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1 Preliminaries

We'll denote with C a U-small categories, for some Grothendieck universe U. For our purpose, we’ll need
an abelian category C which respects the following Grothendieck axioms (and their dual versions, i.e.

substitute coproduct with product and mono with epi):

AB3 For every (small) indexed family (A4;);cr C Ob(C), the coproduct [ [, A; exists, i.e. C is cocomplete.

ABA4 (C satisfies AB3 and the coproduct of a family of mono is mono.

For the sake of simplicity, we’ll use the Freyd-Mitchell embedding of C in a full subcategory of Mod(A)
for some ring A. Similar to the notation used in [Wei94|, we’ll adopt left arrows for chain complexes: let

2 € C(C), then

Ao TN

which is the same as adopting the right-arrows notation and working in C°P. For double chain complexes,

dn dn41

0

we’ll use left and downward arrows, i.e. let E € C*(C), then

Ep+1,q+1 — ...

’ dpt1,q—1
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’ ’
dpflqurl dp,qul
_ E E
La dp,q pa dpti1,q P
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q—1 Ep+1,q—1 — ...

fl,g 6 ...



We ask for the squares of a double chain complex to be anti-commutative, that is, we must have d’ o d +
dod = 0. We recall that there are two different definitions of total complexes, TotH(E) and Tot®(E),
defined by

TotH(E)n: H Epq, Tot®(E), = @ Epq

pt+g=n ptq=n

=dpq+d,,, dj‘f[Epyq =dpg+d,,

qll

n

Ep’q

which coincides if F is such that, for any n, we have only a finite number of non-zero terms along the
anti-diagonal p + ¢ = n.

2 Terminology

Definition 2.1. A homology spectral sequence in C is the following data:
1. A family {E] ,} C C defined for all integers p, ¢ and r > a, for some a € Z;

2. Differentials d, ,: E , — Ej_, ... 4 such that d" o d" = 0, which corresponds to chain complexes
of slope —(r + 1)/r in the lattice EJ,.

3. Isomorphisms between E;t! and the homology of E{, at (p,q), i.e. Byt =kerd) ,/imdy ., ...

The total degree of E,, , is p+q and each differential dj, , decreases the total degree by one. These objects
form a category: a morphism f: E — E’ is a family of maps foqi Bpg— B, inCwithd"of" = frod"
and such that f;fgl is the map induced by f, , on homology.

We can also define a cohomology spectral sequence, with differentials going “to the right”, and we’ll
denote one by {EP?}. From now on, unless otherwise specified, we’ll work with homology spectral
sequences.

Definition 2.2 (E* terms). Let {E;;q} be a spectral sequence; each E;:gl is a subquotient of Ej , and
with an induction on r we can prove there exists a nested family of subobjects in £}

_ a T r4+1 r—+1 T a __ a
0= Bp,q c c Bp,q c Bp,q c c Zp,q c Zp,q c c Zp,q - Ep,q

such that Ej = Z} /B, . We define

) 00
o . r 0o .__ r
prq ._ U prQ’ vaq ._ ﬂ Zpaq

r=a r=a

and set FpS, = Z55, /By,
Definition 2.3. A spectral sequence is:

1. Bounded if for each n € Z there are only finitely many nonzero terms of total degree n in E?, (and
hence in each Eg, for r > a). In this case, for each (p, ¢), there exists an ry such that £ = E;j;l
for all r > ro and hence E;5, corresponds to this stable value.

2. Bounded below if for each n € Z there exists s(n) € Z such that Ef, = 0 for every p < s(n).

3. Regular if for each (p, q) the differentials dj, , (i.e. leaving £} ) are zero for all large r. Equivalently,
there exists r = r(p, q) € Z such that 235, = Z] .

It is easily seen that every property implies the ones below it.

Example 2.4. A first quadrant spectral sequence is one where £} - = 0 unless (p, ¢) belongs to the first
quadrant. Clearly it is bounded. A right half-plane spectral sequence, instead, is bounded below but not
bounded.



Definition 2.5 (Convergence). The spectral sequence {E} ,} weakly converges to Hy, = {H, }nen C C if
for each H,, we have a filtration (indexed in Z)

ng—lHnngHnng—i-lHngan

and isomorphisms 3, ,: EJ%, = FyHpiq/Fp—1Hp 4 for every (p,q).

We say that E approaches H, if it weakly converges to it and every filtration is Hausdorff and
exhaustive, i.e. NF, H,, =0 and UF, H,, = H,.

