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Chapter 1

IMO 2006 SL statements

theory IMO-2006-SL-statements
imports Main

begin
Shortlisted problems with solutions from /7-th International Mathematical
Olympiad, 2006, Slovenia.

File with problem statements and solutions can be found at: https://www.
imo-official.org/problems/IMO2006SL.pdf

end

1.1 Algebra problems

1.1.1 IMO 2006 SL - A1l

theory IMO-2006-SL-A1
imports Complez-Main
begin

theorem IMO-2006-SL-A1:
fixes a :: nat = real
assumes V i > 0. (a (i + 1) = floor (a i) x (a i — floor (a i)))
shows 3 i. ai=a (i + 2)
sorry

end


https://www.imo-official.org/problems/IMO2006SL.pdf
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1.1.2 IMO 2006 SL - A2

theory IMO-2006-SL-A2
imports Complex-Main
begin

theorem IMO-2006-SL-A2:
fixes a :: nat = real
assumes a 0 = -1V n>1. 0. k<n+1l.a(n—%k)/(k+1)=0n>1
shows an > 0
sorry

end

1.1.3 IMO 2006 SL - A3

theory IMO-2006-SL-A38
imports Complez-Main

begin

theorem IMO-2006-SL-A3:
fixes c :: nat = nat
and S : (nat x nat) set
assumes c0 =1c1 =0V n>0.c(n+2)=c(n+ 1)+ cnand
V(z,y)€S. 3 Junatset. (VjeJ j>0)A
v = (Djel. c) Ay = (Siel. ¢ (-1))
shows 3 a S m M ::real. (z,y) € S+— (m<axzx+BxyANaxz+ [ x
y < M)
sorry

end

1.1.4 IMO 2006 SL - A4

theory IMO-2006-SL-A/
imports Complex-Main
begin

theorem IMO-2006-SL-A4:
fixes a :: nat = real and n :: nat
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assumes
Vil<iNni<n—ai>0
shows

O i=1.<n. > j=i+l.n.(ai*xaj/(ai+ aj))) <
n/(2xO.i=1.nai)x O, i=1.<n.>, j=i+l.n. (aix*aj)))

sorry

end

1.1.5 IMO 2006 SL - A5

theory IMO-2006-SL-A5
imports Complez-Main
begin

theorem IMO-2006-SL-A5:
fixes a b ¢ :: nat
assumes a > 0b>0c>0a+b>cb+c>ac+a>b
shows sqrt (b + ¢ — a) / (sqrt b + sqrt ¢ — sqrt a) +
sqrt (¢ + a — b) / (sqrt ¢ + sqrt a — sqrt b) +
sqrt (a + b — ¢) / (sqrt a + sqrt b — sqrt ¢) <
sorry

3

end

1.1.6 IMO 2006 SL - A6

theory IMO-2006-SL-A6
imports Complez-Main
begin

theorem IMO-2006-SL-A6:

fixes a b ¢ :: real

shows Min {M.V abec.|a*bx* (a?—0%) +bxcx*(b?—c?) +cxax*(c?
—a?)| < M x (a® + b* + *)?} = (sqrt 2) x 9 ] 32

sorry

end
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Chapter 2

IMO 2008 SL statements

theory IMO-2008-SL-statements
imports Main
begin

Shortlisted problems with solutions from 49-th International Mathematical
Olympiad, July 10-22, 2008, Madrid, Spain.

File with problem statements and solutions can be found at: https://www.
imo-official.org/problems/IMO2008SL.pdf

end

2.1 Algebra problems

2.1.1 IMO 2008 SL - A1

theory IMO-2008-SL-A1
imports Complez-Main
begin

theorem IMO-2008-SL-A1:
fixes f :: real = real

assumes Y pgrs:real. p > 0ANg>0ANr>0ANs>0Npg=rs—
((Fp)?+ () /() +f(?) =0+ )/ (P + 57
shows (V2 > 0. fe =2)VVN 2z >0.fz =1/ x)

sorry


https://www.imo-official.org/problems/IMO2008SL.pdf
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end

2.1.2 IMO 2008 SL - A2

theory IMO-2008-SL-A2
imports Complex-Main
begin

theorem IMO-2008-SL-A2-a:
fixes x y z :: real
assumes t £ 1y # 1z# 1z xyxz=1
shows 22 / (z — 12 + ¢y )/ (y—1)*+ 22/ (2 — 1)? > 1
sorry

theorem IMO-2008-SL-A2-b:

fixes z y z :: real

shows — finite {(z, y, 2). e #1 ANy# 1 Nz#1Nxxyxz=1ANz"2/ (x
—1)24+y2/(y—1)2+22/(z—1)"2=1}

sorry

end



Chapter 3

IMO 2017 SL statements

theory IMO-2017-SL-statements
imports Main
begin

Shortlisted problems with solutions from 58-th International Mathematical
Olympiad, 12-23 July 2017, Rio de Janeiro, Brazil.

File with problem statements and solutions can be found at: https://www.
imo-official.org/problems/IMO2017SL.pdf

end

3.1 Combinatorics problems

3.1.1 IMO 2017 SL - C1
theory IMO-2017-SL-C1

imports Complez-Main
begin

type-synonym square = nat X nat

A rectangle with vertices [x1, x2) and [y1, y2) is given by a quadruple (x1,
x2, y1, y2).

type-synonym rect = nat X nat X nat X nat

fun wvalid-rect :: rect = bool where

11
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valid-rect (z1, 2, y1, y2) +— z1 < 22 A yl < y2

All squares in a rectangle

fun squares :: rect = square set where
squares (z1, z2, y1, y2) = {zl..<x2} x {yl..<y2}

Two rectangles overlap inside another one

definition overlap :: rect = rect = bool where
overlap r1 r2 <— squares r1 N squares 2 # {}

There are no two overlapping rectangles in a set

definition non-overlapping :: rect set = bool where
non-overlapping rs <— (¥ r1 € rs. ¥ r2 € rs. rl # r2 — — overlap r1 12)

A set of rectangles covers a given rectangle

definition cover :: rect set = rect = bool where
cover rs v <— (|J (squares ‘ rs)) = squares r

A rectangle is tiled by a set of non-overlapping, smaller rectangles

definition tiles :: rect set = rect = bool where
tiles rs v <—> cover rs r A\ non-overlapping s

theorem IMO-2017-SL-C1:
fixes a b :: nat
assumes odd a odd b tiles rs (0, a, 0, b) ¥ r € rs. valid-rect r
shows 3 (z1, 22, y1, y2) € rs.
let ds ={z1 — 0, a — 22, y1l — 0, b — y2}
in (V d € ds. even d) V (V d € ds. odd d)
sorry

end

3.2 Number theory problems

3.2.1 IMO 2017 SL - N1
theory IMO-2017-SL-N1
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imports Complez-Main
begin

definition sqrt-nat :: nat = nat where
sqrt-nat x = (THE s. x = s % s)

theorem IMO-2017-SL-N1:
fixes a :: nat = nat
assumes V n.a (n+ 1) =(if (I s.an =s*35)
then sqrt-nat (a n)
else (an) + 3)
and a0 > 1
shows (3 A. infinite {n. an = A}) «— a 0 mod 3 = 0
sorry

end
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Chapter 4

IMO 2018 SL statements

theory IMO-2018-SL-statements
imports Main
begin

Shortlisted problems with solutions from 59-th International Mathematical
Olympiad, 3-14 July 2018, Cluj-Napoca, Romania.

File with problem statements and solutions can be found at: https://www.
imo-official.org/problems/IMO2018SL.pdf

end

4.1 Algebra problems

4.1.1 IMO 2018 SL - A1

theory IMO-2018-SL-A1
imports HOL.Rat

begin

theorem IMO2018SL-A1:
fixes z y :: rat and f :: rat = rat

assumes f (z x z x (fy) * (fy)) = (fz) « (fz) * (fy)
shows fz = I
sorry

15
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end

4.1.2 IMO 2018 SL - A2

theory IMO-2018-SL-A2
imports Complex-Main
begin

theorem IMO2018SL-A2:
fixes n :: nat
assumes n > &4
shows (3 a 2 nat = real. an=a0 N a(n+1)=al A
(Vi<n (ai)*(a(i+1)) + 1 =ua (i+2))) «—
3dvdn (is (3 a. 7pl a N ?p2 a N ?eq a) < 3 dvd n)
sorry

end

4.1.3 IMO 2018 SL - A3

theory IMO-2018-SL-A38
imports Complex-Main

begin

theorem IMO2018SL-A3:
fixes S :: nat set
assumes V z € S.z > 0
shows (3 FG.FCSANGCSAFNG={}AN( zeF. 1/(rat-of-nat z))
= (> zeG.1/(rat-of-nat x))) V
(Frorat. 0 <rAr <1 AN FCS. finite F — (> zeF. 1/(rat-of-nat

z)) # 1))

sorry

end

4.1.4 IMO 2018 SL - A4

theory IMO-2018-SL-A/4
imports Complex-Main
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begin

definition is-Max :: 'a::linorder set = 'a = bool where
issMax Az +—z € AN 2z’ € A 2’ < 1)

theorem IMO2018SL-A}:

shows

is-Max {a 2018 — a 2017 | a:znat = real. a 0 = 0Nal=1ANKNn>23
k.1 <kANkE<nAan= (> i<+ [n—k.<n].ai)/ real k)}

(2016 | 2017°2) (is is-Max {?fa | a. ?P a} ?m)

unfolding is-Maz-def

sorry

end

4.1.5 IMO 2018 SL - A5

theory IMO-2018-SL-A5
imports Complez-Main
begin

theorem IMO-2018-SL-A5:
fixes f :: real = real
assumes V z > 0.V y > 0.
shows 4 C1 C2.V x> 0. f
sorry

(z+ 1/z) * (fy) = [ (zxy) + [ (y / o)
r=Clxz+ C2/x

end

4.1.6 IMO 2018 SL - A7

theory IMO-2018-SL-A7
imports Complez-Main
begin

theorem

shows Maz {root 3 (a / (b + 7)) 4+ root 3 (b / (¢ + 7)) + root 3 (¢ / (d +

7)) + root 3 (d / (a + 7))
labcd:real.a>0Nb>0ANc>0Nd>0Na+b+c+d

=100} = 8 / root 37
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sorry

end

4.2 Combinatorics problems

4.2.1 IMO 2018 SL - C2

theory IMO-2018-SL-C2
imports Complex-Main
begin

locale dim =

fixes files :: int

fixes ranks :: int

assumes pos: files > 0 A ranks > 0

assumes div4: files mod 4 = 0 A ranks mod 4 = 0
begin

type-synonym square = int X int

definition squares :: square set where
squares = {0..<files} x {0..<ranks}

datatype piece = Queen | Knight
type-synonym board = square = piece option

definition empty-board :: board where
empty-board = (A square. None)

fun attacks-knight :: square = board = bool where
attacks-knight (file, rank) board +—
(3 file’ rank’. (file’, rank’) € squares A board (file’, rank’) = Some Knight N
((abs (file — file") = 1 A abs (rank — rank’) = 2) v
(abs (file — file) = 2 A abs (rank — rank’) = 1)))

definition valid-horst-move’ :: square = board = board = bool where
valid-horst-move’ square board board’ <—
square € squares A board square = None A
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- attacks-knight square board N
board” = board (square := Some Knight)

definition valid-horst-move :: board = board = bool where
valid-horst-move board board’ +—
(3 square. valid-horst-move’ square board board”)

definition valid-queenie-move :: board = board = bool where
valid-queenie-move board board’ +—
(3 square € squares. board square = None N
board’ = board (square := Some Queen))

type-synonym strategy = board = board = bool

inductive valid-game :: strategy = strateqy = nat = board = bool where
valid-game horst-strategy queenie-strateqy 0 empty-board
| [valid-game horst-strategy queenie-strategy k board;
valid-horst-move board board’; horst-strategy board board’;
valid-queenie-move board’ board"; queenie-strategy board’ board"|=—> valid-game
horst-strategy queenie-strategy (k + 1) board"

definition valid-queenie-strategy :: strateqy = bool where
valid-queenie-strategqy queenie-strateqy <—
(V  horst-strategy board board’ k.

valid-game horst-strateqy queenie-strateqy k board N

valid-horst-move board board’ A\ horst-strategy board board’ N

(3 square € squares. board’ square = None) —

(3 board"”. valid-queenie-move board’ board” A queenie-strategy board’

board"))

definition guaranteed-game-lengths :: nat set where
guaranteed-game-lengths = { K. 3 horst-strategy. ¥V queenie-strategy. valid-queenie-strategy
queenie-strategy — (3 board. valid-game horst-strategy queenie-strategy K board)}

theorem [MO2018SL-C2:
shows Mazx guaranteed-game-lengths = nat ((files x ranks) div 4)
sorry

end
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end

4.2.2 IMO 2018 SL - C3

theory IMO-2018-SL-C38
imports Complez-Main
begin

type-synonym state = nat list

definition initial-state :: nat = state where
initial-state n = (replicate (n + 1) 0) [0 := n]

definition final-state :: nat = state where
final-state n = (replicate (n + 1) 0) [n = n]

definition move :: nat = nat = state = state where
move pl p2 state =
(let k1 = state ! p1;
k2 = state ! p2
in state [p1 := k1 — 1, p2 := k2 + 1])

definition valid-move’ :: nat = nat = nat = state = state = bool where
valid-move’ n pl p2 state state’ <—
(let k1 = state ! p1
mkl >0Npl <p2 ANp2 <pl+klIAp2<nA
state’ = move pl1 p2 state)

definition valid-move :: nat = state = state = bool where
valid-move n state state’ +——
(3 pl p2. valid-move’ n pl p2 state state’)

definition valid-moves where
valid-moves n states <—
(V i < length states — 1. valid-move n (states ! i) (states ! (i + 1)))

definition valid-game where
valid-game n states <—
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length states > 2 N
hd states = initial-state n N
last states = final-state n A
valid-moves n states

theorem IMO20185L-C3:
assumes valid-game n states
shows length states > (> k < [1..<n+1]. (ceiling (n | k))) + 1
sorry

end

4.2.3 IMO 2018 SL - C4

theory IMO-2018-SL-C/
imports Main HOL— Library.Permutation
begin

definition antipascal :: (nat = nat = int) = nat = bool where
antipascal fn <— (VY r<n. ¥V ¢ <r. frc=abs (f (r+1) ¢ — f (r+1)

(e+1)))

definition triangle :: nat = nat = nat = (nat x nat) set where
triangle 10 cOn = {(r, ¢) | rcunat. rO < r Ar <710 +nAcl<cAc<cl
+r—r0}

fun uncurry where
uncurry f (a, b) = fab

theorem IMO20185L-C4:
3 f. antipascal f 2018 A
(uncurry f) ¢ triangle 0 0 2018 = {1..<2018%(2018 + 1) div 2 + 1}
sorry

end
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4.3 Number theory problems

4.3.1 IMO 2018 SL - N5

theory IMO-2018-SL-N5
imports Main
begin

definition perfect-square :: int = bool where
perfect-square s <— (3 r. s =1 * 1)

lemma IMO20185L-N5-lemma:
fixes sabcd: int
assumes s°2 = a2 + 07252 =¢c"2+d22xs=a"2 — c"2
assumes s > 0a>0d>0b>0c>0b>0Vec>0b>c
shows Fulse
sorry

theorem IMO20185L-N5:
fixes x y z t :: int
assumes pos: x > 0y >0z >0t >0
assumes eq: zxy — 2t =2 +yzr +y=2+1
shows - (perfect-square (xxy) A perfect-square (zxt))
sorry

end
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IMO 2006 SL solutions

theory IMO-2006-SL-solutions
imports Main

begin

Shortlisted problems with solutions from 57-th International Mathematical
Olympiad, Slovenia, 2006.

File with problem statements and solutions can be found at: https://www.
imo-official.org/problems/IMO2006SL.pdf

end

5.1 Algebra problems

5.1.1 IMO 2006 SL - A2

theory IMO-2006-SL-A2-s0l
imports Complez-Main
begin

lemma sum-remove-zero:
fixes n :: nat
assumes n > 0
shows 30 k<n. fk)y=f0+ O ke {1l.<n}. fk)
using assms
by (simp add: atLeast1-lessThan-eq-removel sum.remove)

23
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theorem IMO-2006-SL-A2:
fixes a :: nat = real
assumes a 0 = -1V n>1. 0 k<n+1l.an—%k)/(k+1)=0n>1
shows an > 0
using (n > 1)
proof (induction n rule: less-induct)
case (less n)
show ?case
proof cases
assume n = |
have a 1 = 1/2
using assms
by auto
with (n = 1) show ?thesis
by simp
next
assume n # I
with (n > 1) have n > 1
by simp

have 0 =(n+ 1)« O k<n+1.ak/(n+1—-k)—n*xO. k<n.a
E/(n— k)
proof—
have (3" k<n.ak /(n—k) =0
using assms(2)[rule-format, of n — 1] (n > D
sum.nat-diff-reindex[of X k. a k / (n — k) n]
by simp

moreover

have (3 k<n+1.ak/(n+1—k) =0
using assms(2)[rule-format, of n] (n > 1)
sum.nat-diff-reindex[of N k. ak / (n+ 1 — k) n + 1]
by simp

ultimately
show ?thesis
by simp
qed
then have (n + 1) xan=—-— >  k<n.((n+1)/(n+1—-k)—n/(n
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— k) *xak)
by (simp add: algebra-simps sum-distrib-left sum-subtractf)
then have (n + 1) xan=0_k<n.n/(n—k) —(n+1)/(n+1—
k)) * a k)
by (simp add: algebra-simps sum-negf [symmetric])
alsohave ... = > ke{l.<n}. (n/(n—k)—(n+1)/(n+1—k)) =
ak)
using (n > 1)
by (subst sum-remove-zero, auto)
also have ... > 0
proof (rule sum-pos)
show finite {1..<n}
by simp
next
show {1..<n} # {}
using (n > 1)
by simp
next
fix i
assume i € {I..<n}
show (n /(n—i)—(n+1)/(n+1—1)xai>0{s %c*xai>0)
proof—
have a ¢ > 0 using less (i € {1..<n}) by simp

moreover have 7c > 0
proof—
have %c =i / ((n — i) x (n + 1 — 7))
using i € {I..<n}
by (simp add: field-simps of-nat-diff)
then show ?thesis
using « € {I..<n}p
by simp
qed

ultimately show ?thesis by simp
qed
ged
finally have (n + 1) x an > 0

then show ?thesis
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by (smt mult-nonneg-nonpos of-nat-0-le-iff)
qged
qed

end



Chapter 6
IMO 2017 SL solutions

theory IMO-2017-SL-solutions
imports Main

begin

Shortlisted problems with solutions from 58-th International Mathematical
Olympiad, 12-23 July 2017, Rio de Janeiro, Brazil.

File with problem statements and solutions can be found at: https://www.
imo-official.org/problems/IMO2017SL.pdf

end

6.1 Combinatorics problems

6.1.1 IMO 2017 SL - C1

theory IMO-2017-SL-C1-sol
imports Complex-Main
begin

A rectangle with line coordinates [x1, x2) and [y1, y2) is given by a quadruple
(X]'7 X27 y17 y2)'

type-synonym rect = nat X nat X nat X nat

fun valid-rect :: rect = bool where
valid-rect (z1, 22, y1, y2) +— z1 < 22 A yl < y2

27
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A square is given by the coordinates of its lower-left corner

type-synonym square = nat X nat

All squares in a rectangle

fun squares :: rect = square set where
squares (x1, 22, y1, y2) = {xl..<x2} x {yl..<y2}

One rectangle is inside another one

definition nside :: rect = rect = bool where
inside i ro <— squares i C squares ro

Two rectangles overlap inside another one

definition owverlap :: rect = rect = bool where
overlap r1 r2 <— squares r1 N squares r2 # {}

There are no two overlapping rectangles in a set

definition non-overlapping :: rect set = bool where
non-overlapping rs <— (¥ r1 € rs. ¥ r2 € rs. rl # r2 — — overlap r1 12)

A set of rectangles covers a given rectangle

definition cover :: rect set = rect = bool where
cover rs v <— (|J (squares ‘ rs)) = squares r

A rectangle is tiled by a set of non-overlapping, smaller rectangles

definition tiles :: rect set = rect = bool where
tiles rs v <— cover rs v A\ mon-overlapping rs

Each square is colored either to green or yellow in a checkerboard pattern
fun green :: square = bool where

green (z, y) «— (z + y) mod 2 = 0

fun yellow :: square = bool where
yellow (z, y) <— (z + y) mod 2 # 0

All green squares in a rectangle

definition green-squares :: rect = square set where
green-squares v = {(z, y) € squares r. green (z, y)}

All yellow squares in a rectangle
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definition yellow-squares :: rect = square set where
yellow-squares r = {(z, y) € squares r. yellow (z, y)}

Corner squares of a rectangle

fun corners :: rect = square set where
corners (x1, 22, y1, y2) = {(z1, y1), (z1, y2—1), (z2—1, y1), (z2—1, y2—1)}

definition green-rect :: rect = bool where
green-rect v <— (¥ ¢ € corners r. green c)

definition yellow-rect :: rect = bool where
yellow-rect v <— (¥ ¢ € corners r. yellow c)

definition mized-rect :: rect = bool where
mized-rect v <— — green-rect v A - yellow-rect r

lemma finite-squares [simp]:
shows finite (squares r)
by (cases r, auto)

lemma finite-green-squares [simp):
shows finite (green-squares r)
using finite-subset[of green-squares r squares ]
by (auto simp add: green-squares-def)

lemma finite-yellow-squares [simp]:
shows finite (yellow-squares 1)
using finite-subset|of yellow-squares r squares r]
by (auto simp add: yellow-squares-def)

lemma card-green-squares-row:
assumes 1 < z2
shows card {(z, y). 1 <x ANz <22 Ny =y0 A green (z, y)} =
(if yellow (z1, y0) then (z2 — x1) div 2 else (z2 — x1 + 1) div 2)
using assms
proof (induction k = 22 — z1 — 1 arbitrary: z2)
case (
then have 22 = 21 + 1
by simp
then have {(z, y). 21 <z Az <22 ANy = y0 A green (z, y)} =
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{(z, y). e =21 Ny =y0 A green (z, y)}
by auto
also have ... = (if yellow (z1, y0) then {} else {(x1, y0)})
by auto
finally show “case
using 2 = z1 + 1)
by (smt One-nat-def Suc-1 Suc-eq-plus! add-diff-cancel-left’ card-empty card-insert-if
div-self equalsOD finite.intros(1) nat.simps(3) one-div-two-eg-zero)
next
case (Suc k)
let 25 = {(z, y). 21 <z ANz <22 ANy =y0 A green (z, y)}
let 251 = {(z,y). 1 <z ANz <z2—1ANy=y0 A green (z, y)}
let 252 = {(z, y). 2 =22 — 1 ANy =y0 A green (z, y)}
have card (751 U 252) = card 751 + card 752
proof (rule card-Un-disjoint)
show finite 251
using finite-subset[of 251 {z1..<x2} x {y0}]
by force
next
show finite 952
using finite-subset[of 752 {x2—1} x {y0}]
by auto
next
show 251 N 252 = {}
by auto
qged
moreover
have 75 = 251 U 952
using (@l < x2)
by auto
ultimately
have 1: card ?S = card ?S1 + card 752
by simp
have 2: card 251 = (if yellow (x1, y0) then (2 — 1 — z1) div 2 else (x2 —
z1) div 2)
using Suc(1)[of 22 — 1] Suc(2) Suc(3)
by auto
show “case
proof (cases yellow (z1, y0))
case True
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show ?thesis
proof (cases green (z2—1, y0))
case True
then have even (22 — z1)
using (1 < x2) wellow (z1, y0)
by simp presburger
then have (22 — z1) div 2 = (22 — 21 — 1) div 2 + 1
using (xl < z2)
by presburger+
moreover
have 7252 = {(z2—1, y0)}
using (green (z2—1, y0)
by auto
then have card 252 = 1
by simp
ultimately show ?thesis
using (yellow (z1, y0) 1 2 True
by simp
next
case Fulse
then have odd (22 — z1)
using (yellow (z1, y0)) 1 < z2
by simp presburger
then have (22 — z1) div 2 = (22 — 21 — 1) div 2
using 2 > xI)
by presburger
moreover
have 252 = {}
using False
by auto
then have card 252 = 0
by (metis card-empty)
ultimately show ?thesis
using (yellow (z1, y0) 1 2
by simp
qed
next
case Fulse
then have green (z1, y0)
by simp

31
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show ?thesis
proof (cases green (z2—1, y0))
case True
then have odd (22 — 1)
using (green (z1, y0)) @l < z2)
by simp presburger
then have (22 — z1) div2 + 1 = (22 —x1 + 1) div 2
using (rl < z2)
by presburger
moreover
have 7252 = {(z2—-1, y0)}
using True
by auto
then have card 252 = 1
by simp
ultimately show ?thesis
using 1 2 (green (z1, y0)
by simp
next
case Fulse
then have even (22 — z1)
using (green (z1, y0)) @l < z2)
by simp presburger
then have (22 — z1) div 2 = (22 — 21 + 1) div 2
using @2 > xI)
by presburger
moreover
have 252 = {}
using Fualse
by auto
then have card 252 = 0
by (metis card-empty)
ultimately show ?thesis
using 1 2 (green (z1, y0))
by simp
qed
qged
qed

lemma card-squares:
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shows card (squares (x1, 22, y1, y2)) = (22 — z1) * (y2 — yl)
by simp

lemma card-green-squares-start-yellow:
assumes yellow (z1, y1) valid-rect (z1, 22, y1, y2)
shows card (green-squares (z1, x2, y1, y2)) = (22 — z1) x (y2 — yl) div 2
using assms
proof (induction k = y2 — y1 — 1 arbitrary: y2)
case (
then have y2 = y1 + 1
by simp
then show ?case
using (yellow (z1, y1)) walid-rect (z1, 2, y1, y2)) card-green-squares-row|of
rl 2 y1]
unfolding green-squares-def
by simp
next
case (Suc k)

have z1 < z2 y1 < y2
using (walid-rect (1, z2, y1, y2)
by simp-all

let 7S = green-squares (z1, 22, y1, y2)
let ?S1 = green-squares (x1, x2, y1, y2—1)
let 252 = {(z, y). 1l <z ANz <22 ANy=y2—1A green (z, y)}

have 1: card 751 = (22 — x1) *x (y2 — 1 — yl) div 2
using Suc
by auto

have card (51 U 252) = card 751 + card 252
proof (rule card-Un-disjoint)
show finite 251
using finite-subset[of 751 {x1..<x2} x {yl..<y2}]
unfolding green-squares-def
by force
next
show finite 252
using finite-subset[of 752 {z1..<z2} x {y2 — 1}]
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by force
next
show 751 N 252 = {}
unfolding green-squares-def
by auto
qged

moreover

have 25 = 251 U 252
using (yl < y2)
by (auto simp add: green-squares-def)

ultimately

have 2: card 2S5 = card 251 + card 252
by simp

show ?Zcase
proof (cases odd (y2 — y1))
case True
then have yellow (z1, y2—1)
using (y1 < y2) wellow (z1, y1)
by simp presburger
then have card 752 = (22 — z1) div 2
using card-green-squares-row|of x1 z2 y2—1] @l < z2)

by simp

then have card 25 = (22 — z1) x (y2 — yl — 1) div 2 + (22 — z1) div 2
using 1 2
by simp

also have ... = (22 — z1) x (y2 — yl) div 2

using (odd (y2 — y1) @l < z2) (yl < y2
by (metis add-mult-distrib2 div-plus-div-distrib-dvd-left dvdl dvd-mult nat-mult-1-right
odd-two-times-div-two-nat odd-two-times-div-two-succ)
finally show #“thesis

next
case Fulse
then have green (z1, y2—1)
using (y1 < y2) wellow (z1, y1)
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by simp presburger
then have card 252 = (22 — z1 + 1) div 2
using card-green-squares-row|of x1 z2 y2—1| @l < z2)

by simp
then have card 725 = (22 — x1) * (y2 — yl — 1) div 2 + (22 — z1 + 1) div
2
using 1 2
by simp
also have ... = (22 — z1) % (y2 — yl) div 2

using (- odd (y2 — y1) @l < z2) (yl < y2)
apply (cases odd (z2 — z1))
apply (smt Suc-diff-Suc add.commute add-Suc-shift diff-diff-left div-mult-self2
even-add even-mult-iff mult-Suc-right odd-two-times-div-two-succ plus-1-eq-Suc zero-neq-numeral)
apply (metis Suc-diff-1 add.commute dvd-div-mult even-suce-div-two mult-Suc-right
zero-less-diff)
done
finally show %thesis

qed
qed

lemma card-yellow-squares-start-yellow:
assumes yellow (z1, y1) valid-rect (z1, 22, y1, y2)
shows card (yellow-squares (z1, 22, y1, y2)) = (22 — z1) = (y2 — yl) + 1)
div 2
proof—
let 2S5 = squares (z1, 22, y1, y2) and ?Y = yellow-squares (z1, 2, y1, y2)
and ?G = green-squares (1, x2, y1, y2)
have 25 = ?Y U ?G
unfolding green-squares-def yellow-squares-def
by auto
moreover
have card (?Y U ?G) = card ?Y + card ?G
proof (rule card-Un-disjoint)
show finite 7Y
using finite-subset|[of 7Y ?5]
by (force simp add: yellow-squares-def)
next
show finite ?G
using finite-subset|of G 25|
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by (force simp add: green-squares-def)
next
show ?Y N ?G = {}
by (auto simp add: yellow-squares-def green-squares-def)
qed
ultimately
have card 7S = card ?G + card ?Y
by simp
then have card ?Y = card ?S — card ?G
by auto
then have card ?Y = (22 — z1)x(y2 — y1) — (22 — x1)*(y2 — y1) div 2
using assms(1) assms(2) card-green-squares-start-yellow card-squares
by presburger
also have ... = ((z2 — z1)x(y2 — y1) + 1) div 2
by presburger
finally show “thesis

qed

lemma card-yellow-squares-start-green:
assumes green (z1, y1) valid-rect (z1, 22, y1, y2)
shows card (yellow-squares (z1, 22, y1, y2)) = (22 — x1) * (y2 — y1) div 2
proof—
let 7Y = yellow-squares (z1, 22, y1, y2) and ?G = green-squares (z1+1, 22+1,
yl, y2)
have card ?Y = card ?G
proof (rule bij-betw-same-card)
let 2f = X (z, y). (z+1, y)
show bij-betw ?f ?Y ¢G
unfolding bij-betw-def
proof safe
show inj-on ?f 7Y
by (auto simp add: inj-on-def)
next
fix zy
assume (z, y) € ?Y
then show (z+1, y) € ?G
unfolding green-squares-def yellow-squares-def
by (auto simp add: mod-Suc)
next
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fix zy
assume (z, y) € ?G
then have (z—1,y) € Yz > 0
unfolding green-squares-def yellow-squares-def
apply auto
apply (metis Nat.add-diff-assoc2 Suc-eq-plus1 add-eq-if add-leD2 even-Suc
even-iff-mod-2-eq-zero not-mod2-eq-Suc-0-eq-0 odd-add)
by (metis Suc-lel add-gr-0 even-iff-mod-2-eq-zero lessI mod-nat-eql not-mod2-eq-Suc-0-eq-0
numeral-2-eq-2 odd-even-add odd-pos)
then show (z, y) € 7f * ?Y
by (simp add: rev-image-eql)
qed
qged
then show ?thesis
using card-green-squares-start-yellow[of x1+1 y1 22+1 y2] walid-rect (1, 22,
yl, y2)
using (green (z1, y1))
by auto
qged

lemma card-green-squares-start-green:
assumes green (z1, y1) valid-rect (z1, 22, y1, y2)
shows card (green-squares (z1, 2, y1, y2)) = (22 — z1) * (y2 — yl) + 1)
div 2
proof—
let ?G = green-squares (z1, 22, y1, y2) and ?Y = yellow-squares (z1+1, xz2+1,
yl, y2)
have card ?G = card ?Y
proof (rule bij-betw-same-card)
let 2f = X\ (z, y). (z+1, y)
show bij-betw ?f ?G ?2Y
unfolding bij-betw-def
proof safe
show inj-on ?f ?G
by (auto simp add: inj-on-def)
next
fix xy
assume (z, y) € ?G
then show (z+1, y) € ?Y
unfolding green-squares-def yellow-squares-def
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by auto
next
fix z y
assume (z, y) € ?Y
then have (z—1, y) € Gz > 0
unfolding green-squares-def yellow-squares-def
apply auto
apply (metis Suc-eq-plus! add-eq-if even-Suc even-iff-mod-2-eq-zero not-mod2-eq-Suc-0-eq-0
odd-add)
done
then show (z, y) € 7f * G
by (simp add: rev-image-eql)
qed
qed
then show ?thesis
using card-yellow-squares-start-yellow|of x1+1 y1 2+ 1 y2] walid-rect (x1, 2,
yl, y2)
using (green (x1, y1))
by auto
qed

lemma mized-rect:
assumes valid-rect (z1, 22, y1, y2) mized-rect (z1, x2, y1, y2)
shows card (green-squares (z1, 22, y1, y2)) = card (yellow-squares (1, 22, y1,
y2))
proof (cases green (z1, y1))
case True
then have even ((z2 — z1) x (y2 — yl1))
using assms
unfolding mixed-rect-def green-rect-def yellow-rect-def
by auto presburger+
then show ?thesis
using True
using card-green-squares-start-green|of x1 y1 z2 y2| assms
using card-yellow-squares-start-green|of x1 y1 z2 y2]
by simp
next
case Fulse
then have even ((z2 — z1) x (y2 — yl1))
using assms
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unfolding mized-rect-def green-rect-def yellow-rect-def
by auto presburger+
then show ?thesis
using Fulse
using card-green-squares-start-yellow|of ©1 y1 x2 y2] assms
using card-yellow-squares-start-yellow[of ©1 y1 z2 y2]
unfolding mized-rect-def green-rect-def yellow-rect-def
by simp
qed

lemma green-rect:

assumes valid-rect (x1, 22, y1, y2) green-rect (z1, 22, y1, y2)

shows card (green-squares (xz1, 22, y1, y2)) = card (yellow-squares (z1, 22, y1,
y2)) + 1

using assms

using card-green-squares-start-green[of x1 y1 z2 y2]

using card-yellow-squares-start-green|of x1 y1 z2 y2]

unfolding green-rect-def

by auto

lemma yellow-rect:

assumes valid-rect (z1, 22, y1, y2) yellow-rect (z1, 2, y1, y2)

shows card (green-squares (z1, z2, y1, y2)) + 1 = card (yellow-squares (z1,
22, y1, y2))

using assms

using card-green-squares-start-yellow|of x1 y1 x2 y2]

using card-yellow-squares-start-yellow[of ©1 y1 2 y2]

unfolding yellow-rect-def

by auto (metis dvd-imp-mod-0 even-Suc even-diff-nat even-mult-iff linorder-not-less
nat-less-le odd-Suc-div-two odd-add)

lemma tiles-inside:
assumes tiles rs (z1, 22, y1, y2) r € rs
shows inside r (z1, x2, y1, y2)
using assms
unfolding tiles-def inside-def cover-def
by auto

lemma finite-tiles:
assumes tiles rs (z1, 22, y1, y2) ¥ r € rs. valid-rect r
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shows finite rs
proof (rule finite-subset)
show rs C {z1..22} x {z1..22} x {yl..y2} x {yl..y2}
proof
fix r :: rect
obtain zIr x2r yir y2r where r: r = (z1r, 22r, yIr, y2r)
by (cases r)
assume 1 € 15
then have inside r (z1, 22, y1, y2)
using tiles-inside|OF assms(1)]
by auto
moreover have zir < z2r ylr < y2r
using assms(2) (r € rs) r
by auto
ultimately
show r € {z1..22} x {z1..22} x {yl..y2} x {yl..y2}
using r times-subset-iff [of {xlr..<z2r} {ylr.<y2r} {z1..<z2} {yl..<y2}]
by (auto simp add: inside-def)
qed
next
show finite ({z1..22} x {z1..22} x {yl..y2} x {yl..y2})
by simp
qed

lemma green-tile:
assumes green-rect (z1, z2, y1, y2) valid-rect (z1, 22, y1, y2)
tiles rs (x1, 2, y1, y2) ¥V r € rs. valid-rect r
shows 3 r € rs. green-rect r
proof (rule ccontr)
assume — ?thesis
then have x: V r € rs. yellow-rect r V mized-rect r
using mized-rect-def by blast
then have *x: V r € rs. card (green-squares r) < card (yellow-squares )
using yellow-rect mized-rect ¥ r € rs. valid-rect r)
by (metis le-add1 order-refl prod-casesy)

have card (green-squares (z1, x2, y1, y2)) < card (yellow-squares (z1, 2, y1,

y2))
proof—
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have card (green-squares (1, z2, y1, y2)) = card (| (green-squares  rs))
proof—
have green-squares (z1, x2, y1, y2) = |J (green-squares
using (tiles rs (x1, 2, y1, y2)
unfolding tiles-def cover-def green-squares-def

