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ME 211: MODELING AND ANALYSIS OF DYNAMIC SYSTEMS

PROJECT
(Due 12-6-2010 in class or in my office TMH 129 by 2pm)

The course project for ME-211 is a group project. Each group comprises of  4-5 students.
The objective behind assigning a group project is make you learn how to cooperate with
others who have different skills than their own, how to work in multicultural teams and,
finally, how to work in a way that is widely used in real-life today.

MODELING A TOY TRAIN SYSTEM

Consider a toy train consisting of an engine and a caboose. The engine-caboose system
has a rectilinear motion. The mass of the engine and the caboose are M1 and M2,
respectively. The two are held together by a spring, which has the stiffness coefficient of
k. FEl represents the force applied by the engine. For modeling purpose, take step input
and the rolling friction acting on the wheels as B(dx/dt), where x represent the
displacement coordinate and B is the coefficient of  rolling friction.

The following values of constants are given:

(a): Find the differential equation of motion for engine and caboose. (5 Points)
(b): Let the output be the velocity of  the engine. Put (a) into state-space form and identify
the A,  B,  C and D matrices. (10 Points)
(0): Assuming initial conditions; x(0) = v(0) = 0; find the transfer function of  the system.
Using MATLAB command “roots” find the zeros and poles of the transfer function.
Then, using MATLAB command “zplane”, show the zero-pole plot on the complex
plane. Comment on stability of the system, based on the plot. (30 Points)
(d). Model the above system in MATLAB using “ss” and “lsim” commands. Plot time
(on x axis) versus output (y axis) graph. Show the step ' ut velocity response for 60
seconds, using 0.01 seconds as time increment. (10 Points) Shite Sp 0U.
(6). Repeat (d) using “ti” and “lsim” MATLAB commands. (10 Points)
(i). Plot the unit impulse velocity response for the engine. (5 Points)
(g). Submit project report (30 Points)



INSTRUCTIONS

( 1e objective of this course project is to model and analyze a toy train system consisting of an engine and a caboose.
You are expected to simulate the model for step and impulse input and perform system analysis based on the plots
generated.

The ME-211/ Blackboard website has a “Project” folder (in the contents section) that contains helpful examples and
m files you may require to generate MATLAB plots:

Report Format
The report must be created in a word processing package, include page numbers, and be written clearly and concisely.
Documents must be printed on a laser printer and major sections and subsections of the report must be clearly
denoted. Each group must submit a hard copy of the report before/by due date/time. Electronic submission (via
email as scanned files) of the report is not acceptable. Extension/ late submission of project work is not acceptable.
The report must contain the following sections:

Title Page: The Title Page includes the following information:- project title, student’s names, email addresses, course
title, instructor’s name, and submission date.

Abstract: (not to exceed 50 — 100 words): The Abstract provides a brief overview of the report that includes a clear,
concise explanation of the problem, approach, and results.

Introduction: The Introduction is an explanation of problem. You may paraphrase what is given in the problem
statement.

(
Results & Conclusion: The results and conclusion section is a detailed description of methods that are used to solve
the problem and the resulting outcomes. In this section you will attach:

a) Calculation work (to derive equation of motion, state space form, transfer equation, etc.). Hand written
calculation work is acceptable, but it should be clearly written, F.B.D’s drawn should have clearly marked
axis, forces labeled along with directions shown using arrows.

b) Figure(s)/ Plot(s) (properly labeled).
c) MATLAB m files.
(1) Any other supporting document/ file.
e) Conclusion: Provide a brief discussion of the project outcomes. Do not simply state what you see in the

graphs. Interpret the results.

Note: The project work will be evaluated along three primary axes:

Correctness: E.  g., Math calculation(s), Matlab code free of  bugs. .
Quality of Report: E.g., formatting of word document, quality of plots, clarity of thought and writing skllls, etc.
Originality: Overall originality of your work.

Based on the above three criteria, groups will be given an extra credit of up-to 2 points (on a 10 point basis) if your
work is simply outstanding.
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Abstract: 

A model engine and caboose are modeled for inputs and outputs.  The system involves a unit step input, 

friction coefficients, and a spring.  Output values of velocity and other parameters are to be produced. 

Free body diagrams were created and equations are derived from these free body diagrams.  The 

transfer function, damping ratio, and natural frequency were then found.  Using MATLAB, the system 

was modeled and plots were produced. 

The results show how the engine velocity results from the unit step input and unit impulse input. 

Introduction: 

The problem is to model an engine and caboose, with a force input and displacement as the output.  A 

second order differential equation and a transfer function are to be used with MATLAB to create plots of 

the transfer function zero pole plot and the outputs given unit step and unit impulse inputs.  The 

constant values for the system are listed at the beginning of the calculation work.  

