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A B S T R A C T
There are many approaches to the modelling of citation vectors of individual authors. Models
may serve different purposes, but usually they are evaluated with regards to how well they align
to citation distributions in large networks of papers. Here we compare a few leading models
in terms of their ability to correctly reproduce the values of selected bibliometric indices of
individual authors. Our recently-proposed three-dimensional model of scientific impact serves
this purpose equally well as the discrete generalised beta distribution and the log-normal models,
but has fewer parameters which additionally are all easy to interpret. We also indicate which
indices can be predicted with high accuracy and which are more difficult to model.

1. Introduction
In the era of big data, the title of the seminal book Little Science, Big Science by Price (1963) takes on a new

meaning. Big can refer to science in its entirety, as described by the huge amounts of bibliometric data available
nowadays. Small science, on the other hand, can be seen as a well-defined fragment of that rich and complex reality at a
precisely chosen level of detail. Bibliometric research is interested in any data granularity, from macro- to microscopic:
from studying the very general topological structure of citation networks (Chen and Redner, 2010), through modelling
scientific fields (Herrera et al., 2010; Guevara et al., 2016; Battiston et al., 2019), institutions (Wuchty et al., 2007; Shen
and Barabási, 2014; Sziklai, 2021), journals (Mingers and Yang, 2017), or individuals (Siudem et al., 2020; Ionescu
and Chopard, 2013; Żogała-Siudem et al., 2016; Burrell, 2007a; Egghe and Rousseau, 2006), to considering a single-
paper perspective, e.g., identifying the distribution of the number of citations (Thelwall and Wilson, 2014; Thelwall,
2016b,a) and its dynamics (Eom and Fortunato, 2011; Néda et al., 2017). Some fruitful attempts to introduce links
between different abstraction levels include (Golosovsky and Solomon, 2012; Golosovsky, 2019).

Here we shall focus on the dependencies between entire citation records at an author level and their synthesised
or compressed versions, see Fig. 1 for an illustration. In our recent work (Siudem et al., 2020) we have proposed a
new agent-based model to describe an author’s citation record – instead of storing data related to dozens of papers,
we can determine three easily interpretable parameters that allow for recreating the original list. We should therefore
now address the question of how well does it compare to other representations. As a baseline for this evaluation, we
have selected three other popular models: the power-law, the log-normal, and the discrete generalised beta distribution
(DGBD) ones. The latter two are very flexible as they involve many parameters that are optimised for when fitting
them to data.

As there is no consensus on how to quantify the models’ goodness of fit to true citation sequences, we have decided
to use selected bibliometric indices as a proxy for this very purpose. The indices are assumed to be valid summaries of
different characteristics of citation vectors and their being accurately predicted by a given model is taken as a working
proof of the model’s ability to reproduce the original vector faithfully. This is in line with the typical use of indices,
see Sec. 2.1 for a detailed discussion. We shall check if more complex models can predict the indices better than the
3DSI model and also indicate which indices are easier or more difficult to estimate.
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What remains is structured as follows. First we review the impact indices and citation vector models that we use
in this study. In particular, we derive some new approximations to the recently-proposed three-dimensional model of
scientific impact (Siudem et al., 2020). Then, we describe the model fitting procedure, i.e., how to identify the model
parameters that fit a citation vector best with respect to one of the assumed criteria. Next, we examine how well do
the introduced models align with real-world data from the DBLP database. Finally, we verify to what extent a good
overall fit corresponds to an accurate prediction of various data aggregates, including the h- and the g-index.

2. Methods
2.1. Bibliometric indices

Bibliometric indices are most often used to numerically summarise, rank, or assess the performance of institutions
(Sziklai, 2021; Siwinski et al., 2021), journals (Mingers and Yang, 2017; Waltman, 2016), and individuals (Hirsch,
2005; Bornmann et al., 2008; Dorogovtsev and Mendes, 2015). Despite its sometimes being difficult and trouble-
some (Risi et al., 2019), they can also be employed for estimating the chances of success of individual papers or
authors (Havemann and Larsen, 2015).

Here, however, we shall consider a quite different use case: how well or badly can we predict the values of biblio-
metric indices based on different citation models.