“rs)

by blast
then show ?thesis
by simp
qed
also have ... = (3 r € rs. card (green-squares 1))

proof (rule card-UN-disjoint)
show finite rs
using assms(3—4) finite-tiles
by auto
next
show V r € rs. finite (green-squares r)
by auto
next
show V r1 € rs. ¥V r2 € rs. rl # r2 — green-squares r1 N green-squares
2 = {}
proof (rule, rule, rule)
fix r1 r2
assume rl € rsr2 € rsrl # r2
then have squares r1 N squares r2 = {}
using (tiles rs (xz1, x2, y1, y2))
unfolding tiles-def non-overlapping-def overlap-def
by auto
then show green-squares r1 N green-squares r2 = {}
unfolding green-squares-def

by auto
qed
qed
also have ... < (> r € rs. card (yellow-squares 1))
using *x
by (simp add: sum-mono)
also have ... = card (| (yellow-squares ‘ rs))

proof (rule card-UN-disjoint[symmetric])
show finite rs
using assms(3—4) finite-tiles by auto
next



42 CHAPTER 6. IMO 2017 SL SOLUTIONS

show Vrers. finite (yellow-squares r)
by auto
next
show Vrers. Vjers. r # j — yellow-squares v N yellow-squares j = {}
proof (rule, rule, rule)
fix r1 r2
assume r! € rsr2 € rsrl # r2
then have squares r1 N squares r2 = {}
using (tiles rs (x1, 2, y1, y2)
unfolding tiles-def non-overlapping-def overlap-def
by auto
then show yellow-squares 1 N yellow-squares r2 = {}
unfolding yellow-squares-def
by auto
qged
qed
also have ... = card (yellow-squares (z1, z2, y1, y2))
proof—
have yellow-squares (z1, x2, y1, y2) = J (yellow-squares
using (tiles s (z1, 22, y1, y2))
unfolding tiles-def cover-def yellow-squares-def
by blast
then show ?thesis
by simp
qed

¢

TSs)

finally
show ?thesis

qed

then show Fulse
using (green-rect (z1, 2, y1, y2)) green-rect[of x1 z2 y1 y2| walid-rect (x1,
2, yl, y2)
by auto
qed

lemma green-inside-green-distances:
assumes green-rect (x1i, x2i, y1i, y2i) green-rect (zlo, x20, ylo, y20) valid-rect
(z1i, x2i, yli, y2i)
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inside (x1i, x2i, yli, y2i) (xlo, x20, ylo, y20)
shows let ds = {x1i — zlo, 20 — x2i, yli — ylo, y20 — y2i}
in (V d € ds. evend)V (¥ d € ds. odd d)
proof—
have z1o < z1i z1i < z2i 221 < z20
ylo < yli yli < y2i y2i < y2o
using assms times-subset-iff [of {zli..<x2i} {yli..<y2i} {zlo..<z20} {ylo..<y20}]
unfolding Let-def inside-def
by auto
then show ?thesis
using assms
by (auto simp add: green-rect-def )
qged

theorem IMO-2017-SL-C1:
fixes a b :: nat
assumes odd a odd b tiles rs (0, a, 0, b) ¥ r € rs. valid-rect r
shows 3 (z1, 22, y1, y2) € rs.
let ds ={z1 — 0, a — 22, y1l — 0, b — y2}
in (V d € ds. even d) V (V d € ds. odd d)
proof—
have green-rect (0, a, 0, b)
using <odd a) (odd b
unfolding green-rect-def
by auto
then obtain z1 z2 yI y2 where
(x1, 22, y1, y2) € rs valid-rect (z1, 2, y1, y2) green-rect (z1, 2, y1, y2)
inside (x1, 2, y1, y2) (0, a, 0, b)
using assms green-tile[of 0 a 0 b rs] tiles-inside[of rs 0 a 0 b]
by (auto simp add: odd-pos)
then show ?thesis
using (green-rect (0, a, 0, b)) green-inside-green-distances|of z1 z2 y1 y2 0 a 0
b]
by (rule-tac x=(z1, x2, y1, y2) in bexl, auto)
qed

end
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6.2 Number theory problems

6.2.1 IMO 2017 SL - N1

theory IMO-2017-SL-N1-sol
imports Complex-Main
begin

lemma square-mod-3:
fixes z :: nat
shows (z % ) mod 3 = 0 <— zmod 3 = 0
proof
assume z *x £ mod & = 0
show z mod 3 = 0
proof—
from division-decomp|of 3 x x] @ * x mod 3 = O
obtain b ¢ where b x ¢ = 8 b dvd = ¢ dvd x
by auto
have b < 3 Aec <3
using (b *x ¢ = &)
by (metis One-nat-def le-addl mult-eq-if mult-le-mono mult-numeral-1-right
numerals(1) one-le-mult-iff order-refl zero-neq-numeral)
then have b € {0, 1, 2, 3} A c e {0, 1, 2, 3}
by auto
then have (b=1Ac=3)V (b=38ANc=1)
using b x ¢ = &
by auto
then show ?thesis
using (b dvd x) (¢ dvd x
by auto
qed
next
assume z mod 3 = (
then show z * £ mod 8 = 0
by auto
qged

lemma square-mod-3-not-2:
fixes s :: nat
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shows (s % s) mod 3 # 2
proof—
{
assume s mod & = 0
then have ?thesis
by auto

}

moreover

{

assume s mod 3 = 1
then have ?thesis
by (metis mod-mult-right-eq mult.right-neutral numeral-eq-one-iff semiring-norm(85))

}

moreover

{

assume s mod 3 = 2
then have ?thesis
by (metis add-2-eq-Suc’ calculation(2) eg-numeral-Suc less-add-same-cancell
mod-add-self2 mod-less mod-mult-right-eq mult.commute mult-2 plus-1-eq-Suc pos2
pred-numeral-simps(3))

}

ultimately
show ?thesis
by presburger
qged

lemma not-square-3:
shows — (3 s:nat. s x s = 3)
by (simp add: mult-eq-if )

lemma not-square-6:
shows — (3 s:nat. s x s = 6)

by (simp add: mult-eq-if )

lemma not-square-7:
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shows — (3 s:nat. s x s = 7)
by (simp add: mult-eq-if)

lemma not-square-10:
shows — (3 s:nat. s x s = 10)
by (simp add: mult-eq-if)

lemma not-square-13:
shows — (3 s:nat. s x s = 13)
by (simp add: mult-eq-if )

lemma consecutive-squares-mod-3:
fixes t :: nat
shows {(t + 1)? mod 3, (t + 2)? mod 3, (t + 3)® mod 3} = {0, 1}
proof—
{
assume t mod & = 0
then obtain £ where ¢t = 3 x k
by auto
have (t + 1)? = 3x(3xkxk + 2xk) + 1
using (¢ = 3 *x k)
unfolding power2-eq-square
by auto
then have (¢t + 1) mod 3 = 1
by presburger
moreover
have (t + 2)% = 3%(3xkxk + 4xk + 1) + 1
using (¢ = 8 * k)
unfolding power2-eq-square
by auto
then have (t + 2)2 mod 3 = 1
by presburger
moreover
have (t + 3)? = 3%(3xkxk + 6xk + 3)
using (¢ = 8 x k)
unfolding power2-eq-square
by (auto simp add: algebra-simps)
then have (t + 3)? mod 8 = 0
by presburger
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ultimately
have ?thesis
by auto
}

moreover
{
assume t mod 8 = 1
then obtain & where t = 3 x k + 1
by (metis mult-div-mod-eq)
have (t + 1)? = 3x(3xkxk + Jxk + 1) + 1
using (¢t = 3 x k + I
unfolding power2-eq-square
by auto
then have (t + 1) mod 3 = 1
by presburger
moreover
have (t + 2)% = 3%(3xkxk + 6xk + 3)
using (¢t = 8 x k + I
unfolding power2-eq-square
by auto
then have (¢ + 2)? mod 3 = 0
by presburger
moreover
have (t + 3)% = 3%(3xkxk + Sxk+5) + 1
using (¢t = 8 x k + I
unfolding power2-eq-square
by (auto simp add: algebra-simps)
then have (t + 3)2 mod 3 = 1
by presburger
ultimately
have ?thesis
by auto
}

moreover
{
assume t mod 3 = 2
then obtain k¥ where t = 3 x k + 2
by (metis mult-div-mod-eq)
have (t + 1)% = 3%(3xkxk + 6xk + 3)
using (¢t = 8 x k + 2

47
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unfolding power2-eq-square
by auto
then have (¢t + 1)% mod 3 = 0
by presburger
moreover
have (t + 2)? = 3%(3xkxk + Sxk+5) + 1
using (¢t = 8 x k + 2
unfolding power2-eq-square
by auto
then have (¢t + 2)% mod 3 = 1
by presburger
moreover
have (t + 3)% = 3%(3xkxk+10xk+8)+1
using ¢t = 8 x k + 2
unfolding power2-eq-square
by (auto simp add: algebra-simps)
then have (t + 3)2 mod 3 = 1
by presburger
ultimately
have ?thesis
by auto
}
moreover
have t mod 3 = 0 V t mod 3 =1 V t mod 3 = 2
by auto
ultimately
show ?thesis
by metis
qed

definition eventually-periodic :: (nat = ’a) = bool where
eventually-periodic a «— (3 p > 0.3 n0.V n>n0. a (n + p) = an)

lemma initial-condition:
fixes a :: nat = a
assumes V n.a (n+ 1) =f (an) anl = an2
shows a (nl + k) = a (n2 + k)
using assms
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by (induction k) auto

lemma two-same-periodic:
fixes a :: nat = 'a
assumes V n. a (n+ 1) =f (an) nl <n2anl =an2
shows eventually-periodic a
proof—
have Vn>nl.a (n + (n2 — nl)) =an
proof safe
fix n
assume n > nl
then show a (n + (n2 — n1)) =an
using initial-condition[of a f n2 n1 n — nl1] assms (n1 < n2) (@ nl = an2)
by (simp add: add.commute)
qed
then show eventually-periodic a
using (nl < n2)
unfolding eventually-periodic-def
using zero-less-diff
by blast
qed

lemma eventually-periodic-repeats:
fixes a :: nat = a
assumes V n > n0.a (n+p)=an
shows V k. a (n0 + k x p) = a n0
proof
fix k
show a (n0 + k * p) = a n0
proof (induction k)
case 0 then show ?case by simp
next
case (Suc k)
then show ?Zcase
using v n > n0. a (n + p) = a nw[rule-format, of n0 + k * p|
by (simp add: add.commute add.left-commute)
qed
qed

lemma infinite-periodic:
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fixes a :: nat = 'a
assumes V n.a (n+ 1) =f (an)
shows (3 A. infinite {n. a n = A}) +— eventually-periodic a
proof
assume 3 A. infinite {n. a n = A}
then obtain A where infinite {n. a n = A}
by auto
then obtain ni n2 where nf <n2anf =Aan2 =4
by (metis (full-types, lifting) bounded-nat-set-is-finite less-add-one mem-Collect-eq
nat-neq-iff )
then show eventually-periodic a
using two-same-periodic|OF assms]
by simp
next
assume eventually-periodic a
then obtain n0 p where p > 0V n > n0.a (n+ p)=an
unfolding eventually-periodic-def
by auto
show 3 A. infinite {n. a n = A}
proof (rule-tac x=a n0 in exl)
have (A k. n0 + k % p) ‘ {n=nat. True} C {n.an = anl}
using eventually-periodic-repeats|OF v n > n0. a (n + p) = a )]
by auto
moreover
have infinite {n::nat. True}
by auto
moreover
have inj-on (A k. n0 + k * p) {n:nat. True}
using (p > O
unfolding inj-on-def
by auto
ultimately
show infinite {n. an = anl}
using finite-subset[of (A k. n0 + k = p) ‘ {n:unat. True} {n. an = a n0}]
using finite-tmage-iff
by auto
qged
qed

definition eventually-increasing :: (nat = nat) = bool where
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eventually-increasing a <— (3 n0.¥ n>n0. an < a (n + 1))

lemma eventually-increasing:
shows eventually-increasing a «— (3 n0. YV ij.n0 <iNi<j—ai<a}j)
proof
assume eventually-increasing a
then obtain n0 where x: V n > n0.an < a (n + 1)
unfolding eventually-increasing-def
by auto

show 3 n0.V ij.n0 <iNi<j—ai<a]j
proof (rule-tac z=n0 in ezxl, safe)
fix i 7 2 nat
assume n0 < 41 < J
then show a ¢ < a j
proof (induction k = j — i + 1 arbitrary: j)
case (
then show ?Zcase
using *
by auto
next
case (Suc k)
show ?case
proof (cases i =75 — 1)
case True
then show ?thesis
using (0 < ¥ 4 < ) *[rule-format, of j—1]
by simp
next
case Fulse
then have ai < a (j — 1)
using Suc
by auto
moreover
havea (j — 1)< aj
using (0 < © (4 < ) *[rule-format, of j—1]
by simp
ultimately
show ?thesis
by simp
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qed
qed
qed
next
assume 3 n0.Vij.n0 <iNi<j—at<aj
then show eventually-increasing a
unfolding eventually-increasing-def
by auto
qed

lemma increasing-non-periodic:
assumes eventually-increasing a
shows — eventually-periodic a
proof (rule ccontr)
assume - ?thesis
then obtain p n0 where p > 0V n>n0.a (n+p)=an
using assms
unfolding eventually-periodic-def
by auto
then show Fulse
using eventually-increasing|of a] assms
by (metis add.left-neutral le-add1 le-add2 less-add-eq-less less-irrefl-nat)
qed

definition sqrt-nat :: nat = nat where
sqrt-nat t = (THE s. x = s % s)

lemma sqrt-nat:
fixes z s :: nat
assumes r = § ¥ §
shows sqrt-nat © = s
unfolding sgri-nat-def
proof (rule the-equality)
show z = s x s by fact
next
fix s’
assume z = s’ * s’
then show s’ = s using assms
by (metis le0 le-less-trans less-or-eq-imp-le mult-less-cancel2 nat-mult-less-cancel-disj

nat-neq-iff )
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qged

lemma Least-nat-in:
fixes A :: nat set
assumes A # {}
shows (LEAST z. z € A) € A
using assms
using Inf-nat-def Inf-nat-def1
by auto

lemma Least-nat-le:
fixes A :: nat set
assumes A # {}
showsV z € A. (LEASTz.z € A) <z
by (simp add: Least-le)

theorem IMO-2017-SL-N1:
fixes a :: nat = nat

93

assumes V n. a (n + 1) = (if (3 s. an = s * s) then sqrt-nat (a n) else (a

n) + 3)
a0 > 1

shows (3 A. infinite {n. an = A}) «— a 0 mod 3 = 0

proof—

have perfect-square: A ns.an=s+xs=a(n+1)=s

using sqrt-nat assms(1)
by auto

have not-perfect-square: AN n. (3 s.an=sxs)=a(n+1)=an + 3

using sqrt-nat assms(1)
by auto

have gt1: A n.an > 1
proof—

fix n

show an > 1

proof (induction n)

case () then show ?case using <a 0 > 1) by simp

next
case (Suc n)
show “case
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proof (cases 3 s. an = s * s)
case True
then obtain s where ¢ n = s * s by auto
then show ?thesis
using Suc.IH perfect-square|of n s]
by (metis One-nat-def Suc-lessI add.commute le-less-trans nat-0-less-mult-iff
nat-1-eq-mult-iff plus-1-eq-Suc zero-le-one)
next
case Fulse
then show ?%thesis
using Suc.IH not-perfect-square
by auto
ged
qed
qged

have mod3: Ann' [anmod 3 =0;n <n'] = an’"mod 3 =20
proof—
fix nn'
assume anmod 3 =0n <n'
then show a n’ mod 3 = 0
proof (induction k = n’ — n arbitrary: n')
case (
then show ?case
by simp
next
case (Suc k)
then have a (n’ — 1) mod 3 = 0n’' > 0
by auto
show a n’ mod 3 = 0
proof (cases 3 s. a (n'— 1) =5 x s)
case False
then have an’'=a (n'— 1) + 3
using not-perfect-square[of n' — 1] (' > O
by auto
then show ?thesis
using (a (n' — 1) mod 3 = O
by auto
next
case True
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then obtain s where a (n' — 1) = s x s
by auto

then have a n' = s
using perfect-square[of n' — 1 s] (n' > O
by auto

then show ?thesis
using (a (n' — 1) mod 3 = 0) (a (n' — 1) = s * s) square-mod-3[of s]
by auto

qed
qged
qed

have not-mod3: An n'. [an mod 3 # 0; n < n'] = an’ mod 3 # 0
proof—
fix nn'
assume an mod 8 # 0n < n’
then show a n’ mod 3 # 0
proof (induction k = n’ — n arbitrary: n')
case 0
then show ?case
by simp
next
case (Suc k)
then have a (n’ — 1) mod 3 # 0n' > 0
by auto
show ?case
proof (cases 3 s. a (n'— 1) =5 x s)
case True
then obtain s where a (n' — 1) = s * s
by auto
then have a n’ = s
using perfect-square[of n' — 1 s] (n' > O
by auto
then show ?thesis
using (a (n' — 1) = s x s ¢a (n' — 1) mod 8 # 0) square-mod-3|of s]
by auto
next
case Fulse
then have an’'=a (n'— 1) + 3
using not-perfect-square[of n' — 1] (n’ > O
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by auto
then show ?Zthesis
using (a (n' — 1) mod 3 # O
by auto
qed
qed
qed

have Claim1: 3 n. a n mod 8 = 2 = — eventually-periodic a
proof—
assume 3 n. an mod 3 = 2
then obtain n where a n mod 8 = 2
by auto
haveVm>n. - (3 s.am=sxs)Aammod3=2ANa(m+1)=am
+ 3
proof (rule, rule)
fix m
assume n < m
then show = (3 s.am=s*xs) Aammod3=2ANa(m+1)=am+ 3
using (a n mod 8 = 2)
proof (induction k = m — n arbitrary: m)
case 0
then show ?case
using square-mod-3-not-2 not-perfect-square[of m|
by force
next
case (Suc k)
then have (Bs.a (m — 1) =s*s) Aa(m — 1) mod 3 = 2
by auto
then have am =a (m — 1) + 3ammod 8 = 2
using not-perfect-square[of m—1] (Suc k = m — n)
by auto
then show ?case
using square-mod-3-not-2 not-perfect-square[of m|
by metis
qed
qed
then have cventually-increasing a
unfolding eventually-increasing-def
by force
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then show ?thesis
by (simp add: increasing-non-periodic)
qed

have Claim2:V n. anmod 3 # 2 ANan>9 — (I m >n.am < an)
proof safe
fix n
assume an mod 8 # 2an > 9
let 77 = {t | t. txt < a n}
have finite ¢?T
proof (rule finite-subset)
show ?T C {0..<a n}
by (smt atLeastLessThan-iff le-less-trans le-square less-eq-nat.simps(1)
mem-Collect-eq subset-iff)
qged simp
have 3 € 7T
using (@ n > 9
by auto

let 2t = Max ?T

have 2t > &
using (finite ?T) (3 € ¢1)
by auto

have 7t < an
using (finite ?T) (3 € ?T) Max-in[of ?T]
by (metis (no-types, lifting) empty-iff mem-Collect-eq power2-eq-square)

have a n < (7t + 1)?
using Maz-ge[of ?T 7t + 1] (finite ¢T)
by (metis (no-types, lifting) add.right-neutral add-le-imp-le-left mem-Collect-eq
not-less not-one-le-zero power2-eq-square)

have 3 k. a (n + k) € {(?t+1)2, (?t+2)?, (?t+3)?}
proof—
{
fix ¢
assume i > (
Vi 0<i'ANi'<i— anmod3 # (% + i')? mod 3
anmod 3 = (2t + i)? mod 3
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let % = ((?t + i) — an) div 3

have (7t + 1)% < (2t + i)?
using i > 0
by auto

then have a n < (2t + i)?
using (@ n < (7t + 1)%
using le-trans by blast

have 3 dvd ((?t + i)?> — a n)
using (a n mod 8 = (7t + i)?> mod 3 (an < (2t + i)
using mod-eq-dvd-iff-nat
by fastforce

then have 3 * (((?t + )2 — an) div 3) = (?t + i)? — an
by simp

have 1:V k'< %k.a(n+ k') =an+ 3 x k'
proof safe
fix k'
assume k'’ < %
then show a (n + k) =an + 3 = k'
proof (induction k')
case 0 then show ?case by simp
next
case (Suc k')
then have a (n + k') =an + 3 x k'
by auto
have = (3 s. a (n + k') = s x s)
proof (rule ccontr)
assume — “thesis
then obtain s where a (n + k') = s * s by auto

have 3 * (k' + 1) < (?t + i) —an
using Suc(2)
using (3 * (((?t + )2 —an) div3) = (2t + 0)?> —an
by simp
then have a (n + k') < (2t + i)?
using (@ (n + k') =an + 3 x k)
by simp
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moreover
have a (n + k') > 72
using (@ (n + k") =an + 8 * k) (an > 2%
by simp
ultimately
have 712 < s2 A s2 < (2t + i)?
using @ (n + k') = s * &
by (simp add: power2-eq-square)
then have 7t < s A s < %t + 4
using power-less-imp-less-base by blast
then obtain i’ where 0 < i’ i/ < i s = 2t + i’
using less-imp-add-positive by auto

moreover

haveV i’. 0 < i'ANi'<i—>a(n+ k') # (2t + i')?

using (a (n + k) =an+ 3 x k¥ i’ 0<i'Ni'<i—> anmod
8 # (2t + i) mod 3

by fastforce

ultimately

show Fulse
using (a (n + k') = s * &
by (auto simp add: power2-eq-square)
qged
then show ?Zcase
using not-perfect-square[of n + k'] (@ (n + k') = an + 8 * k)
by auto
qed
qed

have a (n + %) = (2t + i)?
using 1[rule-format, of %k] «an < (2t + i)® 3 x (((?t + i)®> — a n) div
)= (%t +i)*—an
by simp
then have 3 k. a (n + k) = (7t + 4)?
by blast
} note ti = this
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have a n mod 3 = 0 V an mod 3 = 1
using <a n mod 3 # 2)
by auto
then have cc: a n mod 8 = (?t+1)? mod 3 V a n mod 3 = (?t+2)? mod 3
V anmod8 = (?t+3)% mod 3
using consecutive-squares-mod-3[of 7t
by (smt empty-iff insert-iff )

show ?thesis
proof (cases a n mod 8 = (?t+1)? mod 3)
case True
then show ?thesis
using ti[of 1]
by auto
next
case Fulse
then have Vi’ 0 < i’ A i’ < 2 — anmod 3 # (7t + i')? mod 3
by (metis mod2-gr-0 mod-less)
show ?thesis
proof (cases a n mod 8 = (?t+2)% mod 3)
case True
then show ?thesis
using tifof 2] Vi'. 0 < i'ANi'< 2 — anmod 3 # (?t + i')? mod &
by auto
next
case False
have a n mod 3 = (?t + 3)% mod 3
using (a n mod 3 # (7t + 1)? mod & <an mod 3 # (7t + 2)? mod &
using cc
by auto
moreover
have Vi'. 0 < i’ N i’ < 8 — anmod 3 # (7t + ') mod 3
using (a n mod 3 # (?t + 1)? mod > <an mod 3 # (7t + 2)? mod &
by (metis (mono-tags, lifting) One-nat-def Suc-1 linorder-neqE-nat
not-less-eq numeral-3-eq-3)
ultimately
show ?thesis
using ti[of 3]
by auto
qed
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qed
ged
then obtain k where a (n + k) € {(?t+1)2, (?t+2)2, (?t+3)?}
by auto
have a (n + k+ 1) < 2t + 3
proof—
havea (n+k+1)=%+1Van+k+1)=%+2Van+k+1)
=%+ 3
using (a (n + k) € {(?t+1)%, (?t+2)?%, (?t+3)*D
unfolding power2-eq-square
using perfect-square
by auto
then show ?thesis
by auto
ged
also have ... < 7t % %¢
proof—
{
fix t::nat
assume t > &
then have t + & < ¢ x ¢
using div-nat-eql le-add1 mult-eq-if
by auto
} then show ?thesis
using (%t > &)
by simp
qed
also have ... < an
proof—
have %t € ?T
proof (rule Max-in)
show finite ?T by fact
next
show ?T # {}
using (3 € ?T)
by blast
qged
then show ?thesis
by auto
qed
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finally show dm>n. am < an
using add-lessD1 less-add-one by blast
qed

have Claim3-a: ¥V n.anmod 8 =0ANan<9 — (I m>n.am=23)
proof safe
fix n
assume Sdvdanan <9
then have an =3Van=6Van=29
using (3 dvd a n) gt1[of n]
by auto
show Im>n. am = 3
proof—
have An.an=3=a(n+1)=6
using not-perfect-square not-square-3
by (auto split: if-split-asm)

moreover

have An.an=6 = a(n+1)=9
using not-perfect-square not-square-6
by (auto split: if-split-asm)

moreover

have An.an=9 = a(n+1)=23
using perfect-square
by simp

ultimately
show ?thesis
usingan=8Van=6Van=29
by (meson add-lessD1 less-add-one)
qed
qged

have Claim3:V n. anmod 3 =0 — (3 m >n. am = 3)
proof safe

fix n

assume 3 dvd a n
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show 3 m >n.am =3
proof (cases an < 9)
case True
then show ?thesis
using (3 dvd a n) Claim3-a
by auto
next
case Fulse
let m = LEAST z. z € (a ‘ {n+1..})
let 2% = SOMEj.j >nANaj=%m
have 3 j.j >n ANaj=%m
using Least-nat-in[of a * {n+1..}]
by (smt atLeast-iff imageE image-is-empty less-add-one less-le-trans not-Ici-eq-empty)
then have % > na % = ?m
using somel-ex[of X j.j >n A aj = ?m]
by auto
show ?thesis
proof (cases a 7j < 9)
case True
then show ?thesis
using Claim3-alrule-format, of 2j] mod3[of n ?j] <?j > n) (3 dvd a n)
by (meson dvd-imp-mod-0 less-trans nat-less-le)
next
case Fualse
have a ?j mod 3 # 2
using (3 dvd a n) mod3[of n %] (n < 2
by simp
then obtain m where m > %jam < a ?j
using Claim2|rule-format, of ?j] False
by auto
then have m > nam < m
using (n < %)) (@ ?j = ?m)
by auto
then have Fulse
using Least-nat-le[of a * {n + 1..}, rule-format, of a m]
by simp
then show ?thesis
by simp
qged
qed
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qed

have Claimj-a: ¥ n.anmod 8 =1 ANan<9 — (I m>n.ammod3 =
2)
proof safe
fix n
assume anmod 3 = 1an<9
then have an =2Van=3Van=4Van=5Van=6Van=7
Van=8Van=1J9
using gt1[of n]
by auto
then have an =4 Van=7
using (a n mod 3 = 1)
by auto
then show 3 m > n. a m mod 3 = 2
proof
assume a n = 4
then have a (n + 1) = 2
using perfect-square[of n 2]
by simp
then show ?thesis
by force
next
assume an = 7
then have a (n + 1) = 10
using not-square-7 not-perfect-square
by auto
then have a (n + 2) = 13
using not-square-10 not-perfect-square
by auto
then have a (n + 3) = 16
using not-square-13 assms(1)
by (simp add: numeral-3-eq-3)
then have a (n + 4) = 4
using perfect-square|of n+3 4]
by (auto simp add: add.commute)
then have a (n + 5) = 2
using perfect-square[of n+4 2]
by (auto simp add: add.commute)
then show ?thesis
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by (rule-tac x=n+5 in exl, simp)
ged
qed

have Claim4:V n. anmod 3 =1 — (3 m > n. a m mod 3 = 2)
proof safe
fix n
assume a n mod 8 = 1
show Im>n. a m mod 3 = 2
proof (cases an < 10)
case True
then show ?thesis
using Claim4-a (a n mod 8 = 1>
by auto
next
case Fulse
let m = LEAST z. z € (a ‘ {n+1..})
let 9 = SOMEj.j>nANaj=?m
have 3 j.j >n Aaj= m
using Least-nat-in[of a * {n+1..}]
by (smt atLeast-iff imageE image-is-empty less-add-one less-le-trans not-Ici-eq-empty)
then have 7 > na 7 = m
using somel-ex[of N j.j >n A aj = ?m]
by auto
{
assume a ?j mod 8 = 1
have “thesis
proof (cases a 7j < 9)
case Fulse
then obtain m where m > %jam < a ?j
using Claim2[rule-format, of ?j] (a %j mod 3 = 1)
by auto
then have m > nam < %m
using (n < 7)) (a ?j = m)
by auto
then have Fulse
using Least-nat-le[of a * {n + 1..}, rule-format, of a m]
by simp
then show ?thesis
by simp
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next
case True
then show ?thesis
using Claim4-alrule-format, of %j] (a 2 mod 3 = 1) (n < 2
using less-trans
by blast
qed

}

moreover

have a % mod 8 = 2 = ¥?thesis
using (%5 > n)
by force

moreover
{
have a ?j mod 3 # 0
using not-mod3[of n %j] (an mod 8 = 1) (n < 7
by auto

}

moreover
have a ?j mod 3 < 3
by auto
then have a 9 mod 3 = 0V a 2 mod 83 =1V a % mod 8 = 2
by auto
ultimately

show ?thesis
by auto
qed

qed

show ?thesis
proof

assume a 0 mod 3 = 0

then have eventually-periodic a
using Claim3 two-same-periodic[OF assms(1)]
by (metis mod-self)
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then show 3 A. infinite {n. a n = A}
by (simp add: infinite-periodic|OF assms(1)])
next
assume 3 A. infinite {n. a n = A}
then have eventually-periodic a
by (simp add: infinite-periodic[OF assms(1)])
{
assume a 0 mod 3 = 1
then obtain m where a m mod 3 = 2
using Claim/
by auto
then have Fulse
using Claim1 (eventually-periodic
by force

}

moreover
{
assume a 0 mod 3 = 2
then have Fulse
using Claim1 (eventually-periodic
by force
}
ultimately
show a 0 mod 8 = 0
by presburger
qed
qed

g

g

end
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Chapter 7
IMO 2018 SL solutions

theory IMO-2018-SL-solutions
imports Main

begin

Shortlisted problems with solutions from 59-th International Mathematical
Olympiad, 3-14 July 2018, Cluj-Napoca, Romania.