 

Results and Conclusion: 

 

a) Calculation Work 

      𝑀1 = 1𝐾𝑔 

𝑀2 = 0.5𝐾𝑔 

𝐾 = 1 𝑁 𝑀⁄  

𝐹𝑎 = 𝑈(𝑡) 

𝐵𝑒 = .02
𝐾𝑔

𝑠⁄  

𝐵𝑐 = .01
𝐾𝑔

𝑠⁄  

∑𝐹𝑥 = 𝑀1𝑥̈ 

𝑀1𝑥̈1 + 𝐵2𝑥̇1 = 𝑘(𝑥1 − 𝑥2) = 𝑈(𝑡) 

𝑥̈ + .02𝑥̇ + (𝑥1 − 𝑥2) = 𝑈(𝑡) 

∑𝐹 = 𝑀2𝑥̈2 

𝑀2𝑥̈2 + 𝐵𝑒𝑥̇2 − 𝐾(𝑥1 − 𝑥2) = 0 

. 5𝑥̈2 + .01𝑥̈2 − (𝑥1 − 𝑥2) = 0 
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𝑋̇1 = 𝑉1 

𝑉̇1 = 𝑋̈1 

𝑉̇1 =
1

𝑀1
[𝑈(𝑡) − 𝐵2𝑉1 − 𝐾(𝑥1 − 𝑥2)] 

𝑉̇1 = 𝑈(𝑡) − .02𝑉1 − 𝑥1 + 𝑥2 

 

𝑋̇2 = 𝑉2 

𝑉̇2 = 𝑋̈2 

𝑉̇2 =
1

𝑀2
[−𝐵𝑐𝑉2 + 𝐾(𝑥1 − 𝑥2)] 

𝑉̇2 = −.02𝑉2 + 2𝑥1 − 2𝑥2 

[
 
 
 
𝑥̇1

𝑉̇1

𝑥̇2

𝑉̇2]
 
 
 

= [

0
−1
0
2

1 0 0
−.02 1 0

0 0 1
0 −2 −.02

] [

𝑥1

𝑉1

𝑥2

𝑉2

] + [

0
1
0
0

]𝑈(𝑡) 

[𝑉1] = [0 1 0 0] [

𝑥1

𝑉1

𝑥2

𝑉2

] + [0]𝑈(𝑡) 

 

𝑋̇1 = 𝑉1 

L(𝑋1̇) =  L(𝑉1)    𝑠𝑋1 −  𝑥(0) =  𝑉1(𝑠) 

 

 

𝑉̇1 = 𝑢(𝑡) − .02𝑉1 − 𝑋1 + 𝑋2 

L(𝑉) =  𝑈(𝑠) − .02(𝑉1) −  L(𝑋1) +  L(𝑋2) 

𝑠𝑉1(𝑠) −  𝑣(0) =  𝑈(𝑠) − .02𝑉1(𝑠) − 𝑋1(𝑠) + 𝑋2(𝑠) 

𝑣(0) =  0 
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𝑋̇2 = 𝑉2 

𝑠𝑉2(𝑠) =  −(. 02)𝑉2(𝑠) + 𝑋1(𝑠) − 𝑋2(𝑠) 

 

(𝑠 + .02)𝑉2(𝑠) =  −
2

𝑠
𝑉2(𝑠) + 

2

𝑠
𝑉1(𝑠) 

(𝑠 + .02 + 
2

𝑠
)𝑉2(𝑠) =

2

𝑠
𝑉1(𝑠)[𝑠] 

𝑉2(𝑠) =
2𝑉1(𝑠)

(𝑠2 + .02𝑠 + 2)
 

𝑋2(𝑠) =  
2𝑉1(𝑠)

𝑠(𝑠2 + .02𝑠 + 2)
 

 

𝑠𝑉1(𝑠) =  𝑈(𝑠) − .02𝑉1(𝑠) − 
𝑉1(𝑠)

𝑠
+ 

2𝑉1(𝑠)

𝑠(𝑠2 + .02𝑠 + 2)
 

𝑈(𝑠) =  𝑠𝑉1(𝑠) + .02𝑉1(𝑠) + 
𝑉1(𝑠)

𝑠
− 

2𝑉1(𝑠)

𝑠(𝑠2 + .02𝑠 + 2)
 

𝑈(𝑠) = [𝑠 + 0.2 + 
1

𝑠
− 

2

𝑠(𝑠2 + .02𝑠 + 2)
] 𝑉1(𝑠) 

𝑠(𝑠2 + .02𝑠 + 2)𝑈(𝑠) = [(𝑠2 + .02𝑠 + 1)(𝑠2 + .02𝑠 + 2) − 2] 

𝑉1(𝑠) =
𝑠(𝑠2 + .02𝑠 + 2)𝑈(𝑠)

