Machine Learning Submodule
Model Assessment and Selection

Definition 1.9 Empirical Risk:

Cross Validation

Is the the average of a loss function of an estimator h over a
finite set of data D = {x;,y;};; drawn from px y(x,y):

Definition 1.1 Statistical Inference: Is the process of de-
ducing properties of an underlying probability distribution by
mere analysis of data.

Definition 1.2

Model Selection:

Is the process of selecting a model f from a given or chosen
class of models F

. 1 &
Rn(m) = - ) Um(x), yi)

Definition 1.15 Cross Validation: Is a model valida-
tion/assessment techniques in order to improve the model
generalization performance.

i=1

Explanation 1.2. Cross validation helps to increase the model

1. Empirical Risk Minimizer

ability to predict out of sample data.

Definition 1.10 Empirical Risk Minimizer (ERM) rh:
Is the model m that minimizes the total empirical risk:

Definition 1.16 Labeled Data
Z=D: {z7 = (x;,¥;) | x; e X,y; € y}

D/Z:

n
7 € argmin R(m) = arg min nt Z L(m(x;),y;) (1.4)

Definition 1.3 Hyperparameter Tuning: Is the process
of choosing the hyperparameters ¢ of a given model f € F

Definition 1.4 Model Assessment/Evaluation: Is the

process of evaluating the performance of a model.

Definition 1.5 Overfitting:

Describes the result of training/fitting a model f to closely
to the training data Ztrain, Low

High Bias Bias

That is, we are producing Low Variance High Variance
overly complicated model by g

fitting the model to the noise Lg \ st Sample

of the training set. 2 /
Consequences: the model é o

will genex;:iitze .poorly as the & Training Sampis

test set Z will not have not e NodeT Complenty To%

the same noise
= big test error.

2. Training Set

meC meC i=1

@ How far is the true risk R(m) from the empirical risk
R(m), for a given m

@ Given a chosen hypothesis class 7. How far is the mini-
mizer of the true cost way from the minimizer of the em-
pirical cost

m* (x) € argmin R(m) m(x) € arg min R (m)

Definition 1.17 Training Set Ztrain o z,
Is a part of the data on which we train our model m in order
to reduce the empircal
train
v

train train _ train train
z :{(xl s Y1 )

(e

Algorithm 1.1 Validation Set Approach:

Given: set of function classes F and a loss [
1: train the model on the training set:

1
min —
eF

3 L (ys, m(xi))

i=1

m e argmin'k (m, Z“‘)

= arg
meF m

2: Determine the best parameter o* by using the validation
set:

0 (Zval) € argmin R ('fno (Ztr) 9 Zval)
————  OimgeF,
3: Use the tests set in order to test the model:

S t test

R (mé<zwl) (z'7), 2t )

Definition 1.18 [??

Training Error 7}(]5, Ztrain):

1. Empirical Risk Minimization
2. Generalization Error

Definition 1.6

Generalization/Prediction Error (Risk): Is defined as
the expected value of a loss function ! of a given predictor m,
for data drawn from a distribution px y.

By (m) = 5y [ mG] = [ 06, )l me0) ey
= [ v it mex) axay
X Jy

Z [ twm0) () axay (1.1)
x Jy

Note: overfitting to the validation set

Tuning the configuration/hyperparameters of the model based
on its performance on the validation set can result in overfit-
ting to the validation set, even though your model is never
directly trained on it = split the data into a test and training
and validation set.