File with problem statements and solutions can be found at: https://www.
imo-official.org/problems/IMO2018SL.pdf

end

7.1 Algebra problems

7.1.1 IMO 2018 SL - A2

theory IMO-2018-SL-A2-s0l
imports Complez-Main
begin

lemma n-plus-1-mod-n:
fixes n :: nat
assumes n > |
shows (n + 1) mod n = 1
by (metis assms mod-add-selfl mod-less)

lemma n-plus-2-mod-n:

69
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fixes n :: nat

assumes n > 2

shows (n + 2) mod n = 2

by (metis assms mod-add-selfl mod-less)

theorem IMO2018SL-A2:
fixes n :: nat
assumes n > 8§
shows (3 a = nat = real. an=a0 AN a(n+1)=al A
(Vi<n. (ai)=*(a(i+1))+ 1 =a (i+2))) «—
3dvdn (is (3 a. %pl a N p2a A Zeq a) <— 3 dvd n)
proof
assume 3 dvd n

let a = (XA n. if n mod 8 = 0 then 2 else —1) :: nat = real
show 3 a. ?pl a A ?p2 a A %eq a
proof (rule-tac x="%a in exl, safe)
show 7pl %a
using (3 dvd n)
by auto
next
show ?p2 ?a
using (8 dvd n)
by auto
next
fix 1
assume i < n
show (%a i) * (%a (i+1)) + 1 = %a (i+2)
by auto presburger—+
qed
next
assume 3 a. ?pl a A ?p2 a N Peq a
then obtain a where ?p! a ?p2 a %eq a
by auto

let a = X i. a (i mod n)

have ?p1 ?a ?p2 %a
using (?p1 a) (n > &) n-plus-1-mod-n n-plus-2-mod-n
by auto
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have eq: Vi. 2a i % %a (i + 1)+ 1 = %a (i + 2)
proof safe
fix ¢
have a ((i + 1) mod n) = a (i mod n + 1)
using (pl a)
by (simp add: mod-Suc)

moreover

have a ((i + 2) mod n) = a (i mod n + 2)
using (pl a) (?p2
by (metis One-nat-def Suc-eq-plus! add-Suc-right mod-Suc one-add-one)

ultimately

show a (i mod n) * a ((i + 1) mod n) + 1 = a ((i + 2) mod n)
using (?eq a)
using assms
by auto
qed

have : V i. a1 > 0N %a (1 +1) >0 — %a (1 + 2) > 1
using eq
by (smt mult-pos-pos)

have no-pos-pos: ¥ i. = (%ai > 0 A %a (i + 1) > 0)
proof (rule ccontr)
assume — “thesis
then obtain ¢ where ?a i > 0 %a (i + 1) > 0
by auto

haveV j > i+1. %aj > 0N %a (j +1) > 1
proof (rule alll, rule impI)
fix 5
assume : + 1 <3
then show 0 < Zaj A1 < ?%a(j+ 1)
proof (induction j)
case (
then show ?case
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by simp
next
case (Suc j)
show ?case
proof (cases i + 1 < j)
case Fulse
then have i + 1 = Suc j
using Suc(2)
by auto
then show “thesis
using (Ya ¢ > 0) (%a (i + 1) > O *
by auto
next
case True
then show ?thesis
using Suc(1) *
by (smt Suc-eq-plus1 add-Suc-right one-add-one)
qed
qged
qed

then have V j > i+2. %aj > 1
by (metis Suc-eq-plus1 add-Suc-right le-iff-add one-add-one plus-nat.simps(2))

have x:V j > i+2. %a (j + 2) > %a (j + 1)
proof safe
fix j
assume ¢ + 2 < j
then have %aj > 1 %a (j + 1) > 1
using vV j > i+ 2. %05 > DG+ 2< )
by auto
then have %a (j + 1) < %aj x %a (j + 1)
by simp
then show %a (j + 2) > %a (j + 1)
using eq
by smt
qed

haveV j > i+ 3. %aj > %a (i + 3)
proof safe
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fix j
assume : + 3 < j
then show a ((i + 8) mod n) < a (j mod n)
proof (induction j)
case (
then show ?case
by simp
next
case (Suc j)
show ?case
proof (cases i + 8 < j)
case True
then have %a (i + 3) < %aj
using Suc
by simp
also have %aj < %a (j + 1)
using Suc(2)
using *[rule-format, of j—1]
by simp
finally
show ?thesis
by simp
next
case Fulse
then have i + 8 = j
using Suc(2)
by simp
then show ?thesis
using x[rule-format, of i+2]
by (metis One-nat-def Suc-1 Suc-eq-plus1 add-Suc-right less-or-eq-imp-le
numeral-3-eq-3)
qed
qed
qged

then have %a (i + 8 + n) > %a (i + 3)
by (meson assms less-add-same-cancell less-le-trans zero-less-numeral)

moreover
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have %a (i + 3 + n) = %a (i + 3)
by simp

ultimately

show Fulse
by simp
qed

have no-zero: ¥V i. ?a i # 0
proof (rule ccontr)
assume — ?thesis
then obtain i where %a i = 0
by auto
then have %a (i + n) = 0
by auto
have %a (i + n + 2) = 1
using (Ya (i + n) = 0) eq
by (metis add.commute mult-zero-left nat-arith.rule0)
moreover
have %a (i + n + 1) = 1
using (?a (i + n) = 0) eq[rule-format, of i+n—1] (n > 3
by simp
ultimately
show False
using no-pos-pos
by (smt add.assoc one-add-one)
qged

have neg-neg-pos: ¥V i. 2ai < 0N %a (i + 1) < 0 — %a (i + 2) > 1
using eq
by (smt mult-neg-neq)

{
fix ¢

assume %0 i < 0% (1 +1) <0
then have %a (i + 2) > 1
using neg-neg-pos
by simp
then have %a (i + 3) < 0
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using n0-pos-pos no-zero

by (smt One-nat-def Suc-eq-plusl add-Suc-right numeral-3-eq-3 one-add-one)

have %a (i + 4) < 1
proof—
have %a (i + 4) = %a (i+2) x 2a (i+3) + 1
using eq[rule-format, of i+2]
by (simp add: numeral-3-eq-3 numeral-Bit0)
moreover
have %a (i+2) % %a (1 + 3) < 0
using (a (i + 8) < ) (%a (i + 2) > D)
by (simp add: mult-pos-neq)
ultimately
show ?thesis
by simp
qed

then have %a (i + 4) < %a (i + 2)
using (%a (i + 2) > D
by simp

have %a (i+5) — %a (i+4) = (%a (i+3) * %a (i+4) + 1) — (%a (i+3) * “a

(i+2) + 1)
using eq
by (simp add: Groups.mult-ac(2) numeral-eq-Suc)
also have ... = %a (i+3) * (%a (i+4) — %a (i+2))

by (simp add: field-simps)
finally have ?a (i+5) — %a (i+4) > 0
using (%a (i + 4) < %a (i + 2) Za (i + 3) < O)
by (smt mult-neg-neg)
then have %a (i + 5) > %a (i + 4)
by auto
then have %a (i + 4) < 0
using no-pos-pos no-zero

by (smt Suc-eq-plusl add-Suc-right numeral-eq-Suc pred-numeral-simps(3))

have %a (i+2) > 0 A %a (i+3) < 0 A %a (i+4) < 0

using (I < a ((i + 2) mod n)) <a ((i + 8) mod n) < O <a ((i + 4) mod n)

< O
by simp
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} note after-neg-neg = this

have 3 i. 7ai < 0N %a (i + 1) < 0
proof (rule ccontr)
assume — ?thesis
then have alt: V i. 2ai < 0 +— %a (i + 1) >0
using no-zero no-pos-pos
by smt

have neg: V i k. 2ai < 0 — %a (i + 2%k) < 0
proof safe
fix i k
assume %a i < 0
then show %a (i + 2 x k) < 0
proof (induction k)
case (
then show ?case
by simp
next
case (Suc k)
then show ?case
using alt
by (smt add.assoc add.commute mult-Suc-right no-zero one-add-one)
ged
qed

have inc:V i. 7ai < 0 — %a1 < %a (1 + 2)
proof safe
fix ¢
assume %a 1 < 0
have ?a (i+1) > 0
using alt
using (a1 < O)
by blast
then have %a (i4+2) < 0
using alt
by (smt add.assoc no-zero one-add-one)
then have %a (i+3) > 0
using alt
by (simp add: numeral-3-eq-3)
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have %a i % %a (i+1) + 1 < %a (i+1) * ?a (i+2) + 1
using (%a (i4+2) < O (%a (i+3) > 0) eq
by (simp add: numeral-eq-Suc)
then show %a i < %a (i + 2)
using (%a (i + 1) > O
by (smt Groups.mult-ac(2) Suc-eg-plus1 add-2-eq-Suc’ alt eq mult-less-cancel-left1)
qed

obtain i where %a i < 0
using alt
by (meson linorder-neqE-linordered-idom no-zero)
haveV k > 1. %ai < %a (i + 2xk)
proof safe
fix k::nat
assume I < k
then show %a i < %a (i + 2xk)
proof (induction k)
case (
then show ?case
by simp
next
case (Suc k)
show ?case
proof (cases k = 0)
case True
then show ?thesis
using inc (a i < O
by auto
next
case Fulse
then show ?thesis
using (%a 1 < O
using Suc(1) inc[rule-format, of i + 2xk] neg[rule-format, of i k]
by simp
qged
qed
ged
then have %a i < %a (i + 2%n)
using (n > &
by (simp add: numeral-eq-Suc)
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then show Fulse
by simp
qed

then obtain ¢ where %a i < 0 %a (i + 1) < 0
by auto

have neg-neg-pos: ¥ k. %a (i + 3 k) < 0 A %a (i + 1 + 3xk) < 0 A ?a (i +
2+ 9xk) > 0 (isV k. 2P k)
proof
fix k
show ¢P k
proof (induction k)
case (
then show ?Zcase
using (Ya i < 0) ?a (i + 1) < 0> after-neg-neg|of 1]
by simp
next
case (Suc k)
then show ?Zcase
using after-neg-neg[of i + 3xk]
using after-neg-neg[of i + 3xk + 3]
by (simp add: numeral-3-eq-8 numeral-Bit0)
qed
qed

show 38 dvd n
proof—
have n mod 8 = 0 Vnmod 3 =1V nmod38 =2
by auto
then show ?thesis
proof
assume n mod 8 = 0
then show ?thesis
by auto
next
assume n mod 8 = 1V nmod 8 = 2
then have Fulse
proof
assume n mod § = 1
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then obtain k£ where n = 8 * k + 1
by (metis add-diff-cancel-left’ add-diff-cancel-right’ add-eq-if assms dvd-minus-mod
dvd-mult-div-cancel not-numeral-le-zero plus-1-eq-Suc)
then have %a (i + 1) = %a (i + 2 + 3xk)
by (metis add.assoc add-Suc-right mod-add-self2 one-add-one plus-1-eq-Suc)
then show Fulse
using neg-neg-pos|rule-format, of 0] neg-neg-pos|rule-format, of k]
by simp
next
assume n mod 3 = 2
then obtain k£ where n = 8 «x k + 2
by (metis One-nat-def Suc-1 add.commute add-Suc-shift add-diff-cancel-left’
assms dvd-minus-mod dvd-mult-div-cancel le-iff-add numeral-3-eq-3)
then have %a i = %a (i + 2 + 3xk)
by (metis add.assoc add-Suc-right mod-add-self2 one-add-one plus-1-eq-Suc)
then show Fulse
using neg-neg-pos|rule-format, of 0] neg-neg-pos|rule-format, of k|
by simp
qged
then show ?thesis
by simp
qed
qed
qged

end

7.1.2 IMO 2018 SL - A4

theory IMO-2018-SL-A4-s0l
imports Complez-Main
begin

definition is-Maz :: 'a::linorder set = 'a = bool where
issMax Az +— z € ANV 2’ € A. 2z’ < x)

lemma sum-list-cong:
assumes \ z. z € set |l = fr =gz

shows (3. z <« . fz)=(. 2« 1. gx)

using assms
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by (metis map-eq-conv)

lemma Maz-ge-Min:
assumes finite A A # {}
shows Maz A > Min A
using assms
by simp

theorem IMO2018SL-A4:
shows
is-Maz {a 2018 — a 2017 | aznat = real. a 0 =0 Nal=1ANKNn>2 3
k.1 <kANk<nAan= () i+ [n—k.<n].ai)/ real k)}
(2016 | 2017°2) (is is-Maz {?f a | a. ?P a} ?m)
unfolding is-Maz-def
proof
show ?m € {?fa | a. ?P a}
proof—
let ?a = (A n. if n = 0 then 0
else if n < 2017 then 1
else if n = 2017 then 1 — 1/2017
else 1 — 1/2017°2) :: (nat = real)
have ?P ?q
proof safe
show %a 0 = 0
by simp
next
show %0 1 = 1
by simp
next
fix n:nat
assume 2 < n

show 3 k. 1 <kANk<nA%%n= > i[n—k.<n] %a1)/ realk
proof (cases n < 2017)
case True
have [n—1..<n] = [n—1]
using (n > 2
by (simp add: upt-rec)
then show ?thesis
using (n > 2) (n < 2017
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by (rule-tac z=1 in exl, auto)
next
case Fulse
show ?thesis
proof (cases n = 2017)
case True
have [0..<2017] = [0] @ [1..<2017]
by (metis One-nat-def less-numeral-extra(4) numeral-eq-Suc plus-1-eq-Suc
upt-add-eq-append upt-rec zero-le-one zero-less-one)
then have () i«[0..<2017]. ?a 1) = %a 0 + (D i<[1..<2017]. %a i)
by simp
then have () i«+[0..<2017]. %a i) = (> i«+[0..<1]. 0) + (D] i<[1..<2017].
1)
using sum-list-cong[of [1..<2017] %a X k. 1]
by auto
then have () i«[0..<2017]. %a 1) = 2016
by (simp add: sum-list-triv)
then show ?thesis
using (n = 2017
by (rule-tac t=2017 in exl, auto)
next
case Fulse
show ?thesis
proof (cases n = 2018)
case True
have [1..<2018] = [1..<2017] @ [2017]
by (metis one-le-numeral one-plus-numeral plus-1-eq-Suc semiring-norm(4)
semiring-norm(5) upt-Suc-append)
then have (i« [1..<2018]. %a i) = (D] i<[1..<2017]. %a i) + ?%a
2017
using sum-list-append|of [1..<2017] [2017..<2018]]
by simp
then have () i« [1..<2018]. %a 1) = 2016 + (1 — 1/2017)
using sum-list-cong[of [1..<2017] %a X\ k. 1]
by (simp add: sum-list-triv)
then show ?thesis
using (n = 2018
by (rule-tac x=2017 in exl, auto)
next
case Fulse
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have [n—1..<n] = [n—1]
using (n > 2
by (simp add: upt-rec)
then show ?thesis
using (= n < 2017 (n # 2017 (n # 2018 (n > 2)
by (rule-tac x=1 in ezl auto)
qed
qged
qed
qed
moreover
have ?f 70 = ?m
by simp
ultimately
show ?thesis
by (smt mem-Collect-eq)
qged
next
show V 2z’ € {?f a | a. 7P a}. ' < ?m
proof safe
fix a :: nat = real
let 2S =Ank. (> i+ [n—k.<n]. ai)
assume ¢ 0 = 0a 1 =1and x: Vn>2.3k>1.k<nAan=2Snk / rel

let PA=An. {?5nk/k|k ke{l.<n+1}}
let Ymaz = X\ n. Max (?A n)

let ?min = A n. Min (?A n)

let A = A n. ?maxn — ?min n

have A:V n > 1. finite (A n) A ?A n # {}
by auto

haveV n > 2. ?An >0
proof safe
fix n::nat
assume 2 < n
then have ?max n > %min n
using Maz-ge-Min[of ?A n] A[rule-format, of n|
by force
then show ?A n > 0
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by simp
ged

haveV n> 2. minn<anAan< ?maxn
proof safe
fix n::nat
assume n > 2
then have n > I
by simp
have an € ?A n
using * (n > 2)
by force
then show minn <anan < ?mazn
using A[rule-format, OF (n > 1]
using Min-le[of ?A n a n| Maz-ge[of ?A n a n]
by blast+
qged

haveV n > 2.a(n—1)€ ?An

proof safe
fix n:nat
assume n > 2
then have [n—1..<n| = [n—1]

using upt-rec by auto
then have a (n — 1) = ?Sn 1
by simp
then show 3 k.a(n — 1) =25nk /kANke{l.<nt+1}
using (n > 2
by force
qged

haveV n > 2. minn < a (n—1) AN a (n—1) < ?mazn
proof safe
fix n::nat
assume n > 2
then have n > 1
by simp
have a (n — 1) € ?An
using vV n>2.a(n—1)€ ?An (n>2
by force
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84
then show minn <a(n—1)a (n — 1) < mazn
using A[rule-format, OF (n > 1)]
using Min-le[of YA n a (n — 1)] Maz-ge[of A na (n — 1)]
by blast+
qed
have ?fa < ¢?A 2018
using vV n > 2. minn < an A an < ?maz n|rule-format, of 2018)]
using vV n > 2. minn < a (n—1) A a (n—1) < ?maz n)[rule-format, of
2018]
by auto
have Claim1:V n > 2. ?A n < (n—1)/nx ?A (n—1)
proof safe
fix n:inat

assume 2 < n
then have 1 < n

by simp
obtain k£ where ?mazrn = 2Snk / k1 <kk<n

using A[rule-format, OF <1 < n)] Maz-in[of ?A n]

by force
obtain | where Yminn = 9Snl /11 <I1l<n

using A[rule-format, OF <1 < n)] Min-in[of ?A n]

by force

have [n — k.<n]=[n—1—(k —1).<n — 1] Q [n — 1]

using (I < kb <k <m < <n
by (metis Nat.diff-diff-eq diff-le-self le-add-diff-inverse plus-1-eq-Suc upt-Suc-append)

then have ?Snk = 25 (n—1) (k—1) + a (n—1)

by simp
m—1—-(U—-1).<n—1]Q [n — 1]

have [n — [..<n]

using (1 < DA<y I < n
by (metis Nat.diff-diff-eq diff-le-self le-add-diff-inverse plus-1-eq-Suc upt-Suc-append)

then have ?Snl = 95 (n—1) (I-1) + a (n—1)
by simp

have real (k — Suc 0) = real k — 1

using (k¢ > 1)
by simp
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have 25 (n—1) (k—1) < (k — 1) * ?maz (n — 1)
proof (cases k = 1)
case True
then show ?thesis
by simp
next
case Fulse
have n—1 > 1
using (n > 2)
by simp
have 75 (n—1) (k—1) / (k — 1) < ?max (n — 1)
proof (rule Max-ge)
show finite (?A (n—1))
using A[rule-format, OF (n—1 > 1]
by simp
next
show ¢S (n—1) (k—1) / (k. — 1) € ?A (n—1)
using (k #= 1)k > Dk < n
by simp (rule-tac x=k—1 in exl, auto)
qed
then show ?thesis
using (¢ > 1y (k £ D
by (simp add: field-simps)
qed

have 25 (n—1) (I-1) > (I — 1) * ?min (n — 1)
proof (cases | = 1)
case True
then show “thesis
by simp
next
case Fulse
have n—1 > 1
using (n > 2)
by simp
have 25 (n—1) (I-1) / (I — 1) > ?min (n — 1)
proof (rule Min-le)
show finite (?A (n—1))
using A[rule-format, OF (n—1 > 1)]
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86
by simp
next
show 25 (n—1) (I—1) / (Il — 1) € ?A (n—1)
using { £ DHd > d<n
by simp (rule-tac x=I—1 in exl, auto)
qged
then show ?thesis
using (> D (A # D
by (simp add: field-simps)
qed
have ?min (n—1) < a (n—1) a (n—1) < ?maz (n—1)
using vV n > 2. minn < an A an < ?maz n)rule-format, of n—1] (n
> 2)
by simp-all
{

fix z1 z2::real
assume 0 < zl z1 < z2

then have (z1 — 1) /21 < (22 — 1) / 22
by (metis (no-types, hide-lams) diff-divide-distrib diff-mono divide-self-if

frac-le leD order-refl zero-le-one)
} note mono = this

have kx(?mazn — a (n—1)) = 2Snk —k xa (n—1)
using (mazn = ?2Snk / kb

by (simp add: algebra-simps)
also have ... = 25 (n—1) (k—1) — (real k — 1) x a (n—1)

using (?Snk =25 (n—1) (k—1) + a (n—1)
by (simp add: field-simps)
< (k—1)* ?max (n — 1) — (real k — 1) * a (n—1)

also have ...
using (?S (n—1) (k—1) < (k — 1) * ?mazx (n — 1))
by simp

also have ... = (real k — 1) x (Ymax (n — 1) — a (n—1))
using <k > 1)

by (auto simp add: right-diff-distrib)
finally have kx(?mazn — a (n—1)) < (real k — 1) * (?mazx (n — 1) — a

(n—1))
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then have mazx n — a (n—1) < (real k — 1) / k * (max (n—1) — a
(n—1))
using <k > 1)
by (simp add: field-simps)
also have (real k — 1) / k * (?maz (n—1) — a (n—1)) <
(realn — 1) / n* (?max (n—1) — a (n—1))
proof—
have (real k — 1) / k < (realn — 1) / n
using monolof real k real n| (k < n) k > D
by simp
then show “thesis
using @ (n — 1) < ?maz (n—1)
by (smt mult-cancel-right real-mult-le-cancel-iff1)
qed
finally
have 1: ?maxn — a (n—1) < (realn — 1) / n * (?mazx (n—1) — a (n—1))

have [ x (a (n—1) — ?minn) =1l*a (n—1) — 2Snl
using (Yminn = ?Snl /D
by (simp add: algebra-simps)
also have ... = (reall — 1) x a (n—1) — 25 (n—1) (I-1)
using (?Snl= %25 (n—1) (I-1) + a (n—1))
by (simp add: field-simps)
also have ... < (reall — 1) x a (n—1) — (I — 1) * ?min (n — 1)
using (?S (n—1) (I-1) > (I — 1) x ?min (n — 1))
by (simp add: field-simps)
also have ... = (reall — 1) % (a (n—1) — %min (n — 1))
using (I > I»
by (auto simp add: right-diff-distrib)
finally have Ix(a (n—1) — ?min n) < (real | — 1) x (a (n—1) — ?min (n

- 1))

then have a (n—1) — ?minn < (reall — 1) / I * (a (n—1) — ?min (n—1))
using (I > I»
by (simp add: field-simps)
also have (reall — 1) / I * (a (n—1) — ?min (n—1)) <
(realn — 1) / nx (a (n—1) — ?min (n—1))
proof—
have (reall — 1) /I < (realn — 1) / n
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using monolof real l real n] < < ny <l > D
by simp
then show ?thesis

using (@ (n — 1) > ?min (n—1)
by (smt mult-cancel-right real-mult-le-cancel-iff1)

qged

finally

have 2: a (n—1) — ?minn < (realn — 1) / n x (a (n—1) — ?min (n—1))

have ?A n = (?mazn — a (n—1)) + (a (n—1) — ?min n)
by simp

also have ... < (realn — 1) / n x ((9mazx (n—1) — a (n—1)) 4+ (a (n—1)

— ?min (n—1)))

using 1 2
by (simp add: right-diff-distrib’)

finally show YA n < (realn — 1) / n* ?A (n—1)
by simp

qed

obtain A where A = ?A by auto

then have Claim1=V n > 2. An < (n—1)/n* A (n—1)
using Claim1
by blast

have ClaimI-iter A Nq. [2 < q; ¢ < N] = A (N+1) < A (¢+1) % (¢ +
1) /(N + 1)
proof—
fix N q :: nat
assume 2 < qq < N
then show A (N+1) < A (¢g+1)*x(¢+ 1)/ (N + 1)
proof (induction N)
case 0
then show ?case
by simp
next
case (Suc N)
show ?case
proof (cases ¢ < N)
case True



7.1. ALGEBRA PROBLEMS 89

have A (N + 2) < ((N+ 1)/(N+ 2))« A (N + 1)
using Claim1[rule-format, of Suc N + 1] (2 < ¢ (¢ < N»
by simp

moreover

have A(N+ 1)< A(g+1)x(g+ 1)/ (N + 1)
using True (2 < ¢ Suc(1)
by simp

then have (N + 1)/(N 4+ 2)) «* A (N + 1) < ((N + 1)/(N + 2)) %

(A(g+ 1)+ (g+1) /(N + 1))
by (subst real-mult-le-cancel-iff2, simp-all)
ultimately

show ?thesis
by simp

next

case Fulse

then have ¢ = N+1
using Suc(3)
by simp

then show ?thesis
by simp

qed
qed
qed

{
fix ¢::nat
assume V n. I <nAn<qg—an=1

haveV k. 1 <kANk<q— ?Sqk=k
proof safe
fix k:nat
assume I < kk < q
then have () i + [¢—Fk..<¢]. ai) = (D] i + [¢—k..<¢]. 1)
using sum-list-conglof [q—Fk..<q] a X\ i. 1]
using vV n. 1 <nAn<qg—an=0k<gq
by fastforce
then show 25 g k = k
using (1 < k) (k < ¢
by (simp add: sum-list-triv)
qed
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}

note all-1-Sqk = this

{
fix q::nat
assume ¢ > 2
assume V n. I <nAn<qg—an=1
have 25 ¢ q = q — 1
proof—
have [¢—¢..<q] = [0] @ [1..<q]
using (2 < ¢
using upt-rec by auto
then have 7S ¢ ¢ = (> i« [1..<q]. a i)
using (@ 0 = O
by auto
also have ... = (3] i « [1..<q]. I::real)
using sum-list-conglof [1..<q] a X i. 1]
using V n. I <nAn<gqg—an=1
by simp
finally show “thesis
by (simp add: sum-list-triv)
qed
} note all-1-Sqq = this

show ?fa < ?m
proof (cases V n. 2 <n An <2017 — an=1)
case True
then have Vn. I <n An< 2018 — an =1
using (@ 1 = I»
by (metis Suc-lel add-le-cancel-left le-eq-less-or-eq one-add-one one-plus-numeral
plus-1-eq-Suc semiring-norm(4) semiring-norm(5))
then have V k. 1 <k ANk < 2018 — 25 2018k < k
using all-1-Sqk|[of 2018] all-1-Sqq|of 2018]
by (smt Suc-lel le-eq-less-or-eq of-nat-1 of-nat-diff one-add-one one-less-numeral-iff
plus-1-eq-Suc semiring-norm(76))
then have a 2018 < 1
using x[rule-format, of 2018)]
by auto
then show ?thesis
using True
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by auto
next
case Fulse
let 7Q ={q. 2 < qANq<2017TNaq#1}
let 2¢ = Min 2Q)
have 7Q) # {}
using Fualse <a 1 = 1)
by auto
then have 2 < 9q 29 < 2017 a ?q # 1
using Min-inlof 7Q)]
by auto

haveV n. 2 <nAn< %% —an=1
proof (rule ccontr)
assume — ?thesis
then obtain n where 2 < nn < %gan # 1
by auto
then have n € 2()
using (?q < 2017
by auto
then show Fulse
using Min-le[of 7Q n] (?Q #{} «an # 1 (n < ?
by auto
qged

obtain ¢ where ¢ = ?¢ 2 < ¢ ¢ < 2017 using (2 < ¢ (?q < 2017) by
auto
then haveV n. 1 <nAn<qg—an=1
using ¥V n. 2<nAn<?%—an=nwl=1
by (metis Suc-1 Suc-lel le-eq-less-or-eq)
thenhaveV k. I <kNk<q— 2Sqk=Fk ?S5qq=q— 1
using all-1-Sqk[of q] all-1-Sqq[of q] (2 < @
by simp-all
then haveV k. I <kANEk<q— 25qk <k
using le-eqg-less-or-eq
by auto
then have a ¢ < 1
using *[rule-format, OF (2 < @]
by auto
then have a ¢ < 1
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using (¢ = ?¢) <a g £ 1)
by auto

have a ¢ = %S qq / q
using x[rule-format, OF 2 < @lwaqg< D ¥ k.1 <kANk<q— ?Sq
k =k
by (metis div-by-1 less-le of-nat-1 of-nat-le-iff one-eq-divide-iff order-class.order.antisym
zero-le-one)

then have a ¢ = 1 — 1/q
using (?Sqq=q — D
using (¢ > 2
by (simp add: field-simps)

haveV i. 1 <iNi<q— 25 (¢+1)i=1i—1/q
proof safe
fix ¢
assume [ <11 < ¢q
show 7S (¢+1)i=1i— 1/q
proof (cases i = 1)
case True
then show ?thesis
using wq=1—1/¢
by simp
next
case False
then have 25 (¢g+1)i=aq+ 25 q (i—1)
using (1 <@ ¢ < @
by auto
moreover
have 25 ¢ (i—1) = (i—1)
using V k. 1 <k ANk < q— 95 qk = b[rule-format, of i—1]
using (1 < G < @ G F£D
using Suc-le-eq
by auto
ultimately
show ?thesis
using @gq=1—1/¢ 1 <D
by simp
qed
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qed

have 75 (¢+1) (¢+1) =q — 1/q
proof—
have 25 (¢+1) (¢+1)=aq+ ?Sqq
by simp
then show ?thesis
using (?Sqq=q¢— Daqg=1—-1/¢
using (2 < ¢
by simp
qed

have qq: (real ¢ — 1 / real q) / (real ¢ + 1) = (real ¢ — 1) / real q
proof—
have (real ¢ + 1) * ((real ¢ — 1 / real q) / (real ¢ + 1)) = (real ¢ + 1) *
((real ¢ — 1) / real q)
using (2 < ¢
by simp (simp add: field-simps)
then show “thesis
by (subst (asm) mult-left-cancel, simp-all)
qged

have ?min (q+1) = (real ¢ — 1)/real q¢ (is ?lhs = ?mn)
proof (subst Min-eq-iff)
show finite (A (¢+1))
by simp
next
show ?4 (¢+1) # {}
using (¢ > 2)
by auto
next
show ?mn € ?A (¢+1) A (VY m’ € ?A (¢+1). m' > ?mn)
proof
have ?mn =1 — 1/q
using (2 < @
by (simp add: field-simps)
then have mn = 25 (¢+1) 1
using vV 1. 1 <iANi<q— 25 (¢+1)i=1— 1/@[rule-format, of
112 <
by simp
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then show ?mn € ?A (¢+1)
by force
show V m’ € 24 (¢+1). m' > ?mn
proof
fix m/’
assume m' € ?A (¢+1)
then obtain k where k € {I..<q+1+1} m'= 2S5 (¢+1) k / k
by force
show m’ > %mn
proof (cases k < q)
case True
then have m’ = (k — 1/q) / k
using (k € {I.<q+1+1}p tm'= 25 (¢+1)k | b
using vV i. I <iNi<qg— S (¢+1)i=1i—1/¢
by auto
then have m’ = 1 — 1/(gxk)
using (k € {1.<q¢+1+1} (¢ > 2
by (simp add: field-simps)
then show ?thesis
using (Ymn =1 — 1/¢ (k € {1.<qg+1+1p 2 < @
by simp (simp add: field-simps)
next
case Fulse
then have k = ¢+1
using (k € {1..<q+1+1}
by simp
then have m’ = (real ¢ — 1) / real q
using (m’ = 25 (q+1) k / kb S (¢+1) (¢+1)=q — 1/@
using qq
by (metis of-nat-1 of-nat-add)
then show ?thesis
by simp
qed
qed
qged
qed

moreover

have ?maz (¢+1) = ((real ¢) "2 — 1)/(real q) "2 (is ?lhs = ?mx)
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proof (subst Maz-eq-iff)
show finite (?A (¢+1))
by simp
next
show 74 (¢+1) # {}
using (¢ > 2)
by auto
next
show ?mz € ?A (¢+1) A (Y m' € 24 (¢+1). m' < ?mz)
proof
have ?mz = (25 (¢+1) q) / q
using %V i. 1 <iANi<q— ?S(¢g+1)i=1— 1/@[rule-format, of
ql 2 < @
by simp (simp add: field-simps power2-eq-square)
moreover
have g € {1.<q+ 1 + 1}
using (¢ > 2
by simp
ultimately
show ?mz € ?A (¢+1)
by force

show V m' € 24 (¢+1). m’' < ?max
proof
fix m’
assume m’ € 7A (¢q+1)
then obtain k where k € {I.<q+1+1} m'= 25 (¢+1) k / k
by force
show m’ < ?mz
proof (cases k < q)
case True
then have m’ = (k — 1/q) / k
using (k € {I.<q+1+1}p om'= 25 (¢+1)k / b
using vV i. 1 <iANi<qg— ?S(¢g+1)i=i— 1/
by auto
then have m’ = 1 — 1/(gxk)
using (k € {1.<q+1+1} (¢ > 2
by (simp add: field-simps)
moreover
have ?mz = 1 — 1/(qxq)
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using (¢ > 2
by (simp add: field-simps power2-eq-square)

ultimately

show ?thesis
using k < ¢ 2 < @ k € {1.<q+1+1}p
by simp (simp add: field-simps)

next

case Fulse

then have k£ = ¢+1
using k € {1..<q+1+1}
by simp

then have m’ = (real ¢ — 1) / real q
using (m’ = 25 (¢+1) k / kb 25 (¢+1) (¢+1)=q — 1/ qq
by (metis of-nat-1 of-nat-add)

moreover

have ¢ < ¢°2
by (simp add: (2 < ¢ power2-nat-le-imp-le)

ultimately

show ?thesis
using (2 < ¢
by simp (simp add: field-simps)

qed
qed
qged
qed

ultimately

have ?A (¢+1) = ((real q) "2 — 1)/(real q) "2 — (real ¢ — 1)/real q
by simp
also have ... = (real ¢ — 1)/(real q) "2
using (¢ > 2
by (simp add: power2-eq-square field-simps)
finally have del: A (¢+1) = (real ¢ — 1)/(real q) "2
using (A = 7/
by simp
then have A (2017 + 1) < (real ¢ — 1) / (real q)* * real (¢ + 1) / 2018
using ClaimI-iter'|OF (2 < ¢ (q < 2017)]
by simp
also have ... = ((real ¢°2 — 1) / (real q)?) / 2018
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by (simp add: field-simps power2-eq-square)
also have ... = (1 — (1 / (real q)?)) / 2018
using (¢ > 2)
by (simp add: field-simps)
also have ... < (1 — (1 / 2017°2)) / 2018
proof—
have ¢~2 < 20172
using (2 < ¢ (g < 2017
using power-mono by blast
then have (real q) "2 < 20172
by (metis of-nat-le-iff of-nat-numeral of-nat-power)
then show ?thesis
using (2 < ¢
by (simp add: field-simps power2-eq-square)
qged
finally have A 2018 < ?m
by simp

then show ?thesis
using (?fa < ?A 2018 (A = ?A)
by simp
qed
qed
qged

end

7.2 Combinatorics problems

7.2.1 IMO 2018 SL - C1

theory IMO-2018-SL-C1-sol
imports Complez-Main
begin

lemma sum-geom-nat:

fixes ¢::nat

assumes q > |

shows (> ke{0..<n}. ¢°k) = (¢"n — 1) div (¢ — 1)
proof (induction n)
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case (

then show ?case by simp
next

case (Suc n)

then show ?case

by (smt Nat.add-diff-assoc2 One-nat-def Suc-1 Suc-lel add.commute assms

div-mult-self] le-trans mult-eq-if nat-one-le-power one-le-numeral power.simps(2)
sum.op-ivl-Suc zero-less-diff zero-order(3))
qed

declare [[smt-timeout = 20]]

lemma div-diff-nat:

fixes a b ¢ :: nat

assumes c dvd a ¢ dvd b

shows (a — b) divec=adivec — bdivc

using assms

by (smt add-diff-cancel-left’ div-add dvd-diff-nat le-iff-add nat-less-le neq0-conv
not-less zero-less-diff )

lemma sum-geom-nat”:
fixes q::nat
assumes ¢ > Im < n
shows (> ke{m..<n}. ¢°k) = (¢"n — ¢"m) div (¢ — 1)
using assms
proof (induction n)
case (
then show ?case
by simp
next
case (Suc n)
show ?Zcase
proof (cases m < n)
case True
then have sum ((°) ¢) {m..<Sucn} =(¢ "n—q "m)dv(qg—1)+ q¢™n
using Suc
by simp
alsohave ... = ((¢ "n—q "m)+ (¢ — 1) *xq¢"n) div (¢ — 1)
using (¢ > I»
by auto
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also have ... = ((¢ “"n—q " m) + (¢"(n+1) — ¢"n)) div (¢ — 1)
by (simp add: algebra-simps)
also have ... = (¢ ~ (n+1) — ¢ " m) div (¢ — 1)

using True assms(1) by auto
finally show ¢thesis
by simp
next
case Fulse
then have m = n + 1
using Suc(3)
by auto
then show ?thesis
by simp
qed
qged

theorem IMO2018SL-C1:

fixes n :: nat

assumes n > &

shows 3 (S::nat set). card S = 2«n A (VY 2 € S. x> 0) A

Vm2<mAm<n—(35182.55nN82={}AS1US2=58NA

card S1 =m N>, S1 =) 52))
proof—

let ?Sa = {(3:nat) k| k. k € {1..<n}} and 9Sb = {2 * (3:nat) k| k. k €
{1..<n}} and ?Sc = {1:nat, (3" n + 9) div2 — 1}

let ?S = 2Sa U 25b U ?Sc

have finite ?Sa finite 2Sb finite ?Sc finite (2Sa U ?Sb)
by auto

have ?Sa N 25b = {}
proof safe
fix ka kb
assume ka € {1..<n} kb € {1..<n} (3:nat) “ka = 2%3°kb
have odd ((3::nat) “ka) even (2x3°kb)
by simp-all
then have Fulse
using (3::nat) “ka = 2x3°kb)
by simp
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then show 3°ka € {}
by simp
qed

have 1 < ((3:nat) ~n + 9) div 2
by linarith

have = 3 dvd (((8::nat) ~n + 9) div 2 — 1)
proof—
have 3 dvd ((3::nat) ~n + 9) div 2
proof—
have (3:nat) “n + 9 = (3°2) * (3:nat) “(n—2) + 9
using (n > &
by (metis One-nat-def add-leD2 le-add-diff-inverse numeral-3-eq-3 one-add-one
plus-1-eq-Suc power-add)
then have (3::nat) ~n + 9 = 9%(3°(n—2) + 1)
by simp
then have ((3::nat) “n + 9) div 2 = (9 x (3°(n—2) + 1)) div 2
by auto
then have ((3::nat) “n + 9) div 2 =9 % ((3°(n—2) + 1) div 2)
by (metis One-nat-def div-mult-swap dvd-mult-div-cancel even-add even-power
even-succ-div-two num.distinct(1) numeral-3-eq-3 numeral-eg-one-iff one-add-one
plus-1-eq-Suc)
then show ?thesis
by simp
qed
then show ?thesis
using ((3:nat) ~n + 9) div 2 > 1)
by (meson dvd-diff D1 less-imp-le-nat nat-dvd-1-iff-1 numeral-eq-one-iff semiring-norm(86))
qed

have (?Sa U 25b) N 2Sc = {}
proof—
have ?Sa N ?Sc = {}
proof safe
fix k
assume k € {I..<n} (3:nat) ~k =1
then show 3 " k € {}
by simp
next
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fix k
assume k € {I..<n} (3=nat) “k=(3 "n+9)dv2 — 1
moreover
have 3 dvd (3::nat) "~k
using (¢ € {1..<n}
by auto
ultimately
have False
using (= 8 dvd (3 “n+ 9)div2 — 1)
by simp
then show 3 "k € {}
by simp
ged

moreover

have 25b N 2S¢ = {}
proof safe
fix k
assume k € {I..<n} 2 % (3unat) "k =1
then show 2 x 3 ~ k € {}
by simp
next
fix k
assume k € {I..<n} 2 % (3unat) " k=(3 "n+9)dv2 — 1
moreover
have 3 dvd 2 % (3::nat) "~k
using (¢ € {I..<n}
by auto
ultimately
have False
using (= 3dvd (3 “n+ 9)div2 — 1)
by simp
then show 2 x 8 ~ k € {}
by simp
qed

ultimately
show ?thesis
by blast
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qed

show ?thesis
proof (rule-tac x=7S in exl, safe)
show card 25 = 2xn
proof—
have card (?Sa U 25b) = (n — 1) + (n — 1)
proof—
have inj-on ((*) (3:nat)) {1..<n}
unfolding inj-on-def
by auto
then have card ?Sa = n—1
using card-image[of X k. 3°k {1..<n}]
by (smt Collect-cong Setcompr-eq-image card-atLeastLessThan)

moreover

have inj-on (A k. 2 % (8:nat) ~ k) {I1..<n}
unfolding inj-on-def
by auto

then have card 25b = n—1
using card-image[of X\ k. 2 % 37k {1..<n}]
by (smt Collect-cong Setcompr-eq-image card-atLeastLessThan)

ultimately
show ?thesis
using (n > 3) card-Un-disjoint[of ?Sa ?5b] (?Sa N 2Sb = {} (finite ?Sa)
(finite 25b)
by smt
qged

moreover

have card {1, ((3::nat)"n + 9) div 2 — 1} = 2
using (I < ((3:nat) ~n + 9) div 2
by auto

ultimately
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show card 7S = 2xn
using (n > 3) card-Un-disjoint[of ?Sa U 25b ?Sc] (?Sa U 2Sb) N ?Sc =

