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Abstract

This is just a personal rewriting of some parts of [AM21], with some backgrounds taken from [Kle|
and |Mall7|. Every mistake is due to me.

1 Background

Let X = Spec A be an affine algebraic variety over C (we will focus particularly on the case in which X
is an algebraic group). Let Ox be the structure sheaf.

Definition 1.1. A global section 6 € Endc(Ox)(X) is a vector field on X if for each open U C X, the
section 6(U) = 9’U € Derc(Ox (U),Ox(U)), i.e. it satisfies the Leibniz rule. Call ©(X) the set of vector
fields on X.
The tangent sheaf ©x is defined by

U~ 0()

and one can verify it is a Ox-module, where one identifies f € Ox with puy € Endc(Ox) being the
multiplication by f.

Compactly, ©x = Derc(Ox) and one can prove it is a coherent sheaf. In-fact, if

A= (C[xlv'"7xn]/(f17~-~7fr)7
then it is well known

Der(C(A7A) ~ HOmA(Q}q/(C7A)7 QA/C = m

so that we see Derc(A) is finitely generated as an A-module.
Let’s now talk about cotangent sheaf. One local construction of Qix /c is given by considering the

A-module I/I? where I is the kernel of the multiplication map p: A ®c A — A, and one can prove it is
generated by elements df = f®1—1® f mod I?. Globalizing this construction we obtain the following.

Definition 1.2. The cotangent sheaf of X is defined by
Q% =64Z/1?)

where §: X — X x X is the diagonal embedding and Z is the ideal sheaf of §(X) in X x X (X is affine
so automatically separated, i.e. § is a closed immersion). Sections of Q% are called differential forms.

The cotanget sheaf is an Ox-module in a natural way and it has a natural derivation d: Ox — Q%
given by df = f®1—1® f mod 6~*(Z?). Analogue to the affine case, we have

Lemma 1.3. As an Ox-module, QY is generated by df, for f € Ox.
And, of course, the same universal property holds.
Proposition 1.4. We have an isomorphism in Ox — Mod:
Homo, (%, 0x) = Ox.

We have an analogue situation of what happens in a manifold with charts, where we can always choose
a local neighborhood trivializing the tangent bundle.
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Theorem 1.5. Let X be smooth. For each x € X there exists an affine open neighborhood V > x,
regular functions z; € Ox (V') and verctor fields 9; € O x (V) satisfying

[8i,8j] = 0, 61(3?J) = 51‘,]‘, @V = @Ov3l

Moreover one can choose z1,...,Z, so that they generate the maximal ideal m, of the local ring Ox ,.
Proof. By assumption the local ring Ox , is regular, so there exist n = dim X functions zi,...,z,
generating the ideal m, (use definition of regular local ring and Nakayama’s lemma). Then dxy,...,dz,

is a basis of the free Ox ,-module ka ~ Q}OXI This is a well-known result: since Ox , is a finitely
generated local C-algebra, whose residue field is C (Nullstellensatz), then we have m, /m2 = C®oy.. Q}( -
and, using again Nakayama, we get what we claimed.

Thus we can find an affine open neighborhood V' of x such that Q'(V) is a free Ox (V)-module with
basis dz1, . .., dz,. If we define 4, ...,0, € ©x (V) as the dual basis, we get J;(x;) = J; ;. To obtain the
desired commutation relations, write

0:,0;] = gt ;00 € Ox(V)
i=1
and observe that gf’j = [0;, 0]z = 0;0;x; — 0;0;,2; = 0. [ ]

The set {z;,0; | 1 <1 < n} over an affine open neighborhood of z, satisfying the above conditions, is
called a local coordinate system.

1.1 Differential Operators

Let’s now define a sheaf Dx on X as the sheaf of C-subalgebras of Endc(Ox) generated by Ox (embedded,
as before, as left multiplications) and © x.

Definition 1.6. The sheaf Dx is called the sheaf of differential operators on X. The algebra Dx (X) is
called the algebra of differential operators on X.

Remark. For now we should think only about D4 for A a commutative C-algebra. We will see later
that this definition, for finitely generated C-algebras, behaves well with localization, hence it gives rise
to a sheaf.

Observe that, on a trivializing neighborhood U of x, we have
[0,f]=0(f) e Ox(U)  VfeOx(U), 0e0xU)

so that we have
D)= P Opo*, 9™ =0r ... 95
a€eNn

We have an obvious order filtration, which we can define locally by

FDy =Y 0yd”

e <

and then glue globally just by requiring all restrictions to trivial neighborhood to be in the corresponding
degree. There is, though, a more natural way to define it:

FyDx = {0 € End(Ox) | [fr+1,-- - [f2,[f1,0]]...] =0 Vfi,..., fex1 € Ox}.

It is clear that FoDx = Ox and we have the split short exact sequence

0 OX F1DX @X 0

where Oy is embedded as multiplication, the map F1Dx — Ox is given by P — [P, —]. Here are some
basic properties of differential operators.

Proposition 1.7. (i) F,Dx is an increasing filtration of Dx such that Dx = |J;», FiDx and each
FDx is locally a free Ox-module. a
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(ll) F()DX = OX and EDX o FmDX - Fl+mDX-
(lll) [EDX; FmDX] - Fl+7n—1DX~

Observe that a corollary of this proposition is that the graded algebra

gr Dx = (P FDx/Fi1Dx
>0

is commutative. Assume now A = Ox(X) is smooth, in the sense that Q) is a finitely generated free
A-module.

Proposition 1.8. There is a (sheaf of) algebra isomorphism
grDx = SymOyx = m,Op-x
where Sym © 4 is the symmetric algebra on © 4. Moreover, it is also a Poisson algebra isomorphism.