6. Leave-One-Out Cross Validation (LOOCYV)

Definition 1.23
Leave One Out Cross-Validation (LOOCV):
Train n models on n — 1 observations and use the left out

observations for prediction:
n

is defined as:
IMSE = J MSE(z) dz
a:

L E [(m(x) - m(w))z] de  (1.7)

Vs.
meF meF is the model that minimizes the empirical riskldef 1101 on the
. P [def. 1.17],
We hope that lim Rp(m) = R(m). training Tta . _train
n—w m €argmin R(m, Z ) (1.11)
3.1.1. Squared Loss mer 1
; —argmi Ui, v;)
Expected Squared Risk arg min n Z i) Yi
meF (x;,y,)eZtrain
Definition 1.11 Mean Squared Error (MSE): v
= 2
R(m) = MSE(z) = 2 [(() —m@)?] 1.5 [1,2:3 2 = (xi, i) |
Shuffel and Split
Corollary 1.2 title: h
MSE(x) = Bias (2) + V(2) = (& [(2) — m(2))? + V@) | 76132 Ztrain s | zter |
1.6
3. Testing Set
Definition 1.12 —
Integrated Means Squared Error (IMSE)/(MISE): Definition 1.19 77
the integrated MSE or Mean integrated sqquare error (MISE) || Test Set ztest - =z,

Is part of the data that is used in order to test the perfor-

mance of our model.
test test test
NCENT Y

mo

Empirical Squared Risk

Definition 1.13

Interpretation

Is a measure of how accurately an algorithm is able to predict
outcome values for future/unseen/test data.

Mean/Average Squared Prediction Error (MSPE):
the empirical MSE or Mean/Average Squared Error of Predic-
tion (MSEP)

Definition 1.7 Expected Conditional Risk: If we only
know a certain x but not the distribution of those measure-
ments (x ~ pxy(x)), we can still calculate the expected risk
given/conditioned on the known measurement x:

R (m, %) :jyxy,m(x)) (yl%) dy

Corollary 1.1 Note: [def 1:6]  [def. 1.7],

Ry (m) = Fxnp [R, (m, )] =L€ GOR,(m,x)dx  (1.2)

Rp(m) = ave, (M) = (i) —m(z)®  (1.8)

test test
= { X1 Y1 )seen
Definition 1.20 Test Error R(f, Ztest):
Is the error over the test set Z%°%t of a predictor m that has
been trained on the training setldef 117;
R(f, 2 = m ™! > L(mi(x:), i)
(x;,y;)eZtest

(1.12)

—~—i LN .
@' €argmin 3 Uy, me;))  Vie{l,...,n}
meF j=1
J#i
n
RUOOCY — 71 W l(yi,'r/ﬁ;il(zi)) (1.13)
i=1
Pros
« Is basically unbiased estimator, as we use n — 1 training
samples.

+« Can have a high variance due to highly correlated training
sets, as the only vary in one observation.

+« Can be better as K —fold cross-validation for small data
sets, as small data sets have usually a higher fluctuation
= higher variance (as the are more sensitive to any
noise/sampling artifacts).

Cons

« computational expensive, only for small data sets possible.

« Variance of the average can be very high due to highly
correlated training sets.

S

I M=

i=1

4. Validation Set

3.6.1. LOOCYV for Squared Loss and lin. Operator

Corollary 1.3
MSEP for new observations:
Znew distributed as:

[proof 3.2]
Given a new observation

Definition 1.21 Validation Set zval ¢ gtrain,
Is the part of the data that is used in order to select the our
model m from a given hypothesis class F.

Ynew = m(&new) + € % N(0, 0'2)
then it holds that:

MSEP (zpnow) = MSE(znew) + 02 (1.9)

Explanation 1.8. We want to select a model m from F but
in order to do so we meed to determine the how well it predicts
= wvalidation set.

5. Validation Set/Split Once Approach

Theorem 1.1 LOOCYV Error for squared loss: For models

that can be represented by a linear fitting operator S:
[m(z1) m(zn)|T = SY

it holds for the squared loss that:

nt i (yi 7ﬁ;11(z7))2 =n? i (
i=1 =1

(1.14)

’

(1.15)

vi — m(z;)

1-8;;

1. Expected Risk Minimizer

Explanation 1.1. The mean squared error of prediction does
not go to zero if n — 00 as it has an irreducable noise o.

