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Abstract
The use of the Choquet integral in data fusion processes allows for the ef-
fective modelling of interactions and dependencies between data features or
criteria. Its application requires identification of the defining capacity (also
known as fuzzy measure) values. The main limiting factor is the complexity
of the underlying parameter learning problem, which grows exponentially in
the number of variables. However, in practice we may have expert knowl-
edge regarding which of the subsets of criteria interact with each other, and
which groups are independent. In this paper we study hierarchical aggrega-
tion processes, architecturally similar to feed-forward neural networks, but
which allow for the simplification of the fitting problem both in terms of the
number of variables and monotonicity constraints. We note that the Möbius
representation lets us identify a number of relationships between the overall
fuzzy measure and the data pipeline structure. Included in our findings are
simplified fuzzy measures that generalise both k-intolerant and k-interactive
capacities.
Keywords: Non-additive measures, Capacities, fuzzy measures, 2-step
Choquet integral, aggregation operators, high dimensional data

1. Introduction1

Here we consider the theory of fuzzy integrals toward practical aspects of2

their application as aggregation functions for data fusion and analysis. An3

aggregation function combines numerical or ordered values into a single out-4

put either to provide an overall evaluation of a dataset or to compare sets of5
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inputs and make decisions [2]. What distinguishes fuzzy integrals from com-6

monly used functions such as the weighted arithmetic means and median is7

that inputs’ redundancy and complementary interactions can all be incorpo-8

rated into the aggregation process. This is achieved through identification9

of an associated fuzzy measure (also referred to as a capacity [6, 12]), which10

assigns a weight to each subset of inputs.11

The discrete Choquet integral [6, 10], an example of one such fuzzy in-12

tegral, generalizes the weighted arithmetic mean and the popular ordered13

weighted averaging (OWA) operators. It hence can be used to provide a14

type of average such that the effective weight applied to each input depends15

not only on its source but also on its magnitude relative to the other inputs.16

As a function applied in classification and multivariate approximation, the17

Choquet integral has been shown [3, 16, 23] to provide performance that18

rivals that of neural networks, however with the added advantages of ex-19

hibiting some reliability in its behavior due to in-built monotonicity, and20

interpretability due to well-studied analysis tools such as the Shapley index.21

The drawback of such flexibility is the need to determine each of the capacity22

parameters (of which there are 2n − 1 when considering n inputs).23

A useful compromise proposed in [11, 19] involves limiting interactions24

to groups of inputs up to size k. By leveraging the fact that Möbius repre-25

sentation of the fuzzy measure results in zeros when interaction is additive,26

the so-called k-additive fuzzy measures facilitate a drastic reduction in the27

number of variables required, whilst still allowing a high degree of flexibil-28

ity. However, whilst the number of variables is indeed reduced, for k > 229

the number of linear constraints required is unaffected when learning weights30

using, e.g., linear or quadratic programming [4, 13].31

The relationship between certain hierarchical aggregation structures and32

fuzzy measures has been investigated in [20, 25]. A number of works by33

Sugeno, Fujimoto, and Murofushi [22, 25] in the 1990s established the con-34

ditions under which a Choquet integral can be decomposed into a Choquet35

integral of Choquet integrals of subgroups. The two-step integral of Mesiar36

and Vivona [20] further showed a number of properties that follow with re-37

spect to the subgroup fuzzy measures if the outer fuzzy measure is additive.38

Example hierarchical structures are shown in Fig. 1, where inputs xi leading39

in from the left are aggregated by each fj at the first step according to a40

full covering (a) or a particular partition (b), and then in the second step41

used as inputs to be aggregated by F , with fj and F being Choquet integrals42

with respect to different fuzzy measures. Note that the (b) case leads to a43
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significant reduction in the number of interconnections between the input44

variables and the latent ones.45
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Figure 1: Hierarchical aggregation process involving either a full covering (a) or a partition
of the input set (b).

Here we consider hierarchical architectures from the perspective of re-46

ducing the number of variables and constraints required in data fitting or47

other fuzzy measure construction methods. Our goal is to extend the use48

of the Choquet integral to a much larger number of inputs than before, by49

exploiting the potential sparsity of fuzzy measure parameters in the Möbius50

representation. Specific architectures serve as simplifying assumptions that51

lead to significant reductions, with savings beyond what is even achieved52

by the k-additive fuzzy measures, hence facilitating huge time savings and53

tractability for problems involving thousands of variables.54

The paper is structured as follows. In the Preliminaries, we give an55

overview of the background concepts including the Choquet integral, k-56

additivity, and how parameters can be learnt using linear programming. In57

Section 3 we examine how the fuzzy measure simplifications referred to as k-58

intolerance and k-interactivity correspond with particular features in Möbius59

representation and can also be viewed in the framework of hierarchical aggre-60

gation. We also propose a simplified fuzzy measure that encompasses these61

concepts and refer to it as k-lower/upper interactivity. In Sections 4 and 562

we consider hierarchical aggregation architectures involving two steps (also63
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referred to as two-step Choquet integrals). More precisely, in Section 4 we64

extend upon some existing results for the case of the second step of aggrega-65

tion being performed by a Choquet integral with respect to an additive fuzzy66

measure. We then investigate a number of special cases whereby the second67

step is with respect to a general fuzzy measure in Section 5. Throughout,68

our focus is on particular features that can be capitalised upon for practi-69

cal implementation on larger datasets. We provide indicative tables showing70

potential savings in terms of the unknown variables and constraints. We71

conclude in Section 6 with some notes for discussion and future research.72

2. Preliminaries73

Our results pertain to aggregation performed by the Choquet integral.74

Here we will give the necessary background on the integral itself, the k-75

additivity simplification, and how capacity values can be learned from data76

using linear programming.77

2.1. The Choquet integral78

When used for the purpose of decision-making and data aggregation,79

the Choquet integral is best framed in the context of averaging aggregation80

functions [4].81

Definition 1. For an input vector x ∈ [0, 1]n, a function f : [0, 1]n → [0, 1]82

is said to be an averaging aggregation function if it is componentwise non-83

decreasing (or monotone) and idempotent, i.e., f(t, t, . . . , t) = t for all t ∈84

[0, 1].85

The monotonicity and idempotency of averaging functions ensure that86

they remain bounded by the smallest and largest arguments of x, i.e., min(x) ≤87

f(x) ≤ max(x), which is sometimes referred to as averaging behavior or in-88

ternality. Although the class of averaging functions is quite broad, it provides89

a level of reliability in decision contexts where non-decreasingness may be de-90

sirable, and ease of interpretation given that the output will range over the91

same scale as the inputs.92

The weighted arithmetic mean (WAM) is a prototypical example of an93

averaging aggregation function and one of the most widely adopted in appli-94

cations. The weights of the arithmetic mean can be interpreted as the level95

of importance attached to each variable. The Choquet integral generalizes96

WAM, allowing weights to be assigned not only to each variable but to each97

coalition thereof. The fuzzy measure is used to encode this information.98
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Definition 2. For a given finite set N = {1, 2, . . . , n}, a fuzzy measure is a99

set function ν : P (N) → [0, 1] defined for all S ⊆ N (the powerset P (N))100

such that ν(∅) = 0, ν(N) = 1 and S ⊆ T implies ν(S) ≤ ν(T ).101

Definition 3. For a finite set of inputs and a given fuzzy measure ν, the
discrete Choquet integral Cν : [0, 1]n → [0, 1] can then be expressed as

