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MAWWHHO-NMPOBEPEHHBIN OTYET - LEAN 4

Akcnomaruka «O0e/mrucKa»: ayauT,
peMOHT M peayim3anua TBI-nyHKTOB

Pa3bop geMoHcTpanmu rpyd-accrucrenta «Obenmuck» (Bapuant HOL,
2026-05-05). Kaxkjoe yTBep>xAeHue 3TOro 0TYETa O BBIBOAUMOCTU WIH
TIPOTUBOPEUHBOCTH ITPOBEPEHO TTPOBEPIIMKOM Lean U CHaGKeHO TOUHBIM

CITMCKOM HCI10/1Ib30BdHHBIX dKCHOM.

06bekT: obeliskproofassistant.github.io aBToOp cuctemsl: Teoprui flyHaeB

npoeepka: Lean 4.32.0, 6e3 Mathlib paTta: 2026-07-22

2 9 3 0

He3aBUCUMBIX BbIBOZA IIYHKTOB /IeMO [10Ka3aHO TBI-nyHkTa (3.45-3.47) ombok - 0 sorry -
MIPOTHUBOPEYHS B 13 HareyaTaHHoro sjpa peaaM30BaHO U TIOJTHBIN ayuT #print
HarieyaTaHHOU cucTeme BepU(PULIPOBaHO axioms

Pe3rome. «O0emmck» — cojiepykaresibHasi CUCTeMa: TeOpHst KJIaCCOB YPOBHS
Mopca—Kennu c akcromotii Tapckoro, €-UHAYKLMeN B U3SIIHON (hopMe CcTerieH!
(3.14) v opurrHaIbHBIMU TaPaMU Z1Jisi COOCTBEHHBIX KjlaccoB. Ho HareyataHHbIN
CITMCOK aKCMOM MPOTHBOPEYHUB: B onpejiesieHnu 3.34 (<) mporyijeHa
VHBEKTUBHOCTb, U MycTasi GyHKIUS AeflaeT < ToTalabHbIM. OTCrOa ABYMS
He3aBUCUMbIMU My TSIMU — Uepe3 akCHUOMY OrpaHuueHust pasmepa 3.37 u uepes
akcromy Tapckoro 3.66 — BeiBoguTCs L. PeMOHT MuHuMaseH (cM. 8§4). [TonmyTHO:
napbl KypaToBCcKoro HeCOBMeCTHUMBI C ompeiesieHreM 3.29, B CIIMCKe He XBaTaeT
aKCHOM Taphbl U 00beivHeHus, a ToMeueHHble « TBI» maps JlyHaeBa 37ech
peasi30BaHbl M JOKa3aHbl — OHM JIeMCTBUTEIHHO PabOTAIOT /17151 COOCTBEHHBIX

K/IaCCOB, Pa/Iy Yero M 3aJyMaHbl.

1 - Yo Takoe «O0e/1MCK» MareMaTuuyecKu

Slmpo — Teopusi kaaccos, Tae «ObITh MHOYKEeCTBOM» — OTIpeZie/isieMbIi TTpeAnuKaT
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(3.02: X set « 3Y. X€Y), a BoifiesieHre K1acCcoB UMITPeUKaTUBHO (3.01:
dbopMysa @ Mo)KeT KBaHTU(HUI[MPOBATh 10 KjlaccaM — 3To ypoBeHb Mopca—Kesu,
cunbHee NBGQG). [ToBepx sigpa: Heredity (3.12), Exponent (3.13), «Regularity» (3.14)
— Ha caMoM [iefie €-uHAYKyus B KinaccoBoit ¢popme, Infinity (3.53), poH-
HeMMaHOBCKOe orpaHuueHue pasmepa (3.37) u akcuoma Tapckoro (3.66) — pogHs
Tarski—Grothendieck, Ha koTopoii croutr Mizar. MetauacTs (paszesnsl 4 u 6 femo)
nobaessieT KaBbIUKU «<—>/[—] ¥ BHYTpeHHWUI PeNKaT BEIBOAUMOCTH C LIEJIbIO
Jl0Ka3aTb TeopeMy J1€6a 1 BTopyto TeopeMy ['é1esist BHyTPU CHCTEMbI — TporpamMmma

B AiyXxe pe(ieKCcUBHBIX 3aMblkaHui Pedepmana.

OT0 cepbé3Hast paboTa ¢ HaCTOSIIIMMUA OPUTUHATBHBIMU UlesIMU. VIMEHHO TI03TOMY
OHa 3aC/ly’>KBaeT TOTO MHCTPYMEHTA, /i1 KOTOPOTO U CO3/at0TCs Py (-aCCUCTEHTHI:

MallIMHHOM TIPOBEPKHU.

2 - Haxoaku

HAXOOKA 1 | < 0e3 HHBeKTHBHOCTH = NMPOTHBOpPeuHe yepe3 akcuomy 3.37

3.34) Def. “Is not strictly larger than” binary relation:

(V(A:Class)V(B:Class) ((AsB)~(3(f:Class) ((f class-function)Aa(f[A]SB)))

A HET HN MHBEKTUBHOCTWU, HU YyCN

[Tycroii knacc & — class-function no onpegenenusim 3.29-3.33 (Bce ycioBust
BakyyMHbl: Dom(&)=). Ero o6pa3 nycrt: eval (3.25) Beifaét default-3Hauenue V,

a V — cobctBennbii kiacc (Paccen + Heredity), Tak uTo HU 0flHO MHOX}cecmgo b He
paBHO V. 3Hauut J[A]=JCB, 10 ectb A < B ans Bcex A, B— u «cTporo

MeHbIIie» (3.36) He BBITIONHsIETCST HUKOrA. Toraa akcroma 3.37, XEV o | X|<|

V|, roBoput, uto V mycto — a ro akcuome 3.53 B HEM JIeXXUT . [IpoTUBOpeune.

v Lean: PrintedWleq total , printed inconsistent routel : False - tonbko

n3 {CCR, ext, heredity, infinity} + runote3a 3.37. [JoKa3aTenbCTBO He 3aBUCUT OT
KOOMPOBKKM Mmap: nycTtas QYHKUUS HEe CTPOMT HM OOHOM Napsbl.

Tor ke 0ar youBaeT yHUBepCcyMbl: akcuoMa Tapckoro 3.66

NpoTUBOpeuYHBa, Teopema 3.65 onposep;xuma

2 0f 23 7/22/26, 14:08



O6enuCK: MaIMHHAS IPOBEPKA aKCUOMAaTHUKHI

3 0f23

[Mpenukar Tight (3.41) ucrnions3yet <: pa3 < yiokHO Bcerza, Tight(U) o3Hauaet
«VBCU: B&U». Ho yauBepcym (3.64) conepxuT o u Hereditary-3amkuyT (3.38),
otkyza & €U; nipu atom & CU, u Tight Tpebyer & €U. 3HaUUT yHUBEPCYMOB He
CyLeCTBYeT BOBce: akcuoMa Tapckoro 3.66 gaétr L cama ro cebe, a 3asiBjieHHast B

neMo meopema 3.65 «V universe» — OMNpoBep>KMMa B HarleyaTaHHOU CUCTEMe.

v Lean: no _universe , printed inconsistent route2 : False,
printed 3 65 refutable .

