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The growing popularity of bibliometric indexes (whose most famous
example is the h-index by J.E. Hirsch) is opposed by those claim-
ing that one’s scientific impact cannot be reduced to a single num-
ber. Some even believe that our complex reality fails to submit to
any quantitative description. We argue that neither of the two con-
troversial extremes is true. By assuming that some citations are
distributed according to the rich get richer rule (success breeds suc-
cess, preferential attachment) while some others are assigned totally
at random (all in all, a paper needs a bibliography), we have crafted a
model that accurately summarizes citation records with merely three
easily interpretable parameters: productivity, total impact, and how
lucky an author has been so far.
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Ever since Garfield’s impact factor (1) for journals and1

Hirsch’s h-index for individual researchers (2), the pop-2

ularity of bibliometric impact measures have been growing3

rapidly. The fact that they summarize one’s scientific per-4

formance with just a single number is appealing to many.5

However, some argue (3) that the nature of scientific activities6

is too multidimensional for such a simple description to be7

possible and a few quantitative metrics will never be sufficient8

to capture this complex reality in its entirety.9

In this paper we address this issue from the perspective10

of the increasingly popular Science of Science (Sci-Sci) (4, 5)11

approach, which can be dated back to the classical book by12

Price Little Science, Big Science (6). The modern Sci-Sci13

utilizes complex systems methodology and can be considered14

a fusion of agent-based modeling and big data analysis.15

We have developed a model of an author’s research activity16

that is based on two simple assumptions:17

1. In each time step one new paper is added into the simu-18

lation.19

2. Each newly added paper cites the existing publications20

according to a combination of:21

(a) the preferential attachment rule – highly-cited pa-22

pers are more likely to attract even more citations23

(compare the rich get richer mechanism (7), the suc-24

cess breeds success phenomenon (8), the effect of a25

scientist’s reputation (9)),26

(b) sheer chance – papers might be discovered by the27

citing authors by accident or be included in the28

bibliography completely at random.29

While the importance of the rich get richer rule (7) in biblio-30

metrics is unquestionable (first part of Merton’s (10) Matthew31

effect, referred to as the cumulative advantage process by Price32

(8) or success-breeds-success phenomenon (6, 11), confirmed33

experimentally (12)), we argue here that a purely preferential34

model is incapable of explaining our reality well enough and 35

the accidental component is necessary, see also (13, 14). 36

Furthermore, in our case we adopt different levels of analysis 37

(as known from social sciences (15), see Fig. 1) for generated 38

bibliometric data. Agent-based models are formulated at the 39

micro-level – from the perspective of an individual paper. The 40

Sci-Sci perspective usually investigates the structure of the 41

citation network in its entirety, for instance in order to describe 42

general citation patterns across the whole scientific discipline 43

(macro-level). Here we are mainly focusing on the rarely- 44

considered meso-level (see Tab. 1), which is the perspective 45

of a single scientist, i.e., a small-sample one. As such, the 46

above publication–citation process can be thought of as an 47

extension of the iterative procedure known as the Ionescu– 48

Chopard model (16, 17), see Sec. A of the Materials and 49

Methods below.50

Fig. 1. Different levels of analysis of bibliometric data sets. On the micro-level we
describe the distribution of the number of citations of individual papers, irrespective
of who authored them as well as which articles actually referenced them. The rarely
studied meso-level, which is the perspective of this contribution, accounts for the
author-specific differences. The structure of the citation network in its entirety is
studied at the macro-level.
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Table 1. Overview of the related literature on the modeling of the dis-
tribution of citations. By assuming that citations might both be as-
signed completely at random as well as follow the rich get richer rule,
we revealed the underlying dimensionality of the meso-level, leading
to an accurate description of the output of an individual author.

