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Chapter 1

Introduction to Linear Algebra

In this first chapter, we want to introduce all the major players in the linear arena. Linear Algebra is the
study of linear objects (a term we are not quite ready to define). As we have seen linear objects already
many times in algebra and calculus, Linear Algebra will take a detailed look at linear structures and this
first chapter will explore the important fundamentals of the linear universe.

Please be aware that this first chapter may feel awkward or difficult when you read it for the first time.
This is both expected and intentional. If you were familiar with all the ideas behind Linear Algebra then
you probably would not be reading this book. The struggle herein will produce questions, all of which we
will answer in later chapters. Consider this chapter your baptism by fire into all things linear.




4 CHAPTER 1. INTRODUCTION TO LINEAR ALGEBRA

“Education is that whole system of human training within and without the school house walls, which molds
and develops men.” — W. E. B. Du Bois

1.1 Linear Systems

In this section, we introduce the study of linear systems motivated by geometry. Thus, all numbers in this
section will be real numbers. We introduce the notion of a system of linear equations and the nature of
their solution sets. We discuss when a linear system is consistent/inconsistent, independent/dependent,
underdetermined/overdetermined, and homogeneous/nonhomogeneous. We discuss the difference between
free and dependent variables in a linear system.

1.1.1 Linear Systems

Definition 1.1.1. A system of linear equations (or a linear system) is a set of equations with common
variables of the following form:
a1x1 + asrs + ...+ apx, = b,

where b and the coefficients aq,...,a, are fixed numbers.

A solution to a system is an assignment to each variable such that each equation is satisfied. The
solution set is the set of all solutions to a system of equations. Two systems of equations are equivalent
if they have the same solution set.

A linear equation of two real variables (typically x,y or x1,x2) geometrically forms a line in the plane.
Likewise, a linear equation of three real variables (typically x,y, z or x1,x2,x3) geometrically forms a plane
in 3-space. Although much harder to visualize, a linear equation in four variables (typically z,y,z,w or
x,y,2,t or T1, %9, T3, T4) geometrically forms a hyperplane in 4-space. Higher dimensional analogues likewise
exist. As such, emphasis in this section will be placed on linear systems with two or three real variables.

Example 1.1.2. Test that (3,1) is a solution to 4Y
the system 20 —y =5

x4+ 5y =8
2z — y =5.

Notice that 3 + 5(1) = 3+ 5 = 8 and \

. (3,1)
2.(3) —1=6-1=5. Thus, (3,1) is a solu- o+ 5y =8
tion to the above system. ¢ >,
Geometrically, the solution to the previous 1 /
system is an intersection between two lines, as
depicted to the right. n

Example 1.1.3. Consider the linear system with three variables and three equations:

x4+ 2y +3z = 20
2z 4+ y = —1
-3z — 6y + 5z = —4.

We can check that (2,3,4) is a solution of this system. Note that (2) +2(3)+3(4) =2+8+12=20 v,
—2(2)+(3)=—-4+4+3=-1v,and —3(2) —6(3) +5(4) = —6 — 18 + 20 = —4 v/, which shows that (2, 3,4)
is in fact a solution of the system. Try as one might, another solution to this system CANNOT be found,
that is, (2,3,4) is the unique solution to this system of equations. [
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Example 1.1.4. Consider the linear system with three variables and three equations:

2c — y+ 2z = 11
z+ 3y — 10z = 2
—3x 4+ 2y — 3z = —1T7.

Tt is simple to check that (5,—1,0) is a solution to this system. Likewise, we can also show that (6,2, 1)
is a solution to this same system. Thus, it is possible to have multiple solutions to a linear solutions. [

1.1.2 Number of Solutions to a Linear System

Because of Example 1.1.4, it is worth investigating how many solutions a linear system may have. The
beginning of our investigation is the following definitions.

Definition 1.1.5. A system of equations is consistent if it has a solution. Otherwise, we call the system
inconsistent.

If a consistent linear system has a unique solution, we call this the independent case. If a consistent
linear system has multiple solutions, we call this the dependent case.

Like we did in Example 1.1.2, we will investigate linear systems with two variables and their correspond-
ing geometry.

Example 1.1.6. Solve each system of equations.

5 + 2y = 32 Y
3z 4 6y = 48 T
20 T
After graphing the two lines, as depicted to 15T
the right, we see that the two lines intersect 10 +
at a unique point. This point of intersection, <« 3z + 6y = 48
(4,6) |, means the system has a unique solu- 5 =4 (4,6)
tion. Therefore, the system is consistent and . . . ’ . S5x + 2y = 32
independent. N ! ! ! — T
Y1 2 3 4

y =—-x+5 Y
2r + 2y = 3

After graphing the two lines, as depicted to the

no solution to the linear system.
y=-2+95
x

AN

right, we see that the two lines are parallel.
Thus, they do NOT ever intersect. Therefore,
the system is 7 that is, there is T

+ 20+ 2y =3
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2
z 3 o
(©) T =3y + 3x—3y=9

2
3r -3y = 9 1 x:§y+3

> <

After graphing the two lines, as depicted to the
right, we see that the two lines are the same
line. Thus, every point on one line is also a
point on the other line. Therefore, the system
is dependent, that is, there are infinitely many +
solutions to the linear system. In particular,
the system is consistent. T

A
+
8

In general, any two lines in the real plane intersect at 0, 1, or infinitely many points (this last case occurs
if the lines overlap). This holds also for higher dimensional systems of linear equations, that is, for any
system of linear real equations the number of solutions is 0, 1, or co and the solution set of a linear system
will fall under one of these three types.

1.1.3 3-Dimensional and Homogeneous Linear Systems

These three possibilities are also the case for intersections of planes in 3-dimensional space. The independent,
consistent case occurs when all planes in the system intersect at a unique point. This was the case for
Example 1.1.3. Visually, this can be seen as three planes intersecting at a unique point, such as the three
planes involved in Example 1.1.3, illustrated below:

The inconsistent case occurs when not all the planes simultaneously intersect at a common point, perhaps
because some subset of planes are parallel with one another. Finally, the dependent, consistent case occurs
when the collection of planes overlay at more than one point, e.g. three planes in 3-space intersect along a
common line, as illustrated below:
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This was the case for Example 1.1.4. In fact, any point of the form
(z+5,32—1,z2), (1.1.7)

where the variable z can be freely assigned to any real number, is a solution to this linear system. This is

called the general solution to the system. In this example, z is a free variable, that is, a variable which
can be assigned any value. The other two variables, x and y, are called dependent variables, because
their assignment is dependent upon the assignments of the free variables corresponding to some linear rela-
tionship. Thus, the linear system in Example 1.1.4 has one free variable and two dependent variables. The
two solutions listed in Example 1.1.4 arose exactly from setting z = 0 and z = 1, respectively. In general,
the dependent case occurs exactly when the linear system has at least one free variable.

The following properties will be proven in the homework.

Proposition 1.1.8. Suppose that a consistent linear system has m equations and n variables.

(i) If n > m, then the system has at least n —m free variables which implies that it has multiple solutions.

(i) If m > n, then the system has at least m—n many equations which could be removed without modifying
the solution set.

The situation where n > m is called an underdetermined system because there are not enough
equations to guarantee a unique solution. The situation where m > n is called an overdetermined system
because there might be too many equations to guarantee consistency.

Definition 1.1.9. A system of linear equations is called homogeneous if each equation is of the form:
ai1x1 + asxs + ...+ apxr, = 0.

Otherwise, the system is called nonhomogeneous.

Example 1.1.10. The below 3 x 3 linear system is homogeneous since the right hand side of each equation
is O:
r+3y+5z =0

2¢ + 4y + 62 =0
4x + 2y =0
On the other hand, the below linear system appears to be homogeneous at first, but is really non-

homogeneous:
r+3y—2z4+4 =0

dr +2y+ 32 -5 =0
—x+b5y—32—-—2 =0
The issue here is that the linear system is not in standard form, that is, all the variables are located on the

left-hand sides of the equations, in descending order, and the constants are all on the right-hand sides of the
equations. In standard form, the system would appear as:

T+ 3y —2z =—-4
4z + 2y + 3z 5
—r+ 5y —32z = 20

In standard form, it is much more clear that the above linear system is non-homogeneous. L]

Proposition 1.1.11. A homogeneous system of equations is always consistent.
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Exercises (Go to Solutions)

For Exercises 1-4, determine if the point is a solution to the following linear system
2c —3y+ 2z =0

y+ z =0
—x — 2z =0.

1. (0,0,0) 2. (4,2,-2) 3. (3,2,0) 4. (1,1,1)

For Exercises 5-8, determine if the point is a solution to the following linear system
T+ y = 7
3z + 3y — 10z = =79
r+5y+ =z = 33

5. (4,3,10) 6. (0,0,0) 7. (3,4,10) 8. (—10,3,—38)

For Exercises 9-12, determine if the point is a solution to the following linear system
r+ 3y —2z =13

20 — y = 2
—z+ 6y — 4z = 17.

& 9. (6,10,4) & 10. (5,8,8) a1l (3,4,1) & 12. (9,3,2)

For Exercises 13-17, determine if the point is a solution to the following linear system
rT— y+ z = 5

3x + 4y — bz = =2
—2x— 4y + 7z = 11.

13. (1,2,3) 14. (3,2,1) 15. (5,0,6) 16. (3,1,3) 17. (9,3,2)

For Exercises 18-21, the graph of two lines in R? are provided. Describe the number of solutions of the
associated linear system. Is the system consistent or inconsistent?

18. y 19. y 20. y 21.

A A A

—+— ——> T T —+— — T
]
b ]
]
=== === > '
v L 4 '

For Exercises 22-31, graph the linear system and determine if it is consistent or inconsistent. If consistent,
determine which whether it has a unique solution or multiple solutions.

{14x+3y4 22 — 5y =10 x =5y —4

20 + 3y =4 —4x + = T — =
25. Y 26. Y 27. Y
T— y =2 -8z + 2y =2 2y =22 — 2
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y = 2x+7 y =bx + 8 y =3x — 7
28. 29. 30.
y = —4dx — 2 —-Sr+y—2 = 6 y—3x = 2
9 + 5 = 2y
31 rT+2y = 5
y =25

For Exercises 32-42, determine if the linear system is homogeneous. For those which are, find a solution.

4 +2y =0 6z — Ty =3 3z — =0
32. Y 33. Y & 34 Y
5z + 3y =0 2z + 8y =0 2z + 5y =0
20 — 4y =0 —5—-—y—2 =0 2z + =10
35, v 36. Y 37. v
—6x + 8y =3 z+y+5 =0 —7x — 3y = 3
o5t + 2y + 3z = 2 5 + 2y + 3z =2 T — 2z =0
38. ¢ 3x —4z = -1 39. ¢ 3x—-2y+ z =5 & 40. 3z +4y+4z2+ w =0
5y + 32 = 5 20 + 2y — 4z =1 —2x + 6y + 62+ 2w =0
20 — 2y — 2z =6 T+ Yy - w+ v =0
41. ¢ —z -3y + 9z =1 42. 2z 4+ 32+ 15w+ 3v =0
4 4+ 3y — 182 =3 —x + 37y — bz -8 =0

For Exercises 43-43, create a m x n linear system that has the given point as a solution. (Answers may vary).

43. 3% 3, (4,0,—1)

x4+ 2y —4z =0
44. TIs the linear system —y + 3z = 0 consistent? Why or why not? Draw a 3-dimensional sketch
2z + 3y =0
of these planes and their intersection.

& 45. Using the general form for Example 1.1.4 provided on page 7 (namely (1.1.7)), construct five other
solutions to the linear system from Example 1.1.4. Answers may vary.

# 46. Prove Proposition 1.1.11.
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“Hold fast to dreams. .. For when dreams go
Life is a barren field. .. Frozen with snow.” — Langston Hughes

1.2 Fields

The topic of this section will be about what is even a number. This discussion is often postponed to more
advanced mathematics courses where abstraction is king, but for linear algebra students, this abstraction is
just budding. This course will be primarily a computational introduction to linear algebra with select proofs
and applications. In spite of this goal, the abstract notion of a field will not hinder this. In fact, the in-
troduction of various fields will strengthen the student’s understanding of the concepts and computations of
linear algebra as the student will see what parts are truly necessary and when variability is allowed. This will
also strengthen the realization that discussion of complex vector spaces and real vector spaces are not two
separate discussion but instead one same story.

What really is a number? Although numbers are useful for counting, they are much more useful than
that. A simple answer would be to say it is a thing with which we do math on. Although a crude response,
this will satisfy our inquiry, thus avoiding a long journey through deep logic and philosophy. Maybe another
day.

1.2.1 Fields

Before defining a field of numbers, the reader may need to review/learn some quick notation about sets in
Appendix C. Do not panic. If the appendix or this section seems very fast, that is okay. Our discussion will
slow down soon enough.

Definition 1.2.1. A field is a nonempty set I’ with elements called scalars on which are defined two
operations, called addition + : F x F — F and multiplication - : ' x F' — F, such that for all scalars
a,b,c € F, the following ten axioms hold:

(i) a+b=b+a (vi) ab = ba
(i) (a+b)+c=a+(b+c) (vit) (ab)c = a(be)
(i4i) There exists a scalar 0 € F, such that (viii) There exists a scalar 1 € F', such that
a+0=0+a=a al=1la=a
(iv) For each a, there exists a scalar —a € F', such (iz) For each a # 0, there exists a scalar a=* € F,
that a + (—a) = (—a) +a =0 such that aa™! =a la =1
(v) a-(b+c) = (ad) + (ac) (z) (a+0b)-c= (ac) + (be)

It might seem like a daunting list but remember the following: a field is just a number system for which
we can add, subtract, multiply, and divide following the usual commutative, associative, and distributive
laws. The set of rational numbers, denoted Q,! is a field. The set of real numbers, denoted R, and the set
of complex numbers, denoted C, are also both fields. These are the fields that we are most familiar with.
Note that the set of integers, denoted Z,"! is NOT a field, as the quotient of two integers is not always an

1
integer, e.g. — ¢ Z. Likewise, the set of natural numbers, denoted N, is NOT a field for the same reasons

with division but also because the difference of two natural numbers is not always a natural number, e.g.
3—4=-1¢N.

Fields are the number systems we are used to in previous algebra classes. For example, fields are exactly
the environment where linear equations can be solved. Let I’ be a field and ax + b = ¢ is a linear equation
with variable z and a, b, c € F. Here the variable itself is a placeholder for some other scalar. A solution to

iThe symbol for the rational field Q comes from the English word Quotient, given that every rational number can be
expressed as a quotient of integers.
"The symbols for the ring of integers Z comes from the German word Zahlen, which translates as number.
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this linear equation is an assignment to the variable x which makes the equation true. For linear equations,
we see there is only one solution in any field:

ar+b=c

(ax +b) + (=b) = c+ (=b) Existence of Additive Inverses (iv)
ar+ (b—0b=c—b Additive Associativity (ii)

ar+0=c—b
ar=c—b Existence of Additive Identity (%ii)
a Y az) =a"t(c—b) Existence of Multiplicative Inverses (iz)
(ata)x = ¢ ; b Multiplicative Associativity (vii)

1p— &~ b

a

z=2 ; b Existence of Multiplicative Identity (viii)

Note that commutativity is used to guarantee that subtraction and division is well-defined. Therefore, a
linear equation has a unique solution over a field.

Example 1.2.2. Solve the following equations:

2t4+1=6 = 2r=6—-1=5 = x.

(b) (i+1ax+ (3—14)=4+5iover C

(a) 22 +1 =6 over Q

(i+)x+B-i) =445 = (i+l)z=(4+5)—B8—-49)=1+6i
_14+6i 1+6i(1—i)_1—z’+6z’+6_7 5

144 1414

v =) " 1—iti+t1 |273' "

1.2.2 Modular Arithmetic and Finite Fields

We introduce now one last type of field: a finite field. Let n be a positive integer and let a be any inte-
ger. Consider the operation a + n. The division algorithm known unto us since primary school guarantees
there are unique integers q,r, called the quotient and remainder, respectively, such that a = gn + r where
0 < r < n. For example, for n = 5 and a = 13, we have that 13 = 2(5) + 3, that is, ¢ = 2 and r = 3. We
generally would interpret this statement as 5 divides into 13 two times with remainder of three, that is, if
13 vectors are to be shared among 5 friends then each friend would get 2 vectors with 3 vectors left over.
Typically, with a division problem one is interested in finding the quotient but in modular arithmetic, one
is instead interested in finding the remainder, which has many powerful uses. Let Z,, = {0,1,2,...,n — 1}.
Then Z,, should be viewed as the set of all possible remainders, or residues, when divided by n. Define
next a function (mod n):Z — Z, by the rule a (mod n) is the unique remainder of a when divided by n.
For example, 8 (mod 5) = 3. Likewise, 14 (mod 5) = 4 since 14 = 2(5) + 4, that is, 5 divides into 14 twice
with a remainder of 4. The residue a (mod n) is read ”a modulo n” and n is called modulus of the function.

Note that if 0 < @ < n, then a (mod n) = a, the original value, for example, 3 (mod 5) = 3. In this
example, the associated quotient is 0. This is a departture from decimal division where the fraction g may
be expressed as the decimal 0.6. Special attention should also be given to when a is a negative integer.
Note that —11 (mod 6) = 1 since —11 = (—2)(6) + 1, where the quotient is —2 and the residue is 1. This
is in contrast to the possibility —11 = (—1)(6) + (—5). The difference here is that while quotients may be

any integer: positive, zero, or negative, remainder must always exist in the range 0 < r < n — 1, which is
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necessarily nonnegative.

When a > n, one way to determine a (mod n) is to subtract from a the modulus n until the difference
lies in Z,. For example, 14 > 5, the first difference 14 — (1)5 = 14 — 5 = 9 is still too large. The second
difference 14 — 2(5) =9 — 5 =4 € Zs. Thus, 14 (mod 5) = 4, as observed above. This notion of repeated
subtraction is actually where the division algorithm gets its life, in a similar way of viewing multiplication
as repeated addition. When a is negative, we can instead add the modulus n to a (or subtract a negative, if
one prefers) until the sum lies inside of Z,,. For example, —11 — (—1)6 = —11 4+ 6 = —5 which is too small,
but the next iteration —11 — (—2)6 = —5 + 6 = 1. Thus, —11 (mod 6) = 1, as observed above.

Note that 7 (mod 6) = 1 = —11 (mod 6), that is, it is possible for two different integers to have the
same remainder when divided by the modulus n. We say that two integers a and b are congruent modulo
n if a (mod n) = b (mod n) and denote this congruence as a = b (mod n). For example, 7 = 12 (mod 5)
since 7 and 12 both have remainder 2. If a = b (mod n), then a = ¢1n + r and b = ¢gan + r for some
quotients ¢q,¢s. Then their difference a — b = (¢1 — g2)n is a multiple of the modulus n. In other words,
a =b (mod n) if and only if a—b is divisible by n. For example, 12—7 = 5 which implies that 12 = 7 (mod 5).

We define two operations on Z, called modular addition and modular multiplication: modular
addition is defined by the rule that two integers are added together and the sum’s remainder modulo n is
reported, modular multiplication is defined similarly. The final result should be a number in Z,.

A visual interpretation of modular addition would be the following. Imagine n pearls on a string labeled
from left to right with the numbers 0 through n — 1. Take the two ends of this string and connect them
together to form a pearl necklace of integers. To compute a + b (mod n), start at the pearl labeled a and
rotate the necklace by one pearl to the right (counter-clockwise) exactly b times. The pearl you land on
is then the modular sum of a and b. For example, starting at 2 and counting forward on a necklace with
5 pearls 4 times gives the pearl 1, that is, 24+ 4 = 1 (mod 5). Modular multiplication can similarly be
visualized as iterated addition on the pearl necklace.

0 mod 2 0 mod 3
2 mod 2 3mod 3
4 mod?2 6 mod 3

2 mod 3 1 mod 3
5 mod 3 4 mod 3

1 mod 2 8 mod 3 7 mod 3

3 mod 2

5 mod 2

0 mod 4 0 mod 8

4 mod 4 7mod8| |8mod8 | [T mod8

8 mod 4 15 mod 8 9 mod 8
23 mod 8 17 mod 8

0 ‘
3 mod 4 1 mod 4 6 mod 8 ( » 2 mod 8
7 mod 4 3mod 41 S mod 4 14 mod 8 10 mod 8
11 mod 4 ‘ ' 9 mod 4 22 mod 8§ 18 mod 8
2 : 4

3mod 8
2 mod 4 11 mod 8
6 mod 4 12mod 8| [19 mod 8
10 mod 4 20 mod 8

Example 1.2.3. Let consider the following calculations:
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(a) 6411 (mod 5)

6+11=17=[2] (mod 5)
(b) 7+13 (mod 5)

7+13=20=[0] (mod 5)
(c) 2(4) (mod 7)

(d) 2(5+6) (mod 13)

2(5+6) =2(11) =22 =[9] (mod 13)

(e) 3(5) +8 (mod 11)

3(5)+8=15+8=4+8=12=[1] (mod 11) .

We can define modular subtraction a — b (mod n) by adding the additive inverse of b with respect to
modular addition, that is, a — b = a + (—=b) (mod n). Thus, modular subtraction is the inverse operation
of modular addition. Returning to the pearl necklace analogy above, if a + b (mod n) turns the necklace
to the right (counter-clockwise) b times from a, a — b (mod n) turns the necklace to the left (clockwise) b
times from a. For example, starting at 2 and counting backward on the necklace with 5 pearls 4 times gives
the pearl 3, that is, 2 —4 =3 (mod 5). Likewise, 14 —5=9 =1 (mod 8). Note that —b=n — b (mod n).
Thus, the final result when computing modular subtraction should always be positive.

Similarly, we define modular division a/b (mod n) by multiplying by the multiplicative inverse of b
with respect to modular multiplication, that is, a/b = ab~! (mod n). This multiplicative inverse will be an
element of Z, such that bb=' = 1 (mod n), that is, their product will be one more than a multiple of n as
this implies the remainder is 1 when divided by n (see Example 1.2.3.3). For example,

=2 (mod 7)

since 4(2) =8 =1 (mod 7). Thus,
=512)=10=3 (mod 7).

This multiplicative inverse does not always exists (see Exercise 1.2.2).

Alternatively, one can simplify a modular fraction without a multiplicative inverse by replacing the
numerator with an integer equivalent to the original but actually divisible by the denominator in the usual
sense. For example,

17 17410 27 9(3)
3~ 3 3 3
The following theorem characterizes when this can be done.

Theorem 1.2.4. The set Z,, is a field with respect to modular addition and modular multiplication if and
only if n is a prime number.

Example 1.2.5. Solve the linear equation 2z + 1 =6 (mod 13).
Since Z,3 is a field, we can solve this linear equation in the same fashion as the previous ones. Note

5
20+1=6 = 26=6-1=5 (mod13) = x5555(2)*1.
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Next, we need to either identify the reciprocal of 2 (mod 13)! or replace 5 with a congruent integer which

5 5+13 18
is even, that is, = = ot 13 = — =9 (mod 13). Therefore, the solution is 9. We can check this solution:

29)+1=18+1=19=6 (mod 13). "

Example 1.2.6. Solve the linear equation 3z +5 =1 (mod 7).

We solve this equation similar to the previous example over the field Z.

Wl w
Il
[t

3x4+5=1 = 3x=1-5=-4=3 (mod?7) = =z

We can check this solution:
31)+5=3+5=8=1 (mod 7). "

By the way, the reciprocal of 2 modulo 13 is 7 since 2(7) = 14 = 1 (mod 13). Note that z = 5(2)7! = 5(7) = 35 = 9
(mod 13).
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Exercises (Go to Solutions)

1. Explain the difference between equality of integers and congruence modulo p.

For Exercises 2-6, determine with the statement is true or false. If false, correct the statement so that it is
true.

2. The remainder a (mod n) is read “a modulo n” and « is called the modulus of Z,.
3. It is possible for two different integers to have the same residue modulo n.

4. Modular division a/b (mod n) is defined by multiplying by the inverse of b with respect to modular
addition.

5. The set Z,, is a field with respect to modular addition and multiplication if and only if n is a real
number.

6. If 0 < a < n, then a (mod n) =n.

For Exercises 7-24, simplify the modular expression.

7. —4 (mod 7) 8. 3(=7) (mod 5) 9. —924 — 152 10. 136  — 822
(mod 4) (mod 13)
11. 2237 (mod 11) 12. 2 mod 3 13. & mod7 # 14. 34 461 (mod 7)
2
& 15. 4(13) (mod 5) 16. 5(15) (mod 6) 17. 2(8 — 5) + 4 (mod 3)
& 18, 2(6—3) +7 (mod 2) & 19 32+1— (6+3)]+6(7) (mod 13)
5(4) +3 3(5)+4 6(7)+5
20. 21, —— 22. 1
A 20 2(6) (mod 7) 507) (mod 9) 200) (mod 13)
23. 2[(3+4+2+45)+1+2(3)—3+2(-2)] (mod7) o, 4O)+1-(6+12) (mod 13)
' 1+ 3(6)
—2(35—74
25. % (mod 19)
For Exercises 2644, solve the linear equation.
26. Tx +10=3 A27 6x+T7=2

A28 (2+i)z+ (5—Ti)=3—4i 29. (i2 — 9)z — 2(2 — 3i) + 5 = —6a + 25 + 6
30. 3z +7=5 (mod 5) A3l 24+ 1=0 (mod 2) A 32. 22+ 3 =4 (mod 5)

A 33 3c+2=1 (mod 7) A 34. 52+ 1=4 (mod 11) 35. 420z — 7 =98 (mod 11)
36. 2z +5=0 (mod 7) 37. 14z + 12 = 124 (mod 6) 38. bz —25 =71 (mod 14)
39. 2z —4 =14 (mod 7) 40. 3(2—4(x+1)) = 27 (mod 3) 41. —20 — 4z = 40 (mod 4)
42. 5z +22 =15 (mod 8) 43. 6+ 2 =0 (mod 7) 44. (3 +10)z +2(7) +3 = 5(14) (mod 7)

@ 45. Show that the linear equation 2x + 3 =4 (mod 6) has no solution.
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“Your sacred space is where you can find yourself again and again.” — Joseph Campbell

1.3 Vector Spaces

In this section, we learn about vector and vector spaces. This revolves around algebraic operations of vectors,
namely vector addition and scalar multiplication. We discuss properties of these vector operations.

1.3.1 Vector Spaces

Now that we have learned about fields and linear equations, the next important linear structure should
discuss is that of linear combination. In order to define this, we first need a notion of a vector. We say that
a mathematical quantity is a vector if we can add two vectors together to create a third vector and we can
scale a vector by a scalar (hence the name). Vectors are distinct from scalars. While a scalar is a number,
a vector is more complicated than just a number. To distinguish the extra complexity of vectors, vector
quantities are denoted either in boldface font, such as u, v, or with an arrowhead above the symbol, such as
i, U. The following definition makes precise this notion.

Definition 1.3.1. A vector space over a field F' is a nonempty set V of elements, called vectors, on which
are defined two operations, called addition 4+ : V x V — V and scalar multiplication - : FF xV — V|
such that for all w, v, w € V and all scalars ¢,d € F, the following eight axioms hold:

(i) Additive Associativity: u+v=v+u (v) Left Distributivity: c¢(u + v) = cu + cv
(i) Additive Commutativity: (vi) Right Distributivity: (c + d)u = cu + du
(ut+v)+w=u+(v+w)
(iii) Additive Identity: There exists a vector (vii) Multiplicative Associativity:

0cV,suchthat u+0=04+u=1u c(du) = (cd)u
(iv) Additive Inverse: For each u, there exists (viti) Multiplicative Identity: lu = u
a vector —u € V, such that
u+(—u)=(—u)+u=0

1.3.2 Vector Examples

Example 1.3.2. In physics, a vector represents

a mathematical quantity with both magnitude

and direction, such as a force applied to an object.

Vectors are thus represented as arrows pointing in / /

the given direction and whose length represents v v

the magnitude of the vector. Physical vectors are

also free to move about in space, that is, this

exact location does not matter so long as their

length nor direction does not change. Therefore, /

the three arrows illustrated above v

represent that same vector v. Hence, the arrow is determined by the relative displacement of the head of
the arrow from its tails. These vectors can be added together by the so-called parallelogram rule: begin by
placing the tails of the two vectors w and v together, form a parallelogram whose parallel sides correspond

to u with a copy of u and v with a copy of v; the sum w + v is the unique vector which is the diagonal of
the parallelogram whose tail agrees with the tail of w and v, as displayed below left.

The second diagram shows that arrow addition is commutative, as the two paths from the tail of u + v
to head produce the same vector. In particular, the black, solid path comprises v +w while the gray, dashed
path comprises u + v, and both paths have the same starting and ending points. The third diagram likewise
demonstrates how three or more vectors are added together and why arrow addition is associative, as the
path following (u 4+ v) then w produces the same vector as the path following w then (v + w).
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The Parallelogram Rule ut+v=v+u (ut+v)+w=u+ (v+w)

The zero vector 0 would be simply a point in space, that is, the vector with no magnitude nor direction.
Notice that adjoining a point to the head or tail will neither lengthen the arrow nor turn it. Thus, v+0 = v.
Additionally, given a vector v, —v is defined as the arrow with the same length but pointing in the opposite
direction. It holds that v + (—v) = (—v) + v = 0.

v —v

We define scalar multiplication of arrows by multiplying the length of the arrow by the scalar (and switching
directions if the scalar is negative). Clearly, lv = v, since the length of the arrow is unchanged, and
c(du) = (cd)u, since stretching a vector by a factor of d then stretching by a factor of ¢ as the net affect of
stretching the arrow by a factor of cd. It is left as an exercise of the reader to prove that two distributive
laws. Therefore, the set of arrow in space forms a vector space under these operations. [

Example 1.3.3. Another type of vector is an array of numbers. Let F' be a field. Then a column vector

1

is an array of m scalars from F' such that the array is oriented vertically, e.g. v = | 2 |. A row vector

3

likewise is an array of n scalars such that the array is oriented horizontally, e.g. v = (1,2,3). Our notation
of a row vector agrees with the commonly used notation for coordinates of points in Cartesian geometry. As
such, we naturally identify these arrays of scalars with points in space. The difference between row vectors

and column vectors is purely notational, and we will use the two notations interchangeably.! The order of
the scalars in the array does matter, e.g. (1,2,3) # (2,3,1).

Let F™ denote the set of all column vectors with n entries coming from the field F', for example, for

1

'From a vector perspective, the notion of a column vector | 2 |, a row vector [1 2 3], and a geometric point (1,2, 3) are all

3

the same. Why have different notations then? In other contexts, it is helpful to distinguish between them. In calculus or physics,
a distinction between points and vectors (aka arrows) is sometimes desired (although often unnecessary). Thus, points have
their usual notation and arrows are given a different notation, which may include the column or row vector notation we have
already introduced or some other notation that we will not use here, e.g. (1,2,3). As arrows can be moved anywhere in space
without changing their value, the vectors are often placed in standard position, meaning its tail is on the origin. Then the head
of the arrow is a unique point in space which characterizes this arrow. This standard representation of the vector, sometimes
called its algebraic form, is very desirable as the algebraic computations are far simpler their their geometric counterparts. For
this reason, we see not strong reason to distinguish between arrows in space and the coordinates that they are pointing at. The
only perspective that we will distinguish between a column vector and a row vector herein is when we consider them matrices,
such as in Chapter (ii). This may be imperative for matrix operations, such as multiplication. Under the matrix perspective,
a column vector is just an n X 1 matrix, and a row vector is just a 1 X n matrix.
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Addition of column vectors is component-wise, that is, scalars in the corresponding positions are added
together:

u+v=

Uy

U2

Un

U1

V2

Un

w1 + v

Uo + Vo

Up + Vn

For scalar multiplication, every component is multiplied by the scalar, that is:

C = C

x1

€2

Tn

CX1

CT2

Ty

(1.3.1)

(1.3.2)

Here the zero vector 0 is the array of all zeros and —v = (—1)v. We show that this definition of vector
addition satisfies the additive associativity axiom:

U1

U2
u+ (v+w)=

x
Q
[\v]
_|_
<
no
~—
+
S
V)

(tun + vpn) + wy)

U1

V2

Un

U1 + U1

U + Vo

Uy + Upn

wy

w2

Wn

Wn,

Uy

U2

Un

U1

U2

Un

V1 + wq

v2+w2

Up + Wy

U1

U2

Un

uy + (v1 + w)

ug + (v2 + w2)

Wn,

— (utv) +w,

iiThe combined notations of the set Zp, which is a field whose subscript defines the modulus, and the vector space F™,
whose superscripts defines the number of entries in each vector, conveys information about the vector space Zj. For example,

Zg denotes the vector space whose vectors comprise of five elements in the array that are integers congruent modulo 3, e.g,

1

2

0 |- Note that no integer in Z%3 ever needs to be greater that 2 or smaller than 0, as all those integers are reducible modulo

2

1

. Hence, Zg contains exactly 3% = 243 distinct vectors. In general, the vector space Zy, will contain exactly p" many vectors.
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where the marked equality (x) follows from the additive associativity of the field F. The remaining axioms
of a vector space are left as an exercise to the reader. Therefore, F™ is a vector space, the one we will place

the most focus on in this text. [
6 -3
Example 1.3.4. Letu=| 2 |,v= 0 | € R%. Then
2 5
6 -3 6—3 3
utv=| -2 |+ 0= —240 | =] =2
2 5 245 7
-1
104
Ifv= 3 | € R?, then
\ )
~.\ 50
\\ v = 31
' \ 2 ~1 -3
. 3v=3 3| = 9 [
2 6
5L
-10{
1.3.3 Linear Combinations
Definition 1.3.5. Given vectors vy, vs,...,v, € F and scalars ¢y, co,...,c, € F, the vector  given as
T =ClV1 +CVy + ...+ Crv,
is called a linear combination of v{,vs,...,v, with coefficients ci,cs,...,c,. We say that the linear

combination is an affine if ¢; +¢o + ... + ¢, = 1. Further, we say that an affine combination is convex if
additionally ¢; > 0 for all 4.
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A linear combination is a way of combining vectors using addition and scalar multiplication. These vec-
tors operations, of course, depend entirely on the field of scalars.

Example 1.3.6. Let us simplify the following linear combinations over the vector spaces C? and Z3,
respectively.

3 2+ 6 —1+2 6+ (—1+ 2i) 5+ 2i
(a) 2 +i = + = -
i 3+ 54 2i —54 3¢ 2i 4+ (=54 31) -5+ 5i
0 1 1 0 2 2 0+2+2 4 1
®) |1 |+2]1|[+2]o0o|=|1|+|2|F|0|=|14240|=|3|=]|0| (mod3). m
2 1 2 2 2 1 2+2+1 5 2

Vectors can also be many other things, like matrices, functions, sequences of numbers. Even linear equa-
tions can be vectors.

Example 1.3.7. Let V be the set of linear equations with n variables, say x1, x2, ..., x, with coefficients
coming from the field F. For example,

x4+ ... +cpTy = b
is an element of V for cy,...,c,,b1 € F. Likewise, if

dix1+...+dyx, = by
is another linear equation in V, then

(61561 4+ ...+ CnTy = bl)

+ (dlxl + ...+ dpTn bg)
(Cl —+ dl)xl + ..+ (Cn + dn)xn = (bl —+ bg)

Note that ¢; + d;, by + by € F for all i. Thus, the sum of equations is a member of V', that is, it is a vector
too. Similarly, if @ € F', then ¢1z1 + ... 4+ ¢z, = b1 scaled by a is the linear equation

(ac1)x1 + ...+ (acy)x, = (aby).

As ac;,aby € F for all 4, this equation is likewise a vector. Therefore, V' is a vector space. Let Ey, Es, ..., E,, €
V be a list of linear equations with common solution & € F™. Then x is a solution to any linear combination
a1E1 +a2E2+...—|—amEm. | |

Theorem 1.3.8. The following properties hold for any F-vector space V. Let w € V and c € F.
(i) The zero vector 0 in V is unique. (ii) The additive inverse of u is unique.
(#ii) Ou = 0. (iv) c0 = 0. (v) —u=(-1)u.
Proof. (i) Suppose there is a vector 8 € V such that 6 + v =v + 0 = v for all v € V. Then
0=0+60=06.

Therefore, 0 is the unique vector with this property.
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(i) Like the last property, suppose that w4’ € V has the property that w + v’ = 4w’ +u = 0. Then
vW=u+0=u+(u+-u)=W+u)+-u=0+-u=—u.
Therefore, —u is the unique vector with this property.
(iii) First,
Ou = (04 0)u = Ou + Ou.
Adding —0wu to both sides of the equation gives 0 = Ou.

The remaining parts are left as exercises to the reader.

21
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Exercises (Go to Solutions)

For Exercises 1-1, determine with the statement is true or false. If false, correct the statement so that it is
true.

1. For any vector space V, ) € V.

For Exercises 2-27, simplify the linear combination.

1 0 - 5 -9 0 3 1 0 1
2.3 -5 . + + ]
9 3 _7 6 _93 4. 5|1 9 | +3| 2 | +4]| 1
4 1 1
—1 0 3 3 5 0 3 1 2
A5 3 o|+2lo0|—-2|4 6. [ 2|+ 8 |+]0 7. -1 o |+|2|+3] 4
L 1 1_ _0 1 10 5 1 4 1
3 8 —2 1 5 1 3 4
8. 7|0 |+2| =3 |-3| =2 9.8 4 |+2]0|—-4]0 10. 7| —7 +§ 3
| 2 5 | | 0 3 4 1 3 7
4 2 1 1
11. 3| 2 | +4| 6 | —2]| 3| +5]| =1
5} 1 5 2
3 T+ 1 3+ 4
12. (2 + 5i) — (3 —2i) & 13, (3+2i) —(1—2i)
4 6+ 2¢ 2 141
1+ 24 2 1+2:
14. (2414) + 15. (24 4i) —(3—2i)
) 142 3 2—1
1—1 3+1 1 2 1
16. (1+414) —(1—1i)
241 4—i 17.(1=4) | 2 |+|3|—-02+3)] 4
—1 ) 2
3 14 3¢ 2 1 1
19. 2 - +2 (mod 3)
18. (445i) | 5 [ +(3—21) | 2—3; 1 0 1
2 2+ 50
3 5 1 1 1
20. —10 + (mod 7)
5 6 a21 | o |+ |1 |+|1]| (mod2)
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1 1 1 3 4 0
22.6 3| +2|1|+]|1 (mod 3) 23. 4|+ 1|+ 1 (mod 5)
4 5 1 3 1 1
1 3 0 1 2 1
24.2 2 | +3| 2 | +4| 1 (mod 5) 0 3 )
A 25 4 +2 + (mod 5)
3 1 0 0 1 3
2 0 4
-1 1 2 4 0 1
2 2 3 2 1 1
26. 3 -2 + (mod 5) 27. +2 +3 (mod 5)
-3 2 0 3 4 2
0 1 1 1 3 3

& 28. Prove parts (iv) and (v) of Theorem 1.3.8.

# 29. Let P, = {ap + a1z + aza® + ...+ an2™ | ag, a1, as, . ..,a, € F} be the set of polynomials of degree at
most n and coefficients from a field F'. Show that P, is a vector space, hence we may view polynomials
as vector quantities. (More specifically, show that the sum of two polynomials is again a polynomial
and the scalar multiple of a polynomial is likewise a polynomial, similar to the method introduced in
Example 1.3.7).

Note that the way we defined vector addition and scalar multiplication over F™ is essentially the only way
to do it to guarantee the vector space axioms. For Exercises 30-33, we will redefine scalar multiplication
over I (and keep vector addition the same). Find a counterexample for why this alternative definition of
scalar multiplication fails at least one vector space axiom or property and hence does not produce a genuine
vector space. Answers may vary.

_ajl_ _xl -xl_ _cxl-
# 30. Redefine scaling: ¢ | 2o | = | o # 31. Redefine scaling: ¢ | 2o | = | 29

L *3 ] L ¥3 | T3 ] | T3 |

—xl- _—cxl _ml_ —O_
# 32. Redefine scaling: ¢ | 2, | = | —cao # 33. Redefine scaling: ¢ | 2o, | = | czo

| 3 | | —cas KN | cx3 |
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“Don’t spend time beating on a wall, hoping to transform it into a door.” — Coco Chanel

1.4 Linear Transformations

The next important linear structure we have seen before (primarily in calculus) is the notion of a linear
operator or a linear transformation. This is a function on vectors which preserve linear combinations.

1.4.1 Linear Transformations

Definition 1.4.1. Let X and Y be vector space over a field F. A function T : X — Y is a linear
transformation if:

(i) T(u+v)=T(u)+ T(v), for all vectors u,v € X;
(i) T(cu) = cT'(u), for all vectors Vu € X and scalars ¢ € F.

Recall that X and Y are called the domain and codomain of T, respectively. For any & € X, we call
T(x) the image of Tx, and we call im(T") = {T'(x) | * € X} (the set of images) the image (or range)
of T. The kernel of a linear transformation 7" is the set of vectors which map to the zero vector, that is,
kerT = {x | T(x) = 0}, denoted ker(T).

Example 1.4.2. In calculus, there are many linear operators. For example, the derivative is a linear
transformation since

d

7@+ 9 = @)+ lg@)]  and

d

[ef ()] = c—=[f(x)].

a
dx dx

Note that ker () is the set of constant functions. Likewise, limits are linear operators:
x

lim [f(«) + g()] = lim [f(@)] + lim[g(@)] ~ and  lim[ef(2)] = e lim [f ()]

Tr—a r—a r—a r—a r—a

Likewise, antiderivatives, definite integrals, indefinite integrals, and series are all linear operators on func-

tions. Linear algebra was everywhere in calculus, we just didn’t know it! [
Proposition 1.4.3. Let T : X — Y be a linear transformation. Let ©1,..., ¢, € X and ¢1,...,¢c, € F.
Then

T(clml + ...+ cn:cn) = ClT($1) + ...+ CnT(CCn) (141)

The converse also is true, that is, T is a linear transformation if it preserves linear combinations. In
particular, T(0) = 0.

Example 1.4.4. Consider the function T : R3 — R? given by the rule T(z1, 22, 23) = (21 + 222, 73 — 322),
or in vector notation as:

Z1
T + 229
T T2 -
xr3 — 3.’E2
T3

This is a function which takes a vector in 3-space, such as (1,2,3), and maps it onto a vector in 2-space,
namely 7'(1,2,3) = (14+2(2),3—3(2)) = (5, —3). But more than just a function that sends 3D vectors onto
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2D vectors, this function preserves the structure of the vector space R? as it maps onto R?. This function
is a linear transformation since

Ty (7 ary + by
(ax1 + by1) + 2(azs + by2)
Tla| a | +0] y =T | ara+byy | =
(azs + bys) — 3(axs + bya)
T3 Y3 axs + bys

r T n
x1 + 229 Y1+ 2y2
a + b = CLT To + bT y2
23 — 329 Y3 — 3Y2
- T3 Ys
xr1 + 2:]']2 0
We next compute the kernel of T. Suppose T'(x) = 0. This implies that =
T3 — 3To 0

Comparing components, we find two linear equations z1 4+ 2z = 0 and x3 — 3xz3 = 0. Together, this forms
a homogeneous system of linear equations.

1 + 2x9 =0
— 3x9 + 23 = 0.

If we attempt to solve this system, we could use the method of substitution. Note we can solve for ;1 in the
first equation, which gives x1 = —2x5. Likewise, we can solve z3 in the second equation and find z3 = 3xs.
What we see now is that x; and x3 are determined by our choice of x5 and there appears to be NO restriction
on our choice of x5, that is, we may choose it freely. For example, if x5 = 1, it would mean that z; = —
and z3 = 3, that is, 1 and x3 are dependent on x5. Note that

-2
S (-2)+201) | _ | -2+2 | |0 o
(3) — 3(1) 3-3 0
3

Thus, this vector is in the kernel. In fact, the solution set to this system is exactly the kernel of T'. If we let
r9 = t, some free parameter ¢, then we see that

—2t —2 2
kerT = t teR)=<t 1 t € R » = Span -1
3t 3 -3
x
1
Is the vector b = in the image of T'7 If so, there would be a vector £ = | z, | such that
2
x3
x1 + 229 1
T(x) = b. But this implies that = . Again, this vector equation implies two linear
xr3 — 31’2 2

equations, namely, 1 + 2z = 1 and —3x3 + x3 = 2, which as a system of equations is

T, + 29 =1
— 3x9 + 3 = 2.
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Again by substitution, we see £1 = 1 — 29 and x3 = 2 + 3z5. Thus, if 5 = 0, we get that

1
1+4+2(0 1
2 —3(0) 2
2
Therefore, yes, b € imT'. Of course, many other choices of & were possible such that T'(x) = b. [

Notice that the components of T'(x) in the previous example are linear combinations of the components
of the input vectors, that is, each slot in T'(x) is a linear combination of the variables 1, zs,... It can be
shown that a function T : F™ — F™ is a linear transformation if and only if the components of T'(x) are
linear combinations of the components of . Another takeaway from the previous example is that computing
the kernel or image of a linear transformation resulted in solving a system of linear equations. This is no
coincidence and we will discuss solving systems of linear equations more in the next sections.

5a + 2¢
Example 1.4.5. Consider the function T : Py — R? given by the rule T'(az? + bx + ¢) =

—a+c
Let f(x) = a12® + b1x + ¢1, 9(x) = agx? + byx + c3 € P and r € R. Then

T(f(z) + g(x)) = T((a12* + bz + c1) + (a22® + baz + ¢2)) = T((a1 + az)x® + (by + b2)x + (€1 + ¢2))

_ 5(ar + a2) + 2(c1 + ¢2) _ (5a1 + 2¢1) + (5az + 2¢2) _ 5a1 + 2¢1 N 5a + 2¢o
—(a1 +az) + (c1 + c2) (—a1+ec1) + (—az + c2) —a1 + ¢ —az + ¢
=T(a12* + bz + ¢1) + T(azx® + bax + c2) = T(f(x)) + T(9())
and
T(rf(z)) = T(r(a1z® + bz + c1)) = T((ray)z?® + (rby)z + (re1))
5(rai) + 2(req) r(5ay + 2¢1) 5a1 + 2¢;
—(ra1) + (re1) r(—a1+c1) —ay + 1
rT(ar2z® + bix + 1) = rT(f(x)).

Therefore we see that T is a linear transformation between the vector spaces P» and R2.

5a + 2c¢ 0
To find the kernel of T, we must solve the vector equation = , which corresponds to
—a-+c 0
: 5a + 2¢ =0 : o .
the linear system N 0 We solve this system by elimination. Scale the second equation by 5 and
—a c =0.

add together the resulting equation with the first equation. This gives 7c = 0, which implies that ¢ = 0. The
original second equation —a + ¢ = 0 implies that a = ¢. Hence, a = 0 likewise. What about the coefficient b?
The map T seems to “forget” about the coefficient b, that is, the calculation of the image T'(ax? + bx + ¢) is
independent of the coefficient b. The above linear system is actually a system with two equations and three
unknowns, although none of the equations place any restriction on the coefficient b. Hence, a = ¢ = 0 are
dependent variables and b is a free variable. Therefore, kerT' = {bx | b € R} C Ps.

Sa + 2c¢ T
To find the image of T', we consider the general vector equation = , which corresponds

—a+c Y
5a + 2¢ =

x
to the linear system { n Reducing this linear system by the same elimination technique as we did
—a c =y.
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) 5 -2
with the kernel, we get 7c = x+5y or ¢ = s y. Since a = ¢—y, we also get that a = z —; Y —y = L - y.
3
For example, if we wanted a polynomial which mapped onto via T, we could select f(z) = 42 + 3
1
(like we saw in the kernel calculation, the coefficient b is meaningless via this transformation). In particular,
imT = R2. [

1.4.2 Surjective and Injective Transformations

Definition 1.4.6. A mapping 7' : X — Y is said to be onto (or surjective) if for each b € Y there is at
least one & € X such that T(x) = b, that is, the codomain and range of T are the same.

A mapping T : X — Y is said to be one-to-one (or injective) if for each b € Y there is at most one
x € X such that T(x) = b, that is, T'(u) = T'(v) implies that u = v.

A mapping T : X — Y is said to be invertible (or bijective) if for each b € Y there is exactly one
x € X, that is, T is one-to-one and onto. In particular, there exists another linear transformation S : Y — X
such that SoT =1d and T o S = Id, where Id is the identity function = — .

Proposition 1.4.7. Let T : X — Y be a linear transformation. Then T is one-to-one if and only if
ker T'= {0}. Additionally, T is onto if and only if imT =Y.

Example 1.4.8. In Example 1.4.4, we see that T' is not one-to-one since the kernel is nontrivial, that is,

2
both 0 and | —1 | have the same image.
-3

We can determine whether T is onto by determining if a generic vector in R?, say b = (by, by) is an image
of some vector & € R3. Now this becomes a vector equation:

T
by r1 + 229 b1 T1 + 229 = b
b2 Tr3 — 3.732 b2 T2 + T3 =02
z

Treating xo as a free variable and setting it equal to 0, we see that z; = by and z3 = by. Therefore,
T(b1,0,b2) = (b1,b2) = b. As b was no specific vector in R?, but, in fact, a generic vector, this shows that
any vector in R? can be the image of a vector from R? via T, that is, T is onto. "

Example 1.4.9. Consider the linear transformation T': Z3 — Z3 given by the rule:
(x1, 22, 3) = (T1, T2, 73, 71 + T2 + T3).

This time, if T(x1,z2,23) = (0,0,0,0) then 21 = 5 = 23 = 0. Thus, kerT = {(0,0,0)}. Therefore, T
is one-to-one. On the other hand, consider b = (1,1,1,0). If b € imT, then 27 = 25 = 23 = 1. But
¥1+x2+ 23 =1 # 0. Thus, b # T(x) for any = € Z3. Therefore, T is not onto. Note this linear
transformation determines an error detecting code, because if an error occurred in any of the first three bits
then the sum of the first three transmitted bits would not add up to the last bit. [
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Exercises

For Exercises 1-2, use the transformation
T : R? — R3 given by the rule:

-3
1. IsT(u+v) =T(u) + T(v) for u =
1
2
2. Is T'(cv) = ¢T'(v) for v = ,c=—37
4

For Exercises 3-7, use the transformation
T : R? — R3 given by the rule:

T(z,y) = (z +y,0,2x + 3y).

# 3. Show that T is a linear transformation.

& 4. Compute T'(1,2) and T'(5, —2).

& 5. Compute kerT.

M 6. Isb=(1,0,1) in the image of 77 Explain.

& 7. Determine whether T' is one-to-one, onto, or
neither.

For Exercises 13-18, use the transformation
T : R3 — R? given by the rule:

T(z,y,z) = (x+y—2z,—y+ 2).
13. Show that T is a linear transformation.
& 14. Compute 7(1,2,3) and T(1,0, —2).
15. Is (3,3,3) € ker I'?
# 16. Compute ker T'.
& 17. Is b= (3,—1) in the image of T? Explain.

# 18. Determine whether T is one-to-one, onto, or
neither.

(Go to Solutions)

For Exercises 8-12, use the transformation
T : R3 — R? given by the rule:

Ty
xr1 + I3
T xz -
x1 + 39
T3

8. Show that T is a linear transformation.

0 1

9. Compute T | o [ and T | 1
0 2

10. Compute kerT'.

11. Is b = in the image of T'? Explain.

1

12. Determine whether T is one-to-one, onto, or
neither.

For Exercises 19-21, use the transformation
T : R3 — R3 given by the rule:

T(x, Y, Z) = (22 + Y, 2z + 47 _2y)
19. Compute T(1, 3, 2).
20. Is b= (1,6, 2) in the image of T? Explain.

21. Show that T is NOT a linear transforma-
tion.
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For Exercises 22-24, use the transformation
T : R3 — R? given by the rule:

T(x,y,2) =(2,5).

22. Show that T is NOT a linear transforma-
tion.

23. Is b= (3,2) in the image of T? Explain.

24. Determine whether T is one-to-one, onto, or
neither.

For Exercises 30-30, use the transformation
T : Z3 — Z3 given by the rule:

T(z,y) =2x+y (mod 3).

30. Compute T'(1,2) and T(5, 2).

For Exercises 33-35, use the transformation
T : F™ — F given by the rule:

29

For Exercises 25-29, use the transformation
T : Z3 — Zs given by the rule:

T(x,y,z,w)=x+y+2z+w (mod2).
25. Show that T is a linear transformation.
& 26. Compute 7'(1,0,0,1) and T7'(1,0,1,1).
# 27. Compute ker T'.
& 28. Is b =1 in the image of T7 Explain.

# 29. Determine whether T is one-to-one, onto, or
neither.

For Exercises 31-32, use the transformation
T : Z} — Z3 given by the rule:
r+2y+z
T(v,y,2) = | 22+ 2y+22 (mod 5).
3z 44y + 3z
31. Compute T'(1,0,1) and T'(1,2, 3).
32. Is b= (2,4, 3) in the image of T? Explain.

T(z1,22,...,Tn) = @121 + @22 + ... + apy,

where F'is a field and ay,as2,...,a, € F.

33. Show that T is a linear transformation.

34. Is it possible to determine if 7" is one-to-one with this information? Why or why not?

35. Is it possible to determine if 7" is onto with this information? Why or why not?

36. Prove Proposition 1.4.3.

37. Prove Proposition 1.4.7.
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“When you put your hand to the plow, you can’t put it down until you get to the end of the row.”
— Alice Paul

1.5 Augmented Matrices

In this section, we introduce matrices to encode linear systems. We begin to find an effective algorithm for
solving linear systems. The three Elementary Row Operations will be the basic techniques used to solve linear
systems. In the elementary row operations, we refer to equations as “rows” for reasons that will be more
clear by the end of this section.

1.5.1 The Elementary Row Operations
Elementary Row Operations'

1. (Replacement) Replace one row by the sum of itself and a multiple of another row.
2. (Interchange) Interchange the order of any two rows in the system.

3. (Scaling) Multiply all scalars in a row by a nonzero scalar.

We say that two systems of linear equations are row equivalent if there is a sequence of row operations
that transforms one system into the other.

Theorem 1.5.1. Two linear systems are equivalent if and only if they are row equivalent.

Example 1.5.2. Solve
T, — 220 +2x3 = 0

2x9 — 8xr3 = —8
74561 + 6:62 + 2I3 = 10

using row operations.

We begin by replacing Row 3 with
(Row 3 + 4 * Row 1). This gives: Ty — 2x2 + 273 = 0
2.’EQ — 81’3 = -8
— 2z9 + 10z3 = 10
Next, we scale Row 2 by a factor of 1, which gives:
2 Ty — 229 + 223 = 0
o — 4303 =—4
— 2LE2 + ].Oifg = 10

IThe elementary row operations come by many names, and many texts never give them names are all. The replacement
operations is sometimes called row addition or row combination because it consists of adding a multiple of a row to another
row. The interchange operation is sometimes called row swap or row switch for obvious reasons. Finally, the scaling operation
is often called row multiplication because we multiply both sides of an equation by a nonzero constant. The naming scheme
used here for the elementary row operations follows the scheme used by Lay [?]. We prefer this naming scheme for two reasons.
First, students will remember them better and be able to talk with their classmates about them more easily when they have
short, simple names. Second, we will eventually see that these three elementary operations correspond to many concepts in
linear algebra, including elementary column operations. For this reason, it is preferable to have names which do not use the
word “row.”
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Lastly, we replace Row 3 with

(Row 3 + 2 * Row 2), which gives: T1— 222 + 203 = 0
To — 41’3 =—4
21‘3 = 2

At this point, we recognize that we have solved for z3, that is, x3 = 1. Substituting this into Row 2 gives
X9 —4dxs=—-4 = ax9=-4+4+4r3=—-4+41)=-4+4=0.
Now we have solved for x5. Lastly, we use these values to solve for xy:
1 =202 +2x3=0 = x1=222—223=2(0)—-2(1)=0-2=-2.

Therefore, (x1,x2,23) =|(—2,0,1) |is the unique solution to the above system. n

1.5.2 Augmented Matrices

Definition 1.5.3. If m and n are positive integers, an m X n matrix is a rectangular array of scalars with
m rows and n columns. Note that the numbers of rows always comes first.

For example,

—_
[\
w

is a 2 x 3 matrix over R.

The essential information of a linear system
can be recorded compactly in a matrix. Consider X1 — 2wg + 223 = 0
the system from the previous example 2z — 83

—4x1 + 629 + 223 = 10

I
|
o

Aligning similar variables into columns, we create

the coefficient matrix 1 -2 2
0 2 -8
-4 6 2

and the augmented matrix

0 2 8| -8

Example 1.5.4. Solve the following system of equations:

3re + 33 = 11
2x1 — 3x9 + 3x3 = —4
xr1 + X2 + 4%3 = 3

using the augmented matrix.
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The augmented matrix is:

Now, the row operations for linear systems work
on augmented matrices as well. Interchanging
Row’s 1 and 3 gives:

Next, replace Row 2 with (Row 2 — 2Row 1),
which gives:

1
Next, scale Row 2 by —% to get:

Finally, replace Row 3 with (Row 3 — 3Row 2),
which gives:

This implies that

INTRODUCTION TO LINEAR ALGEBRA

_0 3 3 11_
2 -3 3|4
_1 1 4 3_
_1 1 4 3_
2 -3 3|4
| 0 3 3| 11 |

1 1 4] 3
01 1] 2
0 3 3|11
1 1 413
0 1 1|2
0 0 0|5

T, + x9 + 43 = 3
To +x3 =2
0 =5

which is impossible. Therefore, the system has no solution, that is, the system is . [

1.5.3 Echelon Forms

Definition 1.5.5. In a matrix, we say a row is a zero row if all scalars in this row are zero. Otherwise,
we call it a nonzero row. In a nonzero row, we say the leading entry of the row is the leftmost, nonzero

entry in the row.

A matrix is in (row) echelon form if it has the following three properties:

1. There is no zero row above a nonzero row.

2. Each leading entry is in a column to the right of the leading entry of the row above it.

3. All entries in a column below a leading entry are zero.
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Essentially, 1. requires all zero rows to be at the bottom of a matrix in echelon form. Additionally, 2.
and 3. require there exists a downward staircase of zeros in the lower left of the matrix, hence the name
echelon.

A matrix in echelon form is in (row) reduced echelon form (or RREF) if additionally:
4. The leading entry in each nonzero row is 1.

5. All entries in a column above a leading entry are zero.

When considering whether an augmented matrix is in (row reduced) echelon form, consider only those
columns to the left of the vertical line. That is, an augmented matrix is in (row reduced) echelon form if
and only if its coefficient matrix is.

A pivot position, or simply just a pivot, in a matrix is a location that corresponds to a leading entry
in one of its echelon forms. A pivot column (or row) is a column (or row) that contains a pivot position.
The number of pivots of a matrix A is called its rank, denoted rank(A).

A priori, we do not know the locations of the pivots in a matrix, but we can easily see them when
the matrix is in echelon form. Now if two matrices are row equivalent, then their pivot positions will be
the same. Thus, it will be highly useful to be able to compute echelon forms row equivalent to given matrices.

Example 1.5.6. The following two matrices are in echelon form:

i 2-5i| 3 0 0|-3
0 0 214 and 0 0] 0
00 0 5 0 0 4

The first matrix is NOT in row reduced echelon form, since there are nonzero entries above the pivot in the
third column. The second one is and the first three columns are pivot columns. The first matrix has rank 2,
and the second has rank 3. n

Solving systems of linear equations when in echelon form is very simple. Solve first for the equation
involving one variable. Substitute this assignment of the variable into the linear equation involving two vari-
ables. Solve for the remaining unknown. Plug these two assignments into the equation with three unknowns.
Repeat this process as necessary. This technique is often called back-substitution.

Example 1.5.7. Solve the following linear systems from their augmented matrices which are in echelon
form.

(a) Examining below the echelon matrix and its corresponding system of linear equations, we see that we
can easily solve this system. Starting with the third equation, we get that z = 5. Substituting this into
the second equation, which depends only on y and z, we get y = —46+82z = —46+40 = —6. Finally, we

1 1 4
substitute these values into the first equation and get z = i(y —32+25) = 5(76 —15+425) = 5= 2.

Therefore, the unique solution to the system is | (2, —6,5) |.

20 — y+ 3z =125
0 —1 8|46 ~ -y + 8z =46
152 =175
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(b)
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This augmented matrix is in row reduced echelon form. In terms of the linear system, the system is
already solved, and the solution corresponds to the augmented column of the matrix, that is, | (3, —5, 3)
is the unique solution to this linear system.

100 3 r = 3
01 0[-5 ~ y =5

z= 3
00 1| 3

The final equation in this system is an identity which is true for all assignments of the variables. It
neither adds or takes away any restrictions on the solution set. In fact, this equation could be removed
without changing the solution set. Because the system essentially has two equations but three variables,
it must be true that at least one of the variables is free.

10 =32 1 — 31’3 =2 xr1 = 2+ 31’3
0 1 317 ~ To + 33 =7 ~ To =7 —3x3

0 =0 T3 = any number
00 0]0 3 Y

Notice that the equation 0 = 0 places no restriction on the variables. It could be removed without
altering the solution set. Thus, there is no restriction placed on x3, that is, x3 could be freely assigned
any real number ¢. This is what we mean by calling z3 a free variable. Upon choosing any such number,
x1 and x9 are determined by their relation with xzg, that is, their assignment is restricted by equations

1 and 2. Thus, this system has multiple solutions, whose general form is ’ (24 3t,7—3t,t) ‘

Whether there is a free variable or not in the a linear system is relatively easy to determine once
you know how to look for it. In particular, dependent variables correspond to pivot columns of the
augmented matrix, and free variables correspond to the remaining columns, the so-called non-pivot
columns.

Theorem 1.5.8. A linear system has multiple solutions if and only if it is consistent and have at least
one non-pivot column. These non-pivot columns will correspond in a one-to-one manner with the free
variables of the linear system.

Examples like the previous one sometimes give the false narrative that multiple solutions occur only
when the linear system contains the identity 0 = 0 in some echelon form. This is patently false.
Consider the following overdetermined system (more rows than columns) below. The linear system
contains two rows of zeros but has a unique solution, namely (5, —2).

_1 0 5_
0 1|-2
0 0| O
0 0| O

On the other hand, an underdetermined system (more columns than rows) will necessarily have some
columns which cannot have any pivots, as the number of pivots is bounded above by the number of
rows and the number of columns. Thus, it MUST have at least one non-pivot column (see Proposi-
tion 1.1.8). This translates to mean that an undetermined system MUST have free variables, which
will provide multiple solutions if the linear system is consistent. For example, the below linear sys-
tem is underdetermined but has no row of zeros. Nonetheless, the third column is non-pivot, meaning



1.5. AUGMENTED MATRICES 35

that x3 is a free variable of the system. The general solution would then be (2,3 —2t,t) for any scalar ¢.

1] 1 2|5 [1] 0o of2 {xl =2 {x1:2
0o [1] 23 0o [1] 213 Ty + 223 =3

The false narrative that rows of zeros produce free variables in a linear system derives from the over-
exposure linear algebra students often get from n x n (square) linear systems. In this case, if there is
a row of zeros then the square system devolves into an undetermined system which has a free variable.
The multiple solutions follow, not from the row of zeros, but from the non-pivot column(s).

To =3 - 21‘3.

The third equation gives a contradiction, since there is no choice of variables such that 0 = 8. This

tells us that the linear system is .

1 0 —-1]1

T — I3 =1
0 2 4|4 ~ 29 + 43 =4
0 =8

0 0 0|8

Theorem 1.5.9 (Rouché-Capelli Theorem). A linear system is inconsistent if and only if it contains
a row of the form

[00...0b} (b#0)

in some echelon form of the matriz. If the linear system is consistent, then the solution is unique if
and only if the system has no free variables. [
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Exercises

CHAPTER 1.