Cν(x) =
n�

j=1
x(j)

�
ν

�
{(j), . . . , (n)}

�
− ν

�
{(j + 1), . . . , (n)}

��
,

where (1), . . . , (n) is an ordering permutation of x, i.e., one that yields x(1) ≤102

· · · ≤ x(n). Moreover, e.g., {(j), . . . , (n)} is the set of indices of the n − j + 1103

largest values in x.104

Calculation of the Choquet integral for a given x only requires the subsets105

corresponding to the induced ordering when x is sorted non-decreasingly.106

For example, if x = (0.5, 0.3, 0.8, 0.1), then we would use ν({1, 2, 3, 4}),107

ν({1, 2, 3}), ν({1, 3}), and ν({3}), with ν(∅) = 0. We can further note108

from the definition that the function is hence piece-wise linear, with linear109

behavior on any simplex determined by the ordering of the components of x.110

2.2. The k-additivity simplification111

An alternative representation of fuzzy measures useful for data fitting and112

analysis is achieved via the Möbius transform [14].113

Definition 4. For a given fuzzy measure ν, we denote the Möbius represen-
tation by µ : P (N) → R, where

µA =
�

B⊆A

(−1)|A\B|ν(B).

Note that we use µA rather than µν(A) in order to simplify our notation
throughout the rest of the paper. The so-called Zeta-transform, allowing us
to convert back from Möbius representation to standard form is given by:

ν(A) =
�

B⊆A

µB.

The Choquet integral in Möbius representation is then

Cν(x) = Cµ(x) =
�

A⊆N

µA min
i∈A

xi. (1)
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For additive fuzzy measures, i.e., where ν(A) = �
i∈A

ν({i}), the Möbius114

values for subsets of cardinality 2 or more are all zero. This observation nat-115

urally leads to consideration of fuzzy measures with some limited additivity,116

hence the proposal of k-additive fuzzy measures in [11, 19].117

Definition 5. A fuzzy measure is said to be k-additive when for all A ⊆ N118

such that |A| > k, it holds that µA = 0.119

In fuzzy measure learning and other applications, the k-additivity sim-
plification can greatly reduce the number of variables required to completely
define the fuzzy measure. Rather than 2n − 1 unknowns, the number of
potentially non-zero values in the Möbius representation will be equal to

k�

i=1

n!
i!(n − i)! .

Table 1 gives an idea of the reduction in the number of parameters for120

some combinations of k and n.121

Table 1: Unidentified parameters for k-additive fuzzy measures
n

k 2 3 4 5 6 10 100
1 2 3 4 5 6 10 100
2 3 6 10 15 21 55 5050
3 7 14 25 41 175 166750
4 15 30 56 385 4.09 · 106

5 31 62 637 7.94 · 107

6 63 847 1.27 · 109

On a side note, Sugeno fuzzy measures (or λ-fuzzy measures) also allow122

for a definition by fewer parameters [24], with subsets other than singletons123

satisfying ν(A∪B) = ν(A)+ν(B)+λν(A)ν(B). These are somewhat limited124

in flexibility, however, since the interactions between variables in different125

subsets will always be captured by λ. Other fuzzy measure simplifications126

that allow a graduated trade-off in terms of complexity and the number of127

defining parameters include k-intolerant [17] and k-interactive fuzzy measures128

[5].129

Throughout the paper, we will use visualisations based on the subset130

relation Hasse diagram to give an impression of the reduction in variables131
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achieved by specific fuzzy measure architectures and how calculations are132

affected. We will refer to these as interaction diagrams. Figure 2(a) shows133

a standard fuzzy measure defined by 2n − 1 variables, alongside Fig. 2(b) a134

2-additive fuzzy measure, both for n = 5. The smaller nodes correspond with135

zero-valued subsets in Möbius representation. The larger nodes correspond136

with non-zero values, and edges are shown from each of these nodes to the137

subsets with one less cardinality. The edges displayed reinforce the notion of138

interaction, however for some sparse fuzzy measures the interpretation can139

be a little more nuanced.140

l

 

 

l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l

l

l

l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l

l

l

{1} {2} {3} {4} {5}

{1,2} {1,3} {1,4} {1,5} {2,3} {2,4} {2,5} {3,4} {3,5} {4,5}

{1,2,3} {1,2,4} {1,2,5} {1,3,4} {1,3,5} {1,4,5} {2,3,4} {2,3,5} {2,4,5} {3,4,5}

{1,2,3,4} {1,2,3,5} {1,2,4,5} {1,3,4,5} {2,3,4,5}

{1,2,3,4,5}

�

l

 

 

l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l

l

l

l l l l l

l l l l l l l l l l

{1} {2} {3} {4} {5}

{1,2} {1,3} {1,4} {1,5} {2,3} {2,4} {2,5} {3,4} {3,5} {4,5}

{1,2,3} {1,2,4} {1,2,5} {1,3,4} {1,3,5} {1,4,5} {2,3,4} {2,3,5} {2,4,5} {3,4,5}

{1,2,3,4} {1,2,3,5} {1,2,4,5} {1,3,4,5} {2,3,4,5}

{1,2,3,4,5}

�

(a) (b)

Figure 2: Interaction diagrams for (a) a full (unconstrained) fuzzy measure and (b) a
2-additive fuzzy measure where edges and nodes for 0-valued subsets (in Möbius represen-
tation) are removed.

2.3. Linear programming approach to learning general fuzzy measures141

We now look at constructing fuzzy measures from the information pro-142

vided by experts, which may include their explicit preferences or prototypical143

cases. Our focus here is not on any particular model but on the complexity of144

the set of constraints required for consistency with fuzzy measures definition.145

Consider a dataset consisting of d observed input vectors x(i) associated with146

7



known outputs y(i). The aim is to determine the parameters of our function147

(i.e., the fuzzy measure weights) such that f(x(i)) is as close as possible to148

y(i) for all the i across the observed dataset.149

We measure closeness using the sum of absolute deviations, i.e.,
d�

i=1
|f(x(i)) − y(i)|

and linearize the problem by denoting positive and negative differences re-150

spectively by r
(i)
+ , r

(i)
− such that |f(x(i)) − y(i)| = r

(i)
+ + r

(i)
− and f(x(i)) − r

(i)
+ +151

r
(i)
− = y(i), r

(i)
+ , r

(i)
− ≥ 0.152

For each observation i = 1, . . . , d we have data constraints of the form,153

�

B⊆{(1),...,(n)}:(1)∈B

µBx
(i)
(1) +

�

B⊆{(2),...,(n)}:(2)∈B

µBx
(i)
(2) + . . .