Proof. See |Mall7, p.75]. |

1.2 Derivations and differential forms on a group

Now we focus on the case X = G, for G an affine algebraic group. Its Lie algebra g can be defined in a lot
of equivalent ways, for example as the T.G (tangent space at the identity element). We prefer, though,
to define it in another way.

Definition 1.9. The Lie algebra of G is the Lie algebra of left invariant vector fields on G, that is,
g=Lie(G) ={0 € O(G)| Ao =(1®0)0A}

where A: O(G) — O(G) ® O(G) is the comultiplication and 1: O(G) — C is the co-unit (recall that any
affine algebraic group is a Hopf algebra).

Let’s try to unfold this definition: a vector field § € Derc(O(G)) is in g if and only if, for every
g € G, [A\g,0] = 0 as endomorphism of O(G), where A\, corresponds to the action of g (acting by left
multiplication on G) on O(G), i.e. \y(f) = f(g-—). One way to see this is to consider the map ¢: G — G
(so that § = — o ¢) and the multiplication p: G x G — G. The condition on 6§ translates to

B(g1 - 92) = g1 - 9(92)

and, using now 6§ = — o ¢, one obtains that for every f € O(G) and y € G we have

Ag(f)(y) = 0(F)(gy) = 0(f(9y)) = OAq(f)(y)-

As the above reasoning suggests, the only “important” information is the value at the identity e, as
formalized by the following lemma.

Lemma 1.10. We have an isomorphism of Lie algebras
g = Lie(G) = T.G ¥ Derc(O(G),C), O+ e
where €: O(G) — C is the co-unit.

Proof. The map is clearly well-defined. Its inverse is given by 6 — (id ®J) o A. |

We have a dual definition of right invariant vector fields, requiring simply the symmetric condition
Aol = (0®1)oA for § € Derc(O(G)). As before, this concretely means that § commutes with
all p, for g € G, the contragradient action induced by the right multiplication (g,z) — zg on G (i.e.
pg(f) = f(—=-g)). The proof is exactly as before, just by observing that this condition translates to
?(g192) = ¢(g1)g2. Also observe that this latter condition does not give us automatically commutativity
with Ay, as well as the former doesn’t give commutativity with the pg, so there is a real distinction among
left and right invariant vector fields, although they are both determined by just their value at the identity
e (indeed, what changes is “how” they are determined). They are canonically isomorphic though, so given
x € T.G we write x, (resp. ) to mean the corresponding left (resp. right) invariant vector field.
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Sometimes using the definition of g as derivation of O(G) at e can be useful, so let’s state the following,
which is a more concrete reformulation of the above. Let’s consider left and right translations

Ag: G =G, xgr~ A OG) = OG), [ fol(xm flgr)),
pg: G—= G, xrazg~py: OG) = OG), [ fopg(z f(zg))
We have

Lemma 1.11. Let 2 € Derc(O(G), C) an element of T.G. Then the corresponding left and right invariant
vector fields are given by

zr(f)(g) =xNf) =2(flg-—)),  ar(f)(9) = z(pzf) = x(f(—-9))
where f € O(G), g € G.

We can prove that left invariant and right invariant vector fields commute, as the commutation
between A\ and p suggests.

Lemma 1.12. Given z,y € g we have
[zL,yr] = 0 € Derc(O(G)).

Proof. This is classical in Lie groups. One algebraic way to prove is to use Definition stating that we
have
Aozp = (ld®xp) o A, Aoyr = (yr ®id) o A.

Then let’s consider

Aozxpoyr = (ld®xp)oAoyg = (ld®xr)o (id®yg) o A= (yg @) o A =
=(yr®id) o (id®xp)o A = (yg ®id)o Aoz =Aoyroxy

which basically says Ao [z, yr] = 0. Composing with the map e ®id: O(G) ® O(G) — O(G) and using
Hopf algebra axioms we can conclude. |

We also have
Lemma 1.13. Given z,y € g, and S: O(G) — O(G) the antipode map, we have
zroS=SozxL.
Proof. Given f € O(G), g € G observe that
R(S(F))(g) = 2(pES() = 2(F 0 10 pg) = a(f 0 Ay 00) = SN 1)) = (Sz1(/)(9)
where ¢: G — G is the inverse map, so that S = — o . |

Recall also that any affine algebraic linear group is smooth (as a scheme) and it has trivial tangent
and cotangent bundles, i.e.

TG=2GxT.G=2G X g, T°G =G x g
Lemma 1.14. The embedding g < Derc(O(G)) given by & — z, induces an isomorphism in O(G)—Mod
O(G) @c g — Derc(0(G)).
Proof. Both sides are free O(G)-modules of rank equal to dim¢ g = dim G since G is smooth. |
We have the canonical O(G)-bilinear pairing
{,): Derc(0O(Q)) x QYG) = O(G).

Fix a C-basis of g given by (z1,...,2%) (corresponding hence to an O(G)-basis of Derc(O(G))) and let
(w,...,w?) be the dual O(G)-basis of Q!(G). Let’s introduce the structure coefficients writing

[mi,mj]:Zc;’j$p7 fori,j=1,...,d
P
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with ¢;7 € C. Having embedded g into Derc(O(G)) as left-invariant vector fields, we can consider also
the dual embedding and write

:cZR:Zfi’pxp, fori=1,...,d

for some invertible (the z%, are also a basis) matrix (f*?)1<; p<q with coefficients in O(G) (observe that
by ' we mean the corresponding left-invariant vector field % in Derc(O(Q))).

