dominated by Qp(δ). Normal

convergence proves analyticity and

djQp
dxj

= (−1)j(p)j
∑︂
l

dl(εl + x)−p−j , j ≥ 0, (7.9)

where (p)j = Γ(p+ j)/Γ(p).

For the scalar Laplacian on the generated X3 of radius L the odd-shell spectrum gives

the explicit constant C∆0 = 9L3/(16
√

2). The count N+(λ) = 0 below 8/L2. Above this

threshold let q ≥ 3 be the largest odd integer with q2 − 1 ≤ L2λ. Then

N+(λ) =
q(q + 1)(q + 2)

6
− 1 ≤ q3

3
≤ 9

16
√

2
(q2 − 1)3/2 ≤ 9L3

16
√

2
λ3/2.

The first inequality uses (q−3)(q2−2) ≥ 0 and the second uses q2/(q2−1) ≤ 9/8. Equality

holds at λ = 8/L2 so this global constant is sharp. Together with ν0 = 1 it makes (7.6)

explicit for the complete scalar tower.

Green operators. For A = ∆M an internal source j produces the response u = (∆M +

m2)−1j. Each harmonic is weighted by the inverse of its stiffness εl+m
2. The Green kernel

gives the response at y to a source at y′. Spectral calculus gives

Qp(m
2) = TrL2(M)(∆M +m2)−p, p > 3/2. (7.10)
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In particular Q2 =
∫︁
M×M |Gm2(y, y′)|2 dy dy′ is the squared Hilbert–Schmidt norm of the

compact Green operator. It sums the squared response over source and observation posi-

tions with the stated internal measure. The ordinary Q1 trace diverges in three dimensions.

This contrast is the analytic hinge of the condensation mechanism. The linear trace re-

sponse is not summable over the complete three-dimensional tower. The compensated

logarithm cancels that linear term and leaves the Hilbert–Schmidt quantity Q2. The same

Q2 controls two derivatives of the relative potential and its local quartic coefficient to-

gether with the spectral tail entering the condensate and mass estimates of Section 8. In

the specified product realization (C.1) Fourier transformation in the external coordinates

gives (p2ext + ∆M + m2)−1. Here pext is Euclidean four-momentum. At pext = 0 this is

the same Green operator. Setting m2 = m2
δ therefore reads the internal response as the

zero-momentum component of the condensed quadratic propagator.

The internal trace weights each level by its multiplicity and gives the positive locally

finite measure

ρ(dµ2) =
∑︂
l

dl δM2
l
(dµ2). (7.11)

If M2
l = εl+m

2
δ with m2

δ > 0 its support has that lower bound. For a field evaluated against

an internal test vector each atom carries the squared norm of that vector’s eigenspace pro-

jection as in (C.9). The mass parameter is the condensate’s normalized radial curvature.

8 Gauge Fields, Scale Transport, and Stable Spectra

Internal mode multiplication and the matrix action on matter fix the nonlinear coupling.

Changing resolution smooths the fields and produces a product correction, which the joint

scale map retains. This correction makes successive resolutions compatible with the original

interaction.

The colour connection supplies its own collective coordinate: its basis-independent

mean squared strength. Casimir contraction shifts the complete conformal response tower,

the relative long-root eigenvalue provides the drive, and the changed Gaussian fluctuations

give the restoring response. The complete relative potential balances these contributions

and has a unique nonzero equilibrium beyond the reference radius. The source Legendre

metric normalizes intensity fluctuations; the exact curvature response controls coclosed

connection variations. On the condensed branch these two blocks form a positive Yang–

Mills mass operator, measuring restoration of the collective intensity and transverse non-

Abelian deformations at fixed intensity. Appendix B.4 develops the corresponding action-

level realization.

8.1 Gauge interaction from mode multiplication and common transport

The local frames of Section 4 fix the gauge transformation law of a connection A. Its field

strength satisfies

FA = dA+A ∧A, DAFA = dFA +A ∧ FA − FA ∧A = 0. (8.1)
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The second identity follows by substitution and d2 = 0. Here A includes the coupling

in the skew-adjoint connection convention. Restoring it as A = gconnA ATA gives FA =

gconn dA + g2connA ∧ A and ∇ = d + gconnρ∗(A ). The quadratic field-strength response

consequently has cubic and quartic terms proportional to gconnfAB
C and g2connfAB

CfDE
C

after factoring out its quadratic normalization. These differential formulas describe the

interaction in the generated internal frames.

The mode product in Section 5.1 acts directly on the fields of the generated internal

geometry. In a fixed trivialization write a connection as A =
∑︁

aAaθ
a in the left-invariant

orthonormal coframe on round X3 and let [TA, TB] = fAB
CTC be the matrix commutator

in the generated internal Lie algebra. With Aa =
∑︁

α,A a
αA
a eαTA the field strength is

Fab(A) = EaAb − EbAa −
2

L
ϵabcAc + [Aa, Ab],

[Aa, Ab]
C
γ =

∑︂
α,β,A,B

CγαβfAB
CaαAa aβBb . (8.2)

The coefficients Cγαβ express pointwise mode multiplication while fAB
C are the structure

constants of the internal representation. Their product determines which internal harmon-

ics and gauge components couple. Thus the geometric modes and the noncommuting ma-

trices enter one nonlinear response. Applying the same connection in the matter represen-

tation fixes the corresponding transport coupling. The connection normalization gconn sets

the overall strength of this transport. The scalar feedback coefficient g in AE = A+ gE2I

measures the change of scalar precision per unit collective intensity.

Nonlinear field strength and its scale correction. For Aa ∈ Hη(X3) with η > 5/2

apply Gt = e−t∆0 componentwise in this same frame. Then

GtFab(A) = Fab(GtA) + Cab,t(A), Cab,t(A) = 2

∫︂ t

0
Gt−u

∑︂
c

[EcGuAa, EcGuAb] du.

(8.3)

The integral is in Hη−1 with norm at most Cη,L,gt∥Aa∥Hη∥Ab∥Hη . Its modal coefficient

is the second line of (8.2) multiplied termwise by e−tλγ − e−t(λα+λβ). There are real con-

nections at every shell cutoff j ≤ J with J ≥ 1 whose curvature has a nonzero j = 2J

component and for which this scale correction is nonzero.

Proof. Round scalar heat commutes with the invariant derivatives. So the linear terms

cancel in the difference. The heat product rule of Proposition A.1 gives the integral and

its norm estimate. Take A1 = fTA and A2 = fTB with A3 = 0 where f = eJJJ + eJJJ and

[TA, TB] ̸= 0. Equation (A.22) gives the nonzero 2J component and λ2J−2λJ = 8J2/L2 > 0

proves that its scale correction cannot vanish for t > 0.

The proposition uses scalar heat on coefficients in the fixed trivialization and coframe.

Its frame dependence follows from the commutator of Gt with a position-dependent gauge

transformation.

For the (2, 1) long-root source Proposition G.7 sharpens this identity. It computes the

connection–field-strength composition law and a strictly positive mean-square remainder
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from the same noncommutative product. Its coefficient heat rate is 24/L2 whereas its

Hodge eigenvalue is 16/L2. The joint response therefore retains both the discarded modes

and the difference GtF (A) − F (GtA). The matter response requires the corresponding

product correction. Changing the internal metric requires the derivative commutators of

Appendix A.6.

8.2 The same connection acts on matter

The localized principal bundle and the representation ρ on the full matter module were

constructed in Section 4 with the stated local frame and matter realization. Applying

that representation to principal transport determines the matter coupling. We use the

skew-adjoint connection convention of (8.2).

Theorem 8.1 (Generated gauge interaction and common matter transport). Transport

by the same principal connection A induces on its associated matter bundle the covariant

derivative and curvature action

∇ρ
Aψ = dψ + ρ∗(A)ψ, (∇ρ

A)2ψ = ρ∗(FA)ψ. (8.4)

In a compatible trivialization over X3 for scalar coefficient fields Aa =
∑︁

α,A a
αA
a eαTA and

ψ =
∑︁

β eβψβ the coupling coefficients are

[ρ∗(Aa)ψ]γ =
∑︂
α,β,A

Cγαβa
αA
a ρ∗(TA)ψβ. (8.5)

For finite modal fields this is an exact finite product and it extends continuously to Hη(X3)

for η > 3/2. The tensors Cγαβ and ρ∗(TA) fix the modal selection rules and relative matrix

coefficients of this interaction in the chosen connection normalization.

Proof. Applying ρ to infinitesimal principal transport I − A(γ̇)ds gives I − ρ∗(A(γ̇))ds.

The induced derivative transforms with ρ(g−1) under a frame change. Since ρ∗ preserves

brackets its square is ρ∗(FA). Equation (5.2) gives the displayed coefficients and Sobolev

multiplication on the three-dimensional factor gives the completion for η > 3/2.

On a spinor-valued associated bundle the derivative is ∇spin ⊗ I + I ⊗ ρ∗(A) and its

coefficients must use the selected spinor modes of Appendix A. The internal connection

acting on them is the same one. Its matter action descends to the charged quotient under

the quotient and trace conditions of Section 5.4. A general Higgs connector still acts on

the full matter module.

Joint resolution of gauge and matter coefficients. Keep the same fixed trivializa-

tion for the connection and associated matter coefficients and set Qa = Eaψ + ρ∗(Aa)ψ.

Applying Gt to both fields produces the difference CQt = GtQ(A,ψ) − Q(GtA,Gtψ) just

as for the field strength. Proposition A.2 proves the exact integral composition law and

Sobolev completion for both responses. In particular with U = (A,ψ) and the unresolved

responses R = (RF , RQ)

(U,R) ↦−→ (GtU, GtR+ (CFt , C
Q
t )) (8.6)
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is a strongly continuous semigroup. Starting from R = 0 every later residual is fixed by

the initial fields. The complete responses evolve as Gt(F + RF ) and Gt(Q + RQ) while

the resolved fields retain their nonlinear coupling. The parameter t resolves the gauge

and matter coefficients together with their unresolved responses. The residual therefore

records interaction information carried by the initial fields at the new resolution. Successive

scale changes preserve this complete response by the same composition law. The resolved

fields and their residuals thus represent the same coupled response at successive resolutions

including the high harmonics created by its mode products.

8.3 Resolution and scale transport

The spectral quantities defined in Section 5 depend on the operator and its coefficients

with the Gaussian resolution parameter. For a normalized source Gaussian of width σsrc
the additive variance is s = σ2src and the heat parameter is s/2. Equation (5.10) acts by

diagonal phase averaging on the source algebra and its positive states. Here s parametrizes

resolution. Homothetic variation of the internal radius transports the spectral weights on

a common mode space and determines the scale dependence of stationary quantities.

Homothetic scale transport of the spectral window. Identify the round factors

by their normalized Haar coordinates. For the scalar Laplacian or its conformal shift

homothety gives Aσ = L(σ)−2 ˆ︁A on the same modal Hilbert space. For positive C1 functions

L, τ put q = τ/L2. The Gaussian multiplier and its derivative are

e−τAσ = e−q
ˆ︁A, d

dσ
e−τAσ = −q′ ˆ︁Ae−q ˆ︁A. (8.7)

The derivative is in operator norm on compact parameter intervals. Thus a constant ratio

τ/L2 leaves every dimensionless modal weight unchanged. In particular this holds for

L = c/k and τ = a/k2 with fixed a, c > 0.

Proof. The metric scales by L2. So both the Laplacian and the conformal curvature term

scale by L−2. Spectral calculus gives the first identity. On a compact interval q ≥ q0 > 0 the

multipliers xe−qx and x2e−qx are uniformly bounded for x ≥ 0. Taylor’s formula therefore

proves the operator-norm derivative.

At constant q the observation retains the same relative resolution of the internal har-

monics while their dimensional eigenvalues change with L−2. A scale comparison first

identifies the modes and their resolution weights then specifies the path of the geometry

and response coefficients. The stationary amplitude is determined at each point using the

same feedback rule and generated relative drive. Thus the resolution parameter describes

how the modes are observed while the path of L and g with the kinetic coefficient Z

determines their condensed amplitudes and normalized masses. Homothety makes these

comparisons on one modal space. Changes in the shape of ˆ︁A enter through its Duhamel

derivative and integrated responses also include the change in volume. Appendix B.5 gives

the action-based FRG realization in which the regulated functional measure supplies the

running response.

– 56 –



8.4 Complete spectral response and condensation

The analytic mechanism concerns a positive scalar shift of the generated spectrum. In-

creasing the collective intensity suppresses Gaussian fluctuations while preserving colour

symmetry. Its restoring response competes with the drive to determine the stationary

amplitude. In the colour realization, E2 is the invariant connection intensity q, and the

adjoint Casimir fixes g. The complete-tower analysis separates convergence and stability

from the representation supplying this shift.

Let E be the collective condensate coordinate in the specified scalar prescription

AE = A + gE2I with g > 0. The dependence on E2 gives the same response for op-

posite amplitude signs. Multiplication by I implements a scalar shift uniform over the

internal factor. It preserves the mode projectors while making every mode respond to the

same intensity. Increasing the amplitude raises each conformal precision eigenvalue and

reduces the corresponding Gaussian fluctuation. The potential measures the response of

this whole tower to the collective amplitude. The latter is held fixed while the scalar re-

sponse coordinates are traced including the constant conformal mode. That traced mode is

distinct from E. For the connection realization the mean precision has a direct statistical

meaning. Averaging the log likelihood of the conditional Gaussian tower and normalizing

its exponential gives the Gaussian law with this precision. It uniquely minimizes the mean

relative entropy to the conditional laws. The potential below measures relative information

between these comparison laws. This specifies which comparison the spectral feedback rep-

resents. Retaining instead the field integral Eint =
∫︁

Φ defines a different scalar realization.

The reference slope specifies the driving term for the chosen feedback.

Relative entropy measures the mean log-likelihood ratio of two laws with the averaging

law fixing the direction of comparison [12]. For a real Gaussian precision deformation

Ay = A+ yB whitening gives T = A−1/2BA−1/2 and the finite identity

2DKL(ν0∥νy) = IT (y) = Tr{yT − log(I + yT )}. (8.8)

For positive Hilbert–Schmidt relative operators quadratic summability controls the poten-

tial and its first two derivatives. This extends the finite identity and permits a common

spectral cutoff for stationary amplitudes and radial curvatures (Theorem E.1).

This relative information compares two generated Gaussian field laws whereas (5.8) is

the entropy of a normalized heat operator. In finite real dimension the differential entropy

change of the field law itself is H(νy) −H(ν0) = −1
2 log det(I + yT ). The additional term

yTrT in (8.8) comes from evaluating the changed precision against the reference covari-

ance. It cancels the linear part and produces the convergent positive restoring response.

This cancellation also permits the Hilbert–Schmidt limit when the two separate differen-

tial entropies have no finite limit. The stability criterion therefore concerns this relative

functional together with the specified drive.

Theorem 8.2 (Complete relative-response stability). Let βj ≥ 0 and tj > 0 with at least
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one βj > 0 and Q2 =
∑︁

j βjt
2
j <∞. For fixed weights define

Fµ(y) =
µ

2
y + I(y), I(y) =

∑︂
j

βj [ytj − log(1 + ytj)],

S =
∑︂
j

βjtj ∈ (0,∞], y ≥ 0.
(8.9)

For µ ≥ 0 the unique minimizer is y = 0 and the potential is coercive. For µ < 0 there is a

unique positive global minimizer exactly when µ/2 +S > 0. The potential is then coercive

and strictly convex in y. If S < ∞ and µ/2 + S ≤ 0 the potential is unbounded below

including the equality case. The conclusion applies equally to finite and infinite index sets.

Proof. The respective bounds by Q2y
2/2 and Q2y and Q2 justify local uniform convergence

of the potential and its first two derivatives. Thus F ′
µ(y) = µ/2 +

∑︁
j βjyt

2
j/(1 + ytj) and

F ′′
µ (y) =

∑︁
j βjt

2
j/(1+ytj)

2 > 0. The derivative increases from µ/2 to µ/2+S by monotone

convergence. Its zero and its strictly positive limiting slope prove the stable cases. For

finite S write Fµ(y) = (µ/2 + S)y −
∑︁

j βj log(1 + ytj). A single positive weight proves

unboundedness in the remaining cases.

Source-normalized complete restoring response. For the generated even scalar

shells put

cj = (2j+1)2−1

4
, dj = (2j+1)2, R(z) =

∑︂
j≥0

djz

cj(cj + z)
, C (z) =

∑︂
j≥0

dj
(cj + z)2

.

(8.10)

On z ≥ 0 the function R is continuous and strictly increasing with R(0) = 0 and R(z) →
∞. The curvature C (z) is finite and strictly positive. Hence every dimensionless drive

η > 0 determines a unique zη > 0 satisfying R(zη) = η. At the same amplitude

γη = 4zηC (zη) > 0, M2
j = 4j(j + 1) + γη ≥ γη, M2

0 = γη. (8.11)

The unit-drive member η = 1 defines a canonical normalized response. Here γη is the radial

curvature in the coordinate
√
z with unit kinetic coefficient. For an original amplitude E

set z = κE2 with κ = gL2. A negative drive µ < 0 and kinetic coefficient Z then give

η = − µ

2κ
, m2

rad =
κ

Z
γη.

Thus the normalized family supplies the restoring response. The source drive and metric

determine its member and its mass units.

Proof. The curvature summand is bounded uniformly for z ≥ 0 by a constant multiple of

(j + 1)−2 which gives convergence and compact-uniform continuity. For 0 ≤ x < y each

response summand obeys

djy

cj(cj + y)
− djx

cj(cj + x)
=

dj(y − x)

(cj + x)(cj + y)
> 0,

so the complete response is strictly increasing and C (z) > 0. At z = cN every shell with j ≤
N contributes at least 1/2. Hence R(cN ) ≥ (N + 1)/2 proving unboundedness. Existence

and uniqueness follow from continuity and strict monotonicity. Finally 4j(j + 1) ≥ 0 with

equality exactly at j = 0 which gives (8.11).
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Generated critical scale and long-root drive. Use the fixed reference-endpoint units

of (5.17). The correlation window of the reference source state supplies the critical radius

Lc :=
LIR(b∗)

ℓUV(b∗)
=

√
π. (8.12)

Let λR(L) = 16/L2 be the generated long-root eigenvalue. Among drives affine in λR
normalized to unit response to a change of λR and vanishing at L = Lc the unique drive is

µL = λR(L) − λR(Lc) = 16(L−2 − L−2
c ). (8.13)

Proof. Equation (8.12) is the endpoint ratio of Proposition 3.3. An affine function of λR
with derivative one is λR + c. Its zero at Lc fixes c = −λR(Lc).

This comparison assigns a relative spectral cost to the current source state. The ratio

L/Lc = b/b∗ locates it with respect to the reference state. Increasing the correlation

radius lowers the long-root cost and makes µL negative. Minimization below determines

the connection intensity at that scale. The reference state sets the comparison origin. The

equilibrium condition fixes the amplitude rather than varying the reference radius. For the

unit-covariance source (5.18) gives L = Lsrc =
√

2π and hence µLsrc = −8/π < 0. The

relative long-root cost is therefore negative at the generated IR edge. Varying L describes

how this response changes with source width.

Theorem 8.3 (Condensation, scale transport, and scalar mass gap). Use the conformal

spectrum aj = [(2j + 1)2 − 1/4]/L2 with dj = (2j + 1)2 for j ≥ 0 and its feedback

aj ↦→ aj + gE2 with g > 0 together with the generated source drive

µL = 16(L−2 − L−2
c ) =

8

3
(R−Rc), R = 6/L2, Rc = 6/L2

c . (8.14)

Here Lc =
√
π is fixed by Proposition 8.3. With y = E2 the cutoff negative logarithm nor-

malized by FN,L(0) = 0 and 2F ′
N,L(0) = µL has the unique constant-and-linear completion

FN,L(y) = −
N∑︂
j=0

dj log(1 + gy/aj) +

⎛⎝µL
2

+ g
N∑︂
j=0

dj
aj

⎞⎠ y. (8.15)

It converges in C2 on compact y intervals to FL = FµL of (8.9) with tj = g/aj and βj = dj .

This response is coercive and has a unique positive minimizing amplitude square exactly

when L > Lc. For L ≤ Lc its minimizer is y = 0. At L > Lc its radial curvature is strictly

positive. With any positive kinetic normalization this curvature gives a strictly positive

bottom for the assigned complete scalar mass operator. The exact scale-composition law

transports the stationary branch which has a uniformly positive spectral bottom on every

compact path contained in L > Lc with positive bounded feedback and kinetic coefficients.

Proof. The two normalization conditions fix the constant and linear terms of the cutoff

expression. Rearrangement gives µLy/2 + IN (y). Proposition E.3 proves C2 convergence

with Q2 <∞ and S = ∞. The preceding stability theorem gives the stated phase criterion.

At its positive root d2

dE2FL(E2) = 4y∗F
′′
L(y∗) > 0.
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In particular the canonical source radius Lsrc has a unique positive equilibrium. Its

location on the condensed branch follows from the source endpoints and their calibration.

The minimization determines the intensity at that radius. The same theorem describes the

phase boundary of the variable-width family. In the symmetric phase V (E) = FL(E2) has

V ′′(0) = µL > 0 for L < Lc with a vanishing quadratic coefficient at L = Lc.

Put κ = gL2 and z = κy. The stationary equation of the dimensional potential is

exactly

R(z) = −µL
2κ
. (8.16)

Thus L > Lc makes the right-hand side positive and Proposition 8.3 supplies its unique

positive solution. The factors L, g, ZL carry the generated dimensionless response into the

chosen amplitude and mass units.

The long-root interpretation uses the relative spectral coefficient εlr(L) − εlr(Lc) with

εlr(L) = 16/L2. Equation (A.16) proves its quadratic comparison in common mode units.

Proposition 8.3 fixes its normalized difference as µL. The critical radius is the zero of this

relative drive. For L > Lc the long-root quadratic cost lies below its critical value, favouring

a nonzero collective amplitude. The conformal operator remains positive, and the precision

of its fluctuations increases with gE2. This increase supplies the restoring response that

balances the softened collective direction and selects a finite condensed amplitude.

The unbounded limiting restoring slope has a simple spectral origin. The potential I

and its derivatives I ′ and I ′′ are finite at every finite amplitude. Progressively more shells

respond as the amplitude grows. For this unweighted three-dimensional tower the exact

conformal sum gives

I ′(y) ∼ π

4
κ3/2

√
y, I(y) ∼ π

6
κ3/2y3/2, κ = gL2.

Thus the large-amplitude restoring term grows as |E|3 and dominates the negative

quadratic drive. This explains both the finite equilibrium and the departure from a

quartic Landau approximation at large amplitude. The exact expression and its asymp-

totic expansion are given in Appendix E.

The response has a realization on a distribution-valued Gaussian field. Proposition

G.8 proves I(y) = 2DKL(ν0∥νy) for νy = N(0, (A + gyI)−1) and constructs its reference-

subtracted intensity WA. Consequently the same potential has the exact restoring response

F ′
L(y) =

µL
2

− gEνyWA, F ′′
L(y) =

g2

2
Varνy(WA). (8.17)

The mean of WA measures the change in intensity from the reference field law. Its contri-

bution opposes the negative drive while its strictly positive variance supplies the increasing

restoring response. Both moments belong to the same scalar field family νy and the same

reference subtraction. This gives the complete potential a statistical realization at ev-

ery amplitude. Regulators approximating this unweighted trace give the same FL when

their compressed responses converge in Hilbert–Schmidt norm and retain the prescription.

With fixed Gaussian weights S =
∑︁

j βjtj is the limiting restoring slope. The condition

S > −µ/2 states that the response tower can overcome the imposed negative drive. Thus
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the weights determine how much restoring response remains available at large amplitude

as quantified by Theorem 8.2.

Condensation and the Landau approximation. For V (E) = FL(E2) the uncon-

densed radial coefficient is V ′′(0) = µL. Increasing L through Lc changes its sign. So

a small collective amplitude lowers the potential. For the complete unweighted confor-

mal tower the restoring slope increases without bound. It therefore balances the negative

drive at exactly one yL > 0. Coercivity makes this stationary amplitude square the global

minimum. This is the condensation mechanism of the full negative-logarithmic response

with all conformal modes retained. The positive variance above describes its resistance to

further radial displacement. At fixed spectrum ∂µy∗ = −1/[2F ′′
µ (y∗)] < 0. A stronger neg-

ative drive increases the stationary amplitude. The Landau potential describes the leading

quartic approximation to this balance. Its error is quantified in Proposition E.4.

Exact scale transport of the complete potential. In fixed response units write the

unweighted potential at scale s as Fs(y) = µsy/2 + J(κsy) with κs = gsL
2
s > 0 and the

same J as in Proposition E.4. For two scales put a21 = κ2/κ1 and b21 = (µ2 − a21µ1)/2.

For all y ≥ 0 the potential obeys

F2(y) = F1(a21y) + b21y, a31 = a21a32, b31 = a32b21 + b32. (8.18)

For C1 parameters this gives the exact differential identity

∂sFs(y) =
κ′s
κs
y ∂yFs(y) +

1

2

(︃
µ′s −

κ′s
κs
µs

)︃
y. (8.19)

Proof. Substitute a21y in F1. The nonlinear part becomes J(κ2y) and the displayed linear

correction supplies µ2y/2. Substituting successively at three scales gives the two composi-

tion identities. The proved local convergence of J and its derivatives allows the chain rule

which yields the differential formula.

The identity transports the complete potential along a specified parameter path in-

cluding its coupling gs. For the distinct weighted response Jq with q = τ/L2 a changing

weight adds the term q′∂qJq. The weighted response and its stationary-branch formula are

given in Theorem E.2. The calculation following that theorem gives its stability boundary.

8.5 Condensation and the scalar response spectrum

The minimizing amplitude supplies the background for radial excitations. For a signed

coordinate r the minimum at y = r2 > 0 occurs at r = ±√
y. The observable algebra de-

termines their physical identification. The collective colour-singlet interpretation preserves

colour symmetry.

For an identified radial coordinate with positive kinetic normalization Z∗ the stable

amplitude response U gives the radial mass

m2
curv =

4y∗U
′′(y∗)

Z∗
. (8.20)

This is the second derivative of U(r2) at its stationary point divided by the kinetic coeffi-

cient of the same coordinate.
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Scalar gap for the assigned mass operator. For g > 0 and L > Lc let yL > 0

be the unique stationary amplitude square of FL. Use the scalar mass assignment (5.28)

with Rb = L and a specified kinetic normalization ZL > 0. Unit kinetic normalization

corresponds to ZL = 1. Then

m2
δ(L) =

4yLF
′′
L(yL)

ZL
, M2

sc = ∆0 +m2
δ(L)I,

inf SpecM2
sc = m2

δ(L), 0 < m2
δ(L) <

−2µL
ZL

.

(8.21)

The self-adjoint mass-squared operator onH2(X3) contains every even scalar shell including

the constant mode with multiplicities (l + 1)2.

Proof. Theorem 8.3 supplies yL > 0 and F ′′
L(yL) > 0. The exact correction (E.20) gives

the strict upper bound. The operator (5.29) and its complete spectrum (5.28) then give

the domain and multiplicities. (5.30) gives the sharp lower bound attained by the constant

mode.

At the stationary amplitude the feedback Gaussian law νyL supplies the restoring

moment in (8.17). Conversion from intensity y = E2 to the radial coordinate and division

by its kinetic coefficient express the mass as

m2
δ(L) =

2g2yL
ZL

VarνyL (WA) > 0. (8.22)

The restoring curvature is thus fixed by an intensity fluctuation of the same field whose

precision responds to the condensate. Kinetic normalization converts it into the radial mass

and the mass assignment in (5.28) carries this response through the complete scalar tower.

For each L, g, Lc, ZL in the stated condensed domain the unique equilibrium determines

this shift. The constant scalar mode receives the radial mass and attains the spectral

bottom. Every higher even shell adds its positive internal eigenvalue. The full operator

therefore has a gap including its zero harmonic. In unit kinetic normalization the quartic

Landau value −2µL is a strict upper bound on the complete response’s mass squared. The

gap of M2
sc describes the collective colour-singlet excitation in the framework’s Yang–Mills

channel. Its visibility in a colour observable is determined by that observable’s coupling to

the mass mode.

8.6 Scale dependence of the scalar spectrum

The same potential can be evaluated along the self-similar radius family of Proposition 8.3.

In fixed reference units Lk = L0k0/k crosses the critical radius at kc = k0L0/Lc. The

condensed branch occupies k < kc. The uniform estimates below concern compact intervals

within this branch.

Scale transport and a uniform scalar gap. In fixed response units let I = [k−, k0]

with 0 < k− < k0 and use Lk = L0k0/k with L0 > Lc. Let gk, Zk be specified positive C1

functions on I retaining the specified spectral feedback and amplitude normalization. Put

µk = 16(L−2
k − L−2

c ), κk = gkL
2
k, νk = − µk

2κk
.
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The stationary amplitude square and each scalar mass eigenvalue are uniquely determined

C1 functions along this parameter path. With H = J ′ as in Proposition E.4 it is

zk = H−1(νk), yk = zk/κk,

dyk
dk

=
ν ′k

κkH′(zk)
−
κ′k
κk
yk, m2

l,k =
l(l + 2)

L2
k

+
4κkzkH′(zk)

Zk
, l = 0, 2, . . . .

(8.23)

Set κ− = minI κk and Z+ = maxI Zk. Define z− = H−1(minI νk) and z+ = H−1(maxI νk).

Then

inf
k∈I

inf SpecM2
sc,k ≥ 4κ−z−H′(z+)

Z+
> 0. (8.24)

Proof. On I one has Lk ≥ L0 > Lc. So µk < 0. Theorem 8.3 and the smooth strictly

increasing function H give the unique branch above. The inverse-function theorem and

differentiation give its derivative. The whole potential obeys Proposition 8.3. So restrict-

ing to successive scale intervals gives the same branch and composes exactly. Homothety

identifies the scalar modes on a common carrier. Corollary 8.3 gives their masses. Com-

pactness gives κ−, z− > 0 and finite z+, Z+ while H′(z) =
∑︁

j dj/(cj + z)2 is positive and

decreasing. These facts prove the uniform bound including the constant scalar mode.

The same condensed branch is transported on a common internal mode space with

continuously varying amplitudes and masses. The bound controls its entire specified scale

interval through the positive distance from L = Lc and the bounds on gk and Zk. It there-

fore gives stability along the parameter path as well as at its endpoint. For computation

truncate only the unweighted potential retaining its original drive and normalization with

the constant conformal mode. Positive lower and finite upper bounds for νk and κk and Zk
on the entire interval give a common root bracket from finite low-mode sums. A single suf-

ficiently large cutoff then preserves condensation and controls the errors in the amplitude

square yk and scalar mass squared uniformly in k. Both mass operators retain the complete

scalar tower. These estimates concern exact truncated roots. Finite-sum evaluation and

numerical root-solving errors must also be included. The bracket and error constants with

their proof are given in Corollary E.3.

8.7 Scalar realization and colour-singlet interpretation

A scalar zero-mode realization retains a coordinate of the fluctuating field itself. Its direct

self-coupling and the response of the remaining modes are both part of its stability problem.

On L2(X3, dv) write Φ = E0/
√
V + η with

∫︁
η = 0. Here V = π2L3 and Eint =

√
V E0.

Retaining this dependence in the scalar coupling gives Fg = γE4
0/2 + γE2

0∥η∥2/2 with

γ = gV . Proposition G.5 proves the full Hessian. Its retained entry is 6γE2
0 while the

eliminated l = 2, 4, . . . tower has the uniform shift γE2
0I. The kernel and Schur reduction

including mixed fluctuations are (G.50) and (G.51).

For the negative-logarithmic response with fixed weights and S⊥ =
∑︁

⊥ βjγ/aj < ∞
this realization has

W (y) =
a0
2
y +

γ

2
y2 −

∑︂
j∈⊥

βj log(1 + ytj), y = E2
0 , tj = γ/aj . (8.25)
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Proposition G.5 gives its unique positive minimizer exactly when 2S⊥ > a0. There

m2
curv =

4y∗
Z∗

⎡⎣γ +
∑︂
j∈⊥

βjt
2
j

(1 + y∗tj)2

⎤⎦ ≥ 4γy∗
Z∗

> 0, (8.26)

inf SpecA⊥(
√
y∗) =

35

4L2
+ γy∗. (8.27)

The second equality uses the first allowed harmonic l = 2. The two lines describe the radial

response and fixed-amplitude tower separately. The extra direct term and omission of the

constant mode together with µret = a0 − 2S⊥ distinguish W from FL. Equation (G.43)

gives the condition for agreement of their quadratic and quartic coefficients. Amplitude

and scale normalization are fixed in (G.45) and (G.46).

8.8 Generated Yang–Mills response and mass gap

The scalar analysis has determined the radial restoring block. A Yang–Mills response

also contains variations of the connection at fixed intensity. On the physical coclosed

one-form sector these are measured by the exact non-Abelian curvature functional. The

radial intensity and the coclosed probe are orthogonal at the isotropic background. Their

Hessians therefore combine into one mass operator with an explicitly computable spectral

bottom.

The colour connection already supplies its own invariant collective coordinate. For the

complete Gaussian long-root family set

q = E∥B∥2L2 , EYM =
√
q. (8.28)

The addition formula makes this intensity independent of the chosen mode basis. On

a nontrivial irreducible response block ρ the same source changes the mean comparison

operator by

E(∇∗
B∇B) = ∆0 + gρqI, gρ =

C2(ρ)

V h
> 0, (8.29)

by Proposition G.5. Thus the uniform spectral feedback used above is the quadratic in-

tensity response of the generated connection. Its Gaussian comparison law is fixed by the

averaged log likelihood in (G.32). Comparing that law with the zero-intensity law gives pre-

cisely the complete restoring functional (G.33). The adjoint block gives gYM = Cad/(V h).