· · · + µ{(n)}x(n) − r
(i)
+ + r

(i)
− = y(i) (2)

While we have stated the problem of fitting to data in terms of match-154

ing the outputs y(i), it is important to mention some alternative approaches.155

These include those based on classification [18] or ordinal regression, such156

as the nonadditive robust ordinal regression (NAROR) method [1], which157

relies on the same variables and constraints setup. There are also quadratic158

programming formulations and various heuristics (e.g., [13]). Therefore we159

present the results in a way which is independent of the particular learn-160

ing strategy or the cost function, by focusing on the constraints which are161

common to all mentioned approaches.162

In Möbius representation, the monotonicity requirement can be expressed
as constraints of the following form,

�

B⊆A:i∈B

µB ≥ 0, (3)

which we need for each i ∈ A and all A ⊆ N . The boundary condition
ν(N) = 1 can be ensured with the constraint

�

A⊆N

µA = 1. (4)

While we may have a reduction in variables due to k-additivity, other
than the case of k = 2, the number of monotonicity constraints in the form
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of (3) remains. In general, the number of monotonicity constraints required
will be,

n�

i=1
i

n!
(i)!(n − i)! =

n�

i=1

n!
(i − 1)!(n − i)! = n2n−1.

One approach to reducing the number of monotonicity constraints is to163

use belief measures. Belief measures can be defined by what is referred to as164

a basic probability assignment, a set function B defined over the powerset of165

N satisfying B(∅) = 0, B(A) ≥ 0 for all A ⊆ N and �
A⊆N

B(A) = 1. The basic166

probability assignment corresponds with the Möbius representation of a belief167

measure, and hence the non-negativity condition will automatically ensure168

monotonicity. This means that all monotonicity constraints except those169

corresponding with µ(A) ≥ 0 for each subset will be redundant. The fitting170

problem can be further simplified by limiting the number of potential non-171

zero valued subsets (referred to as focal elements). Such measures, however172

will only exhibit positive interaction effects and hence their use and flexibility173

in application may be limited.174

3. Order-dependent hierarchical aggregation175

While the k-additive fuzzy measure simplification allows reduction of vari-176

ables when fitting Möbius values, there have been other simplifications pro-177

posed, which fix the effective weight applied for the lowest or highest k inputs.178

Such simplifications can be viewed as order-dependent hierarchical aggrega-179

tion processes and also have notable features in Möbius representation.180

In this section we will frequently draw upon the relationship between a
fuzzy measure and its dual. For a fuzzy measure in standard representation
ν, its dual νd is given by

νd(A) = 1 − ν(A�),
where A� is the set complement of A. The Choquet integral with respect to181

a dual fuzzy measure then satisfies Cνd(x) = 1 − Cν(1 − x), where 1 − x =182

(1 − x1, 1 − x2, . . . , 1 − xn).183

It has been shown in [12] that in Möbius form it holds that184

µd
A = (−1)|A|+1 �

B⊇A

µB. (5)

Eq. (5) tells us that, for each subset A, the Möbius values of the dual185

fuzzy measure are calculated from the supersets B ⊇ A.186
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Remark 6. Eq. (5) makes it easy to see that k-additive fuzzy measures will187

have duals that are also k-additive, since when |A| = k, the only superset B188

considered for each A will be A itself. Hence, for these sets we have µd
A = µA189

for odd cardinality and −µA for even cardinality.190

We now consider the notions of k-intolerance and k-interactivity in the191

hierarchical framework, then propose a simplification that generalises both.192

3.1. k-tolerance and k-intolerance193

With k-intolerance and k-tolerance, we have the following definition.194

Definition 7. A fuzzy measure ν is k-intolerant if ν(A) = 0 for all A ⊆ N195

such that |A| ≤ n − k and there exists a B with |B| = n − k + 1 such that196

ν(B) �= 0. A fuzzy measure is k-tolerant if ν(A) = 1 for all A ⊆ N such that197

|A| ≥ k and there exists a B with |B| = k − 1 such that ν(B) �= 1.198

A Choquet integral with respect to a k-intolerant fuzzy measure hence199

simplifies to an aggregation of the smallest k values only. Given the corre-200

spondence between Möbius and standard representation of fuzzy measures,201

we have the following proposition.202

Proposition 1. A fuzzy measure µ in Möbius representation is k-intolerant203

if µA = 0 for all A ⊆ N such that |A| ≤ n − k and there exists a B with204

|B| = n − k + 1 such that µB �= 0. A fuzzy measure is k-tolerant if its dual205

is k-intolerant.206

Proof. This follows directly from the definition of Möbius representation and207

k-intolerance (Definitions 7 and 4 respectively). For any ν(A) = 0, all the208

subsets B ⊆ A will also satisfy ν(B) = 0 and hence µA = 0.209

When representing k-intolerant fuzzy measures using the interaction dia-210

grams, we can observe that only the values allocated to the larger subsets are211

non-zero valued (see Fig. 3). The effect is that the largest n−k inputs are ig-212

nored in the aggregation. In Fig. 3(b) it is worth reiterating that the 3-tuple213

subsets have Möbius values of 0, however the edges are still displayed from214

the 4-tuples to their subsets in order to give an impression of the variable215

interactions.216

While the k-intolerant fuzzy measures exhibit these prevalent zeros in217

Möbius representation, this is not the case for the dual k-tolerant fuzzy mea-218

sures. From Eq. (5), it is apparent that supersets of the dual (the k-intolerant219
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Figure 3: (a) Order-dependent architecture equivalent to a 2-intolerant fuzzy measure -
the x(i) are ordered non-decreasingly, and (b) the interaction diagram representing its
Möbius representation. All subsets such that |A| ≤ 3 are set to 0.

fuzzy measure) will not usually be zero-valued. The following example helps220

illustrate that we would not observe interaction diagrams with similar struc-221

tures to Fig. 3(b).222

Example 1. The fuzzy measure with µ{1} = µ{2} = µ{3} = 0, µ{1,2} =223

0.6, µ{1,3} = 0.3, µ{2,3} = 0.5, µ{1,2,3} = −0.4, is 2-intolerant. Calculating its224

2-tolerant dual gives µ{1} = 0.5, µ{2} = 0.7, µ{3} = 0.4, µ{1,2} = −0.2, µ{1,3} =225

0.1, µ{2,3} = −0.1, and µ{1,2,3} = −0.4.226

So whilst k-tolerant fuzzy measures would not directly be obtained from
fitting to a reduced number of variables in Möbius representation, we can
use the duality relationship and fit to the dual. For a fuzzy measure µ that
is k-tolerant, we can learn the corresponding k-intolerant fuzzy measure µd

by transforming the dataset. In terms of our original fitting objective, if
the data take values over the interval [0, 1] we can express the dual fitting
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objective as

d�

i=1
|Cµ(x(i)) − y(i)| =

d�

i=1
|1 − Cµd(1 − x(i)) − y(i)|. (6)

Once the µd values have been elicited, Eq. (5) can then be used to obtain227

µ directly (or the ν representation could also be calculated). We hence are228

still able to capitalise on the same reductions in the number of variables or229

monotonicity constraints.230

Remark 8. We can make mention of co-Möbius form [12], which also serves
as an alternative representation of fuzzy measures and is invertible. For a
fuzzy measure ν, the co-Möbius values µ̄A for each subset are given by

µ̄A =
�

B⊇N\A

(−1)|B�|ν(B) =
�

B⊆A

(−1)|B|ν(B�),

where B� is the set complement of B. From Def. 4 and Eq. (5) one can231

ascertain that for any fuzzy measure with values µA = 0, it will hold that232

µ̄d
A = 0, i.e., the dual fuzzy measure in co-Möbius representation will have233

zero values corresponding with the same subsets. We could therefore also fit234

to the co-Möbius representation, however for simplicity we will continue to235

focus on Möbius representation.236

For k-intolerant fuzzy measures, the number of unknown variables in
Möbius representation will be equal to

n�

i=n−k+1

n!
i!(n − i)! =

k−1�

i=0

n!
i!(n − i)! .