HAXOLOKA 3 | ITapel KyparoBckoro + kBanTop 3! mo kiaccam = «(aHTOMHBIE

napTHéps» B 3.29

[ns cobcTBeHHOro Kinacca Y napa KyparoBckoro Beipoxkaaercs: {X,Y }={x}, oTkyzna
(x,Y)=(x,x). [TosTomy ecu rpad F comep>XuT AuaroHanbHyo napy (x,X),
equHcTBenHoCTh M3 3.29 (3! (y:Class) ((Xx,y)€F)) negoctiwxkuma: y:=V —
BTOpOI cBUleTeNb. ToxecTBeHHast PyHKIUs riepecTaéT ObITh class-function. 3to
0oKa3zblgaem, uTo MamuHepust GyHKimH «O6emvcka» 006s13aHa ONMUpaThCs Ha
cobcTBeHHbIe napbl JyHaeBa (3.46), a He Ha 3.48 — koHCTpyKLus 3.45-3.47 He

YKpallleHHE, a HEO6XO,Z[I/IMOCTI>.

v Lean: Kkpair phantom, no unique partner .

HAXOOKA 4 | B clmMCKe akKCHUOM HeT Hapbl n OG’BEAI/IHEHI/IH — " UX HeJIb34

BOCCTAHOBUTDH

Pairful — wactsb onpesienenus yarueepcyma (3.64), u Teopema 3.65 akTrudecku
aHoHcupyeT akcuomy mapsl A5 V. Teru {{{a}},n} B mapax /lyHaeBa ZO/KHBI OBITh
MHOyKeCTBaMU — 0e3 akCHOMBI Mapbl 3TO HefloKazyeMo. BoccTaHOBUTD Tapy U3
(ucrpaB/eHHOT0) OrpaHUUeHUs pa3Mepa Hefb3s: < orpejenseTcs uepes class-
functions, ubu rpadml yorce COCTOSIT U3 YIOPSIAOUEHHBIX Map — LIUPKY/ISIPHOCTb.
Ayaut Lean niogTBepkaeT: dpair inj TpebGyeT poBHO akcMoMmy pairing (u, uTo

TIPUSITHO, He TpeOyeT 00bearHeH s).

v Lean: #print axioms dpair inj - {CCR, ext, heredity, infinity, pairing}.

https://claude.ai/code/artifact/193d03a9-21d8-4099-a...
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3 - UTo BbDKUBAaET: JeBATH IyHKTOB /1EMO,

AOKd3dHHbIX U3 HAII€YdTAHHOI'O AAPd

Ayaut yecTHbIN B 06e CTOPOHBI: 3HAUMTe IbHAs YaCThb 3asiBJIeHHBIX TeopeM
JeliCTBUTeIbHO BBIBOAMMA U3 HareyaTaHHbIX akcuoM { CCR, ext, Heredity,
Exponent, Regularity, Infinity} — 1 Teneps y Ka)k/10i1 eCTb MallIMHHOE

A0Kad3dTe/JIbCTBO C TOYHBIM CITMCKOM HMCII0/Ib30BAHHBLIX dKCHOM.

NEMO YTBEPXAEHUE TEOPEMA LEAN AKCUOMbI

3.07 gCcX thm 3 07 CCR

3.11 WHTEeHCUOHAJ/IbHOCTh thm 3 11 CCR

3.18 Ord(On) thm 3 18 To1bK0 CCR

3.55 Ind(w) thm 3 55 CCR-ext-her-inf
3.56 Ind(On) thm 3 56 CCR-her-exp-inf
3.57 Tr(w) thm 3 57 CCR-ext-her-inf
3.58 Ord(w) thm 3 58 CCR-ext-her-inf
3.59 ® € On thm 3 59 CCR-ext-her-inf
3.67 WHYKLUA Ha TPaH3UTHUBHOM Kiiacce thm 3 67 CCR + Regularity

Tpu HabsozieHus1, KOTOPBIX HeT B ZieMo. (@) I[TyHKT 3.67 BLIBOAUTCS W3 O[HOMU JUIITh
3.14 — noxTBepxxJeHue, uto «Regularity» /lyHaeBa — 3TO B TOUHOCTH €-
uHAYKLWYS; hopmynmipoBka uepe3 AX)CX — VCX koppekTHa u Kpacuga. (0)
Ind(w) mokaszyema u3 sifipa KJ1acCU4eCKUM TPIOKOM: JTMOO MHAYKTHUBHBIN KJlacc
cylecTByeT, 60 w=V — uTo npoTuBopeunt 3.53 + Pacceny

(exists_inductive ). (B) Ind(On) criacaeT TpaH3UTUBHOCTh: ZiJisi TPAH3UTHUBHOTO a
BepHO aU{a} C “Aa), u MHOXXeCTBeHHOCTh ceyeT u3 Heredity+Exponent — 6e3
aKCHOM mapbl U 00bevHeHus ( isSet succ of Tr ). EAMHCTBeHHbIN MYHKT,
KOoTOpoMy /j00aBIeHHbIe aKCUOMBI TTpaB/a Hy>kHbI, — Ind(V) (3.54), u3-3a

HeTPaH3UTHBHBLIX MHOXXECTB.

4 - TBI-nnvHKTHI 3.45-3.47 — pea/in30BaHbI U 10Ka3aHbI

https://claude.ai/code/artifact/193d03a9-21d8-4099-a...
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IMapb! 1 criucku /lyHaeBa B fieMo nomeueHsl « TBI» (to be implemented). 3gechk oHM
peanr3oBaHbl, ¥ UX KOPPEKTHOCTb Jj0Ka3aHa 0/151 NpoU3B0/bHbIX KAACCO8, 8KAOUAS
cobcmeeHHble — TO, Pafid Uero KOHCTPYKLIMS U 3a/lyMaHa, U UTO Maphbl

KyparoBckoro gate He moryT (Haxozaka 3):

dprl dpair : prl(A,B) = A -- pna JI0BbIX knaccos A, B

dpr2 dpair : pr2(A,B) =B

dpair inj : (A,B) = (C,D) - A=CAB=0D

dpair proper showcase : prl(V,0n) =V A pr2(V,0n) = On -- cobcTBeHHble Kna
dsingle ne dnil : [A] = [] -- paxe npu A = @: Mapkep {0,n} p

[TocnenHsis cTpoKa — TMpOBepKa IVIaBHOTO /IM3aliHePCKOTO pellieHrsi KOHCTPYKLWU:
Mapkep {0,n} menaeT AJMHY CMMCKa BOCCTaHOBUMOM BCer/ja, BK/IIOUast MyCThie
KOMITOHEHThI. ITO aKKypaTHOe yCHJIeHHe CTaHjapTHOro TerupoBaHust Ax{1}

UBXx{2}, kotopoe ripobsiemy [ ] vs [] He periaer.

