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Abstract

In this paper the relationship between symmetric minitive, maxitive, and
modular aggregation operators is considered. It is shown that the intersection
between any two of the three discussed classes is the same. Moreover, the
intersection is explicitly characterized.

It turns out that the intersection contains families of aggregation opera-
tors such as OWMax, OWMin, and many generalizations of the widely-known
Hirsch’s h-index, often applied in scientific quality control.
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1. Introduction

Aggregation operators consist of functions used to combine multiple nu-
meric values into a single one, in some way representative of the whole input.
They may be applied in many areas of human activity, e.g. in statistics,
engineering, operational research, quality control, image processing, pattern
recognition, webometrics, and scientometrics. For example, in scientific qual-
ity control at an individual level, we are often interested in assessing authors



of scholarly publications by means of the number of citations received by
each of his/her papers or by using some other measures of their quality, see
e.g. [11].

From now on let I = [a, b] denote any closed interval of the extended real
line, R = [~00, cc]. Note that in many practical applications we set I = [0, 1]
or I = [0,00], cf. [9] and [1], respectively. The set of all vectors of arbitrary
length with elements in I, i.e. |J)—, I", is denoted by I

Let £(T) denote the set of all aggregation operators in TV i.e. E(I) = {F :
42 — T}. Please note that the aggregation (averaging) functions, cf. [1,
14, 15, 13|, most commonly appearing in the literature, form a particular
subclass of £(I). We require each such function F to be nondecreasing in
each variable and to fulfill two boundary conditions: F(a,a,...,a) = a and
F(b,b,...,b) = b. Also observe that typically the aggregation (averaging)
functions are considered for a fixed-length input vectors (for other approaches
see e.g. [3, 4, 8, 12, 19, 21]).

In this paper, however, we focus our attention on aggregation operators
that are only nondecreasing (in each variable) and, additionally, symmet-
ric (i.e. which do not depend on the order of elements’ presentation). The
boundary conditions are omitted in our framework, as in some applications
they are too restrictive [9, 8]. Even though, note each aggregation operator F
is a function into I, therefore there is an implicit assumption that inf F > a,
and sup F < b.

Definition 1. We say that F € £(I) is symmetric, denoted F € Py, if
(Vn e N) (Vx,y € I") x ¥y = F(x) = F(y),

where x = y if and only if there exists a permutation o of [n| :={1,2,...,n}
such that x = (ya(l), - ,ya(n))

Definition 2. We say that F € £(I) is nondecreasing, denoted F € Py, if
(Vn e N) (Vx,y €I") x <y = F(x) < F(y),
where x <y if and only if (Vi € [n]) z; < y;.

In the theory of aggregation we are often interested in aggregation oper-
ators which fulfill a number of desirable properties. Among most basic ones
we may find e.g. maxitivity, minitivity, additivity, see [13], or modularity
[20, 17]. In this paper we study the relationship between the symmetrized
versions of these properties.



1.1. Notational Convention

If not stated otherwise explicitly we assume that n,m € N. Arithmetic
and lattice operations on vectors of the same length, e.g. +, —, V (maximum),
A (minimum), are always performed element-wise. Let x(; denote the ith
order statistic of x € I".

For each x € I" and y € I"™, (x,y) denotes the concatenation of the
vectors, i.e. (T1,. ., Tn, Y1s---,Ym) € ["T A vector (x,z,...,z) € I" is
denoted briefly by (n * x).

If f,g: 1 — I, then f < g (g dominates f) if and only if (Vz € I) f(z) <
g().

Additionally, 1 denotes the indicator function.

In the next section we present and characterize three very interesting
classes of symmetric aggregation operators, with which we are concerned in
this paper.

2. Symmetric Maxitive, Minitive, and Modular Aggregation Op-
erators

2.1. Definitions
Let us first recall the notion of a triangle of functions [10, 7|:

Definition 3. A triangle of functions is a sequence A = (f; ;, : I — I)icjn)nen

B Note that such an object is similar to a triangle of coefficients, (¢;, €
R)ic[n)nen, considered e.g. in [4, 8, 19].

Quasi-S- and quasi-L-statistics were introduced in [10].

Definition 4. A quasi-S-statistic generated by a triangle of functions A
is a function qS, € £(I) defined for any (z1,...,x,) € IV* as qSA(x) =
V?:l fi,n (x(nfiJrl))-

Quasi-S-statistics generalize the well-known OWMax operators [5] for
which we have f; ,(z) = 2 A ¢y, ¢ € 1, and (V) /i ¢in = b.