In our work we focus on the author-level indices, i.e., we consider the track record of a single scientist. This
usually is represented as a citation vector, i.e., a list of the numbers of citations that each of their 𝑁 papers have
received (ordered from the highest to the lowest), compare Fig. 1. More formally, a citation vector is a sequence
𝐱 =

(
𝑥1,… , 𝑥𝑁

), where 𝑥𝑘 denotes the citation count of the 𝑘-th most cited paper,
𝑥1 ≥ 𝑥2 ≥ ⋯ ≥ 𝑥𝑁 ≥ 0.

Let us recall the definitions of some popular bibliometric indices whose aim is to provide a simple numerical summary
of the above.

First, the h-index (Hirsch, 2005), given by the equation
ℎ(𝐱) = max

{
𝐻 = 1,… ,𝑁 ∶ 𝑥𝐻 ≥ 𝐻

}

is a measure that aims to take into account not only the overall quality of the papers but also their number. Simply
put, an author has the h-index equal to 𝐻 , if 𝐻 of their 𝑁 papers have at least 𝐻 citations each, and the other 𝑁 −𝐻
papers have no more than 𝐻 citations each.

Over the years, many extensions of the h-index have been proposed. Some of them have been inspired by a similar
idea, like for example the g-index (Egghe, 2006), given by

𝑔(𝐱) = max

�
𝐺 = 1,… ,𝑁 ∶

𝐺�
𝑖=1

𝑥𝑖 ≥ 𝐺2

�
.
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Note that the g-index is the greatest number 𝐺 such that the top 𝐺 articles received at least 𝐺2 citations altogether.
Further, the w-index (Woeginger, 2008), defined as

𝑤(𝐱) = max
{
𝑊 = 1,… ,𝑁 ∶ 𝑥𝑖 ≥ 𝑊 − 𝑖 + 1 for all 𝑖 ≤ 𝑊

}

is the length of the side of the largest isosceles right-angle triangle that can be fit under the citation curve (note that
the h-index is the side of the largest square, compare (Gagolewski and Grzegorzewski, 2009)).

Some authors proposed further measures that either employed the h-index directly or were computed solely based
on the so-called h-core (Burrell, 2007b; Alonso et al., 2009) – the set of the ℎ(𝐱) most cited papers, 𝑥1, 𝑥2,… , 𝑥ℎ(𝐱).Let us review some examples of such an approach.

Alonso et al. (2010) proposed the use of the geometric mean of the h- and the g-index, to introduce some balance
between these two, called the hg-index,

ℎ𝑔(𝐱) =
√
ℎ(𝐱) 𝑔(𝐱).

The o-index (Dorogovtsev and Mendes, 2015) is the average between the h-index and the top-cited paper’s value,
i.e.,

𝑜(𝐱) =
√
ℎ(𝐱) 𝑥1.

Here, we note the high dependency of this measure upon just a single observation from the citation vector, which
results in the indicator’s high variance.

Next, the r-index (Jin et al., 2007) takes the square root of the sum of the h-core,

𝑟(𝐱) =

����ℎ(𝐱)�
𝑖=1

𝑥𝑖.

We also analyse the 𝑖10-index (which is used in, amongst others, the Google Scholar database), being the number
of papers with at least 10 citations:

𝑖10(𝐱) = max{𝑖 = 1,… ,𝑁 ∶ 𝑥𝑖 ≥ 10}.

Finally, the 𝑠-index, is simply the sum of logarithms of all citations

𝑠(𝐱) =
𝑁�
𝑖=1

log(𝑥𝑖 + 1).

This index serves as the maximum likelihood estimator in the Pareto distribution family, see, e.g., Arnold (2015).
Of course, uncountably many impact indices or combinations thereof can be introduced, see, e.g., (Gagolewski

and Mesiar, 2014; Egghe and Rousseau, 2020, 2021). Nevertheless, the above are a quite representative sample of the
most notable ones, and we believe they form a solid basis for an interesting investigation that we shall perform below.
2.2. Citation models

Whilst the focus of impact indices is often on providing an interpretable numerical summary, citation models aim
to recreate the original vectors in their entirety, using a few underlying parameters. Below we shall review some
noteworthy models whose common feature is that they are solvable, i.e., we are able provide compact formulas for the
predicted number of citations to the 𝑘-th most cited paper, denoted by �̂�𝑘, 𝑘 = 1,… ,𝑁 , for a given 𝑁 .