Lemma 1.15. We have the following identities:
(i) For all4,j,s=1,...,d,
l‘ifj’s + Zci,pfj,p —0.
P

(ii) For all4,j,s=1,...,d,
s = S
P q
Proof. The first identity is equivalent to the commutation relation
[xll-'u 3333] =0

for all i,j (just substitute the expression of xg% and then put to zero every component multiplying the
base elements ;).
To prove the second, let’s write the relation

2%, 2%] = [27,27] g

which says nothing else than that also (—)g is a Lie algebra morphism (same reasoning of left one). Using

coordinates we have
(e, 2] = ) [k, f702°] = Z RS0 )a = Zf”’ RRIE:

S

by the previous commutation relation. Plugging it back, we obtain the searched identities (as usual
insulating every component). |

Definition 1.16. The Lie algebra Derc(O(G)) acts on QY(G) by Lie derivative as follows:
QNG) 3 (Lied).w: 61 — 0({01,w)) — ([0, 01],w),
where w € Q}(G) and 6, 6; € Derc(O(G)).

Let’s now consider the case w = fdg € Q(G), 7 € Derc(O(G)) and try to give more explicit formulas.
We have

(7, fog) = fr(9), (LieT).(fog) = 7(f)0g + fo(r(g))

as one can verify with few computations.
Proposition 1.17. We have the following identities:
(1) (LieT).(fw) =7(f)w+ f(LieT).w.
(2) (Lie f1).w = f(LieT).w + (T,w)0f.
Proof. Easy computations. |

Using the previously introduced O(G)-basis {wl, .. ywq} of QYG) we can write
(Liex") Z abiw®

for aJ € C coefficients. As it happens in differential geometry, we will sometimes write
(Lied).f = 6(f)

for 0 € Derc(O(G)) and f € O(G) (i-e. the Lie derivative of a function along a vector field is exactly the
corresponding directional derivative, seeing the vector field as a differential operator). We have another
technical lemma.
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Lemma 1.18. The following identities hold:

(i) For all 4,5 =1,...,d,

(Liez").w’ = ch-’zws.
S
(ii) For all 4,5 =1,...,d, ' _
(Liex%).w’ = 0.
Proof. For all i,j,s =1,...,d we have
ol = (zf, (Liex®).w?) = 2t ((z°,w?)) + ([z°,2'],w?) = cj’i

where we used the fact that w’ is a O(G)-dual basis of the z77s, and that 2 (5 ;) = 0 being the derivation
of a constant. This clearly implies (i).
To prove (ii) let’s observe first of all that

(@) = D _(fa%,wl) = 7" € O(G),

S

To prove (Liez%).w’ = 0 it suffices to show it is zero against the base of right-invariant vector fields z%.
We have

(@5, (Liealy) w’) = o (w5, 7)) + ([, 2] pow!) = 2l (F9) + > e 7 =
P
= DS A Y e = ) et 4 Y e =0
k p q p

where we used the second identity of Lemma and the fact that c;’j = —c%’i. |
Proposition 1.19. The map

01 (G) — Home(g, O(G)), dg— (x— x1(g9))
is an isomorphism in O(G) — Mod.
Proof. By Frobenius reciprocity, using that Derc(O(G)) = O(G) Q¢ g, we have

Homo(g)(Derc(O(G)), O(G)) = Home(g, O(G))
and thus, as C-vector spaces, we obtain

Q'(G) = Homc(g, O(Q)).

This holds since Q(G) is a free O(G)-module of finite rank, hence its bi-dual is (canonically) isomorphic
to itself as an O(G)-module, and hence also as a C-vector space.

Let’s write QY(G) > w = Y, fidg; with f; € O(G). In this isomorphism, the element w gets sent to
the map w: g — O(G) acting

go x> Zfz ~:cL(g¢) € O(G)

2 Chiral differential operators

2.1 Definitions

Let G be an affine algebraic group, g = Lie(G) its Lie algebra (over C) and x be an invariant bilinear
form. Let’s recall the following.
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Definition 2.1. The Kac-Moody affinization of g (related to k) is
9. = glt,t "] @ Cl
where the bracket is given by
[zt™, yt™] = [z, y|t" T + ndp —mr(z,y)1
and 1 is central.

Let’s set
Ac =U(gs) ®@c O(ZG)

where ZG is the loop space of G. The algebra structure on A¢ is such that
U(Q,{) ‘—).Ag, O(XG) ‘—)AG

are algebra embeddings (which, from now on, we’ll implicitely use to identify for example x ® 1 with
x € U(gx)) and bracket

[2t™, foy] = (2Lf) (mtn) x€g, feOG),nmelZ.

Let’s define the subalgebra
Ag + =U(g[t] & Cl) ®@c O(ZG)

and consider O(_#G) as an @/ -module. To define this structure it suffices to say that O(ZG) acts
by the natural surjection

O(ZG) = O( FG),  fin) = xzoo(n) - fn) [ € O(G),

g[t] C g[t] acts by left invariant vector fields, (recall that Lie(_#-G) = g[t]) and finally 1 acts as identity.
We are finally ready to define our object of interest.

Definition 2.2. The algebra of global chiral differential operators on G is defined by
Dg‘,fc =Ag ®ag, O(I=G).
Let’s immediately observe that, as f g-module, we have
Dgl,n = U(9x) @u(giact) O( FG).
Let’s define two families of fields on Dg?_ﬁ:
x(z) = Z(mt")z_”_l, f(z) = Zf(n)z_"_l zxe€g feOb)
nez nez

where both xt" and f(,) are seen in EndC(Dg‘,,{) by left multiplication. Observe that, thanks to the
commutation relation defined on Ag, there can happen that the action of f,) for n > 0 is non-trivial.