INTRODUCTION TO LINEAR ALGEBRA

(Go to Solutions)

For Exercises 1-5, each of the augmented matrices are in echelon form. Identify the pivot positions and

which variables, e.g. 1, x2, T3,..

0 1

2 1 4

0 01 3 5

-1

0

., are free variables in the associated linear system.

021 3|0

001 2|0

0 0 0 4|0

For Exercises 6-30, identify if the matrix is in echelon form and if it is in row reduced echelon form. If in

echelon form, identify the pivot positions and the rank of the matrix.

13. 0 0

16. 0 0

19. 0 0

0 1
7.

0 0

1

0 10 [3

0

0 11 {1

0

0 1
14.

0 0

0

-5 0 5
17.

0 2 0

0 0

6|2 1

3|4 &2 |0

116 0

2 0 -3
0 1 )
—245}
23456]

12.

15.

18.

A 21
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(123 4|5 ] (103 05| (10 3 45
A22. 10 0 0 02 #2101 7 09 M24 10 1 7 89
|0 6 7 8|9 | (000 12| (00 0 02
(100 4|5 ] 11 1] (1 1 oz| 2
#2510 01 0|2 26. | 5 -1 2] -2 2710 2 1| 1
010 8|9 ] 3 -1 1| 3 (0 0 0| 1
_10%0 (00 00| (10 0 3|5
28.10 1 310 09 13 070 04
29. 30.
00 01 00 6|7 000 1[6
2 1 3|4 00000

For Exercises 31-31, write an augmented matrix in echelon form satisfying the listed conditions. Identify the
pivot positions. (Answers may vary).

31. rank 3, no zero rows, underdetermined

For Exercises 32-40, write the linear system as augmented matrix or vice versa.

4xo + 223 = 6 3r — y =0 a4 r+ y+z =1
32. ¢ 3x1 + dSx9+ 223 = 7 H» 33. — 2y = 5 ® 34 —2x — 6y + 2z =12
3r1 + 17z9 + 8x3 = 24 r+ Ty =13
— — — 3 -
10z — 7y + 2z — 4w =10 12¢ — 2y + 32+ “w =13 1 —2 _3|_4
35 3z +4y —3z2+ w =20 36 2
) e + 4z — 73 T3y - 22 =937 | o 1 2| 1
6y — 32 + 2w = 10 y+ 172 — 20w = 12 5 0 ol s
3 -2 -1 4 4 -1 -2 5|12 2 0 1 -9 3
a38. |1 0 3|-3 #39. | 3 0 015 0 9 21 25]-9
40. 14 -7 0 36| 67
0 0 0 2 1 0 0 0] O
- B 3 4 -7 19 2
_718 0 2 8 1_

For Exercises 41-53, perform the indicated elementary row operation(s) to the linear system or augmented
matrix.

2z + 2y = 5 2y + 5z =10 3r — y =0
41. r+ y— z = 1 h 42, r— y+3z2 =6 & 43. — 2y =5
-5y 4+ 4z = -1 20+ Ty — z = 0 r+ Ty =13

scale Row 2 by 3 interchange Rows 1 and 2 scale Row 2 by —1/2
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45.

46.

49.

' Y518

r+ y+z =1
-2z — 6y + 2z =12
Tt +y—2z =10
—x—y+ 72 = 5 (mod 11)
6x -z =3
1 3 113
01 7|1 47.
0 0 1]0
replace Row 1 with Row 1 + Row 3
2 3 4|6
1 2 213 50.
9 4 7|2
;eplace Row 1 with Row 1 - Row 2
0 0 0]2
3 2 1/4 | (modb) & 52
1 0 3|3

i_nterchange Rows 1 and 3

CHAPTER 1.

replace Row 2 with Row 2 + 2Row 1

scale Row 2 by %

0 0 0 0]0
1 2 3 4|5

2 0 0 017
replace Row 3 with Row 3 + 2Row 2

1 2 316
2 3 411

5 6 7|2
replace Row 2 with Row 2 - 2Row 1,

4 4 3 0|2

2 0 0 1|0 | (mod5)e

10 0 0(0
scale Row 1 by 4

48.

93.

INTRODUCTION TO LINEAR ALGEBRA

2 4 6 -24
01 3 5195

0 0 O 11
scale Row 1 by 1/2

replace Row 3 with Row 3 - 5Row 1,
replace Row 3 with Row 3 - 4Row 2

1 2 3 4|0

01 3 1]2 | (modb)

01 2 3|4
replace Row 1 with Row 1 - 2Row 2

For Exercises 54-58, identify the elementary row operation(s) which transform the first matrix into the second
matrix. Answers may vary.

o4.

56.

8.

3 20
9. | 5 4 1

70 1

1 -3

3 -8
57.

2 -2

-2 4

1 -2 0

5 41

3 20

-9 ] i 1 -3 0 -9 ]

—-21 0 1 2 6
7 0 4 9 25
10 0 -2 -1 =8

For Exercises 59-59, solve the linear systems, already in echelon form, using back-substitution.

99.

T+y+3z =9
y+4z =8

z =1
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60. Prove that row equivalent linear systems are equivalent, which proves one direction of Theorem 1.5.1.

61. Prove Proposition 1.5.8.

62. Prove Proposition 1.5.9.
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“A leader is someone who helps improve the lives of other people or improve the system they live under.”
— Sam Houston

1.6 Reduction of Linear Systems

In this section, we discuss algorithms that can be used to row reduce a matrixz into echelon form, from which
we can use the echelon form to solve the linear system associated with this matriz.

1.6.1 Gaussian Elimination

The key to solving linear systems is to row reduce the augmented matrix to an echelon form. To accomplish
this, conduct the following recursive process: identify the leftmost nonzero column. This becomes a pivot
column, with the pivot in the top position. If this pivot entry is zero, interchange the pivot row with any
nonzero row below it. Next, zero out each entry below the pivot by replacing this row with itself plus a mul-
tiple of the pivot row. Consider next the minor matrix where this pivot row and pivot column are removed.
Repeat this process on the minor matrix until an echelon form is obtained.

Algorithm 1.6.1 (The Forward Phase Algorithm).

Given an m X n matriz A.

1. Identify the next pivot column. Identify the leftmost nonzero column of A', if it exists. If so, label this
a pivot column, say C;, and place a pivot position in (1,7) position inside the first row Ry. If not,
return the m X n zero matric.

2. Place a nonzero entry in the pivot position, if necessary. If the pivot position (1,j) is nonzero, skip
this step. Otherwise, interchange Ry with the first row with a nonzero entry in the pivot column.

3. Zero out every nonzero entry below the pivot position. For each row R; below the pivot row, replace
s
Ri with RZ - R1.

a1y

4. Recuse on the submatrix where already determined pivot columns and rows are removed. If m > 1
and j < n, then replace the submatriz of A consisting of rows Ry through Ry, and columns C; through
C,, with an echelon by recursively calling the Forward Phase again. Then return the current matriz
which is in echelon form.

Returns an echelon form of A.

The Forward Phase Algorithm row reduction to echelon form of an augmented matrix coupled with the
technique of back-substitution to solve the reduced system is call Gaussian Elimination. This provides
an efficient procedure to solve linear systems.

Example 1.6.2. Reduce the matrix A to echelon form and solve the associated linear system using Gaus-
o o0 0 -2 3|-7

sian Elimination, where A= | —_92 _4 _—g 1 —11| -3
4 8 12 1 =2 16

We begin by identifying the leftmost nonzero column of the matrix, which is the first column of A. As
such, we place a pivot position in the first row of the first column. As this pivot position contains a zero value,

iIf A is an augmented matrix, then we only search for pivot columns before the partitioning line.
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we will interchange Rows 1 and 2, since Row 2 contains a nonzero value. (Note that the red double-arrow
below will be shorthand we commonly use to denote the interchange of two rows in a matrix.)

o] o o -2 3—7} 2] 4 -6 1 -1|-3
2 -4 =6 1 -1|-3|¥ ~| 0 0 0 -2 3|-7

4 8 12 1 -2 16 4 8 12 1 -2 16

Now we proceed to place zero values in the all the entries below the pivot position in Column 1 using Row
Replacement. As Row 2 already has a zero entry in Column 2 we may disregard it for now. To create a zero
entry in Row 3 we will replace Row 3 with Row3 + 2 - Rowl, as shown. (Note that red statement “(Row
i + cRow j)” written adjacent to Row i will indicate we are replacing Row ¢ with Row ¢ + cRow j. For
convenience and to avoid arithmetic errors, we write cRow j write above Row ¢ in red to indicate what values
we will add together to produce the next matrix in the row reduction.)

4 8 12 1 -2 16 (Row 3 4+ 2 Row 1) 0 0 0 3 —4 10

This completes the row reduction in Column 1. We now search for the next pivot position in the minor
matrix where Row 1 and Column 1 (the location of the first pivot) are ignored. We notice there are only
zero entries remaining in Column 2, so we skip this column. We do the same for Column 3. The leftmost
nonzero column is then Column 4. So we place the pivot in the (2,4) position. As this entry is already
nonzero, no interchange is necessary here.

-2 -4 -6 1 -1|-3
0 0 0 3| -7
0 0 0 3 —4/[10

Next, to remove the 3 below this second pivot we replace Row 3 with Row 3 + %Row 2. This is
demonstrated below.

-2 -4 -6 1 -1|-3 -2 -4 -6 1 -1| -3
0 0 0 3|-7|~| 0 o0 o0 30 -7
0 0 0 3 —4]10 0 0 0 0 1/2]-1/2

This completes the row reduction in the second pivot column. The third and final pivot would then be
placed in the (3, 5) position, as this is the leftmost nonzero column when Rows 1 and 2 and Columns 1-4 are
ignored. As there are no entries below Row 3, the row reduction is completed automatically.

-2 -4 —6 1 -1 -3
0 0 0 — -7

2 3
0 0 0 0—1/2

Finally, row reduction ends when we reach the end of the coefficient matrix. Thus, our matrix is in echelon
form. In order to solve the associated linear system, we will rewrite the augmented matrix as a system of
equations and solve by back-substitution.

—2x1 — 4x9 — 613 + T4 — x5 = —3
— 2x4 + 35 = —7
1 1

3" =73
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Remark 1.6.3. Many like to deviate from the Forward Phase algorithm in order to avoid the somewhat
more cumbersome computations that follows by having entries which are fractions and having to do arith-
metic by hand. One strategy to follow to avoid sometimes unnecessary fractions includes always choosing a
row so that the pivot position is a one. Perhaps there is a row with already a one in it. Perhaps a row could
be rescaled so there is a row in the pivot position, but if chosen incorrectly we might introduce fractions
we are trying to avoid. Finally, a combination of row replacements can produce a pivot one if the greatest
common divisor between two entries in the same column is itself one.

For example, in Example 1.6.2 when working on the second pivot, instead of replacing Row 3 with Row
3+ %ROW 2, we could have replaced Row 2 with Row 2 + Row 3 and then replaced Row 3 with Row 3 —
3Row 2, as illustrated below. It takes more row operations but avoiding all fractions.

2 -4 -6 1 -1|-3 2 -4 -6 1 -1|-3
0 0 0 3|-7|~] 0 o0 o0 -1{ 3
0 0 0 3 —4]10 0 0 0 3 —4|10

1.6.2 Gauss-Jordan Elimination

Because the row reduced echelon form is more desirable, we can continue to row reduce a matrix in echelon
form that was produced by the Forward Phase by transforming it into row reduced echelon form.

Algorithm 1.6.4 (The Bacward Phase Algorithm).

Given an m X n matriz A in echelon form and pivot positions identified.
1. Ignore any rows of zeros. If there is no pivot in row R,,, skip to step 5.

2. Identify the next pivot column. Identify the rightmost pivot column C; of A. Note this pivot position
is in the (m,j) position.

1
3. Create a leading one in the pivot column. If the pivot position (m,j) is not 1, scale Ry, by —.

myj

4. Zero out every nonzero entry above the pivot position. For each row R; above R,,, replace R,, with
Ri — Q45 Rm.

5. Recuse on the submatrix where already reduced pivot columns are removed. If m > 1, then replace the
submatriz of A consisting of rows Ry through R,,_1 with the row reduced echelon form by recursively
calling the Backward Phase again. Then return the current matriz which is in row reduced echelon
form.

Returns the row reduced echelon form of A.

The Gauss-Jordan Elimination method solves a linear system by first computing the row reduced echelon
form of the augmented matrix (using the Forward and Backward Phases) and extracting the solution from
this.
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Example 1.6.5. Row reduce the matrix A to reduced echelon form, where A =

We begin with the forward phase of row reduc-
tion. We select position (1,1) for the first pivot. As
there is a zero in this pivot, we interchange Row 1

and Row 2:

Next, we replace Row 3 with Row 3 — 3 Row 1:

4 3
-2

—12
8 1
4 —4

(0 1 -3
11 2
3 7 —6
0 -1 3
_@ 1 -3 1] -2 —
1 1 2 4| 3 5

3 7 -6 8| 1

0 -1 3 4|4
_ - 1 2 4
0 1 -3 -1

9 ~

(Row 3 — 3 Row 1) 0 4 —-12 —4
0 -1 3 4

43

Next, we move the pivot to position (2,2). Using this pivot, we replace Row 3 with Row 3 — 4 Row 2 and
replace Row 4 with Row 4 + Row 1:

1

o

0

0

1

4

-1

2

-3

—12

3

4

-1

—4

4

11
0 [1]
0 4

1
0 —1

2 4 3 1
-3 -1 —2 0
12 4 8 ~
—12 —4 —8 (R()w 3 — 4 Row 1) 0

—3 —1 —2
3 4 —4 (Row 4 4 Row 2) 0

1 2 4
[1] -3 -1
0 0 0
0 0 3

We next move the pivot to position (3,4) as there are only zeros in (3,3) and (4,3). As the third row is a
zero row, we next interchange Rows 3 and 4. We note that this matrix is now in echelon form. To continue
to RREF, we scale Row 3 by %

o

2 4
-3 -1
0 [0]
0 3

—6

)

11

0 1

o

0

0

2 4 3 1 1 2 4
-3 —-1|-2 01 -3 -1
0 —6 %(Row 3) 0 0 0
0 O 0 0 0 0 O

We begin now the backward phase of row reduction. In order to zero-out the entries above the pivot, we
replace Row 1 with Row 1 — 4 Row 3 and Row 2 with Row 2 + Row 3:

1

0

1

1

o

—4

2 4
1
-3 -1
0 [1]
0 0

(R()w 1 -4 Row 3)

(Row 2 + Row 3)

EREEI AR
01 -3 0|4
00 0 [1]|-2
00 0 0] 0
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We next move back to the pivot in position (2,2). As this entry is already one, we proceed to eliminate the
one above it. This is accomplished by replacing Row 1 with Row 1 — Row 2. This final matrix is the row
reduced echelon form of the original matrix. All the pivot columns are indicated.

-1 3 4

11 2 0] 11 (Row 1 — Row 2) 0 5 0115
0 -3 0|4 0 -3 0 |4
0 0 0 1]-2 Lo o0 o —2 -
0 0 0 0] 0 0 0 0 0] 0

Theorem 1.6.6. Fach matrixz is row equivalent to one and only one reduced echelon matriz.

The proof of this important theorem essentially follows from Gauss-Jordan elimination.

Example 1.6.7. Row-reducing a matrix over an
alternative field, such as C or Z, does not change

the algebra whatsoever. It only changes the arith- 4495 6433 0
metic associated to this field. To illustrate this
fact, we demonstrate how to row reduce a com- 14 3¢ 2+ 0

plex matrix. ) ) )
—13+11¢ —-1+12¢ 2+ 5¢

Because the first column is nonzero, the first pivot position is in the (1,1)-position. If we follow the
Gaussian Elimination algorithm, we would replace rows below this pivot by subtracting some multiple of
Row 1. But to do this, it will essentially require us to divide Row 1 by 4+ 9i. While we certainly can do this,
this can be a very cumbersome calculation for humans (especially those who are still a little uncomfortable
with complex arithmetic). Because of this, we demonstrate a slight variation to Gaussian Elimination that,
while is technically less efficient from a computational point of view, places less cognitive baggage on the
reader. Instead of replacing Row 2 with Row 2— }JSZ Row 1, we replace Row 1 with Row 1—3Row?2. This will
be immediately followed by replacing Rows 2 and 3 with Row 2—(1+3i)Row 1 and Row 3—(—13+11¢)Row 1,

respectively.

6+3i 0 0 0 0 0

14 3i 2+ 0 ~ 14 3¢ 241 0 ~ 0 241 0

—13+4+11¢ —1+127 2+ 5¢ —13+11¢ —1+127i 2+ 5 0 14127 2454

Our pivot position then moves to the (2,2)-position. We again will deviate from the standard algorithm
to scale Row 2 by 2%—1 From here, replace Row 3 with Row 3 — (=1 + 12i)Row 2. Finally, with the final

pivot in the (3, 3)-position, we scale Row 3 by ﬁ, which provides the RREF of the original matrix.

0 0 0 0 0 0 0 0
0 0 |~ 0 o |~ o 0 ~1 0 0
0 —1+12i 2+5i 0 —1+12 2+5 0 0 0 0



1.6. REDUCTION OF LINEAR SYSTEMS 45

Exercises (Go to Solutions)

For Exercises 1-14, compute the row reduced echelon form for the matrix. List the row operations used to
transform the matrix to this form. Indicate the first time the matrix is in echelon form. Answers may vary.

1 2 6 —2 1 2 3 1 2 2 1
1 2.
-4 5 3 1 63 (2 3 3 L |2 1 —2 -2
2 4 5 1 -1 -4 -3
15 6 —5 1 2 0] 9 8 16 0] 14 3 0 6 918
a5 30 -2 1 6. 10 2 4| 6 710 0 4| 7 810 2 4 0| 8
o1 3 3 0 0 5|10 0 9 3|9 00 0 3|6
-3 5 0 1
14+i —347i 6—2 4-+12i 2 7
Ao 10. a1l (mod 17)
2—i 342 —54+i 2 5 11
05 6 2 5 7 1 00 1
#12. | 2 1 2| (mod7) 13. |1 3 6 | (mod?7) 1 20 -1
14. (mod 5)
6 5 9 0 5 9 3 -1 0 4
1 4 5 1

For Exercises 15-21, solve the linear system using Gaussian elimination, that is, convert the linear system
into an augmented matrix, reduce it to any echelon form, switch it back into a system of equations, and
solve the reduced system using back-substitution.

r— y+3z =1 2y + 6z =4
15. ¢ 22 — 2y + 52 =6 16. <3y + 22+ = =5
20 + 3y — 4z =2 3z+3x+3y =3
3$1+2£C2+ I3 =1 2$1+3(£27 T3 =7 2’1}1+ To + X3 =3
17. ¢ 3x1 + 8xo + 323 =5 18. < 4xy — 229 + 323 =5 19. T + 220 — w3 =1
3ro + x3 =6 x4 — X9+ 2x3 =1 3r1 + o +2x3 =9
6x + 3y + 7z =20 z1 + 3x2 + Bx3z + 4x4 + 625 =0
18y +92 = 5 201 + 4xo + 4x3 + 324 + T5 =5
20. Y (mod 5) g1, { 7ML T R T RS Ot T (mod 7)
3y + 4z =10 T4 =5
3z = 3 6x1 + 229 + 623 + 324 =2

For Exercises 15-21, solve the linear system using Gaussian elimination, that is, convert the linear system
into an augmented matrix, reduce it to any echelon form, switch it back into a system of equations, and
solve the reduced system using back-substitution.

For Exercises 22-37, solve the linear system using Gauss-Jordan elimination, that is, convert the linear system
into an augmented matrix, reduce it to row reduced echelon form, and use this to solve the linear system.

22. — 4y =8 x—y =4 A 24 < 2x — 3z =16
20 + 2y =6 204+ z = 4
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3y+6z:3 3xe — 2x3 = 0
25. T+ 2y — 3z =2 26. 1+ X9 + 3x3 = 12
4x -3z =0 6x1+ 220 + x3 = 13
20 — 2y — 2z =2 7r 4+ 8y + 9z =10
A28 2z +3y+ 2z =2 29. <4z 4 5y + 62z =10
3z + 2y =0 T+ 2y+3z =10
2x1 + w9 + 4x3 = 199 S5r1 + 2x9 + 623 = 11
31. 2x1 + 10x9 + 15x3 = 984 39 To + 2x3 = 5
—X1 + 10%3 = 58 ’ 3.’E1 + 2%2 + x3 =
2581 + o + 4$3 = 6
2x1 — 3x9 + 623 + 224 = 5 2r =
34 —2x1 + 3x9 — 3x3 — 31y = —4 35. ¢ —10y
’ 4x1 + 629 + 923 + by = 9 -3z
—2x1 + 3x9 + 33 — 44 = 1
doe + 2y =2 2c +4y =0
36. Y (mod 5) 37. Y (mod 5)
3r+ y =0 z+ 3y =2

For Exercises 38-38, determine if the two linear systems are equivalent.

T+ 2y =5 T+2y+z =5
38. 204+ 3z =2 x4+ y—2z2 =3
20+ y+ 2z =4 3z +2z =3

xr] + 4.’E2 + 7%3 =3
27. 2I1+ 5582 + 8583 =3
3x1+ 6xo + 923 =3

201 + 10 — x3 = —10
30. T — 3%2 - 2%3 = —4
31‘1 + Xro + r3 = 15

T+ y+ z4+ w =1

3y + =z =1

33. Y
x4+ y+ 2z =0
2z + z+4dw =

10 — 4y + 2z

20 — 16z — 32 — 3 + 13y + 16 — 2z

=—dz+ 3z2-2y+ =z

For Exercises 39-39, compute ker(T") by setting up and solving a homogeneous linear system.

39. T:R3 = R*:

1 + 329
Ty
2:C1 + 6%2 + 5.%3
T xz -
3931 + 91‘2 + x3
z3

—23?1 — 6%‘2

40. Michael is going to the store and offers to buy groceries for his friends. His friend, Bailey, says she
needs 3 dozen eggs, 1 loaf of bread, and 7 apples. Another friend, Gaston, says he needs 5 dozen eggs,
2 loaves of bread, and 1 apple. His other friend, Janessa, says she needs 1 dozen eggs and 10 apples.
After buying everything for his friends, he heels each of them what they should Venmo him. He telss
Bailey her total is $16.29, Gaston his total is $19.52, and Janessa her total is $16.29. How much does

a loaf of bread, a dozen eggs, and a single apple cost?



Chapter 2

The Algebra and Geometry of Vectors

N Y

Breaking News!
The CDC now recommends all Covid-19 patients
to take up mountain climbing:

Scalars are not vectors!

Vectors are the fundamental building blocks of Linear Algebra. Vector spaces, matrices, linear systems,
linear transformations, etc. are all made up from vectors. In the most naive sense, vectors are lists of
quantities, an array of numbers. The most common representation of vectors that we have seen before or
will see going forward are just that, an array of numbers. This is exactly what a column vector or row vector
is. The debate is around what a vector is, just how we should write them: vertically or horizontally. This
perspective is not completely without merit since all vector spaces are isomorphic to a space of column vectors.

But if that is all a vector is, then Linear Algebra would not be the rich discipline of Mathematics that
it is. Note that a point in a geometry, such as the Euclidean geometry R? or R3, is characterized by its
coordinates, and are not the coordinates, for example (1,2) € R? or (3,—1,2) € R3, just a list of numbers?
Coordinate geometry endows quantitative arrays with geometry meaning. The student of Linear Algebra
would be given a disservice if their learning of vectors was divorced from this Analytic Geometry. And they
will not be, as the geometric connections of vectors will be discussed in this chapter and beyond. We must
come to see that vectors are not just arrays of numbers. They are geometric arrays of numbers.

More importantly, as the name “Linear Algebra” suggests (the book is not named “Linear Geometry
Done Openly”) is that vectors are algebraic arrays of numbers. Linear Algebra demands that we do algebra
on vectors. What makes a vector a vector is not numbers in a list, but in the fact that we can add vectors
together and we can scale vectors in a way that matches the geometric interpretation discussed above. Is it
not a marvel that we can meaningfully discuss the sum of two arrows. How could an arrow plus an arrow
possibly mean anything useful, but it does. It is another arrow! Is it meaningful to add together two trees,
two bicycles, two backpacks, or two billboards? Of course not, as those are not vectors.

47
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“If the world’s a veil of tears, Smile till rainbows span it.” — Lucy Larcom

2.1 Vector Equations

Linear systems can take on many forms. While often represented as lists of linear equations with common
variables, we will see that they show up in other ways too. This section focuses on vector equations that are
equivalent to linear systems.

2.1.1 Equations and Linear Combinations

Linear combinations are the bread and butter of vectors. Algebraically speaking, this is what we do with
vectors, that is, we combine some vectors to construct new vectors. While it is simple to take a list of vector,
combine them, and see what pops out, the converse is not as simple. Given a list of vectors a1, as,...,a, €
F™ can we determine if b € F™ is a linear combination of these vectors? In other words, we seek to solve
the vector equation:

r1a1 + 2202 + ... +Tpay =b. (211)

In Equation (2.1.1), note that the vectors a1, . .., a,, b are fixed and the variables are the scalars z1, za, ..., 2z, €
F.

To solve the vector equation (2.1.1), suppose that the ith component of a; is denoted a;;, that is,

alj

agj

amj

Likewise, let the jth component of b be b;. Then Equation (2.1.1) becomes

r1a1 + 000 + ... +TH0Q, = b
ail a12 A1n b1
a1 a22 A2n by
X1 + X2 +...+x, =
Am1 Am2 Amn bm
a1121 1272 A1nTn by
2121 222 a2nTn bo
+ + ...+ =
Am1T1 Am2T2 AmnTn bm
a11T1 + a2 + ...+ a1nThn by
a21%1 + A22%2 + ... + A2p Ty bo
Am1X1 + 2o + ... + Ty b
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Examining this last equality of vectors reveals a system of linear equations, namely

ai1r1 + aiers + ...+ aipx, = by
a21%1 + Q22T + ... + Ap¥, = by
(2.1.2)
Am1T1 + Gm2T2 + ...+ GnTn = by,
whose augmented matrix is ) )
ai;  aiz ... Ain | b
az1 A2 ... Q2n | by
am1 Am?2 ceo Qmn bm
These two problems have the same solution set.
Theorem 2.1.1. Let ¢ = (z1,22,...,2Zy) € F™ be a vector over a field F. Then x is a solution to the
vector equation (2.1.1) if and only if @ is a solution to the linear system (2.1.2).
1 1 3 -7
2 0 0 4
Example 2.1.2. Let a; = , Qg = ,and ag = . Let b= . Is b a linear combi-
3 0 5 —4
4 1 7 -9

nation of ai,as, as?

To solve the vector equation,

1 1 3 -7
2 0 0 4
T + 2 + 3 = )
3 0 5 —4
4 1 7 -9

we solve the linear system whose augmented matrix is

| 11 3|-7 ]
2 0 0| 4
3 0 5|4
4 1 7|9

We next row reduce the matrix via the elementary row operations:

13 | -7 1 3|7
-2 -2 -6 14
2 0 0 4 (Row 2 — 2 Row 1) 0 —6 18 (—%ROW 2)
-3 -3 -9 21 ~
3 0 5) —4 (Row 3 — 3 Row 1) 0 -3 —4 17
-4 -4 12 28 3 4 -17
4 1 7 -9 (Row 4 — 4 Row 1) 0 -3 -5 119 (Row 4 — Row 3)




50
_ 1
0
~ 3
0 -3
0 0
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3|7 1
3 -9 0
—49 17_27 (Row 3 + 3 Row 2) N 0 O
-1 2 | (—Row 4) I 0 O
_ 13 7
0 3 -9
o o —2
00 5 | —10" | (Row 45 Row 3)

35| 7 ]

3| -9

[5]] -10

1] -2 5

_1 5 | 7]

0 3|9

o o [1]] -2
0 0 0] 0

This last matrix is in echelon form. We will continue to row reduced echelon form.

i T (Row 1 - 3 Row 3) i N B (Row 1 - Row 2) i 0
0 37 [ 20 |(Row2 3 Rows3) 0 0|-3 0
0 0 —2 0 0 —2 0 0
0 0 0 0 0 0 0 0 0 0
Therefore, the solution is (2, —3,—2). In fact, we see that
[ 1 ] [ 1 ] [ 3 ] [ -7 ]
2 0 0 4
2 -3 -2 = [ |
3 0 5 —4
4 1 7 -9
1 1 2 1 4
Example 2.1.3. Leta;=| 2 |,ac=| 0 |,a3=| 2 |,as=| 1 |,andb= | 2 | be vectors over
3 2 4 4 1
Z3. Ts b a linear combination of ay, as, az, as?
To solve the vector equation,
[ 1 1 2 1 4
Ty | 2 | +x2| O | tx3 | 2 | F+Ta| 1| =] 2]
i 3 2 4 4 1
we work with the augmented matrix
12 14 ] 1 2 1|4
2 0 2 12| (Row2—2Row 1) ~| 0 3 44
3 2 4 4)11] (Row3-3Row 1) 0 4 3 1|4 (Row 3 — 3Row 2)
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1 2 1|4 1 2 1|4 | (Rowl-2Row 3)
~1 0 3 4|4 ~1 0 3 4|4 | (Row2-—3Row 3)
0 0 412 | (4Row 3) 0 0 13

0 4|3 (Row 1 — Row 2)

The resulting linear system is then

T + 2x4 =3 T, =3x4 + 3
T2 +2z4 =0 = To = 3x4
r3 + x4 =3 T3 = 4dxy + 3

Therefore, there are five possibilities: (3,0,3,0), (1,3,2,1), (4,1,1,2), (2,4,0,3), and (0,2,4,4). This gives
five possible linear combinations such as:

1 2 1 1 2 1 4
3l 21+3|2|=1214+3l0o|+2| 2|+ 1]=1]2 n
3 4 3 2 4 4 1

2.1.2 The Span of Vectors

Definition 2.1.4. Given vectors vy, v, ..., v, € F™, the (linear) span' of vy, v, ..., v,, denoted Span{vy, va, . ..

is the set of all linear combinations of vy, vs, ..., v, inside of F"™. we say that a subset S C F" is spanned
by v1,va,...,v, if S = Span{vy,vs,...,v,} and that {vy,vs,...,v,} is a spanning set for S.

Asking whether a vector b € Span{ay,...,a,} is equivalent to asking whether there exists a solution b
to the vector equation
ri1ay + ...+ 0, =b.

(These last two examples need to be replaced/updated).

1 2 7
Example 2.1.5. Leta;=| —2 |,a2=| 5 |,and b= 4 |. Is b€ Span{a;,as}?
-5 6 -3
As explained above, answering the question is equivalent to solving the vector equation z1a; + x2as = b.
IWe can by analog define the affine span (or an affine set) of a set of vectors v1,...,vn, denoted Aff{v1,...,vn}, as the
set of all affine combinations of v1,...,v,. Recall that an affine combination is a linear combination such that the coefficients
sum to 1. Likewise, we can define the convex span (or convex hull) of a set of vectors v1,...,vn, denoted Con{vi,...,vn},
as the set of all convex conbinations of vi,...,v,. Recall that a convex combination is an affine combination such that all

coefficients are nonnegative.

7vn}a
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Likewise, this vector equation can be solved by row reduction on the augmented matrix [ a;  as

-5 6
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g

7 1 2] 7 1 27 1 03
4 1~10 9|18 |~|0 1(2]|~|0 1|2
-3 0 16 | 32 0 1|2 0 01]0

Therefore, the solution is z; = 3 and x5 = 2, that is,

Example 2.1.6. Let a; =

Like above, we row reduce the augmented matrix [ a; as

1
—2

3

1 2 7
b=3a;+2a,=3| 92 |+2]| 5 | = 4 [
-5 6 -3
1 5 i -3
2 |,a2=| —13 |,and b= 8 |. Is b € Span{a;,as}?
3 -3 |1
b |
5| =3 1 5| -3 1 5|3
-3 8|~|0 =3 2|~]0 =3| 2],
-3 1 0 —-18] 10 0 0]-2
The third equation is 0 = —2, which implies that the system is inconsistent.

which is now in echelon form.
Therefore, b ¢ Span{a;,as}



2.1. VECTOR EQUATIONS

Exercises

93

(Go to Solutions)

For Exercises 1-8, express the given system of equations as a vector equation or vice versa.

. 1 + Tzo =16 a2 3z, + Txo — bxs = =5 —2x1 + Oxe — 1lzg = 6
" 18z1 — 3z, = 6 "] 2 — 220 4 623 = 4 L 3 T — 2wy + BSx3 = -3
3xy — 1925 + 3lzz = —17
xr1 + 21‘2 + 2173 =1 1 + 3562 =7 2501 + 4$2 — X3 = 8
4. 31 + 2 =4 5. Tx1 + 6xs — 3 =8 6. xr1 — 6x9 + 33 = 12
5r1 + 29 + 3 =3 3x1 + o + 223 =3 —3x1 + 5r9 + 63 = 9
9 2 1 7 7 -3 6 9 17
7. ] =
e T2 + T -3 1 3 3 4
3 3 -1 5 8. x + @ + 73 + x4 =
4 -1 -8 1 —12
2 0 5 3 8

For Exercises 9-14, determine if b is a linear combination of the other vectors {a, as,...}. If so, write b as

a linear combination. The set of vectors {a1,as,...

} will be listed first, followed by the vector b. Answers

2 1 -3 2 5
-2 5 1. 1|2 |4
1 3 3
1 2 -1 1 6
-1 1 2 -1 3
13' ) 3 ) R
2 -1 2 2 14
1 1 -1 2 8

may vary.
1 3 4 -1
9. , , 10.
2 -1 1 3
3 ) 1
a 12 -2 |, 3 , 6
1 -3 -9
1414 1+2i 44 bi
14. 1—4i |- 1434 s | 4—2i
3—2 —241 7 — 5%

For Exercises 15-18, determine if b € Span{a;, as,

set of vectors {aj,as,...} will be listed first, followed by the vector b. Answers may vary.

15.

17.

—4

Ne

10 7 12 1 —2 —1 —4

6 || —12 ) 4 & 16. /I P T I 1 | -1
| 4 -8 -6 2 -2 2 -2
i ~1 1 5 NI 1 ]

0 4 1

ol | =s | [ |1

1 3 1

...}. If so, write b as a linear combination of the a;. The



o4

18.

oo

& 19
20

21.
22.
23.
24.
25.
26.
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4 0 3 1
a1l 2]¢ | 2] (mod5)
2 2 1 1
. For any list of vectors vy, ..., v, in F™, show that Span{vi,...,v,} contains the zero vector.

. Suppose that u;,us € Span{vy, v, v3}. Prove that Span{u,us} C Span{v;, v, v3}.

Suppose that vs € Span{vy,v2}. Prove that Span{vy, v2} = Span{v;, vs, v3}.

Prove that Span{vy,vs} = Span{vy, v1 + va}.
Suppose that wy, us, ..., ur € Span{vy,va,...,v,}. Prove that Span{uy, us,...,ur} C Span{vy,va,...,v,}.
Suppose that v, 11 € Span{vy, va,...,v,}. Prove that Span{vy,vs,...,v,} = Span{vy,va,..., Un, Vnyi1}.

Let ¢; € F be scalars such that ¢, # 0. Prove that Span{vi,va,...,v,} = Span{v1,v2,...,Vp_1, Y 1y CiUn}.

Suppose that u € Span{wv;,va,...,v,} such that w # 0. Then there exists an ¢ such that

Span{vy,va,...,V;_1,V;,Vit1,...,0} = Span{vy, va, ..., Vi_1, U, Viy1,...,V}.
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“Some painters transform the sun into a yellow spot, others transform a yellow spot into the sun.”
— Pablo Picasso

2.2 Matrix Equations

In addition to the vector equation seen in Section 2.1, we introduce another problem equivalent to a linear
system, this time involving the product of a matriz by a vector. This leads naturally to the discussion of the
column space of a matriz and matriz transformations.

2.2.1 Matrix-Vector Multiplication
Definition 2.2.1. Let A be an m x n matrix and let * € F™. Let the column vectors of A be
aj,as,...,a, € F*, thatis, A= | q; as ... a, |- Then the product Az is the linear combina-

tion of the column vectors of A with coefficients corresponding to the entries of x, that is,

T

€2
Ax = |: a, ay ... a, :l ) =2x101 + 2202+ ... +TpaQpy. (2.2.1)

Tn

Note that Ax is only defined if the number of columns of A is equal to the number of entries of x.

Example 2.2.2.

r 3
1 2 -3 1 2 -3 3 0 —6 -3
(a) 0ol =3 +0 + 2 = + + =
0 -2 5 0 -2 5 0 0 10 10
- 2
2 0 2 0 6 0 6
3
®) | -6 1 =3| 6 |+5|1|=| -18|+| 5|=] —13
5
3 2 3 2 9 10 19
n
Theorem 2.2.3. If A is an m X n matriz, with column vectors ai,...,a,, and if b € F™, the matriz
equation
Az =10 (2.2.2)

has the same solution set as the vector equation
riay + ...+ a0, =b

which, in turn, has the same solution set as the system of linear equations whose augmented matriz is

]

|:a1 S ¢ 2%
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Example 2.2.4. The solution set to the system of equation

1 + 3x9 — Tes =5
— 229 + 1123 = 3

is same as the solution set of the vector equation

1 3 -7 5
T1 + X2 + x3 = )
0 -2 11 3

which in turn has the same solution set as the matrix equation

xq
1 3 -7 5
T2 = L
0 -2 11 3
T3
1 2 3 X1 9
Example 2.2.5. Solve the matrix equation | 2 _—1 1 xe | = | 8
3 0 -1 x3 3

We note that solving this matrix equation is equivalent to solving the linear system associated to the
augmented matrix

1 2 319 1.0 0] 2
2 -1 1181 ~]10 1 0]-1
3 0 —-113 0 01 3

Therefore, the solution to the matrix equation is & = (2, —1, 3). Note that

1 2 3 2 1 2 3 2 -2 9 9
2 -1 1 1 (=22 || -1 |*3] 1|=|4|+| 1|+] 3|=|8]| =
30 -1 3 3 0 -1 6 0 -3 3

Corollary 2.2.6. The equation Ax = b has a solution if and only if b is a linear combination of the column
vectors of A.

Let A be an m x n matrix with column vectors a1,...,a,. Let A = [ aij ], that is, let a;; denote the

entry of A in the (4, 7) position. Let @ € F™. Then

T a11 a2 Q1n

€2 a21 a22 A2n,
Ax = a, ay ... a, ) =r101+ ... +2Th0, =T ) + X2 ) +...+x,

Tp Gm1 Am2 Gmn
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T1011 T2a12 TnGin r1011 + T2012 + ... + Tplin

T1021 T2022 TpA2p T1G21 + T2G22 + ... + Tp2n
= + + .+ =

T1Qm1 T2Am2 TnQmn T1Am1 + T2Am2 +...+ TnAmn

That is

ria11 + Toa12 + ... + LpnQin

T1621 + T2aG22 + ... + Tpaon

Az (2.2.3)

T10m1 + T2Qma + ... + TpQmn

This formula often is easier to compute than the original definition of Ax.

2.2.2 Column Space
Definition 2.2.7. Let Col(A) denote the set of all linear combinations of column vectors of A, which is called

the column space of A. In particular,if A= | ¢, ay ... a, |>then Col(4)=Span{ai,as,...,a,}.

According to Corollary 2.2.6, the equation Az = b is consistent if and only if b € Col(A).

1 3 1

Example 2.2.8. Let A= | 2 4 4 |. Compute the column space of A.

3 5 7

The quick response to this example would be to find a spanning set for the column space of A, but, by
definition, a spanning set for a column space is never mysterious. Note that

1 3 1
Col(A) = Span 21,141, 4
3 5 7

While we have technically computed the column space, that is, we have found a description of the set of
vectors, it does not leave the decision question of whether a generic vector b = (by, b, b3) belongs to Col(A)
well answered, which is really what we want to be able to do. To answer this question, we row reduce the
augmented matrix

1 3 1|b 1 3 1 b1 1 3 1 b1 1 3 1 by
2 4 4 bg ~ 0o -2 2 b2—2b1 ~ 0 1 1 bl—%bg ~ 0 1 1 bl—%bg
3 5 7|bs 0 —4 4|bs—3b 0 1 —1|21(3b—by) 0 0 0| —Lb+ Lby— Lo

Therefore, the above equation is consistent if and only if —ibl + %bz — %bg = 0. Now, there exists plenty of
choices of b such that this equation does not hold. Hence, Ax = b is not consistent for all b.

Col(A) = {b € R® | by — 2by + bz = 0}. .
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Generalizing the principles seen in the previous example, for any n x n matrix A, the equation Ax = b
has a solution for all b if and only if A has a pivot in each row, in which case the solution must be unique.

2.2.3 Matrix Transformations

Let A be an (m x n) matrix and let € F™. Then the rule  — Ax is a transformation called a matriz
transformation.

Theorem 2.2.9. Let A be an m X n matriz and let w,v € F™. Let c € F. Then A(u+v) = Au+ Av and
A(cu) = c(Au). In particular, multiplication by a matriz is a linear transformation.

0 -2

Example 2.2.10. Let A= | 1 —3 | and define a transformation 7' : R? — R? by T(z) = Ax. Then

2 -3
0 -2
T
Tx)=Az=| 1 -3
T2
2 =3
3
(a) Let u = . Compute T'(u).
-1
0(3) — 2(~1) 2
T(u)=Au=| 1(3)-3(-1) | =| 6
2(3) — 3(—1) 9
-8
(b) Find an & € R? whose image under T'is b= | _7
-2
We need an x1 and x5 such that
0 -2 -8
T
1 -3 =1 -7
T2
2 -3 -2

By row reduction, we solve the corresponding linear system:
0 —2|-8 1 =3|-7 1 =-3|-7 1 =3|-7 1 -3|-7 1
1 =3|-7|~l0 -2|-8|(~|0 —=2|-8|~(0 1| 4|~]0 1| 4|~1|0

2 -3| -2 2 -3|-2 0 3] 12 0 1 4 0 0 0 0
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Let ¢ = . Then, T'(x) = b. In fact, x is the only vector whose image under T is b.

99
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Exercises (Go to Solutions)

For Exercises 1-1, determine with the statement is true or false. If false, correct the statement so that it is
true.

1. A homogeneous linear system can be written as Ax = 0, where A is the m X n coefficient matrix,
x € F™, and 0 is a scalar.

For Exercises 2-6, compute the matrix-vector product.

4 5 2 1 3 -1 2 2 5
2 8 10
2 0 -1 3 4 A3 4 37 -3 4 6
6 3 9
2 11 3 -2 1 5 1 7
142 —1+3i T+4 1
A5
0 34 4i -2 11100 1

NG |01 010 0 | (mod 2)

1 0 0 01 0

For Exercises 7-11, express the given matrix equation as a system of equations or vice versa.

1 2 2 21 27 17 —-32 T 12
3 4 T 0 4 42 6 19 y —6
' WA = 8. =
-1 -2 y 2 103 -T2 17 -8 z 15
- xr1
4 1 2 0 1
T2
9 [0 4 3 1 =1| 0 | (mod5)
T3
2 2 40 2
L -
r—2y—3z =—4 3T + 23+ 2x4 = 1
10. Y + 2z = 1 11. ¢ —x1 + 429 + Sz — 2204 = 17
—2x —2z = 8 6.%1 + z3 =15

For Exercises 12-20, solve the matrix equation.

2.0 =1 -1 -3 Ty | = | -8 13| 4 -3 -2 xy | = | =3

-1 -2 -2 T3 -9 -4 -3 1 T3 3
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1 0 1 r
T
N ) 5 =13
To 15.
3 -2 0
1—4 1 144 1 7
16. 1 T =1 Ty | = 3t a17
3+1 2 3 z3 11+ 70
0 1 2 T 1 r
8. 12 1 0 o | =] 1 (mod 3)
19.
1 0 2 T3 0
1 1 1 1 1 0
110 1 To 1
20. = (mod 2)
1 1 1 0 T3 0
01 0 1 Ty 0

For Exercises 21-22, use the transformation T : R* — R? given by the rule:

T($1,$2,$3,1'4) -

& 21. Compute 7(1,0,0,1) and T'(1,2,3,4).

For Exercises 23-24, use the transformation T : R® — R? given by the rule:

-1 2 1
T(I1,$2,I3,.§C47I5) =

0 0 2

3

-1

0

Ty

T2

T3

Ty

T

€2

€3

L4

T2 3

I

T2

o
If

Z3

T4

Tl

T2

Zs3

Ty

L5

61

17

15

(mod 5)

1 | (mod 3)

& 22. Find x such that T'(x) = (1,2).
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23. Compute T'(1,0,-1,3,0) and T(1,2, 3,4, 5). 24. Find x such that T'(x) = (15, —6).

25. Tt can be shown that (4,3,2,1) is the unique solution to the system of linear equations

111 + 929 + 10z3 + 14x4 = 105
9x1 + 4x5 + bxrs + 94 = 67
11z, + 1229 + 1323 + 1724 = 123
Tx1 + 2x9 + bSxz + Try = 51

With this knowledge, QUICKLY solve the matrix equation

11

9

11

7

9 10 14
4 5 9
12 13 17

2 5 7

Why were you able to solve it so quickly?

T

T2

T3

L4

105

67

123

o1
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“All mankind... being all equal and independent, no one ought to harm another in his life, health, liberty or
possessions.” — John Locke

2.3 Linear Independence

The difference between a linear system having multiple solutions or a unique solution has to due with the
presense of a free variable. Free variables emerge when certain vectors are optional, meaning they are
not needed at all (with respect to a linear span). The notion of linear independence is describing a set of
vectors with no such extra vectors, that is, all the vectors are necessary to produce the same span. Linear
independence produces an algebraic metric of the shape of an affine set.

2.3.1 Linear Independence of Vectors

Definition 2.3.1. A set of vectors {a1,as,...,a,} C F™ is said to be linearly independent if the vector
equation
riay +xr2a2 + ...+ 20, = 0

has only the trivial solution. Otherwise, the set is said to be linearly dependent.

In other words, a set of vectors is linearly dependent if there exists some weights ¢, co, ..., c,, with at
least one not zero, such that
ciay +cas + ...+ cpa, =0.

The previous equation is then called a linear dependence relation.

Expressed another way, suppose A = [ a, as ... a, ], then {ai,...,a,} is linearly independent if
and only if Az = 0 has no nontrivial solution, since
T
T2
Aw:{al as ... an] ‘ =xz1a1 + 202 + ... + x50, = 0.
Tn
The set {aq,...,a,} is linearly dependent if and only if Az = 0 has a nontrivial solution.
1 3 -3
Example 2.3.2. Letv;=| 2 |,v2 = 1 |,and vy = 4
3 -2 13

(a) Determine if the set {vy,vq,v3} is linearly independent.

To determine if the set is linearly independent, it suffices to compute the echelon form of the corre-
sponding homogeneous system. In fact, the final row of zeros is irrelevant.

1 3 -3 1 3 =3 1 3 -3 1 3 -3
2 1 4 ~|0 =5 10(|(~]0 1 =2 ((~|[0 1 -2
3 -2 13 0 —-11 22 01 -2 0 0 0

Thus, x3 is a free variable of the system, which implies that the homogeneous equation Az = 0 does
have a nontrivial solution. Therefore, {v1, v, v3} is linearly dependent.
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(b) Find a linear dependence relation among v, va, and vs.

To determine a dependence relation, we finish the row reduction from above.

0 0 0 0 0 0
Therefore,
T + 323 =0
o — 2:133 =0
0 =0
T —3.’133 -3
Thus, z = | 2, | = 275 = I3 2 |. Thus, —3wv; + 2v3 + v5 = 0 (corresponding to x3 = 1).
3 T3 1

Of course, there are infinitely many dependence relations. For example, —15v; + 10vs + 5vg = 0
(corresponding to x3 = 5).

We also note that we have shown that vz € Span{wv;,vs} since —3v; 4+ 2v2 + v3 = 0 implies vy =

3vy; — 2vy. This observation is always the case for linear dependence. [
1 -1 -1
Example 2.3.3. Determine if the columns of the matrix A = | —1 2 4 | are linearly independent.
2 -4 -7
It suffices to show that Az = 0 has no nontrivial solutions, that is, that an echelon form of A has no
ZEero rows.
-1 -1 -1 -1 -1 -1
-1 2 4|~]| o0 3|~ o 3
2 —4 -7 0 -2 -5 0 0
Therefore, the columns of A are linearly independent. ]

These examples illustrate an important point: a set of vector is linearly dependent if and only if the
corresponding homogeneous linear system has a free variable. In other words, a set of vectors is linearly
independent if and only if the associated coefficient matrix has a pivot in each column. We summarize this
observation in the following theorem.

Theorem 2.3.4. Let A be an m X n matriz. Then the following are equivalent:

(i) The columns of A are linearly independent.

(i) The homogeneous linear system Ax = 0 has a unique solution, namely the trivial solution © = 0.
(7ii) The homogeneous linear system Ax = 0 has no free variables.

(iv) The homogeneous linear system Ax = 0 has pivots in all columns of A.



2.3. LINEAR INDEPENDENCE 65

2.3.2 Properties of Linearly Independent Sets
Theorem 2.3.5.

A set S = {v1,...,v,} T F™ is linearly dependent if and only if at least one of the vectors of S is a linear
combination of the others.

Proof. Suppose first that S is linearly dependent and
611)1+...+Cp’l)p:0

is a dependence relation. Now there exists some j such that ¢; # 0. Without the loss of generality, we may
suppose that j = p. Then

CQV1+ ... F Cp_1Vp1 = —CpUy
C1 Cp—1
—v1+ ...+ P Vp-1 = Vp.
—¢p —p

So, v, € Span{vy,...vp_1}.

Conversely, if v, = civ1 + ... + ¢p—1Vp_1, then
clvr+ ...+ cp_1Vp_1 — v, =0
is a dependence relation, that is, {v1,...,v,} is linearly dependent. o

The following properties provided, in some cases, a quick test to determine the linear independence or
dependence of a set of vectors.

Theorem 2.3.6.

(a) If a set contains a linearly dependent subset, then the set itself is linearly dependent.
(b) The set {v} is linearly independent if and only if v # 0.
(c) If a set S C F™ contains the zero vector, then S is linearly dependent.

(d) The set {u,v} is linearly independent if and only if neither vector is a multiple of the other, that is
v # cu nor u # cv for any c € F.

(e) Suppose S ={v1,...,v,} CF". Ifp>mn, then S is linearly dependent.
Proof.

(a) Suppose S is linearly dependent and S C T'. Then set every vector in T' which is not in S to have
weight zero. Then a dependence relation on S becomes a dependence relation on T'.

(b) Note that cv = 0 if and only if c=0 or v = 0.
(c) Set the weight of the zero vector to one and set the weight of any other vector in S to zero. This gives

a dependence relation.

(d) This follows immediately from Theorem 2.3.5 when p = 2.

() Let A= | v, ... v, } Then A is an n X p matrix and the equation Ax = 0 corresponds to an

under-determined system of n equation with p unknowns. Thus, the system has a free variable by
Theorem 1.1.8, which implies the linear dependence of the column vectors. m

Example 2.3.7. Determine by inspection if the given sets are linearly independent.
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This set of vectors is actually just a single vec-
tor. As such, the set is linearly independent
exactly when this vector is nonzero, which it
is. Therefore, the set is linearly independent.

This set of vectors is linearly dependent be-
cause it contains the zero vector. Note that

3 0 2
Of1|+1|o|+0| 1 |=0.

) 0 7

This set of vectors is linearly dependent be-
cause the second vector is just (—5/4) times
the first vector.

This set of vectors is linearly dependent be-
cause any set of 4 vectors in R? must be de-
pendent.
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Exercises (Go to Solutions)

For Exercises 1-6, determine with the statement is true or false. If false, correct the statement so that it is
true.

1. If a set S C F™ contains the zero vector, then S is linearly independent.
2. If a set contains a linearly dependent subset, then the set itself is linearly dependent.

3. The set {u,v} is linearly independent if and only if neither vector is a multiple of the other, that is,
v # cu and u # cv for any ¢ € F.

4. Suppose S = {v1,...,v,} C F™. If p > n, then S is linecarly dependent.
5. The set {v} is linearly independent if and only if v # 0.

6. A set S of two or more vectors is linearly dependent if and only if at least one of the vectors in S is a
linear combination of the others.

QUICK! For Exercises 7-14, determine whether the set of vectors is linearly independent or dependent using
Theorem 2.3.6 in LESS THAN 10 SECONDS! Justify your quick response.

1 0 0 1 1
® 8. )
L I8 2 (s 11]5]0 i 0
3 4 0
BEEEE 8 4 v 2| 8] |7
9 50,015 .40 |.] =20 10 1 2 0 1
3 9 24 ~12 L I I I
0 0 7 2
—141 —6+ 31 7 1
11. , ,
. . 2
3
4
1 0 1 0 1 1 0 3
0 0 1 1 0 2 5 0
* 13. ) ) ’ ) (mOd 2) 14. s s (mod 5)
1 0 1 1 0 0 5 )
| 1 I 1 11 1 1| 0 I 1 | 4 5 2
For Exercises 15-23, determine if the set of vectors {vi,...,v,} is linearly independent or dependent. If
linearly dependent, provide a nontrivial dependency relation.
1 2 3 1 2 -2 2 1 4
15 0l-|2]|,]|6 # 16. -1 |, -2/, 3 17 40513 |5]1
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1 ~1 2 1 ~1 2
—9 2 -3 2 0 ~1
& 18 , , 19. , ,
~1 2 -3 ~1 2 1
~1 4 2 3 1 0
i 2 0 1 1 1
& 20. T, 1—2 || a2l 31.101].]2 (mod 5)
—1 ) 72 1 0 2
1 2 6 0 1 0 2 0
2 6 5 5 0 1 0 0
A 22 , , , (mod 7) 23. , , , (mod 5)
0 6 1 4 0 2 0 1
1 4 1 4 0 0 0 0
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“Space is an inspirational concept that allows you to dream big.” — Peter Diamandis

2.4 Affine Geometry
2.4.1 Affine Sets

For any field, there is a limited amount of geometry, called affine geometry, we can attach to the vector
space F" by mimicking geometric structures from R™.

Definition 2.4.1. Let F™ be a vector space. Then a flat (or affine set) is a subset of F™ which is congruent
to F™ for some 0 < m < n. Equivalently, flats are solution sets of linear systems (vector equations, matrix
equations, etc.).

To describe flats, e.g., points, lines, planes, we present two recursive constructions: Top-Down or Bottom-
Up. The Top-Down approach is to start with a single non-zero, linear equation aq 121 + ... + a1 p2n = b;.
The solution set of this linear equation forms a special kind of flat, called a hyperplane. For example,
ax + by + cz = d defines a plane in R3. By plane, we mean something that “looks” like R? inside of R™. In
general, a plane over F™ should be a subset that “looks” like F'2. The solution set to this 1 x n system should
have n — 1 free variables. Generally speaking, we view a hyperplane in F™ as an affine set that “looks” likes
Fn=lin Fn,

Next, consider a linear system that contains the above linear equation and a second one az 21 + ... +
a2.nTn = ba. The solution set to this 2 X n linear system is geometrically the intersection of the two hyper-
planes, for example, two distinct planes intersecting in R? form a line. By line, we mean something that
looks like R! = R inside of R™. In general, a line over F™ should be a subset that “looks” like F' = F. If
the equations are linearly independent, then this 2 x n system will have n — 2 free variables. Hence, we view
an intersection of two hyperplanes in F™ as an affine set that “looks” likes F™~2 in F™.

Continuing in this fashion of expanding the linear system by adding new linear equations while main-
taining linear independence, the m X n linear system will have n — m free variables and the flat will resemble
Fm=m™_ This continues until m = n and the intersection of hyperplanes is just a point, which resembles
F° = {0}. In this case, there are no free variables to the linear system. This is, of course, only true if the
set of linear equations is linearly independent; if linearly dependent, then at least one equation is a linear
combination of the rest and its removal does not change the flat one bit. That is, the inclusion of a linear
combination of equations already in the system offers no restriction on the solution set whatsoever, and this
equation is frankly redundant to the linear system. This summarizes the Top-Down approach to affine sets.

The “shape” of the flat, that is, the parameter p for which the affine set resembles FP, appears to be
determined by the number of free variables in the linear system. The Bottom-Up approach to flats is to
adjoin more and more free variables until the flat has the right “shape.”

A point in F" is the solution to the vector equation
r = Xy,

where x is a variable vector and x( is a fixed vector. So a point in F™ is just a vector, that is, P = x(. It is
also a translation of the empty span Span{} = {0} = F°.

A line in F", call it ¢, is the translation of the span of a single vector v, which acts as the direction or
slope of the line. If xq is a point on ¢, then ¢ is the solution set to the vector equation

= xg + tv.

Similarly, a plane in F”, call it P, is a translation of a span of two linearly independent vectors, that is,
a translation of Span{w,v}. Then P is the solution set to the vector equation

T = xg + su + tv,
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where vectors u, v € F™, {u, v} is linear independent, and x¢ is on P.

By allegory, we can construct higher flats by increasing the number of linearly independent vectors in
the linear combination associated with the vector equation, that is, we increase the number of linearly
independent vectors in the spanning set, the so-called spanners of the flat. For example, a hyperplane in
F* is the set of solutions to the vector equation

T =xy+ru—+ sv+tw,

where {u,v,w} C F* is linearly independent. More generally, an m-flat is the solution set to the vector
equation

T =xy+ Ztivi, (241)
i=1
where {v1,vs,...,v,,} € F™ is a linearly independent set of vectors. Equation (2.4.1) is called the vector

form of the flat. Each component in this vector equation is a linear equation in its own right. The system
of linear equations associated to this vector equation is called the parametric equations of the flat. These
parametric equations would be the general solution to the (n — 1) x n Top-Down linear system described
above. This summarizes the Bottom-Up approach to affine sets.

Example 2.4.2. Find a vector equation and parametric equations of the line in R?® that passes through

1 5
the point &g = | 2 | and is parallel to the vector v = | _—3
3 1

If the flat is said to be “parallel” to a vector,
then that vector acts as a spanner for the flat.
Hence, the vector equation is simple enough:

T = o + tv For the parametric equations, we look closer:

I 1 5 T =1+ 5t
xzo | = 2|+t =3 |. Ty =2 — 3t

I3 :3+ t.
T3 3 1

Example 2.4.3. Find a vector equation and parametric equations of the line in R* that passes through
the origin and is parallel to the vector v = (4,—-3,2, —1).

As the line passes through the origin, we set
xo = 0. Hence, the vector equation for this line
is :

T =1v,
- q - q and the the parametric equations are given as:

X1 4
xr, = 4t

L2 ¢ -3 Xy = —3t

- )

I3 2 T3 — 2t
Xg = —t.

T4 -1
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Example 2.4.4. Find a vector equation and parametric equations of the plane in R* that passes through
xo = (26,3, —13,—18) and is parallel to both the vectors u = (1, —-3,—2,—1) and v = (0,0, 1,0).

The vector equation takes on the form:

T =xg+ su+tv,
- q - q - q - and the the parametric equations are given as:

r1 = 26+ s
9 3 -3 0 _ _
= +s +t , T2 = 33— 3s -
T3 ~13 -9 1 r3 = —13 —2s+1¢
ry = —18 — s
x4 —18 -1 0

Suppose we have a line which contains the vector g and with spanner v. Let 1 be another vector on
this line. Then there exists some s € F' such that ;1 = xy + sv. Note that s # 0, since &1 # xy. Hence,
sv = x1 — g, which implies that the difference of any two vectors on the line is the a scalar multiple of the

spanner. Also, v = %(931 — xg). Thus, for any vector « on the line, we have
t s—1t t
w:mo—i—tv:mo—i—;(ml—mo): ZB()—I—;CL‘l.
s — t
Note that the coefficients satisfy the condition that —— + — = 1. In general, the line containing xy and

s s
is the set of vectors of the form {apxo + a121 | ap,a1 € F,a9 + a3 = 1}.

These principles can be generalized to higher flats too.

2.4.2 Affine Combinations

Definition 2.4.5. Given vectors g, x1,..., &, € F™, the vector  given as

T =a9xo +a1x1+...+anTy,

is called an affine combination of g, 1, ..., x,, if the scalars a; satisfy the equality ag+ai+...+a,, = 1.
The affine span of {xg,x1,...,x,,}, denoted Aff(xg,x1,...,Tn), is the set of all affine combinations of
xg, L1, ..., Ly, that is,
m m
Aff(xg, x1,...,xm) = {Zaiwi Zai = 1} )
i=0 i=0
Note that the affine span of the vectors x, ..., x,, is not the same object as the linear span of the vectors
Zg, ..., L, (recall Definition 2.1.4), although in general
Aff{xo,...,zn} C Span{xo,...,Tm}. (2.4.2)

Since affine combinations are linear combinations with the extra condition that scalars sum to 1, all affine
combinations are linear combinations, but the converse does not hold, hence the above inequality. The affine
span of the vectors xy,...,x,, is the smallest affine set containing these specific vectors. To see this, note
that because of the assumption about the coefficients, any affine combination could be written as

x=(1—a1—as—...—ap)xo + a1x1 + asxs + ... + ap®m,.
On the other hand, the affine combination « is on the flat determined by the equation
T =xo+ a1(x1 — xo) + az(x2 — x0) + ... + am(XTm — To)- (2.4.3)
Notice this flat also contains each x;, which is obtained by setting a; = 1 when ¢ = j and a; = 0 when ¢ # j.

We see the very important observation from (2.4.3): the spanners for a flat can be found by taking
differences of specific vectors on the flat.
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Example 2.4.6. Find a vector equation and parametric equations of the line in R? through (1,2, 3) and
(2,-2,0).

We can take xg to be either of the two points. We will take xg = (1,2, 3). To get the spanner v, we need
to take the difference of the two vectors provided, that is, v = (2, -2,0) — (1,2,3) = (1, —4, -3).
Therefore, the vector equation is given as

T =xo +1v, and the parametric equations as:

1 1 1 T, =14+t
o | =2 | +t]| -4 |, T2 =2 —4t.

T3 =3 -3t
I3 3 -3

Example 2.4.7. Find a vector equation and parametric equations of the plane in R* that passes through
(—17,6,29,0), (—13,3,25,—2), and (—15,6,25, —1).

We can take xg to be any of the three points. We will take xg = (—17,6,29,0). To get the spanners u
and v, we need to take the differences of the three vectors provided, that is,

w=(—13,3,25,—-2)—(—17,6,29,0) = (4, —3,—4,—-2), and v = (—15,6,25—1)—(—17,6,29,0) = (2,0, —4, —1).

Therefore, the vector equation is given as:

T = xg + au + bv,
_ S - - - q - q and the parametric equations as

1 —-17 4 2
r1 = —17+ 4a + 2b
2 = 0 +a -3 +b 0 9 = 6 —3a
T3 29 4 4 r3 = 29 —4a — 4b°
Ty = —2a— b
T4 0 -2 -1

2.4.3 Intersections of Flats

Note that each flat corresponds to the solution set of a linear system: the parametric equations for the
Bottom-Up approach or the m x n linear system for the Top-Down approach. In the Top-Down approach, to
compute the intersection of two flats in F™, one need only take the union of all the linear equations from their
associated linear systems and solve the combined linear system. This really is the drive between Top-Down:
intersections! For computing the intersection with the Bottom-Up approach, it is important to remember
that we use different symbols for the free variables in the different parametric equations. The intersection
of flats is the set of all points that are in both subsets. The parameters that give these coincident points
do not have to be the same. If the same symbols for the parameters are used, it makes the false impression
that the parameters must be equal, which is not true in general.

Example 2.4.8. Find the intersection for the two planes in R* from Examples 2.4.4 and 2.4.7.