Finally, we say that E converges to H, if E is regular, it approaches H, and H, is also complete, i.e.
H, = Y&H(Hn/FpHn). We’ll denote convergence by

a
Ep,q - HP-HI'

Example 2.6. If a first quadrant spectral sequence converges to H, then every H, has a finite filtration
(sometimes called “canonical filtration”)

such that the bottom piece FoH, = ngn is on the y-axis and the top piece H,/F,_1H, = ng’o is on
the x-axis. Since this is a first quadrant sequence, each Eg5, is a quotient of Ef, and each E-Y is a
subobject of £ ;. Hence we have the edge morphisms

E§ ., — Egp C© Hay, H, — B C ER .

Definition 2.7. A spectral sequence E collapses at E” (r > 2) if there is exactly one nonzero row /column
in the lattice Eg,. If E converges to H, then H, is the unique nonzero E . . (The majority of
applications of spectral sequences involve collapsing spectral sequences at E?).

Lemma 2.8 (Mapping Lemma). Let f: E — E’ be a morphism of spectral sequences such that, for a
certainr, fT: E™ = E'™ is an iso. Then f*° is an iso as well for every s > r. Also, the natural morphism
f®: E> 5 E'* s an iso.

Proof. The fact that f® is an iso can be proved by induction on s. It easily derives from the fact that if
fo~t: Es~1 I E's~1 then it also the induces an iso between homologies, which then implies that f* is
also an iso. To conclude that also f°° is an iso we observe that

7%/B* =1im 2" /B™ =im Z*/B™ = lim 2"/ B
and that we have a natural induced map Z>°/B> — Z'°°/B’* and we conclude using AB4. O

Definition 2.9 (Compatible maps). Let E, E’ be two spectral sequences weakly convergent to H, and
H; respectively. A map h: H, — H is compatible with a morphism f: E — E’ if h maps F,H,, to F,H],
and the following diagram commutes

F,H,/F, \H, —"— F,H!/F, H,

ZIBPYQ ZTﬂz/v,q

£
[e’s) P,q E/Oo
b,q p.q

Theorem 2.10 (Comparison theorem). Let E,E’ converge to H, and H, and let h: H, — H, be a
compatible map with a morphism f: E — E'. If f": E" — E'" is an iso for some r then also h is an
isomorphism.

Proof. By the [Mapping Lemmal we know that also f” and f°° are iso. Weak convergence gives us the
following exact sequences

0 —— Fy_1H,/FyH, — F,H,/F,H, — EX,_ — 0

hl hl Zl
0 —— FpiH},/F.H), —— FpH,,/F.H), —— Ej5_, —— 0



Fixed s, an easy induction shows us that Fj,H,,/F,H, = F,H /F;H] (use the 5-lemma) for any p. Since
this filtration is exhaustive (by def of convergence) then we have H,/FsH, = H! /F;H/ for any s, and
we conclude using completeness taking the projective limit of both members. O

Remark 2.10.1. The same spectral sequence can converge to many different H,. For example consider,
in Ab, a first quadrant spectral sequence defined by

0 ._ 0, ifp<Oorg<0
P4\ 727  otherwise

where the differentials are the zero morphisms. Then E>® = E° and a Hs can be Z/16Z or (Z/2Z)* or
even Z/27 & Z/8Z. The comparison theorem allows us to reconstruct H, in a different way, having the
right maps.

3 Spectral sequence of a filtration
Definition 3.1. Denote by C' € C(C) a chain complex. A filtration on C is a family of chain subcomplexes
-CF,CCF,CC.---CC.
Our goal is to show that we can associate a spectral sequence to any filtered complex.

Definition 3.2. A filtration on C' is called bounded if for any n there are integers s < t such that
F,C, =0 and F;C, = C,. If s = —1 and ¢t = n then the filtration if canonically bounded. If s = —0
(t = +00) then the filtration is bounded above (below).

Theorem 3.3 (Construction of the spectral sequence). A filtration F on a chain complex C naturally
determines a spectral sequence starting with E) . = F,Cpyq/Fp-1Cpiq and E} , = Hy(E} ).