For the generated SU(W ) frame take −2 TrW (TATB) = δAB. Then

Cad = 3, h = 8, V = Vol(RP3
L) = π2L3, gYM =

3

8π2L3
. (8.30)

The long-root eigenvalue λR(L) = 16/L2 also fixes its relative drive

µL = λR(L) − λR(Lc) = 16(L−2 − L−2
c ). (8.31)

Consequently the amplitude and feedback coefficient with the reference slope in the Yang–

Mills response all come from the same connection source and its generated spectrum.
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Let FYM
L denote the complete potential of Theorem 8.3 with y = q and g = gYM. The

curvature response to an additive connection probe is the exact functional

Rq(a) =
1

2
∥da+ a ∧ a∥2 +

δq
2
∥a∥2, δq =

2qCad

3V h
, (8.32)

proved in Proposition G.7. The generated Yang–Mills response is therefore

ΓYM
L (q, a) = FYM

L (q) + Rq(a), q ≥ 0, a ∈ H(d) ∩ L4. (8.33)

It retains the noncommutative term a ∧ a rather than replacing the connection response

by its quadratic approximation.

This expression uses the source frame. Its local-frame meaning is fixed by transporting

the connection and its source law together with the probe. For a presentation U : X3 →
SU(3) put A0 = −(dU)U−1 and BU = UBU−1 with aU = UaU−1 and push the Gaussian

law forward by B ↦→ BU . Then FA0+BU+aU = UFB+aU
−1. So the translated expectation

of the curvature norm is exactly (8.32). The generated coexact space is transported by

AdU together with its Hodge projector and quadratic-form domain. The common-frame

quotient consequently has the source-frame representative a ∈ ranP⊥. The calculation in

(G.74) proves this at the level of the full response and the source inner product. A pure

frame change varies A0 and the source presentation jointly. The fixed-frame probe in (8.32)

changes the relative connection.

The source law also fixes the radial metric. With M = dRh = 15 ·8 = 120 the intensity

Legendre transform of Proposition G.6 has for e =
√
q

ZYM(q) := Gsrc
ee (q) =

2M

q
. (8.34)

This is the information metric of the same finite Gaussian connection family. In the

intensity coordinate it is Gsrc
qq = M/(2q2) as follows directly from the score ∂q log γq =

M(N − q)/(2q2). At an equilibrium qL set

σ2L =
2q2L
M

, q = qL + σLr, VL(r) = FYM
L (qL + σLr) − FYM

L (qL). (8.35)

The coordinate r has unit source information metric at the equilibrium. The complete

restoring force is V ′
L(r) = σL(FYM

L )′(qL + σLr) on the interval where qL + σLr > 0. There-

fore V ′′
L (0) = σ2L(FYM

L )′′(qL). This derives the normalized radial restoring operator from

the complete potential. Its linear equilibrium response obeys ∂τr = −V ′′
L (0)r in the com-

position constructed below. This fixes the normalization of the response parameter τ . Its

drift is minus the normalized restoring force. Physical clock units enter through the time

readout of Section 6. At a stationary point the ratio of the potential Hessian to the infor-

mation metric is invariant under a change of amplitude coordinate. Thus the coordinates q

and e =
√
q give the same radial restoring coefficient. The restoring law fixes the response

rate. The information metric fixes how that rate is read from an intensity variation.

Theorem 8.4 (Generated Yang–Mills response Hessian). Let L > Lc and use the generated

colour source feedback (8.29) and drive (8.31). Then ΓYM
L has the unique global minimum
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(qL, 0) with qL > 0. On the common-frame quotient of the generated coexact response

class its quadratic response acts on Rrad⊕L2
coex(X3, su(3)) with form domain R⊕H1

coex as

M2
YM = m2

YM,rad ⊕
(︁
∆⊥

1 + δqLI
)︁
, m2

YM,rad =
4qL(FYM

L )′′(qL)

ZYM(qL)
=

2q2L
M

(FYM
L )′′(qL) > 0.

(8.36)

It is self-adjoint on R⊕ (H2 ∩ L2
coex) and has the strict spectral bottom

∆2
YM := inf SpecM2

YM = min

{︃
m2

YM,rad,
4

L2
+ δqL

}︃
> 0. (8.37)

The source-mean curvature observation O(q) = EqQ with Q = ∥FB∥2 has the nonzero

normalized radial differential σLO′(qL). Its linear susceptibility therefore detects the radial

mass which is the spectral bottom when it realizes the smaller entry in (8.37).

Proof. Theorem 8.3 with the source-derived gYM > 0 and µL < 0 gives the unique qL > 0

and the positive curvature (FYM
L )′′(qL). Equation (8.34) is positive there and gives the first

block of (8.36). Since Rq(a) ≥ δq∥a∥2/2 for q > 0 its unique minimum is a = 0. Hence

(qL, 0) is the unique global minimum.

For every q Proposition G.7 gives DaRq(0) = 0 and D2
aRq(0) = d∗d+ δqI. Differenti-

ating the first identity in q shows that the radial–probe mixed Hessian vanishes at a = 0.

The common-frame identity (G.74) transports this Hessian and its domain. Its vertical

directions have zero joint variation and its source-frame representative is the displayed or-

thogonal sum. On the generated coexact probe space d∗d = ∆⊥
1 and its lowest eigenvalue

is 4/L2. Both blocks are strictly positive proving (8.37).

Finally Proposition G.6 gives

Πrad(Q− EqQ) =

(︃
16

L2
+ 2αRq

)︃
(N − q),

whose coefficient is positive at q = qL. Differentiation of the source density gives

σLO′(qL) = EqL [(Q − O(qL))sL] where sL = (N − qL)/σL. This is the radial differ-

ential of the mean observation with the normalization already fixed by (8.35).

At L = Lsrc the source endpoints give Lsrc > Lc. The adjoint contraction fixes gYM

and the source information metric fixes ZYM. The theorem consequently supplies a unique

positive connection intensity and an attained positive Yang–Mills spectral bottom at this

canonical radius. The statements for general L > Lc describe the corresponding family of

condensed responses.

Radial tangent and curvature readout. At the generated minimum qL let

sL =

√︃
M

2

N − qL
qL

, ϕ0 = 1X3 . (8.38)

Both vectors have unit norm. The source uses its probability law and the scalar space

uses normalized Haar measure. The score line CsL represents the information-normalized

intensity tangent. Give Hsc = L2(X3, dv̄) the mass operator

M2
sc,L = ∆0 +m2

YM,radI. (8.39)
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There is a unique unitary

Jc : CsL −→ Cϕ0, JcsL = ϕ0, (8.40)

and it obeys

Jc
(︁
e−τm

2
YM,radICsL

)︁
= e−τM

2
sc,L
⃓⃓
Cϕ0

Jc, τ ≥ 0. (8.41)

Moreover

Πrad(Q− EqLQ) = (λR + 2αRqL) qL

√︃
2

M
sL, (8.42)

This coefficient has a direct response meaning. For any source polynomial A differentiation

of the Gaussian density gives

d

dr
ωqL+σLr(A)

⃓⃓⃓⃓
r=0

= ωqL
[︁
(A− ωqL(A))sL

]︁
. (8.43)

For A = Q this is bQ = σL(λR + 2αRqL) > 0. The vector bQϕ0 is its radial linear readout

with susceptibility b2Q/(m
2
YM,rad − z). This coefficient also follows by inserting the original

curvature polynomial as a source and allowing the mean intensity to relax. The joint-source

continuation (G.63) gives the total static response

χstat
Q = V⊥(qL) +

b2Q
m2

YM,rad

, V⊥(qL) = VarqL Q− b2Q > 0. (8.44)

The direct term measures fluctuations orthogonal to the intensity score. The second term

measures the additional change of the mean curvature as the intensity moves along its

stable branch. Equation (G.65) proves both terms from the original joint source.

Proof. The Gaussian intensity satisfies VarqL(N ) = 2q2L/M which gives ∥sL∥ = 1. The

normalized constant function has unit norm and ∆0ϕ0 = 0. The radial block of (8.36) and

the constant scalar block of (8.39) therefore have the same eigenvalue m2
YM,rad proving the

intertwining identity. Equation (8.42) is (G.53) written in the normalized score coordinate.

Every factor in its coefficient is positive.

Let H
(1)
YM be the one-response space in the preceding theorem complexified after taking

its real source form. The restoring operator determines Cτ = exp(−τM2
YM). Its equilib-

rium Gaussian composition has the following explicit realization. Choose an orthonormal

eigenbasis (eα) with eigenvalues εα > 0 and let γ be the product of standard real Gaussian

laws in coordinates xα. For a polynomial depending on finitely many coordinates define

(TτP )(x) =

∫︂
P
(︂
Cτx+ (I − C2

τ )1/2y
)︂
dγ(y). (8.45)

This update follows from independent Gaussian composition at equilibrium. The condi-

tional mean is the linear restoring map Cτx and preservation of unit covariance fixes the

independent increment to have covariance I − C2
τ . Gaussian addition proves its composi-

tion law. The symmetric joint covariance of x and its update proves reversibility. Jensen’s

inequality proves contraction on L2(γ).
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For a finite multi-index ν the normalized Hermite polynomial hν is multiplied by

exp(−τ
∑︁

α ναεα). Its derivation uses the Gaussian generating function in (G.55) and

includes every contraction in an ordinary product. The Hermite unitary U therefore gives

FYM = Γs(H
(1)
YM), KYM = dΓ(M2

YM), ΩYM ∈ Γ0
s(H

(1)
YM). (8.46)

On the polynomial domain with π(P ) = UMPU−1

⟨UP,UQ⟩ = ωresp(P ∗Q), ωresp(P ) =

∫︂
P dγ,

U(PQ) = π(P )UQ, UTτP = e−τKYMUP.
(8.47)

Thus the additive generator is obtained from the independent equilibrium composition of

the already derived restoring operator. This is its Gaussian linear-response completion. Its

closed quadratic form gives the same construction directly. On cylinder polynomials it is

Eresp(P,Q) =
∑︂
α

εα

∫︂
∂αP ∂αQdγ, KrespP =

∑︂
α

εα(xα∂αP − ∂2αP ). (8.48)

Gaussian integration by parts gives the displayed generator. The Hermite basis makes the

form closable and identifies its closure with the form of dΓ(M2
YM) under U . The second-

derivative term retains the contractions of source products. Multiplication is represented

by π while Tτ is the reversible averaging operation on that algebra.

The original connection observables have an exact representation in this space. Let IR
be the M real long-root colour coordinates and define

(IqA)(x) = A
(︁√︁

q/M (xi)i∈IR
)︁
, ιcA = UIqA. (8.49)

Its joint law is precisely γq. Hence for all original source polynomials

⟨ιcA, ιcB⟩ = ωq(A
∗B),

ιc(AB) = π(IqA)ιcB, ιcT
coeff
τ A = e−τKYMιcA.

(8.50)

Here q = qL and ωR = λR + δqL in (G.75). Every long-root coordinate has this restoring

eigenvalue. So the last identity follows on each Hermite polynomial and extends by con-

traction. In particular the original sL has second-sector rate 2ωR in this embedding. The

quadratic forms are intertwined as well. For every original source polynomial A the chain

rule gives

Eresp(IqA, IqA) =
qωR
M

M∑︂
i=1

ωq(|∂ciA|2). (8.51)

Thus the source inner product and multiplication and restoring form all use the same

Gaussian coefficient law. Equations (G.57) and (G.58) retain its non-Gaussian moments

and the full angular part of Q. More explicitly the centred curvature splits into Hermite

degrees two through four. Its fixed-law correlation is

ωqL
[︁
(Q−O(qL))T coeff

τ (Q−O(qL))
]︁

=
4∑︂

n=2

WQ,n(qL)e−nωRτ . (8.52)
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The explicit nonnegative weights in (G.60) have WQ,2 = b2Q > 0 and WQ,4 > 0. Thus

the polynomial representation controls the complete original observation and determines

its first supported restoration rate 2ωR. The original coefficient resolution is represented

between source laws by (G.70). The equilibrium update above acts within the law at qL.

The collective mean observation uses the differential (8.43). Its radial linear readout

is Qlin = bQxrad with UQlin = bQerad and restoring eigenvalue m2
YM,rad. The score pairing

computes this differential from the original source moments. Jc expresses the resulting

tangent response on the constant scalar harmonic. Source multiplication itself is trans-

ported by Iq and π. These formulas give separately the complete fixed-source observation

and its response to a change of the mean intensity. The former follows fluctuations in one

connection ensemble. The latter follows the ensemble itself under a curvature source and

has the direct and collective terms in (8.44).

Let Agen
YM be the unital ∗-algebra of finite-mode colour-invariant response polynomials

generated by

Tr
(︁
Dr1
A FA · · ·Drk

A FA
)︁
, k ≥ 2, ri ≥ 0, (8.53)

their adjoints and source-mean linear readouts together with mode products and Tτ im-

ages. The finite-mode domain retains the full polynomial expression of each observation.

Complete UAgen
YM in the response norm and denote the resulting gauge-invariant cyclic space

by HYM. The GNS quotient map

ιresp : Agen
YM/{X : ωresp(X∗X) = 0} −→ HYM, [X] ↦−→ UX, (8.54)

is isometric and has dense range by (8.47). The common-frame transport carries the source

state and polynomial products with the restoring operator unitarily. Thus Tτ preserves

colour invariance. Its inclusion among the generating response operations makes HYM

invariant under e−τKYM .

The positive lower edge has two contributions. The restoring potential controls the

radial response and the coclosed connection spectrum with its source feedback controls

relative connection variations. A common frame change leaves both responses unchanged

and gives a zero direction before the quotient. On the physical quotient every nonzero

variation has a positive quadratic energy cost.

Theorem 8.5 (Generated Yang–Mills mass gap). Under the hypotheses of Theorem 8.4

the full response completion has vacuum ΩYM and exact first positive mass-squared ∆2
YM =

min{m2
YM,rad, 4/L

2 + δqL} > 0. The equilibrium response semigroup leaves HYM invariant

and obeys

ιrespTτ = e−τKYMιresp. (8.55)

Its invariant subspace at eigenvalue zero is CΩYM. On H0
YM = HYM ⊖ CΩYM

SpecKYM ⊂ [∆2
YM,∞), ∆2

YM = min

{︃
m2

YM,rad,
4

L2
+ δqL

}︃
> 0, (8.56)

and every centred generated invariant response satisfies

∥XΩYM∥2 ≤ 1

∆2
YM

⟨XΩYM,KYMXΩYM⟩. (8.57)
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The original centred curvature observation is represented by ιc(Q−ωqL(Q)) and has spectral

support above the same lower bound. Its source-mean linear readout Qlin has radial weight

b2Q > 0. In particular the invariant response gap is exactly m2
YM,rad whenever the radial

block is the lower block. In all cases it is bounded below by ∆2
YM.

The lower of the radial and coclosed branches sets the first excitation of the full response

completion. Common frame invariance identifies equivalent presentations. The positive

restoring coefficients determine the excitation energy. The gap is intrinsic to the generated

operator and is expressed in internal units L−2. Its conversion to physical mass units

uses the mass unit MG introduced in the metrological bridge of Section 9.4. The spectral

statement itself is independent of that choice of units.

Proof. The identities for the state and multiplication and for the update are (8.47) and

(8.50). They establish the original-source embedding before the cyclic completion is taken.

The Hermite calculation diagonalizes the equilibrium update and gives KYM = dΓ(M2
YM)

on its finite-particle core. Writing Eν =
∑︁

α ναεα its closure has domain{︄∑︂
ν

zν |ν⟩ :
∑︂
ν

E2
ν |zν |2 <∞

}︄
.

The real diagonal eigenvalues make this closure self-adjoint and nonnegative. Invariance

and contractivity give (8.55) on HYM.

Theorem 8.4 gives M2
YM ≥ ∆2

YMI. On every sector with n ≥ 1 additivity gives

dΓ(M2
YM) ≥ n∆2

YMI. The one-response sector contains the radial eigenvector and the

lowest coclosed one-form eigenspace. So its first positive mass-squared is exactly ∆2
YM.

Only the zero-response sector has eigenvalue zero and it is spanned by ΩYM. The spectral

theorem gives (8.56) and (8.57). Matrix commutators and mode products change the

polynomial representing an observation but do not alter this positive grading. So the

nonlinear curvature produces no additional zero response. Equation (8.43) gives UQlin =

bQerad with bQ > 0 proving the radial weight and the equality assertion when the radial

block is the lower block.

The theorem joins the two variations that define the Yang–Mills response. Changing

the source intensity moves radially through inequivalent connection laws. Adding a coclosed

one-form changes the connection at fixed intensity. The first variation is stabilized by the

complete spectral tower and the second by the exact non-Abelian curvature response.

Their orthogonality at the isotropic background makes the lower edge the smaller of the

two restoring scales. Original curvature polynomials keep their full Hermite grading under

the source embedding while source-mean derivatives give the collective linear readouts.

Every nonconstant component evolves in a positive response sector. The generated colour

response therefore has a unique invariant background and the strict Yang–Mills gap (8.37).

9 Spectral Observables and Physical Normalization

The stable colour intensity has a radial restoring response and a transverse connection

response. Their direct sum is the generated Yang–Mills mass operator. A physical readout
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retains its source metric, operator domain and scale normalization. Table 2 relates the

generated quantities to their normalized observations. The field representations below

specify the corresponding amplitudes, overlap weights and units.

The internal scalar curvature 6/L2 describes the round response geometry whereas the

gauge curvature FA = dA+A ∧A describes frame comparison and non-Abelian coupling.

The radial curvature of the collective potential is its second variation with respect to

the amplitude. Kinetic normalization converts it to the radial mass squared. Macroscopic

spacetime curvature describes the geometry of a further long-range-response representation.

Table 2. Internal spectral quantities and their physical normalization.

Generated quantity Physical meaning and normalization

X3 with its modes and

products

Internal response carrier and allowed couplings on the com-

pact internal space.

q = E∥B∥2 and

EYM =
√
q

Basis-independent colour intensity and its radial amplitude.

FYM
L and qL Complete relative response and its unique positive stationary

connection intensity for L > Lc.

M2
YM Direct sum of the source-normalized radial response and the

coclosed connection response. Its bottom is ∆2
YM > 0.

Mfull → Mch Full and charged carriers. Descending operators act on the

charged quotient while the full trace retains the neutral con-

tribution.

TrF 2
c Lowest-degree colour-singlet curvature readout. Its source-

mean radial differential is nonzero at the condensed intensity.

9.1 Normalization and operator domains

The scalar operator and its condensed mass are fixed in Sections 5.4 and 8.5. For a potential

U(y) with y = r2 its normalized radial mass at U ′(y∗) = 0 with y∗ > 0 and Z∗ > 0 is

C∗ = 4y∗U
′′(y∗), m2

curv = C∗/Z∗. (9.1)

For the retained-coordinate potential W this includes the direct term in (8.26). Its co-

efficient comparison with Fµ is (G.43). The unweighted conformal prescription uses the

response of Proposition E.4. The Landau error is bounded in Proposition E.4. An endpoint

evaluation must retain the chosen carrier and domain with the weights and subtraction in

the same units.

Operator and trace descent use the quotient and trace conditions in Section 5.4. The

linear source pairing x ↦→ j†x and the observable ℓ descend exactly when j ⊥ N and

ℓ|N = 0 respectively. For the same generated elementary connector (5.24) and (5.25) give

the eliminated source and analytic observable covector with the direct neutral term. Its

full-carrier trace is (5.26). When the operator fails to descend the eliminated neutral block

contributes to both the charged kernel and its source response.

The exponential regulator satisfies

Rk(z) =
z

ez/k2 − 1
, [A+Rk(A)]−1 = Ck−2 ,

∂log kRk(z)

z +Rk(z)
=

2z/k2

ez/k2 − 1
. (9.2)
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The scalar functions have the continuous zero limits proved in Appendix G.9. The confor-

mal operator used here itself has lower bound 3/(4L2) > 0. The covariance is a function

of k−2. The last expression is the scale derivative ∂log k log[z + Rk(z)] entering the regu-

lated trace. For derivatives along an endpoint path transport the operator on a common

carrier and distinguish the radius Lphys(k) from the dimensionless capacity kresLphys(k).

Constant capacity permits a varying radius. External frequency integrals and signed field

supertraces together with channel weights and kinetic normalizations determine the corre-

sponding physical quantities.

9.2 Collective amplitudes and composite observables

The feedback coordinate E, scalar zero coordinate E0 and curvature observable Oc describe

different aspects of the response. In the Yang–Mills specialization, E = EYM =
√
q is the

rms amplitude of the generated connection. The coordinate E0 projects a scalar realization

onto its constant harmonic whereas Oc reads the non-Abelian curvature. Their common

source law determines the conversion and the observable overlap.

The construction fixes dimensionless amplitudes, spectral ratios and normalized re-

sponse operators. Comparison with conventional mass units requires a metrological cali-

bration. The symbols MG, g2, v and ΛQCD specify the readout conventions used in these

examples. The condensate qL and operator M2
YM with its gap are fixed before this choice of

units. Keeping the two stages separate allows the same generated response to be compared

with different physical calibrations without changing its internal dynamics.

Under E = aφ, the kinetic, source, quadratic and quartic coefficients transform accord-

ing to (G.45). A scale-dependent a also contributes its derivative to the amplitude evolution

as in (G.46). The same conversion therefore fixes both the normalized fluctuation and its

coupling to a source.

The endpoint convention used here illustrates this conversion. Here τend is the dimen-

sionless endpoint shape parameter. The constant MG > 0 is the mass unit converting its

amplitude to Egen and g2 is the dimensionless coupling in the mass readout. Together with

the normalized constant-mode coordinate these quantities obey

φ0 = 2τend, Egen =
MG√

2
φ0, mgen = g2Egen,

E0 = V −1/2

∫︂
Φ dv, Eint =

√
V E0, Oc = TrF 2

c .

(9.3)

Here V = π2L3 is the internal volume. So E0 is the coefficient of its unit-norm constant

harmonic. The factors MG/
√

2 and
√
V implement the endpoint and zero-mode amplitude

conversions. Along a scale path their derivatives enter the same conversion law. In this

endpoint convention ∆E = MG/8 denotes a scale difference. The symbol v denotes the

electroweak Higgs expectation and 8ΛQCD denotes a glueball mass estimate expressed in

terms of the strong-interaction scale ΛQCD. Their physical readouts use the corresponding

amplitude and coupling in the stated units.

For the amplitude calibration use the internal curvatures R = 6/L2 and Rc = 6/L2
c

and choose a reference Rref < Rc with positive amplitude φ0. In fixed response units
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compare the two quartic potentials

Vφ =
ξ

2
(R−Rc)φ

2 +
λcal
4
φ4, VK =

K

2
(R−Rc)E

2
K +

λcal
4
E4
K , (9.4)

with K = 8/3 and ξ = 1/8 together with λcal = ξ(Rc − Rref)/φ
2
0. This calibration fixes

the positive stationary amplitude of Vφ to φ0 at the reference curvature. The subscript K

denotes the convention with quadratic coefficient K. Their positive stationary amplitudes

satisfy EK,∗ = (8/
√

3)φ∗ and at R = Rref

E2
K,∗ =

64

3
φ2
0, (Egen/MG)2 =

1

2
φ2
0, Egen =

√
6

16
MGEK,∗. (9.5)

This last relation is a calibration-point comparison. For a = 8/
√

3 the written potentials

satisfy VK(E) = a4Vφ(E/a). Applying the same factor a4 to the kinetic functional gives

ZK = a2Zφ. Thus this comparison includes both a coordinate conversion and an overall

normalization of the functional. The spectral coefficient λspec = 2Q2 is determined by

the expansion of the complete potential at E = 0 (Proposition E.4). λcal is fixed by the

reference amplitude above. Matching the calibration to the spectral potential requires

expressing both coefficients in the same coordinate and functional normalization.

The colour curvature can be measured in a fixed connection ensemble or used as a

source which changes its equilibrium intensity. Both procedures start with the original

polynomial Q = ∥FB∥2. At fixed q its mean is O(q) = λRq+αRq
2 and its centred correlation

is supported on Hermite rates 2ωR and 3ωR and 4ωR with the weights in (G.60). The first

weight is positive. This measures restoration of the full curvature observation within that

source law including its angular correlations.

To measure the change of the ensemble insert −JQ in its log likelihood and let the

mean intensity relax in the complete potential. The fixed-intensity Legendre response and

the potential combine through (G.63). Their stationary branch gives

χstat
Q = V⊥(qL) +

b2Q
m2

YM,rad

, bQ = qL
√︁

2/M (λR + 2αRqL) > 0.

The direct term retains the source fluctuations orthogonal to the intensity score. The

second term is the restoring response of the collective intensity to the same curvature

insertion. Its coefficient is fixed by the exact projection Πrad(Q − O(q)) = O′(q)(N − q).

Under the linear restoring evolution this collective term has susceptibility b2Q/(m
2
YM,rad−z).

The measured curvature thus couples to the radial mode through a change of the connection

law itself.

Conditioning on a realized intensity instead gives P (N) = λRN + κRN
2 with κR =

MαR/(M + 2). It retains the conditional curvature average used in the quadratic field

realization below. The mean response and the conditional observation carry the different

slopes computed by these two operations.

Once an observable is represented on the scalar mass space its projection onto a mass

eigenspace determines the corresponding spectral weight. A nonzero projection makes that

excitation visible. The lowest supported mass gives the observable’s gap. In a common
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positive spectral representation a nonzero cross weight with the collective scalar at the same

mass forces a positive colour-observable mass weight. The source-response and overlap

formulas are given in Appendix G. These relations connect the internal Yang–Mills channel

to an observable collective excitation through its specified colour-singlet observation.

In the free field representation of Appendix C this spectral selection also determines

the long-distance response. For a linear field observation with nonzero constant-mode

projection the mass mδ sets the asymptotic correlation length m−1
δ . The constant mode

changes the internal amplitude uniformly. Higher harmonics carry the additional cost of

internal variation. The first nonconstant shell has M2 =
√︂
m2
δ + 8/L2. So its contribution

when observed decays relative to the constant-mode term at rate M2−mδ up to polynomial

factors. The mass gap governs the overall decay while this separation of masses governs

how quickly internal spatial structure is suppressed at large distance.

In the condensed quadratic realization on the generated flat event base the centred

internally averaged Wick intensity has an isolated pole at Q2 = −m2
δ with positive weight

4yL/ZL. Its two-particle continuum starts at s = 4m2
δ where s is the mass-squared spectral

variable. Its linear fluctuation about the nonzero amplitude couples to the constant scalar

mode while its quadratic part produces the two-particle continuum. The full measure and

subtraction prescription with the internal tail bound are given in Appendix C.5.

In the same quadratic realization the radial polynomial P (N) = λRN+κRN
2 obtained

by averaging the colour observable at fixed intensity is evaluated on the internally integrated

squared amplitude. The elementary fields in its expansion are jointly Wick ordered with

respect to the same free vacuum [26]. Write y = yL and Z = ZL and denote the canonically

normalized constant harmonic by φ00. Its small fluctuation changes the integrated intensity

to first order by 2
√
y φ00/

√
Z. The polynomial transmits this variation with slope P ′(y) =

λR + 2κRy > 0 giving the linear coefficient g1 = 2
√
y P ′(y)/

√
Z. Its square is the positive

one-particle weight at m2
δ . Condensation thus makes an intensity observable sensitive

at first order to the collective amplitude. The higher Wick orders create two- three- and

four-particle contributions. Their orthogonality separates these positive contributions from

the isolated mass pole. This specified quadratic realization retains the colour response’s

dependence on intensity and exhibits how it detects the scalar excitation. Appendix C.6

gives their spectral densities and the convergence proof.

9.3 Homothetic scaling of a tensor spectral density

The tensor channel supplies a scale readout for a fixed modal selection and fixed channel

weights. Changing the radius and frequency resolution with their dimensionless ratios held

fixed preserves the resolved spectral content. The kernel, frequency measure and internal

volume then fix the scaling degree of the specified TT density.

Fix a finite modal selection I with multiplicities di and nonnegative channel weights

wi. Fix also constants L0,Λ0, bω > 0. The dimensionless bω sets the frequency window

relative to Λ0. On the same internal carrier let r = k/k0 > 0 and

Lr = L0/r, Λr = rΛ0, λi,r = r2λi,0, m2
i,r = r2m2

i,0, Vr = π2L3
r ,
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where λi,0,m
2
i,0 ≥ 0. Define the specified spectral density and its volume-weighted integral

by

Πr =
1

Vr

∑︂
i∈I

diwi

∫︂ √
(bωΛ2

r−λi,r)+

0

dω

π

(ω2 + λi,r)
2

(ω2 + λi,r +m2
i,r)

2
e−(ω2+λi,r)/Λ

2
r ,

Pr =
VrΠr

32π2
, x+ = max(x, 0).

(9.6)

The isolated point with zero numerator and denominator can be assigned any finite value

without changing the integral. Then

Πr = r4Π1, Pr = rP1. (9.7)

If P1 > 0 a prescribed threshold pc > 0 has exactly one positive crossing k∗ = k0pc/P1.

It belongs to a restricted scale interval exactly when that interval contains this value. If

P1 = 0 the observable vanishes at every scale and no positive threshold is crossed. Set

ω = ru. The integration limit scales by r. The rational kernel has degree zero in the

squared spectral variables and the exponential is unchanged. Each integral therefore scales

by r whereas V −1
r = r3V −1

1 . This proves both identities and when the coefficient is positive

the unique crossing. Positivity holds whenever one positive-weight mode has an integration

interval of positive length. Selections made by fixed harmonic bounds and by λi/Λ
2 and

ΛL are invariant under this rescaling. So the same proof applies to that window selection.

In the same endpoint convention let χend := kℓend(k) denote the fixed dimensionless

length–resolution product and let MP be the reference Planck mass used to express the

resolution as ˆ︁Λ = k/MP . Then ℓend = χend/k and ˆ︁Λℓend = χend/MP . This product sets the

endpoint length normalization. The correlation parameter ratio remains cend = tIR/tUV =

π of (3.24). The prescribed finite frequency domain corresponds to bω = 5. The length

ℓend fixes the internal spectral scale. For fixed species and spin projections the density

degree four consists of one frequency degree and three inverse-volume degrees. For this

fixed finite modal selection and homothetic cutoff law the volume-weighted response obeys

Pr = rP1. It crosses each positive threshold exactly once on the positive scale axis when

P1 > 0. The zero case has no crossing. The kernel fixes this scale dependence. Replacing

it by z/(z +m2)2 gives density degree two.

9.4 Quadratic action and physical masses

In a field-theoretic realization expansion about a stable stationary background expresses

the free covariance in the internal eigenmodes. Derivatives of the renormalized effective

action give its vertices. The mass spectrum is determined jointly by the kinetic and mass

forms on the physical fluctuation space as follows.

After gauge constraints have been resolved suppose a finite physical fluctuation mul-

tiplet has a translation-invariant Euclidean quadratic action

Γ(2)[ϕ] =
1

2

∫︂
d4p

(2π)4
ϕ(p)∗

(︁
p2Z +B

)︁
ϕ(p), Z = Z∗ > 0, B = B∗. (9.8)
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Its canonically normalized mass-squared operator and generalized eigenvalue equation are

M2 = Z−1/2BZ−1/2, Bv = m2Zv. (9.9)

For a single channel with constant Hessian entry a and kinetic coefficient Z > 0 this gives

m2 = a/Z. Thus the kinetic form as well as the Hessian determines the mass spectrum. If

B > 0 all canonically normalized free masses are positive. Exact interacting pole masses

additionally require the poles of the complete momentum-dependent covariance including

mixing and self-energy terms. Indeed φ = Z1/2ϕ changes the kernel to p2I+M2. Diagonal-

izing its Hermitian constant part gives the covariance (p2 +m2)−1 for each positive mode

and the generalized eigenvalue equation above. Congruence by Z−1/2 preserves positivity.

Gauge and ghost directions are excluded before this normalization. Theorem B.8 sup-

plies an explicit analytic bound for an isolated radial pole. General momentum-dependent

or mixed kernels need their own pole calculation.

9.5 Thermal states and fixed-order amplitudes

The normalized modes also determine which excitations a thermal preparation populates

and which transitions an interaction probes. In the quasi-free thermal representation tem-

perature changes the occupation weights of the same energy tower. For scattering at fixed

scale derivatives of the potential supply vertices between those modes with their masses

fixed by the kinetic normalization above. These are the thermal and scattering uses of the

spectral data [27].

The condensed fluctuation picture retains its Landau interpretation. For the quar-

tic approximation with coefficient λspec the two minima E = ±Equad satisfy E2
quad =

−µL/λspec and have radial curvature 2λspecE
2
quad. Division by the kinetic coefficient gives

the squared mass. Proposition E.4 bounds the resulting stationary-amplitude and mass er-

rors relative to the complete potential. The sign symmetry acts on this collective amplitude

coordinate.

For a positive normalized scalar mass m2
δ represented on the generated event base

Appendix C gives the free Fock space and local commutator. At inverse temperature

β > 0 the operator (eβω − I)−1 is the Bose occupation operator in the regular quasi-free

KMS state. A positive isolated atom Zδ(µ2 −M2) in an observable’s Källén–Lehmann

measure gives a one-particle pole. Interacting asymptotic states additionally require the

Haag–Ruelle or LSZ hypotheses.