To begin, we can equate the values for the dependent variables x1, x2, 3, x4, as follows:

26 + s = —17 + 4a + 2b 4a + 2b — s = 43 a =
3 — 3s = 6 — 3a —3a + 3s = -3 b = 9
—13—-2s+t = 29 — 4a — 4b —4a — 4b + 2s — t = —42 s =

—18 — s = —2a — b —2a— b+ s = —18 t=—12
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Solving this linear system gives the values « = 8 and b =9 (s = 7 and ¢t = —12), which implies that there

is a unique point of intersection between the two planes, ‘ (33,18, -39, —25) ‘ As bizarre as it may be to

visualize, although two distinct planes cannot intersect at a unique point in 3-space, they can in 4-space. =

Example 2.4.9. In the following example, we will compute the intersection between two affine sets, but
we will do it twice! The first time we will compute the intersection when the flats are represented Top-Down,
and the second attempt will be when the flats are represented Bottom-Up. We present them side-by-side for
the reader to compare the differences in the representation.

Find the intersection of the two affine sets in R? given as:

Top-Down Bottom-Up
1 + 3z2 — 23 = 16 vy =14+ 7s 1 = —14 4+ 20t
{x1+4x2—|—m3 =24 To = 6+ —2sand {xo = 10 — 6t
and x3 = 14 S r3 = —1+ 3t

To begin, we equate the variables for each of
the parametric equations. Then remove the coor-
dinate vector and solve the parameters as a linear

To begin, we combine the two linear systems system.
into one. Note that any vector on the first flat is a
solution to the first two equations, and any vector

—3x1 — 8xo + 4x3 —42.

{ 32, + Txe — 613 = 34

on the second flat is a solution to the second two Ts—1 =z =20t —14 Ts — 20t =
equations. Hence, a vector on their intersection —254+6 =22 = -6t +10 ~ ¢ =25 + 6t =
will be a solution to all four linear equations. s+1 =23 = 3t— 1 s — 3t =
r1 + 32 — x3 = 16
r1 + 4 + x3 = 24 We proceed to solve the linear system:

3x1 + Txg — 623 = 34

—3x1 — 8xg + 4wz = —42. 7 20| —13 1 0l1
We proceed to solve the linear system:

- 4 r - -2 6] 4 |1~]10 1]1

1 3 -1 16 1 0 06
1 -3 =2 0 00
1 4 1 24 0 1 0|4
3 T =6 34 0 0 1]2 Hence, the intersection occurs when the pa-
3 _8 4| 39 00 o0lo rameters are s = 1 and ¢ = 1. Therefore, the
L J L J intersection of the two affine sets is the point
Therefore, the intersection of the two affine sets x = (-1+71),6 —2(1),1+ (1)) = (-14 +

is the point =1 (6,4, 2) | 20(1),10 - 6(1), -1+ 3(1)) = (6,4,2) | "

—13
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Exercises (Go to Solutions)

For Exercises 1-6, describe what vector space the given affine set resembles. Assume all vectors and equations
are linearly independent.

& 1. A linear system with 4 equations and 6 vari- @ 2. A linear system with 7 equations and 8 vari-
ables. ables.

& 3. A linear system with 4 equations and 12 vari- ® 4. The span of three vectors.
ables.

& 5. The translations of the span of five vectors. & 6. The span of no vectors, that is, Span{}.

For Exercises 7-15, find the vector form and parametric equations for the given affine set. Answers may vary.
7. The line passing through (5,4, 6) and (1, -2, —3) in R3.
8. The plane containing (—3,6,1) and parallel to (4,—2,3) and (1,6,5) in R3.
9. The plane containing (1,2,3), (—1,4,1), (4,-2,8), (0,1,6) in R3.
# 10. The plane containing (1,2,3,4), (0,1,0,1), and (—1,—2,1,4) in R*.
@ 11. The hyperplane containing (0, 1,4, —1), (11,0,0,2), (=2,-3,0,1), and (9,9,0, —1) in R*.
# 12. The line containing (4,1 + 2i) and parallel to the vector (2 —4,5) in C2.
# 13. The line passing through (1,2,3) and (0,1,3) in Z3.
# 14. The plane containing (2,3, 1) and parallel to (1,2, 3) and (0,0,5) in Z3.
15. The plane containing (5,4, 1) and parallel to (2,3,1) and (1,1,4) in Z3,.

For Exercises 16-20, find the intersection between the two flats provided. Answers may vary.

1+ a2 +x3 —dxry = 3 d 51 + 2x9 — x3 — x4 = —3
. an
2x1 + 3xo + 2x4 = —4 —3x1 + 2x3 —4xy = 5
—x — bxs3 — x4 = —17 xr1 — 209 — 2203 + x4 = —1
ol 1 3 4 and 1 2 3 4
—3z1 + 229 — 1023 — 324 = —33 To +3x3 —3x4 = 5
—2 1 3 4 -3
18. ¢ = 2 |4+al|l -1 |andx=| -1 |+b| —2 | +¢ 1
—4 2 2 0 4
4 -1 4 1 2
2 0 -2 0 -2
N 19 == +a and x = +b +c
6 -1 4 3 2
—2 2 15 -5 3

20. The affine sets from Exercises 7 and 8.
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“For the wise man looks into space and he knows there is no limited dimensions.” — Lao Tzu

2.5 Subspaces

Lines, planes, and hyperplanes through the origin are just special examples of subspaces of F™.

2.5.1 Vector Spaces Inside a Vector Space
Definition 2.5.1. Let V be a vector space, such as F'™. A subspace of V is any set W C V such that:

(i) 0 e W,
(ii) For each u,v € W, the sum u+v € W,

(iii) For each v € W and scalar ¢ € F, the vector cv € W.

In words, a subspace is nonempty subset of V' closed under addition and scalar multiplication. It should
be mentioned that closure under addition and scalar multiplication is equivalent to closure under linear
combinations.

When considering vector spaces before, we saw that a set of things is called a vector space when we can
appropriately add and scale all the objects, which are then called vectors. Necessary to this definition is that
the sum of two vectors and a scaled vector still be vectors! A subspace is a vector space inside of a vector
space, that is, each subspace of V is also a vector space in its own right. The sum of two vectors or a scaled
vectors originating from W will remain in W still. In regard to the axioms of a vector space, the subspace
inherits the axioms from the ambient vector space. For example, since ALL vectors commute in the larger
vector space, all vectors will commute in the smaller subset.

The vector space V' in consideration will nearly always be F™ for some field F. It should be mentioned
that F™ is a subspace of F™ because it satisfies all three conditions. Also, the zero space F° = {0} is also
a subspace.

Example 2.5.2. If vi,vy € F” and W = Span{v;,v2}, then we claim that W is a subspace of F". To
prove this claim, we must show that W satisfies the three conditions in the definition. Let ¢, s1, $2,t1,t2 € F.
Then

(i) 0 =0v; +0vy € W,
(ii) (5191 4 sav2) + (Livy + tov2) = (51 +t1)v1 + (52 + t2)va € W,
(iil) c(s1v1 + sav2) = (¢s1)v1 + (cs2)v2 € W.
Therefore, W is a subspace of F™. By mathematical induction, this same argument shows that a span for

any number of vectors is also a subspace of F". [

Because of this, we often say that a span of a set of vector § is the subspace spanned by S. Likewise,
if H is a subspace of F™ and W = Span{S} for some S C F™, then we say that S is a spanning set for W.

By our consideration of lines, planes, hyperplanes, and affine sets (flats) which pass through the origin
are subspaces because it is just a span of vectors. In fact, every coset is simply the translation of a subspace.
On the other hand, a translation of a subspace will likely not be a subspace since it no longer contains the
zero vector.

Example 2.5.3. In R2 all lines through the origin are 1-dimensional subspaces. On the other hand, other
lines are not subspaces since they do not contain the origin which is the zero vector of R2.
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Let W be the set of all points (z,y) € R? for which z > 0 and y > 0, that is, W is the first quadrant of
the plane. This is not a subspace. On the one hand, the set contains 0 and is closed under addition. For
example, if x1,x2,y1,y2 > 0, then x1 + z2,y1 + y2 > 0 and (x1,y2) + (z2,y2) € W. On the other hand, if
z,y >0, then —z, —y < 0 and —(z,y) = (-, —y) ¢ W. Hence, W is not a subspace of R%. "

2.5.2 The Column Space is a Subpace

Let A= g, as ... a, | beanmxn matrix. Then recall that the column space of A, denoted Col 4,

is Span{ai,as,...,a,}. The column space of A is the set of all b € F™ such that Ax = b is consistent. By
Example 2.5.2, Col A is a subspace of F".

1 8 7 3
Example 2.5.4. Let A=| 7 g 9 | andb=| 3 | over Zy;. Determine whether b € Col A.

8 7 6 7
We need to determine whether b is a linear combination of the column vectors of A. This is the same as
solving the matrix equation Ax = b. To do this, we use row reduction:
1 8 73 1 8 7|3 1 8 713
76 9(3|~|05 4l4|~|0 5 4|4 (mod 11).

8 7 6|7 09 5|5 0 0 0]0

Thus, the system is consistent, which implies that b is in Col A. [

2.5.3 Vector Spaces of Functions
Example 2.5.5. Let V' =R be the set of all real-valued sequences. This is a vector space since we can

add two sequences:

{331,1’2,1'3,---} +{y17y27y3a"~} = {xl +y1,~”€2 +y27$3 +y3a} S Roo’

and scale a sequence:
c{x1,xa,x3,. ..} = {cx1,cre,cx3,. ..}

Notice the zero vector of this vector space is the constant zero sequence:
0={0,0,0,...}.

Let W be the subset of R of convergent sequences. Since the zero sequence converges (to zero), it is
contained in W. By limit properties, the sum of convergent sequences is convergent and converges to the
sum of limits. Likewise, a multiple of a convergent sequence converges to a multiple of the limit. Therefore,
W is a subspace of R*. By similar reasoning, the set of all sequence which converge to zero is a subspace
of R, ]

Example 2.5.6. Let RX = {f: X — R}, that is, the set of all real-valued functions where X C R, e.g.
RE is the set of real-valued function defined on the entire z-axis. Then R¥ is also a vector space. Note that
if f,g € RX, then the sum of “vectors” is the function defined by the rule:

(f +9)(@) = f(z) +g(z),
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and scalar multiplication is given by the rule:

(cf)(@) = c[f(@)].

For this vector space, the function f(x) = 0 for all z € X is the zero vector, called the zero function.

Let P denote the set of all polynomials with real coefficients. Viewing P as a subset of R, as the domain
of any polynomial can be restricted to X, then P is a subspace of RE. To see this, note that the zero poly-
nomial is the same as the zero function and is contained in P. Second, the sum of two polynomials is again
a polynomial. Third, a polynomial times by a real number is again a real-valued polynomial. Therefore, P
is a subspace of RE.

Let P, be the set of polynomials with degree at most n. By the same reasoning as before, P, is a
subspace of P and hence a subspace of RX. In fact, P, = Span(1,z,z2,...,2"). Furthermore,

Po<P1<Py<P3<...<P<RY .

Example 2.5.7. Let C(X) be the set of all real-valued continuous functions on the domain X. This is a
subset of R¥. By facts from Calculus, the zero function is continuous, the sum of continuous functions is
continuous, and the multiple of a continuous function is continuous. Thus, C(X) < RX.

Likewise, we can define the set C'(X) to be the set of all real-valued continuously differentiable (f’
is continuous) functions on the domain X. Likewise, Calculus tells us that constant functions are dif-
ferentiable, sums of differentiable functions are differentiable, and multiples of differentiable functions are
differentiable. Thus, C1(X) < R¥X. Of course, since differentiable functions are necessarily continuous, we
have C}(X) < C(X) < R¥.

Likewise, we can define C"(X) to be the set of functions f for which £ is continuous on X. By similar
reasoning, each of these sets are subspaces of R¥. Let C*°(X) be the set of all functions in RX for which all
higher derivatives exists (and necessarily are continuous). This is likewise a subspace and called the space
of smooth functions. In fact, we have the following descending sequences of subspaces:

RY > C(X)2CN(X)2C*(X) > ... 2C"(X) >... 2 C(X)
> Pz2...2Pp2>...2P2>2P1 > Po.

All these vector spaces allude to why Linear Algebra is extremely useful for Advanced Calculus (often
called Real Analysis). Linear algebra is everywhere in calculus!

With the exception of those concepts directly related to calculus, such as continuity and derivatives, the
above examples of function spaces can be adapted to any field F. [
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Exercises (Go to Solutions)

For Exercises 1-8, explain why the subset of R? does NOT form a subspace, that is, explain which of the
three axioms are satisfied and which ones fail. Provide a counterexample to justify when they fail. Answers
may vary.

1. W is the first and third quadrants, that is, & 2. WV is the unit circle, that is,
W ={(z,y) | 2y > 0}. W= {(z,y) [ 2* +y* =1}.
& 3. W is the unit disc, that is, & 4. W is the standard parabola, that is,
W= {(z,y) | 2* +y* < 1}. W= {(z,y) |y =2}
& 5. W is the union of the x- and y-axis, that is, & 6. W is the upper half-plane, that is,
W ={(z,y) |# =0o0ry=0} W= {(z,y) |y = 0}.
7. W is the union of y-axis and unit disc, that is, 8. W is the punctured plane, that is,
W ={(z,y) |2 =0or a2+ % < 1}, W= {(z,y) | 2% +4* > 1}.

For Exercises 9-12, decide if the subset of the function space R¥ forms a subspace. Justify your answer in a
similar style to Exercises 1-8. Answers may vary.

& 9. The set of functions whose y-intercept is 1, that & 10. The set of functions whose y-intercept is 0, that
is, f(0) = 1. is, f(0) = 0.
& 11. The set of functions whose end behavior on the @ 12. The set of odd functions, that is, f(—z) =
right is oo, that is, lim f(z) = co. —f(z).
xr—r 00

Let H and K be subpaces of a vector space V. The intersection of H and K, written H N K, is the set of
all vectors v € V' that belong to both H and K. The union of H and K, written H U K, is the set of all
vectors v € V that belong to H or K (or both).

13. Show that if H and K are subspaces of K, then H N K is also a subspace of V.

14. Given an example of a subspaces H and K such that H U K is NOT a subspace of V.
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“After every storm the sun will smile; for every problem there is a solution, and the soul’s indefeasible duty
is to be of good cheer.” — William R. Alger

2.6 Solution Sets of Linear Systems

In this section, we will see that the general solution of a homogeneous linear system is just the null space of
the associated coefficient matriz. Generalizing this, we will see that the general solution to a nonhomogeneous
linear system will be the general solution of the associated homogeneous solution and some particular solution.
This particular solution is generally found by setting all the free variables, if any, equal to zero. In particular,
the solution set of a linear system is an affine set, and any affine set can be the solution of a linear system.

2.6.1 Homogeneous Systems

Recall that a linear system is said to be homogeneous if it can be written in the form Ax = 0, where A is a
m X n matrix, x € F™, and 0 is the zero vector in F*. A homogeneous system Ax = 0 always has a solution,
namely & = 0. This can be thought of as the trivial solution. Any other solution to a homogeneous system
is a nontrivial solution.

Theorem 2.6.1. The homogeneous system Ax = 0 has a nontrivial solution if and only if the equation has
at least one free variable.

Example 2.6.2. Determine if the following homogeneous system has a nontrivial solution.
3x1 + bxog + 323 =0

41 + bxg + 423 =0 (mod 7).
61’1+ $2+61’3 =0

Let A be the coefficient matrix. Then we must row reduce the augmented matrix [A | 0], as seen below.

3 5 30 35 30 3 5 3]0
[Aloj=|4 5 4/0|~|0 3 0l0|~]0 3 0]0
6 1 60 05 00 00 00

Thus, x3 is a free variable. This implies that Az = 0 has a nontrivial solution! To determine such a solution,
we continue to the RREF;

3 56 3|0 3 5 3|0 3 0 3|0 1 0 1]0
o3 0/0(~01O0/0]~]01O0(0]~]010]|0

0 0 0|0 0 0 0|0 0 0 0|0 0 0 0|0

Thus, the system of equations becomes:

T +x3 =0
) =0 (mod7)
0 =0

and the nontrivial solutions are of the form:
X 6333 6
x=| gy | = 0 =x3| 0 (mod 7).

I3 I3 1
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6
Thus, if v = | |, then the solution set of Az = 0 is
1
0 6 5 4 3 2 1
Span{v} ={tv [t €Zz} =< | 0 [ | 0 |- [0 |-|O|-|O0[:]0|:]0O]¢- .
0 1 2 3 4 5 6

2.6.2 The Null Space

Definition 2.6.3. Let A be an m x n matrix. Then the null space (or kernel) of A, denoted Nul A, is the
set of all solutions of the homogeneous system Ax = 0. The nullity of A, denoted nullity(A), is the number
of non-pivot columns in A. This value counts the number of free variables in the homogeneous system and
essentially measures the “size” of null space.

The null space A is a subset of F"*. Furthermore, Nul A is a subspace. This agrees with the previous
example where the solution set was spans of vectors. As such, we can geometrically visualize the solution
set to a homogeneous system as a plane through the origin.

Theorem 2.6.4. The null space of an m x n matriz A is a subspace of F".

Proof. Since A0 = 0, we have that 0 € Nul A. Next, suppose that @,y € Nul A. This means that Ax = 0
and Ay = 0. Thus, A(x +y) = Az + Ay =0+ 0 = 0. Hence, x +y € NulA. Finally, if ¢ € F, then
A(cx) = c(Ax) = 0 = 0. Hence, cx € Nul A. Therefore, Nul A is a subspace of F". o

1 3 -3 4

Example 2.6.5. For the matrix A= | 2 1 4 3 |, find a spanning set for its null space.

3 -2 13 1

Note that when solving a homogeneous linear system, the augmented column is just the zero vector and
no row operation will ever transform a column of zeros. As such, we often omit the zero column when
solving homogeneous systems. In fact, solving homogeneous systems is essentially the same techniques as
determining whether a set of vectors is linearly independent (compare Example 2.3.2).

1 3 -3 4 1 3 -3 4 1 3 -3 4 1 3 -3 4 1 0 3
2 1 4 3({~l0 -5 10 -5|~|01 -2 1|~(01 -2 1]|~(0 1 =2
3 -2 13 1 0 —-11 22 -11 01 -2 1 0 0 0 0 0 0 0

The associated reduced linear system would then be

X +3£E3+I4:0 " — 3 — o
x2—2x3+x420~{1 23 4
To = T3 — T

0 =0 2 3 4
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Thus, the general solution to the homogeneous system Ax = 0 is

Let uw =(-3,2,1,0) and v = (—1,—-1,0,1). Hence, Nul(4) = Span{u, v}.

Thus, the general solution to the homogeneous system can be expressed as € = x1v1 +x2v2+. ..+ 1,0,
where v1,va,...,v, is a basis for Nul(A4). Additionally, « is a nontrivial solution if and only if at least one

T

T2

T3

L4

—3333 — X4
2333 — T4
T3

Tyq

—3l‘3 —Ty4
21‘3 —X4
+
X3 0
0 Ty

2.6.3 Particular Solutions to Linear Systems

Like a homogeneous system, a non-homogeneous system of linear equations with multiple solutions can have

their solutions expressed in parametric form.

:xg

Example 2.6.6. Describe all solutions of Ax = b over Z7, where

3 5 3
A=|4 5 4
6 1 6

Here, A is the same coefficient matrix as in the first example. Thus, using the same row operations, we

can see that

Thus, the related system is

and b =

0

6
3

and the solutions are all of the form:

6
Thus, if v = | 0

1

T = xo+tv, t € Z7. In fact, tv is the general form of the solutions for Az = 0. Thus, any solution to
Ax = b is of the form x( plus a solution to Av = 0. Using the Span{v} from Example 2.6.2, we see the

and x

1

r = To

T3

6

= 2

0

310 1 0 16
416 [~ 0 1 0]2
6|3 0 0 0|0

T +x3 =6

T2 =2

0 =0.

6 + 6x3 6
2 =12
T3 0

+ 3

0

+ x4

, then all solutions of Ax = b are points on the line determined by
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seven solutions are

6 5 6 5 4
Aff 2 1,12 = 2 0.1 21.]2
0 1 0 1 2

Example 2.6.7. Describe all solutions of Ax = b, where

4 3 —11 17
A= 1 -8 6 | andb= | —22
-1 -10 12 —32

Row reducing the augmented matrix, we can see that

3 2 1 0
2015012512 |5] 2 u
3 4 ) 6

4 3 —11 17 4 3 —11 17 1 10 —12 32
1 =8 6|—-22 |~ 0 -18 18| =54 [~ | O 1 -1 3
-1 -10 12 | —32 3 -7 1] -15 3 -7 1] -15
1 0 -2 2 0 —22
~l0 1 -1 31~ 0 ~13
0 37 —-37|-111 0 0 010
Thus, the related system is
X — 2!175 =2
To — T3 = 3
0 =
and the solutions are all of the form:
X 2 —+ 2%3 2 2
T = To = 3+ xo = 3 + x3 1 ;
I3 I3 0 1
where (2,3,0) is a particular solution to the system and Nul(A) = Span{(2,1,1)}. n

Theorem 2.6.8. Suppose the equation Ax = b is consistent for some given b, and let xy be a (particular)
solution. Then the solution set of Ax = b is the set of all vectors of the form x = xy + x,,, where x,, is any
solution of the homogeneous equation Ax = 0 and can be expressed in parametric form.

From a geometric perspective, a solution set to a homogeneous system is the null space of its coefficient
matrix A. As such, it is a subspace spanned by n independent vectors, where n = nullity(A). Theorem
2.6.8 tells us that a solution set to a non-homogeneous system generically is an affine span of n independent

vectors, in other words, it is an n-flat.
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Exercises

83

(Go to Solutions)

For Exercises 1-1, determine whether the homogeneous system has a nontrivial solution. If so, list all the

free variables, e.g., T2, T4, T5.

2x1 + 3x9 + 223 =0
2x1 + bxg + Txs =0
4r1 4+ 629 + 423 =0
—2x1+ 9 +8x3 =0

For Exercises 2-10, find a spanning set for the null space for each of the following matrices. Answers may

vary.
9 12 -9 3 2 -4 0
2.1 10 11 -4 2 O3 | 2 41
4 7 20 1 -2 3
1 2 -5 10 7
2 4 1 2 1
a5

3 6 a6 | -1 2 2
4 8 4 -8 -3
1 -2 2

142 2—i 1 0 1+4i -3+3i

9. | 244i 4—-2 144 —2 245 —2+10i

10.

3—1 —1-3¢ 2 T 33— 6+ 3i

For Exercises 11-17, describe all solutions to the matrix equation Ax = b.

followed by the vector b. Answers may vary.

2 =6 8 0 10
1 -3 41 -3 a2
11. ,
0 0 0 1 -8
-1 3 -4 1 ~13
-4 0 -4 —4
13. 3 -4 3|, 6
a4
2 0 2 2

a7

(mod 5)

0 0

The matrix A will be listed first,

—6 1
-16 | 11
8 -5
2 0 1T 4 ]
-5 0 —4
6 0 7 18
4 0 8
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.l 54 34+i 6+42i 12 4 14i 100111 0
. 2 i % || —245 #16. {1 1001 0]|s|1] (mod?2)
011001 0
(103 41 0
1712 2 0 11,10 (mod 5)
44 2 3 0

We have seen that solution sets to homogeneous systems, aka null spaces, are subspaces, that is, they
always contain the zero vector, are always closed under addition, and are always closed under scalar multipli-
cation. In particular, if one has a list of solutions to the homogeneous system, then any linear combination
of these vectors is likewise a solution to the system. What about solution sets of non-homogeneous systems?
After all, the solution set to a linear system is a flat and subspaces are just flats through the origin. Sadly,
such closure principles do not hold for general flats. Firstly, if the flat does not pass through the origin, then
it cannot be a subspace since it does not contain the zero vector. Similar problems arise with closure under
addition and scalars.

& 18. Construct an example of a non-homogeneous system such that the sum of two solutions is not a solution.

& 19. Construct an example of a non-homogeneous system such that the scalar multiple of a solution is not
a solution.

# 20. Although solution sets of non-homogeneous systems are not closed under vector addition or scalar
multiples, they are closed under lines, that is, if @y and «; are two distinct solutions to the non-
homogeneous system then any vector on the line

Cl’::(l—t)IBo'Ft:Eh teF
is likewise a solution to the system. Prove that solution sets are closed under lines.

21. We have already alluded to the fact that flat and affine spans are actually the same thing, despite being
defined differently. In this direction, prove that a solution set is closed under all affine combinations.
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“It is through gratitude for the present moment that the spiritual dimension of life opens up.”
— Eckhart Tolle

2.7 Bases

We often reflect upon geometric shapes based upon their dimension. A line is 1-dimensional, a plane is
2-dimensional, and 3-dimensional space is. .. well. .. 3-dimensional. How about 4-dimensional space? While
it may be difficult to visualize geometrically, a basis of a vector space provides an algebraic way to visualize
the dimension of the space. In addition, to introducing formally bases and dimension, we consider how to
find a basis for familiar spaces.

2.7.1 Dimension

Definition 2.7.1. A basis B of a vector space V is a linearly independent, spanning set of V. The size of
the basis, |B], is called the dimension of V', denoted dim V.

Every line through the origin is a one-dimensional subspace and every plane through the origin is two-
dimensional. In general, an affine set passing through the origin spanned by p independent vectors (aka, a
subspace) has dimension p. Consider for a moment the zero space {0}. This subspace has exactly two subsets
{0} and . Vacuously, () is linearly independent’. The set {0} is linearly dependent because it contains O.
Thus, () is a basis for {0}. Therefore, dim{0} = 0.

Example 2.7.2. For F" the set £ = {ej,eq,...,e,}, where e; is the vector with a 1 in the ith component
and 0’s everywhere else, is always a basis. This is known as the standard basis of F™.

1 1 1
On the other hand, the set B = ol,1 11,11 is a non-standard basis for F3. [
0 0 1

We mention some important properties of bases and dimension.
Theorem 2.7.3. Let B be a subset of the vector space V.. Then the following are equivalent:
(i) B is a basis;

(i) B is a mazimal linearly independent set, that is, B is linearly independent but B U {u} is linearly
dependent for any uw € V;

(iii) B is a minimal spanning set of V , that is, V = Span(B) but V # Span(B \ {v}) for any v € B.
(iv) All vectors in V' can be uniquely expressed as a linear combination of vectors from B.

Theorem 2.7.4 (The Expansion Theorem). Let V' be a vector space and let S C'V be a linearly independent
subset. Then there exists a basis B of V' such that S C B.

In other words, every linearly independent set can be expanded into a basis by including potentially new
vectors from V not already contained in S.

Theorem 2.7.5 (The Pruning Theorem). Let V be a vector space and let S C V be a spanning set of V.
Then there exists a basis B of V' such that B C S.

In other words, every spanning set can be pruned down into a basis by removing unneeded vectors from

S.

Theorem 2.7.6. The dimension of a vector space V is well-defined, that is, if B and C are two bases for
V, then |B| = |C|.

iThere are no dependence relations on the vectors in (!




86 CHAPTER 2. THE ALGEBRA AND GEOMETRY OF VECTORS

Theorem 2.7.7. Let V be an n-dimensional vector space and let S C V.

(i) If |S| > n, then S is linearly dependent. But if S spans V, then there is a proper subset of S which is
a basis.

(i) If |S| < n, then S does not span V. But if S is linearly independent, then there is a basis of V that

contains S as a proper subset.

2.7.2 Basis for Column Space

Given any m x n matrix A, there are two fundamental subspaces' associated to A: the column space Col(A)
which is the span of the column vectors of A (hence, a subspace of F™) and the null space Nul(A) which is
the solution set to the homogeneous system Ax = 0 (hence, a subspace of F™). The dimension of Col(A) is
called the rank'! of A, and the dimension of Nul(A) is called the nullity of A.

Theorem 2.7.8. The pivot columns of A form a basis for the column space of A.

The location of the pivots (or to say, the absence of pivots) in the echelon form of A tells us which column
vectors can be expressed as a linear combination of the previous column vectors

1 3 3 2 4

Example 2.7.9. Let A=| 2 7 6 3 9 |. Construct a basis for Col(A).

1 2 3 3 3

We begin by computing an echelon form of A:

1] 3 3 2 4 1] 3 3 2 4 1] 3 3 24
2 76 3 9|~|o0o [1]J]o -1 1]~lo0o [1]o0o -11

1 2 3 3 3 0 -1 0 1 -1 0 0 O 0 0

We see now that this matrix is in echelon form, for which we can now easily identify the pivot columns, namely
the first and second. This indicates that the third and fourth column vectors are both linear combinations

1 3
of the first two column vectors. Therefore, a basis of Col A4 is 21,17 and rank(A) = 2. n
1 2

Example 2.7.10. Let A = . Find a basis for the column space of A.

3 4 -1 11 -8

iThere are four fundamental subspaces associated to a matrix in total. Two other fundamental subspaces, namely the Row
Space and Left Null Space, will be defined later.

liiThese re-definitions of rank and nullity at first view may appear to be in conflict with the Definition 1.5.5 and Definition
2.6.3, which were defined by counting pivots. Theorem 2.7.8 and the technique developed after Theorem 2.7.11 show that these
notions, in fact, coincide.



2.7. BASES 87

Since A ~ , we see that the third and fourth column vectors are linear

1 3 -9
-2 —2 2
combinations of the first and second column vectors. Thus, the set , , is a basis
2 3 1
3 4 -8
for Col A, and the rank(A) = dim(Col(4)) = 3. i S S i "

2.7.3 Basis for Null Space
Theorem 2.7.11. If two matrices A and B are row equivalent, then Nul A = Nul B.

Because of the previous theorem, one can use the row-reduced echelon form of A to find a basis for
Nul(A). This will be the the same technique we applied in Example 2.6.5 to find a spanning set for Nul(A4),
which was already a basis. The basis vectors will be derived from the non-pivot columns of A’s row-reduced
echelon form, that is, those columns which correspond to free variables of the linear system.

1 3 3 2 4
Example 2.7.12. Let A=| 2 7 ¢ 3 9 |. Construct a basis for Nul(A4).

1 2 3 3 3

Remember that Nul A is the solution set to Az = 0, which we now solve by row reducing the matrix A.
We might recognize that this is the same matrix from Example 2.7.12. As such, we have already seen that

1] 3 3 2 4]0
[A]O0]~] 0o [1] 0 -1 1]0

0 0 0 0 0]0

From echelon form, we can identify the pivot and non-pivot columns. Thus, we see that nullity(A) = 3. To
find a specific basis, we are advantaged to continue to reduce the matrix to row-reduced echelon form, as

shown below:
0 3 5 1[0

[A]O]~] 0 [1] 0 -1 1]0
0O 0 0 0 0|0

As we have seen many times, this augmented matrix corresponds to a linear system, namely

T 4+ 3x3 + 54 + 25 = 0
X2 — x4+ 25 =0.

In usual tradition, we solve for the two dependent variables, x1, x3, in terms of the three free variables, x3,
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T4, T5. From this we see
T, = —3x3 — dry — T3
T2 = T4 — Ts,

which provides the parametric equations to the flat which is the solution set to Az = 0. Converting these
parametric equations into a single vector equation, we see

I —3$3 - 53’54 — Iy -3 -5 -1
xTo T4 — Ty 0 1 -1
rT=| 23 | = x3 = T3 1 | +2a 0 | +=s 0 | =zsutzsv+asw. (2.7.1)
T4 T4 0 1 0
Ts 5 0 0 1

Then Nul(A) = Span{u,v,w}. Thus, {u,v,w} is a spanning set for Nul(4). On the other hand, the
construction of {u, v, w} guarantees that they are linearly independent since

3w + 40 + x5w = 0

implies that x3, x4, and x5 are all zero. To see this, consider the 3rd, 4th, and 5th components of x in
(2.7.1). As u contains a 1 in the 3rd component and v and w both contain 0, any combination of u, v, and
w to form x must have the coefficient of u be x3. The same is also true that the coefficients of v and w
must be x4 and x5, respectively. Hence, if & were 0, then z3 = x4 = x5 = 0, proving the claim. Therefore,
{u,v,w} is a basis for Nul(A4). "

Let us attempt to abbreviate the process given in the previous example (also in Example 2.6.5). First,
compute the RREF of the matrix A. The basis of (A) will have exactly nullity(A) many vectors, each vector
corresponding to a free variable/non-pivot column. In those entries indexed by a free variable in the vectors
we are building, place a 1 or 0 according to whether the vector corresponds to the free variable from that
index. For example, in the previous example, the free variables were x3, x4, and x5. Thus, we start building
three vector templates, in this same order, of the form

_*_ _*_ _*_
* * *
1 (-]0(>] 0],
0 1 0
_O_ _0_ _1_

where * designates a yet unspecified scalar. To fill in the *’s, notice that there indices correspond to the
dependent variables/pivot columns. These pivots also correspond to pivot rows in the RREF of A, which
each contain a scalar in non-pivot columns corresponding to free variables. From the first row, record the
inverse of the scalar you see in the corresponding columns into the vectors we are building. For example,
the first pivot row tells us to fill in the *’s as

_—3_ _—5_ -—1_
* * *
1], 01, 0
0 1 0

0l L 0] [ 1]
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We have to switch the signs of the scalars as this is a consequence of moving the variables from the left-hand
side to the right-hand side of the parametric equations. Applying this same principle to Row 2, we get the
same basis for (A), namely,

_—3_ _—5- -—1_
0 1 -1
1|, 01, 0
0 1 0

0l L 0] [ 1

Example 2.7.13. Let

) 1 -3 4 2 -2 1] -3 4 0 -1/9

-2 6 -8 5 3 0 0 0 [1] -1/9
Find a basis for Col(A) and Nul(A4).

1 2
Since we have the RREF of A already, we can very quickly determine that Col(A) = Span ,
-2 5
as a basis is formed by the 1st and 4th columns of A. Likewise, since the 2nd, 3rd, and 5th columns of A

are non-pivot columns, we see that a template for a basis of Nul(A) can be begun as

_*_ _*_ _*_
1 0 0
0|1 ]s|0O0
* * *
0] [0 | 1]

Reading off the scalars in the first row tells us

-3_ -—4_ -1/9_
1 0 0
01, 1 ) 0
* * *
AL LU I

Reading off the scalars in the second row gives us a basis for Nul(A), namely

(3] [ 4] [1p]
1 0 0
o] 1 |.|] o
0 0 1/9
o] [ o] | 1]
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Now, one can interchange a vector in a spanning set with any non-zero multiple of that same vector without
changing the span. Likewise, linear independence is not affected by interchanging a non-zero multiple of a
vector. Thus, if we do not want the fractions in the last spanning vector (1/9,0,0,1/9,1) =1/9(1,0,0,1,9),
then we may substitute it with simply (1,0, 0, 1,9). Therefore,

_3_ _74_ _1_
1 0 0
Nul(A) = Span 01|, 1 , 1 0 . n
0 0 1
_0_ i 0 | _9_
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Exercises (Go to Solutions)

For Exercises 1-1, determine with the statement is true or false. If false, correct the statement so that it is
true.

1. If A is an m x n matrix, then rank(A) + nullity(A4) = m.

For Exercises 2-4, determine whether the set of vectors is a basis for the provided vector space.

1 0 -1 1 1 1 0
2 , CR? 3 ) CR? 4 C R3
0 1 ) 1 O], 1{(,]1 R

0 0 0

For Exercises 5-7, let S be the provided set of vectors. Let W = Span(S). Prune the spanning set S down
to find a basis for W. Answers may vary.

- 1 2 4 1 21 6 0 0 1
2 4 8 6 2 1,] 16 |,] 12 7 of>[{0]s]0
7 43 42 1 0 1

For Exercises 8-26, let A be the provided matrix. Find a basis for Col(A) consisting of column vectors of A
and a basis for Nul(A). Find the rank and nullity of A. Answers may vary.

1 15 8 1 1 2 1 1 10 5 4 2 1
810 9 6 912 3 5 10 2 3 4 2 1. | 4 4 2 8
0 0 2 4 2 4 31 3 1 2 5 6 3
8 -3 —13 15 17 ~1 2 1 0 1 25 9
® 12 14.
2 1 3 -3 -3 |#13 7 -14 -7 -8 34 7 1
-3 6 3 2
_148—1 5005 6 5 6 5 4 3 2 1 1 23 4 5
16.
15. 2 4 8 0 0 4 0 4 4 6 17, 5 4 3 2 1 6 18, 2 4 6 8 10
90 09 9 0 2 4 6 8 2 4 3 6 9 12 15
3 2 4 1
B 01 01 2 6 2 -2 4 4 8
T+i 44— 1+2 2—i -1 0 144 —3+3i
19 | 274 4 W20 | 244 4-2% 1+4i -2 245 —2+10i
6 — 107 3+
3—i —-1-3i 2 i 3—i 6+3
—8—2¢ 12+ 102 -
1 0 01 1 1 1 0 01 1 0 2 1 1 1
21. d2 22. d2 420
A 01 01 1 0 |(mod?2) 01 1 1 1 1 |(mod?2) o 23 (mod 5)
(00 1 101 101010 2130
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6 2 1 0 46610 1 26 8 9 3
24. 1 5 6 6 |(mod?7) boz2se 26. |1 3 00 1 2 (mod 11)
25. |2 3 5 1 3 |(mod7)
3 6 3 2 213 2 0 1 4 2 8 79
31140

27. We say that a vector v = (v1,va,...,v,) € R" is strongly positive if v; > 0 for all 7. Let W < R"
be a subspace that contains a strongly positive vector. Prove that W has a basis consisting of only
strongly positive vectors.
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“If you want to get each individual’s honest opinion, you don’t want that opinion to be influenced by others
who are present, much less allow a group to coordinate what they are going to say.” — Thomas Sowell

2.8 Coordinates

2.8.1 Coordiante Vectors

Let V be a vector space with basis B = {vy,vs,...,v,}. Let & € V. Since B is a spanning set for V', there
exists scalars ¢y, ¢o,..., ¢, € F such that

T =C1V] + CV2 4+ ...+ CrLU,.
Suppose that & can be expressed as a linear combination of B in another way, say

xr =dyv; +davs + ...+ dyv,,
for dy,ds,...,d, € F. Then
0=z—x = (c1v1+cova+...+cpv,)—(div1+dova+.. . +d,v,) = (c1—di)v1+(ca—d2)va+. . .+ (crn—dp)vn.
But B is linearly independent, which implies that each ¢; — d; = 0, that is, ¢; = d;. Therefore, each element
of V' can be expressed uniquely as a linear combination of B.
Definition 2.8.1. Suppose the set B = {v,va,...,v,} is a basis for vector space V. For each € V, the

coordinates of x relative to the basis B are the unique coefficients ¢y, ..., ¢, € F such that

T =C1V1 +CVy + ...+ CrLvy,.

(&1
The vector [x]|g = : € F" is called the coordinate vector of x relative to B or the B-coordinate
Cn
vector of x.
1 5 3
Example 2.8.2. Letv; = | o |,va= |2 |, z=| 2 |, and B = {vy,v2}. Then B is a basis for
1 3 1

V = Span{wv;,va} because B is linearly independent. Determine if & € V', and if it is, find the coordinate
vector of x relative to B.

If x € V, then there exists ¢1, ¢ € R such that ¢yv1 + cave = . Then, we row reduce the corresponding

augmented matrix, below: From this we see that € V and
1 5|3 1 0]-2 3 1 5
0 212 |~]0 1 1 2 |=-2l0|+]| 2
1 3|1 0 0] O 1 1 3
-2
Therefore, [x]|g = . The basis B determines a “coordinate system” for the plane spanned by v,
1

Va. ||
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In the previous example, even though the vectors in V are vectors in R?, they are completely determined
by their coordinate vectors, which belong to R?. Thus, there is a natural identification between the vectors
of W and the vectors in R?, namely « ~ [x]s. This mapping is a one-to-one, onto linear transformation.
Essentially, this means that the two spaces look the same. In this example, V and R? are geometrically
the same as they are both planes. We even write that V =2 R?, and we say that W is congruent to (or
isomorphic to) to R2.

2.8.2 Change-of-Basis Matrix
Example 2.8.3. Consider two bases B = {by,bs} and C = {¢1, ¢} for a vector space V', such that

c1 = 2b; — 3by and cy = —3by + 5bs.

Suppose further that
x =cy1 + 3cs.

Compute [x]g.

We already know that

2 -3 1
leils = ) [ea]p = , and [x]¢c =
Thus,
2 -3 —7
[x]s = [c1 + 3c2]s = [e1]s + 3le2]s = +3 =
-3 5 12

On the other hand, the vector equation

can be rewritten as a matrix equation

[w]B = |: [61]3 [CQ]B :| [33}0 = = [ |
12 -3 ) 3

Theorem 2.8.4. Let B = {by,...,b,} and C = {c1,...,¢,} be bases of a vector space V. Then there is a
unique n X n mMatric BPC, called the change-of-basis matrix to B from C such that
—

The columns of BPC are the B-coordinate vectors of the elements of C, that is,
+—

o= | lels leds - eals

Multiplication by Pc converts C-coordinate vectors to B-coordinate vectors. To change coordinates

-
between two bases, we need the coordinates of the old basis in terms of the new basis.
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3 4 1 5
Example 2.8.5. Let bl = 5 bg = , C1 = , Co = 5 B = {bl,bg} and C = {61702}.

2 3 2 1
Then both B and C are bases of R2. Find the change-of-basis matrix BPC.
<

We need to compute the coordinate vectors [c1]p and [cz]g. We compute the first coordinate vector by
solving the linear system

{bl by cl} ~ = |als =

Using the same row operations, we see that

3 4|5 1 0] 11 11
|: by by | co :| = ~ = [62]5 =
2 3|1 0 1|-7 =7
This gives
-5 11
P = [
B«+C 4 —7

Let B and C be two bases of a vector space V. Then mimicking the previous example, we can see that

ale]~]

where £ denotes the standard basis for F'”. We should mention that the echelon form of B might contain

P

P ] : (2.8.1)

rows of zeros. Thus, the left-hand side of this row-reduced echelon form really should be of the form
0

where here 0 denotes some matrix consisting of only zeros. If, in fact, B and C really do not span the same
vector space, then there would instead be a nonzero entry on the right side of one of these rows of zeros,
indicating an inconsistent linear system. When the linear system is consistent though, then B and C truly
were bases for the same span and on the right-hand side of each of these rows of zeros will be accompanying

E| P
rows of zeros. Thus, (2.8.1) more properly should be [ B ‘ C } ~ BecC
0 0
1 1 3 6 15
1 0 0 3 )
Example 2.8.6. Let b; = , by = , by = , €1 = , €2 = )
-3 -2 0 —21 —23
0 4 —2 26 12
3
2
c3 = , B={b1,bs,b3} and C = {¢1, c2,c3}. Then both B and C are bases for the same subspace of
-8
4

R*.
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(a) Find the change-of-basis matrix to B from C.

1 1 3 6 15 3 1 0 0 3 5 2
1 0 0 3 5 2 01 0 6 4 1
-3 -2 0|-21 —-23 -8 00 1/-1 20
0 4 -2 26 12 4 0 0 O 0 0O
3 5 2
Thus, P = 6 4 1
«—C
-1 2 0
2
(b) If [z]c = | —3 |, then compute [z]g.
4
3 5 2 2 -1
[#]s= P [zle=| 6 4 1 -3 |=| 4
-1 2 0 4 -8
Note that ~ _
—21
-1
x = —b; + 4by — 8bg = 2¢1 — 3¢y + 4e3 = . [ |
-5
32
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Exercises (Go to Solutions)

For Exercises 1-1, find the vector @ given the coordinate vector [z]s and the basis B, where [x]3 is the vector
provided first and B is the basis provided second.

1 1 3
2
2 0 0
L. 1 ’ ’ ’ (mOd 7)
3 0 5
2
4 1 3

For Exercises 2-5, find the coordinate vector [x]g given the basis B, where x is the vector provided first and
B is the basis provided second.

4 1 3 -1 2 1 4
a2 | 25 |, 21, =5 22 5 4 0
‘ 3. 3 bl bl
6 3 7 3 -3 3 0
2 2 0 1
—-2—-3i 1 1424 5 1 1 3
L ’ ’ 3 2 0 0
—5 + 6¢ 1 2—3 5. ; , , (mod 7)
3 3 0 5
6 4 1 3

For Exercises 6-10, given the coordinate vector [z]¢ and the change-of-basis matrix BPC, compute the
+—

coordinate vector [x]g, where [x]c is the vector provided first and BPC is the matrix provided second.
—

1 2 -2 1 ][ s 2 o1 o]
#6 [ 2,13 0 2 2 3 2 2 -1
h7 )
3 5 6 —2 3 0 0 8 2
4 -1 -2 2 1
1] [5—6i —3—i 847 1] e 7 2
8 |2 || 34i 2+i 1+i #9 | 2|, 1 3 4| (modll)
3| [4+2 —9-6i 3—i 3] [5 51
(2] [5 4 5
10. | 4|, 3 3 5| (mod7)
5] [6 05

For Exercises 11-17, compute the change-of-basis matrix BPC for the bases B and C.
—
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1 -1 3 4 -5 ~12
M1ll. B= 21,1 =21, 7 ,C= 8 [, =12 |, | —28
3 4 -5 5 20 27
1 -5 1 ~1 —52 —20 -6 3
2 0 1 -1 1 2 -3 5
. ]-2 B - ) ) 9 9 C = ’ ’ ?
3 0 2 -2 -1 2 -9 3
4 7 2 5 72 88 29 52
2 0 0 1 —15 —15 4 2
0 0 1 2 35 25 10 -8
13. B= s 5 5 5 C= ) ) )
0 0 1 4 1 3 —6 4
0 1 0 —1 0 4 0 4
1+2¢ 1—1 47 7+ 61
14. B = 5 B C - 9
2—3 1+4: 1 7
1 2 3 2 2 0
15. B= 31,1 41].]4]|;.C= 0, 4].]2 (mod 5)
3 4 0 2 3 4
1 1 3 5 0 4
2 0 0 3 1 3
N 16. B= , , ,C= , , (mod 7)
3 0 5 3 5 5
4 1 3 6 5 5
0 2 1 0 2 1
17. B= 1. 2].l0]¢.C= 3.1, 2 (mod 5)
0 1 1 1 3 1




Chapter 3

The Algebra and Geometry of
Matrices

Up to this point, we have used matrices for one purpose, to encode information about linear objects. We
first introduced the augmented matrix in Section 1.5 to do exactly that. In Chapter 2 we started using
matrices to represent a set of vectors in a slightly more compact way. This happened in Section 2.2, where
we introduce the matrix-vector product so that the matrix equation (2.2.1) could encode the vector equation
(2.1.1). This allowed us to define linear transformations using matrices.

But we also introduced the the column and null spaces of a matrix. These vector spaces came about
essentially by solving problems about spanning and linear independence of vectors but we attributed the
spaces to the matrix, not a collection of vectors. This was our first inkling that matrices deserve to be
studied in their own right, not just as tools to better understand vectors. In fact, we will turn this paradigm
on its head. Viewing column vectors just as n x 1 matrices, all we have studied about vectors can actually
be viewed as a subset of the theory of matrices. We can add and scale matrices just like column vectors.
For this reason, we can actually view matrices as just beefier versions of column vectors, which can lead to
discussions about vector spaces of matrices. But matrices can transcend the vector operations as we will
introduce a general matrix multiplication, which will be the foundation for this chapter on matrices.

Isn't she precious? She has your eyes

/
JEE

N\ &>

When multiplicative inverses attract]

99
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“The thing that scares us the most is when familiar things operate in unfamiliar ways.” — Noah Hawley

3.1 Matrix Operations

In many ways, matrices behave just like vectors, that is, we can add them and scale them. In that vein, we can
view matrices as block vectors. On the other hand, the 2-dimensional shape of matrices offers new opeations,
such as matriz multiplications, which make the algebra of matrices so much more involved compared to just
vectors.

3.1.1 Linear Combinations of Matrices

We say that two m x n matrices A = [ aij } and B = [ bij ] are equal if a;; = b;; for all ¢ and j (for all

a;j,bi; € F). We can add matrices term-wise, that is,

Finally, we can multiply matrices by a scalar term-wise, that is,

CA=|:Caij:| for all c € F.

3 91 0 5 6 2 1
Example 3.1.1. Let A= , B= ,and C =
-2 4 6 3 11 0 4
Then
340 945 1+6 3 14 7
A+ B= =
—2+3 4+1 6+1 1 5 7
Now, A + C' is not possible since the matrices have different sizes.
Next,
6 0 10 12
2B =2 = ’
3 1 1 6 2 2
and
3 91 0 10 12 3 -1 -11
A—-2B = — = L]
-2 4 6 6 2 2 -8 2 4

Because we can add and scale matrices, we can actually view matrices as vector themselves. Let F' be a
field. Then F™*™ will denote the set of m X n matrices with entries from F', which is a vector space. This
means that addition of matrices and multiplication of scalars follow the eight algebraic properties listed in
Definition 1.3.1. When working with matrices, we will let 0, ,, denote an m x n matrix with all entries
equal to zero. This is called the zero matrix. Likewise, we will let .J,,, , denote the m X n matrix with all
entries equal to one. When the context is clear, these subscripts may be dropped.

Let E;; be the matrix whose entry in the (4, j)th entry is a one and all other entries are zero. Then £ =
{Ele ELQ, . 7E17n7 Egﬁl, EQ’Q, ey Eg’n, N 7fgrmJ7 fgrmg7 PN 7Em,n} forms the standard basis of F"™*™,
The matrices E; ; are often called the unit matrices. Using coordinate vectors, we see that F™*" = F™m"
since |€] = mn.
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Definition 3.1.2. The diagonal entries in an m X n matrix A = [ aij

that is, the entries a;;, and they form the

main diagonal.

If A is an n X n matrix, then we say that A is a square matrix.

101

:| are the entries ail, a2, A33, ...,

Let I,, denote the n x n matrix whose entries are 1’s across the diagonal and 0’s everywhere else. This

matrix is known as the identity matrix.

Example 3.1.3. The identity matrices I, I3, and I, are listed below, respectively.

3.1.2 Matrix Multiplication

10
1 00

01
0 1 0|

0 0
0 0 1

0
0

Definition 3.1.4. If A is an m X n matrix and B is an n X p matrix with column vectors

B:|:b1 bs

then the matrix product

AB=A [ b, b
The matrix AB is a m X p matrix.

If Ais an n x n matrix, then A¥ = 4.

l

b, } = [ Ab,  Ab,

A Welet A° =1,.
——

k

Example 3.1.5. Compute AB with the given matrices A =

9 -5
AB=| A 3 A 9 A
—2 4

2(9)+1(3)—1(-2)

0(9)+ 4(3)— 2(-2

)

2(=5)+ 1(9)—1(4)

0(=5)+4(9)— 2(4)

]
9 =5
-1
and B = 3 9
-2
-2 4

2(-3)+1(1)—1(6)

0(-3)+4(1)—2(6)

18 +3+2
041244

which is a 2 x 3 matrix.

—10+9—-4

0+36—38

—6+1—6

0+4-12

23

16

—5

28

—11

-8
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Matrix multiplication can also be defined with the seemingly complicated formula,

AB =

Zaikbkj ‘| = |: a“blj —‘v‘aizsz +... —I—ambnj :| for A= |: ik :| and B = |: bkj :| )
k=1

which is none other than the “finger-multiplication” we learned with the matrix-vector product.

3 =2 —1 5
Example 3.1.6. Compute AB with the given matrices A = and B =
5 3 7T —6
3 =2 -1 5 3(—1) —2(7)
5 3 7T —6
3 =2 -1 5 —-17 3(4) — 2(—6)
5 3 7 —6
3 -2 -1 5 —17 24
5 3 7 —6 5(—1) + 3(7)
3 -2 -1 5 —-17 24
5 3 7 —6 16 5(4) 4+ 3(—6)
Hence,
3 =2 -1 5 —17 24
= ]
5 3 7 —6 16 2

Definition 3.1.7. If A is a square matrix, say n X n, and if
p(x) = ag + a1z + asr® + ...+ amz™
is a degree m polynomial, then we define the n X n matrix p(A) to be
p(A) = agl, + a1 A+ azA* + ...+ a, A™.

An expression of this form is called a matrix polynomial in A.

4 2
Example 3.1.8. Find p(A) for p(z) =22 +3x +2 and A = over Zs.

0 3
2
) 4 2 4 2 1 0
p(A)=A*+3A+2] = +3 +2
0 3 0 3 01
1 4 2 1 2 0 0 0
= + + = [ ]
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3.1.3 The Transpose of a Matrix

Definition 3.1.9. Let A = { aij ] be an m x n matrix. Then the transpose of A, denoted AT, is the

n X m matrix given by AT = { aji ] , that is, the matrix whose columns are formed from the corresponding

rows of A.

Example 3.1.10. Let

1 2 3 1 1 2 -3
A= . B = ,and C =
4 5 6 3 5 7 -3 1
Then
1 4 1 3
2 -3
AT=|2 5|, B'=|1 5], andC" =

In the case of C-matrices, an alternative to transposes is preferred for reasons that will be explained in
Chapter 4.

Definition 3.1.11. Let A be an m x n complex matrix. Then we define A* = (A)T, which is called the
conjugate transpose. This replaces the role of transposes in complex space.

When discussing transposes of matrices, whenever the matrices are complex, the conjugate transpose
should ALWAYS be used instead of the standard transpose.

2—3i 0 2i
1—2¢ 345 6
Example 3.1.12. Let A = and B = —1i 4 1+ 24
—21 0 i
0 2—2i 6
Note that
1+20 2 2+ 30 i 0
A"=|3-5 0 [, B* = 0 4 242 |- .
6 —i —2i 1-—21 6

3.1.4 The Trace of a Matrix

Definition 3.1.13. If A is a square matrix, then the trace of A, denoted tr(A), is the sum of the diagonal
entries of A.
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9 3 -2 3
2 0 2889 4 0
Example 3.1.14. Let A= and B = . Then
1 4 6 1 6 3
2 5 2 1

tr(A)=2+4=[6], t(B)=9+9+6+1=[25] .
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Exercises (Go to Solutions)
For Exercises 1-6, determine with the statement is true or false. If false, correct the statement so that it is
true.

1. We say that two m x n matrices A = [a;;] and B = [b;;] are equal if a;; = b;; for all ¢ and j.
2. If A is a square matrix, then the trace of A is the sum of the column entries of A.
3. We can multiply matrices by a scalar term-wise.

4. The identity matrix is an n X n matrix whose entries are 1’s across the main diagonal and zeros
everywhere else.

5. If A is an n X n matrix, then we say that A is a square matrix.

6. The transpose of a matrix A is a matrix whose columns are formed from the corresponding rows of A.

7. Write the matrix Fy 3 € F3%3.

For Exercises 8-11, using the matrices listed below, explain why the operation is not possible.

1 6 4
2 3 11 2 75
A= , B= , C= , D=5 9 2
1 4 3 6 1 5 4
9 3 3
8. CA 10. ABD
9. DB 11. tr(C)

For Exercises 12-21, using the matrices listed below, perform the matrix calculation:

2 3 -2
1 2 3 0 5 6 3 0 -1 2
-5 0o 7
A=14 -3 0|, B=| -5 -5 2|, C=|117 8 3|, D=
0 -2 4
1 -2 -1 2 0 -3 3 3 2 —4
1 2 3
®12. 2A+ BT & 13. 4A-3B & 14. AC a15 AT a6 CT a17. DT
& 18. tr(A) & 19. tr(B) & 20. DBT & 21 A2 +2A 5]
For Exercises 22-25, using the matrices listed below, perform the matrix calculation:
5 1
-1 0 2 -2 0
A= , B=|2 2|, C=
1 3 5 3 -2
3 4
22. 2AT + B 23. AB 24. BC 25. ABC
For Exercises 26-34, using the matrices listed below, perform the matrix calculation:
3 0
142 1-3¢ 0 3—4i 1 0 i 1—2i
A= , B= o C=| 2i |, D=
5 1—14 3 1+ 5 444 0 —4

3+ 143
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A 26. (1+i)A-3B &27. CA A 28. A* A 29 C* & 30. D*

& 31. tr(A) & 32. tr(B) & 33. (BD)* &34 AP+ I

For Exercises 35-43, using the matrices listed below, perform the matrix calculation:

1 2 3 4 01 1 2 2 3 3
3 0 4 2
0 2 2 3 2 2 30 0 0 2
A= , B= , C=|1 92 3 2|, D= (mod 5).
1 2 2 1 1 2 3 2 0 3 4
3 3 21
4 4 3 2 4 3 4 2 1 2 3
& 35. 2A— 3B & 36. CA a37. AT ® 38 CT &39. DT
& 40. tr(A) & 41, tr(B) a42 D'B N43 A2 4 A,
For Exercises 44-46, for the matrix A provided, find tr(A), AT, and tr(A").
8 —7 2 1/8 —7/8 2/5 —12/13 51 6 2
4. 10 -2 4 9/8  —1/2 1/4 1/4 3 0 3 4
45. 46. (mod 7)
3 2 1 1 —-12/15 2 1/5 5 2 1 1
1/4 8/15 —3/8 3/8 2 3 00

For Exercises 47-47, for the matrix A provided, find tr(A4), A*, and tr(A*).

1-3i —5—5i 242
AT A= 24 8i 6+
—1+2i 3—-6i 2+4i
48. For fixed indices 7, j, prove that Interchange operation R; <+ R; is a linear transformation of the form
T . Fmxn — pmxn,

49. For fixed index i and a fixed scalar ¢ € F', prove that Scaling operation R; — cR; is a linear transfor-
mation of the form T': F™*" — FmXxn,

50. For fixed indices ¢, and a fixed scalar ¢ € F', prove that Replacement operation R; — R; 4+ cR; is a
linear transformation of the form 1" : F™*" — F™*",
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“When you put your hand to the plow, you can’t put it down until you get to the end of the row.”
— Alice Paul

3.2 Matrix Properties

3.2.1 Algebraic Properties of Transposition and Traces

We mentioned in the previous section that F™*™ meaning that matrix addition and scalar multiplication
satisfy the eight properties listed in Definition 1.3.1. Transposes and traces also follow very nice algebraic
properties.

Theorem 3.2.1. Let A and B be matrices with sizes such that the indicated sums and products are defined.
Letce F.

(i) (A+B)T =AT + BT (iii) (AT)T = A

(ii) (cA)T = cAT (iv) (AB)T = BT AT

We see by the first two properties that transposition is a linear transformation T : F™*" — F"X™_ Note
the last property states that the transpose of a product of matrices equals the product of their transposes in
the reverse order! This is called the Shoe-Sock Principle!. As we will see momentarily (see Theorem 3.2.4),
this order matters a lot.

Theorem 3.2.2. Let A and B be n x n matrices. Let ¢ € F.

(i) tr(A+ B) = tr(A) + tr(B) (iii) tr(AT) = tr(A)

(i) tr(cA) = ctr(A) (iv) tr(AB) = tr(BA)

We see by the first two properties that the trace is a linear transformation tr : F™*™ — F. It should be
mentioned that the last property does NOT say that tr(AB) = tr(A) tr(B). This is, in fact, very false. Also,
this property does NOT say that AB = BA only that tr(AB) = tr(BA). As hinted to already, we will soon
see that AB # BA, in general.

3.2.2 Algebraic Properties of Matrix Multiplication

Unfortunately, matrix multiplication is not as well behaved as multiplication of real numbers which we are
used to. Many of the typical algebraic properties do hold.

Theorem 3.2.3. Let A, B, and C be matrices with sizes such that the indicated sums and products are
defined. Let c € F.

(i) A(BC) = (AB)C (iv) ¢(AB) = (cA)B = A(cB)
(ii)) A(B+C)=AB+ AC (v) Let A be an m x n matriz. Then
I, A= A= AI,.

(iii) (A+ B)C = AC + BC

iThe name for the Shoe-Sock Principle comes from the identical property of inverse matrices, that is, (AB)™! = B=1A~1.
See Theorem 3.3.7 (ii) for further details.
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Please be aware that certain multiplicative properties in the previous list are omitted. This is quite
intentional because many algebraic properties that we take for granted with real multiplication do NOT
hold for matrix multiplication.

Theorem 3.2.4. Let A, B, and C be matrices with sizes such that the indicated sums and products are
defined.
(i) You CANNOT assume that AB = BA

(i) You CANNOT assume that if AB = AC, then B =C

(iii) You CANNOT assume that if AB =0, then A=0 or B=0.

1 2 0 -
Example 3.2.5. Let A = and B = . Then
-1 3 1 1
1 2 0 -3 2 -1 0 -3 1 2 3 -9
AB = = and BA= =
-1 3 1 1 3 6 1 1 -1 3 0 5
Therefore, AB # BA. ]
0o 2 1 2 5 6
Example 3.2.6. Let A= , B= ,and C' = . Then
0 -1 3 4 3 4
0(1) +2(3) 0(2)+2(4 6 8 0(5) +2(3) 0(6)+2(4 6
| M2 2 | el |02 0042 |
0(1)=@3)  0(2)—(4) -3 —4 0(5)—(3) 0(6)—(4) -3
Therefore, AB = AC but B # C. In other words, we cannot divide both sides by A. [
2 4 2
Example 3.2.7. Let A= and B = . Then
0 -1 0 0
0(4) +2(0) 0(2)+2(0 0 0
| 0420 0@ 20 | |
0(4) = (0)  0(2) = (0) 00

which is the zero matrix. Therefore, AB = 0 but A # 0 not B # C. In other words, the zero product
property does NOT hold for matrices. [

3.2.3 The Rowspace of a Matrix

Definition 3.2.8. Let A be an m x n matrix. Define the row space of A, denoted Row A, as the column
space of AT, that is, Row A = Col AT.

The dimension of Row A is called the corank, denoted corank A = p, where p is the number of pivots in

A.
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Note that the corank is not really a new quantity. Note that corank(A) = dim(Row A) = the number of pivot positions =
rank A = dim(Col A).

For another way to describe the row space of A, note that each row of A contains n entries and can be
identified with a vector in F™. Then Row A is the span of the rows of A under this identification.

Theorem 3.2.9. Two matrices A and B are row equivalent if and only if Row A = Row B.

Theorem 3.2.10. If U is an echelon form of the matrix A, then nonzero rows of U form a basis for the
row space of A.

Much like the column space of A, the pivot rows of A also form a basis of Row(A4). But unlike the column
space, the pivot rows of U form a basis of Row(A4). This is not true for the column space, that is, the pivot
columns of U do NOT form a basis for Col(A). This is because row equivalent matrices need not have the
same column space. Only the row space is guaranteed to be equal.

1 3 2 4 2
2 6 4 8 4
Example 3.2.11. Let A= . Compute a basis for Row A, Col A, and Nul A.
3 2 5 21
4 2 5 10
Since _ - _ -
1 3 2 4 2 1 0 O -1 -1
A 2 6 4 8 4 0 1 0 15/11 7/11
3 25 21 0 0 1 5/11 6/11
4 2 5 1 0 0 0 0 0 0
Therefore,

{(1,0,0,-1,-1),(0,1,0,15/11,7/11),(0,0,1,5/11,6/11)}
is a basis for Row A. Hence, corank(A4) = 3. If a basis without fractions is desired, those vectors can be
scaled by 11 without adjusting the span or the linear independence. Thus,

{(1,0,0,-1,-1),(0,11,0,15,7),(0,0,11,5,6)}

is another basis of Row A.

We also see that Likewise,
T 717 1T 11 11
1 3 2
—15 -7
2 6 4
) i 75 i 76
3 2 )
1 0
4 2 )
- T T 0 1
is a basis for Col A. Hence, rank(A) = 3. is a basis for Nul A. Hence, nullity(A4) = 2. "

Alternatively, one could find a basis for Row A by finding a basis for Col AT as we did before. This would,
in fact, provide a basis consisting of actual rows of A. The method above has the advantage (other than
providing simpler vectors) than we can find all these bases of the fundamental spaces of A simultaneously.
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Exercises (Go to Solutions)

For Exercises 1-5, for the matrix A provided, find a basis for Row(A) and compute corank(A). Answers may
vary.

