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§1.1 VÇ

�È©¥¢êS��4��'SNµ

1. üNS� an �4��35¶

2. ?¿S� an �þ!e4��±L«�üNS��4�µ

lim sup
n→∞

an = lim
n→∞

sup
k≥n

ak , lim inf
n→∞

an = lim
n→∞

inf
k≥n

ak ;

3. lim an �3��=� lim sup an = lim inf an.

4. ¼ê f (x)u x0:�ëY5µ�ëYÚmëY

¢êS� {an} −→ ¯�S� {An}
lim sup an, lim inf an, lim an −→ lim supAn, lim inf An, limAn

¼ê�ëYÚmëY −→ VÇ P �eëYÚþëY
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§1.1 VÇ

¯�S��4�: �Ä¯�S� {An}, ½Â

lim sup
n→∞

An = {w :kÃ¡õ� Ak �¹ w} def
= {An, i.o.},

lim inf
n→∞

An = {w :Øk�� Ak 	Ù{��¹ w}.

�±y²µ

lim sup
n→∞

An =
∞⋂

m=1

∞⋃
k=m

Ak , lim inf
n→∞

An =
∞⋃

m=1

∞⋂
k=m

Ak .

¯�S� {An}Âñµlim supAn = lim inf An, P� limAn.

I e An ↑, K limAn =
∞⋃
n=1

An; e An ↓, K limAn =
∞⋂
n=1

An.

I lim sup
n→∞

An = lim
m→∞

sup
k≥m

Ak , lim inf
n→∞

An = lim
m→∞

inf
k≥m

Ak .
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§1.1 VÇ

VÇ�5�

r�\5: P (A ∪ B) = P (A) + P (B)− P (AB). ���/§

P

(
n⋃

k=1

Ak

)
=

n∑
k=1

(−1)k−1
∑

1≤j1<j2<···<jk≤n

P (Aj1Aj2 · · ·Ajk ).

k�g�\5: P (∪nk=1Ak) ≤∑n
k=1 P (Ak).

σ-g�\5: P (∪∞k=1Ak) ≤∑∞k=1 P (Ak).

eëY5: e An ↑ A, K P (An)→ P (A).

þëY5: e An ↓ A, K P (An)→ P (A).

ëY5: e An → A, K P (An)→ P (A). ���/§

P (lim inf An) ≤ lim inf P (An) ≤ lim supP (An) ≤ P (lim supAn).
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§1.1 VÇ

Borel-CantelliÚn

�¯�S� {En}÷v
∑∞

n=1 P (En) <∞, K P (En, i.o.) = 0.

�¯�S� {En}�pÕá§�÷v
∑∞

n=1 P (En) =∞, K
P (En, i.o.) = 1.

y²µ(1) P (En, i.o.) = limP

( ∞⋃
k=n

Ek

)
≤ lim

∞∑
k=n

P (Ek) = 0.

(2) |^ e−x ≥ 1− x (x > 0)§9¯�Õá5§�

P

( ∞⋂
k=n

E c
k

)
=
∞∏
k=n

P (E c
k ) ≤ exp

{
−
∞∑
k=n

P (Ek)

}
= 0.
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§1.1 VÇ

Borel-CantelliÚn�A^

I =~ 1.1(B)> ��ÅCþS� {Xn}Ø7Õá§÷v

P (Xn = 0) =
1

n2
= 1− P (Xn = 1), ∀ n ≥ 1,

K limXn = 1, a.s..

I =~ 1.1(C)> ��ÅCþS� {Xn}�pÕá§÷v

P (Xn = 0) =
1

n
= 1− P (Xn = 1), ∀ n ≥ 1,

K P (Xn = 0, i.o.) = 1 = P (Xn = 1, i.o.). u´, Xn �4�Ø�3.