Proposition 2.3. The two fields above satisfy the following OPEs:

seh(u) ~ A EEU g0y ~ o,
2(2) ) ~ )

for any z,y € g, f,g9 € O(G).

Proof. It suffices to check brackets, and then to use the “locality” proposition. For the first case we get

[z(2), y(w)] = Z[zt",ytm]zfnflwfm’l def Z[x,y]t”*mzfnflwfmfl + Zrm(x,y)lz*”*lwnfl =

n,m n,m n

= Z[x, y]tkwikil : <Z anw”> + k(z,y)1- an"ﬂz’”*l =
k - ~

= [z, y](w) - 6(z — w) + k(z,y)1 - Opd(z — w)
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and thus we conclude. For the second case it is immediate since O(ZG) is abelian. Finally the third
case is proven analogously by

[@(2), f)] =D _[we), fom]z ™" 0™ = Y (@ gz 0T =

-*§Z<fokavk1~<§:z”lw") = (z1.f)(w) - 8(z — w). u
k n

Let (z',...,2") be an ordered basis of g and let O(G) be generated by coordinates ¢!, ..., &7, Using
PBW theorem we see that we get a “PBW?” basis of ’Dg{,{ by tensoring the respective two bases. Namely

we obtain that Dg‘ﬁ is spanned by vectors of the form

xzjh)x“ ® &N Jt )\O>

(nr) (ma) * 7 5(me

where |0) = 1® 1, n; < 0. We can use Reconstruction Theorem to endow D"Ghﬁ with a vertex algebra
structure: indeed we just declare to associate xt~! to field z(z) for € g and f(_1) to the field f(z) for
f € O(G), since we already know they are mutually local and their coefficients span the whole space.

Theorem 2.4. There is a unique vertex algebra structure on ’Dg{n such that the embeddings

7w V(g) <—>Dg’7f67 wl0) —u®1,
j: O( ZxG) = D, f=1af

are homomorphisms of vertex algebras and

v fw) ~ LW g e o).
z—w
The vertex algebra Dg‘ﬁ is also Zx>o-graded by setting degz(,) = —n and deg f(_1_; = j, where
x€g, fe€O(G),n<0andj>0. To declare this it suffices to ask for x € g (embedded through 7r,) to
have weight 1 and for f € O(G) (embedded through j) to have weight 0, since then translation just adds
1 to the weight.
Consider now the subspace of (’Dg"n)l spanned by vectors fdg with f,g € O(G) (we are using j again,

this is the same as writing f(_1)g(—2)), and call it 2. Recalling that

O(G) ®c g — Derc(0(G))

we see that
(Dglﬁ)l = Q@ Derc(O(G))

since they represent the only two possible ways for a vector to have weight 1, i.e. being either xt~' ® -
(this is the explicit writing, we will just write f from now on) or fdg. Recall also that Q1(G), the space
of 1-differential forms on G, generated by dO(G) as O(G)-module, satisfies

Q' (G) = Home(g, O(G))
by df — (z — zLf).
Lemma 2.5. The C-linear map
I': Q@ — Homp g (Derc(O(G)), O(G)), fog— (O(G)® g2 h®@x— (ha)q)(fig))
is an isomorphism of C-vector spaces. Therefore Q = Q!(G) as C-vector spaces.

Proof. Observe that hx € Dgl, .. (it can be re-written in a different order using commutation relation,
but here it does not matter), so our first problem is to understand its associated field. Thanks to
reconstruction theorem, and to the tautological hx = h(_1)x(_1)[0), we obtain

Y(ha, () =Y (h, Q)Y (x, ):

so that

(ha)ay = D hmy@—n) + Y T=m)hin)-

n<—1 n>0
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Applying this to f0g = f(_1)g(—2) we see that all terms in the second series give 0, since h(,) acts by
zero having n > 0 (i.e. h,)(1 ® ) = 0). Using

by T(—ny(FO9) = hiny - [(@Lf)(c1-m9(—2) + f=1)(@Lg) (—2—n)]

we see that the only nonzero term comes from n = —1, so that

(hx)(l)(fag) = hf(zLg).

The map h ® x + (hx)(1)(fdg) is thus a clear morphism of O(G)-modules and so the map I is well
defined. Observe that by Frobenius reciprocity we have

Homo ) (Derc(O(G)), O(G)) = Home(g, O(G))

and, using this correspondence, the map I'(fdg) is just given by g > « — f(xrg). This means that
it suffices to prove that the map sending dg to (z — zrg) is an isomorphism of O(G)-modules. Using
Lemma this is the same as saying that dg — dg € Q'(G) is an isomorphism of O(G)-modules.
Finally, g = g(_2) |0) is a regular function on #;G = T'G (tangent bundle of G) and it corresponds to
dg. |

We can now consider the canonical O(G)-bilinear pairing (,): Derc(O(G)) x @ — O(G) and the
action of Derc(O(G)) on Q by Lie derivative.

Lemma 2.6. Let z € g and w € Q. Then 2w = (z,w) and 2w = (Liex).w.

Proof. The first identity holds by Lemma (put w = fOg and then extend by linearity). We can use it
to prove the second one; we have

ya)(Lier).w) = zr(yayw) — =,y yw = 20yayw — [z, y])w

for all y € g. Since
y(1)($(0)w) =Z)Y)yw — [Sﬂ,y](l)w

for all y € g, we conclude z(gw = (Liex).w. |

3 Main results
Theorem 3.1. (i) There is a vertex algebra embedding
TV (g) < Com(V*(g), DE,) C D&

such that
[TrR(x)(m)v f(n)} = (fo)(m+n) for f € O(G)7 m,n € Z,

where x g is the right invariant vector field corresponding to = € g.