8§ -3 —13 15 17 1 2 1 0
P
-2 1 3 -3 -3 A2 7 —-14 -7 -8
-3 6 3 2
1001 11 2 1 1 1
#3 [0 1 0 1 1 0] (mod2) 4 2 0 3
' X8 (mod 5)
00110 1 2 130
00 1 2
142  2—i -1 0 1+4i -3+3i

N5 | 2440 4—-2 1+4+4i -2 2+45i —2+10:
3—i —-1-—3i 2 i 3—i 64+3i

For Exercises 6-6, let A be the matrix provided on the left. The second matrix is row equivalent to A. Find
a basis for Col(A) and Row(A) and compute rank(A) and corank(A).

1 1 -3 7 9 -9 11 -3 7 9 -9

1 2 -4 10 13 -12 01 —4 3 4 -3

7. Rewrite the eight axioms of a vector space, listed in Definition 1.3.1, as properties of m X n matrices.

3 2 1 1 3 2

oo

. Verify Theorem 3.24 (i)using A=1|1 5 0 |,B=|0 1 4

4 1 2 2 17

9. Show that R?*?2 with respect to matrix addition and matrix multiplication is NOT a field.

10. Show that if F' is any field and n a positive integer, then F"*" is a field if and only if n = 1.
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“My happiness grows in direct proportion to my acceptance, and in inverse proportion to my expectations.”
— Michael J. Fox

3.3 Matrix Inverses

When can we divide by a matriz? Does it even make sense to talk about matriz division? It depends on the
matriz. In this section, we explore this very question, leading to the notion of a nonsingular matriz.

3.3.1 Nonsingular Matrices

Definition 3.3.1. An n x n matrix A is nonsingular (or invertible) if there exists an n x n matrix B

such that
AB = BA=1,.

In this case, B is called an inverse of A. If A is not nonsingular, then it is singular.

2 3 5 -3
Example 3.3.2. Let A= and C' = . Then
3 5 -3 2
2 3 5 =3 10
AC = =
3 5 -3 2 0 1
and
5 =3 2 3 10
CA= =
-3 2 3 5 0 1
Thus, A is invertible with inverse C. [

We should mention that inverses are unique. Suppose that A is invertible with inverses B and C. Thus,
B = BI, = B(AC)=(BA)C=1,C=C.
We will denote the inverse of A as A~'. Therefore,

AAT =A"TA=1,.

a b i
Theorem 3.3.3. Let A = . If det(A) :=ad — bc' # 0, then A is nonsingular with inverse

c d
1 d —b
ad — bc
— a
If ad — bc = 0, then A is singular.
1 2
Example 3.3.4. Find the inverse of A = , if it exists.
3 4

iThe value det(A) = ad — bc is called the determinant of A. We will learn more about determinants in Chapter 5.
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Since det(A4) = 1(4) — (2)3 =4 — 6 = —2, A is nonsingular, that is, it has an inverse, which is

Aflz_% -2 | -2 L .

-3 1 3/2 —1/2

9 3
Example 3.3.5. Find the inverse of A = , if it exists.
6 2

Since det(A4) = 9(2) — 3(6) = 18 — 18 = 0, A has no inverse, that is, A is a singular matrix. m

For a nonsingular matrix A, the equation Az = b has a unique solution for all b € F™ of the form
x=A"1b.

Example 3.3.6. Solve the system of equations

1 + 229 =5
3r1 + 4zo = 6.

We seek to solve the matrix equation Ax = b, where b = and A is the matrix from the previous
equation. Thus,

—2 1 5) —4
AN Az)=A""b=>x=A""b= = . n

3/2 —1/2 6 9/2

Theorem 3.3.7. Let A and B be n x n invertible matrices, let m be a positive integer, and c is a nonzero
scalar. Then A=Y, AB, AT, A™, and cA are also invertible with:

(i) (A7) = A (i) (AB) ' = B1A! (i) (AT) L= (A7)

(i) (A™) " = (A1) = A" (v) (cA)-1 = La-1.
c
Note that (ii) is another example of the Shoe-Sock Principle.!

Corollary 3.3.8. If A is invertible, then AA"T and AT A are likewise invertible.

3.3.2 Solving Matrix Equations

Inverse matrices allow us to solve matrix equations when otherwise we may have used division. For example,
when A is nonsingular, we can solve the matrix equation Az = b as & = A~'b. Essentially, we divide both
sides by A. As matrix multiplication is noncommutative, it is important to place the A~! to the left of b, as
this was necessary to cancel the A on the left side of Ax. Essentially, we divide both side by A on the left.
We now illustrate solving more complicated matrix equations using inverse.

iTo remember this formula, think of the following proverb:

Put Your Socks On, Then Your Shoes
Take Your Shoes Off, Then Your Socks
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Example 3.3.9. Solve the equation (AX ~!)~! + B = (, assuming all matrices are n x n and nonsingular
(when necessary).

We begin by adding —B to both sides of the equation. This gives (AX~!)"! = C — B. Using the
Shoe-Sock Principle, we see that the left-hand side of the equation becomes (X ~1)71A™1 = XA~! = C - B.
Finally, if we multiply the equation on both sides by A on the RIGHT side, we get

(XA™HA = (C-DB)A
X(A™'A) = CA-BA
XI, = CA-BA
X = CA-BA

The side on which we are multiplying matters. Had we multiplied A on the left, we would have got AXA~!
which is not necessarily X. Likewise, (XA~1)A # A(C — B) since multiplication by A must be done BOTH
on the LEFT or BOTH on the RIGHT to guarantee equality (assuming all the products are even possible
here). After all, multiplying by A on the LEFT is a different linear transformation than multiplying by A

on the RIGHT. Do NOT assume matrices commute. Therefore, X =|CA — BA|.

Alternatively, we could solve for X in (AX ~1)~! = C'— B instead by taking inverses of both sides, that is,
[(AX 1)Y=l =[C-B]7! or AX~! = (C— B)~!. On the right-hand side, do not be tempted to distribute

the exponent. While multiplication (and division) distribute over addition (and subtraction) even in the
1 1 1 1 2
matrix algebraic setting, exponents do not. By analog, (5—3)"1 = =373 #51-371= ET3T
Continuing on, we will multiply both sides of the equation by A~! on the LEFT. This gives A~1(AX~!) =
X—1 = A71(C—-B)~!. Again taking the matrix inverse of both sides, we have [X 17! = [A~"1(C — B)~!]~!
or X = (C — B)A = CA — BA, agreeing with our solution from before. Of course, we used the Shoe-
Sock Principle here at the end. This demonstrates that there could be more than one correct path toward
the correct solution. Just make sure to adhere to all algebraic properties and restrictions, such as matrix

multiplication being noncommutative and the Shoe-Sock Principle. [

Example 3.3.10. Solve the equation B(XA)~! = C, assuming all matrices are n x n and nonsingular
(when necessary).

We will demonstrate two paths to the solution of this matrix equation. The first attempt is accompolished
by multiplying both sides by B~! on the LEFT.

B(XA)'=cC
B YB(XA)™Y)Y=B"'C#0B™! Multiply by B! on the LEFT
(B7'B)(xA)'=B"'C
(XA)t=B"'C
XA=(B'C)™! Invert both sides
XA=0 B
XA=C"'B
(XA =(Cc'B)A™! Multiply by A~! on the RIGHT

X(AA Yy =('B)A™!
X =

Alternatively, the second attempt is accompolished by multiplying both sides by X A on the RIGHT.

B(XA)™'=C
(B(XA) ™1 (XA)=C(XA) # (XA)C Multiply by X A on the RIGHT
B=CXA
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C™'B=C"YCXA) Multiply by C~! on the LEFT
C'B=XxA
(C'B)A™ ' = (XA)A™! Multiply by A~* on the RIGHT
X =
This agrees with the solution of our first attempt. [

3.3.3 The Nonsingular Matrix Theorem

Theorem 3.3.11 (The Nonsingular Matrix Theorem). Let A be a square n x n matriz. Then the following
statements are equivalent:

(i) A is a nonsingular matriz. (zi) The rank of A is n.

(ii) A is an invertible matriz, that is, A has a matriz (zii) The columns of A span F™.
inverse A7,
(zi11) The columns of A form a linearly independent set.
(i) There is an n X n matric C' such that CA = I,.
(ziv) The columns of A form a basis for F™.

(iv) There is an n X n matriz C such that AC = I,.
(zv) The rows of A span F™.

(v) The equation Az = 0 has only the trivial solution.
(zvi) The rows of A form a linearly independent set.

(vi) The linear system Ax = b has no free variables for
each b e F™. (zvii) The rows of A form a basis for F™.

(vii) The equation Ax = b is consistent for each b € F™. (zviii) The linear transformation & — Az is injective
(one-to-one).

viii) AT is an invertible matriz.

(viti) (ziz) The linear transformation & — Ax is surjective
(onto).

(iz) A is row equivalent to I,.

(zx) The linear transformation x — Az is bijective
(x) A has n pivot position. (one-to-one and onto).

Corollary 3.3.12. Let A and B be n xn matrices. If AB is invertible, then A and B are likewise invertible.

RRENAY

Example 3.3.13. Determine whether the following matrices are “nonsingular,
information.

singular,” or not enough

(a) Suppose that A is a 3 X 3 matrix over C such that nullity(A) = 0.

By part (vi) of the Nonsingular Matrix Theorem, we see that A is nonsingular since the nullity is equal
to the number of free variables in the linear system Az = b.

(b) Suppose A is a 5 x 5 matrix over Zy. Furthermore, suppose that the equation Az = 0 has 8 solutions.

By part (v) of the Nonsingular Matrix Theorem, we see that A is singular since the homogeneous
equation Az = 0 has nontrivial solutions.
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(¢) Suppose A is a 2 x 2 matrix such that

We do not have enough information to decide if A is nonsingular or not. On the one hand, the identity

10 10
matrix satisfies this condition and is nonsingular. On the other hand, also satisfies

0 1 2 0
this condition but is singular. [
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Exercises (Go to Solutions)

For Exercises 1-9, compute the inverse matrix of the given matrix using Theorem 3.3.3. Verify your inverse.

2 5 1 2 3 2 9 —4
1 2 3. 4

1 3 3 4 6 4 -7 5
2 5 2 5 4 3 1 2

[ I8 ® 6 L I8 8.
1 3 37 -2 1 3 4
1 144 3 2 10 2

[ 3) & 10. (mod 5) [ N (mod 11)
—1 2 4 2 5 3

4 8 2
12. A= b=
2 6 3
1 2 3 0 4 13 5
M13. A=1| 1 1 1],b= 31,47 =] -3 —11 -4
2 1 -5 ) 1 3 1
4 26 31 -15 1 3 4 11
—3 —21 -25 12 2 1 0 4 1
14 A= , b= , AT =
1 7 8 —4 3 0 -1 -3 0
0 -1 -1 1 4 -1 -1 1 2
10 1 1 2 1 0
M15. A=|2 0 1|, b=|1],A'=|2 1 2| (mod3)
1 20 2 2 2 0

For Exercises 16-22, solve the matrix equation for the matrix X using matrix properties. You may assume
all matrices are n X n and nonsingular. Be cautious! The order of multiplication matters!

16. (BAX) '!=C N17. AX+B=0 & 18. A~YAX +C)=BA
a19 (XA B=C &2 BA+X)'=C 21. (DX — B)(CA)"' = E
-1
1 21 311 12 3
22 046 |X ] +|l221]=|432
11 3 4 3 2 141

For Exercises 23-23, determine whether the matrix A is nonsingular or singular utilizing Theorem 3.3.11 (v),
that is, by solving the homogeneous system Axz = 0.
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RRENAY

For Exercises 24-32, determine whether the following matrices are “nonsingular,” “singular,” or not enough

information. Explain your reasoning.

MN24. Ais a 4 x4 matrix with #25. A is a 5 X 4 matrix with & 26. A is a 3 x 3 matrix such that
rank(A) = 4. rank(A) = 4. every vector in F® can be
expressed as Ax, for some

vector x € F3.

M 27. Ais a b x5 matrix with a @& 28. A is a 3 x 3 matrix in row- & 29. A is a 3 x 3 matrix in row-
two rows of zeros in it row- reduced echelon form. reduced echelon form and a
reduced echelon form. pivot in each column.

# 30. Aisa2x2matrix such that & 31. A is row equivalent to a sin- @ 32. A is a 3 x 3 matrix with

Ax = Ay for two distinct gular matrix. columns vectors a1, asz, as
vectors x,y € F2. such that a; — 2as = as.
a —2a
33. Let a € F be a scalar. Let wu = | ( | and v = 1 . Suppose that A is a 3 x 3 nonsingular
2 a

matrix such that A = I3 — uv! and A~! = I3 + 2uv . Find a.
34. Prove Theorem 3.3.7 (i). 35. Prove Theorem 3.3.7 (ii). 36. Prove Theorem 3.3.7 (iii).

37. Prove Theorem 3.3.7 (iv). 38. Prove Theorem 3.3.7 (v). 39. Prove Corollary 3.3.8.

40. Prove Theorem 3.3.12.
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“The opposite of love is not hate, it’s indifference.” — Elie Wiesel

3.4 Elementary Matrices
3.4.1 The Three Elementary Matrix Forms

Definition 3.4.1. An elementary matrix is a matrix obtained by performing a single row operation on
the identity matrix.

Since there are three types of row operations, there are three types of elementary matrices. Each elemen-
tary matrix is nonsingular, whose inverse is the elementary matrix corresponding to the inverse row operation.

1. (Replacement) If you replace Row ¢ with Row ¢ + cRow j in the identity matrix, then the resulting
elementary matrix will have 1’s across the main diagonal and 0’s everywhere else except in the position

(i,7) which will be c.

For example, the matrix E;, depicted below, Likewise, the matrix E; 1 is the matrix which
corresponds to the row operation corresponds to the inverse row operation
“replace Row 3 with Row 3 - 2Row 1.” “replace Row 3 with Row 3 + 2Row 1.”
1 00 1 00
Er=| 0 1 0 Ei'=101 0
-2 0 1 2 01

2. (Interchange) If you interchange Row ¢ with Row j in the identity matrix, then the resulting elementary
matrix will be like the identity matrix except the i¢th and jth rows are interchanged.

For example, the matrix F5 corresponds to the The inverse of Fs is itself! It is also true that
row operation “interchange Rows 2 and 3.” FEs is equal to its own transpose.

1 0 0 (Eg)fl =k, = (EQ)T.

3. (Scaling) If you scale Row i by ¢ in the identity matrix, then the resulting elementary matrix has 0’s
in all off-diagonal entries and 1’s in the main diagonal entries except (4,4) which is c.

For example, the matrix F3 corresponds to the The inverse of E3 corresponds to the row op-
row operation “scale Row 2 by 7.” eration “scale Row 3 by 1/5.”
1 00 1 0 0
Es=10 70 (BT =10 L 0

o
—_

0 0 1 0



3.4. ELEMENTARY MATRICES 119

a b c_
Example 3.4.2. Let A = | ¢ ¢ f |. Using the elementary matrices E1, Ez, and Ej3 from above,
g h i |
compute F1A, Es A, and E3A.
1 00 _a b ¢ a b c
EA= 010 d e f|= d e f ;
-2 0 1] |y h 1 g—2a h—2b i—2c
1 00 a b ¢ a b ¢ 1 0 0 a b ¢ a b ¢
ExsA=10 0 1 d e f|l=|g h i|, EA=]0 7 0 d e f|=|17d 7 Tf
0 1 0 g h i d e f 0 0 1 g h i g h 1
L]

The previous example motivates the following proposition.

Proposition 3.4.3. If an elementary row operation'is performed on an m xn matriz A, the resulting matriz
can be written as EA, where the m x m matrix E is the elementary matriz associated to that elementary
row operation.

3.4.2 The Inversion Algorithm

In the Nonsingular Matrix Theorem, we saw that an n X n matrix A is invertible if and only if A is row
equivalent to I,,. It turns out that the process of row-reducing A into I,, can produce the inverse matrix
A1 too.

Theorem 3.4.4 (Inversion Algorithm). Let A be an invertible n x n matric A. Then any sequence of
elementary row operations that reduces A to I, also transforms I, into A™1.

Proof. Suppose that A is invertible. Hence, A ~ I,, by the Nonsingular Matrix Theorem. Then there exists
some sequence of row operations transforming A into I,,. For each row operation in this sequence, there is
a corresponding elementary matrix F;. Say it took p row operations. Thus,

A~ BiA~ By (BA) ~ ... By(Ep ... B1A) =1,

Thus, (E,...EyE1)A = I,,. Therefore, E, ... EsE; = A7, Since (E, ... FEyF1)I, = A™!, the sequence of
row operations transforming A into I,, transforms I,, into A~!. O

The Inversion Algorithm is a process for compute matrix inverses. Consider the matrix [A | I,,]. By row
reduction,
[A| L]~ [I. | A7Y. (3.4.1)
Thus, row reduction saves the day again! Additionally, if A is the set of column vectors of A, which neces-
sarily forms a basis for F™, and £ is the standard basis for F™, then we see also that A~! = APE’ the change
—
of basis matrix from standard coordinates to A-coordinates. Hence, the Inversion Algorithm is a special case
of the Change-of-Basis Algorithm we saw in (2.8.1).
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0 1 -3
Example 3.4.5. Find the inverse of A = 1 -2 5
-5 4 3

Using the method suggested above, we will row reduce A and apply these same row operations to I,,.

[0] 1 -3[1 00 1] -2 5]{0 1 0 1 -2 5[0 1 0
1 -2 5/010|~| 0 1 -3/100/[~]|0 [1] -3[1 00
-5 4 3]0 0 1 -5 4 3]0 0 1 0 -6 280 5 1
1 =2 5 (0 1 0 1 =2 5|0 1 0 1 -2 0 |-3 -3 -1
~l0 1 -3/t 00f|~l0 1 -3|1 0 0 {~[0 1 -3, 1 0 0
o ofoljes ] fo o [lzya] [o o []] 2 3 &
1 -2 0|-3 -3 —3 Loo|2 3 &%
~lo oo 3 A (~foo|y gy
o o 1% 1 L 0012 3 &
B i 4 26 15 1
Therefore, A~! = u 3 3 :% 28 15 3 u
ERE 6 5 1

3.4.3 Elementary Factorization

A modification of the inversion algorithm can be used to factor a nonsingular matrix as product of elemen-
tary matrices. Suppose that A reduces to I,, via a sequence of p-many replacement row operations. Let
E1, Fs, ..., E, be the corresponding elementary matrices. Thus,

(Ep...E2E\)A=1,, and A=(E,...EFE ) 'I,=(E'E;" .. E").

Example 3.4.6. In Example 3.4.5 we reduced A into I3 by the following sequence of row operations, given
as descriptions and elementary matrices:

interchange replace Row 3 with replace Row 3 with scale Row 3 by i,
Rows 1 and 2, Row 3 + 5 Row 1, Row 3 + 6 Row 2, 10
01 0 100 100 10 0
100 010 010 010
1
010 50 1 06 1 00 5
replace Row 1 with 1 0 —5 replace Row 2 with
Row 1 — 5 Row 3, Row 2 + 3 Row 3,
0 1 0
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10 0 replace Row 1 with 1 2 0
Row 1 + 2 Row 2.
0 1 3 010
0 0 1 0 0 1
Following the same order but taking inverses, we get a factorization of A, namely:

010 1 00 1 00 1 0 0 1 0 5 1 0 O 1 -2 0
A=110 0 010 0 10 01 o0 010 0 1 -3 0 10

o
—
(aw]
|
ot
(a]
—
(@)
|
(@]
—
o
(a=)
—
(am)
(aw]
o
—
(aw]
o
—
o
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Exercises (Go to Solutions)

For Exercises 1-6, for the row operation performed on an m X n matrix, write the corresponding elementary
m X m matrix.

& 1. interchange Rows 1 and 3 in a 3 X 3 matrix. ® 2. scale Row 3 by 2 in a 4 x 4 matrix.
& 3. scale Row 2 by -5 in a 3 X 2 matrix. # 4. replace Row 3 with Row 3+ 2Row 1in a3 x 3
matrix.

& 5. replace Row 4 with Row 4 —3Row 2ina5x3 & 6. replace Row 1 with Row 1 — Row 3 in a 4 x 2
matrix. matrix.

For Exercises 7-13, find the inverse matrix of the provided matrix, if possible. Verify your answer.

6 2 1 2 3
7. 8.
12 4 4 2 16
4 -3 -1 10 -1 -6 i -1 -2
9. 1 -1 0 #10. | —11 2 9 11. i -1 3
7
-2 -1 2 -3 1 3 -3 3 -Z
2 4 3 2 0 6
A12. | 1 0 3| (modb5) 13. [ 5 2 0| (modT7)
2 1 0 0 1 3

2 1 -6 8 13 5 —66 -8
14.
1 2 M15 | -3 4 6 M16. | -1 16 2
1 -1 -2 2 20 -2
- 1+i —3+47i 3 143 Ti 1 30
2—i 342 18. 2 142 4 19. | 5 5 6 | (mod7)
2 2 7 3 2 3
20. If
5 3 1 5 4 1 1 3 4

solve the matrix equation (AX)~! = B+ C (mod 7).
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“Whenever you’re in conflict with someone, there is one factor that can make the difference between
damaging your relationship and deepening it. That factor is attitude.” — William James

3.5 DMatrix Factorizations

In algebra, it is often important to be able to undo the process of multiplication, which is known as factor-
ization. We see it in arithmetic, such as 6 = 2 -3, and we see it in polynomials, x> — 1 = (x — 1)(z + 1).
Factorization can be extremely useful in solving problems where such objects arise, for example, when trying
to solve the polynomial equation

22 —1=0,
the subsequent factorization

(r—1)(z+1)=0

illuminates the solution set {1,—1}. Such factorizations for matrices can be equally useful. Although no
equivalent of prime numbers or irreducible polynomials exist for matrices, there are many very useful factor-
izations for matrices, much like the elementary factorizations we saw in the previous section. In this section,
we discuss generalizations of the elementary matrices from the previous section and discussion their presence
in matriz factorizations, in particular the LU factorization.

3.5.1 Generalizations of Elementary Matrices

Definition 3.5.1. A diagonal matrix is a square n X n matrix whose nondiagonal entries are all zero.

The identity matrix I, is a diagonal matrix all whose diagonal entries are 1. The zero matrix is a diagonal
matrix all whose diagonal entries are 0. In a diagonal matrix, the diagonal entries need not be the same.
In general, an n x n diagonal matrix D is of the form displayed to the right. Every diagonal matrix can
be factored as a product of elementary matrices of scaling type (if we allow the possibility of zero scaling).
As scaling type elementary matrices can have at most one non-unital diagonal entry, we can view diagonal
matrices as their generalization. Similar to how scaling elementary matrices multiply, we see that if A is a
matrix, then DA is the matrix where the ith row of A is scaled by d;. Likewise, AD is the matrix where
the jth column of A is scaled by d;. In particular, a product of two diagonal matrices is a diagonal matrix
whose diagonal entries are the products of the corresponding diagonal entries.

Furthermore, if no diagonal entry is zero, a diagonal matrix D is a product of elementary matrices and
hence is invertible by the Nonsingular Matrix Theorem. The sum and scalar multiples of diagonal matrices
are diagonal matrices. The set of diagonal matrices forms an n-dimensional subspace of F"**". Additionally,
the product of two diagonal matrices is diagonal.

1
-1 00
Example 3.5.2. Let A= 0 1 0 |- Then A is a diagonal matrix and
0 0 3
-2 0 0 L0 0 16 0 0
A= 01 0|, A= 01 o, A= 01 o0
00 1 0 0 81 00 &
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Furthermore, A can be factored into a product of scaling elementary matrices:

00 1 00
A= 010 01 0]- .

0 0 1 0 0 3

Definition 3.5.3. A diagonal matrix C is called a scalar matrix if all the diagonal entries are equal.

Essentially, scalar matrices all have the form C = cI,, for some scalar ¢, which is why they get their name.
Note that for any matrix A, we have that CA = (¢I,)A = ¢(I,A) = cA, that is, multiplication by a scalar
matrix is no different than scalar multiplication. Furthermore, scalar matrices are exactly those matrices
which commute with all other matrices with regard to multiplication.

Example 3.5.4. The matrices

1 0 0 0 0 0
30
= 31y, 0 1 0 |=1s, 0 0 0|=01
0 3
0 0 1 0 0 0
3 2
are examples of scalar matrices. Conversely, is a diagonal matrices, since there are no off-diagonal
0 0
entries, but is not a scalar matrix, since not all the diagonal entries are the same. [

Definition 3.5.5. A permutation matrix is a square matrix formed by some rearrangement of the rows
of I,,.

It can be shown that any permutation of objects can be accomplished by a sequence of transpositions,
that is, a rearrangement of only two things at a time. This implies that a permutation matrix is a product of
elementary matrices of interchange type. As such, a permutation matrix P is always non-singular. In fact,
P~! = PT. As an interchange elementary matrix has at most two rows permuted, we can view permutation
matrices as their generalization. Similar to how interchange elementary matrices multiply, we see that if A
is a matrix, then PA is the matrix where the rows of A are rearranged in the same way that the rows in I,
are rearranged for P. Likewise, AP is the matrix where the columns of A are rearranged in the same way
that the columns in I,, are rearranged for P. In particular, a product of two permutation matrices is a per-
mutation matrix, although the sum and scalar multiples of permutation matrices are no longer permutation
matrices.

01 00
00 01

Example 3.5.6. Let P = is a permutation matrix. It can be easily verified that PT =
1 0 0 0
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P~'. We also see that P factors as a product of interchange elementary matrices:

0010 1 0 00 1 0 0 0

Definition 3.5.7. An upper triangular matrix is a square n X n matrix whose entries below the main
diagonal are all zero. A lower triangular matrix is a square n X n matrix whose entries above the main
diagonal are all zero. A triangular that is either upper or lower triangular is called a triangular matrix.
A matrix is unit triangular if it is triangular and all the diagonal entries are 1. A matrix is strictly
triangular if it is triangular and all the diagonal entries are 0.

Upper Triangular Matrix Unit Upper Triangular Matrix Strictly Upper Triangular Matrix
N N 1.5 3 N
O\1 "2
0 0N\l
Lower Triangular Matrix Unit Lower Triangular Matrix Strictly Lower Triangular Matrix

In other words, an upper triangular matrix is a square matrix in echelon form, and a lower triangular
matrix is just a square matrix in upside-down echelon form'. Of course, if a matrix is upper AND lower
triangular, then it is actually a diagonal matrix.

An upper unit triangular matrix is a product of elementary matrices of replacement type, the kind used
during the back-phase of Gauss—Jordan elimination and hence have non-zero entries above the diagonal. In
general, an upper triangular matrix is a product of “backward” replacement elementary matrices and scaling
(including by zero) elementary matrices. In particular, unit upper triangular matrices are those which are
strictly a product of “backward” replacement elementary matrices, and hence can be viewed as their gen-

n(n —1)
2

subspace of F"*", Additionally, a product of upper triangular matrices is upper triangular, and an upper
triangular matrix is invertible if and only if none of the diagonal entries are zero, in which case the inverse
is likewise upper triangular. Furthermore, the transpose of an upper triangular matrix is lower triangular.
Similar statements can be made about lower triangular matrices.

eralization. Upper triangular matrices are closed under sums and scalars, forming an -dimensional

2 0 =5 3 -1 -2
Example 3.5.8. Let A=| (9 1 -3 |and B=| 0 —5 |. Then A is nonsingular, but B is not

0 0 4 o 0 3

IT suppose it could be called a chandelier form.
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by considering their diagonal entries. In particular,

3 0 2 6 —2 -19
At=10 1 3|, AB=|0 o0 -14
00 % 0 0 12

We also see that A factors as a product of replacement and scaling elementary matrices (in the case of B we
allow for a zero-scaling matrix, which technically is not an elementary matrix):

1 0 0 1 0 -5 1 0 O 2 0 0
nd

b
I
o
—
(=)
o
—
(s
o
—
|
w
()
—
o
o

o
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w
o
s}
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s}
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o
—_
o
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—_
o
s}
—

3.5.2 The LU Factorization

Theorem 3.5.9. Let A be an m X n matriz which has an echelon form which can be obtained solely by
replacement row operations. Then there exists an m X n matrix U and an m x m matriz L such that

A=LU,

U is an echelon form of A and L is a lower unit triangular matriz. In particular, the (i, j)-position of L for
1> j is —c when the replacement Row ¢ — Row i + cRow j was used during the row reduction process.

Proof. When computing an echelon form of a matrix, the scaling row operation is never necessary. This one
is only necessary for row-reduced echelon form. Thus, we need only use replacement or interchange to row
reduce a matrix to echelon form. Suppose that A reduces to an echelon form U without interchange. Then
there is a sequence of p-many replacement row operations transforming A into U. Let Ey, E», ..., E, be the
corresponding elementary matrices. Thus,

(E,...BE)A =T,

and
A= (E,...B:E) 'U=(E'Ey ... E;Y)U.

p

Let L = By 1E2_ Lo E,; 1. Now, each elementary matrix E; is unit lower triangular. Its inverse E; Lis also
unit lower triangular. The products of such matrices are also unit lower triangular, which gives the LU

factorization.
O

The proof of this theorem provides us an algorithm for computing the LU factorization. An Algorithm
for finding an LU Factorization

1. Reduce A to an echelon form U by a sequence of only forward-phase row replacement operations, if
possible.

2. Place entries in L such that the same sequence of row operations reduces L to I,,, that is, place in the
(i, j)-position the scalar —c¢ whenever Row i — Row ¢ + ¢ Row j was used.
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Example 3.5.10. Find an LU factorization of A =

7T 6 3
2 6 7

5 0 7

1

8

8

1

127

(mod 11).

Since A has four rows, L will be 4 x 4. Below, you will see two columns of matrices. On the left, you will
see the row reduction of A to an echelon form U using only forward-phase replacements. On the right, you
will see the matrix L built brick-by-brick by placing the corresponding scalars below the diagonal.

Thus,

2 4 10

7

6

6

3
7
7

10

[\

] o

N Ot

\}

(Row2 — 9Row 1)
(Row3 — Row 1)

(Row4 — 8Row 1)

(Row 3 — 8 Row 2)

(Row4 — 4Row 2)

(Row4 — 2Row 3)

10

= LU (mod 11). n
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Consider the system of matrix equations de-
picted. Such a system might be considered, for
example, if one needs to determine whether the
,bp} is in the span of the
column vectors of A and, if so, what coefficients
for a linear combination will satisfy the equations.

list of vectors {b1, bo, ...

Ax = b1
Az = b2
Az =0,

CHAPTER 3. THE ALGEBRA AND GEOMETRY OF MATRICES

Each equation Az = b; is solved using the SAME row operations to compute an echelon form of A. So
computationally, it is often more efficient to record the necessary row operations once and for all. This is
the case with past row-reductions such as [B | C] or [A | I,,]. This leads to the LU factorization.

We have seen the convenience of solving an augmented matrix in echelon form (aka upper triangular
matrix). Back substitution saves the day! Likewise, if a matrix is in lower triangular form, then it is
essentially in “upside-down” echelon form and back substitution will lead to a quick solution of the augmented
matrix. Therefore, suppose that

A=LU

is an LU factorization and consider the matrix equation

Let y = Uz. Then

Ax =b.

Ax = (LU)x = L(Ux) = Ly = b.

Thus, solving the equation Ax = b boils down to solving the two dramatically simpler matrix equations

Example 3.5.11.

Using this LU factorization of A, solve Ax = b, where b = (1,2, 3,4).

Ly=b and Uz =1y

We saw in the previous example that

2 4 10
7 3
2 7
5 0 7

8

1

8

0

0

10
1
0
0

) 9-
2 8
2 1
0 5

=LU

(mod 11).

We first solve the matrix equation Ly = b, which corresponds to the augmented matrix:

0
9 1
1 8
8 4

0
0
1

2

0
0
0

1

Thus, y = (1,4,3,7).

Next, we need to solve the equation Uz = y:

2 4 10
0 3 1
0 0 O

1 0
0
0 8
0 4

o

10

0 0 0
1 00
01 0
0 0 1
_2

0

0

0

10 5
12
o [1]
0 0
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Thus, = (1,0,0,3,8) +¢(3,7,1,0,0) is the general solution.

0

4 10
1
0 0
0 0

0

1

8

2 4 10
0 [1] 4
0 0 0
0 0 0

o

0

1

8

129
10 8 00
01 400
00 010
00 0 01

We should mention that the above example required 27 arithmetic operations while the usual row-

reduction method would have required 46 operations.

To handle row interchanges, the LU factorization above can be modified easily to produce an PLU-
factorization, where P is a permutation matrix. Similarly, to handle row scaling, a diagonal matrix D can
be introduced to given instead the LDU-factorization. Combining all three row operations together leads
to the PLDU-factorization. The corresponding system of equation of each of these factorizations is still
relatively easy to solve.
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Exercises

CHAPTER 3. THE ALGEBRA AND GEOMETRY OF MATRICES

(Go to Solutions)

For Exercises 1-18, determine the special form of the matrix, if any, that is, diagonal, scalar, permutation,
upper (lower) triangular, unit upper (lower) triangular, strictly upper (lower) triangular, or elementary:
scaling, replacement, or interchange.

11.

15.

12.

16.

13.

17.

14.

18.

10.

QUICK! For Exercises 19-21, multiply by the diagonal matrices using the discussion following Definition
3.5.1 in LESS THAN 10 SECONDS!

A 19

A 21

For Exercises 22-22, find A2, A3, A= and A~3.

h22 A=

[\

o O

—_

o

2

0

0

-3

0

5

A 20.

-3 0 0

0
0

)
0

0
2

For Exercises 23-23, the permutation matrix P will be listed first and another matrix A will be listed second.
Factor P as a product of interchange elementary matrices (answers may vary). Compute PA and explain how
the rows of A have been permuted. Compute AP and explain how the columns of A have been permuted.
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0010 1 5 8
100 0 5 2 6
23. ,
000 1 8 6 3
0100 10 9 7

N2 | 2 1 0

-1

131
10
9
7
4
3 12 -6
N25. |0 5 45
0 0 2
2 21 2 4 -1 5 -2
27 4 7 2 -4 -5 3 =8 1
28.
2 11 5 2 -5 —4 1 8
—6 0 7 =3 1

For Exercises 29-35, find the LU-factorization of the coefficient matrix A below and use this factorization to
solve the linear system as in Example 3.5.11. [Hint: Remember to NOT scale NOR interchange.]

2 -3 I 6
29. p—
4 =2 To —4
2 =2 T 4
-3 6 To 9
2 2 =2 T
& 33. —4 -3 4 ) =
-1 -2 4 I3
1 3 0 T 3
35. 15 5 6 zo | = | 4
3 2 3 T3 6

2 ) X1 —2
& 30. =
-4 13 T2 -2
2 6 0 T 6
32. 1 16 51 0 T | =] -3
12 42 3 T3 15
—4 2 1 2 T 1
-2 A3 |6 6 0 zy | =] 2| (mod7)
6 4 5 3 3 3
(mod 7)

36. Show that if A is a lower triangular matrix then AT is upper triangular.
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“Life is a mirror and will reflect back to the thinker what he thinks into it.” — Ernest Holmes

3.6 Linear Transformations on R2

In this section, we will explore how multiplication by a nonsingular matriz transforms geometry in R%. While
analogous statements can be extended to the vector space F™, based upon the field F itself, only some geo-
metric interpretations may apply.

3.6.1 Stretches and Reflections
Let a,b € R such that a,b > 0.

We can stretch R? horizontally by multiplying We can stretch R? vertically by multiplying the
the (scaling) matrix matrix

a 0 1 0

0 1 0

Thus, multiplication by a diagonal matrix will rescale the z- and y-axes by the diagonal entries. When a < 1
or b < 1, we say the geometry is compressed since the scale becomes smaller than the original.

Example 3.6.1. The unit square J is the
rectangle with vertices at (0,0), (1,0), (0,1), and
(1,1). The unit square is displayed below in
cyan. It will be a useful tool to visualize how
matrix multiplication distorts the geometry by
seeing how a matrix transforms the unit square

J.

2 0
(a) Multiplication by the matrix hori-

01
zontally stretches the plane by a factor of two.

8 0
(b) Multiplication by the matrix hori-

0 1
zontally stretches the plane by a factor of eight.
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1 0
(¢) Multiplication by the matrix verti-

0 4
cally stretches the plane by a factor of four.

1 0

(d) Multiplication by the matrix verti-
o 1%
2

cally comprresses the plane by a factor of two.

1/2 0
Example 3.6.2. The matrix =
0 3 0

N|—

0

1

0 3

133
v
.
B I
| |

will vertically stretch the four vertices

of J by a factor of 3 and will horizontally compress the vertices by a factor of 2 (or we can say that they are

horizontally stretched by a factor of 1/2). In particular,

3 0 0 _|0
0 3 0 0

1
s 0]
0 3 0 0
1.0 0 _ |0
0 3 1 3
Lol |4
0 3 1 3

The image of J is displayed to the right in ma-
genta.
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Reflections across the z- and y-axis are accom-
plished by multiplying by the scaling (diagonal)

matrices 14
1 0 q -1 0 | ,
an , v v
0 -1 0 1 ¢ H | ” *
respectively.
0 1
The interchange (permutation) matrix produces a reflection across the line y = x. The composite
1 0

of reflections across the z- and y-axis gives a reflection through the origin. General reflections will be dis-
cussed in the homework.

Example 3.6.3. Consider the reflections of point v = (2, 1) across:

(a) the z-axis.

The image of v under this reflection is S

102 2 |

p— ‘l

0 -1 1 ~1 )

o .
(b) the y-axis. Y
A
The image of v under this reflection is R I
oy v
-1 0|2 2 - - o
- l T
0 1 1 1 | | | | | |
[ R Y A R
.
R T S R R
(c) y==x. Yy

. N
| | | / \"'\
The image of v under this reflection is R i =t -
I R
[ e - = v -+
0 1|2 1 - . o
= I, i i i I
10 1 2 NS
| | S | | |
pf77\777&77--774777\7774
| [ | | |
| [ 4 | | | |
| R4 | | | |
\777;\'777\777--777777\7777
| L4l | | | |
\'\ | | | |
S RN S S N
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(d) the origin.

The image of v under this reflection is

3.6.2 Shears and Decomposition by Elementary Matrices

In plane geometry, a shear mapping (or transvection) is a linear map that displaces each point in fixed
direction, by an amount proportional to its signed distance from a line that is parallel to that direction. Let
m € R.

We can shear R? horizontally by multiplying We can shear R? vertically by multiplying the
the (replacement) matrix matrix

1 m 1 0

0 1 m 1

Example 3.6.4. Consider the shearing of the unit square and the points u = (2,1) and v = (1,2):

(a) horizontally by a factor of 2. Sy
! A R Y

The images of these points under this shear are e i *2‘*‘%‘**1‘*‘%*‘#

- e 4 - ! w0
0 1 1 - 1 ’ 3< | ? ? ? )ix

1 2|1 5 I R I B I

0 1 2 2

(b) vertically by a factor of —2.

The images of w and v under this shear are
10 2 2
= ;
-2 1 1 -3
1 0 1 1
-2 1 2 0
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Theorem 3.6.5. Let A be a 2 X 2 nonsingular matriz. Then the matrix transformation associated to A
geometrically is a composition of shears, reflections, and stretches/compressions.

The following example illustrates Theorem 3.6.5.

-4 -5
Example 3.6.6. Let A = . We reduce A to its row reduced echelon form in the following
2 4

way:

~ ~

1 2
-4 =5 5 2 4 2 A/ (%R()w 1) 1 2

4 8 1
2 4 4 -5 (Row 2 4+ 2 Row 1) 0 3 0 3 (éRow 2)
-2
1 2 (Row 1-2 Row 2) 1 0
0 1 0 1

Following this sequence of row operation gives the following elementary factorization of A:

A:
1 0 -2 1 0 1 0 3 0 1

To translate this elementary factorization into a geometric interpretation, we read the factorization right-
to-left. Why? Because with the transformation © — Ax = (F1FE2E3E,Fs)x, assuming E; denotes the ith
elementary factor in the above factorization of A, the first matrix to transform a will be E5. The next to
transform the resultant vector would be Fy, and onward toward the left. Hence, multiplication by A has the
affect of shearing horizontally by a factor of 2, stretching vertically by a factor of 3, stretching horizontally

by a factor of 2, shearing vertically by a factor of —2, and reflecting across the diagonal line y = x. [
0 1

Example 3.6.7. Let A = . We can row reduce A by interchanges Rows 1 and 2, scaling Row
2 1

1 by %, and replacing Row 1 with Row 1 — %Row 2. This gives the following factorization into elementary
matrices as

0 1 2 0 1 1/2
A:

1 0 0 1 0 1

Therefore, A corresponds to the transformation shear horizontally by %, horizontally stretch by 2, and reflect
across the line y = . [

3.6.3 Rotations

A counterclockwise rotation in R? by angle , 0
is captured by the matrix Ves" 777 v
cosf —sinf
sin 6 cos O
-1
cosf) —sinf cosf sinf

For a clockwise rotation by 6, take the previous matrix’s inverse, =
sin 0 cosf —sinf cosd
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Example 3.6.8. Let T : R? — R? be the linear transformation given as counterclockwise rotation by il

S
[\
D

(or 90°). Find the images under T of u = , V= ,and u +v =
1 3 4
0 -1
Note that [T] = .Then ;7{ ,,,,,,,,,,,,,,,,,,,,,
1 0 T R R
S T T
0 -1 4 -1 o= . 1 R R O TR
T(u) = - S S AN
1 0 1 4 T S
- e - R RN
0 -1 |2 -3 R e L n TR R R T S
Tl) = = et
1o 3] [ 2 T T SR S
i 17 1 T 1 v L N
0 -1 6 —4 A Al e e S
T(U+U) = = | | | | | | | Y | |
104 6 e eu o
' . ‘ ——t—t—
n
Utilizing rotations, we can see that reflections
across the line ¢ that passes through the origin
forming the angle 6 is accomplished by multiply- ﬁ o'
ing by matrix ‘\‘
“‘De/.
cos(26) sin(26) > T

sin(260) — cos(20) / \‘

One last linear transformation family on R?, called projections, will be addressed in Section 4.3.2.

A similar analysis may be used to describe the geometry of matrix transformation in R® (and higher).
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Exercises (Go to Solutions)
For Exercises 1-5, find the matrix for the operator that performs the stated succession of geometric trans-

formations.

& 1. Reflect across the y-axis, stretch by a factor of 2 in the x-direction, then expand by a factor of 3 in the
y-direction.

& 2. Expands by a factor of 5 in the y-direction, then shears by a factor of 2 in the y-direction.
& 3. Reflects about y = z, then rotates through an angle of 7 radians about the origin.

& 4. Reflects about the y-axis, then expands by a factor of 5 in the z-direction, and then reflects about
Yy =x.
™
& 5. Rotates through 5 about the origin, then shears by a factor of —2 in the y-direction, and then expands
by a factor of 3 in the y-direction.
For Exercises 6-9, express the matrix as a product of elementary matrices, and then describe the effect of

multiplication by this matrix in terms of shears, compressions/stretches, and reflections. Draw the image of
the unit square under this matrix transformation. Answers may vary.

4 0 1 0 0 -2 3 —6
[ X0} [ YO X3 A9
0 1 0 -8 4 0 6 1

10. What matrix, if multiplied by, would have the affect to the plane R? of reflection across the line y = —x?
How could you factor this matrix using the matrix transformation discussed in this section?

cos 20 sin 260
N1l Let A= , where 6 > 0.

sin20 — cos 26

- - -1

cos —sind 1 0 cos —sind
(a) Show that A =
sind  cosd 0 -1 sinf  cosf
1T ~1
cosf —sind 1 0 cosf —sinf
(b) For describe the sequence of geometric trans-
sinf  cosd 0 -1 sin ¢ cos 6

formations that correspond to this matrix factorization. Conclude that the geometric transfor-
mation corresponding to A is reflection across the line ¢ through the origin which forms an angle
0 with the z-axis.

(¢) For 6 =0, %, and g, show that this agrees with the three reflections discussed in this section.

T
or § = —, compute the reflection matrix and draw the image of the unit square under this matrix

d) For 6 5 te the reflecti tri dd the image of th it der thi tri
transformation.

(e) Modifying part (b), find a 2 x 2 matrix B where multiplication by B performs the geometric
transformation of shearing by a factor of m in the direction of the line ¢ through the origin which
forms an angle 6 with the z-axis.

12. Prove Theorem 3.6.5.
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“The people who oppose your ideas are inevitably those who represent the established order that your ideas
will upset.” — Anthony J. D’Angelo

3.7 Representations of Linear Transformations as Matrices

We have seen before that linear transformations are those maps between vector spaces which preserve the
vector structure, that is, preserve vector addition and scalar multiplication. We have seen that matrixz multi-
plication is a linear transformation, hence all the geometric transformations in the previous section are linear
transformations. We will now see that all linear transformations are essentially just matriz multiplication.

3.7.1 The Standard Matrix of a Linear Transformation

Example 3.7.1. Let e; = and ey = . Suppose that T : R2 — R3 is a linear transformation
0 1
such that
1 3
T(e1)=| 2 and T(e:) = | —5
3 0

With no additional information, find a formula for the image of an arbitrary vector x € R2.

Since x = o = x1€1 + x2€e5 and since T is a linear transformation, it must hold that
T2
T(x) = T(r1e1+ zoes) =x1T(e1) + 2T (e2)
1 3 1 + 372 1 3
= 1|2 |+x2| -5 | =]| 221—-bx2 | = | 2 -5 |=
3 0 311 3 0
In particular, T' can be represented as a matrix transformation. [

The argument applied in the previous example works in general.

Theorem 3.7.2. Let e; be the vector in F™ such that the ith entry is 1 and all other entries are 0. Let
T:F" — F™ be a linear transformation and let A = T(e1) T(ey) ... T(en) |- Let x € F™. Then

T(x) = Az.

This matriz A is called the standard matriz for the linear transformation T' and is often denoted [T).

Example 3.7.3. Find the standard matrix A for the linear transformation T'(z1, x2) = (321 + x2, 221 —
4372).
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3 1
Since T'(e1) = (3, 2) and T(e2) = (1, —4), we have that [T] = A = and
2 —4
3 1
T(x) = Az = T n
2 -4

3.7.2 Composition of Linear Transformations

Recall that if S : F™ — FP and T : F™ — F™ are functions, then their composite S o T is the function
given by the rule (S oT)(x) = S(T(x)) where € F™. Functions are often viewed, by parable, as machines
on a conveyor belt. As an element @ in the domain of T rolls into the machine T, it is transformed into the
element T'(x). The composite S oT is then the machine formed by placing the machines S and T" next each
other on the conveyor belt. The following theorem states that matrix representations are compatible with
function composition.

SCT(x) <D <1(x) PE<x

Q00000 000000 Q00

Theorem 3.7.4. Let S: F™ — FP and T : F" — F'™ be linear transformations with standard matrices A
and B, respectively. Let * € F™. Then

SoT(x)=S(T(x)) = ABzx,

that is, the matrixz which represents the composite of two linear transformations is the product of their matriz
representations.

3.7.3 Surjective and Injective Matrix Transformations

Recall that a linear transformation T' : F™ — F™ is one-to-one if and only if T'(x) = T'(y) implies that
x = y if and only if ker T' = {0}, that is, the only vector mapping to zero is zero itself. Given the matrix
representation [T] = A, we see that kerT = A, that is, the vectors mapped to 0 by T are exactly those
vectors whose product with A is 0. Hence, finding the null space of A is equivalent to finding the kernel of
T. In particular, a linear transformation is one-to-one if and only if the columns of its matrix representation
are linearly independent.

Example 3.7.5. Let T :R? — R3 be a transformation given by the rule

T(x,y) = (x +y,0,2z + 3y).

Then
11 11 1 2 0
[T]—[T(el) T(eg)}— 0 0|~]23|~]01]|~]|o0
2 3 0 0 0 0 0 0

The row-reduced echelon form of [T] shows that the columns of [T] are linear independent since there is a
pivot in each column. Therefore, T is one-to-one, that is, ker T' = {0}. [
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Example 3.7.6. Let S : R? — R? be a linear transformation given by the rule
S(m,y,z) = ($+y—22,—y+2)

Then

11 -2 11 -2 (1] o -1
0 -1 1 01 -1 0o [1] -1

The row-reduced echelon form of [S] shows that the columns of [S] are linear dependent since there is no
pivot in the third column. Therefore, S is not one-to-one. In particular, ker S = Span{[1,1,1]}. "

The homogeneous system Ax = 0 has a nontrivial solution when A has a non-pivot column. The nullity
of A is the number of non-pivot columns in A. If A is an m X n matrix and m < n, that is, A has more
columns than rows, then A necessarily has non-pivot columns. Hence, the nullity(A) > 1.

Recall that a linear transformation 7' : F™ — F™ is onto if and only if for all vectors b € F™ there exists
a vector & € F™ such that T(x) = b if and only if im(T") = F™, that is, the set of images of T is the whole
target space F™. Given the matrix representation [T] = A, we see that imT = Col A, that is, the vectors
which are linear combinations of the columns of A are exactly the vectors which can come out of 7. Hence,
finding the column space of A is equivalent to finding the image of T'. In particular, a linear transformation
is onto if and only if the columns of its matrix representation span F".

Example 3.7.7. Let T : R? = R? be the transformation given in Example 3.7.5. The row-reduced
echelon form of [T] shows that [T] has no pivot in the third row. Therefore, T' is not onto. In particular,
[0,1,0]" ¢ imT. n

Example 3.7.8. Let S : R? — R? be the transformation given in Example 3.7.6. The row-reduced echelon
form of [S] shows that [S] has a pivot in each row. Therefore, S is onto. In particular, im S = R2. "

The inconsistency of the equation Ax = b may occur when A has a row of zeros in echelon form but the
corresponding position in the augmented column is nonzero. In this case, consistency is dependent on the
choice of b and at least one choice of b will make Ax = b inconsistent. These rows of zeros in the echelon
form correspond to non-pivot rows of A. Let the conullity of A denote the number of non-pivot rows of A.
If A is an m X n matrix and m > n, that is, A has more rows than columns, then A necessarily has non-pivot
rows. Hence, the conullity(A) > 1.

Proposition 3.7.9. Let T : F™ — F™ is a linear transformation.
(i) If m > n, that is, [T| has more rows than columns, then T cannot be onto.
(i) If m < n, that is, [T] has more columns than rows, then T cannot be one-to-one.

Using the standard matrix A, it is relatively quick to determine whether the linear transformation
T:F"™ — F™ is one-to-one or onto by simply examining its pivots.

Theorem 3.7.10. Let T : F™ — F™ be a linear transformation with standard matriz A. Then T is one-
to-one if and only if A has a pivot in each column. Likewise, T is onto if and only if A has a pivot in each
row.

Example 3.7.11. Let T : F™ — F™ be a linear transformation such that T'(x) = Ax.
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[1] o0 o o
A~ 0 0 0 [1] 0 |,
000 o [1]

then without even knowing the exact entries of A, we know that T is onto, since there are pivots in
each row, but T is not one-to-one, since the second and third columns have no pivots.

(b) If
0
A~|0 :

0 0
then T is one-to-one, since there are pivots in each column, but 7" is not onto, since the third row has
no pivot.
(c) If

(1] o o
A~V 0 [1] 0o |,
0o 0 [1]

then T is one-to-one and onto, since all columns and rows have a pivot. [
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Exercises (Go to Solutions)

For Exercises 1-10, for the linear transformations 7" find its standard matrix [T7].

1. T:R? - R?: T(xq,12) = (21 + 272) 2. T:R? - R?: T(x1,72) = (2214272, 71 +322)
‘ 3. 1 : RS — Rg : T(l’l,l'g) = (2%1 — T2, —4%2) 4. T : R2 — RQ : T($1,£L’2,ZL'3) =
(z1 + 22,221 + 323,21 + 222 + 223)
5 T:R3 > R3: A6 T:R 5 R )
x1 T1 + 2w9 + 373 1 + 219 + 23
T
T To = | 4x1 4+ S5x3 + 629 3x1 + 1dx3 — bxo
T To =
T3 Txo + 8x1 + 923 3x9 — bx1 — 18x3
T3
19332 — 7$1 — 401‘3
N7 T:C—C*T(2)=(ziz,—z —iz) &8 T:73— Zy:T(x1,22,73,74)

=21+ T2+ X3+ T4

NI T: Zg — Z:g : T((El,xz,ifg) = (iEg,l'Q,!L‘l) 10. T : Z? — Z% : T(xl,xg,xg) =
(.%'1 + 32,51 + dx9 + 623,311 + 222 + 33?3)

For Exercises 11-12, find the standard matrix of the composite function S o T
11. T:R? - R? : T(x1,22) = (w1 + 222) and S : R? = R?: S(y1,92) = (2y1 + 2v2, y1 + 3y2)
®12. T:R? - R3:T(x1,22) = (222,371,271 — 322) and S : R3 — R? 1 S(y1,92,v3) = (y3 — 292, y1 — 2¥3)

For Exercises 13-22, determine if the given linear transformation from Exercises 1-10 is one-to-one or onto.
Find a basis for its kernel and for its image.

13. Exercise 1 14. Exercise 2 # 15. Exercise 3 16. Exercise 4 17. Exercise 5

# 18. Exercise 6 # 19. Exercise 7 # 20. Exercise 8 & 21. Exercise 9 22. Exercise 10

QUICK! For Exercises 23-29, determine in less than 10 seconds if the linear transformation CANNOT be
one-to-one and if it CANNOT be onto.

23. T:R3 - R3: T(z,y,2) = (z,y, 2)

24. T :R3 = R? : T(wy, w9, 23) = (71 + 232, 23 — 372)

25. T :R3 = R*: T(wq, w9, 23) = (201 + 323, 22 + 421 + 23,73 + 1 + Xo, 71 + 3T2 + 3)
26. T:C—C3:T(2) = (2,2,2)

27. T:C— C3:T(2) = ((3—1)z, (=2 + 2i)z, 2)

28. T:72 —7Zs:T(x,y,2) =2 +y+2

29. T: 7% — 72 :T(z,y) = (42 + 2y, 3y)

30. Suppose that A is an n x n matrix and let T : F* — F™ be the linear transformation T'(x) = Az.
Prove that T is bijective if and only if A is nonsingular.
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Chapter 4

Orthogonality

In this chapter, we will begin to develop the geometric framework of lengths and angles through the lens
of linear algebra. While the notions of affine geometry were introduced earlier in Chapter 2, this chapter
will develop the notions of Euclidean geometry. As such, this geometric development will not be entirely
possible for the finite fields Z, we have often considered, although some notion of orthogonality are available
for general fields. In this chapter the only fields F' we will consider for scalars will be R and C.

=\ oERol\o | =72 <) DN @
F -k -3l0 {v|o 0 o L {0
3 ¢ 3 2|° o6 6 0\C
|
NAR) =Seon ) | T |6
o]l
0 0
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“Success isn’t measured by money or power or social rank. Success is measured by your discipline and inner
peace.” — Mike Ditka

4.1 Inner Products

In this section, we introduce the notion of an inner product, often called the dot product. The inner product
is a simple algebraic operation with many important applications, including developing geometric notions
such as distance and length. A wvector space equipped with an inner product is called, shockingly, an inner
product space.

4.1.1 The Dot Product
Definition 4.1.1. We define the dot product - : R” x R™ — R of two vectors, u,v € R™ by the rule

v
T v2
U V=U V= |y uy ... Uy ] = U1V1 + UV2 + ...+ UpVUp.
Up,
1 -5
Example 4.1.2. Givenu=| 2 | and v = 0 |, their dot product is
3 3
w-v=1(-5)) +2(0) +3(3) = —5+0+9 =4] .
Let A be an m X n matrix and let * € R". Let r1,72,...,7, € R" be the row vectors of A. Thus,
1 TL-X
T2 To - X
A= . Then we can define the matrix-vector product using dot products: Ax =
T T - T

There are many algebraic reasons to extend the dot product over other fields, such as Z, and C, like in the
above redefinition of matrix multiplication. For another example, the dot product is used in the creation of
error-correcting codes which involved vectors of Z5, but the geometric benefits of the dot product are absent
on these fields and this is the very goal of this chapter. Furthermore, over complex vector spaces, we vowed
to never use the matrix transpose |. Instead, we use the conjugate transpose *. The reason we made such
a vow will be presented below in this section. This changes how we compute dot products of complex vectors.

Definition 4.1.3. We define the Hermitian product! - : C* x C* — C of two vectors, u,v € C" by the

iMany textbooks alternatively define the Hermitian product as w - v = w' . Although this does not at all change the
theory and applications of the Hermitian product, it does change intermediate calculations. Be cautious if comparing with
other sources since there is no universal consensus.
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rule
U1
V2

* — — P
U V=UV=|T] Uy ... Uy ) = ULV + U2Va + ... + UpVp.

Un

Example 4.1.4. Letu=(1+4, i, 3—i) and v = (1+14, 2, 4i). Find v -v and v - u.

w-v=(T+0)1+i)+92) + B —1)(4) = (1 — ) (1 +14) — 20+ (3+1)(4i) =2 — 20 +12i — 4 =[ -2+ 10i]
veow= (T+0)(1+i)+2() + (F)(3— 1) = (1 — i) (1 +14) +2i — (40)(3 — i) =2+ 2 — 12i — 4 =[ -2 — 10i]

Note that since R C C" and T = = whenever z € R, the definition of the Hermitian product generalizes
the notion of the dot product. But as the dot product is a possible operation on C" (and there are situa-
tions where one might allow the dot product of complex vectors), we will not refer to this generalization as
the dot product, but instead as the Hermitian product. Both the dot product over R™ and the Hermitian
product over C™ will be denoted u-v. In an attempt to unify the vocabulary here, we will call the dot prod-
uct on R™ and the Hermitian product on C" the (standard) inner product! on F™, where F could be R or C.

Theorem 4.1.5. Let F be R or C. Let u,v,w € F" and let c € F. Then
(i) u-(v+w)=u-v+u- w; (ii) u- (cv) = c(u - v);

(iii) w-v=v-u; (iv) u-u >0, and u-u =0 if and only if u = 0.

Properties (i) and (ii) above show us that inner multiplication on the left is a linear transformation
F™ — F for each fixed vector u € F™. When F = R, (iii) simplifies to just be u - v = v - u, that is, the
dot product is symmetric. Combining all these three properties shows that (u +v) - w =u-w + v - w and
(cu) - v = ¢(u - v) whenever u,v,w € R™ and ¢ € R. Thus, the dot product is linear in the first factor
and linear in the second factor, that is, we say the dot product is bilinear. These properties derive from the
properties of transposition.

Conversely, the Hermitian product is conjugate-symmetric, that is, the vector commute at the price of
complex conjugation, as shown in (iii). As such, inner multiplication on the right is not exactly a linear
transformation. Like with the real vector spaces, (u 4+ v) - w = u - w + v - w still holds for all u,v,w € C™.
On the other hand, we get (cu) - v = ¢(u - v), that is, we can only factor scalars from the first factor if
we take their conjugate. Thus, the Hermitian product is linear in the second factor and conjugate-linear in
the second factor, that is, we say the Hermitian product is sequilinear. These properties derive from the
properties of transposition.

Lastly, (iv) is commonly referred to as positive-definite property'"'This property is the reason we will
not be considering finite fields in this chapter. The dot product over any field is always symmetric and
bilinear. The positive-definite condition fails for these fields and many others. Positive-definition is needed
to establish the geometric properties we seek. positive because ® - > 0 and definite because u - u = 0 if
and only if u = 0.

iMore generally, an inner product on F™ is any function F™* x F™ — F which satisfies the axioms of Theorem 4.1.5.

i1
)
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4.1.2 The Norm of a Vector

Definition 4.1.6. The norm (or length) of a vector v € F™ is the nonnegative scalar ||v| defined by

ol = Voo = /o2 +v3 ...+ 02,

We say that v is a unit vector if ||v| = 1.

Geometrically, the norm of a vector x is the length of the arrow drawn in F™, that is, the norm is the
magnitude of the vector.

It is useful to note that ||v||?> = v - v.

Theorem 4.1.7. Letu € F™ and ¢ € F'. Then

[ev]| = ][]
1
0
Example 4.1.8. Let v = € R*. Then the norm of v is
2
-2

Jvl| = Voo =/1(1) +0(0) + 2(2) —2(-2) = V1 + 4+ 4=9=][3]

1/3
1 0
Since the norm of v is 3, v is not a unit vector. On the other hand, let u = g'u = . Then
2/3
-2/3
1 1 1
= | Zv|l=Z|w|l==2(3)=]|1].
Jul = 30 = 3101 = 5
Therefore, u is a unit vector in the same direction as v. [

The process of constructing a unit vector in the same direction as a given vector is called normalization.
. S 1 .
The normalization of any nonzero vector v is given by W'U. The zero vector cannot be normalized. In
v
particular, the zero vector does not point in any direction.

Example 4.1.9. Let u= (1+4, i, 3—1). Find [Ju].

lull = /AFDA+3) + @i+ B=DB = i) = VI =)L+ 1) + (<D)i+ B+ DB —1) = VZ+ 1+ 10 =| VI3]
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4.1.3 The Distance Function

Definition 4.1.10. For u,v € F™, the distance between u and v, denoted as dist(u,v), is the length of
the vector u — v, that is,

dist(u,v) = ||u — v||.
7 3
Example 4.1.11. Let u = and v = . Then
1 2

4
dist(w, v) = |lu — v|| = 1 |\/42+<1) -|vT7} .
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Exercises

For Exercises 1-16, compute the given inner products.

1 2 1
1. . a2 |3
-1 -3 -2
a 1 _ i -
L X8 1 -1 5. |5 1
| -5 2 5
-1 1 0
a7 2] 1 —2 | +]| -5
3 1 3
1 2 3 -2 -1
& 10. 0 —1 -1 1 -1
1 0 1 -1 3
7 -1 2—1 -1
AN13. | 9 2—1 N 14 i 2—1
3 44 3i 44

For Exercises 17-27, find the norm of the vector.

3 7

17. | -1 h18 |1

5 5
1 -2
21. 2 ol -3 1
-3 3

1 i

h 23 —i 24. | 95

3.

& 11

15.

22.

25.
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' X3

A 12

16.

A 20.

(Go to Solutions)

o=
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27.

2 I

4+

For Exercises 28-33, find normalize each vector, that is, compute its normalization.

28.

31.

34.

® 36.

38

40

_7 2
6 [, | —1
_2 5)
i 1

-9 | -
|1

. Find z such that

. Find x such that dist

29.

32.

3 0
-1 |1+ 1
—2 0

T
2 | =1
-3

12 T

14 |, | 17

3 3

[ 1
a3 |1,
i 1
3
37. -1
-2

39. For which real numbers x make

vector?

30.

33.

2

-2 0
1],2]1
-1 0
1/2

1/3

x
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a unit

In physics, work W is the linear effort done by a force vector F' applied over a distance vector d. Intuitively,
work is a measure of effort expended when moving an object by applying a force to it. Unlike velocity and
force, which are vector quantities, work is a scalar.

Theorem. If a constant force F' is applied to an object and moves the object in a straight line a distance d,
then the work W performed by the force is

W =F-d=|F||d| cos®

(4.1.1)
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where 0 is the angle between the force F and d.

For Exercises 41-49, find the work done by the force. Recall that ¢ := e; = (1,0) and j := es = (0,1), a
notation commonly used in physical applications.

41.

44.

45.

46.

47.

48.

49.

F=241+75,d=30t+4j 42. F = —8i+175,d = 61+50j 43. F =193, d =331
A shipping clerk pushes a heavy package across the floor. He applies a force of 64 pounds in a downward
direction, making an angle of 35° with the horizontal. The package is moved 25 feet.

A force F' = 35¢ — 123 (in pounds) is used to push an object up a ramp. The resulting movement of
the object is represented by the displacement vector d = 152 + 45 (in feet).