{} (finite (2Sa U 2Sb)) (finite ?Sc)
by (smt Nat.add-diff-assoc2 Suc-1 Suc-eq-plusl add-Suc-right card-infinite
diff-add-inverse2 le-trans mult-2 nat.simps(8) one-le-numeral)

qed
next
fix k
assume k € {I1..<n}
then show 0 < (8:nat) ~ k0 < 2 % (3:nat) "k
by simp-all
next
show 0 < ((3:nat) "~ n + 9) div 2 — 1
using (I < (3 "~ n + 9) div 2) zero-less-diff
by blast
next
fix m
assume 2 < mm < n
let ?Am’ = {2 % (3:nat) k| k. k € {n—m+1..<n}} and ?Am" = {(3::nat)
S (n—m+1)}
let ?Am = ?Am’ U ?Am”
let ?Bm = 2S5 — ?Am

have ?Am’ C 2Sbh
using (m < n)
by auto

have ?Am" C 2Sa
using <m < n) (2 < m)

by force

have ?Am N ?Bm = {}
by blast

moreover

have Am: ?Am’' N ?Am” = {} finite 2Am’ finite 2Am”
using (?Am’ C 25b) (?Am" C ?Sa) (?Sa N 25b = {}
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by auto

have finite ?Am finite ?Bm
by auto

have ?Am U ?Bm = 25
proof—
have ?Am C 25
using (?Am’ C 2Sb) (?Am’ C 2Sa)
by blast
then show ?thesis
by blast
qed

moreover

have card ?Am = m
proof—
have inj-on (A k. 2 * (3::nat) ~ k) {n—m+1..<n}
unfolding inj-on-def
by auto
then show ?thesis
using card-imagelof X\ k. 2 x (3:nat) “k {n—m+1..<n}|
card-Un-disjoint[of ?Am’ 2Am"] Am
unfolding Setcompr-eq-image
by (smt Int-insert-right-if] One-nat-def Suc-eq-plusi Un-insert-right ({2 x 3
“klkeke{n—m+1.<n}}U{8 " (n—m+1)}H)N{3 " k|k. ke{l.<n}}
U{2x«3 " klk. ke{l.<n}}U{1,(3 " n+9)div2—1}— ({23 " klk. ke
{n—m+1.<n}}U{3 " (n—m+ 1)}))={h 2 <m m < n add.commute
add-diff-inverse-nat add-le-cancel-left card.insert card-atLeastLessThan card-empty
diff-Suc-Suc diff-diff-cancel disjoint-insert(2) finite.emptyl insertCI insert-absorb
le-trans linorder-not-le one-le-numeral)
qed

moreover
have Y  ?Am =) ?Bm
proof—
have (> ?Am) = 3"n
proof—
have Y ?Am’' = (3 ke{n—m+1..<n}. 2x3°k)
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proof—
have inj-on (A k. 2x(3::nat) °k) {n—m+1..<n}
unfolding inj-on-def
by auto
then show ?thesis
unfolding Setcompr-eq-image
by (simp add: sum.reindex-cong)

qed

also have ... = 2 x (>_ke{n—m+1..<n}. 3°k)
by (simp add: sum-distrib-left)

also have ... = 3"n — 3" (n—m+1)
using sum-geom-nat’lof 8 n—m~+1 n] tm > 2) tm < n)
by simp

finally

have > ?Am’'= 3"n — 3" (n—m+1)

moreover

have Y ?Am"” = 8~ (n—m+1)
by simp

moreover

have Y° ?Am =Y. 2Am’ + > 2Am”
using Am
by (simp add: sum.union-disjoint)

ultimately

have (> ?Am) = (3"n — 3~ (n—m+1)) + 3" (n—m+1)
by simp
also have ... = 3™n
proof—
have (3::nat) “(n—m+1) < 3°n
using (m < n) (2 < m)
by (metis Nat.le-diff-conv2 add.commute add-leD2 diff-diff-cancel
diff-le-self one-le-numeral power-increasing)
then show ?thesis
by simp
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qed
finally show “thesis

qged
moreover

have ) ?Bm = 3"n

proof—
have ) 25 = 2x3™n
proof—
have )  25a = (> ke{l..<n}. 37k)
proof—

have inj-on ((°) (3::nat)) {1..<n}
unfolding inj-on-def
by auto
then show ?thesis
unfolding Setcompr-eq-image
by (simp add: sum.reindez-cong)
qged

have Y ?Sa = (3"n — 1) div 2 — 1
proof—
have inj-on (A k. (3:nat) ~ k) {1..<n}
unfolding inj-on-def
by auto
then have ) 9Sa = (> ke {1.<n}. 3 " k)
unfolding Setcompr-eq-image
by (simp add: sum.reindex-cong)
then show ?thesis
using sum-geom-nat’[of 8 1 n] (n > 3
by simp
qed

moreover

have > 250 =2 % ((3™'n — 1) div2 — 1)
proof—
have inj-on (A k. 2 x (8::nat) ~ k) {1..<n}
unfolding inj-on-def
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by auto
then have ) 250 = (3" ke {1.<n}. 2% 8 " k)
unfolding Setcompr-eq-image
by (simp add: sum.reindez-cong)
also have ... = 2 x (3. ke {1..<n}. 3 " k)
by (simp add: sum-distrib-left)
also have ... = 2 % (> ?Sa)
proof—
have inj-on (A k. (3:nat) ~ k) {1..<n}
unfolding inj-on-def
by auto
then show ?thesis
unfolding Setcompr-eq-image
by (simp add: sum.reindex-cong)
qged
finally
show ?thesis
using O ?Sa = (3"n — 1) div2 — 1)
by simp
qed

moreover

have ~ 2S¢ = (3 “n + 9) div 2
by auto

moreover

have ) 25 =) %Sa+ ) 25b + > 2S5c
using (?Sa N 25b = {} (?Sa U 25b) N 2Sc = {p
using (finite ?Sa) (finite ?Sb) (finite ?Sc) (finite (?Sa U 2Sb))
using sum.union-disjoint
by (metis (no-types, lifting))

moreover

have (((3:nat)™n — 1) div2 — 1)+ 2% ((3™n —1)div2 — 1)+ (3
“n+9) div2 = 2+«3"n (is ?lhs = 2x37°n)
proof—
have ((3:nat)™n — 1) div2 — 1 = (3"n — 3) div 2
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by simp

then have ?lhs = 3%((3™n — 3) div 2) + (3 “n + 9) div 2
by simp

also have ... = ((3%3™n — 9) + (3"n + 9)) div 2
by (simp add: div-mult-swap)

also have ... = 2x3"n

proof—

have 9 < (3:nat) * 8 " n
using (n > &)
by (smt Suc-1 (8 "n —1)div2 — 1 =(3 " n— 3) div2 cal-
culation diff-add-inverse?2 diff-diff-cancel diff-is-0-eq dvd-mult-div-cancel even-add
even-power le-add1 le-add-same-cancel? le-antisym le-trans linear mult-Suc numeral-3-eq-3
odd-two-times-div-two-succ plus-1-eq-Suc power-mult self-le-ge2-pow)
then have ((3::nat)x3°n — 9) + (3°n + 9) = 4*x3"n
by simp
then show ?thesis
by simp
qed
finally
show ?thesis

qed

ultimately
show ?thesis
by simp
qed
also have > 25 => ?Am + >, ?Bm
using (?Am U ?Bm = 25) (?Am N ¢Bm = {}) (finite 2Am) (finite ?Bm)
using sum.union-disjoint[of ?Am ?Bm id]
by simp
then show ?%thesis
using O 7Am = 38"n)
by (metis (no-types, lifting) add-left-cancel calculation mult-2)
ged

ultimately

show ?thesis
by simp
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qed
ultimately

show 351 52. S1NS2={}ANS1US2=2SANcardS1 =mA> 6 S1 =5
S2
by blast
qed
qed

end

7.2.2 IMO 2018 SL - C2

theory IMO-2018-SL-C2-sol
imports Complez-Main
begin

locale dim =

fixes files :: int

fixes ranks :: int

assumes pos: files > 0 A ranks > 0

assumes div4: files mod 4 = 0 A ranks mod 4 = 0
begin

type-synonym square = int X int

definition squares :: square set where
squares = {0..<files} x {0..<ranks}

datatype piece = Queen | Knight
type-synonym board = square = piece option

definition empty-board :: board where
empty-board = (\ square. None)

fun attacks-knight :: square = board = bool where
attacks-knight (file, rank) board <—
(3 file! rank’. (file’, rank’) € squares A board (file', rank’) = Some Knight N
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((abs (file — file"y = 1 A abs (rank — rank’) = 2) Vv
(abs (file — file") = 2 A abs (rank — rank’) = 1)))

definition valid-horst-move’ :: square = board = board = bool where
valid-horst-move’ square board board’ <—
square € squares A board square = None A
= attacks-knight square board A
board’ = board (square := Some Knight)

definition valid-horst-move :: board = board = bool where
valid-horst-move board board’ +—
(3 square. valid-horst-move’ square board board’)

definition valid-queenie-move :: board = board = bool where
valid-queenie-move board board’ +—
(3 square € squares. board square = None N
board’ = board (square := Some Queen))

type-synonym strategy = board = board = bool

inductive valid-game :: strategy = strategy = nat = board = bool where
valid-game horst-strateqy queenie-strateqy 0 empty-board
| [valid-game horst-strategy queenie-strategy k board;
valid-horst-move board board'’; horst-strategy board board’;
valid-queenie-move board’ board”; queenie-strategy board’ board"|—> valid-game
horst-strategy queenie-strateqy (k + 1) board”

definition valid-queenie-strategy :: strategy = bool where
valid-queenie-strateqy queenie-strategy +—
(V  horst-strategy board board’ k.

valid-game horst-strateqy queenie-strateqy k board N

valid-horst-move board board’ A\ horst-strategy board board’ N

(3 square € squares. board’ square = None) —

(3 board"”. valid-queenie-move board’ board” A queenie-strategy board’

board"))

squares

lemma squares-card [simp]:
shows card squares = files * ranks
using pos
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unfolding squares-def
by auto

lemma squares-finite [simp]:
shows finite squares
using pos
unfolding squares-def
by auto

free-squares

definition free-squares :: board = square set where
free-squares board = {square € squares. board square = None}

lemma free-squares-finite [simp]:
shows finite (free-squares board)
proof (rule finite-subset)
show free-squares board C squares
by (simp add: free-squares-def)
qged simp

lemma valid-game-free-squares-card-even:
assumes valid-game horst-strategqy queenie-strateqy k board
shows card (free-squares board) mod 2 = 0
using assms
proof (induction horst-strateqy queenie-strategy k board rule: valid-game.induct)
case (1 horst-strategy queenie-strategy)
show ?case
proof—
have card (free-squares empty-board) = files * ranks
by (simp add: empty-board-def free-squares-def)
then show ?thesis
using div4
by presburger
qed
next
case (2 horst-strategy queenie-strategy K board board’ board"")
then obtain square square’ where
square € squares board square = None board’ = board (square := Some Knight)
square’ € squares board’ square’ = None board" = board’ (square’ := Some

Queen)
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unfolding valid-horst-move-def valid-horst-move’-def valid-queenie-move-def
by auto

then have free-squares board = free-squares board” U {square, square’}

square & free-squares board" square’ ¢ free-squares board"

unfolding free-squares-def
by (auto split: if-split-asm)

moreover

have square # square’
using (board’ = board(square — Knight)) (board’ square’ = None)
by auto

ultimately

have card (free-squares board) = card (free-squares board’) + 2
using card-Un-disjoint|of free-squares board" {square, square’}]
by auto

then show ?case
using (card (free-squares board) mod 2 = 0
by simp

qed

black squares

fun black :: square = bool where
black (file, rank) «— (file + rank) mod 2 = 0

definition black-squares :: square set where
black-squares = {square € squares. black square}

lemma black-squares-finite [simp]:
shows finite black-squares
using pos
unfolding black-squares-def
by auto

lemma black-squares-card:
card black-squares = (files * ranks) div 2
proof—
let ?black-squares = {square € squares. black square}
let Ywhite-squares = {square € squares. — black square}
have squares = ?black-squares U Zwhite-squares
by blast
moreover
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have ?black-squares N ?white-squares = {}
by blast
moreover
have card ?black-squares = card ?white-squares
proof—
let 2f = X\ (a::int, b:int). if a mod 2 = 0 then (a, b + 1) else (a, b — 1)
have bij-betw ?f ?black-squares ?white-squares
unfolding bij-betw-def
proof
show inj-on ?f ?black-squares
unfolding inj-on-def

by auto
next
show ?f ¢ ?black-squares = ?white-squares
proof
show ?f ¢ ?black-squares C ?white-squares
using divj
by (auto simp add: squares-def split: if-split-asm) presburger+
next
show ?Zwhite-squares C ?f ¢ ?black-squares
proof
fix wsq

assume wsq € ?white-squares
let ?invf = X (a, b). if a mod 2 = 0 then (a, b — 1) else (a, b + 1)
have ?f (Zinvf wsq) = wsq
by (cases wsq, auto)
moreover
have ?invf wsq € ?black-squares
using (wsq € ?white-squares) div4
by (cases wsq, auto simp add: squares-def) presburger+
ultimately
show wsq € ?f ¢ ?black-squares
by force
qed
qged
qed
then show ?thesis
using bij-betw-same-card by blast
qed
ultimately
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have 2 x card ?black-squares = card squares
by (metis (no-types, lifting) card.infinite card-Un-disjoint finite-Un mult-2
mult-eq-0-iff )
then have 2 x card ?black-squares = files * ranks
by auto
then show ?thesis
unfolding black-squares-def
by simp
qed

free black squares

definition free-black-squares :: board = square set where
free-black-squares board = {square € squares. black square A board square =
None}

lemma free-black-squares-add-piece:
shows card (free-black-squares board) < card (free-black-squares (board (square
:= Some piece))) + 1
proof—
let ?board’ = board (square := Some piece)
have free-black-squares board = free-black-squares ?board’ \/
free-black-squares board = free-black-squares ?board’ U {square}
unfolding free-black-squares-def Let-def
by auto
then show ?7thesis
by (metis One-nat-def add.right-neutral add-Suc-right card.infinite card-Un-le
card-empty card-insert-if finite- Un finite-insert insert-absorb insert-not-empty le-add1
trans-le-add?2)
qed

lemma free-black-squares-valid-horst-move:
assumes valid-horst-move board board’
shows card (free-black-squares board) < card (free-black-squares board’) + 1
using assms
using free-black-squares-add-piece
unfolding valid-horst-move-def valid-horst-move’-def free-black-squares-def
by auto

lemma free-black-squares-valid-queenie-mowve:
assumes valid-queenie-move board board’
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shows card (free-black-squares board) < card (free-black-squares board’) + 1
using assms

using free-black-squares-add-piece

unfolding valid-queenie-move-def free-black-squares-def

by auto

knights

definition knights :: board = square set where
knights board = {square € squares. board square = Some Knight}

lemma knights-finite [simp]:
shows finite (knights board)
by (rule finite-subset|of - squares|, simp-all add: knights-def)

lemma knights-card-horst-move [simp]:
assumes valid-horst-move board board’
shows card (knights board’) = card (knights board) + 1
proof—
obtain square where square € squares board square = None board’ square =
Some Knight
board’ = board (square := Some Knight)
using assms
unfolding valid-horst-move-def valid-horst-move’-def
by auto
then have knights board’ = knights board U {square}
unfolding knights-def
by auto
then show ?thesis
using (board square = None)
unfolding knights-def
by auto
qged

lemma knights-card-queenie-move [simp]:
assumes valid-queenie-move board board’
shows card (knights board’) = card (knights board)
proof—
have knights board’ = knights board
using assms
unfolding valid-queenie-move-def knights-def
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by force
then show ?thesis
by simp
qged

lemma valid-game-knights-card [simp]:
assumes valid-game horst-strategqy queenie-strateqy k board
shows card (knights board) = k
using assms
proof (induction horst-strategy queenie-strategy k board rule: valid-game.induct)
case (1 horst-strategy queenie-strategy)
show ?case
by (simp add: empty-board-def knights-def )
next
case (2 horst-strateqy queenie-strateqy K board board’ board')
then show ?case
by auto
qed

Cycles

fun cycle-opposite :: square = square where
cycle-opposite (file, rank) = (4 * (file div 4) + (3 — file mod 4), 4 * (rank div
4) + (8 — rank mod 4))

lemma cycle-opposite-cycle-opposite [simp]:
shows cycle-opposite (cycle-opposite square) = square
by (cases square) auto

lemma cycle-opposite-different [simp]:
shows cycle-opposite square # square
by (cases square, simp, presburger)

lemma cycle-opposite-squares [simp]:
shows cycle-opposite square € squares <— square € squares
using pos div
by (cases square) (simp add: squares-def, safe, presburger+)

fun cycle4 :: square = int where
cycles (z, y) =
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(if x = 0 then y

else if v = 1 then (y + 2) mod 4
else if t = 2 then (5 — y) mod 4
else 3 — y)

lemma cycle-lt-4:
assumes 0 < zzr < 40 < yy <4
shows 0 < cycle (z, y) A cyclef (z, y) < 4
using assms
by auto

lemma cycle0:
assumes 0 < zzr < 40 < yy <4
shows cycle/ (z, y) = 0 «— (z, y) € set [(0, 0), (2, 1), (1, 2), (3, 3)]
using assms
by auto presburger+

lemma cyclel:
assumes 0 < zz < 40 <yy <4
shows cycle4 (z, y) = 1 «— (z, y) € set [(0, 1), (1, 3), (3, 2), (2, 0)]
using assms
by auto presburger+

lemma cycle2:
assumes 0 <z < 40<yy <4
shows cycle4 (z, y) = 2 «— (z, y) € set [(0, 2), (2, 3), (1, 0), (3, 1)]
using assms
by auto presburger+

lemma cycle3:
assumes 0 <zzr < 40 < yy <4
shows cycles (z, y) = 3 «— (z, y) € set [(0, 3), (1, 1), (2, 2), (3, 0)]
using assms
by auto presburger+

fun cycle :: square = int x int x int where
cycle (z, y) = (x div 4, y div 4, cycled (z mod 4, y mod 4))

lemma cycles-card:
shows card (cycle ¢ squares) = (files x ranks) div 4
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proof—
have cycle ¢ squares = {(z, y, z). x € {0..<files div 4} Ny € {0..<ranks div
4} N ze{0.<4}}
proof safe
fix frxyz
assume (f, r) € squares (z, y, z) = cycle (f, )
then have 0 < f A f < files 0 < r A r < ranks
by (auto simp add: squares-def)
then have 0 < fdiv 4 A fdiv 4 < filesdiv4 0 < rdivi Ardivg < ranks
div 4
using div4
by presburger+
then show z € {0..<files div 4} y € {0..<ranks div 4}
using (z, y, z) = cycle (f, r)
by auto
show z € {0..<4}
using cycle-lt-4 [rule-format, of f mod 4 r mod 4]
using (z, y, z) = cycle (f, r)
by simp
next
fix zyz:int
assume x: z € {0..<files div 4} y € {0..<ranks div {} z € {0..<4}
let of =/ «zand 9r =/ xy + 2
have (?f, ?r) € squares cycle (?f, ?r) = (z, y, z)
using *
by (auto simp add: squares-def)
then have 3 square € squares. cycle square = (z, y, z)
by blast
then show (z, y, z) € cycle ‘ squares
by (metis imagel)
qed
also have ... = {0..<files div 4} x {0..<ranks div 4} x {0..<4}
by auto
finally
have card (cycle © squares) = (files div 4) * (ranks div 4) * 4
using pos
by simp
also have ... = (files * ranks) div 4
using divj
by auto
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finally show #“thesis
qed

lemma cycle/-exhausted:
assumes 0 < f1 f1 < 40 <rlrl </
assumes 0 < f2f2 < 40 <r2r2 <
assumes (f1, r1) # (2, r2)
abs (f1 — f2) # 1 V abs (r1 — r2) # 2
abs (f1 — f2) # 2 V abs (r1 — r2) # 1
(f2, 12) £ (3 — f1, 3 — r1)
shows cycles (f1, r1) # cycle4 (2, r2)
using assms cycle-lt-4 [rule-format, of f1 r1]
by (smt cycle0 cyclel cycle2 cycle3 list.set-intros(1) list.set-intros(2))

lemma cycle-exhausted:
assumes YV sq € squares. board sq = Some Knight — — attacks-knight sq board
YV sq € squares. board sq = Some Knight — board (cycle-opposite sq) =
Some Queen
sql # 5q2 sql € squares sq2 € squares board sql = Some Knight board
sq2 = Some Knight
shows cycle sq1 # cycle sq2
proof safe
assume cycle sq1 = cycle sq2
obtain f1 r1 where sql: sql = (f1, r1)
by (cases sql)
obtain f2 r2 where sq2: sq2 = (2, r2)
by (cases sq2)

have *x: f1 div 4 = f2 div 4 r1 div 4 = r2 div J
cycle4 (f1 mod 4, r1 mod 4) = cycle4 (f2 mod 4, r2 mod 4)
using (cycle sq1 = cycle sq2) sql sq2
by simp-all

have — attacks-knight (f1, 1) board (f2, r2) # cycle-opposite (f1, r1)
using assms(1)[rule-format, of (f1, r1)]
using assms(2)[rule-format, of (f1, r1)]
using assms(4—"7) sql sq2
by auto
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have f2 # / * (fl div 4) + (3 — f1 mod 4) NV 12 # 4 % (rl div 4) + (8 — rl
mod 4)
using (f2, r2) # cycle-opposite (f1, r1))
by auto

then have f2 mod 4 # 38 — fl mod 4 V 12 mod 4 # 8 — r1 mod J
using *x*(1—2)
by safe presburger—+

then have 1: (f2 mod 4, r2 mod 4) # (3 — fl mod 4, 8 — r1 mod 4)
by simp

have (|f1 — f2| =1 — |rl — 2| #2)N(|fl = f2| =2 — |r1 — 12| # 1)
using (— attacks-knight (f1, r1) board)
using assms attacks-knight.simps sql sq2
by blast

then have 2: |fI mod 4 — f2 mod /| # 1 V |rl mod 4 — r2 mod 4| # 2
|f1 mod 4 — f2 mod 4| # 2 V |r1 mod 4 — r2mod 4| # 1
using *x*(1—2)
by (smt mult-div-mod-eq)+

have (fI mod 4, r1 mod 4) = (f2 mod 4, r2 mod 4)
using **(3) cycle4-exhausted[OF - - - - - - - - - 2 1]
using pos-mod-conj zero-less-numeral
by blast

then have f1 = f2r1 = r2
using **(1—2)
by (metis mult-div-mod-eq prod.inject)+

then show Fulse
using sql sq2 (sql # sq2»
by simp
qged

guaranteed game lengths

definition guaranteed-game-lengths :: nat set where
guaranteed-game-lengths = { K. 3 horst-strateqy. ¥V queenie-strategy. valid-queenie-strategy
queenie-strategy — (3 board. valid-game horst-strategy queenie-strategy K board)}



7.2. COMBINATORICS PROBLEMS 121

lemma guaranteed-game-lengths-geq:
shows nat ((files * ranks) div 4) € guaranteed-game-lengths
unfolding guaranteed-game-lengths-def
proof safe
let 21 = nat ((files x ranks) div 4)
let Zhorst-strategy = A board board’ :: board. (3 square. black square N valid-horst-move’
square board board")
show 3 horst-strategy. V queenie-strategy. valid-queenie-strategy queenie-strateqy
— (3 board. valid-game horst-strategy queenie-strategy ?1 board)
proof (rule-tac z="?horst-strategy in exl, safe)
fix queenie-strategy
assume valid-queenie-strategqy queenie-strategy

have 1:V k board. valid-game ?horst-strateqy queenie-strategy k board — (V
square € squares. board square = Some Knight — black square) (is V k. ?P k)
proof safe
fix k board fr
assume valid-game ?horst-strateqy queenie-strateqy k board
(f, r) € squares board (f, r) = Some Knight
then show black (f, r)
proof (induction ?horst-strategy queenie-strategy k board rule: valid-game.induct)
case (1 queenie-strategy)
then show ?case
by (simp add: empty-board-def)
next
case (2 queenie-strategy K board board’ board")
then show ?case
by (smt map-upd-Some-unfold piece.simps(1) wvalid-horst-move’-def
valid-queenie-move-def)
qed
qed

have V k < (files * ranks) div 4. 3 board. valid-game ?horst-strategy queenie-strategy
k board
proof safe
fix k::nat
assume k < (files * ranks) div 4
then show 3 board. valid-game ?horst-strategy queenie-strategy k board
proof (induction k)
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case (
then show ?case
by (rule-tac x=empty-board in exl, simp add: valid-game.intros)
next
case (Suc k)
then obtain board where wvalid-game ?horst-strategy queenie-strategy k
board
by auto
then have x: (files % ranks) div 2 — 2 * k < card (free-black-squares board)
using (Suc k < (files x ranks) div 4>
proof (induction ?horst-strategy queenie-strategy k board rule: valid-game.induct)
case !
then show ?case
using black-squares-card
by (simp add: empty-board-def black-squares-def free-black-squares-def)
next
case (2 queenie-strategy k board board’ board'")
then have (files x ranks) div 2 — 2 % k < card (free-black-squares board)
by auto
also have ... < card (free-black-squares board") + 1
using 2
using free-black-squares-valid-horst-move|of board board’|
by simp
also have ... < card (free-black-squares board") + 2
using 2
using free-black-squares-valid-queenie-move[of board’ board"
by simp
finally show ?case
using (Suc (k + 1) < (files x ranks) div 4>
by (simp add: le-diff-conv)
qed
then have card (free-black-squares board) > 0
using (Suc k < (files x ranks) div 4)
by auto
then obtain square where square € free-black-squares board
by (metis Collect-empty-eq Collect-mem-eq card.infinite card-0-eq not-less0)

have — attacks-knight square board
proof (rule ccontr)
obtain z y where square = (z, y)
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by (cases square)
assume — ?thesis
then obtain z’ y’ where (2’ y') € squares board (z', y’) = Some Knight
z—zl=1ANly—y|=2Vig—a|=2nly—y|=1
using (square = (z, y)
by auto
then have black (z', y')
using 1[rule-format, OF (valid-game ?horst-strategy queenie-strategy k
board)]
by auto

have black (z, y)
using (square € free-black-squares board) (square = (z, y))
by (simp add: free-black-squares-def)

show Fulse
using <black (z, y) black (z', y») Jz —z|=1 Ny —y| =2V |z —
zl=2Aly—y|=1D
unfolding black.simps
by presburger
qed

let ?boardl = board (square := Some Knight)

have valid-horst-move board ?board1
using (square € free-black-squares board) (— attacks-knight square board)
unfolding valid-horst-move-def valid-horst-move’-def

by (rule-tac x=square in exl, cases square, simp add: free-black-squares-def)

moreover

have “horst-strategy board ?boardl
using (valid-horst-move board ?boardl) (square € free-black-squares board)
unfolding valid-horst-move-def free-black-squares-def
by (rule-tac x=square in exl, cases square)
(metis (mono-tags, lifting) map-upd-Some-unfold mem-Collect-eq op-
tion.discl valid-horst-move’-def )

moreover

have 3 square € squares. ?board1 square = None
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proof—

have card (free-squares board) mod 2 = 0
using (valid-game ?horst-strategqy queenie-strategy k board)
using valid-game-free-squares-card-even
by blast
have free-squares board = free-squares ?boardl U {square} square ¢

free-squares ?board1

using (square € free-black-squares board)
unfolding free-black-squares-def free-squares-def
by auto

then have card (free-squares board) = card (free-squares ?board1) + 1
by auto

then have card (free-squares ?board1) mod 2 = 1
using (card (free-squares board) mod 2 = 0
by presburger

then have free-squares ?boardl # {}
by auto

then show ?thesis
unfolding free-squares-def
by blast

qed

then obtain board2 where valid-queenie-move ?board1 board?2 queenie-strategy
?board1 board2
using (valid-queenie-strateqy queenie-strategy)
unfolding valid-queenie-strategy-def
using (valid-game ?horst-strateqy queenie-strateqy k board) calculation(1)
calculation(2) valid-horst-move’-def
by blast

ultimately

show ?case
using (valid-game ?horst-strategqy queenie-strateqy k board)
by (metis (no-types, lifting) Suc-eq-plusl valid-game.intros(2))
qed
qed
then show 3 board. valid-game ?horst-strategqy queenie-strategqy ?1 board
using pos
by simp
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qed
qged

lemma valid-game-not-attacks-knight:
assumes valid-game horst-strategqy queenie-strateqy k board
square € squares board square = Some Knight
shows — attacks-knight square board
using assms
proof (induction horst-strategy queenie-strategy k board rule: valid-game.induct)
case (1 horst-strategy queenie-strategy)
then show ?case
by (simp add: empty-board-def)
next
case (2 horst-strategqy queenie-strategy K board board’ board'")
have — attacks-knight square board’
proof (cases board square = Some Knight)
case True
then have — attacks-knight square board
using 2
by simp
show ?thesis
proof (rule ccontr)
assume — ?thesis
obtain z y where square = (z, y)
by (cases square)
then obtain z’ y’ where (z/, y') € squares board’ (z', y') = Some Knight
lz—a=1Aly-y|=2Viz-—a|=2A[y—y|=1
using (— — attacks-knight square board”
by auto
obtain square’ where
square’ € squares — attacks-knight square’ board
board square’ = None board’ = board (square’ := Some Knight)
using (valid-horst-move board board”
unfolding valid-horst-move-def valid-horst-move’-def
by auto
have square’ = (z', y’)
using (jz —z | =1 A|ly—y|=2V]e -z |=2AN|ly—vy|=0D
using (- attacks-knight square board) (board’ (z', y') = Some Knight) (board’
= board(square’ — Knight)) «(z', y') € squares) (square = (z, y)
by (metis (full-types) attacks-knight.simps fun-upd-other)
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then have attacks-knight square’ board
using (square’ € squares) Jz — x| =1 AN|ly—y| =2V |t —z|=2A
y-yl=0
(board square = Some Knight) (square = (z, y)
using (square € squares) (board square = Some Knight)
by (smt attacks-knight.simps)
then show False
using (— attacks-knight square’ board)
by simp
qed
next
case False
have board’ square = Some Knight
using (square € squares) (board" square = Some Knight) (valid-queenie-move
board’ board"
by (metis map-upd-Some-unfold piece.distinct(1) valid-queenie-move-def )

obtain square’ where *: square’ € squares
board square’ = None — attacks-knight square’ board
board’ = board(square’ — Knight)
using (valid-horst-move board board”
unfolding valid-horst-move-def valid-horst-move’-def
by blast
then have square = square’
using (board square # Some Knight)
using (board’ square = Some Knight)
by (metis fun-upd-apply)
then have — attacks-knight square board
using (— attacks-knight square’ board)
by simp
then show ?thesis
by (cases square) (simp add: *(4) (square = square”)
qed
then show ?case
using (valid-queenie-move board’ board")
by (smt attacks-knight.elims(2) attacks-knight.elims(8) fun-upd-apply option.inject
piece.simps(1) prod.simps(1) valid-queenie-move-def )
qed

lemma guaranteed-game-lengths-leq:
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shows V k € guaranteed-game-lengths. k < (files * ranks) div 4
proof safe
fix k
assume k € guaranteed-game-lengths
then obtain horst-strategy where
*x: V queenie-strategy. valid-queenie-strateqy queenie-strateqy —
(3 board. valid-game horst-strateqy queenie-strategy k board)
unfolding guaranteed-game-lengths-def
by auto
show k < (files * ranks) div 4
proof (rule ccontr)
assume — ?thesis
then have k > (files * ranks) div 4
by simp

let ?queenie-strateqy = X\ board board’. (3 square € squares. board square
= Some Knight A board (cycle-opposite square) = None A board’ (cycle-opposite
square) = Some Queen)

have 1:V k horst-strategy board. valid-game horst-strateqy ?queenie-strategy k
board —
(Y square € squares. board square = Some Knight <— board
(cycle-opposite square) = Some Queen) (is V k. 2P k)
proof (rule alll, rule alll, rule alll, rule impl, rule balll)
fix k horst-strategy board square
assume valid-game horst-strateqy ?queenie-strategqy k board square € squares
then show (board square = Some Knight) = (board (cycle-opposite square)
= Some Queen)
proof (induction horst-strategy ?queenie-strategy k board arbitrary: square
rule: valid-game.induct)
case (1 horst-strategy)
then show ?case
by (simp add: empty-board-def)
next
case (2 horst-strategy K board board’ board")
show ?Zcase
proof safe
assume board” square = Some Knight
show board” (cycle-opposite square) = Some Queen
proof (cases board square = Some Knight)
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case True

then have board (cycle-opposite square) = Some Queen
using 2
by blast

then have board’ (cycle-opposite square) = Some Queen
using (valid-horst-move board board”
unfolding valid-horst-move-def valid-horst-move’-def
by (metis fun-upd-apply option.distinct(1))

then show ?thesis
using (valid-queenie-move board’ board
using valid-queenie-move-def
by auto

next

case Fulse

from (valid-queenie-move board’ board’ «?queenie-strategy board’ board’

obtain square’ where
square’ € squares
board’ square’ = Some Knight
board’ (cycle-opposite square’) = None
board" (cycle-opposite square’) = Some Queen
by auto

