
Set Theory
Definition 1.1 Set A “ t1, 3, 2u:
is a well-defined group of distinct items that are considered
as an object in its own right. The arrangement/order of the
objects does not matter but each member of the set must be
unique.

Definition 1.2 Empty Set tu {H:
is the unique set having no elements/cardinality[def. 1.5] zero.

Definition 1.3 Multiset/Bag: Is a set-like object in which
multiplicity[def. 1.4] matters, that is we can have multiple ele-
ments of the same type.
I.e. t1, 1, 2, 3u ‰ t1, 2, 3u

Definition 1.4 Multiplicity: The multiplicity na of a mem-
ber a of a multiset[def. 1.3] S is the number of times it appears
in that set.

Definition 1.5 Cardinality |S|: Is the number of elements
that are contained in a set.

Definition 1.6 The Power Set PpSq/2S : The
power set of any set S is the set of all subsets of S, including
the empty set and S itself. The cardinality of the power set
is 2S is equal to 2|S|.

1. Closure

Definition 1.7 Closure: A set is closed under an operation
Ω if performance of that operations onto members of the set
always produces a member of that set.

2. Open vs. Closed Sets

Definition 1.8 Open Sets:
• Euclidean Spaces:

A subset U P R is open, if for every x P U it exists εpxqR`
s.t. a point y P R belongs to U if:

‖x ´ y‖2 ă εpxq (1.1)

• Metric Spaces[def. 10.65]: a Subset U of a metric space
pM, dq is open if:
Dε ą 0 : if dpx, yq ă ε @y P M, @x P U ùñ y P U

(1.2)

• Toplogical Spaces[def. 12.2]: Let pX, τq be a topological
space. A set A is said to be open if it is contained in τ .

add image

Definition 1.9 Closed Set: Is the complement of an open
set[def. 1.8].

Definition 1.10 Bounded Set: A set S Ă Rnis bounded
if there exists a constant K s.t. the absolute value of every
component of every element of S is less or equal to K.

3. Number Sets
3.1. The Real Numbers R
3.1.1. Intervals

Definition 1.11 Closed Interval ra, bs:
The closed interval of a and b is the set of all real numbers
that are within a and b, including a and b:

ra, bs “ tx P R |a ď x ď bu (1.3)

Definition 1.12 Open Interval pa, bq:
The open interval of a and b is the set of all real numbers that
are within a and b:

pa, bq “ tx P R |a ă x ďău (1.4)

3.2. The Rational Numbers Q

Example 1.1 Power Set/Cardinality of S “ tx, y, zu:
The subsets of S are:
tHu, txu, tyu, tzu, tx, yu, tx, zu, ty, zu, tx, y, zu
and hence the power set of S is PpSq “

ttHu, txu, tyu, tzu, tx, yu, tx, zu, ty, zu, tx, y, zuu with a
cardinality of |S| “ 23 “ 8.

4. Set Functions

4.1. Submoduluar Set Functions

Definition 1.13 Submodular Set Functions: A submod-
ular function f : 2Ω ÞÑ R is a function that satisifies:

f pA Y txuq ´ f pAq ě f pB Y tXuq ´ F pBq
@A Ď B Ă Ω
txu P ΩzB

(1.5)

Explanation 1.1 (Definition 1.13). Addaing an element x to
the the smaller subset A yields at least as much information/-
value gain as adding it to the larger subset B.

Definition 1.14 Montone Submodular Function:
A monotone submodular function is a submodular
function[def. 1.13] that satisifies:

fpAq ď fpBq @A Ď B Ď Ω (1.6)

Explanation 1.2 (Definition 1.14). Adding more elements to
a set will always increase the information/value gain.

4.2. Complex Numbers

Definition 1.15 Complex Conjugate sz:
The complex conjugate of a complex number z “ x ` iy is
defined as:

sz “ x ´ iy (1.7)

add kind of wikipedia image

Corollary 1.1 Complex Conjugate Of a Real Number:
The complex conjugate of a real number x P R is x:

sx “ x ùñ x P R (1.8)

Formula 1.1 Euler’s Formula:
e
˘ix

“ cos x ˘ i sin x (1.9)

Formula 1.2 Euler’s Identity:
e
˘i
“ ´1 (1.10)

Note

e
n
“ 1 ô n “ i 2πk, k P N (1.11)

Sequences&Series
Definition 2.1 Index Set: Is a set[def. 1.1] A, whose members
are labels to another set S. In other words its members index
member of another set. An index set is build by enumerating
the members of S using a function f s.t.

f : A ÞÑ S A P N (2.1)

Definition 2.2 Sequence panqnPA:
A sequence is an by an index set A enumerated multiset[def. 1.3]
(repetitions are allowed) of objects in which order does matter.

Definition 2.3 Series: is an infinite ordered set of terms
combined together by addition.

1. Types of Sequences
1.1. Arithmetic Sequence

Definition 2.4 Arithmetic Sequence: Is a sequence where
the difference between two consecutive terms constant i.e.
p2, 4, 6, 8, 10, 12, . . .q.

tn “ t0 ` nd d :difference between two terms (2.2)

1.2. Geometric Sequence

Definition 2.5 Geometric Sequence: Is a sequence
where the ratio between two consecutive terms constant i.e.
p2, 4, 8, 16, 32, . . .q.

tn “ t0 ¨ r
n

r :ratio between two terms (2.3)

Property 2.1 Sum of Geometric Sequence:
n
ÿ

k“1

ar
k´1

“
ap1 ´ rnq

1 ´ r
(2.4)

2. Converging Sequences

2.1. Pointwise Convergence

Definition 2.6 limnÑ8 fn “ f pointwise
Pointwise Convergence[?]:
Let pfnq be a sequence of functions with the same
domain[def. 5.8] and codomain[def. 5.9]. The sequence is said to
convergence pointwise to its pointwise limit function f if it
satisfies:

| lim
nÑ8

fnpxq ´ fpxq| “ 0 @x P dompfiq (2.5)

2.2. Uniform Convergence

Definition 2.7 limnÑ8 fn “ f uniform/fn §
§

8
f

Uniform Convergence[?]:
Let pgnq be a sequence of functions with the same
domain[def. 5.8] and codomain[def. 5.9]. The sequence is said to
convergence uniformly to its pointwise limit function f if it
satisfies:
Dε ą 0 : Dn ě 1 sup

xPdompfiq
|gnpxq ´ fpxq| ă ε @x P dompfiq

(2.6)

Note
Uniform convergence is characterized by the uniform norm??,
and is stronger than pointwise convergence.

Toplogy
Definition 3.1 Topological Space[?] pX, τq:
Is an ordered pair pX, τq, where X is a set and τ is a
topology[def. 12.1] on X.

Definition 3.2 Topological Space[?] pX, τq:
Is an ordered pair pX, τq, where X is a set and τ is a
topology[def. 12.1] on X.

1. Weak Topologies

Definition 3.3 Weak Topology CpK; Rq: Is the
coresests topology s.t all cont. linear functionals w.r.t. to the
strong topology are continuous.
Neighbourhood Basis:
tf ||l1| ă ε1, . . . , |ln| ă εn, @εi, @n, @lin. functionsfu (3.1)

Note
The weak closure:

• is usually larger as the uniform closure, as for the weak
closure there are many more convergence sequences

• is easier to calculate than the uniform closure
2. Compact Space

Corollary 3.1 Euclidean Space: In the euclidean case, a
set X P R is compact iff:
• it is closed[def. 1.9]
• bounded
3. Closure

Definition 3.4 Closure of a Set[?] clX,τ pSq { sS:
The closure of a subset S of a toplogical space[def. 12.2] pX, τq
is defined equivilantly by:
• Is the union of S and its boundary BS.
• is the set S together with its limit points.

Note
If the topological space X, τ is clear from context, then the
closure of a set S is often written simply as sS.

Corollary 3.2 Uniform Closure s¨‖¨‖8 :
The uniform closure of a set of functions A is the space of
all functions that can be approximated by a sequence pfnq of
uniformly-converging functions from A. [def. 2.7] functions

Corollary 3.3 Weak Closure:
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Logic
1. Boolean Algebra
1.1. Basic Operations

Definition 4.1 Conjunction/AND ^:

Definition 4.2 Disjunction/OR _:

Definition 4.3 Negation/NOT  :

1.1.1. Expression as Integer

If the truth values t0, 1u are interpreted as integers then the
basic operations can be represent with basic arithmetic oper-
ations.

x ^ y “ xy “ minpx, yq
x _ y “ x ` y “ maxpx, yq
 x “ 1 ´ x

x ‘ y “ px ` yq ¨ p x `  yq “ x ¨  y `  x ¨ y

Note: non-linearity of XOR

px ` yq ¨ p x `  yq “ ´x
2
´ y

2
´ 2xy ` 2x ` 2y

1.2. Boolean Identities

Property 4.1 Idempotence:
x ^ x ” x and x _ x ” x (4.1)

Property 4.2 Identity Laws:
x ^ true ” x and x _ false ” x (4.2)

Property 4.3 Zero Law’s:
x ^ false ” false and x _ true ” true (4.3)

Property 4.4 Double Negation:
  x ” x (4.4)

Property 4.5 Complementation:
x ^  x ” false and x _  x ” true (4.5)

Property 4.6 Commutativity:
x _ y ” y _ x and x ^ y ” y ^ x (4.6)

Property 4.7 Associativity:
px _ yq _ z ” x _ py _ zq (4.7)
px ^ yq _ z ” x _ py ^ zq (4.8)

Property 4.8 Distributivity:
x _ py ^ zq ” px _ yq ^ px _ zq (4.9)
x ^ py _ zq ” px ^ yq _ px ^ zq (4.10)

Property 4.9 De Morgan’s Laws:
 px _ zq ” p x ^  yq (4.11)
 px ^ zq ” p x _  yq (4.12)

Note
The algebra axioms come in pairs that can be obtained by
interchanging ^ and _.
1.3. Normal Forms

Definition 4.4 Literal [example 4.1]:
Literals are atomic formulas or their negations

Definition 4.5 Negation Normal Form (NNF): A for-
mula F is in negation normal form is the negation operator  
is only applied to literals[def. 4.4] and the only other operators
are ^ and _.

Definition 4.6 Conjunctive Normal Form (CNF): An
boolean algebraic expression F is in CNF if it is a conjunction
of clauses, where each clause is a disjunction of literals[def. 4.4]
Li,j :

FCNF “
n
ľ

i“1

¨

˚

˝

mi
ł

j“1

Li,j

˛

‹

‚

(4.13)

Definition 4.7 Disjunctive Normal Form (DNF): An
boolean algebraic expression F is in DNF if it is a disjunction
of clauses, where each clause is a conjunction of literals[def. 4.4]
Li,j :

FDNF “
n
ł

i“1

¨

˚

˝

mi
ľ

j“1

Li,j

˛

‹

‚

(4.14)

Note
• true is a CNF with no clause and a single literal.
• false is a CNF with a single clause and no literals
1.3.1. Transformation to CNF and DNF
DNF
Algorithm 4.1:
1 Using De Morgan’s lawsProperty 4.9 and double nega-

tionProperty 4.4 transform F into Negation Normal
Form[def. 4.5]:

  x by x
 px ^ yq by p x _  yq
 px _ yq by p x ^  yq
 true by false
 false by true

2 Using distributive lawsProperty 4.8 substitute all:
x ^ py _ zq by px ^ yq _ px ^ zq
py _ zq ^ x by py ^ xq _ pz ^ xq
x ^ true by true
true ^ x by true

3 Using the identityProperty 4.2 and zero laws Property 4.3
remove true from any cause and delete all clauses contain-
ing false.

Note
For the CNF form simply use duality for step 2 and 3 i.e. swap
^ and _ and true and false.
Using Truth Tables [example 4.2]

To obtain a DNF formula from a truth table we need to have
a conjunctive[def. 4.3] for each row where F is true.

2. Examples

Example 4.1 Literals:
Boolean literals: x, y, s
Not boolean literals:   x, px ^ yq

Example 4.2 DNF from truth tables:

Need a conjunction of:
• p x ^  y ^  zq
• p x ^ y ^ zq
• px ^  y ^  zq
• px ^ y ^ zq

x y z F
0 0 0 1
0 0 1 0
0 1 0 0
0 1 1 1
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 1

p x ^  y ^  zq ^ p x ^ y ^ zq ^ px ^  y ^  zq ^ px ^ y ^ zq
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Calculus and Analysis
1. Functional Analysis
1.1. Elementary Functions
1.1.1. Exponential Numbers

Definition 5.1 Exponential Function exp : K ÞÑ K:

exppxq “ ex “
8
ÿ

n“0

x

n!

“ lim
nÑ8

ˆ

1 `
x

n

˙n
(5.1)

-4 -3 -2 -1 1 2 3 4

1
2
e

4
5
6
7

1 ` x

exppxq

x

f(x)

Definition 5.2 Exponential/Euler Number e :

e “
8
ÿ

n“0

1
n!
“ lim
nÑ8

ˆ

1 `
1
n

˙n

“ 2.7182 (5.2)

Properties Defining the Expeontial Function

Property 5.1:
exppx ` yq “ exppxq ` exppyq (5.3)

Property 5.2:
exppxq ď 1 ` x (5.4)

1.1.2. Affine Linear Functions

Definition 5.3 Affine Linear Function fpxq “ ax ` b:
An affine linear function are functions that can be defined by
a scaling sapxq “ ax plus a translation tbpxq “ x ` b:
M “ tf : R ÞÑ R|fpxq “ psa ˝ tbqpxq “ ax ` b, a, b P Ru

(5.5)

fpxq “ ax ` b

fp0q “ b

f
1
pxq “ a

´1 1 2 3

1

2

3

px1, y1q

∆x “ 1

px2, y2q

∆y “ y2´y1
x2´x1

b

Formula 5.1 [proof 5.1]
Linear Function from Point and slope fpx0q “ y1:
Given a point px1, y1q and a slope a we can derive:

fpxq “ a ¨ px ´ x0q ` y0 “ ax ` py1 ´ ax0q (5.6)

Formula 5.2 Linear Function from two Points:
fpxq “ a ¨ px ´ xpq ` yp “ ax ` pyp ´ axpq (5.7)

a “
y1 ´ y0

x1 ´ x0
p “ t0 or 1u

1.1.3. Polynomials

Definition 5.4 Polynomial: A function Pn : R ÞÑ R is
called Polynomial, if it can be represented in the form:

Pnpxq “ a0 ` a1x ` a2x
2
` ¨ ¨ ¨ ` an´1x

n´1
` anx

n

(5.8)

Corollary 5.1 Degree n-of a Polynomial degpPnq: the de-
gree of the polynomial is the highest exponent of the variable
x, among all non-zero coefficients ai ‰ 0.

Definition 5.5 Monomial: Is a polynomial with only one
term.

Cubic Polynomials

Definition 5.6 Cubic Polynomials: Are polynomials of
degree[cor. 5.1] 3 and have four coefficients:

fpxq “ a3x
3
` a2x

2
` a1x ` a0 (5.9)

1.2. Functional Compositions

Definition 5.7 Functional Compositions f ˝ g:
Let f : A ÞÑ B and g : D ÞÑ C be to mappings s.t.
codompfq Ď D then we can define a composition function
pf ˝ gqA ÞÑ D as:

hpxq “ pg ˝ fqpxq “ gpfpxqq with x P A (5.10)

Corollary 5.2 Nested Functional Composition:
Fk:1pxq “ pFk ˝ ¨ ¨ ¨ ˝ F1qpxq “ Fk

´

Fk´1 ˝ ¨ ¨ ¨ ˝
`

F1pxq
˘

¯

(5.11)

2. Proofs
Proof 5.1 formula 5.1:

fpx0q “ y0 “ ax0 ` b ñ b “ y0 ´ ax0

Theorem 5.1
First Fundamental Theorem of Calculus:
Let f be a continuous real-valued function defined on a closed
interval ra, bs.
Let F be the function defined @x P ra, bs by:

F pXq “

ż x

a
fptq dt (5.12)

Then it follows:
F
1
pxq “ fpxq @x P pa, bq (5.13)

Theorem 5.2
Second Fundamental Theorem of Calculus:
Let f be a real-valued function on a closed interval ra, bs and
F an antiderivative of f in ra, bs: F 1pxq “ fpxq, then it follows
if f is Riemann integrable on ra, bs:
ż b

a
fptq dt “ F pbq ´ F paq ðñ

ż x

a

B

Bx
F ptq dt “ F pxq

(5.14)

Definition 5.8 Domain of a function domp¨q:
Given a function f : X Ñ Y, the set of all possible input
values X is called the domain of f – dompfq.

Definition 5.9
Codomain/target set of a function codomp¨q:
Given a function f : X Ñ Y, the codaomain of that function
is the set Y into which all of the output of the function is
constrained to fall.

Definition 5.10 Image (Range) of a function: fr¨s

Given a function f : X Ñ Y, the image of that function is
the set to which the function can actually map:

ty P Y|y “ fpxq, @x P Xu :“ frX s (5.15)

a bdomain
x

im
ag
e

fpxqEvaluating the function f
at each element of a given
subset A of its domain
dompfq produces a set called
the image of A under (or
through) f .
The image is thus a subset
of a function’s codomain.

Misnomer Range: The term Range is ambiguous s.t. certain
books refer to it as codomain and other as image.

Definition 5.11 Inverse Image/Preimage f´1p¨q:
Let f : X ÞÑ Y be a function, and A a subset set of its
codomain Y .
Then the preimage of A under f is the set of all elements of
the domain X, that map to elements in A under f :

f
´1
pAq “ tx Ď X : fpxq Ď Au (5.16)

Example 5.1 :
Given f : RÑ R
defined by f : x ÞÑ x

2
ðñ fpxq “ x

2

dompfq “ R, codompfq “ R but its image is frRs “ R`.

Image (Range) of a subset

The image of a subset A Ď X under f is the subset frAs Ď Y
defined by:

frAs “ ty P Y|y “ fpxq, @x P Au (5.17)

Note: Range

The term range is ambiguous as it may refer to the image or
the codomain, depending on the definition.
However, modern usage almost always uses range to mean im-
age.

Definition 5.12 (strictly) Increasing Functions:
A function f is called monotonically
increasing/increasing/non-decreasing if:

x ď y ðñ fpxq ď fpyq @x, y P dompfq (5.18)
And strictly increasing if:

x ă y ðñ fpxq ă fpyq @x, y P dompfq (5.19)

Definition 5.13 (strictly) Decreasing Functions:
A function f is called monotonically decreasing/decreasing or
non-increasing if:

x ě y ðñ fpxq ě fpyq @x, y P dompfq (5.20)
And strictly decreasing if:

x ą y ðñ fpxq ą fpyq @x, y P dompfq (5.21)

Definition 5.14 Monotonic Function:
A function f is called monotonic iff either f is increasing or
decreasing.

Definition 5.15 Linear Function:
A function L : Rn ÞÑ Rm is linear if and only if:

Lpx ` yq “ Lpxq ` Lpyq
Lpαxq “ αLpxq @x,y P Rn, α P R

Corollary 5.3 Linearity of Differentiation: The deriva-
tive of any linear combination of functions equals the same
linear combination of the derivatives of the functions:

d
dx
pafpxq ` bgpxqq “ a

d
dx
fpxq ` b

d
dx
gpxq a, b P R

(5.22)

Definition 5.16 Quadratic Function:
A function f : Rn ÞÑ Rm is quadratic if it can be written in
the form:

fpxq “
1
2

xᵀAx ` bᵀx ` c (5.23)

3. Norms
3.1. Infinity/Supremum Norm

Definition 5.17 Infinity/Supremum Norm:
‖f‖8 :“ sup

xPdompfq
|fpxq| (5.24)

Note
In order to make this a proper norm one usually considers
bounded functions s.t.:

‖f‖8 ď M ă 8

Corollary 5.4 Ininity Norm induced Metric: The infinty
norm naturally induces a metric[def. 10.64]:

d :“ pf, gq :“ ‖f ´ g‖8 (5.25)

4. Smoothness

Definition 5.18 Smoothness of a Function Ck:
Given a function f : X Ñ Y, the function is said to be of
class k if it is differentiable up to order k and continuous, on
its entire domain:
f P CkpX q ðñ Df

1
, f
2
, . . . , f

pkq continuous (5.26)

Note
• P.w. continuous ‰ continuous.
• A function of that is k times differentiable must at least be

of class Ck´1.
• CmpX q Ă Cm´1, . . . C1 Ă C0

• Continuity is implied by the differentiability of all deriva-
tives of up to order k ´ 1.

4.0.1. Continuous Functions

Definition 5.19 Continuous FunctionC0: Functions that
do not have any jumps or peaks.
4.0.2. Piece wise Continuous Functions

Definition 5.20 Piecewise Linear Functions C0
pw:

4.0.3. Continously Differentiable Function

Corollary 5.5 Continuously Differentiable Function C1:
Is the class of functions that consists of all differentiable func-
tions whose derivative is continuous.
Hence a function f : X Ñ Y of the class must satisfy:

f P C1
pX q ðñ f

1 continuous (5.27)
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4.0.4. Smooth Functions

Corollary 5.6 Smooth Function C8: Is a function f : X Ñ

Y that has derivatives infinitely many times differerntiable.
f P C8pX q ðñ f

1
, f
2
, . . . , f

p8q (5.28)

4.1. Lipschitz Continuous Functions

Often functions are not differentiable but we still want to state
something about the rate of change of a function ñ hence we
need a weaker notion of differentiablility.

Definition 5.21 Lipschitz Continuity:
A Lipschitz continuous function is a function f whose rate of
change is bound by a Lipschitz Constant L:

|fpxq ´ fpyq| ď L‖x ´ y‖ @x,y, L ą 0 (5.29)

Note
This property is useful as it allows us to conclude that a small
perturbation in the input (i.e. of an algorithm) will result
in small changes of the output ñ tells us something about
robustness.
4.1.1. Lipschitz Continuous Gradient

Definition 5.22 Lipschitz Continuous Gradient:
A continuously differentiable function f : Rd ÞÑ R has L-
Lipschitz continuous gradient if it satisfies:

‖∇fpxq ´∇fpyq‖ ď L‖x ´ y‖ @x,y P dompfq, L ą 0
(5.30)

if f P C2, this is equivalent to:
∇2

fpxq ď LI @x P dompfq, L ą 0 (5.31)

Lemma 5.1 Descent Lemma [Poorfs 5.5,??]:
If a function f : Rd ÞÑ R has Lipschitz continuous gradient
eq. (5.30) over its domain, then it holds that:

|fpxq ´ fpyq ´∇fpyqᵀpx ´ yq| ď
L

2
‖x ´ y‖2 (5.32)

Note
If f is twice differentiable then the largest eigenvalue of the
Hessian (Definition 6.8) of f is uniformly upper bounded by
L

4.2. L-Smooth Functions

Definition 5.23 L-Smoothness:
A L-smooth function is a function f : Rd ÞÑ R that satisfies:

fpxq ď fpyq `∇fpyqᵀpx ´ yq `
L

2
‖x ´ y‖2

with @x,y P dompfq, L ą 0 (5.33)
If f is a twice differentiable this is equivalent to:

∇2
fpxq ď LI L ą 0 (5.34)

Theorem 5.3 [proof 5.6]
L-Smoothness of convex functions:
A convex and L-Smooth function ([def. 5.23]) has a Lipschitz con-
tinuous gradienteq. (5.30) thus it holds that:

fpxq ď fpyq `∇fpyqᵀpx ´ yq ď
L

2
‖x ´ y‖2 (5.35)

Note
L-smoothnes is a weaker condition than L-Lipschitz continu-
ous gradients

5. Convexity and Concavity
Read stuff about uniquness and so on again in NPDE/or NUM CSE and add proofs

Definition 5.24 Convex Functions:
A function f : Rn Ñ R is convex if it satisfies:

fpλx ` p1 ´ λqyq ď λfpxq ` p1 ´ λqfpyq (5.36)
@λ P r0, 1s @x, y P dompfq

If f is a differentiable function this is equivalent to:
fpxq ě fpyq `∇fpyqᵀpx ´ yq @x, y P dompfq (5.37)

If f is a twice differentiable function this is equivalent to:
∇2

fpxq ě 0 @x, y P dompfq (5.38)

x1 x2

y1

y2

fpxq

λ
f
px
q
`
p1
´
λ
qf
px
q

λx` p1´ λqx
´2 ´1 1 2

0.2

0.4

0.6

0.8

1

fpxq

Definition 5.25 Concave Functions:
A function f : Rn Ñ R is concave if it satisfies:

fpλx ` p1 ´ λqyq ě λfpxq ` p1 ´ λqfpyq @x, y P dompfq
@λ P r0, 1s

(5.39)

Corollary 5.7 Convexity Ñ global minimima: Convexity
implies that all local minima (if they exist) are global minima.

5.1. Properties

Property 5.3 Monotonicity of the Derivative:

If f : R ÞÑ R is
convex f

1
paq ă f

1
pbq

concave f
1
paq ą f

1
pbq

a ă b, a, b P R

(5.40)

5.1.1. Properties that preserve convexity

Property 5.4 Non-negative weighted Sums: Let f be a
convex function then gpxq is convex as well:

gpxq “

n
ÿ

i“1

αifipxq @αj ą 0

Property 5.5 Composition of Affine Mappings: Let f be
a convex function then gpxq is convex as well:

gpxq “ fpAx ` bq

Property 5.6 Pointwise Maxima: Let f be a convex func-
tion then gpxq is convex as well:

gpxq “ max
i
tfipxqu

5.2. Strict Convexity/Concavity

Definition 5.26 Stricly Convex Functions:
A function f : Rn Ñ R is strictly convex if it satisfies:

fpλx ` p1 ´ λqyqăλfpxq ` p1 ´ λqfpyq @x, y P dompfq
@λ P r0, 1s

If f is a differentiable function this is equivalent to:
fpxq ą fpyq `∇fpyqᵀpx ´ yq @x, y P dompfq (5.41)

If f is a twice differentiable function this is equivalent to:
∇2

fpxq ą 0 @x, y P dompfq (5.42)

Intuition
• Convexity implies that a function f is bound by/below a

linear interpolation from x to y and strong convexity that
f is strictly bound/below.

• eq. (5.41) implies that fpxq is above the tangent
fpxq `∇fpxqᵀpy ´ xq for all x, y P dompfq

• ?? implies that fpxq is flat or curved upwards

Corollary 5.8 Strict Convexity Ñ Uniqueness:
Strict convexity implies a unique minimizer ðñ at most one
global minimum.

Corollary 5.9 : A twice differentiable function of one vari-
able f : RÑ R is convex on an interval X “ ra, bs if and only
if its second derivative is non-negative on that interval X :

f
2
pxq ě 0 @x P X (5.43)

5.3. Strong Convexity/Concavity

Definition 5.27 µ-Strong Convexity:
Let X be a Banach space over K “ R,C. A function f : X Ñ R
is called strongly convex iff the following equation holds:

f ptx ` p1 ´ tqyq ď tfpxq ` p1 ´ tqfpyq ´
tp1 ´ tq

2
µ}x ´ y}

@x, y P X , t P r0, 1s, µ ą 0

If f P C1 ðñ f is differentiable, this is equivalent to:
fpyq ě fpxq `∇fpxqᵀpy ´ xq `

µ

2
}y ´ x}

2
2 (5.44)

If f P C2 ðñ f is twice differentiable, this is equivalent to:
∇2

fpxq ě µI @x, y P X µ ą 0 (5.45)

Corollary 5.10
Strong Convexity implies Strict Convexity:
https://math.stackexchange.com/questions/2090991/proof-for-strongly-convex-function-is-strictly-convex

Property 5.7:

fpyqďfpyq`∇fpyqᵀpx´yq`
1

2µ
‖∇fpxq´∇fpyq‖2

2 (5.46)

Intuition
Strong convexity implies that a function f is lower bounded by
its second order (quadratic) approximation, rather then only
its first order (linear) approximation.

Size of µ

The parameter µ specifies how strongly the bounding
quadratic function/approximation is.

Proof 5.2: eq. (5.45) analogously to Proof eq. (5.34)

Note
If f is twice differentiable then the smallest eigenvalue of the
Hessian ([def. 6.8]) of f is uniformly lower bounded by µ
Hence strong convexity can be considered as the analogous
to smoothness

Example 5.2 Quadratic Function: A quadratic function
eq. (5.23) is convex if:

∇2
xeq. (5.23) “ A ě 0 (5.47)

Corollary 5.11 :
Strong convexity ñ Strict convexity ñ Convexity

Functions

Even Functions: have rotational symmetry with respect to
the origin.
ñGeometrically: its graph remains unchanged after reflec-
tion about the y-axis.

fp´xq “ fpxq (5.48)
Odd Functions: are symmetric w.r.t. to the y-axis.
ñGeometrically: its graph remains unchanged after rota-
tion of 180 degrees about the origin.

fp´xq “ ´fpxq (5.49)

Theorem 5.4 Rules:
Let f be even and f odd respectively.

g “: f ¨ f is even g “: f ¨ f is even
g “: f ¨ f is odd the same holds for division

Examples

Even: cos x, |x|, c, x2, x4,. . . exp p´x2{2q.
Odd: sin x, tan x, x, x3, x5,. . . .

x-Shift: fpx ´ cq ñ shift to the right
fpx ` cq ñ shift to the left (5.50)

y-Shift: fpxq ˘ cñ shift up/down (5.51)

Proof 5.3: eq. (5.50) fpxn ´ cq we take the x-value at xn
but take the y-value at xo :“ xn ´ c
ñ we shift the function to xn.

Euler’s formula

e
˘ix

“ cos x ˘ i sin x (5.52)

Euler’s Identity

e
˘i
“ ´1 (5.53)

Note

e
n
“ 1 ô n “ i 2πk, k P N (5.54)

Corollary 5.12 Every norm is a convex function: By us-
ing definition [def. 5.24] and the triangular inequality it follows
(with the exception of the L0-norm):

‖λx ` p1 ´ λqy‖ ď λ‖x‖ ` p1 ´ λq‖y‖

5.4. Taylor Expansion

Definition 5.28 Taylor Expansion:

Tnpxq “

n
ÿ

i“0

1
n!
f
piq
px0q ¨ px ´ x0q

piq (5.55)

“ fpx0q ` f
1
px0qpx ´ x0q `

1
2
f
2
px0qpx ´ x0q

2
`Opx3

q

(5.56)

Definition 5.29 Incremental Taylor:
Goal: evaluate Tnpxq (eq. (5.56)) at the point x0 ` ∆x in
order to propagate the function fpxq by h “ ∆x:

Tnpx0 ˘ hq “
n
ÿ

i“0

hi

n!
f
piq
px0qi

´1 (5.57)

“ fpx0q ˘ hf
1
px0q `

h2

2
f
2
px0q ˘ f

3
px0qphq

3
`Oph4

q

Note
If we chose ∆x small enough it is sufficient to look only at the
first two terms.

Definition 5.30 Multidimensional Taylor: Suppose X P

Rn is open, x P X, f : X ÞÑ R and f P C2 then it holds that

fpxq «fpx0q `∇xfpx0qpx ´ x0q `
1
2
px ´ x0q

ᵀ
Hpx ´ x0q

(5.58)

Definition 5.31 Argmax: The argmax of a function defined
on a set D is given by:

arg max
xPD

fpxq “ tx|fpxq ě fpyq, @y P Du (5.59)

Definition 5.32 Argmin: The argmin of a function defined
on a set D is given by:

arg min
xPD

fpxq “ tx|fpxq ď fpyq, @y P Du (5.60)

Corollary 5.13 Relationship arg min Ø arg max:
arg min
xPD

fpxq “ arg max
xPD

´fpxq (5.61)

Property 5.8 Argmax Identities:
1. Shifting:

@λ const arg max fpxq “ arg max fpxq ` λ (5.62)
2. Positive Scaling:

@λ ą 0 const arg max fpxq “ arg maxλfpxq (5.63)
3. Negative Scaling:

@λ ă 0 const arg max fpxq “ arg minλfpxq (5.64)
4. Positive Functions:

@ arg max fpxq ą 0, @x P dompfq

arg max fpxq “ arg min
1

fpxq
(5.65)

5. Stricly Monotonic Functions: for all strictly monotonic
increasing functions[def. 5.12] g it holds that:

arg max gpfpxqq “ arg max fpxq (5.66)
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Definition 5.33 Max: The maximum of a function f defined
on the set D is given by:

max
xPD

fpxq “ fpx
˚
q with @x

˚
P arg max

xPD

fpxq (5.67)

Definition 5.34 Min: The minimum of a function f defined
on the set D is given by:

min
xPD

fpxq “ fpx
˚
q with @x

˚
P arg min

xPD

fpxq (5.68)

Corollary 5.14 Relationship min Ø max:
min
xPD

fpxq “ ´max
xPD

´fpxq (5.69)

Property 5.9 Max Identities:
1. Shifting:

@λ const max tfpxq ` λu “ λ `max fpxq (5.70)
2. Positive Scaling:

@λ ą 0 const maxλfpxq “ λmax fpxq (5.71)
3. Negative Scaling:

@λ ă 0 const maxλfpxq “ λmin fpxq (5.72)
4. Positive Functions:

@ arg max fpxq ą 0, @x P dompfq max
1

fpxq
“

1
min fpxq

(5.73)
5. Stricly Monotonic Functions: for all strictly monotonic

increasing functions[def. 5.12] g it holds that:
max gpfpxqq “ g pmax fpxqq (5.74)

Definition 5.35 Supremum: The supremum of a function
defined on a set D is given by:

sup
xPD

fpxq “ ty|y ě fpxq, @x P Du “ min
y|yěfpxq,@xPD

y (5.75)

and is the smallest value y that is equal or greater fpxq for
any x ðñ smallest upper bound.

Definition 5.36 Infinmum: The infinmum of a function
defined on a set D is given by:

inf
xPD

fpxq “ ty|y ď fpxq, @x P Du “ max
y|yďfpxq,@xPD

y (5.76)

and is the biggest value y that is equal or smaller fpxq for
any x ðñ largest lower bound.

Corollary 5.15 Relationship sup Ø inf:
PxPD fpxq “ ´ sup

xPD

´fpxq (5.77)

Note
The supremum/infinmum is necessary to handle unbound
function that seem to converge and for which the max/min
does not exist as the argmax/argmin may be empty.
E.g. consider ´ex/ex for which the max/min converges to-
ward 0 but will never reached s.t. we can always choose a
bigger x ñ there exists no argmax/argmin ñ need to bound
the functions from above/below ðñ infinmum/supremum.

Definition 5.37 Time-invariant system (TIS): A func-
tion f is called time-invariant, if shifting the input in time
leads to the same output shifted in time by the same amount.
yptq “ fpxptq, tq

time-invariance
ÝÝÝÝÝÝÝÝÝÝÝÝÑ

@τ
ypt ´ τq “ fpxpt ´ τq, tq

(5.78)

Definition 5.38 Inverse Function g “ f´1:
A function g is the inverse function of the function f : A Ă

RÑ B Ă R if
fpgpxqq “ x @x P dompgq (5.79)

and
gpfpuqq “ u @u P dompfq (5.80)

Property 5.10
Reflective Property of Inverse Functions: f contains
pa, bq if and only if f´1 contains pb, aq.
The line y “ x is a symmetry line for f and f´1.

