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Introduction

In this work I studied the basic definitions of derived algebraic geometry, starting from the generalization
of classical stacks in groupoids (which will be called, in a more modern way, 1-stacks) to simplicial stacks
to then introduce derived stacks and then study some concrete examples. The main reference has been
undoubtedly [HAGII|, which is where the approach to derived algebraic geometry with model categories
comes from (studied in a much more general way). Not all the necessary background material has been
covered here, for time (and space) issues: first of all the basic theory of model categories is assumed
to be known to the reader, and only some more advanced definitions are recalled. The main references
used for model categories are [Hov99] and [Hir03|. Also, the basic theory of simplicial sets is constantly
used: a good reference is [GJ99|. Basic facts about stacks in groupoids, using pseudofunctors or fibered
categories, are also assumed to be known: the reference here is [Vis0§|. Finally, scheme theory contained
in [Har77] will be used, if needed.

Here follows a more detailled abstract of this work. In Chapter [I] we recall some definitions coming
from the theory of model categories, like what are simplicial and monoidal model categories, the main
properties of the left Bousfield localization and of homotopy function complexes. These results are just
stated: although the theory of model categories is interesting, we just need to know how to manipulate
such objects (for example mapping sets, and their properties, will be heavily used in the rest of the work).

In Chapter [2] after a brief recall of some algebraic geometry definitions, we introduce simplicial
presheaves and stacks (which will be the fibrant objects of the local model structure on S Pr(Aff), for the
étale topology, or, more simply, simplicial presheaves satisfying an homotopical descent condition). We
also mention the link between classical stacks in groupoids and simplicial stacks: composing the former
with the nerve functor we obtain a particular class of simplicial stacks (we just call them stacks from now
on), whose homotopy groups 7, are all trivial for n > 2. The descent condition with the homotopy limit,
in this case, just gives back the more well-known 2-descent condition: a more extensive explanation can
be found in [Henll]. Finally we define, recursively, n-geometric stacks: the most intuitive way to think
about them is using quotients; for example a 1-geometric stack is obtained as a quotient of a scheme by
a smooth action of a group scheme. The whole theory of schemes is, of course, embedded into the theory
of stacks using the Yoneda lemma (indeed representable stacks are just isomorphic to affine schemes).

In Chapter [3] we take a little break to carefully study a classical example: the moduli stack of G-
bundles on a scheme X over S. The goal is to prove that, under suitable condition on X, it is an
algebraic stack with a schematic diagonal map (using classical wording), covered by open substacks of
finite presentation over S. This part is mainly a rewriting of [Wanll]. We use the classical language of
pseudofunctors and 2-categories: some definitions, like the 2-fibered product, are recalled in the beginning
of the chapter. The interest of this chapter, which can seem a bit unrelated from the rest of the work, is
its final theorem, which will be used later to apply Lurie’s representability criterion, Theorem And
also, it is a good example of how complex the problem of representability can be, and how non-trivial
(and long and tedious) can be the process of finding the right open covering of a given stack.

We finally begin to dive into the derived world in Chapter [d] where we start recalling some results of
simplicial algebra, like the definition of simplicial modules and of stable simplicial modules (needed for
the cotangent complex). We generalize then some classical definitions related to modules and maps (like
flat, étale or projective) to our simplicial (homotopical) case. We finally define derived stacks: the idea
is quite similar to the definition of stacks in Chapter 2] what changes here is that simplicial presheaves
are taken on the category of dAff = sComm®P | i.e. we don’t use just rings but simplicial rings. We need
to consider two successive left Bousfield localizations of SPr(dAff) (starting with the obvious projective
model structure) to get to the analogue of the local model structure (w.r.t. the simplicial version of the
étale topology), because we need to take into account the nontrivial model structure on sComm. Finally,
derived stacks are just fibrant objects in this model category, i.e. simplicial presheaves which preserve
equivalences between simplicial rings and satisfy an homotopical descent condition. Again, we define



n-geometric derived stacks in the same way as before. The basic objects here will be affine derived
schemes, written as RSpec A using the model Yoneda lemma, Proposition Obviously stacks embed
into derived stacks, since any ring is a discrete simplicial ring, and we can also restrict a derived stack
only on classical rings: truncation and extension are the functorial way to pass from stacks to derived
stacks. Finally we introduce the definition of cotangent complex (and of higher tangent spaces) of a
derived stack, which can be thought as an homotopical generalization of the cotangent sheaf for smooth
schemes, or equivalently as an homotopical corepresentative of derived derivations.

We gathered enough theory and terminology to be able to see some concrete examples of derived stack:
this is what is done in Chapter [f] We mainly consider the derived stack of local systems on a simplicial
set (or, equivalently, on a topological space) and the derived stack of vector bundles on a scheme, which
is a particular case of a mapping derived stack. They are both generalizations of well known classical
stacks: the classical part of the derived stack of vector bundles is Bungy,, , studied in detail in Chapter
We compute, in both cases, the cotangent complex at a point (and then globally) and finally, for the
derived stack of vector bundles, we apply Lurie’s representability criterion and prove it is 1-geometric.

Notation and conventions

For us all rings are associative, unital and commutative. We will never mention universes, and totally
ignore any related set-theoretic issue: the rigorous treating of the subject can be done, and can be found
in [HAGIIJ.

We will often abbreviate “with respects to” as w.r.t. as well as “left lifting property” as LLP. The
category of simplicial sets sSet will be endowed with the Quillen model structure, and we will write Top
to mean the category of compactly generated weak Hausdorfl spaces with its Quillen model structure (so
that sSet and Top are Quillen equivalent model categories). We will often write X e Cor f: X =Y €C
tomean X € Ob(C) or f: X — Y € Mor(C). Furthermore we will equally denote the hom sets in C either
by Home(X,Y) or C(X,Y). Finally, we will both use the terms trivial and acyclic (which mean the same
thing in the context of model category) as well as the words filtrant and directed (for colimits).



1 Recalls of model categories

An omnipresent topic in this work is model categories and simplicial homotopy theory. Two great refer-
ences are |GJ99| and [Hov99|. The main reference for Bousfield localization machinery is [Hir03]. We will
write in this section just some results and definitions. This means that this section is just an occasion
to spell out and write properly the essential definitions mentioned around in the literature, and fix some
background terminology.

1.1 Cellular model categories

Starting slowly, we recall the following classical definitions. Our goal is to be able to state a theorem of
existence of left Bousfield localizations, which we will implicitely use/assume in the rest of our work. Of
course we are not going to write everything from scratch, the choice of the definitions is simply given by
the state of the knowledge of the author at the writing moment.

Definition 1.1.1. Let M be a category with filtered colimits, J C Mor(M), X € Ob(M). We that X
is N-small relative to J if the functor Hom (X, —) commutes with directed colimits of diagrams like

Yo-Yi—- =Y, =Y, — ...
with every map Y; — Y;;; belonging to J.

This definition can be generalized for any regular cardinal k, talking then about k-small objects,
where the condition simply changes in the fact that the colimit is indexed by x and not by N (for the
precise statement see [Hov99, Definition 2.1.3]). We then say that X € Ob(M) is small if there exists a
cardinal s such that X is k-small relative to Mor(M).

We will now talk about I-cell complexes, which can be thought as a categorical version of the classic
topological cell complexes, to be able to then give the definition of a cellular model category. We will
follow [Hir03].

Definition 1.1.2. Let M be a cocomplete category and I C Mor(M). A morphism f: X — YV €
Mor(M) is a relative I-cell complex if it is a transfinite composition of pushouts of elements of 1. A
presentation of f is the datum of a A-sequence (A being a cardinal)

X=X X1 =-Xog—-- = Xg— ... (B<N)
such that any map Xg — X4, is a pushout of a diagram like

Hes, @5 ——— X;

|

HSESB DS XB+1

where Sg € Set, Cs — D, € I for every s € Sg. The datum of f together with a presentation is called
a presented relative I-cell complex. If X = () (initial object of M) then we talk about I-cell complexes.
The size of f is the cardinality of the set of cells of f, which is Hﬁ<v Sg. For B <+, the 3-skeleton of f
is Xﬂ.

A subcomplex of f is a presented relative I-cell complex f: X — Y with corresponding sequence being
the upper row of the diagram



2 1.1. Cellular model categories

X = XO X1 X2
]
X = XO X1 X2

with the obvious compatibility conditions (i.e. everytime we attach a subset of the cells in I, in the same
way). For details see [Hir03| Definition 10.6.2-10.6.7].

Observe that CW-complexes are exactly I-cell complexes in Top for I = {S" — D"*'}, (generating
cofibrations for the Quillen model structure).

Definition 1.1.3. Let M be a cocomplete category, I C Mor(M) and X\ a cardinal. An object X €
Ob(M) is y-compact relative to I if for every presented relative I-cell complex f: X — Y, every map
g: W — Y factors through a subcomplex of f of size at most v. We say that X is compact relative to I
if it is y-compact relative to I for some cardinal .

Remark 1.1.4. There exist different notions of compact objects, the last one is from |[Hir03|. Instead,
following [Hov99|, a compact object is X € Ob(M) such that Homa(X, —) commutes with k-directed
colimit, for k a regular cardinal.

Definition 1.1.5. A morphism f: X — Y € Mor(M) is an effective monomorphism if
1. it has a cokernel pair, i.e. the pushout Y [] Y exists;
2. it is the equalizer of the canonical maps Y = Y [[ Y.
Definition 1.1.6. Let M be a model category.
1. M is left proper if weak equivalences are stable by pushouts along cofibrations.
2. M is right proper if weak equivalences are stable by pullbacks along fibrations.
3. M is proper if it is both left and right proper.

Let’s now introduce the loop and suspension functor of a pointed model category, to then define stable
model categories.

Definition 1.1.7. Let (M, *) be a pointed model category. The suspension functor is given by

L
S: Ho(M) — Ho(M), X «]]+*

X
and the loop functor is given by
Q: Ho(M) — Ho(M), X % xhox,
They form an adjunction ¥ 4 Q on the homotopy category.

Definition 1.1.8. Let (M, *) be a pointed model category. We say that M is a stable model category if
the suspension functor ¥: Ho(M) — Ho(M) is an equivalence of categories.

Time for a little tour into homotopy limits and colimits in model categories. We will often use
homotopy pullbacks and homotopy pushouts, so let’s recall a practical way to compute them.

Theorem 1.1.9. Let M be a model category. Consider the following square

If M is left proper, or a,b,c are cofibrant, then the homotopy pushout of the above square can be
computed by replacing g by a cofibration and then computing normal pushout. Consider now the square
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Y
Jf
r—2— 2
If M is right proper, or z,y,z are fibrant, then the homotopy pullback of the above square can be
computed by replacing f by a fibration and then computing normal pullback.

For example Top with the Quillen model structure is proper, so we can use the classic formulas with
the cylinder and the path space.

Definition 1.1.10. Let M be a model category. We say that M is cofibrantly generated if there exist
two sets I, J of maps in M such that

1. the domains of maps in I are small relative to I-cell complexes;
2. the domains of maps in J are small relative to J-cell complexes;
3. fibrations are exactly the maps with the LLP w.r.t. J;
4. trivial fibrations are exactly the maps with the LLP w.r.t. I.
In this case I is the set of generating cofibrations and J the set of generating trivial cofibrations.

Recall that cofibrations (resp. acyclic cofibrations) in a cofibrantly generated model category M are
exactly retracts of relative I-cell complexes (resp. retracts of relative J-cell complexes).

Definition 1.1.11. Let M be a model category. We say that M is a combinatorial model category if it
is cofibrantly generated and locally presentable, i.e. every object is a filtrant colimit of Hovey-compact
objects.

Definition 1.1.12. Let M be a model category. We say that M is cellular if it is cofibrantly generated
by I and J such that

1. the domains and the codomains of maps in I are compact relative to I;
2. the domains of maps in J are small relative to I;
3. the cofibrations are effective monomorphisms.

Basically cellular model categories are cofibrantly generated model categories in which the I-cell
complexes are well behaved, in a certain sense. For a more thourough treatment of cellular model
categories we refer to [Hir03, Chapter 12].

1.2 Simplicial model categories

Here follows a bunch of technical definitions, relating enriched and monoidal categories to their model
structures (and hence bringing a ton of compatibility requirements between the different structures). We
will follow [Hov99, Chapter 4]. Let’s first recall the classic definitions of adjunction of two variables and
closed monoidal categories.

Definition 1.2.1. Let M, D and £ be categories. An adjunction of two variables from M x D to £ is a
quintuple (®, Hom,., Homy, .., ¢;) where

®: MxD—=E, Hom,:D?®xE—> M, Hom: M?P xE — D,
M(C, Hom, (D, E)) £ £(C @ D, E) 2> D(D, Homy(C, E))
where ¢; and ¢, are natural isomorphisms.
Definition 1.2.2. A closed monoidal structure on a category M is an octuple
(®,a,l,r,Hom,, Homy, @, ¢;)
where (®,a,l,r) is a monoidal structure on M (with associator, left and right unitor) and
(®, Hom,., Homy, ¢, ¢1): M x M — M

is an adjunction of two variables. We call M a closed monoidal category.
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Let’s now get back into the model world and try to generalize the previous definitions.

Definition 1.2.3. Let M, D and £ be model categories. An adjunction of two variables
(®,Hom,., Homy, ¢, ¢0;): M xD —= &

is called a Quillen adjunction of two variables if, given a cofibration f: U — V in M and a cofibration
g: W — X in D, the pushout-product

fOg: P(fig)=Veaw) [ Vex)=VeXx
URW

is a cofibration in £ which is trivial if either f or g is. We will say, with an abuse of notation, that ® is
a Quillen bifunctor, meaning that it is part of a Quillen adjunction in two variables (®, Hom,, Hom;).

As expected, the total derived functors (®", R Hom,., R Hom;, Rp,., Ry;) define an adjunction of two
variables Ho(M) x Ho(D) — Ho(E). Here it is a classic lemma about Quillen adjunctions in two variables.

Lemma 1.2.4. Let M,D and £ be model categories and let ®: M x D — £ be an adjunction of two
variables. Then the following are equivalent:

1. ® is a Quillen bifunctor.
2. Given a cofibration g: W — X in D and a fibration p: ¥ — Z in &£, the induced map
Hom, o(g,p): Hom,(X,Y) — Hom,(X, Z) Xtom, (w,z) Hom,(W,Y)

is a fibration in M, trivial if either g or p is so.

3. Given a cofibration f: U — V in M and a fibration p: Y — Z in &, the induced map
Hom; (£, 9): Homy(V,Y) = Homy(V, Z) Xom, (v, z) Homy (U, Y)
is a fibration in D, trivial if f or p is so.
Proof. See |Hov99, Lemma 4.2.2]. |

The following remark sheds some light on the terminology “Quillen bifunctor”.

Remark 1.2.5. Let ®: M xD — & be a Quillen bifunctor. If C € Ob(M) is cofibrant then C®—: D — &
is a left Quillen functor, with right adjoint Hom;(C, —). If E € £ is fibrant, the functor Hom,.(—, E): D —
M°P is left Quillen, with right adjoint Hom;(—, E): M° — D.

We have enough tools to define the model version of monoidal category.

Definition 1.2.6. Let M be a model category. It is a monoidal model category if it is a closed category
with a monoidal structure satisfying the following conditions.

1. The monoidal structure ®: M x M — M is a Quillen bifunctor.

2. Let q: QS — S be the cofibrant replacement for the unit .S, obtained by using MC5 axiom on
the map § — S. Then the natural map ¢ ® idx: QS ® X — S ® X is a weak equivalence if X
is cofibrant. Similarly, the natural map idx ® ¢: X ® QS — X ® S is a weak equivalence if X is
cofibrant.

An example of a (symmetric) monoidal model category is sSet with the cartesian product x. The
adjoint is the internal hom Hom. Another example is Ch(R) with the tensor product of complexes.
Let’s recall that if M is a monoidal category, an M-module D is a category endowed with a functor
1 M x D — D satisfying the classic module axioms, for example the following diagram must commute

14

M x D D

QXX ld'DT .U'T

idp Xp

MXxM)XD~=2Mx (MxD) —— MxD
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Definition 1.2.7. Let M be a monoidal model category. An M-model category is an M-module D with
a model structure, making it a model category, such that

1. the action map pu: M x D — D is a Quillen bifunctor;

2. if ¢: QS — S is the cofibrant replacement for S (unit) in M, then the mapidy ® ¢: X®@QS — X®S
is a weak equivalence for all cofibrant objects X.

The second condition is automatic if S is cofibrant in M.

Definition 1.2.8. Let M be a model category. It is a simplicial model category if it is an sSet-model
category.

In practice this means that we have a left adjoint ®: sSet x M — M with a right adjoint exponential
map, satisfying the Quillen assumptions. For a more detailled treatment we send the interested reader
to [Hov99, p. 4.2].

1.3 Homotopy function complexes

Here we briefly define the homotopy function complexes on a model category M. Our main reference is
[Hir03, Chapter 15-17].
1.3.1 Reedy diagrams

First of all let’s recall the main definitions and results on Reedy diagram categories.

Definition 1.3.1. A category R is a Reedy category if it is small and it has two subcategories 73 and ’E,
both containing all Ob(R), and a degree function §: Ob(R) — N satisfying

o
1. every non-identity map in R raises degree (called direct maps);
—
2. every non-identity map in R lowers degree (called inverse maps);
. . . . -« - = —
3. every morphism g € Mor(R) admits a unique factorization g =9 o § where §€R and gE€R.

- —
Observe that if R is Reedy than R°P is also Reedy, with the same degree, putting R°?= (R)°P and
similar.

Example 1. The category A is Reedy, where the degree of [n] is n, direct maps are injections and inverse
maps are surjections.

Definition 1.3.2. Let R be a Reedy category and o € Ob(R).

1. The latching category 8(7_€$ a) of R at « is the full subcategory of the comma category (7_2>¢ «)
containing all objects but id,,.

2. The matching category 9(« ¢7E) of R at « is the full subcategory of the comma category (« ¢7§)
containing all objects but id,,.

Definition 1.3.3. Let M be a model category, R be a Reedy category and consider the diagram category
—
MR Let a € Ob(R) and X € MR (we use the notation X also to mean the induced d(R | «)-diagram

defined by X (g_,4) = X and similar).
1. The latching object of X at v is Lo X = h%ma(ﬁm) X and the latching map of X at « is the natural
map L, X — X,.

2. The matching object of X at o is M,X = ylna(awﬁ) X and the matching map of X at « is the

natural map X, — M,X.

The latching and matching object constructions are clearly functorial, i.e. if ¢: X — Y is a morphism
in MR, then, for every a € R we have a commutative diagram (natural in «)
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L, X X M, X
JLQCP J@Da JMQ‘P
L,Y Y, MY

Definition 1.3.4. Let R be a Reedy category, M a model category, X,Y € M® and ¢: X — Y.

L. If o € Ob(R), the relative latching map of ¢ at v is the map Xo [[; x LaY — Ya.

2. If @ € Ob(R), the relative matching map of ¢ at « is the map X, — Yo Xp, v Mo X.

We have finally enough words to describe the Reedy model structure of the diagram category M™%.
Definition 1.3.5. Let R be a Reedy category, M a model category and X,Y € MR,

1. Amap f: X = Y is a Reedy weak equivalence if it is pointwise a weak equivalence of M.

2. Amap f: X =Y is a Reedy cofibration if, for every o € Ob(R), the relative latching map
Xo [] LoY = Yo
LoX
is a cofibration in M.
3. Amap f: X =Y is a Reedy fibration if, for every a € Ob(R), the relative matching map
Xa = Yo Xp vy Mo X
is a fibration in M.
Here’s our final theorem about the existence of the Reedy model structure.
Theorem 1.3.6. Let R be a Reedy category and M be a model category.

1. The category M™ with Reedy weak equivalences, Reedy cofibrations and Reed fibrations is a model
category.

2. If M is a left /right proper model category, then also M™ is so.
Proof. See |Hir03, Theorem 15.3.4]. |

Under certain assumptions (cofibrant/fibrant constants) on M®, we can compute homotopy limits
and colimits (right and left Quillen adjoint of the constant diagram functor). For more details see
[Hir03, p. 15.10]. Our main interest and application of Reedy model structures will be for simplicial and
cosimplicial diagrams of a model category.

Let’s now introduce simplicial and cosimplicial resolutions.

Definition 1.3.7. Let X € Ob(M) and let cc,X € M% be the corresponding constant cosimplicial
object and cs, X € MA™ the corresponding constant simplicial object.

e A cosimplicial resolution of X is a cofibrant approximation X — cc, X in the Reedy model category
./ylA. A fibrant cosimplicial resolution is a cosimplicial resolution in which the weak equivalence
X — cc, X is a Reedy trivial fibration.

o A simplicial resolution of X is a fibrant approximation cs, X — X in the Reedy model category
MAT, A cofibrant simplicial resolution is a simplicial resolution in which the weak equivalence
cs X — X is a Reedy trivial cofibration.

Example 2. In the category Top a cosimplicial resolution of X is given by {X x |A™|},,, with faces and
degeneracies induced by the ones of the cosimplicial space [n] — |A™].

We can give definitions of functorial simplicial /cosimplicial resolutions, maps between them and then
prove that they are all Reedy weak equivalences. In particular, in the same spirit of the “Comparison
theorem” of homological algebra, one can prove that fibrant cosimplicial resolutions are the final cosim-
plicial resolutions (there exists a unique, up to homotopy, weak equivalence). We have a similar (initial
instead of final) result for cofibrant simplicial resolutions.
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Proposition 1.3.8. Let M be a model category, X € Ob(M) and X = ce, X a cosimplicial resolution.
Then X° — X is a cofibrant approximation and

d1d" 3 0

X! X0

X0 XO
is a cylinder object for XO. Analogue for simplicial resolution and path objects.

Proof. See |Hir03, Prop 16.1.6]. |

Finally we can talk about homotopy function complexes, which are a way to associate a simplicial
space of morphisms between two objects of any model category such that the set of connected components
is isomorphic to the set of maps, in the homotopy category, between these two objects. If we work in a
simplicial model category then this new space, between a cofibrant and a fibrant object, will be the same
as the simplicial space of morphisms coming from the sSet-enrichment.

Definition 1.3.9. Let M be a model category, X,Y € Ob(M).
1. A left homotopy function complex from X to Y is a triple
(X7, M(X.7))
where
e Xisa cosimplicial resolution of X,

e Y is a fibrant approximation of Y,

° M(f(, }7) is the simplicial set obtained by applying componentwise the contravariant functor
M(—,Y) =Hompn(—,Y) to the cosimplicial diagram X.

2. A right homotopy function complexr from X to Y is a triple
(%Y. M(X,V))
where

e X is a cofibrant approximation of X;
e Yisa simplicial resolution of Y;

. ./\/l()~( ,?) is the simplicial set obtained by applying componentwise the covariant functor

M(X,—) = Homp (X, —) to the simplicial diagram Y.

3. A two-sided homotopy function complex from X to Y is a triple
(X, ¥, diog M(X, V)
where

e Xisa cosimplicial resolution of X;
e Yisa simplicial resolution of Y’;
e diag M(X,Y) is the diagonal of the bisimplicial set ([n], [k]) — M(X", Y}).
Maps of left /right /two-sided homotopy function complexes are defined in the obvious way. We will
talk about homotopy function complex between X and Y to mean one of the three complexes defined in

Definition Choosing a simplicial /cosimplicial resolution functor (e.g. I': M — M* with a natural
transformation I"' — cc, etc) we can then talk about functorial homotopy function complezes.

Proposition 1.3.10. Let M be a model category and X,Y € Ob(M). Then each left/right/two-
sided homotopy function complex from X to Y is a fibrant simplicial set. Moreover, any change of
left /right /two-sided homotopy function complex is a weak equivalence of fibrant simplicial sets.

Proof. See |Hir03|, Proposition 17.1.3, 17.1.6, 17.2.3, 17.2.6, 17.3.2, 17.3.4]. |
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Finally we want to prove that all homotopy function complexes from X to Y are weakly equivalent.
For example, starting from a two-sided homotopy function complex

(f(, Y, diag M(f(, \A{'))
we consider X° — X , which is a cofibrant approximation by Proposition m Then
(X0, ¥, MR, %))
is a right homotopy function complex, and the canonical map X — cc, X0 induces a morphism
diag M(X,Y) — M(X°,Y).

Using this reasoning, and other analogue versions to build maps between the different homotopy function
complexes, one can prove the following theorem.

Theorem 1.3.11. Let M be a model category and X,Y € Ob(M). Then any two homotopy function
complexes from X to Y are weakly equivalent Kan complexes.

Proof. See [Hir03, Theorem 17.1.11, 17.2.11, 17.3.9, 17.4.6]. m
By Theorem [I.3.11] we can give the following final definition.

Definition 1.3.12. Let M be a model category and X,Y € Ob(M). We will denote by Map ,((X,Y) €
sSet an homotopy function complex from X to Y. This makes sense since we are only interested in its
homotopical properties, and all homotopy function complexes are weakly equivalent Kan complexes. We
will call it, sometimes, the mapping space from X to Y.

Theorem 1.3.13. Let M be a model category, X,Y € Ob(M) and consider Map ,,(X,Y") an homotopy
function complex. Then mo(Map (X, Y")) is naturally isomorphic to Homge(ag) (X, Y).

Proof. See |Hir03, Theorem 17.7.2]. |
Let’s also state a recognition result.

Theorem 1.3.14. Let M be a model category and g: X — Y € Mor(M). The following statements are
equivalent:

1. g is a weak equivalence in M;

2. for every W € Ob(M) the map g induces a weak equivalence of simplicial sets g,: Map (W, X) —

Map (W, Y);
3. for every Z € Ob(M) the map g induces a weak equivalence of simplicial sets g*: Map (Y, Z) —
Map (X, Z).
Proof. See |Vez13, Theorem 1.7.16]. |

Let’s now state a more concrete computational version of this result, valid in the context of simplicial
model categories.

Lemma 1.3.15. If M is a simplicial model category, then for each cofibrant object X, {X ® A"}, is a
cosimplicial resolution of X.

