Set Theory

4.1. Submoduluar Set Functions

2.1. Pointwise Convergence

Definition 1.1 Set A ={1,3,2}:
is a well-defined group of distinct items that are considered
as an object in its own right. The arrangement/order of the
objects does not matter but each member of the set must be
unique.

Definition 1.13 Submodular Set Functions: A submod-
ular function f : 22 5 R is a function that satisifies:

. . ) ¥ (B VAC BcQ
FAou{z}) = f(A) = f(BU{X})—F(5) (z} e Q5
(1.5)

Definition 1.2 Empty Set /D
is the unique set having no elements/cardinality[dEf‘ 131 zero.

Definition 1.3 Multiset/Bag: Is a set-like object in which
multiplicity[dEf' 4] matters, that is we can have multiple ele-
ments of the same type.
Ie. {1,1,2,3} # {1,2,3}

Explanation 1.1 (Definition 1.13). Addaing an element = to
the the smaller subset A yields at least as much information/-
value gain as adding it to the larger subset 3.

Definition 2.6

Pointwise Convergence|[?]:
Let (fn) be a sequence of functions with the same
domain!?®" 58] and codomain!?" ®91, The sequence is said to
convergence pointwise to its pointwise limit function f if it
satisfies:

| lim fo(e) = f(2)] =0
n—oo

limy o fn = f pointwise

VYV € dom(f;) (2.5)

2.2. Uniform Convergence

Definition 1.4 Multiplicity: The multiplicity n, of a mem-
ber « of a multiset/?" 131 § is the number of times it appears
in that set.

Definition 1.14 Montone Submodular Function:
A monotone submodular function is a submodular
function!de® 13 that satisifies:

f(A) < f(B) VAC BCQ (1.6)

Explanation 1.2 (Definition 1.14). Adding more elements to
a set will always increase the information/value gain.

Definition 1.5 Cardinality [S|: Is the number of elements

that are contained in a set.

4.2. Complex Numbers

Definition 1.6 The Power Set P(S)/2%: The
power set of any set S is the set of all subsets of S, including
the empty set and S itself. The cardinality of the power set
is 25 is equal to oIS,

1. Closure

Definition 1.15 Complex Conjugate zZ:
The complex conjugate of a complex number z = z + iy is
defined as:

Z=xz— 1y (1.7)

Definition 2.7 limp—o frn = f uniform/f, = f
Uniform Convergence[?]:
Let (gn) be a sequence of functions with the same
domain!?®® 58 and codomain!?®® 59 The sequence is said to
convergence uniformly to its pointwise limit function f if it
satisfies:
Je>0:In =1 sup |gn(z)— f(z)] <e Vz € dom(f;)
xedom( f;)

(2.6)

Note

Uniform convergence is characterized by the uniform norm?7?,
and is stronger than pointwise convergence.

Toplogy

Definition 1.7 Closure: A set is closed under an operation
Q if performance of that operations onto members of the set
always produces a member of that set.

2. Open vs. Closed Sets

Definition 1.8 Open Sets:
+ Euclidean Spaces:

A subset U € R is open, if for every x € U it exists e(x) Ry

s.t. a point y € R belongs to U if:

lz —yll2 < e(=)

« Metric Spaces!d® 10651,

(M, d) is open if:

Je>0: if d(z,y)<e

(1.1)

a Subset U of a metric space
Vye M,Vz e U = yeU
(1.2)

+« Toplogical Spaces/?° 122]; Let (X, 7) be a topological

space. A set A is said to be open if it is contained in 7.

Corollary 1.1 Complex Conjugate Of a Real Number:
The complex conjugate of a real number z € R is x:

Definition 3.1 Topological Space[?] (X,7):
Is an ordered pair (X,7), where X is a set and 7 is a
topologyldef- 1211 on X,

Definition 1.9 Closed Set:

setldef. 18]

Is the complement of an open

Definition 2.1 Index Set: Is a set!" ) A whose members
are labels to another set S. In other words its members index
member of another set. An index set is build by enumerating
the members of S using a function f s.t.

fiA>S AeN (2.1)

T =uwx e zeR (1.8)
Definition 3.2 Topological Space[?] (X,7):
Formula 1.1 Euler’s Formula: Is an ordered pair (X,7), where X is a set and 7 is a
et = cosxz + isinax (1.9) [topologyldef 1211 o x.
Formula 1.2 Euler’s Identity: 1. Weak Topologies
+i _
em =-1 (1.10) | Definition 3.3 Weak Topology C(K;R): Is the
Note coresests topology s.t all cont. linear functionals w.r.t. to the
strong topology are continuous.
e =1en=i27k, eN (1.11) | Neighbourhood Basis:
. {flll1] < e1,...,|ln] < €n, Ve;, Vn, Vlin. functionsf} (3.1)
Sequences& Series <t
ote

The weak closure:
« is usually larger as the uniform closure, as for the weak
closure there are many more convergence sequences
« is easier to calculate than the uniform closure

2. Compact Space

Definition 1.10 Bounded Set: A set S < R™is bounded
if there exists a constant K s.t. the absolute value of every
component of every element of S is less or equal to K.

Definition 2.2 Sequence (an)neA:
A sequence is an by an index set A enumerated multiset!def 131

(repetitions are allowed) of objects in which order does matter.

3. Number Sets

3.1. The Real Numbers R
3.1.1. Intervals

Definition 1.11 Closed Interval [, b]:
The closed interval of o and b is the set of all real numbers
that are within o and b, including a and b:

[a,p] ={zeR|a <z < b} (1.3)

Definition 2.3 Series: is an infinite ordered set of terms
combined together by addition.

Corollary 3.1 Euclidean Space:
set X € R is compact iff:

o it is closed!def 1:9]

+ bounded

In the euclidean case, a

3. Closure

1.
1.1.

Types of Sequences

Arithmetic Sequence

Definition 1.12 Open Interval (a,b):
The open interval of o and b is the set of all real numbers that
are within o and b:

Definition 2.4 Arithmetic Sequence: Is a sequence where
the difference between two consecutive terms constant i.e.
(2,4,6,8,10,12,...).

tn = to + nd d :difference between two terms (2.2)

Definition 3.4 Closure of a Set[?] clx,r (S)/S:
The closure of a subset S of a toplogical spaceld®f 1221 (X, 7)
is defined equivilantly by:

o Is the union of S and its boundary 9S.

o is the set S together with its limit points.

1.2. Geometric Sequence

Definition 2.5 Geometric Sequence: Is a sequence

Note

If the topological space X, 7 is clear from context, then the
closure of a set S is often written simply as S.

(a,b) ={zeR|a <z <<} (1.4) where the ratio between two consecutive terms constant i.e.
- (2,4,8,16,32,...).
3.2. The Rational Numbers Q tn =to- 7" r :ratio between two terms (2.3)
Example 1.1 Power Set/Cardinality of S = {z,y,z}: -
The subsets of S are: Property 2.1 Sum of Geometric Sequence:
n n
@), {=), (v} {= fow)h (22, (w2, (09,2 $ kot 2 i) 2
and hence the power set of S is P(S = 1—7r
with a k=1

{2}, (e}, {w}, {23 {2 y}’S{r» 2} {y, 2}, {=, y, 23}

Corollary 3.2 Uniform Closure l-lleo,
The uniform closure of a set of functions A is the space of
all functions that can be approzimated by a sequence (fy) of

uniformly-converging functions from A. 9 27 functions

Corollary 3.3 Weak Closure:

cardinality of |S| = 2

4. Set Functions

2. Converging Sequences




Logic

Definition 4.7 Disjunctive Normal Form (DNF): An
boolean algebraic expression F' is in DNF if it is a disjunction

1. Boolean Algebra of clauses, where each clause is a conjunction of literals!det 4-4]
1.1. Basic Operations Li,j:
Definition 4.1 Conjunction/AND At L
Fpne = V| A Liy (4.14)
Definition 4.2 Disjunction/OR v i=1 \j=1
Definition 4.3 Negation/NOT - ote
- ¢ true is a CNF with no clause and a single literal.
1.1.1. Expression as Integer

If the truth values {0, 1} are interpreted as integers then the
basic operations can be represent with basic arithmetic oper-
ations.

« false is a CNF with a single clause and no literals

1.3.1. Transformation to CNF and DNF

DNF

z Ay = xy = min(z, y) Algorithm 4.1:
zVvy=z+y=max(z,y) @ Using De Morgan’s lawsProperty 4.9 and double nega-
—r=1—=x tionProperty 4.4 transform F into Negation Normal
2@y=(z+y) (~e+-y) =z -—y+-z-y Forml*t 4.
=z by x
Note: non-linearity of XOR —(z A y) by (—z v —y)
2 2 —(xz v b: - A —
(z+y) (mz+-y) = —z° —y° — 22y + 2z + 2y ( _,trgi bz ( faf;i
1.2. Boolean Identities —false by true
Property 4.1 Idempotence: @ Using distributive lawsProperty 4.8 substitute all:
TAT=x and rvr=ux (4.1) zA(yvz) by (xAy) v (A 2)
(yvz)az by (yrz)v(znarz)
Property 4.2 Identity Laws: x A true by true
T A true =z and x v false = = (4.2) true A x by true
Property 4.3 Zero Law’s: @ Using the identityProperty 4.2 and zero laws Property 4'1.3
= A false = false and £ v true = true (4.3) remove true from any cause and delete all clauses contain-
ing false.
Property 4.4 Double Negation: Note
TTr=w (4.4) For the CNF form simply use duality for step 2 and 3 i.e. swap
Property 4.5 Complementation: A end v end G end Hlke.
z A —x = false and z v -z = true (4.5) || Using Truth Tables [example 4.2]
P c . To obtain a DNF formula from a truth table we need to have
roperty 4.6 Commutativity: a conjunctive[dEf' 431 for each row where F is true.
rTvy=yvae and TAY=SYAT (4.6)
2. Examples
Property 4.7 Associativity: -
(zvy)vz=av (yvz) (4.7) Example' 4.1 Literals:
(zry)vz=av (yaz) (4.8) Boolean literals: z, -y, s
Not boolean literals: ——z, (z A y)
Property 4.8 Distributivity:
sv@az)=(zvy) A(zvz) (4.9) Example 4.2 DNF from truth tables: .
zA(yvz)=(@ary) v (znaz) (4.10) B‘ 3)’ (Z)‘l
Property 4.9 De Morgan’s Laws: Need a conjunction of: 0 0 1 0
—(z v z)=(—z A —y) (4.11) o (mx Ay A —z) 0 1 (1) (1)
—(z A 2z)=(—z v —y) (4.12) e (mx Ay A 2) 0
o (z A -y A —z) 1 0 0 1
Note e (z Ay A 2) 1 0 1 0
The algebra axioms come in pairs that can be obtained by 1 1 (1) (1)

interchanging A and v.

1.3. Normal Forms

Definition 4.4 Literal [example 4.1]:
Literals are atomic formulas or their negations

(mzA—yAn—2)r(czArynrz)ar(@xA—-ynsn—z)A(@Aynaz)

Definition 4.5 Negation Normal Form (NNF): A for-
mula F' is in negation normal form is the negation operator —
is only applied to literals!®®® 44 and the only other operators
are A and v.

Definition 4.6 Conjunctive Normal Form (CNF): An
boolean algebraic expression F' is in CNF if it is a conjunction

of clauses, where each clause is a disjunction of literalsdef *4]
L; j:
n my
Fenr = A\ |V Li (4.13)

i=1 \j=1




Calculus and Analysis

1. Functional Analysis

Cubic Polynomials

Definition 5.6 Cubic Polynomials: Are polynomials of

Theorem 5.1
First Fundamental Theorem of Calculus:

Definition 5.13 (strictly) Decreasing Functions:
A function f is called monotonically decreasing/decreasing or

degree[cor, 51] 3 and have four coefficients: 'Lit f l;e[a c<3ntinuous real-valued function defined on a closed || non-increasing if: . » 0 ( :
1.1. Elementary Functions flz) = ”3x3 +agz? + a1z + ag (5.9) BERIEENE, ([ (2] . T =y = f(z) = f(y Va,y € dom(f 5.20
1.1.1. Exponential Numbers Let F be the function defined Vf € [a, 7] by: And strictly decreasing if:
1.2. Functional Compositions _ ' —
Definition 5.1 Exponential Function exp : K — K: F(X) = J f(t)dt (5-12) r =y f) > fy) v,y € don(f) (5:21)
Definition 5.7 Functional Compositions fog: . ¢
Let f : A +— and g D +— C be to mappings s.t. Then it fOHOW?? Definition 5.14 Monotonic Function:
- codom(f) & D then we can define a composition function Fi(z) = f(=) Vz € (a,b) (5.13) || A funct‘ion f is called monotonic iff either f is increasing or
exp(z) =e” = ), z (fog)Aw D as: ) Theorem 5.2 decreasing.
n=o0 n! h(x) = (g0 f)(x) = g(f(x)) with xe A (5.10) Second Fundamental Theorem of Calculus: Definition 5.15 Linear Function:
z\" N . Let f be a real-valued function on a closed interval [a, ] and || A function L : R”® — R™ is linear if and only if:
= lim (1 + —) (5.1) Corollary 5.2 Nested Functional Composition: F an antiderivative of f in [a, b]: F’(z) = f(xz), then it follows L(x+y) = L(x) + L(y)
n—o n Fp.(x) = (Fpo0---0F1)(x) = F; (FI‘:—I o---0(Fy (x))) if f is Riemann integrable on [a, b]: L(ax) = aL(x) vx,y € R" aeR
D & , ,
(5.11) J F)dt = F(0) — F(a) J 2 Pt)dt = F(a)
2. D T a a Ox Corollary 5.3 Linearity of Differentiation: The deriva-
Definiti 5.2 E tial/Euler N b R 3 roois (5.14) || tive of any linear combination of functions equals the same
ehnition 5. xponentlal/tuler Number et . linear combination of the derivatives of the functions:
Proof 5.1 formula 5.1: irs . .
. F(20) = yo = awo + - — yo — amo Definition 5.8 Domain of a function dom(+): L @) + b9@) = o f(@) + - () e beR
o — Z Z o~ lim (14 l " — 2.7182 (5.2) Given a function f : X — Y, the set of all possible input dz g T de dzg >
" n! S n ’ ’ values X is called the domain of f — dom(f). (5.22)
n= :
Properties Defining the Expeontial Function 8e§nitic{n 5‘:'9 ¢ set of a f " 4 ) Definition 5.16 Quadratic Function:
P ty 5.1: c.) omain/ a-rge set of afunction . co om(-). A function f : R™ +— R™ is quadratic if it can be written in
roperty o.l1: Given a function f : X — ¥, the codaomain of that function |[{} "o 0
exp(z + y) = exp(z) + exp(y) (5.3) is the set Y into which all of the output of the function is ’ 1 . T
constrained to fall. f(x) = -xTAx + x+c (5.23)
Property 5.2: 2
exp(z) < 14z (5.4) Definition 5.10 Image (Range) of a function: f[-] 3. Norms
1.1.2. Affine Linear Functions Given a function f : X — ), the image of that function is| 3.1. Infinity /Supremum Norm
Definition 5.3 Affine Linear Function f(z) = az + b: the set to Wh{ldletllj‘e f\in;t(ls)n ca;lzazt;ill}lir??;] (5.15) Definition 5.17 Infinity /Supremum Norm:
An affine linear function are functions that can be defined by . v v B ’ T : [fllo :=  sup |f(=x)] (5.24)
a scaling s, (z) = az plus a translation t,(z) = = + Evaluating the functlo'n f f@) xedom(f)
M= {f:R—R|f(z) = (s, ot,)(z) = ax+ b, a,beR} at each element of a given
i subset A of its domain Note
dom(f‘) produces a set called g In order to make this a proper norm one usually considers
the image of A under (or E bounded functions s.t.:
through) f. RS 1flloo < M < o0
The image is thus a subset ‘ ‘ =
f(z) = az +
f(0) =
f(z) =a

Formula 5.1 [proof 5.1]
Linear Function from Point and slope f(zo) = y1:
Given a point (z1,y1) and a slope o we can derive:

f(z) =a-(z—w0)+yo =az+ (y1 —azo) (5.6)
Formula 5.2 Linear Function from two Points:
flx) =a -(x —xp) +yp = ax + (yp — axp) (5.7)
, = ¥y1" % p={0or1}
xr1 — xQ
1.1.3. Polynomials
Definition 5.4 Polynomial: A function P, : R — R is
called Polynomial, if it can be represented in the form:
Po(x) =ag + a1+ a2z + - + ap_13" "t + apa™
(5.8)

Corollary 5.1 Degree n-of a Polynomial deg(7,,): the de-
gree of the polynomial is the highest exponent of the variable
x, among all non-zero coefficients a; # 0.

Definition 5.5 Monomial:
term.

Is a polynomial with only one

of a function’s codomain. -
domain

Misnomer Range: The term Range is ambiguous s.t. certain
books refer to it as codomain and other as image.

Corollary 5.4 Ininity Norm induced Metric: The infinty
norm naturally induces a metriclde 10-64]

d:=(f9):=If —gllwo

(5.25)

Definition 5.11 Inverse Image/Preimage f~!(-):

Let f : X +— Y be a function, and A a subset set of its
codomain Y.

Then the preimage of A under f is the set of all elements of
the domain X, that map to elements in A under f:

FHA) = {z S X : f(z) C A} (5.16)

4. Smoothness

Definition 5.18 Smoothness of a Function C":

Given a function f : X — Y, the function is said to be of
class k if it is differentiable up to order k& and continuous, on
its entire domain:

fe C"’(X) — EV A AN f("') continuous (5.26)

Example 5.1 :

Given f:R—>R

defined by firam a2’ = f(z)==
dom(f) = R, codom(f) = R but its image is f[R] = R .

2 2

Image (Range) of a subset

The image of a subset A £ X under f is the subset f[A] € Y
defined by:
flAl = {y € Vly = f(2),

Note: Range

Ve A} (5.17)

The term range is ambiguous as it may refer to the image or
the codomain, depending on the definition.

However, modern usage almost always uses range to mean im-
age.

Note

« P.w. continuous # continuous.

« A function of that is k& times differentiable must at least be
of class CF L.

o @@ ee™", ...

Continuity is implied by the differentiability of all deriva-

tives of up to order k — 1.

4.0.1.

Continuous Functions

Definition 5.19 Continuous FunctionC®: Functions that

do not have any jumps or peaks.

4.0.2. Piece wise Continuous Functions

Definition 5.20 Piecewise Linear Functions ng:

4.0.3. Continously Differentiable Function

Definition 5.12 (strictly) Increasing Functions:
A function f is called monotonically
increasing/increasing/non-decreasing if:

z<y <= f(z) < fy) Vz,y € dom(f)  (5.18)
And strictly increasing if:
T <y — f(z) < f(y) Vz,y € dom(f) (5.19)

Corollary 5.5 Continuously Differentiable Function cl:
Is the class of functions that consists of all differentiable func-
tions whose derivative is continuous.
Hence a function f : X — Y of the class must satisfy:

fe CI(X) — f' continuous

(5.27)




4.0.4. Smooth Functions

Corollary 5.6 Smooth Function C®: Is a function f : X —
Y that has derivatives infinitely many times differerntiable.

fec®(x) — N N (5.28)

4.1. Lipschitz Continuous Functions

Often functions are not differentiable but we still want to state
something about the rate of change of a function = hence we
need a weaker notion of differentiablility.

Definition 5.21 Lipschitz Continuity:

A Lipschitz continuous function is a function f whose rate of

change is bound by a Lipschitz Constant L:
[f(x) = fI < Llx =yl vx,y,

L>0 (5.29)

Note

This property is useful as it allows us to conclude that a small
perturbation in the input (i.e. of an algorithm) will result
in small changes of the output = tells us something about
robustness.

4.1.1. Lipschitz Continuous Gradient

Definition 5.22 Lipschitz Continuous Gradient:
A continuously differentiable function f : R® +— R has L-
Lipschitz continuous gradient if it satisfies:

IVfx) = VI < Llx =yl Vx,y €don(f), L >0
(5.30)
if fe Cz, this is equivalent to:
V2f(x) < LI vx € dom(f), L >0 (5.31)

Lemma 5.1 Descent Lemma [Poorfs 5.5,77]:
If a function f : R > R has Lipschitz continuous gradient

eq. (5.30) over its domain, then it holds that:

60 = £ = VIO =) < Zlx =yl (5.32)

Definition 5.24 Convex Functions:
A function f:R™ — R is convex if it satisfies:

FfOz + (1= Ny) < Af(x) + (1= N)f(v) (5.36)
VA e [0,1] Vz,y € dom(f)

If f is a differentiable function this is equivalent to:
f@) = f) + VT (@—y) Ve,yednm(f) (5.37)

If f is a twice differentiable function this is equivalent to:
Va,y € dom(f)

V2f(z) 20 (5.38)

Corollary 5.9 : A twice differentiable function of one vari-

able f : R — R is convex on an interval X = [a, 0] if and only

if its second derivative is non-negative on that interval X:
(@) =0 Vo e X (5.43)

Euler’s formula

5.3. Strong Convexity/Concavity

Definition 5.27 ;-Strong Convexity:
Let X be a Banach space over K = R, C. A function f : X - R
is called strongly convex iff the following equation holds:

t(1—t)
flz+ A -ty <tf(x) + (1 —-1)f(y) — —
Vr,ye X, t € [0,1],
If fe ¢l — f is differentiable, this is equivalent to:
F@) > @) + Vi@ Ty = 2) + Sy — 23

lz -yl

>0

(5.44)

If fe C? — f is twice differentiable, this is equivalent to:
V2 f(z) = i1 Vz,yeX >0 (5.45)

e~"" =cosx + isinz (5.52)
Euler’s Identity
ett = 1 (5.53)
Note
e =1en=i2nk, eN (5.54)

Corollary 5.12 Every norm is a convex function: By us-
ing definition [def- 524] 414 the triangular inequality it follows
(with the exception of the LO-norm):

Pz + 1 =2yl < Mzl + (1 =)yl

5.4. Taylor Expansion

Corollary 5.10
Strong Convexity implies Strict Convexity:

Definition 5.25 Concave Functions:
A function f:R™ — R is concave if it satisfies:

FO@+ =09 2 2@+ - 0fw Gr G4

(5.39)

Corollary 5.7 Convexity — global minimima: Convexity
implies that all local minima (if they exist) are global minima.

5.1. Properties

Note

If f is twice differentiable then the largest eigenvalue of the
Hessian (Definition 6.8) of f is uniformly upper bounded by
L

4.2. L-Smooth Functions

Definition 5.23 L-Smoothness:
A L-smooth function is a function f : R? > R that satisfies:
L 5
Fx) < f) + VI T(x—y) + S lx=vl

Vx,y € don(f), L >0 (5.33)
If f is a twice differentiable this is equivalent to:
v2f(x) < LI L>0

with

(5.34)

Theorem 5.3

L-Smoothness of convex functions:
A conver and L-Smooth function (14°f >2%1) has a Lipschitz con-
tinuous gradienteq. (5.30) thus it holds that:

£69 < 5 + VIO =) < Flix = 2

[proof 5.6]

(5.35)

Property 5.3 Monotonicity of the Derivative:
F(a)y < ()

F@) > ')

convex

If f: R Ris eR

a,
concave

(5.40)

Property 5.7:
1
TSI+ VI C=3) + V) = VI3 (5.46)

Intuition

Strong convexity implies that a function f is lower bounded by
its second order (quadratic) approximation, rather then only
its first order (linear) approximation.

Size of

The parameter specifies how
quadratic function/approximation is.

strongly the bounding

Definition 5.28 Taylor Expansion:

Ta@ = 3 =D @o) - o - )"
i=0

(5.55)

= £(0) + £'(20)(@ — 20) + £ " (20) (& ~ 20)* + O(a°)
(5.56)

Definition 5.29 Incremental Taylor:
Goal: evaluate Tp(z) (eq. (5.56)) at the point zg + Az in
order to propagate the function f(z) by h = Ax:

n

Tn(zo £ h) = ),
i=0

/ h? " " 3 4
= f(zo) £ hf (zo) + — (o) £ 7 (z0) ()™ + O(h7)

}I—"f('i)(:c<))z'71 (5.57)
mn:

Proof 5.2: eq. (5.45) analogously to Proof eq. (5.34)

Note

If we chose Az small enough it is sufficient to look only at the

first two terms.
|

5.1.1. Properties that preserve convexity

Property 5.4 Non-negative weighted Sums: Let f be a

convex function then g(z) is convex as well:
n

g(x) = Y aifi(x)

i=1

Vaj; >0

Property 5.5 Composition of Affine Mappings: Let f be
a convex function then g(z) is convex as well:

g(z) = f(Ax + 1)

Property 5.6 Pointwise Maxima: Let f be a convex func-
tion then g(z) is convex as well:

9(x) = max{f;(z)}

5.2. Strict Convexity/Concavity

Note

If f is twice differentiable then the smallest eigenvalue of the
Hessian (9" ©81) of f is uniformly lower bounded by

Hence strong convexity can be considered as the analogous
to smoothness

Definition 5.30 Multidimensional Taylor: Suppose X €
R"™ isopen,x€ X, f: X — Rand f € C? then it holds that

1
FG) ~F (x0) + Vi f (¢0) (x = x0) + 2 (x — x0)TH(x — x0)
(5.58)

Example 5.2 Quadratic Function:
eq. (5.23) is convex if:
V2eq. (5.23) = A >0

A quadratic function

(5.47)

Corollary 5.11 :

Strong convexity = Strict convexity =  Convexity

Definition 5.31 Argmax: The argmax of a function defined
on a set D is given by:
arg max f(z) = {z|f(z) > f(y),Vy € D}
xeD

(5.59)

Functions

Even Functions: have rotational symmetry with respect to

the origin.
=Geometrically: its graph remains unchanged after reflec-

Note

L-smoothnes is a weaker condition than L-Lipschitz continu-
ous gradients

5. Convexity and Concavity

Definition 5.26 Stricly Convex Functions:
A function f:R™ — R is strictly convex if it satisfies:

fOz + 1= Ny)<Af@) + 1= )f) gi’:[ef)?;in(f)

If f is a differentiable function this is equivalent to:
f@)>f) + VT (@—y) Ve,yedm(f) (5.41)
If f is a twice differentiable function this is equivalent to:
V2f(z) >0 Y,y € dom(f) (5.42)

tion about the y-axis.
(=) = /(=)

Odd Functions: are symmetric w.r.t. to the y-axis.

(5.48)

Intuition

o Convexity implies that a function f is bound by/below a
linear interpolation from = to y and strong convexity that
f is strictly bound/below.

« eq. (5.41) implies that f(z) is above the tangent
f(z) + Vf(z)T(y — =) for all =,y € don(f)

e 77 implies that f(z) is flat or curved upwards

Corollary 5.8 Strict Convexity — Uniqueness:
Strict convexity implies a unique minimizer <= at most one
global minimum.

=Geometrically: its graph remains unchanged after rota-
tion of 180 degrees about the origin.
(=) = —/(=) (5.49)
Theorem 5.4 Rules:
Let |/ be even and / odd respectively.
=: is even =: is even
= is odd the same holds for division
Examples
: cosz, |@, ¢, 2, xt,.. . exp (—x?/2).
: sinz, tanzx, x, 13, zs,....
z-Shift: f(x — ¢) = shift to the right
f(x 4+ ¢) = shift to the left (5.50)
y-Shift: f(x) £ ¢ = shift up/down (5.51)
Proof 5.3: eq. (5.50) f(zn — c¢) we take the z-value at zp

but take the y-value at zo := xn — ¢

= we shift the function to zp,.

Definition 5.32 Argmin: The argmin of a function defined
on a set D is given by:

argmin f(z) = {z|f(z) < f(y),Vy € D} (5.60)
xeD
Corollary 5.13 Relationship arg min <> arg max:
argmin f(z) = arg max — f(x) (5.61)
xreD xeD
Property 5.8 Argmax Identities:
1. Shifting:
VA const argmax f(x) = argmax f(z) + A (5.62)
2. Positive Scaling:
VA > 0 const argmax f(z) = argmax A\ f(z) (5.63)
3. Negative Scaling:
VA < 0 const arg max f(z) = argmin A f(x) (5.64)
4. Positive Functions:
Vargmax f(z) > 0, Vz € dom(f)
1
arg max f(x) = arg min (5.65)

f(z)
5. Stricly Monotonic Functions: for all strictly monotonic
increasing functions(@" %121 g it holds that:

argmax g(f(z)) = argmax f(x) (5.66)




Definition 5.833 Max: The maximum of a function f defined

on the set D is given by:
max f(z) = f(z*) with
xeD

vz* € arg max f(z) (5.67)

xzeD

Theorem 5.5 The Existence of an Inverse Function:
A function has an inverse function if and only if it is one-to-
one.

Definition 5.34 Min: The minimum of a function f defined
on the set D is given by:

Corollary 5.16 Inverse functions and strict monotonic-
ity: If a function f is strictly monotonic [4¢F 514 on its entire
domain, then it is one-to-one and therefore has an inverse
function.

6. Special Functions

6.1. The Gamma Function

min f(z) = f(z*) with  Vz* € arg min f(z) (5.68)
xeD zeD
Corollary 5.14 Relationship min < max:
min f(z) = — max — f(x) (5.69)
xzeD xeD
Property 5.9 Max Identities:
1. Shifting:
VA const max {f(z) + \} = A + max f(x) (5.70)
2. Positive Scaling:
VA > 0 const max A f(z) = A max f(z) (5.71)
3. Negative Scaling:
VA < 0 const max A f(xz) = A min f(z) (5.72)
4. Positive Functions: 1 1
Vargmax f(z) > 0, V& € dom(f) max — = —————
f(z)  min f(z)
(5.73)

5. Stricly Monotonic Functions: for all strictly monotonic
increasing functions!def 5:12] g it holds that:

max g(f(x)) = g (max f(z)) (5.74)

Definition 5.39 The gamma function I'(a): Is extension
of the factorial function (??) to the real and complex numbers
(with a positive real part):

z—1

o0
I'(z) = J z¥ e T dx R(z) >0 (5.81)
0
neN
I'(n) — I'(n) = (n—1)!
7. Proofs

Definition 5.35 Supremum: The supremum of a function
defined on a set D is given by:
sup f(z) = {yly = f(=),Vz € D} =
xeD

min
yly=f(x),YeeD

y (5.75)

and is the smallest value y that is equal or greater f(z) for
any @ <= smallest upper bound.