Theorem 5.5 The Existence of an Inverse Function:
A function has an inverse function if and only if it is one-to-
one.

Corollary 5.16 Inverse functions and strict monotonic-
ity: If a function f is strictly monotonic [def. 5.14] on its entire
domain, then it is one-to-one and therefore has an inverse
function.
6. Special Functions
6.1. The Gamma Function

Definition 5.39 The gamma function Γpαq: Is extension
of the factorial function (??) to the real and complex numbers
(with a positive real part):

Γpzq “
ż

8

0
x
z´1e´x dx <pzq ą 0 (5.81)

Γpnq
nPN
ðñ Γpnq “ pn ´ 1q!

7. Proofs

Proof 5.4: lemma 5.1 for C1 functions:
Let gptq ” fpy ` tpx ´ yqq from the FToC (theorem 5.2) we
know that:

ż 1

0
g
1
ptq dt “ gp1q ´ gp0q “ fpxq ´ fpyq

It then follows from the reverse:
|fpxq ´ fpyq ´∇fpyqᵀpx ´ yq|

Chain. R
FToC
“

∣∣∣ż 1

0
∇fpy ` tpx ´ yqqᵀpx ´ yq dt ´∇fpyqᵀpx ´ yq

∣∣∣
“

∣∣∣ż 1

0
p∇fpy ` tpx ´ yqq ´∇fpyqqᵀ px ´ yq dt

∣∣∣
“

∣∣∣ż 1

0
p∇fpy ` tpx ´ yqq ´∇fpyqqᵀ px ´ yq dt

∣∣∣
C.S.
ď

∣∣∣ż 1

0
‖∇fpy ` tpx ´ yqq ´∇fpyq‖ ¨ ‖x ´ y‖ dt

∣∣∣
eq. (5.30)

“

∣∣∣ż 1

0
L‖y ` tpx ´ yq ´ y‖ ¨ ‖x ´ y‖ dt

∣∣∣
“

∣∣∣L‖x ´ y‖2
ż 1

0
t dt

∣∣∣ “ L

2
‖x ´ y‖2

2

Proof 5.5: ?? for C2 functions:

fpyq
Taylor
“ fpxq `∇fpxqᵀpy ´ xq `

1
2
py ´ xqᵀ∇2

fpzqpy ´ xq

Now we plug in ∇2fpxq and recover eq. (5.33):

fpyq ď fpxq `∇fpxqᵀpy ´ xq `
1
2
py ´ xqᵀLpy ´ xq

Proof 5.6: theorem 5.3:
With the definition of convexity for a differentiable function
(eq. (5.41)) it follows

fpxq ´ fpyq `∇fpyqᵀpx ´ yq ě 0
ñ|fpxq ´ fpyq `∇fpyqᵀpx ´ yq|

if eq. (5.41)
“ fpxq ´ fpyq `∇fpyqᵀpx ´ yq

with lemma 5.1 and [def. 5.23] it follows theorem 5.3
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Differential Calculus
1. Mean Value Theorem

Theorem 6.1 Mean Value Theorem: Let f : ra, bs Ñ R be
continuous function, differentiable on the open interval pa, bq,
with a ă b. Then there exist some c P pa, bq s.t.

f
1
pcq “

fpbq ´ fpaq

b ´ a
“

1
b ´mca

ż b

a
fpxq dx (6.1)

2. The Product Rule

Rule 6.1 (Product /Leibniz Rule).
Let u, v be two differentiable functions u, v P C1 then it holds
that:

d
´

upxqvpxq
¯

dx
“ puvq

1
“ u

1
v ` v

1
u (6.2)

3. The Chain Rule

Formula 6.1 Generalized Chain Rule:
Let F : Rn ÞÑ Rk and G : Rk ÞÑ Rm be to general maps then
it holds:

B pG ˝ Fq
looooomooooon

Rn ÞÑRmˆn

“ pBG ˝ Fq ¨ BF
looooooooomooooooooon

Rn ÞÑ
´

Rmˆk ¨ Rkˆn
¯

BF : Rn ÞÑ Rkˆn

BG : Rk ÞÑ Rmˆk
(6.3)

4. Directional Derivative
5. Partial Differentiation

Definition 6.1 Paritial Derivative:
Let f : Rn ÞÑ R be a real valued function, its partial deriva-
tive Bif : Rn ÞÑ R is defined as the directional derivative??
along the coordinate axis of one of its variables:

Bifpxq “
Bf

Bxi
“ Dxif “ lim

hÑ0

fpx, xi Ð xi ` hq ´ fpxq
h

“ lim
hÑ0

fpx1, . . . , xi ` h, . . . , xnq ´ fpx1, . . . , xi, . . . , xnq

h

(6.4)

5.1. The Gradient
5.1.1. The Nabla Operator

Definition 6.2 Nabla Operator/Del ∇:
Given a cartesian coordinate system Rn with coordinates
x1, . . . , xn and associated unit vectors pe1, . . . , pen its del op-
erator is defined as:

∇ “

n
ÿ

i“1

B

Bxi
rei “

»

—

—

—

—

—

—

–

B
Bx1

pxq
B
Bx2

pxq

B
Bxn

pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(6.5)

Definition 6.3 Gradient:
Given a scalar valued function f : Rn ÞÑ R its gradient
∇f : Rn ÞÑ Rn is defined as vector Rn of the partial
derivatives[def. 6.1] w.r.t. all coordinate axes:

grad fpxq :“ ∇fpxq “

»

—

—

—

—

—

—

—

–

Bf
Bx1

pxq
Bf
Bx2

pxq

Bf
Bxn

pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

ˆ

Bf

Bx

˙ᵀ
(6.6)

5.1.2. The Subderivative

Definition 6.4 [proof 6.1]
Subgradient g:

Let f : Rn ÞÑ R be a continuous (not
necessarily differentiable) function.
g P Rn is a subgradient of f at a
point x0 P Rn if it satisfies:

g : fpxq ´ fpx0q ě gᵀ
px ´ x0q

(6.7)
´2 ´1 1 2

´0.5

0.5

1

1.5

2
B|z|

Definition 6.5 [example 6.1]
Subderivative Bfpx0q:
Let f : Rn ÞÑ R be a continuous (not necessarily differen-
tiable) function. The subdifferential of f at a point x0 P Rn
is defined as the set of all possible subgradients[def. 6.4] g:
Bfpx0q

 

g : fpxq ´ fpx0q ě gᵀ
px ´ x0q @x P Rn

(

(6.8)

Heuristic
We can guess the sub derivative at a point by looking at all
the slopes that are smaller then the graph.
5.2. The Jacobian

Definition 6.6
Jacobian/Jacobi Matrix Df ,Jf :
Given a vector valued function

f : Rn ÞÑ Rm its derivative Jf : Rn ÞÑ Rmˆn

with components Bij f “ Bifj : Rn ÞÑ R is a vector valued
function defined as:

Jpfpxqq “ Jf pxq “ Df “
Bf
Bx
pxq “

Bpf1, . . . , fmq

Bpx1, . . . , xnq
pxq (6.9)

“

”

Bf
Bx1

Bf
Bxn

ı

“

»

—

—

–

∇ᵀf1

∇ᵀfm

fi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

–

Bf1
Bx1

pxq Bf1
Bx2

pxq Bf1
Bxn

pxq

Bf2
Bx1

pxq Bf2
Bxn

pxq

Bfm
Bx1

pxq Bfm
Bx2

pxq Bfm
Bxn

pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Explanation 6.1. Rows of the Jaccobian are transposed
gradients[def. 6.3] of the component functions f1, . . . , fm.

Corollary 6.1 :

6. Second Order Derivatives

Definition 6.7 Second Order Derivative B2
BxiBxj

:

Theorem 6.2
Symmetry of second derivatives/Schwartz’s Theorem:
Given a continuous and twice differentiable function f : Rn ÞÑ
R then its second order partial derivatives commute:

B

Bxi

Bf

Bxj
“

B

Bxj

Bf

Bxi

6.1. The Hessian

Definition 6.8 Hessian Matrix:
Given a function f : R ÞÑ Rn its HessianP Rnˆn is defined as:

Hpfqpxq “ Hf pxq “ Jp∇fpxqqT (6.10)

“

B2f
Bx2

1
pxq B2f

Bx1Bx2
pxq B2f

Bx1Bxn
pxq

B2f
Bx2Bx1

pxq B2f
Bx2

2
pxq B2f

Bx2Bxn
pxq

B2f
BxnBx1

pxq B2f
BxnBx2

pxq B2f
Bx2
n
pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

—

–

and it corresponds to the Jacobian of the Gradient.
Due to the differentiability and theorem 6.2 it follows that
the Hessian is (if it exists):

• Symmetric
• Real

Corollary 6.2 Eigenvector basis of the Hessian: Due to
the fact that the Hessian is real and symmetric we can de-
compose it into a set of real eigenvalues and an orthogonal
basis of eigenvectors tpλ1,v1q, . . . , λn,vnu.
Not let d be a directional unit vector then the second deriva-
tive in that direction is given by:

dᵀHd ðñ dᵀ
n
ÿ

i“1

λivi
if d“vj
ðñ dᵀ

λjvj

• The eigenvectors that have smaller angle with d have bigger
weight/eigenvalues

• The minimum/maximum eigenvalue determines the mini-
mum/maximum second derivative

7. Extrema

Definition 6.9 Critical/Stationary Point: Given a func-
tion f : Rn ÞÑ R, that is differentiable at a point x0 then it is
called a critical point if the functions derivative vanishes at
that point:

f
1
px0q “ 0 ðñ ∇xfpx0q “ 0

Corollary 6.3 Second Derivative Test f : R ÞÑ R:
Suppose f : R ÞÑ R is twice differentiable at a stationary point
x [def. 6.9] then it follows that:

‚ f
2
pxq ą 0 ðñ

f
1
px ` εq ą 0 slope points uphill

f
1
px ´ εq ă 0 slope points downhill

fpxq is a local minimum

‚ f
2
pxq ă 0 ðñ

f
1
px ` εq ą 0 slope points downhill

f
1
px ´ εq ă 0 slope points uphill

fpxq is a local maximum
ε ą 0 sufficiently small enough

Corollary 6.4 Second Derivative Test f : Rn ÞÑ R:
Suppose f : Rn ÞÑ R is twice differentiable at a stationary
point x [def. 6.9] then it follows that:
• If H is p.dðñ @λi ą 0 P H Ñ fpxq is a local min.
• If H is n.dðñ @λi ă 0 P H Ñ fpxq is a local max.
• If Dλi ą 0 P H and Dλi ă 0 P H then x is a local maximum

in one cross section of f but a local minimum in another
• If Dλi “ 0 P H and all other eigenvalues have the same sign

the test is inclusive as it is inconclusive in the cross section
corresponding to the zero eigenvalue.

Note

If H is positive definite for a minima x˚ of a quadratic function
f then this point must be a global minimum of that function.

8. Proofs

Proof 6.1: Definition 6.4 fpxq ě fpx0q`gᵀpx´x0q @x P Rn
corresponds to a line (see formula 5.1) at the point x0 with
slope gᵀ.
Thus we search for all lines with smaller slope then function
graph.

9. Examples

Example 6.1 Subderivatives Absolute Value Function
|x|: f : R ÞÑ R with fpxq “ |x| at the point x “ 0 it holds:

fpxq ´ fp0q ě gx ùñ the interval r´1; 1s
For x ‰ 0 the subgradient is equal to the gradient. Thus it
follows for the subderivatives/differentials:

B|x| “

$

’

&

’

%

´1 if x ă 0
r´1, 1s if x “ 0
1 if x ą 0
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Integral Calculus
Theorem 7.1 Important Integral Properties:

Addition
b
ż

a

fpxq dx “
c
ż

a

fpxq dx `
b
ż

c

fpxq dx (7.1)

Reflection
b
ż

a

fpxq dx “ ´
a
ż

b

fpxq dx (7.2)

Translation
b
ż

a

fpxq dx u:“x˘c
“

b˘c
ż

a˘c

fpx ¯ cq dx (7.3)

f Odd
a
ż

´a

fpxq dx “ 0 (7.4)

f Even
a
ż

´a

fpxq dx “ 2
a
ż

0

fpxq dx (7.5)

Proof 7.1: eqs. (7.4) and (7.5)

I :“
a
ż

´a

fpxq dx “
0
ż

´a

fpxq dx `
a
ż

0

fpxq dx

t“´x
dt“´dx
“ ´

0
ż

a

fp´xq dx `
a
ż

0

fpxq dx

“

a
ż

0

fp´xq ` fpxq dx “
#

0 if f odd
2I if f even

Definition 7.1 Integration by Parts:
ż b

a
u dv “ uv

ˇ

ˇ

ˇ

b

a
´

ż b

a
v du (7.6)

1. Integral Theorems
1.1. Greens Identities

Theorem 7.2 Greens First Identity:
Let sΩ “ ΩY BΩ, for all vector fields j P

`

C1
pwpΩ̄q

˘d and scalar
functions v P C1

pw
`

Ω̄
˘

it holds:
ż

Ω
jᵀ grad v dx “ ´

ż

Ω
div jv dx `

ż

BΩ
jᵀnv dS (7.7)

add multidimensional product rule and gauss theorem from NPDE
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Differential Equations
Definition 7.2 [??]
Differential Operator:
A differential operator L is a mapping of a suitable function
space onto another function space, involving only values of
the function argument and its derivatives in the same point:

L : CnpΩq ÞÑ CkpΩq, k ă n
Note: L is a differential operator of order k ´ n.

Definition 7.3 Linear Differential Operator:
Is a differential operator L that satisfies:

L pαu ` βvq “ αL puq ` βL pvq @α, β P R (7.8)

Ordinary Differential Quations
Partial Differential Equations (PDE)s
Definition 9.1 Partial Differential Equation:
Let u “ u px1, . . . , xnq : Rk ÞÑ Rl be an unknown function
depending on x “

`

x1 xk
˘

and let f be a known func-
tion.
The known function F , depending on differentials of the un-
known function u is called a Partial Differential equation:

F

¨

˝u,
Bu
Bx1

, . . . ,
Bun

Bx
j
i
, . . . , Bxr

j

, f

˛

‚“ F
`

u, Du, . . . , Dnu, f
˘

“ 0

or L puq “ f in Ω (9.1)

Corollary 9.1 Dependent Variables:
u : Rk ÞÑ Rl (9.2)

Corollary 9.2 Independent Variables:
x “

`

x1 xk
˘

(9.3)

Definition 9.2 Order n:
Is the highest partial derivative that appears in a PDE.

1. Algebraic Types
1.1. Linearity

Definition 9.3 [??]
Linear PDEs:
A linear PDE naturally defines a linear operator [def. 7.3]. A
linear PDE must be linear reagarding the unkown function
u. In other words all dependent variables u and their cor-
responding derivatives depend only on the independent vari-
ables x1, x2, . . . , xm:

apx, yqux ` bpx, yquy ` cpx, yqu “ dpx, yq (9.4)

Definition 9.4 [??]
Semilinear PDEs:
Are PDEs whose coefficients of the highest order n-terms are
functions depending only on the independent variables but
not onto the dependent variables u or their derivatives.
Thus the PDE is linear regarding to the highest order terms:

apx, yqux ` bpx, yquy “ cpx, y,uq (9.5)

Definition 9.5 [??]
Quasilinear PDEs:
Are PDEs whose coefficients of the highest order (n) terms
are functions only depending on the independent variables
and on the dependent variables u and their derivatives up to
an order m ă n, that is smaller than the highest order terms
n:

apx, y,uqux ` bpx, y,uquy “ cpx, y,uq (9.6)

Definition 9.6 [??]
Fully Non-linear PDEs:
Are PDEs where all terms of the highest order n are non-
linear:

apx, y,u,u1qux ` bpx, y,u,u1quy “ cpx, y,uq (9.7)
Note:  pQuasilinearô Fully Nonlinearq

1.2. Homogenity

Definition 9.7 Homogenuous L puq “ 0:
All terms depend on u or on derivatives of u.

Definition 9.8 Non-Homogenuous L puq “ f:
Their exists non-zero terms f that do not depend on u or on
derivatives of u.
1.3. Constant Coefficients

Definition 9.9 PDEs with Constant Coefficients:
Is a PDE whose coefficients a, b, c, . . . are constants i.e. inde-
pendent variables.
1.4. 2nd-Order Linear PDEs in two variables

Definition 9.10
2nd-Order Linear PDEs in two Variables:

L puq “ auxx ` 2buxy ` cuyy ` dux ` euy ` fu “ g (9.8)
where a, b, . . . , g are functions depending on x and y.

Definition 9.11 Principal Part: Is the operator L 0, that
consists of the second-(“highest) order parts of L :

L 2puq :“ auxx ` 2buxy ` cuyy

Definition 9.12 PDEs Discriminante: Is defined by:

δpL q :“ ´ det
ˆ

a b
b c

˙

“ b
2
´ ac (9.9)

Explanation 9.1. It turns out that many fundamental prop-
erties of the solution of eq. (9.8) are determined by its principal
part, or rather by the sign of the discriminant δpL q.

Definition 9.13 [??]
Parabolic PDEs: Let[def. 9.10] be a PDE defined on Ω Ă R2,
then the PDE is called hyperbolic if:

δpL q “ b
2
´ ac “ 0 (9.10)

Definition 9.14 [??]
Hyperbolic PDEs: Let[def. 9.10] be a PDE defined on Ω Ă

R2, then the PDE is called hyperbolic if:
δpL q “ b

2
´ ac ą 0 (9.11)

Definition 9.15 [??]
Parabolic PDEs: Let[def. 9.10] be a PDE defined on Ω Ă R2,
then the PDE is called elliptic if:

δpL q “ b
2
´ ac ă 0 (9.12)

Explanation 9.2.
The reason for this categorization are nor-
mal quadratic equations in two variables:

Ax2 ` By2 ` Cxy `Dx ` Ey ` f “ 0
If B2 ´ 4AC “ 0 ô the equation is a parabola.
If B2 ´ 4AC ą 0 ñ the equation is a hyperbola.
If B2 ´ 4AC ă 0 ñ the equation is an ellipse.

2. Method Of Characteristics

Is a method that makes use of geometrical aspects in order
to solve 1st-order PDEs with two variables by construct-
ing integral surfaces and can be used to solve PDEs of the
type:

Linear: apx, yqux `bpx, yquy “cpx, yq (9.13)
Semilin.: apx, yqux `bpx, yquy “cpx, y,uq (9.14)
Quasilin.: apx, y,uqux`bpx, y,uquy“cpx, y,uq (9.15)

Formula 9.1 Method of Characteristics:
x :“ xpr; sq y :“ ypr; sq z :“ upr; sq
Parameter.: λpr; sq :“ xpr; sqex ` ypr; sqey ` zpr; sqez

Bλ
Br
pr; sq “ pa, b, cq

E.g. v :“ vpxpr; sq, ypr; sq, zpr; sqq
Bx
Br
pr; sq “ 9x “ apλsprqq

By
Br
pr; sq “ 9y “ bpλsprqq

Bz
Br
pr; sq “ 9z “ cpλsprqq

Compact:
9x “ apx, y, uq 9y “ bpx, y, uq 9u “ cpx, y, uq
I.C.: xp0; sq “ x0psq y0p0; sq “ y0psq up0; sq “ u0psq

Definition 9.16 Integral Surface φ:
An function φ : R3 ÞÑ R is a an integral surface of a vector
field V : R3 ÞÑ R3 if φ is a surface that has in every point a
tangent plane containing a vector v “

`

a b c
˘

of V.

Corollary 9.3 PDEs and Integral Surfaces:
The solution of a PDE upx, yq can be thought of as an integral
surface:
z “ upx, yq or implicitly φpx, y, zq “ upx, yq ´ z (9.16)

Explanation 9.3 ( [proof ??]
Integral Surface and PDEs).
The solution upx, yq of eq. (9.13) can be sought of as an surface
z “ upx, yq in R3 or in implicit form φpx, y, zq :“ upx, yq ´ z.

x

y

z “ upx, yq

integral-surface
n “ ∇φpx, y, zq

v

n “ ∇φpx, y, zq

Let:npx, yq :“ gradφ “

¨

˝

φx
φy
φz

˛

‚“

¨

˝

ux
uy
´1

˛

‚ and

Let V :“

¨

˝

apx, yq
bpx, yq
cpx, yq

˛

‚ be a vector field R3
ÞÑ R3 and

npx, yq :“ gradφ “

¨

˝

φx
φy
φz

˛

‚“

¨

˝

ux
uy
´1

˛

‚

Idea: we can rewrite eq. (9.13) as:
A

`

a b c
˘J
,∇φpx, y, zq

E

“

C

¨

˝

apx, yq
bpx, yq
cpx, yq

˛

‚,

¨

˝

ux
uy
´1

˛

‚

G

“ 0

Geometric Interpretation:
v is orthogonal to the normal n for all points px, y,upx, yqq.
Hence every vector v “

`

a b c
˘J lies in the tangent plane

containing φ.
Consequently in order to find a surface φ (and thus also a
solution u), we need to search for φ s.t. the vector v lies in the
tangent plane for every possible point of φ.

Idea

v1

v2

v3

v4

v5

γprq We first simplify the task
and start by construct-
ing/finding integral curves
λ and then we construct the
integral surface φ out of this
curves.

3. Linear Equations

Definition 9.17
Characteristic/Integral Curve λsprq “ λpr; sq:
Given a vector field V an integral curve λprq of that vector
field, is a curve parameterized by parameter r:

λprq :“ xprqex ` yprqey ` zprqez “

¨

˝

xprq
yprq
zprq

˛

‚ (9.17)

s.t. at each point r of the curve a vector v of the vector field:

v “

¨

˝

apxprq, yprqq
bpxprq, yprqq
cpxprq, yprqq

˛

‚P V (9.18)

is tangent to the curve:

dλprq
dr

“ Vpλprqq “

¨

˚

˚

˝

a
`

xprq, yprq
˘

b
`

xprq, yprq
˘

c
`

xprq, yprq
˘

˛

‹

‹

‚

“

¨

˝

apλprqq
bpλprqq
cpλprqq

˛

‚ (9.19)

Definition 9.18 Characteristic Equations:
The set of ordinary differential equations of a PDE arising
from Equation (9.19) are called characteristic equations:

Bxprq

Br
“ 9x “ apλprqq “ aprq (9.20)

Byprq

Br
“ 9y “ bpλprqq “ bprq (9.21)

Bzprq

Br
“ 9z “ cpλprqq “ cprq (9.22)

Problem: in order to get a unique solution we need to specify
initial conditions.
Idea: If a characteristc has an arbitrary point in common
with the integral surface φ then the whole characteristic λ
will lie in the integral surface.

Proof 9.1: Let: φpλprqq “ upxprq, yprqq ´ zprq

ñ
dφ
dr

“ ux
dx
dr ` uy

dy
dr ´ 1 dz

dr “

“

¨

˝

ux
uy
´1

˛

‚

¨

˝

a
`

xprq, yprq
˘

b
`

xprq, yprq
˘

c
`

xprq, yprq
˘

˛

‚“

¨

˝

ux
uy
´1

˛

‚
9λprq “ 0

Thus: φpλpr0qq “ 0 ðñ φpλprqq “ 0, @r

Definition 9.19
Characteristic (Curve) λsprq “ λpr; sq:
is an integral curve of the vector field V that is uniequely
determined by a parameter s.

x

y

z “ upx, yq

integral-surface φ

Γprq

λsprq

λ1prq

Consequence: For every character-
istic s we need to specify one inital
point on the integral surface in or-
der to have all the characteristics lie
within the integralsurface.
Idea: we define another curve Γpsq
on the integralsurface that transvers
all the characteristic curves λsprq
transversal (=angle beetween Γpsq
and λsprq is never zero ô Γpsq ∦
λsprq).

Definition 9.20 Inital Condition: s ÞÑ Γpsq, Γ : R ÞÑ R3

λsprq “

¨

˝

xs prq
ys prq

zs prq

˛

‚, Γpsq “

¨

˚

˝

x0psq
y0psq

z0psq

˛

‹

‚

λsp0q
!
“ Γpsq

ñ xs p0q “ x0psq ys p0q “ y0psq zs p0q “ z0psq

Definition 9.21
Projected Characteristic Curves γpτq:
Are curves in the plane of the independent variables of our
PDE, along which u is constant or satisfies certain conditions.
If u is constant along gpτq then the initial data is simply prop-
agated along those characteristic curves:

d
dγ
u pγpτq, τq “ 0 ðñ u pγpτq, τq “ u0pγpτqq (9.23)
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Hint: If the PDE is linear, then the two first characteristics
do not depend on u and can be solved directly, u will then be
constant along those characteristics:
apx, yqux`bpx, yquy“cpx, yq
dx
dr

“ a
dy
dr

“ b
du
dr

“ c implies
dy
dx

“
bpx, yq

apx, yq

Hint: If we divide the PDE by a we have to solve a PDE less,
beacause the first ODE will allways be:
9x “ 1 ñ x “ r ñ xsprq “ x0psq

4. Quasilinear Equations
Solving Quasilinear Equations

apx, y, uqux `bpx, y, uquy “cpx, y, uq

u|Γpr, sq “ φpsq

dx
dr

“ apx, y, uq
dy
dr

“ bpx, y, uq
du
dr

“ cpx, y, uq

xsp0q “ x0psq ysp0q “ y0psq zsp0q “ φpsq

Results
Now the projected characteristic curves may depend on u as
well as on x,y. Thus the first two characteristics are no longer
decoupled form the third one.

1. We may get projected characteristic curves crossing
themselfs.

2. u is no longer constant along the projected characteris-
tic curves, rather the PDE reduces to an ODE satisfying
certain conditions along this curves.

9



Linear Algebra
1. Vectors

Definition 10.1 Vector Substraction:

c

´a

c ´ a
a

b “ c ´ a (10.1)

2. Linear Systems of Equations
2.1. Gaussian Elimination
2.1.1. Rank

Definition 10.2 Matrix Rank rank:
The ranks of a matrix A P Rmˆn is defined as the the
dimension[def. 10.13] of the vector space spaned[def. 10.9] by its
row or column vectors:

rankpAq “ dim
` 

a:,1, . . . , a:,n
(˘

“ dim
` 

a1,:, . . . , am,:
(˘

def. 10.50
“ dimpRpAqq (10.2)

Corollary 10.1 :
• The column-and row-ranks of a square matrix A P Rnˆn

are equal.
• The rank of a non-symmetric matrix A P Rnˆn is limited

by the smaller dimension:
rankpAq ď min tn,mu (10.3)

Property 10.1 Rank of Matrix Product: Let A P Rm,n
and B P Rn,p then the rank of the matrix product is limited:

rankpABq ď min trankpAq, rankpBqu (10.4)

Rank-1 Matrix

Definition 10.3 Rank-1 Matrix:
Is a matrix of rank one. A tensor product of two vectors
u,v P Rn results in a rank one matrix:

uvᵀ
“ A P Rn,n (10.5)

Definition 10.4 Rank-1 Modification/Update: Adding a
rank-1 matrix to another matrix is called rank-1 modification:

X “ X ` uvᵀ (10.6)

3. Sparse Linear Systems

Definition 10.5 Sparse Matrix A P Km,n,m, n P Ną0:
A matrix A is sparse if:

nnzpAq ! mn A P Km,n,m, n P Ną0 (10.7)
nnz :“ #

 

pi, jq P t1, . . . ,mu ˆ t1, . . . , nu : ai,j ‰ 0
(

4. Vector Spaces
4.1. Vector Space

Definition 10.6 Vector Space: TODO
4.2. Vector Subspace

Definition 10.7 Vector Subspaces:
A non-empty subset U of a K-vector space V is called a sub-
space of V if it satisfies:

u,v P U ùñ u ` v P U (10.8)
u P U ùñ λu P U @λ P K (10.9)

Definition 10.8 Linearcombination:
Let X “ tv1, . . . ,vnu Ă V be a non-empty and finite subset
of vectors of an K-vector space V. A linear combination of X
is a combination of the vectors defined as:

v “
n
ÿ

i“1

λivi “ α1v1 ` . . . ` αnvn αi P K (10.10)

Definition 10.9
Span/Linear Hull 〈X〉:
Is the set of all possible linear combinations[def. 10.8] of finite
set X “ tv1, . . . ,vnu Ă V of a K vector space V:

〈X〉 “ span pXq “

$

&

%

v
ˇ

ˇ

ˇ

n
ÿ

i“1

αivi, @αi P K

,

.

-

(10.11)

Definition 10.10 Generating Set: A generating set of vec-
tors X “ tv1, . . . ,vmu P V of a vector spaces V is a set of
vectors that span[def. 10.9] V:

span pv1 . . . ,vmq “ V (10.12)

Explanation 10.1 (Definition 10.10).

The generating set of vector space (or set of vectors) V
i.e.
“ Rn

is a subset X “ tv1, . . . ,vmu Ă V s.t. every element of V can
be produced by spanpXq.

Definition 10.11 Linear Independence: A set of vector
tv1, . . . ,vnu P V is called linear independent if the satisfy:

v “
n
ÿ

i“1

λivi “ 0 ðñ α1 “ . . . “ αn “ 0 (10.13)

Corollary 10.2 : A set of vector tx1, . . . ,xnu P V is called
linear independent, if for every subset X “ x1, . . . ,xm Ď

tx1, . . . ,xnu it holds that:
〈X〉 Ĺ tx1, . . . ,xnu (10.14)

4.3. Basis

Definition 10.12 Basis B:
A subset B “ tv1, . . . ,vnu of a K-vector space V is called a
basis of V if:

〈B〉 “ V and B is a linear independent generating set
(10.15)

Corollary 10.3 : The unit vectors e1, . . . , en build a stan-
dard basis of the Rn.

Corollary 10.4 Basis Representation:
Let B be a basis of a K-vector space V, then it holds
that every vector v P V can be represented as a linear
combination[def. 10.8] of B by a unique set of coefficients αi:

v “
n
ÿ

i“1

αibi
α1, . . . , αn P K
b1, . . . ,bn P B

(10.16)

4.3.1. Dimensionality

Definition 10.13 Dimension of a vector space dim pVq:
Let V be a vector space. The dimension of V is defined as the
number of necessary basis vectors B “ tv1, . . . ,vnu in order
to span V:

dim pVq :“ |B| “ n P N0 (10.17)

Corollary 10.5 : n-linearly independent vectors of a K-
vector space V with finite dimension n constitute a basis.

Note
If V is infinite dim pVq “ 8.
4.4. Affine Subspaces

Definition 10.14 Affine Subspaces: Given a K-vector
space V of dimension dimpVq ě 2 a sub vector space[def. 10.7]
U of V defined as:

W :“ v ` U “ tv ` x|x P Uu v P V (10.18)

Corollary 10.6 Direction: The sub vector spaces U are
called directions of V and it holds:

dimpWq :“ dimpUq (10.19)

4.4.1. Hyperplanes

Definition 10.15 Hyperplane H:
A hyperplane is a d ´ 1 dimensional subspace of an d-
dimensional ambient space that can be specified by the hess
normal form[def. 10.16]:

H “

!

x P Rd
ˇ

ˇ

pnᵀx ´ d “ 0
)

(10.20)

Corollary 10.7 Half spaces: A hyperplane H P Rd´1 sep-
arates its d-dimensional ambient space into two half spaces:

H` “
!

x P Rd
ˇ

ˇ

rnᵀx ` b ą 0
)

(10.21)

H´ “
!

x P Rd
ˇ

ˇ

rnᵀx ` b ă 0
)

“ Rd ´H` (10.22)

Notes

Hyperplanes in R2 are lines and hyperplanes in R3 are lines.
Hess Normal Form

Definition 10.16 Hess Normal Form:
Is an equation to describe hyperplanes[def. 10.15] in Rd:

rᵀ rn ´ d “ 0 ðñ rnᵀ
pr ´ r0q r0 :“ rᵀd ě 0

(10.23)

where all points described by the vector r P Rd, that satisfy
this equations lie on the hyperplane.

Note
The direction of the unit normal vector is usually chosen s.t.
rᵀ rn ě 0.
4.4.2. Lines

Definition 10.17 Lines: Lines are a set[def. 1.1] of the form:
L “ u ` Kv “ tu ` λv|λ P Ku u,v P V,v ‰ 0 (10.24)

Two Point Formula

Definition 10.18 Two Point Formula:

vu

v ´ u L
L “ u ` Kv (10.25)

4.4.3. Planes

Definition 10.19 Planes: Planes are sets defined as:
E “ u ` Kv ` Kw “ tu ` λv ` µw|λ, µ P Ku (10.26)
u, ,w P V s.t. v,u ‰ 0 and v,w lin. indep.

Parameterform

Definition 10.20 Two Point Formula:

0

u v

wA
w ´ u

v ´ u
E “ u ` Kpv ´ uq

` Kpw ´ uq
(10.27)

4.4.4. Minimal Distance of Vector Subspaces

Projections in 2D

Definition 10.21 2D Vector Projection
[Proof 10.17,10.18]:

u

projLpuq

u
´
proj

L
pu
q v

pv

L

uv “ projLpuq
“ uv rv “

`

uᵀ
rv
˘

rv

“
uᵀv
‖v‖2

v “
uᵀv
vᵀv

v

(10.28)

Corollary 10.8 [proof 10.8]
2D Projection Matrix P: Is the matrix that satisfies:

Pu “ projLpuq P “
vvᵀ

vT v
“

vvᵀ

‖v‖2
(10.29)

Proof 10.1: [Corollary 10.8]
1

vᵀv
uᵀvv “

1
vᵀv

v
`

vᵀu
˘

“
1

vᵀv
`

vvᵀ˘u

General Projections

Definition 10.22 [proof 10.19]
General Vector Projection:
Is the orthogonal projection u of a vector v onto a sub-vector
space U

U

UK

u

v ´ u

v

u “
n
ÿ

i“1

αibi (10.30)

AAᵀ
αi “ Aᵀv A “

¨

˚

˚

˝

b1

bn

˛

‹

‹

‚

where B “ tb1, . . . ,bnu is a
basis of the vector subspace
U.

Theorem 10.1 Projection Theorem: Let U a sub vector
space of a finite euclidean vector space V. Then there exists
for every vector v P V a vector u P U obtained by an orthogo-
nal[def. 10.67] projection

p :
"

V Ñ U
v ÞÑ u (10.31)

the vector u1 :“ v ´ u representing the distance between u
and v and is minimal:

‖u1‖ “ ‖v ´ u‖ ď ‖v ´w‖ @w P U u1 P UK (10.32)

4.5. Affine Subspaces
4.6. Planes
https://math.stackexchange.com/questions/1485509/show-

that-two-planes-are-parallel-and-find-the-distance-between-
them
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5. Matrices
Special Kind of Matrices
5.1. Symmetric Matrices

Definition 10.23 Symmetric Matrices: A matrix A P

Knˆn is called symmetric if it satisfies:
A “ Aᵀ (10.33)

Property 10.2 [proof ??]
Eigenvalues of real symmetric Matrices: The eigenvalues
of a real symmetric matrix A P Rnˆn are real:

spectrumpAq P tRě0u
n
i“1 (10.34)

Property 10.3 [proof ??]
Orthogonal Eigenvector basis: Eigenvectors of real sym-
metric matrices with distinct eigenvalues are orthogonal.