Micro-level Meso-level Macro-level

purely
preferen-

tial

distribution of
the number of
citations (21–
30)

Lotkaian infor-
metrics (19),
Ionescu–
Chopard
model (16, 17)

Barábasi–
Albert model
and its modifi-
cations (31)

preferential
and/or ac-
cidental

microscopic
model (14)
implies Tsalis–
Pareto distri-
bution (32)

this paper
empirical data
(33, 34), models
studied in (35–
46)

Model Derivation51

Assume X1, X2, . . . , XN is a descending sequence of citation52

counts for each of the N papers of an author. In other words,53

X1 denotes the number of bibliographic references to their54

most cited paper, X2 – the 2nd most cited, . . . , and XN is the55

least cited one. Famous approaches (18) to the problem of56

approximating observed citation records X1, . . . , XN with sim-57

ple mathematical models X̂1(· · · ), . . . , X̂N (· · · ) that depend58

on a small number of parameters were mostly based on the59

power law (19) or other functions (20). Unfortunately, they60

do not provide a good fit at the meso-level – they are usually61

applied for describing papers sampled from the whole citation62

network (21, 22).63

Our model, on the other hand, not only has a clear inter-64

pretation (recall the two simple assumptions above), but also65

provides high accuracy approximations of citation records of66

individuals. Due to this, we are able to describe this complex67

reality with merely three self-explanatory parameters:68

• the number of papers N ,69

• the total number of citations C = X1 + X2 + · · · + XN ,70

• the ratio of citations distributed according to the pref-71

erential attachment rule ρ, where ρ � 0 means that all72

papers receive citations completely at random and ρ � 173

that all of them follow the rich get richer rule.74

For the derivation of the model please refer to Sec. A of75

Materials and Methods. The citation process proposed above,76

after all the N papers have been published and all the citations77

have been distributed, yields the following analytic formula78

for the estimated number of citations of the k-th most cited79

paper (see Sec. B): 80

X̂k(N, C, ρ) =1 − ρ

ρ

C

N

�
N�

i=k

i

i − ρ
− 1

�
= [1]

=1 − ρ

ρ

C

N

�
k

k − ρ
· k + 1

k + 1 − ρ
· · · N

N − ρ
− 1

�
.

Dataset Description 81

In order to demonstrate the usefulness of the model, we study 82

the DBLP-Citation-Network V10 (47) data set of computer 83

science papers, see Sec. C of Materials and Methods for de- 84

scription. We consider citation records of all 123,621 scholars 85

whose h-index is at least 5. To determine the three model 86

parameters characterizing each author, we omit the papers 87

with no citations (as over-fitting to a tail comprised of zeros 88

cannot lead to a good overall description). Then we com- 89

pute their N (number of papers that were cited at least once) 90

and C (the total number of citations) and then estimate ρ 91

using the least squares fit with respect to the Cauchy loss 92�N

k=1 log(1 + (X̂k(N, C, ρ) − Xk)2) so as to weaken the influ- 93

ence of any potential outliers. 94

Once we obtain an author’s N , C and ρ, we can reproduce 95

their citation record quite accurately, see Fig. 2. The high 96

variance of ρ for each fixed N and C, see Fig. 3, indicates 97

that this parameter is necessary for a precise description of 98

data. This suggests that indeed the modeled reality might be 99

three-dimensional, which roughly agrees with the estimates in 100

(48). 101

Results and Discussion 102

It turns out that ca. 30% of the authors have their correspond- 103

ing ρ ≈ 0, which means that, under our model, their citations 104

appear to be distributed in an almost purely accidental manner. 105

These authors publish on average half as many papers as those 106

with ρ > 0, which might indicate that they are at the beginning 107

of their careers or their best papers are still yet to come. We 108

observe a positive correlation between ρ and N as well as C, 109

see Fig. 3. In other words, more productive and/or influential 110

authors tend to have more papers distributed according to the 111

rich get richer rule. This observation is consistent with the 112

well-known fact (5) that one’s highest impact paper can occur 113

at any time during the course of their career; thus, an author 114

with more papers is more likely to have published their best 115

work already. However, as there is a considerable variability116
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Fig. 2. Normalized average number of citations Xk/C as a function of the normalized
paper rank k/N on a double logarithmic scale. Each plotting character corresponds to
citation sequences of different lengths: “+” – all the 2624 authors with 48–52 papers in
total, “•” – 1113 authors with 95–105 papers, “�” – 131 authors with 238-262 papers,
“�” – 18 authors with 475–525 papers. The curves represent the corresponding
predictions X̂k/C as generated by our model with ρ equal to the averages over the
individual authors’ fitted rich get richer ratios. A particularly good fit is observed in the
case of highly and moderately influential papers.
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Fig. 3. The more productive and/or influential an author is, the more likely their papers
are cited according to the rich get richer rule.