Definition 5. Let A = (f;,)icpnen be a triangle of functions such that
(Vn) >0 inff,,, > a, and Y supf;, < b. Then the quasi-L-statistic

generated by A is a function gL, € &£(I) defined for any (xy,...,z,) € IH%-
as gl (x) = >0, fin(Tm—it1)-



Note that e.g. the condition (Vn) " | inff;, > a is important for a < 0.
The class of quasi-L-statistics includes the OWA operators [26] (for 0 € I)
for which it holds f; ,(z) = ¢;nx, ¢ € [0,1], (Vn) D7, ¢in = 1, and the
OMA operators [20] with (Vn) >, f;, = id.

Let us introduce another interesting class of aggregation operators.

Definition 6. A quasi-I-statistic generated by a triangle of functions A is an
aggregation operator ql, for which we have ql(x) = Al fin(@m_it1)),
where (z1,...,x,) € IH?-.

This class of functions generalizes the OWMin operators [5], for which
we have f; () = x V ¢;,, where ¢;,, € I, and (Vn) Al_, ¢, = a. However,
observe that for each OWMax operator there exists an equivalent OWMin
operator, and inversely [13].

The name L-statistics (linear combination of order statistics or, some-
times, linear combination of a function of order statistics) probably first
appeared in [2] in the field of probability. Moreover, please note that V
and A denotes the maximum (Supremum) and, respectively, the minimum
(Infimum) operator, hence the other names.

It may easily be shown that the restriction of quasi-S-statistics and quasi-
I-statistics to I" (for any n) generalizes Sugeno integrals (cf. [13]) of x € I"
with respect to any monotonic symmetric set function ¢ : 2 — 1. Addi-
tionally, it should be noted that e.g. for I = [0, oo] the restriction of quasi-L-
statistics to I" (for any n) generalizes Choquet integrals (cf. [13]) of x € I"
with respect to any symmetric capacity o : 2% — 1.

2.2. Monotonicity

Obviously, we have qSx,qL A, qla € Prym) for any A. Let us check when
each introduced function is nondecreasing. Additionally, the three lemmas
below state that, without loss of generality, each triangle of functions may in
such case have some simplified form.

Lemma 7. Let I = [a,b] and & = (fin)icinjnen. Then qSp € Prna) if and
only if there exists V = (8;n)icm|nen satisfying the following conditions:

(i) (Vn) (Vi € [n]) gin is nondecreasing,
(i) (Yn) (Vi € [n]) gin(a) = gnnla),



such that qS, = qSy.

Proof. (=) Let us fix n. Let d,, := qSp(n*a) =\._, f;,(a). Therefore, as
aSa € Pay, for all x € I" it holds qS (x) > d,, > a. As a consequence,

n

qSA(X) - \/fzn (n— z+1

=1

nz+1 \/d>

||<:

Note that, as qS is nondecreasing, we have (Vx € I") (Vi € [n]) qSa(x) >
ASA (1% Z(n—it1), (N — 1) xa) because (T(n),...,Tq)) = (i*T(n_it1), (R —1)*a).
We therefore have qS (x) > f; ,(2(n—it1)), where 1 < j <4 < n. However, by
definition, for each x there exists k € [n] for which qSA(x) = fi . (T—k+1))-
Thus,

aSA(x) = aqSA(1* 2@, (n—1)%*a)
Vo qSA2* 241y, (n—2) *a)

Vo aSa(n*xay, (n—n)*a).

This implies

qSA \n/<\2/fjn nz+1)\/d>

=1 =

We may set g;,(x) := \/ fin(x) vV d, for all i € [n]. We see that gy, <
-2 8n,n and gl,n( ) = = gn n( ) =d,.
Let us show that each g;, is nondecreasing. Assume otherwise. Let
there exist ¢ and a < x < y < b such that g;,(x) > gi.(y). We have
qSy (ixx, (n—i)*a) = g; n(x) > qSy(ixy, (n—i)*a) = g; »(y), a contradiction.

(<) Trivial. O
In the next lemma we assume that a = 0, because otherwise the resulting

form of a triangle of functions becomes very complicated. In this case for
each A = (f;,,)icin] nen We have, by Definition 5, (Vn) " | inff;,, > 0.

Lemma 8. Let T = [0,b] and A = (fin)iem)nen such >0 supf;,, < b.
Then qLn € Pway if and only if there exists V = (8in)icin],nen satisfying the
following conditions:

(1) (Yn) (Vi € [n]) gin is nondecreasing,

bt



(ii) (Yn) 321 8in(b) <D,
(i) (Vn) (Vi > 1) gin(0) =0,

such that qLo = ql.
Proof. (=) We may obviously set g1 := fi; as 0 < f;; < b and fy is
nondecreasing.
Fix n > 1. Let d,, :== qLA(n % 0) and set gy ,(z) := qLs(z, (n — 1) % 0).
n(0) = 0.