Borel-CantelliÚn´VÇ4�nØ�Ä:
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§1.3 + §1.5 Ï"�^�Ï"
¦Ï"�ü«�{

�{�£�ÅCþ�©){¤µeY = X1 + X2 + · · ·+ Xn, K

EY = EX1 + EX2 + · · ·+ EXn.

�{�£üÚr§=�^�Ï"¤µ

EY = E
{
E [Y |X ]

}
.

¦��½�����ü«�{

�{�£�ÅCþ�©){¤µeY = X1 + X2 + · · ·+ Xn, K

Var(Y ) =
n∑

k=1

Var (Xk) + 2
∑

1≤i<j≤n

Cov (Xi ,Xj).

�{�£üÚr§=�^�Ï"¤µ

Cov(X ,Y ) = Cov(E [X |Z ],E [Y |Z ]) + E [Cov(X ,Y |Z )].
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§1.3 + §1.5 Ï"�^�Ï"

I =~ 1.3(A)> 3�gà¬þ§n�<ògC�lf·3�å§¬
�z<�Å�lf§P X �U�(��gClf�<ê. ¦ EX
Ú Var (X ).

)µÄk§ò n<?Ò§,��S�l. ½Â

Ik =

{
1, 1 k <��gC�lf,
0, ÄK,

K X =
∑n

i=1 Ik . |^

E Ik =
1

n
, E [Ii Ij ] =

1

n(n − 1)
, ∀ i < j ,

u´
EX = 1, Var (X ) = 1.
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§1.3 + §1.5 Ï"�^�Ï"

I =~> �Ý¥k?Ò 1, 2, . . . , n��¥§l¥Ø�£?¿�Ñ
m (m < n)�§X L«ù m��¥þ�Òè�Ú§¦ EX .

)µP Yj �1 j g�Ñ��¥þ�Òè§j = 1, . . . ,m, K

X =
m∑
i=1

Yi .

|^ Yj Ñl {1, 2, . . . , n} þ�lÑþ!©Ù§u´ EYj = (n + 1)/2,
∀ j . Ïd§

EX =
m∑
i=1

EYi =
m(n + 1)

2
.
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§1.3 + §1.5 Ï"�^�Ï"

I =~> yk nr	/�Ó��²§Ù¥�k�rU�m£§^§
�Å��Ám£§z�gm£´�pÕá�§zr�²Ám£�
g�<r§P X L«�m£�®²ÁmL£�gê. ¦ EX .

){�µ �*N´wÑ X Ñl {1, 2, . . . , n}þ�þ!©Ù§½�±X
e5O�µé?¿ k ∈ {1, 2, . . . , n},

P (X = k) =
n − 1

n
· n − 2

n − 1
· · · · · 1

n − k + 1
=

1

n
.

Ïd§EX = (n + 1)/2.
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§1.3 + §1.5 Ï"�^�Ï"

){�µ P Ai L«1 i g�Ñ��²TÐU�m£, ¿½Â

Xi =

{
1, c i − 1g¹���²�U�m£;
0, ÄK,

i = 1, . . . , n.

u´§X =
∑n

i=1 Xi . w,§X1 = 1, EX1 = 1,

EXi = P (Ac
1 · · ·Ac

i−1) = P (Ac
i−1|Ac

i−2 · · ·Ac
1) · · ·P (Ac

2|Ac
1)P (Ac

1)

=
n − i + 1

n − i + 2
· · · n − 2

n − 1
· n − 1

n
=

n − i + 1

n

Ïd§

EX = 1 +
n∑

i=2

EXi =
n∑

i=1

n − i + 1

n
=

n + 1

2
.
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§1.3 + §1.5 Ï"�^�Ï"

){nµÚ?��#�ÅCþ Y :

Y =

{
1, 1�g�m£;
0, 1�g��m£,

K P (Y = 1) = 1/n, P (Y = 0) = 1− 1/n. PMn = E [Xn], Xn éAk n
r�²��/e� X . é Y �^�§�

Mn = E
{
E [Xn|Y ]

}
=

1

n
E [Xn|Y = 1] +

n − 1

n
E [Xn|Y = 0]

=
1

n
+

n − 1

n
[1 + Mn−1],

z{�

Mn = 1 +
n − 1

n
Mn−1.

|^8B{Ò�±���y
"
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§1.3 + §1.5 Ï"�^�Ï"

I =~> � Y ∼ U(0, 1), [X |Y = p] ∼ B(n, p), Ù¥ 0 < p < 1, ¦
X �©Ù.