in ρ at all levels, even some outstanding careers might still be117

a result of more luck than reason (13, 49).118

By indicating that the citation record space is three-119

dimensional, we have proven that any single citation measure,120

including the h-index and the author’s ranking it generates,121

necessarily yield an oversimplified projection of a more com-122

plex space (3). In other words, whenever one chooses a single123

citation index, some information must inherently be lost; we124

will never be able to see the whole picture through the lenses125

of any single measure.126

The proposed model emphasises the use of multiple indexes127

in the evaluation of scientific work. We have indicated that128

merely three parameters are sufficient to provide an accurate129

description of our reality. In the near future, we plan to130

perform a broad study of bibliometric indices to come up131

with an intuitive and insightful classification for which of the132

three dimensions each index focuses on the most. This will133

allow policy makers to make better-informed decisions when134

choosing particular evaluation tools. The question of how to135

best combine N , M and ρ to cause the least information loss136

and how well popular citation indexes perform with regards137

to the quality of data approximation will also be explored.138

Materials and Methods139

140

A. Model Description. Let us introduce the proposed model in a141

formal manner. For the description of the citation dynamics we use142

the following parameters:143

• the total number of papers N ,144

• the total number citations C that will be distributed amongst145

all papers,146

• ratio of the number of preferential citations to the total number147

of citations ρ ∈ (0, 1).148

Due to the assumed boundary conditions in Eq. [3], we disallow149

both ρ = 0 and ρ = 1.150

The stages of the model’s simulation are strictly connected to151

the scientific activity of the considered author. Each of the N steps152

corresponds to the publication of one of their papers. At the t-th153

step, the t articles already in existence are to receive na + np = C
N

154

citations in total, where:155

• np = ρ C
N

citations are distributed according to the preferential156

attachment rule,157

• na = (1 − ρ) C
N

citations are uniformly distributed between the158

t papers. 159

Note that both np and na do not need to be integers – we 160

consider them as averages. 161

The rate equation for the number of citations of the k-th mostly 162

cited paper at the t-th stage of the simulation, X
(t)
k

, takes the form: 163

X
(t)
k

= X
(t−1)
k� �� �

previous value

+ na

t����
accidental income

+ np

X
(t−1)
k

+ na
t

na +
t−1�
l=1

X
(t−1)
l

� �� �
preferential income

, [2]

for k = 1, . . . , t. As each paper has initially no citations, we intro- 164

duce the following boundary conditions: 165

X
(k−1)
k

= 0, for k = 1, 2, . . . [3] 166

Note that in the rightmost term in Eq. [2], i.e., the preferential 167

part, we assume that accidental citations are distributed first to 168

avoid singularities with the very natural boundary conditions of 169

the form given by Eq. [3]. This explains the occurrence of na 170

there. The structure of the preferential part is the expected value 171

of the Bernoulli distribution with the number of trials np and the 172

probability resulting from the assumed rich get richer mechanism – 173

the number of citations thus obtained is proportional to the actual 174

number of citations (i.e., X
(t−1)
k

+ na/t). 175

B. Exact Solution of the Model. Below we derive the exact formula 176

for X
(t)
k

. Note that Eq. [2] can be simplified as: 177

X
(t)
k

=
�

X
(t−1)
k

+ na

t

�

1 + np

na +
t−1�
l=1

X
(t−1)
l


 .

Moreover, the second term can be further simplified due the fact 178

that in each of the (t−1) steps, the papers receive na +np citations, 179

i.e.: 180

t−1�

l=1

X
(t−1)
l

= (na + np)(t − 1),

Therefore: 181

1 + np

na +
t−1�
l=1

X
(t−1)
l

= 1 + np

na + (na + np)(t − 1)
=

= (na + np)t
(na + np)t − np

= t

t − np

na+np

.

