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1 Periodic Potential
Finally we want to have a look at a system which is contains a periodic potential. This is an
example, which is relevant for electrons propagating in a perdiodic lattice. In a realistic case, the
potential would be formed by a periodic replication of Coulomb potentials at the position of the
ions. For simplicity we just introduce a sine function for the potential. The result of this calculation
resembles to be a band structure as we would observe it in solids for example.

Our periodic potential shall be finite in size and we will simulate that with the square of a cosine
function. This time, we will not look at realistic length and energy scales, but just take a model
function.

Our potential will be like that

where we chose the height and period of the cosine function.

1.1 Definition of the problem
Before we start, we need to define some quantities:

• we will study this time a domain of 𝐿 = 4𝜋
• we will use N=3001 positions along 𝑥
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• our potential will be described by 𝑉 (𝑥) = 𝐴 cos2(𝑏 ⋅ 𝑥)
• we will choose 𝐴 = 30, 𝑏 = 3

1.1.1 Potential energy

We first define the diagonal potential energy matrix.

1.1.2 Kinetic energy

Next are the derivatives of the kinetic energy matrix.

An finally the total Hamilton operator matrix again.

Add some boundary effects

1.1.3 Solution

The last step is again the solution using the eigsh solver.

1.1.4 Plotting

In this case, it might be more instructive to look at individual wavefunctions, what are plotted
below. It reveals that we have two effects.
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One effect comes from the finite size of the periodic structure. This creates an envelope which is
similar to the shape of the wavefunction we had for the particle in a box. The second effect comes
from the periodic structure itself, when the wavefunction is localized in the individual potential
wells. The close spacing of the wells lets all wells interact with each other which creates energy
bands.

1.2 Energy states
If we plot the energy states as a function of the index of the energy state, we recognize a gap of
energy states, which is not accessible by any state. These are the abdn gaps existing in periodic
structures like that.
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1.3 Where to go from here?
To extend this model, you could try to find out how to remove the boundary effetcs. One may
create perdiodic boundaries for this model. Research the web for that.
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