Tensor product of state spaces

I Definition and properties

Tensor product space
E=€1 Q€9

if there is associated with each pair of vectors, |¢(1)) € €1 and [¥(2)) € €9, a vector of ¢,
denoted by |1(1)) ® [¢(2)) .

1. It is linear with respect to multiplication by complex numbers.
2. Itis distributive with respect to vector addition.

3. The set of basis |u;(1)) ® |v;(2)) constitutes a basis in £. The dimension of € is N1 N».

(@' (1)x'2)]e(1)x(2)) = (¢'(M)]e(1)) (x'(2)[x(2))
(up(Lor(2)lui(1)vi(2)) = (uir(1)|ui(1)) (vr(2)vi(2)) = divrdur

Tensor product of operators

The extension of a linear operator A(1) in € :

= 3 culd() (1) © )

It is easy to show that two operators such as A(1) and B(2) commute in «.

The tensor product A(1) ® B(2) is the linear operator in €.

[A(1) ® B)I[[¥(1)) @ |x(2))] = [A(1) [$(1)] © [B(2[x(2)))]

I Eigenvalue equations in the product space

Eigenvalue equation of A(1)
A1) | (1)x(2)) = [AQ1) |¢n(1))] @ [x(2)) = an ¢, (1)x(2))

If A(1) is an observable in €1, the orthonormal system of vectors ‘¢£{Z> is a basis in € :

[¥') = |en(1) ® [0i(2))
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Eigenvalue equation of A(1) + B(2)

C = A(1) + B(2)
Clen(1)xp(2)) = (an +by) [0n(1)xp(2))

The eigenvalues of C' are the sums of an eigenvalue of A(1) and an eigenvalue of B(2).
One can find a basis of eigenvectors of which are tensor products of an eigenvector of A(1)

and an eigenvector of B(2).
Comment:

Equation (F-30) shows that the eigenvalues of C' are all of the form enp = an + bp. If
two different pairs of values of n and p which give the same value for c,p do not exist,
Cnp is non-degenerate (recall that we have assumed a, and b, to be non-degenerate in
&1 and & respectively). The corresponding eigenvector of C' is necessarily the tensor
product [@n(1))|xp(2)). If, on the other hand, the eigenvalue ¢, is, for example, two-
fold degenerate (there exist m and ¢ such that cpmq = cnp). all that can be asserted is
that every eigenvector of C' corresponding to this eigenvalue is written:

AMea(1)) 1 xp(2)) + 1l @n(1)) [ xp(2)) (F-31)

where A and p are arbitrary complex numbers. In this case, therefore, there exist eigen-
vectors of C' which are not tensor products.

C=A(1)+B(2)=A1)1(2) +1(1) ® B(2)

Complete sets of commuting observables in €

By joining two sets of commuting observables which are complete in €1 and ¢4

respectively, one obtains a complete set of commuting observables in ¢ .

I Applications

System of three spin 1/2 particles

es=¢es(l) ®eg(2) ®es(3)
S=181+S2+8S3

Sz = glz + 522 + g?)zv with

~ h .
Siz |€1€2€3> = 561' |61€2€3>, 1= 1, 2,3

eigenvalues : 3/2h, 1/2h x 3, —1/2h x 3, —3/2h

ul = [1,0]; u2 [0,1]
szl = 1/2 [10; 0 -1] > 2x2 Matrix{Float64}:
Sz (5z1,1(2),1(2)) (1(2),521,1(2)) (1(2),1(2),Sz1) > 8x8

Sz (u2,u2,u2) >
(Ssz) > Eigen{Float64, Float64, Matrix{Float64}, Vector{Float64}}



af://n25
af://n30
af://n32
af://n33

52::Sf%—S§4—S§4—281-824—281-834—282-83
9
:Zh2+2(sl-S2+Sl-Sg—|—Sg-Sg)
2

9 h
Sz ‘518283> = Zh2 + 7(0&30'27 + 0';0'?24 + O'iO'z + - ) |€18283>

eigenvalues : 3/4h> x 4, 15/4h? x 4

[ [@61; 10], [0 -1im ; 1im 0], [1 0 ; @ -1] ] > Vecto
[ kron(a,1(2),1(2)) * kron(1(2),0,1(2)) for o in axyz
[ kron(o,I(2),I(2)) * kron(I(2),I(2),0) for o in oxyz