Thus, g1,(0) = d,, > 0. Moreover, let us set (Vi > 1) g;
Consider any x € I". We have:

ql—v(x(n)> T(n-1), (77, - 2) * 0) = gl,n(x(n)> + g2,n(x(n—1)>a
and therefore:
g2n(Tm-1)) = Ala(@m), T(n-1), (n —2) *

n—2)
= qLA(iU(n), T(n—-1); (n—2)x*
f2,n(x(n71)) - f2,n(0) Z 0

By considering consecutive elements of x (in a nonincreasing order) we get
the following;:

gin(x) = qla(z,(n—1)%0)="f,(z —|—me
g2,n(37) = f2,n(-77) - f2,n(0)a
gnn(z) = fun() —fu0(0),

which gives gL, = qly, and ., gi..(b) <b.
We will show that each g;, is nondecreasing. Assume otherwise. Let
there exist ¢ and 0 < z < y < b such that g;,,(z) > gi.(y). We have

qlo((i = 1) *y, 2, (n — 1) % 0) = qlg(i * y, (n — 1) * 0) = gin(x) — Gin(y) > 0,
a contradiction, because gL is nondecreasing.

(<) Trivial. O

Lemma 9. Let I = [a,b] and & = (fin)icpinen. Then qly € Punay if and
only if there exists V = (8 n)icm)nen Satisfying the following conditions:

(1) (Yn) (Vi € [n]) gin is nondecreasing,
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(i) (Yn) (Vi € [n]) gin(b) = g1n(b),
such that ql, = qls.
Proof. (=) Let us fix n. Let e, := qla(nxb) = A\_, f;,(b). Therefore, as
aln € Pay, for all x € I" it holds gl (x) < e, < b. As a consequence,

n n

qla(x) = /\fm T(n—it1)) /\ i (Tn—it1) /\en) )
i=1 =1
Please note that, as gl is nondecreasing, we have (Vx € I") (Vi € [n])
ala(x) < qla((@ = 1) % b,(n — i + 1) * 2141)) because (T, ..., 21)) <
((1=1)%b,(n—i+1)*x34_i11)). We therefore have ql (x) < fjn(Zm—it1)),
where 1 <7 < j < n. However, by definition, for each x there exists k € [n]
for which gl (x) = frn(2(—k+1)). Thus,

ala(x) = qla((n—1)xb, 1 xx())
A qla((n—2) % b,2 % x(9))

A gla((n—mn) *b,n*xy,).
Consequently,

qIA /\ (/\fjn x(n Z+1)) Aen) .

Therefore we may set g; ,(z) := /\;Z fin(z) ANey, for all i € [n]. We see that

gin == 8n.n and gl,n(b) == 8n, n(b) = €n.

We will show that each g;, is nondecreasing. Assume otherwise. Let
there exist ¢ and a < x < y < b such that g;,(x) > gi.(y). We have
aly((n—1)*b,ixx) = g n(x) > qly((n—1i)*b,ixy) = gin(y), a contradiction.

(<) Trivial. O
2.8. Characterizations
Let us introduce the two following vector operations ([10], see also [13]).

s
The symmetric maximum is defined for any x,y € I" as x V' y = (1) V

s
Yy, - - -» T(m)VY(n)), and the symmetric minimum asx Ay = (xa)Ayay, - - -, L) A
Ymn))- These operations are called symmetric because for any u = x and
s s s s

v=ywehavexVy=uVvandxAy=uAv.

7



Definition 10. Let F € £(I). Then F is symmetric mazitive (denoted F €
s
Psmax)) Whenever (Vn) (Vx,y € I") F(x Vy) = F(x) V F(y).

Definition 11. Let F € £(I). Then F is symmetric minitive (denoted F €
S
Pleminy) if (V1) (Vx,y € 1") F(x Ay) = F(x) AF(y).

Modularity was discussed in [1, 20, 17]. Let us propose its symmetrized
version.

Definition 12. Let F € £(I). Then F is symmetric modular (denoted F €
s s
Plsmoa)) Whenever (Vn) (Vx,y € I") F(x Vy) + F(x Ay) = F(x) + F(y).

It may be shown easily that Pmax)s Psmin)s Psmod) € Psym) VPnd). More-
over, each symmetric modular aggregation operator is also symmetric addi-
tive (cf. [10, 13]).

Let us now present characterizations of nondecreasing quasi-S-, quasi-I-,
and quasi-L-statistics. The following proposition (without proof) was stated
n [10].

Proposition 13. Let I = [a,b] and F € £(I). Then F € Pgmax) if and only
if F is a nondecreasing quasi-S-statistic.

Proof. (=) Fix n and let x € I". We have F(x) = F((n*z@1),0%a) V ((n —
Dxag),lxa) V-V (1xzm), (n—1)xa)) = Vi Fi*2u_ir), (n—1) xa),
and therefore may set f; ,(x) = F(i x z,(n — i) x a). Note that (Vi € [i])
fin(a) = f,.(a) and, as F is nondecreasing, each f;,, is also nondecreasing.
Also, f;, <--- =2 f,, (cf. Lemma 7).