Corollary 10.9
Eigendecomposition Symmetric Matrices: If A P Rn,n
is a real symmetric[def. 10.23] matrix then its eigenvectors are
orthogonal and its eigen-decomposition[def. 10.86] is given by:

A “ XΛXᵀ (10.35)

5.2. Orthogonal Matrices

Definition 10.24 Orthogonal Matrix: A real valued
square matrix Q P Rnˆn is said to be orthogonal if its
row vectors (and respectively its column vectors) build an
orthonormal[def. 10.68] basis:

xq:i,q:jy “ δij and xqi:,qj:y “ δij (10.36)
This is exactly true if the inverse of Q equals its transpose:

Q´1
“ Qᵀ

ðñ QQᵀ
“ QᵀQ “ In (10.37)

Attention: Orthogonal matrices are sometimes also called or-
thonormal matrices.
5.3. Hermitian Matrices

Definition 10.25 Conjugate Transpose A
H
/A˚

Hermitian Conjugate/Adjoint Matrix:
The conjugate transpose of a matrix A P Cmˆn is defined as:

A
H

:“
`

ĎAᵀ˘
“ ĚAᵀ ðñ a

H
i,j “ saj,i

1 ď i ď n

1 ď j ď m

(10.38)

Definition 10.26
Hermitian/Self-Adjoint Matrices A “ A

H
:

A hermitian matrix is complex square matrix A P Cnˆn who
is equal to its own conjugate transpose[def. 10.25]:

A “ A
H
“ ĚAᵀ ðñ ai,j “ saj,i i P t1, . . . , nu

(10.39)

Corollary 10.10 : [def. 10.25] implies that A must be a square
matrix A P Rnˆn.

Corollary 10.11 Real Hermitian Matrices: From [cor. 1.1]

it follows:
A P Rnˆn hermitian ùñ A real symmetric[def. 10.23]

(10.40)

Property 10.4 [proof 10.15]
Eigenvalues of Hermitan Matrices: The eigenvalues of a
hermitian matrix A P Cnˆn are real:

spectrumpAq P tRě0u
n
i“1 (10.41)

Property 10.5 [proof 10.16]
Orthogonal Eigenvector basis: Eigenvectors of hermitian
matrices with distinct eigenvalues are orthogonal.

Corollary 10.12
Eigendecomposition Symmetric Matrices: If
A P Cn,n is a hermitian matrix[def. 10.26] then its
eigendecomposition[def. 10.86] is given by:

A “ XΛX
H

(10.42)

5.4. Unitary Matrices

Definition 10.27 Unitary Matrix UU
H
:

is a complex square matrix U P Cnˆn whose inverse[def. 10.41]
is equal to its conjugate transpose[def. 10.25]:

U
H

U “ UU
H
“ I (10.43)

Corollary 10.13 Real Unitary Matrix: A real matrix
A P Rnˆn that is unitary is an orthogonal matrix[def. 10.24].

Property 10.6
Preservation of Euclidean Norm [proof 10.14]:
Orthogonal and unitary matrices Q P Kn,n do not affect the
2-norm:

‖Qx‖2 “ ‖x‖2 @x P Kn (10.44)

5.5. Similar Matrices

Definition 10.28 Similar Matrices: Two square matrices
A P Knˆn and B P Knˆn are called similar if there exists a
invertible matrix S P Knˆn s.t.:

DS : B “ S´1AS (10.45)

Corollary 10.14
Similarity Transformation/Conjugation:
The mapping:

A ÞÑ S´1AS (10.46)
is called similarity transformation

Corollary 10.15
Eigenvalues of Similar Matrices [proof 10.13]:

If A P Knˆn has the eigenvalue-eigenvector pairs
ttλi,viuuni“1 then its conjugateeq. (10.46) B has the
same eigenvalues with transformed eigenvectors:

ttλi,uiuu
n
i“1 ui :“ S´1vi (10.47)

5.6. Skew Symmetric Matrices

Definition 10.29
Skey Symmetric/Antisymmetric Matrices:

Aᵀ
“ ´A (10.48)

5.7. Triangular Matrix

Definition 10.30 Triangular Matrix: An upper (lower)
triangular matrix, is a matrix whose element’s below (above)
the main diagonal are all zero:

¨

˚

˚

˚

˚

˝

l11
l21 l22

ln1 ln2 lnn

˛

‹

‹

‹

‹

‚

Figure 1: Lower Tri. Mat.

¨

˚

˚

˚

˚

˝

u11 u12 u1n
u22 u2n

unn

˛

‹

‹

‹

‹

‚

Figure 2: Upper Tri. Mat.

5.7.1. Unitriangular Matrix

Definition 10.31 Unitriangular Matrix: An upper
(lower) unitriangular matrix, is a upper (lower) triangular
matrix[def. 10.30] whose diagonal elements are all ones.
5.7.2. Strictly Triangular Matrix

Definition 10.32 Strictly Triangular Matrix: An upper
(lower) strictly triangular matrix, is a upper (lower) triangu-
lar matrix[def. 10.30] whose diagonal elements are all zero.
5.8. Block Partitioned Matrices

Definition 10.33 Block Partitioned Matrix:
A matrix M P Rk`l,k`l can be partitioned into a block parti-
tioned matrix:

M “

„

A B
C D



A P Rk,k,B P Rk,l,C P Rl,k,D P Rl,l

(10.49)

Definition 10.34 Block Partitioned Linear System:
A linear system Mx “ b with M P Rk`l,k`l and x,b P Rk`l
can be partitioned into a block partitioned system:
„

A B
C D

„

x1
x2



“

„

b1
b2

 A P Rk,k,B P Rk,l,C P Rl,k,D P Rl,l

x1,b1 P Rk,x2,b2 P Rl

(10.50)

5.8.1. Schur Complement

Definition 10.35 Schur Complement: Given a block par-
titioned matrix[def. 10.33] M P Rk`l,k`l its Schur complements
are given by:

SA “ D ´CA´1B SD “ A ´BD´1C (10.51)

5.8.2. Inverse of Block Partitioned Matrix

Definition 10.36 proof 10.3
Inverse of a Block Partitioned Matrix:
Given a block partitioned matrix[def. 10.33] M P Rk`l,k`l its
inverse M´1 can be partitioned as well:

M “

„

A B
C D



M´1
“

«

ĂA rB
rC ĂD

ff

(10.52)

ĂA “ A´1
`A´1BS´1

A CA´1
rC “ ´S´1

A CA´1

rB “ ´A´1BS´1
A

ĂD “ S´1
A

where SA “ D ´CA´1B is the Schur complement of A.

5.9. Properties of Matrices
5.9.1. Square Root of p.s.d. Matrices

Definition 10.37 Square Root:

5.9.2. Trace

Definition 10.38 Trace: The trace of an A P Rnˆn matrix
is defined as:

tr pAq “
n
ÿ

i“1

aii “ a11 ` a22 ` ¨ ¨ ¨ ` ann (10.53)

Property 10.7 Trace of a Scalar:
tr pRq “ R (10.54)

Property 10.8 Trace of Transpose:
tr

`

Aᵀ˘
“ tr pAq (10.55)

Property 10.9 Trace of multiple Matrices:
tr pABCq “ tr pBCAq “ tr pCBAq (10.56)

6. Matrices and Determinants
6.1. Determinants
6.1.1. Laplace/Cofactor Expansion

Definition 10.39 Minor:

Definition 10.40 Cofactors:
Properties

Property 10.10 Determinant times Scalar detpαAq:
Given a matirx A P Rnˆn it holds:

detpα ¨Aq “ α
nA (10.57)

6.2. Inverese of Matrices

Definition 10.41 Inverse Matrix A´1:
6.2.1. Invertability

Definition 10.42
Singular/Non-Invertible Matrix detpAq “ 0:
A square matrix A P Knˆn is singular or non-invertible if it
satisfies the following and equal conditions:
• detpAq “ 0
• dimpAq ă n

• EB : B “ A´1

• Ax “ b has either
• no solution x
• infinitely many solu-

tions x

11



Transformations And Mapping
7. Linear & Affine Mappings/Transformations
7.1. Linear Mapping

Definition 10.43
Linear Mapping: A linear mapping, function or trans-
formation is a map l : V ÞÑ W between two K-vector
spaces[def. 10.6] V and W if it satisfies:

lpx ` yq “ lpxq ` lpyq (Additivity) (10.58)
lpαxq “ αlpxq @α P K (Homogenitivity) (10.59)

@x,y P V

Proposition 10.1 [proof 10.8]
Equivalent Formulations: Definition 10.43 is equivalent
to:

lpαx ` βyq “ αlpxq ` βlpyq @α, β P K
@x,y P V (10.60)

Corollary 10.16 Superposition Principle:
Definition 10.43 is also known as the superposition principle:
“the net response caused by two or more signals is the sum of
the responses that would have been caused by each signal indi-
vidually.”

Corollary 10.17 [proof 10.10]
A linear mappingðñ Ax:
For every matrix A P Kmˆn the map:

lA :
"

Kn Ñ Km
x ÞÑ Ax (10.61)

is a linear map and every linear map l can be represented by
a matrix vector product:
l is linear ðñ DA P Knˆm : fpxq “ Ax @x P Km

(10.62)

Principle 10.1 [proof 10.9]
Principle of linear continuation: A linear mapping l :
V ÞÑ W is determined by the image of the basis B of V:

lpvq “
n
ÿ

i“1

βil pbiq B pVq “ tb1, . . . , bnu (10.63)

Property 10.11 [proof 10.11]
Compositions of linear mappings are linear f ˝ g: Let
g, f be linear functions mapping from V to W (i.e. matching)
then it holds that f ˝ g is a linear[def. 10.43].

Definition 10.44 Level Sets:
7.2. Affine Mapping

Definition 10.45 Affine Transformation/Map:
Let x P Rn, A P Rmˆn, b P Rm then:

Y “ Ax ` b (10.64)
is called an affine transformation of x.
7.3. Orthogonal Transformations

Definition 10.46 Orthogonal Transformation:
A linear transformation T : V ÞÑ V of an inner product
space[def. 10.78] is an orthogonal transformation if preserves the
inner product:

T puq ¨ T pvqu ¨ v @u,v P V (10.65)

´4 ´2 2 4

´4

´2

2

4

u
v

´4 ´2 2 4

´4

´2

2

4

u
v

Uᵀ

Corollary 10.18 Orthogonal Matrix Transformation:
An orthogonal matrix[def. 10.24] Q provides an orthogonal
transformation:

pQuqᵀpQvq “ uv (10.66)

Explanation 10.2 (Improper Rotations).
Orthogonal transformations in two or three dimensional
euclidean space[def. 10.46] represent improper rotations:

• Stiff Rotations
• Reflections

• Reflections+Rotations

Corollary 10.19 Preservation of Orthogonality: Orthog-
onal transformation preserver orthogonality.

Corollary 10.20 [proof 10.6]
Preservation of Norm:
An orthogonal transformation Q : V ÞÑ V preservers the
length/norm:

‖u‖V “ ‖Qu‖V (10.67)

Corollary 10.21 Preservation of Angle:
An orthogonal transformation T preservers the angle[def. 10.66]
of its vectors:

=pu,vq “ = pT puq, T pvqq (10.68)

7.4. Kernel & Image
7.4.1. Kernel

Definition 10.47 Kernel/Null Space N/ϕ´1pt0uq:
Let ϕ be a linear mapping[def. 10.43] between two a K-vector
spaces ϕ : V ÞÑ W.
The kernel of ϕ is defined as:

Npϕq :“ ϕ
´1
pt0uq “ tv P V | ϕpvq “ 0u Ď V (10.69)

Definition 10.48 Right Null Space N pAq:
If ϕ “ A “P Kmˆn then the eq. (10.69) is equal to:

NpAq “ ϕ
´1
A pt0uq “

 

v P Kn | Av “ 0
(

P Km (10.70)

Definition 10.49 Left Null Space N pAᵀq:
If ϕ “ A “P Kmˆn then the left null space is defined as:

NpAᵀ
q “ ϕ

´1
Aᵀ pt0uq “

 

v P Km | Aᵀv “ 0
(

P Kn (10.71)

Note
The term left null space stems from the fact that:

`

Aᵀx
˘ᵀ
“ 0 is equal to xᵀA “ 0

7.4.2. Image

Definition 10.50 Image/Range R/ϕ:
Let ϕ be a linear mapping[def. 10.43] between two a K-vector
spaces ϕ : V ÞÑ W.
The imgae of ϕ is defined as:

Rpϕq :“ ϕ pVq “ tϕ pvq | v P Vu Ď W (10.72)

Definition 10.51 Column Space Ax:
If ϕ “ A “

`

c1 cn
˘

P Kmˆn then eq. (10.72) is equal
to:

RpAq “ ϕA
`

Kn
˘

“

!

Ax
ˇ

ˇ

ˇ
@x P Kn

)

“

〈
`

c1 cn
˘

〉
“

$

&

%

v
ˇ

ˇ

ˇ

n
ÿ

i“1

αici, @αi P K

,

.

-

(10.73)

Definition 10.52 Row Space Aᵀx:
If ϕ “ A “

`

rᵀ1 rᵀm
˘

P Kmˆn then the column space is
defined as:
RpAᵀ

q “ ϕA
`

Km
˘

“

!

Aᵀx
ˇ

ˇ

ˇ
@x P Km

)

“

〈
`

r1 rm
˘

〉
“

$

&

%

v
ˇ

ˇ

ˇ

m
ÿ

i“1

αiri, @αi P K

,

.

-

(10.74)

From orthogonality it follows x P RpAq, y P NpAq ñ xJy “ 0.

Corollary 10.22 Orthogonality [proof 10.12]:
The right (left) null space[def. 10.47] is orthogonal[def. 10.67] to the
row[def. 10.52] (column[def. 10.51]) space:

N pAq K RpAᵀ
q and N

`

Aᵀ˘
K RpAq (10.75)

7.4.3. Rank Nullity Theorem

Theorem 10.2 Rank-Nullity theorem:
Let V be a finite vector space and let ϕ be a linear mapping
ϕ : V ÞÑ W then it holds:

dimpVq “ dim
´

ϕ
´1
pt0uq

¯

loooooooomoooooooon

Kernel

` dim pϕ pVqq
loooomoooon

Image

(10.76)

Corollary 10.23 Representation as Standardbases:
For every linear mapping ϕ : Kn ÞÑ Km there exists a matrix
A that represents this mapping:

ϕ “ ϕA “
`

ϕ pe1q ϕ penq
˘

P Kmˆn (10.77)
where

8. Eigenvalues and Vectors

Definition 10.53 Eigenvalues: Given a square matrix A P

Kn,n the eigenvalues
finish

Definition 10.54 Spectrum: The spectrum of a square ma-
trix A P Knˆn is the set of its eigenvalues[def. 10.53]:

spectrumpAq “ λpAq “ tλ1, . . . , λnu (10.78)

Formula 10.1 Eigenvalues of a 2x2 matrix: Given a 2x2-
matrix A its eigenvalues can be calculated by:

tλ1, λ2u P
trpAq ˘

b

trpAq2 ´ 4 detpAq

2
(10.79)

with trpAq “ a ` d detpAq “ ad ´ bc
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9. Vector Algebra
9.1. Dot/Standard Scalar Product

Definition 10.55 Scalar Projection ab:

The scalar projection of a vector
a onto a vector b is the scalar
magnitude of the shadow/projection
of the vector a onto b:

ab “ ‖a‖ cos θa,b “ arb (10.80) b

a

}a} cos θ
θ

Definition 10.56 [proof 10.4]
Standard Scalar/Dot Product:
Given two vectors u,v P Rn the standard scalar product is
defined as:

u ¨ v “ uᵀv “ xu,vy “
n
ÿ

i“1

uivi “ u1v1 ` ¨ ¨ ¨ ` unvn

“ ‖a‖‖b‖ cos θ “ uv pv “ vu pu θ P r0, πs (10.81)

Explanation 10.3 (Geometric Interpretation).
It is the magnitude of one vector times the magnitude of the
shadow/scalar projection of the other vector.
Thus the dot product tells you:
1. How much are two vectors pointing into the same direction
2. With what magnitude

Property 10.12 Orthogonal Direction K:
For θ P r´π, π{2s rad cos θ “ 0 and it follows:

u ¨ v “ 0 ðñ u K v (10.82)

Note: Perpendicular

Perpendicular corresponds to orthogonality of two lines.

Property 10.13 Maximizing Direction:
For θ “ 0 rad cos θ “ 1 and it follows:

u ¨ v “ ‖u‖‖v‖ (10.83)

Property 10.14 Minimizing Direction:
For θ “ πrad cos θ “ ´1 and it follows:

u ¨ v “ ´‖u‖‖v‖ (10.84)

Definition 10.57 Vector Projecion:
General Projection via normal equation into inner product stuff i.e. with projection theorem

9.2. Cross Product
9.3. Outer Product

Definition 10.58 Outer Product uvᵀ “ u b v:
Given two vectors u P Km, v P Kn their outer product is
defined as:

u b v “ uv
H
“

“

u1 um
‰

»

—

—

–

sv1

svn

fi

ffi

ffi

fl

(10.85)

“

»

—

—

–

u1 d sv1

um d svn

fi

ffi

ffi

fl

“

»

—

—

—

—

–

u1 sv1 u1 sv2 u1 svn
u2 sv1 u2 sv2 u2 svn

um sv1 um sv2 um svn

fi

ffi

ffi

ffi

ffi

fl

Proposition 10.2 [proof 10.5]
Rank of Outer Product: The outer product of two vectors
is of rank one:

rankpu b vq “ 1 (10.86)

9.4. Vector Norms

Definition 10.59 Norm ‖¨‖V :
Let V be a vector space over a field F , a norm on V is a map:

‖¨‖V : V ÞÑ R` (10.87)
that satisfies:

‖x‖V “ 0 ðñ x “ 0 pDefinitnessq (10.88)
‖αx‖V “ |α|‖x‖V pHomogenityq (10.89)
‖x ` y‖V ď ‖x‖V ` ‖y‖V pTriangular Inequalityq

(10.90)
α P K @x,y P V

Explanation 10.4 (Definition 10.59).
A norm is a measures of the size of its argument.

Corollary 10.24 Normed vector space: Is a vector space
V over a field F , on which a norm ‖¨‖V can be defined.

9.4.1. Cauchy Schwartz

Definition 10.60 [proof 10.21]
Cauchy Schwartz Inequality:

|uᵀv| ď ‖u‖‖v‖ (10.91)

9.4.2. Triangular Inequality

Definition 10.61 [proof 10.22]
Triangular Inequality: States that the length of the sum
of two vectors is lower or equal to the sum of their individual
lengths:

‖u ` v‖ ď ‖u‖ ` ‖v‖ (10.92)

Corollary 10.25 Reverse Triangular Inequality:
´‖x ´ y‖V ď ‖x‖V ´ ‖y‖V ď ‖x ´ y‖V

resp. |‖x‖V ´ ‖y‖V | ď ‖x ´ y‖V

9.5. Distances

Definition 10.62
Distance Function/Measure d : S ˆ S ÞÑ R`:
Let S be a set, a distance functions is a mapping d that sat-
isfies:

dpx, xq “ 0 pZero Identity Distanceq (10.93)
dpx, yq “ dpy, xq pSymmetryq (10.94)
dpx, zq ď dpx, yq ` dpy, zq pTriangular Identiyq (10.95)

@x, y, z P S

Explanation 10.5 (Definition 10.62).
Is measuring the distance between two things.

9.5.1. Contraction

Definition 10.63 Contraction: Given a metric space
pM, dq is a mapping f : M ÞÑ M that satisfies:

dpfpxq, fpyqq ď λdpx, yq λ P r0, 1q (10.96)

add metric spaces

9.6. Metrics

Definition 10.64 Metric d : S ˆ S ÞÑ R`:
Is a distance measure[def. 10.62] that additionally satisfies the
identity of indiscernibles:
dpx, yq “ 0 ðñ x “ y @x, y P S

Corollary 10.26 MetricÑNorm: Every norm ‖¨‖V on a
vector space V over a field F induces a metric by:

dpx, yq “ ‖x ´ y‖V @x, y P V

metric induced by norms additionally satisfy: @x, y P

V, α P F Ď K K “ R or C
1. Homogenity/Scaling: dpαx, αyqV “ |α|dpx, yqV
2. Translational Invariance: dpx ` α, y ` αq “ dpx, yq

Conversely not every metric induces a norm but if a metric
d on a vector space V satisfies the properties then it induces
a norm of the form:

‖x‖V :“ dpx, 0qV

Note
Similarity measure is a much weaker notion than a metric as
triangular inequality does not have to hold.
Hence: If a is similar to b and b is similar to c it does not
imply that a is similar to c.
Note

(bilinear form induces
ÝÝÝÝÝÝÑ)

inner product inducesÝÝÝÝÝÝÑnorm induces
ÝÝÝÝÝÝÑmetric.

9.6.1. Metric Space

Definition 10.65 Metric Space pM, dq:
A metric space is a pair pM, dq of a setM and a metric[def. 10.64]
d defined on M :

d : M ˆM ÞÑ R` (10.97)

10. Angles

Definition 10.66 Angle between Vectors =pu,vq: Let
u,v P Kn be two vectors of an inner product space[def. 10.78]
V. The angle α P r0, πs between u,v is defined by:

=pu,vq :“ α cosα “
uᵀv

‖u‖‖v‖

u,v P V
α P r0, πs

(10.98)

11. Orthogonality

Definition 10.67 Orthogonal Vectors: Let V be an inner-
product space[def. 10.78]. A set of vectors tu1, . . . ,unu P V is
called orthogonal iff:

xui,ujy “ 0 @i ‰ (10.99)

11.1. Orthonormality

Definition 10.68 Orthonormal Vectors: Let V be
an inner-product space[def. 10.78]. A set of vectors
tu1, . . . ,un, . . .u P V is called orthonormal iff:

xui,ujy “ δij “

#

1 i “ j

0 i ‰ j
@i, j (10.100)

12. Special Kind of Vectors
12.1. Binary/Boolean Vectors

Definition 10.69
Binary/Boolean Vectors/Bit MapsBn: Are vectors that
contain only zero or one values:

Bn “ t0, 1un (10.101)

Definition 10.70
R-Sparse Boolean Vectors Bnr :
Are boolean vectors that contain exact r one values:

Bnr “

$

&

%

x P t0, 1un : xᵀx “
n
ÿ

i“1

x “ r

,

.

-

(10.102)

12.2. Probablistic Vectors

Definition 10.71 Probabilistic Vectors: Are vectors that
represent probabilities and satisfy:

$

&

%

x P r0, 1sn :
n
ÿ

i“1

xi “ 1

,

.

-

(10.103)

13. Vector Spaces and Measures
13.1. Bilinear Forms
13.2. Quadratic Forms
13.2.1. Min/Max Value

Corollary 10.27 [proof 10.20]
Extreme Value: The minimum/maximum of a quadratic
form?? with a quadratic matrix A P Rn,n is given by the
eigenvector corresponding to the smallest/largest eigenvector
of A:

v1 P arg min
xᵀx“1

xᵀAx v1 P arg max
xᵀx“1

xᵀAx (10.104)

Note
`

Qᵀ
rn
˘ᵀ Qᵀ

rn “ rnᵀQQᵀ
rn “ rnᵀ

rn “ 1

13.2.2. Skew Symmetric Matirx

Corollary 10.28
Quadratic Form of Skew Symmetric matrix: The
quadratic form of a skew symmetric matrix[def. 10.29] vanishes:
α “ xᵀAskewx “

´

xᵀAᵀ
skewx

¯ᵀ
“

`

xᵀAskewx
˘ᵀ
“ ´α

(10.105)
Which can only hold iff α “ 0.
13.3. Inner Product – Generalization of the dot prod-

uct

Definition 10.72 Bilinear Form/Functional:
Is a mapping a : V ˆV ÞÑ F on a field of scalars F Ď K,
K “ R or C that satisfies:

apαu ` βv, wq “ αapu,wq ` βapv, wq
apu, αv ` βwq “ αapu, vq ` βapu,wq

@u, v, w P V, @α, β P K
Thus: a is linear w.r.t. each argument.

Definition 10.73 Symmetric bilinear form: A bilinear
form a on V is symmetric if and only if:

apu, vq “ apv, uq @u, v P V

Definition 10.74 Positive (semi) definite bilinear form:
A symmetric bilinear form a on a vector space V over a field
F is positive defintie if and only if:

apu, uq ą 0 @u P V zt0u (10.106)
And positive semidefinte ðñ ě (10.107)

Corollary 10.29 Matrix induced Bilinear Form:
For finite dimensional inner product spaces X P Kn any sym-
metric matrix A P Rnˆn induces a bilinear form:

apx,x1q “ xᵀAx1 “ pAx1qx,

Definition 10.75 Positive (semi) definite Matrix ą:
A matrix A P Rnˆn is positive defintie if and only if:

xᵀAx ą 0 ðñ A ą 0 @x P Rn zt0u (10.108)
And positive semidefinte ðñ ě (10.109)

Corollary 10.30 [proof 10.2]
Eigenvalues of positive (semi) definite matrix:
A positive definite matrix is a matrix where every eigenvalue
is strictly positive and positive semi definite if every eigen-
value is positive.

@λi P eigenvpAq ą0 (10.110)
And positive semidefinte ðñ ě (10.111)

Note
Positive definite matrices are often assumed to be symmetric
but that is not necessarily true.

Proof 10.2: ?? 10.2 (for real matrices):
Let v be an eigenvector of A then it follows:

0
?? 10.2
ă vᵀAv “ vᵀ

λv “ ‖v‖λ

Corollary 10.31 Positive Definiteness and Determi-
nant: The determinant of a positive definite matrix is always
positive. Thus a positive definite matrix is always nonsingu-
lar
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Definition 10.76 Negative (semi) definite Matrix ă:
A matrix A P Rnˆn is negative defintie if and only if:

xᵀAx ă 0 ðñ A ă 0 @x P Rn zt0u (10.112)
And negative semidefinte ðñ ď (10.113)

Theorem 10.3 Sylvester’s criterion: Let A be symmet-
ric/Hermitian matrix and denote by Apkq the kˆk upper left
sub-matrix of A.
Then it holds that:
‚ A ą 0 ðñ det

´

Ak
¯

ą 0 k “ 1, . . . , n
(10.114)

‚ A ă 0 ðñ p´1qk det
´

Ak
¯

ą 0 k “ 1, . . . , n
(10.115)

• A is indefinite if the first det
´

Ak
¯

that breaks both of the
previous patterns is on the wrong side.

• Sylvester’s criterion is inconclusive (A can be anything of
the previous three) if the first det

´

Ak
¯

that breaks both
patterns is 0.

14. Inner Products

Definition 10.77 Inner Product: Let V be a vector space
over a field F P K of scalars. An inner product on V is a map:

x¨, ¨y : V ˆV ÞÑ F Ď K K “ R or C (10.116)
that satisfies: @x, y, z P V, α, β P F

1. (Conjugate) Stmmetry: xx, yy “ xx, yy.
2. Linearity in the first argument:

xαx ` βy, zy “ αxx, zy ` βxy, zy

3. Positve-definiteness:
xx, xy ě 0 : x “ 0 ðñ xx, xy “ 0

Definition 10.78 Inner Product Space pV, x¨, ¨yV q: Let
F P K be a field of scalars.
An inner product space V is a vetor space over a field F to-
gether with an an inner product x¨, ¨yV q.

Corollary 10.32 Inner productÞÑS.p.d. Bilinear Form:
Let V be a vector space over a field F P K of scalar.
An inner product on V is a positive definite symmetric bi-
linear form on V.
Example: scalar prodct

Let apu, vq “ uᵀIv then the standard scalar product can be
defined in terms of a bilinear form vice versa the standard
scalar product induces a bilinear form.
Note
Inner products must be positive definite by defintion
xx,xy ě 0, whereas bilinear forms must not.

Corollary 10.33 Inner product induced norm
x¨, ¨yV Ñ ‖¨‖V : Every inner product x¨, ¨yV induces a
norm of the form:

‖x‖V “

b

xx,xy x P V

Thus We can define function spaces by their associated norm
pV, ‖¨‖V q and inner product spaces lead to normed vector
spaces and vice versa.

Corollary 10.34 Energy Norm: A s.p.d. bilinear form
a : V ˆV ÞÑ F induces an energy norm:

‖x‖a :“ papx,xqq
1
2 “

b

apx,xq x P V

15. Matrix Algebra
16. Matrix Norms
16.1. Operator Norm

Definition 10.79 Operator/Induced Norm:
Let ‖¨‖µ : Km ÞÑ R and ‖¨‖ν : Kn ÞÑ R be vector norms.
The operator norm is defined as:

‖A‖µ,ν :“ sup
xPKn
x‰0

‖Ax‖µ
‖x‖ν

“ sup
‖x‖ν“1

‖Ax‖µ ‖¨‖µ : Km ÞÑ R

(10.117)

Explanation 10.6 (Definition 10.79). Is a measure for the
largest factor by which a matrix A can stretch a vector x P Rn.
16.2. Induced Norms

Corollary 10.35 Induced Norms: Let ‖¨‖p : Kmˆn ÞÑ R
defined as:

‖A‖p :“ sup
xPKn
x‰0

‖Ax‖p
‖x‖p

“ sup
‖y‖p“1

‖Ay‖p (10.118)

Explanation 10.7 ([Corollary 10.35]).
Induced norms are matrix norms induced by vector norms as we:
• Only work with vectors Ax
• And use the normal p-vector norms ‖¨‖p

Note supremum

The set of vectors ty|‖y‖ “ 1u is compact, thus if we consider
finite matrices the supremum is attained and we may replace
it by the max.
16.3. Induced Norms
16.3.1. 1-Norm

Definition 10.80 Column Sum Norm ‖A‖1:

‖A‖1 “ sup
xPKn
x‰0

‖Ax‖1

‖x‖1
“ max

1ďjďn

m
ÿ

i“1

|aij | (10.119)

16.3.2. 8-Norm

Definition 10.81 Row Sum Norm ‖A‖8:

‖A‖8 “ sup
xPKn
x‰0

‖Ax‖8
‖x‖8

“ max
1ďiďm

n
ÿ

j“1

|aij | (10.120)

16.3.3. Spectral Norm L2-Norm
Spectral Radius & Singular Value

Definition 10.82 Spectral Radius ρpAq:
The spectral radius is defined as the largest eigenvalue of a
matrix:

ρ pAq “ max tλ|λ P eigenval pAqu (10.121)

Definition 10.83 Singular Value σi:
Given a matrix A P Kmˆn its n real and positive singular
values are defined as:

σ pAq :“
!!

a

λi

)n

i“1
|λi P eigenval

`

AᵀA
˘

)

(10.122)

Spectral Norm

Definition 10.84 L2/Spectral Norm ‖A‖2:
‖A‖2 “ sup

xPKn
‖x‖2“1

‖Ax‖2 “ max
‖x‖2“1

?
xᵀAᵀAx (10.123)

“ max
‖x‖2“1

b

ρ pAᵀAqq “: σmax pAq (10.124)

16.4. Energy Norm
16.5. Forbenius Norm

Definition 10.85 Forbenius Norm ‖A‖F :
The Forbenius norm ‖¨‖F : Kmˆn ÞÑ R is defined as:

‖A‖F “

g

f

f

f

e

m
ÿ

i“1

n
ÿ

j“1

|a2
i,j

| “
c

tr
´

AAH
¯

(10.125)

16.6. Distance
17. Decompositions
17.1. Eigen/Spectral decomposition

Definition 10.86 A “ XΛX´1,[proof 10.25]
Eigendecomposition/ Spectral Decomposition :
Let A P Rnˆn be a diagonalizable square matrix and define by
X “

“

x1 xn
‰

P Rnˆn a non-singular matrix whose col-
umn vectors are the eigenvectors of A with associated eigen-
value matrix Λ “ diag pλ1, . . . , λnq. Then A can be repre-
sented as:

A “ XΛX´1 (10.126)

Proposition 10.3 Diagonalization: If non of A eigenvalues
are zero it can be diagonalized:

S´1AS “ Λ (10.127)

Proposition 10.4 Existence:
DXΛX´1

ðñ A diagonalizable (10.128)

17.2. QR-Decompositions
17.3. Singular Value Decomposition

Definition 10.87
Singular Value Decomposition (SVD) UΣV

H
:

For any matrix A P Km,n there exist unitary
matrices[def. 10.27]

U P Km,m V P Kn,n

and a (generalized) digonal matrix:

Σ P Rm,n
p :“ mintm,nu

Σ “ gendiagpσ1, . . . , σpq P Rm,n

such that:
A “ UΣV

H
(10.129)
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‹

‹

‹

‹
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17.3.1. Eigenvalues

Proposition 10.5 [proof 10.23]:
The eigenvalues of a matrix AᵀA are positive.

Proposition 10.6 [proof 10.24]
Similarity Transformation: The unitary matrix V pro-
vides a similarity transformation[cor. 10.14] of AᵀA into a diag-
onal matrix ΣᵀΣ:

ΣᵀΣ ÞÑ V
H

AᵀAV (10.130)

Corollary 10.36 eigenvalpAᵀAq “ eigenvalpΣᵀΣq:
From proposition 10.6 and [cor. 10.15] it follows that:

eigenvalpAᵀAq “ eigenvalpΣᵀΣq (10.131)

ùñ ‖A‖2 “
b

ρ pAᵀAq “
a

λmax “ σmax

Note
λ and singularvalue corresponds to the eigenvalues/singular-
values of AᵀA and not A

17.3.2. Best Lower Rank Approximation

Theorem 10.4 Eckart Yound Theorem: Given a matrix
X P Km,n the reduced SVD X defined as:

Xk :“ UkΣkV
H
k

Uk :“
“

u:,1 u:,k
‰

P Km,k

Σk “ diag pσ1, . . . , σkq P Rk,k
k ď min tm,nu

Vk “
“

v:,1 v:,k
‰

P Kn,k

provides the best lower k rank approximation of X:
min

YPKn,m:rankpYqďk
‖X ´Y‖F “ ‖X ´Xk‖F (10.132)

18. Matric Calculus
18.1. Derivatives

B
Bx pb

Jxq “ B
Bx px

Jbq “ b
B
Bx px

Jxq “ 2x

B

Bx
Ax “ A (10.133)

B

Bx
xᵀAx “

`

A `Aᵀ˘x (10.134)

B
Bx pb

JAxq “ AJb B
BX pc

JXbq “ cbJ B
Bx p}x ´ b}2q “

x´b
}x´b}2
B
Bx p}x}

2
2q “ B

Bx px
Jxq “ 2x B

BX p}X}
2
F q “ 2X

B
Bx ||x||1 “

x
|x|

B
Bx p}Ax ´ b}22q “ 2pAJAx ´AJbq B

BX p|X|q “ |X| ¨X
´1

B
Bx
pY´1q “ ´Y´1 BY

Bx
Y´1

19. Proofs

Proof 10.3: [def. 10.36]

MM´1
“

„

Ik,k 0k,l
0l,k Il,l



(10.135)

19.1. Vector Algebra

Proof 10.4 Definition 10.56:
(1): }a ´ b}

eq. (11.19)
“ }a}

2
` }b}

2
´ 2}a}}b} cos θ

(2): }a ´ b} “ pa ´ bqpa ´ bq “ }a}2 ` }b}2 ´ 2pabq

}a ´ b} “ }a ´ b} ñ ab “ }a}}b} cos θ

Proof 10.5 Proposition 10.2: The outer product
of u with v corresponds to a scalar multiplica-
tion of v with elements ui thus the rank must be
that of v, which is a vector and hence of rank 1

u b v “ uv
H
“

»

—

—

–

u1 d sv1

um d svn

fi

ffi

ffi

fl

19.2. Mappings

Proof 10.6: Corollary 10.20
‖Qx‖2

“ pQxqᵀQx “ xᵀQᵀQx “ xᵀx “ ‖x‖2

Proof 10.7: Corollary 10.21 Follows immediately from defini-
tion 10.66 in combination with eqs. (10.65) and (10.67).