For the fixed-scale illustration

Leff = 1
2(∂e)2 − 1

2m
2
δe

2 − λeff
4 e4, (9.10)

four vertex derivatives give the tree contact amplitude −6λeff . Matching to the complete

potential at E∗ =
√
yL uses the normalized fluctuation e =

√
ZL(E − E∗). Its quartic

coefficient is λeff = (6Z2
L)−1 d4

dE4FL(E2)
⃓⃓⃓
E∗

. The same expansion generally supplies a cubic

vertex. Thus the fluctuation vertices are derivatives at the condensed background whereas

λspec describes the expansion at the origin. With specified vertices and counterterms under
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the stated subtraction a finite-order amplitude depends on the masses and couplings with

the external invariants. For example

BR(s; ssub) =

∫︂ ∞

4m2
δ

ds′

π
ImB(s′)

(︃
1

s′ − s− i0
− 1

s′ − ssub

)︃
, (9.11)

where ImB(s′) = (16π)−1
√︂

1 − 4m2
δ/s

′ on its displayed support and the subtraction point

ssub < 4m2
δ is real and below the cut. This is the once-subtracted scalar bubble. Its large-s′

integrand is of order (s′)−2.

These amplitudes are evaluated at fixed order and with ultraviolet and volume cutoffs

on λeff : e4 :. The stated C2 remainder controls the Landau approximation to the stationary

amplitude and radial mass. A vertex approximation uses the derivatives of the complete

potential at the chosen background and the corresponding higher-order remainder.

10 Field Theory on the Generated Lorentz Carrier

The internal gauge–matter response and its Yang–Mills gap are defined at the operation

level. The same first source corner supplies the affine Lorentz carrier on which local fields

represent these responses and their correlations propagate causally.

10.1 The generated Lorentz carrier and its affine completion

The first noncommuting source corner has produced the full matrix algebra A2 =

EndC(V ) ∼= M2(C) with its adjoint and normalized trace. Two real forms of this one

algebra serve different physical questions. The quaternionic form HV parametrizes com-

pact reversible response and leads to the internal process space. The self-adjoint form

parametrizes ordered differences between localized events. Its determinant supplies the

Lorentzian quadratic form while positivity supplies the time orientation. The radius R of

Section 4.3 continues to measure internal spectral resolution. In the rest frame selected by

I the trace component of an event difference is its time coordinate. A phase clock along a

future timelike translation calibrates proper time.

Choose an oriented Pauli triple σa in Herm0(V ). Its trace normalization is Tr(σaσb) =

2δab.

Theorem 10.1 (Generated Lorentz carrier and time orientation). The self-adjoint real

form

MV := A2,sa = RI ⊕ Herm0(V ) (10.1)

is four-dimensional. For X = tI + xaσa the determinant and its polarization are

q(X) := detX = t2 − |x|2, (10.2)

η(X,Y ) :=
1

2
{q(X + Y ) − q(X) − q(Y )} =

1

2
{TrX TrY − Tr(XY )}. (10.3)

Thus η has signature (+−−−). The positive cone of the generated ∗-algebra is the closed

future cone

M+
V = {X ≥ 0} = {tI + x · σ : t ≥ |x|}. (10.4)
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Its nonzero rank-one elements are future null and its positive-definite elements are future

timelike. The determinant-one invertible group of A2 acts by

X ↦−→ gXg∗, g ∈ SL(V ), (10.5)

preserving q and M+
V . Its kernel is {±I} and its image is SO+(1, 3). The stabilizer of I is

the previously generated SU(V ).

Proof. The Pauli multiplication law gives det(tI + x ·σ) = t2 − |x|2 and polarization gives

(10.3). The two eigenvalues of X are t±|x| which proves (10.4). Congruence by g preserves

self-adjointness and positivity together with the determinant. The differential of this action

identifies sl(V ) with so(1, 3). Connectedness and the kernel {±I} give SL(V )/{±I} ∼=
SO+(1, 3). Finally gIg∗ = I is equivalent to g ∈ SU(V ).

The vector space and involution with the trace in (10.1) all belong to the generated

matrix corner. Among connected linear actions induced by its determinant-one invert-

ibles preservation of the determinant and of the algebraic positive cone leaves precisely

SO+(1, 3). The compact group SU(V ) is its rest-frame subgroup. Lorentz covariance is

the noncompact continuation of the same comparison algebra that gave the compact opera-

tion orbit. Complete unitary-operation observations have spectrum SU(V )/{±I} whereas

self-adjoint comparison differences form MV . The former records an internal response

pattern and the latter orders possible separations of localized events.

For A ∈ MV and α > 0 let

Gα,A(X) = exp
[︂
−α

2
Tr(X −A)2

]︂
. (10.6)

Independent source composition on the four trace-orthonormal matrix coordinates gives

the product Gaussian with unit covariance. Translating its centre gives (10.6). These are

the finite-resolution comparison profiles on the self-adjoint corner. Let Cev be the uniform

closure of the complex self-adjoint algebra generated by these real-valued profiles.

Proposition 10.2 (Generated affine event space). One has

Cev = C0(MV ), Spec Cev ∼= MV . (10.7)

Differences of event characters form the translation group (MV ,+). Together with

the determinant-preserving action of Theorem 10.1 they give the generated proper or-

thochronous Poincaré group

PV = MV ⋊ SO+(1, 3), (10.8)

acting faithfully on C0(MV ) by pullback. Its causal order is p ⪯ q precisely when q − p ∈
M+
V .

Proof. The translated Gaussians are continuous and vanish at infinity. Their algebra is

closed under conjugation and has no common zero. They separate points. If X ̸= Y

then Gα,X(X) = 1 > Gα,X(Y ). The locally compact Stone–Weierstrass theorem therefore

gives Cev = C0(MV ). Gelfand duality identifies its characters with MV . Translation of
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the Gaussian centre gives the additive action and (10.5) gives the linear action preserving

both the determinant and the future cone. Their semidirect product proves the remaining

statements.

The generated event carrier is the vector space MV
∼= R4 and is therefore contractible.

The relative frames of the relative-frame construction consequently form a globally trivial

principal bundle on this event completion while a connection on that bundle can have

nonzero curvature and holonomy along local loops. Event completions with other global

topology define distinct global realizations. The local source algebra and its frame law

remain the same.

The Euclidean carrier used for reflection reconstruction is the event copy

EV = RI ⊕ iHerm0(V ), ϑE(τI + ix · σ) = −τI + ix · σ. (10.9)

Its trace norm is τ2 + |x|2. The real-linear continuation W (τI+ ix ·σ) = τI+x ·σ supplies

the Lorentzian carrier and its distinguished time orientation. The symbol τ here is an

event coordinate. It is independent of the internal radius R and of the Gaussian resolution

parameter.

10.2 Statistics and the phase clock

Once a one-particle representation carrying the generated matter module has been specified

its repeated excitations require an exchange rule. Symmetric and antisymmetric tensor

powers implement the bosonic and fermionic choices. This is the step from a particle’s

internal type to the statistics of several indistinguishable particles.

The bosonic realization in Appendix C is Fock space over the positive-energy mode

tower. For its specified product covariance the reflection form pairs a positive-time Eu-

clidean preparation with the reflected conjugate of another across the chosen time slice.

The mode decomposition gives a nonnegative squared norm for each linear preparation and

Gaussian Wick extension preserves this positivity. Identifying null preparations and com-

pleting the resulting inner product gives the physical state space. Euclidean correlations

thereby become overlaps of physical preparations. The translations of (10.8) supply their

positive-energy evolution.

Let hF be a positive-energy one-particle representation of PV carrying Mfull. The

charged quotient Mch is retained as the gauge-charged observation space. The neutral

right line remains part of the interacting carrier. Exterior multiplication and its adjoint on

antisymmetric tensor powers give the standard fermionic Fock representation [27, 28]

HF = F−(hF ), {a(f), a∗(g)} = ⟨f, g⟩, {a(f), a(g)} = 0. (10.10)

Second quantization preserves the positive translation spectrum. Covariant free-field in-

tertwiners with the Pauli–Jordan support relation give graded-local fields on this space.

The spin–statistics theorem applies when positivity and covariance hold together with the

spectral condition and locality.

In the reconstructed free sector H = dΓ(ω) ≥ 0 generates Schrödinger evolution e−itH

in natural units. The coordinate t parametrizes translations along a chosen future unit
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vector in MV . Its metrical meaning is fixed by a phase clock. For future timelike momentum

P the translation character

χP (a) = e−iη(P,a), a ∈ MV , (10.11)

obeys d argχP (tU)/dt = −η(P,U) along a future unit timelike U . In the rest frame this is

−m. The coherent two-level preparation (h0 + e−iη(P,tU)h1)/
√

2 is read by the generated

quadratures E01 + E10 and −iE01 + iE10 as cosine and sine. Consecutive distinguishable

phase readings therefore calibrate proper time by ∆ϑ = m∆t. Restoring units gives e−iEt/ℏ

and Ef − Ei = ℏωγ . ℏ converts the calibrated time and energy units.

The source phase θ rotates relative phases between Gaussian ladder levels. Averaging

these rotations with variance s suppresses coherence according to the squared level sepa-

ration and leaves diagonal populations fixed by the generated source updates (5.9)–(5.10).

Internal heat evolution instead weights modes by their internal eigenvalues and sets the

spectral resolution. Generated timelike translations organize the energy phases and transi-

tion frequencies. A clock reading therefore requires a distinguishable phase change and its

calibration. A source state invariant under αθ carries no such reading in a fixed observable.

10.3 Free reconstruction

The field description uses two factors of the source construction. Complete centre-invariant

operation observations give the compact internal factor X3 with its projectors and mul-

tiplicities. Self-adjoint observation of the first matrix corner gives the affine event carrier

MV with its future cone and Poincaré action. These are different spectra of compati-

ble source-observation algebras. Their tensor product expresses localization in the event

variable together with an internal response type.

The event copy EV of the quaternionic real form carries the Euclidean trace metric

and the reflection ϑE of (10.9). For the product covariance Theorem C.1 proves reflec-

tion positivity and reconstructs a positive-energy local field on MV . Its one-particle mass

squares are the eigenvalues of the generated internal mass-squared operator with the same

projectors and multiplicities. The Laplace integral (C.4) relates the covariance directly

to the internal one-response semigroup. The reconstructed one-particle Poincaré Casimir

is that internal operator. Multiparticle Lorentz masses follow from addition of future

four-momenta and have the thresholds in (C.8). The clock (10.11) calibrates the timelike

translation parameter by an observable phase. The scale radius remains the parameter of

internal spectral resolution.

Fixing the complete source functional fixes every preparation overlap ωt(A
∗B). GNS

uniqueness in Section 5.5 identifies its cyclic realizations by a unitary preserving the state

and operations. For the Gaussian field covariance Wick’s rule fixes the correlation hierarchy

and therefore the quasi-free reconstruction. This is the free reference representation for the

native interaction. The internal spectrum and its couplings remain those fixed by the

source operation algebra.

Haag’s theorem explains why the representation of an interacting field must be exam-

ined explicitly. In the scalar form stated in Appendix C the Wightman and sharp-time
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hypotheses together with a unitary map intertwining the fields and their vacua force the

second field to be free when the first is massive and free [27, 29]. The source states

and spectral response of the present framework are constructed before this comparison.

Free reconstruction supplies the quadratic reference and its mode space. Local relative

S-operators in Appendix C.8 construct the interacting theory by causal comparison. In-

teraction is encoded in the relative local algebras and their causal composition law. Haag’s

theorem fixes the conditions under which a global interaction-picture unitary would instead

force freeness.

10.4 Generated and customary field representations

The Yang–Mills result of this paper is formulated in the generated response system. Its

collective coordinate is the mean squared strength of the Gaussian colour connection. The

adjoint Casimir gives its spectral feedback. The relative long-root eigenvalue gives its drive

and the source Legendre transform gives its radial metric. The exact non-Abelian probe

response supplies the transverse block. Common transport of the source frame and its law

with its coexact domain makes this a frame-independent quadratic response. Theorems 8.4

and 8.5 then give the positive mass-squared operator and the gap on the centred generated

response space. These are properties of the source family and its equilibrium response.

The polynomial embedding preserves the original connection state and ordinary products

while the source-mean differential gives the collective curvature readout. The complete

original curvature has its explicit second- through fourth-order Hermite spectrum. A joint

curvature source also measures the collective radial susceptibility with its direct source

term retained. Their update and representation identities are proved in Section 8.8.

Customary continuum and lattice constructions organize the same physical questions

around a prescribed field content and a regulator limit. Scalar triviality for example con-

cerns a specified limit of an elementary field. The theorem of Aizenman and Duminil-Copin

provides the relevant four-dimensional comparison.

For four-dimensional zero-field nearest-neighbour ferromagnetic Ising models with β ≤
βc spin-fluctuation scaling limits on scales no larger than the correlation length are Gaussian

[30, Proposition 1.4]. For the lattice φ4 construction of Ref. [30, Theorem 1.2] the limiting

field is Gaussian when its two-point function tends to zero at large separation.

The limiting object in this theorem is an elementary scalar field in the stated lattice

families. The internal quartic coefficient is a Taylor coefficient of the complete relative

response at fixed spectral data. A continuum scalar realization specifies the field normal-

ization and regulator family on which a scaling limit is taken. For a colour-composite

observable the scalar response is carried by correlations of the underlying gauge field. Its

source derivatives and spectral measure determine how that response enters a field repre-

sentation.

The long-root deformation and collective amplitude together with the colour-singlet

observable TrF 2
c and Higgs radial coordinate have different transformation laws. Their

coupling to a common excitation is determined by the source derivatives and spectral pro-

jections in Section 9.2. A proposed elementary scalar representation falls under a triviality

theorem only if its field content and regulator with the limiting procedure satisfy that the-
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orem’s hypotheses. A colour-composite observable has its own correlation functions and

spectral measure. The bounds of Refs. [31, 32] concern scalar models in their respective

regulator limits.

On a reflection-compatible hypercubic lattice the Wilson plaquette action for a compact

gauge group at nonnegative coupling with product Haar measure and reflection-compatible

boundary conditions defines a reflection-positive regulated gauge model [33, 34].

In that formulation the continuum Yang–Mills problem combines short-distance con-

struction with a positive long-distance mass scale. Uniform regulator-removal and volume

bounds on gauge-invariant correlations carry the main burden [35, Sections 6 and 6.5].

The generated formulation fixes a physical source resolution and constructs the connec-

tion law and invariant response algebra together with the positive generator. Its mass-gap

theorem is therefore proved at the level of that generated system. The Lorentzian recon-

struction and local net then retain its one-response mass projectors on the event carrier

and realize its native interaction vertices. In the quadratic representation the reconstructed

one-particle Casimir has exactly these mass squares. Local composite spectra are obtained

from the specified observable and its field correlations. Reflection positivity is preserved

under convergence of reflected polynomial pairings as Proposition B.2 shows.

Appendix F constructs an auxiliary exchange system on the same carrier S⊗S whose

symmetric and antisymmetric parts underlie the earlier quadratic colour splitting. In the

stated rational class the Yang–Baxter relation makes the two orders of three pairwise

exchanges compatible. With its rational normalization fixed the ordered product over a

chosen finite list of retained Dirac levels gives the monodromy. Its RTT relation then makes

the traced transfer matrices commute [36]. The resulting commuting family acts on the

finite auxiliary space associated with those retained mode labels.

10.5 Local interacting quantum field theory

The native interaction precedes field quantization. Pointwise composition in the event

algebra fixes locality, internal mode multiplication fixes the coupled response channels, and

matrix commutators give A∧A. The same connection transports matter. The local density

on MV therefore contains the gauge, matter and connector vertices constructed in Section 8.

Once the connection and representation normalizations are fixed the relative coefficients of

the curvature commutator and matter transport follow from the same connection action.

The source-natural connector fixes the scalar tensor structure. The numerical Yukawa

weights of distinct quark and lepton channels remain action-level dynamical data as stated

in Section 4. Internal heat resolution acts on mode labels and preserves event support,

making coarse graining compatible with the generated causal order.

Theorem C.4 applies causal renormalization to the gauge-compatible finite-resolution

realization of these local functionals. It retains complete associated multiplets and the

generated matrix Lie bracket. Relative S-operators obey causal factorization and generate

an isotonic Poincaré-covariant local net on MV . Gauge fixing enlarges the intermediate

algebra by ghosts and antifields. The physical local net is its degree-zero quantum BRST

cohomology. The anomaly identities (4.54) and even weak-doublet count together with

the perturbative Adler–Bardeen theorem allow the Ward identities of this renormalizable
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gauge–matter realization to be maintained at every perturbative order. The Lorentzian

interaction is thereby realized as a local perturbative QFT in formal power series. Its

defining objects are the causally factorized local algebras and their BRST cohomology.

The complete spectral response supplies information that is not obtained by expanding

about the quadratic state. Its condensation mechanism balances the reference drive against

the restoring response of the same spectral family and the full logarithm controls the

stationary amplitude and its radial curvature beyond the quartic approximation. Appendix

B separates an action projected onto retained modes from the effective response obtained

by eliminating the remaining tower. In a loop representation the internal trace and event

momentum integral are evaluated together with the subtractions and kinetic normalization

of that representation. In the quasi-free thermal representation of Section 9.5 temperature

changes the occupation of the same energy tower. Derivatives of the condensed potential

in the normalized fluctuation coordinate determine the local radial response vertices.

The generated Yang–Mills operator of Theorem 8.4 joins the normalized radial inten-

sity response to the coclosed connection response. Its full response completion has first

positive mass-squared ∆2
YM > 0 and the gauge-invariant cyclic sector inherits the same

positive lower bound by Theorem 8.5. The exact source covariance in Section 9.2 gives

the mean curvature a nonzero radial differential. The original curvature correlation has

the nonnegative Hermite weights in (G.61). When the curvature insertion changes the

equilibrium source intensity the same polynomial gives χstat
Q = V⊥ + b2Q/m

2
YM,rad. The

direct term retains the remaining source fluctuations and the second term detects the col-

lective restoring mode. The original source moments and multiplication are preserved in

both calculations. In the condensed quadratic realization on the generated flat event base

used in Appendix C.5 the nonzero background makes the averaged Wick intensity couple

linearly to the constant scalar mode. The analytic continuation of its two-point function

has an isolated pole at Q2 = −m2
δ with positive weight 4yL/ZL while its quadratic part

produces a continuum starting at squared mass 4m2
δ . The Wick intensity and the jointly

Wick-ordered radial colour polynomial are explicit colour-singlet spectral realizations of the

radial part of the generated Yang–Mills gap. The condensed connection intensity opens a

linear observation channel for the stable excitation. The local interacting net carries the

same source-generated vertices. Its interacting two-point functions organize the self-energy

and mixing of these composite observations without changing the source definition of the

mass-gap operator.

11 Conclusion

The construction relates internal geometry and the restoring spectrum to the same Gaus-

sian source. Its reflecting window fixes the correlation scale, and its ladder supplies the

operations whose complete centre-invariant observations determine the projective inter-

nal geometry. The trace metric and heat spectrum agree on the normalization, three-

dimensional Weyl growth and round shell capacity.

The same first matrix corner supplies the event representation. Its self-adjoint real

form has determinant t2−|x|2 and algebraic positive cone t ≥ |x|. These fix the Lorentzian
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metric, time orientation and proper orthochronous Lorentz action. Translated Gaussian

comparisons generate the affine event algebra; a source phase character calibrates its time-

like translation. The phase clock reads physical time, while the radius measures internal

resolution.

The relative-frame, least-matter and elementary-connector theorems characterize com-

plete continuations preserving the generated adjoint and exchange structures, source phase

and reversal. The lifted source number flow fixes the transported vacuum pointwise and

determines the charge circle. The faithful group presentation is

SU(3) × SU(2)W × U(1)

Z6
.

It acts on a sixteen-dimensional full module containing a neutral right line. The fifteen-

dimensional charged space is its quotient by that line. The elementary connector is

parametrized by one complex doublet; its determinant is the positive gauge-invariant ampli-

tude square. This fixes the response content of one family; repeated families are multiplicity

extensions of the same blocks.

Mode multiplication and matrix commutators give the non-Abelian interaction, with

the same connection transporting matter. Its invariant intensity q = E∥B∥2 is the col-

lective coordinate. Casimir feedback changes the conditional tower laws. The Gaussian

minimizing the mean relative entropy to these laws gives the comparison law. Relative

information between comparison laws supplies the restoring functional that balances the

long-root drive. Unit covariance and endpoint calibration fix the reference profile within

the source semigroup. The canonical IR radius Lsrc =
√

2π > Lc =
√
π lies on the con-

densed branch. At this radius the balance fixes a unique positive intensity qL. The source

Legendre metric normalizes the radial mean response, while the exact curvature response

controls coexact connection variations. Joint transport of the frame, source law and form

domain preserves both blocks of the mass operator,

M2
YM = m2

YM,rad ⊕ (∆⊥
1 + δqLI), inf SpecM2

YM = ∆2
YM > 0.

Independent Gaussian composition of the linear restoring map gives an equilibrium update

whose completion has a unique vacuum and attained first positive mass-squared ∆2
YM.

Every centred invariant response satisfies the corresponding coercivity bound. The in-

tertwined representation preserves the inner products and multiplication of the original

connection polynomials, including their angular correlations. The intensity score retains

its second Hermite degree, while the full curvature observation has second- through fourth-

order Hermite weights. Changing the source mean supplies a separate radial readout: the

joint curvature susceptibility contains the direct residual variance and the positive restoring

contribution b2Q/m
2
YM,rad. The collective mass thus has a colour-singlet readout retaining

the source correlations. Uniform tail bounds control finite computations of the equilibrium

intensity and gap throughout compact condensed scale intervals.

Gaussian resolution transports the nonlinear response together with its compensating

residual. Its exact composition law makes successive changes of resolution consistent with

their combined step.
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Osterwalder–Schrader reconstruction gives free local fields on the event carrier. The

covariance is the Laplace integral of the internal one-response semigroup, so the one-particle

Poincaré Casimir retains the internal mass operator. In the quadratic realization, the aver-

aged colour intensity and radial curvature polynomial have an isolated positive scalar pole

and separated multiparticle continua. Their thresholds follow from addition of future four-

momenta. The mode products, gauge curvature, matter transport and scalar connector

also define local interaction functionals. Causal factorization and quantum BRST coho-

mology construct their physical net as a formal perturbative series in the gauge-compatible

finite-resolution renormalizable realization. These results specify how the internal response

spectrum enters local masses, colour-singlet observations and interaction vertices.

A Harmonic spectra and finite spectral windows

The standard round-space harmonics determine the quotient parities and operator normal-

izations used in Section 4 and in the spectral data of Section 5.4. The long-root calculation

compares quadratic responses at two radii. The finite-window count uses a specified Dirac

cutoff independently of the Fourier-width convention.

A.1 Round harmonics on the cover and quotient

Let S3
L be the round three-sphere of radius L. We use the standard spherical harmonic

decomposition [17, 37] for which the nonnegative scalar Laplacian has

εl =
l(l + 2)

L2
, dl = (l + 1)2, l = 0, 1, 2, . . . . (A.1)

The degree-l eigenspace is the (l/2, l/2) representation of Spin(4) ≃ SU(2)L × SU(2)R. In

the convention

C2(jL, jR) = 2{jL(jL + 1) + jR(jR + 1)}, (A.2)

one has C2(l/2, l/2) = l(l + 2).

The antipodal map acts on scalar harmonics by (−1)l. Ordinary scalars on X3 =

RP3 = S3/{±1} therefore retain

εl =
l(l + 2)

L2
, dl = (l + 1)2, l = 0, 2, 4, . . . . (A.3)

The quotient is the one constructed in Proposition 4.4. Equation (A.3) gives its scalar

spectrum.

The coclosed one-form tower on the cover decomposes as

⨁︂
l≥1

[︃(︃
l

2
+

1

2
,
l

2
− 1

2

)︃
⊕
(︃
l

2
− 1

2
,
l

2
+

1

2

)︃]︃
. (A.4)

For ordinary one-forms pullback by the antipodal map includes the differential parity and

the descending tower has odd l. The l = 1 sector contains Killing directions. Their Hodge
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eigenvalue is positive since H1
dR(RP3;R) = 0. With ∆⊥

1 = dδ + δd restricted to coclosed

one-forms the complete quotient spectrum is

Spec(∆⊥
1 ) =

{︄(︃
(l + 1)2

L2

)︃[2l(l+2)]

: l = 1, 3, 5, . . .

}︄
. (A.5)

Here λ[m] means eigenvalue λ with multiplicity m. In particular the first value is 4/L2 with

multiplicity six. So this tower has no zero mode.

For tensor Hessians use the positive rough Laplacian ∆TT := −∇a∇a on divergence-

free traceless symmetric two-tensors. On the cover its degree-k eigenvalue and multiplicity

are [k(k+ 2)− 2]/L2 and 2(k− 1)(k+ 3) respectively [38, Section II, equations (2.5)–(2.7)]

with the sign changed to our nonnegative Laplacian convention. The antipodal action is

(−1)k on an ordinary rank-two tensor. So the quotient retains even k

Spec(∆TT ) =

{︄(︃
k(k + 2) − 2

L2

)︃[2(k−1)(k+3)]

: k = 2, 4, 6, . . .

}︄
. (A.6)

The lowest value is 6/L2 with multiplicity ten giving ∆TT ≥ 6/L2 on this carrier. A

curvature-shifted Lichnerowicz operator is specified by its shift on the same tensor space.

TT projection and Casimir shifts. Let HTT be the L2 space of ordinary transverse-

traceless symmetric two-tensors on round X3 = RP3
L and let PTT denote the orthogonal

projection onto it. The complexified TT harmonic space on the parent sphere consists of

the two branches

T +
k =

(︃
k + 2

2
,
k − 2

2

)︃
, T −

k =

(︃
k − 2

2
,
k + 2

2

)︃
, k ≥ 2. (A.7)

Ordinary tensors on X3 retain k = 2, 4, 6, . . . in both branches with dimension (k−1)(k+3)

per branch. In the normalization (A.2)

C2

⃓⃓
T ±
k

= k(k + 2) + 4, ∆TT =
C2 − 6I

L2
on HTT , (A.8)

where C2 is the dimensionless Casimir operator. Hence for real α, β the Casimir-labelled

operator Kα = (C2 + αI)/L2 is reduced by PTT and satisfies

Kα

⃓⃓
HTT

= ∆TT +
α+ 6

L2
I, (A.9)(︃

Kα +
β

L2
I

)︃ ⃓⃓⃓
HTT

= ∆TT +
α+ β + 6

L2
I. (A.10)

All these self-adjoint operators have the same Sobolev domain H2(X3; Sym2 T ∗X3)∩HTT .

For the homogeneous presentation S3 = Spin(4)/SU(2)diag the traceless symmetric tensor

fibre is the diagonal spin-two module. The representations in (A.7) contain that module

once and contain neither diagonal spin zero nor spin one. Their trace and divergence

therefore vanish by equivariance. The homogeneous connection Laplacian is the group

Casimir minus the fibre Casimir 2(2 + 1) = 6 divided by L2. Substitution into (A.2)
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gives k(k+ 2) + 4. Hence the rough eigenvalue [k(k+ 2)− 2]/L2. The combined dimension

2(k−1)(k+3) equals the complete TT multiplicity stated above. So these branches exhaust

each eigenspace. The antipodal element acts in either branch by (−1)k giving the stated

quotient parity. The operator is block diagonal in the harmonic decomposition. So PTT
reduces it. The identities now hold on the common core of finite TT harmonic sums and

extend to the stated Sobolev domain. Adding a real constant is a bounded self-adjoint

perturbation and does not change that domain.

For a trace over this TT space the retained labels satisfy |jL − jR| = 2 with both

branches and ordinary-tensor parity at the stated multiplicities. Scalar (j, j) representa-

tions belong to a different orthogonal summand. Comparing TT traces therefore requires

the same projection and regulator in common radius units. Under the endpoint convention

L = Rb for example α = 6 gives a shift 12/L2 from ∆TT . A separately specified β = 6

raises that total shift to 18/L2. A physical Hessian can be compared with these operators

by identifying its TT restriction including all of its zeroth-order terms.

A.2 The first non-Killing right-weight line

Write qR = 2mR for twice the right weight. The first descending non-Killing coclosed

one-form representation containing jR = 1 occurs at l = 3

(jL, jR) = (2, 1), C2(2, 1) = 16. (A.11)

Its Casimir spectral line is therefore

εlr(L) =
16

L2
. (A.12)

This positive eigenvalue enters the quadratic gauge response. A mass assignment also de-

pends on the full response operator and its normalization specified for the action realization

in Definition B.5.

A.3 Fourier normalization and the relative long-root response

Equal position and momentum entropies select a width only after the Fourier units have

been fixed.

Use the unitary Fourier convention with ℏ = 1 and let a normalized unchirped Gaussian

wavefunction have position probability density N(0, b2ent). If its position and momentum

differential entropies are required to be equal then

bent =
1√
2

(A.13)

in those Fourier units. If one additionally identifies bent = b and applies the independent

endpoint metric convention L = Rb =
√

2π b the numerical representatives are L =
√
π

and Rscal = 6/π. The sharp Fourier entropy inequality gives this normalization directly

through Hx+Hp ≥ 1+log π with equality for this unchirped Gaussian [13]. Equal entropies

at equality give Hx = 1
2(1 + log π). Since Hx = 1

2 log(2πeb2ent) one obtains b2ent = 1/2.

The statements about L and scalar curvature are substitutions into the endpoint-scaled
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spectrum (4.20). The equal-entropy condition fixes a coordinate representative in the

chosen Fourier units. In the dimensionless coordinate x = d/(
√

2πb) the Gaussian is self-

dual for every b after the corresponding dual rescaling. The condensation threshold is

determined separately by the stationary equation of the spectral potential in Section 8.

For any reference radius L∗ > 0 with R = 6/L2 and R∗ = 6/L2
∗ substitution of

εlr(L) = 16/L2 gives

εlr(L) − εlr(L∗) =
8

3
(R−R∗). (A.14)

It is the relative coefficient of the quadratic gauge response when the mode coefficients are

identified isometrically as below.

Quadratic comparison of gauge modes. In the trivial-connection sector of the inter-

nal mode construction let B be a coclosed (2, 1) long-root mode with values in the fixed

gauge-algebra carrier. Use a positive invariant inner product on that carrier and factor

out the common quadratic normalization of the response in Section 8.1. The field strength

(A.29) gives

1

2
∥FϵB∥2L = ϵ2Q

(2)
L (B) +O(ϵ3), Q

(2)
L (B) =

1

2
∥dB∥2L =

8

L2
∥B∥2L. (A.15)

Indeed FϵB = ϵdB+ϵ2B∧B. Integration by parts and δB = 0 give ∥dB∥2L = ⟨B,∆⊥
1 B⟩L =

16L−2∥B∥2L. Thus Q
(2)
L is the quadratic coefficient half the second variation of 1

2∥F∥
2
L.

For comparison at L and L∗ keep the coefficients in orthonormal mode bases fixed.

With gL = L2g1 the norm squared of a fixed one-form scales as L. Hence ua(L) =

(L∗/L)1/2ua(L∗) is the required isometric identification. For an orthonormal gauge ba-

sis TA set BL =
∑︁

a,A caAua(L)TA and E2
lr =

∑︁
a,A |caA|2. Then

Q
(2)
L (BL) −Q

(2)
L∗

(BL∗) =
1

2

[︁
εlr(L) − εlr(L∗)

]︁
E2

lr. (A.16)

The comparison uses the same gauge-mode coefficients at two internal radii with R = 6/L2

parametrizing their spectrum. If the quadratic normalization is Z(L) rather than one

each term in (A.16) retains its own Z. The displayed expansion is at the trivial reference

connection. A nonflat reference also contributes background-dependent quadratic terms.

The invariant intensity E2
lr and the retained scalar coordinate E2

0 have different def-

initions. Relating the long-root comparison to the condensation functional requires the

amplitude and coefficient matching in Section 9.2. A negative reference difference is com-

patible with a positive unsubtracted quadratic form. The prescribed spectral response has

a stable scalar gap under Corollary 8.3. In an action realization the pole criterion also uses

kinetic normalization (Theorem B.8).

A.4 Spin lift and Dirac data

The round-sphere Dirac eigenvalues are

λ±k = ±k + 3/2

L
, k = 0, 1, 2, . . . , (A.17)
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with multiplicity (k + 1)(k + 2) for each sign [39, Theorem 1]. Write ω = e1e2e3e4 ∈
Spin(4). The quotient RP3 has two spin structures τ± defined by lifting the antipodal deck

transformation to ±ω. Bär’s generating-function formula [39, Theorem 2] applied to this

two-element deck group gives

F+
τ−(z) =

1

(1 − z)3
+

1

(1 + z)3
, F−

τ−(z) =
1

(1 − z)3
− 1

(1 + z)3
, (A.18)

F+
τ+(z) = F−

τ−(z), F−
τ+(z) = F+

τ−(z).

Consequently the complete spectrum for the selected spin structure τ− is

λ+k,τ− = +
k + 3/2

L
, k = 0, 2, 4, . . . ,

λ−k,τ− = −k + 3/2

L
, k = 1, 3, 5, . . . ,

multλ±k,τ− = (k + 1)(k + 2).

(A.19)

For τ+ the two parity assignments are interchanged. The deck lift thus fixes the spectral

asymmetry of the signed Dirac tower.

The window calculation in the main text is therefore formulated for the positive branch

of τ−

λ+n =
n+ 3/2

L
, n = 0, 2, 4, . . . . (A.20)

Each retained eigenvalue has multiplicity (n+ 1)(n+ 2).

A.5 A conditional finite-window count

A sharp window projects onto spectral levels below a dimensionless cutoff c (Figure 2).

Heat-kernel coarse graining instead multiplies every mode by a strictly positive weight.

The window records which response levels are retained at a specified resolution. Moving

its threshold between adjacent Dirac levels leaves that content unchanged. The plateau

below therefore expresses stability of the retained level count over a range of resolutions.