5 * MuHUMa/IbHBIA PEMOHT

3.34': A<B «— If (f class-function A ACDom f A f[A]CB A f unbekTiBHa Ha
A). C stum ucripaBieHreM 3.37 CTAHOBUTCS K1aCCUUeCKUM (POH-HeHMaHOBCKHUM

orpaHuyeHveM pasmepa, a 3.41/3.66 — oCMbIC/IEHHBIMH.

JNo6aButh akcuomsl Ilapel u O0beguHeHnss — cTaHAapTHbIe 411 MK/NBG,
BepHbIe BO BCeX MHTEeHJMPOBAaHHBIX MOJie/siX; 6e3 HUX Hefoka3yeMbl 3.54, 3.65 u

cobctBennbie TBI-koHcTpyKIiun femo (Haxozka 4).

3.29 yurarh uepe3 napsl JyHaeBa (/160 orpaHnuunTh 3! MHOXKECTBaMU) —

rHaue aHTOMHbIe rMapTHEPHI (Haxozka 3).

@ 3adukcupoBarh ciiegcrBue: 3.37' BeuéT ryobanbHbIM BEIOODP (Von Neumann,

1925) — 3TO CTOMUT CAenaTh 0CO3HAHHBIM pelleHueM CUCTEMBI.

Pa3pen 6: BHemHsis1 Teopus B 6.02/6.03 mo/mkHa ObITE cutbHee Q — Q He
JI0Ka3bIBaeT yCI0BUM BBIBOAUMOCTH 'unbbepra—bepHatica—/1é6a; cTaHAapTHBIN

BbIOOp — EA nmm 1%,.

Cory1acoBaHHOCTb OTPEMOHTHPOBAHHOIO S/Ipa: MOAeIb — V41 AT K —
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HeJJOCTHMYKUMOTO TIpe/iesia HeZIOCTHXKUMbBIX (MHOXKeCTBa = V, K/acChl = Vi41).
Cucrema kambpyetcsi B okpectHoctd MK + Limitation of Size + yHuBepcymbl

Tapcku—I'poreHrka — cTporo cunbHee ZFC, Kak U 3alyMaHo.

6 - Kyaa 3T0 pa3BHBaTh: MporpaMMa «IepBoOK/IaCCHOM MaTeMaTUKH»

Crarbsa A (MaTepuasn rotoB — 3TOT 0TUéT + Lean-daiin): «The Obelisk class
theory: a machine-checked audit and repair» — HaxoKH, peMOHT,
BepudUIMPOBaHHAas M0JIOKUTe IbHAast UaCTh, Mapbl JlyHaeBa Kak TeopeMbl. PopMar:
ITP/CPP unu arXiv c apreakrom. Ctarbs B: TouHasi KambpoBKa CUbl —
B3arMMHas uHTeprpetrupyemocTb ¢ MK+LoS+TG; kapauHanbHast apudmeTrKa
ksaccoB u3 3.35 (JOn|=0n, Card(On), ~Card(V) — nyHktbI 3.60-3.63). Ctatbs C:
MeTaTeopusi pa3zena 6 — TUNM3KMPOBaHHas KaBbluka/eval Kak MO/IaJIbHOCTh B 1yXe
GL, cBa3b F ¢ pediekcrBHBIM 3aMblkaHieM PedepmaHa U TeEOPUSMU UCTUHBI;
cTpatuduKanys eval a1 Kacc-KBaHTOpOB (00Xoz TeopeMbl Tapckoro);
dbopmanmzoBanHble JIEG 1 Godel 11 oBepx cylijeCcTBYIOMMX MexaHu3ami (Paulson
B Isabelle; Lean-6u6muoreka Foundation). iH)keHepHOe: 5KCTIOPT [I0Ka3aTelbCTB
«O6enucka» B ripoBepsieMblit popmar (Lean/Metamath) — Torjja KaXkiast CTpoKa

AeMO I10/1y4aeT HE3dBUCHMMYIO MAILIMHHYIO IIPOBEPKY dBTOMATHUUECKU.

YTo 3TOT OTUET yTBEpXKAAeT — U Uero He yTBep)k/aeT

[TpoBepeH HaneuamauHblIli CIUCOK akcroM fieMo oT 2026-05-05 — To, uTo
ony6/MKoBaHO. BHyTpeHHss peayu3anust «O0ecKa» MOXKET OT/IMYAThCS OT TIeYaTH
(HampuMep, < B KoJie MOXKeT ObITh HHBEKTUBHBIM); TOT/IA HaXOAKU 1—2 — 0 BbIBOZE
[leMo, a He 0 szpe cucteMbl. @opManu3anus Mogenrpyetr CCR nuH-nipejukaramu
— 3TO HA/IMHO)KeCTBO CHTAKCUYeCKOU CXeMbl; CyII[eCTBeHHO, UTO KAHCObIl
VCTI0/Tb30BaHHbIM B Jl0Ka3aTe/IbCTBaX MHCTaHC comprehension 3anuvceiBaeTcst
dopmyrioit si3bika camoro gemo (Paccen, Dom, img, Ind u T.1. — cobcTBeHHBIE
orpejiesieHus1 cUcTeMbl). Bee npounie onpesienenys nepeHeceHsl JOCIOBHO, C

COXpaHeHHeM HyMepaLiu.

7 - BocipousBeenue
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# ycTaHoBka Lean (0QHOKpATHO)

curl

https://elan.lean-lang.org/elan-init.sh -sSf | sh -s -- -y --default-t

# nposepka (M3 nanku obelisk-analysis)

lean

Obelisk.lean # exit 0, 6e3 sorry; B KOHUe — ayguT #print axioms

v ITonnsbni ucxopguuk Obelisk.lean (camopocTrarounslii, ~660 cTpoK)

A machine-checked analysis of the axiom system of the "Obelisk"
proof assistant (higher-order-logic variant, demo dated 2026-05-05,
https://obeliskproofassistant.github.io/), by Georgy Dunaev.

Checked with Lean 4.32.0. Self-contained: no Mathlib, only core Lear

Contents.

Part 0. The base theory exactly as printed in the demo:
impredicative class comprehension (3.01), extensionality |
heredity (3.12), exponent (3.13), regularity-as-€-inductic
infinity (3.53). These axioms are consistent (model: take
uncountable stage V a of the cumulative hierarchy with a ¢
ordinal > w, classes = subsets of V a).

Part 1. THE PRINTED SYSTEM IS INCONSISTENT, in two independent wa)
(a) definition 3.34 of < has no injectivity requirement, ¢

empty class-function witnesses A < B for ALL A, B; her
size-limitation axiom 3.37 forces V to have no member:
contradicting axiom 3.53 (w is a set);

(b) the same x-bug propagates through "Tight" (3.41) into
universe predicate (3.64): NO class can be a universe,
Tarski's axiom 3.66 is itself contradictory, and the
theorem 3.65 ("V is a universe") is refutable as prinf

Also: with Kuratowski pairs (3.48), "concentrated" (3.29)
phantom partners — for a proper class Y, (X,Y) = (x,x) — ¢
uniqueness in 3.29 fails at every diagonal point. This st
function machinery must use the Dunaev pairs (3.46), whict
turn require Pairing and Union axioms absent from the prir
list.