In addition to reduction in variables, we also reduce the number of mono-
tonicity constraints required, since clearly all subsets B ⊆ A with |A| = n−k
will also be zero too. We hence need only consider

n�

i=n−k+1
i

n!
i!(n − i)! =

k−1�

i=0
(n − i) n!

i!(n − i)!

monotonicity constraints.237
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3.2. k-interactivity238

The k-interactive fuzzy measures were proposed in [5]. When framed as239

a kind of order-dependent hierarchical aggregation process, we see that they240

capture a similar idea to the k-intolerant fuzzy measures, except that rather241

than ignoring the smallest (or largest) values, their arithmetic mean is used.242

This is a consequence of maximising the entropy over the smallest (or largest)243

inputs.244

Definition 9. A fuzzy measure ν is k-interactive if for some chosen w ∈ [0, 1]
and 1 ≤ k ≤ n,

ν(A) = w + |A| − k − 1
n − k − 1 (1 − w), for all A, |A| > k.

A Choquet integral with respect to a k-interactive fuzzy measure takes a245

weighted mean (with weights (1 − w) and (w) respectively) of the arithmetic246

mean of the smallest n − k − 1 values along with a Choquet integral of the247

remaining k + 1 values.248

The relationship between k-intolerance and k-interactivity is most clearly249

observed by considering the dual of k-interactive fuzzy measures in their250

Möbius representation.251

Proposition 2. For a given k-interactive fuzzy measure ν expressed in stan-
dard representation and satisfying Def. 9 for a given k and w, the Möbius
representation of the dual fuzzy measure µd satisfies,

µd(A) =
� 1−w

n−k−1 , |A| = 1,

0, 1 < |A| ≤ n − k − 1.

Proof. From the definition we can obtain that the dual νd of a k-interactive
fuzzy measure will satisfy

νd(A) = 1−
�

w + |A�| − k − 1
n − k − 1 (1 − w)

�
= (1−w) n − |A�|

n − k − 1 = (1−w) |A|
n − k − 1

for A, |A| ≤ n − k − 1. For |A| = 1, the Möbius values and standard repre-
sentation values coincide and so we have,

µd(A) = 1 − w

n − k − 1 , ∀ |A| = 1.
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For 1 < |A| ≤ n − k − 1 we have252

µd(A) =
�

B⊆A

(−1)|A\B|νd(B)

=
�

B⊆A

(−1)|A\B|(1 − w) |B|
n − k − 1

= 1 − w

n − k − 1
�

B⊆A

(−1)|A\B||B|

= 0

253

Hence the key difference is that rather than all Möbius values under a254

given threshold being 0, the singletons are allocated a weight of 1−w
n−k−1 (see255

Fig. 4).256

However even though their duals are characterised by zero Möbus values257

for a range of subsets’ cardinalities as per Proposition 2, the original k-258

interactive fuzzy measures do not share this property, and hence do not259

benefit from the reduction of variables in Möbius representation (although260

the fitting to data problem is indeed simplified, see [5]).261

Remark 10. Note from the architecture that we also get k-intolerant and262

k-tolerant (corresponding with different k) fuzzy measures as a special case,263

when the outer WAM allocates 0 weight to the AM2 input.264

Excluding the singletons (which are fixed), the number of non-zero Möbius
values for the dual of a k-intolerant fuzzy measure will be

n�

i=n−k

n!
i!(n − i)! =

k�

i=0

n!
i!(n − i)! .

For the constraints, again we need not worry about subsets of size up to265

n − k − 1, and so consider only those of size n − k or larger, giving us,266

n�

i=n−k

i
n!

i!(n − i)! =
k�

i=0
(n − i) n!

i!(n − i)!
monotonicity constraints.267

An advantage of such top-down interactive architectures is that mono-268

tonicity need only be considered across subsets of the larger sizes, e.g., for269

14
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(a) (b)

Figure 4: (a) Order-dependent architecture for the dual of a 1-interactive fuzzy measure,
which averages the largest n−k−1 = 3 inputs but allows the smallest 2 inputs to interact,
and (b) the corresponding interaction diagram showing Möbius values equal to zero for all
2 ≤ |A| ≤ 3 (the singletons would all be equal to a fixed 1−w

3 ).

n = 8 and considering subsets of size 6,7,8, we would require 8 + 7 × 8 +270

6 × 28 = 232 monotonicity constraints instead of 1016 required for general271

and for 3-additive fuzzy measures.272

3.3. Generalising k-interactivity to k-lower and k-upper interactive fuzzy273

measures274

A natural generalisation of the concepts of k-intolerance and k-interactivity275

is to allow singletons to carry non-equal weight. We propose the following276

definition.277

Definition 11. A fuzzy measure is k-lower interactive for k ∈ {1, 2, . . . , n −278

2} when for all A ⊆ N and 1 < |A| ≤ n − k, it holds that µA = 0. The279

boundary cases of k = 0 and k = n − 1 correspond with additive and general280
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fuzzy measures respectively. A fuzzy measure is k-upper interactive if it is281

dual to a k-lower interactive fuzzy measure.282

A k-lower interactive fuzzy measure takes a weighted mean of the highest283

n − k inputs and allows for interaction in the lowest k inputs.284

The architecture and interaction diagram representations of such fuzzy285

measures is identical to that of k-interactive fuzzy measures, except that the286

arithmetic mean is replaced with a weighted arithmetic mean in the first287

step. For example, in Fig. 4(a) we would have a 2-lower interactive fuzzy288

measure with AM2 replaced with WAM2.289

The number of non-zero Möbius values we need to consider corresponds
with k-intolerance and k-interactivity, except that we include the n single-
tons, hence a k-lower interactive fuzzy measure is defined by

n +
n�

i=n−k+1

n!
i!(n − i)! = n +

k−1�

i=0

n!
i!(n − i)!

variables for 0 < k < n − 2.290

For the constraints, in addition to those corresponding with the larger
subsets, we also will require µi ≥ 0 for each of the singletons. Hence, with
respect to k, a k-lower interactive fuzzy measure will require consideration
of

n +
n�

i=n−k+1
i

n!
i!(n − i)! = n +

k−1�

i=0
(n − i) n!