For the selected positive Dirac subsequence (A.20) a dimensionless cutoff c retains

Nwin(c) = #{n ∈ 2N0 : n+ 3
2 < c}. (A.21)

The count is three throughout 11/2 < c < 15/2. The levels n = 0, 2, 4 lie below c while

n = 6 does not. This count describes the retained positive Dirac levels at the chosen cutoff.

The full finite-response content also includes their multiplicities.

The retention rule supplies c independently of the endpoint ratio cend = π and the

radius convention Rb/b =
√

2π. A generation interpretation requires these retained levels

to represent the fermionic responses that remain coupled at the observation scale.

A.6 Mode multiplication and Gaussian resolution

Schur orthogonality and Clebsch–Gordan decomposition fix the mode-product coefficients

used in Section 8.1. The heat product defect measures the difference between resolving a

product and multiplying resolved coefficients. Its Sobolev bound controls the corresponding

gauge and matter responses.
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dimensionless Dirac eigenvalue n+ 3
2

conditional window

example capacity c

n = 0

n = 2

n = 4

n = 6

Figure 2. Three positive Dirac levels lie below the displayed capacity. Their multiplicities are not

included in this count.

Haar normalization and multiplication. By Schur orthogonality for normalized Haar

measure [15] the integral of Dj
mnDk

ab is δjkδmaδnb/(2j + 1). The matrix coefficients with

integer j are unchanged under U ↦→ −U . So their inner product is equally the quotient Haar

inner product. This proves the normalization in (5.1). The scalar eigenspace decomposition

gives completeness.

The multiplicity-free Clebsch–Gordan decomposition [15] splits Vj⊗Vk into orthogonal

summands VJ for J = |j − k|, . . . , j + k. Let CJMjm,ka be the matrix entries of this unitary

change of basis in the convention Dj
mnDk

ab =
∑︁

JMN C
JM
jm,kaC

JN
jn,kbD

J
MN . Multiplying the

normalization factors proves (5.2). Changes of orthonormal bases transform the product

coefficients and field coordinates covariantly.

The central-even matrix coefficients form the conjugation-closed unital Peter–Weyl

algebra of the quotient. Spectral partial sums converge in each Hη(X3) for vectors in that

space and multiplication is continuous for η > 3/2. With volume-normalized modes in place

of the Haar-normalized ones the three-mode coefficients acquire the factor (π2L3)−1/2.

The highest-weight vector in VJ ⊗ VJ belongs entirely to V2J . This proves the nonzero

high-shell coefficient

(eJJJ)2 =
2J + 1√
4J + 1

e2J2J,2J . (A.22)

The real function eJJJ + eJJJ has the same nonvanishing highest-weight square coefficient.

The failure of finite closure therefore applies to real fields as well as to their complex

coordinates.
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Analytic completion. For α > 0 write f(U) =
∑︁

j≥0 tr(BjD
j(U)) and set

∥f∥Aα =
∑︂
j≥0

eαj∥Bj∥1,

where ∥ · ∥1 is the matrix trace norm. This completion of the finite mode algebra is a

Banach algebra contained in C(X3) with

∥fg∥Aα ≤ ∥f∥Aα∥g∥Aα . (A.23)

For t > 0 the first bound below holds for f ∈ L2(X3). The derivative and tail bounds hold

for f ∈ Aα and 0 < β < α

∥Gtf∥Aα ≤

⎡⎣∑︂
j≥0

(2j + 1)2e2αj−2tλj

⎤⎦1/2

∥f∥2, (A.24)

∥Eaf∥Aβ
≤ 2

eL(α− β)
∥f∥Aα , (A.25)

∥(I − P≤J)f∥∞ ≤ e−αJ∥f∥Aα . (A.26)

Unitarity gives | tr(BjDj)| ≤ ∥Bj∥1. In the Clebsch–Gordan decomposition of Vj ⊗ Vk
let TJ be the diagonal block of Bj ⊗ Ck on VJ . Block pinching is an average of unitary

conjugations. So
∑︁

J ∥TJ∥1 ≤ ∥Bj∥1∥Ck∥1. Since J ≤ j + k the weighted sum proves

(A.23). Completeness follows from the weighted summable matrix coefficients. The prod-

uct extends by its bilinear bound. Schur orthogonality gives ∥f∥22 =
∑︁

j ∥Bj∥2F/(2j + 1).

The inequality ∥Bj∥1 ≤
√

2j + 1∥Bj∥F and Cauchy–Schwarz prove (A.24). Its series con-

verges because λj = 4j(j + 1)/L2. The representation derivative has norm at most 2j/L.

je−(α−β)j ≤ [e(α− β)]−1 proves the derivative estimate. Summing the omitted coefficients

gives the tail bound.

The support condition J ≤ j + k makes the exponential weight submultiplicative as

in the spectral dynamics of Ref. [21]. Finite matrix-valued fields inherit the bounds by

summing over their matrix entries. Thus curvature and covariant derivatives with their

convergent mode approximations have common domains with explicit loss of analytic width

under differentiation.

Proposition A.1 (Exact Gaussian product defect). Choose the left-invariant orthonormal

frame with [Ea, Eb] = (2/L)ϵabcEc and ∆0 = −
∑︁

cE
2
c . For f, g ∈ Hη(X3) with η > 5/2

and Gt = e−t∆0

Gt(fg) − (Gtf)(Gtg) = 2

∫︂ t

0
Gt−u

∑︂
c

(EcGuf)(EcGug) du. (A.27)

The pairing is bilinear with no complex conjugation. The identity holds in Hη−1 and its

norm is bounded by Cη,Lt∥f∥Hη∥g∥Hη . In modal coordinates the coefficient of each pair is

exactly

Cγαβ

(︂
e−tλγ − e−t(λα+λβ)

)︂
. (A.28)

Infinite modal expressions mean Sobolev limits of finite spectral sums.
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Proof. For finite sums differentiate Gt−u[(Guf)(Gug)] with respect to u. The product rule

∆0(fg) = (∆0f)g + f∆0g − 2
∑︁

c(Ecf)(Ecg) makes this derivative the negative of the

integrand in (A.27). Integration between the two endpoints gives the sign and factor 2 dis-

played there. The round Casimir commutes with Ec and its heat maps are contractions on

the spectral Sobolev spaces. Since Ec : Hη → Hη−1 is bounded and Hη−1 is a multiplica-

tion algebra the integrand has norm at most Cη,L∥f∥Hη∥g∥Hη . This both proves the bound

and allows finite-sum approximation in the identity. Applying the diagonal multiplier to

the already proved modal product gives (A.28).

The defect is fixed by the multiplication and the heat map. For t > 0 the inverse G−1
t

is unbounded on a fixed Sobolev space. So Gt[(G
−1
t f)(G−1

t g)] is defined on the heat-image

domain where the inverse images have the required Sobolev regularity.

Curvature coefficients and their domain. In a fixed trivialization let A =
∑︁

aAaθ
a

take values in the generated real internal Lie algebra with Aa ∈ Hη and [TA, TB] = fAB
CTC .

By the definition of exterior derivative

Fab = EaAb − EbAa −
2

L
ϵabcAc + [Aa, Ab]. (A.29)

It lies in Hη−1. Expanding its nonlinear term by (5.2) gives exactly the coefficients in (8.2).

The internal mode product couples to the already obtained matrix commutator.

Because Gt commutes with each Ea applying it componentwise cancels every linear

term in GtFab(A) − Fab(GtA). Applying the preceding proposition to the brackets proves

GtFab(A) − Fab(GtA) = 2

∫︂ t

0
Gt−u

∑︂
c

[EcGuAa, EcGuAb] du. (A.30)

The same Hη−1 estimate holds with an additional fixed finite-dimensional bracket norm.

For A1 = fTA and A2 = fTB with A3 = 0 and the real f above and [TA, TB] ̸= 0 the

highest-shell term cannot be cancelled by the linear derivative terms which stay in the

initial shell. Moreover λ2J − 2λJ = 8J2/L2 > 0 proving a nonzero scale defect for every

t > 0.

Here Gt acts on scalar coefficients in the fixed frame. A position-dependent change of

frame need not commute with this heat map. For a different scalar operator ˜︁∆ with heat

map ˜︁Gt the exact algebraic identity on a common smooth core is instead

˜︁GtFab(A) − Fab( ˜︁GtA) = [ ˜︁Gt, Ea]Ab − [ ˜︁Gt, Eb]Aa
+ ˜︁Gt[Aa, Ab] − [ ˜︁GtAa, ˜︁GtAb]. (A.31)

Its last two terms depend on the product rule of ˜︁∆. For a squashed metric both the

derivative commutators and the product defect must be computed for that operator.

Gaussian resolution damps the finer modes whereas nonlinear products mix modes.

Resolving a response and evaluating the response of resolved fields therefore give different

results. The following compensation law carries their exact difference with the unresolved

response.
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Proposition A.2 (Nonlinear response compensation under Gaussian resolution). Work in

the fixed coefficient realization above with the full-module representation ρ and η > 5/2.

Put Qa(A,ψ) = Eaψ + ρ∗(Aa)ψ and write CFt (A) = GtF (A) − F (GtA). The matter

response has the exact defect

CQa,t(A,ψ) := GtQa(A,ψ) −Qa(GtA,Gtψ)

= 2

∫︂ t

0
Gt−u

∑︂
c

ρ∗(EcGuAa)(EcGuψ) du. (A.32)

It belongs to Hη−1 and is bounded there by Cη,L,ρt∥A∥Hη∥ψ∥Hη . For U = (A,ψ) and

Ct(U) = (CFt (A), CQt (A,ψ)) both defects obey

Cs+t(U) = GsCt(U) + Cs(GtU). (A.33)

Let R = (RF , RQ) be unresolved responses in Hη−1 of the same coefficient types as

(F,Q). On the product Banach space of A,ψ ∈ Hη and RF , RQ ∈ Hη−1 the prescribed

Gaussian resolution determines

Tt(U,R) = (GtU, GtR+ Ct(U)), TsTt = Ts+t. (A.34)

This is a global strongly continuous locally Lipschitz semigroup. It preserves the joint

response exactly in the sense

F (At) +RF,t = Gt(F (A) +RF ), Q(At, ψt) +RQ,t = Gt(Q(A,ψ) +RQ). (A.35)

The heat evolution of U and these identities uniquely determine Rt. Finite spectral ap-

proximations of the initial data converge to (Ut, Rt) uniformly on each finite resolution

interval. Each finite modal product retains its full spectral support.

Proof. Commutation ofGt with Ea removes the linear part ofQ. Proposition A.1 applied to

each matrix–vector product gives (A.32) and its bound. For either response B(U) = F (A)

or Q(A,ψ) insert and subtract GsB(GtU) in Gs+tB(U)−B(Gs+tU) to obtain (A.33). The

continuous triangular change of coordinates

Ψ(U,R) = (U, (F (A), Q(A,ψ)) +R)

has a continuous inverse obtained by subtracting (F,Q). Both maps are locally Lipschitz.

The linear derivatives map Hη to Hη−1 and the remaining terms are continuous bilinear

products. Consequently Tt = Ψ−1(Gt⊕Gt)Ψ with each heat map acting on all its coefficient

components. This proves the stated semigroup continuity and preservation properties. On

bounded sets and 0 ≤ t ≤ T the contraction of Gt and these bilinear bounds give a

common Lipschitz constant. Spectral projections converge in the stated Sobolev spaces.

So this estimate proves the asserted uniform approximation by finite spectral sums.

Equation (A.35) identifies the transported quantity as the field response together with

its residual. The cocycle makes successive resolutions agree with their combined step. For
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initially resolved data RF = RQ = 0. Subsequent residuals are fixed by this compensation

law. For A,ψ ∈ Hη+2 and R ∈ Hη+1 differentiation gives the generator in the displayed

state space

Ȧ = −∆0A, ψ̇ = −∆0ψ,

ṘF,ab = −∆0RF,ab + 2
∑︂
c

[EcAa, EcAb],

ṘQ,a = −∆0RQ,a + 2
∑︂
c

ρ∗(EcAa)Ecψ. (A.36)

The interaction products supply the residual sources at each resolution. The reconstructed

F (At) and Q(At, ψt) obey the connection identities while their sums with Rt obey the

linear heat equations. The parameter t describes coefficient resolution at fixed L in the

chosen trivialization.

A resolved spinor multiplication example. An explicit Clebsch–Gordan expansion

determines whether scalar multiplication preserves a selected Dirac spectral subspace. In

the left-trivialized spin frame the coupled modes are

Ψj
m;JM =

∑︂
n,s

CJM
jn, 1

2
s
ejmnχs, j = 0, 1, . . . , J = j ± 1

2 ≥ 0. (A.37)

Here χs is an orthonormal spin-1/2 basis and Haar measure is normalized as above. In the

orientation of (A.19) the round Dirac operator in this frame is L−1(4J · S + 3/2) where J

acts on the right scalar index n. Addition of angular momenta therefore gives eigenvalues

(2j + 3/2)/L at J = j + 1/2 and −(2j + 1/2)/L at J = j − 1/2. Their multiplicities are

(2j + 1)(2j + 2) and (2j + 1)(2j) respectively reproducing the complete selected signed

tower.

Multiplication of the lowest positive mode by e11,0 is explicit

e11,0Ψ
0
0; 1

2
, 1
2

=

√︃
2

3
Ψ1

1; 3
2
, 1
2

−
√︃

1

3
Ψ1

1; 1
2
, 1
2

. (A.38)

This follows by resolving e11,0χ1/2 with the two Clebsch–Gordan coefficients in (A.37).

On the entire lowest positive doublet the negative-sign multiplication block B−+ obeys

B†
−+B−+ = I2/3. Thus this particular multiplier does not preserve the positive Dirac

subspace. A constant multiplier does. These signs label the geometric Dirac spectrum. A

static source may be restricted to one sign whereas an interaction containing this multiplier

couples the two spectral subspaces.

Finite-mode realizations. The finite-mode realizations of the normalized product ten-

sors and invariant derivatives together with curvature and associated matter response used

below retain the complete spectral support of each finite modal product. For the non-

commuting configurations considered here direct evaluation of the resolution defects agrees

with the Duhamel representations (A.30) and (A.32). These examples illustrate the joint

composition law proved in Proposition A.2.
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B Product-space realization on the generated event carrier

The product-space realization of Section 10 uses the generated Euclidean event carrier EV
and the compact internal response space. An action representation and regulator turn the

native products into loop integrals containing event momenta and the internal spectrum.

The estimates below give sufficient subtractions for these combined traces and a uniform

heavy-mode expansion at fixed regulator and perturbative order.

B.1 Action and endpoint data

Definition B.1 (Action-level realization). Put (M4, θ) = (EV , ϑE) as in (10.9). An action-

level realization consists of the generated Gint bundles over M7 = M4 × X3 with the

endpoint-scaled internal metric andGint as in (4.53). Its local real gauge- and spin-covariant

action is

Sprod = SYM + Smat + Sresp + Sgf + Sgh (B.1)

with the native connection and matter normalization. The realization specifies boundary

conditions and a chiral projection or twisting together with gauge fixing and ghosts. It

also specifies the regulator and local renormalization conditions. The realization speci-

fies a physical observable algebra and its Euclidean reflection. Its Schwinger functional is

reflection positive on the positive-time physical algebra. The bosonic reflected form and

the fermionic graded reflection obey their respective statistics. Gauge fixing and ghosts

provide an auxiliary representation of the gauge identities [40, 41]. An interacting contin-

uum realization supplies a limiting Schwinger hierarchy or an equivalent physical operator

construction. Matter traces use Mfull with descent governed by the quotient and trace

conditions of Section 5.4. The fluctuation and ghost operators have the common closed

form domains specified in Definition B.5. At a scale where its conditional flow exists

the endpoint datum consists of the running couplings and background Hessian with ghost

spectra together with the renormalization conditions and operator domains. Admissible

spectral functionals are absolutely convergent traces or renormalized relative traces with

their specified subtraction.

With the skew-adjoint connection convention of Section 8 choose on each gauge factor

the positive invariant pairing

B(X,Y ) = − trρ(XY ). (B.2)

The faithful unitary representation ρ and its trace normalization are chosen to agree with

the Lie-algebra inner product used above. An overall normalization is included in the

coupling. The Yang–Mills term is then

SYM[A] =
1

4g27

∫︂
M7

d7z
√
g B(FMN , F

MN ). (B.3)

Here [g27] = length3. The action is understood with the regulator and renormalization

conditions of Definition B.1. The long-root field and its fluctuation operator are specified

in Section B.6.
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Proposition B.2 (Physical positivity under a hierarchy limit). Let A+ be a fixed alge-

bra of positive-time physical observables with reflection Θ. Suppose normalized regulated

Schwinger functionals ωN satisfy ωN (ΘF F ) ≥ 0 for F ∈ A+ and all reflected polynomial

pairings converge. Their limit is reflection positive. On a flat reflected base if its full

hierarchy satisfies the covariance and statistics with the regularity conditions of recon-

struction it determines a positive physical Hilbert-space representation. Clustering gives

the corresponding uniqueness of the invariant cyclic vacuum [42, 43].

Proof. For any finite family Fi the matrices G
(N)
ij = ωN (ΘFiFj) are positive semidefi-

nite. Entrywise convergence gives c∗Gc = limN c
∗G(N)c ≥ 0. The limiting reflected form

therefore has a Hilbert completion after quotienting its null space. The stated hierar-

chy assumptions permit Osterwalder–Schrader reconstruction. Polynomial observables are

included through the assumed convergence of their pairings.

B.2 External trace and its subtraction

The Hessian spectrum and signed ghost weights determine the internal determinant and

its coefficients (Theorem B.6 and Proposition B.7). A full one-loop action also integrates

over external momenta as in (B.23). Absolute convergence must therefore hold for the

combined sum and integral with local renormalization terms fixed by Definition B.1.

Proposition B.3 (A sufficient full-trace subtraction). Consider a finite number of sepa-

rated fluctuation sectors on R4 ×X3 with positive squared masses al ≍ l2 with dl = O(l2)

and bounded real gl and ηl. Define

R3(x) = log(1 + x) − x+
x2

2
− x3

3
. (B.4)

On any compact y-interval satisfying supl |gly|/al ≤ r < 1 the relative four-dimensional

density

V4,rel(y) =
1

2

∑︂
l

ηldl

∫︂
R4

d4p

(2π)4
R3

(︃
gly

p2 + al

)︃
(B.5)

converges absolutely and locally uniformly. The sum and integral with the Taylor series

through all orders yn for n ≥ 4 may be interchanged. The local polynomial of degree at

most three in y is fixed separately by the renormalization conditions.

Proof. The logarithmic remainder obeys |R3(x)| ≤ |x|4/[4(1− r)] for |x| ≤ r. Direct radial

integration gives for n > 2∫︂
R4

d4p

(2π)4
(p2 + a)−n =

Γ(n− 2)

16π2Γ(n)
a2−n. (B.6)

At n = 4 the absolute majorant is therefore a constant times
∑︁

l dla
−2
l <∞. The geometric

majorant for the higher Taylor terms then permits all stated interchanges by dominated

convergence and Tonelli’s theorem applied to absolute values. Each coefficient is

[yn]V4,rel =
(−1)n+1

32π2n

Γ(n− 2)

Γ(n)

∑︂
l

ηldlg
n
l a

2−n
l , n ≥ 4. (B.7)
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The internal asymptotics give dla
2−n
l = O(l6−2n). So n ≥ 4 is a sufficient absolute-

convergence threshold for the stated class. In contrast the n = 2 external integral diverges

for a single nonzero gl. At n = 3 the external integral is finite but the internal sum can

diverge. Thus one internal subtraction cannot justify the full trace in this class.

This estimate is restricted to the displayed constant-background Hessian. Derivative

interactions and other regulator limits require separate bounds. The radial mass in this

four-dimensional realization uses the complete V4 with kinetic normalization and mixing

conditions of Theorem B.8.

B.3 Zero modes and chirality

Zero-mode content and normalized projection. On round X3 = RP3 the scalar

Laplacian has one constant zero mode. Untwisted ordinary one-forms and spinors have

none. The TT rough Laplacian also has no zero mode. Internally constant Aµ(x) are

scalar zero modes valued in the supplied gauge algebra not Killing one-forms or isometry

generators. Assume all bundles are pullbacks over the compact factor and retain the

relevant constant scalar modes. Assume also that an explicit chiral mechanism realizes

the module of Section 4.6. Restriction of (B.1) to these modes gives a four-dimensional

action with the retained bundle representations. For the Yang–Mills term (B.3) canonical

zero-mode normalization gives

g24 =
g27

Vol(X3)
=

g27
π2R3

b

. (B.8)

This fixes the projected coupling g4 for the supplied g7 and radius. Integrating out the

omitted modes can add threshold corrections. Connectedness gives the scalar zero mode

and finite fundamental group gives H1
dR(X3;R) = 0. The identity D2 = ∇∗∇ + Rscal/4

excludes spinor zero modes while (A.6) starts at 6/R2
b . The internal tensor type of Aµ is

scalar. Orthogonal low-mode projection retains the stated representations. Integration of

the constant gauge kinetic term multiplies it by Vol(X3) = π2R3
b giving (B.8).

Realizing the chiral module of Section 4.6 on this product space requires the stated

chiral projection or twisting. The untwisted Dirac tower has the positive and negative

levels listed in Appendix A.

For the heavy-mode expansion the needed resolvent bound is uniform in both momen-

tum and internal level. Let ml ≥ M > 0 and Al(q) = q2 +m2
l with δ(q, P ) = 2q · P + P 2.

For every real Euclidean loop momentum q and omitted mode l with |P | ≤ εM put

r = ε+ ε2 < 1. Then

1

(q + P )2 +m2
l

=

N∑︂
j=0

(−δ(q, P ))j

Al(q)j+1
+ RN,l(q, P ), (B.9)

|RN,l(q, P )| ≤ rN+1

(1 − r)Al(q)
. (B.10)

The elementary inequalities 2|q|/(q2 + m2
l ) ≤ 1/ml and (q2 + m2

l )
−1 ≤ m−2

l give |δ|/Al ≤
ε + ε2 = r. The finite geometric-series identity gives the stated expansion and remainder

uniformly in both q and l.
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Appelquist–Carazzone decoupling[44] motivates the local low-momentum expansion.

For an infinite internal tower interchanging the mode sum and loop integral with the

expansion also requires a common summable majorant.

Decoupling at fixed regulator and perturbative order. Consider the heavy-field

contribution to a Wilson action or a heavy subgraph after its light-field contribution has

been separated at one fixed perturbative order and with a fixed regulator. Suppose ev-

ery integrated propagator in this contribution has the form in (B.9) and the regulator is

independent of the external momenta for the chosen routing. For a graph with E heavy

propagators and L loop momenta let l label its internal modes. Include all multiplici-

ties and vertex coefficients in a nonnegative majorant Bl(q) for the absolute sum of its

numerator monomials on the external momentum ball and require

CΛ :=
∑︂
l

∫︂
d4Lq

(2π)4L
|wΛ,l(q)|Bl(q)

E∏︂
e=1

1

q2e +m2
le

<∞. (B.11)

If each routed external shift obeys |Pe| ≤ εM with r = ε + ε2 < 1 replacing every heavy

denominator by the degree-N sum in (B.9) produces a polynomial in the external momenta

with amplitude error bounded by

|AΛ −AΛ,N | ≤ CΛ
E rN+1

(1 − r)E
. (B.12)

Consequently the internal sum and loop integration may be interchanged with this con-

vergent momentum expansion at the fixed regulator and order. Its coefficients give local

operators with a controlled expansion in external momentum over M . Their sizes and

relevant or marginal threshold corrections depend on the vertices and renormalization con-

ditions. Both an exact denominator and its truncated sum are bounded by [(1 − r)Al]
−1.

Telescope the difference of the products of E denominators and apply (B.10) to each of its

E terms. The pointwise difference is bounded by ErN+1(1 − r)−E
∏︁
eA

−1
le

. Multiplication

by the numerator majorant and integration gives (B.12). The same majorant bounds the

absolutely summed geometric expansions. So Fubini’s theorem and dominated convergence

justify the interchanges. Each finite term is polynomial in external momenta and therefore

corresponds to a local derivative operator.

Finite mode and compact momentum cutoffs satisfy (B.11) for polynomial vertices and

positive masses. For an infinite tower this bound controls the combined mode sum and loop

integral. Removing the regulator further requires a uniform majorant and convergent local

counterterms. Nonanalytic light-line terms remain in the light theory and are subtracted

in matching. Symmetry-preserving regulators and counterterms give gauge-covariant local

operators.

B.4 Gauge identities and matter representations

For the connection on the generated Gint bundle of Definition B.1

FA = dA+A ∧A. (B.13)
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Together with the matter derivative of Proposition 8.1 this gives the component vertices.

In native variables D = d + A fixes the relative coefficients of the derivative and cubic

terms together with the quartic and matter vertices. Writing A = gA after normalizing

the quadratic term introduces the usual action coordinate g. It records the conversion from

the generated trace normalization to the chosen canonical field coordinate.

Gauge vertices and component identities. Let an admissible realization contain

SYM[A] =
1

2g2

∫︂
M4×X3

B(FA ∧ ⋆FA) (B.14)

with the positive pairing (B.2) and the covariant Dirac form for the generated matter

module. Expansion gives the quadratic propagator term and cubic and quartic gauge

vertices together with minimal matter couplings. The overall value assigned to g fixes the

action unit while all relative vertex coefficients are already fixed by FA = dA+A ∧A and

the generated representation. The Gaussian source state supplies the quadratic reference

covariance. The interacting local quantization of Theorem C.4 is defined by relative S-

operators and therefore requires no additional global path-integral measure. Write A =

AaMTa dz
M with [Tb, Tc] = fabcTa and define the matter current by δSmat = −

∫︁
B(δA∧⋆J).

Then

F aMN = ∂MA
a
N − ∂NA

a
M + fabcA

b
MA

c
N , (B.15)

DAFA = 0, DA ⋆ FA = g2 ⋆ J. (B.16)

Gauge covariance of the matter action implies DA ⋆ J = 0 on the matter equations of

motion. The covariant derivative is DMψ = (∂M +AaMTa)ψ in a local frame. Expansion of

FA = dA+A∧A gives the displayed components and the quadratic and cubic terms with

the quartic terms of the action. The first identity in (B.16) follows from the graded Jacobi

identity. Variation of (B.14) gives the second identity with the stated current convention.

Gauge covariance and the matter equations give covariant current conservation.

Proposition B.4 (BRST symmetry and the Slavnov–Taylor identity). Let the action-level

realization use a gauge-fixing fermion Ψgf and fields c, c̄, B with

sA = DAc, sc = −1
2 [c, c], sc̄ = B, sB = 0, Sgf + Sgh = sΨgf . (B.17)

Classically s2 = 0 [40, 41]. For a gauge-compatible finite internal resolution of the renormal-

izable four-dimensional gauge–scalar–spinor realization the classical BV master equation is

preserved. In causal perturbation theory the anomaly identities (4.54) and the perturba-

tive Adler–Bardeen theorem then permit time-ordered products to be normalized so that

the quantum master identity and hence the Slavnov–Taylor identity holds to all orders

[40, 45–47]. At a finite FRG scale the identity is generally modified by the regulator and

must be restored as k → 0 [48]. The anomaly check following Theorem 4.9 supplies the

required local coefficients. The even number of weak doublets removes the global mod-two

obstruction. The resolution retains complete representation multiplets and the original

matrix Lie bracket. The classical closure and power-counting conditions are spelled out in

Appendix C.8.

– 99 –



Fermion doubling. For a lattice discretization of the generated event base fermion dou-

bling is governed by the locality and charge assumptions with the chiral-fermion hypothe-

ses of the Nielsen–Ninomiya theorem [49]. Its application depends on the chosen external

discretization. The internal expansion used here is in the eigenmodes of the compact

continuum operator.

B.5 Regulated scale equations

Wetterich’s exact equation [50, equation (3)] expresses the flow through the full regulated

propagator. For the generated gauge realization we use its background-field form developed

for gauge theories in [51] with the field and ghost contributions in a supertrace

∂kΓk[Φ; ḡ, Ā] =
1

2
STr

[︂
(Γ

(2)
k +Rk)

−1∂kRk

]︂
. (B.18)

The RG scale k parametrizes the regulator while b is the Gaussian width. The dimensional

radius is Rb =
√

2π b. Its numerical value L = Rb/ℓ∗ uses the fixed reference unit of

(5.17). Thus the same radius convention is used in the relative drive and in the scale

equations. Gauge consistency also requires the modified Ward or Slavnov–Taylor identity

of Proposition B.4.

After a truncation Γk =
∑︁

i gi(k)Oi and projectors Pi have been specified the beta

functions are

∂kgi(k) = Pi
1

2
STr

[︂
(Γ

(2)
k +Rk)

−1∂kRk

]︂
. (B.19)

The projected coefficients depend on the full supertrace including tensor projectors and

ghosts together with endomorphism terms and regulator weights. For a locally Lipschitz

finite projected system the standard initial-value theorem gives a unique local evolution

while the solution remains in its coefficient domain. Preservation of a positivity domain

requires the corresponding inward-pointing condition. A global endpoint requires bounds

that keep the projected solution in its coefficient domain. The Gaussian resolution of

Proposition A.2 acts directly on the mode coefficients at fixed radius.

For an interacting OS realization a regulated positive measure must also admit a

limit with the hierarchy properties stated in Appendix C.1. Uniform moment bounds are

needed to pass reflected polynomial inequalities to that limit. The free case is constructed

in Appendix C.

B.6 The long-root response

We write χR for the right geometric response and Oc = TrF 2
c for the colour composite.

The symbols Ec and ρH denote respectively the normalized collective colour scalar and

radial fluctuation of the weak doublet H.

The long-root Hessian contains the Laplace contribution (A.12) together with the

background gauge-fixing and endomorphism terms of the supplied action. Its sign must be

computed from their sum.

– 100 –



Definition B.5 (Gauge-fixed long-root Hessian). Let χR =
√
y uR where uR is a normal-

ized vector in the real long-root response line and y ≥ 0. For an admissible action-level

realization define

Hgf(y) :=
δ2(S + Sgf)

δΦ2

⃓⃓⃓⃓
χR=

√
y uR

, (B.20)

together with its ghost operator and a common closed quadratic-form domain. The chosen

action specifies the field space and internal multiplicities. For matter contributions replac-

ing Mfull by Mch is permitted only after verifying the quotient and trace conditions of

Section 5.4 for the relevant operators. Otherwise the trace is taken over the full module

including its neutral direction.

Conditional right-sector breaking. Suppose the renormalized action is SU(2)R in-

variant and its first physical negative Hessian eigenvalue lies in a real jR = 1 component of

the long-root sector and the nonlinear effective action stabilizes a nonzero minimum ⟨χR⟩
in that component. Then

SU(2)R −→ Stab(⟨χR⟩) ∼= U(1)R, (B.21)

up to conjugation. The two transverse right generators are broken while the generator

along the selected axis is unbroken. The real spin-one representation of SU(2)R factors

through the vector representation of SO(3). The stabilizer of a nonzero vector is the group

of rotations about its axis whose connected lift is a maximal torus of SU(2)R. All maximal

tori are conjugate.

B.7 Internal relative determinant and four-dimensional action

Theorem B.6 (Internal relative determinant and matching). Suppose the compact in-

ternal parts of Hgf(y) and the ghost operator form analytic families with common form

domains and suppose that after sector decomposition their nonzero eigenvalues have the

form al + gly with al > 0 and real gl. The trace in this theorem is over the internal modes

only. Equivalently it can be taken at one fixed external momentum after that momentum

has been included in al. With a specified linear subtraction define

Φint
R (y) − Φint

R (0) = c1,inty +
1

2

∑︂
l

ηldl

[︃
log

(︃
1 +

gly

al

)︃
− gly

al

]︃
, (B.22)

where ηl includes statistics and ghost signs with tensor weights. If al ≍ l2 and dl = O(l2)

with gl = O(1) and ηl = O(1) the subtracted series and each of its derivatives converge

locally uniformly on the real domain al + gly > 0 for every l. The coefficient c1,int specifies

the linear term of this internal functional. The corresponding four-dimensional mass also

depends on the external trace and kinetic normalization.

Proof. At a finite internal cutoff the difference of logarithmic determinants gives the loga-

rithm in (B.22). Its first-order Taylor term is removed by the stated subtraction before the

cutoff is removed. On a compact subset of the positive domain the remaining summand

and its first derivative are O(dla
−2
l ) = O(l−2). Derivatives of order j ≥ 2 are O(dl|gl|ja−jl )
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uniformly for large l. The finitely many remaining denominators stay bounded away from

zero. The Weierstrass test therefore justifies the asserted differentiations as well as the

sum.

The full four-dimensional potential V4(y) also traces over the external operator. In the

separated flat-base realization its regulated one-loop part instead contains

V4,Λ(y) − V4,Λ(0) = Vloc,Λ(y) − Vloc,Λ(0)

+
1

2

∑︂
l

ηldl

∫︂
d4p

(2π)4
wΛ,l(p)

×
[︃
log

(︃
1 +

gly

p2 + al

)︃
− gly

p2 + al

]︃
.

(B.23)

The cutoff expression is well defined for an integrable external regulator. Its quadratic

term has a logarithmically divergent external integral. Proposition B.3 gives the sufficient

three-subtraction bound for the specified separated towers.

Renormalization dependence. Two admissible renormalization schemes may differ by

finite local terms allowed by the symmetries. A critical radius or mass in this realization

depends on those terms and on the kinetic normalization together with the internal Casimir

contribution 16/L2.