Part 2. What survives: the announced theorems that ARE derivable 1
printed base axioms alone, machine-checked:

3.07, 3.11, 3.18 (Ord(On)), 3.55 (Ind(w)), 3.56 (Ind(On)),

3.57 (Tr(w)), 3.58 (0Ord(w)), 3.59 (w € On), 3.67 (€-induct

on a transitive class), and the components of "V is a uni\
that do not mention Tiaht.

7/22/26, 14:08
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—rimr = e = = i m——a s B

Part 3. The repair: add Pairing and Union (they are NOT recoverabl
limitation-of-size — the < machinery itself presupposes ol
pairs, a circularity — and they are required by the demo':
TBI items). With them we implement and verify the demo's
items 3.44-3.47: Dunaev's tagged lists/pairs, which — unl:
Kuratowski's — are faithful on PROPER classes:
prl1(A,B) = A, pr2(A,B) =B, and (A,B) = (C,D) -~ A=CnAB
for arbitrary classes, and [A] # [] even for A = o
(the {0,n} marker device works as designed).

-/

set option linter.unusedVariables false

namespace Obelisk
noncomputable section

/-1 ### Part 0. Language and the printed base axioms -/

axiom Class : Type
axiom Mem : Class - Class - Prop
infix:50 " €' " => Mem

/-- 3.02: "X 1is a set iff it is a member of some class. -/
def isSet (X : Class) : Prop :=3Y, X€'Y

/-- 3.03. -/

def proper (K : Class) : Prop := - isSet K

/-- 3.01 (CCR): the class {x | 9} . The demo's "¢ : Fm ranges over f
with quantifiers over "Class  (Morse—Kelley-style impredicative
comprehension); we model it by a Lean-level predicate. -/

axiom cls : (Class - Prop) - Class

axiom mem cls : V (¢ : Class -» Prop) (x : Class), x €' cls ¢ o (isSet >

/-- 3.10 Extensionality. (3.08/3.09 are Lean's "Eq congruence, for fre
axiom extAx : V {X Y : Class}, (Vz, z€' Xe z€" YY) ->X=Y

/-- 3.06. -/
def Sub (XY : Class) : Prop :=V a, a €' X->a€"yY
infix:50 " <' " => Sub

/-- 3.04, 3.05. -/

def Null : Class := cls (fun _ => False)

def V : Class := cls (fun  => True)

/-- Powerclass (used by 3.13, 3.14). -/

AAnf nAaviAr (V « ClAace~) v C1Ace im Al e (Fiin v =~ v~V

8 of 23 7/22/26, 14:08
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uci puwci \N « LLddDD) = LLdd> .— LLD \1ull y — Yy = NnN)

/-- 3.12 Heredity. -/

axiom heredity : V {A B : Class}, A c' B » isSet B -» isSet A
/-- 3.13 Exponent. -/

axiom exponent : V {X : Class}, isSet X - isSet (power X)

/-- 3.14 "Regularity" — the powerclass form of €-induction. -/
axiom regularity : V {X : Class}, power X c' X - V ¢c' X

/-! Printed definitions 3.15-3.52, verbatim. -/

/-- 3.19, 3.20. -/
def sUnion (K : Class) : Class :
def sInter (K : Class) : Class :
/-- 3.42, 3.43, 3.49, 3.50. -/
def sing (a : Class) : Class := cls (fun x => x = a)
def upair (a b : Class) : Class := cls (fun x => x =a v x = b)
def bUnion (A B : Class) : Class := cls (fun x => x €' A v x €' B)
def bInter (A B : Class) : Class := cls (fun x => x €' A A X €' B)
/-- 3.48 Kuratowski pair (a,b) = {{a,a},{a,b}}. -/
def kpair (a b : Class) : Class := upair (upair a a) (upair a b)
/-- 3.21 Domain. -/
def Dom (F : Class) : Class := cls (fun x == 3 b, kpair x b €' F)
/-- 3.22 IF-THEN-ELSE-FI (the demo's semantic definition). -/
def IfC (y : Prop) (A B : Class) : Class :=

cls (fun v => (g AVvE AV (~y rvE B))
/-- 3.25 Evaluation, with the demo's "ELSE V' default. -/
def app (F a : Class) : Class :=

IfC (3 s, kpair a s €' F) (sUnion (cls (fun s => kpair a s €' F))) V
/-- 3.26 Image. -/
def img (f A : Class) : Class := cls (fun b=>3d a, a€" Anapp fa-=
/-- The demo's “3!° quantifier (4.05): over ALL classes, proper include
def ExistsU (p : Class » Prop) : Prop :=3y, pyaAvz, pz->2z=y

cls (fun x =3 vy, y € KA X €' y)
cls (fun x =>V vy, y € Ko-x€'Yy)

/-- 3.27-3.33. -/
def isSingleton (s : Class) : Prop :
def setValued (F : Class) : Prop :
def concentrated (F : Class) : Prop :
V x, x €' Dom F -» isSet (app F x) - ExistsU (fun y => kpair x y €' F,;
def flatProper (F : Class) : Prop :=
V x, x €' Dom F - proper (app F x) - V b, kpair x b €' F - isSingletc
def isFamily (F : Class) : Prop := concentrated F A flatProper |
def isClassFunction (F : Class) : Prop := isFamily F A setValued F

ExistsU (fun x => x €' s)
V x, x €' Dom F - isSet (app F >

)
)

/-- 3.34 AS PRINTED — note: no injectivity, no domain condition. -/
def PrintedWleq (A B : Class) : Prop :=

- ~ —~ -~ -
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/-- 3.36 as printed: A< B o =(B < A). -/
def PrintedWlt (A B : Class) : Prop := - PrintedWleq B A

/-- 3.15, 3.16, 3.17. -/
def Tr (A : Class) : Prop :=V B, BE'A->BCc'A
def OrdC (A : Class) : Prop :=Tr ANV B, BE' A->Tr B
def On : Class := cls 0rdC
/-- 3.35 Class cardinality (as printed; uses the printed ). -/
def card (K : Class) : Class :=
bInter On (sInter (cls (fun a => a €' On A PrintedWleq K a)))

/-- 3.51, 3.52. -/
def IndC (X : Class) : Prop :=
Null €' X A V a, a €' X - bUnion a (sing a) €' X
def omega : Class := cls (fun x ==V Q, IndC Q - x €' Q)
def succ (a : Class) : Class := bUnion a (sing a)

/-- 3.53 Infinity. -/
axiom infinity : isSet omega

/-- 3.38-3.41 and 3.64, verbatim (Tight uses the printed <). -/
def Hereditary (A : Class) : Prop :=
VB, BE'"A-VX, XS'"B->XE"A
def Powerful (U : Class) : Prop :=V B, B€' U- power B €' U
def Pairful (U : Class) : Prop :
VAB, A€'"U->BE€E" U->upair ABE' U
def Tight (U : Class) : Prop :=
VB, Bc'" U- (PrintedWlt B U « B €' U)
def isUniverse (U : Class) : Prop :=
((omega €' U) A ((Tr U A Hereditary U) A (Powerful U A Tight U))) A |