i!(n − i)!
constraints, with 0 < k < n − 2.291

Table 2 gives an idea of the savings that can be achieved in the fitting292

problem by using the k-lower interactive fuzzy measure simplification for293

n = 5, n = 10 and n = 100.294

Remark 12. While we do not explore it in more detail here, in this framework295

one could also consider fixing values for sets of up to cardinality |A| = n − k,296

resulting in ordered weighted aggregation of the largest n − k inputs. This297

would limit the variables and constraints required in a similar way and achieve298

similar cost reduction.299

4. Two-step Choquet integrals with WAM-equivalent aggregation300

at the second step301

We now consider hierarchical aggregation structures based on partitions302

or coverings of the input set, where the first aggregation step is performed303
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Table 2: Unidentified parameters (var) and constraints (constr) required for k-lower inter-
active fuzzy measures

n = 5 n = 10 n = 100
k var constr var constr var constr
1 6 10 11 20 101 200
2 11 30 21 110 201 10100
3 21 60 66 470 5151 495200
4 31 80 186 1310 166851 16180100
9 1023 5120 2.03 · 1011 1.87 · 1013

using a set of Choquet integrals and these values are then aggregated at the304

second step using a weighted arithmetic mean (or additive Choquet integral).305

This framework is often referred to as a two-step Choquet integral. We will306

use the notation xA to denote a restriction of the vector x to its components307

corresponding to the elements in A, e.g., for x = (0.2, 0.7, 0.3, 0.5) and A =308

{2, 3} then xA = (0.7, 0.3).309

Some of the results below will make use of the fact that any fuzzy measure310

of k variables can be embedded into a fuzzy measure of n > k variables,311

where the variables k + 1, k + 2, . . . , n are allocated zero weight. In Möbius312

representation, all supersets of these elements k will be zero. An example for313

k = 3 and n = 5 is shown in Fig. 5. Embeddings of fuzzy measures in this314

way can also be viewed in terms of dummy criteria and dummy coalitions315

(see, e.g., [7–9, 15]).316

From this and the result that any weighted arithmetic mean of fuzzy317

measures is also a fuzzy measure we can articulate the following proposition.318

Proposition 3. Consider an input vector x = (x1, . . . , xn) and a covering319

{A1, . . . , Am}, i.e., one for which Ai �= ∅ for all i and �m
i=1 Ai = N . For320

any weighted arithmetic mean of Choquet integrals Cµ(1)(xA1), Cµ(2)(xA2),321

. . . , Cµ(m)(xAm) there exists an equivalent single Choquet integral Cµ(x).322

Proof. The result follows from the fact that, using Möbius representation,323

each of the integrals Cµ(i)(xAi
) can be expressed as embedded fuzzy measures324

with respect to the n-variate case and hence the final fuzzy measures weights325

can be obtained from a linear combination of these m fuzzy measures. Each326

of the Möbius weights in the overall fuzzy measure µ is then simply the327

weighted arithmetic mean of corresponding coefficients.328
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Figure 5: A 3-variate fuzzy measure defined in reference to the inputs x1, x2, x3 embed-
ded into a 5-variate fuzzy measure with these inputs mapped as they are and x4, x5 are
allocated zero weight. The architecture is shown in (a) while the interaction diagram
corresponding with the 5-variate fuzzy measure is shown in (b).

Remark 13. See previous works [20, 25] for alternative approaches to the329

proof.330

While this may seem straight forward for partitions, the following example331

shows how it works when there is overlap between the subsets.332

Example 2. Suppose333

f = WAM(Cµ(1)(x1, x2, x3), Cµ(2)(x3, x4, x5))
= w1 · Cµ(1)(x1, x2, x3) + w2 · Cµ(2)(x3, x4, x5)

In this case, A1 = {1, 2, 3}, A2 = {3, 4, 5}. In Möbius representation, we have

Cµ(1)(xA1) = µ
(1)
{1}x1 + µ

(1)
{2}x2 + µ

(1)
{3}x3 + µ

(1)
{1,2} min(x1, x2) + · · ·

· · · + µ
(1)
{1,2,3} min(x1, x2, x3)
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and

Cµ(2)(xA2) = µ
(2)
{3}x3 + µ

(2)
{4}x4 + µ

(2)
{5}x5 + µ

(2)
{3,4} min(x3, x4) + · · ·

· · · + µ
(2)
{3,4,5} min(x3, x4, x5).

The overall fuzzy measure such that f = Cµ(x) = f(x) can be obtained by
aggregating µ(1) and µ(2) according to the weights w1, w2. We have

µ{1} = w1µ
(1)
{1} µ{2} = w1µ

(1)
{2} µ{3} = w1µ

(1)
{3} + w2µ

(2)
{3} µ{4} = w2µ

(2)
{4}

· · · · · · µ{1,2,3} = w1µ
(1)
{1,2,3} µ{3,4,5} = w2µ

(2)
{3,4,5}

and zero for all subsets not involved in the calculation of either C1 or C2.334

Hence, although it is a fuzzy measure defined across the 5 variables and 31335

subsets, it requires vastly fewer of the weights to be determined.336

Figure 6 shows (a) the hierarchical structure and (b) an interaction dia-337

gram indicating the fuzzy measure weights considered (vertices without edges338

leading into them from below would have a zero value). For comparison with339

a partition, (c) and (d) show the respective architecture and interaction di-340

agram with A1 = {1, 2, 3}, A2 = {4, 5}.341

We can obtain a number of propositions and corollaries from this idea.342

Proposition 4. Consider any number of ki-additive fuzzy measures defined343

over the subsets of a covering �m
i=1 Ai = N where the level of additivity ki may344

differ for each subset. Then, the overall fuzzy measure corresponding with a345

Choquet integral Cµ equivalent to taking a weighted mean of the component346

Choquet integrals Cµ(i) is at most k-additive, where k = max ki.347

Proof. Each of the fuzzy measures µ(i) can be embedded into an n-variate348

fuzzy measure where all subsets larger than ki will be allocated zero weight349

in Möbius representation. The overall fuzzy measure’s components are cal-350

culated as a weighted mean of the values attached to each of the subsets,351

and hence any subsets of size larger than k = max ki will be determined by352

aggregating zeros.353

Corollary 14. A weighted mean of k-additive n-variate Choquet integrals354

will be equivalent to a Choquet integral with respect to a fuzzy measure that355

is at most k-additive.356
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Figure 6: Hierarchical fuzzy measure architectures involving (a) a covering and (c) a
partition, beside interaction diagram visualisations of the resulting fuzzy measures in (b)
and (d). Larger nodes and edges from below indicate non-zero Möbius values.
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Proposition 5. Consider any number of ki-lower interactive fuzzy measures357

defined over the subsets of a covering �m
i=1 Ai = N where the level of lower358

interactivity ki may differ for each subset. Then, the overall fuzzy measure359

corresponding with a Choquet integral Cµ equivalent to taking a weighted mean360

of the component Choquet integrals Cµ(i) is at most k-lower interactive, where361