)µé?¿ k = 0, 1, . . . , n,

P (X = k) = E
[
P (X = k |Y )

]
=

∫ 1

0

P (X = k |Y = p)dp

=

∫ 1

0

(
n

k

)
pk(1− p)n−kdp =

1

n + 1
,

= X Ñl {0, 1, . . . , n}þ�lÑþ!©Ù.
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§1.3 + §1.5 Ï"�^�Ï"

I =~ 1.5(D)> (òÈ) � X ∼ F , Y ∼ G � X ⊥ Y , ¦ X + Y �
cdf H.

)µé?¿ z ∈ R,

H(z) = P (X + Y ≤ z) = E
[
P (X + Y ≤ z |Y )

]
=

∫ ∞
−∞

P (X + Y ≤ z |Y = y)dG (y)

=

∫ ∞
−∞

F (z − y)dG (y).

>
E [η(Y )] =

∫ ∞
−∞

η(y)dG (y).
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§1.3 + §1.5 Ï"�^�Ï"

I =~> (~ 1.3(A)Y, ��¯K)

3�gà¬þ§n�<ògC�lf·3�å§¬�z<�Å�
l. P Xn �o���ê§LL«1�<���. ¦ E [Xn|L].

)µé1�<´Ä���¹�^�§

EXn = E [Xn|L] · P (L) + E [Xn|Lc ] · P (Lc)

=⇒ (|^ [Xn|Lc ] = 1 + Xn−1)

1 = E [Xn|L] · n − 1

n
+ 2 · 1

n

u´§

E [Xn|L] =
n − 2

n − 1
.
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§1.3 + §1.5 Ï"�^�Ï"

I =~ 1.5(F)> (~ 1.3(A)Y) 3�gà¬þ§n�<ògC�lf
·3�å§¬�z<�Å�l. P En = {n <��Ø��}. ¦
Pn := P (En).

)µò n<?Ò§�S�l. PMj = {1st<�� jth<�lf Cj},
j = 1, . . . , n.

Pn =
n∑

i=1

P (En|Mi ) · P (Mi ) =
n − 1

n
P (En|M2).

[En|M2]©)µ

2nd <� 1st<lf C1, Ù{ n− 2�<����¶ VÇ 1
n−1Pn−2

2nd <���lf� C1, Ù{ n − 2�<����. VÇ Pn−1

(w{µÀ 1st�lf C1=� 2nd<�lf)
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2nd <���lf� C1, Ù{ n − 2�<����. VÇ Pn−1

(w{µÀ 1st�lf C1=� 2nd<�lf)

T. Hu �ÅL§
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u´,

P (En|M2) =
1

n − 1
Pn−2 + Pn−1

=⇒
Pn =

1

n
Pn−2 +

n − 1

n
Pn−1

Pn − Pn−1 = −1

n
(Pn−1 − Pn−2), n ≥ 3

|^Ð©^� P1 = 0, P2 = 1/2, �

Pn =
1

2!
− 1

3!
+ · · ·+ (−1)n

1

n!
.

T. Hu �ÅL§
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I =~ 1.5(C)> (��¯K) 3�gà¬þ§n�<ògC�lf·
3�å§¬�z<�Å�l. �(��gClf�<lm, vk�
(�l�<òlf­#·3�å§2?1�Ó�Å�lf. TL
§��?1�¤k<Ñ�(��gC�lf. P Rn �¤�lf�
Óê. ¦ ERn.