Historically, the power law was amongst the first models of this kind (Sec. 2.2.1). It can be generalised in a few
different ways, e.g., in the form of the discrete generalised beta distribution (DGBD, Sec. 2.2.3). Another possible
generator is based on the survival function of the log-normal distribution (Sec. 2.2.2). We will treat them as a baseline
for the evaluation of our recently proposed 3DSI model and its approximations (Sec. 2.2.4).

Note that while many other models exist in the literature, e.g., (Burrell, 2007a, 2014; Egghe and Rousseau, 2006;
Ionescu and Chopard, 2013; Żogała-Siudem et al., 2016; Malesios, 2015; Schubert and Schubert, 2019), many of them
are non-solvable in terms of providing an analytic formula for the rank-size distribution, depend on way too many
parameters, or are too similar to the ones discussed herein.
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2.2.1. Power-law model
The observation that order statistics for real citation data approximately scale according to a power function

(a straight line on the log-log-scale) is often referred to as the Zipf, Lotka, or power law (Newman, 2005; Egghe
and Rousseau, 2006; Egghe, 2009; Egghe et al., 2009; Egghe and Rousseau, 2012; Schubert and Schubert, 2019). This
yields the following formula for the number of citations to the 𝑘-th most cited paper

�̂�PowerLaw
𝑘 (𝑁 , 𝛼, 𝛾) = 𝛾

𝑘𝛼
, where 𝛾 > 0, 𝛼 > 0. (1)

In practice, the scale parameter 𝛾 > 0 and the exponent 𝛼 > 0 need to be estimated from data, see below for discussion.
2.2.2. Log-normal model

Despite the fact that the power law provides a nice first approach to the modelling of citation distributions, various
papers pointed out its limitations (Eom and Fortunato, 2011; Thelwall and Wilson, 2014; Thelwall, 2016a,b; Néda
et al., 2017; Brito and Navarro, 2021). Let us note, however, that most of these works (with the exception of (Brito
and Navarro, 2021)) focus on the citation distribution of the whole network. We, on the other hand, are dealing with
the subset restricted to a considered author (see Fig. 1). Keeping that in mind, let us derive a rank distribution of 𝑥𝑘,
assuming that citations follow a log-normal distribution, see (Thelwall, 2016a,b).

Let the survival function of the shifted log-normal distribution be denoted with

𝑆𝑙,𝜇,𝜎(𝑥) = 1 − Φ
�
log(𝑥 − 𝑙) − 𝜇

𝜎

�
,

where Φ is the cumulative distribution function of the standard normal distribution with parameters 𝜇 and 𝜎, i.e.,
Φ(𝑥) = ∫ 𝑥

−∞ 𝑒−𝑡2∕2∕
√
2𝜋 𝑑𝑡. Additionally, for the sake of the increased model’s flexibility, 𝑙 is the location shift. In

other words, if log𝑋 is a random variable following 𝑁(0, 𝜎) and 𝑌 = (log𝑋 − 𝑙)∕𝑒𝜇 is its shifted and scaled version,
then 𝑆𝑙,𝜇,𝜎(𝑥) = Pr(𝑌 > 𝑥). Then, the estimates of the number of citations of the 𝑘-th most cited paper can be
determined based on the inverse of survival function 𝑆𝑙,𝜇,𝜎

�̂�LogNorm
𝑘 (𝑁 , 𝑙,𝜇, 𝜎) = 𝑆−1

𝑙,𝜇,𝜎

� 𝑘
𝑁 + 1

�
, where 𝑙,𝜇 ∈ ℝ, 𝜎 > 0. (2)

Please note that even though such an approach relies upon some well known objects from probability theory, one
cannot presume that in the real world the citations are independent and randomly distributed. However, the above
approximation can sometimes work surprisingly well, see (Brito and Navarro, 2021).
2.2.3. DGBD model