(<) Fixn and let x,y € I". Let A be such that S, € Py (of the form

S
given in Lemma 7). We have qSA(x V y) = Vi, fin(Zamoit1) V Ym-it1)) =

Viey (fin(@m-ivn) Vin(Wm-it1)) = Viey fin(@m-i) V Vi, fin(ym-ir) =
aSA(x) V gqSA(y), which completes the proof. O

Proposition 14. Let I = [a,b] and F € £(I). Then F € Pmin) if and only
if F is a nondecreasing quasi-I-statistic.

Proof. (=) Fixn and let x € I". We have F(x) = ((O*b kT () ) A(1%b, (n—

Dxzion) A A((n=1)xb, Lxzy)) = AL, F((l Db, (n—i41)*T@m-i+1)),
and therefore we may set f;,(x) = F((i — 1) % b, (n — 4 + 1) * 2(,_;41)). Note

8



that (Vi € [i]) f;.(b) = f,.(b) and, as F is nondecreasing, each f;,, is also
nondecreasing. Also, f;,, <--- <f,, (cf. Lemma 9).

(«<=) Trivial (analogous to the above proof). O

OMA operators were introduced in [20]. However, no proof was given for
their characterization (the authors discussed modular [1] operators and then
made their symmetrization). Also note that OMAs are idempotent and were
originally discussed in the case I = [0, 1]. Our result is thus more general.

Proposition 15. Let 1 = [0,b] and F € £(I). Then F € Prmoa) if and only
if F 1s a nondecreasing quasi-L-statistic.

Proof. (=) It is easily seen that if F € P(gmod), then the following inclusion-
exclusion-like principle holds, i.e. for any given n and all xq,...,x, € I" we
have

Foa Vo Vx) = 3 Fx)— Y Flx, Axy,)

1<i1<k 1<i1<ia<k

S S
+ Z F(X21 AN X A\ XZ'3) —

1<ii<ig<iz<k

s s
H(=DFFR(x A A xy).

Let x € I". Set x(") := (i % x(,_j11), (n — i) % 0), for i, € [n]. We have:
s s
X ~ (X[l’l] V.oV X[nﬂn})

a4 S o AN
For any 4,7, 7,7 € [n] it holds (X[W] A x5 ]) > x[iN53VI'T - Therefore,

Fx) = > FE)— Y F(xbe)

1<i1<n 1<i1<2<n

+ Z F(x[i1 ’i3}) —

1<i1<ig<iz<n

H )

= Z fi,n($(n71+1)),
i=1



fl,n(x) = F(l * T(n), (TL - 1) * 0)7
f2,n(x) = F(2 * T(n-1); (n - 2) * 0) - F(l * T (n-1), (n - 1) * 0)7
fsn(z) = FB*xp-9,(n—3)%0) = F(1*xx3_2,(n—1)*0)

—F(2 % 23-9), (n —2) % 0) + F(1 % 2(,—2), (n — 1) % 0)
= FB*xp-9,(n—3)%0) = F(2*x3,_2),(n —2) x0),

fan(z) = Fnxxzq),0%0)—F((n—1)*zaq),1*0),

and hence F is a quasi-L-statistic. Note that as F is nondecreasing then each
f;» is nondecreasing. We also have (Vi > 1) f;,,(0) =0, and >  f; ,(b) <
(cf. Lemma 8).

(<) Fixn and let x,y € I". Let A be such that gL, € Pna) (of the form

L s S .
given in Lemma 8). We have gL (x Vy)+qLlo(x Ay) = >0 fin(@moiyn V

y(n—z‘+1))+2?:1 fim(Tn—it ) \Yn—it1)) = Z?:l (fi,n(l’(n—i+1))+fi,n(y(n—z‘+1))) =
qla(x) +ala(y)- O

Let us explore the relationship between the three presented classes of
aggregation operators.

3. On the Relationship Between the Three Classes

Let us first find for which quasi-S-statistic there exists an equivalent quasi-
L-statistic. The following result was presented in [10] (for I = [0, o0]), how-
ever, only sketch of its proof was given there.

Proposition 16. Let I = [0,b0] and A = (fi;)icpnnen such that (Vn) i, =
oo X fpn, (Vi € [n)) fi, is nondecreasing, and f;,(0) = f,,,(0) > 0. Then
aSx is a quasi-L-statistic if and only if (Yn) (Vi € [n]) f;.(x) = w, () A, for
some nondecreasing functions wy,Ws, - -+ : I — I and a triangle of coefficients
(Ci,n)ie[n],nGN such that 0 S Wn(o) S Cln S e S Cnon S b.