Using this we can then say that:

1. in sSet the mapping space Mapgge (X, ) is just Hom(é? , §)7 where X is a cofibrant approximation
of X, Y is a fibrant approximation of ) and Hom is the classic sSet-enrichment of sSet;

2. in Ch(R) we have a natural simplicial structure: the n-simplices of Hom(F, F') are the chain maps
of degree n, or equivalently the set Homcy,(r) (£, F[-n]). This implies that m;(Mapcyg)(E, F)) ~
mo(Mapcy g (£, F'[—i])) ~ Hompr)(E, F[—i]) using Theorem 1.3.13

We also have a result about the relation between the mapping complex and Quillen adjunctions.
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Theorem 1.3.16. Let M and N be small model categories and let F': M —=— N :U be a Quillen
adjunction, let X € M be cofibrant and Y € A be fibrant.

1. IfXisa cosimplicial resolution of X then F X is a _cosimplicial resolution of F'.X, and the adjunction
induces a natural isomorphism N (FX,Y) ~ M(X,UY).

2. fYisa simplicial resolution of Y, then U Y isa simplicial resolution of UY and the adjunction
induces a natural isomorphism A (F X,Y) ~ M(X,UY).

3. If X is a cosimplicial resolution of X and Y is a simplicial resolution of Y, then the adjunction

~/\

induces a natural isomorphism diag N'(FX,Y) ~ diag M (X, UY).
Proof. See |Hir03|, Proposition 17.4.16]. [ |

This implies that a Quillen adjunction induces the isomorphisms we expect also between mapping
complexes, in Ho(sSet). From now on we will use the derived adjunction inside the mapping complexes
to denote an appropriate representative.

Finally let’s state a theorem relating homotopy function complexes with homotopy limits and colimits.

Theorem 1.3.17. Let M be a framed model category (i.e. fix a simplicial and cosimplicial resolution
functor) and let I be a small indexing category.

1. If X is an objectwise cofibrant diagram in M’ and Y is fibrant in M, then
Map o, (Hocolim X, Y") =~ Holim; Map ,,(X;,Y")
in Ho(sSet).
2. If X is cofibrant in M and Y is an objectwise fibrant diagram in M?, then
Map (X, Holim Y) ~ Holim; Map ,(X,Y;)
in Ho(sSet).
Proof. See |Hir03, Theorem 19.4.4]. |

1.4 Bousfield localization

Here we will briefly define the left Bousfield localization of a model category, and state an existence
theorem. For time (and space) issues we again won’t give a full treatment of the subject: already spelling
out all precise definitions is too much, and we will just be happy with an intuition. For a more precise
and general treatment of the subject see [Hir03, Chapter 3-4].

Definition 1.4.1. Let M be a model category and C a class of maps in M.

1. An object W € Ob(M) is C-local if it is fibrant and for every f: A — B € C, the induced map of
homotopy function complexes

f*: Map(B,W) — Map(A, W)

is a weak equivalence of simplicial sets. If C is a single map f we say f-local and if C is just the
map A — * then we say A-local.

2. Amap g: X = Y in M is a C-local equivalence if for every C-local object W, the induced map
g": Map(Y, W) — Map(X, W)
is a weak equivalence of simplicial sets.

Proposition 1.4.2. If M is a model category and C a class of maps in M, then any weak equivalence
of M is a C-local equivalence.

Proof. See |Hir03|, Proposition 3.1.5]. |
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Theorem 1.4.3. Let M and N be model categories and let F': M = N :U be a Quillen adjunction.Let
C be a class of maps in M. Then the following are equivalent.

(a) The total left derived functor LF: Ho(M) — Ho(N) satisfies LF(C) C Iso(Ho(N)).
(b) The functor F takes cofibrant approximations of elements of C into weak equivalences in A.
(c¢) The functor U takes fibrant objects of A/ into C-local objects of M.
(d) The functor F takes C-local equivalences between cofibrant objects into weak equivalences in N.
Proof. See |Hir03 Theorem 3.1.6]. |
We are finally ready to define left Bousfield localizations.

Definition 1.4.4. Let M be a model category and C a class of maps in M. The left Bousfield localization
of M with respect to C, if it exists, is a model category structure LM on the underlying category of M
such that

(a) the class of weak equivalences of Le M is the class of C-local equivalences of M;
(b) the class of cofibrations of L¢M is the class of cofibrations of M;
(c) fibrations are defined by lifting properties.

Remark 1.4.5. As already written in Definition [I.4.4] the left Bousfield localization of M with respect
to C might not exist. We will come back to the problem of existence later.

Let’s immediately note some properties of the left Bousfield localization.

Proposition 1.4.6. Let M be a model category and C a class of maps in M. Let L¢eM be the left
Bousfield localization of M w.r.t. C (assume it exists). Then

(a) every weak equivalence of M is a weak equivalence of L¢M;
(b) the trivial fibrations of L¢M are exactly the trivial fibrations of M;
(c) every fibration of L¢M is also a fibration of M.

Moreover, the identity functors
idyg: M = LeM :idyg

are a Quillen adjunction.
Proof. See |Hir03|, Proposition 3.3.3]. |

We also have a universal property, coming from the fact that the Bousfield localization is indeed a
certain kind of localization.

Proposition 1.4.7. Let M be a model category and C a class of maps in M. Let L¢eM be the left
Bousfield localization of M w.r.t. C (assume it exists). Then the identity functor j: M — LeM is a left
localization of M with respect to C. This means the following things:

1. j is a left Quillen functor;

2. the total left derived functor Lj: Ho(M) — Ho(LcM) takes the (images of) elements of C in
Ho(M) into isomorphisms in Ho(LeM).

3. j is initial among such functors, i.e. if p: M — N is a left Quillen functor such that Lyp(C) C
Iso(Ho(N)), then there exists a unique left Quillen functor §: LeM — N such that ¢ = o 5.

Proof. See |Hir03, Theorem 3.3.19]. |

The key technical result is the following theorem. While all the previous results were completely sym-
metric, i.e. admitting complete dual formulations for right Bousfield localizations, the following theorem
is not symmetric and it only holds for the left case. This is due to the requested properties, like being
cofibrantly generated, not being self-dual.
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1.4. Bousfield localization

Theorem 1.4.8. Let M be a left proper cellular model category and let S be a set of maps in M.

1.
2.
3.
4.

The left Bousfield localization Lg M exists.
The fibrant objects of LgM are the S-local objects of M.
LsM is a left proper cellular model category.

If M is a simplicial model category, then LgM is also a simplicial model category.

Proof. See |Hir03, Theorem 4.1.1]. |



2 Stacks

2.1 Recalls of algebraic geometry

In this work we will use, when needed, classical algebraic geometry, where classical means |[Har77|. Let’s
just recall some definitions to warm up.

Definition 2.1.1. Let f: Spec A — Spec B a morphism in Aff, the category of affine schemes, corre-
sponding to a map of rings B — A.

e The map f is smooth if it is flat, of finite presentation and B is a B ® 4 B-module (by the mul-
tiplication map) of finite Tor dimension. This last condition is equivalent as asking Qg /a to be a

projective (= locally free) B-module.

e The map f is étale if it is smooth and, in particular, B is a flat B® 4 B-module. This last condition
is equivalent as asking Q}g /A= 0, the B-module of Kéhler differentials.

Clearly étale implies smooth (precisely étale means smooth with relative dimension 0). One intuitive
way to think is to see smooth maps as the analogue of submersions in differential geometry, and étale
maps as the analogue of local diffeomorphisms (inducing isomorphisms on tangent spaces and hence local
diffeomorphisms).

Of course these definitions are stable by composition and base change. For a more detailed exposition
see |Har77, Chapther III, 10].

We will assume to be known the notion of Grothendieck topology and the general notion of sheaf
on a site, for which our main reference will be [Vis08]. We will sometimes use pretopologies (i.e. set
of arrows {U; — U} covering U) and sometimes sieves (i.e. subfunctors of hy), recalling that there is
a canonical way to pass from one to the other (we have a one-to-one correspondence considering only
saturated pretopologies). Let’s now recall the definitions of fppf, fpqc and étale topology.

Definition 2.1.2. Let f: X — Y a faithfully flat morphism of schemes. If Y can be covered by open
affine subschemes {V;} such that each V; is the image of a quasi-compact open subset of X, then we say
that the map f is fpgc.

See [Vis08| Proposition 2.33] for some equivalent characterizations.
Definition 2.1.3. Let’s work in the category of affine schemes Aff (or also in the whole Sch).

e An étale covering {U; — U}, is a jointly surjective collection of étale maps locally of finite presen-
tation.

e An fppf covering {U; — U}; is a jointly surjective collection of flat maps locally of finite presenta-
tion.

e An fpgc covering {U; — U}, is a collection of morphisms such that [[,U; — U is fpqc (see
Definition [2.1.2]).

Observe that the fpqc topology is finer than the fppf topology, which is finer than the étale topology,
which is in turn finer than the Zariski topology. A lot of properties of morphisms are local on the
codomain in the fpqgc topology, see [Vis08, Proposition 2.36].



13 2.2. Higher stacks

2.2 Higher stacks

Let’s consider the category of affine schemes Aff = Comm®? (in the following we will always use this
equivalence implicitely) endowed with the étale Grothendieck topology, generated by coverings of Spec A
of the type {Spec A; — Spec A}; such that any Spec A; — Spec A is an étale map and the family of
functors {— ® A;: A—Mod — A; —Mod} is conservative (this is an equivalent version of Definition [2.1.3).
In an analogue way we consider the site Aff/X for a given X affine scheme. We will assume to be based
on k € Comm (i.e. we implicitely consider the comma site Aff/ Speck) but, for readability, we will drop
the comma notation.

We can then talk about sheaves on Aff and we’ll focus on simplicial presheaves SPr(Aff) ~ sSetAffop,
which we endow with the projective model structure (called global model structure). This means that
weak equivalences and fibrations are defined pointwise. One can prove this defines a cofibrantly generated
model structure, proper and cellular.

We will now use the étale topology on Aff ~ Ho(Aff) (using trivial model structure) to define a local
model structure, obtained as a left Bousfield localization of the global structure. Given a presheaf
F: Aff°? — sSet we can consider a presheaf of sets Aff 5 X — my(F(X)), which we sheafify to get mo(F).
Similarly, for X € Aff and s € F/(X)o, we define 7;(F, s) to be the sheafification of the presheaf of groups

(Aff/X)P 5 (f: Y = X) =7 (F(Y), f(s)).
Definition 2.2.1. Using the same notation as above, the sheaves my(F') and m;(F,s) are called the
homotopy sheaves of F'.

Observe that they are clearly functorial in F'. To compute homotopy groups we can either choose a
fibrant replacement in sSet and apply the classical combinatorial definition, or just consider the topological
homotopy group of the geometric realization.

Definition 2.2.2 (Local model structure). Let f: F — F’ be a map in SPr(Aff).

1. The map f is a local equivalence if mo(f) is an isomorphism of sheaves, as well as any 7, (F,s) —
i (F', f(s)), for all X € Aff and s € F(X)o.

2. The map f is a local cofibration if it is a global cofibration.

Local fibrations are defined by lifting properties. This structure is called the local model structure on
SPr(Aff) (it can be proved it actually defines a model structure, see [Bla01]), and we will use it from
now on.

We can give a characterization of fibrant objects in S Pr(Aff), thanks to a general theorem of [DHI03|.
We will need a general definition.

Definition 2.2.3 (Hypercovering). Given X € Aff, the data of a morphism H — X in SPr(Aff) (im-
plicitely using Yoneda embedding on X) is called an (étale) hypercovering if it satisfies:

1. for any integer n, the presheaf of sets H,, is a disjoint union of representable presheaves
Hy ~ [ Hpi
i

for H,, ; € Aff (Yoneda);
2. for any n > 0 the morphism of presheaves of sets
H, ~ HA" ~ Hom(A", H) — Hom(dA", H) X 3om(aan, x) Hom(A", X)
induces an epimorphism on associated sheaves.

Here A™ and QA™ are considered as constant simplicial presheaves, while Hom is the presheaf of mor-
phisms, valued in sets, between simplicial presheaves.

Example 3. Let {U; — X}ier be an étale covering in Aff. Then the Cech nerve H € SPr(Aff) of this
covering (more classicaly denoted by the Cech nerve of U = [, U;), given by

Hn: H UiOXXUil Xx-~-Xinn
(io,il,...,in)EI"'*'l

with face maps given by projections and degeneracies given by diagonal (implicitely using Yoneda as
always), is a basic example of hypercovering.
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We can restate the second condition of hypercoverings just by saying that given Y € Aff and a
commutative square

HA™ H(Y)

[ J

A" ——— X(Y) = const Hom(X,Y)

in sSet, then there exists a covering sieve u C hy such that for any f: U — Y in «(U), there exists a
dashed lift

I H(U)

A" 5 X(U) = const Hom(X, U)

making the diagram commutative. This is indeed a local lifting property, analogue to the lifting property
characterizing acyclic fibrations in simplicial sets. Let’s finally observe that, since X is a 0O-truncated
simplicial presheaf (i.e. all homotopy sheaves m; are zero for i > 1), the restriction X2" — X92" is
actually an isomorphism for n > 1, so that the second condition becomes only dependent on H for n > 1
(requiring H,, — H?*" to be an iso).

Given an hypercovering we define an augmented cosimplicial diagram in sSet

F(X) = (] = F(H,))
where F(H,) = [[, F(Hn)-
Theorem 2.2.4. A simplicial presheaf F' over Aff is fibrant if and only if
1. for any X € Aff, F'(X) is fibrant;
2. for any H — X hypercovering, the natural map
F(X) — Holim,jea F(Hy)
is an equivalence in sSet.

Proof. See |DHI03|. |

If F is a discrete presheaf, i.e. a presheaf of sets, then the second condition boils down to the usual
descent condition.

Definition 2.2.5. An F € SPr(Aff) is called a stack if it satisfies the descent condition of Theorem [2.2.4]
The homotopy category Ho(SPr(Aff)) is called the category of stacks and its morphisms are denoted by
[F, F'].

Remark 2.2.6. Although for F' a presheaf of sets, the stack condition is equivalent to the set-theoretic
sheaf condition, for a general simplicial presheaf F' being a sheaf of simplicial sets and being a stacks are
two different concepts: indeed the homotopy limit can be different from the standard limit, and we have a
more “relaxed” condition. Moreover, one can prove that if F' is groupoid-valued (as in the classic theory of
1-stacks), then the homotopy limit boils down to the classic 2-Ker condition, see [Hen11]. More precisely,
to pass from groupoid-valued stacks to simplicial stacks one just composes with the nerve functor (and
obtains a 1-truncated simplicial presheaf).

Let’s observe that stacks are really a generalization of sheaves, by the full embedding
Sh(Aff) — Ho(SPr(Aff))
considering any sheaf as a constant simplicial presheaf. This functor has a left adjoint F — mo(F).

Remark 2.2.7. To define stacks we work on the category of affine schemes Aff, and not on the category
Sch of general schemes, which is more usual in the classic context of stacks in groupoids. This doesn’t
affect at all the degree of generality of the theory: covering any scheme by affine opens we can reduce
ourselves to only look at affine schemes, and we can obtain a “bigger” stack on Sch using the descent
condition. This will remain valid also in the next chapters, where we will generalize this construction to
the simplicial world.
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2.2.1 Structure of SPr(Aff)

It will be useful to know a little better the category SPr(Aff), in particular its canonical sSet-enrichment.
The following reasoning will hold in great generality for the category of simplicial objects of any cocom-
plete category C.

Definition 2.2.8. Let K € sSet and F € sC, and define F' ® K by

(FRK), = H F, eC.
keK,

Given ¢: [n] — [m] € A we define a map ¢*: (F Q@ K),, — (F® K), by

LI¢"
erKm Frn ’ erKm Fy ’ erKn Ey

where the first map is induced by ¢*: F;, — F}, and the second by ¢*: K,,, = K.

Theorem 2.2.9. Suppose that C is bicomplete (for example any category of presheaves of sets). Then
with this bifunctor — ® —: sC x sSet — sC, the category sC becomes a simplicial category with

Hom,-(A, B), = Hom,c (A ® A", B).
Proof. See |GJ99, Chapter II, Theorem 2.5]. |

Let’s now state a version of Yoneda lemma valid for general simplicial presheaves SPr(C). Let’s
observe beforehand that the action of sSet on the simplicial category SPr(C) (using Theorem is
given by

FOK:[n]~[[Fa~FOK~FxK
K,

where F € SPr(C), K € sSet and in the last passage K is considered as a constant presheaf.

Lemma 2.2.10. Let C be a category and F' € SPr(C) be a simplicial presheaf. For any X € Ob(C)
there is a natural isomorphism
Homgp,(c)(hx, F) ~ F(X)

of simplicial sets, where hx = const Hom¢(—, X) is the Yoneda discrete simplicial presheaf.
Proof. See |Vezl3| Theorem 5.3.6]. |

Let’s now deduce a useful corollary for the case of SPr(Aff), endowed with the local model structure.
It obviously can be generalized, being careful with fibrant and cofibrant objects.

Corollary 2.2.10.1. Let F € SPr(Aff) be a fibrant simplicial presheaf (hence a stack, according to our
previous definition). For any X € Ob(Aff) there is a natural isomorphism

mo(Homgp, (agr) (hx, F)) = Hompo(spr(at) (hx, ) = w0 (F(X))
of sets.

Definition 2.2.11. Let F — H <— G be a diagram of stacks in Ho(SPr(Aff)). We will denote by
F x" G the homotopy fiber product of some lift of such diagram in SPr(Aff) (this construction is thus
not functorial in Ho(SPr(Aff))).

2.3 Geometric stacks

Here we will give a new definition of schemes, and then of geometric n-stacks, that need to be thought
as quotients of schemes. More precisely the basic idea is the following: we consider a representable stack
X and a groupoid object X; (which is itself a representable stack) acting smoothly on X, and then we
consider the quotient. Sometimes X; needs not to be representable, but it can be itself a quotient of a
representable stack, and this is the main motivation behind the recursive definition of geometric n-stacks
(where we assume X to be (n— 1)-geometric). A more extensive explanation, although in a more general
context, can be found at [HAGII, p. 1.3.3].
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Recall that any affine scheme Spec A can be identified, through the Yoneda map, to the presheaf
Spec B — Hom(Spec B, Spec A) = Hom(A, B)

which is actually a sheaf for the étale topology (faithfully flat descent, see |Vis08, Theorem 2.55]), and
hence it can be considered as a constant simplicial stack in Ho(SPr(Aff)). The Yoneda embedding

h: Aff — Ho(S Pr(Aff))

is fully faithful.

Definition 2.3.1. Any stack isomorphic, in the homotopy category Ho(SPr(Aff)), to one Spec A (using
Yoneda embedding) is called an affine scheme, or a representable stack.

We can now define schemes.
Definition 2.3.2.

1. A morphism F' — Spec A is a Zariski open immersion if F is a sheaf (i.e. 0-truncated), i is a
monomorphism of sheaves and there exists a family of classical Zariski open immersions {Spec 4; —
Spec A}; such that the map

H Spec A; — Spec A
i
factors through an epimorphism of sheaves to F'.

2. A morphism F' — F’ is a Zariski open immersion if it is locally so, i.e. for any affine scheme Spec A
and any map Spec A — F’, the induced map

F x", Spec A — Spec A

is a Zariski open immersion as in the previous point.

3. A stack F' is a scheme if there exists a family of affine schemes {Spec A;}; with open immersions
Spec A; — F such that the induced morphism of sheaves

H Spec A; — F

is an epimorphism. Such a family is called a Zariski atlas for F.
4. A morphism of schemes F' — F” is called smooth if it is “locally smooth”, i.e. if there exist Zariski

atlases {Spec A; — F'} and {Spec B; — F’} such that we have commutative squares

F—— F

| T

Spec A; ——— Spec B;

with the downward morphism being (classically) smooth (here for any 7 we find j = j(4)).
Finally we are ready to define geometric stacks.
Definition 2.3.3.
1. A stack F is (—1)-geometric if it is representable (i.e. an affine scheme).

2. A morphism of stacks F — F’ is (—1)-representable if for any representable stack X and any map
X — F', the homotopy pullback F x%, X is (—1)-geometric.

3. A (—1)-geometric morphism F — F"’ is (—1)-smooth if for any representable stack X and any map
X — F’, the induced morphism F x}}, X — X is a smooth morphism between representable stacks.

Let n > 0 and assume the notions of (n — 1)-geometric stack, morphism and smooth morphism to be
defined. Then, by recursion on n, we can define the following.
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1. An stack F' is n-geometric if there exists a family of maps {U; — F};cr such that
(a) each Uj is representable,
(b) each map U; — F'is (n — 1)-smooth,

(c) the total morphism [],.; U; — F is an epimorphism.

iel
Such family is a smooth n-atlas.

2. A morphism F — F’ is n-representable if for any representable stack X and any map X — F”, the
stack F' x", X is n-geometric.

3. An n-geometric morphism F — F’ is n-smooth if for any representable stack X and any map
X — F', there exists a smooth n-atlas {U;} of F' x”, X such that each composite map U; — X is
smooth.

Observe that, since Zariski open immersions are smooth, schemes are 0-geometric stacks. One can
prove, although non-trivially, that if F' is an n-geometric stack, then its diagonal is (n — 1)-representable.
Our definition makes sense, as justified by the following statement.

Proposition 2.3.4.
1. Any (n — 1)-representable (resp. (n — 1)-smooth) morphism is n-representable (resp. n-smooth).

2. All n-representable (resp. n-smooth) morphisms are stable by isomorphisms, homotopy pullbacks
and compositions.

Proof. See [HAGII, Proposition 1.3.3.3]. [ |
To conclude, let’s state some other important properties of n-geometric stacks and n-smooth maps.

Proposition 2.3.5. Let f: FF — G be a morphism of stacks, where G is n-geometric. Suppose there
exists a smooth n-atlas {U;} of G such that each stack F'x% U, is n-geometric. Then F is also n-geometric.
Furthermore, if each projection F' xg U; — U; is n-smooth, then f is also n-smooth.

Proof. The slogan of this statement could be that n-geometricity and n-smoothness are local on n-
geometric targets. See [HAGIIL, Proposition 1.3.3.4] for the proof. |

Proposition 2.3.6. Let f be an n-representable morphism. If f is m-smooth, for m > n, then it is
n-smooth.

Proof. See [HAGII, Proposition 1.3.3.6]. |
A vey important corollary is the following.

Corollary 2.3.6.1. Let n > 0; then the full subcategory of n-geometric stacks in St(k) = Ho(SPr(Aff/;))
is stable by homotopy pullbacks and by disjoint unions.

Proof. See [HAGII, Corollary 1.3.3.5]. |
We conclude with one last definition.

Definition 2.3.7. A stack is a geometric stack if it is n-geometric for some n. A morphism of stacks is
smooth (resp. representable) if it is n-smooth (resp. n-representable) for some n.

Geometric stacks can be, maybe more intuitively, described, as announced in the beginning, in terms
of quotients by groupoid actions. For time issues we won’t report here this point of view, which can be
found at [HAGII, pp. 1.3.4, 1.3.5].



3 Moduli stack of G-bundles

3.1 Recalls on classical 1-stacks

We will now focus on a concrete classical example of stack: the moduli stack of G-bundles for an S-
scheme X — S (we can suppose to work, in general, in the category Schy for k a base field). We will
resume the results proved in [Wanll|. This chapter will be almost self-contained and we won’t use any
theory introduced up to now (no model category theory at all). We will use the more classical language
of stacks in groupoids and pseudofunctors, equivalent to the formulation in terms of fibered categories
in groupoids: for a detailed explanation see [Vis08|. We will just recall a few definitions and we will
completely skip any fibered category notion, for time and readability issues.

Definition 3.1.1. Let F be the datum of a map of sets/classes Ob(C) — Ob(Cat) and, for every X, Y € C
a map of sets Home(X,Y) — Homca(FY, FX). We say that F is a (contravariant) pseudofunctor
or quasifunctor or lax 2-functor if the “functor conditions” hold up to isomorphism (i.e. it is a more
relaxed definition of a functor). In particular for every U € C we have an isomorphism of functors
ey : F(idy) ~ idpy and for each pair of maps U LV S Wan isomorphism ay ,: F(f)oF(g) ~ F(go f).

There are some compatibility assumptions, like associativity of composition U EN vVSwhT , expressed
by

F(f)o F(g) o F(h) “22™™) p(go £)o F(h)

JF(f)ag,h Jagof,h,

Qf,hog

F(f)oF(hog) ————"— F(hogof)

We will use a bit of 2-category theory, in particular we will be interested in computing 2-limits (mainly
2-fibered products), which ideally satisfy the same universal property as their 1-counterpart but diagrams
commute up to isomorphism. Let’s just give a definition.

Definition 3.1.2. Consider the square

K & X

A s
Z

Y g

A

|

and suppose it commutes up to isomorphism, i.e. there exists a natural transformation o: foa — go 3

which is an isomorphism in Hom(K, Z). We say that K is a 2-fibered product of the square if for every

b ~ . . . .
w (a—>) X xY and 7: foa — gob there exists a unique map (up to isomorphism) ¢: W — K such that

the square
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commutes up to isomorphism (or, in more modern terminology, 2-commutes). Explicitely this means we
have isomorphism 7,: @ = a o c and m,: 5o ¢ = b making the square

foa —T—— gob

Jf* Ta Jg* T

foaoc — e, gofBoc
(1-)commute in the category Hom(W, Z).
Finally let’s recall the classical definition of stacks in terms of 2-kernels.

Definition 3.1.3. Let F': C°? — Grpd be a pseudofunctor, where C is a site. Then we say that F is
a (1-)stack if for any X € Ob(C) and for any covering {U; — X} we have the following equivalence of
categories

F(X)~2— ker ( [T F(U) == T1, FUis) == T, F(Uis) ) |

The condition is very intuitive: it is exactly the sheaf condition “up to isomorphism”. It means exactly
that we can glue (uniquely) local data, whose restriction on intersections are isomorphic, and such that
these isomorphisms (which before were supposed to be equalities) respect a natural cocycle condition
(this explains the triple intersection term above). This is just a particular case of our definition of stacks
(sometimes called “higher stacks”): applying the nerve functor N: Cat — sSet we get back to simplicial
stacks, in particular 1-stacks. It can be proved that this is indeed an equivalence, see [Hen11, Thm 3.5.2]
or [HAGII, p. 2.1.2]. Let’s finally recall the 2-Yoneda lemma, fundamental generalization of classical
Yoneda to the context of pseudofunctors (or fibered categories, depending on the tastes).