(ii) There is a vertex algebra isomorphism
DCh ND
that sends O(G) 3 f to S(f) € O(G), where S: O(G) — O(G) is the antipode.

Proof. For all this proof we will identify x € g (corresponding to xt~! € V*(g)) with its image in Dg{,{
through 7;,. We will give a formula for the map 7z and we will prove, in order, that the images commute
with V*(g), that it is injective and that it defines a vertex algebra homomorphism.

Let as before (z!,..., %) be a basis of g, with (w?, ..., w?) the dual O(G)-basis of Q = Q!(G). Then,
we obtain that (z!,...,z%) is also an O(G)-basis of Derc(O(G)) (identifying = € g with z1). Thus, the
corresponding right-invariant vector fields can be expressed by

Gn 5 xR — Zfz,pzp
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where (f"P)1<; p<q is an invertible O(G)-matrix. To define 7g, since it must be a morphism of vertex
algebras, it suffices to define it only on the basis 2° =2 2%t~ of V" (g), so let’s set

mr(a') =2k + Y & (2, 29) fPw! € (D)1 = Derc(O(G)) & Q.
q,p

To verify it commutes with all elements of V*(g) it suffices to prove (classical argument using Borcherds
identities) that
’U(n)ﬂ'R(S):O VUGVH(Q), seVr (g),T‘LZO

and, more specifically, we can just verify this relation for v = 2* and s = 27 for all 4, j (i.e. we just check
it on generators, thanks to Borcherds identities). So our first step will be to prove

(@) wymr(27) = 0 (1)
for all ¢,5 and n > 0.
Lemma 3.2. We have (z),)mr(27) = 0 for all n > 2.

Proof. One way to convince oneself about this is to use the OPEs in Proposition [2.3] and Wick’s theorem.
In this case we can do explicit computation, though, and we will do them to warm us up. First thing
first (a') (2l = Zp(ac")(n)(fj’pa:p), so let’s focus on terms of this type. Observe that by Borcherds 2
(commutators identity) and by the fact that (z")(,y2’ = 0 for n > 2 (OPE) we have

(@ (P7) = el 12 12” = 3 () (P2 e”
720
and using the OPE of z(z) f(z) we get
(@) () (fPa?) = (xémfj’p)(nq)xp = (2L f7P) (n-1)a?

which is zero for n > 2.
The second part is just proving (), (f??w?) = 0 for n > 2. Recalling that Q is generated by
f0g9 = f(—1)9(~2) and that r g = (z,w) for x € g, we obtain, recalling that g[t] acts by derivation, that

$Zn) (fj’pwq) = (fo)(n—l)wq - fj’p<xi7wq>(n—2) =0
for n > 2. Summing these two we obtain the statement. |

By the lemma we just need to prove (1) for n = 0,1. For the case n = 1 we can write:

i ; i, ; Borcherdsl i, ; i, ;
(mR)(l)xj = Z(f(_pl)xp)(l)xj = Z(f(_pl)mj(jl)xj + x?o)f(o[))x]) = (2)
P P
O (P al) — o (e, ). 3)
P
We used the fact that f(o) = —J;{O)fi’p (again skew symmetry or do the inverse OPE). Using Lemmal|l.15

twice we obtain
fz,p Z xL ,Sfi,s) — _ Z cg)uC;TSfi7u _ Z C?’pci;’sfiM.
S,u S,u
Lemma 3.3. The Killing form can be expressed using structure coefficients as
x x] Z c ,qCJ,p
D,q
for any 1, j.

Proof. Easy computation. |
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We deduce that (writing explicitely and renaming the three indexes)
=D AL fr) =D hg(at,al) . (4)
P u
Recalling the definition of k* we get

@Rz’ ==Y _ K" (aP,al) fr.

Let’s observe the following.

Lemma 3.4. We have (fw)q)(z) = 2()(fw), with obvious notation.

Proof. Observe that
derivation
zay(fw) “TE () ow + flr,w) ) = flz,w).

By skew-symmetry, i.e. Y (fw, )z = e¢TY (z, —() fw, we have

n—1 —h—1 (=D F
> (fw)m¢” Zc D T e (f)

n k>0

so that

(_1)_k_2 k derwatwn
(fw)myz = ZTT (T(ry1)(fw)) 1 (fw)

k>0

where only k£ = 0 survives. |

By Lemma [2.6] for any p, ¢, we have

(Z n*(zp,xq)fi’pwq> il e Zn*(x”,xq)xfn(f’?%% =
1)

p,q p,q

_§ :n (zP, 29) foP (27| wi) E:K (zP, 27 fioP

p.q

and therefore we can conclude that g (2%)(1)27 = 0. Using skew-symmetry (check proof of above lemma)
we can also conclude that 2{;)(7r(27)) = 0.

Let’s now focus on the case n = 0, i.e. we want to prove (z'))mr(2?) = 0 for any i, j. Observe that
using Lemma [I.15] we have

i i j q OLE igj s i
To)TR = Zx(o)(fj’qxq Zx(o)f Z((ﬂfoj’q)(—nxq + 100 [, 29)).
q q

This last sum is equal to zero because
ah = — § :c:;pfj,p’ E :fml) 2t 2] = E :c?qu,qxs
P 4,8

and summing we get

Z( qu( HT Zc’pf]’pxq

q

so that we just need to switch indexes. Thus m(o)x % = 0. On the other hand, using Lemma m and
Lemma [2.6] we have

Za:(o *(@P, x7) fIPwT) Zm (zP, x?) (2% f7P)wi + fIP(Liex").w?).