Proof. (<=) Let us fix n. Let u(x) = /[, W (Z(n—it1))Aci, for x € I, where
w,, is a nondecreasing function, and w,(0) < ¢;, < --- < ¢,,. Obviously,
u is nondecreasing and u(x) > w,,(0).

10



Consider any x € I". Moreover, let u; = u(z@y, ..., Lmn_it1), (n — 1) * 0)
for ¢ € [n]. Tt is clear that u,, = qSA|i»(x). We have the following.

Uy = Wn(z(n)) A Cl.n,
Uy = Wp(zm)) Acin

+1(—<>O,Wn(93(n_1))] (Cl,n) ((Wn(x(nfl)) A CQ,n) - Cl,n) )
uz = Wp(Tm)) Acin

+1(foo,wn(x(n,1))] (Cl,n) ((Wn(x(n—l)) A CQ,n) - Cl,n)
+1(—<>O,Wn(:v(n_2))] (CQ,n) ((Wn(x(n72)) A CB,n) - CQ,n) 5

Uy = Wp(Tm)) Acip
n—1
+ Z 1(_oo,wn($(n_i))] (Cim) ((Wn(x(nfi)) A Cz’+1,n) — Cz’,n) .
i=1

Now if we generalize the above discussion to any n, we conclude that
a quasi-S-statistic qS, determined by the expression on the right side of
the theorem’s statement is equivalent to a quasi-L-statistic ql, for which
V = (8in)ic[nnen if defined as follows.

gz,n(x) = 1(7oo,wn(x)](ci71,n) ((Wn(x) A ci,n) - Cifl,n) 5

wheren =1,2,...,4 € [n], and, for brevity, ¢y, := 0. Also note that g; , > 0.

(=) Without loss of generality (cf. Lemma 8), let V = (g;,, : ¢ < n) be such
that (Vn) (Vi € [n]) gi» is nondecreasing, g1, >~ 0, g;,(0) =0if i > 1, and
Z;‘Z:I gjn(b) < 0.

Fix n > 1, otherwise we obviously set g1 ,, := f1,. Let d, := qSA(n*0) =
f1.n(0) = -+ = f,,(0). We are going to determine V such that qS, = ql,
i.e. to find for which fy,,,...,f ., 10, .-, 8nn the equality

n

\/ fin(Tniv1) = Z 8in(T(n—it1))
i=1

i=1

holds for all x € I".
We have g; ,(0) = d,, because qS,(n *0) = qLy(n x 0) = d,,.

11



Now consider any x € [". We have:

n

ASA (), (n—1)%0) = fia(ze) V \/ fin(0)

1=2

= fl,n(x(n))7

=2

= ginlTm),
therefore we must set gy, := f1,, (however we do not know the possible form
of f,, yet).
Next,

ASA (T, Ty, (N = 2) % 0) = Frau(zm) Vfon(2m-1),
ql—v(x(n)7 x(nfl)a (n - 2) * 0) = gl,n(x(n)) + g2,n(x(n71))-

We therefore look for all solutions (f; ,,f2,) to a functional equation
fin(Tm) Vfon(Tm-1) = 81.a(T@w)) + 820(Tm-1)),

which is equivalent to
fin(@m) Vfon(@m-1)) = fin(®m) + 82n(Tm-1)) (1)

Recall that fy,, < fa,. Let y; :=inf{y : f; ,,(y) < fa,.(y)} (if it does not exist
we obviously have fy,, = f;,, and g2, = 0).
Note that if z(,_1) < y1, then

qSA(x(n)> T(n-1), (n - 2) * 0) = an(l‘(n)),

and go n(2(n—1)) = 0.
As gy, may be discontinuous at y;, we shall consider 2 cases.

(i) gon(y1) >0, or
(ii) g2n(y1) =0.

Please bear in mind that (Vz > y;) g2.,(2) > 0, as ga,, is nondecreasing.
(i) If 20y > @(m_1) > y1, then (1) may be written as

forn(Tm-1)) = fin(Tm) + 8on(Tm-1))-

12



This is because ga,, (1)) > 0 implies that

f1,n(y1) < f1,n(96(n)) < fl,n(OO) < f2,n(y1 f2,n($(n71))*

) <
We therefore have g, (2(—1)) = fon(®(m-1)) = fin(2m)) and, as g, may not
be dependent on (), it must hold (Vz > y1) f1,(2) = fin(y1).
Thus f; , must be of the following form:

() = { fon(z) for z <y, 2)

Cin for x >y,

for some . (y1) > c10 2 fon(yr ), where fo0(yy) = lim,_, - f2,(2) (limit as
x approaches y; from the left).