Lemma 3.1.4 (2-Yoneda lemma). Given a pseudofunctor F': C°? — Grpd and an element X € C, then
we have an equivalence of categories
Hom(hy, F) ~ F(X)

where hx = Home(—, X) and Home(hx, F) is the category of morphism between pseudofunctors (or
fibered categories over C). This equivalence is natural in X.

Proof. See |Vis08, p. 3.6.2]. |

3.2 Introduction and basic concepts

We will work in Sch/;, endowed with the fpqc topology, see Definition and we will consider a scheme
X both as a scheme and as a fpgc-sheaf (motivated by the fact that fpqc is subcanonical, again see [Vis08,
Thm 2.55]). Let’s recall the notions of (quasi)-projective morphism given by Grothendieck in [EGAII,
pp. 5.3, 5.5], which are slightly different from the ones in [Har77].

Definition 3.2.1. Let f: X — S be a morphism of schemes. We say that

o f is quasi-projective if it is of finite type and there exists a relatively ample invertible sheaf £ on

X (relative means that for every affine open V' C S, the sheaf £| V) is ample);

e f is projective if there exists a quasi-coherent Og-module £ of finite type, such that X is S-
isomorphic to a closed subscheme of P(&);

e [ is strongly projective (resp. strongly quasi-projective) if it is finitely presented and there exists
a locally free Og-module £ of constant finite rank such that X is S-isomorphic to a closed (resp.
retrocompact, i.e. having inclusion map quasi-compact) subscheme of P(£).

Given X,Y € Sch/, we will write X X Y = X Xgpecr ¥ and X(Y) = Homy (Y, X). Given a fibered

product over S, we write pr;: X; xg X9 — X, for the canonical map, for i = 1,2. Given an Ox-module
F and an S-scheme T, we write X7 = X xg T and Fr = pri F.
In particular, for S = Speck(t) with t € T, we will write X; := Xg and F; = Fg: this notation can be
confused with taking stalks but usually context is enough to understand the correct meaning. Given a
locally free O x-module of finite rank £ we write £Y = Homoe, (€, Ox) for its dual, which is again locally
free of finite rank.

We will work with an algebraic group G over k, which will mean an affine group scheme of finite type
over k.
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Definition 3.2.2. Let S € Sch/;, and P be a sheaf on (Sch/g)pqc (Which corresponds to a sheaf on
(Sch/k)tpqe equipped with a morphism to S). We say that P is a right (left) G-bundle over S if it is a
right (left) G ‘ g-torsor (recall that if H € Grp, an H-torsor is a set on which H acts simply transitively).

Of course the definition can be given in the more general case for G a sheaf of groups.

Proposition 3.2.3. Let P be a right G-bundle over S. It is then representable by an affine scheme over
S and it is fppf-locally trivial. If G is smooth, then it is also étale-locally trivial.

The idea is that since affine morphisms are effective for fpqc descent (i.e. the fibered category Aff/S —
Sch/S is a stack for fpqc topology, see [Vis08, Thm 4.33]), using the fpqc local trivializations of P — S
(by definition there exists an fpqc covering {U; — S}; such that Py, = U; x Gy,, and the isomorphism
over U; ; will determine a cocycle g; ;) we deduce that P is representable by a scheme affine over S. Since
G — Speck is fppf we can also say P is locally trivial in the fppf topology.

Let’s observe that, in general, for a group sheaf G on a site C and S € C, we have an isomorphism
of sheaves g| g = Isom(G, G) where the right hand side corresponds to right G-equivariant morphisms (G
acting by right multiplication on itself). This isomorhism is given by

G(S)2g— 4

where /, is the left multiplication by g.
Let’s recall the classical definition of algebraic spaces, given, for example, at [Stacks, Definition 025Y].

Definition 3.2.4. A pseudofunctor F': (Schg)°? — Grpd is an algebraic space if it is an fppf sheaf of
sets, the diagonal F' — F xg F' is representable (by a scheme) and it admits an étale surjective atlas
U — F, for U a scheme.

Definition 3.2.5. A morphism of pseudofunctors X — )Y is representable (resp. schematic) if for any
scheme S mapping to Y, the 2-fibered product X xy S is isomorphic to an algebraic space (resp. a
scheme).

We will talk about a specific class of stacks, the algebraic stacks. The definition we use is the following
(it requires some more condition than the one stated before).

Definition 3.2.6. An algebraic stack X over a scheme S is a stack in groupoids on (Sch/g)sppe such
that the diagonal X — X xg X is representable and there exists a scheme U with a smooth surjective
morphism U — X (a smooth atlas).

We will study some properties of quotient stacks and Hom-stacks, to then finally use them together
to prove some properties of the stack of G-bundles on X — S (which we will assume to have some nice
properties), which will be defined later on.

3.3 Quotient stacks

Fix a k-scheme Z with a right G-action a: Z x G — Z (satisfying all the properties we expect a right
action to satisfy).

3.3.1 Definition and first properties

Definition 3.3.1. The pseudofunctor [Z/G]: (Sch/;)°® — Grpd is defined by

[Z/G](S) = {Right G-bundles P — S endowed with a G-equivariant morphism P — Z}.

A morphism from P — Z to P’ — Z is simply a G-equivariant morphism P — P’ over S x Z. For
* = Spec k endowed with the trivial action, we call BG = [x/G].

Seeing schemes as fpqc sheaves, we notice immediately that [Z/G] is an fpqc stack. The main result
of this section will be that it is an algebraic stack.

Definition 3.3.2. Let ) be a k-stack and og: Z — ) a morphism of stacks. Then og is G-invariant if
it satisfies the following conditions.

(1) The diagram
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IxG —2% 7

/AN Y
is 2-commutative, i.e. there exists a 2-isomorphism p: pri oy — a*og (here we use a notation
inspired to fibered categories, simply pri o9 means o o pry).
(2) For a scheme S, given z € Z(S) and g € G(S5), let p, , denote the corresponding 2-morphism

200~ (2,9)" pri oo 220 (2, 9) 6 00 ~ (2.9) 0.

Then these 2-morphisms must satisfy the natural associativity condition, namely for g1, g2 € G(5),
we require

to (1)-commute.

Let’s consider a 2-cartesian diagram

ZxyS — Z

|k

S—— )Y

with o9 G-invariant and S a scheme. Then Z xy S is a sheaf of sets and it comes equipped with a
(unique) right G-action making Z xy S — S G-invariant and Z xy S — Z G-equivariant. Let’s recall
that the 2-fibered product is built, for a scheme T, setting

(Z xy S)(T) = {(a, b,¢) lae Z(T),be S(T),¢: a*oog — b*ao}
so that the action is given by

(a,b,¢).9 == (a.g,b,¢ 0 py )

for any g € G(T'). Since pa.g,,95 © Pa,gv = Pa,grg» this defines a natural G-action.

Definition 3.3.3. Let ) be a k-stack and o¢: Z — Y a G-invariant morphism of stacks. We say g is
a G-bundle if for any Sch 5 S — Y the induced G-action on Z xy S — S gives a (classical) G-bundle.
This implies that o is schematic.

We will need lot of lemmas, hold tight. Observe that we have a trivial element 7 € [Z/G](Z),
corresponding to the trivial bundle pr;: Z x G — Z equipped with the G-equivariant morphism a: Z x

G—G.
Lemma 3.3.4. The diagram

Z —"— [Z/G]
is 2-cartesian, and 7y is a G-equivariant morphism.

Proof. Observe that 70(S): Z(S) — [Z/G](S) sends f: S — Z to the trivial bundle f*rp = a o (f X
id): S x G — Z. Suppose that for a scheme S we have z, 2’ € Z(S) and an isomorphism ¢: 279 = 2*79.
Explicitely, ¢ corresponds to an element g € G(.S) such that
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SxG S x G

a(zm‘ ‘%id)
Z

commutes (over S). This basically means z.g = 2’. So we associate (z,g) € (Z x G)(S) to the point
(2,2, ¢) of the 2-fibered product. Conversely, given z € Z(S) and g € G(S) they uniquely determine
z' = z.¢g and a G-equivariant isomorphism z*79 — z*7y. This proves that the map

(a,pry): Zx G = Z X1z/61 2

is indeed an isomorphism.
Let now S = Z X G and consider idz x . We obtain, by definition of 2-fibered product, an isomorphism

ptatTy — prim

which is explicitely defined by (z,91,92) — (2,91,9192). Therefore for a scheme S, z € Z(S) and
g € G(S), the morphism p, 4 corresponds (using again Yoneda and the definition of 7y) to the morphism
of schemes S x G — S x G given by (s,g0) — (s,9(s)""g0). Using (g1g2)~" = g5 g7 ' we deduce that 7
is G-invariant. |

Lemma 3.3.5. Let 7 = (f: P — Z) € [Z/G](S) for a scheme S and suppose that P admits a section
s: 8 — P. Then the G-equivariant morphism s: S x G — P induced by s gives an isomorphism
(fos)tg—T1€[Z/G](S).

Proof. Calla = fos: S — P — Z. We have a cartesian diagram
SxG 2N, 756G —2 s 7
T
S ——— 7
so that, as observed in the preceding proof, a*19 = (a(a x id): S x G — Z). The diagram
SxG

s P
a((m /

VA

is commutative by G-equivariance. This proves § is a morphism in [Z/G](S), inducing the claimed
isomorphism. ]

Lemma 3.3.6. Let Y be a k-stack and o¢: Z — )Y a G-bundle. Then there exists an isomorphism
Y — [Z/G] of stacks making the following triangle

Z

/ Y‘XG%Z

Y = [Z/G]

2-commutative.

Remark 3.3.7. Observe how we are already using the 2-Yoneda lemma. The statement above implies
that, in the particular situation where Y = Y is a scheme, then Y ~ [Z/G], i.e. the two notions of
quotients, as scheme and as stack, coincide.

Proof. First let’s define the morphism F': Y — [Z/G] by sending o € Y(S) to

Flo)=ZxyS — Z

o

S —)Y
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for any scheme S. As said before, since oy is a G-bundle, Z xy S — Z is an object of [Z/G](S). Let
now 0,0’ € Y(S) and write P = Z Xy, S and P’ = Z xy , S. We write, as before, P(T) = {(a,b, )}
with a € Z(T),b € S(T) and ¢: a*o9 — b*c. A morphism 1: 0 — ¢’ in Y(S) induces a G-equivariant
morphism P — P’ over S X Z by

(a,b,¢) — (a,b,b* 1 o @). (3.1)

This proves that F' is indeed a morphism of stacks. Our plan now is the following: we first prove the
triangle is 2-commutative and then that F is fully faithful and essentially surjective (pointwise, see [Vis08,
p. 3.5.2]) to deduce it is an isomorphism.

2-commutativity:

We must give an isomorhism 70 — F(op) in [Z/G](Z). We have already seen that («,pr;): Z x G —
Z xy Z is a G-equivariant isomorphism of sheaves over Z x Z, and this is the searched map.

Fully faithfulness:

To prove F is fully faithful we can prove, since J and [Z/G] are stacks, that for any scheme S and
o,0’ € Y(S) the induced morphism of sheaves of sets

F: Tsomys)(0,0") = Isomz,cs)(F(0), F (o))

is an isomorphism. Let P, P’ be as before. We can choose an fppf covering {S; — S}; trivializing both
G-bundles, and since the Hom above are sheaves, it suffices to study this “trivial” case. Let 1): P — P’ be
a G-equivariant morphism over S x Z. Since P is trivial, there exists a section s € P(S), corresponding to
(a,idg, ¢: a*og =+ o) for a € Z(S). The map v sends s to some element (a,idg, @’ : a*og =+ o) € P'(S),
which is a section of P’. Define the following morphism of sets

L: HOIH[Z/G](S)(F(O'),F(O'/)) — Homy(s)(O', O'/)

by ¥ +— ¢ o~ ':0 — o’. Now we just need to check F' (on the hom sets) and L are inverse to
each other. Starting with ¢: 0 ~ ¢/, we know F(¢)(s) = (a,ids,¥ o ¢) € P(S) by Eq. (3.I). Thus
LF(¢) = (o ¢)o¢™! =1 so LF = id. Starting instead with ¥: P — P’ then L(¥) = ¢' 0 ¢! and
hence

FL(T): 5+ (a,idg, (¢’ 0 ¢~ 1) 0 ¢) € P'(S).

Since a G-equivariant morphism of trivial bundles P — P’ is determined by the image of a single section
s € P(S) we deduce ¥ = LF (V). We conclude that F' is fully faithful.

Essential surjectivity:

Finally we’ll prove that F is essentially surjective and hence an isomorphism of stacks. Let 7 = (f: P —
Z) € [Z/G](S) and let {j;: S; — S}; be an fppf covering trivializing P, so that we have sections
s; € P(S;). Write f; the restriction of f to P!Si. By Lemmawe have isomorphisms (f;0s;)*19 =~ j/7.
From the 2-commutativity of the triangle prox}ed above, we already have 79 ~ F(0(). Therefore

F((fiosi) o0) =~ (fiosi) F(oo) =~ (fiosi)'mo~j/r.

and we conclude that F' is an isomorphism using [Stacks| Lemma 046N]. |

3.3.2 Twisting by a torsor

Let’s now introduce a useful construction, the twist by a torsor. Let’s place ourselves in the most general
setting, where C is a subcanonical site with a terminal object and a sheaf of groups G. Let S € C and
let P be a right Q|S—t0rsor over S. Let now F be a sheaf of sets on C endowed with a left G-action.
Then Q|S acts on the right on P x F by (p,2).g == (p.g,9~'.2). We build the presheaf Q on C/S by
Q(U) = (PU) x F(U))/G(U). Then we define

PF=(PxF)G=P%F

to be the sheafification of Q and we call it the twist of F by P. Since sheaves on C form a stack (|Vis08|
p. 3.2]) we can describe pF by giving a descent datum. Let {S; — S} be a trivializing fppf cover of P.
We then have a descent datum of P giving by (g’s_,gm») for some cocycle g; ; € G(S; ;). Observe that

(Pls, x F)/G = G|y x F)/G =~ F|g.
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and Q| =~ .7-'!51 is already a sheaf on C/S;. By the definition of the group action of P x F we see that

the transition maps
Pig: (}—’SJ‘) Si) ‘Si,j
are given by left multiplication of g; ;. Since sheafification commutes with the restrictions C/S; — C/S

we obtain that
(f‘ S;? Qpl,])

- (F

Si,j

is a descent datum for pF.

3.3.3 Change of space

Let B: Z' — Z be a G-equivariant morphism of schemes endowed with a right G-action. Then there is a
natural morphism of stacks [Z’/G]| — [Z/G] defined by

(P—>Z’)n—>(P—>Z’£>Z).
We will prove that, under certain assumptions, this morphism is schematic. First, a technical lemma.

Lemma 3.3.8. Let 5;: Z; — Z be G-equivariant morphisms of schemes for ¢ = 1,2. Then the square

((Z1 xz Z2) |G] ——— [Z1/G]

| |

(22/G] ——— [2/G]
is 2-cartesian (the maps are induced by the natural projections pr,;: 71 Xz Zo — Z;).
Proof. See |Wanll|, Lemma 2.3.2]. |

The key for the next proof will be the following technical lemma, which roughly says that algebraic
spaces are stable under fppf descent.

Lemma 3.3.9. Let S be a scheme and F': (Sch/g);h - — Set be a functor. Let {S; — S}; be a covering
of (Sch/g)tppt. Assume that

(1) F is a sheaf,
(2) each F; = hg,,s x F is an algebraic space,
(3) I;c; Fi is an algebraic space.
Then F' is an algebraic space.
Proof. See |Stacks| Lemma 04SKk]. |

Lemma 3.3.10. The morphism [Z’/G]| — [Z/G] is representable. If the morphism of schemes Z' — Z is
affine (resp. quasi-projective with a G-equivariant relatively ample invertible sheaf), then the morphism of
quotient stacks is schematic and affine (resp. quasi-projective). Any fppf target-local property of 2/ — Z
is inherited by the map of quotient stacks.

Proof. Let S be a scheme and (f: P — Z) € [Z/G](S). We know S ~ [P/G] thanks to Remark
By Lemma we have a cartesian square

(Z" %2 P) /G| ——— [Z'/G]

| |

s — P22 L 17/6)
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and we must prove that [(Z’ x z P)/G] is representable by an algebraic space. We will verify the assump-
tions of Lemma to conclude. Since any category equivalent to a set is an equivalence relation, i.e.
a groupoid with no automorphisms (see [Vis08, p. 3.5.3]), the stack isomorphism S ~ [P/G] implies that
[P/G](T) is an equivalence relation for any scheme T'. Therefore [(Z’ Xz P)/G](T) is also an equivalence
relation, so it is isomorphic to a sheaf of sets, verifying the assumption (1).

Choose an fppf covering {S; — S}; trivializing P and let s; € P(S;) be sections. Using Lemma
we have the 2-cartesian diagram

(2" Xz Ps,|G] ——— [Z' xz P/G]

| |

S S

and we claim that [Z’ x z Pg, /G] is represented by the scheme Z' X 7 to5, S; (varying ¢ they form a covering
of Z', by the axioms of Grothendieck topologies). We have a morphism S; x G = Pg, — Z given by
fos; =foao(s; xidg). There is a G-equivariant isomorphism

Yii (Z' Xz, f0s;, Si) X G = Z' x 7 (S; x G)

over S;, where on the left G acts as a trivial bundle, while on the right G acts both on Z’ and S; x G.
More precisely, given a € Z'(T), g € G(T) for T an S;-scheme, we have v;(a,g) = (a.g,g) (we can verify
that ~;, naturally defined as (o/(pry, xidg),prg, x idg) has this form and is indeed a G-equivariant
isomorphism). Applying Remark we have an isomorhism

O;: Z' X7 08, Si 2 [(Z' % 5,508, Si) X G/G] 255 [(Z' x5 (8i x G)) JG] "5 (2 x4 Ps,) /G

over S;, defined explicitely on T-points by sending a € (Z' Xz fos;, Si)(T) to

Tx G —2 (2 X tos, i) x G — 23 Z' x5 (8; x G) =25y 7/ %, P
T

After restricting to the chosen covering, [(Z' xz P)/G] xs S; ~ [(Z' x z Ps,)/G] becomes representable
by a scheme (using the isomorphism ®; above). Then using Lemma we deduce that [(Z’ xz P)/G]|
is representable by an algebraic space. Let’s take a break and try to describe its descent datum, which
will be useful in the future.

Descent datum:

Denoting S; ; = S; x5 S; we have a cocycle g; ; € G(S; ;) such that s; = s;.9; ; € P(S;,;). The action of
g jl on Z' induces an isomorhism

. / .. / . . = / ..
Piji L' Xz fos; Sij = 4 XZ.(fosi).g;} Sij =2 Xz, fos; Sij-

Given a € (Z' X z,f0s; Si,;)(T), the square

®;(a)=(id x§;)ovy;0(axid)

TxG Zxz Pses
L£977
TxG @3 (pi,j(a))=(id X 53)0i0(ps,; (a) Xid) Z' xz Ps,

is commutative (easy computation). Therefore ®;(a) and (®;0¢; ;)(a) are isomorphic in [(Z’ x z Ps, ;)/G].

We can thus conclude that (Z’ X z fos, Si, ¢i.;) is a descent datum of [(Z" x z P)/G] with respect to the

chosen covering {S; — S};.

If Z" — Z is affine, then by base change so is Z’ X z fos; S; — S;. Affine morphisms are effective under

descent (see [Vis08|, p. 4.33]) so we deduce that [(Z’ x z P)/G] is representable by a scheme affine over S.
Suppose now Z' — Z is quasi-projective with a G-equivariant relatively ample invertible O z/-module

L. From the description of the descent datum we have a commutative square
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Pry ;
Z' Xz, fos; Sij ——— 2’

—1
J‘pihi Lgi,j

Py 4
! ) !
Z' Xz, fos; Sij —— 4

and the G-equivariant structure of £ gives an isomorphism
@f,j pr*{,i L~ pr”ij L

of invertible sheaves relatively ample over S; ;. Since the (g; ;) are a cocycle, the associativity property
of G-equivariance implies that the above isomorphisms also satisfy the corresponding cocycle condition.
By descent (|[SGAIL VIII, Proposition 7.8]) we can then conclude that [(Z’ x z P)/G] is representable by
a quasi-projective scheme over S. |

Corollary 3.3.10.1. For a k-scheme Z with a right G-action and a right G-bundle P over a k-scheme
S, there is an isomorphism »Z ~ [(Z x P)/G] over S.

Proof. From the proof of Lemma (3.3.10| we know that [(Z x P)/G] has a descent datum (Z x S; ;, i ;).
This is the same descent datum as ,Z, as explained in Section [3:3.2] This also implies that

pZ — [Z/G]

|

s —" . BG

is cartesian. ]
Corollary 3.3.10.2. Given 7= (p: P = S, f: P — Z) € [Z/G](S) for a k-scheme S,

Pp—7t Lz

S ——— [Z/G]
is cartesian. In particular, 79: Z — [Z/G] is schematic, affine and fppf.

Proof. Using Yoneda and Lemma [3.3.8| we have a cartesian square

[((Z X G) Xa,z,5 P)|G) —— [Z x G/G]

| )

[P/G] [Z/G]

where Z x G is the trivial bundle over Z. There is a G-equivariant morphism
(f xid,ap): Px G = (Z X G) Xa,z,5 P

where, again, P x G is the trivial bundle over P. Action of G and projection induce a G-equivariant map
P x G— P xg P over P x P. Therefore the following diagram

s P !

J{idP xXG

idp [P x G/G] idzxc

J,(ind’aP)

[P/G] «—— [((Z X G) Xa,z,5 P) |Gl —— [Z x G/G]

Z

is 2-commutative. Hence, applying Remark[3.3.7] we deduce that the initial cartesian square is isomorphic
to the desired one. Moreover, we see that the morphism f*ry — p*7 is defined by the action and first
projection morphism. |
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3.3.4 Change of group

Let H — G be a closed subgroup of G and let’s investigate the relation between BH and BG.

Let’s first consider the action by left multiplication of H on G, giving rise to the fppf sheaf of right
cosets H\G. By |[DGT70, Thm 5.4] the sheaf H\G is representable by a quasi-projective k-scheme with a
G-equivariant ample invertible sheaf. The map H X G — G x g\ ¢ G, given by the multiplication and the
projection, is an isomorphism by [DG70, p. 2.4], i.e. the following square

HxG —% @

G — H\G

is cartesian. Therefore the projection 7: G — H\G is a left H-bundle. All the previous discussion, where
we used right actions, can be rewritten using left actions; we will use the notation [H\G] to denote the
quotient stack of G by the left action of H, sending S to the groupoid of left H-bundles P — S equipped
with an H-invariant morphism to G. Observe that Remark[3.3.7 implies that id¢ induces an isomorphism
H\G = [H\G] defined on a scheme S by

Lemma 3.3.11. The left H-bundle G — H\G defines a right G-bundle H\G — [H\#].

Proof. Let p: G x G — G be the multiplication map and consider (pry,p): G x G — G x G where H
acts on the first coordinate on the lhs and diagonally on the rhs, so that this morphism is H-equivariant.
We have 2-commutative squares

H\G+2  mGexG —E 5 H\G
Jidc J(Prpﬂ) Jidc
[H\G] +——— [H\(G x G)] —=— [H\G]

where the 2-isomorphisms are identities (and the action of H on G x G in the middle top is on the left
component). Thus we have a 2-commutative diagram

H\GxG —" H\G
H\G —— [H\#]

with 2-morphism idgx ¢, which gives H\G — [H\#| the structure of a right G-invariant morphism.
Let P € [H\*](S) be a left H-bundle over S and let {S; — S}; be an fppf covering trivializing P. We
will conclude by considering the cartesian square

| |

S —— P S [H\4

and proving that the leftmost arrow is a G-bundle (S is a scheme obviously). Applying the same exact
argument as in the proof of Lemma we obtain the cartesian square



28 3.3. Quotient stacks

S; x G ——— [H\G]

|

S, __HxS [H\#]

where the top arrow corresponds to H x S; x G — G: (h,a,g) — hg. The morphism S; x G — [H\G] ~
H\G equals 7 o pry (easy computation) , which is G-equivariant. This means that

Si x G — H\G X[H\*],HXSi, Sz ~ (H\G X[H\*},"P S) Xg Sl

is a G-equivariant isomorphism. Thus H\G X g4 » S is a right G-bundle, and this suffices to prove that
H\G — [H\#| is also a right G-bundle. |

Let’s now observe that combining Lemma and Lemma we have an isomorhism [H\x| ~
[((H\G)/G] sending a left H-bundle P over S to H\G Xg\.«,p S — H\G. Using inverse action we
pass to right H-bundles, obtaining BH ~ [H\x|. Applying Corollary we observe that the map
BH ~ [H\%| ~ [(H\G)/G] — BG sends a right H-bundle P to the fiber bundle »G, where G is twisted
using the left action. We have also a right G-action on such twist, induced bu the right multiplication by
G on itself.

Proposition 3.3.12. The morphism BH — BG sending P — »G is schematic, finitely presented and
quasi-projective.

Proof. Consider the map [(H\G)/G] — BG: by Corollary we have a 2-cartesian square
¢(H\G) ——— BH ~ [(H\G)/G]

| |

S £ BG

Since H\G is quasi-projective with a G-equivariant ample invertible sheaf over * = Speck, then, us-
ing Lemma [3.3.10| we deduce that o(H\G) is representable by a scheme quasi-projective and of finite
presentation over S. This proves the proposition. |
3.3.5 [Z/G] is algebraic

We'll state the last technical lemmas and then, finally, we will be able to prove that the quotient stack is
an algebraic stack, under certain assumptions.

Lemma 3.3.13. For algebraic groups G, G’, the morphism BG x BG' — B(G x G') sending a G-bundle
P — S and a G'-bundle P’ — S to P xg P’ is an isomorphism.