Definition 5.36 Infinmum: The infinmum of a function
defined on a set D is given by:

inf f(z) = {yly < f(x),Yz e D} =
xeD

max
yly<f(=x),vzeD

y (5.76)

and is the biggest value y that is equal or smaller f(x) for
any @ <= largest lower bound.

Corollary 5.15 Relationship sup < inf:

€zep f(z) = — sup —f(=)
xzeD

(5.77)

Proof 5.4: lemma 5.1 for C! functions:
Let g(t) = f(y + t(x — y)) from the FToC (theorem 5.2) we
know that:

01 g (8)dt = g(1) - g(0) = F(x) — F(¥)

It then follows from the reverse:

[f(x) = F(¥) = VT (x =yl

Note

The supremum/infinmum is necessary to handle unbound
function that seem to converge and for which the max/min
does not exist as the argmax/argmin may be empty.

E.g. consider —e”/e” for which the max/min converges to-
ward O but will never reached s.t. we can always choose a
bigger x = there exists no argmax/argmin = need to bound
the functions from above/below <= infinmum/supremum.

Chain. R 1
FIoC jo Vi + tx—y)T(x — y)dt — V()T (x — y)
1
= |, (e =) = VDT -y
1
- fo (VF(y +tx—y) = VF)T (x —y) dt
C.S. 1
< IVIG = 3) = V- = vt
eq. (5. 1
T LN Ly + e = y) =yl - I -yl e
0
1 L
= Lux—yu"‘jo vde] = < lx - yli3
Proof 5.5: 77 for C2 functions:

SO LF6) + VEOT %) + 5y =0TV %)
Now we plug in V2 f(x) and recover eq. (5.33):
1
FO) <G+ V)T (y —x) + E(yf x)TL(y — x)

Definition 5.37 Time-invariant system (TIS): A func-
tion f is called time-invariant, if shifting the input in time
leads to the same output shifted in time by the same amount.

Y(t) = Fla(t), t) VAR, ) = fla(t— 1), )

(5.78)

Proof 5.6: theorem 5.3:
With the definition of convexity for a differentiable function
(eq. (5.41)) it follows

f(@) = f(y) + VT (@-y) =0

=If(@) = f(y) + V)T (@~ )l
if eq. (5.41)
= f@) = f(y) + V)T (@ —y)

with lemma 5.1 and [9°f 5-23] it follows theorem 5.3

Definition 5.38 Inverse Function g = f_lz
A function g is the inverse function of the function f : A <
R —> B cRif

fg(x)) ==

Vz € dom(g) (5.79)

and

g(f(w) = u Vu € don(f) (5.80)

Property 5.10

Reflective Property of Inverse Functions:
(a,b) if and only if £~ ! contains (bya).

The line y = z is a symmetry line for f and ffl.

f contains




Differential Calculus

1. Mean Value Theorem

6.1. The Hessian

Theorem 6.1 Mean Value Theorem: Let f : [a,b] — R be
continuous function, differentiable on the open interval (a, b),
with o < b. Then there exist some c € (a, b) s.t.

Flo=T0TD 2 [ e

(6.1)

2. The Product Rule

Rule 6.1 (Product /Leibniz Rule).
Let u, v be two differentiable functions u,v € Cl then it holds
that:

d(u(ac)v(z))

= (6.2)

= (wv) = vv+v'u

5.1.2. The Subderivative
Definition 6.4 [proof 6.1]
Subgradient g:

Let f : R™ — R be a continuous (not
necessarily differentiable) function.
g € R™ is a subgradient of f at a
point xg € R" if it satisfies:

g:f(x) = f(x0) 2gT(x—x0) 5
©.7)

3. The Chain Rule

Formula 6.1 Generalized Chain Rule:
Let F : R” — R"” and G : R” — R"" be to general maps then
it holds:

OF : R > R XM

(6.3)

0(GoF) =
—_—— Rmxk

(G oF) - 0F
—_— oG 1 R"
RPoRTIXT g Rk ghxn)

4. Directional Derivative
5. Partial Differentiation

Definition 6.5 [example 6.1]
Subderivative 0f(x0):
Let f : R™ — R be a continuous (not necessarily differen-
tiable) function. The subdifferential of f at a point xg € R"
is defined as the set of all possible subgradients!d*f 4 g:
of(x0) {g: f(x) = f(x0) = g7 (x —x0) VxeR"} (6.8)

Definition 6.8 Hessian Matrix:
Given a function f : R — R" its Hessiane R™*"™ is defined as:

H(f)(x) = Hy(x) = J(VE(x)T (6.10)

a2 a2f a2f
g% ) Sz o () 3z o ()
22 f a2f 22f
dxodx (x) a?(x) dxo0xn, (x)
a2f 2f 2%y
dxp ox | (x) dxpdx (x) """" axz (x)

and it corresponds to the Jacobian of the Gradient.
Due to the differentiability and theorem 6.2 it follows that
the Hessian is (if it exists):

+ Symmetric

+ Real

9. Examples

Example 6.1 Subderivatives Absolute Value Function

|z|: f:R+— R with f(z) = |z| at the point = 0 it holds:
f(z) — f(0) = gz = the interval [—1;1]

For = # 0 the subgradient is equal to the gradient. Thus it

follows for the subderivatives/differentials:

—1 ifex <0
dlz] = {[-1,1] ifxz=0
1 ifz>0

Heuristic

‘We can guess the sub derivative at a point by looking at all
the slopes that are smaller then the graph.

Definition 6.1 Paritial Derivative:

Let f : R™ — R be a real valued function, its partial deriva-
tive 0; f : R™ — R is defined as the directional derivative??
along the coordinate axis of one of its variables:

bl x,x; «— x; +h) — f(x
i = b JORT ) = 500
ox; ! h—0 h
o f(E, e mith o wn) — f(@1, T, Tn)
= lim
h—0 h
(6.4)
5.1. The Gradient
5.1.1. The Nabla Operator
Definition 6.2 Nabla Operator/Del V:

Given a cartesian coordinate system R" with coordinates

5.2. The Jacobian
Definition 6.6
Jacobian/Jacobi Matrix Df, J¢:
Given a vector valued function
f:R" —R" its derivative Jg :R™ > RX™
with components 0;,;f = 0;f; : R™ +— R is a vector valued
function defined as:
of O(f1s---5fm)
J(£(x)) = Jg(x) = Df = —(x) = (x) (6.9)
ox o(x1, .y 2n)
VTf,
o |
. o )-|
VT fm
o 2 Ll
Dy e Hlio
2 2
| e T 20
ot 25 Tofa
Fe0 Hr e 00

Corollary 6.2 Eigenvector basis of the Hessian: Due to

the fact that the Hessian is real and symmetric we can de-

compose it into a set of real eigenvalues and an orthogonal

basis of eigenvectors {(\1,v1),..., An,Vn}.

Not let d be a directional unit vector then the second deriva-

tive in that direction is given by:
n

if d=Vj
dTHd « dT ) Ny = dTyv,
i=1
« The eigenvectors that have smaller angle with d have bigger
weight/eigenvalues

¢ The minimum/maximum eigenvalue determines the mini-
mum/maximum second derivative

7. Extrema

Definition 6.9 Critical/Stationary Point: Given a func-
tion f : R™ +— R, that is differentiable at a point x¢ then it is
called a critical point if the functions derivative vanishes at
that point:

f'(x0) =0

— Vxf(x0) =0

Explanation 6.1.
gradientsl’ %% of the component functions f1, ...

Rows of the Jaccobian are transposed

s fon

Corollary 6.1 :

Corollary 6.3 Second Derivative Test f : R — R:
Suppose f : R +— R is twice differentiable at a stationary point
2 (91 690 then it follows that:

f'(z +¢€) >0 slope points uphill
o f(z)>0 < f/(z—¢) <0 slope points downhill
f(x) is a local minimum
f’(z + €) > 0 slope points downhill
° fN(CU) <0 <> f(z —¢) <0 slope points uphill

f(x) is a local maximum

¢ > 0 sufficiently small enough

6. Second Order Derivatives

z1,...,x, and associated unit vectors €1, ..., @&, its del op-
erator is defined as: 5
a7 ()
no, %(x)
V= e, = : (6.5)
Z oz; :
i=1 M
fel
GET ()
Definition 6.3 Gradient:
Given a scalar valued function f R™ + R its gradient

Vf : R™ +— R" is defined as vector R" of the partial

derivatives!®® 61 w.r.t. all coorginate axes:
)

i

GED) ()

grad f(x) i= VS(x) = | =(Z_i>T

(6.6)

2L

Definition 6.7 Second Order Derivative

—oc .
Gzjow;

Theorem 6.2
Symmetry of second derivatives/Schwartz’s Theorem:
Given a continuous and twice differentiable function f : R" —
R then its second order partial derivatives commute:

o of o of

O0z; Oz oz Ox;

Corollary 6.4 Second Derivative Test f : R"™ — R:

Suppose f : R™ > R is twice differentiable at a stationary

point x [4°F 91 then it follows that:

e« fHispd<= V)\; >0eH — f(x) is a local min.

e« f Hisnd<= V); <0eH — [f(x)isa local max.

« If3)\; >0€ Hand 3)\; <0 € H then x is a local maximum
in one cross section of f but a local minimum in another

« If 3)\; = 0 € H and all other eigenvalues have the same sign
the test is inclusive as it is inconclusive in the cross section
corresponding to the zero eigenvalue.

Note

If H is positive definite for a minima x* ofa quadratic function
f then this point must be a global minimum of that function.

8. Proofs

Proof 6.1: Definition 6.4 f(x) = f(x0)+g7(x—x0) VxeR"
corresponds to a line (see formula 5.1) at the point xg with
slope gT.

Thus we search for all lines with smaller slope then function
graph.




Integral Calculus

Theorem 7.1 Important Integral Properties:
b

Addition If(w) dz = Jf(w) dz + ff(:v) dz (7.1)

a a
b a

Reflection ff(z) dz = 7Jf(z) dz (7.2)

a b

b bte
’I‘ranslationff(z) dx wemREe f f(z Fc)dx (7.3)
+

a a

f 0dd J f(z)dz =0 (7.4)

—a

f Even J f(z)dz = ZIf(w) dz (7.5)
—a 0

Proof 7.1: egs. (7.4) and (7.5)

I:= f f(z)dx = f f(x)dac+ff(:v)dac
o)

t=—za 0 a
B L e FAOLE
a 0

_ r _Jo if f odd
N ff(—z) +f(z)de = {21 if f even
0

Definition 7.1 Integration by Parts:
b b b
J udv = uv‘ - f vdu (7.6)
a a C

1

1. Integral Theorems
1.1. Greens Identities

Theorem 7.2 Greens First Identity:
Let Q = Q U 8Q, for all vector fields j € (C1:1>w (Q))d and scalar

functions v € Céw (S:Z) it holds:

I jT gradvdx = —J divjvdx+j jTnvdsS (7.7)
Q Q oQ




Differential Equations

Definition 7.2 [?77]
Differential Operator:

A differential operator .# is a mapping of a suitable function
space onto another function space, involving only values of

Definition 9.8 Non-Homogenuous
Their exists non-zero terms
derivatives of u.

Z(u) =
that do not depend on u or on

1.3. Constant Coefficients

Definition 9.16 Integral Surface o8
An function ¢ : R® +— R is a an integral surface of a vector
field V : R3 — R3 if ¢ is a surface that has in every point a
tangent plane containing a vector v = (¢ b ¢) of V.

3. Linear Equations

Definition 9.9 PDEs with Constant Coefficients:

Corollary 9.3 PDEs and Integral Surfaces:

Ordinary Differential Quations
Partial Differential Equations (PDE)s

where a, b, ..., g are functions depending on x and y.

Definition 9.1 Partial Differential Equation:

Let u = u(xy,... ) : R¥ — R! be an unknown function
depending on x = (zl .. -zk:) and let / be a known func-
tion.

The known function .%, depending on differentials of the un-
known function u is called a Partial Differential equation:

Definition 9.11 Principal Part: Is the operator £, that
consists of the second-(=highest) order parts of Z:
ZLa(u) 1= augy + 2bugy + cuyy

Definition 9.12 PDEs Discriminante: Is defined by:

:= —det (Z b) =b% — ac

5(2)

(9.9)

responding derivatives depend only on the independent vari-
ables z1,x2,...,Tm:

(@, y)ug + bz, y)uy + c(z, y)u = d(z, y) (9.4)

Definition 9.4
Semilinear PDEs:
Are PDEs whose coefficients of the highest order n-terms are
functions depending only on the independent variables but
not onto the dependent variables u or their derivatives.
Thus the PDE is linear regarding to the highest order terms:
a(z, y)ug + b(z, y)uy = (z,y,u) (9-5)

(77]

ou oun Explanation 9.1. It turns out that many fundamental prop-
Flua, —, ..., R = Z(u,Du,...,D"u, /) = 0|| erties of the solution of eq. (9.8) are determined by its principal
ox1 530£, S anE; part, or rather by the sign of the discriminant 6(Z).
or < (u) = in (9-1) Definition 9.13 [?77]
N Parabolic PDEs: Let!9°" 91% be a PDE defined on Q RZ,
Corollary 9.1 Dependent Yarlat;les. then the PDE is called hyperbolic if:
u:RE—R (9-2) §(£)=1>—auc=0 (9.10)
Corollary 9.2 Independent Variables: Definition 9.14 [77]
x = (xl ....... a:;,) (9:3) Hyperbolic PDEs: Letl4" 219 be a PDE defined on Q
2 i ic if:
Definition 9.2 Order s R#“, then the PDE is cail)ed h)}/}z)erbohc if:
Is the highest partial derivative that appears in a PDE. 6(L) =" —ac>0 (9-11)
1. Algebraic Types Definition 9.15 [?7]
1.1. Linearity Parabolic PDEs: Letl?" 919 he a PDE defined on Q Rz,
then the PDE is called elliptic if:
Definition 9.3 (77] (L) =1%>—ac<o0 (9.12)
Linear PDEs:
A linear PDE naturally defines a linear operator [°F 731 A Explanation 9.2.
linear PDE must be linear reagarding the unkown function || 7p¢ reason for this categorization are nor-
u. In other words all dependent variables u and their cor- || ;41 quadratic equations in two variables:

Az? + By  + Cay+ Dz + Ey+ f=0
If B2 —4AC =0 < the equation is a parabola.
If B2 —4AC > 0= the equation is a hyperbola.
If B2 —4AC <0 = the equation is an ellipse.

2. Method Of Characteristics

the function argument and its derivatives in the same point: ||Is @ PDE whose coefficients «, b, ¢, ... are constants i.e. inde- || The solution of a PDE u(z, y) can be thought of as an integral
£ 0" (Q) - CFQ), k<n pendent variables. surface:
Note: Z is a differential operator of order k — n. 1.4. 2nd-Order Linear PDEs in two variables z =u(z,y) orimplicitly ¢(z,y,z2) = u(z,y) — =z (9.16)
Definition 7.3 Linear Differential Operator: Definition 9.10 Explanation 9.3 ( [proof 77]
Is a differential operator £ that satisfies: 2nd-Order Linear PDEs in two Variables: Integral Surface and PDEs).
ZL(au + v) = a ZL(u) + 7 ZL(v) Vo, 7 eR (7.8) Z(u) = augg + 2bugy + cuyy +dug +euy + fu =g (9.8) || The solution u(x, y) of eq. (9.13) can be sought of as an surface

z = u(z,y) in R or in implicit form ¢(x,y, z) :

u(z,y)
n = Vo¢(z,y,z)

u(z,y) — 2.

z =

irface

integral-s

bz ug
Letm(z,y) :=grad¢ = [ Py | = [ uy and
bz -1
a(z, y)
Let V= |b(z,y) be a vector field R® s R® and
oz, y)
Pz ug
n(z,y) :=gradd = | ¢y | = | uy
- bz -1
Idea: we can rewrite eq. (9.13) as:
a(z,y)\ (ux
(@ v T, Vol@,y,2) = < Wz, y) |, | uy > =0
o(z,y)) \—1

Geometric Interpretation:
v is orthogonal to the normal n for all points (z,y, u(z,y)).

Hence every vector v = (u b (‘)T lies in the tangent plane
containing ¢.

Consequently in order to find a surface ¢ (and thus also a
solution u), we need to search for ¢ s.t. the vector v lies in the

tangent plane for every possible point of ¢.

Definition 9.17
Characteristic/Integral Curve As(r) = A(r; 8):
Given a vector field V an integral curve A(r) of that vector
field, is a curve parameterized by parameter 7:
x(r)
Ar) = x(r)es + y(r)ey + z(r)ex = ygr; (9.17)
z(r

s.t. at each point r of the curve a vector v of the vector field:
a(z(r), y(r))
b(z(r), y(r))

v = eV (9.18)
c(z(r), y(r))
is tangent to the curve:
”(I(T)v y(T)) a(A(r))
PO v = e, u(m) | = (20| (019
dr c(A(r)

Definition 9.18 Characteristic Equations:
The set of ordinary differential equations of a PDE arising
from Equation (9.19) are called characteristic equations:

ox(r)
=z = a(\(r)) = a(r) (9.20)
= b(A(r)) = b(r) (9.21)
= c(\(r) = c(r) (9.22)

Problem: in order to get a unique solution we need to specify
initial conditions.

Idea: If a characteristc has an arbitrary point in common
with the integral surface ¢ then the whole characteristic A\
will lie in the integral surface.

Proof 9.1: Let: ¢(A\(r)) = u(z(r),y(r)) — z(r)
d¢

dr il B
u(z('r), y(r)) Uy

Ug

= [ uy [ o@@)u@) ) = [uy Jie) =0
—1)\ela(r), y(r) 2

Thus: ¢(A\(rg)) =0 < ¢(A(r)) =0, Vr

Definition 9.19

Characteristic (Curve) As(r) = A(r; 8):
is an integral curve of the vector field V that is uniequely
determined by a parameter s.

Idea

Definition 9.5
Quasilinear PDEs:
Are PDEs whose coefficients of the highest order (n) terms
are functions only depending on the independent variables
and on the dependent variables u and their derivatives up to
an order . < n, that is smaller than the highest order terms
n:

(77]

a(z, y, w)ug + b(z,y, u)uy = c(z,y,u) (9-6)

Is a method that makes use of geometrical aspects in order
to solve 15t-order PDEs with two variables by construct-
ing integral surfaces and can be used to solve PDEs of the

We first simplify the task
vl and start by construct-
v3 ing/finding integral curves
vs A and then we construct the
integral surface ¢ out of this

curves.

v(r)

Vg

Definition 9.6

Fully Non-linear PDEs:
Are PDEs where all terms of the highest order n are non-
linear:

[77]

a(z,y,u, 0 )ug + b(z, y,u, 0 )uy = c(z,y,u) (9.7)
Note: —(Quasilinear < Fully Nonlinear)
1.2. Homogenity
Definition 9.7 Homogenuous Z(u) = 0:

All terms depend on u or on derivatives of u.

type:
Linear: a(z,y)ug  +b(z,y)uy =c(z,y) (9.13)
Semilin.: a(x,y)ur +b(z,y)uy =c(z,y,u) (9.14)
Quasilin.: a(z,y, W)ug+i(z, y, W)uy=c(z, y, u) (9.15)
Formula 9.1 Method of Characteristics:
z = x(r;s) y = y(r;s) z = u(r;s)
Parameter.: 1= x(r;s)eg + y(r;s)ey + z2(r; s)ex
r;s) = (a,b,c)
E.g. v(z(r;s), y(r;s), z(rs s))
=& =a(rs(r)
5) = 9 = (s (")
(ris) =2 =c(As(r)
Compact:
& = a(w,y,u) Y = bz, y,u) = c(z,y,u)
LC.: =2(0;5) = zo(s) wo(0;s) =wyo(s) u(0;s) = ug(s)

Consequence: For every character-
istic s we need to specify one inital
point on the integral surface in or-
der to have all the characteristics liejjtogral-§
within the integralsurface. B
Idea: we define another curve I'(s)
on the integralsurface that transvers
all the characteristic curves Xg(r)
transversal (=angle beetween I'(s) N
and Ag(r) is never zero < I'(s) )

As(T))-

1(r

z

Definition 9.20 Inital Condition: s I'(s), ' : R — R3
2a.(7) 20(s) ,

As(r) = [ s (r) ], T(s)= [ vols) As(0) = T'(s)
Zs(r z0(s)

= z5(0) = zo(s) Ys5.(0) =wols)  25.(0) = =0(s)

Definition 9.21

Projected Characteristic Curves y(7):

Are curves in the plane of the independent variables of our
PDE, along which u is constant or satisfies certain conditions.
If u is constant along g(7) then the initial data is simply prop-
agated along those characteristic curves:

d
d—vu(“r( )y ) =0 <= u(y(7), ) =uo(v()) (9.23)




Hint: If the PDE is linear, then the two first characteristics
do not depend on u and can be solved directly, u will then be
constant along those characteristics:
(@, 4 g +5(2, y)uy=c(z, )
dxz dy du . . dy b(z,y)
— =a — =0 — = ¢ implies — = —=
dr dr dr dz a(z,y)

Hint: If we divide the PDE by « we have to solve a PDE less,
beacause the first ODE will allways be:
T =1= T =1r= zs(r) = xo(s)

4. Quasilinear Equations

Solving Quasilinear Equations

oz g, wue (@, g wuy  =c(o, y,u)
ujp(r, s) = 6(s)

L me) L = ) Sl — )
— =a(z,y,u) — =b(z,y,u) — =c(z,y,u
dr & dr g dr g

75(0) = zo(s)  ws(0) =wo(s) =25(0) = o(s)
Results

Now the projected characteristic curves may depend on u as
well as on x,y. Thus the first two characteristics are no longer
decoupled form the third one.
1. We may get projected characteristic curves crossing
themselfs.
2. u is no longer constant along the projected characteris-
tic curves, rather the PDE reduces to an ODE satisfying
certain conditions along this curves.




Linear Algebra 4. Vector Spaces Note Projections in 2D
4.1. Vector Space If VV is infinite dim (V') = 0. Definition 10.21 2D Vector Projection
1. Vectors [ [Proof 10.17,10.18]:
IDeﬁnition 10.6 Vector Space: TODO 4.4. Affine Subspaces R :
e A J
Definition 10.1 Vector Substraction: 4.2. Vector Subspace Definition 10.14 Affine Subspaces: Given a K-vector
space 1 of dimension dim()’) > 2 a sub vector spaceld®® 1-7]
Definition 10.7 Vector Subspaces: U of V defined as: uy = projy (u)
A non—emp?y.subsgt U of a K-vector space V' is called a sub- i=v+U={v+x|xeU} v E (10.18) = Uy V = (uT‘N,) v
b—c_a (10.1) space of V if it satisfies: aTv uTy
u,veU e u+veU (10.8) Corollary 10.6 Direction: The sub vector spaces U are = T—o V= ——vV
ueU g AuelU vieK (10.9) || called directions of ' and it holds: vl vTv
dim()V) := dim(U) (10.19) (10.28)
Definition 10.8 Linearcombination:
- - Let X = {vi,...,vp} © ) be a non-empty and finite subset | 4.4.1. Hyperplanes
2. Linear Systems of Equations of vectors of an K-vector space V. A linear combination of X |5 ot 10.15 H 1 H:
i imi i i bination of the vectors defined as: ennition : yperpiane :
2.1. Gaussian Elimination Is a comblr : A hyperplane is a d — 1 dimensional subspace of an d-|| Corollary 10.8 [proof 10.8]
2.1.1. Rank v = Z NiVi = a1V1 + ... + anvn a; €K (10.10) dimensional [z:;glbli]elnsﬁ space that can be specified by the hess || 2D Projection Matrix P: Is t.lbe matriTx that satisfies:
Definition 10.2 Matrix Rank ank: izt normal form*" : diat Pu = projg (u) p_Y. _ ¥ (10.29)
The ranks of a matrix A € R”*X"™ is defined as the the H= {XER ‘n x—d= 0} (10.20) L vTv IIv]|2
dimension/?°f 10131 of the vector space spaned[d"f' 10.9] by its || Definition 10.9
row or column vectors: Span/Linear Hull X): Corollary 10.7 Half spaces: A hyperplane # € R?~! sep- || Proof 10.1: [Corollary 10.8]
rant(A) = dim ({ai,l’ ] aiy"}) Is the set of all possible linear combinations!* '° of finite || arates its d-dimensional ambient space into two half spaces: T 1 T 1 T
= dim({a1,;,...,a,,,}) set X = {vi,...,vn} < V of a K vector space nt :{ze]Rd |ﬁTx+//>0} (10.21) v YV vTvV(V u) = Ty (vwwhu
def. 10.50 . n —
= dim(R(A) (10.2) (X) = span (X) = {v| 3] avi, Ya; e K (10.11) M ={eeRr!@Tx+ 0 <0} =R —H* (10.22) | General Projections
Corollary 10.1 : i=1 Nl Definition 10.22 [proof 10.19]

« The column-and row-ranks of a square matrix A € R™*"
are equal.
« The rank of a non-symmetric matrix A €
by the smaller dimension:
vant(A) < min {n, m}

R™X™ is limited

(10.3)

Definition 10.10 Generating Set: A generating set of vec-

Hyperplanes in R? are lines and hyperplanes in R are lines.

Hess Normal Form

Property 10.1 Rank of Matrix Product: Let A € R"""
and B € R"™P then the rank of the matrix product is limited:
rant(AB) < min {vant(A), vant(B)} (10.4)

tors X = {vy1,...,v,,} € of a vector spaces is a set of
vectors that span!def 1091

span (Vi ...,v,,) = (10.12)
Explanation 10.1 (Definition 10.10).
The generating set of vector space (or set of vectors) ERn

is a subset X = {vi,... can

be produced by span(X).

, Vo } © Vst every element of

Rank-1 Matrix

Definition 10.16 Hess Normal Form:
Is an equation to describe hyperplanes/@° 10-1%] jn Rd:
rTfi—d=0 = aT (r —rg) rTd>0
(10.23)

ro =

where all points described by the vector r € ]Rd, that satisfy
this equations lie on the hyperplane.

Definition 10.3 Rank-1 Matrix:

Definition 10.11 Linear Independence: A set of vector

Note

General Vector Projection:
Is the orthogonal projection u of a vector v onto a sub-vector
space U

n
u= Y a;b; (10.30)
ut v =1
by
u v-u AATo;, =ATv A=
o by,
where B = {b1,...,b,}isa

basis of the vector subspace

Is a matrix of rank one. A tensor product of two vectors |[{V1,---,Vn} € ) is called linear independent if the satisfy: | The direction of the unit normal vector is usually chosen s.t. u
u, v € R™ results in a rank one matrix: n r’n > 0.
uv? = A eR™" 10.5 v= Z Aivy =0 hand ap=...=ap =0 (10.13) i Theorem 10.1 Projection Theorem: Let U a sub vector
(10.5) 4.4.2. Lines
i=1 space of a finite euclidean vector space . Then there exists
iti - i i . i Definition 10.17 Lines: Lines are a set(%" 1] of the form: || for every vector v € 1" a vector u € U obtained by an orthogo-
Definition 10.4 Rank-1 Modification/Update: Adding a -
rank-1 matrix to another matrix is called rank-1 modification: || Corollary 10.2 : A set of vector {x1,...,xn} € VV is called L=u+Kv={u+iv]ieK} uvel,v#£0 (10.24) | nal*" 7 projection
X =X +uv' 10.6) || linear independent, if for every subset X = xi1,...,xm S - . Su
( ) {X1,...,%n} it holds that: Two Point Formula Py o u (10.31)
A i X) ¢ . 10.14 o1 : .
3. Sparse Linear Systems (X) & fxa, »Xn} ( ) || Definition 10.18 Two Point Formula: the vector u’ := v — u representing the distance between u
Definition 10.5 Sparse Matrix A e€K"""™ m,n € Nxg: 4.3. Basis a,ndHl:/, ‘Tn:d ﬁirflillllmjlllv —w| vweu ue ut (10.32)
A matrix A is sparse if: . Definition 10.12 Basis %3: L—u+Kv (10.25) = )
nnz(A) < mn AeK ", m,neNsg (10.7) || A subset B = {vi,...,vyp} of a K-vector space ) is called a . 4.5. Affine Subspaces
nnz := #{(i,7) € {1,...,m} x {1,...,n} tag # 0} basis of V' if: 4.6. Planes

(B) = and B is a linear independent generating set

(10.15)

4.4.3. Planes

Corollary 10.3 : The unit vectors eg, ...
dard basis of the R".

,en build a stan-

Definition 10.19 Planes:
E=u+Kv+Kw={u+ v+ pwlX,
s.t. v,u#0

Planes are sets defined as:
€ K} (10.26)

u, ,w € and v, w lin. indep.

Corollary 10.4 Basis Representation:
Let B be a basis of a K-vector space , then it holds
that every vector v € can be represented as a linear

Parameterform

combination[@®" %81 of % by a unique set of coefficients gt
ke
Q1y...,anp €K
v = a;b; 10.16
Z v bi,...,b, €B ( )
=1
4.3.1. Dimensionality

Definition 10.13 Dimension of a vector space dim ()):
Let )V be a vector space. The dimension of V' is defined as the
number of necessary basis vectors B = {v1,...,v,} in order
to span

dim (V) := |B] = n € Ng (10.17)

Definition 10.20 Two Point Formula:

E=u+K(v—u)
+ K(w — u)
(10.27)

Corollary 10.5 : n-linearly independent vectors of a K-
vector space )/ with finite dimension n constitute a basis.

4.4.4. Minimal Distance of Vector Subspaces

https://math.stackexchange.com/questions/1485509/show-
that-two-planes-are-parallel-and-find-the-distance-between-
them




5. Matrices

Special Kind of Matrices
5.1. Symmetric Matrices

5.4. Unitary Matrices

Definition 10.23 Symmetric Matrices: A matrix A €
K™ X" is called symmetric if it satisfies:

A =AT (10.33)

Definition 10.27 Unitary Matrix
is a complex square matrix U € C""*™ whose inverse
is equal to its conjugate transpose[d“' 10.25]

H
U U=UU

uUu :
[def. 10.41]

=1 (10.43)

Property 10.2 [proof 77]
Eigenvalues of real symmetric Matrices: The eigenvalues
of a real symmetric matrix A € R"*™ are real:

spectrum(A) € {R>o}; (10.34)

Corollary 10.13 Real Unitary Matrix: A real matrix
A € R™X™ that is unitary is an orthogonal matrizglde® 10-241,

Definition 10.34 Block Partitioned Linear System:
A linear system Mx = b with M € R*tHF+! and x, b e RFF!
can be partitioned into a block partitioned system:

& B[ .