Proof 10.8: Proposition 10.1:
ùñ lpαx ` βyq

10.58
“ lpαxq ` lpβyq

10.59
“ αlpxq ` βlpyq

ðù
lpαx ` 0q “ αlpxq
lp1x ` 1yq “ lpxq ` lpyq

Proof 10.9 principle 10.1:
Every vector v P V can be represented by a basis eq. (10.16)
of V. With homogentityeq. (10.59) and additivityeq. (10.58) it
follows for the image of all v P V:
lpvq “ l pα1b1 ` ¨ ¨ ¨ ` αnbnq “ lα1 pb1q ` ¨ ¨ ¨ ` l pαnq bn

(10.136)
ñ the image of the basis of V determines the linear mapping.
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Proof 10.10 Proof [Corollary 10.17]:
ùñ lApαx ` yq “ A pαx ` βyq “ αAx ` βAy “ αlpxq ` βlpyq
ðù Let B be a standard normal basis of V with eq. (10.136):

lpxq “
n
ÿ

i“1

xil peiq “
n
ÿ

i“1

xiA:,i “ Ax A:,i :“ lpeiq P Rn

Proof 10.11 Proof Property 10.11:
pg ˝ fqpαxq “ gpfpαxqq “ gpαfpxqq “ αpg ˝ fqpxq

pg ˝ fqpx ` yq “ gpfpx ` yqq “ gpfpxq ` fpyqq
“ pg ˝ fqpxq ` pg ˝ fqpyq

or even simpler as every linear form can be represented by a
matrix product:
fpyq “ Ay gpzq “ Bz ñ pf ˝ gqpxq “ ABx :“ Cx

Proof 10.12: [Corollary 10.22] Let y P N pAq (z P N pAᵀq) then
it follows:

N pAq K RpAᵀ
q

`

Aᵀx
˘ᵀ y “ xᵀAy “ xᵀ0 “ 0

N
`

Aᵀ˘
K RpAq pAxqᵀ z “ xᵀAᵀz “ xᵀ0 “ 0

19.3. Special Matrices

Proof 10.13 [Corollary 10.15]: Let u “ S´1v then it follows:
S´1ASu “ S´1ASv “ λS´1v “ λu

Proof 10.14 Property 10.6:
‖Qx‖2

2 “ pQxqᵀQx “ xᵀQᵀQx “ ‖x‖2
2

Proof 10.15: Property 10.4
Let A P Knˆn be a hermitian matrix[def. 10.26] and let λ P K
be an eigenvalue of A with corresponding eigenvector v P Kn:
λpsvᵀvq “ svᵀ

λv “ svᵀAv “ psvᵀAvq “ ĚAvᵀv “ sλ
`

svᵀv
˘

λ
`

svᵀv
˘

“ sλ
`

svᵀv
˘

1. svv “
řn
i“1|vi|2 ą 0 as v ‰ 0

2. λ “ sλ which can only hold for λ P R (Equation (1.8))

Proof 10.16: ??
add

19.4. Vector Spaces

Proof 10.17 Definition 10.21: We know that projLpuq must
be a vector times a certain magnitude:

projLpuq “ αrv α P K (10.137)

the magnitude follows from the scalar projection[def. 10.55] in
the direction of v which concludes the derivation.

Proof 10.18 Definition 10.21 (via orthogonality): We know
that u ´ projLpuq must be orthogonal[def. 10.67] to v

pu ´ projLpuqq
ᵀ v “ pu ´ αvqᵀ v “ 0 ñ α “

uᵀv
vᵀv

Proof 10.19: Definition 10.22 Let B “ tb1, . . . ,bnu a basis
of U s.t. by [cor. 10.4]:

u “
n
ÿ

i“1

αibi

the coefficients tαiuni“1 need to be determined. We know that:
v ´ u K b1, . . . ,v ´ u K bn

ùñ

¨

˝v ´
n
ÿ

i“1

αibi

˛

‚¨ bj “ 0 j “ 1, . . . , n

this linear system of equations can be rewritten as:

`

b1 bn
˘

¨

˚

˚

˝

b1

bn

˛

‹

‹

‚

¨

˚

˚

˝

α1

αn

˛

‹

‹

‚

“

¨

˚

˚

˝

b1

bn

˛

‹

‹

‚

v

Proof 10.20: Corollary 10.27
Let QΛQᵀ be the eigendecomposition[cor. 10.12] of A then it
follows:

min
rnᵀ

rn“1
rnᵀArn “ min

‖rn‖“1
rnᵀ
pQΛQᵀ

qrn

“ min
‖rn‖“1

pQᵀ
rnqᵀΛpQT rnq

“ min
x“1

xᵀΛx x :“ Qᵀ
rn

“ min
x“1

n
ÿ

i“1

x2
iΛii “ min

x“1

n
ÿ

i“1

x2
iλi

Thus in order to obtain the minimum value we need to choose
the eigenvector that leads to the smallest eigenvalue.
19.5. Norms

Proof 10.21: ?? 10.21
|u ¨ v|

eq. (10.81)
“ ‖u‖‖v‖|cos θ| ď ‖u‖‖v‖

Proof 10.22: Definition 10.61
‖u ` v‖2

“ pu ` vqpu ` vq “ ‖u‖2
` ‖v‖2

` 2pu ¨ vq
from cauchy schwartz we know:

u ¨ v ď |u ¨ v|
eq. (10.91)

ď ‖u‖‖v‖

‖u ` v‖2
ď ‖u‖2

` ‖v‖2
` 2p‖u‖‖v‖q “ p‖u‖ ` ‖v‖q2

19.6. Decompositions
19.6.1. Symmetric - Antisemitic

Definition 10.88 Symmetric - Antisymmetric Decom-
position: Any matrix A P Knˆn can be decomposed into
the sum of a symmetric matrix[def. 10.23] Asym and a skew-
symmetric matrix?? Askes:

A “ Asym
`Askew

Asym
“

1
2

ˆ

A `A
H
˙

Askew
“

1
2

ˆ

A ´A
H
˙

(10.138)

19.6.2. SVD

Proof 10.23 [Corollary 10.5]: B :“ AᵀA corresponds to a
symmetric positive definite form[def. 10.75]:

xᵀBx “ xᵀAᵀAx “ ‖Ax‖2
2 ą 0

thusProposition 10.6 follows immediately form [Corol-
lary 10.2].

Proof 10.24 Proposition 10.6:

AᵀA
SVD
“

ˆ

UΣV
H
˙H

UΣV
H
“ VΣ

H
U

H
U

loomoon

Im

ΣV
H
“ VΣ

H
ΣV

H

ùñ V
H

AᵀAV “ ΣᵀΣ

19.6.3. Eigendecomposition

Proof 10.25 Definition 10.86:
AX “

“

λ1x1 λnxn
‰

“ XΛ
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Geometry
Corollary 11.1 Affine Transformation in 1D: Given:
numbers x P Ω̂ with Ω̂ “ ra, bs
The affine transformation of φ : Ω̂ Ñ Ω with y P Ω “ rc, ds is
defined by:

y “ φpxq “
d ´ c

b ´ a
px ´ aq ` c (11.1)

Proof 11.1: [cor. 11.1] By [def. 10.45] we want a function f :
ra, bs Ñ rc, ds that satisfies:

fpaq “ c and fpbq “ d

additionally fpxq has to be a linear function ([def. 5.15]), that
is the output scales the same way as the input scales.
Thus it follows:
d ´ c

b ´ a
“
fpxq ´ fpaq

x ´ a
ðñ fpxq “

d ´ c

b ´ a
px ´ aq ` c

Trigonometry
0.1. Trigonometric Functions
0.1.1. Sine

Definition 11.1 Sine:
sinα “

opposite
hypotenuse

“
a

c
(11.2)

0.1.2. Cosine

Definition 11.2 Cosine:
cosαα “

adjacent
hypotenuse

“
b

c
(11.3)

0.1.3. Tangens

Definition 11.3 Tangens:

cosαα “
opposite
adjacent

“
a

b
“
a{c

b{c
“

sinα
cosα

(11.4)

0.1.4. Trigonometric Functions and the Unit Circle
Sine and Cosine

1
4π

π
2

3
4π

π 5
4π

3
2π

7
4π

2π

´1
´ 1?

2

1?
2

1

fpxq “ sin x

fpxq “ cos x

x

fpxq

cos x
p5.52q
“

1
2

„

e
ix
` e

´ix


(11.5)

sin x
p5.52q
“

1
2i

„

e
ix
´ e

´ix


“ ´
i

2

„

e
ix
´ e

´ix


(11.6)

Note
Using theorem 11.1 if follows:

cospα ˘ πq “ ´ cosα and sinpα ˘ πq “ ´ sinα (11.7)

0.1.5. Sinh

Definition 11.4 Sinh:

sinh x
peq. (5.52)q

“
1
2

„

e
x
´ e

´x


“ ´ i sinpi xq (11.8)

Property 11.1: sinh x “ 0 has a unique root at x “ 0.
0.1.6. Cosh

Definition 11.5 Cosh:

cosh x
p5.52q
“

1
2

„

e
x
` e

´x


“ cospi xq (11.9)

(11.10)

Property 11.2: cosh x is strictly positive.

Proof 11.2:
e
x
“ cosh x ` sinh x e

´x
“ cosh x ´ sinh x (11.11)

0.2. Addition Theorems

Theorem 11.1 Addition Theorems:
sinpα ˘ βq“ sinα cos β˘ cosα sin β (11.12)
cospα ˘ βq“ cosα cos β¯ sinα sin β (11.13)

0.3. Werner Formulas
Werner Formulas

sinα cos β “
1
2

„

sinpα ` βq ` sinpα ´ βq


(11.14)

sinα sin β “
1
2

„

cospα ´ βq ´ cospα ` βq


(11.15)

cosα cos β “
1
2

„

cospα ` βq ` cospα ´ βq


(11.16)

Note
Using theorem 11.1 if follows:

cospα ˘ πq “ ´ cosα and sinpα ˘ πq “ ´ sinα
(11.17)

0.4. Law of Cosines

Law 11.1 Law of Cosines [proof 11.3]:
relates the three side of a general triangle to each other.

a
2
“ b

2
` c

2
´ 2bc cos θb,c (11.18)

Law 11.2 Law of Cosines for Vectors [proof 11.4]:
relates the length of vectors to each other.

‖a‖2
“ ‖c ´ b‖2

“ ‖b‖2
` ‖c‖2

´ 2‖b‖‖c‖ cos θb,c
(11.19)

Law 11.3 Pythagorean theorem: special case of ?? for
right triangle:

a
2
“ b

2
` c

2 (11.20)

1. Proofs
Proof 11.3: Law 11.1 From the defintion of the sine and cosine
we know that:

sin θ “
h

b
ñ h and cos θ “

d

b
ñ d

e “ c ´ d “ c ´ b cos θ
a

2
“ e

2
` h

2
“ c

2
´ 2cb cos θ ` b2 cos2 θ ` b2 sin2

θ

“ c
2
` b

2
´ 2bc cos θ ab

θ

h

c
d e

Proof 11.4: Law 11.2 Notice that c “ a`b ñ a “ c´b and
we can either use ?? 11.3 or notice that:

‖c ´ b‖2
“ pc ´ bq ¨ pc ´ bq
“ c ¨ c ´ 2c ¨ b ` b ¨ b
“ ‖c‖2

` ‖b‖2
´ 2 p‖c‖‖b‖ cos θq

Topology
Definition 12.1 Topology of set τ:
Let X be a set. A collection τ of open?? subsets of X is called
topology of X if it satisfies:
• H P τ and X P τ
• Any finite or infinite union of subsets of τ is contained in
τ :

tUi : i P Iu Ď τ ùñ YiPIUi P τ (12.1)
• The intersection of a finite number of elements of τ also

belongs to τ :
tUiu

n
i“1 P τ ùñ U1 X ¨ ¨ ¨ X Un P τ (12.2)

Definition 12.2 Topological Space[?] pX, τq:
Is an ordered pair pX, τq, where X is a set and τ is a
topology[def. 12.1] on X.
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Numerical Methods
Machine Arithmetic’s
Machine/Floating Point Numbers

Definition 13.1 (IEEE)
Institute of Electrical and Electronics Engineers:
Is a engineering associations that defines a standard on how
computers should treat machine numbers in order to have cer-
tain guarantees.

Definition 13.2 Machine/Floating Point Numbers M:
Computers are only capable to represent a finite, discrete set
of the real numbers M Ă R
1.1.1. Floating Point Arithmetic’s xrΩy “ flpxΩyq

Corollary 13.1 Closure:
Machine numbers F are not closed[def. 1.7] under basic arith-
metic operations:

F Ω F ÞÑ �F Ω “ t`,´,˚, {u (13.1)

Note
Corollary 13.1 provides a problem as the computer can only
represent floating point number F.

Definition 13.3 Overflow: Result is bigger then the biggest
representable floating point number.

Definition 13.4 Underflow: Result is smaller then the
smaller representable floating point number i.e. to close to
zero.
1.1.2. The Rounding Unit

Definition 13.5
Rounding Function/Unit rd/r¨:
Let x P K be a number real or complex number. The round-
ing function approximates x by the nearest machine number
rx P F:

rd :

$

&

%

R ÞÑ F
x ÞÑ max arg min

rxPF
|x ´ rx| (13.2)

Notes
• If this is ambiguous (there are two possibilities), then it

takes the larger one:
• Basic arithmetic rules such as associativity do no longer

hold for operations such as addition and subtraction.

Definition 13.6 Floating Point Operation rΩ:
Is a basic arithmetic operation between two floating point
numbers x P F rounded back to the nearest floating point
number:

F rΩ F ÞÑ F
rΩ :“ rd ˝Ω
Ω “ t`,´,˚, {u

(13.3)

Definition 13.7 Absolute Error: Let rx P K be an approx-
imation of x P K then the absolute error is defined by:

εabs :“ |x ´ rx| (13.4)

Definition 13.8 Relative Error: Let rx P K be an approxi-
mation of x P K then the relative error is defined by:

εabs :“
|x ´ rx|

|x|
(13.5)

Note
We are interested in the relative error as it controls the num-
ber of correct/significant digits l of the approximation rx of
x P K:

εabs :“
|x ´ rx|

|x|
ď 10l l P Ną0 (13.6)

1.1.3. The Machine Epsilon

Definition 13.9 EPS
The Machine Epsilon:
The machine epsilon EPS is the largest possible relative
rounding error[def. 13.8]:

EPS :“ max
xPIz0

|rdpxq ´ x|
|x|

I :“ rmin|M|,max|M|s P K

(13.7)

Corollary 13.2 Relative Error of Flop:
The relative error[def. 13.8] of any floating point
operation[def. 13.6] is bounded by the machine epsilon[def. 13.9]:

EPSrel
´

rΩpx, yq
¯

:“
|rΩpx, yq ´ Ωpx, yq|

|Ωpx, yq|

“
|prd ´ IqΩpx, yq|

|Ωpx, yq|
ď EPS (13.8)

Corollary 13.3 EPS for Machine Number: For machine
numbers EPS can be computed by:

EPS “
1
2
B

1´m (13.9)

Type EPS
double 2.2 ¨ 10´16

float 1.1 ¨ 10´23

FP16 9.76 ¨ 10´4

Axiom of Round off Analysis

Axiom 13.1 Axiom of Round off Analysis:
Let x, y P F be (normalized) floats and assume that xrΩy P F
(i.e. no over/underflow). Then it holds that:
xrΩy “ pxΩyq p1 ` δq Ω “ t`,´,˚, {u
rfpxq “ fpxqp1 ` δq f P texp, sin, cos, log, . . .u

(13.10)

with |δ| ă EPS

Explanation 13.1 (axiom 13.1). gives us a guarantee that for
any two floating point numbers x, y P F, any operation involving
them will give a floating point result which is within a factor of
1 ` δ of the true result xΩy.
1.1.4. Cancellation

Definition 13.10 Cancellation:
Is the extreme amplification of relative errors[def. 13.8] when
subtracting numbers of almost equal size.

Absolute Errors Relative Error

Roundoff Errors
2.0.1. Tricks
Log-Sum-Exp Trick

The sum exponential trick is at trick that helps to calculate
the log-sum-exponential in a robust way by avoiding over/un-
derflow. The log-sum-exponential[def. 13.11] is an expression
that arises frequently in machine learning i.e. for the cross
entropy loss or for calculating the evidence of a posterior pre-
diction.
The root of the problem is that we need to calculate the ex-
ponential exppxq, this comes with two different problems:
• If x is large (i.e. 89 for single precision floats) then exppxq

will lead to overflow
• If x is very negative exppxq will lead to underflow/0. This

is not necessarily a problem but if exppxq occurs in the de-
nominator or the logarithm for example this is catastrophic.

Definition 13.11 Log sum Exponential:

LogSumExp px1, . . . , xnq :“ log

¨

˝

n
ÿ

i“1

exi

˛

‚ (13.11)

Formula 13.1 [proof 13.3]
Log-Sum-Exp Trick:

log

¨

˝

n
ÿ

i“1

exi

˛

‚“ a ` log
n
ÿ

i“1

exi´a a :“ max
iPt1,...,nu

xi

(13.12)

Explanation 13.2 (formula 13.1). The value a can be any
real value but for robustness one usually chooses the max s.t.
• The leading digits are preserved by pulling out the maximum
a

• Inside the log only zero or negative numbers are exponenti-
ated, so there can be no overflow.

• If there is underflow inside the log we know that at least the
leading digits have been returned by the max.

Definition 13.12 Partition Π:
Given an interval r0, T s a sequence of values 0 ă t0 ă ¨ ¨ ¨ ă
tn ă T is called a partition Π pt0, . . . , tnq of this interval.

Asymptotic Complexity
3.1. O-Notation
3.1.1. Small op¨q Notation

Definition 13.13 Little o Notation:

fpnq “ opgpnqq ðñ lim
nÑ8

fpnq

gpnq
“ 0 (13.13)

3.1.2. Big Op¨q Notation
3.2. Basic Operations
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4. Rate Of Convergence

Definition 13.14 Rate of Convergence: Is a way to mea-
sure the rate of convergence of a sequence txpkquk P Rn to
a value to x˚. Let ρ P r0, 1s be the rate of convergence and
define:

lim
k ÞÑ8

∥∥xk`1 ´ x˚
∥∥∥∥xk ´ x˚
∥∥ “ ρ (13.14)

ðñ lim
k ÞÑ8

∥∥xk`1
´ x˚

∥∥ ď ρ

∥∥xpkq ´ x˚
∥∥ @k P N0

Definition 13.15 Linear/Exponential Convergence:
A sequence txpkquk P Rn converges linearly to x˚ if in the
asymptotic limit k Ñ 8 if it satisfies:

ρ P p0, 1q @k P N0 (13.15)

Definition 13.16 Superlinear Convergence:
A sequence txpkquk P Rn converges superlinear to x˚ if in the
asymptotic limit k Ñ 8 if it satisfies:

ρ “ 1 (13.16)

Definition 13.17 Sublinear Convergence:
A sequence txpkquk P Rn converges sublinear to x˚ if in the
asymptotic limit k Ñ 8 if it satisfies:

ρ “ 0 ðñ

∥∥xk`1
´ x˚

∥∥ “ o

ˆ∥∥xpkq ´ x˚
∥∥˙

(13.17)

Definition 13.18 Logarithmic Convergence:
A sequence txpkquk P Rn converges logarithmically to x˚ if it
converges sublinear [def. 13.17] and additoinally satisfies

ρ “ 0 ðñ

∥∥xk`2
´ xk`1

∥∥ “ o

ˆ∥∥xk`1
´ xk

∥∥˙

(13.18)
add explaintion why

Exponetial Convergence

Linear convergence is sometimes called exponential conver-
gence. This is due to the fact that:
1. We often have expressions of the form:∥∥xk`1

´ x˚
∥∥ ď p1 ´ αq

loooomoooon

:“ρ

∥∥xpkq ´ x˚
∥∥

2. and that p1 ´ αq “ expp´αq from which follows that:
eq. (13.19) ðñ

∥∥xk`1
´ x˚

∥∥ ď e´α
∥∥xpkq ´ x˚

∥∥
Definition 13.19 Convergence of order p: In order to
distinguish superlinear convergence we define the order of con-
vergence.
A sequence txpkquk P Rn converges superlinear with order
p P t2, . . .u to x˚ if it satisfies:

lim
k ÞÑ8

∥∥xk`1 ´ x˚
∥∥∥∥xpkq ´ x˚

∥∥p “ C C ă 1 (13.19)

Does this even exist/check if this is ture

Definition 13.20 Exponential Convergence: A sequence
txpkquk P Rn converges exponentially with rate ρ to x˚ if in
the asymptotic limit k Ñ 8 it satisfies:∥∥xk`1

´ x˚
∥∥ ď ρ

k
∥∥xpkq ´ x˚

∥∥ ρ ă 1 (13.20)∥∥xk`1
´ x˚

∥∥ P oˆ∥∥xpkq ´ x˚
∥∥˙

(13.21)

5. Basic Operations

Operation #mul/div #add/sub asymp. comp
Dot Prod. n n ´ 1 Opnq
Tensor Prod. nm 0 Opnmq
Matrix Prod. mnk mkpn ´ 1q Opnmkq
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Linear Systems of Equations
6.1. Direct Methods
6.1.1. Gaussian Elemination

Definition 13.21 Pivot Elements a11, a22, . . . , ann:
Are the diagonal elements of A P Rn,n that we use to zero
out the column below.

Definition 13.22 Row Echelon Matrix: Is a rectangular
matrix where:
• All non-zero rows are above any zero rows.
• Each pivot of a row has a larger column index then the

pivot of the row above.
• All entries below a pivot are zero.

Corollary 13.4 Reduced Form Row Echelon Matirx: Is
an echelon matrix[def. 13.22] where:
• The leading entry in each non-zero row equals 1.
• Each leading one is the only entry in its colmun.

Note
In case of square matrix this is a unit diagonal matrix.

Definition 13.23 197 CE
Gaussian Elimination A P Rn,n,Opn3q:
Is an algorithm to solve linear systems of equations:

Ax “ b ðñ

a11x1 ` a12x2 ` ` a1nxn “ b1
a21x1 ` a22x2 ` ` a2nxn “ b2

an1x1 ` an2x2 ` ` annxn “ bn

and consists of two steps:
1 Forward Elimination Opn3q – transforming A into an up-

per diagonal form
“

U|b1
‰

:
a11x1` a12x2 ` a13x2 ` ` a1nxn “ b1

a
p1q
22 x2 a

p1q
23 x3 ` ` a

p1q
2n xn “ b2

a
p2q
33 x3 ` ` a

p2q
2n xn “ b3

a
pn´1q
nn xn “ bn

2 Back Substitution Elimination Opn2q – calculating the
unknown’s x from U:

Gauss Jordan Elimination
Is in principle the same as Gauss elimination but reduce the
matrix into row-reduced echelon form[def. 13.22].
Forward Elimination

Algorithm 13.1 Forward Elimination:
Transforms Ax “ b into row-echelon form[def. 13.22]:

Given:
1: for k “ 1, . . . , n ´ 1 do
2: pivot Ð Apk, kq
3: for i “ k ` 1, . . . , n do
4: lik Ð

Api,kq
pivot

5: for j “ k ` 1, . . . , n do
a
pkq
ij

“ Api, jq “ Api, jq ´ likApk, jq

6: end for
b
pkq
i

“ bpiq “ bpiq ´ likbpkq
7: end for
8: end for

Corollary 13.5 Complexity:
n´1
ÿ

i“1

pn ´ 1qp2pn ´ iq ` 3q “ npn ´ 1q
ˆ 2

3
n `

7
6

˙

“ O
ˆ 2

3
n

3
˙

(13.22)

Backward Substitution

Algorithm 13.2 Backward Substitution:
Given U:

1: xn “
b
pn´1q
n

a
pn´1q
nn

2: for i “ n ´ 1, n ´ 2, . . . , 1 do
3:

xi “
b
pi´1q
i

´
řn
j“i`1 a

pi´1q
ij

xj

a
pi´1q
ii

4: end for

Corollary 13.6 Complexity:
n´1
ÿ

i“1

2pn ´ iq ` 1 “ O
´

n
2
¯

(13.23)

By Rank-1 Modifications
6.1.2. LU-Decomposition

Definition 13.24
LU Decomposition O

´

n3
¯

:
Decomposes a matrix A in an upper and lower triangular part
in order to solve a system of linear equations.
Given: PA “ LU we can compute:
1 Ly “ Pb
2 Ux “ y

Corollary 13.7 [proof ??]
LU decomposition Complexity:

2
3
n

3
`

1
3
n

2

Solving Multiple Systems of Equations
6.1.3. Symmetric Matrices
LDL-Decomposition
6.1.4. Symmetric Positive Definite Matrices

For linear systems with s.p.d.[def. 10.75] matrices A the
LU-decomposition[def. 13.24] simplifies to the Cholesky
Decomposition[def. 13.25].
Cholesky Decomposition

Definition 13.25
Cholesky Decomposition 1

3 O
´

n3
¯

:

Let A be a s.p.d.[def. 10.75] then it can be factorized into:
A “ GGᵀ with G :“ LD1{2 (13.24)

Corollary 13.8 [proof 13.5]
Cholesky decomposition Complexity:

1
3
n

3
`

1
3
n

2

6.2. Iterative Methods
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7. Non-linear Systems of Equations
7.1. Iterative Methods

Definition 13.26
General Non-linear System of Equations (NLSE) F :
Is a system of non-linear equations F (that do not satisfy
linearity??):
F :Ď Rn ÞÑ Rn seek to find x P Rn : F pxq “ 0 (13.25)

Definition 13.27 Stationary m-point Iteration φF :
Let n,m P R and let U Ď pRnqm “ Rn ˆ ¨ ¨ ¨ ˆ Rn be a set.
A function φ : U ÞÑ Rn, is called (m-point) iteration function
if it produces an iterative sequence

´

xpkq
¯

k
of approximate

solutions to eq. (13.25), using the m most recent iterates:
xpkq “ φF

´

xpk´1q
, . . . ,xpk´mq

¯

(13.26)

Inital Guess xp0q, . . . ,xpm´1q

Note
Stationary as φ does no explicitly depend on k.

Definition 13.28 Fixed Point x˚:
Is a point x˚ for which the sequence does not change any-
more:

x˚ “ φF

´

xpk´1q
, . . . ,xpk´mq

¯

with

xpk´1q “ x˚

xpk´mq “ x˚

(13.27)

7.1.1. Convergence
Question

Does the sequence
´

xpkq
¯

k
converge to a limit:

lim
kÑ8

xpkq “ x˚ (13.28)

7.1.2. Consistency

Definition 13.29 Consistent m-point Iterative Method:
A stationary m-point method[def. 13.27] is consistent with a non-
lineary system of equations[def. 13.26] F iff:

F
´

x˚
¯

ðñ φF

´

x˚, . . . ,x˚
¯

“ x˚ (13.29)

7.1.3. Speed of Convergence
add cvg, consitency, speed of cvng,. . .

7.2. Fixed Point Iterations m “ 1

Definition 13.30 Fixed Point Iteration: Is a 1-point
method φF : U Ă Rn ÞÑ Rn that seeks a fixed point x˚
to solve F pxq “ 0:

xpk`1q
“ φF

´

xpkq
¯

Inital Guess: xp0q (13.30)

Corollary 13.9 Consistency: If φF is continuous and
x˚ “ limkÑ8 xpkq then x˚ is a fixed point[def. 13.28] of φ.

Algorithm 13.3 Fixed Point Iteration:
Input: Inital Guess: xp0q

1: Rewrite F pxq “ 0 into a form of x “ φF pxq
Ź There exist many ways

2: for k “ 1, . . . , T do
3: Use the fixed point method:

xpk`1q
“ φF

´

xpkq
¯

(13.31)

4: end for
add examples and rest
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8. Numerical Quadrature

Definition 13.31 Order of a Quadrature Rule:
The order of a quadrature rule Qn : C0 pra, bsq Ñ R is defined
as:
orderpQnq :“ max

!

n P N0 : Qnppq “Pba pptq dt @p P Pn
)

` 1
(13.32)

Thus it is the maximal degree+1 of polynomials (of degree
maximal degree) Pmaximal degree for which the quadrature
rule yields exact results.

Note
Is a quality measure for quadrature rules.
8.1. Composite Quadrature

Definition 13.32 Composite Quadrature:
Given a mesh M “ ta “ x0 ă x1 ă . . . ă xm “ bu apply a
Q.R. Qn to each of the mesh cells Ij :“ rxj´1, xj s @j “
1, . . . ,m fl p.w. Quadrature:

ż b

a
fptq dt “

m
ÿ

j“1

ż xj

xj´1
fptq dt “

m
ÿ

j“1

QnpfIj q (13.33)

Lemma 13.1 Error of Composite quadrature Rules:
Given a function f P Ckpra, bsq with integration domain:

m
ÿ

i“1

hi “ |b ´ a| for M “
 

xj
(m
j“1

Let: hM “ maxj |xj , xj´1| be the mesh-width
Assume an equal number of quadrature nodes for each inter-
val Ij “ rxj´1, xj s of the mesh M i.e. nj “ n.
Then the error of a quadrature rule Qnpfq of order q is given
by:
εnpfq “ O

´

n
´mintk,qu

¯

“ O
´

h
mintk,qu
M

¯

for nÑ 8

[cor. 5.6]
“ O

´

n
´q

¯

“ O
´

h
q
M

¯

with hM “
1
n

(13.34)

Definition 13.33 Complexity W : Is the number of func-
tion evaluations fl number of quadrature points.

W pQpfqnq “ #f-eval fl n (13.35)

Lemma 13.2 Error-Complexity W pεnpfqq: Relates the
complexity to the quadrature error.
Assuming and quadrature error of the form :

εnpfq “ Opn´qq ðñ εnpfq “ cn
´q

c P R`
the error complexity is algebraic (??) and is given by:

W pεnpfqq “ Opε
1{q
n q “ O

´

q?εn

¯

(13.36)

Proof 13.1: lemma 13.2: Assume: we want to reduce the er-
ror by a factor of εn by increasing the number of quadrature
points nnew “ a ¨ nold.
Question: what is the additional effort (#f-eval) needed in
order to achieve this reduction in error?

c ¨ n
q
n

c ¨ n
q
o

“
1
εn

ñ nn “ no ¨ q
?
εn “ Op q

?
εnq (13.37)

8.1.1. Simpson Integration

Definition 13.34 Simpson Integration:
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Filtering Algorithms
10. Signals

Definition 13.35 Time Discrete Signal: Is a bounded
sequence[def. 2.2]

`

xj
˘

jPZ l
8pZq.

Definition 13.36 Sampling:

Corollary 13.10 Finite Time Discrete Signal:

11. Channels/Filters

Definition 13.37 F
Channel/Filter:
Is a mapping of signals to signals F ::

F : l8 pZq ÞÑ l
8
pZq (13.38)

Property 13.1 Finite Channel/Filter: A filter F :
l8 pZq ÞÑ l8 pZq

Property 13.2 Causal Channel/Filter:

Explanation 13.3. The response cannot start before the signal
has been feed into the filter.

Definition 13.38 Sm
Time Shift Operator:

Property 13.3 Time-invariant Channel/Filter:

Explanation 13.4. The response of the filter should not de-
pend at which time we pass the signal to the filter.

Property 13.4 Linear Channel/Filter:

Definition 13.39
Linear Time-invariant Finite Input Response Filter
LT-FIR:
11.1. Impulse Responses

Definition 13.40 Impulse:

Definition 13.41 Impulse Response h:

Corollary 13.11 [proof 13.2]
Signal in terms of Impulse Responses: We can write any
arbitrary discrete signal as weighted sum of time shifted im-
pulses:

F
`

xj
˘

“ (13.39)
`

F
`

xj
˘˘

j
“ (13.40)

Proof 13.2 [cor. 13.11]:
11.2. Discrete Convolution

Definition 13.42 LT-FIR formula:

Proofs
Proof 13.3 Log Sum Trickformula 13.1:

LSE “ log
`

n
ÿ

i“1

e
xi

˘

“ log
`

n
ÿ

i“1

e
xi´ae

a˘

“ log
`

e
a
n
ÿ

i“1

e
xi´a

˘

“ log
`

n
ÿ

i“1

e
xi´a

˘

` logpeaq

“ log
`

n
ÿ

i“1

e
xi´a

˘

` a

Proof 13.4 LU-Complexity[cor. 13.7]:
For eliminating the first column we need to eliminate n ´ 1
rows by n additions and n multiplications which equals pn ´
1q2n. For the second column we need for n´ 2 rows n´ 1 ad-
ditions and n´ 1 multiplications which equals pn´ 2q2pn´ 1q
thus to eliminate all n columns we have:

n
ÿ

i“1

pn ´ i ` 1q ¨ 2pn ´ iq

using the index l “ n ´ i ` 1 we can write this as:
n
ÿ

i“1

pn ´ i ` 1q ¨ 2pn ´ iq “2
n
ÿ

l“0

pj ` 1q ¨ pjq “ 2
n
ÿ

l“0

j
2
` 1

“2
ˆ 1

3
n

3
´

1
3
n

˙

add rules for sums of n and n2

Proof 13.5 Cholesky Complexity[cor. 13.8]: U and L “are
the same” as we have a s.p.d. matrix s.t. we can sim-
ply half the forward elimination complexity of the LU-
decomposition[cor. 13.7]:

1
2

2
3
n

3
`

1
3
n

2 (13.41)
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Optimization
Definition 14.1 Fist Order Method: A first-order method
is an algorithm that chooses the k-th iterate in

x0 ` spant∇fpx0q, . . .∇fpxk´1qu @k “ 1, 2, . . . (14.1)

Note
Gradient descent is a first order method
1. Linear Optimization
1.1. Polyhedra

Definition 14.2 Polyhedron: Is a set P P Rn that can be
described by the finite intersection of m closed half spaces??:

P “
 

x P Rn |Ax ď b
(

“
 

x P Rn |ajx ď bj , j “ 1, . . . ,m
(

A P Rmˆn b P Rm (14.2)

1.1.1. Polyhedral Function

Definition 14.3 Epigraph/Subgraph epi(f):

The epigraph of a function f P Rn ÞÑ R is
defined as the set of point that lie above
its gaph:

epipfq :“
 

px, yq P Rn |y ě fpxq
(

Ď Rn`1

(14.3)

fpxqepipfq

x

y

Definition 14.4 Polyhedral Function: A function f
is polyhedral if its epigraph epipfq[def. 14.3] is a polyhedral
set[def. 14.2]:

f is polyhedral ðñ epipfq is polyhedral (14.4)

2. Lagrangian Optimization Theory
Add: derivation of lagragne function

Definition 14.5 (Primal) Constraint Optimization:
Given an optimization problem with domain Ω Ď Rd:

min
wPΩ

fpwq

s.t. gipwq ď 0 1 ď i ď k
hjpwq “ 0 1 ď j ď m

Definition 14.6 Lagrange Function:
L pα, β,wq :“ fpwq ` αgpwq ` βhpwq (14.5)

Extremal Conditions

∇ L pxq
!
“ 0 Extremal point x˚

B

Bβ
L pxq “ hpxq

!
“ 0 Constraint satifisfaction

For the inequality constraints gpxq ď 0 we distinguish two
situations:
Case I : gpx˚q ă 0 switch const. off
Case II : gpx˚q ě 0 optimze using active eq. constr.
B

Bα
L pxq “ gpxq

!
“ 0 Constraint satifisfaction

Definition 14.7 Lagrangian Dual Problem: Is given by:
Find max θpα, βq “ inf

wPΩ
L pw, α, βq

s.t. αi ě 0 1 ď i ď k

Solution Strategy

1. Find the extremal point w˚ of L pw, α, βq:
BL

Bw

ˇ

ˇ

ˇ

ˇ

w“w˚

!
“ 0 (14.6)

2. Insert w˚ into L and find the extremal point β˚ of
the resulting dual Lagrangian θpα, βq for the active con-
straints:

Bθ

Bβ

ˇ

ˇ

ˇ

ˇ

β“β˚

!
“ 0 (14.7)

3. Calculate the solution w˚pβ˚q of the constraint mini-
mization problem.

Value of the Problem

Value of the problem: the value θpα˚, β˚q is called the
value of problem pα˚, β˚q.