k = n − min(|Ai| − ki).362

Proof. A k-lower interactive fuzzy measure satisfies µA = 0 for 1 < |A| ≤363

n−k, which means that for the component fuzzy measures, all subsets of size364

2, 3, . . . , |Ai| − ki will be zero-valued in Möbius representation. In the overall365

fuzzy measure, all subsets of size 2, . . . , min(|Ai| − ki) will be calculated as366

an aggregation of zeros and hence the overall fuzzy measure will be n −367

min(|Ai| − ki) = k-lower interactive.368

Corollary 15. A weighted mean of k-lower interactive n-variate fuzzy mea-369

sures will be at most k-lower interactive.370

Since k-intolerant fuzzy measures are a special case of k-lower interactive371

fuzzy measures, we also get the following corollary.372

Corollary 16. A weighted mean of k-intolerant fuzzy measures will be at373

most k-intolerant.374

Similar results pertaining to the dual concepts can be determined as375

consequences of the above. The following establishes that any dual of a376

hierarchical-architecture based fuzzy measure limits the interactions to the377

same subsets.378

Proposition 6. Consider a fuzzy measure corresponding with a two-step379

Choquet integral and where the second step of aggregation is equivalent to a380

WAM with respect to the weighting vector w. Then, the dual of this function381

will also be a two-step Choquet integral with the second step equivalent to a382

WAM with respect to the same w.383

Proof. This follows from the Möbius values dual calculation in Eq. (5). Each384

subset’s value only takes into account its supersets and only subsets B ⊆ Ai385

for some i are non-zero valued. The values for each subset of a particular Ai386

are hence calculated independently of the other Ai coalitions in the partition.387

Further, since the values within each Ai correspond with an embedded fuzzy388

measure multiplied by wi, the dual calculation will also result in Möbius389

values summing to wi.390
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While the number of parameters required for general fuzzy measures is391

2n −1, fuzzy measures corresponding with two-step Choquet integrals, where392

the second step of aggregation is equivalent to a weighted arithmetic mean,393

have far fewer variables than the general fuzzy measure.394

Given an input set x ∈ [0, 1]n and a partition
m�

i=1
Ai = N , a fuzzy measure

corresponding with the weighted mean of each Cµ(i)(xAi
) will have, at most

−m +
m�

i=1
2|Ai| (7)

non-zero weights.395

This will also be the upper bound for coverings, where some variables will396

be repeated within the non-disjoint Ai subsets.397

Example 2 above helps illustrate this. It is worth noting that the savings398

go far beyond even what is achieved by k-additive fuzzy measures and the399

order-dependent architectures. In the case of k-additive fuzzy measures, all400

subsets are considered to interact. For n = 16 and k = 4 we would still401

be considering 2516 unknowns. If, on the other hand, we know that there402

are 4 distinct groups of 4 interacting variables, we can reduce the number of403

unknown variables to 60.404

However, it is not only the number of variables reduced but also the405

number of monotonicity constraints. Unlike the k-additive fuzzy measures,406

we need only consider monotonicity relationships for each of the subgroups.407

Given an input set x ∈ [0, 1]n and a partition {A1, . . . , Am} of N , a fuzzy408

measure corresponding with the weighted mean of each Cµ(i)(xAi
) needs only409

consider the constraints410

�

B⊆S:j∈B

µB ≥ 0, for each j ∈ S, for all S ⊆ Ai, i = 1, . . . , m, (8)

of which there will be411

m�

i=1

|Ai|�

j=1
j

|Ai|!
j!(|Ai| − j)! =

m�

i=1
|Ai|2|Ai|−1, (9)

which is a reduction from O(n2n−1) to O(n2k−1), where k = max |Ai| and412

n = � |Ai|. This owes to supersets of each Ai being fixed with zero weight413

in Möbius representation.414
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Table 3: Data, non-negativity, monotonicity, and boundary constraints (in Möbius form,
excluding the introduced residual coefficients) for n = 4 where {1, 2} and {3, 4} constitute
independent subgroups.

µ({1}) µ({2}) µ({1, 2}) µ({3}) µ({4}) µ({3, 4}) RHS
x

(1)
1 x

(1)
2 min(x(1)

1 , x
(1)
2 ) x

(1)
3 x

(1)
4 min(x(1)

3 , x
(1)
4 ) = y(1)

. . . . . . . . . . . . . . .

x
(d)
1 x

(d)
2 min(x(d)

1 , x
(d)
2 ) x

(d)
3 x

(d)
4 min(x(d)

3 , x
(d)
4 ) = y(d)

1 ≥ 0
1 ≥ 0

1 ≥ 0
1 ≥ 0

1 1 ≥ 0
1 1 ≥ 0

1 1 ≥ 0
1 1 ≥ 0

1 1 1 1 1 1 = 1

Example 3. Suppose we have

Cµ(x) = WAM(Cµ(1)(x1, x2), Cµ(1)(x3, x4)).

In this case, n = 4, |A1| = |{1, 2}| = |A2| = |{3, 4}| = 2. The calculations for415

number of variables and monotonicity constraints yield 6 and 4 respectively.416

The constraints required, along with the data constraints (not including the417

residual coefficients) are shown in Table 3.418

For overlapping sub-groups, i.e., where we have a covering rather than419

a partition, the calculations will differ somewhat. While there will be some420

redundancy in the variables considered, we will require additional constraints.421

For example, assuming an element j belongs to, at most, two subsets Ai and422

Ak, in addition to the constraints for a partition included in (8), we would423

need to also consider424

�

B⊆S:j∈B

µB ≥ 0, for all S ⊆ Ai ∪ Ak such that j ∈ S, S � Ai, Aj. (10)

Then clearly if j belonged to more than 2 subsets we would need to425

consider subsets including members from each of the non-disjoint sets along426

with j.427
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Example 4. Suppose we have the two-step Choquet integral as depicted in
Fig.6(a) and (b), i.e.,

Cµ(x) = WAM(Cµ(1)(x1, x2, x3), Cµ(2)(x3, x4, x5)).

In this case, n = 5, |A1| = |A2| = 3. Here we have 7 variables each corre-
sponding to all subsets of A1 and A2, however µ{3} is repeated and so we
only have 13 altogether. For monotonicity we will require 2 monotonicity
constraints for each of the pairs within the coalitions, i.e., for

{1, 2}, {1, 3}, {2, 3}, {3, 4}, {3, 5}, {4, 5},

and 3 monotonicity constraints for each of {1, 2, 3} and {3, 4, 5}. However,
we also need one constraint for each of the supersets of {3} that include
elements from both coalitions, i.e., for