Aer"* Ber"! cer\ Derb

x1,b1 € R" , X2, b € R
(10.50)

6. Matrices and Determinants

6.1.
6.1.1.

Determinants
Laplace/Cofactor Expansion

Definition 10.39 Minor:

Definition 10.40 Cofactors:

5.8.1. Schur Complement

Property 10.3 [proof 77]
Orthogonal Eigenvector basis: Eigenvectors of real sym-
metric matrices with distinct eigenvalues are orthogonal.

Property 10.6

Preservation of Euclidean Norm [proof 10.14]:
Orthogonal and unitary matrices Q € K" do not affect the
2-norm:

vx e K"

IQx[l2 = lIxIl2 (10.44)

Definition 10.35 Schur Complement: Given a block par-
titioned matrix[4e 10331 M e RFHLEHD jtg Schur complements
are given by:

5.5. Similar Matrices

Corollary 10.9

Definition 10.28 Similar Matrices: Two square matrices
A € K"*™ and B € K"X™ are called similar if there exists a

S,=D-cCcA™'B Sp=A-BD !C (10.51)
5.8.2. Inverse of Block Partitioned Matrix
Definition 10.36 proof 10.3

Inverse of a Block Partitioned Matrix:
Given a block partitioned matrix!4°t 10331 M e RFFTLEFD jg
inverse M~ * can be partitioned as well:

Properties
Property 10.10 Determinant times Scalar det(aA):
Given a matirx A € R™*" it holds:

det(a- A) = oA (10.57)
6.2. Inverese of Matrices
Definition 10.41 Inverse Matrix AL
6.2.1. Invertability
Definition 10.42
Singular/Non-Invertible Matrix det(A) = 0:

A square matrix A € K"*"™ is singular or non-invertible if it

satisfies the following and equal conditions:

. det(A) =0 « Ax = b has either

. dim(A) <n « no solution x

. iB:B=A"1 « infinitely many solu-
tions x

Corollary 10.10 : [def. 10.25] implies that A must be a square
matrix A € R"*"™.

Figure 1: Lower Tri. Mat. Figure 2: Upper Tri. Mat.

5.7.1. Unitriangular Matrix

Corollary 10.11 Real Hermitian Matrices: From (% 11
it follows:
A € R™™ ™ hermitian [def. 10.23]

(10.40)

= A real symmetric

Definition 10.31 Unitriangular Matrix: An upper
(lower) unitriangular matrix, is a upper (lower) triangular
matrix!def 10300 whose diagonal elements are all ones.

5.7.2. Strictly Triangular Matrix

Property 10.4 [proof 10.15]
Eigenvalues of Hermitan Matrices: The eigenvalues of a
hermitian matrix A € C"*™ are real:

spectrum(A) € {R>o};_, (10.41)

Definition 10.32 Strictly Triangular Matrix: An upper
(lower) strictly triangular matrix, is a upper (lower) triangu-
lar matrix[@°" 1039 whose diagonal elements are all zero.

5.8. Block Partitioned Matrices

Property 10.5 [proof 10.16]
Orthogonal Eigenvector basis: Eigenvectors of hermitian
matrices with distinct eigenvalues are orthogonal.

Corollary 10.12
Eigendecomposition Symmetric
A € C™"™ is a hermitian matri
eigendecomposition!d®f 10361 i given by:

H
A = XAX

Matrices: If
ldef. 10.26]  gpon it

(10.42)

Definition 10.33 Block Partitioned Matrix:
A matrix M € RFtHLF+! can be partitioned into a block parti-
tioned matriz:
A B . . .
M = [c D] AeRrR"" Ber"!' cer\" Der
(10.49)

Eigendecomposition Symmetric Matrices: If A € R™" ||invertible matrix S € K"*"™ s.t.: A B A B
is a real symmetric/®" 1923 matrix then its eigenvectors are IS B =S"'AS (10.45) M = [C D] M=% 2 (10.52)
orthogonal and its eigen—decomposition[deg 10.86] g given by: ¢ D
A = XAXT (10.35) || Corollary 10.14 A-Alia'Bs lca? &— _slca-!
5.2, Orthosonal Matrices Similarity Transformation/Conjugation: ~ 1 1 A ~ 7{\
i 3 The mapping: B=-A""BS, D=sS,
irs .. 1
Definition 10.24 Orﬁl;()?bgonal ) Matrix: A real velu.ed A+— STTAS (10.46) || where Sp =D — CA~1B is the Schur complement of A.
square matrix Q € R is said to be orthogonal if its||. TR .
. A . is called similarity transformation P T
row vectors (and respectively its column vectors) build an 5.9. Properties of Matrices
orthonormalldef- 10-68] 1aqig. Corollary 10.15 5.9.1. Square Root of p.s.d. Matrices
(a4, 950 = di5 and {ai:, 950 = di5 (10.36) Eigenvalues of Similar Matrices [proof 10.13]: || Definition 10.837 Square Root:
This is exactly true if the inverse of Q equals its transpose: 592 T
Q71 =QT — QQT=Q"'Q =1, (10.37) If A e K" "™ has the ecigenvalue-cigenvector pairs e race
. . n i i 9
= - - s V}}}izl then- its con]ugateeq. (10.46) B has the Definition 10.38 Trace: The trace of an A € R™*™ matrix
Attention: Orthogonal matrices are sometimes also called or- || same eigenvalues with transformed eigenvectors: is defined as:
thonormal matrices. {0 ui b u; =Sy, (10.47)
iti i =l : : (A) Z a a1 + + + (10.53)
5.3. Hermitian Matrices tr = i = 011 929 a N
5.6. Skew Symmetric Matrices 1 " nn
H i=
Definition 10.25 Conjugate Transpose A /A* Definition 10.29
Hermitian Conjugate/Adjoint Matrix: Skey Symmetric/Antisymmetric Matrices: Property 10.7 Trace of a Scalar:
The conjugate transpose of a matrix A € C'"*" is defined as: AT = A (10.48) tr (R) =R (10.54)
H _ _ H 1<isn T T
A = (AT) = AT — a, . = i 5.7. Triangular Matrix Property 10.8 Trace of Transpose:
o 1<j<m tr (AT) = tr (A) (10.55)
(10.38) Definition 10.30 Triangular Matrix: An upper (lower) = :
’ triangular matrix, is a matrix whose element’s below (above) - -
the main diagonal are all zero: Property 10.9 Trace of multiple Matrices:
Definition 10.26 Y tr (ABC) = tr (BCA) = tr (CBA) (10.56)
Hermitian/Self-Adjoint Matrices A=A : l11 . U1l UL cccccccUln
A hermitian matrix is complex square matrix A € C™*"™ who l?1 22,
is equal to its own conjugate t'ranspose[de“ 10-25] N R .
H A= : : .o
A=A =AT — a; j=a;,; i€{l,...,n} Lo Dnaeeneeeilnn wr
(10.39)




Transformations And Mapping

Corollary 10.18 Orthogonal Matrix Transformation:

Corollary 10.22 Orthogonality [proof 10.12]:

8. Eigenvalues and Vectors

Definition 10.53 Eigenvalues: Given a square matrix A €

K™ ™ the eigenvalues

7. Linear & Affine Mappings/Transformations |An orthogonal matrix/?" 1924 Q provides an orthogonal || The right (left) null spaceldet 1047 ig orihogonallde! 1067 o the
7.1. Linear Mappin transformation: rowldet: 10521 (colymnldet- 10-511) space:
i pping (Qu)T(Qv) = uv (10.66) N(A) L ®R(AT) and N(AT) L R®(A) (10.75)
Definition 10.43 -
Linear Mapping: A linear mapping, function or trans-|| Explanation 10.2 (Improper Rotations). 7.4.3. Rank Nullity Theorem
formation is a map [ V. — W between two K-vector || Orthogonal transformations in two or three dimensional| Theorem 10.2 Rank-Nullity theorem:
spacesl® 1961 vV and W if it satisfies: euclidean  spacel® 149 represent  improper  rotations: | Let . be a finite vector space and let ¢ be a linear mapping
l =1 l Additivit; 10.58 8 i 8
lgz;;y:) uzl(D((’)() _;u()el)]K EHOn‘x‘Olgvelrl)i’t)ivity) EIO 59; » Stiff Rotations ¢ Reflections+Rotations ¢ '_; (tl;ED :lc.hoéds—l ({0})> +dim (o (V) (10.76)
: . i im = dim (4 im .
Vx,y eV Reflections ¥ ¥
Corollary 10.19 Preservation of Orthogonality: Orthog- Kernel [mage
Proposition 10.1 [proof 10.8] || onal transformation preserver orthogonality.

Equivalent Formulations: Definition 10.43 is equivalent

to:
Va, 3 e K
Vx,y eV

l(ax 4+ Jy) = al(x) + Sl(y) (10.60)

Definition 10.54 Spectrum: The spectrum of a square ma-
trix A € K"X" is the set of its eigenvalues!ef 10-53]
spectrum(A) = A(A) = {\1,...,  \n}

(10.78)

Corollary 10.16 Superposition Principle:

Definition 10.43 is also known as the superposition principle:
“the met response caused by two or more signals is the sum of
the responses that would have been caused by each signal indi-
vidually.”

Corollary 10.20
Preservation of Norm:

[proof 10.6]

Corollary 10.23 Representation as Standardbases:

For every linear mapping ¢ : K" +— K"' there exists a matrix

A that represents this mapping:
w:@A:(Lp(el).......gp(en))eKmxn (10.77)

where

Corollary 10.17
A linear mapping < Ax:
For every matrix A € K”'*" the map:
K™
la : {

X —

[proof 10.10]

K™
Ax
is a linear map and every linear map ! can be represented by
a matrix vector product:

—

(10.61)

An orthogonal transformation Q — preservers the
length/norm:
[hallv = [Qul| (10.67)

Corollary 10.21 Preservation of Angle:
An orthogonal transformation T preservers the angleld° 10:69]
of its vectors:

Z(u,v) = £ (T(u), T(v)) (10.68)
7.4. Kernel & Image
7.4.1. Kernel
Definition 10.47 Kernel/Null Space N/Lpfl((o}):

Let ¢ be a linear mappingl®®® 1943 between two a K-vector
spaces @ : —

The kernel of ¢ is defined as:

Property 10.11 [proof 10.11]
Compositions of linear mappings are linear f o g: Let
g, f be linear functions mapping from ' to (i.e. matching)
then it holds that f o g is a linearldef: 10:43]

. nxm _ m 1
L is linear — JA e K : f(z) =Ax VxeK N(g) = ¢ L ({0}) = {ve )V |pv)=0}C (10.69)
(10.62)
Definition 10.48 Right Null Space N(A):
l;nnenp}e 1(:‘11- Al [proof IOZ*Q] If ¢ = A = K""*"™ then the eq. (10.69) is equal to:
rinciple of linear continuation: inear mapping [ : -1 _ n _ m
— is determined by the image of the basis 9 of N(A) = YA ({op) = {veKk" |Av=0}eK (10.70)
n
I(v) = Z i (by) B (V) = {b1,...,bn} (10.63) || Definition 10.49 Left Null Space N(AT):
i1 If o = A =€ K""X™ then the left null space is defined as:

Definition 10.44 Level Sets:

7.2. Affine Mapping

Definition 10.45 Affine Transformation/Map:
Let x € R™, A e R™*™ b € R™ then:

Y =Ax+b
is called an affine transformation of x.

(10.64)

NAT) = ¢ 7 ({0) ={veK" |[ATv=0}eK" (10.71)
Note
The term left null space stems from the fact that:
(ATx)T =0 is equal to xTA =0
7.4.2. Image
Definition 10.50 Image/Range R/ p:

Let ¢ be a linear mapping[dEf‘ 10:43] hetween two a K-vector
spaces @ : V) — V.
The imgae of ¢ is defined as:

R(p) = (V) ={p(v)|ve

}c (10.72)

7.3. Orthogonal Transformations

Definition 10.46 Orthogonal Transformation:
A linear transformation T of an inner product
space[dEf' 10-78] js an orthogonal transformation if preserves the
inner product:

T(u) -T(v)u-v

—

Yu,v e

(10.65)

Y

Definition 10.51 Column Space Ax:
If op=A = (c1:+++++-Cpn) € K" *™ then eq. (10.72) is equal
to:

.m(A) = pa (K") = {Ax“v’xe K"} _ <(C1"""'cn)>

n
= v‘ Z a;c;, Vo, € K

i=1

(10.73)

Definition 10.52 Row Space ATx:

Ifop=A= (I‘II'T,,) e K" X™ then the column space is
defined as:
RAT) = pp (K7) = {ATx|vx e K} = <(r1.......r,,1)>

m
v) Z a;r;,Va; €K
i=1

(10.74)

From orthogonality it follows = € R(A), y € N(A) = z | y = 0.

Formula 10.1 Eigenvalues of a 2x2 matrix: Given a 2x2-
matrix A its eigenvalues can be calculated by:

tr(A) + 4/tr(A)2 — 4det(A)

2
tr(A) = a+d

{\1, 22} € (10.79)

with det(A) = ad — be




9. Vector Algebra 9.4. Vector Norms Note 13. Vector Spaces and Measures
9.1. Dot/Standard Scalar Product Definition 10.59 Norm |||, Similarity measure is a much weaker notion than a metric as 13.1. Bilinear Forms
: .| triangular inequality does not have to hold. 13.2 dratic Fe
N . f Let V' be a vector space over a field F', a norm on V' is a map: -2. Quadratic Forms
Definition 10.55 Scalar Projection ap: v p IHT SV s R ’ (10 87p) Hence: If o is similar to b and 0 is similar to c it does not 13.2.1. Min/Max Value
a . + imply that o is similar to c.
The scalar projection of a vector that satisfies: Corollary 10.27 [proof 10.20]
a onto a vector b is the scalar Hx” | = OlT Hx =0 Egeﬁnitneis)) giggg; Note Extreme Value: The minimum/maxir;nlu;n of a quadratic
magnitude of the shadow/projection | ax = |o]||x 0'1'1'10591'11 y | . . induces form?? with a quadratic matrix A € R™"™ is given by the
¢ tgh " to b: /proj \ [lx +yllv < x|+ Iyl (Triangular Inequality) (bilinear form . ) . eigenvector corresponding to the smallest/largest eigenvector
o € vector a onto b: ' (10.90) | ; duct induces induces - of A
. inner product———norm————metric. :
~ i T T
ab = llallcos lap = 2B (10.80) Loz a ek v,y 9.6.1. Metric Space Vi Cargminx i Ax v € argmaxxtAx (10-104)
Explanation 10.4 (Definition 10.59). Deﬁnit':ion 10:65 Metric Space X [%’ iio);ﬂ Note
R A norm is a measures of the size of its argument. A metric space is a pair (M, d) of a set M and a metric'®*"
Definition 10.56 [proof 10.4] d defined on M: (QTﬁ)T QTi=1u"QQTa=aTia=1
Standard Scalar/Dot Product: Corollary 10.24 Normed vector space: Is a vector space d: M x Mw— Ry (10.97) s s
Given two vectors u,v € R™ the standard scalar product is over a field F', on which a norm ||-||,- can be defined. 13.2.2. Skew Symmetric Matirx
defined as: 10. Angles
Corollary 10.28
n 9.4.1. Cauchy Schwartz dratic F £ Sk s tri trix: Th
u-v=uTv= {u,v) = Z U;V; = ULV + o+ UnUn . Definition 10.66 Angle between Vectors Z(u,v): Let Quz ra. l? or;n i ew Xmme rlﬁief_nllfmr]'lx' ish ‘?
1 Definition 10.60 . [proof 10.21] u,v € K" be two vectors of an inner product spaceldet 10-78] quadratic form of a skew symmetr;c matrix vanishes:
= |la||||b]| cos 0 = uyV = vyt 6 € [0, 7] (10.81) Cauchy Schwartz Inleqrua‘l;ty”: vl (10.91) . The angle o € [0, 7] between u, v is defined by: a=xTAgewXx = (xTA;'keWx) = (xTAgkewx)T = —
u'v| < [|ull|lv . T
uTv u,ve
Expl ti 10.3 (G tric Int tati 9.4.2. Tri Tor 1 T Z(u,v) =« cosa = —— ’ (10.98) (10.105)
xplanation .8 (Geometric Interpretation). 4.2, riangular Inequality lalllvi a € [0, 7] Which can only hold iff & = 0.
It is the magnitude of one wvector times the magnitude of the . - -
shadow/scalar projection of the other vector. Definition 10.61 [proof 10.22] {777 Orthogonality 13.3. Inner Product — Generalization of the dot prod-

Thus the dot product tells you:
1. How much are two vectors pointing into the same direction

Triangular Inequality: States that the length of the sum

of two vectors is lower or equal to the sum of their individual

Definition 10.67 Orthogonal Vectors: Let ) be an inner-

uct

Definition 10.72 Bilinear Form/Functional:

Is a mapping a : X +— F on a field of scalars FF € K,

K =R or C that satisfies:
a(au + Jv, w)
a(u, av + Jw)

aa(u, w) + fa(v, w)
aa(u,v) + fJa(u, w)

Yu,v,weV, Va,dekK
Thus: a is linear w.r.t. each argument.
Definition 10.73 Symmetric bilinear form: A bilinear

form a on V' is symmetric if and only if:

a(u,v) = a(v,u) Vu,v €

Vz,y,z€ S

Definition 10.57 Vector Projecion:
9.2. Cross Product
9.3. Outer Product

Definition 10.58 Outer Product
Given two vectors u € K",

uvl =u®v:
v € K™ their outer product is

Explanation 10.5 (Definition 10.62).

2. With what magnitude lengths: product spaceld®f 10781 A get of vectors {ui,...,un}t € is
lu+ v < lull + (vl (10.92) |[ called orthogonal iff:
Property 10.12 Orthogonal Direction 1 N = {uj,u;) =0 Vi # (10.99)
For 0 € [—m, /2] rad cos ¢ = 0 and it follows: Corollary 10.25 Reverse Triangular Inequality: 5 -
u-v=0 — ulv (10.82) —llx =yl < lIxllv = llyllv < llx =yl 11.1. Orthonormality
Note: P dicul resp- Nl = liylhv ] < llx =yl Definition 10.68 Orthonormal Vectors: Let be
ote: Terpencicuiar 9.5. Distances an inner-product spaceld®f 1078] A set of vectors
Perpendicular corresponds to orthogonality of two lines. {ui,...,upn,...} € V is called orthonormal iff:
Definition 10.62 1 i=j
Property 10.13 Maximizing Direction: Distance Function/Measure d:Sx SR : {uj,u;) =985 = { i i Vi, j (10.100)
For 6 = 0 rad cos® = 1 and it follows: Let S be a set, a distance functions is a mapping d that sat- 0 i#j
u-v = |ullv| (10.83) || isfies: > T
d(z,z) =0 (Zero Identity Distance) (10.93) 12. Special Kind of Vectors
Property 10.14 Minimizing Direction: d(z,y) = d(y, z) (Symmetry) (10.94) 12.1. Binary/Boolean Vectors
For 0 = mrad cos 0 = —1 and it follows: d(z,z) < d(z,y) +d(y,z) (Triangular Identiy) (10.95) || Definition 10.69
u-v = —[ullv] (10.84)

Binary/Boolean Vectors/Bit MapsB™: Are vectors that
contain only zero or one values:

B" = {0,1}" (10.101)

Definition 10.74 Positive (semi) definite bilinear form:
A symmetric bilinear form a on a vector space )V over a field
F is positive defintie if and only if:

\{o}

a(u,u) >0 Yu € (10.106)
And positive semidefinte < >

(10.107)

Is measuring the distance between two things.

9.5.1. Contraction

Definition 10.63 Contraction: Given a metric space
(M, d) is a mapping f : M — M that satisfies:

Definition 10.70
R-Sparse Boolean Vectors

Are boolean vectors that contain exact r one values:
n

x€e{0,1}" : xTx = Zx=7-

=1

By :

B =

(10.102)

Corollary 10.29 Matrix induced Bilinear Form:
For finite dimensional inner product spaces X € K™ any sym-
metric matrix A € R™*"™ induces a bilinear form:

a(x,x’) = xTAx' = (Ax')x,

12.2. Probablistic Vectors

Definition 10.71 Probabilistic Vectors:
represent probabilities and satisfy:

n
ef0,1]": Y @ =1
1

Are vectors that

(10.103)

i=

Definition 10.75 Positive (semi) definite Matrix >:
A matrix A € R"*" is positive defintie if and only if:

defined as: - d(f(x), f(y)) < Md(z,y) Aelo0,1) (10.96)
vi I ——
WOV = uv = [ureeeee w| (10.85) | CE D
,' 9.6. Metrics
Vn
W oV UIV] upVgeesseees uivn Definition 10.64 Metric d:Sx SR :
19v1 U2V]  UgVoeererens uzvy, . [def. 10.62] s i
_ : _ . . Is a distance measure that additionally satisfies the
- : - : identity of indiscernibles:
u, Ovn d(z,y) =0 < z =y Vz,ye S
Proposition 10.2 [proof 10.5] Corollary 10.26 Me;ri;;;l\.lo;'m: Every f)o;m' lI-]l on a
Rank of Outer Product: The outer product of two vectors vector space |/ over a fie induces a metric by:
is of rank one:
d = — A4 €
rant(u®v) = 1 (10.86) @y = lz -yl R
metric induced by norms additionally satisfy: Vz,y €
N aeFCK K=RorC
1. Homogenity/Scaling: d(az, ay)y = |a|d(z,y)

2. Translational Invariance: d(z + o,y + o) = d(z,y)

Conversely not every metric induces a norm but if a metric
d on a vector space satisfies the properties then it induces
a norm of the form:

1%l = d(x,0)

xTAx >0 — A >0 VxeR"\{0} (10.108)
And positive semidefinte <= > (10.109)
Corollary 10.30 [proof 10.2]

Eigenvalues of positive (semi) definite matrix:
A positive definite matrix is a matrix where every eigenvalue
is strictly positive and positive semi definite if every eigen-
value is positive.
VA; € eigenv(A) >0
And positive semidefinte < >

(10.110)
(10.111)

Note

Positive definite matrices are often assumed to be symmetric
but that is not necessarily true.

Proof 10.2: ?7? 10.2 (for real matrices):
Let v be an eigenvector of A then it follows:
?7 10.2
0 < vTAv=vTov=|v|)

Corollary 10.31 Positive Definiteness and Determi-
nant: The determinant of a positive definite matrix is always
positive. Thus a positive definite matrix is always nonsingu-
lar




Definition 10.76 Negative (semi) definite Matrix <:
A matrix A € R"*™ is negative defintie if and only if:
xTAx <0 — A <0 VxeR™\{0} (10.112)
And negative semidefinte <= < (10.113)

=

15. Matrix Algebra
16. Matrix Norms
16.1. Operator Norm

16.6. Distance
17. Decompositions
17.1. Eigen/Spectral decomposition

17.3.2. Best Lower Rank Approximation

Definition 10.79 Operator/Induced Norm:

Definition 10.86 A = XAX !, [proof 10.25]

Theorem 10.4 Eckart Yound Theorem:
X € K™ the reduced SVD X defined as:

Uy = [u:,l"'”-‘u;,z;] c K
,o5) ERME

Given a matrix

m,k

H -
Xy, = Upzs,v, ok =diaglon, ...

Theorem 10.3 Sylvester’s criterion: Let A be symmet- Let |||l : K" +> R and ||-||, : K" = R be vector norms. Eigendeco;ﬂposition/ Spectral Decomposition : o < szafim (v 01
ric/Hermitian matrix and denote by A(") the & x  upper left The operator normAls defined as: Let A € R be a dzago;uzlzzable square matrix and define by Vi = [Viaeeeeeevi ] e K™F
sub-matrix of A. [| Al 1= su 1Al sup || Ax|| Il K™ e R X = [x1+++++-+xn] € R”*™ a non-singular matrix whose col- B 8ol
Then it holds that: e XE]KF; ]| . ™ p=1 ’ umn vectors are the eigenvectors of A with associated eigen- || provides the best lower & rank approximation of X:
. A >0 — det (AI") >0 k=1,...,n x#0 v value matrix A = diag(A\1,...,Ap). Then A can be repre- vern mmin R X =-Y|p=|X-X.llpF (10.132)
10.117) sented as: G sEan S0
(10.114) ( _ -1 _
L 1.‘ A =XAX (10.126) 38 Matric Calculus
O A <0 = (=1)" det (A ) >0 k=1,...,n| Explanation 10.6 (Definition 10.79). Is a measure for the 18.1. Derivati
(10.115) || largest factor by which a matriz A can stretch a vector x € R™. Proposition 10.3 Diagonalization: If non of A eigenvalues i erivatives
are zero it can be diagonalized: Fal T _ @ T _
« A is indefinite if the first det (A") that breaks both of the| 16-2. Induced Norms slas=a (10.127) §(b7x) ~ =GP =k
previous patterns is on the wrong side. Corollary 10.35 Induced Norms: Let |||, : K" X" > R e (xx) = 2x
« Sylvester’s criterion is inconclusive (A can be anything of || defined as: Proposition 10.4 Existence: F)
the previous three) if the first det (A]“) that breaks both |lAllp := sup % = sup [|Aylp (10.118) axAxX !t — A diagonalizable (10.128) 6_xAx =A (10.133)
patterns is 0. exk™ IXllp =1 T o
};#_0 ¥l 17.2. QR-Decompositions —~ xTAx = (A + AT) x (10.134)
14. Inner Products 17.3. Singular Value Decomposition ox
i 5 . 2 bTAx) = A Tb 2 (c"Xb) =cb! 2 —b =
Definition 10.77 Inner Product: Let )’ be a vector space E):ipla(rilatlon 10.7 ([Cf)rollary %0;13&]2 b . Definition 10.87 H 6x( =) oxX (e ) © ox (= I2)
ﬁ ld F K f 1 A . d t . . Induced norms are matriz norms induce: Y vector norms as we: S_ 1 V 1 D el - . x—b
over a fie € K of scalars. An inner product on V' is a map: X ingular Value Decomposition (SVD) UV Tx—bl3
oV x Ve FCK K =R or C (10.116) || ° Only work with vectors Ax For any matrix A € K'""™ there exist unitary| _o 22 2 (5T 2 2
that sat;sﬁe's ;z s e e F . e And use the normal p-vector norms ||-||p matricesder 10-27) §(HXHQ) = FHE'x) = 2x xUXIE) = 2X
B N , B Lo _ X
1. (Conjugate) Stmmetry: 7 7 {z,y) =z, y) Note supremum Uek™" VeK™" 2|l = T=T
: . } N ’ - ’ N . . . Pl 2y _ T T el — =1
2. Linearity in the first argument: The set of vectors {y|||y|| = 1} is compact, thus if we consider and a (generalized) digonal r-natrlx: ax ([Ax = bl3) = 2(ATAx - A'b) (X)) =[X]-X
{az + By, z) = alz, z) + 6y, z) finite matrices the supremum is attained and we may replace S e R p:= min{m, n} %(Yil) =-y! %Y71
3. Positve-definiteness: it by the max. > = gendiag(o1,...,0p) €R"" 19. Proofs
(y2)y20:2=0 < (z,)=0 16.3. Induced Norms such that: ’
16.3.1. 1-Norm H Proof 10.3: [def. 10.36]
Definition 10.78 Inner Product Space (V,{:,->): Let A=UzV (10.129) roe - 1 1., 0.,
F € K be a field of scalars. Definition 10.80 Column Sum Norm [|Al1: MM = [Ol,/; Il\ ’I’:| (10.135)
An inner product space V' is a vetor space over a field F to- [|Ax||1 - W urtsl um ’ ’
gether with an an inner product (-, -)>). lAll1 = sup = max Z laijl (10.119) 7 ———— ) .4 19.1. Vector Algebra
xex™ 1%l Isisn 7 ! —
Corollary 10.32 Inner product—S.p.d. Bilinear Form: *#0 = or | Proof 10.4 Deﬁnlt;g?&(l)..fg). 5 5
Let V' be a vector space over a field F' € K of scalar. 16.3.2. o-Norm 0 | v (1):]a — | = lal® + 6]% — 2[a][b] cos &
An inner product on V' is a positive definite symmetric bi- . — — 2 2
linear formpon p Y Definition 10.81 Row Sum Norm | Aot 0 ) (2)'M = (a=b)(a—10) = la|” + [ — 2(ab)
. i null(A — = — =
Example: scalar prodct |Alloc = sup m = Z lai;l (10.120) | o e M M = ab = |all[[b] cos &
; x . :
Let a(u, v) = uTTv then the standard scalar product can be ey el asisn R ) (proof 105 Proposition 10.2:  Tho outer product
defined in terms of a bilinear form vice versa the standard 17.3.1. Eigenvalues of u with v corresponds to a scalar multiplica-
scalar product induces a bilinear form. 16.3.3. Spectf‘al Norfn L2-Norm — tion of v with elements w; thus the rank must be
Note Spectral Radius & Singular Value PI‘OP?Sltlon 10-5f o ATA . [proof 10.23]: that of v, which is a vector and hence of rank 1
. . . Definition 10.82 Spoctral Radius (A): The eigenvalues of a matrix are positive. u; ©v1
Inner products must be positive definite by defintion <SP . H .
{x,%x) = 0, whereas bilinear forms must not. il;iris:.ectral radius is defined as the largest eigenvalue of a Proposition 10.6 [proof 10.24] UV =uv =
- : _ . Similarity Transformation: The unitary matrix V pro- u,, é)f,n
?ogollary I ]"‘0'33 E Inner" produdct " 1<nd;lcettl d norm (A) = max {A[\ € eigenval (A)} (10.121) vides a similarity transformation!°™ 1911 of AT A into a diag-
e — Il very inner product (.- induces a . Ts. -
norm of the form: Definition 10.83 Singular Value gt onal matrix =T . WL 19.2. Mappings
Il = /<x,x> x e Given a matrix A € K”"*"™ its n real and positive singular T3 -V ATAV (10.130) || Proof 10.6: Corollary 10.20
. . . values are defined as: 1Qx)? = (Qx)TQx = xTQTQx = xTx = ||x|°
Thus We can d.eﬁne function spaces by their associated norm o (A) = {?\/)\i}é . |\; € eigenval (ATA)} (10.122) || Corollary 10.36 eigenval(ATA) = eigenval(>T):
é 2;Cllesl'\ aidasien:]l;:aproduct spaces lead to normed vector i= From proposition 10.6 and [CT‘"' 10-1] it fOHOW\S,Tth.at: Proof 10.7: Corollary 10.21 Follows immediately from defini-
P - Spectral Norm cigenval(ATA) = eigenval(®7>)  (10.131) || tion 10.66 in combination with eqs. (10.65) and (10.67).
Corollary 10.34 Energy Norm: A s.p.d. bilinear form || Definition 10.84 L2/Spectral Norm [[A[l2: Ed [[All2 =4/p (ATA) = V/Amax = Tmax .
. 5 . Proof 10.8: Proposition 10.1:
a: )V x V- F induces an energy norm: |All2 = sup ||[Ax|2 = max VxTATAx (10.123) Not 10.58 10.59
3 / n lxll2=1 ote =  l(ax+ dy) = l(ax) +1(Jy) = al(x) + Sl(y)
— i_ c xeK 2 y y y
lIxlla (a(x, %)) a(x, %) * lxll2=1 A and singularvalue corresponds to the eigenvalues/singular- I(ax + 0) = al(x)
= max (ATA)) =: omax (A) (10.124) | values of ATA and not A 1(1x + 1y) = I(x) + Uy)
lxll2=1
Proof 10.9 principle 10.1:
12; gne':gy, NO;Im Every vector v € . can be represented by a basis eq. (10.16)
-o- rorbenius Norm of V. With homogentityeq. (10.59) and additivityeq. (10.58) it
Definition 10.85 Forbenius Norm Al p: follows for the image of all v €

K Xn

The Forbenius norm ||-||g : +— R is defined as:

moon

2 Xla?l

i=1j=1

=\ Jtr (AA”) (10.125)

I(v) =1(a1br + -+ anbp) = lay (b1) + - + 1 (an) bn
(10.136)

= the image of the basis of I’ determines the linear mapping.



https://math.mit.edu/classes/18.095/2016IAP/lec2/SVD_Notes.pdf

Proof 10.10 Proof [Corollary 10.17]:
Ia(ax+y) = A(ax+ Jy) = aAx + JAy = al(x) + Jl(y)
with eq. (10.136):

B

<= Let B be a standard normal basis of
n n

I(x) = Z z;l(e;) = Z zi A, ; = Ax

i=1

A, ;:=1(e;) €R

i=1

Proof 10.20: Corollary 10.27
Let QAQT be the eigendecomposition[“‘”' 10121 of A then it
follows:
min aTAn
nTn=1

min AT (QAQT)n
Iall=1
min (QTa)TA(QT &

Iaf=1

min xT Ax

Proof 10.11 Proof Property 10.11:
(g0 f(ax) = g(f(ax)) = g(af(x)) = a(g o f)(x)
(gox+y)=9(f(x+y) =9(f(x) + f(¥))
(gof)x) + (g0 NH)

every linear form can be represented by a

or even simpler as
matrix product:

x:=QTn
x=1

Thus in order to obtain the minimum value we need to choose
the eigenvector that leads to the smallest eigenvalue.

fy) = Ay g(x)=Bz = (fog)x)—ABx:=Cx |7o05 Norms
Proof 10.12: [Corollary 10.22] Let y € N(A) (z € N(AT)) then Proof 10.21: 77 10‘(2110 81)
. eq. .
it follows: Ju- v * = [hafllivilicos 0] < [full{lv]l
N(A) L R®(AT) (ATx)Ty =xTAy =xT0=0
N(AT) L %(A) (Ax)Tz=xTATz=xT0=0 Proof 10.22:_ Definition 10.61

19.3. Special Matrices

2 2 2
la+vl® = (@+v)(u+v)=lul”+[v]” +2(u-v)

Proof 10.13 [Corollary 10.15]: Let u = S™!v then it follows:
s 'ASu=8""ASv=28"'v=)u

from cauchy schwartz we know:

(10.91)
u-v<u-v < [l

2 2 2 2
la +vII7 < Jlall” + [IvII® + 2(lalllivi) = (all + [1vID

Proof 10.14 Property 10.6:
2 2
IQxllz = (Qx)TQx = xTQTQx = |Ix||5

19.6.
19.6.1.