/- ### Basic lemmas -/

theorem not mem Null (x : Class) : — x €' Null :=
fun h => ((mem cls x).mp h).2

theorem Null sub (X : Class) : Null c' X :=
fun a ha => absurd ha (not mem Null a)

theorem mem V {x : Class} : x €' V o isSet x :=
(fun h => ((mem cls x).mp h).1, fun h => (mem cls  x).mpr (h, triy

theorem isSet of mem {x Y : Class} (h : x €' Y) : isSet x := (Y, h)

/-- @ is a set (from Heredity and Infinity). -/

7/22/26, 14:08
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theorem isSet Null : isSet Null := heredity (Null sub omega) infinity

/-- Russell: the universal class is proper (uses CCR and Heredity). -/
theorem V proper : proper V := fun hV =>
have hsub : cls (fun x => - x €' x) €' V :=
fun a ha => mem V.mpr ((mem cls a).mp ha).l
have hset : isSet (cls (fun x => = x €' x)) := heredity hsub hV
have hiff := mem cls (fun x => = x €' x) (cls (fun x => = x €' X))
(Classical.em (cls (fun x => = x €' x) €' cls (fun x => = x €' X))).¢
(fun h => (hiff.mp h).2 h)
(fun h => h (hiff.mpr (hset, h)))

theorem mem upair {x a b : Class} :
X €' upair a b o isSet x A (x =a Vv x =0b) :=mem cls

theorem mem sing {x a : Class} : x €' sing a o isSet x A x = a := mem ¢

theorem self mem sing {a : Class} (h : isSet a) : a €' sing a :=
mem sing.mpr (h, rfl)

theorem upair self (a : Class) : upair a a = sing a :=
extAx (fun z =>
(fun h => mem sing.mpr ((mem upair.mp h).1, (mem upair.mp h).2.elir
fun h => mem upair.mpr ((mem sing.mp h).1, Or.inl (mem sing.mp h).

theorem sing inj {a b : Class} (ha : isSet a) (h : sing a = sing b) : «
(mem sing.mp (h » self mem sing ha)).2

/-1 ### Part 1. Inconsistency of the printed system -/

/-- The empty class has empty domain, hence is (vacuously) a class-Tfunc
theorem Dom Null empty (x : Class) : = x €' Dom Null := fun hx =>
match ((mem cls x).mp hx).2 with
| ( , hb) => not mem Null hb
theorem Null concentrated : concentrated Null :=
fun x hx => absurd hx (Dom Null empty x)
theorem Null flatProper : flatProper Null :=
fun x hx => absurd hx (Dom Null empty x)
theorem Null setValued : setValued Null :=
fun x hx => absurd hx (Dom Null empty x)

theorem Null isClassFunction : isClassFunction Null :=
({Null concentrated, Null flatProper), Null setValued)

/-- Evaluation of the empty class-function falls into the "ELSE V' brar

7/22/26, 14:08
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theorem app Null (a : Class) : app Null a =V := by

have hcond : - 3 s, kpair a s €' Null :=
fun ( , hs) => not mem Null hs
apply extAx
intro v
constructor
- intro hv
have h' := (mem cls v).mp hv
exact match h'.2 with
| Or.inl (hy, ) => absurd hy hcond
| Or.inr ( , hvV) => hvV
- intro hv
exact (mem cls  v).mpr (isSet of mem hv, Or.inr (hcond, hv))

/-- Its image is empty: no SET can equal "V', the default value. -/
theorem img Null empty (A b : Class) : = b €' img Null A := fun hb =>
match (mem cls b).mp hb with
| (hbset, , , happ) =>
V_proper ((happ.symm.trans (app Null )) » hbset)

/-- **Finding 1.** With definition 3.34 as printed, "A < B" holds for /
A B — the empty class-function is a witness. -/
theorem PrintedWleq total (A B : Class) : PrintedWleq A B :=
(Null, Null isClassFunction, fun b hb => absurd hb (img Null empty A

/-- Hence "< never holds.. -/
theorem PrintedWlt never (A B : Class) : - PrintedWlt A B :=
fun h => h (PrintedWleq total B A)

/-- **Theorem (inconsistency, route 1).** The printed base axioms toge
with the printed size-limitation axiom 3.37 derive “False':
3.37 forces V' to be empty, but w € V by 3.53. -/
theorem printed inconsistent routel
(sizeLimitation : V X : Class, X €' V o PrintedWlt (card X) (card \
False :=
PrintedWlt never (card omega) (card V)
((sizeLimitation omega).mp (mem V.mpr infinity))

/-- **Theorem (inconsistency, route 2).** The <-bug propagates througt
"Tight™ (3.41): no class is a universe — @ must both belong (via
Hereditary, since w € U) and not belong (via Tight, since < never
holds) to it. -/

theorem no universe (U : Class) (hU : isUniverse U) : False :=

have hw : omega €' U := hU.1.1
have hHer : Hereditary U := hU.1.2.1.2
have hTight : Tight U := hU.1.2.2.2
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have hNull : Null €' U := hHer omega hw Null (Null sub omega)
PrintedWlt never Null U ((hTight Null (Null sub U)).mpr hNull)

/-- Hence Tarski's axiom 3.66 is itself contradictory over the base.. -,
theorem printed inconsistent route2
(tarski : V x, isSet x -» 3 u, ((isUniverse u A x €' u) A 1isSet u))
False :=
match tarski Null isSet Null with
| (u, (hu, ), ) => no_universe u hu

/-- .and the demo's announced THEOREM 3.65 ("V is a universe") is refuf
as printed. -/
theorem printed 3 65 refutable : - isUniverse V := no universe V

/-- **Finding (phantom partners).** With Kuratowski pairs, a proper cl
collapses the pair: "{x, y} = {x} and hence "(x, y) = (x, X) . S
uniqueness demanded by "concentrated" (3.29) fails at every diagon:
point, and the function machinery cannot rest on 3.48 — it needs tt
Dunaev pairs 3.46. -/

theorem upair proper_collapse {x y : Class} (hy : proper y)
upair x y = sing x := by

apply extAx
intro z
constructor
» intro hz
have h' := (mem cls z).mp hz
exact match h'.2 with
| Or.inl h => mem sing.mpr (h'.1, h)
| Or.inr h => absurd (h » h'.1) hy
» intro hz
have h' := (mem cls z).mp hz
exact mem upair.mpr (h'.1, Or.inl h'.2)

theorem kpair phantom {x y : Class} (hy : proper y)
kpair x y = kpair x x := by
show upair (upair x x) (upair x y) = upair (upair x X) (upair x x)
rw [upair proper collapse hy, upair_self]