Furthermore, since ρ = np/(na + np), the following holds: 182

X
(t)
k

= X
(t−1)
k

t

t − ρ
+ na

t − ρ
. [4]

Moreover:183

X
(t)
k

=
�

X
(t−2)
k

t − 1
t − 1 − ρ

+ na

t − 1 − ρ

�
t

t − ρ
+ na

t − ρ
=

=
�

X
(t−3)
k

t − 2
t − 2 − ρ

+ na

t − 2 − ρ

�
t(t − 1)

(t − ρ)(t − 1 − ρ)
+

+ nat

(t − ρ)(t − 1 − ρ)
+ na

t − ρ
=

= X
(t−3)
k

t(t − 1)(t − 2)
(t − ρ)(t − 1 − ρ)(t − 2 − ρ)

+

+ nat(t − 1)
(t − ρ)(t − 1 − ρ)(t − 2 − ρ)

+

+ nat

(t − ρ)(t − 1 − ρ)
+ na

t − ρ
. [5]
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Keeping in mind that the Euler gamma function Γ (see, e.g., Chap. 5184

in (50)), defined as:185

Γ(z) =
� ∞

0
xz−1e−x dx,

satisfies the factorial-like relation (see Eq. [5.5.1] in (50)):186

Γ(z + 1) = zΓ(z), [6]187

for every number z, we can transform Eq. [5] as:188

X
(t)
k

= X
(t−3)
k

Γ(t − 2 − ρ)Γ(t + 1)
Γ(t + 1 − ρ)Γ(t − 2)

+ na
Γ(t − 2 − ρ)Γ(t + 1)
Γ(t + 1 − ρ)Γ(t − 1)

+

+na
Γ(t − 1 − ρ)Γ(t + 1)

Γ(t + 1 − ρ)Γ(t)
+ na

Γ(t − ρ)Γ(t + 1)
Γ(t + 1 − ρ)Γ(t + 1)

.

[7]
By continuing evaluation of Eq. [4] of the form given by Eq. [7], we189

obtain:190

X
(t)
k

= X
(k−1)
k� �� �
=0

Γ(t + 1)
Γ(t + 1 − ρ)

Γ(k − ρ)
Γ(k)

+ [8]

+ na
Γ(t + 1)

Γ(t + 1 − ρ)

t−k�

r=0

Γ(t − r − ρ)
Γ(t − r + 1)

.

In Eq. [8] we can stop the nesting procedure by using the boundary191

conditions given by Eq. [3]. The final formula for X
(t)
k

with the192

change of the summation variable � = t − r takes the form:193

X
(t)
k

= na
Γ(t + 1)

Γ(t + 1 − ρ)

t�

�=k

Γ(� − ρ)
Γ(� + 1)

.

This can be simplified further, because the sum of the ratios of194

gamma functions satisfies the following identity:195

t�

�=k

Γ(� − ρ)
Γ(� + 1)

= 1
ρ

�Γ(k − ρ)
Γ(k)

− Γ(t + 1 − ρ)
Γ(t + 1)

�
, [9]196

which leads to:197

X
(t)
k

= na

ρ

�Γ(k − ρ)
Γ(k)

Γ(t + 1)
Γ(t + 1 − ρ)

− 1
�

. [10]

Finally, we put t = N , which leads to the situation where each198

paper has been published and every citation has been distributed.199

This yields X̂k := X
(N)
k

such that:200

X̂k(N, C, ρ) = 1 − ρ

ρ

C

N

�Γ(k − ρ)
Γ(k)

Γ(N + 1)
Γ(N + 1 − ρ)

− 1
�

. [11]201

Gamma functions, although very elegant, are not computation-202

ally well-behaving. This is the reason why we should be interested203

in deriving the following equivalent of Eq. [11]. Due to Eq. [6], we204

can substitute the gamma functions with the following product:205

X̂k(N, C, ρ) = 1 − ρ

ρ

C

N

�
N�

�=k

�

� − ρ
− 1

�
. [12]206

The Pochhammer symbol (see Sec. 5.2 in (50)) is defined as:207

(k)m = Γ(k + m)
Γ(k)