Proof. Let, as in the statement, (P,P’) € (BG x BG')(S) and choose an fppf covering {S; — S}
trivializing both. This means that we have descent data

(Si x G,gij), (SixG' gi;)
for g;; € G(Si,5).9;; € G'(Si ;). Then
(Si x G x G, (94,9 )

is a descent datum for P xg P’. Using the fact that both BG x BG’ and B(G x G’) are stacks, we see
that this morphism is an isomorphism, whose inverse is £ — (¢G, ¢G’) where G x G’ acts by projections
on G and G'. |

Let’s now study a particular case of our problem, with the simplest quotient stack BG. We will invoke
the well known Artin’s theorem, which we only state here.

Theorem 3.3.14. Let & be an S-stack satisfying the three following conditions:
(1) X is an fppf S-stack;

(2) the diagonal map A: X — X xg X is representable, separated and quasi-compact;
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(3) there exists an S-algebraic space Y and a map Q: Y — X of S-stacks which is representable and
fppf.

Then X is an algebraic stack.

Proof. See |LMO00, Thm 10.1]. [ |

Lemma 3.3.15. The k-stack BG is an algebraic stack with a schematic, affine diagonal. Specifically, for
right G-bundles P, P’ over S, there is an isomorphism

Isompg(s) (P, P') ~ pxsp (G)
as sheaves of sets on Sch,g, where G x G acts on G from the right by g.(g1,92) = gflggg.
Proof. Let S € Sch/;, and P,P’ € BG(S); we have a 2-cartesian square
Isompg(s)(P,P') ——— BG ~[(G\G x G)/G x G] ~ [G/G x G]

J JABG

s Sidtidl BG x BG ~ B(G x G)

where in the upper row we observed that there is an isomorphism G\(G x G) = G given by (g1,92) —
g1 1o, where G acts diagonally on the left. Since the lhs has a G-equivariant right G x G-action, the
rhs G inherits a right (G x G)-action given by g.(g1,92) = g1 ‘992, as claimed in the statement. By
Proposition and Lemma we get an isomorhism Isompg(s) (P, P’) =~ p, p(G) over S.
Since G is afline over k, by assumption, the associated fiber bundle 7DXS7,/(CT') is representable by
an affine scheme over S. Hence the diagonal Apg is schematic and affine. By Corollary the
morphism * — BG is schematic, affine and fppf. We can conclude that BG is an algebraic stack using

Theorem [3.3.14] [ ]

Here is the main result of this whole section.

Theorem 3.3.16. The k-stack [Z/G] is an algebraic stack with a schematic, separated diagonal. If 7 is
quasi-separated (i.e. the diagonal map is quasi-compact) then the diagonal Ajz,¢) is quasi-compact. If
Z is separated then Az, is affine.

Proof. Consider the diagonal map Z — Z X Z, G-equivariant for the diagonal action of G on the rhs. It
induces a map

[Z/G) = [Z x Z/G) ~ [Z/G] xpa [Z/G)]

which is representable by Lemma [3.3.10] the last isomorphism being the one of Lemma Now, the
diagonal A[z/q) is obtained by composition

[Z2/G] = [2/G] xpa [Z2/G] = [2/G] x [Z/G]

where the last map is coming from the universal property of products. This last map is obtained by base
change

[2/G] xa [2/G] ——— [2/G] x [2/G]

| J

BG Ase BG x BG

and hence it is representable (in particular schematic and affine) thanks to Lemma This implies
that the diagonal map Ajz/¢ is representable (this is the first condition to check to prove [Z/G] is an
algebraic stack). By Lemma there exists a scheme U and a smooth surjective morphism U — BG.
The change of space f: [Z/G] — BG is representable by Lemma|[3.3.10] so U x g [Z/G] is representable
by an algebraic space. Therefore there exists a scheme V' with an étale surjection V — U X g [Z/G];
the composition V' — [Z/G] is then the searched smooth atlas, so we can conclude [Z/G] is an algebraic
stack.

As observed before, we know that [Z/G] X pg [Z/G] — [Z/G] x [Z/G] is schematic and affine. Since f
is representable, then its diagonal Ay: [Z/G] — [Z/G] X e [Z/G] (which is exactly the same morphism
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we used above) is schematic and separated, see [Stacks, Lemma 04YQ|. If Z is quasi-separated, then
by descent »Z — S is quasi-separated for any P € BG(S) (easy for trivial bundles then use descent).
Recalling the pullback square of Corollary we have just proved that f: [Z/G] — BG is quasi-
separated. Thus, by [Stacks, Lemma 04YT]| we see that Ay is quasi-compact.

Starting instead with Z separated we can do an analogue reasoning to deduce f is separated. Using
[Stacks, Lemma 04YS| the diagonal Ay is, in this case, a closed immersion.

Composing the two maps Ay and [Z/G] X g [Z/G] — [Z/G] now gives all the desired properties of
the diagonal of [Z/G]. |

3.4 Hom stacks

3.4.1 Hilb and Quot

First of all let’s recall some definitions and results on Hilb and Quot constructions, which will be useful
later on. Our main reference here is [Fan+13 Chapter 5].

Definition 3.4.1. Let S be a Noetherian scheme and X — S of finite type. Let £ be a coherent sheaf
on X. Let Quotg,y,s: (Sch;5)°P — Grpd be the pseudofunctor defined by

(T = 8) = L (F.q) Fe Coh(XT), ﬁz?t over T and with proper schematic support, .
q: Er — F is surjective

A map (F,q) = (F',¢') is an isomorphism f: F — F’ such that foq=¢'. It is indeed a pseudo-functor
since properness and flatness are conserved by base change and tensor product is right exact.

Definition 3.4.2. Let X — S be of finite presentation and let’s define Hilbx,g: (Sch,s)°® — Grpd by
posing Hilby,s = Quoty, /x/s. Explicitely we have

(T—>S)»—>{i:Z<—>XT

1 is a closed immersion and Z — T is flat,
proper and finitely presented '

Let X — S be a morphism of finite type between Noetherian schemes and let £ be a very ample sheaf
on X and F a coherent sheaf on X with proper schematic support on S. Then for each s € S we can
consider the Hilber polynomial ®4 of F, using the line bundle £,. By [Har77, III, Theorem 9.9] we know
that if F is flat over S then the function s — @, € Q[A] is locally constant on s. We have shown

Proposition 3.4.3. In the above case, we have the stratification
L
PEQA]
The main result is the following.

Theorem 3.4.4. Let S be a scheme, 7: X — S strongly (quasi-)projective and £ a relatively very ample
line bundle on X. Then for a coherent Ox-module &, quotient sheaf of some 7*(W)(v) for W vector
bundle on S and v € Z, and any polynomial ® € Q[\] the functor Qu0t§}§< /s is representable by a
(quasi-)projective S-scheme (which we’ll denote in the same way).

Proof. See |AK80, Theorem 2.6]. |

3.4.2 First definitions

We will now turn our attention to the so called “mapping stacks”, which are nothing else than a particular
case of the section stacks (all will be defined precisely later). They will be essential tools to define and
understand our goal, the stack of G-bundles on X € Schg.

Definition 3.4.5. Let S € Sch, X € Sch,g and ): (Sch,5)°? — Grpd be a pseudofunctor. We define the
Hom 2-functor Homg(X,Y): (Sch,s)°? — Grpd by

Homg (X, V)(T) = Homp (X7, Yr) = Homg (X7, Y).


https://stacks.math.columbia.edu/tag/04YQ
https://stacks.math.columbia.edu/tag/04YT
https://stacks.math.columbia.edu/tag/04YS
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Using the 2-Yoneda lemma we have a natural equivalence of categories Homg(Xr,Y) ~ Y(Xr) and
hence we deduce that if ) is an fpgc S-stack then Homg (X, ) is as well.
We can now finally define our object of interest.

Definition 3.4.6. Let S be a k-scheme. Given X € Sch/g, the moduli stack of G-bundles on X — S is
Bung == Homg (X, BG x S).

Since BG is an fpqc stack, also Bung is so. Explicitely, for an S-scheme T', Bung(7T') is the groupoid
of G-bundles on X.

Our war strategy will be to study and prove general results about Hom-stacks, using the section
stacks, and then deduce properties of Bung by using those cannons.

As announced we will now study the sheaf of sections.

3.4.3 Scheme of sections

Let S be a base scheme, X € Sch,g and fix a morphism of S-schemes Y — X.

Definition 3.4.7. Using the same notations as above, we define the presheaf Sects(X,Y’): (Sch,g)°P —
Set by
(T — S) — HOHIXT (XT, YT) = HomX(XT, Y)

Since schemes are fpqe sheaves then the presheaf Sectg(X,Y) is actually an fpqc sheaf of sets.
We will now state (resp. and sketch a proof) of (some) technical lemmas, the final goal being to prove
representability of Sects(X,Y") under some particular assumptions.

Example 4. As mentioned before, understanding the sheaf of sections can be equivalent to understanding
the mapping stack. Indeed, for X, Z € Sch,g and pry: X x5 Z — X we have the equality

Sects(X, X xg Z) = Homg (X, Z).

Lemma 3.4.8. Let p: X — S be a flat, finitely presented, proper morphism and £ a locally free Ox-
module of finite rank. Then Sectg(X, Spec, Symp, € ) is representable by a scheme affine and finitely
presented over S.

Proof. By [EGAGO, Corollaire 4.5.5] we can take an open affine covering of S and reduce to the case S
is affine (roughly the corollary says that a sheaf I': (Sch,g)°? — Set is representable iff its restriction
to any covering of S are so). We can assume S is also of finite type using Noetherian approximation
and change of base, see [EGAIV], Tome 3, 8]. Write F = £V, which is again a locally free Ox-module.
From |[EGAIII, Tome 2, Thm 7.7.6, Remarque 7.7.9] there exists a coherent Oy-module Q equipped with
natural isomorphisms

Homo, (Qr,Or) ~ (T, (pr)«Fr) = I'( X7, Fr)

for any S-scheme T. Giving a section X1 — (SpecX Symé&) xg T =~ SpecXT(SymoxT Er) over X is

the same thing as giving a morphism of Ox,-modules £ — Ox,.. This is nothing else than an element
in I'(X7,E)). Since € is locally free of finite rank, there is a canonical isomorphism Fr ~ &. The
above formula shows that an element of Sects (X, Spec, Sym &)(T) is naturally isomorphic to a map in
Homg (7', Spec Symp Q) ~ Homo, (Qr, Or). We thus conclude that

Sects (X, Spec, Symg E) ~ Specg Symp, Q
as sheaves over S. | |

Let’s now prove, as a lemma, a (stronger) particular case of our final theorem of this section, when
the map Y — X is affine.

Lemma 3.4.9. Let p: X — S be a flat, finitely presented, projective morphism. If Y — X is affine and
finitely presented, then Sectg(X,Y") is representable by a scheme affine and finitely presented over S.

Proof. As before, we can reduce to the case where S is affine and Noetherian, and X is a closed subscheme
of P for some integer . By assumption, ¥ = Spec X A for A a quasi-coherent Ox-algebra. Since Y is
finitely presented over X and X is quasi-compact, there are finitely many local sections of A generating it
as an Ox-algebra. By extending coherent sheaves (see [EGAI, Corollaire 9.4.3]), there exists a coherent
Ox-module F C A containing all such sections. Using [Har77, Chap 2, Corollary 5.18] (an easy corollary
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of Serre theorem for X projective, stating that we can find n big enough so that F(n) is globally generated)
we can find a locally free resolution of Ox-modules & — F. This induces a surjection of Ox-algebras
Symgp, €1 — A, and let T be its kernel. Redoing this same reasoning on Z, we find a locally free Ox-
module & and a map & — Z whose image generates Z as an Ox-algebra. The short exact sequence of
Ox-algebras Symp, & — Symp, & — A — 0 induces the cartesian square

Y =8Spec, A ———— X

J |

SpecX Sym& —— SpecX Sym &,

where X — Spec x Sym &, is the zero section. We have a canonical isomorhism
Sects(X,Y) =~ Sects (X, X) XSects (X, Spec  Sym &) Sectg (X, Spec . Sym &)

and observe that S ~ Sectg(X, X) (one way to see it is to verify that we can apply the conclusion of
the previous lemma with @ = Og, which satisfies the assumptions there). By Lemma all the three
sheaves in the fibered product are represented by schemes affine and finitely presented over S. Therefore
Sects(X,Y) is representable by a scheme.

The morphism S =~ Sects(X, X) — Sects(X, Spec, Sym¢&,) sends ' — S to 0 € I'(Xr, (€2)7), using
the correspondence of Lemma [3.4.8] Therefore

S — Sectg(X, Spec,. Sym Ey) ~ Spec Sym Q

is the zero section, and in particular is a closed immersion. By base change, also Sectg(X,Y) —
Sects (X, Spec, Sym¢&:) is a closed immersion and hence we conclude that Sects(X,Y) is affine and
finitely presented over S. |

Lemma 3.4.10. Let p: X — S be proper. For any morphism ¥ — X and U — Y open immersion,
Sectg(X,U) — Sects(X,Y) is schematic and open.

Proof. For an S-scheme T, suppose there exists amap f: X — Y over X, which by 2-Yoneda corresponds
to a map of sheaves T'— Sectg(X,Y’). The fibered product

T XSects(X,Y) SeCts(X, U) E—— SeCts(X, U)

| |

T Xro¥ Sects(X,Y)

is a sheaf on Sch,r and it sends 7" — T to a singleton if X7 — X — Y factors through U, and to the
empty set otherwise (this is just how points of fibered products behave in general). We claim that this
sheaf is representable by the open subscheme

W =T\pr(Xr\ f'(U))

of T, where pr(Xr \ f~*(U)) is closed in T by properness of p. Suppose that the image of T" — T
contains a point of pr (Xt \ f~1(U)), i.e. there are ' € T” and € X7 mapping to the same point of
T, and f(x) ¢ U. Let K be the compositum field of x(¢') and x(z) over k(pr(x)): this gives a point of
X7 corresponding to (¢',x) € T x Xp. Thus the map X1 — X — Y does not factor through U, since
f(z) .

Conversely, suppose there exists ' € X7 with image outside of U. Then its image x € X7 is not in
f71(U), so prr(2') maps to pr(z) € pr(Xr \ f~1(U)).

We then conclude that 7" — T factors through T'\ pr(X7 \ f~1(U)) if and only if X7 — Y factors
through U. Therefore T Xgect5(x,v) Sects(X, U) is representable by this open subscheme of 7. [ |

Lemma 3.4.11. Let S be a Noetherian scheme, and let p: X — S and Z — S be flat proper morphisms.
Suppose there is a morphism 7 : Z — X over S. Then there exists an open subscheme S; C S with the
following universal property: for any locally Noetherian S-scheme T, the base change np: Z7 — Xp is
an isomorphism if and only if T — S factors through S;.

Proof. See |Wanll| Lemma 3.1.7]. |
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Suppose we have a proper morphism X — S and a separated morphism g: Y — X. For a section
f € Sects(X,Y)(T), the graph of f over Xr is a closed immersion X7 — X1 X x,. Yr. Indeed, gr o f =
idx,. implies that f is separated, and we can obtain the graph of f as the following pullback

XT %XTXXTYTZYT

J{f J{f X xpidyp
A

T
Yr —————— Yr Xx, Yr

and hence by separatedness of gr (so that its diagonal is a closed immersion) we deduce our claim. Using
X1 Xx, Yr ~ Yy we deduce that f itself if a closed immersion.
Therefore f: X7 < Y7 represents an element of Hilby,g(7"). We have defined an injection of sheaves

Sects(X,Y) — Hilby/g . (3.2)

Lemma 3.4.12. Let p: X — S and Y — S be finitely presented, proper morphisms, and suppose that
p is flat. Then Eq. (3.2) is an open immersion.

Proof. Since the statement is Zariski local on the base, we can assume S is affine and Noetherian by
[EGAIV, Tome 3, 8|. Let T — Hilby /g represent Z C Y7 a closed subscheme flat over an S-scheme T
Again, by the same argument, we can assume 7' Noetherian. Applying Lemma [3.4.11] to the composition
7 — X7 we deduce that there exists an open subscheme U C T such that for any locally Noetherian
T — T, the base change Z7+ — X7 is an isomorhism if and only if 77 — T factors through U. An
isomorhism Z7 — X7 is the same thing as giving a section X7 ~ Zp: < Y7.. We assumed T to be
locally noetherian, but by Noetherian approximation the same reasoning holds in the more general case.

We conclude that 1" X i, 5 Sects(X,Y) is represented by U, and hence we have the claimed open
immersion. |

We are ready to prove our main result about the sheaf of sections.

Theorem 3.4.13. Let X — S be a flat, finitely presented, projective morphism, and let ¥ — X be a
finitely presented, quasi-projective morphism. Then Sectg(X,Y’) is representable by a disjoint union of
schemes which are finitely presented and locally quasi-projective on S.

Proof. Let L be an invertible Oy-module ample relative to 7: ¥ — X and let X be an invertible O x-
module ample relative to p: X — S. For every (n,m) € N? choose an integer x, . Define the subfunctor

Hilb{™)  Hilby,s
to have T-points the flat closed subschemes Z C Yp such that for all ¢ € T, the Euler characteristic
X(Oz @ LP™ @ 7*(K®™))t) = Xn.m- We choose to look at these particular sheaves because, as we’ll
see, (some) will be (very) ample w.r.t. Y — S, see [Stacks, Lemma 0C4K|. We claim that they form a
disjoint open cover of Hilby s (making all possible choices of course). First of all, this is Zariski local
on S so we may assume, by Noetherian approximation, S to be Noetherian. By |AK80, Corollary 2.7]
(using Hilby, g = Quote,, Y/ s) the functor Hilby g is representable by a locally Noetherian scheme.
Let’s first of all verify
Hilby,s = | ] Hilb{?)
SEZL

where the coproduct is taken as sheaves. This means that we can assume T connected (and Noetherian,
by approximation) so that using [EGAIIL Tome 2, Thm 7.9.4] the Euler characteristic of (07 ® L®" ®
7*(K®™)); (seen as a function on T') is locally constant (hence constant by connectedness). This implies
that it is a disjoint cover. To see they are open consider the cartesian square

1H00
W ——— Hilb{Yg

|

T —Z— Hilby/s


https://stacks.math.columbia.edu/tag/0C4K
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where W = {t € T | x((0Oz ® L®" @ 7*(K®™));) = x} is an open subscheme of T, by the properties
of Euler characteristic mentioned above and by the fact that the connected components of a locally
Noetherian scheme are open [EGAI, Corollaire 6.1.9].

Now it suffices to show that for any choice of (X, m), the functor

Sects(X,Y) N Hilbyy™

is representable by a scheme finitely presented and locally quasi-projective over S. Again, since this is
Zariski local on S, we will assume S to be affine and Noetherian. By [EGAII, Prop 4.4.6, 4.6.12, 4.6.13],
there exists a scheme Y projective over X, an open immersion Y < Y, an invertible module £ very
ample relative to Y — S, and positive integers a and b such that

LE @ 7t (K®) ~ L.

Let @ € Q[A] be a polynomial satisfying ®(n) = Xnans for a particular choice of such integers. If it
does not exist then Hilb%ﬁ;g"b is empty and the claim is trivial (so in practice now we focus on the
“right” choice, using the Hilbert polynomial of Z w.r.t. £). Using Lemma Lemma and
|AK80, Theorem 2.6, Step IV] we deduce that Sects(X,Y)N Hilb%’;’.m) is an open subfunctor of Hilbé’/zs
(representable by [AKS80, Corollary 2.8]). Since an open immersion to a Noetherian scheme is finitely
presented we can conclude. |

3.4.4 Morphisms between Hom stacks

The goal will be to use our results on the scheme of sections to deduce that the diagonal of Bung is
schematic under certain conditions on X.

Lemma 3.4.14. Suppose X — S is flat, finitely presented, and projective. Let F': Yy — )s be a
schematic morphism between pseudo-functors. If F' is quasi-projective (resp. affine) and of finite presen-
tation, then the corresponding morphism

Homs (X, yl) — Homs (X, yg)
is schematic and locally of finite presentation (resp. affine and of finite presentation).

Proof. Let m9: X7 — )s represent, by Yoneda, a morphism 7' — Homg (X, s). Since F is schematic, the
2-fibered product Vi Xy, -, Xt is representable by a scheme Y7. We have thus the following 2-cartesian
square

Yp —— W

Pk
Xr —2— W

with the commuting 2-isomorphism ~: F(7;) = 7*75. Given a T-scheme 1", suppose that 7] : X7 — Vi
is a 1-morphism such that the square

’
.
Xy ———— N

Jprl JF
Xr —2— Yy

2-commutes via a 2-morphism v': F(7]) = pr} 7. Thus, by the universal property of 2-fibered products,
there exists a unique morphism of schemes f: X7+ — Y7 over X7 and a unique 2-morphism ¢: f*r; = 74
such that

F(f*mn) —— f*F(n) L frrrr

JW) JN

F(m) - pri 72
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commutes. On the other hand, we have that
(’HomS(X, yl) XHoms(X,)ig) T) (T/) = {(T/ — T, T{: XT/ — yl,’)//l F(T{) :> pI‘;< Tg)}

by the 2-Yoneda lemma. Thus for a T-scheme T’ and a pair (71,7') as above, there exists a unique
f € Homx,. (X7, Yr) = Sectr (X7, Yr)(T’) such that

(f*r, f*y: F(f*m) = pri72) € (Homs (X, V1) Xsoms(x,v2) T) (T')

and there is a unique 2-morphism (f*71, f*y) ~ (77,7’) induced by ¢. Therefore we have a cartesian
diagram

Sectr (X7, Yr) ——— Homg (X, V1)

| |

T ——— Homg(X, )s)

By assumptions we have Yy — Xy finitely presented and quasi-projective (resp. affine) and hence, by
Lemma and Theorem [3.4.13| we deduce that Secty (X7, Yr) — T is schematic and locally of finite
presentation (resp. affine and of finite presentation). |

Corollary 3.4.14.1. Suppose X — S is flat, finitely presented and projective. Then the diagonal of
Bung is schematic, affine and finitely presented.

Proof. By Lemma|3.3.13|we deduce that the canonical map Bungxe — Bung x Bung is an isomorphism.
Applying Lemma |3.3.15| and Lemma [3.4.14 to BG — B(G x G) we deduce that Bung — Bungxg is
schematic, affine and finitely presented, and we conclude. |

Corollary 3.4.14.2. Let H — G be a closed subgroup of G. If X — S is flat, finitely presented
and projective, then the corresponding morphism Bung — Bung is schematic and locally of finite
presentation.

Proof. Immediate. u

3.5 Presentation of Bung

Recall that we defined Bung of X — S in Definition as Homg(X, BG x S). We will prove that it is
an algebraic stack and give a presentation. We will have lot of lemmas and we will mainly focus on the
case G = GL,, to then pass to the general case using the well known fact that any affine algebraic group
can be embedded into a linear group.

Lemma 3.5.1. The morphism from the k-stack
B,: T — {locally free Op-modules of rank r, with isomorphisms of Op-modules}

to B GL,, sending £ — Isomp (0%, £) is an isomorhism.

Proof. From [Vis08, Theorem 4.2.3] we know that QCoh is an fpqc stack and since local freeness of rank
r persists under fpqe maps (by [EGAIV] Tome 2, Proposition 2.5.2]) we deduce that B, is an fpqc stack.
We have a canonical simply transitive right action of GL, on Isomy(O%, ) given by right composition.
Given a Zariski covering {T; C T'}; trivializing & we obtain a descent datum (O%.,g; ;) for £, where
gij € GL.(T; N'T}). Since Isomr, (OF,,OF,) ~ T; x GL,, we have a descent datum (7; x GL,,g; ;)
(the same as before) corresponding to Isomrp(O%., ). Conversely, given P € BGL,(T) there exists a
descent datum (7; x GL,, g; ;) for some fppf covering {T; — T'}. If V' = A" is the standard r-dimensional
representation of GL,., then the twist 5V is a module in B, (T) and has a descent datum given by
(OF,,9i,5)- This implies that P + pV is the inverse morphism. |

This implies that any GL,-bundle is Zariski locally trivial. From now on we’ll implicitely use the
isomorhism B, ~ B GL, to pass between locally free modules and GL,-bundles.

Fix a base k-scheme S and let p: X — S be a flat, strongly projective morphism, with a fixed ample
invertible sheaf O(1) on X. From now on we will write Bun, as a shorthand for Bungt,, the stack of
GL,-bundles on X. Let’s recall that an Ox,-module F is relatively generated by global sections if the
counit pipr.F — F is surjective.



36 3.5. Presentation of Bung

Definition 3.5.2. Let F be a quasi-coherent Ox,-module, flat over . We say F is cohomologically flat
in degree i if for any cartesian square

Xr —— Xr
T ———T
the canonical morphism u*R'pr.F — Ripr.(v*F) from |Fan+13, p. 8.2.19.3] is an isomorphism.

We will use the main results about the base change formula, written in [Fan+13| Theorem 8.3.2].
In particular we will mainly use the following.

Theorem 3.5.3. Let
X — X
Jf’ Jf
v ——Y

be a cartesian square of schemes, with X and Y quasi-compact and separated. Let F be a quasi-coherent
sheaf on X. If the map g is flat, or F is flat on Y, then there is a natural isomorphism

Lg*Rf.F — Rf.(h*F)
in D(Y’) (derived category of Oy -modules).

In particular we deduce that the induced maps ¢g*R?f.F — R%f.(h*F) are isomorphisms.
We will use the following criterion for cohomological flatness.

Lemma 3.5.4. For an S-scheme T, let F be a quasi-coherent sheaf on X, flat over T'. If pp is separated,
pr+F is flat and Ripp,F = 0 for i > 0, then F is cohomologically flat over T in all degrees.