Proof. Let np.q: FpCpiq = FyCpiq/Fp-1Cpyq = Ep , be the natural surjection. Let’s define the sets
AL g ={ce FCpiq:d(c) € FprCpig}

i.e. the elements of F,,C),, that are cycles “mod Fj,_,Cpiq—1". Let’s immediately observe that we have
the inclusions

c r+1 r r—1 .
. Al)vq Apyq AIMZ e

[ | | ()

¢ r+2 r41 r
T Ap+17q—1 Ap-l-l,q—l Ap+1,q71 T

d(A7 ) C AS

P.q p—rgtr—1 forany s. (2)

Now let’s define
. 0 ._ -1 0
Z;:q '_ np,q(A;)q) g Ep7q7 B;#Z T npvQ(d(A;)+T—1,q—1"+2)) g Ep,q
o0 (o)
oo L T (o S T
Zp,q '_ ﬂ Zp,q’ Bzxq '_ U Bp,q

r=1 r=1

so that we have the following inclusions in Equ
_ 0 1 r o e’} r 1 0o _ 0
O_Bp,q ng,q SRR ng,q ngyq < Zpyq S G Zp-,q < "'gZp,q gZM_EIMJ‘
. . 1 1 . . .

The inclusions B; q C B;jz and Z;‘; C Z; q immediately comes from (1) while B;’q - Zﬁq comes from

(2). Let’s now observe some other “rules” we’ll use in all the following isomorphisms (together with the
classical theorem S + T/T = 5/SNT) and some clever tricks):

-1

A1 g41 = Apg N Fp-1Cpig (3)
1 —1

A g =APTNAT (4)



Let’s now define the terms of the spectral sequence:

. T AL AT N Fp1Cpyq N
P By d(A g ) AA ) N Ep1Cprg
~ A;,q + d(Agll—l,q—r-ﬂ) + Fp710p+q ~
- d(A;)-‘,_ﬂl'—l,q—r-‘,-Q) + Fp-1Cpiq -

N Apg
AT g A )

The differentials are the natural maps induced by the differential of the complex

B dp.q r
P54 p—r,q+r—1
T A;”I T d . A;—r,q+7‘—1 ;
AT r g T A 1 p2) AT g (AT )

which are well defined since d(Aj ) € A}, ., ;. To conclude the proof we only need to give the

isomorphisms between E™T!1 and H,(E"). First of all, let’s prove that d, , induces an iso

~

T r+1 r+1 r
Zp,q/Zp,q - Bpfr,qwfl/Bp*anrT*l'

Let’s note that d(A7, )N Fp_p_1Cpiq—1 = d(A;LY) and that d(A7 ;. )) = d(A7E) ﬂd(A;:%,q_H) (apply

d to (4) and it’s easy to show that it commutes with N). Using these facts together with classical
isomorphism theorems and linearity of d we can prove that

, AT ) AT ) AT+ AR
p—r,q+r—1 d(A;,Lqul) d(A;j;l) N d(A;:%,q—H) d(A;:Zl)
r+1 T
— Bpfr,q%»rfl ~ d(Apvq)
B d(ATTY AR
p—r,q+r—1 p—1,g+1 P4

In a similar way we obtain

T T
Zp7q ~ Ap,q

r+1 — r+1 r—1
Zp,q ATMI + Ap—l,q+1

so there is a natural map induced by d, ,: A} , — d(Aj ;) and it’s an isomorphism because its kernel is
contained in A7*!. Now we have that

. —1 —1 -1 1 1

rordr = €A dle) €A )t Ay g} AL + ARG ~ i
Pq —1 —1 - —1 -1 -

d(A7p+r71,q7T+2) + A;*Lq%*l d(A;Jrrfl,qfr%»Z) + A;711q+1 BITMI

where the last isomorphism derives from the fact that left and right member are both isomorphic to
-1
At Jd(AT Ty i) Ay 4. In-fact we have

r—1 r—1 r+1 r+1
kerd” — d(Ap+r71,qfr+2) + Apfl,qul + Ap,q ~ Anq
p,q r—1 r—1 - r—1 r
d(Ap+T—17q—r+2) + Ap—17q+1 d(Ap+T—17q—r+2) + Ap—17q+1
r+1 r+1 r—1 r+1
an ~ Azuq + d(Ap-s-r—Lq—r-s-Q) + Fp-1Cp1q ~ Ap,q _
r - r—1 - r—1 r4+1
Bp,q d(Ap+r—1,q—r+2) + Fp—10p+q (d(Ap+r—1,q—r+2) + Fp—lcp+q) N Ap,q
r41
_ Ap,q
- r—1 r
d(Ap+r—1,q—T+2) + Ap—l,q—i—l
The map d;, , factors as
Is d:ef Z;,q Z;,q ~ B;t}",q-%—r—l Z;—T‘q-f-v‘—l d:ef r
P Bp.q Zytt d " By e By rqtr—1 p—ratr—l



from which we see that imd}, , = B;ti,qurq/B;—r,qw—l- This, finally, implies

+1
1 Zha ~ kerdy, ,
a T3 ;
P B imdyy, g i1
which concludes the proof (quotient both by By ). O

Let C be a filtered complex; then we have an induced filtration on homology:
F,H,(C) =1im(H,(F,C) — H,(C)).