Proposition B.7 (Internal quartic coefficient). Under the hypotheses of Theorem B.6 the

coefficient of yk for k ≥ 2 for a single bosonic tower with constant coupling g is

ck =
(−1)k+1gk

2k

∑︂
l

dla
−k
l . (B.24)

For the full signed Hessian the coefficient of y2 is

λR,int
4

, λR,int = −
∑︂
l

ηldl
g2l
a2l
. (B.25)

The sum converges in three internal dimensions. Its sign is determined by the signed

Hessian and ghost weights. One positive bosonic tower gives a negative coefficient. The

negative-logarithm spectral response has the opposite sign. The four-dimensional quartic

coefficient further includes the external trace and local terms with field normalization.

Theorem B.8 (Normalized radial Hessian and conditional pole). Suppose the complete

four-dimensional effective action after eliminating gauge directions and resolving any mix-

ing has an isolated physical radial coordinate r =
√
y with two-derivative terms

Γ4[r] =

∫︂
d4x

{︃
1

2
ZR(r2)(∂r)2 + V4(r

2)

}︃
+ Γ≥4∂ [r]. (B.26)

Assume V ′
4(y∗) = 0 with y∗ > 0 and V ′′

4 (y∗) > 0 together with Z∗ = ZR(y∗) > 0. Then

ρR =
√
Z∗(r −

√
y∗) has positive curvature mass

m2
R,curv =

4y∗V
′′
4 (y∗)

Z∗
. (B.27)
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This is the mass parameter of the two-derivative quadratic action. For an isolated pole

additionally suppose the full normalized Euclidean inverse covariance is analytic through

z = p2 ∈ [−2m2
R,curv, 0] and has the form KR(z) = m2

R,curv + z + ER(z) with ER(0) =

E′
R(0) = 0 and real values on that interval satisfying |E′

R(z)| ≤ ϵ < 1/2 there. The

covariance 1/KR then has a unique simple pole of positive residue at z = −m2
R,pole in that

interval and
m2
R,curv

1 + ϵ
≤ m2

R,pole ≤
m2
R,curv

1 − ϵ
. (B.28)

Proof. At the stationary point ∂2rV4(r
2) = 4y∗V

′′
4 (y∗). Division by Z∗ gives (B.27). For

the second assertion K ′
R(z) ≥ 1 − ϵ > 0 and KR(0) > 0 with KR(−2m2

R,curv) < 0. The

intermediate value theorem and strict monotonicity give a unique zero with positive residue

1/K ′
R. The bound |ER(z)| ≤ ϵ|z| gives (B.28) at this zero.

The coefficient ZR includes internal integration and wave-function normalization. Cou-

pled channels use the generalized eigenvalue problem of Section 9.4 or a justified Schur

reduction.

Controlled use of a Landau truncation. An even Landau normal form applies to a

signed response such as a component of χR when its action is invariant under sign reversal.

For the colour-singlet composite Oc = TrF 2
c an even expansion requires an additional

symmetry that acts by Oc ↦→ −Oc.

C Field reconstruction on the generated Lorentzian carrier

The product covariance of Section 10 admits the standard Gaussian and Osterwalder–

Schrader reconstruction. The Euclidean carrier EV with its reflection and Lorentzian con-

tinuation were generated in Section 10.1. The internal spectral data are those of the

preceding construction. The kinetic operator is the translation-invariant quadratic opera-

tor associated with the generated trace metric. A common Wick moment bound controls

the full internal tower. On the condensed quadratic branch its averaged intensity has

an isolated pole at the scalar gap and a positive two-particle continuum with an explicit

truncation bound.

C.1 Reconstruction conditions

We use signature (+ − −−) and the covering Poincaré group MV ⋊ SL(V ) generated in

Theorem 10.1.

The Wightman conventions are those of Ref. [28]. Tempered fields and their adjoints

act on a common invariant dense domain and transform covariantly under a strongly contin-

uous unitary Poincaré representation and graded-commute at spacelike separation. Trans-

lations have spectrum in the closed forward cone and the invariant vacuum is cyclic and

unique up to phase. For neutral scalar fields we use Osterwalder–Schrader reconstruction

with Euclidean covariance and reflection positivity together with permutation symmetry

and the regularity and growth conditions for tempered reconstruction. Clustering gives

vacuum uniqueness [42, 43, 52].
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These assumptions also fix the role of Haag’s theorem. For Hermitian scalar Wightman

fields admitting sharp-time restrictions a unitary intertwiner of the fields and vacua on one

spacelike hyperplane with a positive-mass free field forces the other field to be free with

the same mass [27–29]. The reconstruction below builds the free representation from its

covariance. So its equivalence statement has precisely this fixed-covariance scope.

C.2 Covariance and reflection positivity

Identify the generated Euclidean event carrier EV with R4 by the trace-orthonormal coor-

dinates of (10.9). Its reflection is ϑE(τ,x) = (−τ,x). On the compact internal space X3 let

∆3 ≥ 0 be a self-adjoint Laplace-type operator with eigenvalues εl and spectral projectors

Pl of finite multiplicities dl = rankPl. For m2 > 0 put

PE = −
3∑︂

µ=0

∂2µ, C = (PE ⊗ I + I ⊗ ∆3 +m2)−1. (C.1)

On S(R4)ˆ︁⊗C∞(X3) spectral calculus gives

C =
∑︂
l

(PE +M2
l )−1 ⊗ Pl, M2

l = m2 + εl, (C.2)

C((x, y), (x′, y′)) =
∑︂
l

Kl(y, y
′)GMl

(x− x′), (C.3)

where Kl is the kernel of Pl and GMl
the massive Euclidean free propagator. The covariance

is directly related to the internal restoring semigroup. For any strictly positive internal

one-response operator M2 spectral calculus gives at fixed Euclidean momentum

(p2E + M2)−1 =

∫︂ ∞

0
e−sp

2
Ee−sM

2
ds. (C.4)

Here s has units of inverse mass squared. The integral retains every internal spectral

projector and converts its restoring eigenvalue into a one-particle mass square. It applies

to the scalar tower above and to the positive blocks of M2
YM. Physical time is the Lorentz

translation parameter reconstructed from this covariance.

Reflection positivity can be checked before reconstruction. For a positive-time test

function write ˆ︁fl(t,p) for its spatial Fourier transform projected by Pl. Its reflected covari-

ance form is

∑︂
l

∫︂
d3p

2ωl(p)

⃦⃦⃦⃦∫︂ ∞

0
e−ωl(p)t ˆ︁fl(t,p) dt

⃦⃦⃦⃦2
≥ 0, ωl(p) =

√︂
p2 +M2

l ,

with a unitary Fourier convention. The positive orthogonal sum converges on the test space.

Gaussian Wick extension preserves this positivity. A deterministic translation commuting

with reflection preserves the same quadratic forms for Gaussian cylinder observables. In

particular a reflection-invariant constant mean preserves positivity.
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C.3 Gaussian measure and reconstruction

Theorem C.1 (Free reconstruction of the internal tower). The functional

Z(f) = exp[−1
2⟨f, Cf⟩] (C.5)

defines a unique centred Gaussian measure on the distribution dual. Its Wick Schwinger

functions are symmetric and Euclidean covariant. They are also tempered and reflection

positive. OS reconstruction yields local bosonic free fields with the vacuum in Fock space

over

H1 =
⨁︂
l

L2

⎛⎝R3,
d3p

2
√︂
p2 +M2

l

⎞⎠⊗ PlL
2(X3). (C.6)

The one-particle masses are Ml with multiplicities dl. For this fixed covariance the spectral

and quasi-free descriptions are unitarily equivalent preserving the vacuum and projectors.

The full Hamiltonian is dΓ(ω) with the continuous momentum and multiparticle spectra

obtained by second quantization. The associated Weyl algebras form a local isotonic and

Poincaré-covariant net with positive-energy translations. Connected correlations of fixed

local smeared polynomial observables decay exponentially at the least mass to which they

couple up to polynomial factors. Every rate strictly below the positive mass lower bound

is an exponential bound.

Proof. The positive covariance is continuous on the nuclear test space. So Bochner–Minlos

gives the Gaussian measure [53]. Euclidean covariance follows from the mode resolvents.

To control the full Schwinger hierarchy use ∥C∥ ≤ m−2 on the product L2 space. Wick’s

rule gives for n ≥ 1

|S(2n)(f1, . . . , f2n)| ≤ (2n− 1)!!m−2n
2n∏︂
k=1

∥fk∥2, S(2n+1) = 0.

The continuous test-space seminorm on the right and the Gaussian factorial bound give the

required hierarchy regularity. Smooth internal smearing controls the mode sum. m > 0

controls the infrared limit and gives free clustering. The reflected form above supplies

positivity. The OS theorem reconstructs the Hilbert space and vacuum with positive-energy

fields [42, 43, 52]. Modewise reconstruction gives (C.6) and bosonic second quantization

gives the full Hamiltonian. Uniqueness of the quasi-free reconstruction gives the asserted

equivalence. The massive propagator bounds persist under smearing and the convergent

internal sum. Wick contraction expresses connected polynomial correlations through cross

propagators giving the stated clustering. The modewise Pauli–Jordan commutators have

causal support. Hence the Weyl algebras are local and inclusion of supports gives isotony.

This realizes the state and operation construction of Section 5 on the generated event

base. The generated Poincaré action commutes with compatible internal actions.

– 105 –



The relation between the internal mass and Lorentz translations is exact on the one-

particle space. On its lth summand P 0
1 =

√︂
p2 +M2

l and P i1 = pi. Consequently

(P 0
1 )2 −

∑︂
i

(P i1)2 = M2, M2 = ∆3 +m2 (C.7)

under the direct-integral identification. Multiparticle translations add the four-momenta.

For future-directed on-shell momenta this gives

P 2
tot =

∑︂
r

M2
r + 2

∑︂
r<s

(ErEs − pr ·ps) ≥

(︄∑︂
r

Mr

)︄2

. (C.8)

The inequality follows from the reverse Cauchy inequality for timelike future vectors. It

gives the two-particle threshold 4M2 for two equal masses. In contrast the internal response

completion adds the one-response eigenvalues through dΓ(M2). The two generators agree

on their internal one-response mass data and organize composite excitations according to

their respective composition laws. On the Lorentz Fock space H ≥ mminN with mmin =√︁
inf SpecM2 > 0. In infinite event volume its lower positive energy is a momentum

threshold while the internal operator has the attained eigenvalues proved above.

C.4 Positive spectral measure

For an internal test vector g ∈ L2(X3) the field ϕg(x) = ϕ(x⊗ g) has positive measure

ρg(dµ
2) =

∑︂
l

∥Plg∥2 δM2
l
(dµ2). (C.9)

These one-particle weights differ from the multiplicities dl of an internal trace. Composite

correlations can also contain multiparticle continua. The masses use the supplied shift m2

and the internal eigenvalues through M2
l = m2 + εl. Theorem 7.2 controls the associated

internal traces.

C.5 The intensity spectrum of the condensed quadratic tower

Fix a condensed branch of Corollary 8.3 with yL > 0 and ZL > 0 together with m2
δ =

4yLF
′′
L(yL)/ZL. Use the quadratic external realization (C.1) with m2 = m2

δ and the even

scalar Laplacian on RP3 of radius L. Let ela be a real orthonormal basis for normalized

Haar measure where l = 0, 2, . . . and a = 0, . . . , (l + 1)2 − 1 with e00 = 1. The canonically

normalized independent fields φla have masses

M2
l = m2

δ +
l(l + 2)

L2
.

The fluctuation of the amplitude is E(x, ξ) =
√
yL + Z

−1/2
L

∑︁
la φla(x)ela(ξ). Its centred

internally averaged Wick intensity is defined by spectral cutoffs and external test-function

smearing

I(x) =

∫︂
X3

: (E(x, ξ)2 − yL) : dµ3(ξ) =
2
√
yL√
ZL

φ00(x) +
1

ZL

∑︂
la

: φla(x)2 : . (C.10)
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Here x belongs to the reconstructed Minkowski representation and normal ordering is with

respect to its free vacuum. The mass and momentum variables use the same response

units.

Proposition C.2 (Positive pole and continuum of the Wick intensity). With Fourier

measure d4p/(2π)4 the connected two-point function of (C.10) has positive spectral measure

ρI(ds) =
4yL
ZL

δm2
δ
(ds) +

1

8π2Z2
L

∑︂
l even

(l + 1)2

√︄
1 −

4M2
l

s
1s≥4M2

l
ds. (C.11)

The one-particle pole has positive weight 4yL/ZL and is isolated from the continuum which

starts at s = 4m2
δ . The infinite sum defines a tempered positive two-point distribution.

For z = Q2 ≥ 0 choose the continuum subtraction with value and first z derivative zero at

z = 0. The corresponding response is

CR
I (z) =

4yL
ZL(z +m2

δ)
+

2

Z2
L

∑︂
l even

(l + 1)2BR(z;M2
l ), (C.12)

BR(z; a) =
1

16π2

∫︂ 1

0

[︃
u(1 − u)z

a
− log

(︃
1 +

u(1 − u)z

a

)︃]︃
du. (C.13)

If the internal sum retains l = 2j for 0 ≤ j ≤ J its omitted continuum contribution obeys

0 ≤ RJ(z) ≤ 81z2L4

61440π2Z2
L(2J + 1)

. (C.14)

Proof. Orthonormality gives (C.10). Odd Gaussian moments make its linear–quadratic

cross term vanish. Wick contraction of each squared field gives 2G2
Ml

. The two-particle

phase-space density of this contraction is (8π2)−1
√︂

1 − 4M2
l /s1s≥4M2

l
. The linear term

supplies the displayed atom. At every bounded s only finitely many internal shells con-

tribute. Their total multiplicity is O(s3/2) giving polynomial spectral growth. External

Schwartz smearing therefore makes the cutoff two-point functions converge. Equivalently

the cutoff observables applied to the vacuum converge in the free Hilbert space.

For each mass a > 0 two subtractions of the Euclidean bubble give (C.13). Its disper-

sion form is

BR(z; a) =
z2

16π2

∫︂ ∞

4a

√︁
1 − 4a/s

s2(s+ z)
ds.

The bound 0 ≤ t − log(1 + t) ≤ t2/2 and
∫︁ 1
0 u

2(1 − u)2du = 1/30 imply 0 ≤ BR(z; a) ≤
z2/(960π2a2). For the omitted shells j ≥ J + 1 ≥ 1

M2
2j ≥

8(2j + 1)2

9L2
,

∑︂
j>J

(2j + 1)2

M4
2j

≤ 81L4

64

∑︂
j>J

1

(2j + 1)2
≤ 81L4

128(2J + 1)
.

This proves (C.14) and convergence of the subtracted response. The bubble sum is locally

normally convergent off its cut (−∞,−4m2
δ ]. So is analytic at z = −m2

δ . The isolated pole

and its weight follow. Local contact polynomials affect neither the spectral measure nor

this residue.
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The intensity therefore measures the internal scalar gap in this quadratic realization.

Its complete two-point response can be bounded using finite spectral sums. For 0 ≤ z/a ≤ 4

the bubble integral before its factor 1/(16π2) has the convergent alternating expansion

∞∑︂
n=2

(−1)n

n

(︂z
a

)︂n (n!)2

(2n+ 1)!
.

Adjacent even and odd partial sums give rational bounds for each retained shell. Together

with (C.14) these propagate the existing intervals for yL and m2
δ directly to the response.

For a colour observable in a common source representation a nonzero cross weight at the

same mass gives a positive lower bound on its mass weight (Appendix G.8.5).

C.6 The radial curvature polynomial

The Gaussian colour source selects the radial polynomial P (N) = λRN +κRN
2 of (G.54).

In the condensed quadratic realization above evaluate this polynomial on the internally

integrated scalar amplitude

R(x) =:P

(︃∫︂
X3

E(x, ξ)2dµ3(ξ)

)︃
: −P (yL). (C.15)

At finite internal cutoff expand the polynomial and Wick order its elementary fields to-

gether. The limit is taken after external smearing. The internal integral precedes the

polynomial evaluation.

Proposition C.3 (Spectrum of the radial curvature observable). Write y = yL and Z = ZL
with m = mδ and enumerate the real internal modes including multiplicities by i with i = 0

the constant mode. Set

a =
2
√
y

√
Z
, b =

1

Z
, g1 = a(λR + 2κRy),

g2i = b(λR + 2κRy) + κRa
2δi0, h = 2κRab, k = κRb

2.

Let ρr(s;m1, . . . ,mr) be the positive spectral density of the product of r free two-point

functions normalized by

ρ2(s;m1,m2) =

√︁
[s− (m1 +m2)2][s− (m1 −m2)2]

16π2s
1s≥(m1+m2)2 .

The connected measure of (C.15) is

ρR(ds) = g21δm2(ds) + ρcont(s) ds, (C.16)

ρcont(s) = 2
∑︂
i

g22iρ2(s;Mi,Mi)

+ h2

[︄
2
∑︂
i

ρ3(s;m,Mi,Mi) + 4ρ3(s;m,m,m)

]︄

+ k2

⎡⎣8
∑︂
ij

ρ4(s;Mi,Mi,Mj ,Mj) + 16
∑︂
i

ρ4(s;Mi,Mi,Mi,Mi)

⎤⎦ .
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The atom has weight

g21 =
4y

Z
(λR + 2κRy)2 > 0.

The continuum begins at 4m2. The three- and four-particle contributions begin at 9m2

and 16m2. The full internal tower defines a tempered positive two-point distribution with

ρcont(s) = O((1 + s)5) in fixed response units. Six continuum subtractions give the conver-

gent response

CR
R(z) =

g21
z +m2

+ z6
∫︂ ∞

4m2

ρcont(s)

s6(s+ z)
ds, z = Q2 ≥ 0. (C.17)

Proof. Orthonormality gives
∫︁
E2 = y+aφ0+b

∑︁
i φ

2
i . Polynomial expansion and common

Wick ordering yield

R = g1φ0 +
∑︂
i

g2i : φ2
i : +h

∑︂
i

: φ0φ
2
i : +k

∑︂
ij

: φ2
iφ

2
j : .

Different Wick orders are orthogonal. With Di = ∆+(x;M2
i ) and Sr =

∑︁
iD

r
i the con-

nected covariance is

g21D0 + 2
∑︂
i

g22iD
2
i + h2(2D0S2 + 4D3

0) + k2(8S2
2 + 16S4).

The cubic zero-mode term has six contractions. Each mixed cubic term has two. The

quartic equal-mode term has twenty-four contractions and each unordered unequal pair

has sixteen. This proves the spectral coefficients. Successive phase-space convolution gives

ρr+1(s;m1, . . . ,mr+1) =

∫︂ (
√
s−mr+1)2

(
∑︁r

a=1ma)2
ρr(u;m1, . . . ,mr) ρ2(s;

√
u,mr+1) du,

with zero for an empty interval. In particular 0 ≤ ρr(s) ≤ sr−2/[(r − 2)!(16π2)r−1].

Only modes with Mi ≤
√
s contribute and their number is O((1 + s)3/2). The quadratic

and cubic densities and the quartic density are therefore bounded respectively by O((1 +

s)3/2) and O((1 + s)5/2) and O((1 + s)5). External Schwartz smearing makes the cutoff

observables applied to the vacuum a Cauchy sequence by positivity and these bounds. The

six-subtracted integral is integrable at infinity as O(s−2). Its continuum part is analytic

off (−∞,−4m2] proving isolation of the positive atom at z = −m2.

The mixed response with the canonical constant mode is exactly ⟨φ0(x)R(0)⟩c =

g1∆+(x;m2). Thus this radial observable couples to the scalar excitation through a nonzero

one-particle vertex. The subtraction in (C.17) fixes the first six continuum Taylor coeffi-

cients at zero. Other local choices add a polynomial of degree at most five and preserve

the spectral weights.
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C.7 The free local net

For the bosonic tower of Theorem C.1 let F be a real test function on MV ×X3 with finite

internal spectral support. With Φ(F ) the reconstructed field set

A(O) =
{︁
eiΦ(F ) : suppMV

F ⊂ O
}︁′′

(C.18)

for bounded open event regions O. The net is isotonic and Poincaré covariant. It is local

with positive-energy translations and the reconstructed vacuum. The Reeh–Schlieder and

CPT conclusions hold under the standard Wightman hypotheses [27, 28].

C.8 The interacting local net

Use the four-dimensional gauge–matter realization of the generated carriers. Its event con-

nection A has structure group Gint. Retained internal connection components are adjoint

scalar fields on MV . A finite internal resolution ΠN retains complete Gint multiplets of

these scalar fields and the full matter module Mfull with the elementary connector. The

projector acts on mode labels and commutes with the fibre action. The notation ΠN dis-

tinguishes this resolution from the neutral projection PN in Section 5. Locality refers to

x ∈ MV . Internal overlap coefficients fix the vertices and leave the causal cone unchanged.

Products are evaluated with their full internal support before integration over X3.

For this field realization gauge parameters depend on the event variable and take values

in the generated Lie algebra gint. Writing ϕN collectively for associated scalar and matter

fields the classical differential is

sNA = dc+ [A, c], sNc = −1
2 [c, c], sNϕN = −ρ∗(c)ϕN . (C.19)

The internal projector commutes with ρ∗(c). So these transformations close on the retained

fields. The graded Jacobi identity and the representation identity give s2N = 0. In particular

the gauge bracket is the original matrix bracket rather than a projected product of internal

functions.

For a compactly supported test function f on MV write the full retained field multiplet

as ΦN = (A,ϕN ) and set

VN (f) =

∫︂
MV

f(x)Lint,N (ΦN , ∂ΦN )(x) d4x, (C.20)

where Lint,N is obtained by expanding the native curvature FA = dA+A∧A and common

matter transport with the scalar connector of Section 8. Its matrix commutators and

internal mode products together with the charges and source-natural relative structure are

those fixed by the source response. Numerical Yukawa weights of distinct quark and lepton

channels remain action-level dynamical data. The free quadratic part is the covariance

of Theorem C.1 together with the gauge-fixed normally-hyperbolic and Dirac operators

of the same generated modules. The local action used here consists of the curvature

square and covariant scalar and Dirac terms together with Yukawa terms and an invariant

scalar polynomial of degree at most four. With [A] = [ϕ] = 1 and [ψ] = 3/2 together

with [∂µ] = 1 its vertices have engineering dimension at most four. Internal derivatives
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contribute fixed mode coefficients. This is the renormalizable local field realization. The

complete logarithmic functional of Section 8 determines the collective response and its

equilibrium masses.

Theorem C.4 (Finite-resolution perturbative local net on the generated Lorentz carrier).

At every gauge-compatible finite internal resolution described above the local functional

(C.20) determines a finite-resolution Poincaré-covariant causal perturbative local net on

MV as a formal power series in the native interaction. If Tn are locally covariant time-

ordered products and

S(F ) = I +
∑︂
n≥1

in

n!
Tn(F⊗n), SV(F ) = S(V)−1S(V + F ), (C.21)

then causal factorization gives

SV(F+ + F0 + F−) = SV(F+ + F0)SV(F0)
−1SV(F0 + F−) (C.22)

whenever suppF+ is causally later than suppF−. For a bounded causally convex region

O ⊂ MV choose f = 1 on a neighbourhood of its causal hull. The algebraic adiabatic

construction

AV,N (O) = alg{SVN (f)(F ) : F local, suppF ⊂ O} (C.23)

is independent of the choice of f up to the canonical relative S-matrix isomorphism. These

local equivalence classes form an isotonic local Poincaré-covariant net satisfying the time-

slice property. For the gauge theory the physical net is

Aphys,N (O) = H0(AV,N (O), sq) , (C.24)

where sq is the renormalized BRST differential. The anomaly identities in (4.54) and the

even number of weak doublets permit a BRST-preserving normalization to every pertur-

bative order. Hence s2q = 0 and (C.24) is independent of the gauge-fixing representative.

Proof. The generated Minkowski carrier is globally hyperbolic and at fixed N the free

gauge-fixed system is a finite Green-hyperbolic multiplet. Its advanced and retarded prop-

agators therefore have support in the cone (10.4). The Peierls bracket of functionals with

spacelike separated supports vanishes. The microlocal extension theorems of causal pertur-

bation theory construct the Tn while preserving causal factorization and covariance with

the field equation [54, 55]. Equation (C.22) proves isotony and locality. The causal iso-

morphism between two switching functions that agree near the causal hull of O gives the

algebraic adiabatic limit and the local equation of motion gives the time-slice property.

All internal overlap tensors are intertwiners of the fibre action. Since ΠN commutes

with that action restriction to complete retained multiplets preserves invariance of the

integrated action SN so that sNSN = 0. Couple each field antifield to its variation in

(C.19) and include the usual antighost–auxiliary-field pair. Invariance and s2N = 0 give

the classical BV master equation (SBV,N , SBV,N ) = 0. Thus the finite field system has the

same closed gauge algebra as its source carriers.
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For gauge fields one applies the BV–BRST extension. Perturbative Yang–Mills observ-

ables are the degree-zero cohomology of the renormalized BRST differential and the Ward

identities can be imposed whenever the local anomaly class vanishes [46]. The generated

chiral module has vanishing cubic and mixed gauge-anomaly coefficients together with the

gravitational gauge-anomaly coefficients by (4.54). The perturbative Adler–Bardeen theo-

rem applies to this renormalizable gauge–scalar–spinor system. Here Gint is compact with

one Abelian Lie-algebra factor. The classical master equation holds and complete chiral

multiplets have the vanishing anomaly coefficients above. In a locally covariant normaliza-

tion satisfying perturbative agreement the one-loop cancellation therefore gives all-order

gauge-anomaly freedom [47]. Retained adjoint scalars add no chiral anomaly and each full

matter copy has the same cancelling coefficients. The global mod-two obstruction is absent

because the number of weak doublets is even. It follows that the quantum master identity

can be normalized so that s2q = 0. Standard BRST homological arguments give gauge-fixing

independence of the physical cohomology and preserve causal factorization.

The source scale selects the gauge-compatible finite internal resolution at which an

observation is made. At that resolution the theorem is exact in event support and causal

order and perturbative in the native vertices. Its gauge symmetry is the local Gint action

on the event carrier. Internal modes label complete associated multiplets. Joint reso-

lution carries the internal products together with their unresolved product correction as

established in Section 8.1. The complete internal spectral response is retained in the con-

densation and mass-gap theorem of Section 8.8. The local Lorentzian net is its event-space

field representation.

D Statistical interpretation of the internal geometry

The level-set interpretation of Section 4 concerns Gaussian fluctuations on the generated

Euclidean event carrier EV . On its real nuclear test space a continuous positive covariance

C defines a centred Gaussian measure on the distribution dual through

Z(f) = exp[−1
2C(f, f)]

by Bochner–Minlos [53]. Reflection positivity is a further condition proved for the product

covariance in Theorem C.1. Here C specifies field fluctuations on the base. The tangent

Gaussian law of Section 3 specifies the source increments.

For a translation-invariant tempered covariance on EV ∼= R4 Bochner–Schwartz gives

the distributional representation

C(x, y) =

∫︂
eip·(x−y) dν(p), ν ≥ 0.

Rotation invariance makes the kernel radial and when ν is absolutely continuous its density

a function of p2. If the field additionally has scaling dimension one its covariance has away

from contact terms

C(x, y) =
c

|x− y|2
, ˆ︁C(p) ∝ p−2;
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The degree −2 follows from homogeneity in four dimensions.

For a smooth mollification σε of this field the regular-value theorem makes every regular

level {x : σε(x) = s} a smooth hypersurface. The round/projective geometry can then

serve as an ensemble-level model for these surfaces. This is a geometric interpretation of

the fluctuations. The internal classification is proved in Theorem 4.3 and Proposition 4.4.

E Relative spectral estimates

E.1 Relative information and Hilbert–Schmidt convergence

The subtracted response x − log(1 + x) = O(x2) makes Hilbert–Schmidt summability

sufficient to control the potential and its first two derivatives. This control passes through

the stationary equation to the normalized radial mass. The finite Gaussian relative-entropy

identity fixes the sign and comparison direction of the prescribed response (Theorem 8.3).

The bosonic fluctuation determinant has the sign convention of Theorem B.6.

Let A > 0 and B ≥ 0 be real symmetric matrices on an n-dimensional real mode

space. Set Ay = A+ yB for y ≥ 0 and T = A−1/2BA−1/2. For the centred Gaussian laws

ν0 = N(0, A−1) and νy = N(0, A−1
y )

2DKL(ν0∥νy) = Tr{yT − log(I + yT )}. (E.1)

The Gaussian relative-entropy formula [12] also applies when A and B do not com-

mute. The log density ratio is −1
2 log det(AyA

−1) + 1
2x

T(Ay − A)x. Its ν0 expectation is
1
2{Tr(yBA−1) − log det(I + yT )} giving the result by cyclicity of the finite trace.

Reversing the two laws changes the eigenvalue function to log(1+x)+(1+x)−1−1 whose

second derivative changes sign at x = 1. Equation (E.1) uses real Gaussian coordinates.

For the usual proper complex Gaussian convention the factor 2 on its left is absent. General

fixed weights define the weighted response of Theorem 8.2.

Theorem E.1 (Hilbert–Schmidt convergence of the relative potential). Let A ≥ a∗I > 0

be self-adjoint and let b be a nonnegative form on D(A1/2). Suppose its relative form is

represented by a nonzero positive Hilbert–Schmidt operator T meaning

b[u, v] = ⟨A1/2u, TA1/2v⟩.

The forms ay = a+ yb for y ≥ 0 are closed on the same domain. The relative functional

IT (y) = Tr{yT − log(I + yT )} = − log det 2(I + yT ) (E.2)

is finite and nonnegative. It is strictly convex with

I ′T (y) = Tr{yT 2(I + yT )−1},
I ′′T (y) = Tr{T 2(I + yT )−2} > 0. (E.3)

For finite-rank orthogonal projections PN → I strongly TN = PNTPN converges to T in

Hilbert–Schmidt norm and ITN → IT in C2([0, Y ]) for each finite Y .
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Proof. Since T is bounded and positive a[u] ≤ ay[u] ≤ (1 + y∥T∥)a[u]. So the form norms

are equivalent. For the positive eigenvalues tj of T one has 0 ≤ ytj − log(1 + ytj) ≤ y2t2j/2.

The sum and its first two derivatives together with its higher derivatives on compact

positive y intervals therefore converge normally. The regularized determinant in (E.2) is

the convergent product
∏︁
j(1 + ytj)e

−ytj . These facts prove the formulas and positivity.

Finite-rank approximation of a Hilbert–Schmidt operator gives the asserted norm

convergence. More explicitly for positive Hilbert–Schmidt S, T put δ = ∥S − T∥2 and

c = ∥S∥2 + ∥T∥2 with q = ∥T∥22. The resolvent identity and the trace-ideal product

estimate give uniformly on 0 ≤ y ≤ Y

|IS(y) − IT (y)| ≤ (Y 2c/2 + Y 3q/3)δ,

|I ′S(y) − I ′T (y)| ≤ (Y c+ Y 2q)δ,

|I ′′S(y) − I ′′T (y)| ≤ (c+ 2Y q)δ. (E.4)

Indeed ∥S2 − T 2∥1 ≤ cδ and ∥(I + yS)−1 − (I + yT )−1∥ ≤ yδ. For the squared resolvents

the latter bound is 2yδ. Substitution in (E.3) and integration prove the bounds.

If the truncation commutes with A expressing the compressed form relative to A gives

PNTPN . Other truncations require a bound for their relative operators such as (E.4).

For B = gI the inverse three-dimensional conformal Laplacian is not trace class on L2.

Proposition G.8 constructs the Gaussian law on a negative Sobolev space and computes

its density and restoring moments there. Convergence of the compensated trace uses the

Hilbert–Schmidt relative operator. A principal-symbol deformation can instead have rela-

tive order zero for which the displayed quadratic summability condition must be checked

separately.

Theorem 8.2 classifies stability. For a finite positive matrix S = TrT and the condensed

stability interval is −2S < µ < 0. The same restriction persists with infinitely many modes

if fixed Gaussian weights make S finite. With the unweighted positive Hilbert–Schmidt

form of Theorem E.1 the only distinction is whether T is trace class. If weights vary with y

or the scale parameter their derivatives contribute to the stationary equation. For a signed

coordinate r uniqueness of y∗ = r2 > 0 gives two coordinate minima r = ±√
y∗. Whether

they represent distinct vacua depends on the symmetry and observable algebra.

E.2 Gaussian-weighted scale dependence and stability

Theorem E.2 (Scale dependence of the Gaussian-weighted potential). For the same com-

muting conformal deformation Ay = A + gyI let L, g, τ > 0 and µ be C1 functions of a

parameter σ on an open interval. Put cj = (2j+1)2−1/4 and dj = (2j+1)2. Set aj = cj/L
2

and f(x) = x− log(1 + x). Retain the unnormalized Gaussian weights independent of y in

the complete response

F (σ, y) =
µy

2
+
∑︂
j≥0

dje
−τajf(gy/aj), y ≥ 0. (E.5)

The dimensionless variables

q =
τ

L2
, κ = gL2, z = κy, χ =

µ

2κ
, Jq(z) =

∑︂
j

dje
−qcjf(z/cj) (E.6)
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give F = χz + Jq(z). Define

S(q) =
∑︂
j

dje
−qcj

cj
, H(q, z) =

∑︂
j

dje
−qcj

(cj + z)2
, B(q, z) =

∑︂
j

dje
−qcj

cj + z
.

The response has a unique positive global minimizer precisely when −S(q) < χ < 0. On

this open stable set its stationary branch is C1 in σ and with primes denoting parameter

derivatives

z′∗ =
−χ′ + q′z∗B(q, z∗)

H(q, z∗)
, y′∗ =

z′∗
κ

− κ′

κ
y∗. (E.7)

Proof. On compact parameter intervals q ≥ q0 > 0. For bounded z ≥ 0 every derivative

used here is bounded by a polynomial in cj times e−q0cj after reducing q0 if necessary. These

bounds are summable since cj ≍ j2 and dj ≍ j2. Hence the series may be differentiated

locally. Direct calculation gives

∂zJq =
∑︂
j

dje
−qcjz

cj(cj + z)
, ∂2zJq = H > 0, ∂q∂zJq = −zB.