©ÛµPM �1�Ó�(�l�<ê§K EM = 1. u´ßÿ

ERn = n. (∗.1)

)µ8By² (∗.1). � n = 1�§w,. b� ERk = k, ∀ k ≤ n − 1.
éM �^�§�

ERn =
n∑

i=0

E [Rn|M = i ] · P (M = i) =
n∑

i=0

E [1 + Rn−i ] · P (M = i)

= 1 + ERnP (M = 0) +
n∑

i=1

(n − i)P (M = i)

= ERn · P (M = 0) + n [1− P (M = 0)] =⇒ ERn = n.

T. Hu �ÅL§
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I =~ 1.5(C)Y> (��¯K) n�<�Å�l§TL§²LõÓ
��?1�¤k<Ñ�(��gC�lf. P Sn � n�<¤I�
lf�ogê. ¦ ESn.

�Ø©ÛµPM �1�Ó�(�l�<ê§K EM = 1. u´ßÿ

ESn = n + (n − 1) + · · ·+ 2 = n(n + 1)/2− 1. (∗.2)

�Ïµ S2/2 ∼ Geo(1/2) =⇒ ES2 = 4.

)µéM �^�§�

ESn =
n∑

i=0

E [Sn|M = i ] · P (M = i) =
n∑

i=0

E [n + Sn−i ] · P (M = i)

= n + ESn · P (M = 0) +
n∑

i=1

E [Sn−i ] · P (M = i).

T. Hu �ÅL§
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 e8By²µ

ESn = n +
n2

2
, n ≥ 2. (∗.3)

n = 2�/
√

. b� ESk = k + k2/2, ∀ k = 2, . . . , n − 1. P

pj = P (M = j).

5¿� ES0 = 0, ES1 = 1, pn−1 = 0, u´

ESn = n + ESn · p0 +
n∑

i=1

[
n − i +

1

2
(n − i)2

]
· pi

=⇒

ESn = n + ESn · p0 +

(
n +

n2

2

)
(1− p0)− (n + 1)EM +

1

2
EM2

=⇒ (∗.3) (|^ EM = 1, EM2 = 2)
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I =~ 1.5(C)Y> (��¯K) n�<�Å�l§TL§²LõÓ
��?1�¤k<Ñ�(��gC�lf. P Yj �1 j �<�Ø
�l�gê. ¦ EYj .

)µ5¿�

Sn =
n∑

j=1

(1 + Yj) = n +
n∑

i=1

Yi ,

� EY1 = · · · = EYn, u´

EYj =
n

2
, j = 1, . . . , n.
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I =~ 1.5(E)> (À¦¯K) �gÀÞkü ÿÀ< AÚ B, A� n
ÜÀ¦§B� mÜÀ¦, n > m. 3�¦cb�À¦´�Åü�§
y²

P (3�¦L§¥ A©ª+ku B︸ ︷︷ ︸
P� En,m

) =
n −m

n + m
.

y²µP Pn,m = P (En,m), D = {A����¦}. é���Ü¦8á�
^�§�

Pn,m = P (En,m|D) · P (D) + P (En,m|Dc) · P (Dc)

=⇒
Pn,m = Pn−1,m ·

n

n + m
+ Pn,m−1 ·

m

n + m

=⇒ (8By²)

Pn,m =
n −m

n + m
, Pn,m = 1− m

n + 1
(��§Ï Pn,n = 0).

T. Hu �ÅL§
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À¦¯K�b�:

3�¦cz�<�¦´(½�¶

¤k¦�ü�´��U�.

À¦¯K�A^: ëYÝ��qM1§zg�¡ÑyVÇ� p, �¡Ñ
y�VÇ� q = 1− p. ��L§¥ÄgÑy��¡Ñygê�Ó��
�P� T . ¦ T ©Ù.