If F is exhaustive on C then it is also exhaustive on H (any element of H, (C) is represented by some
c € F,Cy s.t. d(c) =0). If F is bounded below on C' then it is bounded below also on H, since F,C' =0
implies F,,H,,(C) = 0.

Theorem 3.4 (Classical convergence theorem). Let C' be a filtered complex.

1. Suppose the filtration on C' is bounded. Then the spectral sequence is bounded and converges to
H,(C), that is
E) = FpCpiq/Fp1Cpyq = Hpig(C).

2. Suppose the filtration on C' is bounded below and exhaustive. Then the spectral sequence is bounded
below and converges to H,(C'). Moreover, if f: C — C" is a map of filtered complezes (i.e. it respects
the filtrations) then the induced map f.: H,(C) — H,(C") is compatible with the corresponding map
induced on the spectral sequences.

Proof. As already said above exhaustiveness and below-boundedness are inherited by the filtration on
H,(C). Then H,(C) is Hausdorff, regular (both implied by bounded below) and complete (implied by
bounded below and exhaustive) hence, recalling the definition we just need to prove weak
convergence. First of all, observe that, since the filtration on C' is bounded below, fixed (p, q), we have
that the A} | = {c € F,Cpyq :d(c) € F)_Cprq1} (see|Construction of the spectral sequence)) stabilize
for a large enough ro: we’ll then define A7 = Aj° . Then we observe the following facts:

d
Z;??q = np,q(Ag?q)v A;?q = ker(£,Cprq — FpCpig—1)-
Let’s observe now that, since the filtration is exhaustive, we have

) C A,

d(0p+q) N chp+q—1 = U d(A;)—H“,q—r) = d(UA;+r,q—r

and that A%°, ., = ker(A2, LN E) ), since A .\ C F, 1Cpyq. We easily see that

. def _ def
By = mpg(d(Ay 1 g vi2)) = By S U By = tpa(@d(UA 1 r11))-
s

Putting all together, recalling that Fj,H,1,(C) = im(Hp4(F,C) = Hp14(C)), we have

FoHpiq(C) Apea/ UCprqv1) NAZ, _ Apra/ WAL 1 g—ri1) N AT, ~
pralﬂz(C) a Aﬁl,q+1/d(cp+q+1) N Azo—l,q-',-l a A;C;O—l,q-i-l/d(UA;-s-r,q—r-i-l) N Azo—l,q-i-l B
~ A o~ Mp.a(Apg) _ 4 _ oo
ARy g TAUAT L) Mpg(dUAL 1) By, P
which concludes the proof of convergence. O

Example 3.5 (First quadrant spectral sequence). Suppose that the filtration of C is canonically bounded,
ie. F1C, =0 and F,C,, = C,, so that the spectral sequence lies in the first quadrant. Then it converges
to H,(C).

We only cite a more powerful result,

Theorem 3.6 (Complete convergence theorem). Suppose the filtration on C is complete and exhaustive
and the spectral sequence is regular. Then

1. the spectral sequence weakly converges to H,(C);

2. if the spectral sequence is bounded above then it converges to H,(C).

Proof. See |Wei94, p. 140]. O



4 Spectral sequence of a double complex

One important application of spectral sequences is to compute the total homology of a double complex.
Given a double complex C' € C*(C) we have two filtrations for Tot(C), hence two different spectral
sequences. We’ll then be able to play them off against each other to prove some properties (e.g. 5-lemma,
snake lemma).

Remark 4.0.1. Let C be a double complex; we’ll denote by H" (H") the homology related to the
horizontal (vertical) differentials. We’ll use the generic notation Tot(C') meaning that we can define/do
the same things for both total complexes.

Definition 4.1 (Filtration by columns). Let C' = Caq be a double complex and let ' F,, Tot(C) be the
total complex of

I P
p.q 0 otherwise

We have defined a filtration of Tot(C'), called filtration by columns.

* % X ¥
OO OO
OO OO

* % Kk X

It is easy to see that this filtration on Tot(C') gives rise to a spectral sequence {I E;yq} starting with

IES,q = Cp 4, where the maps d° are exactly the vertical differentials of C so that IE;q = H,(Cp,).

The maps d': HY(Cpe) — HY(Cp_1,) are clearly the ones induced on the homology by the horizontal
differentials of C.