= k(k + 1) . . . (k + m − 1). [13]208

Employing it in Eq. [11] yields:209

X̂k(N, C, ρ) = 1 − ρ

ρ

C

N

(k)N−k+1 − (k − ρ)N−k+1
(k − ρ)N−k+1

. [14]210

Note that the Pochhammer symbol is implemented in many numeri-211

cal software packages, thus enabling fast and accurate computations. 212

C. Data Availability. Empirical data analysis conveyed in this paper 213

is based on the DBLP V10 bibliography database (47), see https: 214

//aminer.org/citation, consisting of 3,079,007 papers and 25,16,994 215

citation relationships. DBLP includes most of the journals related 216

to computer science. It also tracks numerous conference proceedings 217

papers from the field. 218

We have extracted citation records of 1,762,044 authors. Most of 219

them have published a small number papers or have received very 220

few citations. Therefore, we restricted the analysis to the subset 221

of researchers characterized by the h-index not less than 5. This 222

gave 123,621 citation records. Moreover, papers with 0 citations 223

have been omitted from the analysis, as they are problematic when 224

performing computations on the log-scale. Note that most impact 225

indexes, including the h-index, ignore zeros anyway. 226

The raw citation sequences, estimated parameters and source 227

code used to perform the data analysis can be accessed at a public 228

repository https://github.com/gagolews/three_dimensions_of_scientific_ 229

impact. 230
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17. B Żogała-Siudem, G Siudem, A Cena, M Gagolewski, Agent-based model for the h-index – 260

exact solution. The Eur. Phys. J. B 89, 21 (2016). 261

18. AM Petersen, HE Stanley, S Succi, Statistical regularities in the rank-citation profile of scien- 262

tists. Sci. Reports 1, 181 (2011). 263

19. L Egghe, Lotkaian informetrics and applications to social networks. Bull. Belg. Math. Soc. 264

Simon Stevin 16, 689–703 (2009). 265

20. K Sangwal, Comparison of different mathematical functions for the analysis of citation distri- 266

bution of papers of individual authors. J. Informetrics 7, 36 – 49 (2013). 267

21. M Thelwall, Are the discretised lognormal and hooked power law distributions plausible for 268

citation data? J. Informetrics 10, 454 – 470 (2016). 269

22. F Radicchi, S Fortunato, C Castellano, Universality of citation distributions: Toward an objec- 270

tive measure of scientific impact. Proc. Natl. Acad. Sci. 105, 17268–17272 (2008). 271

23. S Redner, How popular is your paper? An empirical study of the citation distribution. The Eur. 272

Phys. J. B - Condens. Matter Complex Syst. 4, 131–134 (1998). 273

24. ML Wallace, V Larivière, Y Gingras, Modeling a century of citation distributions. J. Informet- 274

rics 3, 296 – 303 (2009). 275

25. M Brzezinski, Power laws in citation distributions: Evidence from Scopus. Scientometrics 276

103, 213–228 (2015). 277

26. T Fenner, M Levene, G Loizou, A model for collaboration networks giving rise to a power-law 278

distribution with an exponential cutoff. Soc. Networks 29, 70 – 80 (2007). 279

27. M Thelwall, Are there too many uncited articles? Zero inflated variants of the discretised 280

lognormal and hooked power law distributions. J. Informetrics 10, 622 – 633 (2016). 281

28. JAG Moreira, XHT Zeng, LAN Amaral, The distribution of the asymptotic number of citations 282

to sets of publications by a researcher or from an academic department are consistent with 283

a discrete lognormal model. PLOS ONE 10, 1–17 (2015). 284

29. M Thelwall, P Wilson, Distributions for cited articles from individual subjects and years. J. 285

Informetrics 8, 824 – 839 (2014). 286

30. M Thelwall, The discretised lognormal and hooked power law distributions for complete cita- 287

tion data: Best options for modelling and regression. J. Informetrics 10, 336 – 346 (2016). 288

31. AL Barabási, Scale-free networks: A decade and beyond. Science 325, 412–413 (2009). 289

32. S Thurner, F Kyriakopoulos, C Tsallis, Unified model for network dynamics exhibiting nonex- 290

tensive statistics. Phys. Rev. E 76, 036111 (2007).291

4 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Siudem et al.