The derivative χ+∂zJq increases from χ to χ+S(q). Theorem 8.2 gives exactly the stated

domain of positive minimizers. The implicit function theorem applied to χ+ ∂zJq(z∗) = 0

gives a C1 branch and (E.7).

The branch derivative is along the specified path L, g, τ, µ. Constant τ/L2 leaves the

weights unchanged. Amplitude-dependent weights or running prefactors require additional

derivatives.

For attenuation alone the boundary can be read directly from this branch. Fix L, g

and µ < 0 and increase q = τ/L2. There is a unique qc > 0 with S(qc) = −χ. The positive

minimizer exists exactly for 0 < q < qc. It increases strictly with q and tends to infinity

as q ↑ qc. Its unnormalized radial curvature 4y∗Fyy = 4κz∗H(q, z∗) tends to zero. Since

S′(q) = −
∑︁

j dje
−qcj < 0 with S(0+) = ∞ and S(∞) = 0 there is exactly one qc. The

branch equation gives dz∗/dq = z∗B/H > 0. At qc every finite z has ∂zJqc(z) < S(qc).

Hence z∗ → ∞. Finally

0 < 4κz∗H(q, z∗) ≤
4κ

z∗

∑︂
j

dje
−qcj −→ 0,

since the last sum is uniformly bounded near qc > 0.

This attenuation boundary at fixed spectrum and drive differs from a path with running

spectrum and drive. Compact subsets of the stable parameter domain instead have uniform

positive lower bounds for the root and H.

E.3 Truncation, stationary amplitudes and mass errors

Proposition E.3 (Uniform truncation and response error control). For the scalar confor-

mal operator on RP3 of radius L write

aj =
(2j + 1)2 − 1/4

L2
, dj = (2j + 1)2, j = 0, 1, . . . .
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For the commuting deformation Ay = A + gyI with g > 0 take tj = g/aj and βj = dj .

Then Q2 < ∞ but S = ∞. So every µ < 0 has the positive global minimizer described

above. Retaining 0 ≤ j ≤ N

T2,N :=
∑︂
j>N

dj
a2j

≤ 8L4

9(2N + 1)
. (E.8)

On 0 ≤ y ≤ Y the errors in I, I ′, I ′′ are respectively bounded by g2Y 2T2,N/2 and g2Y T2,N
and g2T2,N and all three errors are nonnegative.

Proof. For u = 2j + 1 ≥ 1 one has u2 − 1/4 ≥ 3u2/4. Consequently dj/a
2
j ≤ 16L4/(9(2j +

1)2) and the decreasing-function integral bound gives
∑︁

j>N (2j + 1)−2 ≤ [2(2N + 1)]−1.

Also dj/aj ≥ L2 proving divergence of S. The scalar bounds 0 ≤ x − log(1 + x) ≤ x2/2

and the derivative formulas prove the three remainder estimates. The constant conformal

mode is included throughout with a0 = 3/(4L2).

For fixed weights wj = e−τaj with τ > 0 the restoring slope is finite and obeys

Sτ = g
∑︂
j

dje
−τaj

aj
≤ 4

3
gL2e−3τ/(4L2)

(︃
1 +

√
πL

4
√
τ

)︃
. (E.9)

This follows from dj/aj ≤ 4L2/3 and aj ≥ (4j2 + 3/4)/L2. Its weighted T2,N is at most

e−τaN+1 times (E.8). The unweighted potential FL uses the divergent restoring slope S = ∞
established above.

Stationary amplitudes and radial masses. Suppose the finite and completed com-

muting responses share g and their retained aj , βj with the drive µ. Suppose their positive

roots yN , y∗ lie in one interval [u, Y ] on which the finite second derivative has a lower bound

m > 0. With T2,N =
∑︁

j>N βj/a
2
j

0 ≤ yN − y∗ ≤
g2Y T2,N

m
. (E.10)

More generally if µN replaces µ and all other changes produce a C1 derivative error at

most ϵ1 on this interval the absolute root error is at most

δy :=
|µN − µ|/2 + g2Y T2,N + ϵ1

m
. (E.11)

The common bracket must contain both roots. The lower bound m must apply to the

finite potential after all parameter and operator modifications. Let Qk =
∑︁

j βj(g/aj)
k

for k = 2, 3 and assume Q3 < ∞. For the conformal tower this follows from aj ≥ a0 > 0

and Q3 ≤ (g/a0)Q2. With no additional second-derivative changes the radial curvatures

CN = 4yNI
′′
N (yN ) and C∗ = 4y∗I

′′(y∗) satisfy

|CN − C∗| ≤ 4{(Q2 + 2Y Q3)δy + Y g2T2,N}. (E.12)

If a further second-derivative error is bounded by ϵ2 add 4Y ϵ2 to the right side. For kinetic

coefficients ZN , Z∗ ≥ z0 > 0⃓⃓⃓⃓
CN
ZN

− C∗
Z∗

⃓⃓⃓⃓
≤ |CN − C∗|

z0
+
C∗|ZN − Z∗|

z20
. (E.13)
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Proof. The full derivative exceeds the finite derivative. So its root is no larger. Apply the

mean value theorem to the finite derivative and then the tail estimate. The same argument

with the joint derivative defect gives (E.11). The bounds I ′′N ≤ Q2 and |I ′′′N | ≤ 2Q3 give

(E.12). Subtraction of the two normalized fractions gives (E.13).

Opposite derivative signs at u and Y including the error bounds give a common root

bracket. One retained mode with βj > 0 supplies m = βjg
2/(aj + gY )2. For fixed µ < 0

sufficiently large unweighted conformal truncations inherit such a bracket. Uniformity

near µ = 0 requires additional bounds. Both the positive root and its radial curvature can

approach zero.

A finite truncation has a finite limiting restoring slope. The low modes must therefore

balance the largest negative drive on the scale interval before the cutoff can approximate

the condensed branch. Those same modes give a common root bracket and a positive

derivative bound. The remaining modes determine the truncation error.

Uniform control on a condensed scale interval. Along the path of Corollary 8.3

suppose the coefficient functions satisfy

0 < ν− ≤ νk ≤ ν+, 0 < κ− ≤ κk ≤ κ+, 0 < Z− ≤ Zk ≤ Z+.

Truncate only the unweighted potential at j = N keeping its drive and normalization with

the constant conformal mode. Put

cj = (2j + 1)2 − 1
4 , dj = (2j + 1)2, HN (z) =

N∑︂
j=0

djz

cj(cj + z)
.

Choose an integer M ≥ 0 with M + 1 > 2ν+ and define

Y = cM , B2 = 8
3 , B3 = 32

9 , u =
ν−
2B2

, m = H′
M (Y ) > 0, rN =

8

9(2N + 1)
.

For every N ≥M both the complete and truncated potentials are coercive and have unique

positive global minimizers with

u < zk ≤ zN,k < Y, 0 ≤ zN,k − zk ≤
Y rN
m

, HN (zN,k) = νk. (E.14)

Set m2
N,k = 4κkzN,kH′

N (zN,k)/Zk. The full scalar mass towers constructed from either

amplitude on their common H2 domain satisfy

inf
k∈I

min{m2
N,k,m

2
δ,k} ≥ ΓI :=

4κ−um

Z+
> 0,

sup
k∈I

|m2
N,k −m2

δ,k| ≤ KIrN , KI =
4κ+Y

Z−

(︃
1 +

B2 + 2Y B3

m

)︃
.

(E.15)

The last error is also the norm of the bounded difference between the two mass-squared

operators uniformly in k. Thus a single finite N ≥ M with 8KI/[9(2N + 1)] ≤ ε achieves

any prescribed mass-squared accuracy ε > 0 on the whole interval.
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Proof. Proposition E.3 at L = 1 gives
∑︁

j dj/c
2
j ≤ 16/9 + 8/9 = B2 and

∑︁
j dj/c

3
j ≤

(4/3)B2 = B3. Hence HN (u) ≤ H(u) ≤ B2u < ν− whereas

HM (Y ) ≥ 1
2

M∑︂
j=0

dj
cj
> 1

2(M + 1) > ν+.

Monotonicity brackets every root as asserted. The finite limiting restoring slope exceeds

ν+. So the stability classification of Theorem 8.2 also proves coercivity of each truncated

potential. On [u, Y ] one has H′
N ≥ H′

M (Y ) = m and 0 ≤ H − HN ≤ Y rN . The mean

value theorem gives the root error. Moreover H′
N ≤ B2 and |H′′

N | ≤ 2B3. Applying these

bounds to zH′
N (z) and using 0 ≤ H′−H′

N ≤ rN proves the mass error. The common lower

bounds z > u and H′ ≥ m give ΓI . Both mass operators retain the same complete Laplace

tower and differ only by their constant shifts proving the operator assertion.

The coefficient bounds must hold on the entire path. The auxiliary constants use finite

sums. So interval arithmetic with outward rounding can include their evaluation error. The

displayed errors concern the exact truncated root zN,k. A numerical root enclosure must

also bound the root-solving error. The derivative lower bound m converts a residual bound

into such an enclosure and Proposition E.3 propagates it to the radial mass. Choosing

ε = ΓI/2 bounds the spectral truncation error relative to the positive gap.

E.4 Landau approximation and the exact stationary equation

Proposition E.4 (Landau approximation and exact conformal stationarity). In Theo-

rem 8.2 suppose M := supj tj <∞ and put Q3 =
∑︁

j βjt
3
j ≤MQ2. Writing λspec = 2Q2

Fµ(y) =
µ

2
y +

λspec
4

y2 + R(y),

one has for all y ≥ 0

|R(y)| ≤ Q3y
3/3, |R′(y)| ≤ Q3y

2, |R′′(y)| ≤ 2Q3y. (E.16)

If µ < 0 let yquad = −µ/λspec be the stationary amplitude square of the quartic approxima-

tion. If η = Myquad < 1 the complete potential is stable even in the finite-restoring-slope

case and

yquad ≤ y∗ ≤
yquad
1 − η

, (1 − η)(−2µ) ≤ 4y∗I
′′(y∗) ≤ −2µ. (E.17)

With kinetic coefficient Z∗ > 0 the radial mass is m2
curv = 4y∗I

′′(y∗)/Z∗. Unit kinetic

normalization sets Z∗ = 1.

Proof. For x ≥ 0 one has x2/2 − [x − log(1 + x)] =
∫︁ x
0 s

2/(1 + s) ds. Differentiation gives

the three remainder bounds. Furthermore

yQ2

1 + yM
≤ I ′(y) ≤ yQ2, S ≥ Q2/M > Q2yquad = −µ/2.

The stationary equation I ′(y∗) = Q2yquad yields the root bounds. Each summand in

y∗I
′′(y∗) is its corresponding summand in I ′(y∗) times (1 + y∗tj)

−1. This factor is between

(1 + y∗M)−1 ≥ 1 − η and 1 giving the curvature bounds.
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For B = gI the quartic coefficient at E = 0 is λspec = 2g2 TrA−2. The formula

m2
curv = −2µ holds for a quartic potential with unit kinetic normalization. Under (8.14) it

gives 16
3 (Rc−R). The complete logarithmic response has a strictly smaller curvature with

the difference given by (E.20).

Exact stationary equation for the conformal tower. For the unweighted full con-

formal tower set κ = gL2 and cj = (2j + 1)2 − 1/4. Put dj = (2j + 1)2 and J(z) =∑︁
j dj [z/cj − log(1 + z/cj)]. Its derivative is

H(z) := J ′(z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
π

8
− πb

4
tan

πb

2
, 0 ≤ z < 1

4 , b =
√︂

1
4 − z,

π

8
, z = 1

4 ,

π

8
+
πs

4
tanh

πs

2
, z > 1

4 , s =
√︂
z − 1

4 .

(E.18)

The function is smooth and strictly increasing from zero to infinity with H′(0) = π(π+2)/8

and H′(1/4) = π2/8. Consequently for every µ < 0 the full potential Fµ(y) = µy/2+J(κy)

has stationary amplitude and radial curvature given by

H(z∗) = − µ

2κ
, y∗ =

z∗
κ
, C∗ = 4κz∗H′(z∗), λspec =

π(π + 2)

4
κ2. (E.19)

Here C∗ is the radial second derivative and the squared radial mass is C∗/Z∗ in the stated

normalization. The correction to the quartic curvature is

−2µ− C∗ = 4κz2∗
∑︂
j≥0

dj
cj(cj + z∗)2

> 0. (E.20)

Proof. Logarithmic differentiation of cos(πb/2) =
∏︁
j≥0(1 − b2/(2j + 1)2) gives

∑︂
j≥0

1

(2j + 1)2 − b2
=

π

4b
tan

πb

2
.

The product follows by dividing the Euler products for sin(πb) and sin(πb/2). Take contin-

uous limits at zero. For b2 = 1/4 − z termwise rearrangement of the convergent derivative

yields

J ′(z) =
1

4

∑︂
j

1

(2j + 1)2 − 1/4
− b2

∑︂
j

1

(2j + 1)2 − b2
.

Substitution and b = is prove the real formulas on the two intervals. Normal convergence

of the differentiated defining series proves smoothness also at z = 1/4 and gives H′(z) =∑︁
j dj/(cj+z)2 > 0. Evaluation at zero gives the stated quartic coefficient. The hyperbolic

formula gives the infinite limiting slope. The stationary equation then has exactly one

positive root. Differentiating Fµ(E2) gives C∗. Finally subtract z∗H′(z∗) from H(z∗) term

by term and use the stationary equation to obtain the positive correction.

The stationary equation retains the complete logarithm including j = 0. The zero-

mode realization instead omits that term from its eliminated tower. Gaussian weighting
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replaces the defining series by the weighted sum. For the present unweighted response the

tail and Landau estimates give controlled approximations to the exact equation.

The hyperbolic expression also fixes the large-amplitude growth. Since s =
√
z +

O(z−1/2) and tanh(πs/2) = 1 +O(e−πs) it gives

J ′(z) =
π

4

√
z +

π

8
+O(z−1/2), J(z) =

π

6
z3/2 +

π

8
z +O(

√
z).

The second formula follows by integration from any fixed positive z. With I(y) = J(κy)

these formulas give the restoring asymptotics in Section 8. They describe growth only as

the amplitude tends to infinity. Normal convergence controls the response and its first two

derivatives at every finite amplitude.

F Auxiliary Yang–Baxter and RTT algebra

The exchange-algebra comparison in Section 10 uses the standard rational R-matrix[36,

Chapter VI, Sections 1–2]. The generated phase-sensitive carrier fixes its equivariant class.

The retained Dirac levels supply the monodromy inhomogeneities. Thus the exchange

construction uses the existing mode labels to organize a finite auxiliary family of commuting

operators. The classification is within rational difference families regular at the origin and

nonconstant modulo scalar functions.

F.1 Carrier and spectral inhomogeneities

Let S ∼= C2 be the minimal phase-sensitive spin module of Theorem 4.5. On the selected

spin lift put ˆ︁D := RbDX3 , λ+n = n+
3

2
, n = 0, 2, 4, . . . . (F.1)

Let P+ = 1(0,∞)( ˆ︁D) and ˆ︁D+ = ˆ︁D|ranP+ . The resolvent ( ˆ︁D++uI)−1 has poles at −(n+3/2)

for even n. For a cutoff c the retained absolute positions of these poles form

Θc =

{︃
n+

3

2
: n ∈ 2N0, n+

3

2
< c

}︃
. (F.2)

If 11/2 < c < 15/2 then Θc = {3/2, 7/2, 11/2}. Using these pole positions as spin-chain

inhomogeneities defines a finite spin chain for each cutoff.

F.2 The rational equivariant family

Let P (v ⊗ w) = w ⊗ v on S ⊗ S.

The multiplicity-free decomposition S ⊗ S = Sym2 S ⊕ Λ2S and Schur’s lemma give

EndSU(2)(S ⊗ S) = CΠsym ⊕ CΠalt = spanC{I, P}. (F.3)

Here Πsym = (I + P )/2 and Πalt = (I − P )/2.
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Rational difference solution. Consider a difference-type SU(2)-equivariant family

R(u) = a(u)I + b(u)P with rational coefficients that are regular at the origin a(0) = 0

and b(0) ̸= 0. Require the family to be nonconstant modulo scalar functions. The rational

function a(u)/b(u) is nonconstant. Every solution of the additive Yang–Baxter equation

in this class is after multiplication by a nonzero rational scalar function and rescaling the

spectral parameter equivalent to

Rη(u) = uI + ηP, η ̸= 0. (F.4)

By (F.3) divide by b(u) near zero and write R(u)/b(u) = r(u)I + P . Scalar factors cancel

in YBE and RTT. The standard flip calculation [36, Chapter VI] gives

[r(u+ v) − r(u) − r(v)](P12P23 − P23P12) = 0. (F.5)

The second factor is nonzero. So r is locally additive. Regularity gives r(u) = αu by

differentiation at zero. Rational continuation extends the identity. Nonconstancy of a/b

fixes α ̸= 0 and division by α gives (F.4) with η = 1/α. Scalar equivalence is understood

away from isolated zeros and poles with the identities continued rationally across them.

The qualification modulo scalar functions is essential. For example R(u) = (1 + u2)P

is nonconstant as a matrix-valued function and is regular at zero. It satisfies YBE but

a/b = 0 and its normalized family is the constant flip P .

The regular family obeys

Rη(0) = ηP, Rη(u)Rη(−u) = (η2 − u2)I. (F.6)

Its eigenvalues are u + η on the three-dimensional symmetric summand and u − η on the

antisymmetric line. The second identity is the algebraic unitarity relation with scalar factor

η2 − u2.

F.3 Yang–Baxter, RTT, and commuting transfer matrices

The standard rational construction [36, Chapter VI, Sections 1–2] now applies to the gen-

erated carrier and the retained pole positions. The family (F.4) satisfies

R12(u)R13(u+ v)R23(v) = R23(v)R13(u+ v)R12(u). (F.7)

Fix η ̸= 0 in the same dimensionless spectral units as u and the pole positions. For any

finite list θi ∈ Θc the monodromy

Ta(u) = RaN (u− θN ) · · ·Ra1(u− θ1) (F.8)

satisfies

Rab(u− v)Ta(u)Tb(v) = Tb(v)Ta(u)Rab(u− v). (F.9)

Consequently

t(u) = Tra Ta(u), [t(u), t(v)] = 0. (F.10)

The flip relations give (F.7). Iteration along the finite chain gives RTT. Generic invertibility

of Rab(u−v) and cyclicity of the trace over the auxiliary spaces give the commuting transfer
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matrices. Their identities extend through exceptional spectral parameters by polynomial

continuation.

For the chosen rational normalization η and finite list of retained Dirac levels the

carrier S supports this auxiliary exchange algebra and its commuting transfer matrices. A

scattering interpretation additionally requires a particle sector in which the R-matrix obeys

elastic factorization with Hilbert-space unitarity and analyticity together with crossing.

G Source response algebras and representations

The ladder matrix units generate the response algebras and compatible positive states

used in Sections 4 and 5.2. Coherent observations distinguish their two-level operations

whose diffusion limit has the round spectrum. The collective-amplitude and Gaussian-field

constructions realize the spectral response of Section 8. The same ladder operations occur

in the minimal-change construction of Ref. [8].

G.1 Finite response capacity and a sourced susceptibility

Write HG = L2(R) and N = a∗bab with hj = hb,j . The lowering partial isometry in the

polar decomposition ab = S
√
N satisfies

Sh0 = 0, Shj = hj−1 (j ≥ 1).

Thus

P0 = I − S∗S, Eij = (S∗)iP0S
j = |hi⟩⟨hj |, Pn =

n−1∑︂
j=0

Ejj . (G.1)

The same matrix units construct every finite response corner. Their linear span is norm

dense in the compact-operator ideal K(HG). A ladder phase change conjugates matrix

coordinates and preserves the algebras and ranks for every n.

Full and connected source-response ranks. Let Hn = PnHG and Nn = N |Hn . Fix

t > 0 and K ∈ Herm(Hn). Define the sourced finite-resolution Gaussian response by

Rn(K) = e−tNn+K , Zn(K) = TrRn(K), Wn(K) = logZn(K). (G.2)

At K = 0 the real-linear derivative of Rn has rank n2. The connected susceptibility

D2Wn(0) is nonnegative with kernel RIn and therefore has rank n2 − 1.

Proof. Put R = e−tNn and ρ = R/TrR. Differentiating the matrix exponential gives

DRn(0)[K] =

∫︂ 1

0
R1−sKRs ds.

In the eigenbasis of R the ij matrix entry is multiplied by
∫︁ 1
0 r

1−s
i rsj ds > 0. The derivative

is consequently invertible on Hermitian matrices. With K0 = K − Tr(ρK)In the second

derivative of the logarithm is

D2Wn(0)[K,K] =

∫︂ 1

0
Tr(ρ1−sK0ρ

sK0) ds =
∑︂
i,j

|(K0)ij |2
∫︂ 1

0
p1−si psj ds. (G.3)

– 122 –



Every coefficient is strictly positive. The expression vanishes exactly when K0 = 0 namely

when K is scalar. This proves both ranks.

The rank calculation allows every Hermitian perturbation in the generated corner

algebra. Restricting the probes can reduce that rank. Connected normalization removes

the scalar direction which changes only the unnormalized response strength.

The Neumann window admits a separate matrix-algebra realization. Let PN
n project

onto span{ϕb,1, . . . , ϕb,n} and let X be multiplication by cos[π(d−ℓUV)/∆b] the first positive

Neumann profile. The compressed ˆ︁Ab has distinct eigenvalues 12, . . . , n2. So its polynomial

functional calculus contains all diagonal projections. The cosine product identity gives

⟨ϕb,j+1, Xϕb,j⟩ = 1
2 .

Compressing to the positive modes removes the constant term at j = 1. Hence

2Ej+1,j+1XEjj = Ej+1,j ,

and adjunction and composition again generate Mn(C). This realization requires the spec-

ified local multiplication probe to be an allowed response operation.

Corners and shells. The corners PnK(HG)Pn form a nested sequence. Their Hilbert–

Schmidt increments have dimensions

n2 − (n− 1)2 = 2n− 1. (G.4)

Moreover [Nn, Eij ] = (i− j)Eij while the corresponding window commutator has eigenval-

ues i2 − j2. Each corner therefore contains several commutator energies. The degenerate

spherical shells instead arise from diffusion on the operation group in Theorem G.2.

G.2 Compatible positive source states

The finite reference states have a common positive completion. The parameter t in this

subsection is the resolution parameter of the ladder spectrum. Write Qn = I−Pn. A finite

matrix or density is extended by zero on QnHG whenever a trace norm on the full source

space is used.

Compatible source states and observable completion. Fix t > 0 and put q = e−t.

The normalized finite reference states and their completion are

ρt,n =
1 − q

1 − qn
Pnq

NPn, ρt = (1 − q)qN , ∥ρt,n − ρt∥1 = 2qn. (G.5)

For m > n their exact compatibility is conditional

Pnρt,mPn
Tr(Pnρt,m)

= ρt,n. (G.6)

Consequently every bounded source observable A satisfies |Tr((ρt,n − ρt)A)| ≤ 2e−nt∥A∥.

Let An = Mn(C) ⊕ C represented by (X, c) ↦→ X ⊕ cIQnHG
and for m > n set

ιmn (X, c) = (X ⊕ cIm−n, c), ωt,n(X, c) = (1 − qn) Tr(ρt,nX) + qnc. (G.7)
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These are unital injective ∗-homomorphisms and compatible positive normalized states.

Their norm-completed union is

Asrc = K(HG) + CI, ωt(A) = Tr(ρtA). (G.8)

Proof. The geometric weights qj sum to (1 − q)−1. The positive and negative parts of

ρt,n − ρt supported on the retained corner and its complement each have trace qn. This

gives the trace-norm identity and trace duality gives the observable bound. Compressing

the weights and renormalizing proves conditional consistency.

An observable in An is cI + (X − cIn) a scalar plus a finite-corner operator. The

embeddings preserve its product and adjoint with the identity while its expectation in

ρt is precisely (G.7). The states are therefore compatible. Norm density of the finite

corners in the compact operators gives (G.8) with positivity and normalization preserved

on completion.

The estimate is uniform for t ≥ t0 > 0. If t = tn also varies the displayed truncation

error tends to zero exactly when ntn → ∞. The limits of the complete states depend on t.

In particular ρt → |h0⟩⟨h0| in trace norm as t → ∞ with error 2e−t. As t ↓ 0 every fixed

finite-rank projection has expectation tending to zero. So there is no normal limiting state

on B(HG).

The scalar c is the common value of an observable on the unresolved tail. Although

ωt extends normally to B(HG) the generated norm closure is the smaller algebra Asrc. On

that algebra the limit t ↓ 0 is the quotient character C + cI ↦→ c.

G.3 A common carrier for the Gaussian and rotational centres

Proposition G.1 (Common source centre and vacuum phase transport). The first non-

commutative corner is V = P2HG. On this derived two-dimensional complex space put

A = P2abP2, J+ = A∗, J− = A, J3 = A∗A− 1
2IV . (G.9)

These operators generate the defining action of Gop = SU(V ). Its nonidentity centre is

the restriction of the Gaussian full-cycle operator

HG
b |V = IV + J3, e−iθH

G
b |V = e−iθe−iθJ3 , e−2πiHG

b |V = −IV ∈ Gop. (G.10)

On the real space e3 = Herm0(V ) with ⟨x, y⟩ = 1
2 Tr(xy) conjugation gives the double

cover Gop → SO(e3). The determinant-line transport of the source vacuum is unique up

to phase. On the common carrier its transported number flow has the unique continuous

lift Γ(t) = (e−itJ3 , eit/6) whose image is the pointwise vacuum stabilizer.

Proof. In the ordered basis h0, h1 one has A = |h0⟩⟨h1|. Direct multiplication gives

[J+, J−] = 2J3 and [J3, J±] = ±J± with
∑︁3

α=1 J
2
α = 3IV /4 where J1 = (J+ + J−)/2 and

J2 = (J+−J−)/(2i). Their skew-adjoint multiples span all traceless skew-adjoint matrices.

Exponentiation therefore generates SU(V ). Restriction of N + 1
2I gives (G.10). The real

vector space of traceless Hermitian two-by-two matrices has dimension three. Conjugation

preserves its inner product. Its differential is an isomorphism onto so(e3) and its kernel

consists of scalar determinant-one unitaries exactly {±IV }.

– 124 –



The two central actions agree as operators on V . The group Gop acts by reversible

operations. The operators J± change the level while the stabilizer of N |V in SU(V ) is

the maximal torus {diag(eit, e−it) : t ∈ R} ∼= U(1). Local frame comparisons retain these

generated operations and their action on the carrier. The half-step is obtained on the full

ladder before compression to V .

G.4 Coherent observations of source operations

A coherent reference level makes the central sign of a two-level operation observable. The

required preparations and operations with their probes all belong to the matrix algebra

generated in (G.1).

Coherent bypass and identifiable processes. Let V = span{h0, h1} and H3 = V ⊕
Ch2 with U ∈ SU(V ). Its controlled extension

C(U) = U ⊕ ICh2

is a generated reversible operation on H3 extended by the identity on its orthogonal com-

plement. Generated pure states and bounded observables on H3 distinguish any two such

processes including U and −U . If Aproc is the unital conjugation-closed algebra generated

by their continuous response functions on SU(V ) then

Aproc
∥·∥∞

= C(SU(V )). (G.11)

Proof. A finite-dimensional unitary has a Hermitian logarithm. Extending a logarithm

of U by zero gives a finite Hermitian response whose exponential is C(U). Similarly fi-

nite unitaries prepare ψk = (hk + h2)/
√

2 for k = 0, 1 from the source vacuum h0. The

observables

Xj = Ej2 + E2j , Yj = i(Ej2 − E2j), j = 0, 1,

and their spectral projections belong to the generated corner algebra. They have norm

one. For ψ′
k = C(U)ψk direct multiplication gives

⟨ψ′
k, Xjψ

′
k⟩ = ReUjk, ⟨ψ′

k, Yjψ
′
k⟩ = ImUjk. (G.12)

Thus the generated responses recover every matrix entry. They separate points of the

compact group and the complex Stone–Weierstrass theorem proves (G.11).

The quotient of completed operation words. Let W consist of finite words in the

generated SU(V ) operations. Declare w ∼ w′ when every generated source preparation

and bounded observation with arbitrary allowed operations before and after the completed

words has the same response. Then

w ∼ w′ ⇐⇒ U(w) = U(w′).

Equality gives identical controlled operators. Unequal products are separated by (G.12).

Since C(U2U1) = C(U2)C(U1) this is a two-sided composition congruence. Thus the quo-

tient is SU(V ) with continuous response algebra (G.11). Allowing interventions inside a

word or operations on higher corners changes the observation class. Likewise observing

only the vacuum-density orbit gives a coarser quotient.
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Local Gaussian cycle. Compress the ordered full Gaussian generator to V . The

bounded Hermitian response HV = P2H
G
b P2 = 1

2(E00 + 3E11) is generated by the same

matrix units. Its exponential on the full source space satisfies

RV (θ) := e−iθHV = I − P2 + e−iθH
G
b P2,

RV (2π) = I − 2P2 = C(−IV ), RV (4π) = I.
(G.13)

Indeed P2 reduces HG
b . Its two retained eigenvalues are 1/2, 3/2 and HV vanishes on the

complement. Thus the angular centre is the endpoint of a Gaussian cycle implemented

on V . The intervening path lies in U(V ) with determinant e−2iθ. Its endpoint C(−IV ) is

central in the controlled group {C(U) : U ∈ SU(V )} but not in the whole source algebra.

The full-source cycle remains e−2πiHG
b = −I. On H3 the local cycle instead has diagonal

entries (−1,−1,+1). The bypass detects the relative sign between V and its complement

whereas a global sign leaves every density-state expectation unchanged. Equation (G.13)

thus realizes the common central action of (G.10) locally on V .

Averaging over this central operation gives the coarse observation

EZf(U) = 1
2{f(U) + f(−U)}. (G.14)

It is the positive unital conditional expectation onto C(SU(V )){±I} implemented by an

equal random choice between the identity and the controlled angular centre. Its character

space is SU(V )/{±I} the quotient determined by centre-invariant observations. Centre-

sensitive observations remain available and a spin structure must be specified separately.

G.5 Finite unbiased controls and second-order comparison

Finite unbiased controls and response comparison. On Hn let ζ = e2πi/n and

define generated unitaries

Uhj = hj+1 mod n, Znhj = ζjhj .

The equal-control channel satisfies

En(X) =
1

n2

n−1∑︂
a,b=0

UaZbnX(Zbn)∗(Ua)∗ =
TrX

n
In. (G.15)

In particular it prepares the trace state In/n from every density matrix. After that prepa-

ration the logarithmic source response satisfies

Wn(K) = log
Tr eK

n
, D2Wn(0)[K,L] =

Tr(KL)

n
− TrK TrL

n2
. (G.16)

This comparison is unitarily invariant and is positive definite on the traceless Hermi-

tian responses. For comparison at a fixed source state return to the two-level carrier

V = span{h0, h1} and let B be a symmetric bilinear response on e3 = Herm0(V ) with

inner product ⟨x, y⟩ = Tr(xy)/2. Let O ⊂ SO(e3) be the 24 orientation-preserving signed

permutations of an orthonormal triple and choose generated lifts uR ∈ SU(V ). Then

1

24

∑︂
R∈O

B(uRxu
∗
R, uRyu

∗
R) =

tre3 B

3
⟨x, y⟩. (G.17)
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The result is independent of the lift signs and of the orthonormal triple. It applies in

particular to the Gibbs susceptibility D2W2(0).

Proof. Averaging ZbnEjkZ
−b
n = ζb(j−k)Ejk removes the off-diagonal matrix units. Averag-

ing shifts replaces each diagonal unit by In/n. This proves (G.15). The quadratic expansion

of log Tr esK+tL gives (G.16) including its invariance and scalar kernel.

Averaging the diagonal sign rotations removes the off-diagonal entries of the symmetric

matrix representing B. The remaining permutations make its three diagonal entries equal

preserving their sum. All lifts exist by Proposition G.1. Changing a lift by the centre

does not change conjugation. The resulting trace formula is independent of coordinates.

Operationally the left side is the Hessian of the equal average of the response functions

W2(uRKu
∗
R).

Equal weights are the unique probability law on the finite control labels that is in-

variant under label translations. With this probability rule the depolarizing channel is

independent of orthonormal matrix coordinates. Equation (G.16) describes perturbations

after preparation of the trace state. Equation (G.2) describes perturbations of the Gibbs

reference state.

State depolarization and susceptibility averaging act on different objects. In Pauli

coordinates the two-level Gibbs Hessian is

Bt = diag

(︃
2 tanh(t/2)

t
,

2 tanh(t/2)

t
, sech2(t/2)

)︃
.

Pauli conjugations only change coordinate signs and leave this generally anisotropic matrix

unchanged. Preparing the trace state before probing gives (G.16). Averaging the Gibbs

susceptibility over the 24 rotations gives (G.17).

Theorem G.2 (Unbiased finite-variance operations and the round spectrum). Let ξ ∈ R3

have a fixed law independent of ϵ with Eξa = 0 and Eξaξb = cδab for 0 < c <∞. Compose

independent copies of the generated step exp(iϵ
∑︁

a ξaJa) retaining the complete process

observation algebra C(SU(V )). After ⌊8t/(cϵ2)⌋ steps their laws converge weakly to the

unit round heat semigroup. Its positive generator has

λn = n2 − 1, mn = n2, n = 1, 2, . . . . (G.18)

The complete centre-invariant algebra has character space RP3 and retains odd n. Indepen-

dently averaging each step over the 24 generated controls supplies the moment conditions

from any fixed law with 0 < E|ξ|2 <∞.