A package is pushed across a floor a distance of 70 feet by exerting a force of 46 pounds downward at
an angle of 25° with the horizontal.

A package is pushed across a floor a distance of 90 feet by exerting a force of 41 pounds downward at
an angle of 20° with the horizontal.

Joseph pulls Emma and Olivia in a wagon by exerting a force of 20 pounds on the handle at an angle
of 30° with the horizontal. Joseph pulls the wagon a distance of 300 feet.

An automobile is pushed 110 feet down a level street by exerting a force of 87 pounds at an angle of
15° with the horizontal.
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“To be trusted is a greater compliment than being loved.” — George MacDonald

4.2 Orthogonality

Heyl Come build an
orthogonal set with us

Vo

Cooll Where Should T go?

4.2.1 Orthogonal Vectors

Definition 4.2.1. Two nonzero' vectors u,v € F" are orthogonal if u - v = 0.

1 1 2
Example 4.2.2. Given the vectorsu = | 2 |,v = 1 |,andw = | 3§ |, determine if w is orthogonal
3 -1 5

to v or w.

w-v=1(1)+2(1)+3(-1)=3-3=0.

Thus, u is orthogonal to v.
u-w=1(2)+2(3)+3(5) =23 #0.

Thus, u is not orthogonal to w.
v-w=12)+13)-1(5)=5-5=0.

Thus, v is orthogonal to w. m

Theorem 4.2.3 (Pythagorean Theorem). If two vectors w,v € F™ are orthogonall, then
lu+v* = [[ul® + [lo]*.

Proof. By assumption, u-v = 0 = @~ v = v-u. Note that [|[u+v|]? = (u+v)-(u+v) = v-utu-v+v-utvv =
w-u+0+0+v-v=|ul®+|v|> O

We call the above equation the Pythagorean Theorem because how it resembles the trigonometric equa-
tion, after all it states that a sum of squares is equal to a square under certain conditions, but there is a

"When it comes to defining orthogonality, we have to exclude the zero vector. Note that 0 -v = 0 for every vector v. As
such, if we allowed the zero vector to be orthogonal then it would be orthogonal to every vector, including itself, which would
provide needless counterexamples to theorems and geometric interpretations that will follow.

liFor real vector spaces, the Pythagorean Theorem becomes an “if and only if” statement, that is, Two vectors u,v € R"
are orthogonal if and only if

lu+ o) = [l + ]
The proof of the other direction is based upon the observation that the equality of squared norms holds only if u-v+wv-u = 0.
In the real case, of course, the left-hand side simplifies to 2(w - v), which then implies that w - v = 0. In the complex
case, counterexamples exist. For example, let v = (1,1,1,1) and v = (0,0,0,7). Note that ||u|| = 2 and ||v]] = 1. Hence,

||lw]|2 + ||v||? = 5. On the other hand, |[u +v||? =1+1+4+14+2 =5, but w-v =i # 0. The defect in extending the proof to all
complex vectors here is that equality will hold whenever the Hermitian product between the two vectors is purely imaginary.
Of course, the only purely imaginary number which is also real is zero, hence why it holds in the real case.
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deeper geometry connection. First of all, if two vectors u and v are linearly independent, then they span a
plane in R", but they also form a triangle with sides w, v, and w + v, where the three points correspond to
the tail of w (which is also the tail of w + v), the head of w (which is also the tail of v), and the head of v
(which is also the head of u 4+ v). The norms of the three sides of this triangle is ||u||, ||v||, and ||u + v||.
Therefore, the above theorem is saying that the sums of squares of two sides of the a triangle equal the
square of the other side. This is exactly the statement of the Pythagorean Theorem from Trigonometry,
but furthermore the Trigonometric Pythagorean Theorem guarantees this can only happen if there is a right
angle present, that is, the angle between the vectors © and v must be a right angle. This proves the notion
that two vectors are orthogonal if and only if the angle between the two vectors is 90°.

An alternative way of expressing a plane in F? is by orthogonality. For example, we can construct a
plane in F3 by taking all vectors in F® that are orthogonal to some fixed vector n = (a, b, c), called the
normal vector of the plane. If = (x, y, z) is a vector on the plane, then

n-x=ar+by+cz=0.

This produces the equation of a plane which passes through the origin (notice that 0 is a solution here). In
order to have the plane pass through the particular vector &y we replace & with & — xq, that is,

n-(x—xg) = 0
a(r — o) +b(y —yo) +c(z —2) = 0
ar+by+cz = d

gives an equation of the plane in F*® through the point (g, o, z0) and orthogonal to n.

Example 4.2.4. The solutions to the equation
3(z—4)+5(y+5)—22=0 = 3r+5y—2z=-13

is the plane containing the point (4, —5,0) and is perpendicular to (3,5, —2).
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Similarly, this strategy will create a hyperplane in F™. In particular, the hyperplane containing xy and
is orthogonal to 7 will be the solutions & to the linear equation, given in point-normal form,

n-(x—xp) =0. (4.2.1)

4.2.2 Orthogonal Sets

Definition 4.2.5. A set of nonzero vectors {vy,...,v,} C F" is called an orthogonal set if each pair of
distinct vectors is orthogonal, that is, v; - v; = 0 whenever ¢ # j. An orthogonal set of vectors is called
orthonormal if each vector in the set is also a unit vector.

Of course, any orthogonal set can be transformed into an orthonormal set by normalizing each vector,

1
that is, replacing each vector v with —wv.

v
1 1 -5
Example 4.2.6. Let vy = | 2 | ,v0 = 1 |,v3 = 4 |. Then the set {vy,v2,v3} is orthogonal
3 -1 -1

with respect to the dot product. To see this, we check the three dot products:

V1 - U2 = 1 + 2 — 3 = O
V1-V3 = —-54+8—-3=0
vorvy = —54+4+1=0.
]
Theorem 4.2.7. If S = {v1,...,v,} C F" is an orthogonal set of nonzero vectors, then S is linearly

independent.

The requirement that an orthogonal set contain only nonzero vectors is critical. Note that 0-v = 0 for
any vector v. Thus, as we defined an orthogonal pair, the zero vector is orthogonal to every vector. This
is a truly exceptional quality shared by no other vector. For this reason, the zero vector must be treated
definitely in the theory of orthogonality and it is thus excluded from orthogonal sets. While this may seem
somewhat arbitrary, this is truly consequence driven. The main consequence is that Theorem 4.2.7 would
fail if 0 were allowed in. It should also be noted that for a singleton {v}, this set is orthogonal if and only if
v # 0, the same condition that guarantees that {v} is linearly independent. Notice that the condition that
all pairs be orthogonal is vacuously true in this case as there are no pairs which are not orthogonal (since
there are no pairs at all). This also holds for the empty set (). It has no pairs of distinct vectors which are
not orthogonal, hence, the empty set is an orthogonal set.

An orthogonal (orthonormal) spanning set of F™ is necessarily a basis, called an orthogonal (orthonor-
mal) basis. For example, the standard basis in F” is an orthonormal basis.

4.2.3 Orthogonal Complements

Theorem 4.2.8. Let W be a subspace of F™. Let W+ = {x € F" | w-x = 0, Yw € W}, called the
orthogonal complement of W. Then W+ is also a subspace of F™.
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Example 4.2.9. Let W be the z-axis in R®. Then W is the zy-plane. [

Theorem 4.2.10. Let A be an m x n matriz. Then

(Row A)* = Nul A.11

Example 4.2.11. Let W be the subspace of R® spanned by the vectors
wi = (1,3,-2,0,2,0), wy = (2,6,-5,—2,4,-3), ws = (0,0,5,10,0,15), wy = (2,6,0,8,4,18).
Construct a base for W+,

We can arrange these vectors into a matrix A:

1 3 -2 02 0 1 3 04 2 0

2 6 -5 -2 4 -3 001 200
A - ~

0 0 5 10 0 15 0 00 0 01

26 0 9 4 18 000 O0O0GO

such that W = Row(A). By the previous result, W+ = Row(A)* = Nul(A). As we know how to find a
basis for a null space given the echelon form of the matrix,

W+ = Span{(-3,1,0,0,0,0), (—4,0,-2,1,0,0), (-2,0,0,0,1,0)}. L]

Despite our reluctance to use any fields other than R and C, the entirety of this section'" is transferable
to any field using the dot product or Hermitian product.

liFor real vector spaces, recall that Row(A) = Col(AT). With the perspective, Theorem 4.2.10 tells us that Nul(A)+ =
Col(AT). Hence, the orthogonal complement L and transpose T are, in same way, dual notions of each other.

ivThere is one important partial exception to this claim, namely the Pythagorean Theorem. We say this as a partial exception
because while the algebraic statement and proof still remain valid (note that ||u||> = w-u and is valid for any vector space which
we desire to introduce the dot product), the geometric interpretations about the norm (if it is defined via the dot product) do
not necessarily transfer to general vector spaces.
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Exercises (Go to Solutions)

k 4
& 1. Find £ so that . is orthogonal.

1 3

For Exercises 2-7, determine whether the two given vectors are orthogonal or not. If not, adjust a value in
one of the vectors to make them orthogonal. Answers may vary.

4 4 6 8 -3 5 2 4
2 , 3. 7 4. , 5. ,
2 -8 1 —24 -5 -3 8 1
1 2 1 3
6 2 |, =1 7 -1 |, 2
-1 1 2 4

3 9 4 1 1 2 1
1 0 1 1
8 51> =2 |> 0 9 , )
1 1 0 0
2 2 -9 7 0 1 1

For Exercises 10-13, find a hyperplane in F™ containing the vector xg, listed first, and whose normal vector
is mn, listed second.

1 3 0 1 1 -3
o1l ; N12. | 3|, | 3
3 0 1 2
4 2
2 -1
L J L J L 5 1L -5 |
[ 10 17 1 ]
—8 3
13. 61,15
—4 7
L 2 - L 9 -

For Exercises 14-24, find a basis for the orthogonal complement of the subspace W, given below. Answers
may vary.

14. Span 2 1,1 =1 & 15. Span -1 |, 1 & 16. Span 3
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3 -3
3 -2
# 17. Span , 18. Span
—12 12
6 —4
vl [a] el
7 4 9 » 21
20. Span ! , ? , s
4 2 6
2 2 0
5 4 0
T
‘ 23. To 3$1 — X2 + 2.133 =0
x3

T

€2

1 1

0 1

1 0

1 0
201+ 322 =0
T
» 24, o
T3
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1
0
9. Span
1
1
x
22.
€2

r1+ax2=0,21 —23=0

For Exercises 25-25, find a hyperplane in F™ containing the given vectors xg, x1, s, .. ..

Span{x — x1, Ty — T2,...}, find a normal vector by computing a basis for W]

25. (17233)7 (7134a1)7 (47 7278)7 (03136)

[Hint: If W =

Let F be R or C. An a F-vector space V is an inner product space if there exists a function (-, -) :
V x V — F such that for all u,v,w € V and all ¢ € F we have

V) u-(v+w)=u-v+u-w;

(vil) u-v=vu;

(vi) u- (ev) = c(u - v);

(viii) v-u >0, and w-w = 0 if and only if u = 0.

By Theorem 4.1.5, we see that R™ and C™ are inner product spaces with the usual dot and Hermitian
products. We mention how to make a function space into an inner product space. Let C[0, 1] denote the set
of all continuous functions f : [0,1] — R. This forms an infinite-dimensional vector space with the standard
operations of function addition and scalar multiplication. We define an inner product on C[0,1] as

For Exercises 26-26, compute the inner product (f, g) Determine if the functions f and g are orthogonal.

26. f(z) ==z, g(x) =22 +1

(f.9) :/0 f(x)g(x) du.
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“We can never obtain peace in the outer world until we make peace with ourselves.” — Dalai Lama

4.3 Outer Products

We have already discussed some special families of matrices, e.g. monsingular, elementary, diagonal, and
triangular matrices. In this section, we will explore some more special types of matrices and some of their
properties. These matrices are important in our study of orthogonality and later when we study eigenvalues.

4.3.1 Symmetric Matrices

Definition 4.3.1. A real matrix A is symmetricif AT = A. A complex matrix A is Hermitian if A* = A.

12 3 1 i 1+

Example 4.3.2. Let A= | 2 4 5 | and B = —i 5 9_4 |. Since AT = A and B* =B
3 5 6 1—¢ 247 3

(convince yourself!), A is a symmetric matrix and B is an Hermitian matrix. n

The theory of symmetric and Hermitian matrices is almost identical. We will primarily focus on real
matrices below and will only specify Hermitian matrices when a critical difference arises.

Theorem 4.3.3. If A and B are n x n symmetric (Hermitian) matrices and r € R (r € C), then

(i) A+ B is symmetric (Hermitian) (i) AB is symmetric (Hermitian) if and only if
AB = BA
(ii) rA is symmetric (Hermitian) (iv) if A is invertible, then A~' is symmetric
(Hermitian).
1 2
Example 4.3.4. Note that A = and B = are symmetric matrices. Likewise,
2 0 3 1
1 2 5 3 1+5 243 6 5
2 0 3 1 2+3 0+1 5 1

is likewise symmetric, as well as

1 2 5 10
5A=5

2 0 10 0

Theorem 4.3.5. For any matriz A, the matrices AT A and AAT are symmetric (A*A and AA* are Her-
mitian).
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1 -2 4
Example 4.3.6. Let A = . Then
3 0 -5
1 3 10 -2 -11
T 1 -2 4
AA=| 2 0 =| -2 4 -8
3 0 -5
4 =5 -1 -8 41
and
1 3
1 -2 4 21 —17
AAT = -2 0 |= . m
3 0 -5 -17 34
4 =5

4.3.2 Idempotent Matrices
Definition 4.3.7. Let P : I — F™ be a linear transformation. We say that P is a projection if PoP = P.

Let A be the standard matrix of P. Then the property that PoP = P translate to mean that A2 = A. Any
matrix (necessarily a square) which satisfies this identity is called an idempotent matrix and is necessarily
the standard matrix of a projection.

Let @ € F™. Then y = P(x) is an arbitrary element of the range of P. By definition, we have that
P(y) = P(P(z)) = Po P(z) = P(z) =y,

that is, a projection is exactly a linear transformation that fixes its image. Essentially this means that while
some of the coordinates of @ are unaltered the other coordinates are forgotten.

Geometrically, a projection is a map from the
ambient space which projects onto some subspace
(the range of the projection). In the process of
projecting into the subspace, some information
about the vectors is removed so that they can fit
inside the smaller space. The image of a vector v
is the shadow cast by v onto the subspace associ-
ated with the projection P.

A

Example 4.3.8. For example, the matrices

0 00 100
1 0
) 01 0 |; 010
0 0
0 00 0 00

are easily seen to be idempotent matrices and hence correspond to projections. The first matrix is the
projection in R? onto the x-axis where the y-coordinate is forgotten and replaced with 0. Any point already
on the z-axis has the form (z,0) and is unaffected by the projection.

The second matrix is a projection in R? onto the y-axis, where the z- and z-coordinates are discarded.
Likewise, the third matrix is a projection in R® onto the xy-plane, where the z-coordinate is the only
information forgotten. In either case, elements already in the subspace are not altered by the projection. m
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Example 4.3.9. The matrices

-8 4 1
2 2
| —18 9 2
-1 -1
0 0 1
are also idempotent matrices. (Convince yourself of this). The first matrix corresponds to projection of R?
1
onto the line spanned by (2, —1), that is, the line y = — 5 The second matrix corresponds to projection of
R? onto the plane spanned by (4,9,0) and (1,2, 1), that is, the plane 92 — 4y — z = 0. ]

If A is idempotent, then multiplication by A is projection onto Col(A).

Definition 4.3.10. Let u = ,V = € F™. Then the outer product (or matrix product)

Unp Un

of u and v, denoted u ® v, is the n X n matrix of the form [ uv; ]

More compactly, we have that u®v = uv " (or u®wv = uv* for complex vectors). This highly resembles
the definition of the inner product u - v = u'v (or u*v for complex vectors). Despite this similarity, the
outer product is a matrix and the inner product is a scalar. Neither of them is a vector. Of course, these
two products are interconnected, justifying the complementary names, by the following formula:

(u@v)w = (v-w)u.

Proof.

(u@v)w = (uwv)w = u(v'w) = u(v - w) = (v-w)u. o

Essentially, the adjectives inner versus outer can be a mnemonic to describe the location of the T (or *).

2
1 2 =2 3 —6
-2
Example 4.3.11. Letu=| —2 | and v = .Thenu®v=| 4 4 -6 12 |- [
3
0 0 0 0 0
—6

Theorem 4.3.12. Let w be a unit vector. Then A = u ® u is an idempotent matriz, and the matriz
transformation © — Ax is a projection onto the subspace Span{u}.

1 V2/2
1 V2/2

Example 4.3.13. Consider the vector v = . Its normalization is u =

[t
Sl =
\)

1/2 1/2
Then the matrix A =u®@u = is an idempotent matrix since
1/2 1/2
1/2 1/2 1/2 1/2 1/44+1/4 1/4+1/4
e |2z | [ aea ety |

1/2 1/2 1/2 1/2 1/4+1/4 1/4+1/4
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The mapping = — Ax is the projection of a vector in R? onto the line y = z. [

4.3.3 Nilpotent Matrices
Definition 4.3.14. Let A be an n x n matrix. We say that A is nilpotent if A™ = 0, the zero matrix.

Of course, it is possible for a nilpotent matrix A that A”™ = 0 for some integer smaller than n. For
example, the outer product can also be used to create nilpotent matrices such that A% = 0 for any n.

Theorem 4.3.15. Let u,v € F" such that w and v are orthogonal. Then A = u ® v is a nilpotent matriz.
In particular, A? = 0.

Example 4.3.16. Note that u = ! and v = 2 . Then w-v = 0. Then A = 2 ! is
2 -1 4 =2
nilpotent since
2 —1 2 —1 4—-4 242 0 0
A? = = = . n
4 -2 4 -2 8§—-8 —4+4 0 0

Example 4.3.17. We note that all strictly triangular matrices are nilpotent. For example, if A =

0
, then A2 =0, and hence A is nilpotent.

10
0 1 2 0 0 3

Likewise, if B= | 0 0 3 |,then BZ2= | g 0 0o | and B® = 0. Hence, we have constructed a
0 00 0 00

nilpotent matrix such that B2 # 0. Hence, B is a nilpotent matrix that cannot be factored as an outer
product. You will notice that in the matrix B, while we had only zeros along the diagonal, we did have
non-zero entries in the slant right above the main diagonal and the slant right above that one, the so-called
second upper diagonal and third upper diagonal. When we squared B, we gained zeros along the second
diagonal but still had nonzero entries on the third diagonal. Only when we cubed the matrix did we get
zeros everywhere. This is essentially how multiplication of strictly triangular matrices work. Every time we
take another power, the matrix loses one more of its diagonals. Since this will eventually terminate, strictly
triangular matrices are nilpotent. [
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Exercises (Go to Solutions)

For Exercises 1-4, determine with the statement is true or false. If false, correct the statement so that it is
true.

1. If A and B are n X n symmetric matrices, then A 4+ B is likewise symmetric.

2. If A and B are n x n symmetric matrices, then AB is likewise symmetric.

3. If Ais an n x n symmetric matrix and r € R is a scalar, then rA is likewise symmetric.
4. If A is an n x n symmetric, nonsingular matrix, then A~! is likewise symmetric.

For Exercises 5-10, finish the matrix so that it is symmetric or Hermitian.

5*7 12 . (78 9
.** NG |« 1 2 M7 | x5 6
3 % 1 x % 3
—56 * 323- _* 6 *x % *_ -1 * H—2
as 21 91 85 x x 7 23 14 8 10. | -7 3 %
x x 43 35 9. 1 8 x 11 * o 9 2
x 75 o« 62 9 x 16 54 22
13 % 19« T2 |

For Exercises 11-13, give an example of a non-symmetric real matrix for each listed size. (Answers may
vary).

11. 2 x 2 12. 3 x 3 13. 4 x4

For Exercises 14-17, determine whether the matrix is Hermitian or not.

2 1—3i 1 3 0 1—14
h 14 & 15. & 16.
143 -3 3 0 1414 i
3 -1
' RN
-1 2
We say a matrix A is skew-symmetric (or alternating) if AT = —A. For Exercises 18-20, finish the

matrix so that it is skew-symmetric.

* —2 0 —2 =« * 3 9 x
18.
* % 19. x % b x  x x %
20.
-3 * 0 * =5 0 =x*
-3 2 9 0

For Exercises 21-25, compute the outer product u ® v, given the vectors u and v, listed in that order.



164
-3
21.
2
1
w241,
2

For Exercises 26-29, given a matrix A, find vectors w and v such that their outer product is equal to A, that
is, solve the equation u ® v = A. Such a decomposition of A is called find an outer factorization.

26 uQU =

2. u®@wv =

-28 0 7
-8 0 2
-4 0 1
6 9 6
6 9 6

12 18 12

18 27 18
8§ 12 8

12

12

A 22,

2 4
-1 |,] o
3 —2

3

6

25. ,
5
3

27 u®@v =

29, u®v =
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14

-7

—28

—16

—4

45

—40

For Exercises 30-37, determine whether the matrix is idempotent, nilpotent, or neither.

0 4

30. 0 0

0 0
2
o 33. -1
1

1 1

36. 0 1

0 0

—4

-3

31.

o 34

37.

32.

A 35.




4.3.

& 38.

39.

40.

41.
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Using the projection in Example 4.3.13, draw the image of the unit square under this projection and
describe its “area.”

Let A be a square matrix.

(a) Show that A+ AT is a symmetric matrix.

(b) Show that A — AT is a skew-symmetric matrix (see Exercise 18).

(c¢) Show that there exists matrices S and T such that S is symmetric, T is skew-symmetric, and
A=S5+T.

Let A be a square matrix. Show that if A is both idempotent and invertible then A is an identity
matrix. Can a nilpotent matrix be invertible? Explain why or why not.

In Exercise 18, the notion of a skew-symmetric matrix was introduced. What would be the analogous
definition of skew-Hermitian matrix? Provide an example of a non-real skew-Hermitian matrix.
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“It’s always good to take an orthogonal view of something. It develops ideas.” — Ken Thompson

4.4 Affine Transformations

In this section, we continue to develop the geometry of inner product spaces. We introduce some important
inequalities involving inner products and their consequences, leading to the notion of angle between vectors.
We then develop linear algebraic applications of those notions.

4.4.1 Inner Product Spaces
Theorem 4.4.1 (Cauchy-Schwarz Inequality). For all u,v € F",

u-v| < luffv]]-

Theorem 4.4.2 (The Triangle Inequality). For
all w,v € F™,

[+ ol < [lufl + [[v]].

Theorem 4.4.3 (Chebyshev’s Inequality). Let € € R™ and a > 0. Suppose there are at least k entries of
which satisfy the inequality |x;| > a. Then

[Eals
a? > k
In the case that £ = n, Chebyshev’s inequality L] > n tells us nothing. After all, if |x;| > a for all i,
a
then
loll = \fa2 + ..+ 22 > Va? + .. = Vaa? = av/m
and

2 2
L
a a

which is certainly a trivial observation. A nontrivial observation is the case when a > ||z||. Note that

2 2
= _ lel® _ |
@ =P

k<

As k is a positive integer less than 1, we have a contradiction. Therefore, no single entry of a vector can be
larger than the norm of the vector. Intuitively this is clear, but Chebyshev’s Inequality provides the proof
of this observation.
Theorem 4.4.4 (The Law of Cosines). Let u,y € F™. Then

u-y = |ullllyl cosd,’

where 0 is the angle between the two line segments from the origin to the points identified with w and y.

iFor complex vectors, the real valued function cos : R — R will need to be extended to the complex plane cos : C — C.
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If Z(u,v) denotes the angle between vectors u and v, then

£(u,v) = cos™! <|“”> . (4.4.1)

|ull[]|

From the previous theorem, if Z(u,v) = 90°, then the inner product w - v = 0. In this case, this is why
we say the vectors are perpdicular (or orthogonal), denoted v 1 v. We say two vectors u, v are parallel
if Z(u,v) =0°, denoted u || v.

Example 4.4.5. Compute Z(u,v) where u = (6,—1),v = (1,4) € R?.

= cos ! 6(1) — 1(4) =cos™! o 6-4 =cos * 2\ L o] =
. <\/62+<—1>2¢12+42> (mm) (mm)

Theorem 4.4.6. For all vector w,v € F™ and scalars s,t € F,

L(su,tv) = L(u,v).

Example 4.4.7. Consider two points on the surface of a sphere. One can measure the distance between
these two points (like cities on Earth) by the shortest arc across the surface between these two points. Of
course, if this same sphere were to increase its radius, then the distance between these two points would
increase proportional to the increase of radius. Conversely, if the radius shrunk, the distance between the
two points would also shrink. On the other hand, if we consider the vectors that connect the center of the
sphere to these two points, respectively, note that the angle between the two vectors is fixed no matter how
large or small the radius becomes. As such, the angle between two vectors, or the points’ spherical distance,
can be a potential way of resolving the scaling bias associated to distance between vectors. [

4.4.2 TIsometries

Definition 4.4.8. A real square matrix U is called orthogonal if UTU = I, that is, U = U~'. A complex
square matrix U is said to be unitary if U* = U1

Theorem 4.4.9. A square matriz U is orthogonal (unitary) if and only if its column vectors form an
orthonormal set.

Since UT = U~ and UUT = UU! = I, it also follows that the row vectors of an orthogonal matrix U
must also form an orthonormal set.

Rotation and reflection matrices are examples of orthogonal matrices.

Example 4.4.10. The matrix

3/VIL —1/V6 —1/V66
U=|1vi1  2/V6 —4/V66
1/vV11  1/v/6  7//66

is an orthogonal matrix. Note that

3/V/11 1/y/11 1//11 3/V11 —1/v/6 —1//66
U'U=1| —1/v6 2/v6 1/v6 || 1/VII 2/v/6 —4/V66
~1/V66 —4/v66 T/V66 | | VT 16 7/v/66
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9+1+1)/11  (=3+2+1)/v/66 (=3 —4+7)//726
= | (-34+2+1)/V/66 (1+4+1)/6 (1-8+7)/v39% | =13 .
(=3 —44+7)/V726 (1-8+7)/v/396  (1+16+49)/66

(1+4)  3(141)
Example 4.4.11. Let U = . Note that

N[ =

s(1—i) 3(=1+1)
S I-{Ch B SR OB B I {CRl B SR OB I R A et N
11—4) 3(-1+4) 11-i) 3(-1-9) —i4i 14l
Therefore, U is unitary. n
Theorem 4.4.12. Let U be an orthogonal (unitary) matriz, and let @,y € F™. Then
(Uz)- (Uy) =z -y,

that is, the matriz transformation x — Ux preserves inner products.
Proof.

(Uz)-(Uy) = (Uz) (Uy)=(2'U")(Uy) =2 (U V)y=z"y=2y. o

Since multiplication by an orthogonal (unitary) matrix U preserves inner products, as a consequence,
it also preserves lengths, distances, angles, and orthogonality of vectors. For example, ||[Uz| = |«| and
dist(Uz, Uy) = dist(x, y) for any vectors &,y and any orthogonal matrix U.

Theorem 4.4.13. Let B and C be orthonormal bases of F™. Then the change-of-basis matriz CPB 18
—

orthogonal (unitary).

Definition 4.4.14. An isometry (or a rigid motion) is a function R : F™ — F" such that dist(T'(z), T'(y)) =
dist(x, y) for all x,y € F™.

Isometry, which translates as “same-measure” from Greek, are those maps that preserve distances and
lengths. Using trigonometry, necessarily angles are preserved too. Therefore, an isometry is exactly a map
which “moves” objects is the vector space without “distorting” them, that is, the image of a shape will be
congruent to the original shape. Linear isometries are exactly multiplication by an orthogonal (unitary)
matrix.

Example 4.4.15. The following graphic illustrates an example of an isometry. Note that the triangle on
the left is the original shape and the triangle on the right is its transformation. In this example, the original
triangle is rotated and translated, but the original shape is not changed. Note that the distances between
the three vertices is the same in the before and after images. Likewise, the angles are congruent between the
three angles in the before and after images. This illustrates an isometry.

_S<Z
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Conversely, the second graphic illustrates a transformation which is not isometric. Again, the triangle
on the left is the original shape and the triangle on the right is its transformation. Note that the distance
between the three vertices is greater in the transformation (50% to be precise). Thus, the distance between
these three points increased, which makes the transformation not an isometry.

—

On the other hand, the measure of the three angles is congruent to the original. This shows that a distance-
breaking transformation can still preserve angles. On the other hand, any distance preserving transformation
must also preserve angle meaures. [

4.4.3 Affine Transformations

Orthogonal transformations are not the only way to make an isometry. Let b € F™ be any vector in the
vector space. We can define a transformation T : F™ — F™ by the rule T(x) = « + b, called a trans-
lation by b. If b # 0, then translation is not a linear map since T(0) = b # 0. On the other hand,
dist(T'(x), T(y)) = [[(x+b) — (y+b)|| = |lx+b—y —b|| = || — y|| = dist(x, y). If we allow for translations
in a vector space, we must broaden our type of transformations to affine transformations.

Definition 4.4.16. Let T : F™ — F™ be a function. We say that T is an affine transformation if there
exists a matrix A € F™*" and a vector b € F™ such that T'(z) = Az + b for all x € F™.

Of course, a linear transformation is affine (when b = 0) and every translation is affine (when A = I,).
Affine transformations are very important in linear geometry. As translation maps are ALWAYS one-to-one
(onto), an affine transformation © — Ax + b is one-to-one (onto) if and only if the matrix transformation
@ — Ax is one-to-one (onto).

3 -1
Example 4.4.17. Consider the affine transformation 7" : R? — R? associated to the matrix A = | —3 2
6 -3

and the translation vector b = (1,2,3). Then

2 3 -1 1 2 1 5 1 6
T 0 = -3 20 o|l+]2|=|-6|+]|2]|=| -4
-1 6 —3 2 -1 3 10 3 13

y = (2,—-2,4) € im(T)? To answer this question, we solve the matrix equation Az +b=y = Axr=
=(1,-4,1):

—~

3 -1 1 1 1 00 2
-3 2 0|4 |~[0 10 1
6 -3 2 1 0 0 1|4

Therefore, T'(2,1,—4) = (2, —2,4). n



170 CHAPTER 4. ORTHOGONALITY

As mentioned above, an affine transformation 7' : F™ — F™ : T(x) = Az + b cannot be linear if b # 0 on
F™. On the other hand, we can realize affine transformations as matrix multiplication in a higher dimension.
After all, F™ is a naturally is a subset of F”*! and consists of all those vectors in F™*! whose last coordinate
is zero. We may identify F™ in F"*! with the hyperplane associated to the linear equation z,,; = 1. In
other words, we will translate F™ by the vector e, ;1 and consider this n-flat. It will consist of all vectors
in F"*! whose last coordinate is 1. Suppose y = T(x) = Ax + b, which is the image of & under the affine
transformation. Then

A b x Ax +b Y
0...0]1 1 1 1

Hence, the affine transformation T : F™ — F™ can be extended to a linear transformation L : F*tl — pm+l
in a higher dimension.

Example 4.4.18. Using the affine transformation from Example 4.4.17, the standard matrix of the affine
transformation is:

3 -1 1|1 3 -1 1|1 2 6
-3 2 02 -3 2 02 0 —4
[T] = . Note that T(2,0,—1) = = . n
6 -3 2|3 6 -3 2|3 -1 13
0 0 0]1 0 0 0]1 1 1

Theorem 4.4.19 (Mazur-Ulam Theorem). If T : F™ — F"™ is an isometry then, for all x € F", T(x) =
Ux + b for some translation vector b € F™ and orthogonal (unitary) matrizc U € F™*™,

Over R? there are four types of isometries: rotation around a point in the plane, reflection across a line in
the plane, translation, and glide reflection (the composition of a reflection and a translation, like footprints
in the sand).
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Exercises

171

(Go to Solutions)

For Exercises 1-7, find the angle between the given two vectors.

10

[ 2

Y08

3 1 1 2 —4
-3 3 3 1
1 1 1 1
—1 2 -1 2
) 7. )
1 3 1 3
1 4 1 4

For Exercises 8-15, identify whether of the transformation is an isometry. The graphic on the left will denote
the original shape and the graphic on the right is the transformed shape.

& 8. The shape was translated and rotated.

—=

# 9. The shape was translated and rotated.!

R

# 10. The shape was translated and increased in size. lil

———

& 11. The object was translated and changed its shape from a rectangle to a circle, although the area stayed

the same.

A 4
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& 12. The object was reflected.

A 4
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& 13. In the following transformation, the shadow object denotes the original object and the opaque object

denotes the transformed object.'

D

& 14. The shape was translated and has been cut.

& 15. The following transformation is a little more difficult to visualize. Imagine the shape is transformed
by placing it back exactly the way it was before, that is, the starting and stopping shape is identical.

For Exercises 16-20, let T : R™ — R™ : « — x + b be translation by b, listed first. Compute the image T'(P),
where P is the second listed vector. When 2-dimensional, draw P and T'(P) on the same gridlines.

1 2 0 2 -1 2 -2 2
A 16. , N17. , N 18 , N 19 ,
0 1 -2 1 -1 1 1 1
0 1
20. -7 1, 2
2 3

For Exercises 21-21, let T : R? — R?

& — x + b be translation by b, illustrated below. The vector

2

P = and its image T'(P) are likewise illustrated. Find the translation vector b.

1
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21.

For Exercises 22-24, consider the affine transfor-
mation T : R® — R3 : & — Ax + b associated to
the matrix

3 -1 1 1
A= —3 2 0 | and the vector b= | 2
6 —3 2 3

22. Compute T'(3,1, —5).

23. Find a vector = € R? such that
T(x) = (6,1,3).

24. Is T one-to-one? Onto? Why or why not?
For Exercises 28-30, consider the affine transfor-

mation T : R3 — R3? : & — Ax + b associated to
the matrix

1 0 -1 -5
A=1|2 2 2 | and the vector b = 6
4 1 -3 8

& 28. Compute T(5,—2,4).

& 29. Find a vector = € R3 such that
T(x) = (—6,8,12).

& 30. Is T one-to-one? Onto? Why or why not?
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For Exercises 25-27, consider the affine transfor-
mation T : R® — R3 : & — Ax + b associated to
the matrix

1 1 0 1
A= 2 0 3 | and the vector b= | _5
1 2 2 2

25. Compute T'(4,6,13).

26. Find a vector € R? such that
T(x) = (4,6,13).

27. Is T one-to-one? Onto? Why or why not?
For Exercises 31-33, consider the affine transfor-

mation T : R3 — R3 : & — Ax + b associated to
the matrix

6 4 6 3
A= 2 2 2 | and the vector b= | 2
10 8 6 1

31. Compute T'(1,2,1).

32. Find a vector € R3 such that
T(z) = (7,6, 5).

33. Is T one-to-one? Onto? Why or why not?
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“To raise new questions, new possibilities, to regard old problems from a new angle, requires creative
imagination and marks real advance in science.” — Albert Einstein

4.5 Orthogonal Projections

4.5.1 Orthogonal Projections

Theorem 4.5.1 (Parseval’s Identity). Let S = {v1,...,v,} C F™ be an orthogonal subset. If y is a linear
combination of the vectors in S, that is,

Y =C1U1 + C2U2 + ... + CpUy,

then
v; - . .
¢ = — y , called the Fourier coefficients.
vV; - U;

Proof. Taking the dot product, we get
v -y =0 (v + va + ..+ 6pvy) = (v - vp).

Since v; - v; # 0, dividing both sides by v; - v; gives the formula. O

Example 4.5.2. Let S = {v1 =(1,2,3),v2 = (1,1,-1),v3 = (—5,4, —1)}, which was shown in Example
4.2.6 to be an orthogonal subset of R?. By Theorem 4.2.7, we see that S is, in fact, an orthogonal basis for
R3. Let y = (—4,8,10). Since y € R3, y is a linear combination of the vectors of S. By Theorem 4.5.1, we
have

vy - Vo - v3 - 42 —6 42
y = 1Y v+ 2'¥ vy + 3'¥ v3 = —v1 + —v2 + —v3 = 3v; — 2v9 + V3
U1 - U1 Vg - V2 V3 - U3 14 3 42
1 1 -5 —4 3
= 3|2 |—-2 1|+ 4 | = 8 |, thatis, [yls = | —2
3 -1 -1 10 1
n
Definition 4.5.3. Let y € F™ and W < F". Let {u;, w2, ...,u,} be an orthogonal basis for W. Then
the orthogonal projection of y onto W is
N . " ;- uy us - U, -
G=projyy = o Fyy= Y B o Y,
iy Wit Wi Uy - Uy Uz - U2 Uy - Uy

When the subspace W is clear from context, projy, (y) is often abbreviated as y.

Let y, ©v € F™ and u # 0. Then the orthogonal projection of y onto w is proj,, y = projy, y, where
W = Span(u).

The orthogonal projection in R? onto the line ¢ which passes through the origin at an angle of 0 is

captured by the matrix the original point and its reflection onto the other

. side of the line.
1| 14+cos(20)  sin(26)

sin(20) 1 — cos(26)

that is, the average between the identity matrix
and the reflection matrix of the same angle. In
other words, we are finding the midpoint between
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Example 4.5.4. The projection of the unit
square onto the line y = x is the line segment
between the points (0,0) and (1,1). It is deter-

mined by the matrix:

(SIS
(SIS

N|—
D=

1

Example 4.5.5. Lety=| 7

2

andu= | 1 |. Then

3 1
2 4
~ . _uy 12 _
y=proj,(y) = —u= 1]=12
1 2
Note that
1 4 -3 4 -3
y-y=|71-|12|= 5 | y=y+y-y) =12 |+ 5
3 2 1 2 1
and that
4 -3
vy y—-9y)=1|21|- 5 | =—-12410+2=0.
2 1

Therefore, y — y and ¥ are orthogonal, that is, y — gy € W,

Theorem 4.5.6. Let y € F™ and let W < F". Then y — projy, y € W=. In particular,

projy y - (y — projy, y) = 0.

175
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4.5.2 Orthogonal Decompositions

Theorem 4.5.7 (The Orthogonal Decomposition Theorem). Let v € F™ and W < F™. Then there exists
unique vectors v € W and v € W+ such that

’U:’U||+’UL.

1 -5 -9
Example 4.5.8. Let u; = | 9 |, ug = 4 |, and y = 20 |. Let W = Span{w;,us}. Since
3 -1 —1

uy - us = 0, {u1,us} is an orthogonal basis for W. Using the orthogonal decomposition of y onto W, we
can express y as a sum of a vector from W and a vector from W+.

Now,
1 -5 —13
P _up-y uz Y 28 126 _
wi =Y =projy y = L tun+ o s = o | 4= 16
3 —1 3
Thus,
-9 —-13 4
wy=y-y=| 2 |—| 16 | = 4
—1 3 —4

—13 4 -9
Y =w; +wy = 16 + 4 | = 20 u
3 —4 -1

4.5.3 Best Approximation
Theorem 4.5.9 (The Best Approximation Theorem). Let W < F", let y € F™, and let y = projy, y. Then
y is the closest point in W to y, that is,
ly =yl < lly — w|
for allw e W.

The vector y is called the best approximation to ¢y in W.

Proof. Let w € W. Then
y-w=(y-y) +{H-w),
where y — g € W+ and 3 — w € W, by the Orthogonal Decomposition Theorem. Then by the Pythagorean
Theorem,
ly —w|® = lly —glI* + |7 — w|*
Therefore, |y —y|* < |ly — w]|]*. O
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Example 4.5.10. The distance from a point y € R" to a subspace W is defined as the distance from y to
-13

the nearest point in W, the best approximation. Continuing with Example 4.5.8, the vector y = 16
3

is the closest vector in W to the vector y. Hence, dist(W,y) = ||y — y|| = 4/12+ 12+ (—1)2 = . n

Let H be a flat in F™ passing through the vector h. Can we compute the distance between H and some
vector y? Modifying the Best Approximation Theorem, we can because we can translate H by the vector
—h so that it becomes a subspace, say W. If we also translate y by —h, then we get

dist(H, y) = dist(W,y —h) = [[(y —h) — (y = h)[| = [[(y —y) — (h — h)|,
since vector translation is an isometry and orthogonal projections are linear transformations.

It can be shown that projy, : F™ — F" for some subspace W < F™ is a linear transformation. Therefore,
there must be some matrix that represent projy,. Let {uq,...,u,} denote an orthonormal basis for W. Let

Q= | wu wy ... u, | bethen xr matrix whose columns vectors are this orthonormal basis. Then

projy (y) = QQ T (y), that is, QQ" is the standard matrix representation for projy,. Note that QQT can
be thought of as a generalization of the outer product of vectors.
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Exercises (Go to Solutions)

For Exercises 1-5, use inner products to express the vector y, listed first, as a linear combination of the
orthogonal basis B, listed second. Find the coordinate vector [y]g.

-2 1 -1 1 1 17 5 2
ol ,
—6 3 h2 10 |, 2 |, 0 N3 | 8|, 4 |, -2
11 1 -1 4 )] 1
—6 3 3 -1 -19 1 7
9 4 -1 1 18 6 -2
'Ys , , ,
8 1 -5 -1 a5 | 12 |, -6 |, 0
-5 0 1 -1 -15 0 5
-13 1 5

For Exercises 6-14, find the orthogonal decomposition of y with respect to the subspace W, that is, find
vectors Yy and y, such that y =y +y, where yy € W and y, € W, The vector y is listed first, and
an orthogonal basis B for W = Span{B} is listed second. Note that y; = projy (y) = ¥y, the orthogonal
projection of y into W.

1 1 1 3 -2 3
6. 7
1 3 T -1 |, 2 8. | -1 |- 2
2 4 2 4
1 1 1 3 2 4 3 5 2
a9 | 2|, 2 |, 0 10. | 2 |, 01, -1 N1 |1, 4 |,] =2
3 1 -1 1 -1 3 4 -2 1
1 3 3 —1 i 1 ] _ 1 ] I 7 1 [ 5 | _ _3 | [ 3
2 4 -1 1 1 6 —2
A 12 , , , 13 14. 1 3 |, 31,11
3 1 -5 —1 ‘ . 2 > —6 5 0
4 0 1 ~1 3 0 5 1 L 3] L2
) ) | 5 | 1] | 5]

For Exercises 15-21, for the vector y, listed first, and vector space W = Span{B}, where B is an orthogonal
basis, listed second, find the distance between y and W.

3 2 4 1 1 1 1 1
& 16. ,

5. | 2 |, 01],]| -1 1 3 a17. | 2 |, 2 |, 0
1 -1 3 3 1 -1

(a1 (T 5171 2 1 3 3 1

2 4 -1 1

a18 | 1], 41, =2 & 19. : , :
3 1 -5 -1
4 ) 1
L J L h L _ 4 0 1 -1
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_1_ [ 1_ [ 7-
1 6 —2

A 20. 2 |, -6 | 0
3 (0] 5
_5_ L 1_ L 5_
5 -3 3

21. | 3 |, 31,11
1 3 2

22. Let V be an inner product space. Prove the Parallelogram Law:' For all w, v € V, ||lu+v|*+||u—v|]? =
2[|w)l? + 2[|v]1%.

iThis law gets its name from Euclidean space because the equality relates the lengths of the four sides of a parallelogram
with its two diagonals.
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“Most of the fundamental ideas of science are essentially simple, and may, as a rule, be expressed in a
language comprehensible to everyone.” — Albert Finstein

4.6 The Fundamental Theorem of Linear Algebra

This section will serve to review many of the important topics we have studied thus far with an emphasis on
linear transformations and their matriz representations.

Example 4.6.1.

-3 6 -1 1 -7 1 -2 0 -1 3

Let A = 1 -2 23 -1 |1~10 0 1 92 —92 |. Thus, Nul A is a 3-dimensional subspace
2 -4 5 8 —4 0O 00 0 O

of R® and nullity A = 3. Likewise, Col A is a 2-dimensional subspace of R3 and rank A = 2. [

Example 4.6.2.

1 3 3 2 -9 10 -3 50
-2 =2 2 -8 2 0 1 2 -1 0
Let A= ~ . Thus, Nul A is a 2-dimensional subspace
2 3 0 7 1 00 0 01
3 4 -1 11 -8 00 0 00
of R® and_nullity A = 2. Also, Col A is a 3-dimensional subspac_e of R* and rank A = 3. [

The rank of any matrix is the number of pivot positions. Suppose that A is an m X n matrix with p
pivots. Then rank A = p. This also implies that the number of non-pivot columns in A is n —p. Consider the
homogeneous system Ax = 0. The number of non-pivot columns is the same as the number of free variables
in the homogeneous system. As we have also seen, each free variable corresponds to a basis element for
Nul A. Thus, nullity A = n — p. This proves the following important theorem.

Theorem 4.6.3 (The Rank-Nullity Theorem). If A is an m X n matriz, then

rank A 4+ nullity A = n.

Example 4.6.4. Let A be a 7x 9 matrix. Suppose that nullity A = 2. Then by the Rank-Nullity Theorem,
rank A = 7, that is, the mapping « — Ax is surjective.

Is it possible for a 6 x 9 matrix A to have nullity A = 27 No, because this implies that rank A = 7.
This is a contradiction because rank A < 6 = dimRS. In fact, the Rank-Nullity Theorem tells us that
nullity A > 3. n

By the Rank-Nullity Theorem, we know that
rank A + nullity A = n.

Taking transposes, we all have
dim(Row A) + dim(Nul(A")) = m.
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Remark 4.6.5. The space Nul(A") is often called the left null space of A because it consists of all 1 x m
row vectors « such that A = 0. v

Theorem 4.6.6. For a matriz A, rank A = rank A", that is, the dimension of the column and row space of
A are the same.

Proof. First, the rank A is equal to the number of pivot columns. Let B be the row reduced echelon form
of A. Then dim(Row A) = dim(Row B), where the second dimension is the same as the number of nonzero
rows. But this equals the number of pivots. O

Theorem 3.3.11 (The Nonsingular Matrix Theorem—Continued) Let A be a square n x n matriz. Then the
following statements are equivalent:

(i) A is a nonsingular matriz. (xziv) corank(A) =n

(zzv) Row(A) = F™

(zzi) Col(A) = F™
(zxii) nullity(A) =0
(zziii) Nul(A) =0 (xzvii) Lnl(A) =0

(zzvi) conullity(A) =0

We establish the four fundamental spaces of an m x n matrix A. Say A has p pivots. We have seen
already three of these four fundamental spaces many times already:

(i) Nul(A) = {x | Az = 0} < F™, the null space of A (the set of column vectors which produce zero
with A when multiplied on the right), nullity(7") = nullity(A) = dim Nul(A4) = n — p.

(ii) Col(A) = {Ax | ¢ € F"} < F™, the column space of A (the span of the column vectors of A),
rank(7) = rank(A) = dim Col(A) = p.

(iii) Row(A) = {yT A |y € F™} = Col(AT) < F™, the row space of A (the span of the rows vectors of
A), corank(T') = corank(A) = dim Row(A4) = p.

(iv) Inl(A) = {y | y"A=0"} = Nul(AT) < F™, the left null space of A (the set of row vectors which
produce zero with A when multiplied on the left), conullity(7") = conullity(A) = dim Lnl(A4) = m — p.

The left null space essentially measures how much the column vectors of A do not span F™, much in the
same way the null space measures how much the column vectors are not linearly independent. We have seen
that for a matrix A, the columns of A are linearly independent if and only if the null space of A is trivial.
More generally, the dimension of the null space of A, its nullity, measures the size of the null space but also
counts the number of free variables in the linear system Ax = b. This is, of course, the number of non-pivot
columns n — p. Similarly, the columns of A span F™ if and only if the left null space of A is trivial. More
generally, the dimension of the left null space of A, its conullity, measures the size of the left null space but
also counts the number of rows of zeros in the row-reduced echelon form U of A. This is, of course, the
number of non-pivot rows m — p. The presence of a row of zeros in U allows the possibilities of inconsistent
linear systems Ax = b and is dependent on the choice of b. Essentially, the left null space is the subspace of
F™ of those vectors b which “definitely” make Ax = b inconsistent.
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3 -3 -2
Example 4.6.7. Let A= | _5 4 3 |. Note that
1 -5 =2
3 -3 -2
{7 4 —1] 5 4 3 |=|21-20-1 —21416+5 —M+&2+2]={0 0 o]=07
1 -5 =2
7
Therefore, b = 4 | € Lnl(A). Next, if we try to solve the linear system Az = b, we see that
—1
3 -3 -2 7 1 -5 =-2|-1 1 -5 -2| -1
) 4 3 4 [~ 3 -3 -2 7T1~10 12 41 10
1 -5 -2 -1 -5 4 3 4 0 —21 -7|-1
1 -5 -2| -1 1 -5 -2 —1

~l0o 3 1|5/2|~|0 3 1| 5/2

0 3 11/7 0 0 0]-33/14

Therefore, Az = b is inconsistent, as was to be expected. [

For all the other fundamental spaces, we have an algorithm to find a basis for the subspace by row-
reducing A. We provide one here. To find a basis for Lnl(A), augment A with the identity matrix I, (of
the appropriate size) and row reduce the matrix [A | I,,]. Let U be the row-reduced echelon form of A and
let E € F™*™ be a product of elementary matrices which transform A into U. Then [A | I,] ~ [U | E].
Suppose that U has a row of zeros in ith row. Let &; be the ith row of E. Since EA = U, the ith row of U is
factored as g; A. As this is a row of zeros, €; € Lnl(A). As E is a nonsingular matrix, its set of row vectors is
linearly independent, as is any subset of row vectors. Considering that dim Lnl(A) = conullity(A) = m—p =
the number of zero rows, this independent set of row vectors must be a basis for Lnl(A).

Example 4.6.8. Continuing with Example 4.6.7,

3 -3 2|1 0 0 1 -5 -2 0 0 1
AlLl=| -5 4 3/010|~|0 3 1| 1/4 0 —3/4
1 =5 —2]0 0 1 0 0 0f-1/4 —1/7 1/28

Hence, the third row corresponds to a row of zeros. Thus, the row vector on the right side of the augmentation
—1/4

is a basis element of Lnl(A), namely, | —1/7 |. We could replace this vector in the spanning set with any

1/28
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~1/4 7
nonzero scalar multiple, namely b= -28 | —1/7 | = 4 |. Thus, Lnl(A) = Span{(7,4,—1)}. n
1/28 ~1

We present next the Fundamental Theorem of Linear Algebra, which is essentially a summary of many
important results.

Theorem 4.6.9 (The Fundamental Theorem of Linear Algebra). Let A be an m x n matriz in F™*™. Then
every vector v € F™ can be decomposed uniquely as a sum of vectors:

UV = URow(A) T UNul(A)
where VRow(a) € Row(A) and vy a) € Nul(A). In particular, Row(A)+ = Nul(A). Furthermore, if Av = b,

then VRow(A) 8 the particular solution to the linear system Az = b of shortest length and vy a) is a solution
to the associated homogeneous system Ax = 0.

Likewise, every vector w € F™™ can be decomposed uniquely as a sum of vectors:
W = W(ol(4) T WLni(A)

where weoia) € Col(A) and winay € Lnl(A). In particular, Col(A)* = Lnl(A). Furthermore, if ATw = b,
then wgol(4) 18 the particular solution to the linear system ATy = b of shortest length and W ai(A) S G S0-
lution to the associated homogeneous system ATy = 0.

Finally,
rank(A) 4 nullity(A) = n, corank(A) + conullity(A) = m, rank(A) = corank(A).

This image needs to be replaced as it was ripped from another textbook. Also, the notion needs to be
congruent with our presentation here.
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dim 7 1m(A$ iT 4](1(A)\imr
NS TN
NS N

n—7 ker(A) ker(AT) n—r
NSNS

Example 4.6.10. Solve the linear system ¢ —5z; + 4x9 + 3x3 = —4 by finding the particular solution

1 — 5252 - 213 = 5
contained in the row space of the coeflicient matrix.

—_——

3 -3 —2| 3 1 0 —1/3] 0
-5 4 3|—-4|~|0 1 1/3]-1
1 -5 —2| 5 00

o

0

Thus, the linear system is consistent and we see that

0 1
0 3

is the general solution to the linear system where (1,—1,3) € Nul(A). But (0,—1,0) ¢ Row(A4). We know
this since (0, —1,0)-(1,—1,3) = 1 # 0. On the other hand, we may solve the equation gy (a)-(1,—1,3) = 0.

1 0 1 1 0 1 1 1
TRow(A) " | —1 | = -1 | +t| -1 =1 -1 -1 [ +t] -1 -1 (=0
3 0 3 3 0 3 3 3
1
0+1+0)+t(1+14+9)=0 = 1+11t=0 = t:—ﬁ.
0 1 -1/11
1
Hence, Trow(a) = | —1 | — 11 ~1 | =| —10/11 |- It can be verified that TRy (4) is both a solution
0 3 -3/11

to the linear system and a member of Row(A) (since it is orthogonal to Nul(A)). n
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2 -6 0 0 0 1 —72
3 -7 4 14 4 T2 —78
Example 4.6.11. Solve the matrix equation 4 —-19 —14 —49 —14 x3 | = | =249 | by
3 -6 6 21 6 Z4 —63
-1 2 =2 =T =2 |21

finding the particular solution contained in the row space of the coefficient matrix.

We quickly solve the matrix equation Az = b. We do this by row reducing the augmented matrix [A | b]
to RREF. We then grab the particular solution associated to setting all free variables to zero and also grab
the basis to the null space of the coefficient matrix from the RREF:

2 -6 0 0 0] =72 10 6 21 6| 9

3 =7 4 14 4| —78 01 2 7 2|15

4 =19 -14 -49 -14|-249 |~ 0 0 0 O O] O

3 —6 6 21 6| —63 000 0 O0 O
| -1 2 -2 -7 =2 21 | |00 0 0 0] 0]
Hence,
-76- _721_ _76_
-2 -7 -2
Nul(A) = Span 1|, 01> 0
0 1 0
0l 05 | 1]
and
i 9_ _—6_ _—21_ _—6- _9—6r—21s—6t_
15 —2 -7 -2 15 —2r —7s -2t
xr = of+r 1| +s 0|+t 0| = r
0 0 1 0 s
| 0] | 0 0 | 1] i t |

To find the unique solution Trewa) € Row(A), we utilize the fact that Row(A)"T = Nul(A). Hence, TRow(A)
will be orthogonal to each vector in the basis of Nul(A):

LTRow(A) * (_67 -2,1,0, 0)
:EROW(A) : <_217 _75 07 17 0)
mRow(A) . (_67 _27 07 07 1)

0 —6(9 —6r —21s —6t) —2(15—2r —Ts — 2t) +7 =0
0~ { —21(9—6r—21s—6t) —7(15—2r —Ts —2t) +s =0
0 —6(9 — 6r — 215 — 6t) — 2(15 — 2r — Ts — 2t) +t =0

Alr + 140s + 40t = 84

~ { 140r + 491 + 140t = 294

40r + 140s + 41t = 84
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Solving this linear system, we get

41 140 40 | 84 10 0|2

140 491 140 (294 |~ | 0 1 0|2

o

40 140 41 | 84 00 1|2
Therefore,
9 —6 —21 -6 —2043
15 -2 —7 -2 6171
N L8 L2 L8 1
Row(4) = | 0 | Tgzp | 1| gy OV T5mm| 9|75 | & "
0 0 1 0 294
0 0 0 1 84
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Exercises (Go to Solutions)

For Exercises 1-4, consider the matrix A and the bases for two of its fundamental subspaces, e.g., Col(A)
and Nul(A). How many rows and columns does A have, that is, what parameters m x n describe A?

1 -3 -5
—2 4 0
2 -1
1. Col(A) = Span , ,  Nul(A4) = Span 11, 0|, 0
1 0
0 1 0
0 0 1
2 -2 2 0
3 4 -5 0
2. Col(A) = Span , , , Nul(A4) = Span
0 0 6 0
-2 —1 4 1
1 0 7
3. Row(A) = Span ol,11 ,  Lnl(A) = Span 1
1 2 —2
1 0 0
1 0 1 0
4. Row(A) = Span , Lnl(A) = Span , ,
2 0 0 1
~1/4 1/2 —3/4

For Exercises 5-7, compute a basis for the left null space Lnl(A) where A is the matrix provided. Answers
may vary.

-3 2 1 1 2 2 —2 —24 —46 114
[ 35} 7 —6 -5 3 4 8 —8 —26 —44 106
a7
-7 4 1 N6 | 5 6 -7 7 5 3 —4
7 8 -2 2 10 18 -—44
9 10

For Exercises 8-10, solve the linear system Ax = b by finding a particular solution in the row space of the
coefficient matrix, that is, find Trow(a)-

[ XF =
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& 10.

z

T2

T3

L4
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“Anyone who imagines that bliss is normal is going to waste a lot of time running around shouting that he
has been robbed.” — Jenkins Lloyd Jones

4.7 The Gram-Schmidt Algorithm

Using orthogonal projections, we can construct an orthogonal basis from a given basis. If desired, we can
also construct an orthonormal basis by normalizing.

4.7.1 The Gram-Schmidt Algorithm

Theorem 4.7.1 (The Gram-Schmidt Process). Let B = {®1,...,x,} be a basis for a subspace W < F™.
Define recursively the vectors

V1 = X1
V1 X2
V2 = T2 — U1
V1 - U1
V1 - T3 V2 - T3
V3 = X3 — v Op)
V1 -V, V2 - V2
VX Vp_1 T
Vp = Tp— pvl—...—uvp_l
V1 - U1 Up—1'Up-1

Then C = {v1,...,v,} is an orthogonal basis of W. In addition,

Span{vi,..., v} = Span{®x1,...,xr} Vk.

1 0 0
1 1 0
Example 4.7.2. Let 1 = , Ty = , and x3 = , which as a set is linearly independent.
1 1 1
1 1 1

Let W = Span{x1, x2, z3}. Then using the Gram-Schmidt procedure, we can construct an orthogonal basis
of W.

1
1
VT = I =
1
1
0 1 —3/4
vy - T 1 3|1 1/4
VT T e T ! -
1o 1 1 1/4
1 1 1/4
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_ 0 _ _ 1 _ | —3/4 ]
v = v v (O 2 1) 12 | 14
vy -V vy - Vg 1 41 12/16 1/4
1 1 1/4
_O_ _1/2_ _—3/6_ _ 0_
0 1/2 1/6 —2/3
e 1/2 B e || 13
1 1/2 1/6 1/3

Note that
’Ul’UQ:73/4+]./44’]./44’]./4:O7 U1U3:O*2/3+1/3+1/3:0, '1)2’1)3:072/34’1/34’1/3:0

Therefore, {v1,v2,v3} is an orthogonal basis for W. If we normalize:

1 1/2 ~3/4 —-3/V/12 0 0
1|1 1/2 4 1/4 1//12 9| —2/3 —2//6
ul = —_— = y u2 = § = y ’u,3 = 6 =
VA 1/2 1/4 1/v/12 1/3 1/vV6
1 1/2 1/4 1//12 1/3 1/v6
then {u1,us,u3} is an orthonormal basis of . n
1 1
Example 4.7.3. Letu= | ; | and v = 0 |. Let W = Span{u, v} C C". Compute an orthogonal
0 —1
basis for W.

The set {u, v} is a basis for W since the set is linearly independent (v # zu for any scalar z € C).
Applying the Gram-Schmidt process, we set €1 = u and

1 1 1/2
u-v 1
332:'0—%””: 0 b 7 = —2/2
—1 0 —1
Note that
1(2)—i(=L) +o—iy =2 -2 =0
X1 -y = — — —_— — = — — — = 0.
L 2) "\ "2 KR
Thus, {1, 2} is an orthogonal basis for W. "

4.7.2 The QR Factorization

Theorem 4.7.4 (The QR Factorization). If A is an m X n matriz with linearly independent columns, then
A can be factored as A = QR, where Q is an m X n matriz with orthonormal columns and Col A = Col Q)
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and R is an n X n upper triangular matriz with positive diagonal entries. In particular, R is necessarily
invertible.

The matrix @ is constructed by using an orthonormal basis provided by the Gram-Schmidt process, al-
though some columns might need to be scaled by —1 to guarantee that the diagonal entries of R are positive.

If A= @R, then it can be shown that R = [ (q;, a;) } , where g; and a; denote the columns of @) and A,
respectfully. With respect to the dot product, this gives that QT A = R.

1 0 0
1 1 0
Example 4.7.5. Let A = . By Example 4.7.2, {u1, uz, us} is an orthonormal basis for Col A
1 1 1
1 1 1
where i i _ -
/2 —3/V12 0
/2 1/V/12  —2/V6
Q = |: u; U2 uUs :| -
/2 1/V/12  1/V/6
/2 1/V/12  1/V6
Let
1 00
1/2 /2 12 1/2 2 3/2 1
1 10
R=Q"A=| —3/y12 1/¥12 1/¥/12 1/V12 =10 3/Vi2 1/V3
1 1 1
0 —2/v/6  1/V/6  1/V6 0 0 2/\/6
1 1 1
Therefore, A = QR. [

Suppose that A is nonsingular. Then it has a QR factorization, say A = QR. Then
A—l _ (QR)—I — R—lQ—l _ R_lQT.

Thus, finding the inverse of A comes to finding the inverse of a triangular matrix. While this is better, we
are not quite there yet.

Let us return to the solving of linear systems, namely solve Az = b. Again, using the QR factorization,
we have

Az = b
(QR)x = b
Q' (QRz = Q'b
(@'QRz = Q'b
Rz = Q'b
So, since we can find the inverse of @ so easily, we need only to solve a linear system associated to an upper
triangular matrix, that is, a system in echelon form which we know is very simple by back-substitution.
Combining these two algorithms, the QR factorization and back-substitution, we have now an algorithm
which is computationally faster than the Gauss-Jordan elimination (compute the RREF) which we saw ear-

lier. While challenging to do by hand, the QR factorization is utilized in many numerical linear algebra
applications.
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Exercises

CHAPTER 4. ORTHOGONALITY

(Go to Solutions)

For Exercises 1-8, apply the Gram-Schmidt algorithm to find an orthonormal basis for each subspace W =

Span(B), where B is provided.

1 -1 3 1 2 4 2
Pl , »2 , ,
1 2 4 2 2 A3 -4 |, 4
2 -5
1 2 1 1
0 1 [ Y8 21,101, 1
» 4 ,
3 4 1 2
1 2
1 0 141 10 + 10i
[ Y68 —i |, 1 a7 —i || =5+i |,| —5+5i
2 1—4 141 4+ 44 —15—10i
1 1 1—34
7 2 0
8. , ,
-1 3 3+2i
—i 4 i

For Exercises 9-13, compute the @ R-factorizations of the matrix. Note that many of the column spaces of

these matrices coincide with subspaces considered in Exercises 1-8.

1 -1 0 —1 4
[ X2 & 10.
1 2 1 3 ANl | 4
2
11 1
13 | 2 0 1

2 1 2

4 0 1
A 12

) 3 4

1 2
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“Hypotheses are what we lack the least.” — Henri Poincare

4.8 The Least Squares Problem

4.8.1 Normal Equations

In the past, we have considered the matrix equation Ax = b. We have learned how to determine if the
equation has a solution and how to calculate the solution set when it is consistent. In fact, if « is a solution,
then we can decompose

T = TRow(A) T TNul(A)

orthogonally. But what about when Ax = b is inconsistent? An inconsistent system has an empty solution
set, but what if we really needed it to have a solution? No amount of begging will change the fact that the
matrix equation does not have a solution. For example, what if we want to find a line that is incident to all
of the below points. As these points are not collinear, no such line exists. But is there a line that best fits
the points, a so-called regression line?

Y

A

Regression Line

y=mx+b

Tm + b=y
Tom + b= ys
x3m + b= ys
lz,m + b=y,

d

Instead of asking, “Is there a vector @ such that Ax = b,” we ask, “Is there a vector « such that Ax ~ b?”
By approximation, we mean to find a vector @ such that ||Ax — b|| is sufficiently small. This leads to the
least-squares problem.