�Ø){µP D = {1 2ng��Ñy�¡},

P (T = 2n) = P (T = 2n,D) + P (T = 2n,Dc)

= Pn,n−1 · p + Pn,n−1 · q = Pn,n−1 = 1/(2n − 1).

�Ïµ{T = 2n|D}¥ü�¿Ø´��U. Why ?
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�(){µP J = {c 2ng���¡Ñy ng},

P (T = 2n) = P (T = 2n, J) = P (T = 2n|J) · P (J),

P (T = 2n|J) = P (T = 2n,D|J) + P (T = 2n,Dc |J)

= P (T = 2n|D, J) · P (D|J)

+P (T = 2n|Dc , J) · P (Dc |J)

= Pn,n−1 ·
1

2
+ Pn,n−1 ·

1

2
=

1

2n − 1
.

�yÀ¦¯Kb�µ?� 1 ≤ j1 < j2 < · · · < jn ≤ 2n − 1,

P (u�� j1, j2, . . . , jn �Ñ�¡|D, J) =
1(

2n−1
n

) .

T. Hu �ÅL§



§1.3 + §1.5 Ï"�^�Ï"

�(){µP J = {c 2ng���¡Ñy ng},

P (T = 2n) = P (T = 2n, J) = P (T = 2n|J) · P (J),

P (T = 2n|J) = P (T = 2n,D|J) + P (T = 2n,Dc |J)

= P (T = 2n|D, J) · P (D|J)

+P (T = 2n|Dc , J) · P (Dc |J)

= Pn,n−1 ·
1

2
+ Pn,n−1 ·

1

2
=

1

2n − 1
.

�yÀ¦¯Kb�µ?� 1 ≤ j1 < j2 < · · · < jn ≤ 2n − 1,

P (u�� j1, j2, . . . , jn �Ñ�¡|D, J) =
1(

2n−1
n
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I =~ 1.5(I)> (Poisson�ÅCþ©a) b��X�¯��pÕ
á§®�3�A½�mS¯�u)�gê

N ∼ Poisson(λ).

z�¯�q±VÇ pj y\ j .§p1 + · · ·+ pk = 1. P Nj �T�
mãS j .¯���ê. y²

N1,N2, . . . ,Nk �pÕá¶

é?¿ j = 1, . . . , n,

Nj ∼ Poisson(λpj).

T. Hu �ÅL§



§1.6 Æ·©Ù!�ê©Ù

I Æ·�ÅCþ!Æ·©Ù
I ��Ç¼ê: � X ∼ F , F (0−) = 0, pdf� f , K��Ç¼ê½Â
�

λ(t) =
f (t)

F (t)
, ∀ t ∈ [0, uX ),

Ù¥ uX = sup{x : F (x) < 1}, ��½ λ(t) = +∞, t > uX .

I ��Ç¼ê�*)º: e λ(t)u (0, uX )þëY§Ké?¿
t ∈ (0, uX ),

P (X ∈ (t, t + ∆t)|X > t) = λ(t)∆t + o(∆t).

I cdf���Ç¼ê�m��éAµ

F (t) = exp

{
−
∫ t

0

λ(x)dx

}
, t ≥ 0.

T. Hu �ÅL§



§1.6 Æ·©Ù!�ê©Ù

I �ê©Ù�ÃPÁ5: � T ∼ Exp(λ), K

P (T − t > s|T > t) = P (T > s), ∀ s > 0, t > 0.

I �ê©Ù��x: 3ýéëY�Æ·�ÅCþa¥§

äk~ê��Ç¼ê¶½
äkÃPÁ5

I =~ 1.6(A)> XÚkü�ÑÖ�§ÑÖ
���Jø�ÑÖ�
m∼ Exp(λ). æ^ FIFO5K. � A��XÚ�§uy BÚ CÓâ
ü
�ÑÖ�, ¦ A��lm�VÇ.