!/ />

have square = square’
proof (rule ccontr)
assume square # square’
then have board square’ = Some Knight
using (board" square = Some Knight) (board’ square’ = Some Knight)
(walid-horst-move board board” (valid-queenie-move board’ board'
by (smt False map-upd-Some-unfold piece.distinct(1) valid-horst-move’-def
valid-horst-move-def valid-queenie-move-def)
then have board (cycle-opposite square’) = Some Queen
using (square’ € squares) 2
by simp
then have board’ (cycle-opposite square’) = Some Queen
by (metis (board’ (cycle-opposite square’) = None) (valid-horst-move
board board" fun-upd-def valid-horst-move’-def valid-horst-move-def)
then show False
using (board’ (cycle-opposite square’) = None)
by simp
qed
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then show ?thesis
using (board” (cycle-opposite square’) = Some Queen)
by simp
qed
next
assume board"” (cycle-opposite square) = Some Queen
show board’ square = Some Knight
proof (cases board (cycle-opposite square) = Some Queen)
case True
then have board square = Some Knight
using 2
by auto
then have board’ square = Some Knight
using (valid-horst-move board board”
unfolding valid-horst-move-def valid-horst-move’-def valid-queenie-move-def
by auto
then show ?thesis
using (valid-queenie-move board’ board')
unfolding valid-queenie-move-def
by auto
next
case Fulse
then have board’ (cycle-opposite square) # Some Queen
using (valid-horst-move board board”
unfolding valid-horst-move-def valid-horst-move’-def valid-queenie-move-def
by (meson map-upd-Some-unfold piece.simps(2))
obtain square’ where square’ € squares
board’ (cycle-opposite square’) = None
board” (cycle-opposite square’) = Some Queen
board’ square’ = Some Knight
using (?queenie-strateqy board’ board’
by auto
moreover
obtain square’” where board’ square’’ = None
board" = board’ (square” := Some Queen)
using (valid-queenie-move board’ board'
unfolding valid-queenie-move-def
by auto
ultimately
have cycle-opposite square’ = square”
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by (auto split: if-split-asm)

then have cycle-opposite square’ = cycle-opposite square
using <board” (cycle-opposite square) = Some Queen)
using (board’ (cycle-opposite square) # Some Queen)
using <board”’ = board’ (square” := Some Queen)
by (auto split: if-split-asm)

then have cycle-opposite (cycle-opposite square’) = cycle-opposite
(cycle-opposite square)
by simp
then have square’ = square
by simp

then have board’ square = Some Knight
using (board’ square’ = Some Knight)
by simp
then show ?thesis
using (board” = board'(square” — Queen))
(board’ (cycle-opposite square’) = None)
(cycle-opposite square’ = square’ (square’ = square)
by auto
qed
qed
qed
qed

have valid-queenie-strateqy ?queenie-strategy
unfolding valid-queenie-strategy-def
proof safe
fix horst-strategy board board’ k fr
assume valid-game horst-strateqy ?queenie-strategy k board
valid-horst-move board board’ horst-strateqy board board’
then obtain square where
*: square € squares board square = None — attacks-knight square board board’
= board(square — Knight)
unfolding valid-horst-move-def valid-horst-move’-def
by auto
have board (cycle-opposite square) # Some Queen board (cycle-opposite
square) # Some Knight
using I [rule-format, OF (valid-game horst-strateqy ?queenie-strategy k
board), of square]
using I [rule-format, OF (valid-game horst-strateqy ?queenie-strategy k
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board), of cycle-opposite square]
using (square € squares) (board square = None)
by auto
then have board (cycle-opposite square) = None
by (metis (full-types) option.exhaust-sel piece.exhaust)

let ?board = board’ (cycle-opposite square := Some Queen)

have ?queenie-strategy board’ ?board
using * (board (cycle-opposite square) = None) (square € squares)
by (rule-tac x=square in bexl, simp-all)

moreover

obtain [’ r’ where cycle-opposite square = (f’, r’)
by (cases cycle-opposite square)
then have valid-queenie-move board’ ?board
using (board (cycle-opposite square) = None) cycle-opposite-squares|of
square]
unfolding valid-queenie-move-def
by (metis x(1) x(4) cycle-opposite-different fun-upd-other)

ultimately
show 3 board”.
valid-queenie-move board’ board” N
?queenie-strategy board’ board’
by blast
qed

then obtain board where xx: valid-game horst-strateqy ?queenie-strateqy k
board

using x

by auto

have card (knights board) > (files * ranks) div 4
using valid-game-knights-card|[rule-format, OF xx| (k > (files x ranks) div 4>
by auto

have card (cycle ¢ (knights board)) > (files * ranks) div 4
proof—
have inj-on cycle (knights board)
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unfolding inj-on-def
proof (rule balll, rule balll, rule impl)
fix squarel square2
assume squarel € knights board square2 € knights board cycle squarel =
cycle square2
then show squarel = square2
using 1[rule-format, OF (valid-game horst-strategy ?queenie-strateqy k
board)]
using valid-game-not-attacks-knight[rule-format, OF (walid-game horst-strategy
Zqueenie-strategy k board)]
using cycle-ezhausted|of board)]
unfolding knights-def
by blast
qed
then show ?thesis
using (card (knights board) > (files * ranks) div 4)
by (simp add: card-image)
qed

moreover

have cycle ¢ (knights board) C cycle ‘ squares
unfolding knights-def
by auto

moreover

have finite (cycle © squares)
by simp

ultimately

have card (cycle ‘ squares) > (files x ranks) div 4
using card-mono
by (smt zle-int)

then show Fulse
using cycles-card
by simp
qed
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qged

lemma guaranteed-game-lengths-finite:
shows finite guaranteed-game-lengths
proof (subst finite-nat-set-iff-bounded-le)
show I m. V neguaranteed-game-lengths. n < m
proof (rule-tac z=nat ((filesxranks) div 4) in exl)
show YV neguaranteed-game-lengths. n < nat (files * ranks div 4)
using guaranteed-game-lengths-leq pos
by auto
qed
qed

theorem IMO2018SL-C2:
shows Mazx guaranteed-game-lengths = nat ((files * ranks) div 4)
proof (rule Max-eql)
show nat ((files * ranks) div 4) € guaranteed-game-lengths
using guaranteed-game-lengths-geq
by auto
next
fix k
assume k € guaranteed-game-lengths
then show k < nat ((files * ranks) div 4)
using guaranteed-game-lengths-leq
by auto
next
show finite guaranteed-game-lengths
using guaranteed-game-lengths-finite
by auto
qged

end

end

7.2.3 IMO 2018 SL - C3

theory IMO-2018-SL-C3-sol
imports Complez-Main
begin
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General lemmas

lemma sum-list-int [simp]:
fixes s :: nat list
shows (> = < zs. int (fz)) = int (>, x < zs. fx)
by (induction zs, auto)

lemma sum-[list-comp:

shows (> z <« xs. f (gz)) = (D, = < map g zs. fx)
by (induction zs, auto)

lemma lt-ceiling-frac:

assumes z < ceiling (a / b) b > 0

shows z x b < a

using assms

by (metis (no-types, hide-lams) floor-less-iff floor-uminus-of-int less-ceiling-iff
minus-mult-minus mult-minus-right of-int-0-less-iff of-int-minus of-int-mult pos-less-divide-eq)

lemma subset-Maz:
fixes X :: nat set
assumes finite X
shows X C {0..<Mazx X + 1}
using assms
by (induction X rule: finite.induct) (auto simp add: less-Suc-eq-le subsetl)

lemma card-Mazx:
fixes X :: nat set
shows card X < Mazx X + 1
proof (cases finite X)
case True
then show “thesis
using subset-Maz|of X]
using subset-eq-atLeast0-lessThan-card by blast
next
case False
then show ¢thesis
by simp
qged

lemma sum-length-parts:
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assumes V ij. i < j A j < length ps — set (filter (ps ! i) zs) N set (filter (ps
Lj) zs) = {}
shows sum-list (map (X p. length (filter p xzs)) ps) < length xs
using assms
proof (induction ps arbitrary: xs)
case Nil
then show ?case
by simp
next
case (Cons p ps)
let %zs’ = filter (A x. = p z) xs
have (Y p<ps. length (filter p xs)) = (3. p<—ps. length (filter p ?xs"))
proof—
have x: V p’ € set ps. set (filter p xs) N set (filter p’ zs) = {}
using Cons(2)[rule-format, of 0]
by (metis Suc-less-eq in-set-conv-nth length-Cons list.sel(3) nth-Cons-0 nth-tl
zero-less-Suc)
have V p € set ps. filter p xs = filter p ?zs’
proof
fix p’
assume p’ € set ps
then have set (filter p xs) N set (filter p’ xs) = {}
using *
by auto
show filter p’ xs = filter p’ ?xs’
proof (subst filter-filter, rule filter-cong)
fix z
assume z € set s
then show p’z = (= pz A p'x)
using (set (filter p zs) N set (filter p’ zs) = {h
by auto
qed simp
qed
then have V p € set ps. length (filter p xs) = length (filter p ?xs’)
by simp
then show ?thesis
by (metis (no-types, lifting) map-eq-conv)
qed
moreover
have (> pa<—ps. length (filter pa (filter (Ax. = p z) xs5))) < length (filter (Az.
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- px) xSs)
proof (rule Cons(1), safe)
fixijx
assume i < jj < length ps x € set (filter (ps ! 14) %zs’) x € set (filter (ps !
j) “ws’)

then have Fulse
using Cons(2)[rule-format, of i+1 j+1]
by auto
then show z € {}
by simp
qed

moreover

have length (filter p xs) + length (filter (A z. = p z) xs) = length xs
using sum-length-filter-compl
by blast

ultimately

show “case
by simp
qed

lemma hd-filter:
assumes filter P zs # []
shows 3 k. k < length xs A (filter Pas)! 0 = as 'k NP (zs k) AN (V k' < k.
- P (zs ! k"))
using assms
proof (induction xs)
case Nil
then show ?case
by simp
next
case (Cons z 1s)
show “case
proof (cases P x)
case True
then show ?thesis
by auto
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next
case Fulse
then obtain k£ where k<length zs filter Pas ! 0 = xs | k P (s | k) (VEk'<k.
- P (zs ! k')
using Cons
by auto
then show ?thesis
using Fualse
by (rule-tac z=k+1 in exl, simp add: nth-Cons’)
qed
qed

lemma last-filter:
assumes filter P zs # ]
shows 3 k. k < length zs A (filter P xs) ! (length (filter P xs) — 1) = s ! k A
P (zs!' k)N (Y k" k <k'"ANE"<lengthzs — — P (zs | k')
proof—
have filter P (rev zs) # |]
using assms
by (metis Nil-is-rev-conv rev-filter)
then obtain k where x: k < length zs filter P (rev zs) ! 0 = rev zs | k P (rev
sV k)Y k"< k.= P (revas ! k')
using hd-filter[of P rev zs|
by auto
show ?thesis
proof (rule-tac x=length xs — (k + 1) in exl, safe)
show length zs — (k + 1) < length s
using (1)
by simp
next
show filter P xs | (length (filter P zs) — 1) = zs ! (length xs — (k + 1))
using *(1) x(2)
by (metis One-nat-def add.right-neutral add-Suc-right assms length-greater-0-conv
rev-filter rev-nth)
next
show P (zs ! (length zs — (k + 1)))
using *(1) %(3)
by (simp add: rev-nth)
next

fix k'
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assume length s — (k + 1) < k' k' < length xs P (zs ! k')
then show Fulse
using *(1) x(4)[rule-format, of length xs — (k' + 1)]
by (smt add.commute add-diff-cancel-right add-diff-cancel-right’ add-diff-inverse-nat
add-gr-0 diff-less diff-less-mono2 not-less-eq plus-1-eq-Suc rev-nth zero-less-one)
qged
qed

lemma filter-tl [simp]:

filter P (tl zs) = (if P (hd xs) then tl (filter P xs) else filter P xs)

by (smt filter.simps(1) filter.simps(2) filter-empty-conv hd-Cons-tl hd-in-set
list.inject list.sel(2))

lemma filter-drop While-not [simp]:

shows filter P (drop While (Ax. = P x) xs) = filter P xs

by (metis (no-types, lifting) filter-False filter-append self-append-conv2 set-take While D
take While-drop While-id)

lemma inside-filter:
assumes 1 + 1 < length (filter P xs)
shows 3 k1 k2. k1 < k2 N k2 < length xs A
(filter Pas) Vi = as kI A
(filter Pas) ! (i + 1) = xzs | k2 A
P (xzs ' k1) NP (zs!k2) A
(V k. k1 <k'NE' <k2 — =P (zs!k))
using assms
proof (induction i arbitrary: zs)
case (
then obtain k! where kI < length zs filter Pxs ! 0 = xs | kI P (zs ! k1) V
k' < ki.— P (zs!k)
using hd-filter
by (metis gr-implies-not-zero length-0-conv)
let zs = drop (k1 + 1) zs
have filter P (take (k1 + 1) zs) = [zs | k1]
proof—
have filter P (take k1 xs) = ]
using vV k' < k1. P (xs ! k') <kl < length xs)
using last-filter
by force
moreover
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have take (k1 + 1) zs = take k1 zs Q [zs | k1]
using (k1 < length xs)
using take-Suc-conv-app-nth
by auto
ultimately
show ?thesis
using (P (zs ! k1))
by simp
qed
then have filter P ?zs # ||
using 0
by (metis One-nat-def Suc-eq-plus1 append-take-drop-id filter-append length-Cons
length-append less-not-refl3 list.size(3) plus-1-eq-Suc)
then obtain k2’ where x: k2’ < length ?xs filter P ?xs | 0 = %xs | k2" P (%xs
VE2)Y k' < k2'. = P (%xs | k)
using hd-filter|[of P ?xs]
by auto
have filter Pas | 1 = zs ! (kI + 1 + k2’)
using * (filter P (take (k1 + 1) xs) = [zs ! k1] k1 < length xs)
by (metis One-nat-def Suc-eq-plusl Suc-lel append-take-drop-id filter-append
length-Cons list.size(3) nth-append-length-plus nth-drop plus-1-eq-Suc)
moreover
have P (zs! (kI + 1 + k2'))
using * (kI < length xs
by auto
moreover
haveV k' kI <k'ANk'<kl + 1+ k2'— = P (zs! k')
proof safe
fix &’
assume kI < k' k' < ki + 1 + k2’ P (zs ! k')
then have k' — (k1 + 1) < k2’
by auto
then have — P (%zs ! (k' — (k1 + 1)))
using vV k' < k2. = P (%zs ! k')
by simp
then have — P (zs ! k)
using k2’ < length ?xs)
using (k1 < k'
by auto
then show Fulse
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using (P (xzs ! k')
by simp
qed
moreover
have k1 + 1 + k2’ < length zs
using k2’ < length ?xs)
by auto
ultimately
show ?Zcase
using (P (xs ! k1)) (filter P zs ! 0 = xzs ! k1)

by (rule-tac x=kI in exl, rule-tac z=k1+1+k2'in exl, simp)
next

case (Suc 1)

let ?t = takeWhile (A . = P z) xs and ?d = drop While (A . = P z) xs
let %zs = tl ?d

have ?zs # |]
using Suc(2)

by (metis Suc-eq-plus1 add.commute add-less-cancel-left filter.simps(1) filter-drop While-not
filter-tl hd-Cons-tl length-Cons list.size(3) not-less-zero)

have x: V k. length %t + k + 1 < length s — xs ! (length ?t + k + 1) = tl
2k
by (metis One-nat-def add.right-neutral add-Suc-right add-lessD1 hd-Cons-tl
length-append less-le list.size(3) nth-Cons-Suc nth-append-length-plus take While-drop While-id)

have i + 1 < length (filter P ?zs)
using Suc(2)
by auto
then obtain k1 k2
where kI < k2 k2 < length ?xs
filter P %zs ! i = 2xs | k1
filter P %xs ! (i + 1) = %xs | k2
P (%zs V k1)
P (%xs | k2)
VE .kl <k'ANk'"<k2 — = P (%zs ! k)
using Suc(1)[of ?xs]
by auto
show “case

proof (rule-tac t=k1+length ?t+1 in exl, rule-tac x=k2+length ?t+1 in exl,
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safe)
show kI + length 2t + 1 < k2 + length %t + 1
using (k1 < k2)
by simp
next
have k2 + length %t + 1 < length %xs + 1 + length %t
using (k2 < length ?zs)
by simp
then show k2 + length ?t + 1 < length xs
using (Yxs # [
by (metis One-nat-def Suc-eq-plus1 Suc-pred add.commute add-lessD1 length-append
length-greater-0-conv length-tl less-diff-conv take While-drop While-id)
next
show P (zs ! (k1 + length 7t + 1))
using (P (%zs k1)) (k1 < k2) (k2 < length ?zs) *
by (metis Suc-eq-plus1 add.commute add-Suc-right hd-Cons-tl length-greater-0-conv
length-tl list.size(3) not-less-zero nth-Cons-Suc nth-append-length-plus take While-drop While-id
zero-less-diff)
next
show P (zs ! (k2 + length (takeWhile (Az. = P z) zs) + 1))
using (P (%zs | k2)) (k2 < length xs) x
by (metis Suc-eq-plus! add.commute add-Suc-right hd-Cons-tl length-greater-0-conv
length-tl list.size(8) not-less-zero nth-Cons-Suc nth-append-length-plus take While-drop While-id
zero-less-diff)
next
fix &k’
assume kI + length 2t + 1 < k' k' < k2 + length 2t + 1 P (ws ! k')
then have k1 < k' — (length 2t + 1) k' — (length 2t + 1) < k2
using k1 < k2) k2 < length ?zs)
by linarith+
moreover
have length 7t + (k' — (length 2t + 1)) + 1 < length xs
using k2 < length (tl (dropWhile (Ax. = P x) zs)))
by (smt ab-semigroup-add-class.add-ac(1) add.commute add-lessD1 add-less-cancel-left
calculation(2) length-append length-tl less-diff-conv less-trans-Suc plus-1-eq-Suc take While-drop While-id)
then have P (%zs ! (k' — (length 7t 4+ 1)))
using *[rule-format, of k' — (length 2t + 1)] (P (zs ! k')
by (metis Suc-eq-plus! add-Suc add-diff-inverse-nat calculation(1) nat-diff-split
not-less-zero)
ultimately
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show Fulse
using Vk" kI < k'ANk'< k2 — = P (%xs | k') [rule-format, of k' — (length
2t + 1)] k1 < k2) (k2 < length ?zs)

by simp
next
show filter P zs ! (Suc i) = xs ! (kI + length 2t + 1)
proof—
have filter P zs ! (Suc i) = filter P ?d ! (Suc 1)
by simp

also have ... = filter P (tl ?d) ! i
using (Yws # [ (i + 1 < length (filter P ?zs))
by (metis add-lessD1 filter-tl hd-drop While list.sel(2) nth-tl)
finally
show ?thesis
using (filter P %zs ! i = %xs | k1) %
using k1 < k2) k2 < length ?zxs)
by (smt Suc-eq-plus1 add.commute add-Suc-right add-lessD1 add-less-cancel-left
length-append length-tl less-diff-conv less-trans-Suc take While-drop While-id)

qed
next
show filter P zs ! (Suci + 1) = xs | (k2 + length 7t + 1)
proof—
have filter P xs | (Suc i + 1) = filter P 2d ! (Suc i + 1)
by simp

also have ... = filter P (tl ?d) ! (Suc 1)
using (zs # [« + 1 < length (filter P ?xs))
by (metis add.commute filter-tl hd-drop While nth-tl plus-1-eq-Suc tl-Nil)
finally
show ?thesis
using (filter P zs ! (i + 1) = %zs | k2)
using (k1 < k2) k2 < length ?zs)
by (smt Suc-eq-plusl add.commute add-Suc-right add-lessD1 add-less-cancel-left
length-append length-tl less-diff-conv less-trans-Suc take While-drop While-id)
qed
qged
qed

Unlabeled states

type-synonym state = nat list
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definition initial-state :: nat = state where
initial-state n = (replicate (n + 1) 0) [0 := n]

definition final-state :: nat = state where
final-state n = (replicate (n + 1) 0) [n := n]

definition valid-state :: nat = state = bool where
valid-state n state <— length state = n 4+ 1 N sum-list state = n

definition move :: nat = nat = state = state where
move pl p2 state =
(let k1 = state ! p1;
k2 = state | p2
in state [p1 := k1 — 1, p2 := k2 + 1])

definition valid-move’ :: nat = nat = nat = state = state = bool where
valid-move’ n p1 p2 state state’ +—
(let k1 = state ! p1
mkl >0Npl <p2 Ap2 <pl+klIANp2<nA
state’ = move pl1 p2 state)

definition valid-move :: nat = state = state = bool where
valid-move n state state’ +—
(3 pl p2. valid-move’ n pl p2 state state’)

definition valid-moves where
valid-moves n states <—
(V i < length states — 1. valid-move n (states ! i) (states ! (i + 1)))

definition valid-game where
valid-game n states <—
length states > 2 A
hd states = initial-state n A
last states = final-state n A
valid-moves n states

lemma valid-state-initial-state [simp]:
shows wvalid-state n (initial-state n)
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by (simp add: initial-state-def valid-state-def)

lemma valid-move-valid-state:
assumes valid-state n state valid-move n state state’
shows valid-state n state’
proof—
obtain p! p2
where *: 0 < state ! pI pl < p2p2 < pl + state ! p1 p2 < n state’ = state[pl
= state | p1 — 1, p2 := state ! p2 + 1]
using assms
unfolding valid-move-def valid-move’-def move-def Let-def
by auto
then have sum-list state > 0
using assms(1) valid-state-def
by auto
then have sum-list (state[pl := state | pI — 1, p2 = state ! p2 + 1]) =
sum-list state
using * assms
using sum-list-updatelof p1 state state ! p1 — 1]
using sum-list-update|of p2 state[pl := state | p1 — 1] state ! p2 + 1]
unfolding valid-state-def
by auto
then show ?thesis
using (valid-state n state) *
by (simp add: valid-state-def)
qged

lemma valid-moves-Nil [simp]:
shows wvalid-moves n []
by (simp add: valid-moves-def)

lemma valid-moves-Single [simp]:
shows wvalid-moves n [state]
by (simp add: valid-moves-def)

lemma valid-moves-Cons [simp]:
shows valid-moves n (statel # state2 # states) <—
valid-move n statel state2 A valid-moves n (state2 # states)
unfolding valid-moves-def
by (auto simp add: nth-Cons split: nat.split)
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lemma valid-moves-valid-states:
assumes valid-moves n states valid-state n (hd states)
shows V state € set states. valid-state n state
using assms
proof (induction states)
case Nil
then show “case
by simp
next
case (Cons a states)
then show “case
by (metis list.sel(1) list.set-cases set-ConsD valid-moves-Cons valid-move-valid-state)
qed

lemma valid-game-valid-states:
assumes valid-game n states
shows V state € set states. valid-state n state
using assms
unfolding valid-game-def
using valid-moves-valid-states
by fastforce

definition mowve-positions where
move-positions state state’ =
(THE (p1, p2). valid-move’ (length state — 1) p1 p2 state state’)

lemma mowve-positions-unique:
assumes valid-state n state valid-move n state state’
shows 3! (p1, p2). valid-move’ n p1 p2 state state’
proof—
have length state = n + 1
using assms
unfolding valid-state-def
by simp

have 3! p1. pl < length state N state ! pI > 0 A state’! pl = state ! p1 — 1
using assms
unfolding valid-state-def valid-move-def valid-move’-def Let-def move-def

by (smt add.right-neutral add-Suc-right add-diff-cancel-left’ le-Sucl less-imp-Suc-add
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less-le-trans list-update-swap n-not-Suc-n nat.simps(3) nth-list-update-eq nth-list-update-neq
plus-1-eq-Suc)
then have *: 3! p1. p1 < n A state ! p1 > 0 A state’ ! pl = state ! pl — 1
using (length state = n + 1)
by (metis Nat.le-diff-conv2 Suc-lel add.commute add-diff-cancel-right’ le-add2
le-imp-less-Suc plus-1-eq-Suc)

have 3! p2. p2 < length state N state’ ! p2 = state | p2 + 1
using assms
unfolding valid-state-def valid-move-def valid-move’-def Let-def move-def
by (metis Groups.add-ac(2) diff-le-self le-imp-less-Suc length-list-update n-not-Suc-n
nat-neq-iff nth-list-update-eq nth-list-update-neq plus-1-eq-Suc)
then have *x: 3! p2. p2 < n A state’! p2 = state ! p2 + 1
using (length state = n + 1)
by (simp add: discrete)

obtain pI p2 where valid-move’ n p1 p2 state state’
using assms
unfolding valid-move-def
by auto
show ?thesis
proof
show case (p1, p2) of (pl, p2) = valid-move’ n pl p2 state state’
using (valid-move’ n pl p2 state state’
by simp
next
fix z
assume case x of (p1’, p2') = wvalid-move’ n p1’ p2' state state’
then obtain p!’ p2’ where x = (p1’/, p2’) valid-move’ n p1’ p2' state state’
by auto
then show z = (p1, p2)
using (valid-move’ n pl1 p2 state state’y x *x <(length state = n + 1)
unfolding valid-move’-def move-def Let-def
by (metis Nat.add-0-right One-nat-def add-Suc-right le-imp-less-Suc le-less-trans
length-list-update less-imp-le-nat nat-neg-iff nth-list-update-eq nth-list-update-neq)
qed
qged

lemma valid-move’-move-positions:
assumes valid-state n state valid-move’ n pl p2 state state’
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shows (p1, p2) = move-positions state state’
proof—
have «: (THE z. let (p1’, p2’) = z in valid-move’ (length state — 1) p1' p2’
state state’) = (p1, p2)
proof (rule the-equality)
show let (p1/, p2') = (p1, p2) in valid-move’ (length state — 1) p1' p2’ state
state’
using assms
unfolding valid-state-def valid-move-def Let-def
by auto
next
fix z
assume let (p1/, p2') = x in valid-move’ (length state — 1) p1' p2’ state state’
then show z = (p1, p2)
using move-positions-unique|of n state state’] assms
unfolding valid-state-def valid-move-def
by auto
qed
then show ?thesis
unfolding mowve-positions-def Let-def
by auto
qed

lemma move-positions-valid-move:
assumes valid-state n state valid-move n state state’
(pl, p2) = move-positions state state’
shows wvalid-move’ n p1 p2 state state’
using assms
by (metis fstl sndl valid-move-def valid-move’-move-positions)

Labeled states

type-synonym labeled-state = (nat set) list

definition initial-labeled-state :: nat = labeled-state where
initial-labeled-state n = (replicate (n+1) {}) [0 := {0..<n}]

definition final-labeled-state :: nat = labeled-state where
final-labeled-state n = (replicate (n+1) {}) [n := {0..<n}]
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definition valid-labeled-state :: nat = labeled-state = bool where
valid-labeled-state n I-state <—
length l-state = n+1 A
(Vij.i<jANj<n— lstate! i N l-state ! j = {}) A
(U (set l-state)) = {0..<n}

definition labeled-move where
labeled-move p1 p2 stone l-state =
(let ss1 = Il-state ! p1;
ss2 = l-state ! p2
in [-state [pl1 = ss1 — {stone}, p2 = ss2 U {stone}|)

definition wvalid-labeled-move’ :: nat = nat = nat = nat = labeled-state =
labeled-state = bool where
valid-labeled-move’ n pl p2 stone l-state I-state’ +—
(let ss1 = I-state ! pl1
mpl < p2 A p2 < pl+ card ss1 N p2 < n A
stone € ss1 A l-state’ = labeled-move p1 p2 stone l-state)

definition valid-labeled-move :: nat = labeled-state = labeled-state = bool where

valid-labeled-move n I-state l-state’ +—
(3 pl p2 stone. valid-labeled-move’ n p1 p2 stone I-state l-state’)

definition valid-labeled-moves where
valid-labeled-moves n I-states <+—
(V i < length l-states — 1. valid-labeled-move n (l-states ! i) (Il-states ! (i +