Another approach, proposed in (Petersen et al., 2011), involves the use of the discrete generalised beta distribution
(DGBD) which has been observed to fit a wide range of data types well, see, e.g., (Naumis and Cocho, 2008; Martínez-
Mekler et al., 2009; Margellou and Pomonis, 2021; Ghosh et al., 2021). In case of citation vectors, we can express the
number of citations of the 𝑘-th most-cited paper as:

�̂�DGBD
𝑘 (𝑁 ,𝐴, 𝑎, 𝑏) = 𝐴

(𝑁 + 1 − 𝑘)𝑏

𝑘𝑎
, where 𝐴 > 0, 𝑎 > 0, 𝑏 ≥ 0. (3)

Note that the above reduces to Eq. 1 when 𝑏 = 0, and therefore can be seen as a generalisation of the power law. The
increased flexibility (note the additional parameter), allows for a better fit to highly cited papers as well as to the tail
of the empirical distribution.
2.2.4. 3D model for scientific impact (3DSI)

Another approach to citation vectors’ modelling is presented by the 3DSI model which we have recently proposed
in (Siudem et al., 2020). The idea standing behind this model relies upon an assumption that citations of a given author
are distributed amongst their papers through two mechanisms: due to the preferential attachment rule and purely at
random. The model depends on three interpretable parameters: the number of published papers 𝑁 , the overall number
of citations 𝐶 and the preferential-to-accidental ratio 𝜌 ∈ (0, 1). The agent-based model is built in 𝑁 steps: starting
from an empty citation vector, in each step a new paper is added and 𝐶

𝑁 citations are being distributed. Each time
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(1 − 𝜌) 𝐶𝑁 citations are allocated at random and the remaining 𝜌 𝐶
𝑁 ones due to the rich-get-richer rule, see (Siudem

et al., 2020) for more details.
The estimated number of citations of the 𝑘-th most cited paper is then given by

�̂�3DSI
𝑘 (𝑁 ,𝐶 , 𝜌) = 1 − 𝜌

𝜌
𝐶
𝑁

� 𝑁∏
𝑖=𝑘

𝑖
𝑖 − 𝜌

− 1

�
= 1 − 𝜌

𝜌
𝐶
𝑁

[
Γ(𝑘 − 𝜌)
Γ(𝑘)

Γ(𝑁 + 1)
Γ(𝑁 + 1 − 𝜌)

− 1
]
, (4)

where 𝜌 ∈ (0, 1) and Γ denotes the gamma function (i.e., the Euler integral of the second kind), Γ(𝑥) = ∫ ∞
0 𝑡𝑥−1 𝑒−𝑡 𝑑𝑡,

𝑥 > 0. The advantage of this model is that, as we have stated above, all its underlying parameters are easily inter-
pretable, with 𝐶 denoting the total number of citations, 𝐶 =

∑𝑁
𝑘=1 �̂�𝑘, and 𝜌 controlling the degree of the skewness of

the citation distribution.
Let us now derive two different approximations to this model. Note that the gamma functions appearing in Eq. 4

can be expanded asymptotically via the well-known asymptotic relation described in (Gautschi, 1959)
Γ(𝑛 − 𝑝)
Γ(𝑛)

≈ 𝑛−𝑝. (5)

Firstly, let us replace Γ(𝑁+1)
Γ(𝑁+1−𝜌) (after an appropriate transformation of Eq. 5) by 𝑁𝜌 ≈ (𝑁 + 1)𝜌. Note that this

formula is quite accurate even for relatively small 𝑁 (e.g., for 𝑁 = 5 the relative absolute error between 𝑁𝜌 and
Γ(𝑁+1)

Γ(𝑁+1−𝜌) does not exceed 10−4 for any 𝜌 ∈ (0, 1)). This results in the first approximation, i.e.,

�̂�3DSI-app1
𝑘 (𝑁 ,𝐶 , 𝜌) = 1 − 𝜌

𝜌
𝐶
𝑁

[
Γ(𝑘 − 𝜌)
Γ(𝑘)

𝑁𝜌 − 1
]
. (6)