Theorem 14.1 Upper Bound Dual Cost: Let w P Ω be a
feasible solution of the primal problem [def. 14.5] and pα, βq a
feasible solution of the respective dual problem [def. 14.7].
Then it holds that:

fpwq ě θpα, βq (14.8)

Proof 14.1:
θpα, βq “ inf

uPΩ
L pu, α, βq ď L pw, α, βq

“ fpwq `
k
ÿ

i“1

αi
loomoon

ě0

gipwq
loomoon

ď0

`

m
ÿ

j“

βj hjpwq
looomooon

“0
ď fpwq

Corollary 14.1 Duality Gap Corollary: The value of the
dual problem is upper bounded by the value of the primal
problem:

sup tθpα, βq : α ě 0u ď inf tfpwq : gpwq ď 0,hpwq “ 0u
(14.9)

Theorem 14.2 Optimality: The triple pw˚, α˚, β˚q is a
saddle point of the Lagrangian function for the primal prob-
lem, if and only if its components are optimal solutions of the
primal and dual problems and if there is no duality gap, that
is, the primal and dual problems having the same value:

fpw˚q “ θpα
˚
, β
˚
q (14.10)

Definition 14.8 Convex Optimization: Given: a convex
function f and a convex set S solve:

min fpxq (14.11)
s.t. x P S

Often S is specified using linear inequalities:
e.g. S “

!

x P Rd : Ax ď b
)

Theorem 14.3 Strong Duality: Given an convex optimiza-
tion problem:

min
wPΩ

fpwq

s.t. gipwq ď 0 1 ď i ď k
hjpwq “ 0 1 ď j ď m

where gi, hi can be written as affine functions: ypwq “
Aw ´ b.
Then it holds that the duality gap is zero and we obtain an
optimal solution.

Theorem 14.4 Kuhn-Tucker Conditions: Given an opti-
mization problem with convex domain Ω Ď Rd,

min
wPΩ

fpwq

s.t. gipwq ď 0 1 ď i ď k
hjpwq “ 0 1 ď j ď m

with f P C1 convex and gi, hi affine.
Necessary and sufficient conditions for a normal point w˚
to be an optimum are the existence of α˚, β˚ s.t.:

BL pw, α, βq
Bw

!
“ 0

BL pw˚, α, βq
Bβ

!
“ 0 (14.12)

under the condtions that:
• @i1, . . . , k α˚

i
gipw˚q “ 0, s.t.:

• Inactive Constraint: gipw˚q ă 0 Ñ αi “ 0.
• Active Constraint:

gipw
˚
q ­ă 0 Ñ αi ě 0 s.t. α

˚
i
gipw

˚
q “ 0

Consequence

We may become very sparce problems, if a lot of constraints
are not actice ðñ αi “ 0.
Only a few points, for which αi ą 0 may affact the decision
surface.
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Combinatorics
Permutations

Definition 15.1 Permutation: A n-Permutation is the
(re)arrangement of n elements of a set[def. 1.1] S of size n “ |S|
into a sequences[def. 2.2] – order does matter.

Definition 15.2 Number of Permutations of a Set n!:
Let S be a set[def. 1.1] n “ |S| distinct objects. The number of
permutations of S is given by:

PnpSq “ n! “
n´1
ź

i“0

pn ´ iq “ n ¨ pn ´ 1q ¨ pn ´ 2q ¨ . . . ¨ 1

(15.1)

Explanation 15.1. If we have i.e. three distinct elements { ,
, } For the first element that we arrange we have three pos-
sible choices where to put it. However this reduces the number
of possible choices for the second element to only two. Conse-
quently for the last element we have no choice left.

3 possibilities left

2 possibilities left

1 possibilities left

Definition 15.3
Number of Permutations of a Multiset:
Let S be a multi set[def. 1.3] with n “ |S| total and k dis-
tinct objects. Let nj be the multiplicity[def. 1.4] of the mem-
ber j P t1, . . . , ku of the multiset S. The permutation of S is
given by:

Pn1,...,nk pSq “
n!

n1! ¨ . . . ¨ nk
s.t.

k
ÿ

j“1

nj ď n k ă n

(15.2)

Note
We need to divide by the permutations as sequence/order does
not change if we exchange objects of the same kind (e.g. red
ball by red ball) ñ less possibilities to arrange the elements
uniquely.

Picking things from a bag
1. Combinations

Definition 15.4 k-Combination:
A k-combination of a set S of distinct elements of size n “ S
is a subset Sk (order does not matter) of k “ |S

k
|, chosen

from S.
Note
Thus unlike in a permutation we just care about what we pick
and not how it ends up beeing arranged.

Definition 15.5 Number of k-Combinations Cn,k:
The number of k-combinations of a set S of size n “ S is
given by n choose k:

Cn,k “

ˆ

n

k

˙

“
n!

k!pn ´ kq!
(15.3)

2. Variation

Definition 15.6 Variation:
A k-variation of a set S of size n “ S is
1. a selection/combination[def. 15.4] of a subset Sk (order does

not matter) of k-distinct elements k “ |S
k

|, chosen from S
2. and an k arrangement/permutation[def. 15.2] of that subset

S
k

(with or without repetition) into a sequence[def. 2.2]

Definition 15.7
Number of Variations without repetitions V n

k
:

Let S be a set[def. 1.1] n “ |S| distinct objects from which we
choose k elements. The number of variations of size k “ |Sk|
of the set S without repetitions is given by:

V
n
k pSq “

ˆ

n

k

˙

k! “
n!

pn ´ kq!
(15.4)

Note
Sometimes also denotes as Pn

k
.

Definition 15.8
Number of Variations with repetitions sV n

k
:

Let S be a set[def. 1.1] n “ |S| distinct objects from which we
choose k elements. The number of variations of size k “ |Sk|
of the set S from which we choose and always return is given
by:

sV
n
k pSq “ n

k (15.5)
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Stochastics
Definition 15.9 Stochastics: Is a collective term for the
areas of probability theory and statistics.

Definition 15.10 Statistics: Is concerned with the anal-
ysis of data/experiments in order to draw conclusion of the
underlying governing models that describe these experiments.

Definition 15.11 Probability: Is concerned with the quan-
tification of the uncertainty of random experiments by use of
statistical models. Hence it is the opposite of statistics.

Definition 15.12 Probability: Probability is the measure
of the likelihood that an event will occur in a Random Ex-
periment. Probability is quantified as a number between 0
and 1, where, loosely speaking, 0 indicates impossibility and
1 indicates certainty.
Improve those definitions: maybe ask on quorahho

Note: Stochastics vs. Stochastic
Stochasticss is a noun and is a collective term for the areas
of probability theory and statistics, while stochastic is a ad-
jective, describing that a certain phenomena is governed by
uncertainty i.e. a process.

Probability Theory
Definition 16.1 Probability Space W “ tΩ,F, Pu:
Is the unique triple tΩ,F, Pu, where Ω is its sample space, F
its σ-algebra of events, and P its probability measure.

Definition 16.2 [example 16.1]
Sample Space Ω:
Is the set of all possible outcomes (elementary events [cor. 16.5])
of an experiment.

Definition 16.3 [example 16.2]
Event A:
An “event” is a subset of the sample space Ω and is a prop-
erty which can be observed to hold or not to hold after the
experiment is done.
Mathematically speaking not every subset of Ω is an event
and has an associated probability.
Only those subsets of Ω that are part of the corresponding
σ-algebra F are events and have their assigned probability.

Corollary 16.1 : If the outcome ω of an experiment is in the
subset A, then the event A is said to “have occured”.

Corollary 16.2 Complement Set AC:
is the contrary event of A.

Corollary 16.3 The Union Set A Y B:
Let A,B be two events. The event “A or B” is interpreted as
the union of both.

Corollary 16.4 The Intersection Set A X B:
Let A,B be two events. The event “A and B” is interpreted
as the intersection of both.

Corollary 16.5 The Elementary Event ω:
Is a “singleton”, i.e. a subset tωu containing a single outcome
ω of Ω.

Corollary 16.6 The Sure Event Ω:
Is equal to the sample space as it contains all possible ele-
mentary events.

Corollary 16.7 The Impossible Event H:
The impossible event i.e. nothing is happening is denoted by
the empty set.

Definition 16.4 The Family of All Events A/2Ω:
The set of all subset of the sample space Ω called family of all
events is given by the power set of the sample space A “ 2Ω

(for finite sample spaces).

Definition 16.5 Probability PpAq:
Is a number associated with every A, that measures the like-
lihood of the event to be realized “a priori”. The bigger the
number the more likely the event will happen.
1. 0 ď PpAq ď 1
2. PpΩq “ 1
3. If A X B “ H then PpA Y Bq “ PpAq ` PpBq

Note
We can think of the probability of an event A as the limit of
the "frequency" of repeated experiments:

PpAq “ lim
nÑ8

δnpAq

n
where δpAq “

#

1 if ω P A
0 if ω R A

1. Sigma Algebras

Definition 16.6 [Proof 16.3]
Sigma Algebra σ:
A set F of subsets of Ω is called a σ-algebra on Ω if the fol-
lowing properties apply
• Ω P F and H P F
• If A P F then ΩzA “ AC P F:

The complementary subset of A is also in Ω.
• For all Ai P F :

Ť

i“1 Ai P F

Explanation 16.1 ([def. 16.6]). The σ-algebra determines what
events we can measure, it represents all of the possible events of
the experiment that we can detect.
Thus the sigma algebra is a mathematical construct that tells us
how much information we obtain once we conduct some experi-
ment.

Corollary 16.8 Fmin: F “ tH,Ωu is the simplest σ-algebra,
telling us only if an event happened ω P Ω happened or not
but not which one.

Corollary 16.9 Fmax: F “ 2Ω consists of all subsets of Ω
and thus corresponds to full information i.e. we know if and
which event happened.

Definition 16.7 Measurable Space
 

Ω,F
(

:
Is the pair of a set and sigma algebra i.e. a sample space and
sigma algebra tΩ,Fu.

Corollary 16.10 F-measurable Event Ai P F:
The measurable events Ai of F are called F-measurable or
measurable sets.

Definition 16.8 [Example 16.4]
Sigma Algebra generated by a subset of Ω σpCq:
Let C be a class of subsets of Ω. The σ-algebra generated
by C, denoted by σpCq, is the smallest sigma algebra F that
included all elements of C.

Definition 16.9 [Example 16.5]
Borel σ-algebra BpRq:
The Borel σ-algebra BpRq is the smallest σ-algebra contain-
ing all open intervals in R. The sets in contained in BpRq are
called Borel sets.
The extension to the multi-dimensional case, BpRnq, is
straightforward.
For all real numbers a, b P R, BpRq contains various sets.

Why do we need Borel Sets

So far we only looked at atomic events ω, with the help of
sigma algebras we are now able to measure continuous events
s.a. r0, 1s.

Definition 16.10 Borel Set:
add

Corollary 16.11 Generating Borel σ-Algebra[Proof 16.1]:
The Borel σ-algebra of R is generated by intervals of the form
p´8, as, where a P Q (Q “rationals).

Definition 16.11 (P)-trivial Sigma Algebra:
is a σ-algebra F for which each event has a probability of zero
or one:

PpAq P t0, 1u @A P F (16.1)

Interpretation

A trivial sigma algebra means that all events are almost surely
constant and that there exist no non-trivial information.
An example of a trivial sigma algebra is Fmin “ tΩ,Hu.

2. Measures

Definition 16.12 Measure µ:
A measure defined on a measurable space tΩ,Fu is a func-
tion/map:

µ : F ÞÑ r0,8s (16.2)
for which holds:
• µpHq “ 0
• countable additivity [def. 16.13]

Definition 16.13 Countable/σ-Additive Function:
Given a function µ defined on a σ-algebra F.
The function µ is said to be countable additive if for every
countable sequence of pairwise disjoint elements pFiqiě1 of
F it holds that:

µ

¨

˝

8
ď

i“1

Fi

˛

‚“

8
ÿ

i“1

µpFiq for all Fj X Fk “ H @j ‰ k

(16.3)

Corollary 16.12 Additive Function: A function that sat-
isfies countable additivity, is also additive, meaning that for
every F,G P F it holds:

F XG “ H ùñ µpF YGq “ µpF q ` µpGq (16.4)

Explanation 16.2. If we take two events that cannot occur si-
multaneously, then the probability that at least one of the events
occurs is just the sum of the measures (probabilities) of the orig-
inal events.

Definition 16.14 [Example 16.6]
Equivalent Measures µ „ ν:
Let µ and ν be two measures defined on a measurable
space[def. 16.7] pΩ,Fq. The two measures are said to be equiv-
alent if it holds that:

µpAq ą 0 ðñ νpAq ą 0 @A Ď F (16.5)
this is equivalent to µ and ν having equivalent null sets:

Nµ “ Nν
Nµ “ tA P A|µpAq “ 0u
Nν “ tA P A|νpAq “ 0u (16.6)

Definition 16.15 Measure Space tF,Ω, µu:
The triplet of sample space, sigma algebra and a measure is
called a measure space.
2.1. Borel Measures

Definition 16.16 Borel Measure: A Borel Measure is
any measure[def. 16.12] µ defined on the Borel σ-algebra[def. 16.9]
BpRq.

2.1.1. The Lebesgue Measure

Definition 16.17 Lebesgue Measure on B λ:
Is the Borel measure[def. 16.16] defined on the measurable space
tR,BpRqu which assigns for every half-open interval pa, bs in-
terval its length:

λppa, bsq :“ b ´ a (16.7)

Corollary 16.13 Lebesgue Measure of Atomitcs:

• The Lebesgue measure of a set containing only one point
must be zero:

λptauq “ 0 (16.8)
• The Lebesgue measure of a set containing countably many

points A “ ta1, a2 . . . , anu must be zero:

λpAq `

n
ÿ

i“1

λptaiuq “ 0 (16.9)

• The Lebesgue measure of a set containing uncountably
many points A “ ta1, a2 . . . , u can be either zero, posi-
tive and finite or infinite.

3. Probability/Kolomogorov’s Axioms 1931

One problem we are still having is the range of µ, by stan-
dardizing the measure we obtain a well defined measure of
events.

Axiom 16.1 Non-negativity: The probability of an event
is a non-negative real number:

If A P F then PpAq ě 0 (16.10)

Axiom 16.2 Unitairity: The probability that at least one of
the elementary events in the entire sample space Ω will occur
is equal to one:

The certain event PpΩq “ 1 (16.11)

Axiom 16.3 σ-additivity: If A1, A2, A3, . . . P F are mutu-
ally disjoint, then:

P

¨

˝

8
ď

i“1

Ai

˛

‚“

8
ÿ

i“1

µpAiq (16.12)

Corollary 16.14 : As a consequence of this it follows:
PpHq “ 0 (16.13)

Corollary 16.15 Complementary Probability:
PpAC

q “ 1 ´ PpAq with A
C
“ Ω ´ A (16.14)

Definition 16.18 Probability Measure P:
a probability measure is function P : F ÞÑ r0, 1s defined on a
σ-algebra F of a sample space Ω that satisfies the probability
axioms.
4. Conditional Probability

Definition 16.19 Conditional Probability: Let A,B be
events, with PpBq ‰ 0. Then the conditional probability of
the event A given B is defined as:

PpA|Bq “
PpA X Bq

P pBq
P pBq ‰ 0 (16.15)

5. Independent Events
Theorem 16.1
Independent Events: Let A,B be two events. A and B are
said to be independent iffy:

PpA X Bq “ PpAqPpBq
PpA|Bq “ PpAq, PpBq ą 0
PpB|Aq “ PpBq, PpAq ą 0

(16.16)

Note

The requirement of no impossible events follows from [def. 16.19]

Corollary 16.16 Pairwise Independent Evenest:
A finite set of events tAiuni“1 P A is pairwise independent if
every pair of events is independent:

PpAi X Ajq “ PpAiq X PpAjq i ‰ j, @i, j P A (16.17)

Corollary 16.17 Mutal Independent Evenest:
A finite set of events tAiuni“1 P A is mutal independent if ev-
ery event Aj is independent of any intersection of the other
events:

P

¨

˝

k
č

i“i

Bi

˛

‚“

k
ź

i“1

P pBiq
@ tBiu

k
i“1 Ď tAiu

n
i“1

k ď n, tAiu
n
i“1 P A

(16.18)
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6. Product Rule

Law 16.1 Product Rule: Let A, B be two events then the
probability of both events occurring simultaneously is given
by:

PpA X Bq “ PpB|AqPpAq “ PpA|BqPpBq (16.19)

Law 16.2
Generalized Product Rule/Chain Rule: is the general-
ization of the product rule?? to n events tAiuni“1

P

¨

˝

k
č

i“i

Ei

˛

‚“

n
ź

k“1

P

¨

˝Ek

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

k´1
č

i“i

Ei

˛

‚“ (16.20)

“ PpEn|En´1 X . . . X E1q ¨ PpEn´1|En´2 X . . . X E1q ¨ ¨ ¨
¨ ¨ ¨PpE3|E2 X E1qPpE2|E1qPpE1q

7. Law of Total Probability

Definition 16.20 Complete Event Field: A complete
event field tAi : i P I Ď Nu is a countable or finite partition of
Ω that is the partitions tAi : i P I Ď Nu are a disjoint union
of the sample space:

ď

iPI

Ai “ Ω Ai X Aj “ H i ‰ j, @i, j P I (16.21)

Theorem 16.2
Law of Total Probability/Partition Equation:
Let tAi : i P Iu be a complete event field[def. 16.20] then it holds
for B P B:

PpBq “
ÿ

iPI

PpB|AiqPpAiq (16.22)

8. Bayes Theorem

Law 16.3 Bayes Rule: Let A,B be two events s.t. PpBq ą 0
then it holds:

PpA|Bq “
PpB|AqPpAq

PpBq
PpBq ą 0 (16.23)

follows directly fromeq. (16.19).

Theorem 16.3 Bayes Theorem: Let tAi : i P Iu be a com-
plete event field[def. 16.20] and B P B a random event s.t.
PpBq ą 0, then it holds:

PpAj |Bq “
PpB|AjqPpAjq

ř

iPI PpB|AiqPpAiq
(16.24)

proof ?? 16.2

Distributions on R
9.1. Distribution Function

Definition 16.21 Distribution Function of P F :
The distribution function F induced by a a probability mea-
sure P on pR,Bq is the function:

F pxq “ P pp8, xsq (16.25)

Theorem 16.4 : A function F is the distribution function of
a (unique) probability on pR,Bq iff:
• F is non-decreasing
• F is right continuous
• limxÑ´8 F pxq “ 0 and limxÑ`8 F pxq “ 1

Corollary 16.18 : A probability P is uniquely determined
by a distribution function F
That is if there exist another probability Q s.t.

Gpxq “ Q pp´8, xsq
and if F “ G then it follows P “ Q.

9.2. Random Variables

A random variable X is a function/map that determines a
quantity of interest based on the outcome ω P Ω of a random
experiment. Thus X is not really a variable in the classical
sense but a variable with respect to the outcome of an exper-
iment. Its value is determined in two steps:
1 The outcome of an experiment is a random quantity ω P Ω
2 The outcome ω determines (possibly various) quantities

of interests ðñ random variables
Thus a random variable X, defined on a probability space
tΩ,F, Pu is a mapping from Ω into another space E, usually
E “ R or E “ Rn:

X : Ω ÞÑ E ω ÞÑ Xpωq

Let now E P E be a quantity of interest, in order to quantify
its probability we need to map it back to the original sample
space Ω:

PX pEq
looomooon

Probability for an event in E

“ Pptω : Xpωq P Euq “ PpX P Eq “

Probability for an event in Ω
hkkkkkkkkikkkkkkkkj

P
´

X
´1
pEq

¯

Definition 16.22 E-measurable function: Let pE, Eq and
pF,Fq be two measurable spaces. A function f : E ÞÑ F is
called measurable (relative to E and F) if

@B P F : f
´1
pBq “ tω P E : fpωq P Bu P E (16.26)

E F

B
f´1pBq

f

Interpretation

The pre-image[def. 5.11] of B under f i.e. f´1pBq maps all val-
ues of the target space F back to the sample space E (for all
possible B P F).

Definition 16.23 Random Variable: A real-valued ran-
dom variable (vector) X, defined on a probability space
tΩ, E, Pu is an E-measurable function mapping, if it maps its
sample space Ω into a target space pF,Fq:

X : Ω ÞÑ F pFnq (16.27)

Since X is E-measurable it holds that X´1 : F ÞÑ E
Ω, P

R, PX
B

X´1pBq

Xpωq
ω

Corollary 16.19 : Usually F “ R, which usually amounts to
using the Borel σ-algebra B of R.

Corollary 16.20 Random Variables of Borel Sets: Given
that we work with Borel σ-algebras then the definition of a
random variable is equivalent to (due to [cor. 16.11]):

X
´1
pBq “ X

´1
pp´8, asq

“ tω P Ω : Xpωq ď au P E @a P R (16.28)

Definition 16.24
Realization of a Random Variable x “ Xpωq: Is the
value of a random variable that is actually observed after an
experiment has been conducted. In order to avoid confusion
lower case letters are used to indicate actual observations/re-
alization of a random variable.

Corollary 16.21 Indicator Functions IApωq:
An important class of measurable functions that can be used
as r.v. are indicator functions:

IApωq “

#

1 if ω P A
0 if ω R A

(16.29)

We know that a probability measure P on R is characterized
by the quantities Ppp´8, asq. Thus the quantities.

Corollary 16.22 : Let pF,Fq “ pR,Bq and let pE, Eq be an
arbitrary measurable space. Let X be a real value function
on E.
Then it holds that X is measurable if and only if
tX ď au “ tω : Xpωq ď au “ X

´1
pp´8, asq P E, @a P R

or tXăau P E.

Explanation 16.3 ([cor. 16.22]). A random variable is a func-
tion that is measurable if and only if its distribution function is
defined.
9.3. The Law of Random Variables

Definition 16.25 Law/Distribution of X L pXq:
Let X be a r.v. on tΩ,F, Pu, with values in pE, Eq, then the
distribution/law of X is defined as:

P : B ÞÑ r0, 1s (16.30)
PX pBq “ P tX P Bu “ Ppω : Xpωq P Bq @b P E

Note

• Sometimes PX is also called the image of P by X
• The law can also be written as:

PX pBq “ PpX´1
pBqq “ pP ˝X´1

qpBq

Theorem 16.5 : The law/distribution of X is a probability
measure P on pE, Eq.

Definition 16.26
(Cumulative) Distribution Function FX :
Given a real-valued r.v. then its cumulative distribution func-
tion is defined as:

FX pxq “ PX pp´8, xsq “ PpX ď xq (16.31)

Corollary 16.23 : The distribution of PX of a real valued
r.v. is entirely characterized by its cumulative distribution
function FX [def. 16.33].

Property 16.1:
PpX ą xq “ 1 ´ FX pxq (16.32)

Property 16.2: Probability of X P ra, bs
Ppa ă X ď Bq “ FX pbq ´ FX paq (16.33)

9.4. Probability Density Function

Definition 16.27 Continuous Random Variable: Is a r.v.
for which a probability density function fX exists.

Definition 16.28 Probability Density Function: Let X
be a r.v. with associated cdf FX . If FX is continuously in-
tegrable for all x P R then X has a probability density fX
defined by:

FX pxq “

ż x

´8
fX pyq dy (16.34)

or alternatively:

fX pxq “ lim
εÑ0

Ppx ď X ď x ` εq

ε
(16.35)

Corollary 16.24 PpX “ bq “ 0, @b P R:

PpX “ bq “ lim
aÑb

Ppa ă X ď bq “ lim
aÑb

ż b

a
fpxq “ 0 (16.36)

Corollary 16.25 : From [cor. 16.24] it follows that the exact
borders are not necessary:

Ppa ă X ă bq “ Ppa ď X ă bq
“ Ppa ă X ď bq “ Ppa ď X ăď bq

Corollary 16.26 :
ż

8

´8
fpxq dx “ 1 (16.37)

Notes
• Often the cumulative distribution function is referred to as

“cdf” or simply distribution function.
• Often the probability density function is referred to as “pdf”

or simply density.
9.5. Lebesgue Integration
Problems of Riemann Integration

• Difficult to extend to higher dimensions – general domains
of definitions f : Ω ÞÑ R

• Depends on continuity
• Integration of limit processes require strong uniform con-

vergence in order to integrate limit processes
lim
nÑ8

ż

fpxq dx str. u.c.
“

ż

lim
nÑ8

fpxq dx

Uppq “
ř

i suppfpxiqq ¨∆xi
nÑ8
ÝÝÝÝÑ

ş

f dx

fpxq

a b
x

∆xi
Idea
Partition domain by function values of equal size i.e. values
that lie within the same sets/have the same value Aj build
up the partitions w.r.t. to the variable x.
Problem: we do not know how big those sets/partitions on
the x-axis will be.
Solution: we can use the measure µ of our measure space
tΩ,A, µu in order to obtain the size of our sets Aj ñ we
do not have to care anymore about discontinuities, as we can
measure the size of our sets using our measure.

Aj

ř

i ci ¨ µpAiq
nÑ8
ÝÝÝÝÑ

ş

f dµ

fpxq

x

cj

Definition 16.29 Lebesgue Integral:

lim
nÑ8

n
ÿ

i“1

ciµpAiq “

ż

Ω
f dµ

fpxq « ci

@x P Ai
(16.38)

Definition 16.30
Simple Functions (Random Variables): A r.v.X is called
simple if it takes on only a finite number of values and hence
can be written in the form:

X “

n
ÿ

i“1

ai1Ai ai P R A Q Ai “

#

1 if tX “ aiu

0 else

(16.39)

9.6. Independent Random Variables

We have seen that two events A and B are independent if
knowledge that B has occurred does not change the probabil-
ity that A will occur theorem 16.1.
For two random variables X, Y we want to know if knowledge
of Y leaves the probability of X, to take on certain values
unchanged.

Definition 16.31 Independent Random Variables:
Two real valued random variables X and Y are said to be
independent iff:

PpX ď x|Y ď yq “ PpX ď xq @x, y P R (16.40)
which amounts to:
FX,Y px, yq “ P ptX ď xu X tY ď yuq “ P pX ď x, Y ď yq

“ FX pxqFY pyq @x, y P R (16.41)
or alternatively iff:
PpX P A, Y P Bq “ PpX P AqPpY P Bq @A,B P B (16.42)
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Note
If the joint distribution FX,Y px, yq can be factorized into two
functions of x and y then X and Y are independent.

Definition 16.32
Independent Identically Distributed:

10. Product Rule

Law 16.4 Product Rule: Let X, Y be two random variables
then their jo

Law 16.5
Generalized Product Rule/Chain Rule:

11. Change Of Variables Formula

Formula 16.1
(Scalar Discret) Change of Variables: Let X be a discret
rv X P X with pmf pX and define Y P Y as Y “ gpxq s.t.
Y “ ty|y “ gpxq, @x P Xu. Where g is an arbitrary strictly
monotonic ([def. 5.14]) function.
Let: Xy “ xi be the set of all xi P X s.t. y “ gpxiq.
Then the pmf of Y is given by:

pY pyq “
ÿ

xiPXy

pX pxiq “
ÿ

xPY:gpxq“y

pX pxq (16.43)

see proof ?? 16.3

Formula 16.2
(Scalar Continuous) Change of Variables:
Let X „ fX be a continuous r.v. and let g be an arbitrary
strictly monotonic[def. 5.14] function.
Define a new r.v. Y as

Y “ ty|y “ gpxq, @x P Xu (16.44)
then the pdf of Y is given by:

fY pyq “ fX pxq

∣∣∣dx
dy

∣∣∣ “ fX pxq

∣∣∣ d
dy

´

g
´1
pyq

¯

∣∣∣ (16.45)

“ fX pxq
1∣∣ dy

dx

∣∣ “ fX pg
´1pyqq∣∣ dg

dx pg
´1pyqq

∣∣ (16.46)

Formula 16.3
(Continuous) Change of Variables:
Let X “ tX1, . . . , Xnu „ fX be a continuous random vector
and let g be an arbitrary strictly monotonic[def. 5.14] function

g : Rn ÞÑ Rm

Define a new r.v. Y as
Y “ ty|y “ gpxq, @x P Xu (16.47)

and let hpxq :“ gpxq´1 then the pdf of Y is given by:
fY pyq “ fX px1, . . . , xnq ¨ |J|

“ fX ph1pyq, . . . , hnpyqq ¨ |J|
“ fX pyq|detDxhpxq|

ˇ

ˇ

ˇ

x“y

“ fX pg
´1
pyqq

∣∣∣detˆ Bg
Bx

˙

∣∣∣´1
(16.48)

where J “ detDh is the Jaccobian[def. 6.6].
See also proof ?? 16.6 and example 16.8

Note
A monotonic function is required in order to satisfy inevitabil-
ity.

Probability Distributions on Rn

13. Joint Distribution

Definition 16.33
Joint (Cumulative) Distribution Function FX:
Let X “

`

X1 Xn
˘

be a random vector in Rn, then its
cumulative distribution function is defined as:

FXpxq “ PX pp´8,xsq “ PpX ď xq
“ PpX1 ď x1, . . . Xn ď xnq (16.49)

Definition 16.34 Joint Probability Distribution:
Let X “

`

X1 Xn
˘

be a random vector in Rn with asso-
ciated cdf FX. If FX is continuously integrable for all x P R
then X has a probability density fX defined by:

FX pxq “

ż xn

´8
¨ ¨ ¨

ż x1

´8
fXpy1, . . . , ynq dy1 dyn (16.50)

or alternatively:

fXpxq “ lim
εÑ0

Ppx1 ď X1 ď x1 ` ε, . . . , xn ď Xn ď xn ` εq

ε

(16.51)

13.1. Marginal Distribution

Definition 16.35 Marginal Distribution:

14. The Expectation

Definition 16.36 Expectation:

E rXs “
ż

Ω
XpωqPpdωq “

ż

Ω
X dP (16.52)

Corollary 16.27 Expectation of simple r.v.:
If X is a simple[def. 16.30] r.v. its expectation is given by:

E rXs “
n
ÿ

i“1

aiPpAiq (16.53)

14.1. Properties
14.1.1. Linear Operators
add

14.1.2. Quadratic Form

Definition 16.37 proof 16.7
Expectation of a Quadratic Form:
Let ε P Rn be a random vector with E rεs “ µ and V rεs “ Σ:

E
“

ε
ᵀAε

‰

“ tr pAΣq ` µᵀAµ (16.54)

14.2. The Jensen Inequality

Theorem 16.6 Jensen Inequality: Let X be a random vari-
able and g some function, then it holds:

g pE rXsq ď E rgpXqs
g pE rXsq ě E rgpXqs

if
g is convex[def. 5.24]

g is concave[def. 5.25]
(16.55)

14.3. Law of the Unconscious Statistician

Law 16.6 Law of the Unconscious Statistician:
Let X P X ,Y P Y be random variables where Y is defined as:

Y “ ty|y “ gpxq, @x P Xu
then the expectation of Y can be calculated in terms of X:

EY rys “ EX rgpxqs (16.56)

Consequence

Hence if we pX we do not have to first calculate pY in order
to calculate EY rys.
14.4. Properties
14.5. Law of Iterated Expectation (LIE)

Law 16.7 [proof 16.8]
Law of Iterated Expectation (LIE):

E rXs “ EY E rX|Y s (16.57)

14.6. Hoeffdings Bound

Definition 16.38 Hoeffdings Bound:
Let X “ tXiu

n
i“1 be i.i.d. random variables strictly bounded

by the interval ra, bs then it holds:

P p|µX ´ E rXs| ě εq ď 2 exp
˜

´2n2ε2
řn
i“1pbi ´ aiq

2

¸

r0,1s
“ 2e´2nε2

(16.58)

Explanation 16.4. The difference of the expectation from the
empirical average to be bigger than ε is upper bound in proba-
bility.

15. Moment Generating Function (MGF)

Definition 16.39 Moment of Random Variable: The i-th
moment of a random variable X is defined as (if it exists):

mi :“ E
”

X
i
ı

(16.59)

Definition 16.40 ψX
Moment Generating Function (MGF):

ψX ptq “ E
”

e tX
ı

t P R (16.60)

Corollary 16.28 Sum of MGF: The moment generating
function of a sum of n independent variables

`

Xj
˘

1ďjďn is
the product of the moment generating functions of the com-
ponents:
ψSn ptq “ ψX1 ptq ¨ ¨ ¨ψXn ptq Sn :“ X1 ` . . . Xn (16.61)

Corollary 16.29 : The i-th moment of a random variable is
the i-th derivative of its associated moment generating func-
tion evaluated zero:

E
”

X
i
ı

“ ψ
piq

X
p0q (16.62)

16. The Characteristic Function

Transforming probability distributions using the Fourier
transform is a handy tool in probability in order to obtain
properties or solve problems in another space before trans-
forming them back.

Definition 16.41 pµ
Fourier Transformed Probability Measure:

pµ “

ż

e ixu,xyµpdxq (16.63)

Corollary 16.30 : As eixu,xy can be rewritten using formu-
laeqs. (1.9) and (1.10) it follows:

pµ “

ż

cos pxu, xyqµpdxq ` i
ż

sin pxu, xyqµpdxq (16.64)

where x ÞÑ cos pxx, uyq and x ÞÑ sin pxx, uyq are both bounded
and Borel i.e. Lebesgue integrable.

Definition 16.42 Characteristic Function ϕX : Let X
be an Rn-valued random variable. Its characteristic function
ϕX is defined on Rn as:

ϕXpuq “
ż

e ixu,xyPX pdxq “ yPX puq (16.65)

“ E
”

e ixu,xy
ı

(16.66)

Corollary 16.31 : The characteristic function ϕX of a dis-
tribution always exists as it is equal to the Fourier transform
of the probability measure, which always exists.