Decompositions
Symmetric - Antisemitic

Proof 10.15: Property 10.4
Let A € K"*X™ be a hermitian matrix[@¢® 10261 and let \ € K
be an eigenvalue of A with corresponding eigenvector v € K™:

AFTv) =vTav=vTAv = (VTAvV) = AvTv =} (vTv)
AFTv) =X (vTv)
1. vv = Z;‘Zl\viF >0asv#0
2. A\ = )\ which can only hold for X € R (Equation (1.8))

Definition 10.88 Symmetric - Antisymmetric Decom-
position: Any matrix A € Kan: can be decomposed into
the sum of a symmetric matriz@°® 19231 ASY™ and a skew-
symmetric matriz?? AS¥S:
H
(a+27)

ASYm _
H

A = ASY™ 4 pskew (10.138)

Askew _

N = o=

(A—A

Proof 10.16: 7?7

SVD

‘ 19.6.2.
B := ATA corresponds to a

19.4. Vector Spaces

Proof 10.23 [Corollary 10.5]:

symmetric positive definite formlder 10751

Proof 10.17 Definition 10.21: We know that projy (u) must

xTBx = xTATAx = ||Ax|\§ >0

of U s.t. by leor 10:4];

n

Z a;b;

i=1

u

the coefficients {«;}!'_; need to be determined. We know that:

v—ulbi,...,v—udlb,
n
— vfzaibl -b; =0 j=1...,n
=1
this linear system of equations can be rewritten as:
b1 aq b1
(bpeeeeees b,) = v
b,/ \a’ by

be a vector times a certain magnitude: thusProposition 10.6 follows immediately form [Corol-
projr, (u) = av a ek (10.137) || lary 10.2].
the magnitude follows from the scalar projection!d®f 10551 jn .
the direction of v which concludes the derivation. Proof 10.24 Proposition 10.6:
T SVD H H H H H H H
Proof 10.18 Definition 10.21 (via orthogonality): We know ATA "= (UEV ) UzvV =Vx M TV =VE BV
that u — projy, (u) must be orthogonal[def’ 1067] t6 v 1,
uTv H
(u—projp(u))Tv=(u—av)Tv=0= a= - — V ATAV = =Ts
vTv
19.6.3. Eigendecomposition
Proof 10.19: Definition 10.22 Let B8 = {by,...,b,} a basis
Proof 10.25 Definition 10.86:

AX = [)\1x1




Geometry

0.2. Addition Theorems

Corollary 11.1 Affine Transformation in 1D: Given:
numbers z € Q with Q@ = [, 0]
The affine transformation of ¢ : Q@ — Q with y € Q = [¢,d] is

defined by:

Theorem 11.1 Addition Theorems:
sin(a £ 7) = sin o cos J & cos a sin
cos(a £ [7)= cos v cos I F sin arsin [J

(11.12)
(11.13)

0.3. Werner Formulas

d— ‘Werner Formulas
y = ¢(z) = . (x—a)+c (11.1) 1
) — Qa
sin a cos (7 = 5[sin(a+ 3) + sin(a — ,)] (11.14)
Proof 11.1: [eor- 11.1]1 gy [def 10.45] o want a function f : . . 1 )
[a,b] — [e, d] that satisfies: G0 @ 58 o) = 2 [Cos(a — /1) — cos(a + ’)] (11.15)
fla)y=c and f(b)y=d 1
5.15 3 = — 3 - B 11.16
additionally f(z) has to be a linear function ([dEf' “"1"]), that cosacos 2 [cos((x ) el )] ( )
is the output scales the same way as the input scales.
. Note
Thus it follows:
d—c f(z) — f(a) d—c Using theorem 11.1 if follows:
b—a z—a f(z)=/,_“ (@—a)tec cos(a £ ) = —cos and sin(a + 7) = —sina
(11.17)
Trigonometr,
g y 0.4. Law of Cosines
0.1. Trigonometric Functions
0.1.1. Sine Law 11.1 Law of Cosines [proof 11.3]:
relates the three side of a general triangle to each other.
Definition 11.1 Sine: 2 _ g2 2 _ o 0 11.18
opposite a a = +¢” —2bccos Uy (11.18)
sinag = ——— = — (11.2)
hypotenuse c
Law 11.2 Law of Cosines for Vectors [proof 11.4]:
0.1.2. Cosine relates the length of vectors to each other.
2 2 2 2
Definition 112 Cosines lall® = e = bII* = [b]* + e — 2|[bll[|c]| cos 0 c
adjacen
cosaa = 2 (11.3) (11.19)
hypotenuse c
0.1.3. Tangens Ijaw 12!..3 Pythagorean theorem: special case of 7?7 for
right triangle:
Definition 11.3 Tangens: a2 = b2 +c2 (11.20)
opposite a a/c sin (11.4)
coso = —— = — = — = .
adjacent b b/c cos o 1. Proofs
0.1.4. Trigonometric Functions and the Unit Circle Proof 11.3: Law 11.1 From the defintion of the sine and cosine
Sine and Cosine we know that: d
sinf = — = h and cosh = - =d
f(=) b b
1 _ e =c—d=c—bcosb
% HO) S eme a? = e?+ h?%=c?—2cbcosO + b2 cos? 0 + b2 sin’ 0
= 02
&
i
Proof 11.4: Law 11.2 Notice that c =a+b = a =c—b and
we can either usez?? 11.3 or notice that:
cos @ (11.5) le=b|" = (c=b)-(c—b)
=c-c—2c-b+b-b
2 2
= b||® -2 b 0
s 116 el + I1BI2 = 2 el bl| cos 6)
Topolo
Note P gy
Using theorem 11.1 if follows: Definition 12.1 Topology of set :
cos(ae + ) = —cosa and sin(a £ m) = —sina (11.7) |Let X be a set. A collection 7 of open?? subsets of X is called
. topology of X if it satisfies:
0.1.5. Sinh . Gerand Xer
Definition 11.4 Sinh: ¢ Any finite or infinite union of subsets of 7 is contained in
. (eq. (5.52)) 1[ 4 —x R T:
sinh z = 3 e’ —e = —isin(iz) (11.8) (U iielycr UierUs € 7 (12.1)
- 5 « The intersection of a finite number of elements of 7 also
Property 11.1: sinhz = 0 has a unique root at « = 0. belongs to T:
0.1.6. Cosh {Ui}-:'lzl eT d Un---nUperT (12.2)
Definition 11.5 C&S?;) 1 Definition 12.2 Topological Space[?] (X, 7):
coshz = —[ew + eim] = cos(iz) (11.9) || Is an ordered pair (X,7), where X is a set and 7 is a
2 topologyldef 21 on X.
(11.10)

Property 11.2: cosh z is strictly positive.

Proof 11.2:
e = coshz + sinhx e ”

= coshz — sinhx (11.11)




Numerical Methods

Machine Arithmetic’s

Machine/Floating Point Numbers

1.1.3. The Machine Epsilon

Definition 13.9
The Machine Epsilon:
The machine epsilon EPS is the largest possible relative

EPS

Definition 13.1 (IEEE)
Institute of Electrical and Electronics Engineers:

Is a engineering associations that defines a standard on how
computers should treat machine numbers in order to have cer-
tain guarantees.

Definition 13.2 Machine/Floating Point Numbers M:
Computers are only capable to represent a finite, discrete set
of the real numbers M c R

1.1.1. Floating Point Arithmetic’s zQy = A(2Qy)

Corollary 13.1 Closure:
Machine numbers F are not closed!®*" 7] under basic arith-
metic operations:

FQF o Q={+,— %/} (13.1)

rounding error!def: 13:81;

d —
EPS i~ max 114 2l

I := [min|M|, max|M|] € K
zeI\0 ||

(13.7)

Formula 13.1
Log-Sum-Exp Trick:

n
Z e®i | = a4+ log Z eTiTY 4=
) i=1

log max &,

ie{l,...,n}
(13.12)

[proof 13.3] Asymptotic Complexity

3.1.
3.1.1.

O-Notation
Small o(-) Notation

Corollary 13.2 Relative Error of Flop:
The relative errorldef: 13.8] of any floating point
operation!d®f 13:91 s bounded by the machine epsilon!def 13:9];

~ Q z,y) — Qz,
EPS,1 (2, v)) :W
_l6d =D 0, v)|

< EPS
[2(z, )|

(13.8)

Explanation 13.2 (formula 13.1). The value a can be any

real value but for robustness one usually chooses the max s.t.

o The leading digits are preserved by pulling out the mazimum
a

o Inside the log only zero or negative numbers are exponenti-
ated, so there can be no overflow.

o If there is underflow inside the log we know that at least the
leading digits have been returned by the mazx.

Definition 13.13 Little o Notation:
f(n) = o(g(n)) lim ——
n—w g(n)

Saad

=0

(13.13)

Corollary 13.3 EPS for Machine Number: For machine

Note

Corollary 13.1 provides a problem as the computer can only
represent floating point number F.

Definition 13.3 Overflow: Result is bigger then the biggest
representable floating point number.

Definition 13.4 Underflow:
smaller representable floating point number i.e.
zero.

Result is smaller then the
to close to

numbers EPS can be computed by:

1
EPS = 531*7" (13.9)
Type EPS
double 2.2.10716
float 1.1-10728
FP16 9.76 - 10~4

Definition 13.12 Partition II:
Given an interval [0, T] a sequence of values 0 < tg < -+ <
tn, < T is called a partition II (¢, ..., ty) of this interval.

Axiom of Round off Analysis

Axiom 13.1 Axiom of Round off Analysis:

1.1.2. The Rounding Unit

Let ,y € F be (normalized) floats and assume that zdy € F
(i.e. no over/underflow). Then it holds that:

Definition 13.5

Rounding Function/Unit rd/:
Let z € K be a number real or complex number. The round-
ing function approximates x by the nearest machine number
z eF:

2y = (2Qy) (L +8) Q= {+,—, %/}

F() = f(@)(1+6) [ e {exp,sin,cos, log, ...}
with |§] < EPS

(13.10)

R—TF
z — maxarg min|z — &
zeF

rd : (13.2)

Explanation 13.1 (axiom 13.1). gives us a guarantee that for
any two floating point numbers x,y € F, any operation involving
them will give a floating point result which is within a factor of

Notes

« If this is ambiguous (there are two possibilities), then it
takes the larger one:

« Basic arithmetic rules such as associativity do no longer
hold for operations such as addition and subtraction.

1+ 6 of the true result zQy.

1.1.4. Cancellation

Definition 13.10 Cancellation:
Is the extreme amplification of relative errors(®f 138l when
subtracting numbers of almost equal size.

Definition 13.6 Floating Point Operation Q:
Is a basic arithmetic operation between two floating point
numbers € F rounded back to the nearest floating point
number: N

Q:=rdoQ2

Q={+— %/}

FQF — F (13.3)

Definition 13.7 Absolute Error: Let & € K be an approx-
imation of « € K then the absolute error is defined by:
€abs = |z — Z|

(13.4)

Definition 13.8 Relative Error: Let € K be an approxi-
mation of z € K then the relative error is defined by:
|z — 2|

€abs ‘= — (13.5)
|z|

Relative Error

1N

Absolute Errors

Roundoff Errors
2.0.1. Tricks
Log-Sum-Exp Trick

The sum exponential trick is at trick that helps to calculate
the log-sum-exponential in a robust way by avoiding over/un-
derflow. The log-sum-exponentiall®®f 13111 is an expression
that arises frequently in machine learning i.e. for the cross
entropy loss or for calculating the evidence of a posterior pre-

Note

‘We are interested in the relative error as it controls the num-

ber of correct/significant digits | of the approximation & of
z € K:

|z — 2| 1

€abs := —— < 10

leNso
||

(13.6)

diction.

The root of the problem is that we need to calculate the ex-

ponential exp(z), this comes with two different problems:

o If x is large (i.e. 89 for single precision floats) then exp(z)
will lead to overflow

o If z is very negative exp(z) will lead to underflow/0. This
is not necessarily a problem but if exp(z) occurs in the de-
nominator or the logarithm for example this is catastrophic.

Definition 13.11 Log sum Exponential:

LogSumExp (z1,...,zn) := log (13.11)

3.1.2.
3.2.

Big O(:) Notation
Basic Operations




4. Rate Of Convergence

Definition 13.14 Rate of Convergence: Is a way to mea-
sure the rate of convergence of a sequence {x(k)}k € R™ to
a value to x¥. Let p € [0, 1] be the rate of convergence and
define:

[l
lim ——— = (13.14)
k—oo [|xk — x*
<= lim ||xk+1—x*H </}||x(k)—x*|| Vk € Nog

ko0

Definition 13.15 Linear/Exponential Convergence:
A sequence {x(k)}k € R™ converges linearly to x* if in the

asymptotic limit k — oo if it satisfies:
e (0,1) vk € No (13.15)

Definition 13.16 Superlinear Convergence:
A sequence {x(’C> }k € R™ converges superlinear to x* if in the

asymptotic limit k — oo if it satisfies:
p=1 (13.16)

Definition 13.17 Sublinear Convergence:
A sequence {x(k)}k € R™ converges sublinear to x* if in the
asymptotic limit k — oo if it satisfies:

=2 = ()

p=0 — x
(13.17)

Definition 13.18 Logarithmic Convergence:
A sequence {x<k) }1 € R™ converges logarithmically to x* if it
converges sublinear!det 1317 and additoinally satisfies

s S| e )
(13.18)

Exponetial Convergence

p=0 —

Linear convergence is sometimes called exponential conver-
gence. This is due to the fact that:
1. We often have expressions of the form:

||xk+1 —x*|| < (1- a)| xF) —x*||
N/

=10

2. and that (1 — o) = exp(—«) from which follows that:
eq. (13.19) = ka+1 —x*” Se_aHx(k) —x*”

Definition 13.19 Convergence of order p: In order to
distinguish superlinear convergence we define the order of con-
vergence.
A sequence {x(k)};C € R™ converges superlinear with order
pe{2,...} to x* if it satisfies:

ka“ I

im —l =C C<1 (13.19)
2 o]
Definition 13.20 Exponential Convergence: A sequence
{x(k’)};c € R™ converges exponentially with rate p to x* if in
the asymptotic limit k& — o0 it satisfies:

ka+1 — x* ‘ < /,ka(k) —x* | p<1 (13.20)

ka“—x*”E“(Hx(k)‘x*u) (13.21)

5. Basic Operations

Operation | #mul/div | #add/sub | asymp. comp
Dot Prod. n n—1 O(n)
Tensor Prod. nm 0 O(nm)

Matrix Prod. mnk mk(n — 1) O(nmk)




Linear Systems of Equations

6.1. Direct Methods
6.1.1. Gaussian Elemination

Backward Substitution

Definition 13.21 Pivot Elements aj1,a22,...,ann:
Are the diagonal elements of A € R™" that we use to zero
out the column below.

Definition 13.22 Row Echelon Matrix:

matrix where:

+ All non-zero rows are above any zero rows.

+« Each pivot of a row has a larger column index then the
pivot of the row above.

« All entries below a pivot are zero.

Is a rectangular

Algorithm 13.2 Backward Substitution:

Corollary 13.4 Reduced Form Row Echelon Matirx: Is
an echelon matrix!4° 1222 where:

+ The leading entry in each non-zero row equals 1.

« Each leading one is the only entry in its colmun.

Given U:
p(n—1)
. — on
1: Ty = ”(n—l)
nn
2: fori=n—-1,n—-2,...,1do
3:
(i—1) (=1
v = % — X419y %
i =
afi=h
ii
4: end for
Corollary 13.6 Complexity:
n—1
N o2n-i)+1=0 (nz) (13.23)
i=1

Note

In case of square matrix this is a unit diagonal matrix.

By Rank-1 Modifications
6.1.2. LU-Decomposition

Definition 13.23 197 CE
Gaussian Elimination ARV, O(n3):
Is an algorithm to solve linear systems of equations:

a1y + aigxe - + ainTn = b1

g1y +  agawe  +: ot agpxTn = 0
Ax =Db — . . N N

anl®l  H ap2xz Aeeeeees + ann@n = bn

and consists of two steps:
@ Forward Elimination O(n%) — transforming A into an up-
per diagonal form [U\b/]:

a11T1+ 1232+ 013B2 Feeeeees + AnTn =
1 1

Wor e Bar = i

33 3 OopTn T U3

Vs,
@ Back Substitution Elimination O(n2) — calculating the
unknown’s x from U:

Definition 13.24
LU Decomposition (@) (n3):
Decomposes a matrix A in an upper and lower triangular part
in order to solve a system of linear equations.

Given: PA = LU we can compute:

@Ly:Pl)
@Ux:y

Corollary 13.7

LU decomposition Complexity:
23,15
—-n" 4+ —-n
3 3

[proof 77]

Solving Multiple Systems of Equations
6.1.3. Symmetric Matrices
LDL-Decomposition

6.1.4. Symmetric Positive Definite Matrices

For linear systems with s.p.d.[4°" 10751 matrices A the

Gauss Jordan Elimination

Is in principle the same as Gauss elimination but reduce the
matrix into row-reduced echelon form![def 13:22],

Forward Elimination

Algorithm 13.1 Forward Elimination:
Transforms Ax = b into row-echelon form!def 13:22];

Given:
1: for k=1,...,n—1do
27 pivot «— A(k, k)
S8 fori=L+1,...,n do
A,k
& Lik pgvot)
5 for j=k+1,...,ndo

oMV = A, ) = AG, ) — Lk Ak, 5)
6: end for )
b;" = b(i) = b(i) — l;;b(k)
s end for
8: end for

LU-decomposition!d°® 1324 simplifies to the Cholesky
Decomposition!def: 13:25]
Cholesky Decomposition
Definition 13.25
Cholesky Decomposition %O (ns):
Let A be a s.p.d.l" 1075 then it can be factorized into:

A =GGT with G :=LD'? (13.24)
Corollary 13.8 [proof 13.5]

Cholesky decomposition Complexity:
1
Ty le
3 3

Corollary 13.5 Complexity:
" 10— ) 4 3) = n( (Zn+ D) =o(2e)
n— n—i =n(n — —-n+ - | = —-n
; 3 6 3
i=1
(13.22)

6.2. Iterative Methods




7. Non-linear Systems of Equations
7.1. Iterative Methods

Definition 13.26
General Non-linear System of Equations (NLSE) F:
Is a system of non-linear equations F (that do not satisfy
linearity?7?):

F:CR"™ — R" seek to find xeR":F(x)=0 (13.25)

Definition 13.27 Stationary m-point Iteration oy ol
Let n,m € Rand let U € (R™)"" =R" x --- x R™ be a set.
A function ¢ : U — R", is called (m-point) iteration function

if it produces an iterative sequence (x(k))k of approximate

solutions to eq. (13.25), using the /1 most recent iterates:
*x®) = o (x(k—l), o 7x(k—m)) (13.26)

Inital Guess x(O)’ o x (7 —1)

Note

Stationary as ¢ does no explicitly depend on k.

Definition 13.28 Fixed Point x*:
Is a point x* for which the sequence does not change any-

more:
w(B=1) _ ok

x* = op (x(kfl),...,x(kf”')) with

x(kfur.) — Xk
(13.27)

7.1.1. Convergence
Does the sequence (x(k)) converge to a limit:

lim x(®) = x* (13.28)
k—o0

7.1.2. Consistency

Definition 13.29 Consistent m-point Iterative Method:
A stationary m-point method!*f 1327 is consistent with a non-
lineary system of equations!d®® 13261 F jff:

F(x*) — bF (x*x*) = x* (13.29)

7.1.3. Speed of Convergence

7.2. Fixed Point Iterations m =1

Definition 13.30 Fixed Point Iteration: Is a 1l-point
method ¢p : U < R™ — R"™ that seeks a fixed point x*¥
to solve F'(x) = 0:

x(B+D) oy (x(k)) Inital Guess: x(© (13.30)

Corollary 13.9 Consistency: If ¢p is continuous and

x* = limg_, o z(F) then x* is a fixed pointldef: 13:28] of ¢

Algorithm 13.3 Fixed Point Iteration:
Input: Inital Guess: x(0)
1: Rewrite F(x) = 0 into a form of x = ¢ p (x)
> There exist many ways

2: for k=1,...,T do
3: Use the fixed point method:
xF+D = g (x(k)) (13.31)

4: end for




8. Numerical Quadrature

Definition 13.31 Order of a Quadrature Rule:

The order of a quadrature rule Qy, : C° ([a, b]) — R is defined

as:

order(Qp) := max {n €Ng: Qn(p) =€, p(t)dt Vpe 73"} +1
(13.32)

Thus it is the maximal degree+1 of polynomials (of degree

maximal degree) 7 maximal degree for which the quadrature

rule yields exact results.

Note
Is a quality measure for quadrature rules.

8.1. Composite Quadrature

Definition 13.32 Composite Quadrature:

Given a mesh M = {a =29 <21 < ... < xy, = b} apply a
Q.R. Qp to each of the mesh cells I; := [z;_1,z;] Vj =
1,...,m =2 p.w. Quadrature:

[rwac= % [ jwa= ¥ euury)  ass3)
. Al )

Lemma 13.1 Error of Composite quadrature Rules:
Given a function f € C" ([@, p]) with integration domain:
m
> hi=1b—a for M = {a;}7"
i=1
Let: hpaq = maxj|zj,x;_1| be the mesh-width
Assume an equal number of quadrature nodes for each inter-
val Ij = [z;_1,z;] of the mesh M i.e. n; = n.
Then the error of a quadrature rule Q,, (f) of order g is given
by:
en(f) = O(n_min“’ﬂ) = O(hljr\‘/;n{k’ﬂ) for n —»
[cor. 5.6] 1
= o(n ) =0(ny,) with hiag = —
(13.34)

Definition 13.33 Complexity W: Is the number of func-

tion evaluations £ number of quadrature points.
W(Q(f)n) = #f-eval 2 n (13.35)

Lemma 13.2 Error-Complexity W(en(f)): Relates the
complexity to the quadrature error.
Assuming and quadrature error of the form :

en(f) =0~ %) — en(f) =cn™ 9 ceRy
the error complexity is algebraic (??) and is given by:

1
W(en () = O(e]") = O( ¢/ew) (13.36)

Proof 13.1: lemma 13.2: Assume: we want to reduce the er-
ror by a factor of ¢, by increasing the number of quadrature
points npew = @ - Nglqg-

Question: what is the additional effort (#f-eval) needed in
order to achieve this reduction in error?

-n 1
LCR = np =no- Yen = O(Yern) (13.37)

q
Sng €n

8.1.1. Simpson Integration

Definition 13.34 Simpson Integration:




Filtering Algorithms

10. Signals

Definition 13.35 Time Discrete Signal: Is a bounded

sequenceldef 2:2] (=) jez 1°(2).

Definition 13.36 Sampling:

Corollary 13.10 Finite Time Discrete Signal:

11. Channels/Filters

Definition 13.37 F
Channel/Filter:
Is a mapping of signals to signals F ::

F: 1% (2) - 1% (@) (13.38)

Property 13.1 Finite Channel/Filter: A filter F

1% (Z) — 1% (Z)

Proof 13.4 LU-Complexity/co 137
For eliminating the first column we need to eliminate n — 1
rows by n additions and n multiplications which equals (n —
1)2n. For the second column we need for n — 2 rows n — 1 ad-
ditions and n — 1 multiplications which equals (n —2)2(n — 1)
thus to eliminate all n columns we have:

n

dSin—i+1)-2(n—1i)
i=1
usmg the index [ =n —i+1 we can write this as:

T2 =2 NG ()=2 Y P41

i=1 1=0 1=0

1 1
=2 (—n3 — —n)
3 3

Property 13.2 Causal Channel/Filter:

Explanation 13.3. The response cannot start before the signal
has been feed into the filter.

Definition 13.38
Time Shift Operator:

Sm,

Proof 13.5 Cholesky Complexityl©™ 138l; U and L “are
the same” as we have a s.p.d. matrix s.t. we can sim-
ply half the forward elimination complexity of the LU-
decompositionl©r 137

3

2 2
gn + —n (13.41)

SR

Property 13.3 Time-invariant Channel/Filter:

Explanation 13.4. The response of the filter should not de-
pend at which time we pass the signal to the filter.

Property 13.4 Linear Channel/Filter:

Definition 13.39
Linear Time-invariant Finite Input Response Filter
LT-FIR:

11.1. Impulse Responses

Definition 13.40 Impulse:

Definition 13.41 Impulse Response h:

Corollary 13.11 [proof 13.2]
Signal in terms of Impulse Responses: We can write any
arbitrary discrete signal as weighted sum of time shifted im-

pulses:
(13.39)

(13.40)

‘Proof 13.2 [eor 13.11],

11.2. Discrete Convolution

|Deﬁnition 13.42 LT-FIR formula:

Proofs

Proof 13.3 Log Sum Trlckformula 13.1:

LSE = log( Z log Z e 17”6”
i=1 i=1
n n
= log (e Z e®iT") = log ( Z eziiu) + log(e™)
i=1 i=1
n

= log( Z e‘z‘iiu) +a

i=1




Optimization

Solution Strategy

Definition 14.1 Fist Order Method: A first-order method
is an algorithm that chooses the k-th iterate in

x0 + span{V f(x0),...Vf(x,-1)} VE=1,2,... (14.1)
Note
Gradient descent is a first order method
1. Linear Optimization

1.1. Polyhedra

Definition 14.2 Polyhedron: Is a set P € R™ that can be
described by the finite intersection of . closed half spaces??:
s m}

P={xeR"|[Ax<b}={xeR"|a;x<b;,j=1,...

1. Find the extremal point w* of £ (w, o, ):
0% !
— =0 (14.6)
oW |w=w¥
2. Insert w¥ into % and find the extremal point 2k of
the resulting dual Lagrangian 6(«, ) for the active con-
straints:
00 !

=0 14.7
8| ox (14.7)

3. Calculate the solution w¥ (%) of the constraint mini-
mization problem.

Value of the Problem

Value of the problem: the value 9(0/*, f*) is called the
value of problem (o, 7%).