Next, we can use the same approach to simplify the second gamma function, i.e., Γ(𝑘). Even though this transfor-
mation will be problematic for small values of 𝑘, it gives a nice, power-law-like equation

�̂�3DSI-app2
𝑘 (𝑁 ,𝐶 , 𝜌) = 1 − 𝜌

𝜌
𝐶
𝑁

[�𝑁
𝑘

�𝜌
− 1

]
. (7)

We will validate the quality of these approximations below.
2.2.5. Harmonic model

Another approximation of the 3DSI model stems from the study of the limiting behaviour of Eq. 4, i.e., when 𝜌 → 0.
It corresponds to the situation where no preferential factor is involved in the underlying random process. Interestingly,
when it comes to real data, this phenomenon occurs quite often (empirically, see Sec. 3.3). Let

�̂�Harmonic
𝑘 (𝑁 ,𝐶) = 𝐶

𝑁

𝑁�
𝑖=𝑘

1
𝑖
. (8)

From now on, we shall refer to the above as the harmonic model. Note that even when 𝜌 ≈ 0, the citation vector is
still moderately skewed as older papers are being cited more often anyway. The preferential part is however needed to
increase the distribution’s skewness even further; it will turn out (see Sec. 3) that this harmonic model cannot capture
the nature of many of the citations vectors well.
2.3. Parameter estimation

In order to be able to identify the parameters of a model that reproduces a given citation vector 𝑥1,… , 𝑥𝑁 best,
an appropriate penalty function should be chosen. Due to the skewed (compare the rich-get-richer rule) nature of the
citation vectors, the fitting will be applied with regards to the logarithms of the inputs so as to avoid over-fitting to the
highly cited works.

In order for this to be feasible (recall that log 0 = −∞), we need to omit all the uncited papers from the analysis.
Therefore, from now on we shall assume that 𝑥𝑁 > 0. Note that such a removal does not influence the values of
the bibliometric indices studied herein, with the exception of the g-index. Of course, another option would be to rely
on fitting to log(𝑥1 + 1),… , log(𝑥𝑁 + 1), similarly as in (Thelwall, 2016b). Overall, our preliminary analyses have
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indicated that the models are oftentimes more accurate when actually 𝑁 denotes the number of papers that have been
referenced at least once, and not just the total size of an author’s output.

Let �̂�𝑀1 (𝜽),… , �̂�𝑀𝑁 (𝜽) be a citation vector generated by means of a model 𝑀 with 𝑝 parameters 𝜽 ∈ Θ ⊆ ℝ𝑝. We
will assume that 𝑁 (the number of papers) and 𝐶 (the total number of citations) are always determined directly from
the sample and are never optimised for. Therefore, for instance, in the 3DSI model we have 𝑝 = 3, 𝜽 = (𝑁 ,𝐶 , 𝜌), but
the search space has only 1 degree of freedom, Θ = {𝑁} × {𝐶} × (0, 1). Also, in the harmonic model, 𝑝 = 2 but
Θ = {𝑁} × {𝐶} has no free parameters at all.

The cost function to minimise over 𝜽 ∈ Θ has the form:
1
𝑁

𝑁�
𝑘=1

𝓁
�(

log �̂�𝑀𝑘 (𝜽) − log 𝑥𝑘
)2� , (9)

where 𝓁 ∶ [0,∞) → [0,∞) is some loss function.
In what follows, the minimisation is performed numerically by means of ���������������������� from the

����� package (Virtanen et al., 2020) for Python, using the Trust Region Reflective algorithm (based on Branch et al.,
1999). We considered the following loss functions:

• standard least squares (𝐿2 loss):
– linear: 𝓁(𝑧) = 𝑧,

• smooth approximations to 𝐿1 losses:
– soft_l1: 𝓁(𝑧) = 2

√
1 + 𝑧 − 2,

– Huber: 𝓁(𝑧) = 𝑧 for 𝑧 ≥ 1 and 2
√
𝑧 − 1 otherwise,

• to weaken the influence of the outliers:
– Cauchy: 𝓁(𝑧) = log(1 + 𝑧),
– arctan: 𝓁(𝑧) = arctan 𝑧.