Writing ¢ f9P = — s cgsf“ and (Liex?).w? = — cq Sw?® we obtain that the above term is equal to

— Z :CP l‘q 17"f.7 V"UJQ_’_K(:EP :CQ) 17"f]7pw
p,q,7
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Observing that
H*([l‘i, l‘s},l‘r) — Zc;ésﬁ*(xk’ xr)
k
we can write the first part as
Z K (2P, x?) b fITwt = Z w*([xt, 2], 27) fIr Wl
) P ) )
P, q.r
whereas the second part is equal to
Z K* (2P, xq)cfl’”"fj’pwr — Z K5 (2P, [2f, 2"]) fIPw”
P P

so that, by the g-invariance of x*, their sum is zero. This means that

p.q

and therefore we can conclude that $é0)ﬁR(zj ) = 0. In conclusion, we proved formula (1), which means
that 75 is a map from V*" (g) to Com(V"(g), DE,.).

Let’s now prove injectivity. This is easy since (Dgﬁ)l = Derc(O(G)) @ 2 and we can consider the
projection of 7r(z') onto Derc(O(G)) which is equal to z%;. Since the map g 3 z — zp € Derc(O(G))
is injective, we conclude that also mg is injective.

We now have to prove that mp is indeed a vertex algebra homomorphism, which amounts to say that
it respects OPE, i.e. that we have

(mr(2))(2) (7R (y))(w) ~

mr(@, y])(w) + (f

z—w
for all z,y € g. This basically means that we have to prove
TrR(T)(myTR(Y) =0 Vn > 2,
mr(2)(1yTR(Y) = K" (z,Y),
Tr(2)0)TR(Y) = Tr([z,Y])
for all 2,57 € V*"(g). As usual, we can just assume x = 2* and y = z7 to be in the basis of g.
Proposition 3.5. We have mg(2")(,)7r(2?) = 0 for every n > 2.

Proof. Expanding both sides we find terms like (fz),)(9y), (f)m)(gw) and (fw)nm)(gy). Let’s focus on
the first kind, the other are similar. We can use Reconstruction theorem to obtain the relative fields

Y(fxa C) ::Y(fa C)Y('Ta C)

and then Wick’s theorem to get OPEs. We see that have terms like (f,g) = 0, (f,y) = — W) apg

zZ—w
products of at most two of them, so no denominators with powers bigger than (z —w)2. Thus, for n > 2
we have zero product of fields. ]
Let’s now compute

mr(’)ymr(a?) = (x%,/ + Z K (2P, Jiq)fi’pwq) (azﬁ + Z K" (2P, xq)fj’pwq>
&)

q9,p q,p

so that we see there are 4 terms. We have

()ayrh = 2 Fa") oy (7).

p;s

Small computation proposition time.
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Proposition 3.6. With obvious notation we have

(fr)y(9y) = for(z,y) — fyr(zrg) — grL(yrf) — (xLf)(yLg)-
Proof. By Borcherds 1 we have
(f)ay = Y (=D"((=D' [
1>0
Observe that

YT+ + T fw))-

1+0(9Y) = g—nxa+ny + (a4, 9y = 9-nzay + (@Lg) e
=g -zawy+ty@rg) — Wrrrg) -1
have

abelian
fology) =g

so the only surviving [ is 0, for which we have x(1)(gy) = gr(x,y) — yr(2xLg), using OPEs. Instead we

“nfoy =gyfo +9lfa),v) =
>0
=y9-nfay — Wrg)—2 fay — 9L f)a-) ‘2

- —9rf)a-1)
so that also here the only survival is [ = 0 with —g(yr, f). Hence we have
(fz))(9y) = f-2)(9y) + 2(0) f(0)(9¥)

and recalling the action of x(p) we conclude

= fgr(z,y) — fyr(zrg) — @) (gyrf)

Using the above computation we can write

(x%)(l)xg{ = Z (fi’pfj’sli(fﬂp,l's) N fi’p$2($z£fj’s) 7 fj’sx}i (xzfi’p) o (mlzfj,s)(xzfi,p)) )
p,S
Let’s now observe that using Lemma [T.15]
_fi,px

2 fJ, Z Cp,kfz,p

_vasxp (

f] k Z Cp,k s, lfl,pfj l
fz,p ch kcp ijle
—@L ) L) = Zc” KA

coordinates, we obtain

Summing over p and s and summing those three terms above, using the expression of Killing form in

> rg(at, 2t
a,b
so reinserting into the initial expression we get
(2) )T Z K*(xP, x®) foP fIs.
Proposition 3.7. We have

(fi’pwq)(l)x% _ fj,qfi,p

skew-symmetry formula

Proof. Expanding @7, we see that we just need to study terms like (f*Pw?)q)(f?!a"). We will use the
; ) -1 —k—2
(Framy (it = Y 1

TTk ((fj’lxl)(kﬂ)(fi’pwq)) ‘
E>0 ’
By Borcherds 1 we have

P e e (F70t) = S0 (DUl (P70 + 2l (£ 7))
t>0
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‘We have ,
T (FPw0h) = (@ FP) e + P (!, 0 ege)

so that the first term dies since k + ¢ > 0, as well as the second part in Borcherds identity. Then we

obtain .
(fjJ-'I/'l) fl,pwq Z f 1— t)fZ (k+t 1)
t>0
Then the only nonzero term is ¢ = —k, so that ¢t = k£ = 0 and we obtain

(fj’lxl)(k+1)(fi7pwq) - 51’(1 . 5k70 . fjvq‘flﬁp.
Finally, putting back into the skew symmetry, we get
(f Pt @y (Fa') = g0 - fR1f7
and summing over | we conclude (fi’pwq)(l)x% = fIafip, [ |
Using the above proposition we obtain

<Z ,g*(a:p,xq)fi’pwq> IR — Z K* (2P, @ fj,qu,p
(1)

p,q p,q

The remaining part is

() (Z fﬁ*(wiw“)fj’sw“) = 30 ) )y ().