Theorem 14.1 Upper Bound Dual Cost: Let w € Q be a
feasible solution of the primal problem [4°f 1451 and (a,8) a
feasible solution of the respective dual problem s 1)
Then it holds that:

Theorem 14.4 Kuhn-Tucker Conditions: Given an opti-
mization problem with convex domain Q < R%,

min f(w)
we
gi(w) <0
hj(w) =0

s.t.

with f € C! convex and gi, h; affine.
Necessary and sufficient conditions for a normal point w¥
to be an optimum are the existence of u*, 7 st
0L (w,a, ) 1 o 0L (w¥, o, 0) o
ow 0
under the condtions that:
o Vig,..., k a:kgi(w*):o, s.t.:
« Inactive Constraint: g;(w*) <0 — a; = 0.
« Active Constraint:
9i(W") €0 —>a; =20

(14.12)

* *
s.t. % gi(w®) =0

AecR"X™ beR” (14.2)
1.1.1. Polyhedral Function
Definition 14.3 Epigraph/Subgraph epi(f):

Y
The epigraph of a function f € R™ — R is . (z)
defined as the set of point that lie above epi(f)
its gaph:
epi(f) = {(x,v) € R" |y > f(x)} S R" !
(14.3)
T

Flw) = 0(e, ) (14.8)
Proof 14.1:
O(a, ) = inf ZL(u, o, ) < L(w,a, )
ue
k m
=f(W)+. ] oy gi(w)+Z 1j hj(w)
i= j=

T =0 <0 =0

< f(w)

Definition 14.4 Polyhedral Function:

is polyhedral if its epigraph epi(f)def 14:3]
setldef: 14.2]

A function f
is a polyhedral
f is polyhedral —

epi(f) is polyhedral (14.4)

2. Lagrangian Optimization Theory

Definition 14.5 (Primal) Constraint Optimization:
Given an optimization problem with domain Q < R

min f(w)

weQ

s.t. gi(w) <0 1
1

Corollary 14.1 Duality Gap Corollary: The value of the
dual problem is upper bounded by the value of the primal
problem:
sup {¢(c, 7) : @ = 0} < inf {f(w) : g(w) < 0, h(w) = 0}
(14.9)

Theorem 14.2 Optimality: The triple (w*,n*, *) is a
saddle point of the Lagrangian function for the primal prob-
lem, if and only if its components are optimal solutions of the
primal and dual problems and if there is no duality gap, that
is, the primal and dual problems having the same value:

F(w*) = 0(a™, %) (14.10)

hj(w) =0

Definition 14.6 Lagrange Function:

ZL(a, ,w) := f(w) + ag(w) + Th(w) (14.5)

Extremal Conditions

*

Extremal point x

!
= h(x) =0 Constraint satifisfaction

For the inequality constraints g(x) < 0 we distinguish two
situations:
Case I:

Case II :

9(x*) <0
g(x*) =0

switch const. off

optimze using active eq. constr.

4 1
= ZL(x) =g(x) =0 Constraint satifisfaction
@

Definition 14.8 Convex Optimization: Given: a convex

function f and a convex set S solve:
min f(x)
s.t. x€eS

(14.11)

Often S is specified using linear inequalities:
e.g. S={x€Rd:Ax<h}

Definition 14.7 Lagrangian Dual Problem:
Find max 0 (e, 7) = inf L(w,«, J)
we
a; =0 1<i<k

Is given by:

s.t.

Theorem 14.3 Strong Duality: Given an convex optimiza-
tion problem:

min f(w)

we

gi(w) <0 <
hj(w) =0 j <
where g;, h; can be written as affine functions:
Aw — b,

Then it holds that the duality gap is zero and we obtain an
optimal solution.

s.t. 1< k
1< m

y(w) =

Consequence

‘We may become very sparce problems, if a lot of constraints
are not actice <= «; = 0.

Only a few points, for which a; > 0 may affact the decision
surface.




Combinatorics

Permutations

Definition 15.1 Permutation: A n-Permutation is the
(re)arrangement of n elements of a set!4°" 111 S of size n = |S)|
into a sequencesl®® 22l _ order does matter.

Definition 15.2 Number of Permutations of a Set n!:
Let S be a setld® 11l n = |S| distinct objects. The number of
permutations of S is given by:
n—1
[Tn-9=

i=0

Pp(S) =n!= n-(n—1)-(n—2)-...-1

(15.1)

Definition 15.7

Number of Variations without repetitions V/l'ﬂ
Let S be a setld! 11 p — | S| distinct objects from which we
choose k elements. The number of variations of size k = |S;|

of the set S without repetitions is given by:

Explanation 15.1. If we have i.e. three distinct elements {e,
e, o} For the first element ® that we arrange we have three pos-
sible choices where to put it. However this reduces the number
of possible choices for the second element @ to only two. Conse-
quently for the last element ® we have no choice left.

OO0 00O OO0 3 possibilities left

2 possibilities left

1 possibilities left

000
[ X J©)
[ JoXe)
[ X Jo)
000
@00
@00
L X X6

n n n!
V.(S) = Kl = ———— (15.4)
k (n — k)!

Note
Sometimes also denotes as P,".
Definition 15.8 B
Number of Variations with repetitions Vi
Let S be a setl" 11l n = |S| distinct objects from which we
choose k elements. The number of variations of size k = |5}, |

of the set & from which we choose and always return is given
by:

VIH(S) =n" (15.5)

Definition 15.3

Number of Permutations of a Multiset:

Let S be a multi set/®" % with n = |S| total and k dis-
tinct objects. Let m; be the multiplicity!4*" 4 of the mem-

ber j € {1,...,k} of the multiset S. The permutation of S is
given by:
n!
Pnl,...,n} (S) = s.t. kE<n
’ ny! Sy
(15.2)

Note

‘We need to divide by the permutations as sequence/order does
not change if we exchange objects of the same kind (e.g. red
ball by red ball) = less possibilities to arrange the elements
uniquely.

Picking things from a bag

1. Combinations

Definition 15.4 k-Combination:

A k-combination of a set S of distinct elements of size n = S
is a subset S;. (order does not matter) of k = |S, |, chosen
from S.

Note

Thus unlike in a permutation we just care about what we pick
and not how it ends up beeing arranged.

Definition 15.5 Number of k-Combinations Chp it
The number of k-combinations of a set S of size n = S is
given by n choose k:
c (") o (15.3)
N T i

2. Variation

Definition 15.6 Variation:

A k-variation of a set S of size n = S is

1. a selection/combination[@®® 54 of a subset S;, (order does
not matter) of k-distinct elements k = |S, |, chosen from S

2. and an k arrangement/permutation[d“f' 15:21 of that subset

S,. (with or without repetition) into a sequenceldef- 22




Stochastics

Definition 15.9 Stochastics: Is a collective term for the
areas of probability theory and statistics.

Definition 15.10 Statistics: Is concerned with the anal-
ysis of data/experiments in order to draw conclusion of the
underlying governing models that describe these experiments.

Definition 16.5 Probability (A):
Is a number associated with every A, that measures the like-
lihood of the event to be realized “a priori”. The bigger the

Definition 16.11 ()-trivial Sigma Algebra:
is a o-algebra F for which each event has a probability of zero
or one:

Definition 15.11 Probability: Is concerned with the quan-
tification of the uncertainty of random experiments by use of
statistical models. Hence it is the opposite of statistics.

Definition 15.12 Probability: Probability is the measure
of the likelihood that an event will occur in a Random Ex-
periment. Probability is quantified as a number between 0
and 1, where, loosely speaking, 0 indicates impossibility and
1 indicates certainty.

Note:
Stochasticss is a noun and is a collective term for the areas
of probability theory and statistics, while stochastic is a ad-
jective, describing that a certain phenomena is governed by
uncertainty i.e. a process.

Probability Theory

Stochastics vs. Stochastic

We can think of the probability of an event A as the limit of

number the more likely the event will happen. (A) € {0,1} VAeF (16.1)
1.0< (A <1 -

2. 9(Q) =1 Interpretation

3. If An B =g then (A U B) =01(4) +1(5) A trivial sigma algebra means that all events are almost surely
Note constant and that there exist no non-trivial information.

An example of a trivial sigma algebra is Fmin = {Q, J}.

A set F of subsets of Q is called a o-algebra on  if the fol-
lowing properties apply
« Qe Fand e F
« If A€ F then Q\A = 2CeF:
The complementary subset of A is also in Q.
e Forall A€ F:J;j—q Vi €F

the "frequency" of repeated experiments: 2. Measures
on (A lifwe A
(A) = lim M where 6(A) = { 1 « Definition 16.12 Measure :
n—ow M Oifw¢ A A measure defined on a measurable space {Q, F} is a func-
. tion/map:
1. Sigma Algebras . F e [0, 0] (16.2)
Definition 16.6 [Proof 16.3] || for which holds:
Sigma Algebra 2] i (Z)=0

« countable additivity [4ef 16:13]

Corollary 16.13 Lebesgue Measure of Atomitcs:

« The Lebesgue measure of a set containing only one point
must be zero:

A({a}) =0 (16.8)
« The Lebesgue measure of a set containing countably many
points A = {a1,a2...,an} must be zero:
n
AA) + D) A({ai}) =0 (16.9)
i=1

« The Lebesgue measure of a set containing uncountably
many points A = {aj,a2...,} can be either zero, posi-
tive and finite or infinite.

3. Probability /Kolomogorov’s Axioms 1931

One problem we are still having is the range of ;/, by stan-
dardizing the measure we obtain a well defined measure of
events.

Definition 16.1 Probability Space W ={Q,F,'}:
Is the unique triple {Q, F, "'}, where Q is its sample space, F
its o-algebra of events, and " its probability measure.

Definition 16.2
Sample Space Q:
Is the set of all possible outcomes (elementary events
of an experiment.

[example 16.1]

[cor. 15.5])

Explanation 16.1 (19 166)) The o-algebra determines what
events we can measure, it represents all of the possible events of
the experiment that we can detect.

Thus the sigma algebra is a mathematical construct that tells us
how much information we obtain once we conduct some experi-
ment.

Definition 16.13 Countable/o-Additive Function:
Given a function ;. defined on a o-algebra F.

The function is said to be countable additive if for every
countable sequence of pairwise disjoint elements (Fi)i>1 of

F it holds that:
©

U

o0
= > u(F;) forall FjnFp=0 VYj#k
i=1 i=1

(16.3)

Axiom 16.1 Non-negativity:
is a non-negative real number:
If Ae F then

The probability of an event

(4)=o0 (16.10)

Axiom 16.2 Unitairity: The probability that at least one of
the elementary events in the entire sample space 2 will occur
is equal to one:

The certain event

Q=1 (16.11)

Corollary 16.8 Fpin: F = {J, Q} is the simplest o-algebra,
telling us only if an event happened w € Q happened or not
but not which one.

Corollary 16.12 Additive Function: A function that sat-
isfies countable additivity, is also additive, meaning that for
every F, G € F it holds:

FAnG=g — (Fu@)=

(F) + (@)  (16.4)

Axiom 16.3 o-additivity: If Aj, A, A3, ... € F are mutu-
ally disjoint, then:

(16.12)

)
U 4

i=1 i=1

Definition 16.3 [example 16.2]
Event A:
An “event” is a subset of the sample space Q2 and is a prop-
erty which can be observed to hold or not to hold after the
experiment is done.

Mathematically speaking not every subset of  is an event
and has an associated probability.

Only those subsets of € that are part of the corresponding
o-algebra F are events and have their assigned probability.

Corollary 16.9 Fpax: F = 22 consists of all subsets of Q
and thus corresponds to full information i.e. we know if and
which event happened.

Explanation 16.2. If we take two events that cannot occur si-
multaneously, then the probability that at least one of the events
occurs is just the sum of the measures (probabilities) of the orig-
inal events.

Corollary 16.14 : As a consequence of this it follows:

Definition 16.7 Measurable Space {Q,z}:
Is the pair of a set and sigma algebra i.e. a sample space and
sigma algebra {2, F}.

Corollary 16.1 : If the outcome w of an experiment is in the
subset /1, then the event A is said to “have occured”.

Corollary 16.10 F-measurable Event Ay e Fr
The measurable events A; of F are called F-measurable or
measurable sets.

Corollary 16.2 Complement Set 1€,
is the contrary event of .
Corollary 16.3 The Union Set Vv B:

Let A, 2 be two events. The event “A or B”

the union of both.

is interpreted as

Definition 16.8 [Example 16.4]
Sigma Algebra generated by a subset of Q a(C):
Let C be a class of subsets of 2. The o-algebra generated
by C, denoted by o(C), is the smallest sigma algebra F that
included all elements of C.

Definition 16.14 [Example 16.6]
Equivalent Measures ®o~ v
Let p© and v be two measures defined on a measurable
spaceldef: 16:7] (©, F). The two measures are said to be equiv-
alent if it holds that:

pn(A) >0 < v(4A)>0 vAicF (16.5)
this is equivalent to p and v having equivalent null sets:

= Ny = {4 € Alu(A) = 0}
Nu =Ny N’: = {Aemﬁ(,\) -0} (16.6)

(F) =0 (16.13)
Corollary 16.15 Complementary Probability:
(AC) =1 - 1(4) with A°=q-4 (16.14)

Definition 16.18 Probability Measure :
a probability measure is function I’ : F + [0, 1] defined on a
o-algebra F of a sample space €2 that satisfies the probability
axioms.

4. Conditional Probability

Corollary 16.4 The Intersection Set \n B:
Let A, 2 be two events. The event “/ and 2” is interpreted
as the intersection of both.

Corollary 16.5 The Elementary Event w:
Is a “singleton”, i.e. a subset {w} containing a single outcome
w of Q.

Definition 16.9 [Example 16.5]
Borel o-algebra B(R):
The Borel o-algebra B(R) is the smallest o-algebra contain-
ing all open intervals in R. The sets in contained in B(R) are
called Borel sets.

The extension to the multi-dimensional case, B(R™), is
straightforward.
For all real numbers a, b € R, B(R) contains various sets.

Definition 16.15 Measure Space {F,Q, 7}:

The triplet of sample space, sigma algebra and a measure is
called a measure space.

Definition 16.19 Conditional Probability: Let 4,2 be
events, with "(2) # 0. Then the conditional probability of
the event A given B is defined as:

(A n B)

AB) = — 2
(18) = =5

(B)#0 (16.15)

2.1. Borel Measures

5. Independent Events

Definition 16.16 Borel Measure: A Borel Measure is
any measurel®® 16121 |, defined on the Borel o-algebraldef 16:9]

Corollary 16.6 The Sure Event Q:
Is equal to the sample space as it contains all possible ele-
mentary events.

Why do we need Borel Sets

So far we only looked at atomic events w, with the help of
sigma algebras we are now able to measure continuous events
s.a. [0, 1].

Theorem 16.1
Independent Events: Let
said to be independent iffy:

\, 3 be two events. / and 3 are

B(R). (A B) (AYE(B (A|B) = P(A), (B) >0
An B) = P(« 3

2.1.1. The Lebesgue Measure ) (B|A) = P(B), (A)>0

Definition 16.17 Lebesgue Measure on B A (16.16)

Is the Borel measureld®" 1616 defined on the measurable space Note

{R, B(R)} which assigns for every half-open interval (a, b] in-
terval its length:
A((a, b]) :

=b—a

(16.7)

The requirement of no impossible events follows from [lélefs, 1GL19]

Corollary 16.7 The Impossible Event &
The impossible event i.e. nothing is happening is denoted by
the empty set.

Definition 16.10 Borel Set:

Definition 16.4 The Family of All Events .A/QQ:
The set of all subset of the sample space Q2 called family of all
events is given by the power set of the sample space A = 29
(for finite sample spaces).

Corollary 16.11 Generating Borel o-Algebra[Proof 16.1]:
The Borel o-algebra of R is generated by intervals of the form
(=00, a], where a € Q (Q =rationals).

Corollary 16.16 Pairwise Independent Evenest:
A finite set of events {4;}7"_; € A is pairwise independent if
every pair of events is independent:

(A Ay) =0(A) n(Ay) i # 7,

Vi, je A (16.17)

Corollary 16.17 Mutal Independent Evenest:

A finite set of events {1;}"_; € A is mutal independent if ev-

ery event /; is independent of any intersection of the other

events:
k

N 5=

i=1

k

[1

i=1

> 1k
V{Bi}io1 € {4

k< mn, {Aitis e A

(B;) (16.18)




6. Product Rule

9.2. Random Variables

Law 16.1 Product Rule: Let A, B be two events then the
probability of both events occurring simultaneously is given
by:

(BIA)H(A) = F(AIB)H(B)

(AnB)= (16.19)

Law 16.2
Generalized Product Rule/Chain Rule: is the general-
ization of the product rule?? to n events {A;}7" |

k n k—1
Ne|=T1]"E:| ) B |= (16.20)
i=1 k=1 =1

= (Ep|BEp—10n...nE1) - N(Ep_1|Ep—2n ... E1)---

< (Eg|B2 0 E1)"(E2|E1)(E1)

7. Law of Total Probability

Definition 16.20 Complete Event Field: A complete
event field {A; : i € I < N} is a countable or finite partition of
Q that is the partitions {4; : ¢ € I € N} are a disjoint union
of the sample space:

i =Q inAj =g

i#j,Vi,jel (16.21)

iel

A random variable X is a function/map that determines a
quantity of interest based on the outcome w € Q2 of a random
experiment. Thus X is not really a variable in the classical
sense but a variable with respect to the outcome of an exper-
iment. Its value is determined in two steps:

@ The outcome of an experiment is a random quantity w €

The outcome w determines (possibly various) quantities

of interests <= random variables
Thus a random variable X, defined on a probability space
{Q, F, "} is a mapping from 2 into another space &, usually
E=Ror &€=R":

X: Q- & w — X(w)

Let now E € £ be a quantity of interest, in order to quantify
its probability we need to map it back to the original sample
space Q:

Probability for an event in ©
e
x(B) = "({w: X(w) € B}) = *(X € B) = F (X~ (B))

Probability for an event in E

Corollary 16.21 Indicator Functions Tp(w):
An important class of measurable functions that can be used
as r.v. are indicator functions:
1 ifweA
ITa(w) =

! (16.29)
0 ifwé¢A

Corollary 16.26 :

o0
f (2)dw = 1 (16.37)
— 0

‘We know that a probability measure © on R is characterized
by the quantities '((—o0, a]). Thus the quantities.

Corollary 16.22 : Let (F,F) = (R, B) and let (E, ) be an
arbitrary measurable space. Let X be a real value function
on E.
Then it holds that X is measurable if and only if

(X <o} ={w:X(w) <a} = X 1((—w,a]) € E,Va € R

or {X<a}e&.

Notes

« Often the cumulative distribution function is referred to as
“cdf” or simply distribution function.

« Often the probability density function is referred to as “pdf”
or simply density.

9.5. Lebesgue Integration

Problems of Riemann Integration

Explanation 16.3 (" 16221y A random variable is a func-
tion that is measurable if and only if its distribution function is
defined.

9.3. The Law of Random Variables

Theorem 16.2
Law of Total Probability /Partition Equation:

Definition 16.22 £-measurable function: Let (E,£) and
(F, F) be two measurable spaces. A function f : E — F is
called measurable (relative to £ and F) if

Definition 16.25 Law/Distribution of X (X):
Let X be a r.v. on {Q, F, '}, with values in (E, £), then the
distribution/law of X is defined as:
: B [0,1]
X
(B)=r{Xen}=

(16.30)

(w: X(w)e B) Vbe €&

« Difficult to extend to higher dimensions — general domains
of definitions f: Q@ — R

+ Depends on continuity

« Integration of limit processes require strong uniform con-
vergence in order to integrate limit processes

str. u.c.
lim d. E lim d.
n_)ooff(w) @ fn_mf(r) ®
f(@)
U(p) = 3, sup(f(;)) - Aw; =5 § f da
x
a Mi
Idea

Note

. Sometimes "X is also called the image of
« The law can_also be written as:

X(B) =B(X(B)) = (Po X~ ")(B)

by X

Let {A; : i € I} be a complete event field!?*" 162/ then it holds
for B € B:
(B) = 3] F(BlAs)7(As) (16.22)
iel
8. Bayes Theorem
Law 16.3 Bayes Rule: Let /A, B be two events s.t. '(3) > 0
then it holds:
) (BIA)() )

(A|B) = T (B)>0 (16.23)
follows directly fromeq. (16.19).
Theorem 16.3 Bayes Theorem: Let {A; : i € I} be a com-

def. 16.20]

plete event field! and B € B a random event s.t.

() > 0, then it holds:
(BlA;)(A))

VBe F: fTUB)={weE:flw)eB}e& (16.26)
E F
_ f B
1B B —
-— U o
Interpretation

The pre-image!?°® 511 of B under f i.e. f_l(B) maps all val-
ues of the target space F' back to the sample space £ (for all
possible B € F).

Theorem 16.5 : The law/distribution of X is a probability
measure " on (E, ).

W = S riayay 00
proof 7?7 16.2
Distributions on R
9.1. Distribution Function
Definition 16.21 Distribution Function of F:

The distribution function F induced by a a probability mea-
sure " on (R, B) is the function:
((c0, z]) (16.25)

F(z) =
Theorem 16.4 : A function F is the distribution function of
a (unique) probability on (R, B) iff:
e F' is non-decreasing
« F' is right continuous
o limg , o F(z) =0

and limg_, 4o F(z) =1

Definition 16.23 Random Variable: A real-valued ran-
dom variable (vector) X, defined on a probability space
{Q, £,"} is an £-measurable function mapping, if it maps its

Definition 16.26
(Cumulative) Distribution Function Fx:
Given a real-valued r.v. then its cumulative distribution func-
tion is defined as:
Fx(z) =% ((~o0,2]) =

(X <) (16.31)

Corollary 16.23 : The distribution of X of a real valued

Partition domain by function values of equal size i.e. values
that lie within the same sets/have the same value A; build
up the partitions w.r.t. to the variable z.

Problem: we do not know how big those sets/partitions on
the z-axis will be.

Solution: we can use the measure p of our measure space
{Q, A, u} in order to obtain the size of our sets A; = we
do not have to care anymore about discontinuities, as we can
measuf?mtfle size of our sets using our measure.

i ci - u(Ag) L2 fdu

Definition 16.29 Lebesgue Integral:

r.v. is entirely characterized by its cumulative distribution n fz) ~ c;
sample space €2 into a target space (F, F): function F y [def 16:33] lim Z ciu(Ay) = J fdu (16.38)
n—ow 7 Q Ve e A;
n =
X:QeF (FY) (16.27) Property 16.1:
) ; ) 1 (X >=z)=1-Fx(=z) (16.32) | Definition 16.30
Since X is £-measurable it holds that X F e & Simple Functions (Random Variables): A r.v. X is called
Q, Xﬁl(B) Property 16.2: Probability of X € [a, /] simple if it takes on only a finite number of values and hence
(e <X <B)=Fx()—Fx(a) (16.33) || can be written in the form:
n
s P . 1 if {X = a;
R, Px 9.4. Probability Density Function X = ai]lA,i a; R A3 A; = {0 ;lsi a;}
Definition 16.27 Continuous Random Variable: Isar.v. i=1
for which a probability density function [ x exists. (16.39)
Corollary 16.19 : Usually F' = R, which usually amounts to || Definition 16.28 Probability Density Function: Let X 9.6. Independent Random Variables

using the Borel o-algebra B of R.

Corollary 16.18 : A probability

by a distribution function F'

That is if there exist another probability
G(z) = 0 (=0, z])

and if ' = G then it follows " =

is uniquely determined

s.t.

Corollary 16.20 Random Variables of Borel Sets: Given

be a r.v. with associated cdf Fx. If F'x is continuously in-
tegrable for all x € R then X has a probability density | x
defined by:

We have seen that two events A and are independent if
knowledge that 2 has occurred does not change the probabil-
ity that A will occur theorem 16.1.

For two random variables X, Y we want to know if knowledge
of Y leaves the probability of X, to take on certain values
unchanged.

that we work with Borel o-algebras then the definition of a £
random variable is equivalent to (due to [©°™ 16:111); Fx(x) = J x (y)dy (16.34)
— _ —
x (B) =X ' (=90, a]) or alternatively:
={weQ:X(w)<a}e€& VaeR (16.28) (t<X<z+e)
x(z) = lim ——— —— 2 (16.35)
Definition 16.24 e—0 €
Realization of a Random Variable z = X(w): Is the
value of a random variable that is actually observed after an Corollary 16.24 (X = 1) =0, Vb eR:
experiment has been conduct.edA.In order to avoid co'nfusion (X =0b) = lim (o < X <b) = lim (z) =0 (16.36)
lower case letters are used to indicate actual observations/re- o b da

alization of a random variable.

Corollary 16.25 : From leor- 16.24] ¢ follows that the exact
borders are not necessary:
(a < X <b) =0(a

= P(a

Definition 16.31 Independent Random Variables:
Two real valued random variables X and Y are said to be
independent iff:

(X <aly <y) =

which amounts to:

(X <x) Vz,y € R (16.40)

Fxy(@y) =r{X<z}n{Y <y}h) =" (X<z,Y<y)
= Fx(a)Fy(y) Vo,yekR (16.41)
or alternatively iff:
(Xe A YeB)=I(XeA(YeB) VA BeB (16.42)




Note

If the joint distribution Fx y (z,y) can be factorized into two
functions of z and y then X and Y are independent.

Definition 16.34 Joint Probability Distribution:

15. Moment Generating Function (MGF)

Proofs

Let X = (Xl ceeees ‘X'n,) be a random vector in R™ with asso-
ciated cdf Fx. If Fx is continuously integrable for all x € R

then X has a probability density [ x defined by:

Definition 16.39 Moment of Random Variable: The i-th
moment of a random variable X is defined as (if it exists):

Proof 16.1: € 1611]: et C denote all open intervals.

Since every open set in R is the countable union of open

Definition 16.32 T, 71 m; i=E [XZ] (16.59) intervals!d°® 112 it holds that o(C) is the Borel o-algebra of
Independent Identically Distributed: Fx(z) = f J x (W1, yn)dy1 dyn  (16.50) R.
—© —0 — Let D denote all intervals of the form (—0, a], a € Q.
10. Product Rule or alternatively: Definition 16.40 . . ¥x [ Let a,beC, and let
_ (z1 < X1 <z1+¢6,...,2n < Xp <zp+e) Moment Generating Function (MGF): * (4n),=1 be a sequence of rationals decreasing to o and
Law 16.4 Product Rule: Let X, Y be two random variables x(x) = eiﬂo P Px(t) =5 [etX] teR (16.60) ||» (bn),=1 be a sequence of rationals increasing strictly to b
then their j
en their jo (16.51) (a,) = V3o (any bn] = Ui_y (=90, bn] A (=0, an] )
- - - - Corollary 16.28 Sum of MGF: The moment generating
Law 16.5 13.1. Marginal Distribution function of a sum of n independent variables (X;),_ - is || Thus C < o(D), whence o(C) < (D) but as each element of
Generalized Product Rule/Chain Rule: I T " " - - . . lsjsn D is a closed subset, (D) must also be contained in the Borel
IDeﬁnltlon 16.35 Marginal Distribution: the product of the moment generating functions of the com- sets B with
11. Change Of Variables Formula T ponents: B
=o(C)co((D)c B
: 14. The Expectation G (8) = x; () Ux, (8)  Spi= X1 4. Xn (16.61) ©) (D)
Formula 16.1
. . . Definition 16.36 Expectation: 2 . . 3 i i-
(Scalar Discret) Change of Variables: Let X be a discret P Corollary 16.29 : The i-th moment of a random variable is 5;?55 ;I?d2e t?gc;;e?r];tiiSeilgiiiztcsrlijj)tlzréiolfste[dgfr;g'rg}'
rv X € X with pmf px and define Y € Y as Y = g(z) s.t. E[X] = IQ X(w)i(dw) = jﬂ Xd (16.52) [| the i-th derivative of its associated moment generating func- q(',),‘/'l (A (BnA) :
Y = {yly :[g(fxg,l\z]x € X}. Where g is an arbitrary strictly tion evaluated zero: ) o J J _ i) _ (A7)
. ef. 5. N n 3 k2 . . 3 -
monotonic ( ) function. Corollary 16.27 Expectation of simple r.v.: E [X ] = wx (0) (16.62) Yier "(BlA)F(A) (B)
Let: Xy = ; be the set of all m; € X s.t. y = g(=:). If X is a simplel@® 1639 ¢y its expectation is given by:
Then the pmf of ¥ is given by: n 16. The Characteristic Function Proof 16.3: ?7:
v () = x(@)= 3 x(z)  (16.43) EIX] = Y ait(As) (16.53) Y =g9(X) <= (Y =y) =z e Xy) =py(y)
zieXy zeVig(z)=y — Transforming probability distributions using the Fourier
i : i= " 5 e 8 A
‘77 16.3 transform is a handy tool in probability in order to obtain | proof 16.4: 27 (non-formal): The probability contained in a
see proot =¥ . 14.1. Properties properties or solve problems in another space before trans- || ifferential area must be invariant under a change of variables
14.1.1. Linear Operators forming them back. that is:

Formula 16.2

(Scalar Continuous) Change of Variables:

Let X ~ |/ x be a continuous r.v. and let g be an arbitrary
strictly monotonicld®® 5 function.

Define a new r.v. Y as

Y ={yly = g(z), Vo € X} (16.44)
then the pdf of Y is given by:
= il 4 (g1 16.45
v = Ix@| =l = Ix@| = (o7 w)|  (6.45)
1 —1
X (@) = M (16.46)
EEI e

Formula 16.3
(Continuous) Change of Variables:
Let X = {X1,...,Xn} ~ /x bea continuous random vector
and let g be an arbitrary strictly monotonicl®® 514 function
g:R" »R™

Define a new r.v. Y as

Y =A{yly = g(x),¥x € X}
and let h(x) := g(x)~! then the pdf of Y is given by:

y(¥) =/x (@1,...,zn) - |J]
=/x (h1(y), - hn(y)) - |J]

x (¥)|det Dch()|

x=y

0
det (_g) ‘
ox

where J = det Dh is the Jaccobian/de -6,
See also proof 7?7 16.6 and example 16.8

(16.47)

x (g7 ) (16.48)

Note
A monotonic function is required in order to satisfy inevitabil-
ity.
Probability Distributions on R"
13. Joint Distribution

14.1.2. Quadratic Form

Definition 16.37
Expectation of a Quadratic Form:

proof 16.7

3.