/-- No “F° containing a diagonal pair " (x,x)  has a UNIQUE partner at °
'y := V' is a phantom second witness. -/
theorem no_unique partner {F x : Class} (hx : isSet x)
(hxx : kpair x x €' F) : - ExistsU (fun y => kpair x y €' F) :=
fun (ye, _, huniq) =>
have hl : x = ye := huniq x hxx
have h2 : V = ye := huniq V (by

show knair x V €' F
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rw [kpair phantom V proper]; exact hxx)
V proper ((hl.trans h2.symm) » hx)

/-1 ### Part 2. What survives: theorems derivable from the printed ba:

/-- 3.07: @ c X. -/
theorem thm 3 07 (X : Class) : Null c' X := Null sub X

/-- 3.11 "Intensionality": sets with the same containers are equal. -/
theorem thm 3 11 {X Y : Class} (hX : isSet X) (_hY : isSet Y)
(h : VW, XE'"WoeYE W : X=Y:=
have hXX : X €' sing X := self mem sing hX
(((mem cls Y).mp ((h (sing X)).mp hXX)).2).symm

/-- Members of "0On" are exactly the ordinal sets. -/
theorem mem On {B : Class} : B €' On o isSet B A OrdC B := mem cls

/-- 3.18: "0On" is transitive.. -/
theorem Tr On : Tr On := fun B hB b hb =>
have h := mem On.mp hB
mem On.mpr (isSet of mem hb,
h.2.2 b hb,
fun ¢ hc == h.2.2 ¢ (h.2.1 b hb ¢ hc))

/-- «and 3.18 in full: "0rd(On)  — the class of all ordinals is an ord:
class (no Burali-Forti paradox: "On" is proper, which is fine here;
theorem thm 3 18 : OrdC On :=
(Tr On, fun B hB => (mem On.mp hB).2.1)

theorem mem omega {x : Class}
X €' omega o isSet x A V Q, IndC Q - x €' Q := mem cls

theorem Null mem omega : Null €' omega :=
mem omega.mpr (isSet Null, fun  hQ => hQ.1)

/-- A classical detour available in the printed system: SOME inductive
exists — otherwise w = V, contradicting 3.53 + Russell. -/
theorem exists inductive : 3 Q, IndC Q :=
(Classical.em (3 Q, IndC Q)).elim id (fun hno => by
have hwV : omega = V := extAx (fun x =>
(fun h => mem V.mpr (isSet of mem h),
fun h => mem omega.mpr (mem V.mp h,
fun Q hQ => absurd (Q, hQ) hno)))
exact absurd (hwV » infinity) V proper)

+hAanram 1 6CA+ ciirr AF mAam AmAaan A « CTAacecl [hAa @ A £V AmAAn)
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isSet (succ a) :=
match exists inductive with
| (Q, hQ) => (Q, hQ.2 a ((mem omega.mp ha).2 Q hQ))

/-- 3.55: w is inductive — provable from the printed base alone. -/
theorem thm 3 55 : IndC omega :=
(Null mem omega,
fun a ha => mem omega.mpr
(isSet succ of mem omega ha,
fun Q hQ => hQ.2 a ((mem omega.mp ha).2 Q hQ)))

/-- The induction principle of w: w is contained in every inductive cl:
theorem omega sub {Q : Class} (hQ : IndC Q) : omega <' Q :=

fun x hx => (mem omega.mp hx).2 Q hQ

theorem mem succ {x a : Class} :

X €' succ a o isSet x A (x €' a v Xx = a) := by
constructor
- intro h

have h' := (mem cls Xx).mp h

exact (h'.1, h'.2.elim Or.inl (fun hs => Or.inr ((mem cls x).mp |
- intro (hset, h)
exact (mem cls  x).mpr (hset,
h.elim Or.inl (fun he => Or.inr ((mem cls _ x).mpr (hset, he))))

theorem sub succ {a : Class} : a c' succ a :=
fun x hx => mem succ.mpr (isSet of mem hx, Or.inl hx)

theorem mem bInter {x A B : Class} :
X €' bInter AB o isSet x A X €' A A X €' B :=mem cls

/-- 3.57: w is transitive (by w-induction on "{x € w | x € w} ). -/
theorem thm 3 57 : Tr omega := by
have hInd : IndC (bInter omega (cls (fun x => x <' omega))) := by
constructor
- exact mem bInter.mpr (isSet Null, Null mem omega,
(mem cls  ).mpr (isSet Null, Null sub omega))

- intro a ha
have h := mem bInter.mp ha
have haw : a €' omega := h.2.1
have hasub : a c' omega := ((mem cls a).mp h.2.2).2
have hsw : succ a €' omega := thm 3 55.2 a haw
exact mem bInter.mpr (isSet of mem hsw, hsw,
(mem cls  ).mpr (isSet of mem hsw,

fun x hx => (mem succ.mp hx).2.elim

.~ - . . o~
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(Tun h' => hasub X h') (Tun h' => n'.symm » haw)))
intro B hB
exact ((mem cls B).mp (mem bInter.mp (omega sub hInd B hB)).2.2).2

/-- Every member of w is transitive (again by w-induction). -/
theorem Tr_of mem omega {B : Class} (hB : B €' omega) : Tr B := by
have hInd : IndC (bInter omega (cls Tr)) := by
constructor
- exact mem bInter.mpr (isSet Null, Null mem omega,
(mem cls  ).mpr (isSet Null,
fun C hC => absurd hC (not _mem Null C)))
- intro a ha

have h := mem bInter.mp ha

have haw : a €' omega := h.2.1

have haTr : Tr a := ((mem cls a).mp h.2.2).2

have hsw : succ a €' omega := thm 3 55.2 a haw

refine mem bInter.mpr (isSet of mem hsw, hsw,
(mem cls  ).mpr (isSet of mem hsw, ? ))

intro C hC

cases (mem _succ.mp hC).2 with
| inl h' => exact fun x hx => sub succ x (haTr C h' x hx)
| inr h' => exact fun x hx => sub _succ x (h' » hx)
exact ((mem cls B).mp (mem bInter.mp (omega sub hInd B hB)).2.2).2

/-- 3.58: w is an ordinal class. -/
theorem thm 3 58 : OrdC omega :=
(thm 3 57, fun B hB => Tr_of _mem omega hB)

/-- 3.59: w € On. -/
theorem thm 3 59 : omega €' On := mem On.mpr (infinity, thm 3 58)

/-- For a TRANSITIVE set, "succ a € #(a) , so ‘succ a 1is a set withou
pairing/union axiom — this rescues Ind(On) in the printed base. -/
theorem isSet succ of Tr {a : Class} (haTr : Tr a) (ha : isSet a)
isSet (succ a) :=
heredity
(fun x hx => (mem cls _ x).mpr (isSet of mem hx,
(mem succ.mp hx).2.elim (fun h => haTr x h)
(fun h = fun z hz => h » hz)))
(exponent ha)