Note
This is an advantage over the moment generating function.

Theorem 16.7 : Let µ be a probability measure on Rn. Then
pµ is a bounded continuous function with pµp0q “ 1.
add proof

Theorem 16.8 Uniqueness Theorem: The Fourier Trans-
form pµ of a probability measure µ on Rn characterizes µ. That
is, if two probability measures on Rn admit the same Fourier
transform, they are equal.

add proof

Corollary 16.32 : Let X “ pX1, . . . , Xnq be an Rn-valued
random variable. Then the real valued r.v.’s

`

Xj
˘

1ďjďn are
independent if and only if:

ϕX pu1, . . . , unq “
n
ź

j“1

ϕXj pujq (16.67)

Proofs

Proof 16.1: [cor. 16.11]: Let C denote all open intervals.
Since every open set in R is the countable union of open
intervals[def. 1.12], it holds that σpCq is the Borel σ-algebra of
R.
Let D denote all intervals of the form p´8, as, a P Q.
Let a, b P C, and let
• panqną1 be a sequence of rationals decreasing to a and
• pbnqną1 be a sequence of rationals increasing strictly to b
pa, bq “ Y

8
n“1pan, bns “ Y

8
n“1

´

´8, bns X p´8, ans
C
¯

Thus C Ă σpDq, whence σpCq Ă σpDq but as each element of
D is a closed subset, σpDq must also be contained in the Borel
sets B with

B “ σpCq Ă σppDq Ă B

Proof 16.2: theorem 16.3 Plug eq. (16.22) into the denomi-
nator and eq. (6.2) into the nominator and then use [def. 16.19]:

PpB|AjqPpAjq
ř

iPI PpB|AiqPpAiq
“

PpB X Ajq
PpBq

“ PpAj |Bq

Proof 16.3: ??:
Y “ gpXq ðñ PpY “ yq “ Ppx P Xyq “ pY pyq

Proof 16.4: ?? (non-formal): The probability contained in a
differential area must be invariant under a change of variables
that is:

|fY pyq dy| “ |fxpxq dx|

0

fY

fX

y “
?
x

B1

B
y `∆y “ gpx `∆xq
y “ gpxq

x `∆xx
fX pxq

fY pyq

Proof 16.5: ?? from CDF:

PpY ď yq “ PpgpXq ď yq “

#

PpX ď g´1pyqq if g is increas.
PpX ě g´1pyqq if g is decreas.

If g is monotonically increasing:
FY pyq “ FX pg

´1
pyqq

fY pyq “
d
dy
FX pg

´1
pyqq “ fX pxq ¨

d
dy
g
´1
pyq

If g is monotonically decreasing:
FY pyq “ 1 ´ FX pg

´1
pyqq

fY pyq “
d
dy
FX pg

´1
pyqq “ ´fX pxq ¨

d
dy
g
´1
pyq
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Proof 16.6: ??: Let B “ rx, x`∆xs and B1 “ ry, y`∆ys “
rgpxq, gpx`∆xqs we know that the probability of equal events
is equal:

y “ gpxq ñ Ppyq “ Ppgpxqq (for disc. rv.)
Now lets consider the probability for the continuous r.v.s:

PpX P Bq “

ż x`∆x

x
fX ptq dt ∆xÑ0

ÝÝÝÝÝÑ |∆x ¨ fxpxq|

For y we use Taylor (??)

gpx `∆xq
eq. (5.56)

“ gpxq `
dg
dx

∆y for ∆xÑ 0

“ y `∆y with ∆y :“
dg
dx
¨∆x

(16.68)
Thus for PpY P B1q it follows:

PpX P B
1
q “

ż y`∆y

y
fY ptq dt

∆yÑ0
ÝÝÝÝÝÑ |∆y ¨ fY pyq|

“

∣∣∣ dg
dx
pxq∆x ¨ fY pyq

∣∣∣
Now we simply need to related the surface of the two pdfs:

B “ rx, x `∆xs
same surfaces

9 ry, y `∆ys “ B
1

PpY P Bq “ PpX P B
1
q

∆yÑ0
ðñ |fY pyq ¨∆y| “

∣∣∣fY pyq ¨ dg
dx
pxq∆x

∣∣∣ “ |fX pxq ¨∆x|

fY pyq

∣∣∣¨ dgdx
pxq

∣∣∣|∆x| “ fX pxq ¨ |∆x|

ñfY pyq “
fX pxq∣∣ dg
dx pxq

∣∣ “ fX pg
´1pyqq∣∣ dg

dx g
´1pyq

∣∣
Proof 16.7: [def. 16.37]

E
“

ε
ᵀAε

‰ eq. (10.54)
“ E

“

trpεᵀAεq
‰

eq. (10.56)
“ E

“

trpAεεᵀq
‰

“ tr
`

E
“

Aεεᵀ
‰˘

“ tr
`

AE
“

εε
ᵀ‰˘

“ tr
`

A
`

Σ ` µµᵀ˘˘

“ tr pAΣq ` tr
`

Aµµᵀ˘

eq. (10.54)
“ tr pAΣq `Aµµᵀ

Proof 16.8: law 16.7
E rXs “

ÿ

x

x ¨ pX pxq “
ÿ

x

x ¨
ÿ

y

pX,Y px, yq

“
ÿ

x

x ¨
ÿ

y

pX|Y px|yq ¨ pY pyq

“
ÿ

y

pY pyq ¨
ÿ

x

x ¨ pX|Y px|yq

“
ÿ

y

pY pyq ¨ E rX|Y s “ EY rE rX|Y ss

Examples

Example 16.1 :
• Toss of a coin (with head and tail): Ω “ tH,Tu.
• Two tosses of a coin: Ω “ tHH,HT, TH, TTu
• A cubic die: Ω “ tω1, ω2, ω3, ω4, ω5, ω6u
• The positive integers: Ω “ t1, 2, 3, ...u
• The reals: Ω “ tω|ω P Ru

Example 16.2 :
• Head in coin toss A “ tHu
• Odd number in die roll: A “ tω1, ω3, ω5, u
• The integers smaller five: A “ t1, 2, 3, 4u

Example 16.3 : If the sample space is a die toss Ω “

tω1, ω2, ω3, ω4, ω5, ω6u, the sample space may be that we are
only told whether an even or odd number has been rolled:

F “ tH, tω1, ω3, ω5u, tω2, ω4, ω6uu

Example 16.4 : If we are only interested in the subset A P Ω
of our experiment, then we can look at the corresponding gen-
erating σ-algebra σpAq “

!

H, A,AC,Ω
)

.

Example 16.5 :
• open half-lines: p´8, aq and pa,8q,
• union of open half-lines: pa, bq “ p´8, aq Y pb,8q,
• closed interval: ra, bs “ p´8,Yaq Y pb,8q,
• closed half-lines:
p´8, as “

Ť8
n“1ra ´ n, as and ra,8q “

Ť8
n“1ra, a ` ns,

• half-open and half-closed pa, bs “ p´8, bs Y pa,8q,
• every set containing only one real number:
tau “

Ş8
n“1pa ´

1
n
, a ` 1

n
q,

• every set containing finitely many real numbers:
ta1, . . . , anu “

Ťn
k“1 ak.

Example 16.6 Equivalent (Probability) Measures:

Ω “ t1, 2, 3u
P pt1, 2, 3uq “ t2{3, 1{6, 1{6u
rP pt1, 2, 3uq “ t1{3, 1{3, 1{3u

Example 16.7 :
add example fat book p.1286

add example prob th book 4

Example 16.8 ??: Let X,Y ind.
„ N p0, 1q.

Question: proof that:
U “ X ` Y V “ X ´ 1

are indepdent and normally distributed:

hpu, vq “

$

&

%

h1pu, vq “
u`v

2
h2pu, vq “

u´v
2

J “ det
«

1
2

1
21

2 ´ 1
2

ff

“ ´
1
2

fU,V “ fX,Y px, yq ¨
1
2

indp.
“ fX pxq ¨ fX pyq

“
1
2
¨

1
?

2π
e´

x2
2 ¨

1
?

2π
e´

y2

2

“
1
2
¨

1
?

2π
e
´

#

ˆ

u`v
2

˙2
`

ˆ

u´v
2

˙2M
2
+

“
1

?
2π
?

2
e´

u2
4 ¨

1
?

2π
?

2
e´

v2
4

Thus U, V are independent r.v. distributed as N p0, 2q.

Statistics
Delete/Move the following stuff appropriately

The probability that a discret random variable x is equal to
some value sx P X is:

px psxq “ Ppx “ sxq

addapet

Definition 17.1 Almost Surely P-(a.s.):
Let pΩ,F, Pq be a probability space. An event ω P F happens
almost surely iff

Ppωq “ 1 ðñ ω happens a.s. (17.1)

Definition 17.2 Probability Mass Function (PMF):

Definition 17.3 Discrete Random Variable (DVR): The
set of possible values sx of X is countable of finite.
X “ t0, 1, 2, 3, 4, . . . , 8u X “ N (17.2)

Definition 17.4 Probability Density Function (PDF):
Is real function f : Rn Ñ r0,8q that satisfies:
Non-negativity: fpxq ě 0, @x P Rn (17.3)

Normalization:
ż

8

´8
fpxq dx !

“ 1 (17.4)

Must be integrable (17.5)

Note: why do we need probability density functions

A continuous random variable X can realise an infinite count
of real number values within its support B
(as there are an infinitude of points in a line segment).
Thus we have an infinitude of values whose sum of probabil-
ities must equal one.
Thus these probabilities must each be zero otherwise we would
obtain a probability of 8. As we can not work with zero prob-
abilities we use the next best thing, infinitesimal probabilities
(defined as a limit).
We say they are almost surely equal to zero:

PpX “ xq “ 0 a.s.
To have a sensible measure of the magnitude of these infinites-
imal quantities, we use the concept of probability density,
which yields a probability mass when integrated over an in-
terval.

Definition 17.5 Continuous Random Variable (CRV):
A real random variable (rrv) X is said to be (absolutely) con-
tinuous if there exists a pdf ([def. 17.4]) fX s.t. for any subset
B Ă R it holds:

PpX P Bq “

ż

B
fX pxq dx (17.6)

Property 17.1 Zero Probability: If X is a continuous rrv
([def. 17.5]), then:

PpX “ aq “ 0 @a P R (17.7)

Property 17.2 Open vs. Closed Intervals: For any real
numbers a and b, with a ă b it holds:

Ppa ď X ď bq “ Ppa ď X ă bq “ Ppa ă X ď bq
“ Ppa ă X ă bq (17.8)

ðñ including or not the bounds of an interval does not
modify the probability of a continuous rrv.

Note
Changing the value of a function at finitely many points has
no effect on the value of a definite integral.

Corollary 17.1 : In particular for any real numbers a and b
with a ă b, letting B “ ra, bs we obtain:

Ppa ď X ď bq “

ż b

a
fxpxq dx

Proof 17.1: Property 17.1:
PpX “ aq “ lim

∆xÑ0
PpX P ra, a `∆xsq

“ lim
∆xÑ0

ż a`∆x

a
fX pxq dx “ 0

Proof 17.2: Property 17.2:
Ppa ď X ď bq “ Ppa ď X ă bq “ Ppa ă X ď bq

“ Ppa ă X ă bq “

ż b

a
fX pxq dx

Definition 17.6 Support of a probability density func-
tion: The support of the density of a pdf fX p.q is the set of
values of the random variable X s.t. its pdf is non-zero:

suppppqfX q :“ tx P X |fpxq ą 0u (17.9)
Note: this is not a rigorous definition.

Theorem 17.1 RVs are defined by a PDFs: A probability
density function fX completely determines the distribution of
a continuous real-valued random variable X.

Corollary 17.2 Identically Distributed: From theo-
rem 17.1 it follows that to RV X and Y that have exactly
the same pdf follow the same distribution.
We say X and Y are identically distributed.
0.1. Cumulative Distribution Fucntion

Definition 17.7 Cumulative distribution function
(CDF): Let pΩ,F, Pq be a probability space.
The (cumulative) distribution function of a real-valued ran-
dom variable X is the function given by:

FX pxq “ PpX ď xq @x P R

Property 17.3:
Monotonically
Increasing x ď y ðñ FX pxq ď FX pyq @x, y P R

(17.10)
Upper Limit lim

xÑ8
FX pxq “ 1 (17.11)

Lower Limit lim
xÑ´8

FX pxq “ 0 (17.12)

Definition 17.8 CDF of a discret rv X: Let X be discret
rv with pdf pX , then the CDF of X is given by:

FX pxq “ PpX ď xq “

x
ÿ

t“´8

pX ptq

Definition 17.9 CDF of a continuous rv X: Let X be
continuous rv with pdf fX , then the CDF of X is given by:

FX pxq “

ż x

´8
fX ptq dt ðñ

BFX pxq

Bx
“ fX pxq

Lemma 17.1 Probability Interval: Let X be a continuous
rrv with pdf fX and cumulative distribution function FX ,
then it holds that:

Ppa ď X ď bq “ FX pbq ´ FX paq (17.13)

Proof 17.3: [def. 17.9]:
FX pxq “ PpX ď xq “ PpX P p´8, xqq “

ż x

´8
fX ptq dt

Proof 17.4: lemma 17.1:
Ppa ď X ď bq “ PpX ď bq ´ PpX ď aq

or by the fundamental theorem of calculus (theorem 5.2):

Ppa ď X ď bq “

ż b

a
fX ptq dt “

ż b

a

BFX ptq

Bt
dt “ rFX ptqs|

b
a

Theorem 17.2 A continuous rv is fully characterized by
its CDF: A cumulative distribution function completely de-
termines the distribution of a continuous real-valued random
variable.
1. Key figures
1.1. The Expectation

Definition 17.10 Expectation (disc. case):
µX :“ Exrxs :“

ÿ

sxPX

sxpxpsxq (17.14)

Definition 17.11 Expectation (cont. case):

Exrxs :“
ż

sxPX
sxfxpsxq dsx (17.15)

Law 17.1 Expectation of independent variables:
E rXY s “ E rXs E rY s (17.16)

Property 17.4 Translation and scaling: If X P Rn and
Y P Rn are random vectors, and a, b, a P Rn are constants
then it holds:

E ra ` bX ` cYs “ a ` bErXs ` cErYs (17.17)

Thus E is a linear operator ([def. 5.15]).

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-
erty 17.6 it follows:

E rE rXss “ E rXs (17.18)

Property 17.5 MatrixˆExpectation: If X P Rn is a ran-
domn vector and A P Rmˆn,B P Rnˆm are constant matri-
ces then it holds:

E rAXBs “ AE rpXBqs “ AE rXsB (17.19)
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Proof 17.5: eq. (17.24):

E rXY s “
ÿ

xPX

ÿ

yPY

pX,Y px, yqxy

??
“

ÿ

xPX

pX pxqx
ÿ

yPY

pY pyqy “ E rXs E rY s

Definition 17.12
Autocorrelation/Crosscorelation γpt1, t2q: Describes the
covariance ([def. 17.16]) between the two values of a stochastic
process pXtqtPT at different time points t1 and t2.
γpt1, t2q “ Cov

“

Xt1 ,Xt2
‰

“ E
“`

Xt1 ´ µt1
˘ `

Xt2 ´ µt2
˘‰

(17.20)
For zero time differences t1 “ t2 the autocorrelation functions
equals the variance:

γpt, tq “ Cov rXt,Xts
eq. (17.35)

“ “ V rXts (17.21)

Notes
• Hence the autocorrelation describes the correlation of a

function or signal with itself at a previous time point.
• Given a random time dependent variable xptq the autocor-

relation function γpt, t ´ τq describes how similar the time
translated function xpt ´ τq and the original function xptq
are.

• If there exists some relation between the values of the time
series that is non-random then the autocorrelation is non-
zero.

• The autocorrelation is maximized/most similar for no
translation τ “ 0 at all.

2. Key Figures
2.1. The Expectation
move to prob theory maybe

Definition 17.13 Expectation (disc. case):
µX :“ Exrxs :“

ÿ

sxPX

sxpxpsxq (17.22)

Definition 17.14 Expectation (cont. case):

Exrxs :“
ż

sxPX
sxfxpsxq dsx (17.23)

Law 17.2 Expectation of independent variables:
E rXY s “ E rXs E rY s (17.24)

Property 17.6 Translation and scaling: If X P Rn and
Y P Rn are random vectors, and a, b, a P Rn are constants
then it holds:

E ra ` bX ` cYs “ a ` bErXs ` cErYs (17.25)

Thus E is a linear operator[def. 5.15].

Property 17.7
Affine Transformation of the Expectation:
If X P Rn is a randomn vector, A P Rmˆn a constant matrix
and b P Rn then it holds:

E rAX ` bs “ Aµ ` b (17.26)

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-
erty 17.6 it follows:

E rE rXss “ E rXs (17.27)

Property 17.8 MatrixˆExpectation: If X P Rn is a ran-
domn vector and A P Rmˆn,B P Rnˆm are constant matri-
ces then it holds:

E rAXBs “ AE rpXBqs “ AE rXsB (17.28)

Proof 17.6: eq. (17.24):

E rXY s “
ÿ

xPX

ÿ

yPY

pX,Y px, yqxy

??
“

ÿ

xPX

pX pxqx
ÿ

yPY

pY pyqy “ E rXs E rY s

2.2. The Variance

Definition 17.15 Variance V rXs: The variance of a ran-
dom variable X is the expected value of the squared deviation
from the expectation of X (µ “ ErXs).
It is a measure of how much the actual values of a random
variable X fluctuate around its executed value E rXs and is
defined by:

V rXs :“ E
”

pX ´ E rXsq2
ı see ?? 17.7

“ E
”

X
2
ı

´ E rXs2

(17.29)

2.2.1. Properties

Property 17.9 Variance of a Constant: If a P R is a con-
stant then it follows that its expected value is deterministic
ñ we have no uncertainty ñ no variance:

V ras “ 0 with a P R (17.30)
see shift and scaling for proof ?? 17.8

Property 17.10 Shifting and Scaling:
V ra ` bXs “ a

2
σ

2 with a P R (17.31)
see ?? 17.8

Property 17.11 [proof 17.9]
Affine Transformation of the Variance:
If X P Rn is a randomn vector, A P Rmˆn a constant matrix
and b P Rn then it holds:

V rAX ` bs “ AV rXsAᵀ (17.32)

Definition 17.16 Covariance: The Covariance is a measure
of how much two or more random variables vary linearly with
each other.

Cov rX, Y s “ ErpX ´ E rXsqpY ´ E rY sqs
“ E rXY s ´ E rXs E rY s (17.33)

see ?? 17.10

Definition 17.17 Covariance Matrix: The variance of a
k-dimensional random vector X “

`

X1 . . . Xk
˘

is given by
a p.s.d. eq. (10.109) matrix called Covariance Matrix.
The Covariance is a measure of how much two or more ran-
dom variables vary linearly with each other and the Variance
on the diagonal is again a measure of how much a variable
varies:

V rXs :“ΣpXq :“ Cov rX,Xs :“ (17.34)
“E

“

pX ´ E rXsqpX ´ E rXsqᵀ
‰

“E
“

XXᵀ‰
´ E rXs E rXsᵀ P r´8,8s

“

»

—

—

—

—

–

V rX1s Cov rX1, Xks

Cov rXk, X1s V rXks

fi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

–

ErpX1 ´ µ1qpX1 ´ µ1qs ErpX1 ´ µ1qpXk ´ µkqs

ErpXk ´ µkqpX1 ´ µ1qs ErpXk ´ µkqpXk ´ µkqs

fi

ffi

ffi

ffi

ffi

fl

Note: Covariance and Variance
The variance is a special case of the covariance in which two
variables are identical:

Cov rX,Xs “ V rXs ” σ
2
pXq ” σ

2
X (17.35)

add http://www.visiondummy.com/2014/04/geometric-interpretation-covariance-matrix/

Property 17.12 Translation and Scaling:
Covpa ` bX, c ` dY q “ bdCovpX, Y q (17.36)

Property 17.13
Affine Transformation of the Covariance:
If X P Rn is a randomn vector, A P Rmˆn a constant matrix
and b P Rn then it holds:

Cov rAX ` bs “ AV rXsAᵀ
“ AΣpXqAᵀ (17.37)

Definition 17.18 Correlation Coefficient: Is the stan-
dardized version of the covariance:

Corr rXs : “
Cov rXs

σX1 ¨ ¨ ¨σXk
P r´1, 1s (17.38)

“

#

`1 if Y “ aX ` b with a ą 0, b P R
´1 if Y “ aX ` b with a ă 0, b P R

Figure 3: Several sets of px, yq points, with their correlation
coefficient

Law 17.3 Translation and Scaling:
Corrpa ` bX, c ` dY q “ signpbqsignpdqCovpX, Y q (17.39)

Note
• The correlation/covariance reflects the noisiness and direc-

tion of a linear relationship (top row fig. 3), but not the
slope of that relationship (middle row fig. 3) nor many as-
pects of nonlinear relationships (bottom row)

• The set in the center of fig. 3 has a slope of 0 but in that case
the correlation coefficient is undefined because the variance
of Y is zero.

• Zero covariance/correlation CovpX, Y q “ CorrpX, Y q “ 0
implies that there does not exist a linear relationship be-
tween the random variables X and Y.

Difference Covariance&Correlation
1. Variance is affected by scaling and covariance not ??

and law 17.3.
2. Correlation is dimensionless, whereas the unit of the covari-

ance is obtained by the product of the units of the two RV
variables.

Law 17.4 Covariance of independent RVs: The covari-
ance/correlation of two independent variable’s (??) is zero:

Cov rX, Y s “ E rXY s ´ E rXs E rY s
eq. (17.24)

“ “ E rXs E rY s ´ E rXs E rY s “ 0

Zero covariance/correlationœ independence

CovpX, Y q “ CorrpX, Y q “ 0 œ pX,Y px, yq “ pX pxqpY pyq

For example: let X „ Upr´1, 1sq and let Y “ X2.

1. Clearly X and Y are dependent
2. But the covariance/correlation between X and Y is non-

zero:
CovpX,Y q “ CovpX,X2

q “ E
”

X ¨X
2
ı

´ E rXs E
”

X
2
ı

“ E
”

X
3
ı

´ E rXs E
”

X
2
ı eq. (17.63)

“
eq. (17.52)

0 ´ 0 ¨ E
”

X
2
ı

ñ the relationship between Y and X must be non-linear.

Definition 17.19 Quantile: Are specific values qα in the
range[def. 5.10] of a random variable X that are defined as the
value for which the cumulative probability is less then qα with
probability α P p0, 1q:

qα : PpX ď xq “ FX pqαq “ α
F invert.
ÝÝÝÝÝÝÝÑ qα “ F

´1
X
pαq

(17.40)
add figure

3. Proofs

Proof 17.7: eq. (17.29)
V rXs “ ErpX ´ E rXsq2s “ E

”

X
2
´ 2XE rXs ` E rXs2

ı

Property 17.6
“ E

”

X
2
ı

´ 2E rXs E rXs ` E rXs2 “ E
”

X
2
ı

´ µ
2

Proof 17.8: Property 17.10
V ra ` bXs “ E

”

pa ` bX ´ E ra ` bXsq2
ı

“ E
„

´

�a ` bX ´ �a ´ bE rXs
¯2



“ E
”

pbX ´ bE rXsq2
ı

“ E
”

b
2
pX ´ E rXsq2

ı

“ b
2E

”

pX ´ E rXsq2
ı

“ b
2
σ

2

Proof 17.9: Property 17.11
VpAX ` bq “ E

”

pAX ´ E rXAsq2
ı

` 0 “
“E

“

pAX ´ E rAXsqpAX ´ E rAXsqᵀ
‰

“E
“

ApX ´ E rXsqpApX ´ pE rXsqqᵀ
‰

“E
“

ApX ´ E rXsqpX ´ pE rXsqᵀAᵀ‰

“AE
“

pX ´ E rXsqpX ´ pE rXsqᵀ
‰

Aᵀ
“ AV rXsAᵀ
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Proof 17.10: eq. (17.33)
Cov rX, Y s “ ErpX ´ E rXsqpY ´ E rY sqs
“ E rXY ´XE rY s ´ E rXsY ` E rXs E rY ss
“ E rXY s ´ E rXs E rY s ´ E rXs E rY s ` E rXs E rY s
“ E rXY s ´ E rXs E rY s
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Discrete Distributions

Definition 17.20 Multivariate Distribution: the variate
refers to the number of input variables i.e. a m-variate distri-
bution has m-input variables whereas a uni-variate distribu-
tion has only one.

Dimensional vs. Multivariate
The dimension refers to the number of dimensions we need to
embed the function. If the variables of a function are indepen-
dent than the dimension is the same as the number of inputs
but the number of input variables can also be less.
4.1. Bernoulli Distribution Bernppq

Definition 17.21 Bernoulli Trial: Is a random experiment
with exactly two possible outcomes, success (1) and failure
(0), in which the probability of success/failure is constant in
every trial i.e. independent trials.

Definition 17.22 Bernoulli Distribution X „ Bernppq:
X is a binary variable i.e. can only attain the values 0 (failure)
or 1 (success) with a parameter p that signifies the success
probability:

ppx; pq “
#

p for x “ 1
1 ´ p for x “ 0

ðñ

"

PpX “ 1q “ p
PpX “ 0q “ 1 ´ p

“ px ¨ p1 ´ pq1´x for x P t0, 1u

E rXs “ p (17.41) V rXs “ pp1 ´ pq (17.42)

4.2. Multinoulli/Categorical Distribution Catpn, pq

Definition 17.23
Multinulli/Categorical Distribution X „ Catppq:
Is the generalization of the Bernoulli distribution[def. 17.22] to
a sample space[def. 16.2] of k individual items tc1, . . . , ccu with
probabilities p “ tp1, . . . , pku:

ppx “ ci|pq “ pi ðñ ppx|pq “
k
ź

i

p
δrx“cis

i

k
ÿ

j“1

pj “ 1 pj P r0, 1s @j “ 1, . . . , k (17.43)

ErXs “ p V rXsi,j “ Σi,j “
#

pip1 ´ piq if i “ j

´pipj if i ‰ j

Corollary 17.3
One-hot encoded Categorical Distribution:
If we encode the k categories by a sparse vectors[def. 10.70] with
norm one:

Bnr “

$

&

%

x P t0, 1un : xᵀx “
n
ÿ

i“1

x “ 1

,

.

-

s.t. xj “ ej ðñ x “ cj

then we can rewrite eq. (17.43) as:

ppx|pq “
k
ź

i

xi ¨ pi
k
ÿ

j“1

pj “ 1 (17.44)

4.3. Binomial Distribution Bpn, pq

Definition 17.24 Binomial Coefficient:
The binomial coefficient occurs inside the binomial
distribution[def. 17.25] and signifies the different combina-
tions/order that x out of n successes can happen see also
[def. 15.5].

Definition 17.25 Binomial Distribution [proof 17.1]:
Models the probability of exactly x success given a fixed num-
ber of n-Bernoulli experiments[def. 17.21], where the probability
of success, of a single experiment is given by p:

ppxq “
ˆ

n

x

˙

pxp1 ´ pqn´x
n :nb. of repetitions
x :nb. of successes
p :probability of success

E rXs “ np (17.45) V rXs “ npp1 ´ pq (17.46)

Explanation 17.1. Lets consider a box of n balls consisting
of black and white balls. If we want to know the probability of
drawing first exactly x white and then exactly n ´ x black balls
we can simply calculate:

pp ¨ ¨ ¨ pq
loooomoooon

x-times

¨ pq ¨ ¨ ¨ qq
loooomoooon

n ´ x-times

“ pxqn´x

But if we do not care about the order we need to increase the
probability by the different ways we can achieve this result by
adding the binomial coefficient.
4.4. Geometric Distribution Geomppq

Definition 17.26 Geometric Distribution Geomppq:
Models the probability of the number X of Bernoulli
trials[def. 17.21] until the first success

ppxq “ pp1 ´ pqx´1
x :nb. of repetitions until first

success
p :success probability of single

Bernoulli experiment

F pxq “

x
ÿ

i“1

pp1 ´ pqi´1 eq. (2.4)
“ 1 ´ p1 ´ pqx

E rXs “
1
p

(17.47) V rXs “
1 ´ p

p2
(17.48)

Notes
• E rXs is the mean waiting time until the first success
• the number of trials x in order to have at least one success

with a probability of ppxq:

x ě
ppxq
1 ´ p

• logp1 ´ pq « ´p for small p
4.5. Poisson Distribution Poispλq

Definition 17.27 Poisson Distribution: Is an extension
of the binomial distribution, where the realization x of the
random variable X may attain values in Zě0.
It expresses the probability of a given number of events X oc-
curring in a fixed interval if those events occur independently
of the time since the last event.

ppxq “ e´λ
λx

x!
λ ą 0
x P Zě0

(17.49)

Event Rate λ: describes the average number of events in a
single interval.

E rXs “ λ (17.50) V rXs “ λ (17.51)

Continuous Distributions
5.1. Uniform Distribution Upa, bq

Definition 17.28 Uniform Distribution Upa, bq:
Is probability distribution, where all intervals of the same
length on the distribution’s support[def. 17.6] supppUra, bsq “
ra, bs are equally probable/likely.

fpxq “
1

b ´ a
1xPra;bq “

#

1
b´a

“ const
0

if
a ď x ď b

else

(17.52)

F pxq “

$

’

&

’

%

0
x´a
b´a

1
if

x ă a

a ď x ď b

x ą b

(17.53)

E rXs “
a ` b

2
VpXq “

pb ´ aq2

12
(17.54)

a b

1
b´a

0 (a) fXpxq
a b

1

0 (b) FXpxq

5.2. Exponential Distribution exppλq

Definition 17.29 Exponential Distribution X „ exppλq:
Is the continuous analogue to the geometric distribution
[def. 17.26].
It describes the probability fpx;λq that a continuous Poisson
process (i.e., a process in which events occur continuously and
independently at a constant average rate) will succeed/change
state after a time interval x.

fpx;λq “
#

λe´λx

0
if

x ě 0
x ă 0

(17.55)

F px;λq “
#

1 ´ e´λx

0
if

x ě 0
x ă 0

(17.56)

E rXs “
1
λ

VpXq “
1
λ2

(17.57)

5.3. Laplace Distribution

Definition 17.30 Laplace Distribution:

Laplace Distibution fpx;µ, σq “
1

2σ
exp

ˆ

´
|x ´ µ|
σ

˙

(17.58)

5.4. The Normal Distribution N pµ, σq

Definition 17.31 Normal Distribution X „ N pµ, σ2q:
Is a symmetric distribution where the population parameters
µ, σ2 are equal to the expectation and variance of the distri-
bution:

E rXs “ µ VpXq “ σ
2 (17.59)

fpx;µ, σ2
q “

1
σ
?

2π
exp

"

´
1
2

ˆ

x ´ µ

σ

˙2*
(17.60)

F px;µ, σ2
q “

1
σ
?

2π

ż x

´8
exp

"

´
1
2

ˆ

u ´ µ

σ

˙2*
du (17.61)

x P R or ´8 ă x ă 8

ϕX puq “ exp
#

iuµ ´
u2σ2

2

+

(17.62)

ϕ
µ,σ2 pxq

x

Φ
µ,σ2 pxq1

0.5

0 x

Figure 5: µ “ 0 µ “ 0 µ “ 0 µ “ ´2
σ

2
“ 0.2 σ

2
“ 1.0 σ

2
“ 5.0 σ

2
“ 0.5

Property 17.14: PX pµ ´ σ ď x ď µ ` σq “ 0.66

Property 17.15: PX pµ ´ 2σ ď x ď µ ` 2σq “ 0.95

5.5. The Standard Normal distribution N p0, 1q

Historic Problem: the cumulative distribution eq. (17.61)
does not have an analytical solution and numerical integra-
tion was not always computationally so easy. So how should
people calculate the probability of x falling into certain ranges
Ppx P ra, bsq?
Solution: use a standardized form/set of parameters (by
convention) N0,1 and tabulate many different values for its
cumulative distribution φpxq s.t. we can transform all fam-
ilies of Normal Distributions into the standardized version
N pµ, σ2q

z
ÝÑ N p0, 1q and look up the value in its table.

Definition 17.32
Standard Normal Distribution X „ N p0, 1q:

E rXs “ 0 VpXq “ 1 (17.63)

fpx; 0, 1q “
1
?

2π
e´

1
2 x

2
(17.64)

F px; 0, 1q “
1
?

2π

ż x

´8
e´

1
2u

2
du (17.65)

x P R or ´8 ă x ă 8

ψX puq “ e
u2
2 ϕX puq “ e´

u2
2 (17.66)

Corollary 17.4
Standard Normal Distribution Notation: As the stan-
dard normal distribution is so commonly used people often
use the letter Z in order to denote its the standard normal
distribution and its α-quantile[def. 17.19] is then denoted by:

zα “ Φ´1
pαq α P p0, 1q (17.67)

5.5.1. Calculating Probabilities

Property 17.16 Symmetry: Let z ą 0
PpZ ď zq “ Φpzq (17.68)

PpZ ď ´zq “ Φp´zq “ 1 ´ Φpzq (17.69)
Pp´a ď Z ď bq “ Φpbq ´ Φp´aq “ Φpbq ´ p1 ´ Φpaqq

a“b“z
“ 2Φpzq ´ 1 (17.70)
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5.5.2. Linear Transformations of Normal Dist.

Proposition 17.1 Linear Transformation [proof 17.12]:
Let X be a normally distributed random variable X „

N pµ, σ2q, then the linear transformed r.v. Y given by the
affine transformation Y “ a ` bX with a P R,b P R` follows:

Y „ N
´

a ` bµ, b
2
σ

2
¯

ðñ fY pyq “
1

|b|
fX

ˆ

y ´ a

b

˙

(17.71)

Proposition 17.2 Standardization [proof 17.13]:
Let X be a normally distributed random variable X „

N pµ, σ2q, then there exists a linear transformation Z “

a` bX s.t. Z is a standard normally distributed random vari-
able:

X „ N pµ, σ2
q
Z“

X´µ
σ

ÝÝÝÝÝÝÝÑ Z „ N p0, 1q (17.72)

Note
If we know how many standard deviations our distribution is
away from our target value then we can characterize it fully
by the standard normal distribution.

Proposition 17.3 [proof 17.14]
Standardization of the CDF: Let FX pXq be the cumula-
tive distribution function of a normally distributed random
variable X „ N pµ, σ2q, then the cumulative distribution
function ΦZpzq of the standardized random normal variable
Z „ N p0, 1q is related to FX pXq by:

FX pxq “ Φ
ˆ

x ´ µ

σ

˙

(17.73)

6. The Multivariate Normal distribution

Definition 17.33 Multivariate Normal/Gaussian:
An Rn-valued random variable X “

`

X1 . . . , Xn
˘

is Mul-
tivariate Gaussian/Normal if every linear combination of its
components is a (one-dimensional) Gaussian:

Dµ, σ : L

¨

˝

n
ÿ

i“1

αiXj

˛

‚“ N pµ, σ2
q @αi P R (17.74)

(possible degenerated N p0, 0q for @αj “ 0)

Note
• Joint vs. multivariate: a joint normal distribution can be

a multivariate normal distribution or a product of univari-
ate normal distributions but

• Multivariate refers to the number of variables that are
placed as inputs to a function.