1)))

definition valid-labeled-game where
valid-labeled-game n l-states +—
length l-states > 2 N
hd l-states = initial-labeled-state n N
last I-states = final-labeled-state n A
valid-labeled-moves n [-states

lemma valid-labeled-state-initial-labeled-state [simp]:
shows wvalid-labeled-state n (initial-labeled-state n)
unfolding valid-labeled-state-def initial-labeled-state-def
by auto
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lemma wvalid-labeled-state-final-labeled-state [simp]:
shows wvalid-labeled-state n (final-labeled-state n)
proof—
have (replicate (Suc n) {})[n := {0..<n}| = (replicate n {}) @ [{0..<n}]
by (metis length-replicate list-update-length replicate-Suc replicate-append-same)
then show ?thesis
unfolding valid-labeled-state-def final-labeled-state-def
by (auto simp del: replicate-Suc simp add: nth-append)
qed

lemma valid-labeled-move-valid-labeled-state:
assumes valid-labeled-state n I-state valid-labeled-move n I-state [-state’
shows valid-labeled-state n l-state’
proof—
from assms obtain pI p2 stone where
sk: pl < p2 p2 < pl + card (l-state ! p1) p2 < n length l-state = n+1 |J
(set l-state) = {0..<n} Vij. 1 <jANj<n— lstate! i N l-state ! j = {}
stone € l-state | p1 l-state’ = I-state[pl = I-state | p1 — {stone}, p2 := l-state
' p2 U {stone}]
unfolding valid-labeled-move-def valid-labeled-move’-def valid-labeled-state-def
Let-def labeled-move-def
by auto

then have x: V i < n. l-state’ ! i = (if i = p1 then l-state ! pI — {stone}
else if i = p2 then I-state | p2 U {stone}
else l-state ! 1) length l-state’ = n + 1
by auto

have stone ¢ l-state | p2
using Vij. i < j Aj<n—> l-state! i N l-state | j = {}> (stone € l-state
'ph
using (p! < p2) (p2 < n)
by (metis Collect-mem-eq Intl empty-Collect-eq)

have V i < n. i # pl — stone ¢ l-state ! i
using Vij. i < j Aj<n— lstate! i N l-state | j = {}» (stone € l-state
ol
using (pl < p2) p2 < n
by (metis disjoint-iff-not-equal le-less-trans less-imp-le-nat nat-neq-iff)
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have |J (set I-state’) = |J (set l-state)
proof safe
fix x X
assume r € X X € set I-state’
then obtain ¢ where z € [-state’ | i i < n
using (length l-state’ = n+1)
by (metis One-nat-def add.right-neutral add-Suc-right in-set-conv-nth le-simps(2))

then show z € |J (set l-state)
using x (stone € [-state ! pI) *x
by (smt Diff-iff One-nat-def Un-insert-right add.right-neutral add-Suc-right
boolean-algebra-cancel.sup0 insertE le-imp-less-Suc le-less-trans less-imp-le-nat mem-simps(9)
nth-mem)
next
fix z X
assume z € X X € set I-state
then obtain ¢ where 1 < n z € I-state ! &
using (length l-state = n + 1)
by (metis add.commute in-set-conv-nth le-simps(2) plus-1-eq-Suc)
show z € |J (set l-state’)
proof (cases i = pl)
case True
then have z € [-state’ ! pl V = € I-state’! p2
using x (pl < p2) P2 < n) & € l-state ! ¥
by auto
then show ?thesis
using (pl < p2) P2 < n
using *(2) mem-simps(9) nth-mem
by auto
next
case Fulse
then have z € [-state’! i
using x (pl < p2) P2 < n) & € l-state ! ¥
using (¢ < n) by auto
then show ?thesis
by (metis x(2) One-nat-def Sup-upper (i < n) add.right-neutral add-Suc-right
le-imp-less-Suc nth-mem subsetD)
qed
qed
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moreover

have Vij. i < j Aj < n — lstate’! i N l-state’ ! j = {}
proof safe
fixijux
assume **x: 1 < jj < nx € l-state’ ! i x € l-state’! j
then have Fulse
using x Vij. i < jANj<n— lstate! i N l-state ! j = {p
using (stone € l-state | p1) (stone ¢ l-state | p2) v i < n. i # pl —> stone
¢ l-state ! ©
using (length [-state = n+1) dength l-state’ = n+1) (p1 < p2) (P2 < n
apply (cases j = p2)
apply (smt Diff-insert-absorb Diff-subset Intl Un-insert-right boolean-algebra-cancel.sup0
empty-iff insertE less-imp-le-nat less-le-trans mk-disjoint-insert nat-neg-iff subsetD)
apply (smt Un-insert-right boolean-algebra-cancel.sup0 disjoint-iff-not-equal
insert-Diff insert-iff less-imp-le-nat less-le-trans)
done
then show z € {}
by simp
qed

ultimately

show ?thesis
unfolding valid-labeled-state-def
using assms
unfolding valid-labeled-move-def Let-def valid-labeled-move’-def labeled-move-def
valid-labeled-state-def
by auto
qed

lemma valid-labeled-moves-valid-labeled-states:
assumes valid-labeled-moves n I-states valid-labeled-state n (hd I-states)
shows V state € set l-states. valid-labeled-state n state
using assms
proof (induction I-states)
case Nil
then show ?case
by simp
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next
case (Cons a states)
then show ?case
by (metis (no-types, lifting) Groups.add-ac(2) hd-Cons-tl length-greater-0-conv
length-tl less-diff-conv list.inject list.set-cases list.simps(8) nth-Cons-0 nth-Cons-Suc
plus-1-eq-Suc valid-labeled-moves-def valid-labeled-move-valid-labeled-state)
qed

lemma valid-labeled-game-valid-labeled-states:
assumes valid-labeled-game n states
shows V state € set states. valid-labeled-state n state
using assms
unfolding wvalid-labeled-game-def
using valid-labeled-moves-valid-labeled-states
by fastforce

definition labeled-move-positions where
labeled-move-positions state state’ =
(THE (p1, p2, stone). valid-labeled-move’ (length state — 1) pl p2 stone
state state’)

lemma labeled-move-positions-unique:
assumes valid-labeled-state n state valid-labeled-move n state state’
shows 3! (p1, p2, stone). valid-labeled-move’ n p1 p2 stone state state’
proof—
obtain pI p2 stone where *: valid-labeled-move’ n pl p2 stone state state’
using assms
unfolding valid-labeled-move-def
by auto
show ?thesis
proof
show case (p1, p2, stone) of (pl, p2, stone) = wvalid-labeled-move’ n p1 p2
stone state state’
using
by auto
next
fix z :: nat X nat x nat
obtain p1’ p2’ stone’ where z: z = (p1’, p2’, stone’)
by (cases z)
assume case z of (pl, p2, stone) = wvalid-labeled-move’ n p1 p2 stone state
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state’
then have xx: valid-labeled-move’ n p1' p2' stone’ state state’
using z
by simp
have x: pI < p2p2 < n stone < n stone € state | p1 stone ¢ state’! p1 stone
¢ state | p2 stone € state’! p2
vV stone” p. p < n A stone” < n A stone’ # stone — (stone’ € state !
p < stone'’ € state’ ! p)
using * assms(1)
unfolding valid-labeled-state-def valid-labeled-move’-def Let-def labeled-move-def
by (auto simp add: nth-list-update)

have xx: p1’ < p2' p2’ < n stone’ < n stone’ € state | p1' stone’ ¢ state’!
pl’ stone’ ¢ state ! p2' stone’ € state’ ! p2’
V stone” p. p < n A stone” < n A stone’ # stone’ — (stone’ € state !
p <— stone'’ € state’ ! p)
using ** assms(1)
unfolding valid-labeled-state-def valid-labeled-move’-def Let-def labeled-move-def
by (auto simp add: nth-list-update)

have stone = stone’
using * s:x
by auto

have disj: Vij. i < j Nj<n —> state! i N state ! j = {}
using assms(1)
unfolding valid-labeled-state-def
by auto

have p! = p1’
using x(4) xx(4) (stone = stone”) x(1—2) *x(1—2)
using disj[rule-format, of p1 p1’]
using disj[rule-format, of p1’ p1]
by force

have valid-labeled-state n state’
using assms(1) assms(2) valid-labeled-move-valid-labeled-state by blast
then have disj = Vij. i <j ANj<n— state’! i N state’! j = {}
unfolding valid-labeled-state-def
by auto
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have p2 = p2’
using *(7) xx(7) (stone = stoney %(2) *x(2)
using disj'[rule-format, of p2 p2’]
using disj'[rule-format, of p2' p2]
by force

then show z = (p1, p2, stone)
using z (stone = stone’ (pl = p1" (p2 = p2"
by auto
qed
qed

lemma labeled-move-positions:
assumes valid-labeled-state n state valid-labeled-move’ n p1 p2 stone state state’
shows labeled-move-positions state state’ = (p1, p2, stone)
using assms
using labeled-move-positions-unique[OF assms(1), of state’]
unfolding labeled-move-positions-def valid-labeled-state-def valid-labeled-move-def
by auto (smt case-prodl the-equality)

lemma labeled-move-positions-valid-move’:
assumes valid-labeled-state n state valid-labeled-move n state state’
labeled-move-positions state state’ = (p1, p2, stone)
shows valid-labeled-move’ n p1 p2 stone state state’
using assms(1) assms(2) assms(8) labeled-move-positions valid-labeled-move-def
by auto

definition stone-position :: labeled-state = nat = nat where
stone-position [-state stone =
(THE k. k < length l-state N\ stone € l-state ! k)

lemma stone-position-unique:
assumes valid-labeled-state n I-state stone < n
shows 3! k. k < length l-state N\ stone € l-state | k
proof—
from assms have stone € |J (set l-state)
unfolding valid-labeled-state-def
by auto
then obtain k& where x: k < length [-state stone € [-state ! k
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by (metis UnionE in-set-conv-nth)

then have V k. k' < length I-state A stone € l-state | k' — k = k'
using assms
unfolding valid-labeled-state-def
by (metis Intl Suc-eq-plusl empty-iff le-simps(2) nat-neq-iff)

then show ?thesis
using *
by auto

qed

lemma stone-position:

assumes valid-labeled-state n I-state stone < n

shows stone-position [-state stone < n A

stone € l-state ! (stone-position I-state stone)

using assms stone-position-unique| OF assms]

using thel[of X\ k. k < length l-state A stone € l-state ! k]

unfolding valid-labeled-state-def stone-position-def

by (metis (mono-tags, lifting) One-nat-def add.right-neutral add-Suc-right le-simps(2))

lemma stone-positionl:
assumes valid-labeled-state n I-state stone < n
k < length l-state stone € l-state ! k
shows stone-position I-state stone = k
unfolding stone-position-def
using assms stone-position-unique
by blast

lemma valid-labeled-move'-stone-positions:
assumes valid-labeled-state n I-state valid-labeled-move’ n pl p2 stone l-state
l-state’
shows stone-position l-state stone = pl A stone-position l-state’ stone = p2
proof safe
show stone-position [-state stone = pl
proof (rule stone-positionl)
show walid-labeled-state n l-state stone < n pl < length [-state stone € [-state
I pl
using assms
unfolding valid-labeled-state-def valid-labeled-move’-def Let-def
by auto
qed
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next
show stone-position l-state’ stone = p2
proof (rule stone-positionI)
show wvalid-labeled-state n [-state’
using assms(1) assms(2) valid-labeled-move-def valid-labeled-move-valid-labeled-state
by blast
next
show stone < n p2 < length l-state’ stone € I-state’! p2
using assms
unfolding valid-labeled-state-def valid-labeled-move’-def Let-def labeled-move-def
by auto
qged
qged

lemma valid-labeled-move’-stone-positions-other:
assumes valid-labeled-state n [-state valid-labeled-move’ n pl p2 stone I-state
l-state’
shows V stone’. stone’ # stone N\ stone’ < n —
stone-position I-state’ stone’ = stone-position I-state stone’
proof safe
fix stone’
assume stone’ < n stone’ # stone
show stone-position I-state’ stone’ = stone-position I-state stone’
proof (rule stone-positionl)
show stone’ < n
by fact
next
show wvalid-labeled-state n I-state’
using assms
using valid-labeled-move-def valid-labeled-move-valid-labeled-state
by blast
next
show stone-position I-state stone’ < length Il-state’
using (stone’ < n) assms(1—2) stone-position|[of n I-state stone’|
unfolding valid-labeled-state-def
by (metis Suc-eq-plusl labeled-move-def le-imp-less-Suc length-list-update
valid-labeled-move’-def )
next
show stone’ € I-state’ ! stone-position I-state stone’
proof—
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have stone’ € I-state | stone-position I-state stone’
stone-position l-state stone’ < length I-state
using (stone’ < n) assms(1—2) stone-position|of n I-state stone’|
unfolding valid-labeled-state-def
by auto
then show ?thesis
using (stone’ # stone) walid-labeled-move’ n pl p2 stone I-state l-state’)
unfolding valid-labeled-move’-def labeled-move-def Let-def
by (metis (no-types, lifting) Un-insert-right boolean-algebra-cancel.sup0
insert-Diff insert-iff length-list-update nth-list-update-eq nth-list-update-neq)
qed
qed
qged

Unlabel

definition unlabel :: labeled-state = state where
unlabel = map card

lemma unlabel-initial [simp]:
shows unlabel (initial-labeled-state n) = initial-state n
unfolding initial-labeled-state-def initial-state-def unlabel-def
by auto

lemma unlabel-final [simp]:
shows unlabel (final-labeled-state n) = final-state n
unfolding final-labeled-state-def final-state-def unlabel-def
by (metis card-atLeastLessThan card-empty diff-zero map-replicate map-update)

lemma unlabel-valid:
assumes valid-labeled-state n [-state
shows valid-state n (unlabel [-state)
unfolding valid-state-def unlabel-def
proof
let ?state = map card [-state
show length ?state = n + 1
using assms
by (simp add: valid-labeled-state-def)

show sum-list ?state = n
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proof—
let ?s = filter (A y. card y # 0) l-state

have (> z < I-state. card ) = (>, z + ?s. card z)
by (metis (mono-tags, lifting) sum-list-map-filter)
also have ... = (3 z € set %s. card )
proof—
have Vij. i < j A j < length l-state — I-state ! i N l-state | j = {}
using assms
unfolding valid-labeled-state-def
by simp
then have distinct ?s
proof (induction I-state)
case Nil
then show ?case
by simp
next
case (Cons a l-state)
have Vij. i < j A j < length l-state — [-state ! i N I-state ! j = {}
using Cons(2)
by (metis One-nat-def Suc-eq-plus1 Suc-less-eq list.size(4) nth-Cons-Suc)
then have distinct (filter (\y. card y # 0) I-state)
using Cons(1)
by simp
moreover
have card a > 0 — a ¢ set I-state
proof safe
assume card a > 0 a € set [-state
show Fulse
using Cons(2)[rule-format, of 0] (0 < card a) (a € set l-state)
by (metis card-empty in-set-conv-nth inf.idem le-simps(2) length-Cons
not-le nth-Cons-0 nth-Cons-Suc zero-less-Suc)
qed
ultimately
show ?case
using Cons
by auto
qed
then show ?thesis
using sum-list-distinct-conv-sum-set by blast
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qed
also have ... = card (|J (set %s))
proof—
have Vieset ?s. finite (id 1)
using assms
unfolding valid-labeled-state-def
by fastforce
moreover
have Vieset ?s.
Vjeset ?s. 1 #j —idinNidj = {}
proof (rule balll, rule balll, rule impl)
fix 74
assume i € set s j € set s i # j
then obtain i’ 7' where i = [-state ! i’ j = I-state ! 7' i’ < nj’ ' <n
using assms
unfolding valid-labeled-state-def
by (metis Suc-eq-plus1 filter-is-subset in-set-conv-nth le-simps(2) subsetD)
then show id i Nidj = {}
using assms (i # )
unfolding valid-labeled-state-def
by (metis disjoint-iff-not-equal id-apply nat-neq-iff)
qed
ultimately
show ?thesis
using card- UN-disjoint|of set ?s id, symmetric]
by simp
qed
also have card (|J (set ?s)) = card (U (set l-state))
proof—
have |J (set %s) = |J (set l-state)
proof
show |J (set [-state) C |J (set ?s)
proof safe
fix z X
assume x: ¢ € X X € set [-state
then have card X # 0
using assms
unfolding valid-labeled-state-def
using Union-upper finite-subset
by fastforce
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then show z € |J (set %s)
using *
by auto
qged
qed auto
then show ?thesis
by simp
qed
finally
show ?thesis
using assms
unfolding valid-labeled-state-def
by simp
qed
qged

lemma unlabel-valid-move':
assumes valid-labeled-state n [-state valid-labeled-move’ n pl p2 stone I-state
I-state’
shows valid-move’ n p1 p2 (unlabel I-state) (unlabel I-state’) N
unlabel I-state’ = move p1 p2 (unlabel I-state)
proof—
from assms have
pl < p2p2 < pl + card (I-state ! p1) p2 < n length l-state = n+1 |J (set
l-state) = {0..<n}Vij. i <jANj<n— lstate! i N l-state ! j = {}
stone € l-state | p1 l-state’ = I-state[pl = l-state | p1 — {stone}, p2 := l-state
' p2 U {stone}]
unfolding valid-labeled-move-def valid-labeled-move’-def valid-labeled-state-def
unlabel-def Let-def labeled-move-def
by auto

have finite (l-state ! p1) A finite (I-state ! p2)
using (J (set I-state) = {0..<n}
using (length l-state = n + 1) (p1 < p2) P2 < n)
by (metis One-nat-def Union-upper add.right-neutral add-Suc-right finite-atLeastLess Than
finite-subset le-imp-less-Suc le-less-trans less-imp-le-nat nth-mem,)

have stone ¢ l-state ! p2
using (stone € [-state ! p1) Vij. i <j Nj<n— l-state ! i N [-state | j =

{b
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using dength l-state = n + 1) (pl < p2) P2 < n)
by (metis Collect-empty-eq Collect-mem-eq Intl)

have card (l-state | p1) > 0 length l-state’ = length I-state
card (l-state’ ! p1) = card (l-state ! p1) — 1 card (I-state’ ! p2) = card
(l-state ! p2) + 1
Vp.p<nAp#pl Ap#p2— card (I-state’! p) = card (l-state ! p)
using (finite (l-state ! p1) A finite (l-state | p2)) (stone € Il-state ! pI)
using (stone ¢ Il-state | p2) -state’ = l-state[pl := I-state ! p1 — {stone}, p2
:= [-state | p2 U {stone})
using (length l-state = n + 1) (p1 < p2» P2 < n)
using card-0-eq
by — (blast, simp+)

then show ?thesis

using ength l-state = n + 1) (pl < p2) @2 < pl + card (I-state ! p1)) (p2
<n

using (-state’ = I-state[pl := l-state | p1 — {stone}, p2 := l-state ! p2 U
{stone})

unfolding unlabel-def valid-move’-def

by (auto simp add: move-def map-update)
qed

lemma unlabel-valid-move:
assumes valid-labeled-state n I-state valid-labeled-move n Il-state I-state’
shows valid-move n (unlabel I-state) (unlabel I-state’)
using assms(2) unlabel-valid-move [OF assms(1)]
unfolding valid-labeled-move-def valid-move-def Let-def
by force

Labeled move max stone

definition wvalid-labeled-move-mazx-stone :: nat = labeled-state = labeled-state =
bool where
valid-labeled-move-maz-stone n [-state [-state’ +—
(3 p1 p2. valid-labeled-move’ n p1 p2 (Max (I-state ! p1)) Il-state I-state’)

definition valid-labeled-moves-maz-stone where
valid-labeled-moves-maz-stone n l-states <—
(V i < length l-states — 1. valid-labeled-move-maz-stone n (I-states ! i) (I-states
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(i + 1))

definition wvalid-labeled-game-maz-stone where
valid-labeled-game-maz-stone n I-states +—
length l-states > 2 N
hd l-states = initial-labeled-state n A
last [-states = final-labeled-state n N
valid-labeled-moves-max-stone n I-states

lemma valid-labeled-moves-maz-stone-Cons:

assumes valid-labeled-moves-mazx-stone n states valid-labeled-move-max-stone n
state (hd states)

shows wvalid-labeled-moves-maz-stone n (state # states)

using assms

using less-Suc-eq-0-disj

apply (cases states)

apply (simp add: valid-labeled-moves-maz-stone-def)

apply (auto simp add: valid-labeled-moves-max-stone-def)

done

lemma valid-labeled-game-max-stone-valid-labeled-game:
assumes valid-labeled-game-max-stone n states
shows valid-labeled-game n states
using assms
unfolding valid-labeled-game-mazx-stone-def
unfolding valid-labeled-game-def valid-labeled-moves-def valid-labeled-moves-max-stone-def
unfolding valid-labeled-move-mazx-stone-def valid-labeled-move-def
by force

lemma valid-labeled-move-move-max-stone:
assumes valid-labeled-state n l-state
unlabel I-state = state valid-move’ n pl p2 state state’
I-state” = labeled-move p1 p2 (Maz (l-state ! p1)) Il-state
shows wvalid-labeled-move’ n p1 p2 (Maz (l-state ! p1)) I-state I-state’
proof—
have Max (l-state ! p1) € l-state ! p1
by (metis (no-types, lifting) Maz-in assms(1) assms(2) assms(3) card-empty
card-infinite less-le-trans nat-neq-iff nth-map trans-less-add1 unlabel-def valid-labeled-state-def
valid-move’-def )
then show ?thesis
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using assms

by (metis (no-types, lifting) less-le-trans nth-map trans-less-add1 unlabel-def
valid-labeled-move’-def valid-labeled-state-def valid-move’-def)
qged

primrec label-moves-mazx-stone where
label-moves-maz-stone l-state [| = [l-state]
| label-moves-maz-stone I-state (state’ # states) =
(let state = unlabel [-state;
(pl, p2) = move-positions state state’;
I-state” = labeled-move p1 p2 (Maz (l-state ! p1)) l-state
in l-state # label-moves-max-stone l-state’ states)

lemma hd-label-moves-maz-stone [simp]:
shows hd (label-moves-maz-stone l-state states) = l-state
by (induction states) (auto simp add: Let-def split: prod.split)

lemma valid-states-label-moves-maz-stone:
assumes valid-labeled-state n I-state valid-moves n (unlabel l-state # states)
shows V I-state’ € set (label-moves-maz-stone l-state states). valid-labeled-state
n l-state’
using assms
proof (induction states arbitrary: Il-state)
case Nil
then show “case
by simp
next
case (Cons state’ states)
let ?state = unlabel l-state
let ?p = mowve-positions ?state state’
let ?p1 = fst ?p
let ¢p2 = snd 7p
let ?stone = Max (l-state ! ?p1)
let ?l-state’ = labeled-move ?p1 ?p2 ?stone l-state

have valid-state n ?state
using (valid-labeled-state n [-state)

by (simp add: unlabel-valid)

have valid-move n ?state state’
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using Cons(3)
by (metis Groups.add-ac(2) One-nat-def add-diff-cancel-left’ add-is-0 grOI
list.size(4) n-not-Suc-n nth-Cons-0 nth-Cons-Suc plus-1-eq-Suc valid-moves-def)

have valid-move’ n ?p1 ?p2 ?state state’
using (valid-state n ?state) (walid-move n ?state state’)
by (simp add: move-positions-valid-move”)

have *x: valid-labeled-move’ n ?p1 ?p2 ?stone l-state ?l-state’
proof (rule valid-labeled-move-move-maz-stone)
show valid-labeled-state n I-state
by fact
next
show unlabel I-state = unlabel [-state
by simp
next
show wvalid-move’ n ?p1 7p2 ?state state’
by fact
qed simp

have move ?pl1 ?p2 ?state = state’
using (walid-move’ n ?p1 ?p2 ?state state”
unfolding valid-move’-def Let-def
by simp
then have *: unlabel ?l-state’ = state’
using unlabel-valid-move’|OF Cons(2) **, THEN conjunct2)]
by simp

have V [-state’ € set (label-moves-maz-stone ?l-state’ states). valid-labeled-state
n l-state’
proof (rule Cons(1))
have valid-labeled-move n I-state ?l-state’
using *x
unfolding valid-labeled-move-def
by metis
then show wvalid-labeled-state n ?l-state’
using Cons(2)
using valid-labeled-move-valid-labeled-state
by blast
next
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show wvalid-moves n (unlabel ?l-state’ # states)
using Cons(3) walid-move n (unlabel I-state) state’)
using
by (metis (no-types, lifting) One-nat-def add-Suc-right diff-add-inverse2
group-cancel.addl less-diff-conv list.size(4 ) nth-Cons-Suc plus-1-eq-Suc valid-moves-def )
qed
then show ?case
using Cons(2)
by (metis (mono-tags, lifting) label-moves-mazx-stone.simps(2) prod.collapse
prod.simps(2) set-ConsD)
qed

lemma unlabel-label-moves-maz-stone:
assumes valid-labeled-state n I-state wvalid-moves n (unlabel I-state # states)
shows map unlabel (label-moves-maz-stone I-state states) = unlabel I-state #
states
using assms
proof (induction states arbitrary: Il-state)
case Nil
then show “case
by simp
next
case (Cons state’ states)
let “state = unlabel l-state
let ?p = move-positions ?state state’
let ?p1 = fst ?p
let ?p2 = snd ?p
let ?stone = Max (l-state ! ?p1)
let ?I-state’ = labeled-move ?p1 ?p2 ?stone l-state

have valid-state n ?state
using (valid-labeled-state n [-state)
by (simp add: unlabel-valid)

have valid-move n ?state state’
using Cons(3)
by (metis Groups.add-ac(2) One-nat-def add-diff-cancel-left’ add-is-0 grol
list.size(4) n-not-Suc-n nth-Cons-0 nth-Cons-Suc plus-1-eq-Suc valid-moves-def)

have valid-move’ n ?p1 ?p2 ?state state’
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using (valid-state n ?state) (walid-move n ?state state’)
by (simp add: move-positions-valid-move’)

have **: valid-labeled-move’ n ?p1 ?p2 ?stone l-state ?l-state’
proof (rule valid-labeled-move-move-mazx-stone)
show valid-labeled-state n I-state
by fact
next
show unlabel I-state = unlabel l-state
by simp
next
show wvalid-move’ n ?p1 ?p2 ?state state’
by fact
qed simp

have move ?p1 ?p2 ?state = state’
using (valid-move’ n ?p1 ?p2 ?state state”
unfolding valid-move’-def Let-def
by simp
then have *: unlabel ?I-state’ = state’
using unlabel-valid-move’|OF Cons(2) *x, THEN conjunct2)]
by simp

have map unlabel (label-moves-max-stone ?l-state’ states) = unlabel ?l-state’ #
states
proof (rule Cons(1))
show wvalid-moves n ((unlabel ?l-state’) # states)
using Cons(3) x*
using less-diff-conv valid-moves-def
by auto
next
have valid-labeled-move n I-state ?l-state’
using *x
unfolding valid-labeled-move-def
by metis
then show wvalid-labeled-state n ?l-state’
using Cons(2)
using valid-labeled-move-valid-labeled-state
by blast
qed
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then show “case
using * walid-move’ n ?p1 ?p2 (unlabel l-state) state” (valid-state n (unlabel
[-state))
by (smt Cons-eq-map-conv case-prod-conv label-moves-max-stone.simps(2) valid-move’-move-positions)
qed

lemma label-moves-maz-stone-length [simp]:
shows length (label-moves-mazx-stone l-state states) = length states + 1
by (induction states arbitrary: l-state) (auto split: prod.split)

lemma label-moves-maz-stone-valid-moves:
assumes valid-labeled-state n I-state valid-moves n (unlabel l-state # states)
shows valid-labeled-moves-maz-stone n (label-moves-maz-stone l-state states)
using assms
proof (induction states arbitrary: l-state)
case Nil
then show ?case
by (simp add: valid-labeled-moves-max-stone-def )
next
case (Cons state’ states)
let ?state = unlabel I-state
let ?p = mowve-positions ?state state’
let ?p1 = fst ?p
let ?p2 = snd ?p
let ?stone = Max (l-state ! ?p1)
let ?l-state’ = labeled-move ?p1 ?p2 ?stone l-state

have valid-state n ?state
using (valid-labeled-state n [-state)
by (simp add: unlabel-valid)

have valid-move n ?state state’
using Cons(3)
by (metis Groups.add-ac(2) One-nat-def add-diff-cancel-left’ add-is-0 grOI
list.size(4) n-not-Suc-n nth-Cons-0 nth-Cons-Suc plus-1-eq-Suc valid-moves-def )

have valid-move’ n ?p1 7p2 ?state state’
using (valid-state n ?state) (walid-move n ?state state’)
by (simp add: move-positions-valid-move’)
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have *x*: valid-labeled-move’ n ?p1 ?p2 ?stone I-state ?l-state’
proof (rule valid-labeled-move-move-mazx-stone)
show valid-labeled-state n I-state
by fact
next
show unlabel I-state = unlabel l-state
by simp
next
show wvalid-move’ n ?p1 ?p2 ?state state’
by fact
qed simp

have move ?pl1 ?p2 ?state = state’
using (valid-move’ n ?p1 ?p2 ?state state”
unfolding valid-move’-def Let-def
by simp
then have *: unlabel ?l-state’ = state’
using unlabel-valid-move’|OF Cons(2) **, THEN conjunct2)]
by simp

have s**: valid-labeled-move-maz-stone n l-state ?l-state’
using #x
unfolding valid-labeled-move-mazx-stone-def
by blast

have valid-labeled-moves-maz-stone n (label-moves-max-stone ?l-state’ states)
proof (rule Cons(1))
show wvalid-moves n ((unlabel ?l-state’) # states)
using Cons(3) *
using less-diff-conv valid-moves-def
by auto
have valid-labeled-move n I-state ?l-state’
using *x
unfolding valid-labeled-move-def
by metis
then show wvalid-labeled-state n ?l-state’
using Cons(2)
using valid-labeled-move-valid-labeled-state
by blast
qed
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moreover
have hd (label-moves-max-stone ?l-state’ states) = ?l-state’
using hd-label-moves-mazx-stone by blast
ultimately
show ?case
using **x (valid-move’ n ?p1 ?p2 ?state state’y (walid-state n ?state)
using valid-labeled-moves-mazx-stone-Cons
by (metis (mono-tags, lifting) case-prod-conv label-moves-maz-stone.simps(2)
valid-move’-move-positions)
qed

lemma final-labeled-state-unique:
assumes unlabel I-state = final-state n valid-labeled-state n I-state
shows [-state = final-labeled-state n
proof—
have V i < n. finite (l-state ! 7)
by (metis Groups.add-ac(2) Union-upper assms(2) finite-atLeastLessThan
finite-subset le-imp-less-Suc nth-mem plus-1-eq-Suc valid-labeled-state-def)
moreover
have V i < n. card (l-state ! i) = 0
using assms
unfolding unlabel-def final-state-def valid-labeled-state-def
by (metis One-nat-def add.right-neutral add-Suc-right le-imp-less-Suc less-imp-le-nat
nat-neq-iff nth-list-update-neq nth-map nth-replicate)
moreover
have card (I-state ! n) = n
using assms
unfolding unlabel-def final-state-def valid-labeled-state-def
by (metis length-replicate less-add-same-cancell less-one nth-list-update-eq nth-map)
moreover
have | J (set l-state) = {0..<n} length I-state = n + 1
using assms
unfolding unlabel-def final-state-def valid-labeled-state-def
by simp-all
ultimately
have V i < n. l-state | i = {} l-state ! n = {0..<n}
apply —
apply auto[1]
apply (metis Union-upper assms(2) card-atLeastLessThan card-subset-eq diff-zero
finite-atLeastLess Than less-add-same-cancell nth-mem valid-labeled-state-def zero-less-one)
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done
show ?thesis
proof (rule nth-equalityl)
show length [-state = length (final-labeled-state n)
using (length l-state = n + 1)
unfolding final-labeled-state-def
by (simp del: replicate-Suc)
next
fix 1
assume i < length [-state
then show [-state ! i = final-labeled-state n ! i
using V i < n. [-state | i = {} (-state ! n = {0..<n}) dength l-state = n
+ D
unfolding final-labeled-state-def
by (metis add.commute length-replicate less-Suc-eq nth-list-update-eq nth-list-update-neq
nth-replicate plus-1-eq-Suc)
qged
qed

lemma labeled-game-mazx-stone-length [simp]:

assumes valid-game n states

shows length (label-moves-maz-stone (initial-labeled-state n) (tl states)) = length
states

by (metis assms hd-Cons-tl length-map list.size(3) not-le unlabel-initial unlabel-label-moves-maz-ston
valid-game-def valid-labeled-state-initial-labeled-state zero-less-numeral)

lemma valid-labeled-game-mazx-stone:
assumes valid-game n states
shows valid-labeled-game-maz-stone n (label-moves-maz-stone (initial-labeled-state
n) (tl states))
unfolding valid-labeled-game-mazx-stone-def
proof safe
let ?I-states = label-moves-maz-stone (initial-labeled-state n) (tl states)
have valid-moves n (unlabel (initial-labeled-state n) # tl states)
using assms
by (metis Groups.add-ac(2) One-nat-def add-diff-cancel-left” hd-Cons-tl list.sel(2)
list.size(3) list.size(4) n-not-Suc-n plus-1-eq-Suc unlabel-initial upt-0 upt-rec valid-game-def
valid-moves-def )
then have x: map unlabel ?l-states = (initial-state n) # tl states
using unlabel-label-moves-max-stone|of n initial-labeled-state n tl states]
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by simp

have unlabel (hd ?l-states) = initial-state n
using *
by auto

then show hd ?l-states = initial-labeled-state n
by simp

have unlabel (last ?l-states) = final-state n
using assms
unfolding valid-game-def
by (metis * Nil-is-map-conv hd-Cons-tl last-map list.size(3) not-le zero-less-numeral)
moreover
have valid-labeled-state n (last ?l-states)
using * (valid-moves n (unlabel (initial-labeled-state n) # tl states))
by (metis last-in-set list.discl list.simps(8) valid-labeled-state-initial-labeled-state
valid-states-label-moves-maz-stone)
ultimately
show last ?l-states = final-labeled-state n
using final-labeled-state-unique
by blast

show valid-labeled-moves-max-stone n (label-moves-maz-stone (initial-labeled-state
n) (tl states))
proof (rule label-moves-maz-stone-valid-moves)
show wvalid-labeled-state n (initial-labeled-state n)
by simp
next
show wvalid-moves n (unlabel (initial-labeled-state n) # tl states)
by fact
qed
next
show 2 < length (label-moves-max-stone (initial-labeled-state n) (tl states))
using assms
unfolding valid-game-def
by auto
qged
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Valid labeled game move max stone length

lemma moved-from:
assumes valid-labeled-state n (hd [-states) valid-labeled-moves n l-states
1 < 77 < length l-states stone < n
stone-position (l-states ! i) stone # stone-position (l-states | j) stone
shows (3 k. i <k ANk <jA
(let (p1, p2, stone’) = labeled-move-positions (I-states | k) (l-states ! (k +
1)) in
stone’ = stone N\ pl = stone-position (l-states ! i) stone))
using assms
proof (induction I-states arbitrary: i j)
case Nil
then show “case
by simp
next
case (Cons [-state l-states)
obtain p1 p2 stone’ where
x: (pl, p2, stone’) = labeled-move-positions ((I-state # I-states) ! i) ((I-state
# l-states) ! (i + 1))
by (metis prod-cases3)

moreover

have xxx: valid-labeled-state n ((l-state # I-states) ! 1)
using Cons(2—95)
by (meson less-imp-le-nat less-le-trans nth-mem valid-labeled-moves-valid-labeled-states)

moreover

have valid-labeled-move n ((I-state # I-states) ! i) ((I-state # l-states) ! (i + 1))
using Cons(3—5)
unfolding valid-labeled-moves-def
by auto

ultimately
have xx: valid-labeled-move’ n p1 p2 stone’ ((I-state # l-states) ! i) ((I-state #

l-states) ! (1 + 1))
using labeled-move-positions-valid-move’
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by simp

show ?case
proof (cases stone’ = stone)
case True

have p1 = stone-position ((I-state # I-states) ! i) stone’
using *x

using (valid-labeled-state n ((I-state # I-states) ! i)) valid-labeled-move’-stone-positions
by blast

then show ?thesis
using x Cons(4) True

by (rule-tac x=i in exl, auto)
next

case Fualse

have stone-position ((I-state # I-states) ! (i + 1)) stone = stone-position
((I-state # l-states) ! i) stone

using valid-labeled-move'-stone-positions-other|OF sxx xx| (stone’ # stone)
(stone < n)
by auto
then have x: stone-position (l-states ! i) stone # stone-position (l-states ! (j
— 1)) stone
using Cons(4) Cons(7)
by auto
moreover
have wvalid-labeled-state n (hd l-states)
proof—
have [-states # |]
using Cons(4) Cons(5) *
by auto
then show “thesis
using Cons(2—23)

by (meson hd-in-set list.set-intros(2) valid-labeled-moves-valid-labeled-states)
qged

moreover
have valid-labeled-moves n I-states
using Cons(3)

using Groups.add-ac(2) less-diff-conv valid-labeled-moves-def
by auto
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moreover
have ¢ < j — 1
using Cons(4) *
using less-antisym plus-1-eq-Suc
by fastforce
moreover
have j — 1 < length l-states
using « < j) Cons(9)
by auto
ultimately
obtain k where i < kk <j — I
let (p1, p2, stone’) = labeled-move-positions (l-states ! k) (I-states ! (k +
1)) in
stone’ = stone A\ pl = stone-position (l-states ! i) stone
using Cons(1)[of i j—1] (stone < n)
by (auto simp add: nth-Cons)
then show ?thesis
using (stone-position ((I-state # l-states) ! (i + 1)) stone = stone-position
((I-state # l-states) ! i) stone)
by (rule-tac x=k+1 in exl) (auto simp add: Let-def nth-Cons)
qed
qed

lemma valid-labeled-game-max-stone-min-length:
assumes valid-labeled-game-mazx-stone n I-states
shows length I-states > (> k < [1..<n+1]. (ceiling (n / k))) + 1
using assms

proof—

have [-states # [] length l-states > 2 valid-labeled-state n (hd I-states) valid-labeled-moves

n l-states
using assms
using valid-labeled-game-maz-stone-def
using valid-labeled-game-def valid-labeled-game-maz-stone-valid-labeled-game
by auto

let ?ss = map (X (state, state’). (state, labeled-move-positions state state’)) (zip