(i) If 24 > @@m—1) > w1 (in this case both fi, and f,, may also be
continuous at ), then (1) may be written as

f2,n(x(n—1)) = fl,n(x(n)) + gQ,n(x(n—l))‘
This is because ga,,(Tn-1)) > 0 and g2,(y1) = 0 implies that
fin(y1) = fonlyn) < fLu(zm) < fn(o0) <fou(z@-n)-

It must therefore hold (Vz > y1) fi,(2) = fin(y) > fia(y1).
Thus f; , must be of the following form:

| fau(z)  forax <y,
fa(e) = { Cin for x >y, (3)

for some 2, (y1") > c1,0 > o (y1), where fa,(y)) = lim,_ + 2, (2).

Note that the both equations (2) and (3) may be written in a simpler
form fy ,(x) = fon(x) A 1, and, as a consequence, we may set g ,(x) =
1(foo,f2,n(x)](cl,n) (fZ,n(-T) - Cl,n)'

Next we look for all solutions to a functional equation
IS A (T (n), Tn—1); T(n—2), (0 = 3) ¥ 0) = AL A (T (), T(n—1), T(n—2), (n — 3) % 0),
which is equivalent to
frn(Tm) Vfon(@m-1)) V f30(2m-2)) = €1.a(Twm)) + 820(Tm-1)) + E3n(T(n-2)),
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and, consequently, to

(f2,n(x(n)) A Cl,n) V f2,n(x(n71)) V f3,n(x(n72))
= (f2,n(x(n)) A Cl,n)
+1(_007f2’n($(n_1))] (1) (Fom(T(n-1)) — C1n)
+83.0(T(n-2))- (4)
It holds fy,, = f3,,. Let us take yo := inf{y : f2,,(v) < f3..(y)} (if it exists,

otherwise we have f;,, = f,,). We certainly have yo > y;.
Please note that if (,_2) < y» then

qSA(x(n)7 T(n-1), L(n—2), (n - 3) * 0) - qSA(‘r(n)u T(n-1), (n - 2) * 0)7

which implies g3, (2n—2)) = 0.
As g3, may be discontinuous at y,, we shall consider 2 cases.

(i") gsnl(y2) >0, or

(ii") g3m(y2) = 0.

Of course, (Vz > y2) g3.(2) > 0, as g3, is nondecreasing.
In either case (i") for z(,) > Zpm_1) > X (m—2) > y1 or case (ii’) for z(,) >
T(n—1) > T(n—2) > Y1, (4) may be written as

f3,n(x(n72)) = Cn + f2,n(x(n71)) —Cn + g3,n($(n72))
- f2,n(x(n—l)) + g3,n(x(n—2))-

Requiring that gz ,, be independent of x(,_1y, we get fo,,(x) = f3,,(x) A ca,
for some cy,, > ¢y 4.

By applying a similar reasoning to the remaining elements of x, we get
dy < 11 < con < o < g, and fip,(2) = fin(z) A ey for i € [n—

1]. We may set w,, := f,,, and thus, as f,, is nondecreasing, the proof is
complete. O

Next let us find the relation between quasi-S- and quasi-I-statistics.

Proposition 17. Let I = [a,b] and A = (f;,)icn)nen such that (Vn) fi, =
o X fpn, (Vi € [n]) fi, is nondecreasing, and f;,(a) = f,,(a). Then qSa
is a quasi-I-statistic if and only if (Vn) (Vi € [n]) fin(z) = wa(2) A ¢ for
some nondecreasing functions wi,wa, - - - : I — I, and a triangle of coefficients
(Cim)ici)nen such that a <wy(a) < cip <o < <D
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Proof. Without loss of generality (see Lemma 9), let V = (g;)icn]nen be
such that (Vn) (Vi € [n]) gi, is nondecreasing, g;,(b) = g1.,(b), and g1, =

(<=) Let us fix n. Additionally, let f; , be such that f; ,,(z) = w,,(x) Ac;,,
where w,, : I — I is nondecreasing and a < wy(a) < ¢1, < -+ < ¢ <
b. What is more, we temporarily assume (with no loss in generality) that
Wi (2) = Wy (2) A Cpp.

For all y € I we have qSA(n *y) = w,,(y) A ¢, and therefore qS, = qly
if and only if

qSa(n*y) = fon(y) = wa(y) A copn = g1n(y)-
Consider any x € I". It holds:
ASA(Zm), (R —1)*xa) = wp(zm) Acin

= g1n(Twm) A g2n(a)
= Wn(x(n)) A g2,n(a)a

and thus gs,,(a) = ¢y .
If Wy (2n)) A i = Wy (T(n-1)) A C2n, that is whenever wy,(2(,—1)) < 1,
we have
qSA(x(n), T(n—1), (n — 2) * a) = Wn(x(n)) N €1,
and otherwise
IS A (Z(n)s Ln-1), (1 = 2) @) = W (L(n-1)) A C2n-

Please note that

qlv(x(n)a L(n-1), (TL - 2) * CL) = gl,n(x(n)) A g2,n(x(n—1)) A g3,n(a)

= Wp(2m)) A 82 (T(m-1)) N g3n(a).