Definition 17.34
Multivariate Normal distribution X „ Nkpµ,Σq:
A k-dimensional random vector

X “
`

X1 . . . Xn
˘ᵀ with µ “

`

E rx1s . . . E rxks
˘ᵀ

and k ˆ k p.s.d.covariance matrix:
Σ :“ ErpX ´ µqpX ´ µq

ᵀ
s “ rCovrxi,xj s, 1 ď i, j ď ks

follows a k-dim multivariate normal/Gaussian distribution if
its law[def. 16.25] satisfies:
fXpX1, . . . , Xkq “ N pµ,Σq (17.75)

“
1

b

p2πqkdetpΣq
looooooooooomooooooooooon

Normalisation

exp
ˆ

´
1
2
pX ´ µq

ᵀΣ´1
pX ´ µq

˙

ϕXpuq “ exp
"

iuᵀ
µ ´

1
2

uΣu
*

(17.76)

6.1. Joint Gaussian Distributions

Definition 17.35 Jointly Gaussian Random Variables:
Two random variables X, Y both scalars or vectors, are said
to be jointly Gaussian if the joint vector random variable
Z “

“

X Y
‰ᵀ is again a GRV.

Property 17.17 proof 17.16
Joint Independent Gaussian Random Variables: Let
X1, . . . , Xn be R-valued independent random variables with
laws N

´

µi, σ
2
i

¯

. Then the law of X “
`

X1 . . . Xn
˘

is
a (multivariate) Gaussian distribution X „ N pµ,Σq with:

Σ “

»

—

—

—

—

—

–

σ2
1 0 0

0 σ2
2 0

0 0 σ2
n

fi

ffi

ffi

ffi

ffi

ffi

fl

and µ “

»

—

—

—

—

–

µ1
µ2

µn

fi

ffi

ffi

ffi

ffi

fl

(17.77)

Corollary 17.5 Quadratic Form:
If x and y are both independent GRVs

x „ N pµx,Σxq y „ N pµy,Σyq

then they are jointly Gaussian[def. 17.35] given by:
p px,yq “ ppxqppyq (17.78)

9 exp
ˆ

´
1
2

!

px ´ µxq
ᵀΣ´1

x px ´ µxq ` py ´ µyq
ᵀΣ´1

y py ´ µyq
)

˙

“ exp
˜

´
1
2
“

px ´ µxq
ᵀ py ´ µyq

ᵀ‰
«

Σ´1
x 0
0 Σ´1

y

ff

„

x ´ µx
y ´ µy



¸

fl exp´
1
2
pz ´ µzq

ᵀΣ´1
z pz ´ µzq

Property 17.18
Marginal Distribution of Multivariate Gaussian: Let
X “

`

X1 . . . Xn
˘ᵀ „ N pµ,Σq be a an Rn valued Gaussian

and let V “ t1, 2, . . . , nu be the index set of its variables.
The k-variate marginal distribution of the Gaussian indexed
by a subset of the variables:

A “ ti1, . . . , iku ij P V (17.79)
is given by:

X “

´

Xi1 . . . Xik

¯ᵀ
„ N pµA,ΣAAq (17.80)

Σ “

»

—

—

—

—

–

σ2
i1,i1

σ2
i1,ik

σ2
ik,i1

σ2
ik,ik

fi

ffi

ffi

ffi

ffi

fl

and µ “

»

—

—

—

—

—

–

µi1
µi2

µik

fi

ffi

ffi

ffi

ffi

ffi

fl

6.2. Conditional Gaussian Distributions

Property 17.19 Conditional Gaussian Distribution: Let
X “

`

X1 . . . Xn
˘ᵀ „ N pµ,Σq be a an Rn valued Gaussian

and let V “ t1, 2, . . . , nu be the index set of its variables.
Suppose we take two disjoint subsets of V :

A “ ti1, . . . , iku B “ tj1, . . . , jmu il, jl1 P V

then the conditional distribution of the random vector XA,
conditioned on XB given by p pXA|XB “ xBq is:

XA “
´

Xi1 . . . Xik

¯ᵀ
„ N

´

µA|B ,ΣA|B
¯

(17.81)

µA|B “ µA ` ΣABΣ´1
BB

pxB ´ µBq

ΣA|B “ ΣAA ´ ΣABΣ´1
BB

ΣBA

Note
Can be proofed using the matrix inversion lemma but is a very
tedious computation.
maybe add sometime

Corollary 17.6
Conditional Distribution of Joint Gaussian’s: Let X
and Y be jointly Gaussian random vectors:

„

X
Y



„ N
ˆ„

µx
µy



,

„

A C
Cᵀ B

˙

(17.82)

then the marginal distribution of x conditioned on y can be
written as: X „ N

´

µX|Y ,ΣX|Y
¯

µX|Y “ µX `CB´1
py ´ µY q

ΣX|Y “ A ´CB´1Cᵀ (17.83)

add proofs

6.3. Transformations

Property 17.20 Multiples of Gaussian’s AX:
Let X “

`

X1 . . . Xn
˘ᵀ „ N pµ,Σq be a an Rn valued

Gaussian and let A P Rdˆn then it follows:
Y “ AX P R Y „ N

`

Aµ,AΣAᵀ˘ (17.84)

Property 17.21 Affine Transformation of GRVs: Let
y P Rn be GRV, A P Rdˆn, b P Rd and let x be defined
by the affine transformation[def. 10.45]:

x “ Ay ` b A P Rdˆn, b P Rd

Then x is a GRV (see ?? 17.15).

Property 17.22 Linear Combination of jointly GRVs:
Let x P Rn, y P Rm two jointly GRVs, and let z be defined
as:

z “ Axx `Ayy Ax P Rdˆn,Ax P Rdˆm

Then z is GRV (see ?? 17.17).

Definition 17.36 Gaussian Noise: Is statistical noise hav-
ing a probability density function (PDF) equal to that of the
normal/Gaussian distribution.

6.4. Gamma Distribution Γpx, α, βq

Definition 17.37 Gamma Distribution X „ Γpx, α, βq:
Is a widely used distribution that is related to the exponential
distribution, Erlang distribution, and chi-squared distribution
as well as Normal distribution:

fpx;α, βq “
#

βα

Γpαqx
α´1e´βx

0
if

x ą 0
x ď 0

(17.85)

Γpαq
eq. (5.81)

“

ż

8

0
t
α´1e´t dt (17.86)

with α, β P Rą0

6.5. Chi-Square Distribution χ2
k

6.6. Student’s t-distribution

Definition 17.38 Student’ t-distribution:

add

6.7. Delta Distribution

Definition 17.39 The delta function δpxq:
The delta/dirac function δpxq is defined by:

ż

R
δpxqfpxq dx “ fp0q

for any integrable function f on R.
Or alternativly by:

δpx ´ x0q “ lim
σÑ0

N px|x0, σq (17.87)

« 81tx“x0u (17.88)

Property 17.23 Properties of δ:
• Normalization: The delta function integrates to 1:

ż

R
δpxq dx “

ż

R
δpxq ¨ c1pxq dx “ c1p0q “ 1

where c1pxq “ 1 is the constant function of value 1.
• Shifting:

ż

R
δpx ´ x0qfpxq dx “ fpx0q (17.89)

• Symmetry:
ş

R δp´xqfpxq dx “ fp0q
• Scaling:

ş

R δpαxqfpxq dx “ 1
|α| fp0q

Note
• In mathematical terms δ is not a function but a gernalized

function.
• We may regard δpx´x0q as a density with all its probability

mass centered at the signle point x0.
• Using a box/indicator function s.t. its surface is one and

its width goes to zero, instead of a normaldistribution
eq. (17.87) would be a non-differentiable/discret form of
the dirac measure.

Definition 17.40 Heaviside Step Function:

Hpxq :“
d
dx

maxtx, 0u x P R‰0 (17.90)

or alternatively:
Hpxq :“

ż x

´8
δpsq ds (17.91)

Proofs
Proof 17.11 Definition 17.25: Consider a sequence of n ran-
dom tXiu

n
i“1 Bernoulli experiments[def. 17.22] with success

probability p.
Define the r.v. Yn to be the sum of the n Bernoulli variables:

Yn “

n
ÿ

i“1

Xi n P N

i.e. the total number of successes. Now lets calculate the prob-
ability density function fn of Yn. First let

`

x1 xn
˘

P

t0, 1un and let y “
řn
i“1 xi a bit sting of zeros and ones, with

one occuring y times.
P ppX1, X2, ¨ ¨ ¨ , Xnq “ px1, x2, . . . , xnqq

“ pp ¨ ¨ ¨ pq
loooomoooon

y

¨ pq ¨ ¨ ¨ qq
loooomoooon

n ´ y-times

“ pyp1 ´ pqn´y

However we need to take into account that there exists fur-
ther realization X “ x, that correspond to different or-
ders of the elements in our two classes t0, 1u which leads to

n!
y!pn´yq! “

´

n
y

¯

:

fnpyq “

ˆ

n

y

˙

pyp1 ´ pqn´y y P t0, 1, . . . , nu

Proof 17.12: proposition 17.1: Let X be normally distributed
with X „ N pµ, σ2q:

FY pyq
yą0
“ PY pY ď yq “ Ppa ` bX ď yq “ PX

ˆ

X ď
y ´ a

b

˙

“ FX

ˆ

y ´ a

b

˙

FY pyq
yă0
“ PY pY ď yq “ Ppa ` bX ď yq “ PX

ˆ

X ě
y ´ a

b

˙

“ 1 ´ FX
ˆ

y ´ a

b

˙

Differentiating both expressions w.r.t. y leads to:

fY pyq “
dFY pyq

dy
“

$

’

’

’

’

’

&

’

’

’

’

’

%

1
b

dFX
´

y´a
b

¯

dy

1
´b

dFX
´

y´a
b

¯

dy

“
1

|b|
fX pxq

ˆ

y ´ a

b

˙

eq. (17.71)).
in order to prove that Y „ N

´

a ` bµ, b2σ2
¯

we simply plug
fX in the previous expression:

fY pyq “
1

?
2πσ|b|

exp

$

&

%

´
1
2

¨

˝

y´a
b
´ µ

σ

˛

‚

2,
.

-

“
1

?
2πσ|b|

exp
#

´
1
2

˜

y ´ pa ` bµq

σ|b|

¸2+

Proof 17.13: proposition 17.2: Let X be normally distributed
with X „ N pµ, σ2q:

Z :“
X ´ µ

σ
“

1
σ
X ´

µ

σ
“ aX ` b with a “

1
σ
, b “ ´

µ

σ
eq. (17.71)

„ N
´

aµ ` b, a
2
σ

2
¯

„ N

˜

µ

σ
´
µ

σ
,
σ2

σ2

¸

„ N p0, 1q

Proof 17.14: proposition 17.3: Let X be normally distributed
with X „ N pµ, σ2q:

FX pxq “ PpX ď xq

´µ
˜σ
“ P

ˆ

X ´ µ

σ
ď
x ´ µ

σ

˙

“ P
ˆ

Z ď
x ´ µ

σ

˙

“ Φ
ˆ

x ´ µ

σ

˙
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Proof 17.15: Property 17.21 scalar case

Let y „ ppyq “ N pµ, σ2q “ 1?
2πσ2

exp
ˆ

´
py´µq2

2σ2

˙

and

define x “ ay ` b a P R`, b P R
Using the Change of variables formula it follows:

px psxq
eq. (16.46)

“

py psyq

| dx
dy |

«

|
dx
dy

| “ a

ff

sy“
sx´b
a
“

1
a

1
a

2πµ2
exp

˜

´
1

2σ2

´

sypsxq
hkkkikkkj

sx ´ b

a
´µ

¯2
¸

“
1

a

2πa2µ2
exp

˜

´
1

2σ2a2

´

sx´b ´ aµ
looooomooooon

µx

¯2
¸

Hence x „ N pµx, σ2
xq “ N paµ ` b, a2

σ
2
q

Note
We can also verify that we have calculated the right mean and
variance by:

E rxs “ E ray ` bs “ aE rys ` b “ aµ ` b

V rxs “ V ray ` bs “ a
2V rys “ a

2
σ

2

Proof 17.16: ??

pXpuq “
n
ź

i

pXi puiq

“

n
ź

i“1

1
b

2πσ2
i

exp
˜

´
pxi ´ µiq

2

2σ2
i

¸

ϕXpuq “ exp
"

iu1µ1 ´
1
2
σ1u

2
1

*

¨ ¨ ¨ exp
"

iunµn ´
1
2
σnu

2
n

*

“ exp

$

’

’

’

’

&

’

’

’

’

%

i

n
ÿ

i

unµn ´
1
2

n
ÿ

i

σnu
2
n

. . . . . . . .

,

/

/

/

/

.

/

/

/

/

-

“ exp
#

iuᵀ
µ ´

1
2

uΣu
. . . .

+

Proof 17.17: Property 17.22
From Property 17.21 it follows immediately that z is GRV
z „ N pµz ,Σzq with:

z “ Aξ with A “
“

Ax Ay
‰

and ξ “
`

x y
˘

Knowing that z is a GRV it is sufficient to calculate µz and
Σz in order to characterize its distribution:

E rzs “ E
“

Axx `Ayy
‰

“ Axµx `Ayµy

V rzs “ V rAξs
??
“ AV rξsAᵀ

“
“

Ax Ay
‰

„

V rxs Cov rx, ys
Cov ry, xs V rys



“

Ax Ay
‰ᵀ

“
“

Ax Ay
‰

„

V rxs Cov rx, ys
Cov ry, xs V rys

„

Aᵀ
x

Aᵀ
y



“ AxV rxsAᵀ
x `AyV rysAᵀ

y

` AyCov ry, xsAᵀ
x

loooooooooooomoooooooooooon

“0by independence

` AxCov rx, ysAᵀ
y

loooooooooooomoooooooooooon

“0by independence
“ AxΣxAᵀ

x `AyΣyAᵀ
y

Note

Can also be proofed by using the normal definition of [def. 17.15]
and tedious computations.

Proof 17.18: Equation (17.43) If x “ ci i.e. the outcome ci
has occurred then it follows:
k
ź

j

p
δrx“cis

i
“ p0

1 ¨ ¨ ¨ p
1
i ¨ ¨ ¨ p

0
k “ 1 ¨ ¨ ¨ pi ¨ ¨ ¨ 1 “ ppx “ ci|pq
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Sampling Methods
1. Sampling Random Numbers

Most math libraries have uniform random number gener-
ator (RNG) i.e. functions to generate uniformly distributed
random numbers U „ Ura, bs (eq. (17.52)).
Furthermore repeated calls to these RNG are independent,
that is:

pU1,U2 pu1, u2q
??
“ pU1 pu1q ¨ pU2 pu2q

“

#

1 if u1, u2 P ra, bs

0 otherwise
Question: using samples tu1, . . . , unu of these CRVs with
uniform distribution, how can we create random numbers with
arbitrary discreet or continuous PDFs?

2. Inverse-transform Technique
Idea

0

1
FX pXq

u1

x1
x “ F´1

X
puq

Can make use of section 1 and
the fact that CDF are increasing
functions ([def. 5.12]). Advantage:
• Simple to implement
• All discrete distributions can

be generated via inverse- trans-
form technique

Drawback:
• Not all continuous distribu-

tions can be integrated/have
closed form solution for their CDF.
E.g. Normal-,Gamma-,Beta-distribution.

2.1. Continuous Case

Definition 18.1 One Continuous Variable: Given: a
desired continuous pdf fX and uniformly distributed rn
tu1, u2, . . .u:
1. Integrate the desired pdf fX in order to obtain the desired

cdf FX :
FX pxq “

ż x

´8
fX ptq dt (18.1)

2. Set FX pXq
!
“ U on the range of X with U „ Ur0, 1s.

3. Invert this equation/find the inverse F´1
X
pUq i.e. solve:

U “ FX pXq “ FX

´

F
´1
X
pUq

looooomooooon

X

¯

(18.2)

4. Plug in the uniformly distributed rn:
xi “ F

´1
X
puiq s.t. xi „ fX (18.3)

Definition 18.2 Multiple Continuous Variable:
Given: a pdf of multiple rvs fX,Y :
1. Use the product rule (??) in order to decompose fX,Y :

fX,Y “ fX,Y px, yq “ fX|Y px|yqfY pyq (18.4)

2. Use [def. 18.3] to first get a rv for y of Y „ fY pyq.
3. Then with this fixed y use [def. 18.3] again to get a value for

x of X „ fX|Y px|yq.

Proof 18.1: [def. 18.3]:
Claim: if U is a uniform rv on r0, 1s then F´1

X
pUq has FX as

its CDF.
Assume that FX is strictly increasing ([def. 5.12]).
Then for any u P r0, 1s there must exist a unique x s.t.
FX pxq “ u.
Thus FX must be invertible and we may write x “ F´1

X
puq.

Now let a arbitrary:
FX paq “ Ppx ď aq “ PpF´1

X
pUq ď aq

Since FX is strictly increasing:
P
´

F
´1
X
pUq ď a

¯

“ PpU ď FX paqq

eq. (17.52)
“

ż FX paq

0
1 dt “ FX paq

Note
Strictly speaking we may not assume that a CDF is strictly
increasing but we as all CDFs are weakly increasing ([def. 5.12])
we may always define an auxiliary function by its infinimum:

F̂
´1
X

:“ inf tx|FX pXq ě 0u u P r0, 1s (18.5)

2.2. Discret Case
Idea

0

1

u1

xk

FX pXq

FX pxk´1q

FX pxkq

1
U „ Ur0, 1s

0 x

Given: a desired
discret pmf pX s.t.
PpX “ xiq “ pX pxiq
and uniformly distributed
rn tu1, u2, . . .u.
Goal: given a uniformly
distributed rn u determine
k s.t.:

k´1
ÿ

i“1

ă U ď

k
ÿ

i“1

ðñ FX
`

xk´1
˘

ă u ď FX pxkq

(18.6)
and return xk.

Definition 18.3 One Discret Variable:
1. Compute the CDF of pX ([def. 17.8])

FX pxq “

x
ÿ

t“´8

pX ptq (18.7)

2. Given the uniformly distributed rn tuiuni“1 find ki (fl in-
version) s.t.:

FX

´

x
kpiq´1

¯

ă ui ď FX

´

x
kpiq

¯

@ui (18.8)

Proof 18.2: ??: First of all notice that we can always solve
for an unique xk.

Ask: why, are Discret CRV always strictly increasing/unique?

Given a fixed xk determine the values of u for which:
FX

`

xk´1
˘

ă u ď FX pxkq (18.9)
Now observe that:

u ď FX pxkq “ FX pxk´1q ` pX pxkq
ñFX

`

xk´1
˘

ă u ď FX pxk´1q ` pX pxkq
The probability of U being in pFX pxk´1q, FX pxkqs is:

P
`

U P rFX pxk´1q, FX pxkqs
˘

“

ż FX pxkq

FX pxk´1q
pU ptq dt

“

ż FX pxkq

FX pxk´1q
1 dt “

ż FX pxk´1q`pX pxkq

FX pxk´1q
1 dt “ pX pxkq

Hence the random variable xk P X has the pdf pX .

Definition 18.4
Multiple Continuous Variables (Option 1):
Given: a pdf of multiple rvs pX,Y :
1. Use the product rule (??) in order to decompose pX,Y :

pX,Y “ pX,Y px, yq “ pX|Y px|yqpY pyq (18.10)
2. Use ?? to first get a rv for y of Y „ pY pyq.
3. Then with this fixed y use ?? again to get a value for x of

X „ pX|Y px|yq.

Definition 18.5
Multiple Continuous Variables (Option 2):
Note: this only works if X and Y are finite.
Given: a pdf of multiple rvs pX,Y let Nx “ |X | and
Ny “ |Y| the number of elements in X and Y.

Define pZp1q “ pX,Y p1, 1q, pZp2q “ pX,Y p1, 2q, . . .
. . . , pZpNx ¨Nyq “ pX,Y pNx, Nyq

Then simply apply ?? to the auxillary pdf pZ
1. Use the product rule (??) in order to decompose fX,Y :

fX,Y “ fX,Y px, yq “ fX|Y px|yqfY pyq (18.11)

2. Use [def. 18.3] to first get a rv for y of Y „ fY pyq.
3. Then with this fixed y use [def. 18.3] again to get a value for

x of X „ fX|Y px|yq.

nice examples see comment in code text

3. Monte Carlo Methods
3.1. Monte Carlo (MC) Integration

Integration methods s.a. Simpson integration[def. 13.34] suffer
heavily from the curse of dimensionality.
An n-order[def. 13.31] quadrature scheme Qn in 1-dimension is
usually of order n{d in d-dimensions.
Idea estimate an integral stochastically by drawing sample
from some distribution.

Definition 18.6 Monte Carlo Integration:
3 ` 4 (18.12)

3.2. Rejection Sampling
3.3. Importance Sampling
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Descriptive Statistics
1. Populations and Distributions

Definition 19.1 Population txiu
N
i“1:

is the entire set of entities from which we can draw sample.

Definition 19.2
Families of Probability Distributions pθ:
Are probability distributions that vary only by a set of hyper
parameters θ[def. 19.1].

Definition 19.3 [example 19.3]
Population/Statistical Parameter θ:
Are the parameters defining families of probability
distributions[def. 19.2]

Explanation 19.1 (Definition 19.1). Such hyper parameters
are often characterized by populations following a certain fam-
ily of distributions with the help of a stastistc. Hence they are
called population or statistical parameters.
1.1. Characteristics of Populations

Definition 19.4 Population Mean: Given a population
txiu

N
i“1 of size N its variance is defined as:

µ “
1
N

N
ÿ

i“1

xi (19.1)

Definition 19.5 Population Variance: Given a population
txiu

N
i“1 of size N its variance is defined as: txiuNi“1

σ
2
“

1
N

N
ÿ

i“1

pxi ´ µq
2 (19.2)

Note
The population variance and mean are equally to the mean
derived from the true distribution of the population.

2. Sample Statistics

Definition 19.6 (Sample) Statistic: A statistc is a mea-
suarble function T that assigns a single value t to a sample
of random variables or population:

t : Rn ÞÑ R t “ T pX1, . . . , Xnq

E.g. T could be the mean, variance,. . .

Definition 19.7 Degrees of freedom of a Statistic: Is the
number of values in the final calculation of a statistic that are
free to vary.

Note

N
n

The function itself is independent of
the sample’s distribution; that is, the
function can be stated before realiza-
tion of the data.

3. Point and Interval Estimation

Assume a population X with a given sample txiuni“1 follows
some family of distributions:

X „ pX p; θq (19.3)
how can we estimate the correct value of the parameter θ or
some function of that parameter τpθq?
3.1. Point Estimates

Definition 19.8 (Point) Estimator θ̂:
Is a statistic[def. 19.6] that tries estimates an unknown param-
eter θ of an underlying family of distributions[def. 19.2] for a
given sample txiuni“1 of that distribution:

θ̂ “ tpx1, . . . ,xnq (19.4)

Note
The other kind of estimators are interval estimators which do
not calculate a statistic but an interval of plausible values of
an unknown population parameter θ.
The most prevalent forms of interval estimation are:
• Confidence intervals (frequentist method).
• Credible intervals (Bayesian method).
3.1.1. Empirical Mean

Definition 19.9 Sample/Empirical Mean sx:
The sample mean is an estimate/statistic of the population
mean[def. 19.4] and can be calculated from an observation/sam-
ple of the total population txiuni“1 Ă txiu

N
i“1:

sx “ pµX “
1
n

n
ÿ

i“1

xi (19.5)

Corollary 19.1 [proof 19.1]
Unbiased Sample Mean:
The sample mean estimator is unbiased:

E rpµX s “ µ (19.6)

Corollary 19.2 [Proof 19.2]
Variance of the Sample Mean:
The variance of the sample mean estimator is given by:

V rpµX s “
1
n
σ

2
X (19.7)

3.1.2. Empirical Variance

Definition 19.10 Biased Sample Variance:
The sample variance is an estimate/statistic of the popula-
tion variance[def. 19.5] and can be calculated from an observa-
tion/sample of the total population txiuni“1 Ă txiu

N
i“1:

s
2
n “ pσ

2
X “

1
n

n
ÿ

i“1

pxi ´ µq
2 (19.8)

Definition 19.11 [proof 19.3]
(Unbiased) Sample Variance:
The unbiased form of the sample variance[def. 19.10] is given by:

s
2
“ pσ

2
X “

1
n ´ 1

n
ÿ

i“1

pxi ´ µq
2 (19.9)

Definition 19.12 Bessel’s Correction: The factor
n

n ´ 1
(19.10)

is called Bessel’s correction. Multiplying the uncorrected pop-
ulation variance eq. (19.8) by this term yields an unbiased
estimated of the variance.

Attention:
• The Bessel correction holds for the variance but not for the

standard deviation.
• Usually only the unbiased variance is used and sometimes

also denoted by s2n
3.2. Interval Estimates

Definition 19.13 Interval Estimator θ̂:
Is an estimator that tries to bound an unknown parameter
θ of an underlying family of distributions[def. 19.2] for a given
sample txiuni“1 of that distribution.
Let θ P Θ and define two point statistics[def. 19.6] g and h then
an interval estimate is defined as:

P pLn ă θ ă Unq “ γ
@θ P Θ
γ P r0, 1s

Ln “ gpx1, . . . ,xnq

Un “ hpx1, . . . ,xnq
(19.11)

Statistical Tests
4. Parametric Hypothesis Testing

Definition 19.14 Parametric Hypothesis Testing:
Hypothesis testing is a statistical procedure in which a hy-
pothesis is tested based on sampled data X1, . . . , Xn.

4.1. Null Hypothesis

Definition 19.15 Null Hypothesis H0:
A null hypothesis H0 is an assumption on a population[def. 19.1]
parameter[def. 19.3] θ:

H0 : θ “ θ0 (19.12)

Note
Often, a null hypothesis cannot be verified, but can only be
falsified.

Definition 19.16 Alternative Hypothesis HA/H1:
The alternative hypothesis H1 is an assumption on a
population[def. 19.1] parameter[def. 19.3] θ that is opposite to the
null hypothesis.

HA : θ
#

ą θ0 (one-sided)
ă θ0 (one-sided)
‰ θ0 (two-sided)

(19.13)

4.2. Test Statistic

The decision on the hypothesis test is based on a sample
from the population Xpnq “ tX1, . . . , Xnu however the de-
cision is usually not based on single sample but a sample
statistic[def. 19.6] as this is easier to use.

Definition 19.17 [example 19.4]
Test Statistic/Testing Parameter T :
Is a sample statistic[def. 19.6] used for hypothesis tests in order
to give evidence for or against a hypothesis:

tn “ T pDnq “ T ptX1, . . . , Xnuq (19.14)

4.3. Sampling Distribution

Definition 19.18 Tθ0 ptq
Null Distribution/Sampling Distribution under H0:
Let Dn “ tX1, . . . Xnu be a random sample from the true
population ppop and let T pDnq be a test statistic of that
sample.
The probability distribution of the test statistic under the as-
sumption that the null hypothesis is true is called sampling
distribution:

t „ Tθ0 “ T pt|H0 trueq Xi „ ppop (19.15)

4.4. The Critical Region

Given a sample Dn “ tX1, . . . , Xnu of the true population
ppop how should we decide whether the null hypothesis should
be rejected or not?
Idea: let T be the be the set of all possible values that the
sample statistic T can map to. Now lets split T in two dis-
junct sets T0 and T1:

T “ T0 Y T1 T0 X T1 “ H

• if tn “ T pXnq P T0 we accept the null hypothesis H0
• if tn “ T pXnq P T1 we reject the null hypothesis for H1

Definition 19.19 Critical/Rejection Region T1: Is the
set of all values of the test statistic[def. 19.17] tn that causes
us to reject the Null Hypothesis in favor for the alternative
hypothesis HA:

K “ T1 “ tT : H0 rejectedu (19.16)

Definition 19.20 Acceptance Region T0: Is the region
where we accept the null hypothesis H0.

T0 “ tT : H0 acceptedu (19.17)

Definition 19.21 Critical Value c:
Is the value of the critical region c P T1 which is closest to the
region of acceptance[def. 19.20]:
4.5. Type I&II Errors

Definition 19.22
False Positive Type I Error:
Is the rejection of the null hypothesis H0, even-tough it is
true

Test rejects H0|H0 true
ðñ tn P T1|H0 true (19.18)

Definition 19.23
False Negative Type II Error:
Is the acceptance of a null hypothesis H0, even-tough its false:

Test accepts H0|HA true
ðñ tn P T0|HA true (19.19)

Types of Errors

Decision H0 true H0 false

Accept TN Type II (FN)

Reject Type I (FP) TP

4.6. Statistical Significance & Power

Question: how should we choose the split tT0,T1u?
The bigger we choose Θ1 (and thus the smaller Θ0) the more
likely it is to accept the alternative.
Idea: take the position of the adversary and choose Θ1 so
small that θ P Θ1 has only a small probability of occurring.

Definition 19.24 [example 19.5]
(Statistical) Significance α:
A study’s defined significance level α denotes the probability
to incur a Type I Error [def. 19.22]:

P ptn P T1|H0 trueq “ P ptest rejects H0|H0 trueq ď α
(19.20)

Definition 19.25 Probability Type II Error β:
A test probability to for a false negative[def. 19.23] is defined as:
βptnq “ P ptn P T0|H1 trueq “ P ptest accepts H0|H1 trueq

(19.21)

Definition 19.26 (Statistical) Power 1 ´ β:
A study’s power 1 ´ β denotes a tests probability for a true
positive:

1 ´ βptnq “ P ptn P T1|H1 trueq (19.22)
“ P ptest rejects H0|H1 trueq (19.23)

Corollary 19.3 Types of Split:
The Critical region is chosen s.t. we incur a Type I Error with
probability less than α, which corresponds to the type of the
test[def. 19.16]:

Ppc2 ď X ď c1q ď α two-sided
or Ppc2 ď Xq ď

α

2
and PpX ď c1q ď

α

2
Ppc2 ď Xq ď α one-sided
PpX ď c1q ď α one-sided

Decission

Truth
H0 true H0 false

H0 accept 1 ´ α 1 ´ β

H0 rejected α β

4.7. P-Value

Definition 19.27 P-Value p:
Given a test statistic tn “ T pX1, . . . , Xnq the p-value p P
r0, 1s is the smallest value s.t. we reject the null hypothesis:

p :“ inf
α
tα|tn P T1u tn “ T pX1, . . . , Xnq (19.24)

Explanation 19.2.
• The smaller the p-value the less likely is an observed statistic
tn and thus the higher is the evidence against a null hypoth-
esis.

• A null hypothesis has to be rejected if the p-value is bigger
than the chosen significance niveau α.
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5. Conducting Hypothesis Tests

1 Select an appropriate test statistic[def. 19.17] T .
2 Define the null hypothesis H0 and the alternative hypoth-

esis H1 for T .
3 Find the sampling distribution[def. 19.18] Tθ0 ptq for T ,

given H0 true.
4 Chose the significance level α
5 Evaluate the test statistic tn “ T pX1, . . . , Xnq for the

sampled data.
6 Determine the p-value p.
7 Make a decision (accept or reject H0)

5.1. Tests for Normally Distributed Data

Let us consider an i.i.d. sample of observations txiuni“1, of a
normally distributed population Xpop „ N pµ, σ2q.
From eqs. (19.6) and (19.7) it follows that the mean of the
sample is distributed as:

ĎXn „ N pµ, σ2
{nq

thus the mean of the sample ĎXn should equal the mean µ of
the population. We now want to test the null hypothesis:

H0 : µ “ µ0 ðñ ĎXn „ N pµ0, σ
2
{nq (19.25)

This is obviously only likely if the realization sxn is close to
µ0.
5.1.1. Z-Test σ known

Definition 19.28 Z-Test:
For a realization of Z with txiuni“1 and mean sxn:

z “
sxn ´ µ0

σ{
?
n

we reject the null hypothesis H0 : µ “ µ0 for the alternative
HA for significance niveau[def. 19.24] α if:
|z| ě z1´α2

ðñ z ď zα
2
_ z ě z1´α2

ðñ z P T1 “
ˆ

´8,´z1´α2



Y

„

z1´α2
,8

˙

z ě z1´α ðñ z P T1 “
“

z1´α,8
˘

z ď zα “ ´z1´α ðñ z P T1 “ p´8,´zαs “
`

8,´z1´α
‰

(19.26)

Notes

• Recall from [def. 17.19] and [cor. 17.4] that:
zα

i.e. α=0.05
“ z0.05 “ Φ´1

pαq ðñ PpZ ď z0.05q “ 0.05
• |z| ě z1´α2

which stands for:

PpZ ď z0.05q ` PpZ ě z0.95q “ PpZ ď ´z1´0.05q ` PpZ ě z0.95q
“ Pp|Z| ě z0.95q

can be rewritten as:
z ě z1´α2

_ ´z ě z1´α2
ðñ z ď ´z1´α2

“ zα
2

• One usually goes over to the standard normal distribution
proposition 17.2 and thus test how far one is away from zero
mean ñ Z-test.

• We thus inquire a Type I error with probability α and
should be small i.e. 1%.

5.1.2. t-Test σ unknown

In reality we usually do not know the true σ of the whole data
set and thus calculate it over our sample. This however in-
creases uncertainty and thus our sample does no longer follow
a normal distribution but a t-distribution wiht n´1 degrees
of freedom:

T „ tn´1 (19.27)

Definition 19.29 t-Test:
For a realization of T with txiuni“1 and mean sxn:

t “
sxn ´ µ0

sn{
?
n

we reject the null hypothesis H0 : µ “ µ0 for the alternative
HA if:

|t| ětn´1,1´α2

ðñ t P T1 “
ˆ

´8,´tn´1,1´α2



Y

„

tn´1,1´α2
,8

˙

t ětn´1,1´α
ðñ t P T1 “

“

tn´1,1´α,8
˘

t ďtn´1,α “ ´tn´1,1´α
ðñ t P T1 “

`

´8,´tn´1,α
‰

“
`

8,´tn´1,1´α
‰

Notes
• The t-distribution has fatter tails as the normal distribution
ñ rare event become more likely

• For n Ñ 8 the t-distribution goes over into the normal
distribution

• The t-distribution gains a degree of foredoom for each sam-
ple and loses one for each parameter we are interested in ñ
n-samples and we are interested in one parameter µ.

5.2. Confidence Intervals

Now we are interested in the opposite of the critical
region[def. 19.19] namely the region of plaussible values.

Definition 19.30 Confidence Interval I:
Let Dn “ tX1, . . . , Xnu be a sample of observations and Tn
a sample statistic of that sample. The confidence interval is
defined as:
IpDnq “ tθ0 : TnpDnq P T0u “ tθ0 : H0 is not rejectedu

(19.28)

Corollary 19.4 : The confidence interval captures the un-
kown parameter θ with probability 1 ´ α:

Pθ pθ P IpDnqq “ P pTnpDnq P T0q “ 1 ´ α (19.29)

add page 91 confidence intervals z-test and t-test

6. Inferential Statistics
Goal of Inference

1 What is a good guess of the parameters of my model?
2 How do I quantify my uncertainty in the guess?
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7. Examples

Example 19.1 ??: Let x be uniformly distributed on r0, 1s
([def. 17.28]) with pmf pX pxq then it follows:
dy
dx

“
1

pY pyq
ñ dx “ dypypyq ñ x “

ż y

´8
pyptq dt “ FY pxq

Example 19.2 ??: Let
add https://www.youtube.com/watch?v=WUUb7VIRzgg

Example 19.3 Family of Distributions: The family of
normal distribution N has two parameters

!