Definition 16.41
Fourier Transformed Probability Measure:

A= [ an)

RS

(16.63)

Let € € R™ be a random vector with E [e] = p and V [e] =
EleTAe] =tr (AY) + nTAp (16.54)

14.2. The Jensen Inequality

Theorem 16.6 Jensen Inequality: Let X be a random vari-
able and g some function, then it holds:

g (E[X]) < E[g(X)] [def. 5.24]

g is convex
(16.55)

Corollary 16.30 : As e{"T> can be rewritten using formu-
laegs. (1.9) and (1.10) it follows:

o= jcos (Cu, @) 1(da) + ijsin (Cu, @) p(da)

where z +— cos ({z, u)) and x > sin ({x, u)) are both bounded
and Borel i.e. Lebesgue integrable.

(16.64)

g (E[X]) = E[g9(X)] g is concavelde! 529

14.3. Law of the Unconscious Statistician

Law 16.6 Law of the Unconscious Statistician:

Let X € X,Y € Y be random variables where Y is defined as:
Y ={yly = g(=),Vz € X}

then the expectation of Y can be calculated in terms of X:

Definition 16.42 Characteristic Function ex: Let X
be an R™-valued random variable. Its characteristic function
¢x is defined on R™ as:

px(u) = jei<“’x> X(dx) _ /X(u)
= ]E[ei<u,x>]

(16.65)

(16.66)

[/y (v) dy| = |/ z(2) dz|
Y
y =z

+ Ay = g(z x

B Y y=9( )

vy = 9z
T z + Ax X
e
Proof 16.5: 7?7 from CDF:

Ey[y] = Ex [g9(2)] (16.56)

Consequence

Hence if we px we do not have to first calculate py in order
to calculate Ey [y].

14.4. Properties

Corollary 16.31 : The characteristic function ¢ x of a dis-
tribution always exists as it is equal to the Fourier transform
of the probability measure, which always exists.

(X <97 w)
(X =9 ')
If g is monotonically increasing:

¥ <y = (eX) <y = [y 910 Inereas.
if g is decreas.

Note

This is an advantage over the moment generating function.

Fy(y) = Fx (g~ ()

14.5. Law of Iterated Expectation (LIE)
Law 16.7 [proof 16.8]
Law of Iterated Expectation (LIE):

E[X] = By E[X]|Y] (16.57)

Theorem 16.7 : Let i be a probability measure on R”. Then
[t is a bounded continuous function with z(0) = 1.

d 1 d _,
y (y) = d—Fx(g W) =/Ix(=@)—g "(v)
y dy

If g is monotonically decreasing:
-1
Fy(y)=1-Fx(g " (y)

14.6. Hoeffdings Bound

Definition 16.38 Hoeffdings Bound:
Let X = {X;}]"; be i.i.d. random variables strictly bounded

Theorem 16.8 Uniqueness Theorem: The Fourier Trans-
form [i of a probability measure p on R™ characterizes p. That
is, if two probability measures on R" admit the same Fourier
transform, they are equal.

d -1
y(y) = —Fx(g ()

d 4
a - X(Z)'ag (y)

(lux —E[X]| = ) < 2exp

by the interval [, b] then it holds:
) (0,11, —2nc

N CEENE

Definition 16.33

Joint (Cumulative) Distribution Function Fx:
Let X = (X1 ------- Xn) be a random vector in R™, then its
cumulative distribution function is defined as:
X
Fx(x) =17 ((—0,x]) = "(X < x)
= (X1 < T1, - Xp < 2n) (16.49)

—2n2c2?
(16.58)

Explanation 16.4. The difference of the expectation from the
empirical average to be bigger than e is upper bound in proba-
bility.

Corollary 16.32 : Let X = (X1,...,Xyn) be an R™-valued

random variable. Then the real valued r.v’s (Xj)1<j<n are
independent if and only if:
n
ex(ui, .. un) =[] wx;(uj) (16.67)
j=1




Proof 16.6: ??: Let B = [z,z + Az] and B = [y,y + Ay] =
[g(z), g(x+ Az)] we know that the probability of equal events
is equal:

y = g(z) (y) = "(g(z)) (for disc. rv.)
Now lets consider the probability for the continuous r.v.s:

=

r+Ax Ax—0
(XeB):f w2220 Ar ()]
x
For y we use Taylor (77
. (5.56 d
g(x 4+ Ax) od (= ) g(z) + d—gAy for Az — 0
x
. g
= y + Ay with Ay := — - Az
(16.68)
Thus for (Y € B’) it follows:
y+Ay Ay—0
(xeB) = f y (0 dt =20 Ay fy ()]

Y(y)‘

Now we simply need to related the surface of the two pdfs:

Example 16.4 : If we are only interested in the subset /A €
of our experiment, then we can look at the corresponding gen-

~{o. 1. <o)

erating o-algebra o (1)

Example 16.5 :

« open half-lines: (—o0, a) and (a, ),

« union of open half-lines: (a,b) = (=00, a) u (b, ),

« closed interval: [a,b] = (=00, ua) U (b, 0),

« closed half-lines:
(=0, a] = Ule[u —n,a] and [a,0) = Ule[u, a+n],

« half-open and half-closed (a, 0] = (=0, 5] U (a, ),

« every set containing only one real number:
{a} =NP_i(a— £, a4+ 5,

« every set containing finitely many
{a1,...,an} = UZ=1 Qg

real numbers:

Note: why do we need probability density functions

A continuous random variable X can realise an infinite count
of real number values within its support B
(as there are an infinitude of points in a line segment).
Thus we have an infinitude of values whose sum of probabil-
ities must equal one.
Thus these probabilities must each be zero otherwise we would
obtain a probability of c0. As we can not work with zero prob-
abilities we use the next best thing, infinitesimal probabilities
(defined as a limit).
‘We say they are almost surely equal to zero:

(X =2)=0 a.s.
To have a sensible measure of the magnitude of these infinites-
imal quantities, we use the concept of probability density,
which yields a probability mass when integrated over an in-
terval.

Property 17.3:

Monotonically
Increasing r<y < Fx(z)<Fx(y) Vz,yeR
(17.10)
Upper Limit lim Fx(z)=1 (17.11)
r— 0
Lower Limit lim Fx(z)= (17.12)
z—>—0

Definition 17.8 CDF of a discret rv X: Let X be discret
rv with pdf px, then the CDF of X is given by:
x

T) = Z

t=—00

Fx (z) =1"(X < x ()

Example 16.6 Equivalent (Probability) Measures:
({1,2,3}) = {2/3,1/6,1/6}

=29 T({1,2,3)) = {1/3,1/3,1/3)

Example 16.7 :

Definition 17.5 Continuous Random Variable (CRV):
A real random variable (rrv) X is said to be (absolutely) con-
tinuous if there exists a pdf (14°¢ 174 /5 s.t. for any subset
B c R it holds:

(XeB)= f x (z) da (17.6)
B

Definition 17.9 CDF of a continuous rv X: Let X be
continuous rv with pdf [ x, then the CDF of X is given by:

z 0 T
Fx @ = [* pxar LRI NG

=

Property 17.1 Zero Probability: If X is a continuous rrv

Lemma 17.1 Probability Interval: Let X be a continuous
rrv with pdf [ x and cumulative distribution function Fx,
then it holds that:

some value z € X is:

=l(a<X < ):J x (z) dz

(19 1731Y then: (e<X<b)=Fx()—Fx(a) (17.13)
s :
Example 16.8 77: Let X, Y 5 A/(0, 1). (X=a)=0 Yo eR 17.7)
Question: proof that: Proof 17.3: [def 1791, "
U=X+Y V=X-1 Property 17.2 Opfen vs. (?losed Intervals: For any real Fx(z)=1"(X <z)=0(X€(~w,x)) :J x () dt
are indepdent and normally distributed: numbers @ and b, with o < 0 it holds: —®
hi(u,v) = 4tv 1 1 i (e X<h)="la<sX <b)="lla<X <
hu, v) = 5 2 J = det [? 51] _ 1! =(a<X <h) (17.8) || Proof 17.4: lemma 17.1:
v 1 1 - _
ha(u,v) = =5 2 2 2 <= including or not the bounds of an interval does not (e X< =HX<D) X <o)
1 modify the probability of a continuous rrv. or by the fundamental theorem of c;lcullzs)(theorem 5.2):
= - Fx(t
vV xy@y-3 Note (<X < ):f X(t)dt:f A= [Fx W]
mgp x (@) - fx(y) Changing the value of a function at finitely many points has - -
X 2 no effect on the value of a definite integral. Theorem 17.2 A continuous rv is fully characterized by
_ 1 1 ,ET 1 -5 - its CDF: A cumulative distribution function completely de-
-3 me : me Corollary 17.1 : In particular for any real numbers o and termines the distribution of a continuous real-valued random
o2 2 with ¢ < b, letting B = [a, b] we obtain: verakke,
_ U+v u—v 2
R {( 2 ) +( 2 ) / } (e<X < ):J «(z)dz 1. Key figures
2 IV 2m 5 1 5 - 1.1. The Expectation
= 97% : eivT Proof 17.1: Property 17.1: Definition 17.10 Expectation (disc. case):
V2rV2 V22 (X =a) = lim (X € [a,a+ Az]) i Efe] = Y s (0) (17.14)
Thus U, V are independent r.v. distributed as N (0, 2). Az—0 +A px = Rall = XPz X :
@ T xXEX
. . = lim xz)dx =0
Statistics R i x () — :
Definition 17.11 Expectation (cont. case):
Proof 17.2: Property 17.2: Eglz] := X[ (x)dx (17.15)
The probability that a discret random variable z is equal to (e X<h)="lasX <b)="I(a<X <))

B lmxt s ™™ surfaces [,y + Ay] = B
(YeB)=1(XxeB)
Ay—0 dg
= Uy @) Ayl = /v @) @Az =/x (@) Al
dg
y (W) @) Az =[x (2) - |Az]
_ Ix@  Ix(gT'w)
=/y ) =15 =3
2@ |$2ew)|
Proof 16.7: [def: 16:37]
EleTad] ° LY £ er(eT AG)]
ed (10 20 [tr AeeT)]
= tr(E[AceT])
— w(ALfeT))
= ot (A(D+ )
= tr (AY) + tr (AppT)
eq. (10.54) tr (AY) + AppT
Proof 16.8: law 16.7
E[X] = ZZ x(z) = ZEZ x,v (z,y)
= Z Z X|y CEly) Y(y)
= Z Y(y) Zx x|y (z|y)
= 2 v (y) - E[X\Y] Ey [E[X]Y]]
Y
Examples
Example 16.1 :
« Toss of a coin (with head and tail): Q = {H, T}.

« Two tosses of a coin: Q@ = {HH,HT,TH,TT}
« A cubic die: Q = {w1,ws, w3, w4, ws,we}

+ The positive integers: Q = {1,2,3,...}

« The reals: Q = {w|w € R}

Definition 17.1 Almost Surely I-(a.s.):

Let (2, F, ") be a probability space. An event w € F happens

almost surely iff
(w) =1 —

w happens a.s. (17.1)

Definition 17.6 Support of a probability density func-

tion: The support of the density of a pdf [ x (.) is the set of

values of the random variable X s.t. its pdf is non-zero:
supp(()/ x) := {z € X[/ (x) > 0} (17.9)

Note: this is not a rigorous definition.

Law 17.1 Expectation of independent variables:

E[XY] = E[X]E[Y] (17.16)

Definition 17.2 Probability Mass Function (PMF):

Example 16.2 :

« Head in coin toss A = {H}

+ Odd number in die roll: A = {w1,w3,ws, }
« The integers smaller five: A = {1,2,3,4}

Theorem 17.1 RVs are defined by a PDFs: A probability
density function |/ x completely determines the distribution of
a continuous real-valued random variable X.

Property 17.4 Translation and scaling: If X € R” and

Y € R™ are random vectors, and «,b,a € R™ are constants
then it holds:
Ela 4+ bX 4+ cY] = a 4+ bE[X] + cE[Y] (17.17)

Thus E is a linear operator ([4¢f 5:151),

Definition 17.3 Discrete Random Variable (DVR): The
set of possible values  of X is countable of finite.
={0,1,2,3,4,...,8} X =N (17.2)

Example 16.3 If the sample space is a die toss Q =
{w1,ws,ws3,wa,ws,we}, the sample space may be that we are
only told whether an even or odd number has been rolled:

F = {J,{w1,w3,ws}, {w2,ws,we}}

Definition 17.4 Probability Density Function (PDF):

Corollary 17.2 Identically Distributed: From theo-
rem 17.1 it follows that to RV X and Y that have exactly
the same pdf follow the same distribution.

We say X and Y are identically distributed.

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-
erty 17.6 it follows:
E[E[X]] = E[X] (17.18)

R™ —

Is real function [0, 00) that satisfies: 0.1. Cumulative Distribution Fucntion
Non-negativity: (z) =0, VzeR"™ (17.3) N . N N

0 | Definition 17.7 Cumulative distribution function
Normalization: f (z)dz =1 (17.4) || (CDF): Let (2, F,) be a probability space.

—® The (cumulative) distribution function of a real-valued ran-
Must be integrable (17.5) || dom variable X is the function given by:

Fx (z)="(X <=z VzeR

Property 17.5 Matrixx Expectation: If X € R” is a ran-
domn vector and A € R™*X™ B € R"*™ are constant matri-
ces then it holds:

E[AXB] = AE [(XB)]

= AE[X]B (17.19)




2. Key Figures

Proof 17.5: eq. (17.24): Definition 17.16 Covariance: The Covariance is a measure
2.1. The Expectation of how much two or more random variables vary linearly with
SXVI = Y Y v (e T — LA
ex ey _— Cov [X, Y] = E[(X — & [X])(Y — E[Y])]
72 Definition 17.13 Expectatlon (disc. case): =E[XY]-E[X]E[Y] (17.33)
= > rx(@e ) py(wy = E[X]E[Y] px = Egla] i= Y %o (%) (17.22) || see 72 17.10
TEX yey XeEX
Definition 17.17 Covariance Matrix: The variance of a
Definition 17.12 Definition 17.14 Expectation (cont. case): k-dimensional random vector X = (X1 X;‘.) is given by
Autocorrelation/Crosscorelation v(t1,t2): Describes the L _ o a p.s.d. eq. (10.109) matrix called Covariance Matrix.
Eg[z] := %/ o (%) dx (17.23) The Covariance is a measure of how much two or more ran-

covariance (19°f 17161} between the two values of a stochastic
process (X¢),ep at different time points t1 and t2.
Y(t1,t2) = Cov[Xey, Xeg | = E[(Xey — pty) (Xeg — 1ity)]
(17.20)
For zero time differences t; = to the autocorrelation functions
equals the variance:

. (17.35
S (t 1) = Cov [Xg, X,] 0 5

= V[X¢] (17.21)

Law 17.2 Expectation of independent variables:

E[XY] =E[X]E[Y] (17.24)

dom variables vary linearly with each other and the Variance
on the diagonal is again a measure of how much a variable

Property 17.6 Translation and scaling: If X € R™ and
Y € R™ are random vectors, and a,b,a € R™ are constants
then it holds:

Notes

« Hence the autocorrelation describes the correlation of a
function or signal with itself at a previous time point.

+ Given a random time dependent variable x(¢) the autocor-
relation function (¢,t — 7) describes how similar the time
translated function x(¢ — ) and the original function x(t)
are.

o If there exists some relation between the values of the time
series that is non-random then the autocorrelation is non-
Zero.

« The autocorrelation is maximized/most similar for no
translation + = 0 at all.

Ela+ X+ cY] =a+ IE[X
r[dcf. 5,15].

]+ cE[Y] (17.25)

Thus E is a linear operato:

Property 17.7

Affine Transformation of the Expectation:

If X € R" is a randomn vector, A € R"™*"™ a constant matrix

and b € R™ then it holds:
E[AX + 0]

=Ap+b (17.26)

varies:
V[X] :=5(X) := Cov [X, X] := (17.34)
=E[(X —E[X]D)(X-E[X])T]
=E[XXT] - E[X]E[X]T € [~00, 0]
J[?(l]. ........... Cov [X1, X,.]
Cov [X1, X1] VX

EUX1 = 1) (X1 = pa)] zoeeeeees E[(X1 = p1)(Xp = )]

BL(X s = 10)(X1 = 11)] TE(X) — ) (X — )]

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-
erty 17.6 it follows:

E[E[X]] = E[X] (17.27)

Property 17.8 Matrixx Expectation: If X € R” is a ran-
domn vector and A € R™*"™ B € R"*™ are constant matri-
ces then it holds:

Note: Covariance and Variance
The variance is a special case of the covariance in which two
variables are identical:

Cov[X,X]=V[X]=o2(X)=0% (17.35)

Property 17.12 Translation and Scaling:

defined by:
VX]:=E [(X ) [X])2] see 7T 177y [Xz] —E[x]?
(17.29)

E[AXB] = AE[(XB)] = AE[X] B (17.28) Cov(a 4+ bX,c+dY) = bdCov(X,Y) (17.36)
Proof 17.6: eq. (17.24): Property 17.13
Affine Transformation of the Covariance:
If X € R™ is a randomn vector, A € R"™*™ a constant matrix
E[XY] = x x >
[ ! Z 2 X’Y( V)Y and b € R™ then it holds:
i Cov[AX + 1] = AV[X]AT = AN(X)AT (17.37)
= > px(@e Y py()y = E[X]E[Y]
Definition 17.18 Correlation Coefficient: Is the stan-
TEX yeY . . .
dardized version of the covariance:
i SOV
2.2. The Variance Corr [X] : = e[-1,1] (17.38)
Definition 17.15 Variance V[X]: The variance of a ran- IX1 T IXy,
dom variable X is the expected value of the squared deviation _J+1 if Y =aX + b witha>0,0€eR
from the expectation of X (u = E[X]). T 1-1 fY=aX+bwitha<0,beR
It is a measure of how much the actual values of a random
variable X fluctuate around its executed value E[X] and is
0.4 0 0.4 -0.8 1

2.2.1. Properties

Property 17.9 Variance of a Constant: If o € R is a con-
stant then it follows that its expected value is deterministic
= we have no uncertainty = no variance:

Figure 3: Several sets of (z,y) points, with their correlation
coefficient

Note

o The correlation/covariance reflects the noisiness and direc-
tion of a linear relationship (top row fig. 3), but not the
slope of that relationship (middle row fig. 3) nor many as-
pects of nonlinear relationships (bottom row)

« The set in the center of fig. 3 has a slope of 0 but in that case
the correlation coefficient is undefined because the variance
of Y is zero.

« Zero covariance/correlation Cov(X,Y) = Corr(X,Y) = 0
implies that there does not exist a linear relationship be-
tween the random variables X and Y.

Difference Covariance& Correlation

1. Variance is affected by scaling and covariance not 7?7
and law 17.3.
2. Correlation is dimensionless, whereas the unit of the covari-

ance is obtained by the product of the units of the two RV
variables.

Law 17.4 Covariance of independent RVs: The covari-
ance/correlation of two independent variable’s (?7?) is zero:
Cov[X,Y] =E[XY]—-E[X]E[Y]

e (2N _ g X a[y] - E[X]E[Y] = 0

Zero covariance/correlation= independence

Cov(X,Y) = Corr(X,Y) =02 vx,y(z,y)
For example: let X ~ U/([—1,1]) and let Y

x (@)py ()
%2,

1. Clearly X and Y are dependent
2. But the covariance/correlation between X and Y is non-
zero:
Cov(X,Y) = Cov(X, X2) = E [x . X2] —E[X]E [Xz]
—E [X3] —E[X]E [X2]

. (17.63
=g (1 )Ofo-E[XQ]
eq. (17.52)

= the relationship between Y and X must be non-linear.

Definition 17.19 Quantile: Are specific values g, in the
rangeld®® 519 of 4 random variable X that are defined as the
value for which the cumulative probability is less then g, with
probability « € (0, 1):

F invert.

go 1 F(X < @) = Fx (¢a) = @ G0 = Fy' (o)
(17.40)

3. Proofs

Proof 17.7: eq. (17.29)

VIX] = E[(X - B[X])?] = B[X? — 2XE[X] + £ [X]?]

Properzty 17.6 JE[X2] _oR [X]K[X] + E[X]2 _ :Z[X2] _ N2

Proof 17.8: Property 17.10
Ve +bX] =E [(u + X — o+ /,x])Q]

V[a] =0 with R (17.30)
see shift and scaling for proof 7?7 17.8
Property 17.10 Shifting and Scaling:
Va + bX] = a?o with aeR (17.31)
see 77 17.8
Property 17.11 [proof 17.9]

Affine Transformation of the Variance:

Law 17.3 Translation and Scaling:

Corr(a + bX,c + dY) = sign(b)sign(d)Cov(X,Y) (17.39)

If X € R™ is a randomn vector, A € R™*X™ a constant matrix
and b € R™ then it holds:
VI[AX + 1]

= AV[X]AT (17.32)

=E [(/Jr X = f - /‘E[X])z]
= E[0X = tE[X])?]
—E[? (X —E[XD?]
= e [(x -2 [X])?] = 1707
Proof 17.9: Property 17.11
V(AX + b) = _‘[(AX E[XA]) ]

=E[(AX - E[AX])(AX — E[AX]) ]

=E[AX - E[X]D(AX - (E[X])T]

=E[AX - E[X]D(X — (ﬂi [X])TAT]

—AE[(X —E[X])(X — (E[X])T]AT = AV[X] AT




Proof 17.10: eq. (17.33)

Cov [X, Y] = E[(X — E[X])(Y — E[Y])]
E[XY — XE[Y] - E[X]Y + E[X]E[Y]]
E[XY] - E[X]E[Y] — E[X]E[Y] + E[X]E[Y]
E[XY] - E[X]E[Y]




Discrete Distributions

Explanation 17.1. Lets consider a box of n balls consisting

Definition 17.20 Multivariate Distribution: the variate
refers to the number of input variables i.e. a m-variate distri-
bution has m-input variables whereas a uni-variate distribu-
tion has only one.

of black and white balls. If we want to know the probability of

Continuous Distributions

5.1. Uniform Distribution

U(a,b)

drawing first ezxactly x white and then exactly n — x black balls
we can simply calculate:

( ) () r n—x
— —
z-times n — x-ltimes

Dimensional vs. Multivariate

[a, b] are equally probable/likely.

Definition 17.28 Uniform Distribution U(a,b):
Is probability distribution, where all intervals of the same
length on the distribution’s support!4e® 176 supp(i/[a, b])

5.4. The Normal Distribution N(p, o)

Definition 17.31 Normal Distribution X ~ N (u, 02):

Is a symmetric distribution where the population parameters
Iy o2 are equal to the expectation and variance of the distri-
bution:

i i D <z<
Thhe dimersion Rl b the mumiber of cimernsions we meedl 1o But if 'u{e do not ca:re about the order we nefed to mcrease the () = HIE[H' ) = — const i a< <
embed the function. If the variables of a function are indepen- prob.abllzty by the‘ dzﬁerent' ways we can achieve this result by —a ’ 0 else
dent than the dimension is the same as the number of inputs adding the binomial coefficient.
but the number of input variables can also be less. 4.4. Geometric Distribution Geom(p) (17.52)
i . . 0 T <a
4.1. Bernoulli Distribution Bern(p)[ pefinition 17.26 Geometric Distribution Geom(p): F(z) z—a if <z< (17.53)
o . =< F= a .
Definition 17.21 Bernoulli Trial: Is a random experiment M‘ode[lisf 2?21] prob‘ablhty of the number X of Bernoulli —a =T
with exactly two possible outcomes, success (1) and failure || trials!®® *=" until the first success " ) 1 z >
(0), in which the probability of success/failure is constant in @ :nb. of repetitions until first o+ (b —a)?
every trial i.e. independent trials. (z) = (1 — )ac—l success E[X]= — V(X) = (17.54)
:success probability of single 2 12
Definition 17.22 Bernoulli Distribution X ~ Bern(p): Bernoulli experiment
X is a binary variable i.e. can only attain the values 0 (failure) x ) (2.4) %{l
or 1 (success) with a parameter p that signifies the success F(z) = Z 1- )‘_1 ea- LBy 1—-p)*
probability: im1 1
for x =1 X =1) =
o) = — =1 = 1 1—
(@;p) {1 —p forz=0 { EX = 03 =1- E[X] =~ (17.47) VIX]= — (17.48)
x 1—x
= (1 — for z € {0, 1
( ) { ) Notes
E[X] = (17.41) V[X] = p(1—p) (17.42)| « E [X] is the mean waiting time until the first success
- » the number of trials  in order to have at least one success 0 «a 0 «a by F
4.2. Multinoulli/Categorical Distribution Cat(n,p)  with a probability of (z): (a) /x(x) (b) Fx (=)
Definition 17.23 > () 5.2. Exponential Distribution exp(A)
Multinulli/Categorical Distribution = X Iie??;(zz]): 1= Definition 17.29 Exponential Distribution X ~ exp()\):
Is the generalization of the Bernoulli distribution!™ ™ to log(1 — ) ~ —p for small Is the continuous analogue to the geometric distribution
a sample spaceld®t 1021 of / individual items {c1, ..., .} with . E— . : [def. 17.26]
babilities p = { }: 4.5. Poisson Distribution Pois(X) N . . .
pro 1oe-es PRy: It describes the probability {(z; \) that a continuous Poisson
ke 5[::, ] Definition 17.27 Poisson Distribution: Is an extension || process (i.e., a process in which events occur continuously and
p(x = ci|lp) = p; Aand p(z|p) = H i ! of the binomial distribution, where the realization x of the || independently at a constant average rate) will succeed /change
i random variable X may attain values in Z>q. state after a time interval z.
ke It expresses the probability of a given number of events X oc- Ae—A® . =0
Z -1 € [0, 1] Vi=1 k (17.43) curring in a fixed interval if those events occur independently (w5 0) = 0 if 2 <0 (17.55)
J 7 ’ J Tt : of the time since the last event. - >0
Jj=1 A® A>0 1—e " . T =
o (@) =e M= (17.49) F(z;\) = {O if (17.56)
B[] = VX o (L—py) ifi=j ! z € Zxo z <0
: o) o —Pibj ifi#j Event Rate \: describes the average number of events in a E[X] = i V(X) = — (17.57)
single interval. - N a2 .
Corollary 17.3 T T T
One-hot encoded Categorical Distribution: E[X] = A (17.50) VIX] = A (17.51)| 2-3- Laplace Distribution
If we encode the & categories by a sparse vectors!®t 107 with Definition 17.30 Laplace Distribution:
norm one: o 1 |x — ]
n Laplace Distibution (x; b, 0) = Py exp | ———
L o o
B ={x€{0,1}" : xTx = Z x =1 (17.58)
s.t. X; =e; =

then we can rewrite eq. (17.43) as:

E[X] = n V(X) = o2 (17.59)
( 2) 1 { 1 (w—u>2} (17.60)
T p,o0”) = exp{—— .
o o 2T o
F( %) = F { ! (u_“>2}d (17.61)
Ty p,0°) = exp{—— u .
o o227 J—oo 2 o
zeR or —0<zT<®©
U2(7‘2
px(u) = exp{iup — (17.62)
P2 () 1 <I>M(72 (z)
0.5
20 J :
T
Figure 5: pn =20 w=20 =0 p=-2
o2=02 o?=10 =50 o2=05
Property 17.14: 'x(p—oc <z < p+ o) = 0.66
Property 17.15: "'x(p —20 <z < pp+ 20) = 0.95
5.5. The Standard Normal distribution N(0,1)

Historic Problem: the cumulative distribution eq. (17.61)
does not have an analytical solution and numerical integra-
tion was not always computationally so easy. So how should
people calculate the probability of z falling into certain ranges
(@ € [a, b])?

Solution: use a standardized form/set of parameters (by
convention) Ng, 1 and tabulate many different values for its
cumulative distribution ¢(z) s.t. we can transform all fam-
ilies of Normal Distributions into the standardized version
N(u, o?) 25 N(0,1) and look up the value in its table.

distribution!def 17:25]  and signifies the different combina-

tions/order that = out of n successes can happen see also
[def. 15.5]

k k
(xIp) =T]xi- i Mopj=1 (17.44)
@ j=1
4.3. Binomial Distribution B(n, p)
Definition 17.24 Binomial Coefficient:
The binomial coefficient occurs inside the binomial

Definition 17.25 Binomial Distribution [proof 17.1]:
Models the probability of exactly z success given a fixed num-
ber of n-Bernoulli ea:periments[d”f' 17211 " where the probability
of success, of a single experiment is given by

n n :nb. of repetitions

(z) = ( > T —p)nT® x :nb. of successes

T :probability of success

(17.45)

V[X] = np(l - p)

(17.46)

Definition 17.32

Standard Normal Distribution X ~ N(0, 1):
E[X]=0 V(X)=1 (17.63)
1 1.2
z;0,1) = e 27 17.64
( ) Tor ( )
Fle:0,1) = — r -3y (17.65)
z;0,1) = —— e u .
V2 J—w0o
xz e R or —w <z <
vx) =eT  ox=e T (17.66)
Corollary 17.4
Standard Normal Distribution Notation: As the stan-

dard normal distribution is so commonly used people often
use the letter Z in order to denote its the standard normal
distribution and its a-quantilel®® 71 is then denoted by:

Zo = ® 1 (a) a e (0,1) (17.67)
5.5.1. Calculating Probabilities
Property 17.16 Symmetry: Let z > 0
(Z<z) = @(2) (17.68)
(Z<—2) = @(—2)=1—-2(2) (17.69)
(co<Z<t) = () - (=) = () — (1 - ()

Fod(z) — 1 (17.70)



5.5.2. Linear Transformations of Normal Dist.

Proposition 17.1 Linear Transformation [proof 17.12]:
Let X be a normally distributed random wvariable X ~
N(i,c2), then the linear transformed r.v. Y given by the

affine transformation Y = a + bX with a € R,b € Ry follows:
- 2 2 1 y—a
Y ~ N (u«}»/ru,/ro‘) — Y(y)=m x (=
(17.71)

Proposition 17.2 Standardization [proof 17.13]:
Let X be a normally distributed random variable X ~
N (1, 2), then there exists a linear transformation Z =
a+bX s.t. Z is a standard normally distributed random vari-
able:

g X—u

X ~ N(p,0%) ——2 5 Z ~ N(0,1) (17.72)

Property 17.17 proof 17.16
Joint Independent Gaussian Random Variables: Let
X1,...,Xn be R-valued independent random variables with

laws N (u,i,af). Then the law of X = (X1 Xn) is

a (multivariate) Gaussian distribution X ~ N (p, ) with:

2
o1 M1
0 K2
= and p=1: (17.77)
0 Hin

6.3. Transformations

Property 17.20 Multiples of Gaussian’s AX:
Let X = (X1 Xn)T ~ N(p, ) be a an R™ valued
Gaussian and let A € RX™ then it follows:

Y =AXE€eR Y ~ N (Ap, ALAT) (17.84)

Note

If we know how many standard deviations our distribution is
away from our target value then we can characterize it fully
by the standard normal distribution.