Definition 1.8 Expected Risk Minimizer (TRM) m*:
Is the model m that minimizes the total expected risk:

Definition 1.22 Hold out/Validation Set:

Definition 1.14 [example 3.9],[proof 3.1]
Bayes’ optimal predictor for the L2-Loss:
Assuming: i.i.d. generated data by (x;,y;)
Considering: the least squares risk:

(X, ).

m™ € argmin R(m) = argmin E, [I(y; m(x))] (1.3)
meC meC
3. Empirical Risk
In practice we do neither know the distribution px y(x,y),

nor py(x) or
the solution).
But: even though we do not know the distribution of

x,y(x,y) we can still sample from it in order to define an

empirical risk.

y|x (y|x) (otherwise we would already know

Ry, (h) = B,y [( — R(x))?]

The best hypothesis/predictor h* minimizing R(h) is given
by conditional mean/expectation of the data:

Definition 1.24 Generalized Cross Validation (GCV):
(yi — mi(2:))*

Gev=p"t Yy el
v % (1 —n—1tr(S))?

=1

(1.16)

Explanation 1.4. It holds S;; = %Z:L:l Sii = % tr(S) thus
we can rewirte the mean as the trace, which can efficiently cal-

culated in O(n).

h¥*(x) = E[Y|X = x] (1.10)

Split the data into a training set on  which

we train out model m and a validation set on

which  we calculate the accuracy of our model:

|76,13,1 pzeoain 8| e |
Split

| Ztrain _

Cons

« We do not use all information/data for training.

« We obtain a high variance estimate depending on the split.

Note

GCV is a misdemeanor as it is an approximation and not a
generalization.




7. K-Fold Cross Validation

Explanation 1.5 (K-fold Cross-Validation).

@ use all of the data by splitting the data into K random folds.

@ Calculate the training error K times by leaving out the k-th

fold, fit the model to the other X —1 combined folds (training
> validation set
set) of size n- K,? .

@ Do this by choosing each fold k = 1,..., K once as vali-
dation set and calculate cross-validation error by averaging
over them.

oot

Train

| | | | > -
\ \ \ | > =
e I:I:- ‘ ‘ ‘ "
e | [ [ [ [ .

Definition 1.25 K-fold Cross Validation:

Z=210...02Z,U...uUZx Vike{l,...,K}
=2 12k » ‘
n—|z,| €aremn E > Ui, m(=zi)) (1.17)
mer i€Z\Z),

K

A CV ~—1 —1 ~—Z.

REY = Kk PNEAA > l(yf’mnff'zm(wl)) (1.18)
k=1 i€Z), ‘

Note

A good heuristic for choosing i is 5, or 10 or:

k = min (v/n, 10)

Pros
« faster then LOOCV.

Cons

o runs & K times slower than traing/test-split, as we need
to train the model K times.

« Has higher bias then LOOCV.

There exits systematic tendency to underfit, as each of the
K—1
K

K -fold cross validation models uses only n -
samples
= the estimates of prediction error will typically be more
biased (towards simpler models), as the bias increases with
a lower number of sampls/d.o.f. (see Rao Cramer).

« Depends on the explicit realization of the /< subsets.

training

8. Many Random Divisions

Definition 1.26 Leave d-out CV:
Generalize LOOCV /d-fold CV by considering all possible re-
alizationeq. (64.3) of d samples:

ez oz wefun ()]

Z)
G caremin LS i m@))  (a9)
K mer |2 i€Z\Z),

sov _ (n\7t —1 _ -z,
RV = (M) Szt 8 1 (wem @)
t=1 i€Z),
(1.20)

Explanation 1.6. Is a generalization of LOOCYV as it does
not depend on the indexing in comparison to classical K-CV.

Pros
+ has often a smaller variance.




Data Preprocessing



A Statistical Perspective

1. Information Theory

1. Information Content

1.2.1. Conditonal Entropy

Definition 3.1 Information (Claude Elwood Shannon):
Information is the resolution of uncertainty.