Proof. Since the statement is local, we can assume T and T’ to be affine. By the base change formula
Theorem [3.5.3] we have a quasi-isomorphism

L’UJ*RpT*]: :> RpT/*(U*.F)

of chain complexes of Op-modules. Since Ripp.F = 0 for i > 0, we have a quasi-isomorphism pr,F ~
Rpr.F. By flatness of pr.F we have Lu*pp.F ~ u*pp.F and hence u*pp.F =~ Rpp.(v*F). We
conclude that

w* R'pp.F ~ R'pp. (v F)

for all ¢ (consider i = 0 and 7 > 0 separately). This isomorphism corresponds to the canonical one given
before, so we can conclude. |

Proposition 3.5.5. For an S-scheme T, let

U (T) = {5 € Bun,.(T)

Ripr.(E(n)) =0 for all i > 0
and &(n) is relatively generated by global sections

be the full subgroupoid of Bun,(T) = B,(T). For £ € U, (T), the direct image pr.(E(n)) is flat, and
&(n) is cohomologically flat over T in all degrees. In particular, the inclusion U,, — Bun, makes U,, a
pseudo-functor.

Proof. Since flatness is local we can assume T is affine. Call F = £(n) € U,(T). Then, remembering
the assumption on p: X — S, X7 is quasi-compact and separated, so we can choose a finite affine open
covering 4 = (U;);=1,... n of Xp and use it to compute Cech cohomology. We have an isomorphism

yeery

HY (U, F) S H (X7, F).

By [EGAIIL, Tome 1, Proposition 1.4.10, Corollaire 1.4.11], Ripr.F is the quasi-coherent sheaf associated
to H (X7, F), we deduce H* (U, F) = 0 for i > 0. This means that the augmented Cech complex
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0 —— I'(Xp, F) — C°U, F) CN=YU,F) ——— 0
is exact. Since F is T-flat, also C*(U, F) = [Li<.<;, T'Uj 0 ---N Uy, F) is flat over I(T, Or). By
induction and |[Har77, III, Proposition 9.1] we conclude that I'( Xy, F) is flat over I'(T, Or), i.e. pr, F is
flat over T'. Using Lemma we conclude that F is cohomologically flat in all degrees.

Now we want to show that for T" — T, the pullback E7 still lies in U, (T"), i.e. it is relatively generated
by global sections and it satisfies R/p7.Fr, = 0 for all 5 > 0. This last fact holds by cohomologically
flatness (i.e. base change isomorphism holds) so we concentrate on the first one. Again, since this property
is local, let T and T” be affine schemes. Thus (relative becomes unnecessary and) there exists a surjection
@ Ox, — F, which pulls back to a surjection @ Ox,, — Frr, showing that Fr is also generated by
global sections. Since pullback and tensor product commute, we conclude &7 € U, (T"). |

Remark 3.5.6. If S is affine then the ring T'(S, Og) is an inductive limit of finitely presented k-algebras
and by [EGAIV| Tome 3, 8] we know that we can find S; — Speck affine of finite presentation, a map
S — 57 and a flat projective morphism p; : X; — S7 which is equal to p after base change. From now on
we will thus work with such p;, because then we just need to base change to get back results from the
original p. This will allow us to focus only on Noetherian S.

Lemma 3.5.7. The pseudofunctors (Uy,)ncz form an open cover of Bun,..

Proof. Fix T — S and £ € Bun,(T) (i.e. a map T — Bun,). The 2-fibered product U, Xpun,
T (Sch;7)°P — Grpd sends T" — T' to the equivalence relation

{(51 S Un(T/)7(€l ~ gT’)} .

To prove U,, is open then we just need to find an open subscheme U,, C T with the universal property
such that 77 — T factors through U, iff Ripr.(E7/(n)) = 0 for i > 0 and E7/(n) is relatively generated
by global sections over T’. With the usual locality and Noetherian approximation-fu we can assume S
and T to be affine and Noetherian (for the details see [Wanll, Lemma 4.1.5]).

We will have in mind the following cartesian square

Xy —— X
th J;DT
Speck(t) —— T

where we observe that the upward arrow is a closed immersion by base change. Call F = £(n) and define

Un::{teT

We claim that the set of points ¢ € T where I'( Xy, F;) ® Ox, — JF is surjective is open. Indeed consider
the set

Hi(Xt,ft) =0fori>0
and ¢ : pipuFr = I(Xy, Fr) ® Ox, - F; surjective | -

F={xeXr|(vt)s: 0ipesFt)s = (Fi)z = Fy is not surjective}

where the subscript « denotes taking the stalk at the point € X (¢, is indeed a map of Ox,-modules
and hence of O x-modules by pushforward of a closed immersion). By Nakayama’s lemma (using coherence
of F and finiteness of Spec k(t) — T, so that F; is still coherent) we deduce that if (¢;), is surjective at
x € X, then it is surjective at any y in an open neighborhood of = in X7 (we find a lift of generators).
This means exactly that F' is closed in Xr and hence pr(F) C T is also closed since pr is projective.
Then its complement in T is open, and clearly for any ¢ in it, the map ¢, is surjective: there cannot exist
x € Xp mapping to ¢ such that (¢;), is not surjective, since then « € F' and hence t = pr(x) € pr(F).

Since X is quasi-compact, it can be covered by N affines, and so does X; by base change. We can
compute the cohomology of F; using Cech cohomology, from which we immediately see H WXy, Ft) =0
for i > N and all t. Fixed 4, the set of ¢t € T for which H*(X;, F;) = 0 is open by upper semicontinuity
of the fibers [Har77, III, Theorem 12.8] (F is flat over T since it is locally free and pr is flat by base
change). By intersecting a finite number of such sets, we deduce that U, is open.

By [Har77, III, Theorem 12.11], for t € U,, we have Ripp.F ® k(t) = 0 for i > 0. Since p is proper
by assumption, R'p,F is coherent by |EGAIIL, Tome 1, Theorem 3.2.1]. Thus by base change (F is
cohomologically flat by Proposition and by Nakayama’s lemma we obtain

Ripy,«(Fu,) ~ (RipT*}")’Un =0.
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Again by Nakayama’s lemma we have that Fy, is relatively generated by global sections (by the choice
of Uy,). This proves that &y, € U, (Uy,), i.e. we have a 2-commutative square

Eu,
v, —— U,

|,

T £ Bun,

Suppose now there is a morphism w: 7" — T such that R'pg/,Fp: = 0 for i > 0 and Fr is relatively
generated by global sections. We need to prove it factors through U,,. Take t' € T” and let t = u(t'). By
cohomological flatness (and structure of higher direct images) we deduce that H* (X, Fy) = 0 for i > 0.
Since Spec k(t') — Spec k(t) is faithfully flat, by Theorem we have

HY (X, i) @y 5(t') ~ H (Xy, Fo) = 0

and hence H'(Xy, F;) = 0 for i > 0. Since Fy is relatively generated by global sections, by assumptions,
we have I'(Xy, i) ® Ox,, — Fy; by faithfully flatness this implies I'( Xy, ;) ® Ox, — F;. Thus t € Uy,
i.e. the morphism u factors through U,,.

This proves that U,, is open in Bun,.. Finally, by Serre’s cohomology theorem [Har77}, III, Theorem 5.2],
given £ € Bun,(T) there exists n € Z such that Ripr.(E(n)) = 0 for i > 0 and £(n) is generated by
global sections. This implies that £ € U,,(T') and therefore the (U, )nez form an open cover of Bun,. W

Remark 3.5.8. For an S-scheme T and £ € U,,(T') we claim that pr.(E(n)) is a locally free Op-module
of finite rank. The key idea is to use Noetherian approximation, and then the well known algebraic

fact that a flat module of finite type over a noetherian ring is locally free of finite rank. See [Wanll
Remark 4.1.7].

For a polynomial ® € Q[A], define a pseudo-subfunctor Bunf C Bun, by
Bun®(T) = {€ € Bun,(T) | ®(m) = x(&(m))Vt € T, m € Z} .

For a locally Noetherian S-scheme T and £ € Bun,(7'), the Hilbert polynomial of £ (the unique poly-
nomial in Q[A] sending n +— x(&:(n))) is a locally constant function on T' by [EGAIII, Tome 2, The-
orem 7.9.4]. We deduce (hiding under our carpet all noetherian approximation arguments) that the
(Bunf’)q,eQ[A] form a disjoint open cover of Bun,. Let
U® =i, NnBun?

so that U, has a disjoint open cover given by such opens. Let’s try to understand them better: given
& € UL (T) we know by Remarkthat pr«(E(n)) is locally free of finite rank. By cohomological flatness
of £(n) (see Proposition and the assumption Ripr.(£(n)) = 0 for i > 0, we have H°(X;, &(n)) ~
pr+(E(n)) ® K(t) is a vector space of dimension ®(n) (we consider Euler characteristic but by assumption
we have only 0-th homology). This implies that pr.(£(n)) is locally free of rank ®(n).

Using [Stacks, Lemma 05UN]| (which says that if we have a morphism from a pseudofunctor to a stack
that is representable by an algebraic space, then the source is also a stack) and the fact that Bun, is a
stack, we deduce that all these pseudo-functors are also fpqc stacks.

Now we want to find smooth surjective morphisms to the ¢*. We will introduce a bunch of new
pseudofunctors.

Let’s define the pseudofunctors Y7 : (Sch,)°? — Grpd by

(T = 8) = {(r‘%(bﬂb)

£ eU(T), ¢: O;}}(Tn) — &(n) is surjective,
the adjoint morphism ¢: Oi(n) — pr«(€(n)) is an isomorphism .

A morphism (&, ¢,v) — (£',¢',4') is an isomorphism f: & — &' satisfying f(n) o ¢ = ¢’. This last
condition is equivalent to pr.(f(n)) oy = ¢’ by adjunction. To give an isomorphism v as above just
means specifying ®(n) elements of I'( X7, £(n)) that form a basis of pr.(€(n)) as an Op-module. By how
we defined morphism, J*(T) is an equivalence relation.

Technical lemma.
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Lemma 3.5.9. Suppose we have a cartesian square

XT’ — v 5 XT

T ——T

M € Or —Mod, N € Ox, — Mod and ¢: phM — N a map of Ox,-modules. If ¢: M — ppr. N is
its adjoint morphism, then the composition of u*(¢)) with the base change map u*pr N — prv*N
corresponds, via the adjunction (prr., ph) to v*(¢): piru* M ~ v*prM — v*N.

Proof. See |Wanll| Lemma 4.1.8]. [ |

For M = O;}i(n) and N' = £(n) in Lemma we see that the pullbacks of ¢ and 1 are compatible,
so that Y2 is a pseudo-functor in a non-ambiguous way.

Lemma 3.5.10. For ¥ € Q[)], define the pseudofunctor WY : (Sch/s)°? — Grpd by
W(T) = {(F,0) | F € Bunf (), ¢: OX) — F}

where a map (F,¢) — (F',¢') is an isomorphism f: F — F' satisfying f o ¢ = ¢'. Then WY is
representable by a strongly quasi-projective S-scheme.

Proof. As before the WY (T) are equivalence relations so, considering the sets of equivalence classes, WY
is isomorphic to a functor
v ¥,0(1) .
W= C QuOtO;I'((O)/X/S =:Q.
By Theorem [3:4.4] we know that @ is representable by a scheme strongly projective over S. We will
prove that WY¥ < @ is schematic, open and finitely presented and this will imply that WY ~ WY is
representable by a strongly quasi-projective S-scheme. As usual, by the locality of the claim, we assume
S affine and Noetherian. Let (F,¢): T — @ and consider WY x¢g T, the 2-fibered product. Consider
the following set
U ={z € Xr | the stalk F ® Ox,. , is free}.

Since F is coherent, by Nakayama’s lemma, U is an open subset of Xp. We claim that the open subset
\%4 :T\pT(XT\U) cT

represents W% xg T. We need to prove that a morphism 7" — T lands in V iff Fp is locally free. If
T — T factors through V, then X7 — X lands in U, which implies that Fp is locally free (since, by
construction, F }U is locally free). Conversely, suppose T — T is such that Fr is locally free and assume
by contradiction that there exists ¢ € T and « € X7 mapping to the same ¢ € T such that F ® Ox,. , is
not free. We have cartesian squares

(Xp)py — (Xp)y — X

J |

Spec k(t') ——— Speck(t) — T

where the down-left arrow is faithfully flat. Then Fy ~ F; ®,) £(t') is a flat Ox,,-module (change base
of Fr+ which is locally free). Since flatness is a local property for the quasi-compact faithfully flat maps
(see |[EGAIV] Tome 2, Proposition 2.7.1]), this implies that F; is flat over Ox,. By the definition of @
(see Definition F is T-flat. Therefore 7 ® Ox,. » is Or-flat and F; ® Oy, , is Ox, z-flat and by
[Mat70, 20.G] we conclude that F @ Ox,. 5 is Ox, ,-flat and hence a free module, contradiction! Hence
T" — T must factor through V. We showed that WY is representable by an open subscheme of ). Since
S is Noetherian, @ is also Noetherian and hence WY < @ is finitely presented (being an open immersion
between Noetherian schemes). ]
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Lemma 3.5.11. The pseudo-functor Y is representable by a scheme Y,® which is strongly quasi-
projective over S.

Proof. Let ¥ € Q[)\] be defined by ¥()\) :== ®(A + n), and consider WY as before. There is a morphism
WY — Bun? (observe the change in the polynomial) given by (F, ) — F(—n) (indeed x(F(—n)(m)) =
X(F(m —n)) = ¥(m —n) = ®(m)). The corresponding 2-fibered product U X Bun® WY is isomorphic
to the pseudo-functor ZF: (Sch,g)°P — Grpd defined by

ZX(T) = {(£,0) | € €UTD),0: O - E(m)}

where a morphism (€,¢) — (£',¢) is an isomorphism f: & — & satisfying f(n) o ¢ = ¢'. Since UL
is open and schematic in Bunf then we deduce that the morphism Z® — WY is schematic and open.
Thus Lemma implies that Z2 is representable by an open subscheme Z* C WY¥. We claim that
Z® «— WY is finitely presented: using Noetherian approximation as in Remark we reduce to S
Noetherian, where this is trivial (any open subscheme of a Noetherian scheme is finitely presented).
Therefore we proved that Z2 is quasi-projective over S.

We will prove that the morphism Y* — Z2? sending (£,6,v) — (€,¢) is schematic, open and
finitely presented, and this suffices to conclude the proof. We may assume S Noetherian as usual,
using Remark and [EGAGO, Corollaire 4.5.5]. Let (£,¢) € Z2(T) and let 1) be the adjoint map
02" 5 pr.(E(n)). Let’s define

U := T \ Supp(coker )

and observe it is open in T. Indeed 1 means choosing ®(n) sections in I'(X7,E(n)) and U is the
maximal subscheme of T where they generate pr.(£(n)), so it is open by Nakayama. Then we easily
see that a map u: 7" — T lands in U if and only if «*(¢)) is a surjection, which happens iff u*(¢) is

an isomorphism of sheaves, since both O?(n) and pr.(€(n)) are locally free Op-modules of rank ®(n).
From Proposition we know that the base change morphism u*pr.(E(n)) — pr.(Er/(n)) is an
isomorphism. Thus the compatibility statement of Lemmasays that u* (%)) is an isomorphism if and
only if the adjoint of v*(¢) is an isomorphism, where v: X7 — Xp. This translates exactly to U being
the representative of the 2-fibered product Y& x ze T

Taking T' = Z%, Noetherian, we deduce that Y* — Z?® is schematic, open and finitely presented and
therefore we conclude that V¥ is represented by a strongly quasi-projective S-scheme. |

We are ready for the last lemma before our main result. We will connect with the theory of G-bundles
we started studying.

Lemma 3.5.12. There is a canonical right GLg(;,)-action on Y,® such that the morphism Y2 — U®
sending (&, ¢,1) — & is a GLg(,)-bundle. Therefore by Lemma we have an isomorphism

Uy ~ [Y,?/ GLa(n)]
sending € € Uy (T)) to a GLg(n)-equivariant map IsomT((’)i(n)7pT* (E(n))) = V2.
Proof. Define a map «: y;f X GLg(n) — y;f by
((€,0:4),9) = (€, 0pr(9), ¥ 0 g)

over an S-scheme T'. The diagram
Yy x GLg(n)y —>— Iy
S
yyp—————uy

is 2-commutative, evidently. Then « induces a GLg,)-action on Yn‘l’ taking equivalence classes, i.e. there
exists a 2-commutative square

an) X GL@(n) —_— Yf’

Fooob

yp ———— W
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and the associated 2-morphisms satisfy the classic associativity conditions because Y (T') is an equiva-
lence relation. Thus we deduce that Y, — U7 is GLg(,)-invariant. For T € Sch/g let £: T — U;. Then
the 2-fibered product is given by

(yg) XU,? T) (T/) = {(Naqsawu’Y) | (N7¢7¢) eyr?(Tl)7’7N:>€T’}

where a map (N, ¢,,v) — (N, ¢',1’,+') is an isomorphism f: N — N satisfying f(n) o ¢ = ¢’ and
7' o f = . Then the above groupoid is an equivalence relation and Y& x ye T is isomorphic to the functor
P: (Sch;1)°? — Set given by

(T = T) {(¢ )| ¢: O(P(n) —» Ers(n), the adjoint ¢ is an isomorphism} :

Let’s observe that the surjectivity of ¢ is automatic: since E7+(n) is relatively generated by global sections,
if we have ¢¥: O, 2 pri«(Err(n)), then the adjoint morphism

0: 0% £ propre. (Er(n) = Er ()
is surjective (where the last morphism is the counit, by definition of adjunction). Thus, P(7") is just the
choice of a basis for pr/.(E7/(n)) and the induced right GLg,,)-action on P is defined by 1.9 = ¢ o g, for
9 € GLgn)(T"). Recall that we know, by Remark that the direct image pr.(£(n)) is locally free of
rank ®(n). By cohomological flatness of £(n) over T' by Proposition we have

P(T" 2% T) ~ Isomp (2™, pro(Er (1)) ~ Tsomg (O™ w*pr. (E(n))) ~
~ Isomp: (u* OF™  w*pr. (E(n))) = Isomr (OF™, pro (E()) (T % T)

so that P ~ Isomz (O3, pr.(E(n))), where the latter is the obvious GLg(y,)-bundle. This proves that
the map Y — U7 is a GLg(,)-bundle. |

Finalle we conclude this chapter stating our main result about Bung.

Theorem 3.5.13. Let X — S be a flat, finitely presented projective morphism. The S-stack Bung is an
algebraic stack locally of finite presentation over S, with a schematic, affine diagonal of finite presentation.
Additionally, Bung admits an open covering by algebraic substacks of finite presentation over S.

Proof. By Corollary we already know that the diagonal of Bung is schematic, affine and finitely
presented. By the classic [DG70, 2, Theorem 3.3] for any affine algebraic group G there exists r € N such
that G C GL, is a closed subgroup. So we will first focus on this case and then generalize.

We saw in Lemma that the morphisms Y® — U2? are smooth and surjective, being GLg(n)-
bundles. After having assumed S Noetherian as usual, by Lemma we know that each V¥ is
representable by a scheme Y,® finitely presented over S. The map

Y = H Yf — Bun, = Bungy,,
n€Z,PeQ[A]

is then smooth and surjective because the (U>) are an open cover of Bun, by Lemma and Y is
locally of finite presentation over S. This is the searched smooth atlas for Bun,., which is then an algebraic
stack locally of finite presentation over S. From the already mentioned [Stacks, Lemma 05UN] we deduce
that also all the U® C Bun, are algebraic stacks, and they are of finite presentation over S (since the Y,*
are so).

Let’s now pass to our initial G; by Corollary we know that the corresponding map Bung —
Bun,. is schematic and locally of finite presentation. Consider the 2-cartesian squares

ﬁ) L/{\g) BunG

L]

y® us Bun,

n
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where by base change we deduce that the maps {/EI’ — L}E) are smooth and surjective, and the (L}E) ) form an
open covering of Bung. From Theorem [3.4.13| (using Bung = Homg(X, BG x S) ~ Sectg(X, X xg BG))

and Corollary we deduce that Y,® is representable by a disjoint union of schemes of finite
presentation over S, let them by A; (imagine fixed n and ¢). Then, chosen i, we have an open immersion
A; — }ZEI’, together with a smooth surjective morphism }7,51’ — Z:{E’ , where the last is an algebraic open
substack of Bung. Applying [Stacks, Lemma 05UP] to such map, we deduce that there exists X, 4;
algebraic open substack of Z:{\g’ with a smooth surjective morphism A; — X, 4; and hence of finite

presentation over S. This concludes our proof. |
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4 Derived stacks

4.1 Recalls of simplicial algebra

From now on k will be a fixed ring. Let’s recall a classical fact, which will be used in the following.

Proposition 4.1.1. Every simplicial set X is the homotopy colimit over its cells. More precisely, let
X: A — Set < sSet

be the corresponding bisimplicial set, which in degree k is given by the constant simplicial set X;. Then
we have an isomorphism B
Hocolim X — X

in Ho(sSet).
Proof. Classic, see Proposition 6.5, nLab| |

With the same idea one can prove that for X € sSet, we have X ~ Hocoliman_, x A™. We will use this
argument a lot in the next chapters. Recall that the category of simplicial abelian groups (abelian group
objects in sSet) has a model structure, right-transferred from sSet (so that equivalences and fibrations are
the same). In particular every simplicial abelian group is a Kan complex thanks to the following classic
proposition.

Proposition 4.1.2. Let G a simplicial group. Then G is a Kan complex. Moreover, let A — B be a
surjection of simplicial abelian groups; then it is a fibration.

Proof. See |GJ99, Lemma 1.3.4, Proposition III.2.10]. [ |

It is also a monoidal model category with the componentwise tensor product, i.e. given A, B € sAb
we can define A ® B € sAb by (A® B),, = A, ® B,,. The category sComm of simplicial rings also has a
right-transferred model structure and so we can define simplicial modules.

Definition 4.1.3. Let A € sComm and M € sAb. We say that M is a simplicial A-module if there exists
a map
w: Az M — M

of simplicial abelian groups satisfying the classical module axioms. The category of simplicial A-modules,
denoted by sA — Mod, inherits a model structure as before.

Similarly we can define the category of simplicial A-algebras (with A € sComm) simply as the comma
category A/sComm. Seeing every ring as a discrete simplicial ring we recover the particular cases of
sk — Mod and sk — Alg.

Theorem 4.1.4 (Dold-Kan). Let k& € Comm. The normalised cochain complex functor
N: sk —Mod — Ch="(k)

sending A € sk — Mod to the cochain complex given where N(A)™ is the free k-module on A,, modulo
degenerate simplices, induces a Quillen equivalence between the category of simplicial k-modules and of
(cohomologically graded) cochain complexes.

Proof. See |Wei94, p. 8.4.1]. |
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We will use later on this equivalence between the homotopy categories Ho(sk — Mod) and D=°(k).

Let’s now look a little more in details the model structure of sk—Alg; we will just state some properties,
without proving them. For n > 0 let’s define the n-sphere k-modules by S} := S™ ® k € sk — Mod. For
every X € sSet we can build the free k-algebra k[X] € sk — Alg (pointwise construction). In particular
we have isomorphisms

HomHo(sk—Ng) (k[sn], A) = [k[Sn]v A}sk—Alg = Tn (A)

where the homotopy groups are of course based in 0. The inclusions S™ ~ A" ! — A"+ induce natural
maps k[S™] — k[A"T1] and one can prove that the set of morphisms

{k[S™] — k[A™] | n € N}

is a set of generating cofibrations of sk — Alg, which is also compactly generated.
A finite cell object is an element A € sk — Alg for which there exists a finite sequence in sk — Alg

Ag=k—>A A — - > A, =A
such that for any i there exists a push-out square in sk — Alg given by

k[S™] —— A,

| ]

k[AnH‘l] — Ai+1

Using [HAGIL Prop 1.2.3.5] we see that the finitely presented objects of the model category sk — Alg
(see Definition are exactly retracts of finite cell objects. This reasoning can be generalised to the
category of sA — Alg, with A € sk — Alg, by considering A[S™] = k[S™] ® A and similar.

The functor mg: sk — Alg — k — Alg is left Quillen (the right adjoint being the classic inclusion
i: k — Alg — sk — Alg) and preseves finitely presented morphisms, but ¢ does not. This means that
being of finite presentation in sk — Alg is a much stronger condition than to be just a finitely presented
k-algebra. The model structures on simplicial modules and algebras are cofibrantly generated, proper
and cellular.

Given A simplicial commutative k-algebra (recall that any simplicial group is a Kan complex), we
can consider its homotopy groups (based at 0) together as 7,(A) := @, m,(A). This is a graded abelian
group (use Dold-Kan correspondence to identify homotopy of A with the homology of the normalized
chain complex), and moreover it is also a graded commutative algebra. In-fact, given a: A™/JA™ ~
S — Aem,(A) and B: S™ — A € 7, (A) maps of pointed simplicial sets, we can consider

af: ST xS — AxA— Ay A A

where the last morphism is the multiplication on A. Observing that (S™, x) U (x,S™) is sent to zero by
a8 we can factorize through the smash product (defined, as in topological spaces, by the quotient of the
product by the wedge sum) to obtain

a.B: 8™ AS™ 22 grtm 4

which will be the product of o and §. Similarly, for M € sA — Mod, 7, (M) is a graded m,(A)-module.
Let f: A — B € sComm and consider the classical adjunction

—®4 B: sA—Mod — sB — Mod : f*

where f* is just restriction of scalars. It is a Quillen adjunction, which becomes a Quillen equivalence
when f is a weak equivalence (see [Fre09, p. 11.2.10]). The left derived functor is denoted by

— ®Y4% B: Ho(sA — Mod) — Ho(sB — Mod).

As done before, any ring can be considered as a constant simplicial ring and this induces a fully faithful
embedding
j: Comm — Ho(sComm)
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which possesses a left adjoint
7o: Ho(sComm) — Comm.

In the same way, considering a my(A)-module as a constant simplicial A-module (using the obvious map
A — mo(A)) we obtain the adjunction

7o: Ho(sA — Mod) == my(A4) — Mod : j

where j is again a full embedding.
Finally we can consider the loop and suspension functors. They are defined in any nice enough model
category by Q(X) = * x% x and S(X) = * ]_[f;( x, where * is the terminal object (see Deﬁnition
We observe that in our case the suspension S: Ho(sk — Mod) — Ho(sk — Mod) corresponds to the
shift functor E — E[1], using Dold-Kan correspondence. Symmetrically, the loop is the opposite shift

E — E[-1].