Proposition 17.3 [proof 17.14]
Standardization of the CDF: Let Fx (X) be the cumula-
tive distribution function of a normally distributed random
variable X ~ A (u,c2), then the cumulative distribution
function ® 7 (z) of the standardized random normal variable
Z ~ N(0,1) is related to Fx (X) by:

i o(222)

(17.73)

Corollary 17.5 Quadratic Form:
If x and y are both independent GRVs
x ~ N(pa, Ya) y ~ J\”(llryﬁ Sy)

then they are def. 17.35]
(x,y) = 1(1‘) (v)
o exp (75 {(x — uz)TZ;I(x — )+ (v — Hy)ngl(y _ ”y)})

1 =200 |[x—py
:exp(fg[(x—uw)T (y—uy)T][O 251][,,,%])

=1
Soxp—o(z—p)T3 (2 - )

jointly  Gaussian! given  by:

(17.78)

Property 17.21 Affine Transformation of GRVs: Let
y € R™ be GRV, A € RIX™ e RY and let x be defined
by the affine transformation!def: 10-43);

x = Ay + b A e R¥X" e R?
Then x is a GRV (see 7?7 17.15).

Definition 17.40 Heaviside Step Function:

d
H(z) := - max{z, 0} x€Ryg (17.90)

or alternatively:

H(z) i= foo 5(s) ds (17.91)

Proofs

Proof 17.11 Definition 17.25: Consider a sequence of n ran-
dom {X;}7 ; Bernoulli experiments!d°t 17221 with success
probability

Property 17.22 Linear Combination of jointly GRVs:
Let x € R™, y € R™ two jointly GRVs, and let z be defined
as:

z=Ayx+Ayy A, e REX™ A, e REX™
Then z is GRV (see 77 17.17).

Define the r.v. Y}, to be the sum of the n Bernoulli variables:

n
Yo=Y X;

i=1

neN

i.e. the total number of successes. Now lets calculate the prob-
ability density function f, of Y, . First let (zl ceeees -zn) €

Definition 17.36 Gaussian Noise: Is statistical noise hav-
ing a probability density function (PDF) equal to that of the
normal/Gaussian distribution.

{0,1}" and let y = 37" | =; a bit sting of zeros and ones, with
one occuring y times.

6.4. Gamma Distribution I'(z, a, 3)

(X1, X2, , Xn) = (21,22, ..., 2n))
=) (@a) = pYA - )T
v n — y-times

6. The Multivariate Normal distribution

Definition 17.33 Multivariate Normal/Gaussian:

An R™-valued random variable X = (X1 ..., Xpn) is Mul-
tivariate Gaussian/Normal if every linear combination of its
components is a (one-dimensional) Gaussian:

n

Z o Xj | = _‘V(u,(r2)
i=1

(possible degenerated N(0,0) for Va; = 0)

A, 0 Vo; eR - (17.74)

Property 17.18
Marginal Distribution of Multivariate Gaussian: Let
X = (X1 Xn)T ~ N(u,>) beaanR™ valued Gaussian

Definition 17.37 Gamma Distribution X ~ I'(z, o, J):
Is a widely used distribution that is related to the exponential
distribution, Erlang distribution, and chi-squared distribution
as well as Normal dis(gribution:

However we need to take into account that there exists fur-
ther realization X = x, that correspond to different or-
ders of the elements in our two classes {0, 1} which leads to

n! _ (n).
and let V = {1,2,...,n} be the index set of its variables. g~ le—Pz x>0 yln—y)! — (y)
The k-variate marginal distribution of the Gaussian indexed (z500, ) = { T'(e) if <0 (17.85) (y) = n Y(1— )Y €{0,1 n}
by a subset of the variables: 0 TS nl¥) = y v v
A= {i1,...,i.} i €V (17.79) I(a) eq. (5.81) J'°° ol =t gy (17.86)
is given by: 0 Proof 17.12: pro}z)osition 17.1: Let X be normally distributed
= (X Xi )T~ N (as S aa) (17.80) || With o, 0 € R0 with X ~>/0\° (1, 0%): Ve
" 6.5. Chi-Square Distribution Xi Fy (y) vz v ¥ <y)=(e+bX <y)="x (X < - )
ik },,1; 6.6. Student’s t-distribution y—a
. . . : . - F
X = : : and n= : Definition 17.38 Student’ t-distribution: X ( b )
2 R : y=<0 B B y—a
R D | Py @) 'Sy (F Sy = e+ X <) = (X2
i b
6.2. Conditional Gaussian Distributions 6.7. Delta Distribution

Note

« Joint vs. multivariate: a joint normal distribution can be
a multivariate normal distribution or a product of univari-
ate normal distributions but

e Multivariate refers to the number of variables that are
placed as inputs to a function.

Definition 17.34
Multivariate Normal distribution X ~ N (p, 3):
A k-dimensional random vector
X = (X1 Xn)T  with  po= (E[x1] E[x,])T

and k X k p.s.d.covariance matrix:

5= B[(X — w)(X — 1) 7] = [Covlxi, xj],1 < i, < k]
follows a k-dim multivariate normal/Gaussian distribution if
its lawldef 16251 gatisfies:

Property 17.19 Conditional Gaussian Distribution: Let
X = (X1 Xn)T ~ N (i, >) be aanR"™ valued Gaussian
and let V = {1,2,...,n} be the index set of its variables.
Suppose we take two disjoint subsets of V:
A= {i1,... i} B ={j1,---sim}
then the conditional distribution of the random vector X 4,
conditioned on X p given by p (X 4|Xp = xp) is:

i, Jp € \4

Definition 17.39 The delta function §(x):
The delta/dirac function §(x) is defined by:

[, 5660 ax = 7(0)
R

for any integrable function f on R.
Or alternativly by:
§(x — xzg) = lim N (z|zg, 7)
0

o—

(17.87)

~ Ol (g} (17.88)

eq. (17.71)).
in order to prove that Y ~ A/ (u + b, /r202) we simply plug

T <
X4 = (Xi1 Xik) ~N (,,A‘B,;MB) (17.81)
N ~—1
palB =HAa+YaB g (XB — 1B)
—1
YAB = TAA —ZABY BB BA
Note

Can be proofed using the matrix inversion lemma but is a very
tedious computation.

x (X1, Xg) = N(p,>) (17.75)
1 1 1
= exp (= (X =) TET (X — )
A (2m)k det () 2
-
Normalisation
1
ex (u) = exp {iuT,u - EuLu} (17.76)
6.1. Joint Gaussian Distributions

Definition 17.35 Jointly Gaussian Random Variables:
Two random variables X, Y both scalars or vectors, are said
to be jointly Gaussian if the joint vector random variable
Z = [X Y]T is again a GRV.

Corollary 17.6

Conditional Distribution of Joint Gaussian’s: Let X
and Y be jointly Gaussian random vectors:

X Nz A C

[Y] ~ N ([uy] [CT 5 (17.82)

then the marginal distribution of x conditioned on y can be

written as: X ~N ([Lxly, \:X\Y)

= pux +CB™ (y — pny)
=A-cB !cT

KXY

Sxjy (17.83)

Property 17.23 Properties of §:
« Normalization: The delta function integrates to 1:

f 6(z)de = f 6(z) - c1(z)de =¢1(0) =1
R R

where ¢y (x) = 1 is the constant function of value 1.
« Shifting:

fR 5(z — w0) £ (=) do = f(=0) (17.89)

fz 0(—==)f(x) dz = £(0)

¢ Symmetry:

x in the previous expression:
W=
v () = xp i | ———

o

1
—e
V2mo|b|

1 1 (y—(a+bp) 2
=—  exp{——-[¥——"—~
V2mo|b| 2 alb]

Proof 17.13: progosition 17.2: Let X be normally distributed
with X ~ N (p, 0%):

« Scaling: S(az) f(x)dz = = £(0 X — 1 1 L
g S 0 () f () o7 £(0) e Bl P uxth withaz =B
o o o o o
NG eq. (17.71) . 5 o S op oo )
In mathematical terms ¢ is not a function but a gernalized ~ N (”N +b,a%0 ) ~N ; - ;; 0__2 ~ N(0,1)
function.

« We may regard §(z—xzg) as a density with all its probability
mass centered at the signle point zg.

« Using a box/indicator function s.t. its surface is one and
its width goes to zero, instead of a normaldistribution
eq. (17.87) would be a non-differentiable/discret form of
the dirac measure.

Proof 17.14: proposition 17.3: Let X be normally distributed
with X ~ N (u, 02):

= — T — [ T — [
en T (B2t - ()
o o o

(=)

Fx(z) =




Proof 17.15: Property 17.21 scalar case
Let y ~ p(y) = N(u,02) = —E—exp _w=? and
’ Voro?2 252

define x = ay + aeRy,beR
Using the Change of variables formula it follows:
(z) ° (1699 Py (¥) [ \dzl ]
» (& = = —l=ua
Ig dy

Hence z ~ N(pe, i) = N(ap + b, a?o?)

Note

‘We can also verify that we have calculated the right mean and
variance by:

E [2] = E[ay + b] = aE[y] + b = ap +

\ \ 2y, 2 2

V] = V[ay + 1] = a®V[y] = a

Proof 17.16: 77
n
x(u) = [[rx, (u)

i
n

. 1 oxp (7 (z; — M)z)
Pl
i—1 A /27r(r12 2”1'

k3

I
—

. 1 2 ) 1 9
px (u) = exp {iuijpg — SOIML T eXP TUn e — SOty

n n
1 1
= exp iZunun — 52 o'nui’ = exp {iuTu — Eu u}

Proof 17.17: Property 17.22
From Property 17.21 it follows immediately that z is GRV
z ~ N(pz,>,) with:
z = A¢ with A = lAz AyJ and £ = (x y)
Knowing that z is a GRV it is sufficient to calculate i, and
» in order to characterize its distribution:
Elz] = E[Azz + Ayy] = Agiiz + Aypy
?

Ve = VA Z AV[] AT
V [z Cov [z,
BN
- V [z] Cov [z, y]][AT
=[Az Ay [Cov [y, =] V] ] [A;J

ALV [c] AT + Ay [y] AT
AyCovy,z] AT + AzCov[z,y] AZ
—_— —_—

+

=0by independence =Qby independence
T T
Aztiz Ay + AyiyAy

Note

Can also be proofed by using the normal definition of [4¢f 17:15]
and tedious computations.

Proof 17.18: Equation (17.43) If x = ¢, i.e. the outcome ¢;

has occurred then it follows:
k <
1
= 0 1 9
I1 1[ o 00 S = p(x = i)
J




Sampling Methods

1. Sampling Random Numbers

Most math libraries have uniform random number gener-

Note

Strictly speaking we may not assume that a CDF is strictly
increasing but we as all CDFs are weakly increasing (14¢% 2-12])
we may always define an auxiliary function by its infinimum:

3. Monte Carlo Methods
3.1. Monte Carlo (MC) Integration

Integration methods s.a. Simpson integration!d°f 13:34] guffer
heavily from the curse of dimensionality.

An n-orderldef- 13:31] quadrature scheme Q, in l-dimension is
usually of order n/d in d-dimensions.

Idea estimate an integral stochastically by drawing sample
from some distribution.

Definition 18.6 Monte Carlo Integration:

344 (18.12)

=1 g
ator (RNG) i.e. functions to generate uniformly distributed = inf{z|Fx (X) > 0} T E (@] (@3:5)
random numbers U ~ U[a, b] (eq. (17.52)). 2.2. Discret Case
Furthermore repeated calls to these RNG are independent, 1dea
that is:
77 Given: a desiredU ~ 14[0,1] Fx(X)
Up,Us (u1,u2) = pyy (u1) - puy (u2) discret  pmf X s.t. 1 17
_J1 ifug,ug € [0, 0] (X = =) = px(zi) |
~ )0 otherwise and uniformly distributed " Fx(z) .
tion: usi 1 £ these CRVs with || - (41542, -}
Ql‘les fon: using samples {ui,...,un} o ese s wi Goal: given a uniformly |Fy(op_, ~
uniform distribution, how can we create random numbers with || jistributed rn w determine —o
arbitrary discreet or continuous PDFs? L os.t.: I
2. Inverse-transform Technique 1‘_1 n 0 0 = >
Idea 2 <U< Z — Fx (zp-1) <u < Fx (z})
Can make use of section 1 and AF x (X) i=1 i=1
the fact that CDF are increasing 1 (18.6)
. def. 5.12 R
func.tlons = ). Advantage: and return x,.
« Simple to implement uq
e All discrete distributions can Definition 18.3 One Discret Variable:
be generate:d via inverse- trans- 1. Compute the CDF of px (ldf 178])
form technique kd
Drawback: -1 Fx (z) = Z x () (18.7)
« Not all continuous distribu- T = FY () t——oo
tions can be integrated/have () x1
closed form solution for their CDF. 2. Given the uniformly distributed rn {ui}?zl find £ (£ in-
E.g. Normal-,Gamma-,Beta-distribution. version) s.t.:
2.1. Continuous Case Fx (x,\(q‘,)fl) <wu; < Fx (Z}c(”) Vu, (18.8)
Definition 18.1 One Continuous Variable: Given: a P ¢ 27. Fi £ all N h 1 1
desired continuous pdf [x and uniformly distributed rn roof 18.2:  77: First of all notice that we can always solve

{ui,uz,...}:
1. Integrate the desired pdf [ x in order to obtain the desired
cdf Fx:

for an unique .

Given a fixed z;, determine the values of u for which:

T
Fyx (z) = J (8 dt (18.1) Fx (z,-1) <u < Fx (z) (18.9)
- Now observe that:

! u< Fx(xz,)=Fx(z,-1)+ T,
2. Set Fx(X) = U on the range of X with U ~ /[0, 1]. < Fx (o) x(@—1) x (@)
3. Invert thi tion/find the i oMUY i lve: =SFx (zp-1) <u < Fx(zp—1) + vx(zr)

. Inver is equation/fin e mvezse 1X ) i.e. solve: The probability of U being in (Fx (z_1), Fx (x1.)] is:
U= Fx(X) = Fx(F3 (1) (18.2) Fx (@)
— (Uel[Fx(zp_1), Fx(z)]) = u (t)dt
X Fx(@,_1)
4. Plug in the urliflormly distributed rn: _ Fx () 1de = jFX(”:IV—lH' x (z) 1dt = px (2))
@y = Fy (uq) s.t. z; ~ [ x (18.3) Fx(z,_1) Fx(w,_1)
Hence the random variable z; € X has the pdf px.
Definition 18.2 Multiple Continuous Variable:
Given: a pdf of multiple rvs [x y: Definition 18.4
1. Use the product rule (??) in order to decompose [ x y: Multiple Continuous Variables (Option 1):
xv =/xv(@y) =Ixyv@y vy (18.4) || Given: a pdf of multiple rvs px y:
1. th t rule (?77) i to d :

2. Use [d¢F 1831 t6 first get a rv for y of Y ~ v (y). Use the prod_uc rule (77) fl order to decompose b,y
3. Then with this fixed y use [9°" 183 again to get a value for x,y =rx,y(®y) = X|Y(z|y) v () (18.10)

zof X ~ [ xy(z]y).

2. Use ?? to first get a rv for y of Y ~ py (y).
3. Then with this fixed y use 7?7 again to get a value for = of

Proof 18.1; [ldef- 18:3]

Claim: if U is a uniform rv on [0, 1] then F}l(U) has Fx as
its CDF.

Assume that Fy is strictly increasing ([4¢% 512]),

Then for any u € [0,1] there must exist a unique z s.t.
Fx(z) =u.

Thus F x must be invertible and we may write = F)_{l(u).
Now let o arbitrary:
Fx(a) =z < a) = (FHU) <o)
Since F'x is strictly increasing:
—1
(FX (U) < (1) = (U < Fx(a))
. (17.52) (Fx (@)
ea- (1 )J 1dt = Fx(a)
0

X ~oxpy (zly).

Definition 18.5
Multiple Continuous Variables (Option 2):
Note: this only works if X and Y are finite.

Given: a pdf of multiple rvs px y let Ny = |X]| and
Ny = || the number of elements in X and Y.
Define z(1) =px,v(L,1),rz(2) =vx,v(1,2),...
. Z(Nac . Ny) = X,Y(Nac» Ny)
Then simply apply 7?7 to the auxillary pdf pz
1. Use the product rule (??) in order to decompose [ x y:
xvy =/xv(@y) =/xyv@y vy (18.11)

2. Use [ 18:3] 6 first get a rv for y of Y ~ [y (y).
3. Then with this fixed y use 9" 3] again to get a value for

@ of X ~ /x|y (zy).

Rejection Sampling

3.2.
3.3. Importance Sampling




Descriptive Statistics

1. Populations and Distributions

Definition 19.1 Population {xl}f\le
is the entire set of entities from which we can draw sample.

Definition 19.2

Families of Probability Distributions e
Are probability distributions that vary only by a set of hyper
parameters gldef- 1911

Note

The other kind of estimators are interval estimators which do
not calculate a statistic but an interval of plausible values of
an unknown population parameter 0.

The most prevalent forms of interval estimation are:

« Confidence intervals (frequentist method).

o Credible intervals (Bayesian method).

3.1.1. Empirical Mean

4.1. Null Hypothesis

Definition 19.15 Null Hypothesis
A null hypothesis Hg is an assumption on a populatio
parameterldef- 1931 .

Hog:
nldef. 19.1]

Hp:0=0p (19.12)

Definition 19.23

False Negative Type II Error:

Is the acceptance of a null hypothesis Hg, even-tough its false:
Test accepts Ho|H 5 true

< tp € To|HA true (19.19)

Definition 19.9 Sample/Empirical Mean z:
The sample mean is an estimate/statistic of the population

Definition 19.3 [example 19.3]

mean!?t 191 and can be calculated from an observation/sam-

ple of the total population {z;}}' ; < {%)f\]:l

Note

Often, a null hypothesis cannot be verified, but can only be
falsified.

Types of Errors

Definition 19.16 Alternative Hypothesis Hp/Hyp:
The alternative hypothesis Hj is an assumption on a
populationl@®® 191 parameter!def 1931 ¢ that is opposite to the

Decision Hg true Hg false
Accept TN Type II (FN)
Reject Type I (FP) TP

4.6. Statistical Significance & Power

Question: how should we choose the split {7p, 71}7

The bigger we choose ©1 (and thus the smaller ©g) the more
likely it is to accept the alternative.

Idea: take the position of the adversary and choose ©1 so
small that 0 € ©1 has only a small probability of occurring.

Definition 19.24 [example 19.5]
(Statistical) Significance az
A study’s defined significance level o denotes the probability
to incur a Type I Erropldef: 19:22],
(tn € T1|Ho true) = " (test rejects Ho|Hg true) < o
(19.20)

iopulz;tion/StatisticaldPgramet(;r 1 . N bil: Tin null hypothesis.
re the parameters efining families o probability _ ~ .
T . = = = . 19.5 > Op one-sided
distributionsdef- 19-2] TEAXx =T 2 Zi (19.5) Ha:01<0p (one-sided (19.13)
i=1 # Yo two-sided
Explanation 19.1 (Definition 19.1). Such hyper parameters
are often characterized by populations following a certain fam- || Corollary 19.1 [proof 19.1] | 4.2. Test Statistic
ily of dzstmbu?zans with .th? help of a stastiste. Hence they are ITJll:blasedl Sample 112\./Ieatn: : biased: The decision on the hypothesis test is based on a sample
called population or statistical parameters. € sample mean es lma]EO[r:S ]“Il 1ased: (19.6) from the population X(n) = {X1,...,Xn} however the de-
1.1. Characteristics of Populations Hxl=nr ) cision is usually not based on single sample but a sample
R N " " statisticld®® 1961 45 this is easier to use.
Deﬁnltlon 19.4 Population Mean: Given a population || Corollary 19.2 [Proof 19.2]
{zl} L, of size N its variance is deﬁned as: Variance of the Sample Mean: Definition 19.17 [example 19.4]
The variance of the sample mean estimator is given by: Test Statistic/Testing Parameter T:
= — Z x; (19.1) Viix] = _02 (19.7) Is a sample statisticl®® 19:6] ysed for hypothesis tests in order
N i—1 X n X ’ to give evidence for or against a hypothesis:
3.1.2. Empirical Variance tn = T(Dn) =T ({X1,...,Xn}) (19.14)
Definition 19.5 Population Variance: Given a population 2.3. S P P T T
et . s R .3. a 1 Distributio
{zl}z—l of size N its variance is defined as: {z,}Np Definition 19.10 Biased Sample Variance: mpling Distribution
'I"he san')ple \[/(ilgialn;lg]e is an estimate/statistic of the popula- || Definition 19.18 ”O(t)
2_ Z (z; — ;L)2 (19.2) tion varlarice £ th anld can lbe calculated from an]\;)bserva— Null Distribution/Sampling Distribution under Hp:
N i1 tion/sample of the total population {z;}i'; < {zi};_ Let D,, = {X1,...Xn} be a random sample from the true
2 2 2 population and let T(Dy) be a test statistic of that
Note Sn =9Xx = ; Z (@i — ) (19.8) sample. per "
The population variance and mean are equally to the mean i=1 The probability distribution of the test statistic under the as-
derived from the true distribution of the population. sumption that the null hypothesis is true is called sampling
Definition 19.11 [proof 19.3] || gistribution:

2. Sample Statistics

Definition 19.6 (Sample) Statistic: A statistc is a mea-
suarble function T that assigns a single value t to a sample
of random variables or population:

t:R" —R t=T(X1,...

E.g. T could be the mean, variance,. ..

1X’n)

Definition 19.25 Probability Type II Error H
A test probability to for a false negatwe[d"f 19:23] i5 defined as:
H(tn) =1 (tn € To|H1 true) = " (test accepts Ho|H1 true)
(19.21)

Definition 19.26 (Statistical) Power 1—
A study’s power 1 — J denotes a tests probability for a true

positive:
(tn) =1 (tn € T1|Hy true)
= " (test rejects Ho|H1 true)

(19.22)
(19.23)

Definition 19.7 Degrees of freedom of a Statistic: Is the
number of values in the final calculation of a statistic that are
free to vary.

n—1
is called Bessel’s correction. Multiplying the uncorrected pop-
ulation variance eq. (19.8) by this term yields an unbiased

Note

The function itself is independent of
the sample’s distribution; that is, the
function can be stated before realiza-
tion of the data.

3. Point and Interval Estimation

estimated of the variance.

Attention:

« The Bessel correction holds for the variance but not for the
standard deviation.

« Usually only the unbiased variance is used and sometimes
also denoted by si

(Unbiased) Sample Variance: t~ Ty, =1 (t|Hg true) X, ~ (19.15)
The unbiased form of the sample varianceld° 1919 is given by: 0 ’ pep
5 5 n 5 4.4. The Critical Region
s“=0%x = T; — [ 19.9
X n—1 Z (@i —n) ( ) Given a sample Dy, = {X1,..., X} of the true population
i=1 pop how should we decide whether the null hypothesis should
R . be rejected or not?
s .
Definition 19.12 Bessel’s Cr?rrectlon. The factor Idea: let 7 be the be the set of all possible values that the
(19.10) Now lets split 7 in two dis-

sample statistic 7' can map to.
junct sets 7o and 77:

T=TovTi TonTh =0
o if t, = T(Xy) € To we accept the null hypothesis Hg
o if t, = T(Xy) € T1 we reject the null hypothesis for Hj

Corollary 19.3 Types of Split:
The Critical region is chosen s.t. we incur a Type I Error with

probability less than o, which corresponds to the type of the
test[def. 19.16]:

Assume a population X with a given sample {Ii}?zl follows
some family of distributions:

X ~ px(;6) (19.3)
how can we estimate the correct value of the parameter ¢ or
some function of that parameter 7(0)?

3.1. Point Estimates

3.2. Interval Estimates

Definition 19.19 Critical/Rejection Region 7Tj: Is the
set of all values of the test statisticldef 19-17) t,, that causes
us to reject the Null Hypothesis in favor for the alternative
hypothesis H 4:

K=T =

{T : Ho rejected} (19.16)

Definition 19.13 Interval Estimator 6:
Is an estimator that tries to bound an unknown parameter
0 of an underlying family of distributions[®® %2} for a given
sample {x;}!'_; of that distribution.

Let 0 € © and define two point statistics!?°f 1261 g and h then
an interval estimate is defined as:

Definition 19.8 (Point) Estimator 02
Is a statistic¥® 196 that tries estimates an unknown param-

eter 0 of an underlying family of distributions!® 192 for a
given sample {x;}' ; of that distribution:
0 =t(x1,.-.,%n) (19.4)

Vo e o Ly =g(x1,...,x

(L <0 < Un) = n =g( n)
€ [0,1] Up = h(x1,...,%n)
(19.11)

Definition 19.20 Acceptance Region
where we accept the null hypothesis Hg.
= {7 : Hp accepted}

To:

Is the region

(19.17)

(ca2 < X <c1) < two-sided
or (cng)s{—; and (XSC1)S2
(c2 £ X)< « one-sided
(X<c1)< one-sided
Decission
Hgy accept 1—«a 1-—
Hp rejected e
4.7. P-Value
Definition 19.27 P-Value p:
Given a test statistic ¢, = T (X1,...,Xy) the p-value p €

[0, 1] is the smallest value s.t. we reject the null hypothesis:
p:= inf {a|t, € T1} tn, =T (X1,...,Xn) (19.24)
@

Definition 19.21 Critical Value c:
Is the value of the critical region ¢ € 71 which is closest to the
region of acceptanceld®® 19-201;

4.5. Type I&II Errors

Statistical Tests
4. Parametric Hypothesis Testing

Definition 19.14 Parametric Hypothesis Testing:

Hypothesis testing is a statistical procedure in which a hy-
pothesis is tested based on sampled data Xq1,...,Xp,.

Definition 19.22

False Positive Type I Error:
Is the rejection of the null hypothesis Hg, even-tough it is
true

Test rejects Ho|Hp true

<= tp € T1|Hg true (19.18)

Explanation 19.2.

e The smaller the p-value the less likely is an observed statistic
ty, and thus the higher is the evidence against a null hypoth-
esis.

o A null hypothesis has to be rejected if the p-value is bigger
than the chosen significance niveau c.




Conducting Hypothesis Tests

Select an appropriate test statisticldef 12171 T,

Define the null hypothesis Hg and the alternative hypoth-
esis Hy for T.

Find the sampling distribution
given Hq true.

Chose the significance level «
Evaluate the test statistic ¢, = T (X1, ..
sampled data.

Determine the p-value p.

[def. 19.18] 0 (t) for T,

., Xp) for the

Qe O ® EO|*

Make a decision (accept or reject Ho)

5.1. Tests for Normally Distributed Data

Definition 19.29 t-Test:
For a realization of T with {z;}}' ; and mean Zp:

;_ En ko
N
we reject the null hypothesis Hg : ;1 = g for the alternative
H 4 if:
[t] Zln_11-4

— teTh <7oo,7tn_ly1_%] v [tn_lyl_%,oo)

[tn—1,1—a>®)
—tn—1,1—a

= teTi = (-0, ~th_1,a] = (0, —th_1,1-0]

tZ2tp_11—a
= teTi =
t<tp_1,0 =

Let us consider an i.i.d. sample of observations {:vi};;l, of a
normally distributed population Xpop ~ N (1, o2).
From egs. (19.6) and (19.7) it follows that the mean of the
sample is distributed as:

Xn ~ N(n, o /n)
thus the mean of the sample X,, should equal the mean . of
the population. We now want to test the null hypothesis:
Xn ~ N(uo,o2/n) (19.25)
This is obviously only likely if the realization Z, is close to
Ho-

Hg :p = po —

5.1.1. Z-Test o known

Notes

The t-distribution has fatter tails as the normal distribution
= rare event become more likely

For n — o0 the t-distribution goes over into the normal
distribution

The t-distribution gains a degree of foredoom for each sam-
ple and loses one for each parameter we are interested in =
n-samples and we are interested in one parameter .

5.2.

Confidence Intervals

Now we are interested in the opposite of the critical
region[d“‘f' 1006 namely the region of plaussible values.

Definition 19.28 Z-Test:
For a realization of Z with {z;}7" ; and mean Z:
Tn — O
N
we reject the null hypothesis Ho : 1 = pg for the alternative
H 4 for significance niveauldet 1924 ¢ if;

z

Definition 19.30 Confidence Interval I:
Let Dy, = {X1,...,Xn} be a sample of observations and T,
a sample statistic of that sample. The confidence interval is
defined as:
I(Dy) = {00 : Tn(Dn) € To} = {00 : Ho is not rejected}
(19.28)

Corollary 19.4 The confidence interval captures the un-
kown parameter ¢ with probability 1 — a:
(D€ I(Dp)) = (Ta(Dn) € To) =1—a  (19.29)

6. Inferential Statistics

2] =2 zi_a = z<zo VzZZ=Z2z_o
2 2 2
—zeT1 = (—oo,—zl_%] U [zl_%,oo)
z2 21 4 = zeTi =[z1-0,0)
2< 20 = —21—0 &> 2€T1 = (-0, —2a] = (0, —2z1-4]
(19.26)
Notes
o Recall from 9 17191 apg [eor 174] that.
i.e. «=0.05 —1
Za = 20.05 = & () & (Z < 20.05) = 0.05

|z| = Zitg which stands for:

(Z < z0.05) + '(Z = 20.95) =
(1Z] = z0.95)

can be rewritten as:
v

(Z < —z1-0.05) + (Z = z0.95)

=z

2
One usually goes over to the standard normal distribution
proposition 17.2 and thus test how far one is away from zero
mean = Z-test.

