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1 Hydrodynamics
A field that we did not cover in our Python course so far is hydrodynamics. The basic hydrodynamic
equations, i.e. the Navier Stokes equation is a nonlinear differential equation and its numerical
solution is way beyond the scope of this course. We can, however, have a look at the solution of
simple problems. The first is the study of a sphere falling under gravity in a liquid. The second is
just the plotting of solutions of the Stokes equation in a streamline plot. So all of that seems to be
simple as compared to the more difficult things we did recently.

1.1 Falling sphere
An object falling slowly in a viscous fluid under the influence of gravity is subject to a drag force
(Stokes drag) which varies linearly with its velocity.
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Its equation of motion may be written as the second order differential equation:

𝑚𝑑2𝑧
𝑑𝑡2 = −𝜁 𝑑𝑧

𝑑𝑡 + 𝑚𝑔′ (1)

where 𝑧 is the vertical position, 𝑚 the mass of the object and 𝜁 the friction coefficient, which is
for a sphere for example 𝜁 = 6𝜋𝜂𝑅. Here 𝜂 is the viscosity and 𝑅 is the radius of the particle.
The gravitational force on the particle is due to bouyancy not directly given by the gravitational
acceleration but by

𝑔′ = 𝑔 (1 − 𝜌𝑓
𝜌𝑜

) (2)

With the help of that we may write down the finam differential equation as

𝑑2𝑧
𝑑𝑡2 = −6𝜋𝜂𝑅

𝑚
𝑑𝑧
𝑑𝑡 + 𝑔 (1 − 𝜌𝑓

𝜌𝑜
) (3)

which is easy to solve with our previously gained skills odeint.
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1.1.1 Setup

1.1.2 Function definition

1.1.3 Initial Conditions

1.1.4 Numerical solution

1.1.5 Analytical solution

The plots below show the change of the position, velocity vs. each other. What is nicely seen, is
that the position changes initially in a parabolic way and then turns into a linear increase with
time, meaning the the velocity is constant. This is seen in the other two plots, demonstrating the
the friction force balances at some point the gravitational force to yield a constant velocty.

1.2 Stokes equation
In this second part, we will plot the streamlines of flow fields, which are particular solutions of
the Stokes equation. The Stokes equation is a simplified form of the Navier-Stokes equation. The
Stokes equation reads

𝜂∇2u − ∇𝑝 + f = 0 (4)

which is always bound to a second equation

∇ ⋅ u = 0 (5)

This last equation tells you that the liquid is incompressible.

We do not want to solve the Stokes equation, but we want to obtain a plot of some fundamental
solutions under the condition that the velocity of the fluid vanishes at infinite distance.

1.3 Fundamental Solutions of the Stokes Equation
One of the fundamental solutions is created when a particle of radius 𝑎 that is dragged with a
velocity v = {𝑣𝑥, 𝑣𝑦, 𝑣𝑧} through a solution at low Reynolds number is causing a flow field, which
corresponds in the farfield to the flow field generated by a point force acting on a volume element.
The solution to that problem, which creates finally the friction coefficient we used in the first section
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is constructed from a so-called Stokeslet, i.e. the flow field created by a point force on a volume
element of the fluid. This flow field is given by

u𝑆𝐿(r) = 3𝑎
4𝑟 (𝐼 + ̂𝑟 ̂𝑟) v (6)

This solution, however, fails to comply with the no-slip boundary condition, i.e. the condition that
the fluid and the sphere have the same velocity at the surface.

1.3.1 Stokeslet

So lets create at first a plot of flow field of the Stokeslet. Therefore we have to calculate the out
product ̂𝑟 ̂𝑟 together with the identity matrix. Numpy provides us with the method outer for the
outer product. A function, which delivers the stokeslet has then the following shape and returns
the flow field x and y vector components.

We would like to access the flow field in the x-y plane.

The flow field is created by a point force draging the particle in x-direction with the velocity

The cell below calculates the flow field at each point in the plane and inserts all into two lists.
These are then reshaped into arrays.

The cell below creates a plot of the streamlines. The streamlines are not lines of constant velocity.
They represent the traces of the flow field a tracer particle would follow. The streamlines are
plotted together with a contour plot of the velocity magnitude.
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1.3.2 Source dipole

To correct for the boundary conditions at the surface of the particle we need a second flow field,
which is the one of a source dipole. This source dipole is given by

u𝑆𝐷(r) = 𝑎3

4𝑟3 (𝐼 − 3 ̂𝑟 ̂𝑟) v (7)

and represented by the function below

We calculate the flow field in the sample plane.

The streamline plot demonstrates clearly, why this flow field is called source dipole. It has a shape,
which reminds us of the electric field lines of and electric dipole.
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1.3.3 Sum of both solutions

The flow field around a sphere is then the sum of both solutions.

u(r) = 3𝑎
4𝑟 (𝐼 + ̂𝑟 ̂𝑟) v + 𝑎3

4𝑟3 (𝐼 − 3 ̂𝑟 ̂𝑟) v (8)

This is numerically calculated below.

The result now clearly shows that the streamlines sneak around the sphere and not anymore end
or start at the sphere surface.
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