4.2 Stable modules

Let’s now introduce the category of stable A-modules, denoted by Sp(A —Mod). We will just use it when
A is a simplicial ring, and there is a more trivial description which we will give at the end of this section;
for now let’s assume to be in a good enough model category C (the precise assumptions are exactly the
Homotopical Algebraic Context one, found in [HAGII|). This section is just a summary of the highlights
of [HAGIIL, p. 1.2.11].

Assume C is a pointed model category, 1 € Ob(C) its monoidal unit, and let S be the suspension
functor. Let S} € C be a cofibrant model for S(1) € Ho(C) and, given A € Comm(C) consider

Sh =S5, ® A€ A— Mod
the free A-module on S}. The functor
Sh®a—: A—Mod — A — Mod
is left Quillen and has a right adjoint
Hom ,(S%,—): A—Mod — A — Mod.
We define the category Spleq (A — Mod) of spectra of A-modules following [Hov01].

Definition 4.2.1. With the notation above, let Spsit (A — Mod) be the category of whose objects are
sequences (X, )nen together with structure maps o: S}l ®4 X, — Xy for all n. A morphism of spectra
from X to Y is a collection of maps f,: X,, — Y, commuting with structure maps, i.e. making the
following squares

Sh@a Xn —— Xppa

J{SLQ@AJ% an{»l

Sh®aY, —— Yo
commutative. We will call SpS}% (A — Mod) the category of stable A-modules, and we will often denote it
by Sp(A — Mod).

We initially endow SpS}“ (A — Mod) with the projective model structure, with componentwise weak
equivalences and fibrations. Then we will consider the left Bousfield localization of this structure, whose
local objects are the stable modules M, € Sp(A — Mod) such that each induced map

M, — RHOimA(S}Lth+1)

is an isomorphism in Ho(A — Mod). Details can be found in [Hov01].
There exists a Quillen adjunction, functorial in A, given by

Sa: A—Mod = Sp(A — Mod) : (=)o

where the right adjoint acts by M, +— My, while the left adjoint is given by Sa (M), = (S4)®4" ®4 M.
Under reasonable assumption, S4 is a fully faithful embedding, i.e. every A-module is a particular stable
A-module.
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Lemma 4.2.2. If the suspension functor S: Ho(C) — Ho(C) is fully faithful then for any A € Comm(C)
the functor S, is fully faithful. Moreover, if C is a stable model category as in Definition Saisa
Quillen equivalence.

Proof. See [HAGIL Lemma 1.2.11.2]. |

Omne can then prove that the Ho(Sp(A — Mod)) is a closed symmetric monoidal category, with the
symmetric monoidal structure inherited from Ho(A — Mod) and still denoted by — ®%4 —. In particular
this means that for M,, N, € Sp(A — Mod) we have a stable A-module of morphisms

R Hom? (M., N,) € Ho(Sp(A — Mod)).

Let’s now give some more words.

Definition 4.2.3. A stable A-module M, € Ho(Sp(A — Mod)) is called 0-connective if it is isomorphic
to some S, (M) for an A-module M € Ho(A — Mod). By induction, for n > 0, M, is (—n)-connective

if it is isomorphic to Q(M]) for some —(n — 1)-connective M, (recall that  is the loop functor on
Ho(Sp(A — Mod))).

Recall that by (A—Mod)”" we mean the prestack category on A—Mod, i.e. the left Bousfield localization
of the projective strucure on SPr(A — Mod) with respect to the Yoneda images of weak equivalences of
A — Mod. Consider now the following “restricted” Yoneda embedding:

Byt Sp(A— Mod)®P — (A — Mod®®)®, M, (@;”* N e A— Mod Hom(M*,F*(SA(N))))

where we chose a simplicial resolution functor T', for the model category Sp(A — Mod). One can prove
the following

Proposition 4.2.4. For any A € Comm(C), the functor h; has a total right derived functor
Rh; : Ho(Sp(A — Mod))°? — Ho((A — Mod“P)")
which commutes with homotopy limits.
Proof. See |HAGII, Proposition 1.2.11.3]. |

We will use this functor later, talking about the cotangent complex.
Finally, as said in the beginning, let’s specialize this very general definition to our well known simplicial
case.

Remark 4.2.5. Let A € sk — Alg and consider the homotopy category Ho(Sp(sA — Mod)). It can be
described as follows: let N(A) be the normalized dg-algebra of A by Dold-Kan (see Theoremrecalling
that N is a lax symmetric monoidal functor). Then we can consider the model category of unbounded
N(A)-dg-modules (weak equivalences are quasi-isomorphisms of complexes and fibrations are the ones of
Ch(k)) and its homotopy category Ho(N(A) — dg — Mod). One can then prove that Ho(Sp(sA — Mod))
and Ho(N(A) — dg — Mod) are equivalent. In particular if A is a commutative k-algebra, then N(A) = A
and we find
Ho(Sp(sA — Mod)) ~ D(A) ~ Ho(Ch(A)).

4.3 Affine cotangent complex

Let’s now introduce the definition of cotangent complex. We will start from the affine case and then
globalize. We will need some notions of simplicial commutative algebra before.

Definition 4.3.1. Let A € sComm and M € sA — Mod. The trivial square zero extension of A by M is
the simplicial commutative ring A @ M defined for every n by the classical trivial square zero extension
A, ® M,, (faces an degeneracies are defined in the obvious way). In particular, this means that for
a,d’ € A, and m,m’ € M, we have

(a,m) - (a',m") = (ad’,am’ + a’'m)

and sum is obvious.
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It is a bi-augmented A-algebra A — A® M — A by the inclusion/projection respectively. Recall that
the classical (i.e. using normal rings and modules) set Dery (A, M) is defined as the set of k-linear sections
of the projection A@® M — A. One can prove that Dery(A, —) defines a functor which is corepresentable
by QY € A — Mod, the module of Kihler differentials.

We can generalize this to the simplicial context: let A € sk — Alg and M € sA — Mod. Recall that
sComm is a simplicial model category (see Definition and, denoting by Hom its simplicial Hom set,
we can consider its derived version R Hom(A, B) = Hom(QA, B) (where QA is a cofibrant replacement
for A). Similarly, the category sA —Mod is enriched over sk —Mod, i.e. we have simplicial Hom sets which
are moreover simplicial k-modules (just as it happens in the classical case). To refresh our memory, we
have

I_IoirnsCOmm(‘LL B) : [Tl] — Homscomm(A ® Ana B)a
Hom 4 pog(M, N): [n] = Homga—mod(M @4 A[A"], N).

which (A® A™)pm =@, . am_yan Am is just a particular case of Theorem recalling that coproduct
in Comm is the tensor product. See [SCR] for the details.

Definition 4.3.2. The simplicial set of derived derivations Dery(A, M) is defined as the homotopy
pullback (computed, equally, either in sSet or sk — Mod)

Dery (A, M) ——— RHom, a,(A, A® M)

J Jﬂ*

s =k ——  RHom,, a,(A, A)

i.e. the homotopy fiber at ida of the natural map RHomg A (A, A @ M) — RHomg a,(4,A).
To be precise, the homotopy fiber is taken exactly at the image of id4 through the canonical map
I—Ioimskalg(A’ A) — Rfloimskalg<A7 A).

A more compact notation is
Dery(A, M) =RHom_,,(A,A® M)
where Hom_ /4 is the simplicial Hom of the comma category sk — Alg/A.

Proposition 4.3.3. The functor
Dery (A, —): Ho(sA — Mod) — Ho(sSet)

is co-represented by a simplicial A-module L4 = L4/, € Ho(sA — Mod), called the cotangent complex of
A. This means that for any M € sA — Mod one has

Dery (A, M) = Map, 4_moq(La, M) € Ho(sSet).
Proof. The proof can be found in [Qui70; (GHOO0]. One possible construction for L 4 is by setting
La =04, ®)4 A € Ho(sA — Mod)

where QA is a cofibrant replacement for A, and Qb 4 is obtained by applying levelwise the construction
of K&hler differentials. |

Let’s observe that mo(L 4) ~ Q}TO(A) € mo(A) — Mod by adjunction. The construction L 4 is functorial
in A and therefore for any morphism f: A — B we have an induced morphism L 4 — L in Ho(sA—Mod),
which by adjunction induces a map

La®4% B —Lg

in Ho(sB — Mod).

Definition 4.3.4. The homotopy cofiber of the above morphism is denoted by Lz, 4 (although it depends
on f) and it is called the relative cotangent complex of B over A. More specifically we have, by definition,
the homotopy cocartesian diagram
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La®% B —2 Ly

|

¥ ——— Lp/a

where the diagram must be taken in the category sB — Mod (so choosing representatives) and x* is the
terminal object in sB — Mod.

4.4 Some properties of modules and morphisms

As described in the previous section, given A € sk — Alg we can consider the graded commutative k-
algebra m,(A), functorial in A. In particular m;(A) is a mo(A)-module and hence for a map A — B in
sk — Alg we obtain a natural morphism

Tu(A) @ro(ay T0(B) = 7 (B)

of mo(B)-modules. More generally, for M € sA — Mod we have a morphism of m(A)-modules (M) —
(M) giving rise to
T (A) @y (a) To(M) = m, (M).

Definition 4.4.1. Let A € sk — Alg and M € sA — Mod. The simplicial A-module M is strong if the
natural morphism
72(A) @ty mo(M) = 7. (M)

is an isomorphism of graded m,(A)-modules. A morphism A — B in sk — Alg is strong if B is strong as
a simplicial A-module.

Let’s now give some definitions of classical module properties, but seen in a homotopical point of
view. This does not happen in the classical case, i.e. with normal rings, because the model structures are
trivial and so it does not change to work in the normal category or in the homotopy one. Here, instead,
there is a difference. All of the following can be carried out in a greater generality, in a monoidal model
category satisfying some niceness properties (an Homotopical Algebraic Context), see [HAGII, Part 1].
This section makes more sense in a general HA context, for our purposes the only results that matter
(that can be as well taken as definitions) are Lemma and Theorem We have chosen to include
the more general definitions because they really give an intuition of how classic ones are generalized in
an homotopical context.

Definition 4.4.2. Let A € sk — Alg and M € sA — Mod.
1. M is flat as a simplicial A-module if the functor
— ®@% M: Ho(sA — Mod) — Ho(sA — Mod)
preserves homotopy pullbacks.
2. M is projective if it is a retract of ]_[HI‘ A, for some set I, in the homotopy category Ho(sA — Mod).
3. M is perfect if the natural map (coming from derived tensor adjunction)
M &% MY — RHom, 4 _\oq(M, M)

is an isomorphism in Ho(sA — Mod). Here we are using the derived tensor product, the derived
dual MY := RHom, 4 _pmoq(M, A) and the structure of simplicial A-module of the internal hom.

4. f: M — N € sA — Mod is finitely presented if for any filtered diagram {M — Z;}; in sA — Mod,
the natural morphism

Hocolim; Map s/, 4—mod (N, Zi) — Mappr/s4—mod (N, Hocolim; Z;)
is an isomorphism in Ho(sSet).

Here’s a bunch of properties.
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Proposition 4.4.3. Let A € sk — Alg and M € sA — Mod.
1. The free A-module A™ is flat
2. Flat modules in Ho(sA —Mod) are stable by derived tensor products, finite coproducts and retracts.

3. Projective modules in Ho(sA — Mod) are stable by derived tensor products, finite coproducts and
retracts.

4. If M is a flat /projective sA—Mod, then M ®@% B (fixing A — B a map in sComm) is a flat /projective
sB — Mod.

5. A perfect module is flat.
Proof. See [HAGII, Prop 1.2.4.2]. [ |

While the previous definitions and properties can be generalized, we can use our definition of strongness
Definition to have more useful characterizations of such properties in sk — Alg and sA — Mod.

Lemma 4.4.4. Let A € sk — Alg and M € sA — Mod.

1. M is projective (resp. flat) if and only if it is strong and mo(M) is a projective (resp. flat) mo(A)-
module.

2. M is perfect if and only if it is strong and mo(M) is a projective mg(A)-module of finite type.

3. M is projective and finitely presented if and only if it is perfect.
Proof. See [HAGII, Lemma 2.2.2.2]. [ |

Let’s now focus on properties of morphisms. The philosophy will always be to look at 7y and ask some
strongness condition. As usual, following [HAGII| we will give general definitions (written, for readability,
already in our specific case) and then specialize to our case with simplicial modules.

Definition 4.4.5. Let f: A — B in sk — Alg.

1. The map f is a (model) epimorphism if for any C' € sA — Alg, the simplicial set Map, 4_a1g(B, C)
is either empty or contractible.

2. The map f is flat if the induced functor
— ®% B: Ho(sA — Mod) — Ho(sB — Mod)

commutes with finite homotopy limits.

3. The map f is a formal Zariski open immersion if it is flat and the forgetful functor
f«: Ho(sB — Mod) — Ho(sA — Mod)

is fully faithful.
4. The map f is formally unramified if Lg,4 ~ 0 in Ho(sB — Mod).
5. The map f is formally étale if the natural morphism

Ly, ®% B —Lp
is an isomorphism in Ho(sB — Mod).

Definition 4.4.6. A morphism f: A — B € sk — Alg is a Zariski open immersion/unramified/étale if it
is finitely presented and a formal Zariski open immersion/formally unramified /formally étale.

Remark 4.4.7. Recall that in a category C with fiber products, a map i: £ — y is a monomorphism if
and only if x — 2 X, x is an isomorphism. In the model context this gives the definition of ¢ being a
monomorphism if the diagonal  — x x"x is an isomorphism in Ho(C). Equivalently, i is a monomorphism
if and only if for any z € C the induced map Mapg(z,2) — Mape(z,y) is a monomorphism in sSet.
Moreover a map f: K — L of simplicial sets is a monomorphism if and only if for any s € L the
homotopy fiber of f at s is either empty or contractible.

Thus a map A — B € sk — Alg is an epimorphism in the sense of Definition iff it is a
monomorphism (in the sense explained above) in the opposite model category, or equivalently if the
map B ®Y4 B — B is an isomorphism in Ho(sk — Alg).
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All these definitions are stable by compositions, equivalences and homotopy pushouts. For a more
detailled discussion see [HAGII, p. 1.2.6]. Let’s now see these general definitions in our simplicial case.

Definition 4.4.8. A map f: A — B is strongly flat/strongly étale/strong Zariski open immersion if it
is strong and if the morphism of affine schemes

Spec 7o (B) — Specmo(A)
is flat /étale/Zariski open immersion.

Proposition 4.4.9. Let f: A — B in sk — Alg; it is finitely presented in the sense of Definition |4.4.2|if
and only if

1. the morphism my(A) — mo(B) is a finitely presented morphism of rings (classical sense),
2. the cotangent complex LLg,4 € Ho(sB — Mod) is finitely presented.

Proof. See [HAGIL, Proposition 2.2.2.4]. |
Finally, the key result, confirming our philosophy.

Theorem 4.4.10. A morphism in sk—Alg is flat /Zariski open immersion/étale if and only if it is strongly
flat /strong Zariski open immersion/strongly étale.

Proof. See [HAGIL, Theorem 2.2.2.6]. |

4.5 Derived Stacks

We work in the category dAff := sComm®P, or, if needed, we can work over a different base commutative
ring k, and we will consider simplicial commutative k-algebras. We will write Spec A for A € sComm
just as a formal writing. We endow dAff with the opposite model structure of the classical one on
sComm, the right-transferred structure from the forgetful functor to simplicial sets (concretely speaking
weak equivalences and fibrations are taken in sSet). Let’s consider SPr(dAff) = Funct(dAff° sSet),
equivalently thought as simplicial object in Psh(dAff). We will introduce three different model structures
on this category, by successive left Bousfield localizations, and to avoid confusion we will use different
names.

Projective model The first model structure, denoted again by SPr(dAff), is simply the projective
dAffoP

model structure on sSet with weak equivalences and fibrations defined componentwise.

Prestack category Let’s now consider the Yoneda embedding

h: dAff — SPr(dAff), X — hx = Hom(—, X)

extending the classical Yoneda map with constant simplicial sets. Given a weak equivalence X = Y
in dAff we obtain a map hx — hy which has no reason to be a weak equivalence a priori, and hence
we cannot factorize h through Ho(dAff). For this we introduce a new model structure dAff" via left
Bousfield localization of S Pr(dAff) with respect to all maps hx — hy coming from X = Y in dAff.

This intermediate model structure does not appear when defining stacks since they are simplicial
presheaves over Aff, whose model structure is trivial, and thus there’s no need to worry about
equivalences at the source.

Proposition 4.5.1. The fibrant objects in dAff" are the F': dAff°® — sSet satisfying:

1. For any X € dAff, F(X) is fibrant (i.e. a Kan complex).
2. For any X = Y in dAff, the induced F(Y) — F(X) is an equivalence in sSet.

Proof. See [HAGI, p. 4.1]. |



51

4.5. Derived Stacks

Recall that dAff" is a simplicial model category, being a left Bousfield localization of the simplicial
model category S Pr(dAff). Thus, for fibrant and cofibrant objects, the homotopy function complex
is exactly the internal simplicial hom. We will implicitely use from now on the following version of
Yoneda lemma. Define

h: dAff — dAFf: z +— (h,: y — Hom(y, x)).

Recall that, in the homotopy category, for x fibrant, this is exactly the homotopy function complex
between y and z. By |[HAGI, Lemma 4.2.1], the functor h preserves fibrant objects and weak
equivalences between them, so we can right derive it to obtain Rh = h o R, where R is a functorial
fibrant replacement in dAff.

Proposition 4.5.2 (Model Yoneda Lemma). Let’s consider the map Rh as defined above. Then

1. it is fully faithful;
2. the canonical map h, — Rh,, is an isomorphism in Ho(dAff");

3. for any fibrant object F' € dAff", using internal simplicial hom, we have
RHom(Rh,, F) ~ RHom(h,, F) ~ F(x)

in Ho(sSet).
Proof. See [HAGI, Theorem 4.2.3]. |

This model-version of Yoneda gives us an equivalent representation of the discrete presheaf hy,
which is clearly not discrete anymore.

Stack category Finally we want to introduce also a notion of local equivalences for morphisms in dAff",

and for this we define the étale Grothendieck topology on Ho(dAff): a family of morphisms {4 —
A;}; in sComm is an étale covering if every A — A; is étale (in simplicial sense, see Definition m
and Theorem |4.4.10) and if the family of functors

{— @Y% A;: Ho(sA — Mod) — Ho(sA; — Mod)}

is conservative. A completely analogue definition gives rise to the étale topology on Ho(dAff/X), for
X € dAff. We use this topology to define homotopy sheaves for objects F' € Ho(dAff"), which we can
assume to be fibrant (and hence to preserve weak equivalences). Given such an F': dAff°P — sSet
we consider the presheaf X +— 7mo(F(X)): since it sends equivalences in dAff to isomorphism of sets,
we can factorize it to obtain

7E7(F): Ho(dAfF)P — Set,

which we can finally sheafify to obtain the sheaf 7o(F'). Similarly, for X € dAff and s € F(X)o we
can define a presheaf of groups sending f: Y — X to 7,;(F(Y), f*(s)), which again we can factorize
through the homotopy category and the sheafify to obtain 7;(F, s): Ho(dAff/X)°P — Grp.

Definition 4.5.3. Using the same notations as above, mo(F') and m;(F, s) are called the homotopy
sheaves of F'.

As the careful reader may have noticed, we have defined them for a generic object of Ho(dAff") by
choosing a particular fibrant approximation, so we should verify that this does not really depend
on this arbitrary choice. This comes from general Bousfield localization properties: local weak
equivalences between local fibrant objects are indeed global equivalences. We are ready to define
the local model structure.

Definition 4.5.4. Let f: F' — F’ € SPr(dAff).

e The map f is a local equivalence if the induced morphism 7o (F) — 7o (F”) is an isomorphism
of sheaves on Ho(dAff), and if for any X € dAff, s € F(X)( the induced morphism 7;(F,s) —
m;i(F’, f(s)) is an isomorphism of sheaves on Ho(dAff/X).

e The map f is a local cofibration if it is a cofibration in dAff", i.e. a cofibration in SPr(dAfF).

Local fibrations are defined by lifting properties. We call this model structure the local model
structure and we write it like dAff™.
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We are not proving that this is actually a model structure, see [HAGI| for the details. As before,
we have a nice characterization of fibrant objects in dAff™.

Proposition 4.5.5. A presheaf F': dAff°® — sSet is fibrant if and only if it satisfies the following
properties.

1. For any X € dAff, F(X) is fibrant (i.e. a Kan complex).
2. For any X = Y in dAff, the induced F(Y) — F(X) is an equivalence in sSet.
3. Given X,Y € dAff, the natural morphism

F(X x"Y) = F(X)x F(Y)

is an isomorphism in Ho(sSet).

4. For any X € dAff and H — X étale hypercovering, the natural map
F(X) — Holimp,jea F(Hy)
is an equivalence in sSet.

Finally we can define derived stacks.

Definition 4.5.6. An object F' € SPr(dAff) is called a derived stack if it respects conditions (2), (3) and
(4) of Proposition The homotopy category Ho(dAff™) is called the homotopy category of derived
stacks (often we will just refer to its objects as derived stacks) and morphisms in this category are denoted
by [F, F'].

A particular case is the following.

Definition 4.5.7. Let A € sComm and consider Spec A € dAff. We have R(Spec A) = Spec Q(A), for Q
a cofibrant replacement in sComm. We define

RSpec A := Rhg,c. 4 B € sComm — Hom(QA, —).
Any element of dAff™ isomorphic to RSpec A for some A € sComm is called a derived affine scheme.

Finally let’s talk about internal homs in the homotopy category Ho(dAff™). A much more general
and detailled treatment can be found at [HAGI, p. 3.6].

Proposition 4.5.8. The homotopy category of derived stacks Ho(dAff™) is cartesian closed. Its internal
homs are denoted by R Hom(—, —). Explicitely, given F' and G derived stacks, we have

R Hom(F,G) ~ Hom(F, Rin;G),

where Rj,; is the fibrant replacement in the model category SPr(dAff) with the local injective model
structure and Hom is the internal hom functor of SPr(dAff). Furthermore, if G is a derived stack then
RHom(F,G) is a derived stack.

Proof. See [HAGI, Proposition 3.6.1, Corollary 3.6.2, Definition 3.6.3]. [ |

4.6 Derived geometric stacks

We can give the same definitions of derived geometric n-stacks just as it is done for normal stacks in
Section 2.3

Let’s first recall that we can consider the model Yoneda embedding
RhA: Ho(dAff) — Ho(dAff")

and we have a corresponding derived analogue of the faithfully flat descent (i.e. the classical theorem
stating that Spec(A): B € Comm — Hom(A, B) is a sheaf for the fppf topology on Aff). This practically
means that RSpec A: B € sComm — Hom(QA, B) satisfies the descent condition for étale hypercoverings,
i.e. it is a derived stack. Let’s recall our terminology.
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Definition 4.6.1. Objects in the essential image of Rh are called derived affine schemes, or representable
derived stacks.

Observe that, differently from affine schemes of Definition they are not O-truncated. Let’s now
give a general definition of a derived scheme.

Definition 4.6.2.

1. A map of derived stacks F' — F' is a monomorphism if the induced F — F x’}, F' is an equivalence

(see Remark [4.4.7)).

2. A map of derived stacks F' — F' is an epimorphism if the induced 7o (F) — 7o (F”’) is an epimor-
phism of sheaves.

3. Let i: ' — RSpec A be a morphism. It is a Zariski open immersion if it satisfies the following
conditions.

(a) The map i is a monomorphism.

(b) There exists a family of (simplicial) Zariski open immersions {A — A;}; such that

H RSpec A; — RSpec A

factors through an epimorphism to F.

4. A map F' — F’ is a Zariski open immersion if for any derived affine scheme X and any map X — F’
we have that

the induced map F' x}}?, X — X is a Zariski open immersion (in the sense of the previous point).

5. A derived stack F is a derived scheme if there exists a family of derived affine schemes {RSpec A;};
and Zariski open immersions RSpec A; — F such that

[ ®Spec 4; — F

is an epimorphism of sheaves. Such a family {RSpec A; — F'} is a Zariski atlas for F.

We say that a morphism of derived schemes X — Y is smooth/flat/étale/finitely presented (etc) if there
exist Zariski atlases {RSpec A; — X'} and {RSpec B; — Y} with commutative squares (in Ho(dAff™))

X ——Y

T T

RSpec A; ———— RSpec B;

such that the downward arrow has the desired properties (for each 7, j). We have, as usual, stability by
composition and homotopy base changes.

Now we are ready to define, by recursion, derived geometric stacks. The definition is exactly the same
as for geometric stacks (we simply work in a different category so we need to use the word “derived”),
but we will write it again here for readability. Since here the derived context is clear, we will just say
“representable” to mean ‘“representable derived stack”.
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Definition 4.6.3.
1. A derived stack F' is (—1)-geometric if it is representable (i.e. a derived affine scheme).

2. A morphism of derived stacks F' — F’ is (—1)-geometric if for any representable derived stack X
and any map X — F’, the homotopy pullback F' x%, X is (—1)-geometric.

3. A (—1)-geometric morphism F — F’ is (—1)-smooth if for any representable derived stack X and
any map X — F’, the induced morphism Fx%, X — X is a smooth morphism between representable
derived stacks.

Let n > 0 and assume the notions of derived (n — 1)-geometric stack, morphism and smooth morphism
to be defined. Then, by recursion on n, we can define the following.

1. A derived stack F' is n-geometric if there exists a family of maps {U; — F'};c; such that

(a) each Uj is representable,
(b) each map U; — F is (n — 1)-smooth,

(c) the total morphism [[,.;U; — F is an epimorphism.

iel
Such family is a smooth n-atlas.

2. A morphism F — F" is n-representable if for any representable derived stack X and any map
X — F’, the derived stack F' X'I’w X is n-geometric.

3. An n-geometric morphism F' — F”’ is n-smooth if for any representable derived stack X and any
map X — F’, there exists a smooth n-atlas {U;} of F' x’, X such that each composite map U; — X
is smooth.

Observe that, since Zariski open immersions are smooth, derived schemes are derived 0-geometric
stacks. All properties stated in the final part of Section [2:3] continue to hold in the derived context, so
we won’t write them again.