Note that Thelwall (2016b) used ordinary least squares regression (corresponding to 𝓁(𝑧) = 𝑧, linear above) applied
over log(𝑥𝑘 + 1). We shall restrict ourselves to the Cauchy loss (𝓁(𝑧) = log(1 + 𝑧)), as this was our choice also in
(Siudem et al., 2020), and it is generally more robust. Overall, however, we have observed that the choice of the loss
function does not significantly affect the average relative errors of the reproduced bibliometric indices – which in fact
is a metric of our focus in the next section.

Furthermore, to lessen the risk of getting stuck in a suboptimal solution, we shall employ 5 restarts from random
initial guesses and choose the solution that yields the smallest objective.

Figures 2 and 3 depict two example citation vectors along with some models minimising the cost function based
on the Cauchy loss where, respectively, we observe a quite good and a pretty bad fit.

3. Results
3.1. Data

Empirical analysis presented in this paper was conducted upon the DBLP v12 bibliography database (Tang et al.,
2008), see ���������������������������. The DBLP database consists of 4,398,138 citation vectors of computer
science authors. We have used the DBLP author IDs, however, it is possible that a single researcher has been assigned
multiple IDs – no author disambiguation algorithm is completely accurate.

Most authors have a small number of papers with few citations. Therefore, to enable a proper model construction
and validation, we have restricted our analysis to the subset of researchers who published at least 5 cited papers and
their 𝑖10-index was greater than 0. This resulted in 𝜂 = 348,941 citation records representing ≈ 8% of the original
database. Also, as stated above, we have omitted all papers with 0 citations, as they are problematic when performing
computations on the log-scale.
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3.2. Fitting models to data
As we have mentioned in Sec. 2.2, the models studied herein differ considerably not only in the number of param-

eters that describe them, but also in their interpretability. Both the DGBD and log-normal models require fitting of
3 additional parameters (recall that 𝑁 is taken directly from the input sample), which makes them the most complex
ones and increases the likelihood that they will fit the citation vectors better – as a general rule, we can expect that the
more degrees of freedom a model has, the greater its flexibility.

The harmonic model, on the other hand, relies only on 𝑁 and 𝐶 that are directly taken from the sample – no further
optimisation is made. We may expect that this model will fit real-world data poorly, unless they are indeed generated
by a process resembling the theoretical one.

The 3DSI model and its approximations result from a particular citation generation process (in each iteration, a
paper is added to a simulated author’s output and 𝐶∕𝑁 citations are distributed amongst the existing papers according
to a weighted combination of the (𝜌) rich-get-richer rule and (1− 𝜌) sheer chance). Thanks to this, all their parameters
are well-interpretable. Recall that these models require optimising with regard to just one parameter, 𝜌.

For each citation vector 𝐱𝑖, 𝑖 = 1,… , 𝜂, and every citation model 𝑀 , we have applied the optimisation procedure
described above in order to identify the model parameters �̂�𝑀𝑖 that minimise the cost function given by Eq. 9. This
way, we have determined the best fitting models.

The box and whisker plots in Fig. 4 depict the empirical distribution of the values of the cost function (Eq. 9 with
𝓁 being the Cauchy loss) at the identified minima for each model. As expected, on average, the DGBD and log-normal
models give the best fits. This comes as no surprise as these models have three degrees of freedom, therefore they
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can be expected to be able to adapt to the citation curves quite well. Not so far behind we can find the 3DSI model
followed by its two approximations and the power-law model. The worst alignments were obtained for the harmonic
model which, however, was not fitted using any numerical optimisation of the cost function.
3.3. Predicting indices

Fig. 4 focuses on the overall discrepancy between the citation vectors and models thereof. As we mentioned
earlier, in practice it is difficult to define how a “good fit” should be identified, though. Should a small prediction
error, averaged across all individual papers be preferred over a close fitting to the tail of the distribution (which often
consists of the newest papers that are yet to be cited) or to a few most cited papers (which naturally are subject to the
most variability)?