{1, 3, 4}, {1, 3, 5}, {2, 3, 4}, {2, 3, 5},

{1, 2, 3, 4}, {1, 2, 3, 5}, {1, 3, 4, 5}, {2, 3, 4, 5},

and {1, 2, 3, 4, 5}
For instance, in the case of {1, 3, 4} we need

µ{1,3,4} + µ{3,4} + µ{1,3} + µ{3} ≥ 0,

which simplifies to
µ{3,4} + µ{1,3} + µ{3} ≥ 0,

which is not taken into account by the monotonicity constraints correspond-428

ing with subsets of A1 or A2. We can reiterate that for the additional subsets,429

we only need to consider the constraints based on the inclusion of {3}, i.e.,430

the constraint based on inclusion of {1} would simplify to µ{1,3} + µ{1} ≥ 0,431

which is redundant with those already considered. This gives 32 constraints432

in total, whereas usually for a 5-variate fuzzy measure we need 80.433

Table 4 is provided to give an idea of the reduction in variables and434

constraints that can be achieved using hierarchical fuzzy measures based on435

partitions.436

It is evident that assuming the data follows a hierarchical structure with437

a weighted arithmetic mean aggregation at the outer layer is able to achieve438

a significant reduction in variables and constraints, especially if the variables439
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Table 4: Unidentified parameters (var) and constraints (constr) required for hierarchical
fuzzy measures based on partitions with disjoint subsets of at most cardinality k

n = 5 n = 10 n = 100
k var constr var constr var constr
1 5 5 10 10 100 100
2 7 9 15 20 150 200
3 10 16 22 37 232 397
4 16 33 33 68 375 800
5 31 80 62 160 620 1600
10 1023 5120 10230 51200

can be grouped into a partition. The overall fuzzy measures may not be as440

flexible as k-additive fuzzy measures, where interaction is modelled between441

all variables, however interaction in groups of 2, 3 or more can still be con-442

sidered. Limiting interaction to particular groups may also be realistic and443

practical in a number of contexts to avoid incorporating interaction effects444

in the data that only appear to be present by chance.445

5. Two-step Choquet integral with interaction at the second step446

We have observed that when the second step of aggregation is performed447

with respect to an additive fuzzy measure (WAM), the overall aggregation448

can be expressed as a single fuzzy measure. On the other hand, when the449

outer aggregation is non-additive, it will not always be the case that the450

hierarchy collapses to a single aggregation [25]. Here is a counterexample.451

Example 5. Suppose we have the hierarchical structure,

f(x1, x2, x3, x4, x5) = Cµ∗(WAMw(1)(x1, x2), WAMw(2)(x3, x4, x5))

Let w(1) = (0.2, 0.8), w(2) = (0.1, 0.7, 0.2) and for the fuzzy measure let

µ∗
{1} = 0.9, µ∗

{2} = 0.4, µ∗
{1,2} = −0.3.

A Choquet integral is comonotone additive, however note for the comono-
tone input vectors

x = (0.9, 0.4, 0.2, 0.5, 0.7), y = (0.9, 0.7, 0.2, 0.75, 0.8),
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we have
f(x) = 0.504, f(y) = 0.7365,

f(x + y) = 1.2375,

and hence f(x) + f(y) = 1.2405 �= f(x + y).452

Nonetheless such structures will inherit some salient properties of the453

Choquet integrals, see also [20].454

Proposition 7. A two-step hierarchical aggregation structure with Choquet455

integrals at the first and second step will result in a function that is homoge-456

neous, shift-invariant, monotone, and piecewise-linear.457

Proof. The Choquet integral can be expressed as a linear combination of458

piecewise linear functions and hence homogeneity, shift-invariance, mono-459

tonicity, and piecewise-linearity will be preserved.460

We now consider two examples of fuzzy measures with special characteris-461

tics in Möbius representation and how these correspond with or approximate462

hierarchical aggregation methods.463

5.1. Nonadditive between-group interactions of minimum/maximum aggre-464

gated coalitions465

One instance where we can use the Choquet integral in the second step of466

aggregation and arrive at a structure equivalent to a single Choquet integral467

is where the aggregators at the first step are all minimum functions.468

Proposition 8. For a two-step Choquet integral, if the fuzzy measure at469

the second step µ∗ is non-additive and the fuzzy measures µ(i), i = 1, . . . , m470

at the first step each model the minimum, then the overall aggregation will471

correspond with a single Choquet integral with respect to a fuzzy measure µ.472

Proof. Let M = {1, . . . , m}. From the expression of the Choquet integral in
Möbius representation (Eq. (1)) we have,

Cµ∗(min(xA1), . . . , min(xAm)) =
�

B⊆M

µ∗
B min

i∈B
(min

j∈Ai

xj) =
�

B⊆M

µ∗
B min

j∈{
�

i∈B

Ai}
xj.

Since all sets { �
i∈B

Ai} coincide with one of the subsets of N , there will exist473

an equivalent overall fuzzy measure µ defined on N , with all Möbius values474

zero except for those corresponding with all unions of the Ai.475
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The upshot of such structures is that we can transform the dataset ac-476

cording to the Ai coalitions and fit to µ∗, however still gain an overall under-477

standing of the aggregation process by interpreting µ. The following example478

considers the case of a partition.479

Example 6. Let the function architecture be such that

f = Cµ∗(min(x1, x2), min(x3, x4, x5)).

Using Möbius representation, we will have480

f = µ∗
1 min(x1, x2) + µ∗

2 min(x3, x4, x5)
+ µ∗

12 min(min(x1, x2), min(x3, x4, x5))
= µ∗

1 min(x1, x2) + µ∗
2 min(x3, x4, x5) + µ∗

12 min(x1, x2, x3, x4, x5)

Hence this is equivalent to a single Choquet integral defined for n = 5481

with µ12 = µ∗
1, µ345 = µ∗

2, µ12345 = µ∗
12 and all other Möbius values equal to482

0. Fig. 7 depicts the hierarchical structure and the interaction diagram.483
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�

(a) (b)

Figure 7: (a) Hierarchy taking a Choquet integral of minimum functions and (b) the
interaction diagram of the corresponding overall fuzzy measure.

27



Remark 17. Note in 7(b) only the three subsets are non-zero, with all edges484

shown to each of the subsets of one less cardinality.485

Such overall fuzzy measures can be understood in terms of what are486

sometimes referred to as partnerships in the study of non-additive games [9],487

where in standard representation the coalitions in the partition Ai satisfy488

ν(S ∪ T ) = ν(S) for all T � Ai and all S ⊂ N \ Ai. Partnerships are489

interpreted as behaving as a single hypothetical player in a reduced game.490

We have a similar result when the first step aggregations are performed491

using the maximum.492

Proposition 9. For a two-step Choquet integral, if the fuzzy measure at493

the second step µ∗ is non-additive and the fuzzy measures µ(i), i = 1, . . . , m494

at the first step each model the maximum, then the overall aggregation will495

correspond with a single Choquet integral with respect to a fuzzy measure µ.496

Proof. The Choquet integral can be expressed as a linear combination of
maximum functions using Möbius representation and considering the rela-
tionship with the dual aggregation function, i.e.

Cµd(x) = 1 −
�

A⊆N

µA min
i∈A

(1 − xi) = 1 −
�

A⊆N

µA(1 − max
i∈A

xi) =
�

A⊆N

µA max
i∈A

xi.