4.7 Truncations

Let’s now explore the relation between stacks, as defined in Definition [2.2.5] and derived stacks. The
initial idea is that we enlarged the domain to consider simplicial rings, which have a nontrivial model
structure. By considering every ring as a discrete simplicial one Comm — sComm we have a functor
i: Aff — dAff, whose pullback functor

i dAFF~ — SPr(Aff)

can be proved to be a right Quillen adjoint, where SPr(Aff) has the local model structure (see [HAGII,
p. 2.2.4]). Tts left Quillen adjoint is denoted by i1: SPr(Aff) — dAff~. Passing to homotopy derived
functors (and working over k) we obtain the adjunction

Liy: St(k) = Ho(SPr(Aff)) = dSt(k) = Ho(dAff™) :R¢*
on the homotopy categories of stacks and derived stacks. Let’s state two important properties.

Lemma 4.7.1. The functor Li, is fully faithful. Moreover the functor i* is both right and left Quillen,
and, in particular, it preserves weak equivalences.

Proof. See [HAGII, Lemma 2.2.4.1, Lemma 2.2.4.2]. |

In particular, we have Lii(Spec A) = RSpec A and Li; commutes with homotopy colimits, so that
writing any F' € St(k) as homotopy colimit of representable stacks (affine scheme) we get LiF'. Time for
some terminology.

Definition 4.7.2.

1. The truncation functor is
to = Ri*: dSt(k) — St(k).
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2. The extension functor is the left adjoint to tg
i =14 : St(k) — dSt(k).
3. A derived stack F is truncated if the adjunction counit map
itg(F) = F
is an isomorphism in dSt(k).

Concretely, the trunctation functor sends a functor F': dAff°® — sSet to to(F): Aff*® — sSet, i.e. we
only compute F' on classical nonsimplicial rings. In particular we have

to(RSpec A) ~ Spec o (A).
Proposition 4.7.3.

1. The truncation functor t; commutes with homotopy limits and homotopy colimits. The extension
functor ¢ commutes with homotopy colimits, but not with homotopy limits.

2. The truncation functor ¢y preserves epimorphism of stacks (they are checked at the level of 7).

3. The functor ¢y sends n-geometric derived stacks to m-geometric stacks, and flat (resp. smooth,
étale) morphisms between n-geometric derived stacks to flat (resp. smooth, étale) morphisms to
n-geometric stacks.

4. The functor i preserves homotopy pullbacks of n-geometric stacks along a flat morphism, sends
n-geometric stacks to n-geometric derived stacks and flat (resp. smooth, étale) morphisms between
n-geometric stacks to flat (resp. smooth, étale) morphisms between n-geometric derived stacks.

Proof. See [HAGII, Proposition 2.2.4.4]. [ |
Let’s conclude with another definition.

Definition 4.7.4. Given a stack F' € Ho(SPr(Aff)), a derived extension of F is the data of a derived
stack F' € Ho(dAff™) and an isomorphism of stacks F ~ ¢y F.

There is always a trivial derived extension, given by j, but lot of times most of stacks (coming from
moduli problems) admit natural nontrivial derived extensions. We will see an example with the derived
stack of local system.

4.8 Cotangent complex

Let’s now pass to the global case, and let F' be a derived stack and X = RSpec A a derived affine scheme.
Let’s choose an A-point of F (morphism of derived stacks)

x: X =RSpecA — F
and let’s recall that by Yoneda (Proposition |4.5.2) we have R Hom(RSpec A, F') ~ F'(A) in Ho(sSet).

Definition 4.8.1. Using the same notation as above, let M € sA — Mod, consider the level-wise trivial
square zero extension A @ M and let X[M] := RSpec(A & M). We define

Der,(F, M) := Hofiber,(F(X[M]) — F(X)) € Ho(sSet)

where the map is induced by X — X[M] (which is induced by the canonical projection A& M — A). Tt
is called the simplicial set of derived derivations of F at the point x with coefficients in M.

Using Yoneda one can rewrite
Der, (F, M) ~ Map x q5¢(X [M], F') € Ho(sSet).
This definition is functorial in M and hence we get a functor
Der,(F,—): sA — Mod — sSet

(the definition with the mapping space is at the level of homotopy categories, while the one with the
homotopy fibers is at the level of model categories).
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Definition 4.8.2. Let F be a derived stack and let A € sk — Alg.

1. Let x: X = RSpec A — F be an A-point. We say that F' has a cotangent complex at x if there
exists an integer n > 0, a (—n)-connective stable A-module Ly, € Ho(Sp(sA — Mod)) and an
isomorphism

Dery (F, —) ~ RhL"e
in Ho((A — Mod")").

2. If F has a cotangent complex at x, the stable A-module L, is called the cotangent complex of F
at x.

3. If F has a cotangent complex at x, the tangent complex of F' at x is then the stable A-module

Tr. = RHomS” (L., A) € Ho(Sp(sA — Mod)).

Suppose F' has a cotangent complex at x. This means that for every M € sA — Mod we have an
isomorphism
Der,(F, M) ~ Rh** (M) ~ Mapg,(sa—mod) (LF.a: M)

in Ho(Sp(sA—Mod)), i.e. L, corepresents Der, (F, —) on the level of homotopy categories. In particular,
if A is a discrete k-algebra, by Remark [1.2.5 we have Ho(Sp(sA—Mod)) ~ D(A), so that we can consider
Lp, to be a chain complex in A (not necessarily bounded in non-negative degree, so not corresponding
to a simplicial A-module by Dold-Kan). Clearly, for F' = RSpec B we obtain again the previously built
affine cotangent complex.

Let’s now consider a morphism u in Ho(dAff™/F)

Y = RSpec B c X = RSpec A

Let M € sB — Mod, which is also a simplicial A-module using the restriction A — B; we have a
commutative diagram

AM — Be M

L]

A—— B

inducing a commutative diagram of representable stacks

X[M] «— Y[M]
X Y

u*: Dery (F, M) — Der, (F, M).

-

inducing again a natural morphism

By universal property, assuming the following objects exist, this induces a morphism
u*:Lp, — Lp, ®4% B.
Definition 4.8.3. The derived stack F' has a global cotangent complez if the following two are satisfied:

(1) For any simplicial ring A and any point x: RSpec A — F', there exists a cotangent complex Ly, €
Ho(Sp(A — Mod)).

2) For any triangular diagram like the one above, the induced morphism v*: L, — Lp, @% B is an
y g g p Y o &4
isomorphism in Ho(Sp(B — Mod)).
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Proposition 4.8.4. Any representable derived stack F' = RSpec A has a global cotangent complex.
Proof. See |HAGII, Proposition 1.4.1.8]. [ |

Proposition 4.8.5. Let F' be an n-geometric derived stack. Then F' has a global cotangent complex,
which is furthermore (—n)-connective.

Proof. See |HAGII, Proposition 1.4.1.11]. |

There is also a notion of relative cotangent complex for a morphism f: F' — F’ of derived stacks. As
before, let X = RSpec A and 2: X — F. The map f induces a morphism Der, (F, M) — Der ) (F', M)
and hence a map

dfz: L fz) = Lrg

in Ho(Sp(sA — Mod)).

Definition 4.8.6. With the previous notations, we define
Lg/F: 5 = Hocofiber(dfz)

and we call it the relative cotangent complex of f at x.

We have used this definition for its shortness, one could also use [HAGII, Definition 1.4.1.14] and then
prove the above one as a property. As before we have a notion of global relative cotangent complex.

Definition 4.8.7. Let f: ' — G a morphism of derived stacks. We say that f has a relative cotangent
complex if the following two conditions are satisfied.

1. For any A € sk — Alg and any point z: RSpec A — F, the map f has a relative cotangent complex
Lr/a,. at x.

2. For any commutative diagram

Y = RSpec B Y X = RSpec A

S,

F

in Ho(dAff~/F), the induced (same reasoning as before) morphism
u*: LF/G,y — LF/G,m ®g B
is an isomorphism in Ho(Sp(sB — Mod)).

Finally let’s state some of the main properties of cotangent complexes, which can be seen as homo-
topical analogues of the properties of the sheaf of differentials on a scheme (e.g. normal and conormal
sequences).

Lemma 4.8.8. Let f: ' — G be a morphism of derived stacks.

1. If F' and G both have cotangent complexes, then f has a relative cotangent complex. For every
point xz: RSpec A — F' we have a natural homotopy cofiber sequence of stable A-modules

]LG,.'zc — LF,x — ILJF/G,w-

2. If f has a relative cotangent complex, for map of derived stacks H — G, the morphism F’ x}éH —H
has a relative cotangent complex satisfying

Lr/Ge=Lpxbn/boe
for any : RSpec A — F x H.

3. If for any point z: X = RSpec A — F', the map F xg X — X has a relative cotangent complex,
then the morphism f has a relative cotangent complex. Furthermore, we have

Lr/ge ~Lpyhx/x o
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4. If for any point x: X = RSpec A — F, the derived stack F x% X has a cotangent complex, then the
morphism f has a relative cotangent complex. Furthermore, we have a natural homotopy cofiber
sequence

La— JLFX?;X@ — LF/Ga-

Proof. See [HAGII, Lemma 1.4.1.16]. |

4.8.1 Postnikov towers
Let A be a simplicial commutative k-algebra.
Definition 4.8.9. A is said to be n-truncated if 7;(A) = 0 for all i > n.

We can consider the full subcategory of n-truncated simplicial k-algebras sk —Alg.,, (with the induced
model structure) with the corresponding embedding between homotopy categories. This last functor has
a left adjoint

T<n: Ho(sk — Alg) — Ho(sk — Alg.,,)

called the n-truncation functor.
Definition 4.8.10. Let A € sk — Alg and consider a diagram
A= o= Acy = A1y = — A<t — Ao = mo(A)

of simplicial commutative k-algebras such that

e each A<, is n-truncated;

e the map d,,: A — A<, induces isomorphisms on 7; for i < n;

e the map d,: A — A<, is such that for every n-truncated simplicial k-algebra N, we have

d:z: Mapsk—Alg<A§n7 N) L> Mapsk:—Alg(Av N) € Ho(sSet).

Such a diagram is called a Postnikov tower of A. It is clearly uniquely defined in the homotopy category
of sk — Alg.

One has a natural isomorphism
A ~ Holim,, A<,

in Ho(sk — Alg). Using the cotangent complex we can give an explicit formula for the Postnikov tower
of A, by induction on n (starting with A<g = mo(A) and the trivial map A — mo(A)). It can be proven
that for every n > 0 there is an homotopy cartesian diagram

Agn AS("_l)

J ;

Ag(n—l) L} Ag(nfl) (5] W,L(A)[n + 1}

where 7, (A)[i] = S* ® m,(A;) € Ho(sk — Mod), 0 is the trivial derivation and k,, is a (uniquely deter-
mined) derivation, corresponding to an element of [L_, _,,, n(A)[n+1]]. This is called the n-Postnikov
invariant of A.

4.8.2 Obstruction theory

Definition 4.8.11. Given A simplicial ring, M € sA—Mod and d € mo(Der(A, M)) let’s define AGqQM
as the homotopy pullback of

Ad, OM —2 5 A

J b

A— s Ao M
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where s: A — A® M is the trivial derivation. The map p: AG4QM — A is called the natural projection.

Definition 4.8.12. A derived stack F' is inf-cartesian if for any diagram like above, the square
RFE(A®y QM) ——  RF(A)
RE(A) ———— RF(A® M)

is homotopy cartesian. A derived stack F' has an obstruction theory if it has a global cotanget complex
and it is inf-cartesian.

Recall that for F' € dSt(k) and A € sk — Alg we write
RF(A) := RHom(RSpec A, F)

so that, by Yoneda lemma, we have RF(A) ~ (RF)(A) where RF is a fibrant replacement of F'.



5 Examples

We finally have enough theory to study some examples of derived stacks, generalizing well known classical
stacks, like local systems or vector bundles. Unless otherwise specified, we will work over a base ring
k € Comm (although sometimes, for readability, we will just leave implicit the comma category notation).
Recall that we use the following notations

St(k) == Ho(SPr(Aff/spec))s  dSt(k) = Ho(dAfF) o).

5.1 Local systems
Let’s consider the 1-geometric stack
Vect,, : Aff°® — sSet, Spec A — Vect,, (A)

where Vect,,(A4) is the nerf of the groupoid of projective A-modules of rank n. It is exactly the nerf of
the classical stack B GL,, of Chapter [3| We can see it as a derived stack thanks to the extension functor

it St(k) — dSt(k)

of Definition [4.7.2

5.1.1 Quasi-coherent modules and vector bundles

Let’s now take a little time to define a general version of the derived stacks of vector bundles, which a
priori is unrelated to the extension i(Vect,) (we will see they are equivalent after this section). This is
just a summary of [HAGIIL, p. 1.3.7]. We will first define the derived stack of quasi-coherent modules,
generalizing the classic case from algebraic geometry.

Definition 5.1.1. Let A € sk — Alg and let’s define the category QCoh(A) of quasi-coherent sA-modules.
Its objects are families (Mp)p where B € sA — Alg and Mp € sB — Mod, together with isomorphisms

ay: Mg ®p Bl—>MB/

for every morphism of simplicial A-algebras u: B — B’; we also require this family to satisfy a compati-
bility condition, namely that for any pair of maps

B4 B % B

of sA — Alg we must have o, o (ay ®p B”) = ayou. Such data is denoted simply by (M,«). A
morphism (M, a) — (M’, ) is given by a family of morphisms of sB-modules fg: Mp — M} for every
B € sA — Alg, such that for any u: B — B’ € sA — Alg the diagram

[e3%

MB ®B B/ L N MB/

JfB@BB/ st/

(M) ®p B —> s M},

commutes.
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Morally, this defines the category of quasi-coherent simplicial sheaves over the derived affine schemes
RSpec A. We have a natural projection functor QCoh(A) — sA — Mod (which will be denoted by
I'(RSpec A, —) in analogy with the global section functor) sending (M, o) to M. It is straightforward to
check it is an equivalence of categories, just as in the classical case quasi-coherent modules over an affine
scheme Spec B are equivalent to B-modules.

Moreover, the global section functor can be used to transport the model structure of sA — Mod on
QCoh(A), using the well known Quillen’s transfert theorem. In practice this means that weak equivalences
and fibrations in QCoh(A) are simply checked on the global sections, while cofibrations are defined by
lifting properties.

Given f: A — A’ € sk — Alg, corresponding to u: RSpec A’ — RSpec A, we have a pullback functor
(induced by the tensor product — ®4 A’)

f*: QCoh(A) — QCoh(A")
and it is clearly a left Quillen functor.

Definition 5.1.2. The assignment A — QCoh(A) and (f: A — A’) — f* defines a (pseudo)-functor
QCoh: dAff(/)%peck — Cat. It is a cofibrantly generated left Quillen presheaf on dAff,gpec , in the sense of

[HAGII, Appendix B].

Since pullbacks are left Quillen, we have a (pseudo)-subfunctor QCohyy,, considering the subcategory
of cofibrant objects and weak equivalences between them. Composing it with the nerve (and strictifying
if needed) we obtain the simplicial presheaf

N(QCohyy): dAfF(/)pSpCCk ~ sk — Alg — sSet, A~ N(QCoh(A)% ).

Definition 5.1.3. The simplicial presheaf of quasi-coherent modules is N(QCohy;,) as defined above. It
is denoted by QCoh and considered as an object in dAff/g .. -

Let’s immediately observe that for any simplicial k-algebra A, QCoh(A) is weakly equivalent to
the nerve of sA — Mody;,, so in particular mo(QCoh(A)) is in bijection with isomorphism classes of
Ho(sA — Mod). The main result on quasi-coherent modules is the following theorem.

Theorem 5.1.4. The simplicial preshaf QCoh is a derived stack.
Proof. See |HAGII, Theorem 1.3.7.2]. |

Finally we can talk about vector bundles of rank n. Recall from Lemma that a simplicial A-
module is projective of rank n if and only if it is strong and mo (M) is a (classical) projective mo(A)-module
of rank n. It is equivalent to ask for the existence of a covering family A — A’ such that M @4 A’ is
isomorphic to (A’)™ in Ho(sA" — Mod) (this is simply the homotopical version of projective of rank n
iff locally free of rank n). We can then consider Vect,(A) C QCoh(A) to be the sub-simplicial set
consisting of connected components corresponding to rank n vector bundles. Since projective modules
are stable by base change, we see that Vect,, C QCoh is indeed a sub-simplicial presheaf. One can prove
the following.

Theorem 5.1.5. The simplicial presheaf Vect,, is a derived stack, and it is usually called the derived
stack of vector bundles of rank n. Moreover, Vect,, is 1-geometric, finitely presented and its diagonal is
a (—1)-representable morphism.

Proof. See [HAGII, Corollary 1.3.7.4, Corollary 1.3.7.12]. [ |

5.1.2 Derived stack of local systems

In the previous section, we re-defined Vect,, as a derived stack, so now we have two version of derived
stacks of vector bundles: this one and the one obtained extending the classical one. We used the same
notation Vect,, for both of them, and this abuse of notation is justified by the following lemma.

Lemma 5.1.6. There exists a natural isomorphism
i(Vect,,) ~ Vect,,

in dSt(k).
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Proof. See [HAGII, Lemma 2.2.6.1]. |

Recalling that the category dAff™ is a simplicial model category (we start with a simplicial model
category SPr(dAff) and then we do two left Bousfield localizations, which keep the simplicial model
structure), we can consider, fixed K € sSet, the exponentiation functor F — F¥ which is right Quillen
and hence can be derived. Its right derived functor is denoted by F + FRE ~ (RF)X where RF is a
fibrant replacement of F' in dAff™.

Definition 5.1.7. Let K € sSet, which we think embedded as constant simplicial presheaf in dAff™. The
derived moduli stack of rank n local systems on K is

RLoc, (K) = Vect:! = R Hom(K, Vect,,) € dSt(k) = Ho(dAff}),

see Proposition

Let’s recall that we also have a non derived version of this stack Loc, (K): Aff°® — Grpd defined by
A+ Funct(II'(K), BGL,(A)). One can prove the following.

Lemma 5.1.8. We have an isomorphism in St(k):
Loc,(K) ~ t¢RLoc, (K)
where tg is the truncation functor to: dSt(k) — St(k), right adjoint to i.
Proof. See [HAGII, Lemma 2.2.6.4]. | |
Also we have

Lemma 5.1.9. If K is a finite simplicial set, then the derived stack RLoc, (K) is a finitely presented
1-geometric derived stack.

Proof. See |HAGII, Lemma 2.2.6.3]. |

We can give also a more intuitive topological notion of the derived stack of local system, to then
finally prove it gives the same result as the simplicial one if we consider it on the geometric realization of
K € sSet. Let X € Top and A € sk — Alg; the category sA — Mod(X) is simply the category of presheaves
on X valued in sA —Mod. We can consider first the projective model structure and then its left Bousfield
localization such that &€ — F is a weak equivalence if £, — F, is an equivalence in sA — Mod for all
x € X. We now focus on the subcategoy sA — Mod(X)$, of cofibrant objects and weak equivalences
between them. If A — B is a map in sk — Alg we have a base change functor

sA — Mod(X) — sB — Mod(X), E—=E®aB
which is left Quillen and hence induces a functor
—®4 B: sA—Mod(X)$, = sB — Mod(X)§y .

This construction induces a pseudofunctor A — sA — Mod(X)f,, from sk — Alg to Cat, which can be
strictified as usual (see [Henll|] for the explicit procedure), from now on we will pretend it is a genuine
functor. Let’s define a subfunctor of it: for A € sk — Alg we call A — Loc, (X) the full subcategory of
sA — Mod(X)§,, consisting of all £ such that there exists an open covering {U;} of X such that each
restriction €| p, 1 isomorphic, in Ho(sA — Mod(U;)), to a constant presheaf with fibers a projective
sA — Mod of rank n. This is a subfunctor of A — sA — Mod(X)$, and composing it with the nerve we
obtain a presheaf RLoc, (X) € dAff™ given by

RLoc,(X)(A) := N(A — Loc,(X)).

Proposition 5.1.10. Let K € sSet and |K| € Top be its geometric realization. Then the simplicial
presheaf RLoc, (|K]) is a derived stack and there exists an isomorphism

RLoc,(|K|) ~ RLoc,(K)
in dSt(k).
Proof. See |HAGII, Proposition 2.2.6.5]. [ |
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Let’s now try to describe the cotangent complex of RLoc, (K) at a global point
E: x = Spec(k) — RLoc,(K)

and recall that it belongs to Ho(Ch(k)) = D(k) (derived category of k) and for any M € sk — Mod
(identified with a chain complex in negative degree by Dold-Kan when needed) it satisfies

Derg(RLoc, (K), M) ~ Mapcy ) (LrLoc, (k),2, M) € Ho(sSet).

Let’s first observe that, using the adjunction with ¢y (whose left adjoint is the inclusion functor ¢) and
Lemma E corresponds to a map Spec(k) — Loc,(K) in St(k), which then, by Corollary
corresponds to a functor II'(K) — G(k), where G(k) is the groupoid of projective k-modules of rank n,
i.e. Fis a local system on K. We can then consider the homology complex of K with coefficients in the
local system E ®;, EV, where EV is the pointwise dual.

An intuitive way to think about local system on a space X (since Top and sSet are Quillen equivalent)
is to think about locally constant sheaf of modules, so that the cohomology complex is just the sheaf
cohomology one.

Let’s quickly view two nice proofs of the universal coefficient theorems in a derived setting, which will
help us understand the next part. We will just focus on abelian groups, to avoid the spectral sequence
versions.

Proposition 5.1.11 (Universal Coefficients). Let X € Top be a nice space (e.g. a CW-complex) and
G € Z — Mod. We have the following two (non-naturally) split exact sequences

0— S H,(X)®G ———— Ho(X,G) —— Tor' (H,_1(X),G) —— 0,

0 —— Ext'(H,_1(X),G) —— H"(X,G) ———— Hom(H,(X),G) —— 0.
In the derived category D(Z) this just amounts in saying
C.(X,6)~C.(X)e"G, C*(X,G) ~RHom(C.(X),GQ).

Proof. Since the homology complex C,(X) is bounded and free in each component and Z is a PID, we
can write, in the derived category D(Z)

Co(X,0) C (X)) ® G~ O (X) D G

The proof of this fact goes as follows: we can find a quasi-isomorphism from a complex of free abelian
groups F. to C.(X), and the complex of free Z-modules is itself quasi-isomorphic to the sum of its
homology, using the fact that every subgroup of a free abelian group is free (we write every term F,, ~
ker 9, ®1im 9,,). To get back the original statement we can just observe that in D(Z) we have

C(X) = P Ha(X)[n] = C.(X)@" G ~ P(HW(X) &" G)n].

Since Z has projective dimension 1 (i.e. any abelian group has a free resolution with only two nonzero
terms) we see that in D(Z), for any A € Ab, we have ARG ~ (A®G) @ Tor' (4, G)[1]. We then conclude

Cu(X, M) ~ P H, (X, M)[n] ~ P((Hn(X) @ G) & Tor' (H,-1(X),G)) [n].

n

The cohomology version is analogue, observing

C*(X,G) € Hom(C,(X), G) ~ RHom(C, (X), )
and RHom(A4,G) ~ Hom(A4, G) ® Ext* (A, G)[1]. |
Proposition 5.1.12. We have an isomorphism in D(k):

LgLoc, (k),e ~ C«(K, E @ EV)[-1].
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Proof. Let’s fix M € sk — Mod and try to compute Derg(RLoc, (K), M), defined as the homotopy fiber
of
RLoc, (K)(RSpec(k ® M)) — RLoc, (K)(RSpec(k))

at F, where the morphism is induced by the projection k ® M — k (trivial square zero extension at
every level). This corresponds to the simplicial mapping set of all maps K — Vect,, (k & M) lifting
E: K — Vect,(k), i.e. we have

Derg(RLoc,, (K), M) ~ Mapgse /vect,, (k) (K, Vect, (k & M)) € Ho(sSet).

Let’s try to describe in a different way the projection Vect,,(k® M) — Vect,, (k); observe first of all that,
thanks to the bi-augmentation k£ — k@ M — k, this map has a section. We claim that it is already a Kan
fibration, so we can compute its homotopy fiber just with a normal pullback. Recalling the definitions,
Vect,,(A), for A € sk — Alg, is just the nerf of the groupoid of projective sA-modules of rank n (see
Definition . Then, to verify that it is a fibration, we just need to verify it lifts against generating
acyclic cofibrations A} — A™. This holds by surjectivity and by the fact that we are taking nerves of
groupoids (i.e. all maps are invertible). Thus, this is a fibration and we can just compute the normal
fiber.

Observe now that any projective s(k @ M) — Mod is a cobase change of a projective k — Mod. Indeed
a projective s(k @ M) — Mod corresponds to an idempotent endomorphism of a free s(k & M) — Mod:
fixing a base of such a free module (of finite type, since we are interested in rank n), the coefficients of
the matrix of such endomorphism must lie in & (embdedded in k& M), since multiplication on M is zero
in k@ M. This means exactly that we can consider the corresponding endomorphism of the same free
k-module, obtaining a projective k-module, and then base change to get back our original module.

Let’s define a simplicial category G(k @& M) having as objects projective k-modules of rank n (same
objects as G(k)) and having as the simplicial set of morphisms

G(k ® M)(P,P') := Hom{{1e rr)_mod(P & (P ® M), P’ & (P' @ M))

where we consider the sub-simplicial set of (weak) equivalences in the simplcial hom-sets in the S-category
s(k® M) —Mod. Observe that P® (P Qi M) ~ P®y (k® M), which is a cobase change of P € sk —Mod
(seen as a constant simplicial k-module). It is then cofibrant, since — ®;, (k & M) preserves cofibrant
objects (being left Quillen) and since P is cofibrant as sk — Mod, being projective (any acyclic fibration
is surjective levelwise and projective modules lift against surjections). Let’s also observe that, since a
surjection between simplicial abelian groups is a Kan fibration of simplicial sets by Proposition [£.1.2]
every object of s(k @ M) — Mod is also fibrant. We have a natural map of S-categories G(k & M) — G(k)
being identity on objects and acting on simplicial sets of morphisms by

Hoimgl(/k@M)—Mod(P @ (P®y M),P' @ (P @, M)) = Homl} yoq(P.P') —
const mo(Hom";, _yoq(P, P')) =~ G(k)(P, P')

where we consider G(k) as simplicial enriched category in the trivial way (constant morphism). Using
[HAGII, Prop. A.0.6], we can say that the projection Vect, (k & M) — Vect, (k) is isomorphic to the
map

N(G(ke M)) = N(G(k)),

where we consider the nerve of an S-category, defined as the diagonal of the bisimplicial set sending
([n], [m]) to chains of (n + 1) objects whose degree of maps is m. It is again a right Quillen adjoint, as
in the classical case (explained, for example, in [DK79] and in [HAGII, Appendix A]). This means that
N preserves (homotopy) pullbacks.