 

 

 

 

      B 

      C 

 A 

T. Hu �ÅL§



§1.6 Æ·©Ù!�ê©Ù

I �ê©Ù�ÃPÁ5: � T ∼ Exp(λ), K

P (T − t > s|T > t) = P (T > s), ∀ s > 0, t > 0.

I �ê©Ù��x: 3ýéëY�Æ·�ÅCþa¥§

äk~ê��Ç¼ê¶½
äkÃPÁ5

I =~ 1.6(A)> XÚkü�ÑÖ�§ÑÖ
���Jø�ÑÖ�
m∼ Exp(λ). æ^ FIFO5K. � A��XÚ�§uy BÚ CÓâ
ü
�ÑÖ�, ¦ A��lm�VÇ.

 

 

 

 

      B 

      C 

 A 

T. Hu �ÅL§



§1.6 Æ·©Ù!�ê©Ù

I S� {Xn, n ≥ 1}�P¹�µ e Xn > max{X0,X1, . . . ,Xn−1}, K¡
S�u�� n�)
��P¹§�P¹�� Xn§ùp�½ X0 = −∞.

�)P¹���µS1, S2, . . . , Sk , . . .

P¹��gP�µR1, R2, . . . , Rk , . . .

1 i ��1 i + 1�P¹�m��mm�µτi = Si+1 − Si , i ≥ 0.

S1 = 1, R1 = X1, Rn = XSn , n ≥ 1.

=~ 1.6(B)> � {Xn, n ≥ 1} iid ∼ F , F uÙ| «m (`, u)þëY�
î�üN§¦ τi �©Ù.

~ F �| «m (`, u)�½Âµ

` = inf{x : F (x) > 0}, u = sup{x : F (x) < 1}.
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©Ûµ

é?¿u (`, u)þî�üN�¼ê h, e¡ü�S�

X1, X2, . . . , Xn, . . .

h(X1), h(X2), . . . , h(Xn), . . .

MP¹���´�Ó�§ÏdMP¹��mm� τi éA�Ó.

AO� h(x) = F (x). 5¿�

F (X1), F (X2), . . . , F (Xn), . . . iid ∼ U(0, 1),

¤± τi �©Ù� F Ã'.

�¦ τi ©Ù§Ø�� F = Exp(1)©Ù.
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§1.6 Æ·©Ù!�ê©Ù

)µ Ø�� F � Exp(1)©Ù, ky²

R1, R2 − R1, . . . , Ri+1 − Ri , . . . iid ∼ Exp(1).

 

 

 

 

 
é ∀ s > 0, t > 0,

P (Ri+1 > t|Ri = s) =
∞∑
k=0

(1− e−s)k · e−t = e−(t−s).
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=⇒ Ri ∼ Γ(i , 1), i ≥ 1, Ù pdf�

fRi (x) =
e−tt i−1

(i − 1)!
, t > 0.

�¦ τi �©Ù§é Ri �^�§é?¿ k = 0, 1, . . .,

P (τi > k) = E
{
P (τi > k |Ri )

}
=

∫ ∞
0

P (τi > k |Ri = t) · 1

(i − 1)!
e−tt i−1 dy

=

∫ ∞
0

(1− e−t)k · 1

(i − 1)!
e−tt i−1 dy .

éu���ëY©Ù F , XÛ¦ Ri �©Ùº
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§1.9 �ÅL§
I �ÅL§µ {X (t), t ∈ T}, �Å¯�Ä�'X�½þ£ã.

t: �mëê§Ï~´ý¢�m½Ù��C�§��´2Â�m¶

T : �I8Ü¶

G��m: X (t) (t ∈ T )¤k�U���8Ü¶

�ã��´»½;�: {X (t), t ∈ T}���Ü©¢y
{X (t,w0), t ∈ T0}, Ù¥ T0 ⊂ T , w0 ∈ Ω.