Proof. Put Xj =
∑︁

a ξaJ
(j)
a . For each fixed ξ the remainder in the quadratic expansion of

eiϵXj is o(ϵ2). Its norm divided by ϵ2 is at most ∥Xj∥2 ≤ Cj |ξ|2. Dominated convergence

and centering with the Casimir identity give the one-step Fourier matrix

Mj(ϵ) = EeiϵXj = I − cϵ2

2
j(j + 1)I + oj(ϵ

2).
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Its indicated powers tend to e−4tj(j+1)I. Compactness supplies subsequential weak limits

and density of matrix coefficients identifies each limit. The limiting multipliers compose in

t. For t > 0 their heat series converges absolutely. The compact-group decomposition [15,

Chapter 12] gives

L2(SU(V ), dg) =
ˆ︃⨁︂

j=0,1/2,...
Vj ⊗ V ∗

j .

The angular restriction of the full trace comparison is

gU (UY,UZ) = −1
2 ReTr(Y Z), Y, Z ∈ su(V ).

This metric is bi-invariant and is the unit round metric in quaternion coordinates. Define

its left-invariant vector fields by

Ta = 2iJa, (Xaf)(U) =
d

ds
f(UesTa)

⃓⃓⃓⃓
s=0

.

Since Tr(JaJb) = δab/2 one has ge(Ta, Tb) = δab. The flows of Xa preserve the metric and

its volume whose normalization is Haar measure. Thus divgXa = 0 and the nonnegative

Laplace–Beltrami operator is

∆g = −
∑︂
a

X2
a .

On a spin-j matrix coefficient Xa acts through dπj(Ta) = 2iJ
(j)
a . Consequently

∆g|Vj⊗V ∗
j

= 4j(j + 1)I.

The step exp(iϵ
∑︁

a ξaJa) equals exp((ϵ/2)
∑︁

a ξaTa). On each fixed matrix-coefficient block

the corresponding averaging operator Pϵf(U) = Ef(U exp(iϵ
∑︁

a ξaJa)) therefore satisfies

Pϵ = I − cϵ2

8
∆g + oj(ϵ

2).

The positive generator of the limit and ∆g agree on the common core of finite sums of matrix

coefficients for their self-adjoint closures. Hence the limiting semigroup is e−t∆g with the

stated number of steps. Each block has energy 4j(j+1) and multiplicity (2j+1)2. Putting

n = 2j + 1 proves (G.18). The centre acts on matrix coefficients by (−1)2j = (−1)n−1. Its

complete invariant algebra therefore retains odd n and has the stated quotient as character

space.

Finally conjugate each step by an independently redrawn uniform signed-permutation

control R and its generated lift uR. This replaces ξ by Rξ with

ERRξ = 0, ER(Rξ)(Rξ)T = |ξ|2I/3.

Averaging over ξ gives c = E|ξ|2/3. So the finite second moment controls the same expan-

sion after this averaging.

– 128 –



The six-direction and Haar-conjugated walks are special cases. For the equal six di-

rections c = 1/3 and

1

6

3∑︂
a=1

(︂
eiϵJ

(j)
a + e−iϵJ

(j)
a

)︂
= I − ϵ2

6
j(j + 1)I +Oj(ϵ

4), Nϵ = ⌊24t/ϵ2⌋. (G.19)

For a Haar-conjugated axis exp(−iϵgJ3g−1) the same c = 1/3 follows from rotational invari-

ance and unit length. Schur averaging gives the scalar coefficient (2j + 1)−1
∑︁j

m=−j e
−iϵm

with the same expansion. Three independent unit-variance Gaussian coefficients instead

have c = 1. All three choices give the same round heat semigroup after the stated vari-

ance normalization. The corresponding composition limit for scalar Gaussian increments

is developed in Ref. [8].

The full multiplicity (2j + 1)2 comes from the matrix coefficients of the complete

operation algebra. Class functions retain one character per irreducible representation while

the vacuum-density orbit is SU(V )/U(1) ∼= S2. The three random coefficients act on

the generated Herm0(V ) and their fixed law and covariance set the unit-radius diffusion

parameter. The ordered identification n = 2j + 1 matches the Neumann eigenvalue n2

to λn + 1. The Neumann window and the group diffusion retain their respective Hilbert

spaces and generators.

G.6 The real algebra of reversible operation amplitudes

Proposition G.3 (Generated quaternion amplitude and polar metric). The smallest real

associative algebra containing the determinant-one reversible operations on V is

HV = spanR SU(V ) = RIV ⊕ iHerm0(V ). (G.20)

Every nonzero h ∈ HV has a unique factorization h = RU with R > 0 and U ∈ SU(V ). The

prepared trace state τ(X) = Tr(X)/2 defines the positive full second-moment comparison

τ(dh∗dh) whose real part gives

1
2 ReTr(dh∗dh) = dR2 +R2ground. (G.21)

The radial and angular directions of this amplitude space are therefore orthogonal in the

trace metric.

Proof. Write x =
∑︁

a xaσa. The Pauli multiplication relations show that RI ⊕ iHerm0(V )

is a real associative algebra. Its basis I, iσ1, iσ2, iσ3 lies in SU(V ). Conversely every

determinant-one two-dimensional unitary has the form aI + ix with a, xa real and a2 +
1
2 Trx2 = 1. This identifies the smallest real algebra containing SU(V ). For any such

h = aI + ix

h∗h =
(︁
a2 + 1

2 Trx2
)︁
I, deth = a2 + 1

2 Trx2.

Hence R = (Trh∗h/2)1/2 and U = h/R give the unique factorization. Substituting dh =

U dR + RdU into the trace metric the cross term vanishes because ReTr(U∗dU) = 0.

The unit slice is the unit sphere in the real coordinates (a, x1, x2, x3) proving the metric

formula.
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On Hermitian perturbations the full trace comparison is the second derivative of τ(eK).

Differentiating log τ(eK) instead subtracts the scalar expectation. The two forms agree on

the angular directions of (G.16). The full second moment also measures the radial response

strength.

This real algebra also equals the complex-linear endomorphisms commuting with the

pseudoreal reversal J = iσ2K independently of an overall phase choice for J . It therefore

agrees with the connector space of Proposition G.4. Real coefficients give the reversal-

compatible amplitude space HV . Complex coefficients give its complexification HV +iHV =

M2(C). The central source phase is retained in U(V ) = (U(1)×SU(V ))/{(1, I), (−1,−I)}.

Its general element maps HV into the complexified space. The polar metric above is the

positive trace metric on the real operation amplitudes selected by the reversal rule.

G.7 Vacuum transport, Clifford connection, and local frames

The generated group acts on V by its defining representation and on Gop by left multi-

plication. Its third action is conjugation on e3. On e4 = Rν ⊕ e3 conjugation extends as

1⊕Ad whose spin lift is diagonal (g, g). Its central element (−IV ,−IV ) is trivial on e4. Left

multiplication on the group instead makes −IV antipodal and corresponds to (−IV , IV ) in

the ambient Spin(4) action.

Vacuum-line transport. Let Lsrc = Λ2V and ω = h0 ∧ h1. The map

Fω : V −→ Lsrc ⊗ V, v ↦−→ ω ⊗ v (G.22)

is a unitary SU(V ) intertwiner. It is unique up to phase among such unitary intertwiners.

It sends the source vacuum to the explicitly constructed line C(ω ⊗ h0). No nonzero

SU(V )-invariant vector lies on that line.

Proof. The determinant representation Lsrc is trivial on SU(V ) and ω is normalized proving

unitarity and covariance. Schur’s lemma gives the one-dimensional intertwiner space. The

defining representation has no invariant vector. So HomSU(V )(1, Lsrc ⊗ V ) = 0.

A ladder phase changes Fω by an overall phase leaving its vacuum line unchanged.

On U(V ) the determinant twist is nontrivial. The central weights of V and Lsrc ⊗ V are

respectively one and three. More precisely every U ∈ U(V ) satisfies

(Λ2U ⊗ U)Fω = (detU)FωU. (G.23)

Preserving the source operation on the transported carrier therefore fixes its relative action

to be

Rrel(U) = (detU)−1(Λ2U ⊗ U), Rrel(U)Fω = FωU. (G.24)

This correction is unique among scalar characters multiplying the natural tensor action.

The intertwining identity forces that character to equal (detU)−1 for every U . It also

preserves composition since the determinant is multiplicative. If the scale-covariant metric

property is realized by the common-carrier Clifford model and the associated bundles share

its diagonal spin action (G.22) gives an explicit transport to L⊗ SR. For an independent

right-frame bundle this identification is additional data. On the common carrier the source

phase is consequently transported by Rrel.
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Source phase lift and vacuum fixation. Use the common-carrier identification with

L ⊗ SR and transport the already generated source flow by ˜︁Ut = Fωe
−itNG |V F ∗

ω . For the

existing relative character B0 the right scalar action ρ(g, z) = z−3g has a unique continuous

lift of this real-parameter flow starting at the identity

Γ(t) =
(︁
e−itJ3 , eit/6

)︁
, ρ(Γ(t)) = ˜︁Ut. (G.25)

Its image is the full pointwise stabilizer of v0 = Fωh0. On the full matter module its phase

generator is Y = TR + B0/6 with TR = −J3 on SR and zero on SL. The lifted action has

least period 12π although the transported two-dimensional source flow has least period 2π.

Proof. The conjugated flow is independent of the phase of Fω and fixes v0 because NGh0 =

0. In the source frame NG|V = J3 + I/2 = diag(0, 1). For Ut = e−itNG |V the natural tensor

action has weights e−it and e−2it. The determinant compensation in (G.24) multiplies it

by eit and recovers the original eigenvalues 1 and e−it. Thus the transported vacuum keeps

the zero number eigenvalue of the source and supplies the same phase reference. Since

det ˜︁Ut = e−it the equation z−3
t gt = ˜︁Ut forces z6t = eit. Continuity and z0 = 1 uniquely give

zt = eit/6 and gt = e−itJ3 . Conversely these formulas solve the equation. Every pointwise

stabilizer element has g = diag(z3, z−3) by Theorem 4.9 and is attained by Γ. The action on

the full module is therefore eitY . It is generated on a finite source corner by its Hermitian

matrix and functional calculus. On W ⊗ SL its weight is 1/6 forcing any period to be a

multiple of 12π. All remaining weights are integer multiples of 1/6. So 12π is a period.

Here ρ is a sixfold cover with kernel {(z3I, z) : z6 = 1}. In particular Γ(2π) =

(−I, eiπ/3) is invisible on the right scalar pair but not on the full matter module. The full

module therefore carries the lifted circle of period 12π rather than a single-valued action

of the source circle of period 2π. On the common carrier the least matter realization keeps

this transported vacuum as its phase reference. The unique lifted source flow then gives

the residual phase action and its hypercharge generator. Write θ = t/6 for the primitive

integer-charge circle parameter. For the colour-natural connector the B0 factors cancel and

h ↦−→ gLh e
−i6θTR .

Its first and second columns have integer charges −3,+3 respectively in agreement with

h = ( ˜︁H,H) and YH = 1/2 in the main text.

Proposition G.4 (Quaternion amplitude and elementary Clifford connector). In the

common-carrier realization SL = SR = V choose the pseudoreal operator J = iσ2K.

For x ∈ Herm0(V ) put

h(r, x) = rIV + ix, c(r, x) =

(︄
0 h(r, x)

h(r, x)∗ 0

)︄
. (G.26)

Then hJ = Jh and c(r, x)2 = (r2 + 1
2 Trx2)I. Moreover c is the Euclidean Clifford multi-

plication for e4. Its non-diagonal linear blocks exhaust the four-real-dimensional space of

complex-linear maps commuting with J . In particular the distinguished normal ν = (1, 0)
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gives the nonzero connector h = IV . The same blocks and their colour-natural lifts are

finite-corner elements of the generated source algebra.

Proof. The pseudoreal structure satisfies JxJ−1 = −x and is antilinear. So J(ix)J−1 = ix.

A traceless Hermitian two-by-two matrix obeys x2 = 1
2 Tr(x2)IV . Multiplication proves

the square identity and polarization gives the Clifford anticommutator. The four matrices

IV , iσ1, iσ2, iσ3 form a real basis of the complex-linear maps commuting with J .

Source-corner realization of the elementary connector. The Clifford blocks and

their colour-natural lift belong to the generated source algebra. For d = 1, 4 identify

Cd ⊗ (SL ⊕ SR) with H4d by sending the ordered left and right basis vectors to h4α+i and

h4α+2+i respectively where 0 ≤ α < d and i = 0, 1. For h ∈ HV the generated self-adjoint

odd operator is

ˆ︁cd(h) =
d−1∑︂
α=0

1∑︂
i,j=0

(︁
hijE4α+i,4α+2+j + hijE4α+2+j,4α+i

)︁
. (G.27)

It represents Id⊗c(h) and its exponentials are generated reversible finite-corner operations.

For d = 4 the first factor is the already selected pre-exchange carrier C. So the upper odd

block is precisely IC ⊗ h on the full modules. Independent generated left and right trans-

formations uL, uR ∈ SU(V ) act by h ↦→ uLhu
∗
R and preserve HV and its trace comparison

and have kernel {(I, I), (−I,−I)} on this real amplitude space.

Proof. The matrix-unit relations (G.1) give the displayed tensor action. Oddness and its

scalar square follow from Proposition G.4. The generated finite functional calculus gives

the unitary exponential as in the finite-corner construction of Theorem G.2. Tensoring with

IC proves pre-exchange naturality. Block-diagonal source controls give c(h) ↦→ c(uLhu
∗
R)

preserving the real algebra and comparison of Proposition G.3. A pair fixing all h has

uL = uR by h = I then lies in the scalar commutant of HV giving the stated kernel.

The block-diagonal representation is faithful while its amplitude action has the stated

diagonal kernel. A single central sign sends h to −h. The Gaussian global sign restricts to

(−I,−I) on the selected corner. The controlled operation acts as the identity on the com-

plement. The connector construction names this generated odd response with its source

naturality and reversal reality as the elementary chiral variation. Independent copies re-

quire a further copy space.

G.8 Zero-mode amplitude and colour-singlet response

Retaining the scalar coordinate Eint =
∫︁

Φ changes which modes are traced and adds a

direct amplitude term to the response. The resulting Hessian and Schur complement differ

from the full-diagonal prescription FL. For the long-root connection invariant mode sums

determine the mean comparison operator and the static overlap of colour strength with

radial intensity. These calculations fix the normalization factors and observable responses

used in Section 9.2.
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G.8.1 Invariant strength of a complete mode family

Let a compact group act transitively and isometrically on X of volume V and unitarily on

a Hermitian bundle over X. Let U be a d-dimensional invariant space of smooth sections

with an L2-orthonormal basis ua. Then

d∑︂
a=1

|ua(x)|2 =
d

V
. (G.28)

For χ =
∑︁

a caua a positive state with second moments ω(c∗acb) = qδab/d therefore gives

ω(|χ(x)|2) =
q

V
, ω(∥χ∥2L2) = q. (G.29)

If the complex representation on U is irreducible invariance of its second-moment matrix

and its trace q imply the stated matrix. The identities sum over the full invariant mode

family. Indeed the diagonal contraction of the equivariant projection kernel is constant by

transitivity and its integral is d. The second-moment matrix is scalar by Schur’s lemma in

the irreducible case. Its trace then fixes the weight q/d.

For the long-root family the addition formula makes the mean squared one-form norm

spatially uniform. Its second-moment weight q specifies intensity independently of the

mean field. The connection Laplacian determines its effect on scalar modes.

Proposition G.5 (Connection strength and retained collective amplitude). Let ua for

a = 1, . . . , dR be a real orthonormal basis of a complete isometry-invariant coexact one-

form space on round RP 3 and let TA for A = 1, . . . , h be a basis orthonormal for the fixed

Ad-invariant inner product on the generated compact gauge algebra in a finite-dimensional

unitary representation ρ. On the corresponding trivial associated bundle form the connec-

tion ∇c = d+Bc using real square-integrable coefficient variables with

Bc =
∑︂
a,A

caAuaρ∗(TA), EcaA = 0, E(caAcbB) =
q

dRh
δabδAB. (G.30)

Its mean quadratic comparison on H1 and its operator on H2 are

E(∇∗
c∇c) = ∆0 ⊗ I +

q

V h
Cρ, Cρ = −

∑︂
A

ρ∗(TA)2. (G.31)

On an irreducible representation the added term is qC2(ρ)/(V h) times the identity on every

scalar shell. For the long-root space (2, 1) in Appendix A dR = 15. The same normalized

source decomposition gives the exact tower Hessian and completed negative-log response

for the retained zero coordinate.

Proof. The associated connection was constructed in Proposition 8.1. Its squared compar-

ison norm expands as ∥df∥2 + 2 Re⟨df,Bcf⟩ + ∥Bcf∥2. The linear term has zero mean.

Contracting the stated second moments in the last term using skew-adjointness of ρ∗(TA)

and (G.28) gives q⟨f, Cρf⟩/(V h). Smoothness of the finite mode family bounds its coeffi-

cients and derivatives. Finite second moments justify averaging the forms and the operator

on their stated domains. The mean form is closed with domain H1 since its added coef-

ficient is a bounded nonnegative matrix. The Casimir commutes with the representation

and is scalar on each irreducible block.
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The mean shift is uniform over scalar shells but depends on the representation. For

g = su(3) it vanishes on a colour singlet. The nonlinear colour-strength observable has a

separate response (Proposition G.6). Averaging is taken at the level of the quadratic form.

Averaging the resolvent E(∇∗
c∇c+zI)−1 with z > 0 or eliminating source fluctuations gives

a different operator.

The Gaussian law of the mean comparison. The averaged precision has an ex-

act information-theoretic characterization. At a finite scalar cutoff include the positive

conformal term in the connection precision Kc and let νc = N(0,K−1
c ). Write Kq =

EqKc. Among probability laws with finite mean relative entropy the unique minimizer of

EqD(ν∥νc) is

νcomp
q = N(0,K

−1
q ), EqD(ν∥νc) = D(ν∥νcomp

q ) + C(q),

C(q) =
1

2

(︁
log detKq − Eq log detKc

)︁
≥ 0.

(G.32)

Indeed the expectation of log(dνc/dx) is a quadratic function with precision Kq. Normaliz-

ing its exponential gives νcomp
q . Subtraction of the two relative entropies gives the displayed

identity and concavity of log det gives C(q) ≥ 0. The fixed positive conformal lower bound

and the finite Gaussian moments make all determinant expectations finite. Equality in the

minimization requires ν = νcomp
q .

On an irreducible comparison block Kq = A + gρqI. Relative comparison with q = 0

therefore gives

2D(νcomp
0 ∥νcomp

q ) = Tr{qT − log(I + qT )}, T = gρA
−1. (G.33)

The Hilbert–Schmidt completion in Theorem E.1 makes this identity independent of the

finite cutoff. It controls the response and its first two derivatives uniformly on bounded

intensity intervals. Thus the connection law γq determines a comparison law through the

averaged log likelihood. The completed potential compares these laws. The minimum

averaged cost also contains C(q) which depends on the intensity. A mixture of the con-

ditional laws instead averages their covariances. These are different statistical operations

with explicitly different responses.

The quadratic coefficient can also be computed before averaging. For a realization B1

of the source in (G.30) put B(r) = rB1 and L(r) = (d + rB1)
∗(d + rB1). Let P0 project

onto constant sections. Because each ua is coclosed L′(0)P0 = d∗B1P0 = 0. Eliminating

the orthogonal complement on which ∆0 is strictly positive therefore gives

Lcoll(r) = r2P0B
∗
1B1P0 +O(r3). (G.34)

Indeed the first off-diagonal block is zero. So its Schur term has no quadratic contribution.

Averaging this coefficient gives the same Casimir term as (G.31). On nonconstant shells

the off-diagonal first variation contributes its Schur term to the quadratic coefficient.
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G.8.2 Normalized zero coordinate and scalar feedback

Retained amplitude and exact tower Hessian. For g > 0 on the real scalar space

L2(X, dv) put u0 = V −1/2 with P0 = |u0⟩⟨u0| and Q0 = I −P0. Every field has the unique

orthogonal decomposition

Φ = E0u0 + η, η ∈ Q0L
2, E0 = V −1/2

∫︂
X

Φ dv, Eint =
√
V E0. (G.35)

Consider the scalar feedback functional

Fg(Φ) =
g

2
⟨1,Φ⟩2∥Φ∥2 =

γ

2
E4

0 +
γ

2
E2

0∥η∥2, γ = gV. (G.36)

At Φ∗ = E0u0 its full Hessian and its fixed-amplitude tower Hessian are respectively

D2Fg(Φ∗) = γE2
0(Q0 + 6P0), D2

ηFg(E0, 0) = γE2
0IQ0L2 . (G.37)

The uniform shift gE2
intI therefore acts on the eliminated mean-zero tower while the re-

tained coordinate has a different Hessian entry.

Proof. Orthogonal projection gives the decomposition and ∥Φ∥2 = E2
0 +∥η∥2. Substitution

proves the polynomial identity. Its second derivatives at η = 0 are 6γE2
0 on the retained line

and γE2
0I on the tower. The mixed derivative is zero there. Continuity of the polynomial

on L2 gives these Fréchet derivatives. Away from η = 0 the mixed Hessian is 2γE0η.

For the positive conformal operator A already used in the spectral construction P0 is

reducing. On the tower its domain is Q0H
2(X) and the bounded perturbation is

A⊥(E0) = Q0AQ0 + γE2
0I⊥. (G.38)

On round RP 3 its base eigenvalues are al = [l(l + 2) + 3/4]/L2 with l = 2, 4, . . . and

multiplicities (l + 1)2. The trace runs over the mean-zero scalar tower at fixed l = 0

amplitude. This retained coordinate is a scalar mode. The long-root calculation above

varies a coexact connection.

The full relative-information theorem applies unchanged to this restricted carrier. With

y = E2
0 and tl = γ/al it gives

I⊥(y) =
∑︂

l=2,4,...

(l + 1)2[ytl − log(1 + ytl)]. (G.39)

This information is realized by the scalar feedback itself. On a finite tower the same

comparison S(Φ) = ⟨Φ, AΦ⟩/2+Fg(Φ) at fixed E0 = e has tower precision De = A⊥+γe2I.

Its normalized Gaussian comparison is νe = N(0, D−1
e ). Writing pe for its density in

common real coordinates Gaussian normalization and the relative-information identity in

Appendix E.1 give with both traces and I⊥ restricted to this same finite tower

−2 log
pe(0)

p0(0)
= −Tr log(I + γe2A−1

⊥ ), 2DKL(ν0∥νe) = I⊥(e2). (G.40)
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The common coordinate Jacobian cancels in the density ratio. The negative logarithm

and its compensated relative information follow from this fixed-amplitude density ratio.

The unweighted infinite-mode limit exists for the compensated expression with the same

comparison direction and retained direct term.

For Iall on the same scalar family including l = 0 one has I⊥ = Iall− [yt0− log(1+yt0)].

Fixed physical weights multiply the corresponding term as well. Removing one mode

preserves the Hilbert–Schmidt and tail estimates but changes the stationary equation.

The retained direct term γy2/2 in (G.36) remains in the response together with the tower

contribution and the specified drive. Thus the retained coordinate and the modes in the

tower trace form an orthogonal decomposition of the scalar field.

Completed negative-log response of the retained coupling. Retain the coupling

(G.36) together with the base quadratic term a0y/2 and the negative-logarithmic tower

response with fixed weights βj ≥ 0. Let a0, γ, aj > 0 and set tj = γ/aj . Assume supj tj <∞
and S⊥ =

∑︁
j∈⊥ βjtj <∞. Its complete response relative to zero amplitude is

W (y) =
a0
2
y +

γ

2
y2 −

∑︂
j∈⊥

βj log(1 + ytj)

=
µret
2
y +

γ

2
y2 + I⊥(y), µret = a0 − 2S⊥, (G.41)

where I⊥ uses these same weights. It is strictly convex and coercive on y ≥ 0. Its unique

minimizer is positive exactly when 2S⊥ > a0. Otherwise the unique minimizer is y = 0. In

the positive case the stationary equation and radial curvature are

a0
2

+ γy∗ =
∑︂
j∈⊥

βjtj
1 + y∗tj

,
d2

dr2
W (r2)

⃓⃓⃓⃓
r=

√
y∗

= 4y∗

⎡⎣γ +
∑︂
j∈⊥

βjt
2
j

(1 + y∗tj)2

⎤⎦ . (G.42)

Proof. The stated bounds imply that all series and their first two derivatives converge

normally on compact positive intervals. Differentiating gives W ′ = a0/2+γy−
∑︁
βjtj/(1+

ytj) and W ′′ = γ+
∑︁
βjt

2
j/(1+ytj)

2 ≥ γ > 0. Moreover W (y) ≥ γy2/2+(a0/2−S⊥)y since

log(1 + x) ≤ x. The sign of W ′(0) proves the minimum statement. Twice differentiating

W (r2) at its positive stationary point proves the curvature formula.

The terms of W must be expressed in the same response units. In a dimensionful

potential βj includes the prefactor converting the dimensionless logarithm to the chosen

response units in addition to the multiplicity. In the conformal realization the retained

base eigenvalue is a0 = 3/(4L2) before this common normalization.

For a fixed spectrum with fixed weights and response units the quadratic and quartic

coefficients of W obey an algebraic relation. Put S1 =
∑︁

⊥ βj/aj > 0 and S2 =
∑︁

⊥ βj/a
2
j .

A pair (µ∗, λ∗) is the quadratic and quartic coefficient of this same W precisely when

µ∗ < a0, λ∗ =
a0 − µ∗
S1

+
(a0 − µ∗)

2S2
2S2

1

, γ =
a0 − µ∗

2S1
. (G.43)
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Indeed µ∗ = a0−2γS1 fixes the unique positive γ and substitution in λ∗ = 2γ+2γ2S2 proves

both directions. This criterion applies to the finite-S1 realization. In the renormalized full-

diagonal potential FL the linear coefficient is fixed separately by the reference slope.

Both µret and the direct quartic term follow from this retained realization. Its restoring

slope is unbounded unlike a finite-restoring-slope Fµ. The result applies to finite cutoffs

and fixed weighted towers with S⊥ < ∞. The unweighted three-dimensional tower has

divergent S⊥ and needs its own linear subtraction. The polynomial functional Fg is defined

on L2. The compensated series is defined through its Hilbert–Schmidt relative operator as

in Theorem E.1.

G.8.3 Amplitude and scale normalization

At fixed volume the zero-mode kinetic norm is (∂Eint)
2/(2V ). It equals (∂E0)

2/2. For a

homothetic family identify points by their Haar coordinates and write Ψ =
√
V Φ in the

fixed space L2(X, dh) with dh = dv/V . Then
√
V ∂σΦ = Ψ′ − (log V )′Ψ/2. For the zero

component this gives∫︂
X
|∂σ(E0u0)|2dv =

⃓⃓⃓⃓
E′

0 −
1

2
(log V )′E0

⃓⃓⃓⃓2
, V = π2L3. (G.44)

This is the ordinary derivative in the unnormalized field identification. Equivalently the

derivative compatible with this unitary identification is ∇σΦ = ∂σΦ + (log V )′Φ/2. The

connection term is the derivative of the varying normalization.

More generally take an invertible real amplitude coordinate E = aφ with a > 0. At a

fixed scale the kinetic and potential terms together with the source pairing transform as

ZE = Zφ/a
2, µE = µφ/a

2, λE = λφ/a
4,

jE = jφ/a, gE = gφ/a
2 when gφφ

2 = gEE
2.

(G.45)

These identities follow by substitution with the quadratic and quartic potential written as

µφ2/2 + λφ4/4. For a scale-dependent a the corresponding derivative is

φ′ = a−1[E′ − (log a)′E]. (G.46)

At a stationary point the potential curvature and kinetic coefficient transform by the same

factor. So their ratio is invariant. An overall rescaling of the functional also rescales its

kinetic and source terms.

G.8.4 Collective response by Schur elimination

For a strictly positive finite-mode comparison kernel K and a surjective linear amplitude

map C the constrained quadratic response at amplitude e is

inf
Cx=e

1

2
⟨x,Kx⟩ =

1

2
⟨e,Kcolle⟩, Kcoll = (CK−1C∗)−1. (G.47)

The minimizing lift is x∗ = K−1C∗Kcolle. For a coisometry CC∗ = I identify C with the

first block projection and write

K =

(︄
A B

B∗ D

)︄
. Kcoll = A−BD−1B∗. (G.48)
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For t > 0 shifting and reducing obey

(C(K + tI)−1C∗)−1 = Kcoll + tI +B[D−1 − (D + tI)−1]B∗. (G.49)

The extra term is nonnegative and vanishes exactly when B = 0. The minimizing lift is

K-orthogonal to kerC. Completing the square therefore proves the constrained minimum.

Block elimination gives A−BD−1B∗ and applying it to K + tI gives the shift correction.

The strict positivity of D−1 − (D + tI)−1 proves the equality condition.

The correction in (G.49) occurs in a two-dimensional example. The choices K = ( 2 1
1 2 )

and C = (1, 0) with t = 1 give Kcoll = 3/2 and (C(K + I)−1C∗)−1 = 8/3 not 5/2. In

an infinite-mode application the same minimization proof works for a strictly positive self-

adjoint K with bounded inverse and a bounded surjective map to finitely many retained

coordinates. The minimization is taken on the closed form domain D(K1/2) with quadratic

cost ∥K1/2x∥2/2. Passing compressed kernels or derivatives to a limit requires uniform

bounds on those kernels and derivatives.

The retained scalar kernel. For S above and Φ = eu0 + η in its form domain use

the projection C0Φ = ⟨u0,Φ⟩. Differentiating the polynomial (G.36) and adding the base

quadratic form gives the full Hessian

K(e, η) =

(︄
a0 + 6γe2 + γ∥η∥2 2γe⟨η, ·⟩

2γeη A⊥ + γe2I

)︄
. (G.50)

The form domain is R⊕Q0H
1(X) and the self-adjoint operator domain is R⊕Q0H

2(X).

The additional diagonal and mixed terms are bounded. The mixed terms have finite rank.

Since De = A⊥ +γe2I > 0 minimizing its quadratic Hessian response over tower variations

at a fixed amplitude variation gives exactly

S(e, η) = a0 + 6γe2 + γ∥η∥2 − 4γ2e2⟨η,D−1
e η⟩. (G.51)

Indeed the minimizing tower variation for amplitude variation v is −2γeD−1
e ηv. Substitu-

tion leaves S(e, η)v2/2. The minimization is justified by De > 0. Where the full Hessian

is strictly positive it also equals (C0K
−1C∗

0 )−1. At η = 0 the mixed term vanishes exactly.

So the retained coefficient is a0+6γe2 while the tower shift is γe2I. At nonzero η the direct

and negative Schur terms both contribute. This gives the complete reduced Hessian of the

retained scalar realization. Its comparison with the full-diagonal prescription is governed

by (G.43).

G.8.5 Colour-singlet observables and collective excitations

For the generated connection Wick contraction of the real Gaussian source determines the

fourth moments entering the mean colour strength and its covariance with radial intensity.

Proposition G.6 (Colour-singlet response of the Gaussian long-root source). Use the

connection family of Proposition G.5 with the full real (2, 1) coexact mode space dR = 15

and the colour algebra of dimension h = 8. Set M = dRh and caA =
√︁
q/M ξaA where
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the ξaA are independent standard real Gaussians and q > 0. Here Bc =
∑︁

a,A caAuaTA is

the principal Lie-algebra-valued connection before applying an associated representation

ρ∗. With the same Ad-invariant inner product and orthonormal TA put

Cad =
1

h

∑︂
A,B

∥[TA, TB]∥2g, αR =
Cad

3V h
, λR =

16

L2
.

Let N (c) = ∥Bc∥2L2 =
∑︁

a,A c
2
aA and Q(c) = ∥dBc +Bc ∧Bc∥2L2 using ∥F∥2 =

∑︁
i<j ∥Fij∥2g

for two-forms. Then

EqN = q, O(q) := EqQ = λRq + αRq
2, αR > 0. (G.52)

In the real L2 space of this source the orthogonal projection onto span{N − q} obeys

Covq(Q,N ) =
2q2

M
(λR + 2αRq) > 0,

Πrad(Q−O(q)) = (λR + 2αRq)(N − q).

(G.53)

Conditioning on the intensity gives the radial polynomial

P (N) := E[Q | N = N ] = λRN + κRN
2, κR =

M

M + 2
αR =

60

61
αR. (G.54)

Proof. The mode space is invariant under the connected orientation-preserving isometry

group. Its diagonal tensor kernel is isotropic on each tangent fibre. Hence
∑︁

a ua,iua,j =

dRδij/(3V ) by the addition formula. Thus EBA
i B

B
j = qδijδAB/(3V h). Coexactness and

the Hodge eigenvalue λR give E∥dB∥2 = λRq. The cubic cross term has zero Gaussian

expectation. For each i < j Wick contraction gives E∥[Bi, Bj ]∥2 = (q/(3V h))2hCad. There

are three such pairs. Integration over X proves the first formula. The finite smooth mode

expansion has all Gaussian polynomial moments. So the observables lie in L2 and differ-

entiation under the integral is legitimate. Its Gaussian density has logarithmic deriva-

tive M(N − q)/(2q2) with respect to q. Thus O′(q) = M Cov(Q,N )/(2q2). Finally

Var(N ) = 2q2/M gives the projection. For the conditional mean write c =
√
N θ with

θ uniform on SM−1. The quadratic term is λRN . The cubic term averages to zero and the

quartic mean is proportional to N2. Its Gaussian mean αRq
2 and EqN2 = q2(M + 2)/M

fix κR.