As qly(b, (n — 1) % y) = gon(y) for wy,(y) > c1,, the above implies that:

. Cl,n lf Wn(y) S Cl,m
ganly) = { w,(y) otherwise,

and gz ,(a) = cop.
By applying similar reasoning for the remaining elements of x we ap-
proach the solution:

glﬂl(y) = (Wn(y) \ Ci—l,n) A\ Cnyny

15



where, for brevity, ¢y, := a. Hence, qS, of the assumed form is indeed
equivalent to some quasi-I-statistic.

(=) Fix n. Assume that qS5 = gl,. Note for any x € I we have:

aSp(n*z,0xa) = fou(2) = gia(z),

qSalln =1 *z,1xa) = fu(z) = gia(@)Agunla),

aSa(l*xz, (n—1)xa) = fi,(z) = gia(z) A ganla),
hence we f;,, must be such that f; ,(z) = w,(x) A ¢;,, for some nondecreasing
function w, : I — T and a < ¢, < -+ < ¢, < b. Clearly, a triangle of
functions defined in such way fulfills the assumptions of the proposition and
the proof is complete. O

Lastly, we find the relation between quasi-L- and quasi-I-statistics. Again,
we assume I = [0, b].

Proposition 18. Let I = [0,b] and A = (f;;)icn)nen such that (Vn) (Vi €
[n]) fin is nondecreasing, fi, = 0, (Vj > 1) £;,(0) = 0, and >_7_, f;,(b) <
b. Then qL, is a quasi-I-statistic if and only if (Vn) (Vi € [n]) fin(x) =
1o (@) (Cim1,n) (Wo(2) A €ip) — Cican) for some nondecreasing functions
Wi, Wy, -+ : I — T and a triangle of coefficients (c;iy)icp)nen such that 0 <
wn(0) <cip <o < < b, with convention cg,, = 0.

Proof. Without loss of generality (cf. Lemma 9), let V = (gin)icin],nen be a
triangle of functions such that (Vn) (Vi € [n]) g;, is nondecreasing, g; ,(b) =

gl,n(b)a gl,n —_< e -_< gn,n‘
(«<=) Let each f;, be of the assumed form. From the proofs of Props.
17, 16 we instantly approach the formula

gl,n(x) = (Wn(x) \ Cifl,n) A Cn,n;s

where, for brevity, ¢, = w,(0), for which we have qL, = qgly.

(=) Fix n. We check when gL, = ql.
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We have for all z € I;

qla(z, (n —1) % 0) = fia(2)

g1.n(7) A g2.n(0),

fln(b +f2n( )

= 81n(0) A g2n(7) A g3,(0),

= gan(z) A gsn(0),

qla(b,b,2,(n—3)%0) = f1,(b) + fa,,(b) + f3.,(x)
= & n(b) N g2 n( ) A gB,n(x) A g4,n(0)>
= g3n($)/\g4n( )

qLA(b’ €, (77, - 2) * O)

which implies that:

an(.T) = g1a\T /\gQ,n

(x) (0)
f2,n(x) = g2,n(x) A g3,n(0) - gl,n(b) A g2,n(0)
= g2 n(‘I) A g?),n(o) - g?,n(o)a
fon(?) = €30(2) A8an(0) — 81,1 (0) A g24(0) — 82.n(b) A 83n(0) + g2.,(0)
= g3n(®) A gan(0) — g3,(0),

and so forth. Note that for all ¢ € [n] we may write the above as

fz,n(x) = 1(—oo,wn($)} (Cifl,n) ((Wn(x) A Ci,n) - Cifl,n)

for some nondecreasing function w, : I — I and real constants cy, = 0,
¢in = 8i—1n(0) (7 € [n —1]), ¢un = 81,0(b), which completes the proof. O

We are now ready to present main results of this paper. They follow
directly from Props. 16, 17, and 18.
The first theorem is illustrated in Fig. 1.

Theorem 19. Let I = [0, b]. Then P(Smax) N P(smin) = 'P(Smax) N P(smod) =
P(smin) N P(smod) = P(smax) N P(smod) N P(smin)-

Please note that the above theorem can also be proved in an alternative
way, using Props. 13, 14, 15, i.e. the characterizations of the functions. How-
ever, these 3 propositions do not specify the form of quasi-S/L-/I-statistics
that lie in Psmax) N Psmod) M Psmin)-
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smax

Figure 1: The intersection of the 3 classes of aggregation operators (see Theorem 19).