[(𝑠2 + .02𝑠 + 1)(𝑠2 + .02𝑠 + 2) − 2]
 

𝐻(𝑠) =
𝑉1(𝑠)

𝑈(𝑠)
 

𝐻(𝑠) =
𝑠(𝑠2 + .02𝑠 + 2)

(𝑠2 + .02𝑠 + 1)(𝑠2 + .02𝑠 + 2) − 2
 

𝐻(𝑠) =
𝑠2 + .02𝑠 + 2

𝑠3 + .04𝑠2 + 3.0004𝑠 + .06
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b) Figures 

 
Figure 1- System Sketch 

 

 

 
Figure 2 – Free Body Diagram 
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Figure 3 – Zero-pole plot of Transfer Function 

 

 
Figure 4 – Velocity vs. Time, State Space Method, Unit Step 
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Figure 5 – Velocity vs. Time, Transfer Function Method, Unit Step 

 
Figure 6 – Velocity vs. Time, Unit Impulse 
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c) MATLAB m files 

 
 

d) Basic Equations used: 

Definiton of a transfer function 

H(s)= L(output)/L(input)=  L(x1(t))/L(fa(t)) 

Poles of a second order equation 

S1, S2 such that characteristic equation P(s) = 𝑎2𝑠
2 + 𝑎1𝑠 + 𝑎0 = 0 

Zeros of a second order equation: zeros of numerator of H(t) 

Matrix form of input/output equations 

dq/dt=[A][q] + [B][u(t)] 

For any input u(t), yu(t)=L-1( 
𝐻(𝑠)

𝑠
) 

For unit impulse response, h(t)= L-1(H(s)) 

 

%FINDING ZEROS AND POLES OF TRANSFER FUNCTION AND PLOTTNG ZERO-PLOT GRAPH 
num=[1 .02 2];% DEFINES COEFICIENT'S OF s IN NUMERATOR 
den=[1 .04 3.0004 .06];% DEFINES COEFICIENT'S OF s IN DENOMINATOR 
rn=roots (num);% FINDING ZEROS OR ROOTS OF NUMERATOR 
rd=roots (den);% FINDING POLES OR ROOTS OF DENOMINATOR 
figure (1) 
zplane (rn,rd) 

  

  
% PLOT OF OUTPUT VS TIME GRAPH FOR STEP INPUT USING STATE SPACE METHOD (i.e. 

ss command in MATLAB) 
tfinal=60; 
t=0:0.01:tfinal; 
U=ones (size (t));% DEFINING STEP INPUT 
A=[0 1 0 0;-1 -.02 1 0;0 0 0 1;2 0 -2 -.02];% DEFINING A MATRIX 
B=[0 1 0 0]';% DEFINING B MATRIX 
C=[0 1 0 0];% DEFINING C MATRIX 
D=0;% DEFINING D MATRIX 
X0=[0 0 0 0];% DEFINING INITIAL CONDITION (MUST HAVE ENTRIES EQUAL TO THE 

NUMBER OF STATE VARIABLES) 
sys=ss (A,B,C,D); 
figure (2) 
lsim (sys,U,t,X0)% SIMULATING LINEAR SYSTEM 

  

  
% PLOT OF OUTPUT VS TIME GRAPH FOR STEP INPUT USING TRANSFER FUNCTION METHOD 

(i.e. tr command in MATLAB) 
systf=tf (num,den); 
figure (3) 
lsim (systf,U,t); 

  
% PLOT OF OUTPUT VS TIME GRAPH FOR IMPULSE INPUT USING IMPULSE COMMAND 
figure (4) 
impulse (systf,tfinal) 
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e) Conclusion: 

 

The zero-pole plot (Figure 3) displays two zeros and three poles all lying on the imaginary axis. 

This plot shows that the system is marginally stable. 

 

For a unit step input, the engine of the train accelerates forward, but not with a constant 

acceleration.  The acceleration varies with the system’s natural frequency.    The cause for 

humps in the velocity vs. time graph (Fig. 4 & 5) can be described as followed: 

 

 As the engine moves forward, the spring stretches and reduces the engine’s forward 

acceleration.  Then the caboose accelerates due to the spring tension and “catches up” with the 

engine.   Finally, the spring force is reduced and the engine accelerates at a greater rate.   The 

cycle then continues.  The velocity of the train will increase until the friction forces equal the 

input force. 

 

Given a unit impulse input, the engine velocity follows a similar pattern with the same natural 

frequency (Figure 6).  However, the maximum velocity occurs at the first cycle, and the train 

continues to slow due to friction forces.  For each cycle, the velocity amplitude reduces due to 

friction forces. The velocity and amplitude will both decrease until they equal zero. 
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