Here B already includes the connection coupling. If B = gB and q denotes the strength

of B instead the two terms in (G.52) acquire g2 and g4. The positive norm fixes the trace

convention. Using 1
2∥F∥

2 halves both the mean and the covariance. The observable Q is

gauge invariant and its expectation here is taken in the fixed coexact Gaussian source law.

The source polynomial representation and its radial grading. Write γq for the

Gaussian law of the M real coefficients and put ξi =
√︁
M/q ci. The source algebra is the

polynomial ∗-algebra PM = C[c1, . . . , cM ] with ωq(A) =
∫︁
Adγq. Its cyclic Hilbert space

is L2(γq) with multiplication defined on PM . For a multi-index ν ∈ NM set

hν(ξ) =
∏︂
i

Heνi(ξi)√
νi!

, Uqhν = |ν⟩ ∈ Γs(CM ),
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where Hen denotes the probabilists’ Hermite polynomial. Then Uq is unitary with Uq1 = Ω

and on the polynomial core

⟨UqA,UqB⟩ = ωq(A
∗B),

Uq(AB) = πq(A)UqB, πq(ci) =
√︁
q/M (ai + a∗i ).

(G.55)

These identities retain ordinary source multiplication including every Gaussian contraction.

To verify them the generating function exp(tξ − t2/2) gives EHen(ξ) Hem(ξ) = n!δnm and

ξHen = Hen+1 +nHen−1. Tensor products give the displayed representation. The Hermite

polynomials are complete. A function orthogonal to them has identically zero Gaussian

exponential transform and hence zero Fourier transform. All finite products act on the

same dense polynomial domain. Density extends Uq to every square-integrable source

observation. Unbounded products retain their common polynomial domain.

The intensity is a quadratic source observable. Put αG = M/2 and X = αGN/q

with s = (X − αG)/
√
αG. Radial integration gives the density xαG−1e−x/Γ(αG) for X.

Consequently

Es2 = 1, Es3 =
2

√
αG

, Es4 = 3 +
6

αG
. (G.56)

The first three orthonormal radial polynomials are p0 = 1 and p1 = s together with

p2 =
X2 − 2(αG + 1)X + αG(αG + 1)√︁

2αG(αG + 1)
.

The Gamma moments EXj = Γ(αG + j)/Γ(αG) give by direct substitution

s2 = 1 +
2

√
αG

p1 +

√︄
2(αG + 1)

αG
p2, Uqs =

1√
2M

∑︂
i

(a∗i )
2Ω. (G.57)

Thus the normalized intensity occupies the second Hermite sector of the original coeffi-

cients. Its radial multiplication retains the nonzero third moment in (G.56).

For the full curvature observation conditional expectation gives the orthogonal decom-

position

Q = P (N ) +Rang, E[Rang | N ] = 0. (G.58)

Both terms are finite source polynomials and are retained by Uq. The first has the Gamma

radial expansion above. The second retains the angular and colour correlations of the

connection. The decomposition preserves ∥Q∥2L2(γq)
and every mixed polynomial moment

through (G.55).

The complete curvature spectrum in the source state. The same representation

resolves the curvature observation into its orthogonal Hermite components. Flatten the

mode and colour indices to i = 1, . . . ,M and write its homogeneous parts as

Q(c) = λRN (c) +
∑︂
ijk

T
(3)
ijk cicjck +

∑︂
ijkl

T
(4)
ijklcicjckcl.
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The real symmetric tensors are obtained by polarizing 2⟨dB,B ∧B⟩ and ∥B ∧B∥2. Their

coefficients are fixed by mode multiplication and the colour bracket. With Wick ordering

in the original law γq one has

Q−O(q) = Q2 + Q3 + Q4,

Q2 = (λR + 2αRq)(N − q),

Q3 =
∑︂

T
(3)
ijk : cicjck :q, Q4 =

∑︂
T
(4)
ijkl : cicjckcl :q .

(G.59)

Their squared norms are

WQ,2(q) =
2q2

M
(λR + 2αRq)

2 > 0,

WQ,3(q) = 6(q/M)3∥T (3)∥2F , WQ,4(q) = 24(q/M)4∥T (4)∥2F ≥
8α2

Rq
4

M(M + 2)
> 0.

(G.60)

Here ∥·∥F is the Euclidean tensor norm in the fixed orthonormal mode basis. For the equi-

librium update (G.75) the exact connected correlation and its response spectral measure

are consequently

CQ(τ) = ωq
[︁
(Q−O(q))T coeff

τ (Q−O(q))
]︁

=
4∑︂

n=2

WQ,n(q)e−nωRτ ,

ρsrcQ =
4∑︂

n=2

WQ,n(q)δnωR , ωR = λR + 2αRq.

(G.61)

To prove the decomposition contract the invariant tensors with the coefficient covari-

ance (q/M)I. A contraction of T (3) is an invariant vector and hence vanishes. A single

contraction of T (4) is an invariant symmetric form. Absolute irreducibility of the real (2, 1)

carrier times the adjoint colour carrier gives

∑︂
i

T
(3)
iik = 0,

∑︂
i

T
(4)
iikl =

αRM

3
δkl.

The constant in the second identity follows from EqQ(4) = αRq
2 and the three Gaussian

pairings. Wick expansion now gives (G.59). Orthogonality of Hermite orders gives their

norms. The fourth-order radial projection is κR :N 2 :q with

:N 2 :q= N 2 − 2q(M + 2)

M
N +

q2(M + 2)

M
,

⃦⃦
:N 2 :q

⃦⃦2
=

8q4(M + 2)

M3
.

Its squared norm gives the lower bound in (G.60). The Mehler update multiplies degree n by

e−nωRτ which proves (G.61). In particular the original curvature has a nonzero component

at 2ωR and retains its higher-order source correlations. This spectrum measures restoration

within the fixed connection law.
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Joint curvature and intensity sources. For hN < M/(2q) and J ≥ 0 define

W (hN , J) = logEq exp(hNN − JQ), n = ∂hNW, Γ(n, J) = hNn−W (hN , J).

The intensity Legendre transform exists locally for n > 0 near J = 0. At J = 0 with right

derivatives in J

Γ(n, 0) =
M

2

(︃
n

q
− 1 − log

n

q

)︃
, ΓJ(n, 0) = λRn+ αRn

2,

ΓnJ(n, 0) = λR + 2αRn, Γnn(n, 0) =
M

2n2
, (G.62)

ΓJJ(n, 0) = −VarnQ +
Covn(Q,N )2

VarnN
< 0.

For the mean-amplitude coordinate e =
√
n at n = q one has Γee = 2M/q and ΓeJ =

2
√
q(λR + 2αRq) > 0.

Proof. The remaining Gaussian precision is positive. Since Q ≥ 0 all polynomial source

derivatives are dominated locally as J ↓ 0. At J = 0 one has n = q/(1 − 2qhN/M).

Inversion and substitution give Γ(n, 0). Strictly positive intensity variance gives the local

inversion for J ≥ 0. Differentiating at fixed n gives ΓJ = EQ and the covariance Schur

complement in (G.62). The latter is the negative variance after projecting onto N − EN .

The nonzero quartic part of Q is not affine in N . So this residual variance is strictly

positive. The mean and mixed derivative follow from (G.52). The chain rule gives the

amplitude derivatives.

The same tilted law also determines the mean connection comparison. The real

(2, 1) carrier and the adjoint colour carrier are absolutely irreducible under their inde-

pendent connected symmetry groups. Invariance of N and Q therefore gives Ec = 0 and

EccT = (n/M)I. For the associated representation ρ the preceding connection calculation

consequently gives

Kρ(n, J) = ∆0 ⊗ I +
n

V h
Cρ, Cρ = −

∑︂
A

ρ∗(TA)2.

At fixed hN = 0 its curvature insertion is

− ∂JKρ

⃓⃓
J=0+

=
2q2(λR + 2αRq)

MV h
Cρ.

At fixed n the mean operator is fixed and the source response is retained by ΓJ and ΓJJ .

These formulas specify both the connection comparison and the direct curvature-source

term.

Self-consistent curvature susceptibility. A curvature source changes both the obser-

vation at fixed mean intensity and the intensity selected by the complete potential. These

responses can be combined without counting the intensity cost twice. Take the preceding
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reference law at q = qL and write F = FYM
L . The joint continuation which preserves the

equilibrium potential at J = 0 and the fixed-intensity source derivative ΓJ is uniquely

ΦL(n, J) = F (n) + Γ(n, J) − Γ(n, 0). (G.63)

Indeed ΦL(n, 0) = F (n) and ∂JΦL = ∂JΓ determine it by integration in J . The subtraction

removes the bare intensity cost already replaced by the complete restoring potential. All

source insertions still use the original connection polynomial Q.

Put

V⊥(q) = VarqQ− Covq(Q,N )2

VarqN
= WQ,3(q) +WQ,4(q) > 0. (G.64)

This is the variance orthogonal to the intensity score. It includes the fourth-order ra-

dial component as well as angular fluctuations. For J ≥ 0 sufficiently small there is a

unique local stationary branch n(J) through n(0) = qL with positive ΦL,nn. The curvature

expectation along this branch is Oeq(J) = ΓJ(n(J), J). Its static susceptibility is

n′(0+) = −O′(qL)

F ′′(qL)
,

χstat
Q := −O′

eq(0+) = V⊥(qL) +
O′(qL)2

F ′′(qL)
= V⊥(qL) +

b2Q
m2

YM,rad

> 0,

bQ =
√︂

2q2L/M O′(qL), m2
YM,rad = (2q2L/M)F ′′(qL).

(G.65)

The finite Gaussian source has all polynomial moments. For hN in a compact subinterval

of its stated domain these dominate the source derivatives as J ↓ 0. The positive intensity

variance gives a smooth local Legendre inversion on this one-sided domain. At (qL, 0) one

has ΦL,n = 0 and ΦL,nn = F ′′(qL) > 0. The implicit-function argument therefore gives the

stationary branch. Differentiating its equation and then ΓJ(n(J), J) using (G.62) proves

(G.65).

The first term is the direct curvature response at fixed mean intensity. The second is the

additional response when that mean relaxes in the complete potential. Both are measured

by the same curvature insertion. The coefficient bQ is therefore a source-derived coupling

to the collective restoring mode. In its linear equilibrium dynamics this contribution has

the resolvent b2Q/(m
2
YM,rad − z). The fixed-law correlation (G.61) and the susceptibility

above describe respectively an equilibrium fluctuation and a self-consistent change of the

source intensity.

The colour composite thus has nonzero overlap with the radial intensity of the same

source. For q = r2 its mean derivative is 2r(λR + 2αRr
2) > 0 at r > 0 and zero at r = 0.

The source is centred with EB = 0. The positive intensity describes fluctuations around

zero mean. This composite observation remains distinct from the scalar precision A+gE2I.

Proposition G.7 (Interaction-preserving resolution of the same long-root source). Keep

the preceding Gaussian source at fixed L in the left-invariant coframe used in Section 8.1.

Apply scalar coefficient heat Gt = e−t∆0 in this frame. Put ρR = 24/L2 and at = e−ρRt
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with H = B ∧ B. Let PJ project each two-form coefficient onto scalar spin J and write

HJ = PJH. Then H =
∑︁3

J=0HJ and

Bt = atB, qt = a2t q,

FBt = at dB + a2tH, GtFB = at dB +

3∑︂
J=0

e−tλJHJ , λJ = 4J(J + 1)/L2. (G.66)

The connection–field-strength pair has the composition law

Tt(B,F ) =
(︁
atB, atF + (a2t − at)B ∧B

)︁
, TsTt = Ts+t, F = FB. (G.67)

For wJ = Eq∥HJ∥2 one has

w0 =
Cadq

2

60V h
=
αRq

2

20
> 0,

3∑︂
J=0

wJ = αRq
2. (G.68)

Consequently the nonlinear response lost by interchanging the two operations satisfies

Eq∥GtFB − FBt∥2 =

2∑︂
J=0

(e−tλJ − a2t )
2wJ ≥ (1 − a2t )

2αRq
2

20
> 0 (t > 0). (G.69)

Proof. The left coframe is fixed by left translations. A (2, 1) one-form therefore has scalar

spin 2 coefficients with scalar eigenvalue 24/L2. The Hodge eigenvalue governing ∥dB∥2 is

16/L2. Coefficient heat commutes with the invariant derivatives. This proves the first line

and the two field-strength formulas initially allowing 0 ≤ J ≤ 4. To remove J = 4 write Vj
for the spin-j module. The spatial wedge factors through

Λ2(V2 ⊗ V1) = (V1 ⊕ V3) ⊗ (V0 ⊕ V2) ⊕ (V0 ⊕ V2 ⊕ V4) ⊗ V1.

Its only left-spin-4 term is (4, 1) whereas scalar-spin-4 two-form coefficients have right spins

3, 4, 5. Equivariance thus annihilates that term. Substitution proves the composition law.

For real orthonormal modes put Kab
k =

∫︁
X ϵkijua,iub,j dV . These are the compressions

of the three frame-spin generators. In the right coupling 2⊗1 → 1 their coefficient relative

to the total spin generators is

1(1 + 1) + 1(1 + 1) − 2(2 + 1)

2 · 1(1 + 1)
= −1

2
.

Indeed a vector operator on V1 has multiplicity one and contraction with total spin gives

(J2 + S2 − L2
orb)/2. The left multiplicity is 5. Hence

∑︁
k ∥Kk∥2HS = 15/2. With ∗ the

three-dimensional Hodge identification the constant coefficients are

(P0 ∗H)k =
1

2V

∑︂
a,b,A,B

caAcbBK
ab
k [TA, TB].

The internal Wick pairing vanishes. The two cross pairings agree because both Kab
k and

the bracket are antisymmetric. Thus

w0 =
(︂ q

15h

)︂2 hCad

2V

15

2
=
Cadq

2

60V h
.

– 144 –



Parseval and the preceding quartic calculation give the sum of the wJ . Orthogonality gives

the remainder formula. Its J = 3 term vanishes since λ3 = 2ρR. All fields are finite smooth

mode polynomials. So every stated Gaussian moment is finite.

Reconstructing the field strength from the resolved connection gives E∥FBt∥2 = O(qt).

Resolving the initial field strength gives a2tλRq +
∑︁

J e
−2tλJwJ . Thus GtFB → H0 while

FBt → 0 in mean square. The surviving term lies in the kernel of scalar coefficient heat

in the fixed left frame. The Hodge Laplacian acts on the entire two-form including the

coframe. This accounts for the nonzero product correction under coefficient resolution. The

decay rates in these formulas are scalar coefficient heat rates with respect to the resolution

parameter t. The whole source algebra obeys the same transport. For a polynomial A on

the resolved source put (DtA)(c) = A(atc). Since atc has law γqt

ωq(DtA) = ωqt(A), Dt(AB) = (DtA)(DtB), UqDtA = UqtA. (G.70)

The last identity follows because the standardized coefficients
√︁
M/qt atc equal

√︁
M/q c.

For finite t this is an isometry between the two source laws including their complete cur-

vature polynomials and angular correlations.

Full additive colour-probe response. For the same Gaussian principal connection B

let a be a deterministic smooth su(3)-valued one-form in the fixed trivialization. Use the

response Y(A) = 1
2∥FA∥

2 and put δq = 2αRq = 2qCad/(3V h). Its exact translated response

is

Rq(a) := EqY(B + a) − EqY(B) = 1
2∥da+ a ∧ a∥2 +

δq
2 ∥a∥

2. (G.71)

The noncommutative interaction is retained in da + a ∧ a. The second variation on these

internal probe directions is

D2Rq(0)[a, a] = ∥da∥2 + δq∥a∥2. (G.72)

Its quadratic-form domain is H(d) = {a ∈ L2 : da ∈ L2} and the associated self-adjoint

operator is d∗d+ δqI ≥ δqI. On the fixed coclosed probe space this becomes ∆⊥
1 + δqI with

lowest eigenvalue 4/L2 + δq and long-root eigenvalue 16/L2 + δq.

Proof. Write v = q/(3V h) and [B∧a]ij = [Bi, aj ]−[Bj , ai]. Then FB+a = FB+Fa+[B∧a].

The diagonal colour covariance and centred Gaussian law give EFB = 0 and E[B ∧ a] = 0.

The cubic part of E⟨FB, [B ∧ a]⟩ vanishes. Its quadratic part also vanishes. Derivative

covariances remain diagonal in the colour labels and Ad-invariance gives ⟨TA, [TA, TD]⟩ = 0.

Finally simplicity of su(3) gives
∑︁

A ∥[TA, X]∥2 = Cad∥X∥2. So

E∥[B ∧ a]∥2 = vCad

∫︂
X

∑︂
i<j

(|ai|2 + |aj |2) dV = 2vCad∥a∥2.

Expanding the squared norm proves the exact identity and differentiating at zero proves

the Hessian. The differential d is closed and smooth one-forms are a core. So the latter

form closes on H(d). On coclosed forms d∗d = ∆1. The spectrum in Appendix A gives the

stated eigenvalues. The nonlinear expression is defined on smooth probes and extends to

H(d) ∩ L4 where a ∧ a ∈ L2. Its quadratic part extends to H(d).
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The colour interaction fixes the positive shift δq. Under fixed-L resolution δqt = a2t δq →
0 giving a uniform lower bound on each bounded resolution interval. The variation is with

respect to the independent additive probe a at fixed Gaussian source intensity q. Its unique

minimum at a = 0 describes stability of the averaged connection response. FL describes

the separate collective coordinate E.

Common frame invariance of the source response. The Gaussian connection is

expressed relative to the generated source frame. A change of this common frame transports

the connection and source frame together with the probability law and observations on the

allowed response space. It preserves their relative configuration. Varying the connection

at a fixed source frame changes that configuration and can have a restoring response. Let

U : X3 → SU(3) be a smooth presentation of that frame and set

A0(U) = −(dU)U−1, BU = UBU−1, aU = UaU−1, γq,U = (B ↦→ BU )∗γq.

Here U labels a common frame presentation. The variables carried by the source remain

its Gaussian coefficients and its generated response types. Writing D0 = d + [A0(U), · ]
direct differentiation gives D0aU = U(da)U−1 and

FA0+BU+aU = UFB+aU
−1. (G.73)

Under a passive local change g the frame becomes g−1U . The reference connection A0

becomes g−1A0g + g−1dg and BU , aU transform by conjugation. Trace invariance and the

displayed pushforward of the law therefore prove the exact common-frame identity

Rq,U (aU ) := Eq,U
[︁
Y(A0 +BU + aU ) − Y(A0 +BU )

]︁
=

1

2
∥D0aU + aU ∧ aU∥2 +

δq
2
∥aU∥2 = Rq(a).

(G.74)

In particular for every source polynomial A its transported observation AU (BU ) =

A(U−1BUU) satisfies ωq,U (AU ) = ωq(A). The same equality applies to A∗B. It transports

the source Hilbert norm and multiplication together.

The generated connection responses are coexact in the source frame. If P⊥ is their

Hodge projector their presentation in the frame U is the range of

P⊥,U = AdU P⊥ AdU−1 .

Indeed D∗
0 = AdU d

∗ AdU−1 since conjugation is unitary on the generated trace norm. This

specifies both the form domain and its frame transport. Consider the common-frame orbit

of pairs (I, a) with a ∈ ranP⊥. Every orbit has the unique source-frame representative

a = U−1aUU . The quotient norm and response are consequently those of the original

coexact space.

The corresponding infinitesimal statement identifies the zero directions of the joint

response. At A0 = 0, U = I put η = δU and b = δA + dη. A pure frame change has

(δA, η) = (dε,−ε). Hence b = 0. The joint quadratic form is

∥db∥2 + δq∥b∥2, b ∈ ranP⊥.
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For q > 0 its kernel consists precisely of pure frame directions in this generated orbit.

Its quotient operator is ∆⊥
1 + δqI. In a fixed source frame a nonzero exact probe instead

changes the relative connection and has response δq∥dε∥2. The two variations have different

source-frame data.

Equilibrium composition of the original coefficient observables. On the long-root

space the linear restoring operator just derived is ωRI where ωR = λR + δq. Independent

Gaussian composition at the same equilibrium intensity determines its update

(T coeff
τ A)(c) = EηA

(︃
e−ωRτ c+

√︃
q

M
(1 − e−2ωRτ ) η

)︃
, η ∼ N(0, IM ). (G.75)

The noise covariance follows uniquely by subtracting the covariance of the conditional mean

from (q/M)IM . This establishes uniqueness among updates with that restoring mean and

an independent centred Gaussian increment. Gaussian addition proves the semigroup law

and preservation of γq. Exchange symmetry of the joint Gaussian pair before and after the

update proves self-adjointness on L2(γq). The Hermite generating function gives for every

polynomial

UqT
coeff
τ A = e−τωRNUqA, T coeff

τ s = e−2ωRτs, (G.76)

where N is the Hermite number operator. All contractions remain present. For example

with a = e−ωRτ

T coeff
τ (cicj) = a2cicj + (q/M)(1 − a2)δij .

Equations (G.55) and (G.76) therefore preserve the state and multiplication representation

together with the equilibrium update for the entire original polynomial algebra including

Rang.

This parameter τ measures equilibrium restoration. The earlier coefficient heat resolu-

tion sends B to e−ρRtB and hence q to e−2ρRtq. It compares different source laws. Equation

(G.75) compares fluctuations within one law at fixed q. The collective mean response in

Section 8.8 varies that law through its intensity and uses the normalized curvature of FYM
L .

To test whether an observation detects a collective excitation let x be the fluctuation

coordinates at a background and e = Cx the collective coordinate. If a colour-singlet

observable has linear differential ℓc its response along the relaxed collective variation is

bc = ℓcK
−1C∗Kcoll. (G.77)

Differentiating the minimizing lift gives the colour observable’s linear response to the col-

lective coordinate. More generally if a source j and state x satisfy a C1 closure F(x, j) = 0

on specified Banach spaces with boundedly invertible DxF at the background and a C1

observation O then
dO(x(j), j)

dj
= ∂jO −DxO (DxF)−1∂jF . (G.78)

The implicit-function derivative proves the formula including the direct source term. The

closure and the observation must describe the same source-dependent system.
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If the generated kinetically normalized mass-squared operator M2 is self-adjoint and

has an isolated eigenvalue m2 with projection Pm a linear observation represented by a

vector b in its Hilbert space has resolvent response

⟨b, (M2 − z)−1b⟩ =
∥Pmb∥2

m2 − z
+ ⟨(I − Pm)b, (M2 − z)−1(I − Pm)b⟩. (G.79)

The spectral theorem proves the formula. The second term is analytic near the isolated

eigenvalue. The mode is visible exactly when Pmb ̸= 0. Analytic direct source terms leave

its residue unchanged. Thus the dynamical counterpart of the static overlap (G.53) is the

spectral weight ∥Pmb∥2 in the colour response. The lowest point in the support of that

response determines its observed gap.

A mass atom from a common cross response. Let Q and ϕ be Hermitian scalar ob-

servables in the same positive state and translation representation with connected spectral

matrix dρab in a common normalization. If Zϕ = ρϕϕ({m2}) > 0 then

ρQQ({m2}) ≥
|ρQϕ({m2})|2

Zϕ
. (G.80)

Thus a nonzero common cross weight detects the mass atom in Q. If the remaining spec-

trum is separated from m2 this contribution is an isolated pole. Positivity of every linear

combination aQ+ bϕ makes the two-by-two spectral matrix at {m2} positive semidefinite.

Its determinant gives the bound. Contact polynomials leave this matrix unchanged while

separation of the remaining support makes its resolvent analytic near the mass atom.

G.9 Gaussian spectral fields and regulator covariance

On the generated round X3 = RP3
L fix L > 0 and the normalized Haar measure dv̄ =

dv/(π2L3). The positive conformal scalar operator used in the spectral response acts on

real L2(X3, dv̄) as

A = ∆0 +
R
8
I, R =

6

L2
, D(A) = H2(X3).

The scalar spectrum (5.13) gives

aj =
(2j)(2j + 2) + 3/4

L2
, dj = (2j + 1)2, j = 0, 1, . . . . (G.81)

It is positive self-adjoint with compact resolvent and lower bound a0 = 3/(4L2). Its

closed quadratic-form domain is H1(X3). Choose real orthonormal eigenvectors ei with i

enumerating every shell and all its real multiplicities. In particular

3(2j + 1)2

4L2
≤ aj =

(2j + 1)2 − 1/4

L2
≤ (2j + 1)2

L2
.

The Gaussian law with covariance A−1 is distribution valued in three dimensions. Its

support and compensated relative entropy are controlled by two different spectral sums.

The field uses Tr(1 + A)−qA−1 for q > 1/2 and the response uses TrA−2 for the response

of Section 8.
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Theorem G.8 (Distribution-valued Gaussian spectral completion). For q > 1/2 use the

real space H−q
A with norm ∥x∥2−q =

∑︁
i(1 + ai)

−q|xi|2. If Zi are independent standard real

Gaussians the series

Xτ =
∑︂
i

√︄
1 − e−τai

ai
Ziei, Cτ = A−1(I − e−τA), τ > 0 (G.82)

defines a centred H−q
A -valued Gaussian with covariance Cτ on spectral test coordinates.

Replacing the coefficient by a
−1/2
i gives the law µA = N(0, A−1). Both series converge in

mean square in H−q
A but have infinite L2 norm almost surely. On this common comple-

tion the shifted covariances (A+ gyI)−1 realize the compensated relative response and its

restoring moments described below.

Proof. The finite-coordinate product laws are compatible and the mean squared tail is∑︂
i>N

(1 + ai)
−q 1 − e−τai

ai
≤
∑︂
i>N

(1 + ai)
−qa−1

i −→ 0.

Indeed for a cutoff after shell J the upper tail is bounded by∑︂
j>J

dj(1 + aj)
−qa−1

j ≤
(︃

4L2

3

)︃q+1∑︂
j>J

(2j + 1)−2q −→ 0.

The same estimate proves the A−1 claim. Characteristic functions of finite linear combi-

nations identify the covariance of the limit. For either law the coordinate variances ci are

asymptotic to a−1
i at large eigenvalue. Thus dj/aj → L2 whereas dj/a

2
j = OL((1 + j)−2)

proving
∑︁

i ci = ∞ and
∑︁

i c
2
i < ∞. The centred series

∑︁
i ci(Z

2
i − 1) converges al-

most surely by independence and summable variances whereas the means diverge. Thus∑︁
i ciZ

2
i = ∞ almost surely.

Using the same Zi at different parameter values defines a joint Gaussian coupling of

these laws on H−q
A with cross covariances fixed by the shared spectral coordinates.

Relative response on the common field space. Fix L, g > 0 and q > 1/2 and

let νy = N(0, (A + gyI)−1) for y ≥ 0 on the same real H−q
A with covariance understood

on spectral test coordinates. For projections PN through successive complete shells the

reference-subtracted intensity

WN (x) = ∥PNx∥2L2(dv̄) − Tr(PNA
−1), WA = lim

N→∞
WN (G.83)

exists almost surely and in L2(νy) for every fixed y ≥ 0. It defines the same Borel observable

for these laws and is invariant under real orthogonal changes of basis inside every shell.

For the unweighted response with i counting all real multiplicities

I(y) =
∑︂
i

[︃
gy

ai
− log

(︃
1 +

gy

ai

)︃]︃
,

dνy
dν0

= exp

[︃
−gy

2
WA − 1

2
I(y)

]︃
, 2DKL(ν0∥νy) = I(y).

(G.84)
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The laws are mutually absolutely continuous and their restoring moments are

EνyWA = −I
′(y)

g
, Varνy(WA) = 2

∑︂
i

(ai + gy)−2 =
2I ′′(y)

g2
. (G.85)

Proof. The preceding completion applies since (ai + gy)−1 ≤ a−1
i . Under ν0 the centred

independent terms of WN have total variance 2
∑︁

i a
−2
i < ∞. So they converge almost

surely and in L2. Take their pointwise limit where it exists and zero otherwise as a Borel

version ofWA. The finite Gaussian density ratio is RN,y = exp[−gyWN/2−IN (y)/2]. These

ratios form a mean-one martingale under ν0. For any p > 1 direct Gaussian integration

gives

Eν0R
p
N,y = exp{[IN (py) − pIN (y)]/2}.

Local uniform convergence of the relative sum bounds this expression uniformly in N also

for y in a compact interval. Thus RN,y converges in L1 to the positive density in (G.84).

Its finite-coordinate marginals are those of νy proving the density and equivalence. The

negative logarithm has ν0-mean I(y)/2 proving the information identity. Under νy the

means of WN sum to −
∑︁

i gy/[ai(ai + gy)] absolutely convergently and the centred terms

have summable variances 2
∑︁

i(ai+gy)−2. This proves almost-sure and L2(νy) convergence.

Equivalence identifies the limit with the same WA. Taking the means and variances and

using the already convergent derivatives of I gives (G.85). Complete-shell projections make

the basis invariance explicit.

WA is a real reference-subtracted intensity and may be negative. The normalized Haar

convention introduces no volume factor. Keeping the same truncated field but using dv

and its corresponding reference subtraction gives Wdv = π2L3WA and changes its density

coefficient to gy/(π2L3). This fixes the normalization of the field realization of the spectral

feedback. The reference drive is prescribed in Theorem 8.3. Colour-composite observables

and their pole residues use the response maps of Section 9.2.

The exponential regulator as accumulated covariance. For k > 0 and z ≥ 0 let

Rk(z) =
z

ez/k2 − 1
, Rk(0) = k2, τ = k−2. (G.86)

Then the exact identity

[z +Rk(z)]−1 =

∫︂ k−2

0
e−uz du (G.87)

also holds at z = 0 where both sides equal k−2. Applied to the fixed positive operator A

the identity gives Cτ . The finite relative Gaussian normalization

F(k, k0) =
1

2
Tr log{[A+Rk(A)][A+Rk0(A)]−1}

has scale derivative

∂log kF(k, k0) =
1

2
Tr

∂log kRk(A)

A+Rk(A)
= Tr

A/k2

eA/k2 − 1
. (G.88)

– 150 –



The scale derivative is thus weighted by y/(ey − 1) with y = A/k2. Adding z to (G.86)

gives z/(1 − e−z/k
2
). Integration and the continuous zero limit prove (G.87). At fixed

z differentiation gives ∂log k log[z + Rk(z)] = 2y/(ey − 1) y = z/k2. For k in a compact

positive interval the relative logarithm and its derivatives decay exponentially at large

z times polynomial factors. The shell multiplicities therefore justify both the trace and

termwise differentiation. The factor 1/2 is the real Gaussian normalization convention. F
is the difference of logarithmic Gaussian normalization constants.

If a separate m2 ≥ 0 is added outside this fixed regulator its Gaussian covariance

instead is

[A+Rk(A) +m2I]−1 = Cτ (I +m2Cτ )−1.

Placing the mass inside the regulator instead gives
∫︁ τ
0 e

−u(A+m2I)du. Equation (G.88) uses

A fixed. A varying radius or source-dependent operator or moving unit convention adds

the corresponding derivative and transport terms. The relation τ = k−2 specifies the scale

conversion for this fixed-operator covariance.
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[1] T. Kaluza, Zum Unitätsproblem der Physik, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math.

Phys.) (1921) 966.

[2] O. Klein, Quantentheorie und fünfdimensionale Relativitätstheorie, Z. Phys. 37 (1926) 895.

[3] T. Appelquist, A. Chodos and P.G.O. Freund, eds., Modern Kaluza-Klein Theories, vol. 65

of Frontiers in Physics, Addison-Wesley, Menlo Park, CA (1987).

[4] A.H. Chamseddine and A. Connes, The spectral action principle, Comm. Math. Phys. 186

(1997) 731.

[5] A.H. Chamseddine, A. Connes and M. Marcolli, Gravity and the standard model with

neutrino mixing, Adv. Theor. Math. Phys. 11 (2007) 991.

[6] A.H. Chamseddine and A. Connes, Why the Standard Model, J. Geom. Phys. 58 (2008) 38

[0706.3688].

[7] A.H. Chamseddine, A. Connes and W.D. van Suijlekom, Beyond the spectral standard model:

emergence of Pati–Salam unification, JHEP 11 (2013) 132 [1304.8050].

[8] J. Guo, “A spectral construction of natural-number arithmetic.” SSRN preprint 7421398,

2026. 10.2139/ssrn.7421398.

[9] J. Guo, “Lean Formalization of Arithmetic and Basic Physical Interfaces.” Lean proof

library, Zenodo, 2026. 10.5281/zenodo.23254521.

[10] J. Guo, “Coarse graining genesis framework.” Computer software, Zenodo, 2026.

10.5281/zenodo.22067005.

[11] E.T. Jaynes, Information theory and statistical mechanics, Phys. Rev. 106 (1957) 620.

[12] S. Kullback and R.A. Leibler, On information and sufficiency, Ann. Math. Statist. 22 (1951)

79.

[13] I. Bia lynicki-Birula and J. Mycielski, Uncertainty relations for information entropy in wave

mechanics, Comm. Math. Phys. 44 (1975) 129.

[14] W. Beckner, Inequalities in Fourier analysis, Ann. of Math. 102 (1975) 159.

[15] B.C. Hall, Lie Groups, Lie Algebras, and Representations: An Elementary Introduction,

vol. 222 of Graduate Texts in Mathematics, Springer, Cham, 2nd ed. (2015),

10.1007/978-3-319-13467-3.

[16] N. Berline, E. Getzler and M. Vergne, Heat Kernels and Dirac Operators, vol. 298 of

Grundlehren der mathematischen Wissenschaften, Springer, Berlin (1992),

10.1007/978-3-642-58088-8.

[17] M. Berger, P. Gauduchon and E. Mazet, Le spectre d’une variété riemannienne, vol. 194 of
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