Amount of Information

The information gained by the realization of a coin tossed n-
times should equal to the sum of the information of tossing a
coin once n-times:

I(po-p1---pn) =1I(po)+I(p1)+---+I(pn)
= can use the logarithm to satisfy this

Proposition 3.1 Conditioned Entropy H(Y|X = z):
Let X and Y be two random variables with a condititional pdf
PX|y - The entropy of Y conditioned on X taking a certain
value z is given as:

HY|X =z)=Ey|x_ [log—]
= |28 L X (YIX = o)

Property 3.3 Non-Symmetric:

DkL(p |l @) # Dxr(a |l ) vp,q (3.14)
Property 3.4:

Dgr(v |l g) =0 (3.15)

Dkr(v la)=0 — o(z) = q(z)Vo e X (3.16)

Note

) __|1og v (y|X = =) (3.5) | The KL-divergence is not a real distance measure as KL ||
Y| X= gy |x ¥
px-e [los ] Q@) # KL@ || )
Deﬁn?t?on 3.5 proof 3.4 || Gorollary 3.4 Lower Bound on the Cross Entropy: The
Conditional Entropy H(Y|X): entropy provides a lower bound on the cross entropy, which

Is the amount of information need to determine Y if we ar-

follows directly eq. (3.16). from

leady know X and is given by averagin H(Y|X = z) over -
Definition 3.2 Surprise/Self-Information/-Content: X. 5. Jensen-Shanon D.lvergence
. . . . - p(z,y) 6. Mutual Information
Is a measure of the information of a realization x of a random H(Y|X)=[ExH(Y|X =2)] = —Ex.y |log (3.6)
variable X ~ p: ’ p(x) Definition 3.9 example 3.8
Mutual Information/Information Gain: Let X and Y
I =1 = —logp(X = 1 > o)
x (z) = log m = —logp(X = x) (3.1) =Exy |log —— be two random variables with a joint probability distribu-
! (@, y) tion. The mutal information of X and Y is the reduction in
R . uncertainty in X if we know Y and vice versa.
Explanation 3.1 (Definition 3.2). Definition 3.6 proof 3.5 I(X; YBS = H(X)—- H(X|Y)=H(Y) - HY|X) (3.17)
I() measures the number of possibilities for an event A\ to oc- || Chain Rule for Entropy: ’ =H(X)+ H(Y)—- H(X,Y) ’
cur in bits: H(Y|X) = H(X,Y)— H(X) =D (» Il oxp ),
H(X|Y) = H(X,Y) — H(Y) (3.7) = PKL\PX,v | PXPY
I(A) = logy (#possibilities for A to happen)
N Property 3.2 Monotonicity: HX,Y)
Corollary 3.1 Units of the Shannon Entropy: Information/conditioning reduces the entropy
The Shannon entropy can be defined for different logarithms || _ Information never hurts. H(X)
log units H(X|Y) = H(X) (3.8)
~ . Base 2 Bits/Shannons H(Y)
= units: Natural Nats C 11 3.2 F (3.17)
£ orollary 3. rom eq. (3. : HX|Y XY I HYIX
Base 10 Dits/Bans H(X,Y) < H(X) + H(Y) (3.9) I (X1Y) (X;Y) S
E‘xplanation 3.2. An unc.ertain event is much more informa-| 3. Cross Entropy Explanation 3.4 (Definition 3.9).
tive than an ewpected/certain event: Definition 3.7 Cross Entropy [proof 3.3]: (X V) = big if X and Y are highly dependent 3.18
. s x (@) unlikel Lets say a model follows a true distribution X ~ p but we (XY) = 0 if X and Y are independent (318)
surprise/inf. content = big Px ) 4 model X with a different distribution X ~ g. The cross en-
small px () likely tropy between  and ¢ measure the average amount of infor- || property 3.5 Symmetry:
3. Entropy :atlon/blts needed to model an outcome z ~ X ~ p with I(X;Y) = I(Y, X)
Information content deals with a single event. If we want to = 1 Property 3.6 Positiveness:
quantify the amount of uncertainty/information of a proba- H(p,q) = Bz~ |log () (3.10) I(X;Y) =0 X LY I(X;Y)=0 (3.19)
bility distribution, we need to take the expectation over the a
information content!def 221 = —Eowy [logg(2)] (8.11) Property 3.7:
=H(p) + Dxr( || @) (3.12) perty .7
I(X;Y) < H(X) I(X;Y) < H(Y) (3.20)