µ, σ2
)

Example 19.4 Test Statistic: Lets assume the test statistic
follows a normal distribution:

T „ N pµ; 1q
however we are unsure about the population
parameter[def. 19.3] θ “ µ but assume its equal to θ0
thus the null-and alternative hypothesis are:

H0 : µ “ µ0 H1 : µ ‰ µ0

Example 19.5 Binomialtest:
Given: a manufacturer claims that a maximum of 10% of its
delivered components are substandard goods.
In a sample of size n “ 20 we find x “ 5 goods that do not ful-
fill the standard and are skeptical that what the manufacture
claims is true, so we want to test:

H0 : p “ p0 “ 0.1 vs. HA : p ą 0.1
We model the number of number of defective goods using the
binomial distribution[def. 17.25]
X „Bpn, pq
„T pn, pq

, n “ 20 PpX ě xq “

n
ÿ

k“x

ˆ

n

k

˙

pkp1 ´ pqn´k

from this we find:
Pp0 pX ě 4q “ 1 ´ Pp0 pX ď 3q “ 0.13
Pp0 pX ě 5q “ 1 ´ Pp0 pX ď 4q “ 0.04 ď α

thus the probability that equal 5 or more then 5 parts out of
the 20 are rejects is less then 4%.
ñ throw away null hypothesis for the 5% niveau in favor to
the alternative.
ñ the 5% significance niveau is given by K “ t5, 6, . . . , 20u

Note
If x ă n{2 it is faster to calculate PpX ě xq “ 1´PpX ď x´1q

8. Proofs

Proof 19.1: [cor. 19.1]:

E rpµX s “ E

»

–

1
n

n
ÿ

i“1

xi

fi

fl “
1
n
E

»

–

n
ÿ

i“1

xi

fi

fl “
1
n
E
“

µ ` ¨ ¨ ¨ ` µ
looooooomooooooon

1,...,n

‰

Proof 19.2: [cor. 19.2]:

V rpµX s “ V

»

–

1
n

n
ÿ

i“1

xi

fi

fl

Property 17.10
“

1
n2

V

»

–

n
ÿ

i“1

xi

fi

fl

1
n2
nV rXs “

1
n
σ

2

Proof 19.3: definition 19.11:

E
”

pσ
2
X

ı

“E

»

–

1
n ´ 1

n
ÿ

i“1

pxi ´ sxq
2

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

´

x
2
i ´ 2xi sx ` sx

2
¯

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

x
2
i ´ 2sx

n
ÿ

i“1

xi `

n
ÿ

i“1

sx
2

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

x
2
i ´ 2nsx ¨ nsx ` nsx

2

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

x
2
i ´ nsx

2

fi

fl

“
1

n ´ 1

»

–

n
ÿ

i“1

E
”

x
2
i

ı

´ nE
”

sx
2
ı

fi

fl

“
1

n ´ 1

»

–

n
ÿ

i“1

pσ
2
` µ

2
q ´ nE

”

sx
2
ı

fi

fl

“
1

n ´ 1

»

–

n
ÿ

i“1

pσ
2
` µ

2
q ´ n

ˆ 1
n
σ

2
` µ

2
˙

fi

fl

“
1

n ´ 1

”

pnσ
2
` nµ

2
q ´

´

σ
2
` nµ

2
¯ı

“
1

n ´ 1

”

nσ
2
´ σ

2
ı

“
1

n ´ 1

”

pn ´ 1qσ2
ı

“ σ
2
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Stochastic Calculus
Stochastic Processes

Definition 20.1
Random/Stochastic Process tXt, t P T Ď R`u:
An (Rd-valued) stochastic process is a collection of
(Rd ´valued) random variables Xt on the same probabil-
ity space pΩ,A, Pq. The index set T is usually representing
time and can be either an interval rt1, t2s or a discrete set
tt1, t2, . . .u. Therefore, the random process X can be written
as a function:
X : T Ď R` ˆΩ ÞÑ Rd ðñ pt, ωq ÞÑ Xpt, ωq (20.1)

Definition 20.2 Sample path/Trajector/Realization: Is
the stochastic/noise signal rp¨, ωq on the index set[def. 2.1] T ,
that we obtain be sampling ω from Ω.

Notation
Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space Xpt, ωq :“ Xptq

Corollary 20.1 tXt, t P T Ď R`u ą 0
Strictly Positive Stochastic Processes: A stochastic pro-
cess tXt, t P T Ď R`u is called strictly positive if it satisfies:

Xt ą 0 P-a.s. @t P T (20.2)

Definition 20.3
Random/Stochastic Chain tXt, t P T Ď R`u:
is a collection of random variables defined on the same prob-
ability space pΩ,A, Pq[def. 16.1]. The random variables are or-
dered by an associated index set[def. 2.1] T and take values in
the same mathematical discrete state space[def. 20.5] S, which
must be measurable w.r.t. some σ-algebra[def. 16.6] Σ.
Therefore for a given probability space pΩ,A, Pq and a mea-
surable space pS,Σq, the random chain X is a collection of
S-valued random variables that can be written as:

X : T ˆ Ω ÞÑ S ðñ pt, ωq ÞÑ Xpt, ωq (20.3)

Definition 20.4 Index/Parameter Set T :
Usually represents time and can be either an interval rt1, t2s
or a discrete set tt1, t2, . . .u.

Definition 20.5 State Space S:
Is the range/possible values of the random variables of a
stochastic process[def. 20.1] and must be measurable[def. 16.7]
w.r.t. some σ-algebra Σ.

Sample-vs. State Space

Sample space[def. 16.2] hints that we are working with proba-
bilities i.e. probability measures will be defined on our sample
space.
State space is used in dynamics, it implies that there is a time
progression, and that our system will be in different states as
time progresses.

Definition 20.6 Sample path/Trajector/Realization: Is
the stochastic/noise signal rp¨, ωq on the index set T , that we
obtain be sampling ω from Ω.

Notation
Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space Xpt, ωq :“ Xptq

1.1. Filtrations

Definition 20.7 Filtration F “ tFtutě0:
A collection tFtutě0 of sub σ-algebras[def. 16.6] tFtutě0 P F
is called filtration if it is increasing:

Fs Ď Ft @s ď t (20.4)

Explanation 20.1 (Definition 20.7). A filtration describes the
flow of information i.e. with time we learn more information.

Definition 20.8
Filtered Probability Space pΩ,F, tFtutě0, Pq:
A probability space pΩ,F, Pq together with a filtration
tFtutě0 is called a filtered probability space.

Definition 20.9 Adapted Process: A stochastic process
tXt, t P T Ď R`u is called adapted to a filtration F if:

Xt is Ft-measurable @t (20.5)
That is the value of Xt is observable at time t

Definition 20.10 Predictable Process: A stochastic pro-
cess tXt, t P T Ď R`u is called predictable w.r.t. a filtration
F if:

Xt is Ft´1-measurable @t (20.6)
That is the value of Xt is known at time t ´ 1

Note
The price of a stock will usually be adapted since date k prices
are known at date k.
On the other hand the interest rate of a bank account is
usually already known at the beginning k ´ 1, s.t. the in-
terest rate rt ought to be Fk´1 measurable, i.e. the process
r “ prkqk“1,...,T should be predictable.

Corollary 20.2 : The amount of information of an adapted
random process is increasing see example 20.1.

2. Martingales

Definition 20.11 Martingales: A stochastic process Xptq
is a martingale on a filtered probability space pΩ,F, tFtutě0, Pq
if the following conditions hold:
1 Given s ď t the best prediction of Xptq, with a filtration
tFsu is the current expected value:

@s ď t E rXptq|Fss “ Xpsq a.s. (20.7)

2 The expectation is finite:
E r|Xptq|s ă 8 @t ě 0 Xptq is tFtutě0 adapted

(20.8)

Interpretation

• For any Fs-adapted process the best prediction of Xptq is
the currently known value Xpsq i.e. if Fs “ Ft´1 then the
best prediction is Xpt ´ 1q

• A martingale models fair games of limited information.

Definition 20.12 Auto Covariance γpt2 ´ t1q:
Describes the covariance[def. 17.16] between two values of a
stochastic process pXtqtPT at different time points t1 and
t2.
γpt1, t2q “ Cov

“

Xt1 ,Xt2
‰

“ E
“`

Xt1 ´ µt1
˘ `

Xt2 ´ µt2
˘‰

(20.9)
For zero time differences t1 “ t2 the autocorrelation functions
equals the variance:

γpt, tq “ Cov rXt,Xts
eq. (17.35)

“ “ V rXts (20.10)

Notes
• Hence the autocorrelation describes the correlation of a

function or signal with itself at a previous time point.
• Given a random time dependent variable xptq the autocor-

relation function γpt, t ´ τq describes how similar the time
translated function xpt ´ τq and the original function xptq
are.

• If there exists some relation between the values of the time
series that is non-random, then the autocorrelation is non-
zero.

• The auto covariance is maximized/most similar for no
translation τ “ 0 at all.

Definition 20.13 Auto Correlation ρpt2 ´ t1q:
Is the scaled version of the auto-covariance[def. 20.12]:
ρpt2 ´ t1q “ Corr

“

Xt1 ,Xt2
‰

(20.11)

“
Cov

“

Xt1 ,Xt2
‰

σXt1
σXt2

“
E
“`

Xt1 ´ µt1
˘ `

Xt2 ´ µt2
˘‰

σXt1
σXt2

3. Different kinds of Processes

3.1. Markov Process

Definition 20.14 Markov Process: A continuous-time
stochastic process Xptq, t P T , is called a Markov process
if for any finite parameter set tti : ti ă ti`1u P T it holds:

P
`

Xptn`1q P B|Xpt1q, . . . , Xptnq
˘

“ P
`

Xptn`1q P B|Xptnq
˘

it thus follows for the transition probability – the probability
of Xptq lying in the set B at time t, given the value x of the
process at time s:

Pps, x, t, Bq “ P pXptq P B|Xpsq “ xq 0 ď s ă t (20.12)

Interpretation

In order to predict the future only the current/last value
counts.

Corollary 20.3 Transition Density: The transition prob-
ability of a continuous distribution p can be calculated via:

Pps, x, t, Bq “
ż

B
pps, x, t, yq dy (20.13)

3.2. Gaussian Process

Definition 20.15 Gaussian Process: Is a stochastic pro-
cess Xptq where the random variables follow a Gaussian dis-
tribution:

Xptq „ N
´

µptq, σ
2
ptq

¯

@t P T (20.14)

3.3. Diffusions

Definition 20.16 [proof 20.1],[proof 20.2]
Diffusion:
Is a Markov Process[def. 20.14] for which it holds that:

µpt,Xptqq “ lim
tÑ0

1
∆t

E rXpt `∆tq ´Xptq|Xptqs (20.15)

σ
2
pt,Xptqq “ lim

tÑ0

1
∆t

E
”

pXpt `∆tq ´Xptqq2 |Xptq
ı

(20.16)

• µpt,Xptqq is called drift
• σ2pt,Xptqq is called diffusion coefficient

Interpretation

There exist not discontinuities for the trajectories.
3.4. Brownian Motion/Wiener Process

Definition 20.17
d-dim standard Brownian Motion/Wiener Process:
Is an Rd valued stochastic process[def. 20.1] pWtqtPT starting at
x0 P Rd that satisfies:
1 Normal Independent Increments: the increments are

normally distributed independent random variables:
W ptiq ´W

`

ti´1
˘

„ N
`

0, pti ´ ti´1q1dˆd
˘

@i P t1, . . . , Tu (20.17)

2 Stationary increments:
W pt `∆tq ´W ptq is independent of t P T

3 Continuity: for a.e. ω P Ω, the function t ÞÑ Wtpωq is
continuous

lim
tÑ0

P p|W pt `∆tq ´W ptq| ě δq

∆t
“ 0 @δ ą 0

(20.18)

4 Start
W p0q :“ W0 “ 0 a.s. (20.19)

Notation
• In many source the Brownian motion is a synonym for the

standard Brownian Motion and it is the same as the Wiener
process.

• However in some sources the Wiener process is the stan-
dard Brownian Motion, while the Brownian motion denotes
a general form αW ptq ` β.

Corollary 20.4 Wt „ N p0, σq [proof 20.4],[proof 20.5]:
The random variable Wt follows the N p0, σq law

E rW ptqs “ µ “ 0 (20.20)
V rW ptqs “ E

”

W
2
ptq

ı

“ σ
2
“ t (20.21)

3.4.1. Properties of the Wiener Process

Property 20.1 Non-Differentiable Trajectories:
The sample paths of a Brownian motion are not differentiable:

dW ptq
t

“ lim
tÑ0

E
«

ˆ

W pt `∆tq ´W ptq
∆t

˙2
ff

“ lim
tÑ0

E rW pt `∆tq ´W ptqs
∆t

“ lim
tÑ0

σ2

∆t
“ 8

result
ÝÝÝÝÝÑ cannot use normal calculus anymore
solution
ÝÝÝÝÝÝÑ Ito Calculus see section 21.

Property 20.2 Auto covariance Function:
The auto-covariance[def. 20.12] for a Wiener process

E
”

pW ptq ´ µtqpW pt
1
q ´ µt

1
q

ı

“ minpt, t1q (20.22)

Property 20.3: A standard Brownian motion is a
Quadratic Variation

Definition 20.18 Total Variation: The total variation of
a function f : ra, bs Ă R ÞÑ R is defined as:

LVra,bspfq “ sup
ΠPS

nΠ´1
ÿ

i“0

|fpxi`1q ´ fpxiq| (20.23)

S “
!

Πtx0, . . . , xnΠ u : Π is a partition [def. 13.12] of ra, bs
)

it is a measure of the (one dimensional) length of a function
w.r.t. to the y-axis, when moving alone the function.
Hence it is a measure of the variation of a function w.r.t. to
the y-axis.

Definition 20.19
Total Quadratic Variation/“sum of squares”:
The total quadratic variation of a function f : ra, bs Ă R ÞÑ R
is defined as:

QVra,bspfq “ sup
ΠPS

nΠ´1
ÿ

i“0

|fpxi`1q ´ fpxiq|
2 (20.24)

S “
!

Πtx0, . . . , xnΠ u : Π is a partition [def. 13.12] of ra, bs
)

Corollary 20.5 Bounded (quadratic) Variation:
The (quadratic) variation[def. 20.18] of a function is bounded if
it is finite:
DM P R` : LVra,bspfq ď M

´

QVra,bspfq ď M
¯

@Π P S
(20.25)

Theorem 20.1 Variation of Wiener Process: Almost
surely the total variation of a Brownian motion over a interval
r0, T s is infinite:

P pω : LV pW pωqq ă 8q “ 0 (20.26)

Theorem 20.2 [proof 20.6]
Quadratic Variation of standard Brownian Motion:
The quadratic variation of a standard Brownian motion over
r0, T s is finite:

lim
NÑ8

N
ÿ

k“1

„

W

ˆ

k
T

N

˙

´W

ˆ

pk ´ 1q
T

N

˙2
“ T

with probability 1 (20.27)

Corollary 20.6 : theorem 20.2 can also be written as:
pdW ptqq2 “ dt (20.28)
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3.4.2. Lévy’s Characterization of BM

Theorem 20.3 [proof 20.7],[proof 20.8]
d-dim standard BM/Wiener Process by Paul Lévy:
An Rd valued adapted stochastic process[def’s. 20.1 , 20.7] pWtqtPT
with the filtration tFtutPR` , that satisfies:

1 Start
W p0q :“ W0 “ 0 a.s. (20.29)

2 Continuous Martingale: Wt is an a.s. continuous
martingale[def. 20.11] w.r.t. the filtration pFtqtPT under
P.

3 Quadratic Variation:
W

2
t ´ t is also an martingale ðñ QV pWtq “ t

(20.30)

is a standard Brownian motion[def. 20.24].
Further Stochastic Processes
3.4.3. White Noise
undestand script and add

Definition 20.20 Discrete-time white noise: Is a ran-
dom signal tεtutPTdiscret having equal intensity at different
frequencies and is defined by:
• Having zero tendencies/expectation (otherwise the signal

would not be random):
E rε ˚ rkss “ 0 @k P Tdiscret (20.31)

• Zero autocorrelation[def. 20.13] γ i.e. the signals of different
times are in no-way correlated:

γpε ˚ rks, ε ˚ rk ` nsq “ E
“

ε ˚ rksε ˚ rk ` ns
ᵀ‰

“ V rε ˚ rkss δdiscretrns
@k, n P Tdiscret (20.32)

With δdiscretrns :“
#

1 if n “ 0
0 else

See proofs

Definition 20.21 Continuous-time white noise: Is a ran-
dom signal pεtqtPTcontinuous having equal intensity at differ-
ent frequencies and is defined by:
• Having zero tendencies/expectation (otherwise the signal

would not be random):
E rε ˚ ptqs “ 0 @t P Tcontinuous (20.33)

• Zero autocorrelation[def. 20.13] γ i.e. the signals of different
times are in no-way correlated:
γpε ˚ ptq, ε ˚ pt ` τqq “ E

“

ε ˚ ptqε ˚ pt ` τq
ᵀ‰ (20.34)

eq. (17.88)
“ V rε ˚ ptqs δpt ´ τq “

#

V rε ˚ ptqs if τ “ 0
0 else

@t, τ P Tcontinuous (20.35)

Definition 20.22 Homoscedastic Noise: Has constant
variability for all observations/time-steps:

V
“

εi,t
‰

“ σ
2 @t “ 1, . . . , T

@i “ 1, . . . , N
(20.36)

Definition 20.23 Heteroscedastic Noise: Is noise whose
variability may vary with each observation/time-step:

V
“

εi,t
‰

“ σpi, tq
2 @t “ 1, . . . , T

@i “ 1, . . . , N
(20.37)

3.4.4. Generalized Brownian Motion

Definition 20.24 Brownian Motion:
Let tWtutPR` be a standard Brownian motion[def. 20.17], and
define:

Xt “ µt ` σWt t P R`
µ P R : drift parameter
σ P R`: scale parameter

(20.38)
then tXtutPR` is normally distributed with mean µt and vari-

ance tσ2 Xt „ N
´

µt, σ2t
¯

.

Theorem 20.4 Normally Distributed Increments:
If W pT q is a Brownian motion, then W ptq ´W p0q is a nor-
mal random variable with mean µt and variance σ2t, where
µ, σ P R. From this it follows that W ptq is distributed as:

fW ptqpxq „ N pµt, σ2
tq “

1
?

2πσ2t
exp

#

´
px ´ µtq2

2σ2t

+

(20.39)

Corollary 20.7 : More generally we may define the process:
t ÞÑ fptq ` σWt (20.40)

which corresponds to a noisy version of f .

Corollary 20.8
Brownian Motion as a Solution of an SDE: A stochastic
process Xt follows a BM with drift µ and scale σ if it satisfies
the following SDE:

dXptq “ µ dt ` σ dW ptq (20.41)
Xp0q “ 0 (20.42)

3.4.5. Geometric Brownian Motion (GBM)

For many processes Xptq it holds that:
• there exists an (exponential) growth
• that the values may not be negative Xptq P R`

Definition 20.25 Geometric Brownian Motion:
Let tWtutPR` be a standard Brownian motion[def. 20.17] the

stochastic process S1
t fl S1ptq with drift parameter µ and

scale σ satisfying the SDE:
dS1
t “ S1

t pµ dt ` σ dWtq
“ µS1

t dt ` σS1
t dWt

(20.43)

is called geometric Brownian motion and is given by:

S1
t “ S1

0 exp
ˆ

σWt `

ˆ

µ ´
1
2
σ

2
˙

t

˙

t P R` (20.44)

Corollary 20.9 Log-normal Returns:
For a geometric BM we obtain log-normal returns:

ln
ˆ

St

S0

˙

“ sµt ` σW ptq ðñ sµt ` σW ptq „ N pµt, σ2
tq

with sµ :“ µ ´
1
2
σ

2 (20.45)

3.4.6. Locally Brownian Motion

Definition 20.26 Locally Brownian Motion:
Let tWtutPR` be a standard Brownian motion[def. 20.17] a lo-
cal Brownian motion is a stochastic process Xptq that satisfies
the SDE:

dXptq “ µ pXptq, tq dt ` σ pXptq, tq dW ptq (20.46)

Note
A local Brownian motion is an generalization of a geometric
Brownian motion.
3.4.7. Ornstein-Uhlenbeck Process

Definition 20.27 Ornstein-Uhlenbeck Process:
Let tWtutPR` be a standard Brownian motion[def. 20.17] a
Ornstein-Uhlenbeck Process or exponentially correlated noise
is a stochastic process Xptq that satisfies the SDE:

dXptq “ ´aXptq dt ` bσ dW ptq a ą 0 (20.47)

3.5. Poisson Processes

Definition 20.28 Rare/Extreme Events: Are events that
lead to discontinuous in stochastic processes.

Problem
A Brownian motion is not sufficient as model in order to de-
scribe extreme events s.a. crashes in financial market time
series. Need a model that can describe such discontinu-
ities/jumps.

Definition 20.29 Poisson Process: A Poisson Process
with rate λ P Rě0 is a collection of random variables Xptq,
t P r0,8q defined on a probability space pΩ,F, tFtutě0 , Pq,
having a discrete state space N “ t0, 1, 2, . . .u and satisfies:
1. X0 “ 0
2. The increments follow a Poisson distribution[def. 17.27]:

P ppXt ´Xsq “ kq “
λpt ´ sq

k!
e´λpt´sq

0 ď s ă t ă 8

@k P N
3. No correlation of (non-overlapping) increments:

@t0 ă t1 ă ¨ ¨ ¨ ă tn : the increments are independent
Xt1 ´Xt0 , Xt2 ´Xt1 , . . . , Xtn ´Xtn´1 (20.48)

Interpretation

A Poisson Process is a continuous-time process with discrete,
positive realizations in P Ně0

Corollary 20.10 Probability of events: Using Taylor in
order to expand the Poisson distribution one obtains:
P
´

Xpt`∆tq ´Xt ‰ 0
¯

“ λ∆t ` op∆t2q t small i.e. tÑ 0
(20.49)

1. Thus the probability of an event happening during ∆t is
proportional to time period and the rate λ

2. The probability of two or more events to happen during ∆t
is of order op∆t2q and thus extremely small (as Deltat is
small).

Definition 20.30 Differential of a Poisson Process: The
differential of a Poisson Process is defined as:

dXt “ lim
∆tÑdt

´

Xpt`∆tq ´Xt
¯

(20.50)

Property 20.4 Probability of Events for differential:
With the definition of the differential and using the previous
results from the Taylor expansion it follows:

P pdXt “ 0q “ 1 ´ λ (20.51)
P p|dXt| “ 1q “ λ (20.52)

Proofs

Proof 20.1: eq. (20.15):
Let by δ denote the displacement of a particle at each step,
and assume that the particles start at the center i.e. xp0q “ 0,
then we have:

E rxpnqs “ E

»

–

1
N

N
ÿ

i“1

xipnq

fi

fl “
1
N

N
ÿ

i“1

E rxipn ´ 1q ˘ δs

“
1
N

N
ÿ

i“1

E rxipn ´ 1qs

induction
“ E

“

xn´1
‰

“ . . . E rxp0qs “ 0
Thus in expectation the particles goes nowhere.

Proof 20.2: eq. (20.16):
Let by δ denote the displacement of a particle at each step,
and assume that the particles start at the center i.e. xp0q “ 0,
then we have:

E
”

xpnq
2
ı

“ E

»

–

1
N

N
ÿ

i“1

xipnq
2

fi

fl “
1
N

N
ÿ

i“1

E rxipn ´ 1q ˘ δs2

“
1
N

N
ÿ

i“1

E
”

xipn ´ 1q2 ˘ 2δxipn ´ 1q ` δ2
ı

ind.
“ E

”

x
2
n´1

ı

` δ
2
“ E

”

x
2
n´2

ı

` 2δ2 “ . . .

“ E rxp0qs ` nδ2 “ nδ
2

as n “ time
step-size “

t
∆x it follows:

σ
2
“ E

”

x
2
pnq

ı

´ E rxpnqs2 “ E
”

x
2
pnq

ı

“
δ2

∆x
t (20.53)

Thus in expectation the particles goes nowhere.

Proof 20.3: eq. (20.34):
γpε ˚ rks, ε ˚ rk ` nsq “ Cov rε ˚ rks, ε ˚ rk ` 1ss
“ E

“

pε ˚ rks ´ E rε ˚ rkssq pε ˚ rk ` ns ´ E rε ˚ rk ` nssqᵀ
‰

eq. (20.31)
“ E rpε ˚ rksq pε ˚ rk ` nsqs

Proof 20.4: [cor. 20.4]:
Since Bt ´ Bs is the increment over the interval rs, ts, it is
the same in distribution as the incremeent over the interval
rs ´ s, t ´ ss “ r0, t ´ ss

Thus Bt ´ Bs „ Bt´s ´ B0
but as B0 is a.s. zero by definition eq. (20.19) it follows:

Bt ´ Bs „ Bt´s Bt´s „ N p0, t ´ sq

Proof 20.5: [cor. 20.4]:

W ptq “ W ptq ´W p0q
loomoon

“0

„ N p0, tq

ñ E rXs “ 0 V rXs “ E
”

X
2
ı

´ E rXs2 “ t

Proof 20.6: theorem 20.2:

N´1
ÿ

k“0

“

W ptkq ´W
`

tk´1
˘‰2

tk “ k
T

N

“

N´1
ÿ

k“0

X
2
k Xk „ N

ˆ

0,
T

N

˙

“

N´1
ÿ

k“0

Yk “ n

¨

˝

1
n

N´1
ÿ

k“0

Yk

˛

‚ E rYks “
T

N

S.L.L.N
“ n

T

n
“ T

Proof 20.7: theorem 20.3 2 :
1. first we need to show eq. (20.7): E rWt|Fss “ Ws

Due to the fact that Wt is Ft measurable i.e. Wt P Ft we
know that:

E rWt|Fts “ Wt (20.54)
E rWt|Fss “ E rWt ´Ws `Ws|Fs

“ E rWt ´Ws|Fss ` E rWs|Fss
eq. (20.54)

“ E rWt ´Wss `Ws
Wt´Ws„Np0,t´sq

“ Ws

2. second we need to show eq. (20.8): E r|Xptq|s ă 8

E r|W ptq|s2
??
ď E

”

|W ptq|2
ı

“ E
”

W
2
ptq

ı

“ t ď 8

Proof 20.8: theorem 20.3 3 : W2
t ´ t is a martingale?

Using the binomial formula we can write and addingWs´Ws:
W

2
t “ pWt ´Wsq

2
` 2Ws pWt ´Wsq `W2

s

using the expectation:
E
”

W
2
t |Fs

ı

“E
”

pWt ´Wsq
2
|Fs

ı

` E r2Ws pWt ´Wsq |Fss

` E
”

W
2
s |Fs

ı

eq. (20.54)
“ E

”

pWt ´Wsq
2
ı

` 2WsE rpWt ´Wsqs `W2
s

eq. (20.21)
“ V rWt ´Wss ` 0 `W2

s

t ´ s `W
2
s

from this it follows that:
E
”

W
2
t ´ t|Fs

ı

“ W
2
s ´ s (20.55)

understand why E
“

pWt´Wsq2|F
‰

“ E
“

pWt´Wsq2
‰
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Examples

Example 20.1 :

Suppose we have a sam-
ple space of four elements:
Ω “ tω1, ω2, ω3, ω4u. At time
zero, we do not have any infor-
mation about which ω has been
chosen. At time T {2 we know
whether we have tω1, ω2u or
tω3, ω4u. At time T , we have full
information.

F “

$

’

&

’

%

tH,Ωu t P r0, T {2q
tH, tω1, ω2u, tω3, ω4u,Ωu t P rT {2, T q
Fmax “ 2Ω t “ T

(20.56)

Thus, F0 represents initial information whereas F8 repre-
sents full information (all we will ever know). Hence, a
stochastic process is said to be defined on a filtered proba-
bility space pΩ,F, tFtutě0, Pq.

Ito Calculus
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Graph Theory
Definition 22.1 Graph G:

A graph G is a pair G “ pV, Eq of a
finite set of vertices V [def. 22.4] and a
multi set[def. 1.3] of edges E [def. 22.10].

v1

v2

v3

v4

v5

v6

e1

e2e3

e4

e5

Definition 22.2 Order n “ |V|:
The order of a graph is the cardinality of its vertix set.

Definition 22.3 Size m “ |E|:
The size of a graph is the number of its edges.

Corollary 22.1 n-Graph: Is a graph G[def. 22.1] of order n.

Corollary 22.2 pp, qq-Graph: Is a graph G[def. 22.1] of order
p and size q.

1. Vertices

Definition 22.4 Vertices/Nodes V:
Is a set of entities of a graph connected and related by edges
in some way:

Definition 22.5 Neighborhood Npvq: The neighborhood
of a vertix vi P V is the set of all adjacent vertices:

Npviq “
 

vk P V : Dek “
 

vi, vj
(

P E, @vj P E
(

(22.1)

1.0.1. Adjacency Matrix

Definition 22.6 (unweighted) Adjacency Matrix A:
Given a graph G “ pV, Eq its adjacency matrix is a square
matrix A P Nn,n defined as:

Ai,j :“
#

1 if Depi, jq
0 otherwise

(22.2)

Definition 22.7 weighted Adjacency Matrix A:
Given a graph G “ pV, Eq its weighted adjacency matrix is a
square matrix A P Rn,n defined as:

Ai,j :“
#

θij if Depi, jq
0 otherwise

(22.3)

Diagonal Elements

For a graph without self-loops the diagonal elements of the
adjacency are all zero.
1.0.2. Degree Matrix

Definition 22.8 Degree of a Vertix δ:
The degree of a vertix v is the cardinality of the
neighborhood[def. 22.5] – the number of adjacent vertices:

degpviq “ δpvq “ |Npvq| “
jăi
ÿ

j“1

Aij (22.4)

Definition 22.9 Degree Matrix D:
Given a graph G “ pV, Eq its degree matrix is a diagonal ma-
trix D P Nn,n defined as:

Di,j :“
#

deg pviq if i “ j

0 otherwise
(22.5)

2. Edges

Definition 22.10 Edges E Ď V ˆ V:
Represent some relation between edges[def. 22.4] and are repre-
sented by two-element subset sets of the vertices:

ek “
 

vi, vj
(

P E ðñ vi and vj connected (22.6)

Proposition 22.1 Number of Edges: A graph G with
n “ |V| has between

”

0, 1
2npn ´ 1q

ı

edges.

3. Subgraph

Definition 22.11 Subgraph H Ď G:
A graph H “ pU, F q is a subgraph of a graph G “ pV, Eq iff:

U Ď V and F Ď E (22.7)

4. Components

Definition 22.12 Component: A connected component of
a graph G is a connected[def. 22.20] subgraph[def. 22.11] of G that
is maximal by inclusion – there exist no larger connected con-
taining subgraphs.
The number of components of a graph G is defined as cpGq.

5. Walks, Paths and cycles

Definition 22.13 Walk: A walk of a graph G as a sequence
of vertices with corresponding edges:

W “
 

vk, vk`1
(K
k
P E (22.8)

Definition 22.14 Length of a Walk K: Is the number of
edges of that Walk.

Definition 22.15 Path P : Is a walk of a graph G where all
visited vertics are distinct (no-repetitions).

Attention: Some use the terms walk for paths and simple
paths for paths.

Definition 22.16 Cycle: Is a path[def. 22.15] of a graph G
where the last visited vertix is the one from which we started.
6. Different Kinds of Graphs
7. Weighted Graph

Definition 22.17 Weighted Graph:

Is a graph G where edges are associ-
ated with a weight:

Dθi :“ weightpeiq @eiE

v1

v2

v3

v4

v5

v6

e1

e2e3
e4

e5
e6

e7

8. Spanning Graphs

Definition 22.18 Spanning Graph:

Is a subgraph[def. 22.11] H “ pU, F q
of a graph G “ pV, Eq for which it
holds:

U “ V and F Ď E (22.9)
v1

v2

v3

v4

v5

v6

v1

v2

v3

v4

v5

v6

8.1. Minimum Spanning Graph

Definition 22.19 Minimum Spanning Graph: Is a span-
ning graph[def. 22.18] H “ pU, F q of a graph G “ pV, Eq with
minimal weights/distance of the edges.

9. Connected Graphs

Definition 22.20 (Weakly) Connected Graph:

Is a graph G[def. 22.1] where there ex-
ists a path between any two ver-
tices:
DP pvi, . . . , vjq @vi, vj P V

(22.10) v1

v2

v3

v4

v5

v6
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e5 e6

e7

Corollary 22.3 Strongly Connected Graph: A directed
Graph[def. 22.22] is called strongly connected if every nodes is
reachable from every other node.

Corollary 22.4 Components of Connected Graphs: A
connected Graph[def. 22.20] consist of one component cpGq “ 1.

9.1. Fully Connected/Complete

Definition 22.21 Fully Connected/Complete Graph:

Is a connected graph G[def. 22.20]

where each node is connected to ev-
ery other node.

De@
 

vi, vj
(

@vi, vj P V
(22.11)

|V| “
1
2

|V|p|V| ´ 1q (22.12)

v1

v2

v3 v4

9.2. Directed Graphs

Definition 22.22 Directed Graph/Digraph (DG):

A directed graph G is a graph where
edges are direct arcs[def. 22.23].
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Definition 22.23 Directed Edges/Arcs: Represent some
directional relationship between edges[def. 22.4] and are repre-
sented by ordered two-element subset sets of vertices:

ek “
 

vi, vj
(

P E ðñ vi goes to vj (22.13)

9.3. Trees And Forests
9.3.1. Acyclic Graphs

Definition 22.24 Acyclic Graphs: Are graphs[def. 22.1]
where no cycles[def. 22.16] exist.

Definition 22.25 Forests:

Are acyclic graphs[def. 22.24]:

v1 v2

v3

v4

v5
v6
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Definition 22.26 Trees:

Are acyclic graphs[def. 22.24] that are
connected[def. 22.20].

v1 v2

v3

v4

v5
v6

10. Graph Layering

Definition 22.27 Graph Layering:

Given a graph G a layering of the
graph is a partition of its node set
V [def. 22.4] into subsets

tV1, . . . ,VLu Ď V
s.t. V “ V1 Y . . . Y VL (22.14) v1

v2

v3

v4

v5

v6
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11. Bisection Algorithms
11.1. Local Approaches
11.2. Global Approaches
11.2.1. Spectral Decomposition

Definition 22.28 Graph Laplacian (Matrix) LpGq:
Given a graph with n vertices and m edges has a graph lapla-
cian matrix defined as:

L “ A ´D lij :“

$

’

&

’

%

´1 if i ‰ j and eij P E
0 if i ‰ j and eij R E
deg pviq if i “ j

(22.15)

Corollary 22.5 title:

11.2.2. Inertial Bisection
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