(butlast I-states) (tl l-states))
let ?sstone = X stone. filter (\ (state, p1, p2, stone’). stone’ = stone) ?ss

have (>  k < [1..<n+1]. (ceiling (n / k))) =
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(3> stone < [0..<n]. (ceiling (n / (stone + 1))))
proof—
have map (Az. z + 1) [0..<n] = [1..<n+1]
using map-add-upt by blast
then show ?thesis
by (subst sum-list-comp, simp)
qed
also have ... < (3 stone < [0..<n]. int (length (?sstone stone)))
proof (rule sum-list-mono)
fix stone
assume stone € set [0..<n]
show ceiling (n / (stone + 1)) < int (length (?sstone stone))
proof (rule ccontr)
assume — ?thesis
then have ceiling (n / (stone + 1)) > int (length (?sstone stone))
by simp
then have int (length (?sstone stone)) = (stone + 1) < n
using lt-ceiling-frac
by simp
then have length (?sstone stone) * (stone + 1) < n
by (metis (mono-tags, lifting) of-nat-less-imp-less of-nat-mult)

obtain ss where ss: ss = ?sstone stone
by auto

have valid-moves”. ¥ (state, p1, p2, stone’) € set ss. stone’ = Max (state !
pl) A (3 state’. valid-labeled-move’ n p1 p2 stone’ state state’)
proof safe
fix state p1 p2 stone’
assume (state, pl, p2, stone’) € set ss
then have (state, p1, p2, stone’) € set ?ss
using ss
by auto
then obtain state’ where
(state, p1, p2, stone’) = (state, labeled-move-positions state state’)
(state, state”) € set (zip (butlast l-states) (tl I-states))
by auto
then obtain i where i < length ((zip (butlast I-states) (tl [-states))) (zip
(butlast l-states) (tl I-states)) | i = (state, state’)
by (meson in-set-conv-nth)
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then have i < length [-states — 1 l-states | i = state l-states ! (i + 1) =
state’
using nth-butlast|[of i I-states] nth-tl[of i [-states]
by simp-all
then have valid-labeled-move-maz-stone n state state’
using (valid-labeled-game-maz-stone n l-states)
unfolding valid-labeled-game-mazx-stone-def valid-labeled-moves-maz-stone-def
by auto
moreover
have valid-labeled-state n state
using (i < length l-states — 1) (l-states ! i = state)
by (meson add-lessD1 assms(1) less-diff-conv nth-mem valid-labeled-game-maz-stone-valid-label
valid-labeled-game-valid-labeled-states)
ultimately
have *: valid-labeled-move’ n p1 p2 (Max (state ! pl1)) state state’
using labeled-mowve-positions valid-labeled-move-mazx-stone-def
using ((state, p1, p2, stone’) = (state, labeled-move-positions state state’)
by auto

show stone’ = Mazx (state | p1)

using ((state, p1, p2, stone’) = (state, labeled-move-positions state state’)
walid-labeled-move’ n p1 p2 (Max (state ! pl)) state state”) (valid-labeled-state n
state) labeled-move-positions by auto

then show (3 state’. valid-labeled-move’ n p1 p2 stone’ state state’)
using *
by blast
qged

have pos0: stone-position (l-states ! 0) stone = 0
using (stone € set [0..<n)) (-states # [
using (valid-labeled-game-maz-stone n [-states)
using stone-positionl [of n l-states | 0 stone 0]
using hd-conv-nthlof I-states, symmetric]
using valid-labeled-state-initial-labeled-state
unfolding valid-labeled-game-maz-stone-def initial-labeled-state-def
by auto

have posn: stone-position (l-states | (length l-states — 1)) stone = n
using stone-positionl [of n I-states | (length I-states — 1) stone n]
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using (stone € set [0..<n]) (-states # [

using (valid-labeled-game-maz-stone n Il-states)

using last-conv-nth|[of I-states, symmetric]

using valid-labeled-state-final-labeled-state

unfolding valid-labeled-game-mazx-stone-def final-labeled-state-def
by (simp del: replicate-Suc)

have n > 0
using (length (?sstone stone) x (stone + 1) < n) gr-implies-not0
by blast

have length ss > 1
proof (rule ccontr)
assume — ?thesis
then have Zsstone stone = ||
using ss
by (metis One-nat-def Suc-lel length-greater-0-conv)

have valid-labeled-moves n I-states
using (valid-labeled-game-maz-stone n [-states)
unfolding valid-labeled-game-mazx-stone-def

using assms valid-labeled-game-def valid-labeled-game-maz-stone-valid-labeled-game
by blast

then obtain p2 k where k < length l-states — 1
(0, p2, stone) = labeled-move-positions (l-states ! k) (I-states ! (k + 1))
using moved-from[of n I-states 0 length I-states — 1 stone]
using pos0 posn (n > 0) (stone € set [0..<n)
using (valid-labeled-game-maz-stone n [-states)
unfolding valid-labeled-game-mazx-stone-def
by force
moreover
have (l-states ! k, I-states ! (k+1)) € set (zip (butlast I-states) (tl I-states))
using (k < length l-states — 1) (length [-states > 2)
by (metis (no-types, lifting) One-nat-def add.right-neutral add-Suc-right
in-set-conv-nth length-butlast length-tl length-zip min-less-iff-conj nth-butlast nth-tl
nth-zip)
ultimately
have (l-states ! k, 0, p2, stone) € set (?sstone stone)
by auto
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then show Fulse
using (?sstone stone = [])
by auto
qged
then have ss # ||
by auto

have n = () (state, p1, p2, stone) < ?sstone stone. p2 — pl)

proof—
let ?p2p1 = X i. case ss | i of (state, p1, p2, stone) = int p2 — int pl
let ?p1 = X i. case ss ! i of (state, p1, p2, stone) = int pl
let ?p2 = X i. case ss ! i of (state, p1, p2, stone) = int p2

have (> (state, p1, p2, stone) < ss. p2 — pl) =
(3> (state, p1, p2, stone) < ss. int (p2 — pl))
proof—
have (>  (state, p1, p2, stone) < ss. p2 — pl) =
(3> z < map (X (state, p1, p2, stone). p2 — pl) ss. int )
by (metis (no-types) map-nth sum-list-comp sum-list-int)
also have ... = () (state, p1, p2, stone)<ss. int (p2 — pl))
proof—
have x: (map int (map (X (state, p1, p2, stone). p2 — pl) ss)) =
(map (X (state, p1, p2, stone). int (p2 — pl)) ss)
by auto
show ?thesis
by (subst x, simp)
qed
finally show ?thesis

qged
also have ... = () (state, p1, p2, stone) < ss. int p2 — int pl)
proof—
have V (state, p1, p2, stone) € set ss. p2 > pl
using valid-moves’
unfolding valid-labeled-move’-def Let-def
by auto
then have V (state, p1, p2, stone) € set ss. int (p2 — pl) = int p2 —
it pl
by auto
then have x: map (\ (state, p1, p2, stone). int (p2 — pl)) ss =
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map (X (state, p1, p2, stone). int p2 — int pl) ss
by auto
show ?thesis
by (subst x, simp)

qed
also have ... = (> i «+ [0..<length ss]. ?p2p1 i)
by (metis (no-types) map-nth sum-list-comp)
also have ... = () i « [0..<length ss]. ?p2 i) —
(>° i+ [0..<length ss]. ?pl i)
proof—

have V i € set [0..<length ss|. ?p2pl i = ?p2i — ?pl i
by (auto split: prod.split)
then have map ?p2p1 [0..<length ss|] = map (A i. %p2 i — ?pl 1)
[0..<length ss]
by auto
then show ?thesis
unfolding Let-def
by (subst sum-list-subtractf[symmetric|, presburger)

qed
also have ... = () i < [0..<length ss—1]. ?p2i) —
(3> i« [1..<length ss|. ?p1 i) + (?p2 (length ss—1)) — (?p1
0)
proof—

have [0..<length ss] = [0..<length ss—1] Q [length ss — 1]
[0..<length ss| = [0] @Q [1..<length ss]
using (length ss > 1)
by (metis le-add-diff-inverse plus-1-eq-Suc upt-Suc-append zero-le,
metis (mono-tags, lifting) One-nat-def le-add-diff-inverse less-numeral-extra(4)
upt-add-eq-append upt-rec zero-le-one zero-less-one)
then show ?thesis
using sum-list-append
by (smt list.map(1) list.map(2) map-append sum-list-simps(2))
qed
finally
have (>  (state, p1, p2, stone) < ss. p2 — pl) =
(> i+ [0..<length ss—1]. ?p2 i) —
(3> @ < [1..<length ss]. ?p1 i) + (?p2 (length ss—1)) — (?p1 0)

moreover
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let 7P = A(state, pl, p2, stone’). stone’ = stone

have (> i « [1..<length ss]. ?p1 i) = (> i < [0..<length ss — 1]. ?p2 1)
proof—
have x: V i. 0 < i A i < length ss — ?pl i = ?p2 (i—1)
proof safe
fix ¢
assume 0 < i ¢ < length ss
show ?p1 i = ?p2 (i—1)
proof (rule ccontr)
assume - ?thesis
obtain k1 k2 where
k1 < k2 k2 < length ?ss
ssl(i—1)= %ss ! klss!i= %ss!k2
7P (%ss 1 k1) 2P (%ss Vk2)V k" k1 < k' N k' < k2 — — 2P (%ss
)
using ss inside-filter[of i—1 ?P ?ss] (0 < 0 < < length ss)
using (ss # [)) dength I-states > 2)
by force
have k2 < length l-states
using (k2 < length ?ss)
by simp
have ?ss | k1 = (l-states | k1, labeled-move-positions (l-states ! k1)
(I-states ! (k1+1)))
?ss | k2 = (l-states | k2, labeled-move-positions (I-states ! k2)
(I-states ! (k2+1)))
using (k1 < k2) k2 < length ?ss) (length [-states > 2)
by (auto simp add: nth-butlast nth-tl)
then obtain pla p2a p1b p2b where
?ss | k1 = (l-states ! k1, pla, p2a, stone) labeled-move-positions
(I-states ! k1) (l-states ! (k1+1)) = (pla, p2a, stone)
?ss | k2 = (l-states | k2, p1b, p2b, stone) labeled-move-positions
(I-states ! k2) (l-states ! (k2+1)) = (p1b, p2b, stone)
using (7P (?ss | k1)) (?P (%ss | k2)
by auto
then have p2a # pib
using (?pl i # %p2 (i—1) (ss! (i—1) = ?ss V k1) «ss ! i = ?ss | k2)
by simp

have stone-position (l-states | (k1 + 1)) stone # stone-position (l-states
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! k2) stone
proof—
have valid-labeled-state n (I-states ! k1)
by (meson (k1 < k2) (k2 < length l-states) assms less-imp-le-nat
less-le-trans nth-mem valid-labeled-game-maz-stone-valid-labeled-game valid-labeled-game-valid-labeled-states)
moreover
then have valid-labeled-move’ n pla p2a stone (I-states | k1) (I-states
V' (k1+1))
using (abeled-move-positions (I-states | k1) (I-states | (k1+1)) =
(pla, p2a, stone)
using labeled-move-positions-valid-move’
using k1 < k2) k2 < length I-states) (valid-labeled-moves n l-states)
valid-labeled-moves-def
by auto
ultimately
have stone-position (I-states ! (k1 + 1)) stone = p2a
using valid-labeled-move’-stone-positions
by blast

have valid-labeled-state n (I-states ! k2)
by (meson (k2 < length I-states) assms less-imp-le-nat less-le-trans
nth-mem valid-labeled-game-maz-stone-valid-labeled-game valid-labeled-game-valid-labeled-states)
moreover
then have valid-labeled-move’ n p1b p2b stone (I-states ! k2) (I-states
' (k2+1))
using (labeled-move-positions (l-states | k2) (I-states ! (k2+1)) =
(p1b, p2b, stone)
using labeled-move-positions-valid-move’
using (k2 < length %ss) (valid-labeled-moves n I-states)
valid-labeled-moves-def
by (smt length-butlast length-map length-tl length-zip min-less-iff-conj)
ultimately
have stone-position (I-states | k2) stone = p1b
using valid-labeled-move’-stone-positions
by blast

show ?thesis
using (stone-position (l-states ! k2) stone = p1b
using (stone-position (l-states ! (k1 + 1)) stone = p2a)
using (p2a # plb
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by simp
qged
then have k1 + 1 < k2
using (k1 < k2)
by (metis Suc-eq-plusl Suc-lel nat-less-le)
then obtain k' p1” p2” where k1 + 1 < k' k' < k2
(p1”, p2", stone) = labeled-move-positions (I-states | k') (I-states !
(K + 1))
using (stone-position (l-states | (k1 + 1)) stone # stone-position
(I-states | k2) stone)
using moved-from|of n I-states k141 k2 stone] (stone € set [0..<n)
using (length [-states > 2) (k1 < k2) (k2 < length l-states)
using (valid-labeled-moves n [-states) (valid-labeled-state n (hd [-states))
by auto
then have %ss | k' = (I-states ! k', p1", p2"', stone)
using (k2 < length ?ss)
by (auto simp add: nth-butlast nth-tl)
then show False
using vV k" k1 < k'ANk'< k2 — = 7P (%ss | k') [rule-format, of
kK k1 + 1 < k) &< k2
by simp
qed
qed
have map ?p1 [1..<length ss] = map ?p2 [0..<length ss — 1] (is ?lhs =
?rhs)
proof (rule nth-equalityl )
show length ?lhs = length ?rhs
by simp
next
fix i
assume i < length ?lhs
then show %lhs ! i = %rhs | ¢
using x
by simp
qged
then show ?thesis
by simp
qed
moreover
have ?p2 (length ss — 1) = n
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proof (rule ccontr)
assume — ?thesis
obtain k£ where
k < length %ss ss ! (length ss — 1) = %ss ' k P (%ss ' k) V k. k < k'
A k" < length %ss — — 2P (%ss | k)
using ss last-filter[of 7P ?ss]
using (ss # [)) dength I-states > 2)
by auto
have k < length l-states — 1
using (k < length ?ss)
by simp
have %ss | k = (l-states ! k, labeled-move-positions (l-states ! k) (I-states
! (k+1)))
using k < length ?ss) dength l-states > 2)
by (auto simp add: nth-butlast nth-tl)
then obtain p1’ p2’ where %ss | k = (I-states | k, p1’', p2’, stone)
labeled-move-positions (I-states ! k) (l-states | (k+1)) = (p1’, p2’, stone)
using (7P (%ss | k))
by auto
then have p2’ # n
using (?p2 (length ss — 1) # n) (ss | (length ss — 1) = %ss | k)

by auto
have stone-position (l-states ! (k + 1)) stone # n
proof—
have stone-position (I-states | (k + 1)) stone = p2'
proof—

have valid-labeled-move’ n p1’ p2' stone (l-states ! k) (I-states ! (k+1))
using (labeled-move-positions (I-states | k) (l-states ! (k+1)) = (p1’
p2', stone)

)

using (¢ < length l-states — 1) (valid-labeled-moves n I-states)
(valid-labeled-state n (hd I-states)
by (meson add-lessD1 labeled-move-positions-valid-move’ less-diff-conv
nth-mem valid-labeled-moves-def valid-labeled-moves-valid-labeled-states)
moreover
have wvalid-labeled-state n (l-states | k)
using (k < length l-states — 1) (valid-labeled-moves n [-states)
(valid-labeled-state n (hd I-states)
using valid-labeled-moves-valid-labeled-states
by auto
ultimately
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show ?thesis
using valid-labeled-move’-stone-positions
by blast
qed
then show ?thesis
using (p2' # n
by simp
qed
then have k + 1 < length [-states — 1
using posn (k < length [-states — 1)
by (smt Nat.le-diff-conv2 Nat.le-imp-diff-is-add Suc-lel add.right-neutral
add-Suc-right add-leD2 diff-diff-left nat-less-le one-add-one plus-1-eq-Suc)
then obtain £/ p1” p2"” where k' > k + 1 k' < length l-states — 1 (p1”,
p2" stone) = labeled-move-positions (l-states ! k') (l-states ! (k' + 1))
using moved-from|of n I-states k+1 length I-states — 1 stone]

using posn (stone-position (I-states ! (k+1)) stone # n) (stone € set
[0..<n)

using (length l-states > 2)

using (valid-labeled-moves n I-states) (valid-labeled-state n (hd l-states)
by force

then have %ss | k' = (I-states | k', p1”, p2”, stone)
by (simp add: nth-butlast nth-tl)
then show Fulse

using V k" k < k' A k' < length ?ss — = 7P (%ss | k'))[rule-format,
of k') k" >k + 1) k" < length l-states — 1)
by auto
qed
moreover
have ?p1 0 = 0
proof (rule ccontr)
assume — ?thesis
obtain k¥ where
k < length ?ss ss ! 0 = %ss 1 k 2P (%ss ' k) ¥V k' < k. = 2P (%ss | k')
using ss hd-filter[of 7P ?ss]
using (ss # [)) dength l-states > 2)
by auto
have k < length l-states — 1
using (k& < length ?ss)
by simp

have %ss | k = (l-states | k, labeled-move-positions (I-states | k) (I-states
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| (k1))
using (k < length ?ss) (ength l-states > 2)
by (auto simp add: nth-butlast nth-tl)
then obtain p1’ p2’ where ?ss | k = (l-states | k, p1', p2’, stone)
labeled-move-positions (I-states ! k) (l-states ! (k+1)) = (p1’, p2’, stone)
using (7P (%ss | k)
by auto
then have p1’ # 0
using (?p1 0 # 0) (ss! 0 = ?ss | k)
by auto
have stone-position (I-states ! k) stone # 0
proof—
have wvalid-labeled-state n (l-states | k)
by (meson (k < length l-states — 1) add-lessD1 assms less-diff-conv
nth-mem valid-labeled-game-maz-stone-valid-labeled-game valid-labeled-game-valid-labeled-states)
moreover
then have valid-labeled-move’ n p1’ p2' stone (I-states | k) (I-states !
(k+1))
using (labeled-move-positions (I-states | k) (I-states | (k+1)) = (p1’,
p2’, stone))

using (k& < length l-states — 1) (valid-labeled-moves n I-states)
labeled-move-positions-valid-move’ valid-labeled-moves-def
by blast
ultimately

have stone-position (I-states ! k) stone = p1’
using valid-labeled-move’-stone-positions
by blast
then show ?thesis
using (1’ # O
by simp
qed
then have £ > 0
using pos0
using neq0-conv
by blast
have k < length I-states
using (k < length l-states — 1) (length l-states > 2)
by auto
then obtain k' p2” where k' < k labeled-move-positions (l-states ! k')
(I-states ! (k" + 1)) = (0, p2", stone)
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using moved-from|of n l-states 0 k stone] pos0 (stone-position (l-states !
k) stone # 0)
using (valid-labeled-state n (hd [-states)) (valid-labeled-moves n I-states)
(k > 0 (stone € set [0..<n]
by auto
then have %ss | k' = (l-states | k', 0, p2", stone)
using k' < k) <k < length l-states — 1
using (k < length ?ss) length l-states > 2)
by (auto simp add: nth-butlast nth-tl)
then show Fulse
using V k' < k. = 2P (%ss | k') [rule-format, of k'] (k' < k
by simp
qged
ultimately
show ?thesis
using ss
by simp
qed
also have ... < (}_ (state, p1, p2, stone) < ?sstone stone. stone + 1)
proof (rule sum-list-mono)
fix x :: labeled-state x nat x nat x nat
obtain state p1 p2 stone’ where z: © = (state, p1, p2, stone’)
by (cases )
assume z € set (?sstone stone)
then have z € set ss
using ss
by auto
then obtain state’ where stone’ = Mazx (state ! p1) valid-labeled-move’ n
pl p2 (Mazx (state ! p1)) state state’
using z valid-moves’
by auto
then have p! < p2p2 < pl + card (state ! p1)
unfolding valid-labeled-move’-def Let-def
by auto

moreover

have card (state ! p1) < Maz (state ! p1) + 1
by (rule card-Maz)
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ultimately

show (case x of (state, p1, p2, stone) = p2 — p1) <
(case z of (state, pl, p2, stone) = stone + 1)
using = (stone’ = Maz (state ! p1))
by simp
qed
also have ... = () z < Zsstone stone. stone + 1)
proof—
have map (X (state, p1, p2, stone). stone + 1) (?sstone stone) =
map (X x. stone + 1) (?sstone stone)
by auto
then show ?thesis
by presburger

qged

also have ... = length (?sstone stone) * (stone + 1)
by (simp add: sum-list-triv)

finally

show Fulse
using (length (?sstone stone) x (stone + 1) < n)
by simp
qed
qed
also have ... < length ?ss
proof—
let ?ps = map (X stone. (A(state, p1, p2, stone’). stone’ = stone)) [0..<n]
have V ij. 1 < j A j < length ?ps — set (filter (?ps ! 1) ?ss) N set (filter
(?ps ! j) #ss) = {}
by auto
then have () stone < [0..<n]. length (?sstone stone)) < length ?ss
using sum-length-parts[of ?ps ?ss]
by (auto simp add: comp-def split: prod.split)
then show ?thesis
by (subst sum-list-int, simp)
qed
finally
have (> k « [1..<n+1]. (ceiling (n / k))) + 1 < length ?ss + 1
by simp
moreover
have length ?ss + 1 = length [-states
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using (l-states # [])
by simp
ultimately
show ?thesis
by simp
qged

Valid game length

theorem IMO20185L-C3:
assumes valid-game n states
shows length states > (> k < [1..<n+1]. (ceiling (n / k))) + 1
proof—
let ?l-states = label-moves-max-stone (initial-labeled-state n) (tl states)
have length ?l-states = length states
using assms
unfolding valid-game-def
by auto
moreover
have valid-labeled-game-mazx-stone n ?l-states
using valid-labeled-game-maz-stone[ OF assms]
by simp
ultimately
show ?thesis
using valid-labeled-game-max-stone-min-length[of n ?l-states|
by simp
qged

end

7.2.4 IMO 2018 SL - C4

theory IMO-2018-SL-C4-sol
imports Main HOL— Library. Permutation
begin

definition antipascal :: (nat = nat = int) = nat = bool where
antipascal fn +— YV r < n. ¥V ¢ <r. frc=abs (f (r+1) ¢ — f (r+1)

(e+1)))
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definition triangle :: nat = nat = nat = (nat X nat) set where
triangle 10 cOn = {(r, ¢) | rec=nat. 70 <r Ar<r0+nAcO<cAc<cl
+r—r0}

lemma triangle-finite [simp]:
shows finite (triangle r0 c0 n)
proof—
have triangle r0 cO0n C {0..<r0 + n} x {0..<c0 + n}
unfolding triangle-def
by auto
then show ?thesis
using finite-atLeastLessThan infinite-super
by blast
qed

lemma triangle-card:
shows card (triangle 0 c0 n) = n * (n+1) div 2
proof (induction n arbitrary: r0 c0)
case (
have *: {(¢, 7). 10 < i ANi <10 NcO<jNj<cO+i—r10}={}
by auto
then show “case
using 0
unfolding triangle-def
by (simp add: *)
next
case (Suc n)
let Zrow = {(r0 + n, j) | j. c0 < j Aj < cO0 + Suc n}
have triangle r0 c0 (Suc n) = triangle r0 c0 n U ?row
unfolding triangle-def
by auto
moreover
have triangle r0 c0 n N ?row = {}
unfolding triangle-def
by auto
ultimately
have card (triangle r0 c0 (Suc n)) = card (triangle 0 c¢0 n) + card ?row
by (simp add: card-Un-disjoint)
moreover
have card ?row = Suc n
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proof—
have ?row = (A j. (r0 + n, j)) ¢ {c0..<c0 + Suc n}
by auto
moreover
have inj-on (A j. (r0 + n, 7)) {c0..<c0 + Suc n}
unfolding inj-on-def
by auto
then have card (A j. (r0 + n, 7)) ‘ {c0..<c0 + Suc n}) = card {c0..<c0 +
Suc n}
using card-image
by blast
then have card (A j. (r0 + n, j)) ‘ {c0..<c0 + Suc n}) = Suc n
by auto
ultimately
show ?thesis
by simp
qged
ultimately
have card (triangle 0 c0 (Suc n)) = (n * (n + 1)) div 2 + Suc n
using Suc
by simp
then show “case
by auto
qged

fun uncurry where
uncurry f (a, b) = fab

lemma gauss:
fixes n :: nat
shows sum-list [1..<n] =n % (n — 1) div 2
proof (induction n)
case (
then show ?case by simp
next
case (Suc n)
have sum-list [1..<Suc n] = sum-list [1..<n] + n
by simp
also have ... =nx (n — 1) div 2 + n
using Suc
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by simp
finally
show ?case
by (metis Sum-Ico-nat diff-self-eq-0 distinct-sum-list-conv-Sum distinct-upt
minus-nat.diff-0 mult-eq-0-iff set-upt)
qged

lemma sum-list-insort [simp]:
fixes z :: nat and zs :: nat list
shows sum-list (insort x xs) = x + sum-list xs
by (induction s, auto)

lemma sum-list-sort [simp]:
fixes zs :: nat list
shows sum-list (sort xs) = sum-list xs
by (induction s, auto)

lemma sorted-distinct-strict-increase:
assumes sorted (zs @Q [z]) distinct (zs Q [z]) V = € set (zs Q [z]). z > a
shows z > a + length xs
using assms
proof (induction xs arbitrary: x rule: rev-induct)
case Nil
then show ?case
by simp
next
case (snoc z' zs)
show ?case
using snoc(1)[of z'] snoc(2—)
by (auto simp add: sorted-append)
qed

lemma sum-list-sorted-distinct-1b:
assumes V r € set xs. x > a distinct xs sorted xs
shows sum-list xs > length xs * (2 * a + length s + 1) div 2
using assms
proof (induction xs rule: rev-induct)
case Nil
then show “case
by simp
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next
case (snoc  xs)
have =z > a + length zs
using sorted-distinct-strict-increase[of zs x a)
using snoc(2—)
by auto
moreover
have length zs * (2 * a + length xs + 1) div 2 < sum-list zs
using snoc
by (auto simp add: sorted-append)
ultimately
show ?Zcase
by auto
qed

lemma sum-list-distinct-lb:
assumes V x € set zs. fx > a distinct (map f xs)
shows (). = < zs. fz) > length s x (2 * a + length s + 1) div 2
using assms
using sum-list-sorted-distinct-lblof sort (map f zs) al
by simp

lemma consecutive-nats-sorted:
assumes sorted xs length rs = n distinct xs sum-list xs < n x (n + 1) div 2 ¥
z € setzs. v >0
shows zs = [1..<n+1]
using assms
proof (induction zs arbitrary: n rule: rev-induct)
case Nil
then show “case
by simp
next
case (snoc  xs)
have n > 0
using dength (zs @Q [z]) = n
by simp
have zs = [1..<(n—1)+1]
proof (rule snoc(1))
show sorted xs length xs = n—1 distinct xs ¥V a€set xs. 0 < a
using snoc(2—6)
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by (auto simp add: sorted-append)
show sum-list zs < (n — 1) % (n — 1 + 1) div 2
proof—
have z > n
using snoc(2—4) snoc(6)
proof (induction zs arbitrary: x n rule: rev-induct)
case Nil
then show ?case
by simp
next
case (snoc z' zs’)
have n—1 < g’
using snoc(1)[of ' n—1] snoc(2-)
by (simp add: sorted-append)
moreover
have z > z’
using snoc(2) snoc(4)
by (simp add: sorted-append)
ultimately
show ?Zcase
by simp
qed
show ?thesis
proof—
have sum-list xs < n * (n + 1) div 2 — z
using snoc(5)
by simp
also have ... <nx*x(n+ 1) div2 —n
using (n < o)

by simp
also have ... = n x (n — 1) div 2
by (simp add: diff-mult-distrib2)
finally

show ?thesis
using (n > 0)
by (auto simp add: mult.commute)
qged
qed
qed
then have zs = [1..<n]
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using (n > 0)

by simp
then have z > n

using snoc(2) snoc(4) snoc(6)

by (auto simp add: sorted-append)
have z = n
proof (rule ccontr)

assume — ?thesis

then have z > n

using x > n)

by simp

then have sum-list (zs Q [z]) > n* (n — 1) div 2 + n
using (rs = [1..<n]) gauss|[of n]
by simp

then show Fulse
using snoc(5)
by (smt Suc-diff-1 (0 < n)> add.commute add-Suc-right distrib-left div-mult-self2
less-le-trans mult-2 mult-2-right nat-neq-iff one-add-one plus-1-eq-Suc zero-neq-numeral)
qed
then show ?case
using (s = [1..<n)
by (simp add: Suc-lel (0 < n)
qed

lemma consecutive-nats:

assumes length xs = n distinct xs sum-list xs < n * (n + 1) div 2V z € set
zs. z > 0

shows set zs = {1..<n+1}

proof—
have sort zs = [1..<n+1]
using consecutive-nats-sorted|of sort xs n] assms
by simp

then show ?thesis
by (metis set-sort set-upt)
qged

lemma sum-list-cong:
assumes V z € set as. fo =g x
shows (> z < zs. fz) = (D x < xs. g x)
using assms
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by (induction s, auto)

lemma sum-list-last:
assumes a < b
shows (3| z « [a.<b+1]. fz)= (>, = < [a..<b]. fz) + fD
proof—
have x: [a..<b+1] = [a..<b] @Q [b]
using assms
by auto
show ?thesis
by (subst x, simp)
qed

lemma sum-list-nat:
assumes V z € set xs. fx > 0
shows (> z < zs. nat (fz)) = (nat (3. = < wxs. fz))
using assms
proof (induction xs)
case Nil
then show ?case
by simp
next
case (Cons z xs)
then show ?case
using sum-list-mono
by fastforce
qed

theorem IMO20185L-C4:

3 f. antipascal f 2018 A

(uncurry f) ¢ triangle 0 0 2018 = {1..<2018%(2018 + 1) div 2 + 1}
proof (rule ccontr)

assume — ?thesis

then obtain f where

[t antipascal f 2018 (uncurry f)  triangle 0 0 2018 = {1..<2018%(2018 + 1)
div 241}

by auto

have inj-on (uncurry f) (triangle 0 0 2018)
proof (rule eg-card-imp-inj-on)
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show finite (triangle 0 0 2018)
by simp
next
show card ((uncurry f) * triangle 0 0 2018) = card (triangle 0 0 2018)
using f(2) triangle-card
by simp
qed

have path: ¥V r0 < 2018.¥ ¢0 < 70.¥ n.r0 +n < 2018 — (3 ab. arl =
cONbr0=cO AN
Vrr0o<rAr<r)+n—
arZbrANc)0<arANar<cl)+(r—r0)NcO<brAb
r<cO+ (r—r0)AN
(ar=b(r—1)Var=b(r—1)+1)A
(br=b(r—1)Vbr=>b(r—1)+1)) A
Vrr0<rAr<r0+n—fr(br)=0> r'« [r0.<r+1].
fr'i(ar’))) (isV r0 < 2018.¥ ¢0 < r0.¥ n. 10 + n < 2018 — ?P r0 c0 n)
proof safe
fix 70 c0 n :: nat
assume 70 < 2018 c0 < r0r0 + n < 2018
then show P r0 cO n
proof (induction n)
case (
then show “case
by auto
next
case (Suc n)

show “case
proof (cases n = 0)
case True
then show ?thesis
by auto
next
case Fulse
show ?thesis
proof—
obtain a b where x:
a1l =cObrl) = c0
Vr.r0 <rAr<rl+n—
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ar#brA
c0 <arANar<cO+ (r—r0)A
c0 <brANbr<cO0+ (r—r0)A
(ar=b(r—1)Var=>b(r—1)+1)A
(br=b(r—1)Vbr=>b(r—1)+1)