Hence, following the same logic as in the proof of Proposition 8, there will497

exist an equivalent overall fuzzy measure µ defined on N .498

Propositions 8 and 9 are also established in [20, 25]. We can then turn to
the case of two-step Choquet integrals where both minimum and maximum
functions are involved in the first step. For general coverings, the function
will not necessarily reduce to a single Choquet integral. For example, we
could not model

f = Cµ∗(min(x1, x2), max(x2, x3)),
because according to the minimum-aggregated group we require µ{2} = 0 and499

according to the maximum-aggregated group we require µ{2} > 0 and so we500

have a contradiction.501

However, it will always be possible when the aggregations at the first step502

are defined over a partition, see also [20].503

Proposition 10. For a two-step Choquet integral, if the fuzzy measure at the504

second step µ∗ is non-additive and the fuzzy measures µ(i), i = 1, . . . , m at the505
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first step defined over a partition �
i∈M

Ai = N all either model a minimum or506

maximum, then the overall aggregation will correspond with a single Choquet507

integral with respect to a fuzzy measure µ.508

Proof. We need only show that the arguments in the second step of inte-
gration min(Cµ(1) , Cµ(2)), min(Cµ(1) , Cµ(3)), etc., can be expressed as Choquet
integrals over the unions of their component sets. Since for functions of the
form

min
�

min
j∈A1

xj, min
j∈A2

xj, . . . , max
j∈Am−1

xj, max
j∈Am

xj

�
,

any of the minimum functions can be expressed as a composition of maxi-
mums, i.e. of each of the singletons,

min
�

max
j∈{1}

xj, max
j∈{2}

xj, . . . , max
j∈Am−1

xj, max
j∈Am

xj

�
,

it follows from Proposition 9 that the resulting expressions will also be re-509

ducible to a single Choquet integral.510

While such functions are equivalent to a single Choquet integral, consid-511

ering the learning problem in a hierarchical framework reduces the weight512

identification problem to consideration of µ∗ only, with the fuzzy measures513

µ(i) defining the Choquet integrals at the first step fixed. We consider the514

covering or partition �
i∈M

Ai = N . Rather than transforming the input set so515

that inputs are mapped to min(xA) for all A ⊆ N , we instead map the inputs516

to each B ⊆ M with the variable µ∗
B corresponding to the transformed inputs517

based on the aggregation at the first step of integration. The monotonicity518

and boundary constraints need only be considered as they pertain to B ⊆ M .519

After fitting, if the first step of aggregation is based on a partition, the520

behaviour across the overall fuzzy measure can be interpreted by mapping521

the µ∗
B values to each µA with A = �

i∈B
Ai.522

Remark 18. It is worth noting from the above that, although it would be pos-523

sible to fit to the reduced data mapping corresponding with µ∗ in the case of a524

covering, we would not necessarily be able to extract the values for interpreta-525

tion of the overall fuzzy measure, since the unions of Ai would not necessarily526

be unique, i.e., in Example 6 if we also had a third argument min(x1, x2, x4),527

then µ∗
12, µ∗

23 and µ∗
123 will all be associated with min(x1, x2, x3, x4, x5).528
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5.2. Fuzzy measures that approximate within- and between-coalition interac-529

tion530

When Möbius values are considered a proxy for interaction, we can make531

arbitrary choices as to which variables interact. One way of considering532

subsets and interactions is in terms of between-coalition interactions, i.e.,533

similar to partnerships, we consider subsets more or less behaving like a534

single entity when it comes to interaction, with additive behaviour within535

the group and only allowing interaction effects with other groups as a whole.536

In this case, only supersets of the coalitions along with all the singletons537

would be allocated a value in Möbius representation.538
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�

(a) (b)

Figure 8: (a) Hierarchy taking a Choquet integral of weighted arithmetic means and
(b) interaction diagram for an approximating overall fuzzy measure whereby only the
singletons and supersets of {1, 2} and {3, 4, 5} are not fixed at 0.

Example 7. With A1 = {1, 2} and A2 = {3, 4, 5}, we can allow non-zero539

Möbius values corresponding only with the singletons and supersets of either540

A1 or A2. We don’t consider interaction between the first and third element541

(µ{1,3} = 0), however we do consider interaction between {1, 2} and {3}. We542

note from the interaction diagram in Fig. 8(b) that this could be considered543

a special case of the k-lower interactive fuzzy measures, however it also can544

be interpreted, at least in semantics, as an approximation of the hierarchical545

architecture shown in Fig. 8(a).546
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This approach can hence also result in a reduction of variables and con-547

straints. From the observation regarding the relationship to k-lower and548

k-upper interactive fuzzy measures we can surmise that similar reductions549

in variables and constraints could be achieved depending on the coalition550

cardinalities.551

6. Discussion and conclusions552

We have considered hierarchical fuzzy measures and the two-step Cho-553

quet integral toward the goal of learning nonadditive models from data and554

user preferences. In particular, we focused on Möbius representation and555

certain characteristics that have an effect on the number of unknown param-556

eters, constraints, and setting up of the objective functions. These features557

serve as simplifications that allow aggregation by the Choquet integral to be558

implemented in a much broader range of scenarios, with the learning prob-559

lem becoming tractable even for large dimensionality. The proposed models560

effectively explore sparsity of the matrices of constraints and reduction of the561

model parameters. While such models do not exhibit the full flexibility of562

a Choquet integral with respect to a general fuzzy measure with 2n − 1 pa-563

rameters, a trade-off is accomplished that still allows utilisation of its unique564

ability to incorporate explainable interaction effects. It is worth noting that565

such models may be able to closely approximate a broad range of practical566

situations, however our considerations have not been exhaustive. For exam-567

ple, the p-symmetric fuzzy measures introduced in [21], which allow sets of568

indifference, could also be used (as well as many other simplifications) to569

define a reduced set of constraints and variables.570

Of high value to practitioners are the results pertaining to the use of Cho-571

quet integrals where the input set is partitioned into interacting coalitions,572

with such models achieving a drastic reduction in the number of variables and573

constraints. We also proposed a simplification referred to as k-lower (and k-574

upper) fuzzy measures, which, similar to the k-additive fuzzy measures allow575

reduction in the number of variables used but also in the number of mono-576

tonicity constraints required to learn values from data. This simplification577

generalises k-intolerant and k-interactive fuzzy measures, allowing interac-578

tion to be modelled for the lower or higher inputs and additive weighted579

aggregation to be applied to the remaining inputs.580

As we have focused our results toward Möbius representation, it is worth
making mention of the fact that interaction indices can also be calculated
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efficiently from these values. For instance, Shapley values φ(i) and interaction
indices I(A) from Möbius values are calculated as [11]

φ(i) =
�

B:i∈B

1
|B|µB (11)

I(A) =
�

B:A⊆B

1
|B| − |A| + 1µB, (12)

wheras the non-modularity index [26] is calculated as

dµ(A) =
�

B⊆A,|B|≥2

|B|
|A|µB. (13)

While the most significant implication of these collected results is the581

ability to use fuzzy measures and integrals for larger numbers of inputs, the582

perspective we have gained here on interaction and sparsity could also be583

capitalised on toward regularisation and other statistics-based methods.584
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