Expanding z%, we see that we need to study terms like (f!z")(1)(f7*w") and this is the usual reasoning
with Borcherds 1. We have

(Pl )y (70) = S0 (D by (Fowm) + al_y i (95w

t>0
@by (FF5wt) FTEI (g f59) w4 fI (el Wty
so that the only surviving term is for ¢ = 0 and ! = u, in which case we obtain f**f7*. Summing over I
we obtain
i (et ) = Tt
u,s

Finally the fourth term is zero since O(_#G) is commutative, i.e. we have

1

t>0 s
FERC T

p.q u,s
Summing over these terms we obtain
T,
mr(z )(171-ij E’K (aP, z?) foP f79
p.q

A priori this is an element of O(_Z..G), let’s prove it is actually a constant. We just need to show it
gets annihilated by all left-invariant vector fields, and specifically we just need to test =7 for all s. Using
identities of Lemma [1.15] we have

r (Z R (o, xq)fi”’fj’q> B Z R (P, ) [}, 1) 0 4 fR (g )] =

p.q

= — Z (P, ) S“]”“fj 4 — Z n*(xp,zq)cfl’vfj’”fi’p =

p,q,u p,q,v

llnearzty Z ot I I :Eq ]M ufj q Z K* 7xv])fj,vfi,p —

= Z m) —H*({E ,[l’ T ])} fz,nfj,m _ 0
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where the last equality is due to the invariance of k*.
We conclude that > x*(aP,29)f"Pf79 is constant. Observing that f*7(e) = d;;, where e is the
identity of G, we see that we have

7TR<$i)(1)7TR(.’Ej) = k¥ (2", xj)

as we wanted.
Let’s now compute 7wg(z )(0)7(3 (27) and, as usual, let’s start by expanding 7r(27). Let’s recall first a
basic lemma of vertex algebras.

Lemma 3.8. Suppose v(,yw = 0 for each n > 0. Then w, v = 0 for each n > 0.

Proof. Write

II\v

W(n)V = Wn)V(~1) |0) = v(_1yW(n) |0) + [Winy, v—1)] |0> —[v(-1), W] 0)

and using Borcherds 2

W(n)V = — Z(_l)j(v(j)w)(nflfj) 0.

j=0
This is all equal to zero since v(;yw = 0 by assumption. |

Let’s now focus on terms like 7z(z) (o) (f7%24). We proved before that (27)ymr(z") = 0 for all non
negative n and therefore, using the lemma, we also have ﬂ'R(x’)(n)xj = 0. Since in any vertex algebra
the element v g is a “derivation”, we have

Tr(x") o) (f14)2?) = (mr(@*)0) 179 1)z

Expanding 7r(2") we need to understand terms like (f*!z") (o) f#7. This is the usual Borcherds trick, for
which we obtain f%!(z! f7:7). Hence we have

WR(xi)(o)fm = Z f”(fﬂlij’q)
1

and summing over g we get

mr(2") )2k = Tr( (Z 7 qwq) = flal Nt = [ah, 2f] = [2',27]r

q,l

where the last equalities come from the proof of Lemma [1.15] We now need to study terms like
TR(x") o) (f?*w™), which we can already reduce to (%)) (f*w") by the commutativity of the vertex
algebra O(_Z.G). As before, using v(g) derivation, we have

(@R) o) (7" w") = (@R) ) 7)o@ + f7° () w"
and now let’s expand x}% =3, fitzl. By Borcherds 1 we have
i 4,0
(f'2") ) = Z(—l)t ((—1) fz t)x(t) +aig t)f )
t>0

and observe that ) ) )
xl(t)f” = (mlLf]’S)(t_l) =040 lef],s
so that

(@) 7" =D _(fal) o) f7° = Zf” L.

l

Observe now, using Lemma [2.6] that

2(pw" =80 - (Liea!).w" + 6,1 - (2!, w").
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Plugging it in Borcherds 1 we get

(:Eé%)(o)w“ = Z(fi’lxl)(o)w“ = Z fol(Liex!).w" + Zf(l l2) (x!, W) = Z(Lie folal).wt =

l l l l

= (Lie(z folah)).w* = (Liexh).w" =0
1

where the last equality come from Lemma and identities on Lie derivatives in Proposition
Thus, using Lemma [1.15] we can write

(sz)(o) (Z E*(xsyxu)fj,swu> _ Zﬁ*(xs,x“) lz fi,l(lefj,s)wu‘| _

s,u l
— Z K*(:L,s’xu)cz,ij,swu.

s,u,q

Observe that we have
] »J q 5 0 d ¥ K (S U\ £4,5, U
(%, @ Ecwa gcqscR—&—Ecq <EI€(.’E,:L‘)f w).
q q s,u

Adding everything up we see that

mr(z')0ymr(2’) = wr([z’, 27])

so that we have proved that 7g is indeed a vertex algebra morphism.
Action by right invariant vector fields
Let’s prove that we have the following OPE

(mr(2)(2))(f(w)) ~ (rf)(w) (5)

z—w
and, as usual, assume x = z° is in the fixed basis. It is equivalent to prove that, for n > 0, we have
71-R(aji)(n)f = 671,0 : (mg:if)

By the commutativity of O(_#..G) we can write
(Tr(z")) ) f = @) f =D _(f'2) ) f
1
and hence we see that we just need to concentrate on terms of this kind. By Borcherds 1 we have

(e ZZ((—l)]ffll HEntq) F Tno1-j) fm)

=0

and we observe that .