Definition 4.2 (Filtration by rows). Let €' = C4q be a double complex and let '* F, Tot(C) be the total
complex of

Cpq fg<n

0 otherwise

* ¥ O O
* ¥ O O
* ¥ O O
* ¥ O O
* ¥ O O

“50),, |

We have defined a filtration of Tot(C'), called filtration by rows.

Since ”FpTot(C’) / HFp_lTot(C’) is the row C, ), we have that the corresponding spectral sequence
{""Ey } starts with HEg’q = C,p (vertical morphisms d° of E® are exactly the horizontal morphisms
of C') and HE;’q = H}(C, ) and, as one imagines, the differentials d' are induced by the vertical
differentials of C. Let’s now study the convergence of these sequences in some special cases.

First quadrant Let C be a first quadrant double complex then both the filtration of Tot(C) (here we
have only one kind of total complex) are canonically bounded and so, by the [Classical convergence]

both the spectral sequences converge to H,(Tot(C)):

I 11
E) .. E),=> Hp ((Tot(C)).

p,q’

Zeroes in second quadrant Let C be such that C), ; = 0 in the second quadrant (e.g. a fourth quadrant
complex).

e Columns The filtration on Totl! (C) by columns is bounded below but is not exhaustive (so
we cannot apply our convergence theorems), in-fact we have

P o)
U II Ciwo—i & I Cino—i

P>Ppo 1=Po 1=po

since the lhs contains only the “definitively zero terms”. Instead, the column filtration on
Tot®(C) is both bounded below and exhaustive so we can apply the |Classical convergence]

[Eheoreml to obtain

I
B}, = Hyiq(Tot®(C))

(hence here we must be careful because the two different total complexes are different and we
have convergence only with Tot®(C)).



e Rows The filtration on Tot!1(C) by rows is bounded above (hence exhaustive) and complete

so we can apply |C0mp1ete convergence theorem| to obtain that HESH weakly converges to

H,(Tot!l(C)). (We cannot say anything on Tot®(C) since its filtration by rows here it is not
complete).

Zeroes in fourth quadrant Let C be such that C}, ; = 0 in the fourth quadrant (e.g. a second quadrant
complex).

e Columns The column filtration of Tot!! (C) is bounded above, hence exhaustive, and complete

so we can apply |C0mplete convergence theorem| to obtain that IES’q weakly converges to

H, (Tot!I(C)).(We cannot say anything on Tot®(C) since its filtration by columns here it is
not complete).

e Rows The row filtration of Tot!! (C) is not exhaustive so we cannot apply the convergence
theorems. Instead, the filtration on Tot®(C) is bounded below and exhaustive hence, by the
[Classical convergence theorem| we obtain

II
E) , = Hpi4(Tot?(C)).

5 Snakes!

Finally, we prove the famous snake lemma using the whole machinery of spectral sequences, inspired by
[Vak].

Proposition 5.1 (Snake Lemma). Consider the following commutative diagram, whose rows are exact

0 0 0
kery ¢---------- ker B ¢---------- ker a
0+— —C B A
| A |
R B e
F E D 0
cokery <-------- coker 3 <-------- coker «
0 0 0

then there exists a morphism & such that we have this exact sequence

ker —— ker 8 ker ~ % coker o — coker B —— coker~y.

Proof. Consider the double complex (fill with zeroes)

0 c B A
Pl
F B D 0

where rows and columns are numbered such that F' is the origin and C' is (0,1). This is a first quadrant
complex hence both filtrations converge to the total homology, call it H,. A little computation shows

that ' B! (row filtration) is of this form



0+—0

* «—— 0

where the bottom left square is the origin. Hence we see that, having only two non-zero terms in different
degrees, 1T E> = "B and we can already read that H; = Ho = 0. We'll use this information with the
spectral sequence corresponding to the column filtration. The first page is

kervy <¢------- ker B <------- ker a
coker y <----- coker 3 <----- coker av
and the second page is
LA o1 *
O O9 (D]

where O is the origin and all the other non-written points are zero. Then we immediately see that,
since H; = Hy = 0 and the o’s are already stable, they must vanish. We also must have that the arrow
between the o’s is an iso, because at the next page its homologies must vanish. Let’s translate all these
information:

(i) o2 = 0 means exactness at coker ;
(ii) o; = 0 means exactness at ker j3;
(iii) the isomorphism between the o’s is an iso
§: o1 = coker(ker B — kery) = ker(coker o — coker 3) = ey

and so we can glue the two natural exact sequences by this iso to get the wanted exact sequence. [
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