/-- 3.56: On is inductive — provable from the printed base alone. -/
theorem thm 3 56 : IndC On := by
constructor
- exact mem On.mpr (isSet Null,
fun B hB => absurd hB (not _mem Null B),
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fun B hB => absurd hB (not mem Null B))
- intro a ha
have h := mem On.mp ha
have haTr : Tr a := h.2.1
refine mem On.mpr (isSet succ of Tr haTr h.1, ? , ? )
- intro B hB
cases (mem succ.mp hB).2 with
| inl h' => exact fun x hx => sub succ x (haTr B h' x hx)
| inr h' => exact fun x hx => sub succ x (h' » hx)
- intro B hB
cases (mem succ.mp hB).2 with
| inl h' => exact h.2.2 B h'
| inr h' => exact h'.symm » haTr

/-- 3.67: the general induction principle on a transitive class, derive
from the printed "Regularity" 3.14 — which is exactly €-induction :
powerclass form. -/

theorem thm 3 67 {K A : Class} (hK : Tr K) (h : bInter K (power A) c' /
Kc'" A := by

have step : power (cls (fun x => x €' K-> x €' A)) ¢!
cls (fun x => x €' K-> x €' A) := by
intro y hy
have h' := (mem cls y).mp hy
refine (mem cls y).mpr (h'.1, fun hyK => ? )
have hyA : y €' A := fun x hx =>
((mem cls x).mp (h'.2 x hx)).2 (hK y hyK x hx)
exact h y (mem bInter.mpr (h'.1, hyK,
(mem cls y).mpr (h'.1, hyA)))
intro k hk
exact ((mem cls  k).mp
(regularity step k (mem V.mpr (isSet of mem hk)))).2 hk

/-- The Tight-free components of "V is a universe" (towards 3.65), pro\
from the printed base. -/
theorem V.Tr : Tr V := fun B hB b hb => mem V.mpr (isSet of mem hb)
theorem V Hereditary : Hereditary V :=
fun B hB X hX => mem V.mpr (heredity hX (mem V.mp hB))
theorem V Powerful : Powerful V :=
fun B hB => mem V.mpr (exponent (mem V.mp hB))
theorem omega mem V : omega €' V := mem V.mpr infinity

/-' ### Part 3. The repair: Pairing and Union, and the TBI items 3.44-
Pairing and Union are absent from the printed axiom list, yet:

(1) "Pairful’ is part of the universe definition 3.64, and 3.65
announces “Pairful V' — i.e. the pairing axiom itself;
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(ii) the Dunaev lists 3.45 (marked TBI in the demo) need the tags
“{{{a}},n}  to be sets;

(iii) pairing cannot be recovered from a repaired limitation-of-si:
axiom, because x is defined through class functions whose gre
already consist of ordered pairs — a circularity.

So we add them. (Both hold in every intended model.) -/

axiom pairing : V {a b : Class}, isSet a - isSet b - isSet (upair a b)
axiom unionAx : V {x : Class}, isSet x - isSet (sUnion x)

theorem isSet sing {a : Class} (h : isSet a) : isSet (sing a) :=
upair_self a » pairing h h

theorem bUnion eq sUnion upair {A B : Class} (hA : isSet A) (hB : isSef
bUnion A B = sUnion (upair A B) :=
extAx (fun x =>
(fun h =>
have h'
(mem cls  x).mpr (h'.1, h'.2.elim
(fun hx => (A, mem upair.mpr (hA, Or.inl rfl), hx))
(fun hx => (B, mem upair.mpr (hB, Or.inr rfl), hx))),
fun h =>
have h' := (mem cls x).mp h
(mem cls  x).mpr (h'.1,
match h'.2 with
| ( , hy, hxy) => (mem upair.mp hy).2.elim
(fun e => 0Or.inl (e » hxy)) (fun e => Or.inr (e » hxy)))))

(mem cls  x).mp h

theorem isSet succ {a : Class} (ha : isSet a) : isSet (succ a) := by
show isSet (bUnion a (sing a))
rw [bUnion eq sUnion upair ha (isSet sing ha)]
exact unionAx (pairing ha (isSet sing ha))

/-- 3.54: V is inductive — NOW provable. (This one genuinely needs the
added axioms: for a non-transitive set “a’, the #-trick of
"isSet succ of Tr® does not apply.) -/

theorem thm 3 54 : IndC V :=

(mem V.mpr isSet Null, fun a ha => mem V.mpr (isSet succ (mem V.mp he

/-- The “Pairful® component of 3.65 — literally the pairing axiom. -/
theorem V _Pairful : Pairful V :=

fun A B hA hB => mem V.mpr (pairing (mem V.mp hA) (mem V.mp hB))
/- #### The Dunaev tagged lists (3.44-3.47) — the demo's TBI, implemer

3.44 numerals; 3.45 mark(A,n) = {{0,n}} u { {{{a}},n} | a € A };
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3.46 (A,B)
3.47 prl(L)

[A,B] = mark(A,1) u mark(B,2);
{a | {{{a}},1} €L }, pr2(L) = { b | {{{b}},2} €1

The point of the construction: it is faithful on PROPER classes, wt
Kuratowski pairs collapse (see "kpair phantom ). We verify this.

Null
sing Null

def zero : Class :

def one : Class :
def two : Class :

upair Null one

theorem isSet one : isSet one :

isSet sing isSet Null
theorem isSet two : isSet two :

pairing isSet Null isSet one

theorem Null ne one : Null # one := fun h =>
have hl : Null €' one := self mem sing isSet Null
not mem Null Null (h.symm » hl)

theorem Null ne two : Null # two := fun h =>
have hl : one €' two := mem upair.mpr (isSet one, Or.inr rfl)
not mem Null one (h.symm » hl)

theorem one ne two : one # two := fun h =>
have h2 : one €' two := mem upair.mpr (isSet one, Or.inr rfl)
have h3 : one €' one := h.symm » h2

Null ne one ((mem sing.mp h3).2.symm)

/-- The tag "{{{a}}, n} . -/

def tag (a n : Class) : Class := upair (sing (sing a)) n

/-- 3.45. -/

def markC (A n : Class) : Class :
cls (fun x => x = upair Null n v 3 a, a €' A A x = tag a n)

/-- 3.46: the Dunaev ordered pair. -/

def dpair (A B : Class) : Class := bUnion (markC A one) (markC B two)
/-- 3.47. -/

def dprl (L : Class) : Class :
def dpr2 (L : Class) : Class :

cls (fun a => tag a one €' L)

cls (fun a => tag a two €' L)

theorem isSet tag {a n : Class} (ha : isSet a) (hn : isSet n)
isSet (tag a n)

pairing (isSet sing (isSet sing ha)) hn
theorem mem markC {x A n : Class} :
X €' markC A n o isSet x A

(X = upair NullL n v 3 a, a € A A Xx = tag a n) := mem cls

/-! Disambiguation kit: tags, markers and numerals never collide. -/
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theorem sing sing ne one {a : Class} (ha : isSet a) : sing (sing a) #

fun h =>
have hl : sing a €' sing (sing a) := self mem sing (isSet sing ha)
have h2 : sing a €' one := h » hl
have h3 : sing a = Null := (mem sing.mp h2).2

not mem Null a (h3 » self mem sing ha)

theorem sing sing ne two {a : Class} (ha : isSet a) : sing (sing a) # 1
fun h =>
have hl : Null €' two := mem upair.mpr (isSet Null, Or.inl rfl)
have h2 : Null = sing a := (mem sing.mp (h.symm » hl)).2
not mem Null a (h2.symm » self mem sing ha)