Definition 3.3 Shannon Entropy [example 3.3]:
Is the expected amount of information of a random variable
X ~

H(p) =Ex[Ix(z)] =Ex [105

1
\’X(I)] = —Ex[logpx ()]

Corollary 3.3 Kullback-Leibler Divergence:
Dk, (p || ¢) measures the extra price (bits) we need to pay
for using q.

Property 3.8 Self-Information:
H(X)=1(X;X)

4. Kullback-Leibler (KL) divergence

If we want to measure how different two distributions ¢ and

n
== Z p(zi)log p(wi) (3.2) » are w.r.t. to the same random variable X, we can define
i=1 another measure.
Definition 3.4 Differential/Continuous entropy: Definition 3.8
Is the continuous version of the Shannon entropyld*f 3:3; Kullback—Leibler divergence. [examples 3.4 and 3.7]
_ /Relative Entropy from p to g: Given two probability dis-
H(p) = L:M’ —/(z)log /(z) dz (3:3) tributions p, ¢ of a random variable X. The Kullback—Leibler

Notes

o The Shannon entropy is maximized for uniform distribu-
tions

« People somtimes write H(X) instead of H(p) with the un-
derstanding that p is the distribution of X.

Property 3.1 Non negativity:
Entropy is always non-negative:
H(X)=0 if X is deterministic

H(X)=0 (3.4)

divergence is defined to be:

DxrL(p |l @) = Ez~p, {log @)
q(x)

] = Egz~p [log p(z) — log q(z)]

(3.13)

and measures how far away a distribution ¢ is from a another
distribution p.

Property 3.9 Montone Submodularity: Mutual informa-
tion is monotone submodularldef: 30-141;
H(X,2) — H(z) > H(Y, 2) — H(Y)
[def. 3.6]
—

(3.21)

H(z|X) > H(z|Y) (3.22)

Explanation 3.3.

e p decides where we put the mass if p(x) is zero we do not
care about q(x).

e p(x)/q(z) determines how big the difference between the dis-
tributions is.

Intuition

The KL-divergence helps us to measure just how much infor-
mation we lose when we choose an approximation.




2. Proofs

Proof 3.1 Bayes Optimal Predictorlde® 1-14].
min R(h) = minE, ), [(y — h(x))Z]
h h

7 mhin:lxw x l"lyw yix |(y— h(x))2 |x”

2 Ex~p x [m}in(x) By~ yix [(?J - h(x))z ‘x] ]

Ry (h,x) (ldef 1.7])

Now letiminimize the conditional executed r2isk:
h™(x) = arg;nin]blyN yix (y — h(x)) ‘x]

1 d d
0= — R, (h* x) = 7J — h¥)? d
T (h™,x) T (y ) o (yle) dy

- f dhi*(y - h*)2 (ylz) dy = f2(y - h¥F)p(ylz) dy

= 20 [ 1(ule) dy +2 [ o (vle) dy
g0

=1 Ey [Y|X=z]

H(Y|X)=-Exy |:log

T,y

Proof 3.5: 4°f 361 We start from eq. (3.6):
(=, )
(z)
= > o(=,y)logp(z,y) + Y, p(z) log

H(X,Y) — H(X)

(X)

Example 3.6 KL Divergence of Diag. Gaussians:
0~ q(OIA) = N (;l,q,diag (nf, . .,ng)) A= [p1:a 1.4
:.\'(/L ,diag( %,..., i))

4. Estimators

Example 3.7 KL Divergence of Gaussians:
= N(i1,,, diag (nf, o 03)) g = N(0,1) it holds

Proof 3.2 Irreducible Error!™ 1:3];

MSEP(zy,) =F [(Y - f/(zn))z] = [ — m(en)?]