Definition 4.8.1. If A is an m x n matrix and b € F™, a least-squares solution of Ax = b is a vector
Z € F™ such that
b — Az| < b — Az||

for all x € F™

Note that if Az = b is consistent, then there exists a vector Z such that AZ = b and ||b— AZ|| = ||0]| = 0.
Thus, any solution is a least-square solution. On the other hand, if Az = b is inconsistent, then the matrix
equation has no solution but must certainly still have a least-square solution. To find this least-squares
solution, let us change our focus. Why is the linear system inconsistent and who should be blamed for it?
Well, the vector b, sort of. We have also seen the b can be orthogonally decomposed as

b = bcoi(a) + brui(a)-
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If Az = b is inconsistent, then it is because the left null space component of b, that is, by ,(4), is nontrivial.
As we mentioned before, while the null space measures the ease of solving a consistent system (because it
increases the dimension of the solution set), the left null space measures the difficulty of the system being
consistent (because more rows of zeros in the echelon form of A place more limitation on the choice of
consistent b).

Let A be an m x n matrix and b € F™. Let & € F™ be a generic vector (treat & as a variable vector).
Then Az is a generic vector of the subspace Col A. Let b = projg, 4 b = bcoia). Then

Ib— bl < ||~ Az

by the Best Approximation Theorem. Since be Col A, there exists some vector & € F™ such that Az = E
Therefore, every linear system has a least-squares solution Z, which is a solution to the linear system Ax = b,
since for all x we have

|6 — Az| < [[b— Az].

Of course, we also have that the linear system Ax = b is ALWAYS consistent.

If Z is a least-squares solution of Az = b, then b— AZ=b—b € (Col A)*+ = Lnl(A). Hence, b — AT =
brnia). Thus, AT(b— AZ) = 0. Therefore, AT Az = ATb. In particular, every least-squares solution to
Ax = b is a solution to the system of normal equations

ATAz = ATb. (4.8.1)
Essentially, multiplying by AT kills off the left null space component of b, leaving the column space compo-

nent behind. For complex linear systems, replace | with *, per the usual.

Theorem 4.8.2. The set of least-squares solutions of Ax = b coincides with the solution set of the normal
equations AT Az = ATb.

Example 4.8.3. Find a least-squares solution of the inconsistent system Ax = b with

4 0 2

A=|09 2 |andb=| ¢
1 1 11

We begin by constructing the normal equations:

4 0 2
T 4 0 1 17 1 T 4 0 1 19
AT A = 0 2| = ; A'b= 01| =
0 2 1 1 5 0 2 1 11
1 1 11
Thus, AT AZ = ATb becomes
17 1 19
xTr =
1 5 11

Since AT A is invertible, we have

1 5 —1 19 1| s4 1
z=(ATA) 'ATb= s = — = . .
168 2
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Example 4.8.4. Find a least-squares solution for

1

1

1

Therefore,

As illustrated in the last example, a least-squares solution need not be unique.

Theorem 4.8.5. Let A be an m x n matriz. Then the following are equivalent:

(i) The equation Ax = b has a unique least-squares solution for each b € F™.

1
1

0

0
0
1

0

0
0

and b=

)

-3
-1

0

)

[ 4] K
—4 2
2 | 2
6 2
L _
-5
= + a4
~2
0

(ii) The columns of A are linearly independent.

(iii) The matriz AT A is invertible.

In this situation, the unique least-squares solution has the form

4.8.2 Least-Squares and Orthogonal Projections

Z=(ATA) 1A b,

195

Example 4.8.6. The matrix A given in Example 4.8.3 has a unique least-squares solution for allb € R". =

Least-squares solutions also allow us to compute orthogonal projections without an orthogonal basis. For

example, if W = Span{vq,..

.,'I)T.}SFTL7A: V1 V2

v,

Y = proji (Y) = Projooi(a)(¥) = Yco(a)y = AT where x is a least-squares solutions to Az = y.

} and y € F", then W = Col(A) and
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Example 4.8.7. Let W = Col(A), where A is defined in Example 4.8.3. Then b= projy (b) = Az =

4 0 4
1

0 2 = | 4 |. Thus, we may find orthogonal projections by solving least-squares problem. m
2

1 1 3

In the vein of the previous example, the standard matrix of the orthogonal projection from F™ onto
the subspace W is A(ATA)"'AT, where the columns of A correspond to a basis for W, since b
A(ATA) AT = AZ = b = projy; (b). Of course, if A = QR is a QR factorization, then

AATA)TIAT = QR((QR)'QR)T(QR)" =QR(R'Q'QR)T'R'Q"
=QR(RTR)'RTQT =QR(RT'(R")RTQT =QQ".
This second form appears much simpler (and agrees with the formula we found in Section 4.5), but this is

because know A = @) R means we have an orthonormal basis for W, namely the columns of ). The advantage
of A(ATA)"'AT is that no orthogonalization is necessarily to determine projyy,.

4 0
Example 4.8.8. Let A= | o 2 | and W = Col(4). Let T : R3 — R3 be the orthogonal projection onto

1 1
W. Then
4 0 -1 4 0
17 1 4 0 1 1 5 —1 4 0 1
[T]=A(ATA)'AT = | 0 2 =3l 0 2
1 5 0 2 1 -1 17 0 2 1
1 1 1 1
20 —4 r 80 -8 16 20 -2 4
1 A 4 0 1 1 1 .
== 1| -2 3 =< -8 68 32 | =57 -2 17 8
84 0 2 1 84 21
4 16 - 16 32 20 4 8 5
Note that
20 -2 4 2 40+ 0+ 44 84 4
1 1 1
21 -2 17 8 0 =91 —4+0+88 =51 4 | =14 |- u
4 8 5 11 8+ 0+ 55 63 3

Theorem 4.8.9. Let A be an m X n matriz with linearly independent columns. Let A = QR be a QR
factorization. Let b € F™. Then the unique least-squares solution & € F™ has the form

Z=R'Q"b.
Proof. Let = R™'Q"b. Then
AZ = A(RT'Q"b) = QR(R™'Qb) = QQ b = proj, o b,

since QQ T is the standard matrix representation for Projcer - Since Col@ = Col 4, T is a least-squares
solution of Az = b. By Theorem 4.8.5, this is the unique least-squares solution. m
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Exercises (Go to Solutions)

For Exercises 1-5, compute the least square solutions for linear system.

3 0| 4 1 1]2 013_
L4 1]-1 M2 | 2 1|6 1 0f-2
a3
8 3| -2 4 111 2 —1|-7
1 0]-2
[ 2 0 2| -2 ] 1 -2 —2] 6
1 -2 0] 1 5. 0 2 -8|-8
4 2 0 1] 0 -4 6 2] 10
-1 1 2|2
2 1 2|1

For Exercises 6-7, compute the orthogonal projection projy,(b) using the method of least squares as in
Example 4.8.7 where W = Col(A), where A is the matrix provided first and b is the vector provided second.

1 -1 4 5 1 —4
' X0 3 20,01 a7 1 31 2
-2 4 3 4 -2 3

For Exercises 8-9, compute the orthogonal projection projy, (b) using the method of least-squares. where a
basis for W is provided first and the vector b is the vector provided second.

a3 {(-1,2,1), (2,2,4)}, (1,-6,1) &9 {(2,1,1,1), (1,0,1,1), (-2,-1,0,-1)}, (6,3,9,6)

For Exercises 10-11, find a basis for W and the standard matrix for the orthogonal projection onto W.
Answers may vary.

& 10. W is the plane given by the equation 5z — 3y + 2z = 0 in R3.

& 11. W is the line with parametric equations = 2t, y = —t, and z = 4t in R3.

12. If A is a nonsingular matrix, show that the unique least squares solution Z to the linear system Ax = b
is likewise the unique linear solution to Ax = b.

13. Suppose that A = QR is a QR factorization of A. If Az = b has a unique least-squares solution, show
that 7 = R~'QTb is this solution.
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“Our lives will depend upon the decisions which we make—for decisions determine destiny.”
— Thomas S. Monson

5.1 Introduction to Determinants

a b
In Section 3.3, we discussed the inverse of a 2 X 2 matrix A =
c d
A1 1 d —b
ad — bc
—c a

The quantity ad — be was called the determinant of A, denoted det A or |A|. In this chapter we work to
generalize this idea for any square matriz. Our strategy will be to define determinants recursively. We will
remind the reader that, unlike the previous chapter, the theory of determinants is applicable to any field.
Hence, F will denote an arbitrary field.

5.1.1 Laplace Expansion

Definition 5.1.1. Let A be an n x n matrix. Define the (¢, j)-minor matrix A;; to be the (n—1) x (n—1)
matrix which results by removing the ith row and jth column from A.

Example 5.1.2. Let A= | 2 4 -1 |. Computethe(1,1)—, (1,2)—, (2,2)—, and (3, 3)-minor matrix.

0 -2 0
4 -1 2 -1 1 0 1 5
Ay = , A= , Aoy = , Az = . u
-2 0 0 0 0 0 2 4
Definition 5.1.3. Let A = aij be an n X n matrix. Forn =1, A = [ r } for some r € F. In this case,

we define det A = r. For n > 1, let

detA = ajidetAi;; —ajppdet Ao +...+ (—1)1+”a1n det Ay,

= Z(*l)ljﬂ-aij det Aij
j=1
The quantity det A is called the determinant of A.

a b a b
Let A = . Then det A = =adet Aj; —bdet Aj5 = a

c d c d
agrees with our 2 x 2 determinant from before.

¢ | = ad — be, which

1|0
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1 5 0
Example 5.1.4. Compute det A for A= | 2 4 —1

Expanding across the first row, the determinant is computed recursively as a linear combination of minors.
The scalars in this linear combination are the elements of this first row, alternating in sign. The “vectors”
in this linear combination are the determinants of the associated minor matrices, as illustrated below.

Q

~
T

B
|
—_
[\
|
—_
[\ [
S
|

|
N
o
o

|
o
o
|
N

1 5 0
4 -1 2 -1 2 4
detA =12 4 —-1|=1 =5 +0
-2 0 0 0 0 -2
0 -2 0

= 1(4-0—(-1)-(-2)) = 5(2:0—(=1)-0) + 0 = (0 — 2) — 5(0) = | —2] .

Definition 5.1.5. Let A be an n x n matrix. Define the (4, j)-cofactor C;; as

Cii = (—1)i+j det Aij.

With this notation,
det A =a11C11 +a12C12 + ... + a1,C1n.

The following diagram may help you remember the plus or minus sign in the cofactors:

+ - +
— + —
+ +
Theorem 5.1.6 (Laplace Expansion). The determinant of an n X n matriz A = a;; | can be computed

by a cofactor expansion across any row or down any column. The cofactor expansion across the ith row is
n
det A =a;1C;1 +ai2Cio + ... + 0;nCip, = Z aijCij.
j=1
The cofactor expansion down the jth column is

n
det A = aijC'lj + ang’gj + ...+ anjC'nj = ZaijC’ij.
=1

Corollary 5.1.7. For any n x n matriz A, det(A) = det(AT).
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1 5 0
Example 5.1.8. Use the cofactor expansion across the third row to compute det A, where A = | 2 4 -1
0 -2 0

Expanding across the third row, the determinant is computed recursively using Laplace’s expansion rule,
as illustrated below.

5 011 ol]1 5 9
4 1|2 “1]]2 4 -
2—0 | | 6 0 || 0—2—0
1 5 0
5 0 1 0 15
detA =2 4 —-1| =0 —(-2) +0
4 -1 2 —1 2 4
0 -2 0

1 5 0
5 0 10 15
detA = ) 4 —11=0 —(-2) +0
4 -1 2 -1 2 4
0 -2 0
1 0
= 2 =2(-1-0)=|-2]
2 -1

The 2 x 2 determinant formula can be memorized by considering the diagonals of the square, namely

ar 12
= 11022 — 412021
a, 2

Namely, the determinant is the combinations of products, where the slant that moves left-to-right is consid-
ered positive and the slant that moves right-to-left is considered negative. This same pattern can be realized
for 3 x 3' determinants if we copy the first two columns.

a a 11 12
a1 a9y — @11022033 + a12023031 + G13021A32 — Q12022031 — A11023032 — G12021033.
a a 31 2

Again, the left-to-right (forward) slants get a positive cofactor and the right-to-left (backward) slants get a
negative cofactor.

5 7T 12

Example 5.1.9. Computedet Afor A=| (9 3 4

9 -1 -6

iNote that while a formula for this method of determinant calculation exists for higher dimensions, there are no such
diagrams to represent it. As such, we omit the permutation approach to determinants for higher dimensions.



5.1. INTRODUCTION TO DETERMINANTS 203
5 7 12
detA = |0 3 4 |=503)(=6)+7(4)(9) +12(0)(-1) — 12(3)(9) — 5(4)(=1) — 7(0)(-6)
9 -1 —6
= —90+252+0—324+20— 0 =162 — 304 = —142]
L]
5.1.2 Determinants of Triangular Matrices
3 =7 8 9 —6
0 2 -5 7 3
Example 5.1.10. Compute det A, where A = | 0 1 5 0
0 0 0 4 -1
0o 0 0 0 -2
We will expand across the leftmost column to maximize the number of zero coefficients.
3 -7 8 9 -6
2 -5 7 3
0o 2 -5 7 3 1 5 0
0 1 5 0
0 0 1 5 0 = 3 =610 4 -1
0 0 4 -1
0 0 0 4 -1 0 0 -2
0 0 0 -2
o 0 0 0 -2
4 -1
= =6 =6(4)(—-2) =|—48
0 -2
]

The matrix in the last example is triangular. The method in that example is easily adapted to prove the

following.

Theorem 5.1.11. If A is a triangular n X n matriz, then det A is the product of the entries on the main

diagonal.

5.1.3 Volume

Theorem 5.1.12. If A is a 2x2 matriz over R or
C, the area of the parallelogram determined by the
columns of A is |det A|. If A is 3 x 3, the volume
of the parallelepiped determined by the columns of
A is |det A|. The higher dimensional analogues
also hold.
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Example 5.1.13. Calculate the area of the parallelogram determined by the points (-2, —2), (0, 3), (4, —1),
and (6,4).

We begin by translating the parallelogram such that (—2,—2) is moved to the origin. This translation
does not affect the area. We now consider the parallelogram with vertices (0,0), (2,5), (6,1), and (8,6).
Note that this parallelogram is the one spanned by (2,5) and (6,1). Therefore,

2 6
Area = abs =12-30| = . n

5 1
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Exercises (Go to Solutions)
5 7 12
For Exercises 1-5, for the matrix A = | 3 4 |, find the given minor.
9 -1 -6
1. A22 2. A33 3. All 4. A23 5. A12
1 2 3 4
0 -2 -1 3
For Exercises 6-10, for the matrix B = , find the given minor.
1 1 3 6
7T -4 8 0
& 6. By A& 7. Bis & 8. Bj; ® 9. Bss & 10. By
1 2 3 4
05 3 -1
For Exercises 11-13, for the matrix C' = , find the given minor.
-2 4 0 -4
-1 3 2 5
11. Coyo 12. Cas 13. Cyo

1 3t—2 2450 T—1

3+t 4 -5 9—31
For Exercises 14-16, for the matrix D = , find the given minor.
243i 5i—1 149 4+5:

T+2 -3 244 142

14. D24 15. D33 16. D14

For Exercises 17-29, compute the determinant of the matrix.

1 2 1 2 1 2 -1 1 2 3
17. a 18.
3 4 3 6 19 | 1 0 2 a2 (3 —2 5
35 1 0 0 2
21 0 1 2 3 5 4 4 2
2. |0 3 -1 22. |2 0 -1 2 4 6 8
23.
4 2 1 4 -1 2 01 2 3
3 339
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7 1414 3 2
N 24 N 25 (mod 7)
2—1 3—43 1 5
1 1 2 4 1 0 0 0 O
01 1 3 00 0 1 0
» 27 (mod 5)
00 2 4 #2810 0 1 0 0| (mod2)
1 2 3 4 0O 0 1 0 O
0O 0 0 0 1

30. Compute det(A)(u - v) if:

5e3
7T2 e
A= ,ou=1 1 |,
5 Vm
T

CHAPTER 5.

®26. |3 1

20. 11 1

DETERMINANTS

0 | (mod 5)

1 0 0] (mod?2)

For Exercises 31-33, compute the area, volume, or hyper-volume of the parallelogram, parallelepiped, or

hyper-parallelepiped spanned by the given set of vectors.

1 3 1 4 —2

a3l ,
2 2 a32. ¢ 2| 8|, 3
3 2 7

34. Proof Corollary 5.1.7.

_1_ - 0_ -
0 0
’0’ X 5
2 -2
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“In most encounters we can determine the kind of experience we are going to have by how we respond.”
— Wayne S. Peterson

5.2 Properties of Determinants

5.2.1 Multilinearity of Determinant

Let V and W be vector spaces over F. We have seen previously that linear maps T : V' — W are those that
preserve the linear operations, that is, T(x + y) = T'(x) + T(y) and T(cx) = T'(z) for all z,y € V and
c € F. Let V" = {(v1,v2,...,0,) | v1,V2,...,v, € V}, that is, V™ is the set of all list of n vectors from
V. This is itself a vector space with dim V"™ = ndim V. When V = F™_ then V" & F™*" the space of all
m X n matrices as each list in V™ can be identified with the columns vectors of an m x n matrix.

Definition 5.2.1. Let V and W be vector spaces over F. Let n € N. Let B : V" — W be a function. We
say that B is multilinear if for each ¢ and choice of vector vy, vs,...,v, € V the function
€T — f(’l)l, V2,...,Vi—1,L,Vit1,--- ,’Un)

is a linear transformation. In other words, a multilinear map is one which is linear in each variable. When
n = 2, we say a multilinear map is bilinear. Of course, if n = 1 then a multilinear map is simply just linear.

Example 5.2.2. The dot product - : R® x R™ — R is bilinear since for all w, v, w and ¢ € R it holds
(u+v) w=uv-wt+v w,(cu) v=clu-v),u (v+w)=u-v+u wu-(w)=clu-v).
Thus, the dot product is linear in the first and the second factor.
Likewise, the tensor product ® : R™ x R™ — R™*™ ig also bilinear since for all u, v, w and ¢ € R it holds
(u+v)@W=uw+vw,(cu)Vv=c(uRv),uRV+w)=uRV+uRwW,u (cv) =c(u®v). n
Deteriminants are NOT linear transformations (det(A + B) # det(A) + det(B)). The determinant map
det : F™*" — F is multilinear with respect to both its rows and columns since det(A4) = det(AT). In

particular, if A, B, and C are n x n matrices that differ only in a single row, say the rth row, and assume
the rth row of C' is obtained by adding corresponding entries in the rth rows of A and B. Then

det(C) = det(A) + det(B).
Likewise, if A and B are matrices that differ only in a single row, say the rth row, and assume the rth row

of B is obtained by scaling the corresponding entries in the rth row of A by ¢ € F. Then det(B) = cdet(A).

Example 5.2.3. Note that

4 3 0 4 5 0 4 5 0 1 2 3 1 2 3
3 -1 2 =13 -1 2|+|3 -1 2 and 4 6 8|=2|2 3 4 =
140 244 3-2 1 2 3 0 4 =2 01 3 01 3

5.2.2 Determinants and Matrix Multiplication

The following is probably the most important property of determinants.

Theorem 5.2.4. If A and B are n X n matrices, then det(AB) = det(A) det(B).
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6 1 4 3
Example 5.2.5. Let A = and B = . Then det A = 6(2) — 1(3) = 9 and det B =
3 2 1 2

4(2) — 3(1) = 5. Thus, det(A)det(B) = . On the other hand,

6 1|4 3 25 20
AB = =
3 9 1 2 14 13
Thus, det(AB) = 25(13) — 20(14) = 325 — 280 =[45] .

Corollary 5.2.6. A square matriz A is nonsingular if and only if det A # 0. In this case, det(A™1) =
1

det(A)”

The previous corollary tells us that the rows or columns are A are linearly dependent, then det(A) = 0.
In particular, if A has a repeated row (or column) or a row (or column) of zeros, then det(A4) = 0 without
further calculation necessary.

5.2.3 Determinants and Row Operations

For a square matrix A, let £ and B be square matrices such that A = FB and F is an elementary matrix.
Thus, det(A) = det(F)det(B). If E is a replacement elementary matrix, det(E) = 1 since it is unit trian-
gular. If E is a scaling elementary matrix by a factor of ¢, then det(E) = ¢ since it is diagonal. If E is an
interchange elementary matrix, then det(F) = —1.

Theorem 5.2.7. Let A be a square matriz.
(i) (Replacement) If a multiple of one row of A is added to another row to produce a matriz B, then
det B = det A.

(i) (Scaling) If one row of A is multiplied by ¢ to produce B, then det B = ¢ - det A.

(iii) (Interchange) If two rows of A are interchanged to produce B, then det B = — det A.

1 -4 2
Example 5.2.8. Compute det A, where A= | _2 8 —9
-1 7 0
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Example 5.2.9. Compute det A, where A =

Again, we row reduce to calculate the determinant.

2 -8 6 8 1 -4 3 4
3 -9 5 10 ) 3 -9 5 10
-3 0 1 =2 -3 0 1 -2
1 -4 0 6 1 -4 0 6
1 -4 3 4
0 3 -4 =2

=4
0 0 -3 1
0o 0 -3 2
0 1 2
2 5 =7

Example 5.2.10. Compute
0 3 6
-2 -5 4

0 1 2 -1 0 1
2 5 =7 3 2 5
0O 3 6 2 0 3
-2 =5 4 =2 0 0
1

0

1

0

1
= 2|0 -

| 2 -8
3 =9
-3 0
1 -4
1
0
=2
0
0
1
0
=4
0
0
-1
3
2
—2

209

6 8
5 10
1 -2
0 6
—4 3 4 1 —4 3 4
3 —4 -2 0 3 -4 =2
=2
—12 10 10 0 0 -6 2
0 -3 2 0 0 -3 2
—4 3 4
3 —4 -2
= 4(1)(3)(=3)(1) =[—36] =
0 -3 1
0 0 1

(add Row 2 to Row 4)

(cofactor expand across Column 1)

(add -3 Row 1 to Row 2)

(interchange Rows 2 and 3)
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Combining Theorem 5.2.7 and Corollary 5.1.7, we can also perform column replacement, column scal-
ing, and column interchange to determinants. Column replacement will have no effect on the determinant.
Column scaling will multiply the determinant by the respective scalar. Column interchange will change the

sign of the determinant.

Example 5.2.11. Suppose

a b c
d e f|=3
g h i
Then
a 2b ¢ a b ¢
d 2 f|=2|d e f|=203)=6,
g 2h i g h 1
a ¢ b a b c
d f e|=—|d e f|=-3
g 1 h g h i
and
a b c—ba a b c
d e f-5d|=|d e f|=3
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Exercises (Go to Solutions)
a b ¢ a b ¢
For Exercises 1-5, suppose that | ¢ ¢ f |=2and| 4 e f |=—3. Compute the given expression.
g h i Ty z
a b ¢ 5a 5b 5¢ 3a 3c 3b
oL |4 n N2 | 4 ¢ ¥ A3 g h J
d e f g h i d+5a f+5c e+5b
d e f 2d 2e 2f
ML 4 4b 4e 5. a b c
g+5r h+5dy i+5z g+4r h+4y i+4z

For Exercises 6-15, compute the determinant of the each of the following matrices using row reduction.

661 -3 6 -1 1 2 3 1 3 5
129 M7 | -8 11 -3 8. | -3 —2 —4 916 4 2
2 -3 1 5 10 21 3 14 9
1 2 3 1 4 7 2 26 36 2 4 7
10. |4 5 6 1. | 2 -1 6 12. | 6 87 113 3. —2 -1 1
0 2 4 4 8 —15 5 65 97 3 6 15
101 2 3 2 3 9 1 4
-1 16 3 1 72 2 9 3
14| 0 2 6 3 4 1510 0 3 3 0
-2 4 3 50 52 2 70
03 1 21 6 2 6 5 4
y 4414 341 2 11 4 1 2 3 4
[ P M17. |9 1 4| (mod13) 0o 3 2 -1
A 13 (mod 7)
6 6 5 3 5 0 1
4 -1 -1 0

For Exercises 19-23, given the matrix A, find the inverse A~!, find the determinant of A, and find the
determinant of A~1.
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19.

22.
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4 8 1 -1 1 2
20. 21

2 6 -1 1 2 -1

1 2 3 4 1 2

4 5 6 23. -1 2 0

7 8 9 4 -2 3

For Exercises 24-28, suppose A is a 5 x 5 real matrix such that det(A) = 3.

A 24

& 26.
A 27

& 28.

29.
30.

Compute rank(A). Compute nullity(A). & 25. Compute corank(A). Compute conullity(A).
For any b € R, is the linear system Ax = b consistent? How many free variables are in the linear
system Ax = b? How many solutions does Ax = b have?

Compute the row reduced echelon form of A.

Let T : R — R® be the linear transformation with standard matrix A. Compute ker(7T). Compute
im(T). Is T one-to-one? Is T onto?

Prove Theorem 5.2.4 in the special case that A and B are 2 x 2 matrices.

Prove Corollary 5.2.6.
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“Desires dictate our priorities, priorities shape our choices, and choices determine our actions. The desires
we act on determine our changing, our achieving, and our becoming.” — Dallin H. Oaks

5.3 Cramer’s Rule

5.3.1 Determinants and Solving Linear Systems

Definition 5.3.1. Let A = [ a, ... an } be an n X n matrix and let b € F™. Then

Ai(b)—[al ... b ... a, |>

where b replaced the ith column vector of A.

Theorem 5.3.2 (Cramer’s Rule). Let A be a n X n nonsingular matriz. For any b € F™, the unique solution
x of Ax = b has entries given by
det Al(b)
T, = ——F—"—
det A

Proof. Let I denote the n x n identity matrix, with column vectors e;. If Ax = b, then

A-Ii(x) A[el R en}:{Ael . Ax ... Ae,

= [al b ... an]:Ai(b).

Therefore,
det(A) det(;(x)) = det(A - I;(x)) = det 4;(b).

But det I;(x) = x;, by row reduction along the ith column of I;(x). Therefore,
det(A) - z; = det A;(b),

which finishes the proof. m

Note that det(A)z; = det A;(b) holds even if det A = 0.

Example 5.3.3. Use Cramer’s rule to solve the system
{ 3w, — 229 = 6

—5x1 + 4x9 = 8.
3 -2 6
Let A= and b = . Thus,
-5 4 8
3 -2 6 —2 3 6
det A = =12-10=2, det A;(b) = =24+16 =40, det A3(b) = = 24+30 = 54.
-5 4 8 4 -5 8

Then by Cramer’s rule, the unique solution is given as

T det Al(b)/detA 40/2 20
To det A5(b)/det A 54/2 27
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5.3.2 Determinants and Invertible Matrices

Definition 5.3.4. Let A be an n x n matrix. Then the adjugate (or adjoint) of A, denoted adj A, is given

as _ -
Cip Coy1 ... Cn
. C112 C(22 B Cn?
adjA=| Cj; | =
Cln 0277, ... OTWL

Please note that the adjugate matrix is the transpose of the matrix of cofactors.

Theorem 5.3.5. Let A be an n x n matriz. Then A -adj(A) = adj(A) - A = det(A)L,. In particular, if A

is nonsingular then

_ 1 .
A lzdetAadJA

Proof. The jth columns of A~! is a vector « such that

Ax = e;.
By Cramer’s rule, the ith entry in « is given as
det Aa (ej)
T = —————~.
! det A

But by cofactor expansion across the ¢th column, we see that
det Ai(ej) = (—1)i+j det Aji = Cji.

det Ai(ej) o Cji

Th f h .. . A—l : =
erefore, the (7, ) entry in 18 det A det A’

In particular,
A-adjA=adjA-A=detA-I,.

Note that is formula holds even if det A = 0.

2 1 3
Example 5.3.6. Find the inverse of the matrix A= | 1 -1 1
1 4 =2
We begin by finding the nine cofactors:
-1 1 1 1
Cll = 4+ = — 2’ 012 = — = 37 013 = +
4 =2 1 -2
1 3 2 3
Cy1 = — = 14, Cy =+ = -7, Coz = —
4 =2 1 -2
1 3 2 3
Cs1 = + =4, Csa = — = 1, O33=+
-1 1 1 1

which finishes the proof.
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Therefore,
-2 14 4
adjA = 3 -7 1
5 —7 -3

To finish, we need to compute det A. We could compute it directly like in the previous sections, but instead
we use the observation that adjA- A =det A- I,.

-2 14 4 2 1 3 14 0 0
adjA- A= 3 -7 1 1 =1 1(=1] 0 14 0
5 —7 -3 1 4 -2 0 0 14

Thus, det A = 14 and
—1)7 1 27
A7V =| 3/14 —1/2  1/14 |- .

5/14 —1/2 —3/14

In practice, it is not very practical to solve linear systems or compute inverse via Cramer’s rule. The
method of row-reduction is generally more efficient. On the other hand, the application of Cramer’s rule and
adjugate matrices is immeasurable in the theory of linear algebra.

For example, if A is an integer matrix, that is, all of its entries are integers, then its determinant and
cofactors will all be integers too. After all, determinants are calculated using addition, subtraction, and
multiplication. No division required! Thus, adj A will be an integer matrix too. Thus, if det(A4) = +1, we
see that A~1 will be an integer matrix as well. This fact is very useful for instructor who want to exercise
homework questions with “cute” answers so that students feel happy about their linear algebra homework.
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Exercises (Go to Solutions)

For Exercises 1-7, solve the linear system using Cramer’s Rule.

3 —4 2 1 3 5) 3 4 6

5 6 -3 2 -3 1 -2 1 2

2 3 1 6 1 1 1 3 5 2

[ X8 T = (mod 5) 5. T = (mod 7)

4 2 3 2 4 4 6 0 -2 3 |x= 1
3 2 0 2

1 2 01 2

7. or ezt T = 0 (mod 3)
21 1 2 1
02 21 1

1 2 1 3 2 6 12 5
8. Ao 10. 11.
3 4 2 -3 13 6 7
1 35 -1 -4 0 -1 -1 -6 2 4 1
®12. | 0 -2 3 13. 0 -3 1 14. 0 0 -2 5. | -1 3 2
320 1 20 2 1 3 05 —3
2 3 115 1 20 1
& 16. (mod 5)
4 2 17. | 2 7 4 | (mod11) 01 2 1
- A 18 (mod 3)
2 3 2 1 2
02 2 1
3 41 1
10 0 4 1
19. (mod 11)
0 10 8 0
10 10 1 2

QUICK! For Exercises 20-22, using Theorem 5.3.5, the given matrix A and its adjugate matrix adj(A),

calculate the determinant and inverse matrix of A in LESS THAN 60 SECONDS!

20. A=

1

-1

2

2

-1

1

3

11

)

adj(A)

13 5
—-11 -4
3 1
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[ —6 8 13 8 6 8
21. A= 6 -8 —12 |, adj(A)=1]0 -2 6
2 2 4 4 40
6 2 4 10 30 2
22. A=| 3 -1 1|, adj(4)= 11 46 -—18
i —4 5 b —-19 -22 -—-12
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“You can’t cross the sea merely by standing and staring at the water.” — Rabindranath Tagore

5.4 Cross Products
5.4.1 The Cross Product

Definition 5.4.1. Let u,v € F3. Then we define the cross product u x v to be the vector in F3 of the

form
u X v = (ug¥3 — UzV2, U3V — ULV3, UjV2 — UgV1).

In the language of determinants, we can define the cross product as

Uz V2 uyp U1 uyp U1
uUXv= , — , . (5.4.1)
us U3 usz U3 Uz V2

Continuing with this observation, the three coordinates in the cross product are the three cofactors of the

e U;p U1 e} ey e3
determinant | e, wy vy | =| u; ws ws | When expanded across the first column.' Thus,
€3 Uz Uz v V2 U3
e uUr U1 e|; ey e3
Uz U2 up V1 up V1
UXV=|e Uy V2 |=| U Uy u3g | — €1 — e + €3.
uz U3 uz U3 Uz U2
€3 Uz VU3 v V2 U3

There are important distinctions between the cross product and the dot product worth mentioning. First,
the cross product of two vectors is itself a vector in F. For this reason, it is sometimes called the vector
product. Conversely, the dot product of two vectors is a scalar in F. For this reason, the dot product is
sometimes called the scalar product. Similarly, the outer product is sometimes called the matriz product
since u ® v is a matrix. Second, while the dot product is defined for all vectors in F'™, the cross product is

only defined here for vectors in F3.

Example 5.4.2. Let u = (1,2,—2) and v = (3,0,1). Then their cross product is given as

uxv=(2(1) = (=2)(0), (=2)(3) — 1(1),1(0) — 2(3)) = (2— 0,—6 — 1,0 — 6) = . -

Definition 5.4.3. If u,v,w € R?, then u - (v x w) is called the scalar triple product of u, v, and w.

IIn Calculus IIT or Physics, it is quite common to denote the unit vectors of R using a := e; = (1,0,0), j := ez = (0,1,0),
and k := e3 = (0,0, 1). Using this notation, students would likely have seen cross products denoted as

3 7 k
UXV=| u us us
vy v2 U3

in a previous Calculus III or Physics course. In such a course, cross products are valuable in many calculations in R3, such
as finding normal vectors (since uw X v is orthogonal to both w and v), finding areas of parallelograms (since ||u X v is the
area of the parallelogram spanned by w and v), and finding angles between vectors (the angle 6 between u and v is given by
lw x v|| = [lw[llv] sin 6).
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Theorem 5.4.4. If u,v,w € R3, then

up Vi W
u - (U X w> = U9 [ wWoy

uz U3 W3

Proof.
V2 w2 U1 wi U1 wi
u-(vxw) = u- , = ,
U3 w3 U3 w3 U2 w2
Uy V1 wa
V2 W2 v w1 U1 wy
= u — U2 + us = | us vg w2 |-
V3 W3 V3 Ws Vo W2
us V3 ws
where the last equality is seen by cofactor-expansion across the first column. m

Corollary 5.4.5. If u,v,w € R3, then the area of the parallelogram spanned by u and v is |u x v|| and
the volume of the parallelepiped spanned by w, v, and w is |u - (v X w)]|.

Example 5.4.6. Compute the scalar triple product w - (v X w) for the vectors u = (3,-2,-5), v =
(1,4,—4), and w = (0, 3,2).

3 10
4 3 -2 3
u-(vxw)=|_2 4 3|=3 - =3(8412) — (—4+15) =60 — 11 =[49]. =
-4 2 -5 2
-5 —4 2

Theorem 5.4.7. Let u,v,w € R? and let k € R. Then

w v wy (vi) ux (vxw)=(u-w)v—(u v)w;

(i) w-(vxw) = det(u,v,w) = | uy vy ws (vii) (u X v) X w = (u-w)v — (v w)u;

(viti) u x 0 =0 x u = 0;
uz vz w3
(iz) uxv=—(vxu);

(ii) w- (uxv)=0; (z) ux (v+w)=uXv+uXxw;

(i) v - (uxv) = 0; (xi) (u+v)Xw=uXw+v X w;
(iv) |[ux o[> = [Jul?[[v]]* - (u-v)* (zii) k(u x v) = (ku) x v = u x (kv);
(v) llux o] = [[ullllv] sind; (xiii) u X u=0;

There are a few important observations to make. First, the cross product is noncommutative, that is,
u X v # v X u. It is instead what we call anti-commutative. Second, the cross product is nonassociative,
that is, u X (v X w) # (u X v) x w. Instead, cross products satisfy what is known as the Jacobi identity:

ux (vxw)+vx(wxu)+wx (uxv)=0.H

iThe Jacobi Identity in addition to properties (x)—(xiii) make (F3, x) into a special type of vector space known as a Lie
algebra.
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Finally, the cross product is necessarily orthogonal to the two factor vectors. This provides a usual tool for
creating normal vectors in F3.

5.4.2 Normal Vectors and Affine Sets

We have seen before that an m-flat in F™ can be constructed in two ways:
Bottom-Up—Using m linearly independent spanning vectors v, ...,v,,, we construct a vector equation for
which the flat is the solution set to the vector equation

w:m0+c1v1+02v2+...+cmvm,

where xg is a vector on the flat, ¢1,c,...,¢, € F are scalar parameters. Of course, a vector equation
corresponds to a linear system, which implies the flat is the solution set of this linear system.

Top-Down—Using n — m linearly independent normal vectors mq,...,Mn,_,, we construct n — m linearly
independent scalar equations of the form n; - (x —xp) =0 or n; - & =n; - xo. f n; = (a1, az2,...,a,) € F",
then this scalar equation has the form

a1x1 + asxro + ...+ ayx, =d,

for some d € F. Then the flat is the solution to the system of all these scalar equations. These normal
vectors, of course, belong to the orthogonal complement of the flat.

How does one transition between these two representations of the flats? If the Top-Down representation
is given, one could solve the linear system Ax = b to find @ = g + cyv1 + cov2 + ... + ¢V, Where g is a
particular solution and {vy,...,v,,} is a basis for Nul(A). This gives the Bottom-Up representation of the
flat.

If we start with the Bottom-Up representation @ = xg + c1v1 + cov2 + ... + ¢ V.;,, We need to a matrix
A and vector b such that Nul(4) = Span{vy,...,v,}. As Nul(A)L = Row(A), we need to find vector
orthogonal to the spanning vectors. This can be best accomplished by creating a matrix B such that
Row(B) = Nul(A) = Span{vi,...,v,}. Then Nul(B) = Row(B)+ = Nul(4)t = Row(A4). With these
normal vectors, we can construct the linear system for the flat.

Example 5.4.8. Consider the 2-flat in F* given by the vector equation & = xg + su + tv where o =
(1,2,3,4), w = (1,0,0,-1), and v = (2,1,—3,0). Find a linear system Axz = x for which this flat is the
solution set.

1 0 0 -1
Let B = . Then
2 1 -3 0 - L
0 1
1 0 0 —1 3 2
B~ . Hence, Row(B)* = Nul(B) = Span ,
01 -3 -2 1 0
0 1

Therefore, the flat is the solution to the following linear system:

—~

(073,1,0)'(331—1,3?2—2,$3—3,.134—4) =0 N 0x1 + 3zo + 1oz + Oy 20(1)+3(2)—|—1
(172,0,1)-(1}1—1,$2—27$3—3,.’E4—4) =0

3xo + 3 =9
1 + 229 +x4 =9

=

——

One can easily check that the vectors in the flat above are solutions to this linear system. [

3) +0(4)
oy + 2z9 + Oz + log = 1(1) +2(2) +0(3) + 1(4)
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Now, when one wants to find the equation of a hyperplane, then the single normal can be found using
determinants in a manner similar to (5.4.1). Of course, when n = 3, this is just the cross product. Say that
we seek the plane passing through xg, 1, and x5 in F3. This plane would be spanned by u = x; — x, and
v = xy — xg. Then n = u X v is a normal vector to this plane. Then the equation of the plane is given as

n-(xr—x9)=0 = mn-x=n-xy=det(xy,x1,23).

Example 5.4.9. Find an equation for the plane in R?® which passes through (1,-2,1), (-1,0,1), and
(3,2,0).

We can construct the equation using a normal vector. First, consider the plane as a vector equation. Let
u=(3,2,0) — (1,-2,1) = (2,4,—-1) and v = (3,2,0) — (—1,0,1) = (4,2,—1). If &y = (—1,0,1), then the
plane is given as & = su + tv + xg. As the vectors u and v give the “slope” of the plane, we want to find a
vector orthogonal to both w and w. Such a vector is w x v. Note

e 2 4 —4 42 -2
4 2 2 4 2 4

UXV=]e 4 2 |= ey — ez + es=| —(-244) | = -2
-1 -1 -1 -1 4 2

es —1 -1 4-16 ~12

Thus, the equation for the plane can be given as —2(z — (—1)) —2(y —0) — 12(z — 1) =0

= 20—-2-2y—122+12=0 = |z+y+6z2=5| [
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Exercises
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(Go to Solutions)

For Exercises 1-10, simplify the expression involving cross products.

4 1
1 2 | x| 1 [ YA
3 2
1 -2
YN 1 | % 0 5.
1 4
0 -1 4
' Y 3| =2 2 x{21 |-
4 5 1
) 2 1 2
9 4 | x| 2 - 6 | X | 2
2 3 7 6

For Exercises 11-11, fi

1 2
1. 2 || -1
-1 1

10.

1 2
N3 | 2| X 6
4 -1
3 1 3
L X8 4 |+ -3 X |1
0 1 2
—4 —4 —4
6 3| % 0
2 2 4
4 8 5 1
9 | X | =5 -1 | % 3
—6 —4 0 -1

nd a unit vector orthogonal to given vectors.

For Exercises 12-16, use normal vectors to construct a system of linear equations so that the given affine set
is the solution set to your linear system.

12. The plane in R3 which passes through (1, 3,5), (6,4,2), and (3,14,9).

A 13
& 14
A 15

16. The plane = o + su + tv in R* where g = (

1,1,1,1

) 9 )

The plane in R? which passes through (1,—2,1), (-=1,0,1), and (3,2,0).

The hyperplane in R* which passes through (2, —1,3, —1), (3,0, -2,2), (1,-2,0,2), and (—1, -2, —2,4).
The plane in R* which passes through (1,2,3,4), (2,3,0,1), and (0,1,2,4).

), w=(1,2,3,4), and v = (—4,-3,-2,-1).

In physics, torque 7 is a rotational effect done by a force vector F' applied around a radius vector r. Intu-
itively, torque is the force due to rotation. It is similar to work, but, unlike work, torque is a vector quantity.
This is why, for example, rotating a wrench causes the bolt to enter/exit its hole.

Theorem. If a constant linear force F' is applied on a position vector v, then

t=Fxr=|F||r|sind

where 0 is the angle between the force F' and r.

(5.4.2)

For Exercises 17-17, find the torque. Recall that i := e; = (1,0,0), j := ez = (0,1,0), and k := e3 = (0,0, 1),

a notation commonly used in physical applications.
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17. F = —i—6j, r = —3j

18. Prove Theorem 5.4.7 (x).

19. Prove Theorem 5.4.7 (xiii).
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Chapter 6

Eigenvalues

The German word eigen translates into English as characteristic. We will see this German adjective through-
out this chapter. As the translated name suggests, the eigenvalues of a matrix are those scalar which charac-
terize the matrix. Together with its eigenvectors, we can do exactly that. The eigenvalues and eigenvectors
characterize their matrices. If we analyze these then we analyze the matrix itself. With the right coor-
dinate system, the eigenvalues show us that the matrix is just a collection of scalar multiplications, and
scalar multiplication is so much easier than generic matrix multiplication. These eigenvalues represent the
intrinsic properties of a linear transformation or a matrix. They reveal how much a vector is scaled when
multiplied by the matrix. Eigenvectors are the directions along which the transformation only stretches or
compresses, without changing direction. Applications of eigenvalues are everywhere in mathematics and
science, including stability analysis, quantum mechanics, and vibration modes.

225
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“Try not to become a man of success, but rather try to become a man of value.” — Albert Einstein

6.1 Eigenvalues and Eigenvectors

While a linear transformation can act on all vectors in its domain, not all vectors are created equal here.
Certain vectors optimize the image of the transformation. More specificially, the eigenvectors are those
vectors in the domain whose norms are changed the most by the transformation, for good or for ill. While
other vectors can be distorted and tilted by the transformations, its eigenvectors are those which are moved
at all by the function. As such, the full force of the linear transformation is placed into forming a scalar
product of the original vector.

6.1.1 Eigenvalues

3 -2 -1 2
Example 6.1.1. Let A = , U= ,and v = . Then
1 0 1 1
3 =2 -1 =5 3 -2 2 4
Au = = and Av = = = 2
1 0 1 -1 1 0 1 2

Notice that while multiplication by A sends u off to who-knows-where, multiplication by A only stretches
the vector v. This chapter will explore more deeply this type of phenomenon. [

Definition 6.1.2. Let A be an n X n matrix. Then a nonzero vector « is an eigenvector of A if there is a

scalar A\ such that
Ax = \x.

In this case, A is called an eigenvalue of A corresponding to x.

It is straight forward to check if a vector is an eigenvector.

1 6 6 3
Example 6.1.3. Let A= ,u = ,and v = . Then
5 2 -5 -2
1 6 6 —24 6
Au = = =—4 = —4du
5 2 -5 20 -5
On the other hand, )
1 6 3 -9 3
Av = = #* A ,
5 2 -2 11 -2
since
-9\ = 3
11N = -2
has no solution. Therefore, u is an eigenvector of A with eigenvalue A = —4. The vector v is not an

eigenvector of A. n
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6.1.2 Eigenvectors

It can also be checked whether a scalar is an eigenvalue of a matrix, although this requires row reduction.

Example 6.1.4. Let A be the same matrix as the previous example. Is 7 an eigenvalue of A7

Now, suppose that A is an eigenvalue of A with eigenvector . Then

Ax = Jdx
Az — Xz = 0
Ax —Alx = 0
(A=X)x = 0

Therefore, A = 7 is an eigenvalue if and only if A — 71 has a nontrivial solution to the homogeneous system
(A—"7I)x = 0. Now,

1 6 70 -6 6
A-TI= — =
5 2 0 7 5 =5
But,
-6 6|0 1 —-110 1 =-11]0
5 =50 5 =510 0 010
1
Therefore, x = is a nontrivial solution to this homogeneous system and hence an eigenvector of A.
1
Note that
1 6 1 7 1
Aw = = = 7 == 7w.
5 2 1 7 1
1
Therefore, 7 is an eigenvalue of A with eigenvector . n
1
1
Notice in the last example, that = was an eigenvector for A with eigenvalue 7. Now, this is not
1
2 14
the only eigenvector for 7. In fact, y = is also an eigenvector. Note that Ay = = Ty. Now,
2 14

y = 2z. In fact, any nonzero multiple of & is an eigenvector of A since
A(cx) = c(Ax) = c(Ax) = Mcx).

Furthermore, any nontrivial solution to the homogeneous system (A — AI)x = 0 is an eigenvector. But this
is the null space of (A — AI), a subspace of R™. This leads to the next definition.

Definition 6.1.5. Let A be an n x n matrix with eigenvalue A. Then the null space of (A — AI) is called the
eigenspace of A corresponding to A, denoted Eigen(A, A\) = Nul(A — Al,,). The dimension of the eigenspace
is called the geometric multiplicity of the eigenvalue A and corresponds to the nullity of the matrix A— 1.

Since eigenspaces are null spaces of a matrix, they are always subspaces of F™.
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4 -1 6
Example 6.1.6. Let A= | 2 1 6 |- An eigenvalue of A is A = 2. Find a basis for the eigenspace
2 -1 8
Eigen(A4,2).
We form
4 -1 6 2 00 2 -1 6
A=2I=12 16|02 0]|=]|2 -1 6
2 -1 8 0 0 2 2 -1 6
Thus,
2 -1 6 2 -1 6
2 -1 6~]10 00
2 -1 6 0 00

This implies that the null space! of A — 2I are the solutions to the equation
21 — x9 + 623 = 0.

In other words,

1/2 -3 1 -3
Eigen(A,2) = Nul(A — 2I) = Span 11, 0 = Span 21, 0
0 1 0 1
1 -3
In fact, the eigenspace is 2-dimensional with basis 21, 0 . [
0 1

6.1.3 Eigenvalues of Triangular Matrices

Theorem 6.1.7. The eigenvalues of a triangular matriz are the entries on its main diagonal.

Proof. Let A be a triangular matrix and let A be the (¢,4)-entry of A. Then A — A is a singular matrix
because det(A — AI) = 0. Therefore, (A — AI)x = 0 has a nontrivial solution, which implies that A is an
eigenvalue of A. o

This idea of determinants will return later in this chapter.

3 6 -8 4 0 0

Example 6.1.8. Let A= | o 0 6 | and B=| —2 1 ( |. Since both matrices are triangular,
0 0 2 5 3 4

the eigenvalues of A are A = 3,0,2 and the eigenvalues of B are A =4, 1. [

iPlease review Section 2.6.2 for further study of finding a basis for the null space of a matrix, if necessary. This is a
calculation we use heavily in this chapter to find eigenvectors of a matrix.
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Notice from the previous example that 4 appeared twice along the diagonal of B. This is a repeated
eigenvalue of multiplicity two. This idea of multiplicity will also return later in this chapter.
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Exercises (Go to Solutions)
For Exercises 1-3, determine if the vector is an eigenvector for A = . If so, what is the eigenvalue?
3 -1
6 1 1
1 2. 3
3 2 1
For Exercises 4-6, determine if the vector is an eigenvector for A = . If so, what is the eigenvalue?
4 -1
-1 4 2
4 5. 6
3 7 2
-6 —21 -16
For Exercises 7-9, determine if the vector is an eigenvector for A = 6 17 12 |. If so, what is the
-5 —-12 -8
eigenvalue?
-2 2 1
a7 0 a8 | —1 N9 | 1
1 -1 1
2 =5 =2
For Exercises 10-12, determine if the vector is an eigenvector for A = 2 —7 —3 |. If so, what is the
-4 14 6
eigenvalue?
-1 -1 0
N 10 -1 11 _92 12 0
2 4 0

3 6 3 1 1 3 -2 -1
13. , A 14 , N 15, , N 16. ,
0 1 0 -2 -1 5 1 —4
A=3 A=3 A=2 A=-3
3 5 7
1711 5 9 |,
4 5 6

>
I
o
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-2 4 =2 1

-15 29 -—-13 23
For Exercises 18-20, determine if the number A if an eigenvalue of A =

-30 44 -19 34

0 —4 2 -3

18 A=3 A 19 A=-2 a20 A=2

For Exercises 21-23, find a basis for the eigenspace for the matrix and each eigenvalue A listed. Answers may
vary. Also, determine the geometric multiplicities of each listed eigenvalue.

2102 -7 2 32 -8 -5 5§
2 3 22 | 8 1 0|, ® 23. 20 12 —-10 |
=-14 —2 1 13 0 5 -3

A=5,-3 A= -3,2

For Exercises 24-24, find a basis for the eigenspace for the matrix and each eigenvalue. Answers may vary.
Also, determine the geometric multiplicities of each listed eigenvalue.

For Exercises 25-25, find the values z and y such that the vector v, listed first, is an eigenvector for the
matrix A, listed second, with the associated eigenvalues A, listed last.

2 r 6
25. , , 8

1 2 vy

26. Let A be an n x n matrix. Let A be an eigenvalue of A with associated eigenvector . Show that if m
is a positive integer then A\™ is an eigenvalue of A™. What is the associated eigenvector?

27. Show that if A is idempotent then A = 0, 1.

28. Show that if A is nilpotent then A = 0.
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“There seems to be some perverse human characteristic that likes to make easy things difficult.”
— Warren Buffett

6.2 The Characteristic Polynomial

6.2.1 The Characteristic Polynomial

As observed previously, for an n x n matrix A, a scalar A is an eigenvalue if and only if (A — Al)z =0
has a nontrivial solution if and only if A — A\ is singular if and only if det(A — AI) = 0. In this context,
determinants will be a valuable tool to compute eigenvalues.

Definition 6.2.1. Let A be an nxn matrix. Treating A as a variable, the value det(A—\I) is a polynomial of
degree n, called the characteristic polynomial of A. The roots of the characteristic polynomial are exactly
the eigenvalues of A since the roots are the solutions to the equation det(4A — AI) = 0. The (algebraic)
multiplicity of each eigenvalue is its multiplicity in the characteristic polynomial.

3 6 -8 4 0 0
Example 6.2.2. Let A=| (0 0 6 |andB=| 2 1 0
0 0 2 5 3 4

Then the characteristic polynomial of A is

3— A 6 -8
det(A—AI) = 0 —A 6 |=0B=N=N2-2A)
0 0 2—-2AX

= (6 —=5XA+A)(=)\) = =6 +52% — )3

Note that the eigenvalues of A are 3, 0, and 2, where all multiplicities are one.

The characteristic polynomial of B is

4— X 0 0
det(B — ) = —2 1-A 01=@-N1-NE-N
5 34—\
= (16 —=8A+A%)(1—\) =16 — 24\ + 917 — )3

Note that the eigenvalues of B are 4 and 1, where 4 has multiplicity two and 1 has multiplicity one. [

Let A be a matrix with eigenvalue A. Suppose that m is the geometric multiplicity of A (nullity (A — AI))
and n is the algebraic multiplicity of A. Then 1 < m < n, that is, the algebraic multiplicity is an upper
bound for the geometric multiplicity.

2 3
Example 6.2.3. Find the eigenvalues of A =

3 —6

We can find the eigenvalues of A by computing the characteristic polynomial of A and factoring it.

2-X 3
det(A— ) = =(2-A)(=6—X)—3(3)
3 —6-A
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= (“12+4A+ A% -9 =21 +4)+ \?

= A+7(A-3)
Therefore, the eigenvalues of A are A = —7,3. [
0 —
Example 6.2.4. If A= , then the characteristic polynomial of A is
1 0
-2 -1

=N 4+l=0N=-i)(A+19)
)

and the complex eigenvalues of A are +i. Since

-5 —1 11 1 —
A—il = ~ ~ ,
1 —i 0 0 0 O
)
we have that is an eigenvector. Note that
1
i 0 -1 i -1 1
A == = =1
1 1 0 1 ) 1
Likewise,
i —1 1 —1 1
A+il = ~ R
1 i 0 o0 0 0
—i
Thus, is an eigenvector of A and
1
—1 0 -1 —1 -1 —1
A = = = —1
1 1 0 1 —1 1
In particular, A is diagonalizable with
i =1 i 0 —i/2 1/2

A=
11 0 —i i/2 1/2

IIf you ever struggle to find the eigenvalues from a quadratic characteristic polynomial, you do not necessarily have to factor
it. You instead could use the Quadratic formula: the roots of aA? 4+ bA + ¢ = 0 are

No —b+ Vb2 — dac
B 2a '

iWhen considering an eigenspace for matrix A and eigenvalue )\, the matrix A — Al is necessarily singular. This means
that there will be a row of zeros in its row reduced echelon form. For a 2 X 2 matrix, this implies that you can automatically
set the second row to zero without calculation (assuming the first row is itself not a zero row already). This can save a little
bit of time. A similar principle holds for larger matrices, but one must be cautious since the location of the non-pivot row is
much less obvious.
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Let A be an n x n matrix with real entries. Then Ax = AT = AZ. If \ is an eigenvalue of A and x is a
corresponding eigenvector, then B -
Ar =AzT =Azx =)z =)\=.
Then the conjugate of x is also an eigenvector of A whose corresponding eigenvalue is the conjugate of A.

We saw this in the last example. In greater generality, the eigenvalues of a matrix of a field F' might lie in
some extension field E such that F C E.

Theorem 6.2.5. An n xn matriz A is nonsingular if and only if 0 is not an eigenvalue of A. In particular,
. _1 1
if Ax = Ax, then A= x = 3

3 6 -8
Example 6.2.6. Let A= | o 0 6 |- Then its eigenvalues are A = 3,0,2. In particular, 0 is an
0 0 2

eigenvalue of A. Even though, 0 cannot be an eigenvector, 0 can be an eigenvalue. Notice that the eigenvalues
of A = 0 are simply the vectors in Nul(A), that is, the nullity of A is simply the geometric multiplicity of 0
as an eigenvalue of A. In fact,

)] 3 6 -8 -2 0 )
A 1/=l00 6 1|1=]101]=0 1 "
0 00 2 0 0 0

6.2.2 Similar Matrices

Definition 6.2.7. Let A and B be n X n matrices. We say that two matrices are similar if there exists a
nonsingular n x n matrix P such that PAP~! = B.

1 0 -7 15 —18 -2
Example 6.2.8. The matrices A = 5 1 2 | and B=| 17 —17 —4 | are similar since P =
-4 2 0 7T =22 4
1 -2 -1 [ 2 0 -1
1 -1 0 | is nonsingular with P! = 2 —1 -1 | and
1 -4 -2 -3 2 1
1 -2 -1 1 0 -7 ] 2 0 -1 1 -2 -1 23 —-14 -8
PAPT' =11 -1 0 5 1 2 2 -1 -1 (=1 -1 0 6 3 —4
1 -4 =2 -4 2 0] -3 2 1 1 -4 -2 -4 -2 2
15 —18 -2
=|17 —-17 -4 | =8B m
7T =22 4

Theorem 6.2.9. If A and B are two similar matrices, then they have the same characteristic polynomial
and hence the same eigenvalues (with the same multiplicities).
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Likewise, similar matrices have the same determinant, rank, nullity, and trace. Thus, if any two matrices

differ on one of these invariants then they cannot be similar.

Example 6.2.10. The matrices A = and B = are not similar since tr(A4) =

1-2=—-1#5=3+2=tr(B). .
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Exercises (Go to Solutions)

For Exercises 1-15, find the eigenvalues and bases for the eigenspaces of the matrix A given. Bases may vary.

4 2 10 6 6 1
1. A2 A3
1 3 -12 -8 -1 4
35 48 2 -2 2 3
4 A5 A6
—24 -33 1 0 -3 2
. —6 5 -2 -1 -1 -6 -2 -2
-2 0 A 3. 9 4 3 9.1 17 6 5
3 1 2 7 2 3
17 5 5 31 1 -4 0 —4
#10. | —41 —12 -14 1L | 2 1 1 12. 3 —4 3
-19 -6 —4 -7 -2 =2 2 0 2
1 -3 4 5 17 8 -4 -3 =2
13. 14 -7 8 4. 117 5 8 15. 0 -4 0
6 -3 5 8 8 14 4 -3 2

For Exercises 16-18, finish the matrix so that the listed values A are eigenvalues of the matrix. Answers may
vary.

* 7 5 * 3 * 0 0
17. ,
00 =« A=2-3 41 x
A=2,-3 A=2,-3

For Exercises 19-21, explain why the matrices A and B below are NOT similar. (Sure, do it QUICKLY if
you want a challenge, UNDER 60 SECONDS!)

10 1 -3 10 2 -3
& 19. , & 20. ,

0 4 5 2 0 4 0 3

1 000 500 0

0300 0100
21. ,

0010 0010

0000 00 0 2
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“The line of life is a Tagged diagonal between duty and desire.” — William R. Alger

6.3 Diagonalization

Similar matrices always result in a matriz factorization. When a matriz A is similar to a diagonal matriz D,
we obtain a very important factorization called its diagonalization. This factorization is obtained by analyzing
the eigenvalues and eigenvectors of the matriz A. If used correctly, it simplifies matrix exponentiation,
powers, and solving linear systems.

6.3.1 Diagonalizable Matrices

Definition 6.3.1. Let A be an n x n matrix. We say that A is diagonalizable if A is similar to a diagonal
matrix D, that is, A = PDP~! for some invertible matrix P.

7 2 11
Example 6.3.2. Let A = . Then A is a diagonalizable matrix. Let P = and
—4 1 -1 -2
5 2 1
D= . Then P~1 = and
0 3 -1 -1
11 5 0 2 1 11 10 5 7 2
A=PDP ' = = —
-1 -2 0 3 -1 -1 -1 -2 -3 -3 —4 1
Next, observe that
A%? = (PDP Y (PDP')=PD(P'P)DP!
1 1 520 2 1
= PD*P! =
-1 -2 0 32 -1 -1
1 1 2.52 52 2.5% 32 52 — 32
-1 -2 -32 32 -2-5242.3% —52+2.32
41 16 12 12 11
= 7& =
-32 -7 (-1)2 (-2)? 1 4

This might seem, at first, overkill for squaring a 2 x 2 matrix, but this pattern continues for power. In fact,
it follows by induction that

. R 1 1 5% 0 2 1 2.5k — 3k 5k — 3k
A =PD"P™" = =
-1 -2 0 3k -1 -1 —2.5F+2.3% 5k 2.3
Among other reasons, diagonalization provides an effective method to compute powers of matrices. [

From the previous example, note that
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and

1 7T 2 1 3 1
A

-2 -4 1 -2 —6 -2

Thus, the column vectors of P are eigenvectors of A! Furthermore, the diagonal entries of D are the
eigenvalues of A!

6.3.2 Eigenbases

Theorem 6.3.3. Ifxq,...,x, are eigenvectors of an nxn matriz A which correspond to distinct eigenvalues
A1y .oy Ay, Tespectively, then {xq, ..., @} is linearly independent.

Theorem 6.3.4 (The Diagonalization Theorem). An n x n matriz A is diagonalizable if and only if A
has n linearly independent eigenvectors. In this case, there is a basis of F™ consisting of eigenvectors of
A, called an eigenvector basis (or eigenbasis). If A = PDP~!, then the diagonal entries of D are the
eigenvalues of A with multiplicity, the columns of P are eigenvectors, and the eigenvectors in P correspond
to the eigenvalues in the same column in D .

Let B be an eigenbasis of A and let £ be the standard basis of F". Then P = 558 and P~'= P .

B+&

Theorem 6.3.5. An n X n matriz with n distinct eigenvalues is diagonalizable.

1 3 3
Example 6.3.6. If possible, diagonalize the matrix A= | —3 —5 _3
3 3 1

We begin by computing the eigenvalues of A, via the characteristic polynomial of A:

—5-A -3 -3 -3 -3 —5-2)
det(A-X) = | -3 —5-x -3 |=(1-X) -3 +3
3 1-2) 3 1-2A 3 3
3 31—

5—A)(1—=A) +9] = 3[=3(1 = A) + 9] +3[~9 +3(5+ )]

M[(=
= ( FN0A=N2 491 =X +9(1 =X =27 =27+ 9(5+ \)
= —(B+NA=XN2+18(1 =X —=54+9(5+N)
= —BFANI=N2F18(1 =X =91 =N =—-GB+N1=X)2+9(1-))
= (T=N[GFN(=1+X)+9]=(1—N)[4+4\+ )]
= -A-1)(A+2)y?

Therefore, the eigenvalues of A are 1 and -2 (with multiplicity two). Let D= | 0 —2 ¢

0 0 -2
Next, we compute the eigenvectors of A. We begin with A = 1.
0 3 3 0 3 3 0 1 1 1 2 1 1 0 -1
A-I=| -3 6 -3 |~|-3 -6 -3 |~|1 2 1|~]011]|~]01 1

w
w
an)
[an}
jan)
[an}
[an}
jan}
jan)
jan)
e}
[an}
[an}
jan}
an}
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1

Therefore, Eigen(A,1) = Nul(A — I) = Span -1 . Next, we use A = —2.
1
3 3 3 3 3 3 1 11
A+2I=| -3 -3 -3 |[~|00O0]|~]0 00
3 3 3 0 0 O 0 0 O
-1 -1
Therefore, Eigen(A4, —2) = Nul(A4 4 27) = Span 11, 0 . Since A has a basis of eigenvectors,
0 1
1 -1 -1
A is diagonalizable. Let P = | —1 1 0
1 0 1

To finish, we need to compute P~1.

1 -1 -1/1 0 O 1 -1 -1 1 0 0 1 -1 -1 1 0 0

-1 1 0/0 1 0 ~ 0 0 -1 1 1 0]~1]0 1 2/-1 0 1

1 0 110 0 1 i 0 1 2|-1 0 1 0 0 -1 1 1 0
i 1 -1 -1 1 0 0 1 -1 0 0 -1 0

1 11
Therefore, P~! = 1 2 1 | and
-1 -1 0
1 -1 -1 1 0 0 1 11
A=PDP'=| 1 1 o0 0 -2 0 1 21 .
1 0 1 0 0 -2 -1 -1 0

Note that a matrix is diagonalizable if and only if each geometric multiplicity is equal to its algebraic
multiplicity.
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Exercises

For Exercises 1-10, diagonalize the matrix A. Answers may vary.

-3 —4

1.
5 6
8 —20
d5 | 5 —12
5 —10
8 20
8. | 5 —12
5 10

For Exercises 11-11, determine whether the two matrices, A and B, are similar or not.

11. 3 -5

10

10

[ 2

—4

-2

19

40

-8

—-17

CHAPTER 6. EIGENVALUES

' I8

10.