Looking only at the value of the cost function, it is not possible to determine to which part of the vector the curves
fit best. However, above we have reviewed some metrics that aggregate the whole citation curve into a single number
that reflects one of its (possibly many) characteristics. Let us then study how well the fitted models enable us to predict
these numerical summaries.
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The main idea behind our analysis is presented in Fig. 5. We take a citation vector 𝐱𝑖 and compute the true values
of each citation index 𝐼 ∈ {ℎ, 𝑔,ℎ𝑔, 𝑜, 𝑟,𝑤, 𝑠, 𝑖10}. Then, for each model 𝑀 we identify the parameter vector �̂�𝑀𝑖 that
minimises the loss function. Based on these estimates, we build the predicted citation vector �̂�𝑀 (�̂�𝑀𝑖 ) and compute
the predicted bibliometric indices.

In order to compare the results obtained, we shall use the relative estimation error of an index 𝐼 for the 𝑖-th citation
vector and the best fitted model 𝑀 ,

𝐸𝑖(𝐼 ,𝑀) =

||||𝐼
(
𝐱𝑖
)
− 𝐼

�
�̂�𝑀

�
�̂�𝑀𝑖

��||||
|||𝐼

(
𝐱𝑖
)|||

, (10)

which is the absolute difference between the true value of the bibliometric index (taken directly from the citation vector)
and the predicted index (computed based on the best fitted model), scaled by the index size. For example, a relative
error of 0.05 means that the predicted index differs by 5% from the actual one. Of course, an ideally fitted model yields
an estimation error of 0.

Fig. 6 gives the arithmetic means and medians of the relative estimation errors of all the considered indices aggre-
gated over all 𝜂 vectors, for every bibliometric index 𝐼 and citation model 𝑀 . The models have been ordered by the
value of the relative error averaged over all the indices. Below we discuss the results in very detail.
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3.3.1. 3DSI, DGBD, and log-normal models
The top three models: 3DSI, DGBD, and log-normal, give a very similar error profile (with the 4th model closely

following them) and seem to be indistinguishable, yielding better results for a few metrics and slightly worse for others.
Let us start with a comment on the h-index as it is the most popular metric used to assess the quality of scientific

impact. The average relative errors for the 3 top models were similar, ca. 7–8%. The left side of Fig. 7 presents a direct
comparison of these models, showing the bands ranging from the 5th to the 95th percentile of the predicted ℎ(�̂�) as
a function of the observed (true) ℎ(𝐱). The plot includes only the vectors with ℎ(𝐱) ≤ 90 as outside this interval the
relevant data points become too scarce.

The 3DSI model slightly underestimates the ℎ-index in cases where it is high: the blue area tends to lie below the
identity line. For the DGBD model, 60% of vectors, mostly the shorter ones, reproduce the h-index perfectly, i.e., they
yield ℎ(𝐱) − ℎ(�̂�) = 0. The accuracy of the log-normal model reaches 58% and for the 3DSI model it is equal to 56%.
Overall, we can say that all the three models tend to capture the characteristic of the citation vector that the h-index
measures quite well.

Our attention is particularly drawn to the surprisingly good prediction of the g-index and s-index values. In fact,
the 3DSI model gives the relative error for the g-index prediction of just 0.008 (less then 1%), with 94% of vectors
reproducing this metric exactly. The two other models give the relative error of ca. 0.015 with ca. 85% of the values
fitted perfectly, see the right side of Fig. 7 for a comparison between 𝑔(𝐱) and 𝑔(�̂�). Note that the blue 5th-95th percentile
band, corresponding to the 3DSI model, is in fact practically invisible due to the aforementioned high predictive
capabilities. On the other hand, the DGBD model tends to slightly overestimate the g-index, whereas the log-normal
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one underestimates it. As for the s-index, the fit is very good for almost all models, with DGBD, Lognorm, and 3DSI
yielding 0.003, 0.004, and 0.015, respectively. This might partially be explained by the fact that the optimisation of
model parameters is done on the logarithms of citation vectors, thus the index itself is being optimised here as well.

Almost equally high precision is observed for the r-index, where the average relative errors are equal to 1.9%, 3.3%,
3.5% for the 3DSI, log-normal, and DGBD models, respectively. Contrary to the g-index, however, the values of this
measure are not discrete (i.e., natural numbers), thus one should not expect perfect fits. Very low relative errors are
also obtained for the hg-index (which is not surprising as it depends on the g-index) and the w-index.