—E [(s + m(zn) — 7’ﬁ(rn))Q]

=E [62] + 2E [e - (m(zn) — m(zn))]
+E[(c + m(zn) — m(zn))]?

=E 52| + 2B [e - (m(zpn) — Mm(zn))]
+E[(c + m(zn) — m(zn))]?

=V [e] + 2E [e] ‘B [(m(zn) — M(zn))]

——
=0

+ E (e + m(zn) — T/\n(zn))]z
=V [e] + MSE(z)

Proof 3.6: example 3.4
KL(p[lg) =E,, [log(p) — log(q)]

1 1
=E [7log| al — —(x

(
:Et‘ log‘ al _ 1
2 251 2

p)TE (e = )

[e = 1) T = 1)

d

1 2 2 2

DL o) =5 X (o2 + 12 —1-10o?)
i=1

Definition 3.11 (Sample) Statistic: A statistc is a mea-
suarble function f that assigns a single value F' to a sample

of random variables: X ={X1,..., Xn}
FiR" R F = f(X1,...,Xn)

E.g. F could be the mean, variance,. ..

Note

The function itself is independent of the sample’s distribu-
tion; that is, the function can be stated before realization of
the data.

eq. (59.56)
=& [ {27
eq. (59.56)

eq. (65.54)

=

1

=8, [er {Gx = p) e = )T

2R e {Ig)] = E

) _
(o = 1) T35 (i = 11q) + o {3

28 [ )T G- )
7E10 M_ln: _ Ty~ Llix —
=3 g‘ ‘ 2" |(x o) (x—p )|
+%\r: [(x—p.,])T ;l(x—p.,])]
£ 1] LT i fer e — )T e )}

Example 3.8 Gaussian Mutal Information:

Given X ~ N(u, ) Y =X+¢€ e ~ N(0,0I)
I(X;Y) = H(Y)-H(Y|X)=HY) - H(c)
. (3.24) 1 1
ea- (3.24) 5 In(2me)? | + 21| — 5 In(2me)?|o21]

1 2reT o2 4 1

= - nh-—-
2 L2meT | AT

= S In|I+4 o0 2y
2

Definition 3.12 Statistical/Population Parameter:
Is a parameter defining a family of probabilty distributions
see example 3.1

Definition 3.13 (Point) Estimator 0 = (X):

Given: n-samples X1,...,%Xn ~ X an estimator
0=h(X1,...,%Xn) (3.25)

is a statistic/randomn variable used to estimate a true (pop-

ulation) parameter pldet: 312] gee also example 3.2.

1

Example 3.9 Bayes Optimal Predictor and
MLE!/Mef 2141, Problem: we do not know the real dis-
tribution py) x (y[x), which we need in order to find the
bayes optimal predictor according to eq. (1.10).
Idea:

1. Use artificial data/density estimator H(Y|X) in order to

estimate E[Y|X = x]
2. Predict a test point x by:

9 =E[Y|x = x] =fA(y\X = x)ydy

3. Examples

Common approach: p(X,Y) may be some very complex
(non-smooth, ...) distribution = need to make some assump-

Example 3.1 : Normal distribution has two population pa-
rameters: the mean p and the variance o2,

tions in order to approximate p(X,Y) by N(X,Y)
Idea: choose parametric form H(Y|X, 0) = P, (Y|X) and then
optimize the parameter ¢

Proof 3.3: Cross Entropyldef 37

. R P A TR T AT
e [l°g< <x>)] e [l g( <w)> e (rz(w)

q(x) 1
lo
@) @

Ez~q {log (

H(p) + Dk (v Il 9)

Notes: QO
Since we can pick h(x;) independently from h(x;).
Note

E[X]E[Y|X] = f

x@dz [ o(ule)dy
X Y

= jX fY x (@)p(yle)zy de dy = E [X, Y]

function.