[ kron(I1(2),0,I(2)) * kron(I(2),I(2),0) for o in oxyz
1/2 * (sum(012) + sum(o13) +sum(o023)) > 8x8 Matrix{Comple
eigen(S2).values .+ 9/4 > Vector{Float64}

ECOC : {Slz7 S2za S3Z} — {’92’ Sz}

eigen(Sz).vectors v 8x8 Matrix{Float64}:
0. 0.0 0.0 0.0

S 0 O 9 © 009
e © © © © O r S
e 0 0 © © 0 0
S &0 0 © o r e
S 0 0 90 © 00
S 0 Oor oo e e
e &0 0 O 0 0
e & O 9O 0O 00 -
(ST~ B Y S T T S Y S ]

eigen(S2).vectors v 8x8 Matrix{ComplexF64}:
0.0+0.01im 0.0+0.01 0.0+0.
0.707107+0.0im 0.0+0.01 .408248+0.01
-0.707107+0.0im 0.0+0.01 .408248+0.
0.0+0.0im -0.707107+0.01 0.0+0.
.0+0.0im 0.0+0.01 .816497+0.01
.0+0.0im 0.707107+0.0i 0.0+0.
.0+0.0im 0.0+0.01 0.0+0.
.0+0.0im 0.0+0.01 0.0+0.01

S & © © 8 © © K

Addition of an orbital angular momentum ! = 1 and a spin 1/2

E] =€ REgS
J=L+S
Jz:-iz+§z
JX=IL*+S?>+2L-S
3
:l(l+1)52+Zh2+2(Lm®Sm+Ly®Sy+LZ®Sz)
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Sxyz 1/2 * [ [0 1; 1 0], [0 -1im ; 1im 0], [1 O ; » Vector{Matrix{Comp
Lxyz /N2 [ [610;101; 010], 1imx[0 -1 0 ; :
v2x[1 00 ;000 ; 00 -1] 1 Vector{Matrix}
Jz = kron(Lxyz[3],I(2)) + kron(I(3),Sxyz[3]) > 6x6 Matrix{ComplexF64}:
eigen(Jz) > Eigen{ComplexF64, ComplexF64, Matrix{ComplexF64}, Vector{ComplexF64}}
= 2% sum( [kron(Sxyz[n],Lxyz[n]) for n in 1:3] ) > 6x6 Matrix{ComplexF64}:
eigen(J2).values .+ 11/4 v Vector{Float64}
.750..
.750..
/5
N5
N5
N5

0
]
3
3
3
3

eigen(J2).vectors v 6x6 Matrix{ComplexF64}:
0.0+0.0im 0.0+0.0im 0.0+0.
0.57735+0.01im 0.0+0.0im ©0.816497+0.
0.0+0.0im -0.816497+0.0im 0.0+0.
-0.816497+0.0im 0.0+0.01im 0.57735+0.
0.0+0.01im 0.57735-0.0im 0.0+0.
0.0+0.0im 0.0+0.0im 0.0+0.

RIFLCGREL RART?, JIHFARESG: 2RISR EIR, BIERASHS,
RE R

ECOC: |L% L., 5% S.) — |J? L% S%,J.)

<07‘10|¢> - <9a (P|l, m> ® |s,m5> - Cllflml H_> + c2lflm2 |_>
JX=L>+S?>+2L-S
3
:l(l+1)52+Zh2+2(Lx®Sm+Ly®Sy+LZ®SZ)

L. L,— z’Ly>

3
— 10+ + SR> +h
(L DRZ+ Zh7 <Lm+iLy ~L,

[cimy + C2\/(l —mq)(l+mq1 + 1)]Yi,
[Cl\/(l — ml)(l + mq + 1) — szQ]lflmQ

(0, 0177 |8) = 10+ DA + 2K (6, plg) + B
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