Vr.r0 <rAr<r)+n—frbr)= 0 r'«[r0.<r+ 1]. fr'(a

)
using Suc
by auto

have ap . Vrec. r0 <rAr<r0+nAcl0<cAhc<cl+ (r—r0)
— fr =1 c=|frc—fr(c+1)
using (antipascal f 2018) (n # 0) Suc(3—4)
unfolding antipascal-def
by auto
have ap: f (r0 +n — 1) (b (r0 +n — 1)) =|f (r0 + n) (b (r0 + n —
1) —f @0 +n)(b(r0+n—1)+ 1)
proof (cases n = 1)
case True
then show ?thesis
using *(2) ap’[rule-format, of 10 + 1]
by simp
next
case Fulse
then have n > 1
using (n # O
by simp
show ?thesis
proof (subst ap’)
have r0 < 70 + n — 1
using (n > 1)
by simp
then have b (10 + n — Suc 0) < c0 + n — Suc 0
using (3)[rule-format, of r0 + n — 1] (n > 1)
by simp
then show 70 <70 + n A70 + n <710 +nAcO<b(r0 +n— 1)
ANb(r0+n—1)<cO0+ (r0 +n— 1r0)
using (3)[rule-format, of rO + n — 1] (n > 1)
by simp
qed simp
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qged

let 2an = if f (r0 + n) (b (r0 +n — 1)) < f (r0 + n) (b (r0 + n —
1)+ 1) thenb (r0 +n — 1) elseb (r0 +n — 1) + 1

let ?bn = iff (r0 +n) (b (r0 +n — 1)) < f (r0 +n) (b (r0 + n — 1)
+ 1) thenb (r0 +n — 1)+ 1elseb (r0 +n — 1)

let %a = a (r0 + n := %an)

let 2b = b (r0 + n := ?bn)

have ?a 0 = c0 b r0 = c0
using (n # 0 (a r0 = c0) (b r0 = cO)
by simp-all

moreover

haveVr.r0 < r Ar <710+ Sucn — fr (?br)= (> r'« [r0.<r+1].
fri(%ar’)
proof safe
fix r
assume 70 < rr < r0 + Sucn
show fr (20 r) = (> r'+ [r0.<r+1]. fr' (%a 1)
proof (cases r < 10 + n)
case True
then have fr (20 r) = (>, '+ [r0.<r+1]. fr' (a 1)
using *(4) «r0 < 1)

by simp
also have ... = (> v/« [r0.<r+1]. fr' (?a 1))
proof (rule sum-list-cong, safe)

fix r’

assume 1’ € set [r0..<r + 1]
then show fr' (ar’) = fr' (%ar’)
using True (r0 < 1)
by auto
qed
finally show ?thesis
by simp
next
case Fulse
then have r = r0 + n
using (r < 70 + Suc n)
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by simp
show “thesis
proof (cases f (r0 + n) (b (r0 + n — 1)) < f (r0 + n) (b (r0 + n
— 1)+ 1))
case True
have f (10 +n) (b (10 +n — 1)+ 1)=f (10 + n — 1) (b (r0 +
n—1))+f (0 +mn) b (r0+n—1))
using True ap
by simp
then have f (r0 + n) (b (r0 +n — 1) + 1) = (O r’[r0..<r0 +
nl. fr'(ar))+ f(r0 +n) (b (r0 + n — 1))
using x(4) m # O
by simp
also have ... = (3 r’«[r0..<r0 + n]. fr' (if r' = 70 + n then b (r0
+n—1)else (ar’)) +f (r0 +n) (if rO + n =10 + nthen b (r0 + n — 1)
else (a (r0 + n)))
proof—
have (3 r’[r0..<r0 + n]. fr' (ar’) = O r’[r0..<r0 + n]. f
' (if ' =1r0 + nthen b (r0 + n — 1) else (a r')))
by (rule sum-list-cong, simp)
then show ?thesis
by simp
qed
also have ... = (3} r'«[r0..<r0 + n + 1]. fr' (if r' = 10 + n then
b (r0 +n — 1) else (ar')))
by (subst sum-list-last, simp-all)
finally show “thesis
using True (r = r0 + n)
by simp (metis One-nat-def)
next
case Fulse
then have f (r0 + n) (b (r0 + n — 1)) =f (r0 + n — 1) (b (10
+n—1)+f@0+n)(b(r0+n—1)+ 1)
using ap
by simp
then have f (r0 + n) (b (r0 + n — 1)) = (O r'«[r0..<r0 + n]. f
r'(ar)+f(r0+n)(b(r0+n—1)+1)
using *(4) (n # O
by simp
also have ... = (3 r’«[r0..<r0 + n]. fr' (if r' = 70 + n then b (r0
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+n—1)+ 1else (ar)) +f(r0 +n) (if r0 + n =10 + nthen b (r0 + n —
1) + 1 else (a (r0 + n)))
proof—
have (3. r'«[r0..<r0 + n]. fr' (ar’) = O r'[r0..<r0 + n]. f
' (if " =10 + nthendb (r0 + n — 1) + 1 else (a 1))
by (rule sum-list-cong, simp)
then show ?thesis
by simp
qed
also have ... = (3 r’s—[r0..<r0 + n + 1]. fr' (if r' = r0 + n then
b(r0+n— 1)+ 1else (ar’))
by (subst sum-list-last, simp-all)
finally
show ?thesis
using Fuolse (r = r0 + n)
by simp (metis One-nat-def Suc-eq-plusl)
qged
qed
qed

moreover

have Vr. r0 <r A r < r0 + Sucn —
far # br A
c0 < %ar A f%ar<cl+ (r—r0)A
c0 < ?2br AN?br<cO0+ (r—r0)A
(Par=2(r—1)V2ar=%2(r—1)+ 1) A
(br=2 (r—1)V %r=%2%(r—1)+1)
proof safe
fix r
assume r0 < rr < r0 + Sucn 2ar = % r
then show False
using x
by (simp split: if-split-asm)
next
fix r
assume 70 < rr < r0 + Suc n
show c0 < %a r
proof (cases v < 10 + n)
case True
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then show ?thesis
using * (r0 < 1
by auto
next
case False
then have r = r0 + n
using (r < r0 + Suc n)
by simp
then show ?thesis
using *(2) =(3)[rule-format, of 0 + n — 1]
by (smt Suc-diff-1 Suc-eq-plus1 Suc-leD Suc-le-mono (r0 < 7 add-gr-0
diff-less fun-upd-same less-antisym less-or-eq-imp-le zero-less-one)
ged
next
fix r
assume 70 < rr < r0 4+ Sucn
show %a r < c0 + (r — r0)
proof (cases r < r0 + n)
case True
then show ?thesis
using * (rf < 7
by auto
next
case False
then have r = r0 + n
using (r < 70 + Suc n)
by simp
then show ?%thesis
using *(2) x(3)[rule-format, of 0 + n — 1]
by (smt Suc-diff-Suc r0 < 1 add-Suc-right add-diff-cancel-left’
add-diff-cancel-right’ fun-upd-same le-Suc-eq less-Suc-eq less-or-eq-imp-le nat-add-left-cancel-le
plus-1-eq-Suc)
qed
next
fix r
assume 70 < rr < r0 4+ Sucn
show c0 < 2b r
proof (cases r < r0 + n)
case True
then show ?thesis
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using * (r0 < 7
by auto
next
case Fulse
then have r = r0 + n
using (r < 70 + Suc n)
by simp
then show ?thesis
using *(2) x(3)[rule-format, of 10 + n — 1]
by (smt Suc-diff-1 Suc-eq-plus1 Suc-leD Suc-le-mono r0 < r) add-gr-0
diff-less fun-upd-same less-antisym less-or-eq-imp-le zero-less-one)
qed
next
fix r
assume 70 < rr < r0 + Sucn
show ?br < ¢0 + (r — r0)
proof (cases v < 10 + n)
case True
then show ?%thesis
using * (r0 < 7
by auto
next
case False
then have r = 70 + n
using (r < 70 + Suc n
by simp
then show ?thesis
using (2) x(3)[rule-format, of r0 + n — 1]
by (smt Suc-diff-Suc r0 < r add-Suc-right add-diff-cancel-left’
add-diff-cancel-right’ fun-upd-same le-Suc-eq less-Suc-eq less-or-eq-imp-le nat-add-left-cancel-le
plus-1-eq-Suc)
qed
next
fix r
assume 70 < rr < r0 + Sucn
ar £ 2% (r—1)+ 1
then show %a r = b (r — 1)
using x
by (auto split: if-split-asm)
next
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fix r
assume 70 < rr < r0 4+ Sucn
br# % (r— 1)+ 1
then show %b r = 2b (r — 1)
using x
by (auto split: if-split-asm)
qed
ultimately
show ?thesis
by blast
qed
qed
ged
qed

obtain a b where x:
a0=0b0=20

Vr.0 <rAr <2018 —ar#br
Vr.0 <rAr<2018 — ar
Vr. 0 <r ANr <2018 — br
Vr.0 <rANr<2018 — ar
Vr.0 <r Ar <2018 —br=

I IA A

Vr<2018. fr (br)= (O r « [0.<r+1].

using path[rule-format, of 0 0 2018)]
by auto

-
b(r—1
b

203

have ab: Vr < 2018. ar=br+1Var=br — 1

using x(1—23) *(6—7)

by (metis Suc-eq-plus! diff-add-inverse diff-is-0-eq’ le0 neq0-conv plus-1-eq-Suc)

have maz-maz:Vr. 0 <r Ar < 2018 — maz (a (r — 1)) (b (r — 1)) < maz

(ar) (br)
proof safe
fix r :: nat
assume 7: 0 < rr < 2018

show maz (a (r — 1)) (b (r — 1)) < maz (a7) (b1)

proof (cases r = 1)
case True
then show ?%thesis
using (@ 0 = ) <b 0 = O
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by simp
next
case Fulse
then have ar =b (r — 1)Var=»b(r— 1)+ 1
br=b(r—1)Vbr=>b(r—1)+1
ar#bra(r—1)#0b(r—1)
using r *
by simp-all
moreover
havea (r—1)=bb(r—1)Va(r—1)=b(r—1)4+1Va(r—1)=
b(r—1)—1
using ab[rule-format, of r—1] r False
by auto
ultimately
show ?thesis
by (smt diff-le-self eq-iff le-add1 max.commute maz.mono)
qed
qed

have min-min: Vr. 0 <r A r < 2018 — min (a (r — 1)) (b (r — 1)) > min
(ar) (br)—1
using *(2) x(3) *(6) *(7)
by (smt One-nat-def Suc-diff-Suc Suc-leD cancel-comm-monoid-add-class.diff-cancel
diff-zero le-0-eq le-diff-conv less-Suc-eq min.coboundedl min-def nat-less-le)

let ?fa = map (A r. fr (ar)) [0..<2018]

have inj-on (A r. fr (ar)) (set [0..<2018])
unfolding inj-on-def
proof safe
fix r1 r2
assume r1 € set [0..<2018] r2 € set [0..<2018]
fri (arl)=fr2 (ar2)
have (r1, a r1) € triangle 0 0 2018 (12, a r2) € triangle 0 0 2018
using (r1 € set [0..<2018)) 2 € set [0..<2018)) *(4) =(1)
using le-eq-less-or-eq triangle-def
by auto
moreover
have fr1 (arl) = (uncurry f) (r1, arl) fr2 (ar2) = (uncurry f) (r2, a
r2)
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by auto
ultimately
show r1 = r2
using <ng-on (uncurry f) (triangle 0 0 2018)) «fr1 (arl) = fr2 (ar2)
by (metis inj-onD prod.inject)
qed

have distinct ?fa
using Gnj-on (A r. fr (ar)) (set [0..<2018])
by (simp add: distinct-map)

have V z € set ?fa. © > 0
proof safe
fix z
assume z € set fa
then obtain r where r < 2018z = fr (ar)
by auto

have (r, a r) € triangle 0 0 2018
using x(4) *(1) r < 2018
by (cases r = 0, auto simp add: triangle-def)
moreover
have (uncurry f) (r, ar) = fr (ar)
by auto
ultimately
have fr (a 1) € (uncurry f) * triangle 0 0 2018
by (metis rev-image-eql )
then show z > 0
using f(2) @ = fr (ar)
by auto
qed

have set (map nat ?fa) = {1..<2018+1}
proof (rule consecutive-nats)
show length (map nat ?fa) = 2018
by simp
next
show distinct (map nat ?fa)
proof (subst distinct-map, safe)
show distinct (map (Ar. fr (ar)) [0..<2018])
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by fact
next
show inj-on nat (set ?fa)
using vV = € set ?fa. x > 0) inj-on-def
by force
qed
next
show V z € set (map nat ?fa). © > 0
using %V z € set fa. z > O)
by simp
next
show sum-list (map nat ?fa) < 2018 % (2018 + 1) div 2
proof—
have (> z < ?fa. z) € (uncurry f) ¢ (triangle 0 0 2018)
proof—
have (> z < ?fa. z) = f 2017 (b 2017)
using x(8)[rule-format, of 2017]
by simp
moreover
have (2017, b 2017) € triangle 0 0 2018
using *(5)
unfolding triangle-def
by simp
moreover
have (uncurry f) (2017, b 2017) = f 2017 (b 2017)
by simp
ultimately
show “thesis
by force
qged
then have () z « %fa. x) < 2018%(2018 + 1) div 2
using f(2)
by auto
moreover
have Vze{0..<2018}. 0 < fz (a )
by (simp add: Y z€set (map (Ar. fr (ar)) [0..<2018]). 0 < z) le-less)
ultimately
show ?thesis
using sum-list-nat[of [0..<2018] (Ar. fr (aT))]
by (simp add: comp-def)
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qed
qed

have ?fa <™~~> map int [1..<2018+1]
proof—
have set ?fa = set (map int [1..<2018+1])
proof (subst inj-on-Un-image-eq-iff [symmetric])
show nat ‘ set ?fa = nat ‘ set (map int [1..<2018+1])
proof—
have set (map nat ?fa) = nat ‘ set ?fa
by auto
moreover
have nat ‘ set (map int [1..<2018+1]) = {1..<2018+1}
by (metis (no-types, hide-lams) atLeastLess Than-upt map-idl map-map
nat-int o-apply set-map)
ultimately
show ?thesis
using (set (map nat ?fa) = {1..<2018+1}
by simp
qed
next
show inj-on nat (set ?fa U set (map int [1..<2018 + 1]))
proof—
have set ?fa U set (map int [1..<2018 + 1]) C {z:zint. x > 0}
using %V z € set ?fa. x > 0)
by auto
moreover
have inj-on nat {z:int. x > 0}
by (metis inj-on-inversel mem-Collect-eq nat-int zero-less-imp-eq-int)
ultimately
show ?thesis
by (smt inj-onD inj-onl subsetD)
qed
qged

then have mset ?fa = mset (map int [1..<2018+1])
proof (subst set-eq-iff-mset-eq-distinct[symmetric])
show distinct ?fa
by fact
next
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show distinct (map int [1..<2018+1])
by (simp add: distinct-map)
qed simp

then show ?thesis
using mset-eq-perm
by blast

qed

let 2l = min (a 2017) (b 2017)

let ?r = max (a 2017) (b 2017)

let ?r0l = 2018 — ¢l and ?cOl = 0 and ?nl = %]

let 2r0r = 2r + 1 and 2cOr = ?r + 1 and %nr = 2017 — ¢r

{

1h

fix 70 cOn

assume triangle v0 c0 n C triangle 0 0 2018
assume V r < 2018. (r, a r) ¢ triangle r0 cO n
assume n > 1008

assume c0 < r0r0 + n < 2018

have V p € triangle v0 c0 n. (uncurry f) p > 2018
proof (rule ccontr)
assume — ?Zthesis
then obtain r ¢ where (r, ¢) € triangle 70 cOn fr ¢ < 2018
by auto
moreover
have (r, ¢) € triangle 0 0 2018
using (triangle r0 c0 n C triangle 0 0 2018 (r, ¢) € triangle r0 c0 n)
by auto
then have frc > 1
using (uncurry f) ¢ (triangle 0 0 2018) = {1..<2018%(2018 + 1) div 2 +

by force
then have nat (frc) € {1..<2018+1}

using (fr ¢ < 2018

by auto
then have fr ¢ € set (map int [1..<2018+1])

by (smt <1 < fr ¢ atLeastLessThan-upt image-eql int-nat-eq set-map)
then have fr ¢ € set ?fa
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using (?fa <~~> map int [1..<2018+1)
using perm-set-eq
by blast
then obtain r’ where r' < 2018 fr' (ar’) = frc
by auto
have (r', a r') € triangle 0 0 2018
using (r' < 2018) x(1) %(4)
by (cases v’ = 0) (auto simp add: triangle-def)
then have r = ' ¢ = a r’
using (fr' (a ') = fr o nj-on (uncurry f) (triangle 0 0 2018)) (r, ¢) €
triangle 0 0 2018)
unfolding inj-on-def
by force+

then have (1, a r’) € triangle 70 cO n
using (r, ¢) € triangle 0 c0 n)
by simp

then show Fulse
using (r’ < 2018 ~ r < 2018. (r, a 1) ¢ triangle r0 c0 n)
by auto
qed

obtain ar br where 7:

ar r0 = c0 br r0 = c0

Vr.r) <r Ar<r)+mn— arr #brrA
c0 <arr ANarr<cl+ (r—rd) A
c0 <brrANbrr<c0+ (r—r0)A
(arr=0br(r—1)Varr=(br (r—
(brr=0br(r—1)Vbrr=(br(r-—

Vr.r0 <rANr<rl0+n—
fr(brr)=
o r'[ro..<r+1]. fr' (ar ')

using (r0 + n < 2018) c0 < r0) (n > 1008

using path[rule-format, of r0 c0 n]

by auto

S
~

haveV r. r0 < r Ar <r0 + n — (r, ar r) € triangle 70 c0 n

proof safe
fix r
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assume 70 < rr <r0 + n
then show (r, ar r) € triangle 70 cO n
using r(1) r(2) r(3)[rule-format, of ]
unfolding triangle-def
by (cases r = r0) auto
qed
then have V r. 70 < r Ar <10 +n — fr (arr) > 2018
using v p € triangle 0 c0 n. (uncurry f) p > 2018
by force

have (r0 + n — 1, br (r0 + n — 1)) € triangle r0 c0 n
using r(3)[rule-format, of 10 + n — 1]
using (r0 + n < 2018) (n > 1008)
by (simp add: triangle-def )
then have (r0 + n — 1, br (r0 + n — 1)) € triangle 0 0 2018
using (triangle 0 c0 n C triangle 0 0 2018)
by blast
then have (uncurry f) (r0 +n — 1, br (r0 +n — 1)) € {1..<2018 = (2018
+ 1) div2 + 1}
using f(2)
by blast
then have f (10 +n — 1) (br (r0 + n — 1)) < 2018%(2018+1) div 2
by simp

moreover

have f (r0 +n — 1) (br (r0 +n — 1)) = Q. r'«[r0..<(r0 + n — 1) + 1].
fr!(arrh)
using r(4)[rule-format, of 10 + n — 1]
using (r0 + n < 2018 (n > 1008
by simp

ultimately

have 1: (3 r«[r0..<(r0 + n — 1) + 1]. fr' (ar 1)) < 2018%(2018+1) div
2
by simp

have length ([r0..< (r0 +n — 1) + 1]) =n
using (n > 1008)
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by auto

have n % (2 % 2018 + n + 1) div 2 > 1008 % (2x2018 + 1008 + 1) div 2
proof—
have n % (2 % 2018 + n + 1) > 1008  (2x2018 + 1008 + 1)
using (n > 1008)
by (metis Suc-eq-plusl add-Suc mult-le-mono nat-add-left-cancel-le)
then show ?thesis
using div-le-mono
by blast
qed

moreover

have length [r0..<(r0 + n — 1) 4+ 1] % (2 % 2018 + length [r0..<(r0 + n —
1)+ 1]+ 1) div 2 <
o r«[r0..<(r0 + n — 1) + 1]. nat (fr' (ar r’)))
proof (rule sum-list-distinct-Ib)
have Vr'eset [r0..<(r0 + n — 1) + 1]. 2018 < fr' (ar 1)
using vV r. 70 < r Ar <r0+n— fr(arr)> 2018 (n > 1008
by simp
then show Vr'eset [r0..<(r0 + n — 1)+ 1]. 2018 < nat (f r' (ar r'))
by auto
next
show distinct (map (Az. nat (fz (ar z))) [r0..<(r0 + n — 1) + 1])
proof (subst distinct-map, safe)
show inj-on (Az. nat (f z (ar z))) (set [r0..<(r0 + n — 1) + 1])
unfolding inj-on-def

proof safe
fix r1 r2
assume 71 € set [10.<(r0 +n — 1) + 1] 72 € set [r0..<(r0 + n — 1)
+ 1]
nat (frl (arrl)) = nat (fr2 (ar r2))
have (r1, ar r1) € triangle 0 c0 n (r2, ar r2) € triangle r0 c0 n
using (r1 € set [r0..<(r0 +n — 1) + 1) a2 € set [r0..<(r0 + n —
1)+ 1]

using vV r. 70 < r Ar <710+ n— (r, ar r) € triangle r0 c0 n
using (n > 1008
by force+
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then have (r1, ar r1) € triangle 0 0 2018 (r2, ar r2) € triangle 0 0 2018
using (triangle 0 c0 n C triangle 0 0 2018)
by blast+

moreover

have fr1 (arl) = (uncurry f) (r1, arl) fr2 (ar2) = (uncurry f) (r2,

ar2)

by auto

moreover

have frl (arl) = fr2 (ar2)

using (11, ar r1) € triangle 0 0 2018) (r2, ar r2) € triangle 0 0 2018
using (nat (f r1 (arr1)) = nat (f r2 (ar r2))
using (71, ar r1) € triangle 0 c0 n)
using v p € triangle 0 c0 n. 2018 < uncurry f p
using inj-on (uncurry f) (triangle 0 0 2018))
by (smt Pair-inject eq-nat-nat-iff inj-on-def nat-0-iff uncurry.simps)

ultimately

show r1 = r2
using ¢inj-on (uncurry f) (triangle 0 0 2018))
using (71, ar r1) € triangle r0 c0 n)

~ petriangle 70 c0 n. 2018 < uncurry f p
mat (fr1 (arrl)) = nat (fr2 (ar r2))
by (smt Pair-inject inj-on-eq-iff int-nat-eq uncurry.simps)
qed
qged simp
qed
ultimately

have (3 r«[r0.<(r0 + n — 1) + 1]. nat (fr' (arr'))) > 1008 * (2x2018
+ 1008 + 1) div 2
using (ength ([r0.< (r0 + n — 1) + 1]) = mw
by simp

moreover
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have (> r«[r0..<(r0 +n — 1) + 1]. nat (fr' (arr")) = nat (> r'[r0..<(r0
+n— 1)+ 1]. fr' (arr’))
proof (rule sum-list-nat)
show Vr'eset [r0..<(r0 + n — 1)+ 1]. 0 < fr' (arr)
using vV r. 70 < r Ar<r0+n— fr(arr)> 2018 n > 1008
by auto
qged

ultimately

have 2: nat (> r'«[r0..<(r0 + n — 1) + 1]. fr' (arr’)) > 1008 * (2x2018
+ 1008 + 1) div 2
by simp

have Fulse
using 1 2
by simp
} note triangle = this

show Fulse
proof (cases ?nl < ?nr)
case True
show False
proof (rule triangle)
show triangle ?rOr ?cOr ?nr C triangle 0 0 2018
unfolding triangle-def
by auto
next
show ?nr > 1008
using ab[rule-format, of 2017] True
by (auto simp add: maz-def min-def split: if-split-asm)

next
show V r < 2018. (r, ar) ¢ triangle ?rOr ?cOr ?nr
proof—
have V r < 2018. maz (ar) (br) < ?r
proof—

have V r < 2018. max (a (2017 — 1)) (b (2017 — r)) < ?r
proof safe
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fix r:nat
assume r < 2018
then show maz (a (2017 — 1)) (b (2017 — 1)) < ?r
proof (induction r)
case ()
then show ?Zcase
by simp
next
case (Suc r)
then show ?case
using maz-maz *(1—-2)
by (smt Suc-diff-Suc Suc-lessD add-diff-cancel-left’” diff-Suc-Suc
diff-less-Suc max.boundedE max.orderE one-plus-numeral plus-1-eq-Suc semiring-norm(4 )
semiring-norm(5) zero-less-diff)
qed
qged
then show ?thesis
by (metis Suc-lel add-le-cancel-left diff-diff-cancel diff-less-Suc one-plus-numeral
plus-1-eq-Suc semiring-norm(4) semiring-norm(5))
qed
then show ?%thesis
unfolding triangle-def
by auto
ged
next
show 2r0r < ?2c¢Or
by simp
next
show 2r0r + ?nr < 2018
by (simp add: x(4) *(5))
qed
next
case Fulse
show ?thesis
proof (rule triangle)
show triangle ?r0l ?c0l ?nl C triangle 0 0 2018
using (4 )[rule-format, of 2017] %(5)[rule-format, of 2017]
unfolding triangle-def
by auto
next
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show 2c¢0l < 2r0l
by simp
next
show 2018 — min (a 2017) (b 2017) + min (a 2017) (b 2017) < 2018
using (4 )[rule-format, of 2017] x(5)[rule-format, of 2017
by auto
next
show 2nl > 1008
using ab[rule-format, of 2017] False
by (auto simp add: maz-def min-def split: if-split-asm)

next
show YV r < 2018. (r, a r) ¢ triangle ?r0l ?cOl ?nl
proof—
have V r < 2018. min (a 1) (br) > 2l — (2017 — 1)
proof—
have V r < 2018. min (a (2017 — r)) (b (2017 — 1)) > 2l — (2017 —
(2017 — 1))
proof safe
fix r:nat

assume r < 2018
then show 2 — (2017 — (2017 — r)) < min (a (2017 — 1)) (b (2017

proof (induction r)
case (
then show ?case
by simp
next
case (Suc r)
have min (a 2017) (b 2017) — (2017 — (2017 — Suc 1)) = min (a
2017) (b 2017) — 1 — 1
using (Suc r < 2018)
by auto
also have ... < min (a (2017 — 1)) (b (2017 — 1)) — 1
using Suc
by (smt Suc-lessD diff-Suc-Suc diff-diff-cancel diff-le-mono le-less
one-plus-numeral plus-1-eq-Suc semiring-norm(4) semiring-norm(5) zero-less-diff)
also have ... < min (a (2017 — r — 1)) (b (2017 — r — 1))
using min-min[rule-format, of 2017 — r] (Suc r < 2018
by simp
finally
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show ?case
by simp
qed
qed
then show ?thesis
by (smt diff-diff-cancel diff-less-Suc le-less less-Suc-eq one-plus-numeral
plus-1-eq-Suc semiring-norm(4) semiring-norm(5))
qged
then show ?thesis
by (auto simp add: triangle-def)
qed
qed
qged
qed

end

7.3 Number theory problems

7.3.1 IMO 2018 SL - N5

theory IMO-2018-SL-N5-sol
imports Main
begin

definition perfect-square :: int = bool where
perfect-square s «— (3 r. s =1 * r)

lemma perfect-square-root-pos:
assumes perfect-square s
showsd r.r>0As=rxr
using assms
unfolding perfect-square-def
by (smt mult-minus-left mult-minus-right)

lemma not-perfect-square-15:
fixes q¢::int
shows ¢°2 # 15

proof (rule ccontr)
assume - ?thesis
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then have 372 < (abs q) "2 (abs q) "2 < 472
by auto

then have 3 < abs q abs ¢ < 4
using abs-ge-zero power-less-imp-less-base zero-le-numeral
by blast+

then show Fulse
by simp

qged

lemma not-perfect-square-12:
fixes q::int
shows ¢°2 # 12
proof (rule ccontr)
assume — ?thesis
then have 372 < (abs q) "2 (abs q) "2 < 472
by auto
then have 8 < abs q abs q < 4
using abs-ge-zero power-less-imp-less-base zero-le-numeral
by blast+
then show Fulse
by simp
qed

lemma not-perfect-square-8:
fixes g::int
shows ¢"2 # 8
proof (rule ccontr)
assume — ?thesis
then have 272 < (abs q) "2 (abs q) "2 < 372
by auto
then have 2 < abs q abs ¢ < 3
using abs-ge-zero power-less-imp-less-base zero-le-numeral
by blast+
then show Fulse
by simp
qed

lemma not-perfect-square-7:
fixes q::int
shows ¢~2 #£ 7
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proof (rule ccontr)
assume - ?thesis
then have 272 < (abs q) "2 (abs q) "2 < 372
by auto
then have 2 < abs q abs ¢ < 3
using abs-ge-zero power-less-imp-less-base zero-le-numeral
by blast+
then show Fulse
by simp
qed

lemma not-perfect-square-5:
fixes q::int
shows ¢°2 # 5
proof (rule ccontr)
assume — ?thesis
then have 2°2 < (abs q) "2 (abs q) "2 < 372
by auto
then have 2 < abs q abs ¢ < &
using abs-ge-zero power-less-imp-less-base zero-le-numeral
by blast+
then show Fulse
by simp
qged

lemma not-perfect-square-3:
fixes q::int
shows ¢°2 # 8
proof (rule ccontr)
assume - ?thesis
then have 1°2 < (abs q) "2 (abs q) "2 < 272
by auto
then have 1 < abs q abs ¢ < 2
using abs-ge-zero power-less-imp-less-base zero-le-numeral
by blast+
then show Fulse
by simp
qed

lemma IM0O2018SL-N5-lemma:
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fixes sa bcd:: int
assumes s°2 = a2 + 07252 =¢c"24+d"22xs=0a"2 — c"2
assumes s > 0a>0d>0b>0c>0b>0Ve>0b>c
shows Fulse
proof—
have 2%s = d"2 — b2
using assms
by simp

have d > 0
using (2 x s =d°2 — b2 ¢ >0 d > 0
by (smt pos-imp-zdiv-neg-iff zero-less-power2)

have a > 0
using (2 x s =a"2 —c" 2> 0 a >0
by (smt pos-imp-zdiv-neg-iff zero-less-power2)

have b > 0
using assms
by auto

have d°2 > ¢"2
using (2 x s =d?> — b c < WO < s (>0
by (smt power-mono)

then have d"2 > s°2 div 2
using (s"2 = c¢"2 + d"2
by presburger

then have 2xs°2 < /*xd "2
by simp

have b < d
using (2xs = d"2 —b" 2 s> 0 «d > 0 b >0
by (smt power-mono-iff zero-less-numeral)

have even b «— even d
using (2xs = d°2 — b~
by (metis add-uminus-conv-diff dvd-minus-iff even-add even-mult-iff even-numeral
power2-eq-square)
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then have b < d — 2
using (b < d
by (smt even-two-times-div-two odd-two-times-div-two-succ)

then have 2xs > d~2 — (d—2) "2
using (2xs =d"2 —b" 2> «d > 0 b > O
by auto
then have s > 2x(d — 1)
by (simp add: algebra-simps power2-eq-square)
then have 2xd < s + 2
by simp
then have 4xd"2 < (s + 2) "2
using abs-le-square-iff [of 2xd s + 2] «d > 0) s > O
by auto
then have 2xs°2 < (s+2) "2
using (2572 < 4*d"2)
by simp
then have (s — 2)°2 < 8
by (simp add: power2-eq-square algebra-simps)
then have (s — 2)°2 < 372
by simp
then have s — 2 < &
using power2-less-imp-less
by fastforce
then have s < /
by simp
thenhave s =1V s=2Vs=8Vs=/
using (s > 0
by auto
moreover
have Apqguint. [16 =p°2+ ¢ 2;p>0,¢q>0]=p=0Vqg=20
proof—
fix p q :: int
assume 16 =p 24+ q2p>0qg>0
have p < /
proof (rule ccontr)
assume - ?thesis
then have p > 5
by simp
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then have p~2 > 25
using power-monolof 5 p 2]
by simp
then have p~2 + ¢°2 > 25
using zero-le-power2|of q]
by linarith
then show Fulse
using (16 = p~2 + ¢"2)
by auto
qed
thenhave p=0Vp=1Vp=2Vp=38Vp=/
using 0 < p
by auto
then show p =0V ¢=10
using (16 = p~2 4+ ¢~ 2) not-perfect-square-15 not-perfect-square-12 not-perfect-square-7
by auto
qed
moreover
have Apguint. [9=p"24+¢2;,p>0,¢q>0=p=0Vqg=20
proof—
fix p q :: int
assume 9 =p"2 4+ ¢ 2p>0q>0
have p < 3
proof (rule ccontr)
assume — ?thesis
then have p > /
by simp
then have p~2 > 16
using power-monolof 4 p 2]
by simp
then have p~2 + ¢°2 > 16
using zero-le-power2|of q|
by linarith
then show Fulse
using (9 = p~2 + ¢°2
by auto
ged
thenhave p=0vVvp=1Vp=2Vvp=3
using (0 < p)
by auto
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then show p =0V ¢=10
using (9 = p~2 + ¢"2) not-perfect-square-8 not-perfect-square-5
by auto
qged
moreover
have Apg=int. [4 =p°2+¢2;p>0;¢>0=p=0Vqg=20
proof—
fix p q :: int
assume 4 =p 2+ q¢2p>0q>0
have p < 2
proof (rule ccontr)
assume — ?thesis
then have p > 3
by simp
then have p~2 > 9
using power-mono[of 8 p 2]
by simp
then have p~2 + ¢°2 > 9
using zero-le-power2]of ¢]
by linarith
then show Fulse
using (4 = p~°2 + ¢°2
by auto
qed
then have p=0vVvp=1Vvp=2
using (0 < p)
by auto
then show p =0V q¢q =0
using (4 = p~2 + ¢"2) not-perfect-square-3
by auto
qed
moreover
have Apguint. [1 =p°2+4+q¢2;,p>0;,¢q>0=p=0Vqg=20
by (smt one-le-power)
moreover
have a # 0d # 0
using (@ > O «d > O
by auto
ultimately
have c=0b =0
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using (s 2 =c24+d2>d>0<ic>0 s 2=a"2+0"2¢a>0b>0
by fastforce+
then show Fulse
using (b > 0V ¢ > 0
by auto
qged

theorem IMO2018SL-N5:
fixes x y z t :: int
assumes pos: x > 0y >0z >0t >0
assumes eq: zxy — 2xt = +yxr +y=2+1
shows — (perfect-square (zxy) N perfect-square (zxt))
proof (rule ccontr)
assume - ?thesis
then obtain a ¢ where zxy = axa 2zt = cxca > 0c¢ > 0
using perfect-square-root-pos pos
by (smt zero-less-mult-iff)

show Fulse
proof (cases odd (z + y))
case True

have even (z * y)
using True
by auto

moreover

have odd (z + t)
using True eq(2)
by simp

then have even (z * t)
by auto

ultimately

have even (xxy — zxt)
by simp

then show Fulse
using eq(1) True
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by simp
next
case Fulse
then have even (z + y) even (z + t)
using eq(2)
by auto

let %s = (z + y) div 2
let b = abs (x — y) div 2 and ?d = abs (z — t) div 2

have %s "2 =a "2+ 2 "~ 2
proof—
have a2 + ?b°2 = (z+y) "2 div 4
using (even (z+vy) div-power[of 2 abs (z — y) 2] (w*xy = axa
by (simp add: power2-eq-square algebra-simps)
then show ?thesis
by (metis False div-power mult-2-right numeral-Bit0 power2-eq-square)
qed

have %s "2 =¢c "~ 2+ %d ~ 2
proof—
have ¢2 + 2d°2 = (z+t) "2 div 4
using (even (z+t)) div-power|of 2 abs (z — t) 2] (zxt = cxo)
by (simp add: power2-eq-square algebra-simps)
then show ?thesis
by (metis eq(2) False div-power mult-2-right numeral-Bit0 power2-eq-square)
qed

have 2x%s = a"2 — ¢"2
using (even (z + y)) (@xy = axa) (zxt = cxo) eq(1)
by (simp add: power2-eq-square)

have %s > 0
using (@ > 0) (y > )
by auto

have ?b > 0 ?d > 0
by simp-all

show ?thesis
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proof (cases ?b > c¢)
case True
then show Fulse
using IM0O2018SL-N5-lemmalof s a 2b ¢ 2d]
using (?s”2 = a"2 + ?6°2) (%572 = c"2 4+ 2d°2) (2%% = a"2 — ¢c"D
using (@ > 0 ¢ > 0) (?s > 0y (?d > O
by simp
next
case Fulse
then have ¢ > %b
by simp
then show Fulse
using IMO2018SL-N5-lemmalof ?s ?d ¢ ?b a]
using (?s”2 = a"2 + 26°2) (%572 = ¢c"2 4+ 2d°2) (2x%s = a"2 — ¢"D
using (@ > 0 <¢c > 0 (%s > ) <?b > 0) (?d > O»
by simp
ged
qed
qged

end
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