Alternative proof. Let F € Psmax) N Psminy and (Vn) (Vx,y € I"), then we

have F(x V y) + F(x A y) = F(x) V F(y) + F(x) A F(y) = F(x) + F(y), which
implies F € Psmoa)-

If F € Promay N Pamodys then (¥n) (vVx,y € I7) it holds F(x A y) =
F(x) + F(y) — F(x) V F(y) = F(x) A F(y), which gives F € Pgmin).-

On the other hand, whenever F € Pmin) N Psmoa), then (Vn) (vx,y € 1)
it holds F(x V y) = F(x) + F(y) — F(x) A F(y) = F(x) V F(y), which implies
Fe P(Smax).

Therefore we have P(smax) N P(smin) - P(smod); P(smax) N P(smod) - P(smin)a
and P(smin) N P(smod) - P(smax)a which giVeS P(smax) N P(smin) = P(smax) N
Plsmod) = Psmin) N Psmoa) and the proof is complete. O

Theorem 20. Let I = [0,b]. Given nondecreasing functions wy,wsy, - -+ : 1 —
I and a triangle of coefficients (Cin)icin)nen such that 0 < wy(0) < cp, <
< < ey < b, we have for all (x1,. .., x,) € TV

n n
\/ Wn(x(nfzﬁrl)) A Cin = /\(Wn(x(nfzﬂrl)) \% Ci—l,n) A Cn,n
i=1 =1

n

= Z ((Wn(x(n—i—i—l)) \% Ci—l,n) A Cim — Ci—l,n) .

i=1
with convention g, = 0.

For example, in case of OWMax and OWMin operators generated by a
triangle of coeflicients A = (¢;,)icpn) nen such that (¥n) ¢, = b, we have
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w,(z) = z, where z € I (thus, each OWMax and OWMin operator is sym-
metric minitive, maxitive, and modular). On the other hand, it is easily seen
that if b > 0, then any OWA operator (which is of course, by definition,
modular) is neither maxitive nor minitive.

4. Applications

The discussed aggregation operators have many valuable applications.
For example, in the so-called Producers Assessment Problem [9, 8] we focus
ourselves on construction of a class of mappings that project the space of
arbitrary-sized real-numbered vectors of individual goods’ quality measures
into a single number that reflects both (a) general quality of the goods and
(b) their producer’s overall productivity. Among many interesting instances
of the Producers Assessment Problem we have the issue of measuring an
author’s scientific merit by means of e.g. the number of citations received
by his/her publications (for other approaches see e.g. [11]). In this case we
assume that I = [0, co].

The first quality component may simply be represented by nondecreas-
ing, symmetric aggregations operators. However, the second one needs some
additional assumptions. It has been widely accepted that we should require
that an output of any new product does not result in a decrease the pro-
ducer’s valuation. This behavior is assured by the following property.

Definition 21. We say that F € £(I) is arity-monotonic, denoted F € Pam),
if
(Vx,y € ') F(x) < F(x,y).

An aggregation operator useful in the Producers Assessment Problem (a
so-called generalized impact function) is therefore any function in Prym) N
Pind) N Pamy, see [9, 8], cf. also [7, 24].

Hirsch’s h-index [16, 23], is the most widely-known tool that may be
applied in this domain. It is an impact function defined as H(zy,...,x,) =
max{0,1,...,n: Z(n_iy1) > i}, where, for brevity of notation, z(,41) := ().
It has been shown in [9] that such an aggregation operator is generated by
nondecreasing functions w,,(x) = | x| and the triangle of coefficients for which
we have ¢;,, =i, 1 € [n].

Scientometricians considered many generalizations of the h-index. For
example, the h%index [18], where a > 1, is an impact function defined as
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HY(z1,...,2,) = max{0,1,...,n : Z(_iy1) > i*} (We obtain such aggrega-
tion function by setting (Vn) w,(z) = |2/%] and ¢;,, = 4, i € [n]). On the
other hand, hg-index [6, 25, 11}, where 5 > 0, is defined as Hg(z1,...,2,) =
max{0,1,...,n : T(_iy1) > Fi%}, which may be obtained by setting (Vn)
wp(z) = |z/B] and ¢;, = i, 7 € [n].

It is easily seen, that for F € Psmax) NP smin) N P(smod) We have F € Pam) if
and only if F is generated by nondecreasing functions such that wy < wy < ...
and a triangle of coefficients (c;;,)icn)nen such that 0 <w,(0) < ¢ < -+ <
Cnn < b, which fulfills ¢;,, < ¢;,41. This result may of course be used to
construct new interesting aggregation operators.

5. Conclusions

In this paper we have examined the intersections between three classes
of important aggregation operators. It turns out that all functions fulfilling
any two chosen properties automatically has the remaining one.

We also observed that many influential aggregation operators used in
e.g. scientometrics or webometrics are symmetric minitive, maxitive, and,
simultaneously, modular. Also please note that our result serves as their
natural, intuitive generalization.
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