The worst fits were obtained for the i10- and o-indices, and this observation applies to all the models. We should
note that one of the reasons for this is the skewness of the real vectors as that those measures focus only on a few high-
cited papers whose exact values are not predicted well. What is more, the o-index highly depends on one particular
value in the citations vector which as such is prone to high variability. Even though the o-index combines the most
cited paper with another metric, the h-index, the high variance of 𝑥1 still has a huge impact on its properties. Recall that
the fitting procedure is performed on the log scale and it is based on the Cauchy loss which damps down the influence
of any potential outliers, so that 𝑥1 does not have a huge influence during the optimisation process.
3.3.2. Power-law and approximations to 3DSI

In this paper we are also interested in examining how good the approximations of the 3DSI model are. The relative
error values for 3DSI-app1 in Fig. 6 are slightly worse than, but still comparable to, the ones obtained for the original
3DSI. This is in agreement with the above observation that this approximation is indeed very accurate even for relatively
small values of 𝑁 . We also compared the fitted values of the 𝜌 parameter in the case of 3DSI and 3DSI-app1 and they
were also similar.

The situation worsens in the case of 3DSI-app2, which suggests that despite the pleasing formula obtained for the
citation vector, it does not reflect the real data well. The errors here are visibly larger. What is more, in the majority
(82%) of fitting tasks, the cost function was minimised at 𝜌 ≈ 0, whereas for the 3DSI model this proportion was equal
to 35%.

The power-law model yields results which are quite comparable to 3DSI-app2 in terms of the indices’ prediction ac-
curacy, which puts it amongst the relatively inaccurate data modelling techniques. Note also that it has two parameters
optimised for instead of one for all the 3DSI variants.
3.3.3. Harmonic model

As mentioned above, in many cases the optimal value for the 𝜌 parameter was 0. Recall that 𝜌 ≈ 0 corresponds to
a situation where the influence of the preferential component is neglected and the focus is on the accidental part. The
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proposed Harmonic model represents exactly this case. Here, both 𝑁 and 𝐶 are directly taken from the sample, with
no numerical optimisation in place.

Unfortunately, this model gave the worst fits to the citation vectors (Fig. 4). Surprisingly, though, it predicts the g-
and the r-index quite well, but the h-index particularly badly. Seeking the reasons for such a behaviour is out of scope
for this paper and we leave it as an interesting question for future research.

4. Conclusion
Overall, a good model is the one that not only fits data well on average, but also agrees on the essential data char-

acteristics, aggregates, or numerical summaries. The 3DSI, DGBD, and log-normal models have a similar accuracy,
but it is the recently-proposed 3DSI (Siudem et al., 2020) that is the simplest:

• it has the smallest number of adjustable parameters (𝜌),
• each parameter has an intuitive interpretation (number of papers𝑁 , number of citations𝐶 , ratio of preferentially-

to-accidentally attached citations 𝜌 which controls the skewness of the resulting distribution).
Note that two of the considered models have an unambiguous microscopic interpretation:
• the power-law model can be seen as stemming from the assumption that all citations are subject to preferential

attachment,
• in the harmonic model every new citation is distributed in a purely accidental manner.

There are indices (g, r, o) which are better reproduced based only on the accidental-harmonic mechanism, while others
(h, w) better fit under the preferential-power-law one.

Finally, note that each bibliometric index focuses on a slightly different aspect of a citation vector, therefore there
is some inherent variability in how well it can be reproduced by the citation models. We have observed the following
regularities:

• usually the best fitted models give better fits for the bibliometric indices, however there are some exceptions:
see, e.g., the power-law model and the w-index,

• the indices g, s, and r (and to a lesser degree w) are reproduced surprisingly well, even by the models with far from
perfect overall fits (harmonic, 3DSI-app2, power-law), the reasons behind this should be further investigated in
the future,

• some models behave particularly poorly on certain indices (e.g., h or w),
• it is generally difficult to pinpoint the top-cited papers, which suffer from high variance, hence the performance

of the i10- and o- indices is low.
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