Let’s now focus on the particular case where K = A, where E: AY — Vect, (k) is just a projective
k-module of rank n. Using A® = N(1), where 1 is the singleton groupoid, we just need to find the fiber,
in S-categories, of G(k ® M) — G(k) at E € G(k). The object set is clearly a singleton, corresponding
to the point E in G(k @ M), so the only problem is finding its simplicial set of endomorphisms, which is
exactly the sub-simplicial set of endomorphism of E in G(k @ M) that gets sent to idg. Observe that (by
the tensor-forgetful adjunction) we have

Hoim?(/keaM)fMod(E S(ELM),E®(E®pM)) ~ Hom?,ngod(E, E® (E®, M)) ~
Hom{y woq(E, E) x Hom, yeq(E, E @ M)
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and hence the simplicial set of morphisms must be Hom;, 04(F; E @ M) ~ E @ EY @1 M (since F is
of finite type). Therefore the searched fiber is the S-category (x, F ® EY ® M), whose simplicial nerve
is the classifying space K(F ® EY ®j M, 1), defined by [n] — (E® EY @ M,,)*", with faces and cofaces
being the obvious ones. Summarizing, we have this (homotopy) pullback diagram in sSet:

K(E® EY® M,1) —— Vect, (k& M)

| |

A° B Vect,, (k)

Therefore, using the universal property of the pullback, we obtain

Derg(RLoc, (A%), M) ~ Mapsset/vectn(k)(AO, Vect, (ko M)) ~
~ Mapgse: /a0 (A%, K(E® EY ® M,1)) ~ K(E® E¥ @ M, 1).
Expressing K as homotopy colimit of standard simplices A" (the index category is given by maps A™ —
K) we obtain
Derg(RLoc, (K), M) ~ Mapsset/vectn(k)(K, Vect,,(k® M)) ~
Holiman—, k MapsSet/Vectn(k) (Ana VeCtn(k D M))
and, by recalling that local systems only depend on the homotopy type of the base space (and A" is

contractible), using the above expression for AY (being careful that there E means the restriction of our
local system to one simplex) we obtain

Derg(RLoc, (K), M) ~ Mapgs, (K, K(E @, EY @ M, 1)).
Lemma 5.1.13. We have an isomorphism
MapsSet(Xv K(gv TL)) = MapCh(k) (kv cr (‘X’ g) [?’L])

in Ho(sSet), where X' € sSet, G € sk — Mod and K (G, n) is the n-th classifying space, obtained applying
n times, in sequence, the bar construction to the S-category G, i.e. K(G,n) = B"(G).

Proof. We will just sketch a proof to justify why this adjunction should hold, or better, how we must
understand the object C*(X,G) (which is weird, since G is a simplicial k-module). To motivate the
generalization in the lemma we will assume G to be discrete and call it G € k — Mod (so that if the
property holds for discrete objects then definitions are taken so that it still holds in the general case).

By Proposition [£.1.1] we can write X ~ Hocoliman_,x A™ and using the properties of the mapping
space (see Theorem @ we can write

Map.ge (X, K(G,n)) =~ Holiman_, x Map (A", K(G,n))
and since A" ~ A® in Ho(sSet) (contractible) we have
Mapgge; (X, K(G,n)) =~ Holiman_ x Mapge (A%, K(G,n)) ~ Holiman_,x K(G,n).

Similarly, writing the cohomology complex C*(X,G) as the homotopy limit of the C*(A™ G) ~ G we
get, for the right hand side, the following expression

Mapcy,x) (K, C (X, G)[n]) ~ Holiman _, » Mapey ) (K, G[n]) ~ Holiman _,x Map,a,, (k, DK (G]n]))

where we used the Dold-Kan equivalence, see Theorem [1.1.4] Let’s observe now, using the free-forgetful

adjunction, that
Map,ap, (k, DE (G[n])) = Mapgse (A°, DK (G[n])) =~ DK (G[n]).

We are reduced to compare K(G,n) and DK(G[n]) as simplicial set, which are clearly weak equivalent
(the only nontrivial homotopy group of K(G,n) is m,, = G, while the only nontrivial homology, and hence
homotopy group using Dold-Kan, of G[n] is H" = G). |
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Thus by the intuition given by the lemma we are confident enough to write
Mapgse: (K, K(E @ EY @ M, 1)) =~ Mapcy, k) (K, C* (K, E @y, EY @5, M)[1]) ~
~ Mapcy, ) (k[-1], C* (K, E @1, EY @ M)).
By perfectness of F ® EY and (a general version of) Proposition we have
C*(K,E @ EY @, M) ~ RHom(C,.(K,E @ EY), M)

and hence, using the adjunction with the (left derived) tensor product (although here k[—1] is already
projective, so it does not make any difference and it just produces a shift), we conclude

Derg(RLoc, (K ), M) ~ Mapey, k) (k[—1], R Hom(C. (K, E @4 EV), M)) =~
~ Mapcy, 1) (C (K, E @y EY)[—1], M).
Thus, we finally conclude that

LiLoc, (k),E ~ C+(K, E ®; EV)[—1] € Ho(Ch(k)). u

5.2 Derived mapping stack

Definition 5.2.1. Let X be a (classic) stack over k € Comm and F a derived n-geometric stack. The
mapping derived stack of morphisms between X and F is given by

Map(X, F) = RHom(i(X), F) € dSt(k)

where RHom is the internal hom of the cartesian closed category Ho(dAff™'), as defined in Proposi-
tion[4.5.8] (a priori this differs from the internal hom for the category of stacks St(k)). It sends A € sComm
to R Hom(i(X) x" RSpec A4, F).

Let’s recall the following criterion.
Theorem 5.2.2 (J. Lurie’s representability criterion). Let F' € dSt(k). The following are equivalent:
(1) F is an n-geometric derived stack.
(2) F satisfies the three following conditions.

a) The truncation ¢g(F") is an Artin (n + 1)-stack, i.e. it is (n + 1)-truncated and m-geometric for
(a) ; g
some m.

(b) F has an obstruction theory.
(¢) For any A € sk — Alg, the natural map

RE(A) — Holim, RF(A<,)
is an isomorphism in Ho(sSet), where we consider the Postnikov tower of A.
Proof. See [HAGIIL, Appendix CJ. |

Let’s now concentrate on a particular case, namely when X is a projective and flat k-scheme and
F =Y is also a projective smooth k-scheme. Let’s recall the following.

Remark 5.2.3. Let 7: Spec A — Speck a map of schemes. Let’s observe the classical adjunction
7*: Ogpec 4 — Mod =~ A — Mod = Ogpec ;. — Mod >~ k — Mod: (7).

passes to chain complexes Ch(A) and Ch(k) (endowed with the projective model structures) inducing a
Quillen adjunction. The left derived functor IL7* corresponds to the left derived tensor product A ®H,; -,
while R(7), is denoted also as C*(Spec A, —) is the sheaf cohomology complex (indeed the non-derived
version just amounts to taking global sections, i.e. (7).F = I'(F, Spec A)).

We are ready to prove the following.
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Proposition 5.2.4. With the same notations as above, the derived stack Map(X,Y) (we consider X
and Y already embedded in dSt(k)) is a 1-geometric derived stack. Moreover, for any f: X — Y the
cotangent complex of Map(X,Y) at the point f is

LM(X,Y),JC ~ C*(X, f*Ty>v

where Ty = Homoy_Mod(Q%,/ speck» Ov) is the tangent sheaf of Y — Speck and C*(X, f*Ty) is the
sheaf cohomology complex.

Proof. As usual observe that a point Speck — Map(X,Y") corresponds, using adjunctions and Yoneda,
to an element of mo(Map(X,Y)(Speck)) = Homgg)(X,Y), i.e. to a map f: X — Y. Let’s first focus
on finding the cotangent complex. To do so, we must understand derivations; denote by S = RSpeck,
pick M € sk — Mod and let S[M] = RSpec(k ® M). Then -

def
Derf(Map(X,Y), M) = Mapy, asx) (X x& RSpec(k @ M),Y) = Mapy, s/ asur) (X x& S[M],Y).

Writing X = Hocolim; U; for U; = RSpec A; flat affine k-schemes (a suitable chart system of X) with
A; flat k-algebra for each i, we obtain

Map x5/ ase(r) (X x%§ S[M],Y) ~ Holim; Mapy;, ; 4sqx) (Us X S[M],Y).

Observe that we implicitely used that Hocolim; and — xg S[M] commute (this derives from properties
of t-model topoi, see [HAGI, Theorem 4.9.2]). Observe now that

U; x% S[M] = RSpec(A;) x RSpec(k & M) ~ RSpec(A; ® (A; @ M)) = U;[A; @ M]

and, calling 7;: U; — Speck the structure morphism, we get A; ®¢ M = Lr;*(M) (the pullback functor

7* is left Quillen, and we are also identifying quasi-coherent modules on affine schemes with their global

sections). Thus we can write
Mapy, dSt(k)(X ng[M}, Y’) ~ Holim, MapUi/dSt(k)(Ui (L7 (M)],Y) ~ Holim, MapCh(Ai)(LY,gmLTi*(M))

where the last function complexes is in Ch(A;), ¢; is the restriction of f to U; and Ly, = g¢/Ly is
the global cotangent complex of Y (which is a smooth scheme, hence its cotangent complex is perfect,
corresponding to the classical cotangent sheaf) at the point g;: U; — Y. Recalling the the (global)
tangent complex Ty is defined as the dual complex of Ly, we obtain

Holim; Mapgy, 4,)(g; Ly, L7, (M)) ~ Holim; Mapgy, 4, (L7 (M), g; Ty ) ~
~ Holim; Mapcy, ) (M", C*(U;, g; Ty))

where the last passage is given by the universal property of the cohomology complex (right derived functor
of global sections, which corresponds to the structure pushforward to Spec k, see Remark .

Notice that we also used, en passant, the commutation between the (derived) pullback 7 and the
(derived) dual (—)¥ = RHom, (—, k). This is possible because A; is flat over k and hence

(L7 (M))" = RHomgy 4, (A; Q) M, A;) ~ A; @F R Homgy, ) (M, k) = L7 (MY).
Finally, recalling that X = Hocolim; U;, we obtain
Dery(Map(X,Y), M) o Mapcy ) (MY, C* (X, f*Ty))
so that, using again duality and (MV)Y ~ M, we can conclude
Latap(x,v).f = C*(X, f*Ty)".
This last passage is justified by the fact that f*Ty is a perfect complex in Ch(Ox — Mod): this holds
because Ty is projective, since Y is smooth (so that also the pullback is projective, componentwise)

and X is projective (so its higher cohomology groups will vanish, i.e. only a finite number of nonzero
components will be present). |

Let’s state and prove a technical lemma about inf-cartesianity.
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Lemma 5.2.5. Let F' be a derived stack which is inf-cartesian. Then, for any F’ € dSt(k) the mapping
derived stack Map(F’, F') is also inf-cartesian.

Proof. Choose F’ derived stack and write it (using the “homotopical” version of the density theorem,
the classical statement saying that any presheaf is a colimit of representable presheaves) as an homotopy
colimit of representable derived stacks

F'" ~ Hocolim; U; € dSt(k)
Then we obtain
Map(F’, F) ~ Holim; Map(U;, F)

and, as inf-cartesian property is stable by homotopy limits, we can just focus on the case F’ = RSpec B
is representable. Let A € sk — Alg and M € sA — Mod with mo(M) = 0 and choose a derivation
d € mo(Dery (A, M)). Applying the derived stack Map(F’, F) to the homotopy pullback diagram defining
A®q QM (see Definition we obtain the commutative diagram

Map(F', F)(A ©4 QM) ————— Map(F’, F')(A)

| |

Map(F’', F)(A) ———  Map(F',F)(A& M)

and, observing Map(F’, F')(A) = R Hom(RSpec B x! RSpec A, F) ~ RF(A ®% B) we get

RF((A@q QM) @ B) ———— RF(A®% B)

| J

RF(A®Y B) ——— RF((A® M) ®% B).

By assumption F' is inf-cartesian, so we can consider this property with A ®ij B e sk—Algand d®y B €
mo(Der (A ®@% B, M ®@% B)), and we obtain that the last diagram is homotopy cartesian (the functor
- ®ij B commutes with homotopy pullbacks, since — ®j B is left Quillen). Thus we conclude that also
Map(F’, F) is inf-cartesian. |

Let’s now state a criterion to investigate the n-geometricity of the derived stack Map(X, F) (with the
same notations as above, i.e. X is a stack and F' an n-geometric derived stack).

Theorem 5.2.6. With same notations as above, assume the following are satisfied:

(1) The stack
to(Map(X, F)) ~ RHom(X,to(F)) € St(k)

is n-geometric (where the last Zom is the internal hom for classical stacks).
(2) The derived stack Map(X, F') has a global cotangent complex.

(3) The stack X can be written, in St(k), as an homotopy colimit Hocolim; U;, where U; is an affine
scheme, flat over Speck.

Then, the derived stack Map(X, F') is n-geometric.

Proof. The converse holds, clearly. Let us suppose Map(X, F') respects the three hypotheses, and let’s
try to lift an n-atlas of ¢to(Map(X, F)) to an n-atlas of Map(X, F'). We will use Theorem ie. we
need to prove that Map(X, F') satisfies conditions (a)-(c). The condition (a) is exactly our assumption
(1). Having an obstruction theory means having a global cotangent complex and being inf-cartesian: the
existence of cotangent complex is assumption (2), while for inf-cartesian we can use Lemma It then
remains just to show condition (c) of Lurie’s criterion. Let’s now write X = Hocolim; U;, with U; affine
and flat over k, so that

Map(X, F') ~ Holim; Map(U;, F).

Since condition (c) is stable by homotopy limits, we can assume X = Spec B for B a commutative flat
k-algebra. For any A € sk — Mod the map

Map(X,Y')(A) — Holims Map(X,Y)(A<s)
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is equivalent to (see the proof of preceeding lemma)
RF(A®y B) — Holim, RF((A<s ®x B))

where we didn’t write the left-derived tensor product since B is flat over k (and hence A®y B corresponds
to A®% B). By flatness, we can write (A<;)®x B ~ (A®) B)<s (recall that A< is obtained as an homotopy
pullback) and therefore the above morphism is equivalent to

RF(A ®; B) — Holim, RF((A @ B)<,)

which is an equivalence since F' is n-geometric (using the other direction of Theorem [5.2.2)). |

5.3 Derived moduli space of vector bundles

Finally we will focus our attention on the derived version of the stack of rank n vector bundles (i.e. GL,,-
bundles) studied in Chapter [3] We start with similar assumptions, namely p: X — Speck a projective
and flat map (so that X is a projective flat space over k). Here k will be a field.

Definition 5.3.1. The derived moduli space of GL,,-bundles of p: X — Speck is
Map(X, Vect,,) .= RHom(X, Vect,,) ~ RHom(X, BGL,)
where we view X, Vect,, and B GL,, implicitely embedded in dSt(k).

We see that it is exactly the derived version of Definition [3.4.6] Recall that, as classic stacks, Vect,, ~
B GL,,.

Remark 5.3.2. Let’s take a little detour, which will be useful in the following proof; let j: X — Spec A
be a map of schemes and consider the direct image functor

j. = (X, —): QCoh(X) — A — Mod.

Write X as colimit of affine charts U; and observe that, by the very definition of sheaf, we can write j,
as a limit of the functors of global sections on the open covering {U;}; (considering also intersections).
More specifically we have the following diagram

UZ;)X

I

Spec A

and we consider the (pseudo)-functors 7, o o* (the index 4 is implicit), acting by F +— T (Ui, F |U> We
can thus write
Js > limm, o0”
i

and we will then use the derived version of this (which is nothing else then the derived base change

formula), stating
C*(X,—) =Rj* ~ Holim; C*(U;,Lo*(—)) € D(A).

Proposition 5.3.3. The derived stack Map(X, Vect,,) has a global cotangent complex. In particular,
given a point 2: RSpec A — Map(X, Vect,,) with A € sk — Alg, corresponding to a vector bundle £ on

X x" RSpec A, the cotangent complex is

Ltap(X.Vect,.).e =~ Cx(X x" RSpec A, End(€))[-1] € Ho(Sp(sA — Mod)).

Proof. By Yoneda lemma, z is an element of mo(R Hom(X x" RSpec A4, Vect,,)), corresponding to a rank
n vector bundle £ on X x" RSpec A. Let’s fix a system of affine (flat) k-charts so that

X ~ Hocolim; U;



70 5.3. Derived moduli space of vector bundles

where U; ~ Spec B; for B; a flat k-algebra. Then we have
Map(X, Vect,,) ~ Holim; Map(U;, Vect,,)

and we can consider x;, obtained by composing x and the canonical projection Map(X, Vect,) —
Map(U;, Vect,,). Since U; ~ Spec B; ~ RSpec B;, by Yoneda and k-flatness of B; we have

z; € mo(Map(U;, Vect,, ) (RSpec A)) = mo(R Hom(RSpec A x" RSpec B;, Vect,,)) =
= 7o(R Hom(RSpec(B; ®F A), Vect,,)) = mo(Vect,, (B; @ A))

so that x; is just the datum of E;, a projective s(B; ®j A)-module of rank n. It corresponds to the global
sections of &;, the homotopy pullback of the vector bundle £, in this diagram

U; x" RSpec A —Z— X x" RSpec A
\ Jj
RSpec A

where we immediately notice that j is projective and flat by base change.
Observe now that given M € sA — Mod we have

Map(U;, Vect,,)(RSpec A) ~ Vect,, (B; ® A),
Map(U;, Vect,,)(RSpec A & M) ~ Vect,(B; ®x (A® M)) ~ Vect,,((B; @, A) ® (B; @, M)).

To compute derivations for U; and M, we need to find the homotopy fiber

e —— Vect,((B; ®x A) & (B; @i M))

J J

e=AN0 B Vect,, (B; ® A)
and we see that, as in the proof of Proposition [5.1.12] we have
o = K(E; ®p,04 B @04 (B; @ M), 1)

where Elvl = Homy(p,g4)-Mod(Ei, Bi ® A) and B; @, M € s(B; @, A) — Mod. Let’s observe that by
thinking of derivations as maps towards our derived stack under RSpec A, we see that in Ho(sSet) we
have
Der, (Map(X, Vect,,), M) ~ Der,(Holim; Map(U;, Vect,,), M) ~
~ Holim; Der,,, (Map(U;, Vect,,), M).
By definition of derivations as homotopy fibers, and reasoning again as in Lemma [5.1.13[ (even though
here we need to use stable modules and not just chain complexes), we have
Der,, (Map(U;, Vect,,), M) ~ K(E; ®p,94 B, ®@p,0a (B; ® M), 1) ~

= MapsSet(on K(El ®B;®A E’L\/1 ®B,®A (BZ ® M)7 1)) =

~ Mapg,(s(B,04)—Mod) (Bi ® A, (Ei @, E;* ©4 M)[1])
where we used the fact that C*(Ag,G) = G and E; ®p, 54 EZv ®p,pA (B M) ~ FE; ®@p,0A EZv ®a M.

Recall now that, B; being k-flat, B; ®% A = B; ® A, and using the derived adjunction (where the
right adjoint is the forgetful functor s(B; ® A) — Mod — sA — Mod) we obtain

Mapp, o (Bi @ A, (E; ®p,04 B ®4 M)[1]) ~ Map ,(A[-1], ,(E; ®p,e4 E;*) ®4 M)

where we do not need to (right) derive the forgetful functor s(B; ® A) — Mod — sA — Mod since it is
exact. For typography reasons we used B; ® A to mean the category of stable simplicial (B; ® A)-modules,
similar for A in the second mapping space.

Observe that we have the following homotopy cartesian diagram
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End(&;) ———— £nd(€)

| |

U; x" RSpec A ———— X x" RSpec A
and that

['(U; x" RSpec 4, End(&;)) = End,, (&) ~Endp o 4(E;) = E; ®p,0a B

U; x"RSpec A
Since we don’t need to derive the forgetful functor ¢* we then obtain
C*(X x" RSpec A, £nd(€)) ~ Holim; C*(U; x" RSpec A, End(&;)) ~ Holim; ,(E; ®p,04 E,)

where in the last passage we exploited the fact that U; x” RSpec A, being (derived) affine, has no higher
cohomology (this is just a fancy slogan: to be precise we used that on a derived affine schemes, giving a
quasi-coherent (simplicial) module corresponds to give its global section, and End(&;) is projective, hence
fibrant, so no need to derive).

Let’s now prove that the stable sA-module C*(X x" RSpec 4,&nd(€)) is perfect. First technical
point: since in the category Sp(sA — Mod) a square is homotopy cartesian if and only if it is homotopy
cocartesian, any functor commutes with finite homotopy limits iff it commutes with finite homotopy
colimits. We will use this property for derived tensor products (in our case the derived version is the
same as non-derived since we work with flat schemes). Since End(€) is projective of rank n, we have two
maps

£nd(€) = (Ox ® A)™ — End(€)

whose composite is the identity. They induce corresponding maps at the level of “complexes”’ so that we
might just prove that C*(X x"RSpec A4, Ox ® A) is perfect (hence also a sum of n copies is so). Recalling
the writing of X as homotopy colimit, we have

C*(X x"RSpec A, Ox ® A) ~ Holim; C*(U; x" RSpec A, Oy, @ A) ~ Holim;(Op, @ A)

where we used the fact that (derived) affine schemes have no higher cohomology. Since X is projective
of finite type, it admits a finite number of affine charts, i.e. the homotopy limit above is finite and hence
we can exchange it with the tensor product — ® A. We obtain

C*(X x"RSpec A, Ox ® A) ~ (Holim; Op,) ® A ~ (Holim; C*(U;, Op,)) ® A ~ C*(X,0x) ® A.

Since X is projective over a field k, we know from classical algebraic geometry that its cohomology
H*(X,0Ox) is a finite dimensional k-vector space, i.e. that C*(X,Ox) is a perfect complex in Ch(k).
By base change, also C*(X,0x) ® A is perfect as a stable sA-module, and hence we conclude that
C*(X x"RSpec A, Ox ® A) is perfect in Sp(sA —Mod). We will then be able to do all the usual duality
shenanigans. Since only the homotopy type of M € Ho(sA — Mod) matters, we can replace M by a
(fibrant) and cofibrant resolution in Sp(sA — Mod), so that — ®4 M ~ — ®@% M. As written above,
— ®@% M commutes with finite holimits (taken in Sp(sA — Mod)), and hence

Holim; Mapg, (s 4—mod) (A[=1], 4(Bi ©@p,ea E;) @5 M) =
~ Map g, (s 4 mod) (A[—1], Holim; , (E; ®p,pa E;") @4 M) ~
=~ Mapgp(sA—mod) (A[—1], C* (X x" RSpec 4, End(€)) @5 M)
and using Proposition [5.1.11] together with
R Hom(C, (X x" RSpec 4, End(€)), A) @4 M ~ RHom(C, (X x" RSpec 4, End(€)), M)
and the tensor-hom adjunction we conclude
Der, (Map(X, Vect,,), M) ~ MaDg, (s 4 wmod) (Al—1], C*(X x" RSpec A, End(£)) @ M) ~
~ Mapg,(s4—mod) (Cx (X x" RSpec A, End(€))[~1], M)
so that we proved Lypap(x, vect,).e =~ Cx(X x" RSpec A, End(&))[—1].

Finally, let’s prove the derived stack Map(X, Vect,,) admits a global cotangent complex using Defi-
nition Let’s consider the following commutative diagram in Ho(dAff™)
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RSpec A ! RSpec B

\/

Map(X, Vect,,)

where £ (resp. F) is a rank n vector bundle on X x" RSpec A (resp. X x" RSpec B). More precisely
this means that £ is the homotopy pullback of F under the natural map idx xf: X x" RSpec A —
X x"RSpec B (and the same happens for the sheaf of endomorphisms). We have proved before that

Le = Litap(X.Vect,.).c = C«(X x" RSpec A, End(€))[~1] € Sp(sA — Mod),
L7 = Lyap(x,Vect,).7 = C+(X x" RSpec B, End(F))[~1] € Sp(sB — Mod)

and now we want to prove that the natural map
u:Le » Ly ok A

is a weak equivalence in Sp(sA — Mod). Since they are perfect stable modules, it suffices to prove their
dual (the cohomology complexes) are weakly equivalent. By Theorem applied to the homotopy
cartesian square

X x" RSpec A xSy x" RSpec B

JI)A JPB
RSpec A -5 RSpec B

and to the coherent locally free sheaf End(F) on X x" RSpec B we obtain

C*(X x" RSpec B, End(F)) @ A —= C*(X x" RSpec A, End(E))

in Ho(Sp(sA—Mod)), which is exactly what we wanted (recalling that the derived pullback is the derived
tensor product and the derived push-forward is the cohomology complex). |

Proposition 5.3.4. The classical part o Map(X, Vect,,) is 1-truncated Artin geometric stack.
Proof. We have

to Map(X, Vect,,) ~ toR Hom(X, Vect,,) ~ Hom(to(X), to(Vect,,)) « Bungr,,

where we see the stack in groupoids Bungr,, as a stack in simplicial sets by using the nerve functor. Of
course it is 1-truncated, and it is Artin (i.e. using smooth atlases) 1-geometric by Theorem [3.5.13 ]

Theorem 5.3.5. The derived stack Map(X, Vect,,) is a 1-geometric derived stack.

Proof. This derives from Theorem [5.2.6] by verifying the three asumptions. The first is Proposition |5.3.4]
the second is Proposition and the third one is obvious by our assumptions on X (just choose an
affine covering). |
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