12

15

(Go to Solutions)

4 1
2 3
10 0 -4
) 0 -2
24 -1 -8
30 0 —11
-3 =2
—4 0
-3 2

Justify your answer.
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“It’s always good to take an orthogonal view of something. It develops ideas.” — Ken Thompson

6.4 Orthogonal Diagonalization

Symmetric matrices are extremely simple to describe but come with extremely powerful matriz properties.
Their analysis lies at the intersection of the eigenvalues of this chapter and the orthogonality of previous.
Specializing the techniques of Section 6.3, the eigenbasis of a symmetric matriz can be always made orthonor-
mal. We can also expect the eigenvalues of a symmetric matriz to always be real. These properties, as well
as others, empower symmetric matrices to become important tools in linear algebra and its applications, such
as the singular value decomposition which is an orthogonal decomposition of the Gram matriz.

6.4.1 Orthogonally Diagonalizable Matrices

Symmetric matrices interestingly bring together the theory of eigenvectors and inner products. Recall a real
square matrix U is called orthogonal if UTU = I, that is, UT = U~! and complex matrix U is called unitary
if U*U = I, that is, U* = UL,

Theorem 6.4.1. If A is a symmetric matriz or a Hermitian matriz, then any two eigenvectors with distinct
etgenvalues are orthogonal.

6 -2 -1
Example 6.4.2. We note that A= | _9 6 —1 | is symmetric. It can also be checked that
-1 -1 5
-1 -1 1
A =8:v] = 1 |; A=6:v2=1| -1 |; A3=3:v3= |1
0 2 1

are all eigenvectors of A. Furthermore, vy - v9 = vy - v3 = vo - v3 = 0. Normalizing these vectors:

—1//2 ~1/V/6 1/V3
uir =1 1/V2 |, us=| —1/V6 |- uz=| 1/V/3 |,
0 2/\/6 1/V3

we get a diagonalization of A:

-1/v/2 —1/V/6 1/V/3 8 0 0 —1/vV2 1/V2 0
A=PDP'=1| 1/y2 —1/V6 1/V3 || 0 6 0 —1/V6 —1/v6 2/V6
0 2/V/6  1/V/3 00 3 1/vV/3  1/v/3 1/V3

using an orthogonal matrix P. n

Definition 6.4.3. We say a real matrix A is orthogonally diagonalizable if there exists an orthogonal
matrix P and diagonal matrix D such that A = PDPT = PDP~'. We say a complex matrix A is unitarily
diagonalizable if there exists an Hermitian matrix P and diagonal matrix D such that A = PDP* =
PDP L
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The matrix in the previous example is orthogonally diagonalizable. In fact, if A is orthogonally diago-
nalizable, then A = PDPT and AT = (PDP")" = (P")"D"P" = PDTP" = PDPT, that is, AT = A.
Thus, A is symmetric. The converse is also true.

Theorem 6.4.4. A real matriz A is orthogonally diagonalizable if and only if A is symmetric. A complex
matriz A is unitarily diagonalizable if and only if A is Hermitian.

The method of computing an orthogonal diagonalization is the same as any other diagonalization except
we require that our basis of eigenvectors be orthonormal. Normalizing the eigenvectors is simple enough.
On the other hand, we cannot simply apply the Gram-Schmidt procedure to an eigenbasis, because the end
result may not be an eigenbasis. Instead, we must apply the Gram-Schmidt procedure to a basis for each
distinct eigenspace. Since different eigenspaces are mutually orthogonal, the union of these orthogonal bases
gives an orthogonal eigenbasis.

3 -2 4
Example 6.4.5. Let A= | _9 6 2 |. It can be shown that A = 7, —2 are the eigenvalues of A and
4 2 3
1 -1/2 -1
Nul(A — 7I) = Span 0|, 1 , Nul(A + 2I) = Span —-1/2
1 0 1

are the eigenspaces. Applying Gram-Schmidt to the eigenspace of A = 7, we get the orthogonal basis

1 ~1/4
Nul(A — 7I) = Span 0|, 1
1 1/4
Therefore,
1 —1/4 ~1
01, 1], =12
1 1/4 1

is an orthogonal eigenbasis. After normalizing, the set

1/v2 ~1/V/18 -2/3
0 s 4/V18 |.| —1/3
1/V2 1/V/18 2/3

is an orthonormal eigenbasis. Therefore,

1/vV2 —1/V/18 —2/3 70 0 1/v/2 0 1/v2
A= 0 4//18  —1/3 07 0 —1/V/18 4/V/18 1/V/18
1/vV2 1/V/18  2/3 0 0 -2 -2/3  -1/3  2/3

is an orthogonal diagonalization of A. [
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In particular, unitary matrices are the complex analogue of orthogonal matrices. In fact, all of the pre-
vious theorems about orthogonal matrices remain true when considering unitary matrices. The same can be
said for symmetric and Hermitian matrices.

6.4.2 The Spectral Theorem

The set of eigenvalues of a matrix A is called the spectrum of A. A spectral theorem is a theorem
which describes the eigenvalues of some matrix.

Theorem 6.4.6 (The Spectral Theorem for Symmetric (Hermitian) Matrices). An n x n symmetric (Her-
mitian) matriz A has the following properties:

(i) A has n real eigenvalues, counting multiplicities;
(ii) The geometric and algebraic multiplicities of each eigenvalue of A are equal;
(iii) The eigenspaces of A are mutually orthogonal;

(iv) A is orthogonally/unitarily diagonalizable.

2 1474
Example 6.4.7. Diagonalize the Hermitian matrix A =
1—1 3
We begin with its characteristic polynomial:
A—2 —1-—4
det(\ — A) = =A=2)A=3)—(-1—=0)(-1+1%)
—14+¢ A-=-3

= M-BA+6-1-1=X-5x+4=A—-4)(A-1).

Therefore, the eigenvalues of A are A =1, 4. We then investigate its eigenspaces:

o T 21—
~1+i =2 —1+i 1
1 1+ 2 —1—i
0 0 0 0
—l—i vy —1t L1 +14) » SES
V3 2 2 V6
V1 = ; p = = Vo = ; p = =
' ) P 0 ’ ) Tl | 2
V3 V6
Note that:
2 1+ —1—i —2-2i+1+i —1—i
1—i 3 1 -2+3 1
2 1+ (1 +14) 1+i+1+44 A (1 +14)
1—i 3 1 1+3 1




244 CHAPTER 6. EIGENVALUES

—1-3 14i
Let P = V3 Ve , which is a unitary matrix. Let D = . Then
1 2
iV 0
—1—i 144 =147 1 1
A— PDP* — VY 1 0 vl 2 141
1 2 1—1 2 .

As can be expected, the eigenvalues of A are real despite A being a non-real matrix.

6.4.3 Spectral Decomposition

Let A be a symmetric matrix. Then it has an orthogonal diagonalization given as:

S
I

A\ 0 ui Auf
PDPT:[ul un} :[ul un}
0 An u,) A,

Muju, + ...+ )\nunuz =A(u @ui)+ ...+ (U, @ uy).

This last line is called a spectral decomposition of A. Each of matrices B; = uzu;'— = u; ® u,;, the
outer product of u; with itself, is an n x n symmetric matrix with rank 1. The range of B; is Span{u;}.
Furthermore, B;B; = 0 if i # j and B? = B, since {u1,...,u,} is a orthonormal set. Thus, the B;’s
are idempotent and pairwise “orthogonal.” When considering complex vectors, the outer product becomes
U@V =uv'.

Example 6.4.8. The matrix A = is symmetric and has an orthogonal diagonalization given by

LetP—[

2/V/5 —1/\/5 8 0 2/v/5  1//5
1/vV5  2/V5 0 3 ~1/vV5 2/V5

} = 2/\/5 _1/\/5 Then
e VB VB |
| 2/V5 | T 4/5 2/5
u ©uy = wu! = / 2/v5 1/\/5 } _| :
1/v5 |t 2/5 1/5
[ —1//5 ] 1/5 -=2/5
Uy Uy = Uguy = / { —~1/v/5 2/V5 ] _| Y /
2/V/5 —2/5 4/5
Suju| + 3upug = 8 45 2/5 +3 5 =2 _ |72 —A =

2/5 1/5 —2/5 4/5 2 4
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Exercises (Go to Solutions)

For Exercises 1-8, compute an orthogonal (or unitary) diagonalization for the matrix A.

2 1 17 ) 4 3 4 2 10
1 2.

1 2 5 =7 3 3 40 4 1 21
4 0 4 0 1 2

5 17 8 5) 3 -3 3

h5. 17 5 8 3 ) 3 -3

' YR
8§ 8 14 -3 3 5 3
3 =3 3 5

2 1+ 26 2 0 0
A
1-2 -2 N8 |0 1 1-i
0 1+¢ 0

For Exercises 9-15, compute a spectral decomposition for the matrix A, whose orthogonal diagonalization
was computed in Exercises 1-8.

9. Exercise 1 10. Exercise 2 11. Exercise 3 & 12. Exercise 4

® 13. Exercise 5 14. Exercise 6 15. Exercise 8

16. Show that the inverse of an orthogonal matrix is orthogonal.

17. Show that the product of two orthogonal matrices is orthogonal.

18. Show that the determinant of an orthogonal matrix is +1.

19. Show that if U is an orthogonal matrix then ||[Uz| = ||z]|.
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“Transformation literally means going beyond your form.” — Wayne Dyer

6.5 Similarity and Linear Transformations

Let V and W be n- and m-dimensional vector spaces with bases B = {b;,...,b,} and C = {c1,...,¢cn},
respectively. Let T': V — W be a linear transformation. Likewise, the coordinate mappings [-]p : V — F™
and []c : W — F™ are linear transformations (in fact, they are isomorphisms). Consider the composite
linear transformation ([Jc o T o[]z') : F™ — F™. This is a linear transformation between F" and F™. Let
A be the standard matrix of this composite transformation. Then

[T(z)]c = Alz]s

for all @ € V. This matrix A = ¢[T]p is called the matrix representation of T relative to B and C. In
fact,

A= | Eooe TEe o Te |-
The following diagram may be useful in remembering the relationship here:
T

— > T(x)

|

[]g ———— [T()]c

Example 6.5.1. Consider the linear transformation 7" : R* — R* given by the rule

T —2rc+1ly+z—w

Y 20 -9y + 2z +w
T =

z 2z — 4y + 32

w 3x+ 1.5y + 2z —w

Note that the standard matrix ¢[T]¢ for T : R* — R* is

-2 11 1 -1
2 -9 2 1
elTle =
2 —4 3 0
3 15 2 -1
1 1 1 2 3
2 0 -1 0 -2
Suppose B = , is a basis for V C R* and C = , , is a basis for
3 -1 1 0 1
4 0 -1 1 1

W C R*. Then T restricts to a linear transformation from V to W,_that Es, T :V — W. Note that

19 -3
—6 0

T(by) = T(bs) =
3 -1
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In order to compute the matrix representation T : V' — W with respect to B and C coordinates, we need to

row reduce { C ‘ T(B) ]:

| 1 2 3119 -3 ] _1 0 0j]0 -2 ]
-1 0 —-2| -6 0 01 0|5 -2
[ C ‘ T(B) ] = ~
1 0 1 3 -1 0 0 1|3 1
-1 1 1 8 1 0 0 0]0 0
Thus,
0 _o ]
[T(bi)lc= | 5 and  [T(b2)|lc= | —2
3 1]
This gives
0 -2
M=1 [Tl [Th)le |=|5 —2 .
3 1

Note that the matrix representation of T' depends on the bases chosen for the domain V' and codomain
W, up to a point.

Theorem 6.5.2. Let T : V — W be a linear transformations. Let A and A’ be two matriz representations
of T. If m =dimW and n = dimV, then there nonsingular matrices P (m x m) and Q (n x n) such that
A=PAQ .

Proof. Let B, B’ be bases for V and C,C’ be bases for W such that A = ¢[T|g and A’ = ¢/[T]p. Then let
Q= BPB and P:CPC. Let © € V. Then
— ’ +— ’

[PA'Q'[z]s = PA'[z]p = P[T(z)ler = [T(x)]c = Alz]s.
Thus, PA'Q~! = A. o

When T : V — V is a linear transformation with the same domain and codomain, we often use the same
basis for the domain and codomain. We then refer to the matrix representation A = [Tz relative to B.
In this case,

[T(x)]s = Alz]s.

Corollary 6.5.3. Let T : V — V be a linear transformation. Let A and B be two matriz representations of
T. Then there exists a nonsingular matriz P such that A= PBP~'. In particular, all matric representations
of T are similar to each other.

Proof. The result follows immediately from Theorem 6.5.2 once it is discovered that @ = P. m

Since matrix representations of a linear transformation always remains in the same similarity class,
any property invariant on similar matrices can be attached to the linear transformation. For example, if
T :V — V is a linear transformation, then we can define det(7) to be the determinant of any matrix
representation of T. Likewise, we can define tr(T), nullity(7'), rank(7T'), etc. to be the trace, nullity, rank,
etc. of any matrix representation of 7". This includes the eigenvalues of a matrix.
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Example 6.5.4. Let T :R3 — R? be a linear transformation such that

x 5t + 2y
T Y = 20+ 3y — 2
z 26z + 16y — 2z

Then the standard matrix representation (using the standard basis on R?) yields

5 2 0
A=[T]=| 2 3 -1
26 16 -2
2 -1 -1
On the other hand, one could check that B=< by = | -3 | ,by = 92 |,b3= 1 is a basis for
1 2 -2

R3. Then
[T]s = | [Abi]s [Abs]s [Abs]s

To find these coordinate vectors, we solve the linear systems corresponding to the augmented matrix:

2 -1 -1 4 -1 =3 1 0 0(2 0 O
BlABl=] -3 2 1|-6 2 3|~|0 1 0[0 1 0
1 2 =2 2 2 —6 0 0 110 0 3
2 0 0
Thus, [T]s=| 0 1 0 |. Thisis the result of B being an eigenbasis of A. Thus, the eigenvalues of T are
0 0 3

A =2,1,3. In B-coordinates, T is just a diagonal matrix, the diagonalization of A. [
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Exercises

1. T:R* - R2
T(z,y,z,w) = (x—2z,y+w),

1

-1

T(z,y,z,w) =x+y+2z+w (mod 2),

{1

4

&2 T:R2 RS
T(x,y) = (z+y,0,2x+3y),

249

(Go to Solutions)

For Exercises 1-5, given the linear transformation 7' : V' — W a basis B of V', and a basis C of W, listed in
that order, find the matrix representation ¢[T)z.

A3 T:R— R?
T(x,y,z) = (ZL’—i—y—QZ’ —y+2),

1
1 7
~1 -1
2 | 1
2 -2
5. T:7% — 7%

T(x? y? Z? w) =
2 2
0 1
1 6
4 2

2

4

2

1 1

11, 0
i 1 -2
[ 2

—3 ,
2z + 6w

6y + 4z + 6w

6 +4y+3z+w

6
2

0

T+ 2y +4z + 3w

(mod 7),
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Appendix A

Notation Index and Frequent
Terminology

iff — “if and only if”

YV — “for all”

3 — “there exists”

{z | = satisfies some property} - set builder notation
€ — element of a set

C — subset

< — subspace

Example A.0.1. X = {¢(-2,1, ) \ € R} is the set of all vectors which are real scalar multiples of
); (=4

(—2,1,3). We have that (0,0,0),(—4,2,6) € X, but (1,0,1) ¢ X. Hence, {(0,0,0),(—4,2,6)} C X. As X is
a subspace, X < R3. n

N — the set of natural numbers, that is, counting whole numbers, e.g. 0,1,2,3,4,...

Z the set of integers, that is, whole numbers which are positive, zero, or negative, e.g., ..., —3,—2,—-1,0,1,2,3, ...

={0,1,2,...,n — 1} — the set of integers modulo n

Q — the set of rational numbers, that is, those numbers which can be expressed as a ratio of integers a/b
(where b # 0), e.g. 1/2,0,—-3/5,7/2,7/3,5,... Note that a rational number can be written in more than
one way.

R - the set of real numbers, that is, those numbers which are rational or irrational, e.g. m, v/2, 3.5, 4, —285,
37.4568, logg(3), e, ...

C - the set of complex numbers, that is, those numbers of the form a + bi where ¢ = v/—1 and a, b are real
numbers, e.g., 5,2 + 44, —i,1/2 4+ 5i/7,. ..

) ) ) a+bi  (ac+bd)+ (bc — ad)i

(a4 bi)(c+ di) = (ac — bd) + (ad + be)i rdi o

Example A.0.2. (1 +2i)(3+4i) = (3—8)+ (4+6)i =|—5+10i]
1+2 _ (3+8)+(6-4)i _ E+3
3+4i  9+16 25 -

F™ - the vector space of all column vectors with n entries chosen from the field of scalars F
0 - zero vector

kerT = {x € X | T(x) = 0} — kernel of transformation 7 : X — Y

imT={T(x) €Y |z € X} — image (or range) of transformation T: X - Y

one-to-one — T'(u) = T'(v) implies u = v for the transformation 7' : X — Y. If T' is a linear transformation,
it is one-to-one iff ker T' = {0}.

onto — Vb € Y, 3z € X such that T'(x) = b for the transformation T': X — Y, that is, imT =Y.

m X n matrix — a matrix with m rows (horizontal) by n columns (vertical)
overdetermined system — m > n, more rows than columns (tall matrix)

251
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underdetermined system — m < n, more columns than rows (fat matrix)

echelon form — pivots form a downward staircase, with zeros below, rows of zeros at bottom

row reduced echelon form (RREF) — pivots are all 1’s and form a downward staircase, with zeros below and
above, rows of zeros at bottom

replacement — replace a row in a matrix with that row plus a multiple of another row, i.e. R; — R; + cR;

Interchange — interchanging or swapping two rows in a matrix, i.e. R; <— R;

scaling — multiple a row of a matrix by a scalar, i.e. R; — cR;



Appendix B

The Substitution and Elimination
Methods

Solving linear systems by graphing is very error-prone and problematic, even with the use of technology!
Although the geometric approach might be necessary to comprehend solutions to linear systems, algebraic
methods prove far superior to solving linear systems. In this appendix, we will discuss two such methods
typically presented in a pre-linear algebra setting, beginning with substitution.

B.1 The Substitution Method

The Substitution Method
1. Solve one equation for one of the variables.
2. Substitute the expression for this variable into the other equation.

3. Once you have determined one assignment, back substitute it into the equation from 1.

Example B.1.1. Solve the system by substitution.
20+ y = 1
3r + 4y = 14,
We will solve the first equation with respect to y. This gives us y = 1 — 2z. We next will substitute this
value of y into the second equation, giving:
3r+4dy=14 = 3zx+41-22)=14 = 3x+4-8& =14 = —bHr=10 = z=-2
We next back substitute x = —2 into the above equation. This gives y = 1 — 2(—2) = 1 4+ 4 = 5. Therefore,

the solution is | (—2,5) | "

Example B.1.2. Solve
r+ y— 2z =-1
dr — 3y + 2z = 16
20 — 2y — 3z = 5.

We will solve the first equation with respect to z : z = x + y + 1. We now substitute this expression into
both of the remaining equations.

{4x—3y+2(a:+y+1) 16 {61:— y+2 =16 {6x—y:14

20 — 2y —3(x+y+1) = 5 -z —5y—3 =25 —x — by = 8.
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We now have to solve a system of 2 equations with 2 unknowns. Again using substitution, notice that
y = 6x — 14. Plugging this into the last equation gives

—x—506xr—14)=8 = z-30x+70=8 = -3lr=-62 = z=2.

We now substitute this value into the above equation for y and get y = 6(2) — 14 = 12 — 14 = —2. Lastly,
we substitute both of these values back into above equation for x and get z = (2) + (—2) + 1 = 1. Therefore,

the solution of the system is | (2,—2,1)|. ]

Algebraically, one discovers that a particular system is inconsistent if during the process of solving one
runs into a contradiction or a individual solution which has no solution.

Example B.1.3. Find all solutions for
8r — 2y =5
—12z + 3y =7.

1 5
We will solve the variable x in the first equation, giving x = Zy + 3 Substituting this into the second

equation gives

1 5 15 15
<4y+8>+3y TT sy tET m g

which is a contradiction. Therefore, the system is and has no solutions. [

7,

B.2 The Elimination Method

The Elimination Method
1. Choose a variable to eliminate and adjust the coefficients of said variable so they are alternating.
2. Add the equations and solve for the remaining variable.

3. Back substitute the variable value into one of the original equations.

Now, we try the elimination method to solve a linear system.

Example B.2.1. Find all solutions by elimination for
2z — 3y =4
4z + 5y = 3.
We will eliminate the variable y. Notice that the coefficients of y are already alternating but we need a

common multiple. Between 3 and 5, the least common multiple is 3(5) = 15. Thus, we will multiply the
first equation by 5 and the second by 3. This gives

10z — 15y = 20
122 4+ 15y = 9.

29
If we add the equations, we get 22z = 29 = ¢ = 2" Plugging this x value into either equation will give the

y-value. Alternatively, we could start the elimination process over again by canceling out the z this time.
To do so, we will multiply the first equation by -2 and the second by nothing. This gives

—4z 4+ 6y = —8
dr + by = 3.
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5 29 5
If we add the equations, we get 1ly = —5 = y = TR Therefore, (22, —11> is the solution of the

system. [

Example B.2.2. Solve
r—2y— z = 8
20 =3y + z = 23
4z — S5y + 5z = 53.

First, we will eliminate z from the system, which means eliminating x from the first pair of equations and
from the second pair of equations. With the first pair, multiply the first equation by —2 : —2z+4y+2z = —16.
When we add the first 2 equation together, we get y + 3z = 7. Next, we eliminate x from the second pair
of equations. We will multiply the second equation by —2, which gives —4x + 6y — 22 = —46. After we add
this equation with the third, we get 3y + 9z = 21. We now have to solve the 2 x 2 system

y+3z2 =7
3y + 9z = 21.
But upon further inspection, we notice that the first equation is 3 times the second equation. Therefore, the
equations are dependent and the system has infinitely many solutions.

In order to get the general form of the solution, notice that we have y =7 —3zand 2 =2y +2+8 =
2(7—3z) + z+ 8 = =5z + 22. Therefore, the general solution has the form ‘ (—=bz 4+ 22,7 —3z,2) ‘ [
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Appendix C

A Primer on Set Theory

The mathematics of sets is a topic relevant to a firmer understanding of linear algebra. On the other hand,
many readers have not taken a formal study of sets or logic. In this appendix, we include a cursory overview
of the main ideas of elementary set theory and its notation, which should be sufficient to understand set
theoretic terms discussed throughout this book.

C.1 Sets

Definition C.1.1. A set is a well-defined collection of distinct objects. The objects of a set are called its
elements. By well-defined, we mean that there is a rule that enables one to determine whether a given
object is an element of the set or not. If a set has no elements, it is called the empty set and is denoted

or {}.

A set to us means a collection of elements. Those elements could be numbers, colors, people, pokémon, or
other sets! Although in linear algebra, the sets we consider are nearly always collections of vectors. Typically,
sets will be denoted by capital alphabet letters such as A, B, C, etc. and elements with lower case letters
such as a, b, c, etc.

Example C.1.2. Some sets are defined by describing their contents, e.g.:

(i) The set of all even numbers.
(ii) The set of all books written about travel to Chile.
(iii) The set of all purple unicorns named Hank whose image is contained in these lecture notes.

Note that the last set is actually the empty set, 0. n

A set is usually specified either by listing all of its elements inside a pair of braces or by stating the
property that determines whether or not an object x belongs to the set. We might write

X = {mlaan"wxn}
for a set containing elements x1, s, ..., x, or
X = {z | x satisfies P}

if each z in X satisfies a certain property P. This second method of defining a set is typically called set-
builder notation.

257
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Because elements in a set are distinct, we do not let repeats occur in a set. In other words, the sets
{1,3,2,2} and {1, 3,2} are the same, that is,

{1,3,2,2} = {1,3,2}.
Also, the order or arrangement of the elements in a set is irrelevant. So,
{1,2,3} ={1,3,2} = {3,2,1}.

Definition C.1.3. When considering if an object is an element of a set or not, the symbol € means “is an
element of” and ¢ means “is not an element of.”

Example C.1.4. Let A = {1,2,3,4}. To denote that 2 is an element of the set A, we write 2 € A. To
denote that 5 is not an element of A, we write 5 ¢ A. L]

Some famous sets include:

N = {n]|n is anatural number} = {0,1,2,3,4,...};

Z = {n|nisaninteger} ={...,-2,-1,0,1,2,3,4,...}

Q = {r|risarational number} = {p/q | p,q € Z where q # 0};
R = {z|=x is areal number};

C = {z]zisa complex number}.

Definition C.1.5. For a set X, the symbol | X]|, called the set’s cardinality, is the number of elements
inside the set not counting repetitions.

C.2 Subsets

One can compare real numbers by determining whether one is bigger than the other or if they are the same.
A similar comparison exists for sets.

Definition C.2.1. Let A and B be two sets. If A and B have exactly the same elements as each other,
then A = B.

If every element of A is an element of B, then A is a subset of B and we denote this as A C B. For

example,
{1,2) € {1,2,3}.

Example C.2.2. Consider the three sets A = the set of all even numbers, B = {2,4,6}, and C =
{2,3,4,6}.

Here, B C A since every element of B is also an even number, so is an element of A. Of course, B # A
since 8 € A but 8 ¢ B. So, B C A.

It is also true that B C C. On the other hand, C' € A since 3 € C but 3 ¢ A. n

Note that for any set A, we always have ) C A and A C A.
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C.3 Set Operations
Definition C.3.1. If A and B are sets, then the intersection of A and B, denoted
ANB:={z|z € Aand z € B},

is the set consisting of elements that belong to both A and B.

The union of A and B, denoted
AUB:={z |z € Aorzec B},

is the set consisting of elements that belong to A or B (or both).

Two sets are called disjoint if their intersection is empty.

Example C.3.2. Let A= {1,3,5,8}, B={3,5,7}, and C = {2,4,6,8}.

(i) ANB=|{3,5}

(i) AUB=|{1,3,5,7,8}

(iii) To calculate BN (AU C), we first calculate AU C.

AUC ={1,2,3,4,5,6,8}.

Bm(AUC):. .

Then

Example C.3.3. Consider the sets A = {red, green, blue} and B = {red, yellow, orange}.
(i) Find AU B.

The union contains all the elements in either set, that is, AUB = ‘ {red, green, blue, yellow, orange} ‘

Notice that even though red is included in both sets, we only list red once.

(i) Find AN B.

The intersection contains all the elements in both sets, that is, AN B =| {red} |. n

Definition C.3.4. Given sets A and B, we can define a new set A X B, called the Cartesian product of
A and B, as a set of ordered pairs. That is,

Ax B={(a,b)|a€ Aandbe B}.

Example C.3.5. If A= {z,y}, B=1{1,2,3}, and C =0, then A X B is the set

AxB= {($7 1)7 (.%’,2)7 (1‘,3), (y7 1)7 (y72)7 (:‘/73)} and AxC =0. n
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C.4 Functions

Definition C.4.1. We say that a relation f C A x B is a function (or mapping) from set A to set B,

denoted f: A— Bor A ER B, if each element a € A occurs in exactly one ordered pair of the form (a,b) in
f, that is, each a € A is related to exactly one b € B. This unique element b is called the image of a with
respect to f, and this unique relationship is expressed as f(a) =bor f:a > b.

The set A is called the domain of f, the set B is called the codomain of f, the set
f(A) ={f(a) [a c A}
is called the image (or range) of f, and, any subset X C B, the set
fHX) ={a€ A] f(a) € X}
is called the pre-image of X with respect to f.

Finally, an operation is a function of the form f: A x B — C. One should think of an operation as a
process of bringing two objects together and creating a third object.

Example C.4.2. Let A={1,2,3,4} and B = {1,2,3,4,5}. Define the relation f by

f= {(17 2)7 (27 2)7 (374)7 (47 1>}

We see that this is a function because every element of the domain A appears exactly once as the first
coordinate of some ordered pair in f. Note that this condition only applies to the first coordinate. There is
no requirement that every element of the codomain B appear. For example, we have

f(1)=2,f(2)=2, f(3) =4, and f(4) = L.
Thus, there is no element of A which maps onto 3 or 5. This shows us that the range is given as
f(A) ={1,2,4} € {1,2,3,4,5}.

In general, the range need not equal the codomain of the function.

It is common to illustrate a function using cir-
cles for the domain and codomain and arrows to
indicate the relation. The illustration to the right
provides such a diagram for this function.

=W N
y
Uk W N~

Next, we compute the pre-images of each element.

=4 @={12y, 6)=0 f@={3, f'6G)=0

We see that some of pre-images are empty. This is because those elements were outside of the range of the

function. .
Example C.4.3. Let A = {1,2,3,4} and B = Then g is not a function since there are two or-
{1,2,3,4,5}. Define the relation g by dered pairs of the form (1,x), specifically (1,1)

and (1,2). As such, the assignment of z = 1 from

9= {(13 1)> (27 1); (373)7 (4a 3)7 (13 2)}
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the domain has no clear association with an ele-
ment in the codomain since two distinct elements

appear. Note that g(1) _

!

|

is ambiguous. When looking at the diagram, we can see this by noticing two arrows coming out of the same
point. On the other hand, having two arrows pointing to the same element in the codomain is not a problem.

Likewise,

h = {(1’ 1)7 (27 1)’ (373)}
fails to be a function. While there are no multi-
ple assignments given to a single element of the
domain, not all elements of the domain have an
assignment. More specifically, h(4) is undefined.
When looking at the diagram, we can see this by
noticing no arrow

=W N =
\
U W N =

coming out of one of the elements in the domain. On the other hand, having no arrow point to an element
in the codomain is not a problem. [
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Appendix D

Solutions to Select Exercises

Chapter 1 : Introduction to Linear Algebra

1.1 Linear Systems

1. yes 2. yes 3. no 4. no
5. no 6. no 7. yes 8. no
& 9. no ® 10. no & 11. yes ® 12. no

13. no 14. no 15. no 16. yes 17. no

18. mno solution, 19. infinitely many so- 20. no solution, 21. unique solution,
inconsistent lutions, consistent inconsistent consistent

22. consistent, 23. consistent, 24. inconsistent 25. consistent,
unique solution multiple solutions unique solution

. consistent, 28. consistent, 29. consistent,
multiple solutions unique solution multiple solutions
Y
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30. inconsistent 31. consistent,
unique solution

32. homogeneous, (0,0) 33. nonhomogeneous & 34. homogeneous, (0,0) & 35. nonhomogeneous
36. nonhomogeneous 37. nonhomogeneous 38. nonhomogeneous 39. nonhomogeneous
& 40. homogeneous, (0,0,0,0) 41. nonhomogeneous & 42. homogeneous, (0,0,0,0,0)
T+ y— 2z =5
43. ¢ 3z — y+ 2z =11
—x+2y—4z = 0
44. Tt is consistent since it is homogeneous. For z (2,9, 2)

example, (0,0,0) is a solution. This is, in fact,
the only solution. A sketch of the three planes

shows they intersect at a single point. & 45. s (5,8,3)

1| (4,-4,-1)
—2|  (3,-7,-2)

7 | (m+5,31—1,7)

& 46. Hint: Have you done Exercises 32-44 yet?

1.2 Fields

1. Equality of integers is when the numbers are exactly the same. Congruence, on the other hand, is only
when the remainders are equal, when divided by p. Additionally, congruence depends on the modulus,
that is, two integers can be congruent with respect to one modulus but not another, e.g. 3 =8 (mod 5)
but 3 # 8 (mod 7). In contrast, equality is not relative but absolute.

2. False. The remainder a (mod n) is read “a modulo n” and n is called the modulus of Z,.
3. True

4. False. Modular division a/b (mod n) is defined by multiplying by the inverse of b with respect to
modular multiplication.

5. False. The set Zy, is a field with respect to modular addition and multiplication if and only if n is a
prime number.

6. False. If 0 < a < n, then a (mod n) = a.
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7.3 8. 4 9.0 10. 3 11. 4 12. 2 13. 5
A 14 4 a5 2 16. 3 17. 1 a8 1 A 19 11
& 20. 6 21. 2 22. 1 23. 0 24. 3 25. 7

26. —1 Y 7% 428 1% 29 6 30. 1 a3l 1 a32. 3
A 332 A345 35. 3 36. 1 37. 2 38. 8

39. 2 40. 1 411 42.5 43. 6 44. 3

& 45. Hint: As Zg only contains six elements, one could check that the equation has no solution by trial and
error. The lack of solution to this equation results from the fact that 2 has no multiplicative inverse
modulo 6. In fact, 2(3) =6 = 0 (mod 6). Thus, if 2 did have a reciprocal, then 0 would necessarily
have one too. Now, we do not divide by zero. Not ever! The dinosaurs made that mistake and where
are they now?

1.3 Vector Spaces

1. False. For any vector space V, 0 € V.

3 1 9 -9 8 4
2 3. 4 6 7
9 8 20 N5 | g - | 10 - | 14
- 27 5 16 6
I 14 i mti6 23
8 | o 9. | 32 10. | 77 +4 11. | 19
| 1 28 | 5 19
—17+26i —8 4 4i 14 5i
12. o & 13 14.
| 20 3+ 5i 4i
—3+ 44 —24+ 92 1—4i 21 + 221
15. 16.
9 4 19 o8 171 —3-14i 18. | 20+ 12i
B B | -5 24 +21i
2 3 [ 1 [ 1 2 1
19. ' 20. . a2 | 22. | 1 23. | 1 2. | 4
) |0 |1 0 4
4 2 2
3 0 2
o 25. 26. 27.
0 2 2
2 4 1

& 28. For (iv), note 0 = 00 = (c0)0 = ¢(00) = 0.
For (v), u + (—1)u = lu + (—1)u = (1 — 1)u = Ou = 0. Therefore, (—1)u = —u.
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& 29.

® 30.

# 3L

® 32.

® 33

1.4

L 8

[ X3

[ Y68

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

Let ag + a1 + agz? + ... + an@™, by + biw + box® + ... + by2™ € P,. Then (ag + a1x + azx? +... +
anx™) + (bg + b1z + box? + ... + bya™) = (ag + bg) + (a1 + by)x + (az + b2)x? + ... + (an + by)z™.
Since F' is a field, a; + b; € F for all i. Thus, the sum is a vector in P,. Similarly, if ¢ € F, then
clap + ar1m + agz? + ... + apx™) = (cag) + (cay)x + (caz)x?® + ... + (ca,)z™ € P, since ca; € F for all
1. Therefore, P, is a vector space.

0 0 0
0l o|=1|01]#]| 0| over R3 This violates Theorem 1.3.8 (iii).
1 1 0
0 0 0
0l o|=1]01]%#]| 0| over R This violates Theorem 1.3.8 (iii).
1 1 0
1 —1 1
10| = 0 | # | 0 | over R®. This violates Axiom (wiii) from Definition 1.3.1.
0 0 0
1 0 1
1lo|=]|0]#/| 0| over R% This violates Axiom (viii) from Definition 1.3.1.
0 0 0

Linear Transformations

. yes, T(u+v) = T(—1,5) = (=2,0,4), T(u) + T(v) = (=6,0, —2) + (4,0,6) = (—2,0,4)

yes, T(cv) = T(—3,-12) = (—12,0,—18), ¢T'(v) = —3(4,0,6) = (—12,0, —18)

(z1+22) + (Y1 + y2) (z1+y1) + (22 + y2)
Z1 T2 1+ T2
T + =T = 0 — 0
n Y2 Y1+ Y2
2(z1 + x2) + 3(y1 + y2) (2z1 + 3y1) + (22 + 3y2)
T1+ Y1 To + Y2 T1 T2
= + =T + 7T
221 + 31 229 4 3y2 (7 Yo
and
cx + cy c(x+y) T+y
x cr x
T]|c =T = 0 = c0 =c 0 =cT
Y cy Yy
2(cx) + 3(cy) c(2z + 3y) 2x + 3y
Therefore, T is linear.
T(1,2) = (3,0,8), T(5,—2) = (3,0,4) &5 kerT = {0}

yes, T(za _1) = (Loa 1)

& 7. T is one-to-one since kernel is trivial. T' is not onto since (0,1,0) ¢ im T
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x1 Y1 T1+ Y1
(z1+y1) + (23 + y3) x1+y1+x3+ys
8. T IQ + y2 = T IQ _|_ y2 = =
(21 +y1) + 3(22 + 12) T1 + Y1 + 332 + 3o
x3 Y3 | T3+ U3
T T n
T1+ T3 Y1+ Y3
= + =T Z2 +T Y2
x1 + 322 Y1+ 3y2
- T3 L Y3 |
and
il CT1 7 B
(cx1) + (cx3) c(xy + x3) T1 + 23
T C To = T CcTo = = = ¢ —
(C.Z'l) + 3(0172) C(Il + 31‘2) 1 + 3172
T3 CI3 - -
z
cT To . Therefore, T is linear.
T3
0 1 3
0 3
9.7 o | = T 1 | = 10. ker(T) =t | —1 teR
0 4
0 2 -3
1 143t
1 1
11. yes, for example T | o | = . In fact, T —t = for any t € R
1 1
0 —3t
0
by
12. T is not one-to-one since ker(7T") # {0}. T is onto since for any b = we have that T' | p,/3 | =
ba
by
0+ by b1
0+ 3(b2/3) ba

(x1 +22) + (11 +12) — 2(21 + 22)
13. T((z1,y1,21) + (72,2, 22)) = T(x1 + T2, Y1 + Y2, 21 + 22) = =
—(y1 +y2) + (21 + 22)

x1+x2+y1+y2—2z1—2zQ $1+y1—221 l‘2+y2—222
= + = T(z1,y1,21)+T (22, Y2, 22)
—Yy1 — Y2t 21+ 22 —Y1 + 21 —Yo + 22
(cx) + (cy) — 2(cz) clz+y—22) x+y—2z
and T(C(JZ, Y, Z)) = T(Cl‘, ry, CZ) = = =cC =
—(cx) + (cz) co(~y+2) —y+z

T (x,y,z). Therefore, T is linear.
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& 14

& 17
& 18

19

21.

22.

23.
24.

25.

A 26.
» 27
A 28
A 29.

30.

31.

32.

33.

34.

35.

36.

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

(1,2,3) = (=3,1),  15. yes, T(3,3,3) = (0,0) & 16 kerT = {t(1,1,1) | t € R}

. yes, T(2,1,0) = (3,-1)

. T is not one-to-one since kernel is nontrivial. 7T is onto since im 7' = R?. Note that T(b1+be, —bo,0) =

(b1,b9).

. T(1,3,2) = (7,6, —6) 20. yes, T(1,—-1,1) = (1,6,2)

(Answers may vary). Note that T'(2,0,0) = (0,8,0) # (0,12,0) = 2(0,6,0) = 27(1,0,0). Thus, scalar
multiplication is NOT preserved. Thus, T is not linear.

(Answers may vary). Note that T'(1,2,3)+7(0,1, —4) = (2,5)+(2,5) = (4,10) # (2,5) =T7(1,3,-1) =
T[(1,2,3) + (0,1, —4)].

No, the only vector in the image of T is (2, 5).

T is not one-to-one since 7'(1,2,3) = (2,5) = T(0,1,—4) but (1,2,3) # (0,1,—4). Likewise, (0,0) ¢
im7T = {(2,5)}.

T((w1,y1, 21, w1) + (22,92, 22, w2)) = T (21 + T2, y1 + Y2, 21 + 22, w1 + wa) = (v1 +22) + (Y1 + y2) +
(21 + 22) + (w1 +w2) = (71 +y1 + 21 +wi) + (T2 +y2 + 22 + wa) = T(21, Y1, 21, w1) + T (22, Yo, 22, w2)
and T(c(z,y, z,w)) = T(cx, cy, cz,cw) = (cx) + (cy) + (c2) + (cw) = c(x + y + z + w) = T (z,y, 2z, w).
Therefore, T is a linear transformation.

7(1,0,0,1)=0,7(1,0,1,1) =1

ker T = {(0,0,0,0),(1,1,0,0),(1,0,1,0),(1,0,0,1), (0,1,1,0),(0,1,0,1),(0,0,1,1),(1,1,1,1)}
yes, T'(1,0,1,1) =1

T is not one-to-one since kernel is nontrivial. T is onto since im T = Zy = {0, 1}.
T(1,2)=1,T7(5,2)=0

T(1,0,1)=(2,4,1),T(1,2,3) = (3,2,0)

r+2y+ z =2
no, the linear system { 2z + 2y + 2z =2 (mod 5) is inconsistent.
3z +4y+ 32 =3

Tx+y)=T{(x1, yxpn)+ W1, yn)) =T(@14 Y1, Tn+yn) =ar1(x1+y1)+. ..+ an(Tn+yn) =
11 + a1y1 + ..o F any + anyn = (@11 + ... apzy) + (a1 + oo Fan +yn) = T(21,. ., 20) +
T(y1,...,yn) = T(x) + T(y) and T'(cx) = T(c(z1,...,2,)) = T(cx1,...,cxn) = ar(czy) + ...
an(cxy) = c(a1x1) + ... + clanzy) = clarxr + ... + apxy) = Tz, . ..,2,) = T'(x). Therefore, T is
linear transformation.

The transformation T is NOT one-to-one if n > 1. To see this, note T(ag, —aq,0,...,0) = aras —
aza; +0+...4+40 =0 = T(0,0,...,0). If n = 1, then T is one-to-one if and only if a; # 0 since
T(x1)=T@) = wari=ayr = o1 =y.

The transformation T is onto if and only if a; # 0 for at least one i. To see this, let ¢ € F'. Without
the loss of generality, suppose that a; # 0. Then (¢/a1,0,...,0) € F™ and T(c,0,...,0) = a1(c/a1) +
a2(0) + ...+ a,(0) =c.

Proof. If n =1, then T'(c1x1) = 1T (1) since T is a linear transformation. Suppose next that we have
shown that T'(c1x1+...+cpn—1@pn_1) =ca1T(x1)+... + cn1T(@p-1). Let x =1 +... + cno1@p—_1.
Then

T(c1x1 4 ...+ cpn1@Tn-1+ cnn) =T(x + cpxy) = T(x) + T(chzy,) =,
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since T is a linear transformation. Furthermore,
T(x)+ cpyT(xn) =T(1x1 + ...+ cne1@n-1) + T (xyn) = a1 T(x1) + ... + cn1T(@n-1) + e T(xy),
by our previous hypothesis. In particular,
T(0) = T(00) = 0T'(0) = 0,
by Theorem 1.3.8 (iii). Therefore, (1.4.1) holds for all natural numbers n. "

Proof. Assume that T is a one-to-one linear transformation. By Proposition 1.4.3, 0 € ker T. Hence,
{0} C kerT. Let 2 € kerT. Then T'(x) = 0. By Proposition 1.4.3, T(0) = 0. Since T is one-to-
one, this implies that & = 0. Therefore, ker T C {0}, which shows the first direction ker 7" = {0}.
Conversely, assume that ker 7' = {0}. Let u,v € X such that T(u) = T(v). Then T(u) — T'(v) = 0,
implying T'(u — v) = 0. Thus, u — v € ker T. By assumption, u — v = 0, which implies that u = v.
Therefore, T is one-to-one. This shows that T is one-to-one if and only if ker 7" = {0}.

Assume T is onto. By definition, im7 C Y. Let y € Y. Since T is onto, there exists some & € X such
that T(x) = y. As T(x) € im T by definition, we have y € imT. Therefore, Y C im T, which shows
the first direction im7T = Y. Conversely, assume that im7T =Y. Let y € Y. Then y € im T, which
means that there exists some & € X such that T'(x) = y. Therefore, T' is onto. This shows that T is
onto if and only if im7T =Y. [

Augmented Matrices

(1] o |o 2214—1 0 [2] 1 3]0
. 3. 10 o [1] 2 |o
0o [1]]o 0o [1] 3 5] 0 7o

L - 0 0 0
free variables: none free variables: x3, x4 free variables:
]

4 2 6|1 35 0 1|1
0 2 12 0 4 1 2|2
0 0 0 3 5 10 0o 13
0 0 0 0]0 0 0 0 0 4
free variables: x3 0 0 0 0 015

free variables: 3

0 0 : 2 0 -3 00 0

0 0 1o o 5 8. 10 0 0

0 0 RREF, rank 2 00 0
RREF, rank 3 RREF, rank 0

0 00 10. { _9 4 5]

00 0 echelon form, rank 1 1 0

00 0 12.1 o [1] o

00 0 11.23456] 0o o [1]

RREF, rank 0 RREF, rank 1 echelon form, rank 3
[ 0 0 RREF, rank 1
13. 0O 0 0
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14.

16.

19.

A 22

A 25.

26.

29.

31.

32.

35.

1] 2 4 -3
0 0 [1] 5

echelon form, rank 2

‘[l 6 5 o
0o 0 o0 [2]
0 0 0 0

echelon form, rank 2

NOT echelon form

NOT echelon form

NOT echelon form

NOT echelon form

NOT echelon form

1] o 2 1|5
0 [4] 3 2|6
L0 0 0 [3]]2
(9 4 2] 6
3 5 2|7
3 17 8|24

10 -7 2 —4110
3 4 -3 1120
1 0 4 0|73

0 6 -3 2|10

17.

® 20.

A 23.

27.

30.

A 33.

36.

APPENDIX D.

[1] 0o 0o o
0 0 [2] o
L0 0 0 [1]

_63
0 [4]|12

echelon form, rank 2

_ 2 3 4|5
0 [6] 7 8|9
0 0 0 [3]|4
echelon form, rank 3
0 3 015
0 7019
0 0 0 2
RREF, rank 3
-5 %
0 1

0 0 O
echelon form, rank 2

\

—_

_003
0 [7] o o |4

0 0

wt

0 0 0 010

3 -1 0
0 -2 5
1 7113

SOLUTIONS TO SELECT EXERCISES

echelon form, rank 3

(2] 4+ 3|6
18. 0 6 |2
0 0 4
echelon form, rank 3
_ 2 3 4|5
a2l | 0 7 8|9
i 0 0 0 0]2
echelon form, rank 2
_ 0 3 45
a24 | 0 7 89
i 0 0 0 0]2
RREF, rank 2
0 3]0
28. 0 % 0
0 0 0]1
RREF, rank 2

echelon form, rank 3

1 1 111
A 34
-2 —6 1|12
13 xr1 — 2(L’2 - 3‘%3 = —4
37 To —|— 21‘3 =
9 —214 — 23 = 8
12



A 38.

41.

A 44

45.

46.

49.

' Y518

54.

o7.

99.
60.

3x—2y—z: 4 dr —y — 2z + bw = 12 122 + z- %w=3
- B B 9y + 21z + 2w = —9

+3z =-3 ® 39. 3z tw=>5 40. 14z — Ty + 36w = 67

0= 2 T =0 3x+4y — Tz 4 19w = 2
—18z + 224+ Tw = 1

3r+3y —3z = 3 h 42, 2y + 5z =10 & 43. y = —5/2
—by+4z =-1 20 4+ Ty — 2z =0 x4+ Ty = 13

r+ y+ 2z =1
—4dy+ 3z =14

v+ y—2z =10
5:v+5y+9z = 8 (mod 11)

{2z+2y = 5 rT— y+3z =6 3r — y = 0

z =

1 3 2|3 00 0 0] O 1 2 3 —-1]|2

01 7|1 47. 11 2 3 4| 5 48. 10 13 55

0 0 1]0 4 4 6 8|17 0 0 0 11

1 1 23 1 2 3 6

12 2|3 90. o -1 —2|-11

9 4 7|2 0 0 0 16

1 0 3|3 1 1 2 03 1 0 2 2|1

3.2 1[4 #52. (2 00 1|0 #5301 3 1|2

0 0 0]2 1 0 0 00 01 2 3|4

Interchange Rows 1 and 2. 59. Interchange Rows 1 and 3, 56. Replace Row 2 with Row 2 — 3Row 1,

replace Row 1 with Row 1 — Row 2, scale Row 2 by %

scale Row 1 by %

Replace Row 2 with Row 2 — 3Row 1, 58. Replace Row 1 with Row 1 — 6Row 3,
replace Row 3 with Row 3 — 2Row 1, replace Row 2 with Row 2 — 2Row 3,
replace Row 4 with Row 4 + 2Row 1 replace Row 4 with Row 4 — 3Row 3

(2,4,1)

Proof. Consider two linear equations

R;:apnwy + apxe + ... FapmT, = b

Rj 10121 + QT2 + .o F GjnXy = bj

Note that Interchange switches the order that equations R; and R; are listed in a system, but the
actual equations involved are still the same. A solution to a linear system is an assignment which
satisfies all equations. The order of the equations makes no effect on whether a specific assignement
satisfies the equation or not. Thus, Interchange does not change the solution set of a linear system.
In other words, two linear systems row equivalent by a single Interchange operation (R; <> R;) are
equivalent.

Suppose that (s1,s2,...,5,) is a solution to R;. Thus, a;1(s1) + ... + @in(sn) = b;. Let ¢ € F be a
nonzero scalar. Then

(cain)(s1) + ...+ (cain)(sn) = c(ain(s1)) + ... + c(ain(sn)) = c(ain(s1) + - .. + ain(sn)) = c(b;) = cb;.
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Therefore, (s1,...,8,) is a solution to the linear equation (ca;1)x1 + ... + (cain)x, = cb;, that is, a
solution to cR;. Thus, the solution set of R; is contained within the solution set of cR;. But, by similar

reasoning, R; = —(cR;), which implies that the solution set of ¢R; is within the solution set of R;.
c

Thus, these two equations have the same solution set. As the solution sets of the old equation (R;)
and the new equation (cR;) are the same, the solution set of the linear system does not change by this
operation. In other words, two linear systems row equivalent by a single Scaling operation (R; — cR;)
are equivalent.

Suppose now that (s1, s2,. .., S,) is a solution to R; and R; and ¢ € F is any scalar. Then

(ain + caji)(s1) + ...+ (ain + cajn)(sn) = (ai(s1) + caji(s1)) + ... + (ain(sn) + cajn(sn))
= (a1 (s1) + ...+ ain(sn)) + ((caji)(s1) + ...+ (cajn)(sn))
= ((17;1(81) + ...+ am(sn)) + c(ajl(sl) + ...+ ajn(sn)) = bl + C(bj) = bl + ij.

Therefore, (s1,...,5,) is a solution to the equation (a;1 + caji)xi + ... + (ain + cajn)T, = b; + cbj,
that is, the equation R; +cR;. Thus, the intersection of solution sets of R; and R; is contained within
the solution set of R; + c¢R;. But, by similar reasoning, R; = (R; + c¢R;) — cgj, which implies that
the intersection of solution sets of R; + cR; and R; is contained within the solution set of R;. As the
intersections of the solution sets of the old equation (R;) with R; and the new equation (R; + cR;)
with R; are the same, the solution set of the linear system does not change by this operation. In
other words, two linear systems row equivalent by a single Replacement operation (R; — R; + cR;)
are equivalent.

Suppose that two linear systems are row equivalent. Then there exists a sequence of elementary
row operations transitioning the first system into the second. At each elementary row operation, the
solution set of the original system is the same as the solution set of the transformed system. Thus, the
solution set of first linear system is the same as the solution set of the last linear system. Therefore,
row equivalent linear systems are equivalent. [

61. Proof. Consider the linear system

aj1ry + ajare + ...+ appm, = by

Am1T1 + Qa2 + ..+ ATy = by,

Suppose this linear system is consistent and has a free variable. Say this free variable is z;. Then there
exists a solution for which x; = 0 and another solution for which x; = 1. Therefore, the linear system
has multiple solutions.

Suppose this linear system has multiple solutions, say (s1, s2,...,Sn) and (t1,t2,...,t,). Then clearly
the system is consistent. As they are two distinct solutions, they must disagree on at least one entry,

t._ Q.
! Candb:C Sl_.Note

i Si i Si

say s; # t;. In particular, ¢t; — s; # 0. Let ¢ € F be any scalar. Let a =

ti—c c—s; ti—c+tc—358; t;—8;

that a +b = — =2 + L == ® = 1. Then we claim that as -+ bt is a solution
ti—Si ti—Si ti—Si t,‘—Si

to the linear system. Note

ajl(a51+bt1)+. . .—I—ajn(asn—kbtn) = a(aj131—|—. . .—|—CLjTLSn)—|—b(CLj1t1—|—. . .+ajntn) = a(bj)—i-b(b]) = (a+b)bj = bj,

which proves the claim. Finally, we note that the ith entry of as + bt is

ti—c c— 8 siti — sic+t;c— sty tic— s;c ti — 8;
CLS7,+th: i (51)+ l(tz): ilg i i il i —¢c i i _
ti—Sl‘ ti—Si ti—Si ti—Si ti—Si
As c is arbitrary, x; is a free variable, as it can take on freely any value of the field F. n

62. Proof. By Theorem 1.5.1, we may assume without the loss of generality that the linear system is in
row reduced echelon form. If a linear system has a row of the form 0 = b for some nonzero scalar b,
then there is no vector which solves this row, that is, the solution set of the equation 0 = b is empty.
The solution set of the linear system is a subset of this. Therefore, the linear system has an empty
solution set, which means it is inconsistent. Conversely, suppose the linear system has no such row.
Then the linear system can be solved by Back-Substitution. Therefore, the linear system is consistent.
The rest of the result follows from Theorem 1.5.8. [
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Reduction of Linear Systems

2 0

0 0 ’
loE 0

0 0
1] 2 3 0 0

0 3 |~ o0 0 |
0 0 0 0
_ 2 2 1 0

0 [-3] -6 4|~ 0
00 0 0 0 0
_ 5 6 -5 | _ 0

0 33 0

0 0 61 0 0

o 0 o |52 0 0

replace Row 2 with Row 2 — 3Row 1,
replace Row 4 with Row 4 + 3Row 1,
interchange Rows 2 and 3,

replace Row 3 with Row 3 + 15Row 2,

2 0] 9 0 0
0 416|~]0 0
0 o [5]jw0| | o o0
'8 16 ol2a] [[] o o
0 [9] 18] 9|~ 0 0
0 0 8] Lo o

OHO

11

Wik wlwt

o

273

replace Row 2 with Row 2 + 4Row 1
1

scale Row 2 by IEL

replace Row 1 with Row 1 — 2Row 2

interchange Row 1 and Row 2
replace Row 2 with Row 2 — 2Row 1
1

scale Row 2 by -
replace Row 1 with Row 1 — Row 2

1
scale Row 1 by 3

replace Row 2 with Row 2 — 2Row 1,
replace Row 3 with Row 3 — 2Row 1,
scale Row 2 by —1, scale Row 3 by —1
replace Row 2 with Row 2 — 3Row 3,
replace Row 1 with Row 1 — 3Row 3,
replace Row 1 with Row 1 — 2Row 2

replace Row 2 with Row 2 — 2Row 1,
replace Row 3 with Row 3 — Row 1,

replace Row 3 with Row 3 — Row 2,

scale Row 2 by —%7

replace Row 1 with Row 1 — 2Row 2

replace Row 4 with Row 4 — 20Row 2,

42
replace Row 4 with Row 4 + %ROW 3

25
scale Row 4 by 12’

replace Row 1 with Row 1 + 5Row 4,
replace Row 2 with Row 2 — 3Row 4,
replace Row 3 with Row 3 — 61Row 4,
1
1 by —
scale Row 3 by 55

replace Row 1 with Row 1 — 6Row 3,
replace Row 2 with Row 2 — 3Row 3,
replace Row 1 with Row 1 — 5Row 2

1
scale Row 2 by 2

1
scale Row 3 by R

replace Row 2 with Row 2 — 2Row 3
replace Row 1 with Row 1 — 2Row 2

interchange Rows 2 and 3,

1
scale Row 1 by 3’

1
scale Row 2 by 7
1
scale Row 3 by T
replace Row 2 with Row 2 — 2Row 3
replace Row 1 with Row 1 — 2Row 2
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_ 0 6 9
8.1 0 4 0 ~
0 0 0
oo — 2+ 5i
10 ?
1 12 0
all ~
0
(2] 1 2
a12. | o 6 0
00 0
3.6
13. 1 0 5 0
0 0 0
interchange Rows 1 and 2,
[ o o
| ! !
0 0 0
0 0 0 0

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

(mod 17),

(mod 7),

0

1] o
0 [1]

(mod 7),

1
scale Row 1 by 3

1
scale Row 2 by 2

1
scale Row 3 by 3
replace Row 1 with Row 1 — 3Row 3

1
le Row 1 by ——
scale Row 1 by 1——,
replace Row 2 with Row 2 — (2 — i{)Row 1
1

—6—6i’
replace Row 1 with Row 1 — (2 + 5i)Row 2

scale Row 2 by

1
le Row 1 by ———
scale Row 1 by =—-,
replace Row 2 with Row 2 — (=5 + i)Row 1

1
le Row 2 by ——
scale Row y4+9i7

replace Row 1 with Row 1 — (2¢)Row 2

1
scale Row 1 by 5= 9 (mod 17),
replace Row 2 with Row 2 — 5Row 1,

1
scale Row 2 by e 9 (mod 17),
replace Row 1 with Row 1 — 12Row 2

interchange Rows 1 and 2,
replace Row 3 with Row 3 — 3Row 1,

2
replace Row 3 with Row 3 — gRow 2 =
Row 3 — 6Row 215 Row 3 + Row 2
scale Row 3 by 5= 4 (mod 7),

replace Row 2 with Row 2 — 6Row 3,
replace Row 1 with Row 1 — 2Row 3,

1
scale Row 2 by 5= 3 (mod 7),
replace Row 1 with Row 1 — Row 2,
1
scale Row 1 by 3= 4 (mod 7)

replace Row 2 with Row 2 — 2Row 1,
scale Row 2 by —1 =6 (mod 7),
replace Row 3 with Row 3 — 5Row 2,
scale Row 3 by £ =3 (mod 7),
replace Row 1 with Row 1 — 6Row 3,
replace Row 2 with Row 2 — 5Row 3,
replace Row 1 with Row 1 — 3Row 2

replace Row 2 with Row 2 — 1Row 1,
replace Row 3 with Row 3 — 3Row 1,
replace Row 4 with Row 4 — 1Row 4,
scale Row 2 by 2 =4 (mod 7),
replace Row 3 with Row 3 + Row 2,
replace Row 4 with Row 4 — 4Row 2,
interchange Rows 3 and 4,

scale Row 3 by £ =3 (mod 7)



15.

17.

19.

20.

22.

A 24

26.

& 28.

3 21

inconsistent

2 2|6
inconsistent

1 -1
2 0
x =(8,2,0)
0 3 -2
6 2 1
z=(1,2,3)

2 -2 -

2 3

3 2
inconsistent

2 3 —4
x = (5,—8,—4)

1

3 8 3|5

0 3 1|6

2

1

0

0
12

13

2

0

~

-3 |16

4

1 -1 301
0 5 —10|0 | 16
0 0 -1|4
3 2 11
0 3 1]2 |, 18.
0 0 04
2 -1 1| 3
~ 3
0 3 3|
0 o ¢ 3
3 210
3 410
(mod 5) 21.
0 313
0 010
1 0| 6
N 23.
0 1]-21,
0 0] 1
1 0 0|8
~10 1012 25.
00 110
1 0 01
01 02/ 27.
00 113
1 0 —2/5 1
0 1 3/5 0| 29.
00 0 |-15

0 2 6|4

1 3 2|5

3 3 3|3
x=(-1,2,0)

2 3 -1

4 -2 315

1 -1 21

_ (5 4 1
w—(ggg)

1 3 5 4 610

2 4 4 3 1|5

00 0 1 0|5

6 2 6 3 0|2

7
4

1 2 3

0

0

0

x = (4+3t6+1t 06t51)

@ = (104,10 — 2t,1)

275

(mod 7)
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30.

32.

34.

36.

38.

39.

2 1 —-1|-10
1 -3 —2| -4 |~
3 1 1 15
x = (3,-5,11)
5 2 6|11 1 0 0
01 2| 5 01 0
3 2 1| 7 0 0 1
2 1 4| 6 0 0 0
inconsistent
2 -3 6 2 5
-2 3 -3 3|4
4 6 9 5 9
-2 3 —4 1
z= (-3 +3t433)
5 2|2 1 0
3 1|0 0 1
x = (4,3)
equivalent
t(—3,1,0)

10 0| 3

0 1 0|5

0 0 11

~1/8

13/4

7/8

-3/2

1 -3 00

0 010

0 00 1

0 000
(mod 5),

Lo Wik Nfo
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2 1 4199
, 31. 2 10 15[984 | ~
-1 0 10| 58
x = (42,75,10)
-1 1 1 1)1 1 0 0
03 1 0|1 01 0
33. ~
11 2 0]0 0 01
2 01 410 0 0 0
x=(3,1,-2-1)
2 4 —2(10
35. | 16 —23 5|33 |~
4 2 —6| 2
x=(4,2,3)
2 4|0 1 01
37. ~
1 3|2 0 1|2
x=(1,2)

40. The cost for one loaf of bread is $2.39, for one dozen eggs is $2.79, and one apple is $0.79.
Chapter 2 : The Algebra and Geometry of Vectors

2.1

a3

. X1

Vector Equations

91‘1+7$2+Ig =7
3r1 + 39 —x3 =5

1 7 16
+ 2 =

8 -3 6

-2 6

T 1 | +x2 -2 | ta3

3 -19
1 3 0
x| 7T | 2| 6 | a3 | —1
3 1 2

—11

31

3 7
‘ 2. T + 22 + 3
-1 —2
1 2 2
4o ay | 3 | +a| 1 |+as| 0| =
5 2 1
2 4 -1
6. 1 1 | +a| —6 | +23 3
L -3 5 6
71’1 — 31’2 + 6%3 + 9x4 =
8 *3I1 — X2 + 3$3 + 3564
’ 4dry — X9 — 8x3 + T4
211 + 5x3 + 3xy4 =

1 0 0142
0 1 0|75
0 0 1]10
0 3
0 1
0] -2
1] -1
1 0 0|4
0 1 0|2
0 0 1(3
(mod 5),
) -5
6 4

17

—12

)

)
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14.

15.
A 16

17.
18.

A 19

20.

21.

22.

23.

26.

2.2

[ X8
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yes, b=aj + as & 10. yes, b =3a; + 2a2 & 11. no, the corresponding linear
system is inconsistent

yes, b = 3a; + 4a, 13. yes, a1 + 2as + 3as + 4ay

yes, b =3a1 + a»

no

yes, b = —a; + as + ag, for example. There are, in fact, infinitely many possible linear combinations.
A dependency relation occurs whenever x1 = 2 — 3z3 and xo = 3 — 2z3.

no
yes, b = a; + 4ags, for example.

Hint: Although we know nothing about the vectors v, ..., v,, we can still control the scalars x; € F'
such that
r1v1 + V2 + ... + 20, = 0.

What should we set z; equal to?
Hint: To show that Span{u;,us} C Span{v;, vs, v3} take an arbitrary vector in Span{w;, w2}, namely
a1u1 + agus for scalars aj,as € F, and argue why it is in Span{wvy,vs,v3}, that is, aju; + asus =

b1v1 +byvs 4 b3vs for some scalars by, bo, b3 € F. By assumption we know that wy = ¢1v1 + covs 4 c3v3
and Ug = d1’01 + dQ’UQ + d3U3

Hint: Show that Span{wvi,va} C Span{wvi,vs,v3} and that Span{vi,ve} O Span{wvi,vs,vs}. That
is, take an arbitrary vector in one set and argue why it is in the other set. To show Span{v;,vs} C
Span{vy, v2,v3}, set one of the coefficients to zero. To show Span{wvi,v2} D Span{vi,va,vs} then
suppose v3 = av; + bvs and combine like-terms. Or, if you already did Exercise 20, you could apply
that exercise twice for a very fast argument.

Hint: Use Exercise 21 to show that Span{v;,vs} = Span{v;,vs,v1 + v2} and Span{vy, vy + v} =
Span{wv,v1 + va2,va2}.