/-- A tag " {{{a}},n} with 'n # @ is never a marker “{O,m} . -/
theorem tag ne marker {a n m : Class} (ha : isSet a) (hn : n # Null)
tag a n # upair Null m :=
fun h =>
have hl : Null €' upair Null m := mem upair.mpr (isSet Null, Or.inl
have h2 : Null €' tag a n := h.symm » hl
(mem upair.mp h2).2.elim
(fun e =>
have h3 : sing a €' Null := e.symm » self mem sing (isSet sing
not mem Null _ h3)
(fun e => hn e.symm)

theorem tag one ne tag two {a c : Class} (ha : isSet a) (hc : isSet c)
tag a one # tag c two :=
fun h =>
have hl : one €' tag a one :
have h2 : one €' tag c two :
(mem upair.mp h2).2.elim
(fun e =>
have hQ : Null €' one := self mem sing isSet Null
have h3 : Null €' sing (sing c) := e » hO
have h4 : Null = sing ¢ := (mem sing.mp h3).2
not mem Null c (h4.symm » self mem sing hc))

mem upair.mpr (isSet one, Or.inr rfl;
h » hl

one ne two

theorem tag inj {a ¢ n : Class} (ha : isSet a) (hc : isSet c)
(hn : sing (sing a) # n) (h : tag a n=tag cn) : a=c :=
have hl : sing (sing a) €' tag a n :=
mem upair.mpr (isSet sing (isSet sing ha), Or.inl rfl)
have h2 : sing (sing a) €' tag ¢ n := h » hl
(mem upair.mp h2).2.elim
(fun e => sing inj ha (sing inj (isSet sing ha) e))

[fiin A —< Aheciird A hn)
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theorem mem dpair {x A B : Class} :
X €' dpair A B o isSet x A (x €' markC A one v x €' markC B two)
mem cls

theorem tagl mem dpair {a A B : Class} (ha : a €' A)
tag a one €' dpair A B :=
have ht : isSet (tag a one) := isSet tag (isSet of mem ha) isSet one
mem dpair.mpr (ht, Or.inl (mem markC.mpr (ht, Or.inr (a, ha, rfl))))

theorem tag2 mem dpair {b A B : Class} (hb : b €' B)
tag b two €' dpair A B :
have ht : isSet (tag b two) := isSet tag (isSet of mem hb) isSet two
mem dpair.mpr (ht, Or.inr (mem markC.mpr (ht, Or.inr (b, hb, rfl))))

theorem mem A of tagl {a A B : Class} (ha : isSet a)
(h : tag a one €' dpair AB) : a €' A :=
(mem dpair.mp h).2.elim
(fun hl => (mem markC.mp hl).2.elim
(fun e => absurd e (tag ne marker ha (Ne.symm Null ne one)))
(fun (a', ha', he) =>
(tag_inj ha (isSet of mem ha') (sing sing ne one ha) he).symm »
(fun h2 => (mem markC.mp h2).2.elim
(fun e => absurd e (tag ne marker ha (Ne.symm Null ne one)))
(fun (b, hb, he) =>
absurd he (tag one ne tag two ha (isSet of mem hb))))

theorem mem B of tag2 {b A B : Class} (hb : isSet b)
(h : tag b two €' dpair AB) : b €' B :=
(mem dpair.mp h).2.elim
(fun hl => (mem markC.mp hl).2.elim
(fun e => absurd e (tag ne marker hb (Ne.symm Null ne two)))
(fun (a, ha, he) =>
absurd he.symm (tag one ne tag two (isSet of mem ha) hb)))
(fun h2 => (mem markC.mp h2).2.elim
(fun e => absurd e (tag ne marker hb (Ne.symm Null ne two)))
(fun (b', hb', he) =>
(tag_inj hb (isSet of mem hb') (sing sing ne two hb) he).symm »

/-- **The TBI items, verified.** First projection recovers the first
component of a Dunaev pair — for ARBITRARY classes.. -/
theorem dprl dpair (A B : Class) : dprl (dpair A B) = A :=
extAx (fun x =>
(fun h =>
have h' := (mem cls x).mp h

-~ . P N
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mem A OoT _tagl nh'.lL h'.Z,
fun h => (mem cls  x).mpr (isSet of mem h, tagl mem dpair h)))

/-- ..and the second likewise. -/
theorem dpr2 dpair (A B : Class) : dpr2 (dpair A B) =B :=
extAx (fun x =>
(fun h =>
have h' (mem cls x).mp h
mem B of tag2 h'.1 h'.2,
fun h => (mem cls  x).mpr (isSet of mem h, tag2 mem dpair h)))

/-- Hence the Dunaev pair is injective on ARBITRARY classes (proper inc
— exactly what Kuratowski pairs cannot deliver ( kpair phantom’).
theorem dpair _inj {A B C D : Class} (h : dpair A B = dpair C D)
A=CAB=D:=
(by rw [« dprl dpair A B, h, dprl dpair],
by rw [« dpr2 dpair A B, h, dpr2 dpair])

/-- Showcase: it works where Kuratowski provably fails — on proper cla:
theorem dpair proper_showcase :
dprl (dpair V On) = V A dpr2 (dpair V On) = On :=
(dprl dpair V On, dpr2 dpair V On)

/-- The “{0,n}  marker device works: a mark is never empty, so list ler
is always recoverable — in particular "[A] # []  even for A =g2".
theorem mark ne Null (A n : Class) (hn : isSet n) : markC A n # Null ::
fun h =>
have hm : upair Null n €' markC A n :=
mem markC.mpr (pairing isSet Null hn, Or.inl rfl)
not mem Null  (h » hm)

theorem dsingle ne dnil (A : Class) : markC A one # Null :=
mark ne Null A one isSet one

end
end Obelisk

/-1 ### Audit: exact axiom dependencies of the main results -/
#print axioms Obelisk.printed inconsistent routel

#print axioms Obelisk.printed inconsistent route2

#print axioms Obelisk.printed 3 65 refutable

#print axioms Obelisk.no unique partner

#print axioms Obelisk.thm 3 18

#print axioms Obelisk.thm 3 55

#print axioms Obelisk.thm 3 56

#print axioms Obelisk.thm 3 58
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#print axioms Obelisk.thm 3 67
#print axioms Obelisk.dpair inj
#print axioms Obelisk.dsingle ne dnil

Otuét nmogrororieH Claude (Anthropic) 22 urosnst 2026 o rpockbe Anekces
Komuccaposa. Bce hopmanbHble yTBep>keHus mpoBepeHs! Lean 4.32.0; daiin
camopocraroueH (6e3 Mathlib) 1 kommumpyetcst 6e3 ommbok U 6e3 sorry.

Ncrounuku: obeliskproofassistant.github.io — georgydunaev.github.io,

pertosuTopuii georgydunaev/variousreleases (output.html/output.pdf, 2026-05-05).
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