The first term is also zero whenever j > 1 —n and, if n > 1, this always happens, so we conclude that

n>0 = (7p(@)mf=>_(f'z)mf =0
l

For n = 0 we obtain instead

(mr(z") ) f = Z(f” Noyf = Zf” = (2R f)-
This proves the OPE (5). Observe now that this implies, using Borcherds 2:

[WR(:I:)(’HL)7 f(n)] = Z (T) (WR(x)(j)f)(m—&-n—j) = (ﬂ—R(x)(O)f)(m+n) = (fo)(m+n)

Jj=0
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Second part
For the second point let’s consider the vertex algebra map

. 7ch ch
Q: D¢y, = DG o

whose restriction to O(G) is the antipode S and whose restriction to g is mg. To verify it is indeed a
vertex algebra homomorphism we just need to check the “mixed” OPE

(B()()(B())(w) ~ —— (e f)(w)

for any x € g, f € O(G). This is true thanks to Lemma because

O(xpf) = S(xrf) = zr(S(f))

and we know from the first point that

1

Z—w

(mr(2))(2)(S(f))(w) ~

(r(S()))(w).

Finally, to show that ® is an isomorphism we can just consider the map ¥ from Dglﬁ* to Dg; () = ’Dglﬁ

induced by antipode on O(G) and by 7r(x) + 7(z) on V* (g). Similarly, also ¥ is a vertex algebra
morphism and one can verify it is inverse to . ]

Let’s do another theorem.

Theorem 3.9. Suppose now that G is connected. The vertex algebras V*(g) and V* (g) form a dual

pair in Dg’ﬁ, ie.

Ve(g) = (Dg,) 0 = {v € DF, | mr(at™)gnyv =0Ym >0,z € g,}, V™ (g) = (Dg,)™ 1D,

Proof. By the preceding theorem we already know V*(g) C (Dgﬁn)”’*(gﬂtﬂ) and, using the isomorphism of
the second part, V* (g) C (2?81517,6)“(5’[”]])7 so we just need to prove the inverse inclusions. Observe that,
since the image of 7 commutes with elements of V*(g) (embedded in DE?K), we have

(DG,) ™D = (U(4,) @ugmacy) O(/ooG))ﬂR(g[[t]]) = U () ®u(gact) O FooG)™ D).

Since G is connected we have

C=O(FG)”=C = O(_,,G)M = O(_z,,G) =l

and hence
(D)ol 22 v (g).
The other claim comes for free using the isomorphism D', = DE',... [

4 Other facts

Let’s recall that for V a vertex algebra we have Ry = V/F'V, where F1V = Vi—yV. If V has a PBW
basis (a');, then one has

Flv = {ag_n_Q)v In>0icl,ve v}.
Then the associated variety Xy is defined as the reduced scheme of Spec Ry .

Proposition 4.1. We have XDE? =T*G.

Proof. We already mentioned that Dghﬁ has a PBW basis so we just need to prove Rpen = C[T*G]. We
have T*G = G x g* so 7
O(T"G) = 0(G) ® O(g") = O(G) ® Sym(g)

where Sym g is the symmetric algebra of g. Observe that given a generic vector

xzinlfl) . xzyjnmfl)fgilitl) .. .5?:17“) |0)
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if there exists a n; > 0 then we can move, using commutators, xzi ( to the leftmost, so that this last

’I’Ljfl)fz)
term is in F1V. Also all the other terms with commutators [zi_ . a7l ] = |2t 29, _, _3) wil
( ng 1) ( nj 2) ( T J )
have “big” negative powers so we will be able to move to the leftmost position and prove they are in F'V.
Like this we see that the only surviving = part has only ¢t~! and commute, since [zt~ yt 1] = [z,y]t 72 €
FV; thus it corresponds to S(g). More easily, since O(_-G) is abelian, we can move any f=1-j)
with j > 0 to the leftmost place (before the z’s), and then we can use the relation [z(_1), f_1-j] =
(xLf)(=1—(j+1)) to continue as before. We obtain that only the nonderived functions survive, i.e. the
O(G) part. Thus we proved

Recall now that given a,b € V homogeneous we can define

Aq Aq
aob:Z( i )a(i_g)b,a*bzz< i )a(i_l)b.

i>0 i>0

It is then known that Zhu(V) = V/V o V is an associative unital almost-commutative algebra with
product .

Proposition 4.2. We have Zhu(Dg', ) = D(G).

Proof. Since DS‘Mc has a PBW basis, we know that Rpa = gr Zhu(Dg‘ﬁ). Since
Bpg = 5(g) @ O(G) = grU(g) @ O(G) = gr(U(g) @ O(G)) = gr D(G)

by PBW theorem and the isomorphism U(g) ® O(G) = D(G). Let’s consider the map of algebras

ch

D(G) — Zhu('DgtK) = ﬁ, g ST Z't_l 4—7)31,M e} Dgl#‘i’ O(G) > f — f(,l) + Dglﬁi ODglﬁ.
G,k G,k

It is easy to verify that we have

_ B B 1 f ! 1-1 _
ot eyt gt et RS ( j )x(j)y:xm)y=[af7y]t !
>0

so that our map is well defined. It clearly respects the filtration so it induces a map on the grading, which
is the isomorphism of before, and thus we can conclude. |
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