Definition Classical ruin modeland related quantities

U(t) = u + ct − S(t) t ≥ 0
Surplus Initial premium total claims
at timet capital per unit time up to timet

T1 T2 T3 T  = T4 T5

u

0
t

U(t)

[4.2]
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§1.9 �ÅL§

I �ÅL§©aµ �â�I8Ü T ÚG��m5y©.

lÑ�m SP P� {Xn, n ∈ T}
ëY�m SP P� {X (t), t ∈ T}
lÑG� SP

ëYG� SP

�Å| (�m t ��þ)

I �ÅL§uÐ{¤µ @Ï�uÐ{¤áuÔnÆ�+�§�J��
Gibbs, Poincaré�<3ÚOåÆ¥¤��ïÄ§±9�5� Einstein,
Wiener, Levy�<éÙK$Ä¤��mM5ó�.
I �ÅL§nØÄ:µ KolmogorovÚ DoobC½�.

ù�Æ�E3nØ�A^ü��¡±�c��ÝÚ2Ý3×�uÐ�
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§1.9 �ÅL§

I �ÅL§~��A^5�: � T �¢ê8½Ùf8.

ÕáOþ5µé?¿ t1 < t2 < · · · < tn, ∀n > 2,

X (t2)− X (t1), X (t3)− X (t2), . . . , X (tn)− X (tn−1)

�pÕá.

²­Oþ5µé?¿ t, t + h ∈ T , h > 0, X (t + h)− X (t)�©Ù
� t Ã'§��6u h.

Markov5µé?¿ n ≥ 2, t1 < t2 < · · · < tn < t,
(x1, . . . , xn) ∈ Rn, B ⊂ R,

P (X (t) ∈ B|X (t1) = x1, X (t2) = x2, . . . ,X (tn) = xn)

= P (X (t) ∈ B|X (tn) = xn).

¿�?¿L§ÑäkXþ�A^5�§k
L§�ä�Ù¥��^½

ü^5��
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§1.9 �ÅL§
I =~ 1.9(A)> �âfz�Ú��UU^½���£Ä�� �§=

P (Xn+1 = i + 1|Xn = i) = P (Xn+1 = i − 1|Xn = i) = 1/2, ∀ n ≥ 0,

Ù¥ Xn L«âf31 nÚ�� �. ®� X0 = 0, �½âfH{z�
G�§¦G� i ´����¯�VÇ.

84 2 Random Variables

nonnegative integers; while {X(t), t � 0} is a continuous-time stochastic process
indexed by the nonnegative real numbers.

The state space of a stochastic process is defined as the set of all possible values
that the random variables X(t) can assume.

Thus, a stochastic process is a family of random variables that describes the
evolution through time of some (physical) process. We shall see much of stochas-
tic processes in the following chapters of this text.

Example 2.53 Consider a particle that moves along a set of m + 1 nodes,
labeled 0,1, . . . ,m, that are arranged around a circle (see Figure 2.3). At each
step the particle is equally likely to move one position in either the clockwise or
counterclockwise direction. That is, if Xn is the position of the particle after its
nth step then

P {Xn+1 = i + 1|Xn = i} = P {Xn+1 = i − 1|Xn = i} = 1
2

where i + 1 ≡ 0 when i = m, and i − 1 ≡ m when i = 0. Suppose now that the
particle starts at 0 and continues to move around according to the preceding rules
until all the nodes 1,2, . . . ,m have been visited. What is the probability that node
i, i = 1, . . . ,m, is the last one visited?