We thus inquire a Type I error with probability « and
should be small i.e. 1%.

5.1.2. t-Test

2221_% 72221_% :}zgle_%

o unknown

In reality we usually do not know the true o of the whole data
set and thus calculate it over our sample. This however in-
creases uncertainty and thus our sample does no longer follow
a normal distribution but a t-distribution wiht n —1 degrees
of freedom:

T~ t,_q (19.27)

Goal of Inference

@ What is a good guess of the parameters of my model?
@ How do I quantify my uncertainty in the guess?



7. Examples

Example 19.1 ?7: Let z be uniformly distributed on [0, 1]

([def' l7'23]) with pmf px (z) then it follows:

dy 1 &

dy _ = do = dy y(y):m:f S () dt = Fy ()
—0

da v (¥)

Example 19.2 7?7: Let

Example 19.3 Family of Distributions: The family of

normal distribution A has two parameters {;L, 0'2}

Example 19.4 Test Statistic: Lets assume the test statistic
follows a normal distribution:

T ~ N(p;1)
however we are unsure about the population
parameter[dEf' 13l g = 1 but assume its equal to @g

thus the null-and alternative hypothesis are:
Ho :pp = po Hy @ # po

Example 19.5 Binomialtest:

Given: a manufacturer claims that a maximum of 10% of its
delivered components are substandard goods.

In a sample of size n = 20 we find * = 5 goods that do not ful-
fill the standard and are skeptical that what the manufacture
claims is true, so we want to test:

Hp :p=po=0.1 vs. Hy:p>0.1
‘We model the number of number of defective goods using the
binomial distributionldef 17:2%]
X ~B(n,p) n\ g I3
n = 20 X =zz)= 1 n-
i xza=3 (1)ra-n
k=x
from this we find:
o(X =4)=1-7,,(X <3)=0.13
0(X=5)=1-7,(X<4) =004<0

thus the probability that equal 5 or more then 5 parts out of
the 20 are rejects is less then 4%.

= throw away null hypothesis for the 5% niveau in favor to
the alternative.

Proof 19.3: definition 19.
1 n
w a2 o
E|& =Rk
[ X] n—1 Z
i=1
1 [ n
:n— 1 ;
Li 1
1 w
Tn—1

r
-

S
fu

™M= 0

s
I
-

11:

(z; — 2)°

(27 - 2050 + 2%)

z?—Qni-ni+ni

8
o

= the 5% significance niveau is given by K = {5,6,...,20}
Note
If © < n/2 it is faster to calculate (X > z) = 1-"(X < z—1)
8. Proofs
Proof 19.1: [cor 1911
1 & 1 o
Elix] =E - Z z;| = ;]E Z | = —E[p+--4pn]
i=1 i=1 1 n
Proof 19.2; [eor 19:2]
12 P ty 17.10 1 ki
VI[& A . roperty 2020y
Viix] =" nzzl "

i=1
1 1 o
—nV[X] = —0o
n? n




Stochastic Calculus

Stochastic Processes

Definition 20.1
Random/Stochastic Process
An  (R%-valued) of
(]Rd —valued) random variables X; on the same probabil-
ity space (€2, A,7). The index set 7 is usually representing
time and can be either an interval [t1,t2] or a discrete set
{t1,t2,...}. Therefore, the random process X can be written
as a function:

X:T SRy xQm—R?

{Xt,te TSRy}

stochastic process is a collection

—  (t,w) > X(tw) (20.1)

Definition 20.9 Adapted Process: A stochastic process
{Xt,t € T <Ry} is called adapted to a filtration F if:
vt

That is the value of X is observable at time ¢

X¢ is Fi-measurable (20.5)

3.1. Markov Process

Definition 20.10 Predictable Process: A stochastic pro-
cess {X¢,t € T € Ry} is called predictable w.r.t. a filtration
F if:

vt

Xy is Fy_1-measurable (20.6)

That is the value of X is known at time ¢t — 1

Definition 20.2 Sample path/Trajector/Realization: Is
the stochastic/noise signal v(-,w) on the index setldet 211 7
that we obtain be sampling w from .

Notation

Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space X (¢, w) := X (¢t)

Note

The price of a stock will usually be adapted since date k prices
are known at date k.

On the other hand the interest rate of a bank account is
usually already known at the beginning k — 1, s.t. the in-
terest rate ry ought to be Fj_; measurable, i.e. the process
r = (Tk)kzl,...,T should be predictable.

Definition 20.14 Markov Process: A continuous-time
stochastic process X(t),t € T, is called a Markov process
if for any finite parameter set {t; : t; < t;41} € T it holds:
(X(tn41) € BIX(t1), .-, X(tn)) = 7 (X(tnt1) € BlX(tn))
it thus follows for the transition probability — the probability
of X (¢t) lying in the set B at time ¢, given the value = of the
process at time s:
(s, @, t, B) = P(X(t) € B|X(s) = =)

0<s<t (20.12)

Corollary 20.4 W; ~ N(0, ) [proof 20.4],[proof 20.5]:
The random variable Wy follows the AV(0, o) law
E[W(8)] = 1 = 0

vIwn] = E[wr@)] = o

(20.20)

=t (20.21)

Interpretation

In order to predict the future only the current/last value
counts.

Corollary 20.1 {Xt,te TSRy} >0
Strictly Positive Stochastic Processes: A stochastic pro-
cess {X¢,t € T S Ry} is called strictly positive if it satisfies:

X >0 vte T (20.2)

-a.s.

Corollary 20.2 : The amount of information of an adapted
random process is increasing see example 20.1.

Corollary 20.3 Transition Density: The transition prob-
ability of a continuous distribution p can be calculated via:

(s;z,t, B) = (s,z,t,y)dy (20.13)

2. Martingales

3.2. Gaussian Process

Definition 20.3

Random/Stochastic Chain {Xt,te T SRy}
is a collection of random variables defined on the same prob-
ability space (£, A, ")l4°f 1611 The random variables are or-
dered by an associated index set!?®" 21 T and take values in
the same mathematical discrete state space[def' 20.3] S, which
must be measurable w.r.t. some o'-algebra[def' 16.6] 33,
Therefore for a given probability space (2, A, ") and a mea-
surable space (S, X), the random chain X is a collection of
S-valued random variables that can be written as:

X:TxQw— S — (t,w) — X (t,w) (20.3)

Definition 20.11 Martingales: A stochastic process X (t)
is a martingale on a filtered probability space (2, F, {Ft}t=0,")
if the following conditions hold:
@ Given s < t the best prediction of X (t), with a filtration
{Fs} is the current expected value:
Vs <t E[X(t)|Fs] = X(s)

a.s. (20.7)

The expectation is finite:
E[IX(t)]] <o Vt=0 X(t)is {Ft}t=0 adapted

(20.8)

Definition 20.15 Gaussian Process: Is a stochastic pro-
cess X (t) where the random variables follow a Gaussian dis-
tribution:

X(t) ~ N (;l,(t), 02(75)) vteT (20.14)

3.3. Diffusions

Definition 20.4 Index/Parameter Set T:
Usually represents time and can be either an interval [t1, t2]
or a discrete set {t1,t2,...}.

Interpretation

o For any Fs-adapted process the best prediction of X(t) is
the currently known value X (s) i.e. if Fs = F;_1 then the
best prediction is X (¢t — 1)

¢ A martingale models fair games of limited information.

Definition 20.5 State Space S:
Is the range/possible values of the random variables of a
stochastic process[def' 201 and must be measurableld® 167
w.r.t. some o-algebra X.

Sample-vs. State Space

Sample space[d“' 162] hints that we are working with proba-
bilities i.e. probability measures will be defined on our sample
space.

State space is used in dynamics, it implies that there is a time
progression, and that our system will be in different states as
time progresses.

Definition 20.12 Auto Covariance
Describes the covarianceldef 17161
stochastic process (X¢);c
ta.

Y(t1,t2) = Cov [Xiy, Xio] = E[(Key — ptq) (Xity

(t2 —t1):
between two values of a
7 at different time points t; and

= itg)]
(20.9)

For zero time differences t; = t2 the autocorrelation functions
equals the variance:

St 8) = Cov [Xs, Xe] ° E3 5 x,] (20.10)

Definition 20.16
Diffusion:
Is a Markov Process!?°" 291 for which it holds that:

[proof 20.1],[proof 20.2]

p(t, X (1) = lim —S[X(t+ A1) = X(OIX(®)]  (20.15)
t—0
o2(8, X (1)) = lim —F [(X(t T+ A — X(1)? \X(t)]
t—0 At

(20.16)

. ;Lgt X (t)) is called drift
(t, X (t)) is called diffusion coefficient

Interpretation
There exist not discontinuities for the trajectories.

3.4. Brownian Motion/Wiener Process

Definition 20.6 Sample path/Trajector/Realization: Is
the stochastic/noise signal (-, w) on the index set T, that we
obtain be sampling w from Q.

Notation

Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space X (¢, w) := X ()

1.1. Filtrations

Notes

« Hence the autocorrelation describes the correlation of a
function or signal with itself at a previous time point.

+ Given a random time dependent variable x(¢) the autocor-
relation function ~(t,t — 7) describes how similar the time
translated function x(t — ) and the original function x(t)
are.

o If there exists some relation between the values of the time
series that is non-random, then the autocorrelation is non-
zero.

e The auto covariance is maximized/most similar for no
translation + = 0 at all.

Definition 20.7 Filtration F = {Ft}t=o0:

A collection {Ft}=0 of sub o-algebrasld®t 1661 {F, YS9 € F

is called filtration if it is increasing:
Fs © Ft

Vs <t (20.4)

Explanation 20.1 (Definition 20.7). A filtration describes the
flow of information i.e. with time we learn more information.

Definition 20.13 Auto Correlation (ta —t1):
Is the scaled version of the auto-covarianceldef 20-12);

(ta — t1) = Corr [th N th]
_ Cov [Xey Xty _ B[(Xey = pty) (Xig

”th ”Xt2

(20.11)
= pitg)]

”th (Tth

Definition 20.17
d-dim standard Brownian Motion/Wiener Process:
Is an R? valued stochastic process° 20-1) (W) e starting at
X0 € R that satisfies:
@ Normal Independent Increments: the increments are
normally distributed independent random variables:
W (t;) = W (ti—1) ~ N (0, (¢; — ti—1)laxa)

vie{l,...,T} (20.17)

Stationary increments:

3.4.1. Properties of the Wiener Process

Property 20.1 Non-Differentiable Trajectories:
The sample paths of a Brownian motion are not differentiable:
AW (t) W(t + At) — W(t)\?2
——F = lim E _—
t t—0 At
E[W(t+ At) — W (¢)] o?
= lim ———— "~ = lim —
t—0 At t—0 At

= o0

result
cannot use normal calculus anymore

solutio
L9, Ito Calculus see section 21.

Property 20.2 Auto covariance Function:
The auto-covariancel®®® 2912 for a Wiener process

E [(W(t) — ut)(W (') — ut')] = min(t, t') (20.22)

Property 20.3: A standard Brownian motion is a

Quadratic Variation

Definition 20.18 Total Variation: The total variation of
a function f : [a,b] € R +— R is defined as:

n—1
LV, ) (f) = sup Y. |f(ziy1) — F(=3)] (20.23)
eS ;-9
S = {H{zo, .., Zpg} ¢ I is a partition [def- 13-12) ¢ [ ]}

it is a measure of the (one dimensional) length of a function
w.r.t. to the y-axis, when moving alone the function.

Hence it is a measure of the variation of a function w.r.t. to
the y-axis.

Definition 20.19
Total Quadratic Variation/“sum of squares”:

The total quadratic variation of a function f : [a,0] c R+— R
is defined as:
np—1
QViL () = sup Y} [F(wis1) — F@)>  (20.24)
Hes —o
S = {H{zo, RN I"I‘I} : I is a partition 9° 1312 of [a ]}

Corollary 20.5 Bounded (quadratic) Variation:
The (quadratic) variation!4*® 20181 of a function is bounded if
it is finite:

IMeRy: LV, (f) <M (QV[,,y](f)sM) VIl e §
(20.25)
Theorem 20.1 Variation of Wiener Process: Almost

surely the total variation of a Brownian motion over a interval

Definition 20.8

Filtered Probability Space (Q, F, {Ft}t=0,1):
A probability space (£2,F,!") together with a filtration
{Ft}t=o0 is called a filtered probability space.

3. Different kinds of Processes

W (t + At) — W (t) is independent of t € T o :
.. . . || [0, T] is infinite:
@ Con}:lnulty: for a.e. w € Q, the function t — Wy(w) is (w: LV(W(w)) < @) = 0 (20.26)
continuous
— =
lim (IW(t + A1) - W(t)[ = 9) -0 Vs >0 Theorem 20.2 [proof 20.6]
t—0 At Quadratic Variation of standard Brownian Motion:
(20.18) || The quadratic variation of a standard Brownian motion over
@ Start [0, T] is finite: ,
— — T
W(0) := Wy =0 a.s (20.19) i Z [ < )_W<(k—1)ﬁ>] _7
Notation N=oo

+ In many source the Brownian motion is a synonym for the
standard Brownian Motion and it is the same as the Wiener
process.

+ However in some sources the Wiener process is the stan-
dard Brownian Motion, while the Brownian motion denotes
a general form aW (t) +

with probabxhty 1 (20.27)

theorem 20.2 can also be written as:
@w(t))? = dt (20.28)

Corollary 20.6 :




3.4.2. Lévy’s Characterization of BM

Theorem 20.3 [proof 20.7],[proof 20.8]
d-dim standard BM/Wiener Process by Paul Lévy:

An R valued adapted stochastic processies 1200 (Wy),
with the filtration {-Ft}tsm+ , that satisfies:

@ Start
W(0):=Wp =0 @oBo

@ Continuous Martingale: W,
martingalel?® 2011 w.r.t. the filtration (Ft)¢eq under

(20.29)

is an a.s. continuous

@ Quadratic Variation:

Wt2 — t is also an martingale =

QV(Wy) =1t
(20.30)

is a standard Brownian motiondef 20-24],

Further Stochastic Processes
3.4.3. White Noise

Definition 20.20 Discrete-time white noise:
dom signal {et};cp having equal intensity at different
discret

Is a ran-

frequencies and is defined by:
« Having zero tendencies/expectation (otherwise the signal
would not be random):
Elesx[k]] =0

« Zero autocorrelation!d° 20131 o j ¢ the signals of different
times are in no-way correlated:
v(e sk [k], e % [k +n]) ]E[e*[k‘]e*[k+n]T]
Ve * [E]] ddiscret[n]

VE € Tqiscret (20.31)

Theorem 20.4 Normally Distributed Increments:

If W(T) is a Brownian motion, then W(t) — W (0) is a nor-
mal random variable with mean pt and variance o“t, where
1, o € R. From this it follows that W (t) is distributed as:

(z — pt)?
202t
(20.39)

1
exp { —
V2ro2t {

W) (@) ~ N (ut, 0%t) =

Definition 20.29 Poisson Process: A Poisson Process
with rate A € Rxq is a collection of random variables X(t),
t € [0,00) defined on a probability space (2, F,{Ft};=q, ),
having a discrete state space N = {0, 1,2, ...} and satisfies:
1. Xo=0
2. The increments follow a Poisson distribution!def 17-27);

Alt—s) _\(—s)y O0Ss<t<o
((Xy = Xs) =k) = ———e

k! VkeN

Corollary 20.7 : More generally we may define the process:
t f(t) + oWy (20.40)

which corresponds to a noisy version of f.

3. No correlation of (non-overlapping) increments:
Vtg < t1 < --- < tp, : the increments are independent

Xy — Xegr Xeg — Xtyo ooy Xey — Xep (20.48)

Proof 20.3: eq. (20.34):
(e [K], € % [k + n]) = Cov [e % [k], € % [k + 1]]
— 2 [(e % [K] — B[e % [K]]) (e % [k + n] — E[e % [k + n])T]

e 03 g (e []) (e % [ + n])]

Corollary 20.8

Interpretation

Proof 20.4: [eor 20:4];

Since B¢ — Bg is the increment over the interval [s,t], it is
the same in distribution as the incremeent over the interval
[s —s,t—s] =[0,t—s]

Thus Bt — Bs ~ Bi_s — Bpg
but as Bg is a.s. zero by definition eq. (20.19) it follows:

Vi, n € Tqiscret (20.32)
. - 1 ifn=0
With ddiscret ] 1=
0 else
See proofs
Definition 20.21 Continuous-time white noise: Is a ran-

dom signal <6t)tETcont1nuous having equal intensity at differ-
ent frequencies and is defined by:
« Having zero tendencies/expectation (otherwise the signal
would not be random):
Eles ()] =0 (20.33)

« Zero autocorrelation! ~ i.e. the signals of different
times are in no-way correlated:

Vt € Teontinuous
def. 20.13]

Y(ex (L), ek (t+ 7)) =Efek (thek (t+ 7)T] (20.34)
4 L) e (18t — 1) = {5 el
Vt, 7 € Tcontinuous (20.35)

Definition 20.22 Homoscedastic Noise: Has constant
variability for all observations/time-steps:
5 Vi=1,...,

Vi=1,...,

T

N (20.36)

Vleinl =0

Brownian Motion as a Solution of an SDE: A stochastic| A Poisson Process is a continuous-time process with discrete, Bt — Bs ~ Bi—s Bi—s ~ N(0,t =)
process X follows a BM with drift 1 and scale o if it satisfies positive realizations in € N>
the following SDE: - Proof 20.5: [cor 2041,
dX (t) = pdt + o dW () (20.41) || Corollary 20.10 Probability of events: Using Taylor in
X(0)=0 (20.42) | order to expand the Poisson distribution one obtains: W(t) = W(t) — W(0) ~ N (0, t)
2 . —
3.4.5. Geometric Brownian Motion (GBM) (X(t+At) - Xt # 0) = AAt+o(At7)  tsmallie t —0 =0
. . _olx2 w12
For many processes X (t) it holds that: (20.49) g E[x] =0 V[X]=E [X ] —E[X]T =t
o there exists an (exponential) growth 1. Thus the probability of an event happening during At is
« that the values may not be negative X (t) € Ry proportional to time period and the rate A Proof 20.6: theorem 20.2:
2. The probability of two or more events to happen during At
Definition 20.25 Geometric Brownian Motion: is of order o(At?) and thus extremely small (as Deltat is N-1 ) T
Let {Wi}teRJr be a standard Brownian motion!d°f 2017 the small). Z [W (t)) = W (tr—1)] t, = kﬁ
1 =0
stochastic process S; = S*(t) with drift parameter u and Definition 20.30 Differential of a Poisson Process: The N—1
scale o satisfying thel SDE; differential of a Poisson Process is defined as; - Z x2 X, ~N ( Z)
as! = 8! (udt + o dwy) (20.43) X = dim (X(an - xt) (20.50) =0 N
= Sy dt + oS} dWy N-1 L N-1 T
is called geometric Brownian i‘notion and is given by: Property 20.4 Probability of Events for differential: = 2 Y. =n (; Y. E[YL] = E
Stl = S(l) exp (O'Wt + (# — _02) t) teRy (20.44) || With the definition of the differential and using the previous =0 k=0
2 results from the Taylor expansion it follows: S L.L.N Z T
(dX;=0)=1-21 (20.51) n
Corollary 20.9 Log-normal Returns: (ldX¢] = 1) = (20.52)
For a geometric BM we obtain log-normal returns: )
St B 5 Proofs Proof 20.7: theorem 20.3
In (—) =t + oW (t) — at+oW(t) ~ N(ut,o%t) 1. first we need to show eq. (20.7): E[W|Fs] = W
So Proof 20.1: eq. (20.15): Due to the fact that Wy is Fy measurable i.e. Wy € Fy we
with foi=p— 52 (20.45) Let by § denote the displacement of a particle at each step, know that:
and assume that the particles start at the center i.e. z(0) = 0, E[W¢|Fe] = Wy (20.54)
3.4.6. Locally Brownian Motion then we have: N E[Wy|Fs] — E[Wi — Ws + W4|F]
1 3
Definition 20.26 Locally Brownian Motion: Elz(n)] =E| — Z z;(n Z [zi(n —1) £ 6] = E[Wy — We|Fs] + E[Ws|Fs]
Let {W¢}icp, be a standard Brownian motion/def 20171 4 ]o- N i1 i1 eq. (20.54)
S . . = E[We — Ws] + Ws
cal Brownian motion is a stochastic process X (t) that satisfies 1 N Wi —Ws~N(0,t—s)
the SDE: = N Z E[z;(n —1)] = ' s
dX(t) = p (X (t),t)dt + o (X(t),t)dW (1) (20.46) i=1 2. second we need to shoW eq. (20.8): E[X(t)]] <
induction
Note = Elzy,_1] = E[z(0)] =0 E[|W(t)|] [|W(f)| ] —E [W2(t)] —t<ow

A local Brownian motion is an generalization of a geometric
Brownian motion.

3.4.7. Ornstein-Uhlenbeck Process

Thus in expectation the particles goes nowhere.

Proof 20.2: eq. (20.16):
Let by § denote the displacement of a particle at each step,

Definition 20.23 Heteroscedastic Noise: Is noise whose
variability may vary with each observation/time-step:

Definition 20.27 Ornstein-Uhlenbeck Process:
Let {W¢t},ep, be a standard Brownian motionldef: 20:17]
Ornstein-Uhlenbeck Process or exponentially correlated noise
is a stochastic process X (¢) that satisfies the SDE:
dX(t) = —aX(t)dt + bo dW (t) a>0

a

(20.47)

and assume that the particles start at the center i.e. (0) = 0,
then we have:

3.5. Poisson Processes

V[esi] = ol t)? Ve=1boT (20.37)
’ Vi=1,...,N
3.4.4. Generalized Brownian Motion
Definition 20.24 Brownian Motion:
be a standard Brownian motionl*f 20171 and

Let {Wy }teR+
define:

R : if
Xp = pt + oW n e drift parameter

o € Ry: scale parameter
(20.38)

is normally distributed with mean .t and vari-

te Ry

then {X¢ )tE]R+

ance to? Xy ~ N (;A,t, (72t)‘

Definition 20.28 Rare/Extreme Events: Are events that

lead to discontinuous in stochastic processes.

Problem

A Brownian motion is not sufficient as model in order to de-
scribe extreme events s.a. crashes in financial market time
series. Need a model that can describe such discontinu-
ities/jumps.

2 1 2 1 2
o] =2| 5 B aiw?| = ¢ X Bl -1 £4]
i=1 i=1
N
1
=~ Z E [zl(n - 1)2 +28z;(n — 1) + 52]
2 ° 2 2
[zn 1] =l'1[zn—2] +26% =
= E[2(0)] + né? = ns?
asn = ﬁ = ﬁ it follows:

2 2 . 2 2 52
= &[2* ()] = Ela(m)? = £ [o*(m)] = T

Thus in expectation the particles goes nowhere.

(20.53)

Proof 20.8: theorem 20.3 @: Wt2 — t is a martingale?
Using the binomial formula we can write and adding Wg —
WP = (We = Wo)? +2Ws (Wy — Wao) + W
using the expectation:
E[W2IF | =2 [(We = W) 17| + E[2W, (Wi — W) | 7]
+E (W27
(20.54)

Ws:

e

2

E[(We = Wo)?| + 2W B [(We — Wo)] + W2

eq. (20.21)

VW — We] + 0+ W2
t— s+ WS2

it follows that:

E|WE - tF | =W,

from this
2_s (20.55)

s




Examples

Example 20.1 :

Suppose we have a sam- D= {un}
ple space of four elements: B
Q = {w1,w2,w3,wa}. At time E = {w}

zero, we do not have any infor- A
mation about which w has been F = {ws}

chosen. At time 7T/2 we know o
whether we have {wj,w2} or G = {wi)
{w3,wa}. At time T, we have full
information. ' * t t
{9, Q} t e [0,T/2)
F = {{@ {w1, w2}, {w3,wa},Q} te[T/2,T) (20.56)
Fmax = 2% t=T

Thus, Fp represents initial information whereas Fo repre-
sents full information (all we will ever know). Hence, a
stochastic process is said to be defined on a filtered proba-
bility space (Q, F,{Ft}t=0,).

Ito Calculus



Graph Theory

3. Subgraph

9.1. Fully Connected/Complete

Definition 22.1 Graph G:

A graph G is a pair G = (V, &) of a

Definition 22.11 Subgraph H < G:
A graph H = (U, F) is a subgraph of a graph G = (V, &) iff:
vcv and Fcé& (22.7)

4. Components

finite set of vertices V" 224 and a
multi setl" 3] of edges gldef 22101

Definition 22.2 Order n =V
The order of a graph is the cardinality of its vertix set.

Definition 22.12 Component: A connected component of
a graph G is a connected!?® 22:2°] subgraphld®® 2211 of G that
is mazimal by inclusion — there exist no larger connected con-
taining subgraphs.

The number of components of a graph G is defined as ¢(G).

Definition 22.21 Fully Connected/Complete Graph:

Is a connected graph gldef: 22:20]
where each node is connected to ev-
ery other node.

EIeV{vi,vj} Vvi,v; €V
(22.11)

VI=SVIavi-D  (2212)

5. Walks, Paths and cycles

9.2. Directed Graphs

Definition 22.3 Size
The size of a graph is the number of its edges.

m = |E|:

Corollary 22.1 n-Graph: Is a graph Gldef 2211 of order n.

Definition 22.13 Walk: A walk of a graph G as a sequence
of vertices with corresponding edges:

W = {v,, viq1}) €€ (22.8)

Corollary 22.2 (p, q)-Graph: Is a graph Gldef: 2211 of order
p and size g.

Definition 22.14 Length of a Walk K: Is the number of

edges of that Walk.

1. Vertices

Definition 22.15 Path P: Is a walk of a graph G where all
visited vertics are distinct (no-repetitions).

Definition 22.22 Directed Graph/Digraph (DG):

A directed graph G is a graph where
edges are direct arcsldef 22231

Definition 22.4 Vertices/Nodes V:
Is a set of entities of a graph connected and related by edges
in some way:

Attention: Some use the terms walk for paths and simple
paths for paths.

Definition 22.5 Neighborhood N(v): The neighborhood
of a vertix v; € V is the set of all adjacent vertices:

Definition 22.16 Cycle: Is a pathld®® 2215 of a graph G
where the last visited vertix is the one from which we started.

Definition 22.23 Directed Edges/Arcs: Represent some
directional relationship between edges[d“f‘ 224l and are repre-
sented by ordered two-element subset sets of vertices:

6. Different Kinds of Graphs
7. Weighted Graph

N(v;) ={v, €V:3e, ={v;,v;} € E, Vv, € £} (22.1)
1.0.1. Adjacency Matrix
Definition 22.6 (unweighted) Adjacency Matrix A:

Given a graph G = (V, &) its adjacency matriz is a square
matrix A € N" defined as:

1 if Je(d,J
A, = if 3e(i, j) (22.2)
> 0 otherwise
Definition 22.7 weighted Adjacency Matrix A:

Given a graph G = (V, &) its weighted adjacency matriz is a
square matrix A € R™" defined as:

A 0 if3e( ) (22.3)
S 0 otherwise ’

Definition 22.17 Weighted Graph:

Is a graph G where edges are associ-
ated with a weight:

30; := weight(e;) Ve; €

e, = {v;, vj} e& — v; goes to v; (22.13)
9.3. Trees And Forests
9.3.1. Acyclic Graphs
Definition 22.24 Acyclic Graphs: Are graphs[def' 22.1)

where no cycles!d°f 22161 exist,

Definition 22.25 Forests:

Are acyclic graphsldef 22:24];

8. Spanning Graphs

Diagonal Elements

Definition 22.18 Spanning Graph:
Is a subgraphl®® 2211 3 = (U, F)

Definition 22.26 Trees:

Are acyclic graphs!?®f 2224 that are

of a graph G = (V, £) for which it connectedldef- 22:20]
For a graph without self-loops the diagonal elements of the holdsg~ ph G V.6 w
adjacency are all zero. U=V and Fce (22.9)
1.0.2. Degree Matrix
ini i 10. Graph Layerin
Definition 22.8 Degree of a Vertix Sz 8.1. Minimum Spanning Graph P Y g
The degree of a vertix v is the cardinality of the|l Definition 22.19 Minimum Spanning Graph: Is a span- || Definition 22.27 Graph Layering:

neighborhood!°f 22:51 _ the number of adjacent vertices:
J<i

deg(v;) = 6(v) = [N(v)| = Y A, (22.4)
j=1

ning graphldef 22181 34 — (U, F) of a graph G = (V, ) with
minimal weights/distance of the edges.

9. Connected Graphs

Definition 22.9 Degree Matrix D:
Given a graph G = (V, £) its degree matrix is a diagonal ma-
trix D € N™™ defined as:

= {deg(”’/) fi=y (22.5)

D, ; .
0 otherwise

2. Edges

Definition 22.10 Edges ECV XV:
Represent some relation between edges[d“' 224] and are repre-
sented by two-element subset sets of the vertices:

e, = {v,;, 'u_]} €& — v; and v; connected  (22.6)

Definition 22.20 (Weakly) Connected Graph:

Is a graph Gl9°f 221 where there ex-
ists a path between any two ver-
tices:

AP (v, ...

yvi) Yo, v €V

(22.10)

Given a graph G a layering of the

graph is a partition of its node set

Vet 22:4] into subsets
{V1,...,VL}cV

st. V=Viu...uV, (22.14)

11.

11.1.
11.2.
11.2.1.

Bisection Algorithms

Local Approaches
Global Approaches
Spectral Decomposition

Proposition 22.1 Number of Edges:
n = |V| has between [O, %n(n - 1)] edges.

A graph G with

Corollary 22.3 Strongly Connected Graph: A directed
Graphldef 22:22] ig called strongly connected if every nodes is
reachable from every other node.

Corollary 22.4 Components of Connected Graphs: A
connected Graph!d®f 22201 consist of one component ¢(G) = 1.

Definition 22.28 Graph Laplacian (Matrix) L(G):
Given a graph with n vertices and 7 edges has a graph lapla-
cian matrix defined as:

—1 ifi#jande; €&
L=A-D l;:=40 ifi#jande;¢€
deg (v;) ifi=

(22.15)

Corollary 22.5 title:

Inertial Bisection