DRAFT

33. EA Leicht, G Clarkson, K Shedden, ME Newman, Large-scale structure of time evolving292

citation networks. The Eur. Phys. J. B 59, 75–83 (2007).293

34. A Barabási, et al., Evolution of the social network of scientific collaborations. Phys. A: Stat.294

Mech. its Appl. 311, 590 – 614 (2002).295

35. AL Barabási, R Albert, H Jeong, Mean-field theory for scale-free random networks. Phys. A:296

Stat. Mech. its Appl. 272, 173 – 187 (1999).297

36. F Papadopoulos, M Kitsak, MA Serrano, M Boguñá, D Krioukov, Popularity versus similarity298

in growing networks. Nature 489, 537–540 (2012).299

37. ZG Shao, XW Zou, ZJ Tan, ZZ Jin, Growing networks with mixed attachment mechanisms. J.300

Phys. A: Math. Gen. 39, 2035 (2006).301

38. ZG Shao, T Chen, B quan Ai, Growing networks with temporal effect and mixed attachment302

mechanisms. Phys. A: Stat. Mech. its Appl. 413, 147 – 152 (2014).303

39. ML Goldstein, SA Morris, GG Yen, Group-based yule model for bipartite author-paper net-304

works. Phys. Rev. E 71, 026108 (2005).305

40. ZX Wu, P Holme, Modeling scientific-citation patterns and other triangle-rich acyclic networks.306

Phys. Rev. E 80, 037101 (2009).307

41. Z Xie, Z Ouyang, P Zhang, D Yi, D Kong, Modeling the citation network by network cosmology.308

PLOS ONE 10, 1–13 (2015).309

42. L Zalányi, et al., Properties of a random attachment growing network. Phys. Rev. E 68,310

066104 (2003).311

43. SR Goldberg, H Anthony, TS Evans, Modelling citation networks. Scientometrics 105, 1577–312

1604 (2015).313

44. MV Simkin, VP Roychowdhury, A mathematical theory of citing. J. Am. Soc. for Inf. Sci.314

Technol. 58, 1661–1673 (2007).315

45. M Golosovsky, S Solomon, Growing complex network of citations of scientific papers: Model-316

ing and measurements. Phys. Rev. E 95, 012324 (2017).317

46. YH Eom, S Fortunato, Characterizing and modeling citation dynamics. PLOS ONE 6, 1–7318

(2011).319

47. J Tang, , et al., ArnetMiner: Extraction and mining of academic social networks in Proceed-320

ings of the Fourteenth ACM SIGKDD International Conference on Knowledge Discovery and321

Data Mining (SIGKDD’2008). pp. 990–998 (2008).322

48. JR Clough, TS Evans, What is the dimension of citation space? Phys. A: Stat. Mech. its Appl.323

448, 235 – 247 (2016).324

49. R Heesen, Academic superstars: Competent or lucky? Synthese 194, 4499–4518 (2017).325

50. NIST Digital Library of Mathematical Functions (http://dlmf.nist.gov/, Release 1.0.24 of 2019-326

09-15) (year?) F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider, R. F. Boisvert,327

C. W. Clark, B. R. Miller, B. V. Saunders, H. S. Cohl, and M. A. McClain, eds. 328

Siudem et al. PNAS | May 12, 2020 | vol. XXX | no. XX | 5

Please cite this paper as:   [doi:10.1073/pnas.2001064117]
G. Siudem, B. Żogała-Siudem, A. Cena, M. Gagolewski, Three dimensions of scientific impact, 
Proceedings of the National Academy of Sciences of the United States of America (PNAS) 117, 13896–13900, 2020.


	Materials and Methods
	Model Description
	Exact Solution of the Model
	Data Availability