Solution: Surprisingly enough, the probability that node i is the last node
visited can be determined without any computations. To do so, consider the
first time that the particle is at one of the two neighbors of node i, that is, the
first time that the particle is at one of the nodes i − 1 or i + 1 (with m+ 1 ≡ 0).
Suppose it is at node i −1 (the argument in the alternative situation is identical).
Since neither node i nor i + 1 has yet been visited, it follows that i will be the
last node visited if and only if i + 1 is visited before i. This is so because in

Figure 2.3. Particle moving around a circle.
T. Hu �ÅL§



§1.9 �ÅL§

,��d¯Kµ�Ùäk 1�aë\�X���þ!M1�ú²Ù
Æ"zgÑy�¡�ÙäI 1�§ÄKÑ 1�. P

Dm−1 = {TÙä3Ñ1cÙÙ7QO\L m − 1�},
¦ P (Dm−1).

)µP Ai = {�½âfH{z�G�§G� i ´����¯}, �½Â
âfÄg�¯G� k ���� Tk , K P (Tk <∞) = 1.

P (Ai ) = P (Ai ,Ti−1 < Ti+1) + P (Ai ,Ti−1 > Ti+1)

= P (Ai |Ti−1 < Ti+1) · P (Ti−1 < Ti+1)

+P (Ai |Ti−1 > Ti+1) · P (Ti−1 > Ti+1)

= P (Dm−1) · P (Ti−1 < Ti+1)

+P (Dm−1) · P (Ti−1 > Ti+1) = P (Dm−1).

q
∑m

i=1 P (Ai ) = 1, ¤± P (Ai ) = 1/m, ∀ i 6= 0.
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§1.9 �ÅL§

©Ûµ

XÛ¦ P (Ai |Ti−1 < Ti+1)º

[Ai |Ti−1 < Ti+1] =

{
�âf�¯G� i − 1�, G� i � i + 1
���¯L, ��¦ i ����¯

}
=

{
�âf?uG� i−1�, dG� i =£� i + 1
�c, Ø#NlG� i−1���Ú=£� i

}
Ú?ú²ÙÆ�.⇐⇒ {Ùä3Ñ1cÙÙ7QO\L m−1�}
= Dm−1

Ïd,

P (Ai |Ti−1 < Ti+1) = P (Dm−1), i = 1, . . . ,m.

é1�Ú=£�(J�^�. d�§[Ai |Äg=\G� 1] 6= Ai−1.
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§1.9 �ÅL§

~ 1.9(A)A^µ 3þã��þ!M1�ú²ÙÆ¥,

P (ÙäÙ7~� 1�cQO\L n�) =
1

n + 1
,

P (ÙäÙ7~� n�cQO\L 1�) =
n

n + 1
,

P (ÙäÙ7~� n�cQO\L 2�)

= P (Ù7~� n�cQO\L 2�|Ù7~� n�cQO\L 1�)

×P (ÙäÙ7~� n�cQO\L 1�)

= P (Ù7~� n+1�cQO\L 1�) · n

n + 1

=
n + 1

n + 2
· n

n + 1
=

n

n + 2
.
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§1.9 �ÅL§

~ 1.9(A)A^µ 3þã��þ!M1�ú²ÙÆ¥,

P (ÙäÙ7~� n�cQO\L k �) =
n

n + k
, k ≥ 1.
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§1.9 �ÅL§
I =~ 1.9(C)> IP� O �¥%k r ^��§�� i þk ni �:. �
�:l¥% O Ñu§zg��U/ �U����£Ä��§���
��à:¡��f. P

Bi = {Ä���¯��f3�� i þ}, i = 1, . . . , r .

¦ P (Bi ).
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)µ P Cj = {�:Äg�¯�� j}, j = 1, . . . , r , K

P (Bi ) =
r∑

j=1

1

r
P (Bi |Cj),

P (Bi |Ci ) =
1

ni
+

(
1− 1

ni

)
P (Bi ),

P (Bi |Cj) =

(
1− 1

nj

)
P (Bi ), j 6= i .

=⇒

rP (Bi ) =
1

ni
+

r −
r∑

j=1

1

nj

P (Bi )

=⇒
P (Bi ) =

1/ni∑r
j=1 1/nj

.
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