Hint: Generalize Exercise 20. 24. Hint: Generalize Exercise 21. 25. Hint: Generalize Exercise 22.

Hint: Use Exercise 25.

Matrix Equations

. False. A homogeneous linear system can be written as Ax = 0, where A is the m X n coefficient matriz,

x € F", and 0 € F™ is the zero vector.

[ 30 IS A 128

5 3. 6 |
9 =
i 10 4 10¢ 0
—2— 114 h6. |1
K
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z+2y = 2 21 + 27y + 172 — 32w = 12
3r+4y = 0 4z + 42y + 6z + 19w = —6
o Y as Y
—r —2y = 2 103z — 72y + 172 — 8w = 15
4 + by = -9 2¢ + 11y — 10z + 13w = 1
4x1 + o + 223 =1
A 9. 4o + 323 + 4 =0 (mod 5)
2x1 + 29 + 4z3 =2
1 -2 -3 x —4 T
3 01 2 1
10. 0 1 2 y | = 1 )
I | -1 4 5 -2 =17
-2 0 -2 z 8 T3
6 0 1 0 15
T4
[ 3 I _7 & 14. inconsistent [ 2 |
—1
12. | 2 & 13, 9 15.
3
1 2 4
141 4 0 1 0 0
16. 3 N17. | 9 8. | 1 | +¢t] 1 2 0
19. +t
1—14 4 0 1 1 1
0 1
1
0
20.
1
0
& 21. 7(1,0,0,1) = (5,1), A 22 x=(2/3,1/3,0,0)
T(1,2,3,4) = (12,10) (Answers may vary)
23. T(1,0,—1,3,0) = (7, —5), 24. z = (1,0,-2,2,3)
7(1,2,3,4,5) = (38,2 (Answers may vary)

25. The solution would also be (4,3,2,1) because the system of linear equations and the matrix equation
represent the same linear system and hence have the same solution set.

2.3 Linear Independence

1. False. If a set S C F™ contains the zero vector, then S is linearly dependent.

2. True. 3. True. 4. True. 5. True. 6. True.
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& 7. linearly dependent; & 8. linearly independent;

the set contains 0. the second vector is not a scalar multiple of the

first.
9. linearly dependent; 10. linearly dependent;
four vectors in F3; the second (and third and the second vector is a scalar multiple of the
fourth) vector is a scalar multiple of the first. first.
11. linearly dependent; & 12. linearly independent; & 13. linearly dependent;
there are more vectors than it is a single nonzero vector. there are more vectors than
components  (underdeter- components.

mined system).

14. linearly dependent; the second vector is the zero vector.

15. linearly independent & 16. linearly dependent; 17. linearly independent
2’01 7'1)24’0’03 =0

& 18. linearly independent 19. linearly dependent;
2’1]1—3’1]2—1)3:0

# 20. linearly independent # 21. linearly independent
# 22. linearly dependent; 23. linearly dependent;
201 + vy +4v3+ vy =0 2v1 + 4vy = 0;

3vy + 4vs + 2v3 +4v5 =0

2.4 Affine Geometry

&l F? N2 F a3 It A4 F3 A5 FP a6 IO
5 4 -3 1 4
T.x=|4 | +t| 6 |, 8. x = 6| +al e |+b]| =2 |,
6 9 1 5 3
I :5+4t I :73+ a+4b
o =4 + 6t To = 6+ 6a — 2b
r3 =6+ 9t z3 = 14 5a + 3b
1 -1 —4 1 1 2
9. ¢=| 2 | +s 1|+t 3|, 2 1 4
N 10. = + s +1 ,
3 -1 -2 3 3 2

To =24+ s+ 3t
r3 =3 —s— 2t

=14 s—+2t
To =24+ s+ 4t
T3 =3+ 35+ 2t
Ty =4+ 3s
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0 11
1 -1
Nl == +7r +s
4 —4
-1 3
) 2—1
D12 = +t
1+ 2 5
T o= i+ (2—i)
Ty = 1+ 2i+ 5t
2 1 0
Mld xz=|3 |+s| 2 |+t]|o0
1 3 5
T =24+ s
x2 =3+ 2s (mod 7)
r3 =14 3s + 5t
1 2
—2 -2
16. = = +t ,
4 5
0 1
T = 142t i
ZTo =-2-2t
r3 = 4+ 5t
Tyg — t
-3
18. « = 2
—6
2.5 Subspaces

+t

(mod 7),

N19 =

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

T = 11r — 2s 4+ 9t
To = 1 — 1r —4s + 8t
, r3 = 4 — 4r —4s — 4t
Ty =—14+ 3r 4+ 2s
1 1
M13. z=| 2 |+¢t| 1| (modbh),
3 0
g =14+t
x2 =2+t (modb)
T3 =3
5 2 1
5. 2= 4 | +s| 3 |+t]| 1 (mod 11),
1 1 4
T =24 25 + t
x9 =1 + &t (mod 11)
r3 =14+ s+ t
-7 17
-7 12
N7 x= +t ,
4 -3
0 1
Ty = —7+ 17t
T2 :—7+12t
I3 — 4 — 3t
T4 = t
1 17
2 20. 22
3 33
4

1. Tt is not a subspace since it is not closed under addition. Note (—1,0),(0,1) € W but (-1,1) =
(=1,0) + (0,1) ¢ W. On the other hand, (0,0) € W and W is closed under scalar multiplication.! To
see this, note if (x,y) € W that zy > 0. Let ¢ € R. Then c(z,y) = (cz,cy), and (cx)(cy) = *(zy).
Since ¢, zy > 0, we have c¢?(zy) > 0, which means that c(x,y) € W.

IThis is an example of a cone, that is, a nonempty set of vectors closed under scalar multiplication. Note that every subspace
is a cone, but this example shows the converse may be false, that is, a cone is a broader family of subsets of a vector space that
includes subspaces.
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[ X}

' 3)

A 10.

a1l

A 12

13.

14.
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It is not a subspace because (0,0) ¢ W. Likewise, it is not closed under addition, e.g. (1,0),(0,1) € W
but (1,0) + (0,1) = (1,1) ¢ W. It is likewise not closed under scalar multiples, e.g. (1,0) € W but
2(1,0) = (2,0) ¢ W.

It is not a subspace because it is not closed under addition, e.g. (1,0),(0,1) € W but (1,0) + (0,1) =
(1,1) ¢ W. Of course, there are some instances where the sum is contained, e.g. (0.1,0.2)+(—0.1,0.3) =
(0,0.5) € W, but closure under addition means that every possible sum is contained not just some
sums. It is likewise not closed under scalar multiples, e.g. (1,0) € W but 2(1,0) = (2,0) ¢ W. It does
contain the zero vector.

It is not a subspace because it is not closed under addition. Note that (1,1), ( ,4) € W but (1,1) +
(2,4) = (3,5) ¢ W. It likewise fails closure under scalar multiples since (1,1) € W but 2(1,1) =
(2,2) ¢ W. On the other hand, it does contain the zero vector.

It is not a subspace because the sum of two points in W need not belong to W, for example, (1,0) +
(0,1) = (1,1) ¢ W. On the other hand, (0,0) € W and W is closed under scalar multiples.

It is not a subspace because it is not closed under scalar multiples, e.g. (1,1) € W but (-1)(1,1) =
(—=1,-1) ¢ W. It is closed under addition and contains the zero vector. Note that if (x1,y1), (x2,y2) €
W, then y;,y2 > 0. Thus, y; + yo > 0. This implies that (z1,y1) + (z2,y2) = (21 + 22,91 + y2) € W.

It is not a subspace because it is not closed under addition, e.g. (1,0),(0,2) € W but (1,0) + (0,2) =
(1,2) ¢ W. It is likewise not closed under scalar multiples, e.g. (1,0) € W but 2(1,0) = (2,0) ¢ W. It
does contain the zero vector.

It is not a subspace because (0,0) ¢ W. Note that it is also not closed under addition since (1, 0), (0,1) €
W but (1,1) = (1,0) + (0,1) ¢ W. It is also not closed under scalar multiplication since (1,0) € W
but (2,0) = 2(1,0) ¢w.

It is not a subspace because the sum of two such functions will have a y-intercept of 2, not 1; so, the
set is not closed under addition. Also, it is not closed under scalar multiples nor contains the zero
function.

It is a subspace, if f(0) = 0 and ¢(0) = 0 then (f + ¢)(0) = f(0) + g(0) =0+ 0 = 0 and (cf)(0) =
c[f(0)] = ¢0 = 0. Of course, the zero function is a member.

It is not a subspace, because if the end behavior of f is co then the end behavior of —f will be oo; so,
the set is not closed under scalar multiples. It likewise does not contain the zero function. It is closed
under addition though.

It is a subspace, because if f(—z) = —f(x) and g(—=z) = —g(z) then (f + g)(—z) = f(—z) + g(—=z) =
—f(z) —g(x) = =[f(2) + 9(2)] = =(f + 9)(z) and (cf)(—2) = c[f(-2)] = c[-f(2)] = —[cf(2)] =

—(cf)(x). Of course, the zero function is a member.

Proof. Since H is a subspace, 0 € H. Similarly, 0 € K. Thus, 0 € HN K. Let uw,v € H N K. Since
H is a subspace, we have u +v € H. Similarly, u +v € K. Thus, u +v € HN K, that is, HN K
is closed under addition. Lastly, let ¢ € F. Then cv € H, since H is a subspace. Similarly, cv € K.
Thus, cv € HN K, that is, H N K is closed under scalars. Therefore, H N K is a subspace. [

(counterexamples may vary).

1 0
Proof. Let V = F2, let H = Span and K = Span , which are subspaces of V.
0 1
1 0
Clearly, , € H U K since the former is in the former and the latter is in the latter. But
0 1
1 0 1 1 1 1 0
+ = ¢ HUK since neither #c nor #c . Thus, HUK
0 1 1 1 0 1 1

is not closed under addition, which implies that H U K is not a subspace. [
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2.6 Solution Sets of Linear Systems

1. Yes; z3
—1 2 2 5 -9
[ Y58
0 A 3. 1 —2 —4 1
2 4. ;
0 0 3
_2_ _75 [ 1- -—3- -—5- -—2- -1- -2-
1 0 -2 4 0 5 0 5
A 6. ol.] 3 a7 1] ol o 8. 1|.]o].]o0
0 —4 0 1 0 0 1 0
Lol Lt o] [ o] | 1] o] [o] |1
i g T B ] -3_ -2-
1 0 0 0 1
0 —i -2
9 1 10. < Lo |.] 3
0 2 —1-2
0 1 0 1 0
0 0 1 L0 ] [ 1]
5 3 —4 1 [ 2
0 1 0
11. = +s i M12.z=| 2 | +t| 3
0 0 1
-8 0 0 0 L 1
1 [ 1 0
0
13. = = _% + x3 0 N14 z= +t
3 0
0 i 1 0 1
1+Z 0 0 1 1 1 O
1 1 0 1
N15 x=| 344 | +t| -2 2
1 1 0 0 =
0 1 M 16 z= +a +b +c 17. z=a
L 0 1 0 0 2
0 0 1 0 1
0 0 0 1 C T
6 5
# 18. We saw in Example 2.6.6 that zo = | 2 | and &; = | 2 | are two solution to the linear system, but

0 1
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4
r=x0+xT1=| 4 (mod 7), which is not a solution x since
1
3 5 3 4 3(4) +5(4) + 3(1) 0 0
Az = |4 5 4 4| =1 44)+54)+401) [=| 5| Z| 6
6 1 6 1 6(4) +1(4) +6(1) 6 3
6 5

# 19. We saw in Example 2.6.6 that xp = | 2 |. Then 2z = | 4 (mod 7). But then

0 0
35 3 5 3(5) 4 5(4) + 3(0) 0 0
Az =14 5 4 4 | =1 456)+54)+40) [=|5|Z]| 6
6 1 6 0 6(5) 4 1(4) + 6(0) 6 3

# 20. Hint: Suppose xg and x; are solutions to the linear system Ax = b. Multiply the equation * =
(1 —t)xo + tx1 by the matrix A, using also the fact that @y and x; are solutions to the linear system.
Recall that multiplication by a matrix distributes across vector addition and commutes with scalar
multiplication. It is a linear transformation, after all.

21. Hint: Like the hint to the previous exercise, suppose * = agxg + a1€1 + ... + a;mT,, such that
Tg, 1, ..., L, are solutions to Ax = b and ag + a; ...+ a,, = 1. Then simplify

Alaoxo + a1 + ... + aTom)-
2.7 Bases

1. False. If A is an m x n matriz, then rank(A) + nullity(A) = n.

2. yes 3. yes 4. no
1 1 21 0 1
5. W = Span
9 6. W = Span 2 1,1 16 7. W = Span ol,]o
7 43 1 1
8. rank A = 3, nullity A =0, 9. rank A = 3, nullity A = 0,
1 15 8 1 1 2
Col(A) =Spang | 0 || 9 |.| 6 | Col(A)=Span{ | 2 .| 3 |.|5 | ¢
0 0 2 4 2 4

Nul(A) = Span {} Nul(A) = Span {}
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10. rank A = 3, nullity A =1,

& 12

14.

16.

Col(A) = Span

Nul(A4) = Span

rank A = 2, nullity

Col(A) = Span

Nul(A) = Span

rank A = 2, nullity

Col(A) = Span

Nul(A) = Span

rank A = 3, nullity

Col(A) = Span

Nul(A) = Span ,

1 1 1
21,13 |,] 4 ,
3 1 3
.

2
-5

4
A=3,

8 -3
NN
o | [ 3] [ 4]
1 —3 -5
1. of.] o
0 1 0
o] [ o] | 1]
A=2,

1 2

s [a]l

s [ a7 |
—4 ~13

1] o

0 1
A=3,

5 ol [6
0. 4]|.]4]|;
9 0| |9
_—1 10_

-1 7

0 0

1 0

0 —10

0_ 2

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

11. rank A = 3, nullity A =1,

& 13.

15.

17.

Col(A) = Span 4

2
7
—13
Nul(A4) = Span
8
1
rank A = 2, nullity A =
-1
Col(A) = Span 7
-3
2
1
Nul(A) = Span
0
0
rank A = 3, nullity A =
1
Col(A) = Span 2
3
0
-2
Nul(A) = Span
1
0
rank A = 4, nullity A =
6
5
Col(A) = Span ,
2
0
T
-1

Nul(A) = Span

4
4|,
|5
2,
] 0
» | —8
] 2
N
0
|
0
L
)
v 4
2_
_2’ - -
5 4
1 3
4| |
1 0
w]]




18. rank A = 2, nullity A = 3,

19.

h 21

& 23.

Col(A) = Span

Nul(A) = Span 3

1

rank A = 2, nullity = 0,

Col(A) = Span

Nul(A4) = Span{}

1474
2+ 4
6 — 10¢

-8 -2

rank A = 3, nullity A = 3,

Col(A) = Span

Nul(A) = Span

1

rank A = 2, nullity A = 2,

Col(A) = Span

2

4—13
4—2i
341
12 +10:
0
s | 0 5
1

& 20.

22.

rank A = 3, nullity A = 3,

Col(A) = Span

Nul(A) = Span

1424

2+ 4

rank A = 3, nullity A = 3,

Col(A) = Span

Nul(A) = Span

Nul(A) = Span

)

1- -0

1 1

0 0

0 0

1 0
)

-1
| 1+ 44
2
S|
0
—2
—1-2i
0
1
0 0
11,1
0 1
3
0
3
1

285
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24. rank A = 3, nullity A =1,

25.

27.

2.8

A2

[ X}

a1l

6 2 0
Col(A) = Span 11,151,186 , Nul(A) = Span
3 6 2

rank A = 4, nullity A = 1,
4 6 6 1

1 5 2 3
Col(A) =S
Col(A) = Span 21,131,151, 1 R © ( ) batt
2 1 3 2
3 1L 1 ] 1 4
4
0 Nul(A) = Span
Nul(A) = Span 2
0
1

26. rank A = 3, nullity A = 3,

2 6
31510 )
4 2
1T 13
-5
~1
0
0
1

Hint: If v is a strongly positive vector but u is not, is there a positive scalar ¢ € R that guarantees
that u + cv is also strongly positive? How does the span of uw and u + cv compare to the span of u

and v?
Coordinates
2
4
2
1
-5 2 7
' Y8
3 [ I3 3 -2
-2
1 —4 23 4+ 13:
9 3. 10 + 6i
9 o N 9.
1 32 —5—13i
) 5
[ 3 2 1 3 2 3 7
1 1 1 o2 10 4 0 -1
-5 6 —-4 -2
0 -2 —4

13.

—17
69
—17

10. 1

-7 =8 10

47 26 =20



14.

17.

2

1+ 3

242

3 2
4 0

4 1
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Chapter 3 : The Algebra and Geometry of Matrices

3.1

[\

& 12

A 15

A 18
A 19.

22.

. False. If A is a square matriz, then the trace of A is the sum of the diagonal entries of A.

Matrix Operations
. True
. True 4. True
0 0 1
0 0 O
0 0 O
. There are more 9. There are more
columns in C then columns in D then
rows in A. rows in B.
2 -1 8 4 -7
13 —11 0 13 | 31 3
8 -2 -5 -2 -8
1 4 1 3 1
2 -3 -2 a6 | 07
-1 8
3 0 -1
- 2 -3
-3 3 —29
—8 42 39
A 20.
14 18
28 -9
3 3 1 7
23.
2 8 26 27

5. True

10. There are fewer
columns
then rows in D.

10
=31

—12

24.

6. True

11. C is not square.
in AB

14 23 21 -16
N 14 9 —21 —28 17

-2 —-17 -19 12

17 30 -2 2

-2 7 4 3
9 —6 6
N 21 0 6 12
-6 6 -3
-9 19 —14
25.
—4 29 —54
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—1+4+3i —5+10¢ 3+6i 3-9i 1-2 5
* 26. » 28.
5—4i —1-—3i 27 | 24110 543 143 141
6+22 10—6i
PR [ 5 N3l 2+
A 20. )
0 -2 1-3i & 30. 0  4—i N32.1+4
- —1 0
1+2i —4
15+200 5—8& 3—-117 5—05¢
16+13i 3 —5i ® 34
A 33 M 10451 6—17i
0 -3
—12—-16¢ 2+1
2 1 3 2 0 2 3 0 1 0 1 4
4 3 0 1 N36. | 2 0 4 2 2 2 2 4
A 35. A 37
4 3 0 1 4 0 2 0 3 2 2 3
1 4 4 3 4 3 1 2
3 1 3 20 0 1 & 40. 2
o35, 02 3 439 | 3 0 3 9 & 41, 2
4 3 2
3 2 4 3
2 21
_4 0 1 1 00 3 0
» 42, 1 0 0 1 o 43, 4 1 4 2
3100
0 4 3 0
- 4 4 0 1
8 0 3 1/8 9/8 1 1/4
4.7, -7 —2 2 |,7 -7/8 —=1/2 -12/15 8/15
45. 2, / / / / .2
2 4 1 2/5 1/4 2 -3/8
—12/13  1/4 1/5 3/8
5 3 5 2 1+3i 2440 —1-—2i
10 2 3 47. 3494, | —54+5 -8  3+6i |,3—9%
46. 6, (mod 7),6
6 3 1 0 2-92 6—i 2—4i
2 41 0

48. For fixed indices ¢, j, prove that Interchange operation R; <+ R; is a linear transformation of the form
T . Fmxn — prmxn,



49.

50.

3.2

[ P

L 0

[ X3
[ )

10.
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For fixed index i and a fixed scalar ¢ € F, prove that Scaling operation R; — cR; is a linear transfor-
mation of the form T : F™*" — F™mX"n,

For fixed indices %, j and a fixed scalar ¢ € F', prove that Replacement operation R; — R; + cR; is a
linear transformation of the form 7" : F™*" — F™*n,

Matrix Properties

Row(A) =Span{[10 —234],[01 —135]}, &2 Row(A)=Span{[l —2 —10],[000 1]},

corank(A) = 2 corank(A) = 2
Row(A) =Span{[100111],[010110],[00110 1]}, corank(A) =3
Row(A) = Span{[1 30 2],[0 01 2]}, corank(A) =2
Row(A) = Span {[1i0011—,[0010 —i2,[0001 —21— 2]}, corank(A) = 3
rank(A) = corank(A) = 3
1 1 7
1 2 10
Col(A) = Span 1. =1].] 1 ,
1 -3 5
1 -2 0

Row(A) = Span{(1,1,-3,7,9,-9), (0,1, —4,3,4,-3),(0,0,0,1, —1,2)}

For all A, B,C € F™*™ and all scalars ¢,d € F', the following eight properties hold:

(i) A+ B=B+ A (v) c(A+ B)=cA+cB

(ii) (A+B)+C=A+(B+0C)

(#7i) There exists a matrix 0 € F™*™, such (vi) (c+d)A=cA+dA
that A+0=0+A4A=A4

(iv) For each A, there exists a matrix —A € (vii) c(dA) = (cd)A
Fmx" guch that A+(—A) = (—A)+A =
0 (viii) 1A = A

5 12 21 14 19 5

AB=|1 8 2 |#|17 9 8 |=BA
8 15 26 35 16 16

Hint: Is matrix multiplication commutative? The multiplication of a field should be commutative.
Can you find an example of two 2 X 2 matrices that do not commute? I hope so, because the section
provides some.

Hint: If n = 1, then F'*! would be the set of 1 x 1 matrices, which are really just scalars. Hence,
F'™¥1 s really just F itself, which is a field by assumption. If n > 1, then consider the following two
matrices:

10 0 0 01 00
00 0 0 00 00
0 0 0O 10 0 0 0
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3.3

[ I8

L I

12.

16.

A 19.

22.

23.

A 24

» 27

® 30.

33.
34.

35.

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

Nonsingular Matrices

3 _5 = 1 3. singular 115 4
—1 2 3 —1 79
3 -5 -7 5 111 =3 1| 4 =2
[ Y2 ' Y 10 8. —3
—1 2 3 -2 2 4 -3 1
1 2 —1—i 4 1 4 1
1 & 10. all
Tl 2 1 8 6
1| —3 29 18 0
21 9 13 | _o a1 | ° a5 |
—11
7 1
8
X = (CBA)™! Al7. X=-A"B A18. X =BA-A"'C
X =BC1A™! 020 X=C1B-A 21. X =D Y(ECA+ B)
0 2 10
X = 39 11
-4 -3 0
nonsingular

nonsinuglar, the matrix has & 25. singular, it is not a square @ 26. nonsingular, the mapping
full rank matrix x — Ax is surjective (onto)

singular, A is not row equiv- @ 28. not enough information, if & 29. nonsingular, it has 3 pivot
alent to I5 the RREF is I3 it is non- columns

singular, otherwise it is sin-

gular.

singular, the mapping = — & 31. singular, A is not row equiv- & 32. singular, the columns of A
Az is not injective (one-to- alent to I,, otherwise this are linearly dependent
one) would suppose that I, is

row equivalent to a singular

matrix (a contradiction)

1

2

Proof of Theorem 3.3.7 (i). Note that AA=! = A='A = I,,. Thus, A is the inverse of A~!, which
implies that (A=)~ = A. Hence, A~} is itself nonsingular. n

Proof of Theorem 3.3.7 (ii). Note that
(AB)(BT1A™) = A(BB~)A™! = A(I,)A™ = A4~ =1,

and
(B'A™Y)(AB)=B ' (A'A)B=B"'(I,)B=B"'B=1,.

Thus, B~1A~! is the inverse of AB, which implies that (AB)~! = B71A~!. Hence, AB is itself
nonsingular. [



36.

37.

38.

39.

40.

3.4

[ X3

7.

8.
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Proof of Theorem 3.5.7 (iii). Note that
ATA Y =A1AT =17 =1,

and
(AHTAT =AY =1 =1,

where the second equality in both equations follows from Theorem ?? (iv). Thus, (A™!) T is the inverse

of AT, which implies that (AT)™! = (A=) 7. Hence, AT is itself nonsingular. n
Proof of Theorem 8.3.7 (iv). Note that (ii), (4%2)7! = (A4)"! = A7tA~1 = (A71)2 = A=2. Suppose
that we have proven that (4™ 1)~! = (A=1)™~! = A™™ for some natural number m. Then n

Proof of Theorem 3.3.7 (v). Note that

(cA) (iA‘l) _ (i) (AA™) = 1(I) = I,

and

(347) ) = 2o a) = 1) = 1.

¢
1 71 . . . . . 71 1 71 . . .
. Thus, —A~! is the inverse of cA, which implies that (cA)~! = —A~!. Hence, cA is itself nonsingular.
c c
"

Proof of Corollary 3.3.8. By Theorem 3.3.7, AT is invertible and products of invertible matrices are
invertible. Therefore, AAT and AT A are invertible. [

Proof of Corollary 3.3.12. If AB is invertible, then there exists some matrix C such that (AB)C = I,,.
Thus, A(BC) = I,, which shows that A is invertible by (iv) in the Nonsingular Matrix Theorem.
Similarly, C(AB) = I,,, which implies that (C'A)B = I,,. Therefore, B is likewise invertible by (iii) in
the Nonsingular Matrix Theorem. [

Elementary Matrices

0 0 1 1000 1 00
010 0
010 A2 a3 |0 -5 0
0020
1 0 0 000 1 0 0 1
_100_ 1 0 0 0 0 1 0 -1 0
010 0 100 0 ¢60100
5. :
) 0 010 0 00 1o
2 01 0 -3 010
- - 00 01
0 000 1 L

singular 9 7 1 3 3 _3
1
9. | =2 6 -1 # 10. G| -6 -12 24
singular i -3 10 -1 5 7 -9
25 3 i
-2 4 -3 2 3 2 3 6 1
-2 2 0 ®12. | 1 4 2 13. 16 6 2

oo|—
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14.
1 0 2 1 0 -3 01
0 0 1 1 0 0 1 00 1 00 1 0 -2 1 -1 0
15 1010 -3 1 0 010 0 1 0 0 1 0 0 10
100 0 01 -6 0 1 0 21 0 0 1 0 0 1
010 -1 0 0 1 00 100 1 00 1 00 1 0 0 100 1 0 -2 1 -16 0
#16. |10 0 010 51 0 010 011 020 01 0 010 01 0 0
00 1 00 1 0 0 1 2 01 0 01 00 1 0 12 1 00 2 0 0 1 0
14+4¢ 0 1 0 1 0 1 245¢
17.
0 1 2—1 1 0 —6—06¢ 0 1
110 1 00 10 0 1 0 3 1 00 1 4 0
18. 10 1 0 0 1 0 0 1 4 0 1 0 2 10 01 0
0 01 -2t 0 1 0 0 1 0 0 1 0 01 0 01
1 00 1 00 1 00 1 0 0 1 0 0 1 3 0
1915 1 0 0 10 0 4 0 010 01 5 0 1 0
0 01 3 01 0 01 0 0 3 0 0 1 0 0 1

200 X=|1 1 5| (mod7)

3.5 LU Factorization

1. scalar 2. lower 3. interchange 4. replacement 5. diagonal
triangular
6. none 7. none 8. none 9. diagonal 10. upper
triangular
11. scaling 12. scalar 13. none 14. none 15. upper
triangular
16. strictly lower 17. unit lower 18. diagonal
triangular triangular
2 4 -9 6 18 0 6 0
® 19. 3 =2 ® 20. 0 5 —50 ®#21. [0 0 0

-3 15 12 4 12 0 15 —-25



40 0 8 0 0
N2 A=|0 9 0 |, A=|0 —27 0
0 0 25 0 0 125
010 0 1100 110
1000 000 1 010
23. P =
0010 0010 00 0
0001 0100 00 1
8 6 3 7
1 5 8 10
PA= ,
10 9 7 4
526 9
Row 1 goes to Row 2,
Row 2 goes to Row 4,
Row 3 goes to Row 1,
Row 4 goes to Row 3;
1 00 1 00 1 00
#24 |2 1 0 01 0 01 0
0 0 1 301 0 4 1
300 1 00 1 00 1
#25. 1010 0 5 0 0 1 0 0
001 0 0 1 0 0 2 0
1 00 2 4 -1 1 0
26. | 4 1 0 0 —10 8 |27. |2 1
3 2.1 o o % 1 3
10 2 -3
29. LU = , [ L ‘b ],w
2 1 0 4
10 2 -5
A 30 LU = : [Lb]w
-2 1 0 3
1 0 2 -2
a3l LU= , [ I ‘b } N
-3 1 0 3

/2 0 0
A= 0 -1/3 0 |,A7%=

0o 0 1/5
5 10 1 8
2 9 5 6

AP = ,

6 7 8 3
9 4 10 7

Column 1 goes to Column 3,
Column 2 goes to Column 1,
Column 3 goes to Column 4,
Column 4 goes to Column 2.

—2 1 0 0 1 4 0
0 01 9 01 0
1 0 0 1 0 0 1
2 2 1 1 0 0
03 0 9g | 2 10
1 -3 1
0 0 4
-3 4 2
0 6 1 0
1| —16 0 1
1 0] -2 1 0
0 1]-6 0 1
1 0 4 1 0
0 1|15 0 1

—4

—6

1/8
0
0

293

0

—1/27

0

0
0

1/125
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32.

® 33.

34

35.

36.

3.6

[ P8

L I8

[ X}

n7

LU =

LU =

LU =

LU =

5
3

1

0

0

1

0
0

4

0

6
3

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

0 01 81
2 =2 10
1 01, [Lb}w 0 1
0 3 0 0
1 0 01
) {Lb]N 01 0|6
0 0 1|2
1 0 03
) [Lb]'\’ 01 0|3
0 0 1|4

0| —4
0|-10 |5 {U
1| -6

0 1

0 0

0
1

4

6

Proof. Let A = [a;;]. Since A is lower triangular we have that a;; = 0 for ¢ > j. On the other hand, say
that AT = [b;;]. Now, AT is an upper triangular matrix if b;; = 0 whenever i < j. By the transpose
operation, we have that b;; = a;;. Suppose that i < j (or j > 4). Then we have a;; = 0. Thus, b;; = 0,

that is, AT is upper triangular.

Linear Transformations on R?

0

1

® 3.

Stretch horizontally by a factor of 4.

1

0

0

-1

1 0

0 8

Stretch vertically by a factor of 8 and reflect
across the z-axis.




\H\

\[\D\

\oo\

\Cn\ |

\c)\

\\]\

rlA\AAVI4\44\1"\4TLTAT|474\4|4\44\44\44\+7474

0

A 3.
10 0 1 0 2

Reflect across the z-axis, stretch vertically by
a factor of 2, stretch horizontally by a factor of
4, and reflect across the line y = x.

1 0 1 0 1 -6
A9
2 1 0 13 0 1

295

Stretch horizontally by a factor of 3, shear horizontally by a factor of —6, stretch vertically by a factor

of 13, shear vertically by a factor of 2.
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0 -1 -1 0 0
-1 0 - 0 -1 1
cosf —sind 1 0

sin ¢ cos 0 -1

cosf —sinf cosf

- sin ¢ cosf sin 6

sin 6

—cosf

—1

cosf —sind | cos 0 —sinf 1 0 cosf sinf
sin 6 cos 6 - sin 6 cos 0 -1 —sinf cosf
cos?f —sin?f  2sinfcosd cos20  sin26
- 2sinfcosf  sin?f — cos? f - sin20 — cos 26

(b) The sequence of geometric transformations in the factorization of A rotates the plane clockwise
about the origin by an angle of 8, then reflects the plane across the z-axis, then rotates the plane
counter-clockwise about the origin by an angle of 6.

Since the line £ is the unique line through the origin that forms an angle of § with the x-axis, the
composite of these transformations moves ¢ onto the x-axis, reflects across the z-axis, and then
moves the z-axis back to £. The net effort on the plane is to reflect across the line /.

across the line y = x, the uni

cos2(m/2) sin2(m/2)

sin2(mw/2) —cos2(n/2)

cos 2(0) sin 2(0) sin 0 1
= = , which is reflection across the z-
sin2(0) —cos2(0) —cos0 0 -1
a:xis, the unique line which f(_)}ms a 0 angle with the z-axis.
cos2(m/4) sin2(rw/4) cos(m/2) sin(7m/2) 0 1
= , which is reflection
sin2(m/4) —cos2(m/4) sin(m/2) —cos(w/2) 10

que line which forms a % angle with the z-axis.

-1 0
= , which is reflection across

0 1

COS T sin

sinm  —cosw

the y-axis, the unique line which forms a g angle with the z-axis.



cos2(m/6)  sin2(w/6) cos(m/3)  sin(m/3) /2 V3/2 1 1 V3
sin2(7/6) — cos2(r/6) sin(n/3) — cos(w/3) V312 —12 | 2| V3 -1

-1

_ cosf —sinf 1 m cosf —sinf B cosf —sinf 1 m cosf sinf
- sin 0 cos 6 0 1 sin 6 cos 6 - sin 6 cos 6 0 1 —sinf cosf
B cosf —sinf cos —msiné sinf + mcosf
- sin 6 cos —sinf cos
B cos?f —msinfcosf +sin>f  sinfcosf + mcos? 6 — sin b cos f | 1-%sin20 mcos? 6
- sin @ cos § — msin® 6 — sin 6 cos 6 sin? @ + msin A cos 6 + cos? 0 - —msin® 6 1+ % sin 26
1 2—-msin20  m+ mcos26

—m +mcos20 2+ msin 260

12. Proof. Since A is nonsingular, it can be factored into a product of elementary matrices. Replace-
ment elementary matrices cause shears, scaling elementary matrices cause stretches, compressions, and
reflections. Interchange elementary matrices cause reflections. [

3.7 Representations of Linear Transformations as Matrices

2 2 1 2 N 2 -1 1 1 0 1 2 3
1 2. 3.
1 3 0 1 0 —4 4 12 0 3 5 14 5 6
1 2 2 7 8 9
12 1 1 [ XS {1111} -0 0 1- _1 3 0_
3 -5 14
6 5 3 -18 a7 ' Lk 010 10 5 5 6
-1
—7 19 —40 ' 1 00 3 2 3
i L J L ]
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11.

A 12

13.

14.

A 15

16.

17.

& 18.

A 19

& 20.
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2 2 1 2 2 6
(S oT) = [S)T] = -
1 3 0 1 1 5
r 0 2
0 -2 1 -4 -3
[SoT) = [SI[T] = 3 0 |=
1 0 -2 —4 8
- 2 -3
0
[T] ~ . Hence, T is one-to-one and onto. ker T = Span{} = {0}, im T = Span{e;, ea} = R?
0
0
[T] ~ . Hence, T is one-to-one and onto. ker 7' = Span{} = {0}, imT = Span{e;,es} = R?
0
0
[T] ~ . Hence, T is one-to-one and onto. ker T' = Span{} = {0}, imT = Span{e;,es} = R?
0
0 0
[T]~ 1 o 0 |. Hence, T is one-to-one and onto. ker T' = Span{} = {0}, imT = Span{e;, €2, e3} = R?
0 0
0 -1
T]~ 1 o 2 | Hence, T is neither one-to-one nor onto. ker T = Span{[1,—2,1] "},
0 0 0
im T = Span{[1,4,7]",[2,5,8] "}
0 3
0 ~1
[T] ~ Hence, T is neither one-to-one nor onto. ker 7' = Span{[—3,1,1]},
0 0 0
0 0 0
im T = Span{[1,3,-5,-7]T,[2,—5,3,19] T }
0
[T] ~ . Hence, T is one-to-one but not onto. ker T' = Span{} = {0}, im 7T = Span{[1,i, —1,—i] "}
0
0
[T] ~ 1 1 1 |. Hence,T isonto but not one-to-one. ker 7' = {[-1,1,0,0]",[~1,0,1,0]",[-1,0,0,1] "},

im7T = Span{l} = Zs



A 21

22.

23.
24.

25.

26.

27.

28.

29.

30.
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T~ | o 0 |. Hence, T is one-to-one and onto. kerT' = Span{} = {0}, im T = Z3

T]~ 1 0 0 |. Hence, T is one-to-one and onto. ker T' = Span{} = {0}, im T = Z3

As this is the identity transformation, it is clearly one-to-one and onto.

T cannot be one-to-one as the standard matrix [T] is 2 x 3 and has too many columns. (It is onto
since in the standard matrix, the two rows are not multiples of each other, that is, they are linear
independent, and the matrix will have two pivots).

T cannot be onto as the standard matrix [T] is 4 x 3 and has too many rows. (It is onto, something
we see from row reducing the standard matrix).

T cannot be onto as the standard matrix [T] is 3 X 1 and has too many rows. (It is one-to-one since
only zero maps to the zero vector).

T cannot be onto as the standard matrix [T] is 3 x 1 and has too many rows. (It is one-to-one since
only zero maps to the zero vector).

T cannot be one-to-one as the standard matrix [T7] is 1 x 3 and has too many columns. (It is onto since
for any scalar ¢ we have that T'(c,0,0) = ¢).

As the standard matrix [T] is 2 x 2, T could potentially be one-to-one or potentially onto. (It is, in
fact, both).

Proof. First, suppose that A is nonsingular. Let S : F™ — F™ be the linear transformation defined as
S(x) = A~lz. Then

(SoT)(x) = S(T(x)) = S(Ax) = A (Az) = (A ' A)x = [,z = = = [d(x),

and
(ToS)(x)=T(S(x)) =T(A ') = A(A™'z) = (AA Nz = [,z = = 1d(z).

Therefore, T is invertible with S = 7!,

Suppose next that T is invertible. Then there exists an inverse linear transformation S : F™ — F"
such that S oT =T o S = Id, the identity function. Let B = [S] be the standard matrix of S. Then

BA=[S][T] = [S o T] = [Id] = I,

and
AB =[T)[S] = [T o S] =[Id] = I,.

Therefore, B = A~ [

Chapter 4 : Orthogonality

4.1

Inner Products
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* 3.
& 10.

17.

& 23.

28.

31.

34.

38.

41.
44.

47.

4.2

A 10.
a1l

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

5 N 2. 48 3. 18 N4 4 5. —40 NG 7 N7 36
22 9. 342
—6 Y ) 12 1474 Nd13. —2+9 & 14. 9—-3 15. 26+ 41 16. 2—13¢
V35 A 18. 53 19. V14 & 20. 3V2 21. /298 22. V17
V6 24. /14 25. V15 A 26. /22 27. V66
3 [ 1 [ 2
|: 5 3 V14
4 2 3
4 29. 2 30. Tl
2 1
L 3 L V14
4 [ s ]
5 V21 2165
4 7
3 __2 12
5 L V21 2v/65
8
L 2v65 |
V83 A 35 3V2 & 36. 35 37. V14
1 2 _
: 20, i\/T% 40. z =8,16
6
748 ft-1bs 42. 802 ft-1bs 43. 0 ft-1bs
1311 ft-1b 45. 480 ft-1b 46. 2918.311 ft-lbs
3467.466 ft-l1bs 48. 5196.152 ft-1bs 49. 9243.910 ft-1bs
Orthogonality
3
4
. orthogonal 3. no, but 4. orthogonal 5. no, but
no, but 7. no, but
(1,2, —1) 1 (37 -1, 1) (—2, —1,2) 1 (3,2,4)
no 9. no

31‘1 - 2132 =-1

Tr1 — 2!,62

+2x3—x4 =0 ® 12. 321 + 629 — 323 — 224 + Hxs = 23 13. 21 +329+523+T24+925 = 6



14.

A 17

20.

A 23

25.

26.

4.3

6

-1
Span 0
1
4 0
0 -2
Span ,
1 0
0 1
2 6 13
—1 1 2
Span 5 —15 i —32
1 [0) 0
(0] 1 0]
(0] (0] 1
3
Span 1
2

x1 + 2209 + x3 = 16

3
T not orthogonal

Outer Products

. True

False, AB is sym-

17

7 2

number).

-3
& 15. Span 0 & 16. Span
1
-1
1
18. Span 19. Span
-1
2
2
& 21. Span 22. Span
3
1
# 24. Span 1
0 -1
metric if and only 3. True
if AB = BA.

4. True

789
M7 |8 5 6
A 8.
9 6 3
16 8 9
6 7 23 14
9. | 8 23 11 16
9 14 16 54
13 8 19 22

96
21

22

72

85
43

35

23
7
35

62
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(as long as the (2,1) position is 7, the values on the diagonal entries could be any real
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(note that the (1,1) position could be any real 1 75— 9
number)
10. -7 3 =9
5+2i 9% 2
1 2 1 2 3 1 2 3 4
11.
3 4 12 2 1 4 5 6 7 8
13.
3 5 1 9 0 1 2
3 4 5 6
# 14. Hermitian # 15. Hermitian # 16. not Hermitian # 17. Hermitian
0 -2 0o -2 3 0 3 9 3
18.
2 0 19 2 0 5 -3 0 5 -2
20.
-3 -5 0 -9 -5 0 -9
-3 2 9 0
-12 0 8 0 —4 8 -2 4 1 -3
21.
8 0 N2 | 4 0 2 623 | -8 2 —4 N24 | 1 -3
12 0 —6 4 -1 2 2 —6
9 3 6 27
95 18 6 12 54
15 5 10 45
9 3 6 27
7 —4 —2
26 u=1| 2 |,v= 0 1 -7
27. u = ,U =
1 1 4 2
-1
3 o -9 -2
2
3 0 0
3 29.11,: , U=
28. u=1| ¢ |,v= 0 0
2
9 8 -5
4 L - L -
4 L -




30.
® 34

® 38.

39.

40.

41.

4.4
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nilpotent 31. neither 32. idempotent # 33. idempotent
neither & 35. nilpotent 36. neither 37. nilpotent
The projection of the unit square is the line )

segment between the points (0,0) and (1,1).
As such, it has no area because it is only a line
segment. The notion of area is lost by projec-
tions.

| () |

| —_ |

A I I I |

(a) Proof. The result follows from the linearity of the transpose operator and (A7) = A:

A+ AT =AT + (AT =AT + A=A+ AT, .

(b) Proof. The result follows from the linearity of the transpose operator and (AT)T = A:

(A-ANT =AT 1 (AT =AT + (-A)=-A+ AT =—-(4A-AT). .

(c) Proof. Let S=—~(A+AT)and T = =(A— AT). Then

1 1
2 2
1 o1 o1 1, .+ o 2
S+T:§(A+A )+§(A—A ):§(A+A)+§(A —A ):§A+O:A.
By part (a), we know that A + AT is symmetric. Since the transpose operator is linear, any
scalar multiple of a symmetric matrix is symmetric. Thus, S is symmetric. A similar argument
using part (b) shows that T is skew-symmetric. Therefore, A can be decomposed into a sum of
symmetric and skew-symmetric matrices. n

Proof. Let A be an idempotent matrix, that is, A2 = A. Suppose that A is also nonsingular. Then
A=A = A'AH=A4"YA) = LA=I, = A=I,.

Suppose next that A is nilpotent, that is, there exists some m such that A™ = 0. Let m be the smallest

positive integer with this property. By the way of contradiction, suppose that A is also nonsingular.

Then
A" =0 = A'AM)=4"Y0) = LA"'=0 = A™!'=0.

This contradicts the minimality of m. Therefore, A cannot be nilpotent and nonsingular. [
i 3 4i
We say that a square matrix A is skew-Hermitian if A* = —A. For example, the matrix | —3 0 1—2

4 —-1-20 =7

is skew-Hermitian.

Affine Transformations

. cos™! (—\/2&75) &2 cos! (\/270) & 3. cos™! (—&) & 4. cos™! <_\/iT7)

~ 102.5° ~ 63.4° ~ 132.5° ~ 114.4°
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# 10. not a rigid motion & 11. not a rigid motion

& 9. rigid motion

& 8. rigid motion

& 15. rigid motion

& 14. not a rigid motion

& 13. rigid motion

# 12. rigid motion

a17.(2,-1)

& 16. (3,1)

8
A
| | | | | |
| | | [~ | |
,\\\L\P\'\\il\\‘@l\\\f\\\,
L ST
S S
” o ” T

> —— ——
| I I I I |
| | | | | |
| | | | |
[ e H E e
| | | | | |
| | | | | |
O S A N S|
” T ” T
[ I NN S R B

&
& S

A .\\\\w\\\,\\\\,\\\\,
! bﬁ ! L
A, i Et a
I I Q I I I
| | | | | |
[ L B e

> —— ——
| I I I I |
| | | | | |
| | | | | |
[ e H E e
| | | | | |
| | | | | |
O S A N S|
” T ” T
[ I NN S R B

& 19. (0,2)

& 18. (1,0)

8
[ T O S N A
I I I I I I
| | 1Ry | | |
il ik’ Hata
I I I I I I
I I I I I I
B - A B e
> —— —t—
I m\, I I I I
B
I I I I I I
I I I I I I
[ S O N S
S R S R
i N
8
[ T O S N A
I I I I I I
| | Q. | | |
e T
I I I I I I
W/é
” | | ml\ | | ”
> —+— —t—
I I I I I I
I I I I I I
I | | I I |
[ e B I R A
I I I I I I
I I I I I I
[ S O N S
S R S R
i N

[ O QO [ o QO
ERRERER EREERR:
— Q2 =& & = Q SE &
esea@V eseabb
hane.l hane.l
= Ohl. = Oh.l.
= RO R R =IO
g2 .S58
vlo.oma_.ueTO Lota_.veT
anrnd anrn
mOrmOH mOnmo
! Bw EE < ¢ 5w 88
(EFEONE R )
o
Aw H o o Am B g
& O o 1 o O e)
0T T HE X G
o g O g U ) = Q g
SESEEE Z2sSEC
NI=®OES »ha=oE
<f D~
N ™
1
~ o © 1
— I I )
L L 1
) O
N I
f | — |
< o o0 - o~ <
, -
L L 1
— o~ 0
™ N N

one-to-one and onto.



—4 —7
& 28. 20 A 29. 14
14 —6
23 —4
31. 10 32. 4
33 2
4.5 Orthogonal Projections
1 1 1
3 #2.y=5|2 |6 0
[yls = | —2 1 -1
5
Y]z =
—6
3 3 -1
4 -1 1
ANl y= —2 +3
1 -5 -1 A5 y=2
0 1 -1
1
[yls = | —2
[yls =
3
1] 2 1 3 3 2
6. g + = 1
_ 7. — — | _
| 6 =y L) 5| 2| T3 47
4 22
1 2 8 —2
ao - +1 10. = 2
. 8 3 —2 . -1 5 3
7 2 1 1
267 —150 315 | [ 212 |
12 1 | 109 1 125 ) -9 ) 193
.= + —
17 | 401 ur | o ®13 o 0 || 206
225 84
143 325
L - - - | 225 | | 290 |

A 30.

33.

305

Since A ~ I3, the lin-
ear transformation associ-
ated to A is one-to-one and
onto. Therefore, the affine
transformation 7T is likewise

one-to-one and onto.

Since A I3, the lin-
ear transformation associ-
ated to A is one-to-one and
onto. Therefore, the affine
transformation T is likewise
one-to-one and onto.

~

5 2
N3 y= 4 |+6| -2 |,
-2 1
1
Yls =
6
; C
-2
=31 0|,
5
. L 5_
2
0 -2
g lo |+ ]| -1
0 2
15 0
011.% —4 +é 9
2 18
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14.

15.

A 19.

21. Proof.

97
23

57

APPENDIX D. SOLUTIONS TO SELECT EXERCISES

10
A 16. % ~ 0.632

a1l7

& 20.

23

3
3

V215785

103

~ 1.

155

~ 4.510

A 18

95
5

~ 4.025

|lutv|?+||u—v|?* = (utv)-(u+v)+(u—v)-(u—v) = (v-u+uw-Vv+v-U+v-V)+(U-U—U-V—V-U+V-V)

4.6

1. 2x5

4/13
' X7 /

6/13

4.7

V2l

[ X8

ﬁ ‘
—_
w

= 2(u-u) +2(v - v) = 2l + 20|,

2. 4x4

1
2. ¢ =
. 5

A 6. 1

—8/7

a9 | 47

16/7

The Gram-Schmidt Algorithm

The Fundamental Theorem of Linear Algebra

3. 3x3
2 3
-3 —4
01, 0
1 0
0 1
1 —4
3
1
1
5 &= | =
[ ) 3 2
2

' 8

& 10.

4. 4x2

—71

79

70

1/5
1/5
~7/5

8/5




1 241 1 -1+ 2
1 1 1 1
a6 {— | i |, — | 7-9 a7 - il —— | ag3i |, —
NG ) /s 7 —2i 5 ) 2v/10 443 532
21 4—2 141 1+ 37
1 3—i 31— 11
3 1 ) L 541 1 —43 +1
LT s | 2VIB02 |y s
—1 7T—1 —17—9%
. 1/V2 —-1/V2 2/V2 1/V2 2/3 2/3 6 s
1/vV2  1/V2 0 3/V2 i R L 6]
i o i 1/3 —2/3
.l V2 1/v2 2/vV2 3/V2 1/vV/11  6/+/209
. 16
1/V2 —1/V2 0 112 oo 0 11/v200 | | V1L T
i T i : 19
3/V11  —4//209 0 —
/ / v209
1/V/11  6/+/209
IR
413 | -2 2 L1llg 1 9
2 3 2 00 1
4.8 The Least-Squares Problem
L. 9 |1 2 1 2
1 116 D2 1 Y2 .
106 7 3 [ N .| 5. 0
—399
-2 1
—-92
14 -3 51 ~
a6 ATb= , ATA= , E:% , b:% 439
10 -3 21 143
470
—1
-6 42 0 1] -1 -
A7 ATh= . ATA= , @=c , b= 1
—4 0 14 -2
0
-1 2 3
—12 6 1| —7 —~
A8 A=| 9 o, ATb= . ATA= L @=g . b= _4
—6 6 24 1
1 4 ~1
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2 1 -2 7
30 7 4 —6 6
10 —1 R . 2
a9 A= , ATb=| 21|, ATA=| 4 3 3|, @=|3]|, b=
11 0 9
—21 6 -3 6 4
11 -1 5
1 0 10 -1
26 —15
& 10. W = Span o |, 1 , A= 0 11|, AATA)IAT = A AT =
~15 10
_5 3 -5 3
- 10 15 -5
1 10 15 - 1 10 15 =5 1
e =—A =—1| 15 26 3
35 15 26 3B 15 96 3| P
- -5 3 34
9 9 4 -2
-1
1 1
& 11. W = Span 1 , A= 1 A(ATA)_lAT=A|:21:| AT_ﬁAAT:ﬁ 9 1
4 4 8 —4

12. Hint: By Theorem 4.8.5, Z is the linear solution to the matrix equation AT Az = ATb. Since A is
invertible, show that the solution set of Az = b and AT Ax = ATb are the same.

13. Hint: You may use the fact Q'@ = I,,. Then substitute A = QR into the equation from Theorem
4.8.5. Also, although we know that R is nonsingular and we can use R~!, we do not know that @Q is
nonsingular. Thus, we cannot use Q! because it might not be defined.

Chapter 5 : Determinants

5.1 Introduction to Determinants

5 12 5 7 3 4 5 7 0 4
1 2 3. 4 5
9 —6 0 3 | -1 -6 9 -1 9 —6
-2 -1 3 0 -2 3 2 3 4 1 2 4_ 1 2 3
L X 1 36 M7 |1 16 M8 | o 1 3 N9 o 23 N10. [0 2 1
—4 8 0 7 -4 0 —4 8 0 7T —4 0_ 7T —4 8
1 3 4 1 2 4 1 3 4
1. | =2 0 —4 12. | —2 4 —4 13. 0 3 —1
-1 2 5 -1 3 5 -2 0 —4

i 3i—2 2+45i
14. 1 243i 5i—1 1+9

T+2t 1—3 244




15.

17.

A 24

30.
# 3L

34.

5.2

[ P8

12.

16.

19.

22.

A 24

& 25

29.

309

i 3i—2 T—i 3+ 4 Ti—5
3+ 4 9-3i 16. | 243i 5i—1 1+9i
T+2 i—3 1+2i T4+2i i—3 2+4i
-2 ®18. 0 ®19 9 ® 20. —16 21. 6 22. —21 23. 12
1+2i & 25 6 & 26. 3 ® 27 4 28 0 29. 0
o — 25¢€?
4 & 32. 70 & 33. 42

Proof. Notice that the cofactor expansion of A across Row 1 is exactly the same as the cofactor
expansion of AT across Column 1. Thus, det A = det AT. [

Properties of Determinants

-2 &2 10 A3 6 4 52 5. 20
52 N7 4 8. 24 9. 14 10. 0 11. 323
126 13. 27 & 14. 127 15. 729
—9+41 H17. 1 A 18. 6
20. DNE
3 —4 ’ 1 2
1 ’ 0, DNE o1, 1 :
12 Sl2 -1
1 1
8, = —5, —=
"8 "5
DNE, 6 —7 —4
0, DNE
’ 23. 5 3 1 2|0t
9
-6 10 7
rank(A) = 5, & 26. Yes, it is consistent for any & 27. I
nullity (4) =0 b. Az = b has no free vari-
ables. Ax = b has a unique ] 5
solution. & 28. ker(T) = {0}, im(T) = R°.
corank(A) = 5, Yes, T is both one-to-one
conullity(4) =0 and onto.

a b e f
Proof. Let A= and B = . Then det(A) = ad — be and det(B) = eh — fg. Hence,
c d g h

det(A) det(B) = (ad — be)(eh — fg) = adeh — adf g — beeh + bef g.

ae+bf af +0bh
On the other hand, AB = . Hence,

ce+dg cf+dh

det(AB) = (ae+bf)(cf+dh)—(af+bh)(ce+dg) = aecf+aedh+bfch+bfdh—afce—afdg—bhce—bhdg
= adeh — adfg — bceh + befg = det(A) det(B). =
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30. Proof. Let A be a nonsingular matrix, so that det(A) # 0. Likewise, A~! exists and

AATY =1,.

Applying the determinant to both sides gives (note that det(AA~!) = det(A)det(A~!) by Theorem

5.2.4)

5.3 Cramer’s Rule
0
1. A, 2.
1
L 2
: 1
4 6.
4 -2
8. , N9
-3 1
Aadj A) = —21,
—6 10 19
N 12 9 —-15 -3 |, 13.
6 7T =2
A(adj A) = 5115
2 2
& 16. ,
1 2 17.
A(adj A) = 21
20. det(A) =1,
4 13 5
A7'=| 3 11 —4
1 3 1

)
-6 12

A(adj A) = 541,

-19 17 )
-3 -6 =5
-5 —10 10

A(adj A) = 5515

0 10 10 10
A(adjA) =1

—158,

10 =30 -2

1

ﬁ —11

—46 18

det(AA™Y) = det([l,)
det(A)det(A™1) 1
1
AT =
det(47) = 5@
9 _2
3. H oL
| ! | o
b )
17
1
—-% 7.
0
5
L 17 5
-3 -3 2 —6
, 10. , 11.
-2 1 -1 2
A(adj A) = —91, AladjA) = 0L
-2 0 —4 2 -3 2
1 0 11, 14. —4 4 =2 |, 15.
3 -2 3 0 -1 0
2 7 2 0 0 11
7 6 6 | 01 0 2
A 18 , 19.
6 4 5 2 0 2 0
A(adj A) = 613 2 1 21
A(adj A) =214
21. det(A) =4, 22. det(A)
2 3/2 2
A =10 -1/2 3/2 =
1 1 0

19 22 12
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5.4 Cross Products
1 -3 —26 4 5
.| -5 N2 7 L 58 9 M| —6 5. | —4
2 5 2 2 1
1 19 8. 24 14 10. —368
NG | 5 N7 | —34 9. | —-19
1 12 12
11. 1
1
—= | -3
V35
-5
12. 37z — 26y + 53z = 224 d13. x4+y+62=5 ®1d 24+2y+3z+4w=>5
—r + =1
A 15, Y
3x — 3z +4w =10
T — 2 =0
16, TR
256173.’,82 +1‘4:71
17. 3k
18. Proof. To prove part (x),
V1 + wq e es es e ey e3 e ey e;3
ux(v+w) =uxX | vy +wy | = Uy Ug U3 =|u ux usg |t| up uy us
U3 + w3 U1 +wyp V2 +wy V3 + Wi V1 (%) V3 w; W2 W3
= (u x v) + (u X w),
where the second to last equality follows from multilinearity of the determinant. [
19. Proof. To prove part (xiii),
Uz U3 Up U3 uUp  Us
uXu= ,— ) =(0,-0,0) = 0. n
Uz U3 Up U3 U] Us

Chapter 6 : Eigenvalues

6.1

Eigenvalues and Eigenvectors
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1. yes, 2. no 3. no 4. no 5. no 6. yes,
A=5 A=3
7. yes, & 8. no A 9. yes, & 10. yes, & 11. yes, & 12. no
A= =-1 A= A=
1 1 3 1
13. ¢ A4 c & 15 ¢ M 16. ¢
0 0 1 1 17. ¢| =2
1
® 18. yes & 19. yes & 20. no
21. A= —1, mult = 1, N 22 \=5 mult =1, 23 \=-3 mult=1,
-9 2 -1
1 —4 ; 2 ;
=4, mult = 1
A =4, mult , 1 1
1 A= -3, mult =1, A =2, mult =2,
2 1 1 -1
2 01, 2
0 2 0

24. A=1, mult =1,

25. x=5,y=4
26. Hint: If Az = Az, then what can we say about A%z = A(Az)? Can we generalize this observation?
27. Hint: If A is idempotent, then A? = A. Use Exercise 26.

28. Hint: If A is nilpotent, then A™ = 0 for some n. Use Exercise 26.

6.2 The Characteristic Polynomial

-1 2 -1 -1
1. A=2, ;s A=2D5, N2 \=4 A= =2



-1
A3 )\=5,
1
1+
N5 =1+,
1
3
7. A= -3+,
9

-1
9. \=0, 9 A
1
0
M1l A=0, —1
1
-1
13. A=5, 9 A
2
-1
15. A =0, 0
2
-2 7 5
16. 0 -3 12
0 0 5

# 19. A and B are not similar since tr(A)

tr(B)

1—1
A=1—14,
1
341
= -3 -1,
2
0 1
1| p3A=241 -3
1 -1
12. A =0,
1 -2
2| piA=-54] —4
0 ;)
-1
0| irA=-2
1
-1 3
17.
2 0
=5+#3

-3
4. X =3,
2
—1
A6 \=2+3i,
1
0
M3 =1, -1
1
0
A10. \=2, 1
1
-1 —4
0 A= -2, -3
1 2
—17
14. A=0, 5
0
—6
-2
3
18.

# 20. A and B are not
6 = det(B)

313

—4
; A= _17
3
—1
A=2— 31,
1
-1 1
2 | iA=2,9] -3
1 -1
1
-1
0
7A = _47 1
0
72 1
A=T, 0 A=17,4| 1
-167 1
2 0 0
-7 6 18
4 1 -1
similar since det(A4) = 4 #

21. A and B are not similar since they have different eigenvalues since A = 1,3,1,0 versus u =5,1,1,2

6.3

-1

Diagonalization

-4 1 0

1 5 0 2

A2
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1
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R R — N A
I 1§ |
— [} [} [a—) ~
q- O - | ,VTA e i
| o © o ° ° |
| Te Tk
0 N — o — —
9_7.). .I;l ooWQ | ~ A_t = [ ﬁ
_
M~ [ | — N | _ [} [} |
I — _I;né — — ~
/l\ /I\
o o ™ _ o o
e o - - -~ | ﬂ
o o o ) = < 7 =} R
o] s} [N}
1 A_a =] =1 = = = =) =N =} — _ _
| o] o o ™
) a | 1,_2 o o 37ﬁ
- . o - o = o o . .
e —
o
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11 11 25 5 1 _5
2 2 2 2 26 26 26 26
9. 3 +1 10. 18 -8
11 11 51 _5 25
2 2 2 2 26 26 26 26
1 3 2 1 3 2
2 i 3 0 0 0 2 i s
11.9| 3 9 12 | 44|l 16 _12|_1|_3 9 12
10 50 50 25 25 10 50 50
2 12 8 0 _12 o 2 12 8
5 50 25 25 25 5 50 25
111 1.1 11 1
3 3 3 2 2 6 6 3
12302 1 1|12 21 1 o l+6] 1 1 1
3 3 3 2 2 6 6 3
1 1 1 1 1 2
3 3 3 0 00 ~3 3 3
1 1 1 1 1 1 1 1 1 1 1 1 1
R S S 2 2 00 § 5 30 7 "1z 12 1
11 11 11 9 9 _1 1 1 g 11 1 1
4 4 4 4 2 2 6 6 3 12 12 12 4
N 13. 4 +8 +8 +8
1 1 1 1 1 1 2 1 1 1 1
i i 1 i 00 00 -3 35 3 0 vl 5 12 1
1 1 1 1 1 1 1 3
i 1 1 1| |0 O0OO0CO}] | O O 0 0} | 7 -3 31 1
111 1 _1 3 1 _1 1
4 4 4 4 4 4 4 4 4
1 111 103 1 _1
4 4 4 4 4 4 4 4
— 4 +8
111 _1 11 3 1
4 4 4 4 4 4 4 4
1 111 11 1 3
1 i 711 | 31 "1 1 1|
5 1 1, 1 1
514 1 1oy 100 0 0 0 0 0
14. 3 -3 5 s ) - . )
1_ 1, 1 141, 5 . 0 0 0]+ 0o £ = |(-1]jo 3
6 3 6 6 T3 6 3 3 3
1= 1 —14i
00 0 0 FH 1 0 =L
1 0 0 0 0 0
=2 2 144 —1 1 —1—i
O 3 3 0 3 6
-1 S 2
0 3 3 0 6 3

16. Hint: Recall that (A=1)T = (AT)~L

17. Hint: Recall that (AB)T = BT AT. This is the shoes-socks property. Doesn’t another matrix operation

also have the shoes-socks property?
18. Hint: Recall that det(A") = det(A).

19. Hint: You may use the fact that (Uz) - (Uy) = « -y for all ,y € R™ if and only if U is orthogonal.

6.5 Similarity and Linear Transformations
-6 -4 -2 0 -7 -1 0 8 =5
1. a3
2 3 1 1 |#2| -5 -1 0 11 -7
—-11 -1
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04-[0010} 0 0



Linear Algebra Done Openly is an ever improving textbook providing an introductory look at linear
algebra. Written by Southern Utah University’s Dr. Andrew Misseldine and numerous student
contributors, the book is tailored to students in their undergraduate studies and beyond.

Beginning with an introduction to linear algebra, the book brings clarity and insight to complicated
linear algebra topics, including linear systems and transformations, fields, vector spaces, and
matrices. It then moves to a more in depth study of vectors and matrices, and their geometric
and algebraic perspectives. It demonstrates that vectors are essential in defining vector spaces,
ranging from two-dimensional planes to larger n-dimensional spaces. Following this, the book
discusses matrices, emphasizing their role as tools for transforming vectors and solving systems of
linear equations, particularly through the use of row-reduced echelon forms. Exploring the algebraic
properties of matrices and the properties of linear transformations.

Furthermore, when students are comfortable with these different ideas, techniques, and algorithms
the book builds on them to introduce students to more advanced concepts, focusing on orthogonality,
determinants, and eigenvalues. Orthogonality is explored discussing orthogonal vectors and projec-
tions. The discussion includes the Fundamental Theorem of Linear Algebra and the Gram-Schmidt
algorithm. The book covers determinants and provides a thorough discussion of their properties,
including matrix invertibility and their role in solving linear systems with Cramer’s Rule. Lastly,
tying everything together, is a chapter on eigenvalues and eigenvectors. Outlining methods for
finding eigenvalues and eigenvectors, and utilizing them in practical applications such as constructing
eigenbases, determining matrix diagonalizability, and more!

Linear Algebra Done Openly includes in depth discussions, with definitions and theorems. It utilizes
a multitude of examples to increase understanding and execution, including practice problems with
solutions, and corresponding online videos. Whether you are encountering linear algebra for the first
time or seeking to expand your existing knowledge, this textbook offers a thorough exploration of the
subject.
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