Example 3.2 Various kind of estimators:
Best linear unbiased estimator (BLUE).
Minimum-variance mean-unbiased estimator
minimizes the risk (expected loss) of the squared-error loss-

¢ Minimum mean squared error (MMSE).

¢« Maximum likelihood estimator (MLE): is given by the
least squares solution (minimum squared error), assuming
that the noise is i.i.d. Gaussian with constant variance and
will be considered in the next section.

(MVUE):

which results in the so called maximum likelihood estimation
section 1.

Supervised Learning

Definition 3.10 Statistical Inference: Goal of Inference
What is a good guess of the parameters of my model?

@ How do I quantify my uncertainty in the guess?

Model Fitting Prediction

D

<

Proof 3.4: Definition 3.5

Ex [HY|X = )] = )] (=) )] v(yle)logn(ylz)

TEX yeY

= > > p@)p(yle)logp(yle)
rzeX yey

= > X o=@ y)logn(ylz)
TEX yeY

rzeX yey

1
H(N(p, 22)) = 5111\271'9

:diag(ﬁ%,,.,,n2

Example 3.3 Entropy of a Gaussian:

d d
= E1n(27‘re) + log|>|

(2re)?|=|

d)11|2 | Zil Z"
— In|27e | + nof
2 .

(x =)

Learning method of data x without label

Recall: goal of supervised learning

Given: training data:

D ={(x1,y1)s--,(%Xn,yn)} S X x Y
find a hypothesis h: X — Y e.g.
« Linear Regression: h(x) = wTx

« Linear Classification: h(x) = sing(wTx)

DY (r»y)log(%

Example 3.4

= N(pp,2p)
Dxr (v [l ) =

KL Divergence of Gaussians:
Given two Gaussian distributions:
q = N(ng,

tr( ot )+(N(1*N )Ty g — 1 )*d+ln(

proof 3.6

it holds

n
+ Kernel Regression: h(x) = 3 a; k(x;,x)

k2
+ Neural Networks (single hidden layer):
h(x) =3I, w;o(w:x)

s.t. we minimize prediction error/empirical risk [def. 1.10]

Fundamental assumption

2

The data is generated 7.i.d. from some unknown probability
distribution:

P 2
0~ q(B|\) =N (;Lq, (Tq)

=N (;L s 02)
02
o

1 2 —2
Dxr(v Il a) =5 | =5 (g —pp) oy " — 1+ log
q

Example 3.5 KL Divergence of Scalar Gaussians:

O'qJ

-2

0.2

(%5, 9i) ~ pa,y(Xi, ¥i)

Note
The distribution py j is dedicated by nature and may be
highly complex (not smooth, multimodal,...).

Note

The other kind of estimators are interval estimators which do
not calculate a statistic but an interval of plausible values of
an unknown population parameter 0.

The most prevalent forms of interval estimation are:

« Confidence intervals (frequentist method).

« Credible intervals (Bayesian method).




Generalized Linear Models (GLMs)

Definition 3.14 Generalized Linear Model (GLM):

pw=E[Y|X]=g""(n) (3.26)
P
0= BimX; (3.27)
i=0
g (E[YIX]) =7 (3.28)

Generalized Additive Models (GAMs)

Definition 3.15 Generalized Additive Models (GAMs):

sdf (3.29)




Regression

Definition 4.9 [example 4.2]
Simple Linear Quadratic Regression: Is a linear regres-

Definition 4.1

sionl®f 48] with two explanatory variablesld°® 411 written as:

1. The Normal Equation

Definition 4.13
The Normal Equations:

[proof 4.4]

Explana‘tory-/In.dep.-/Predi.-/Variables/Covariates x: Yy = 71+ P2z + 313 + € i=1,...,n (4.6) || Is the equation we need to solve in order to solveeq. (4.10) or
Are the input variable(s) that we want to relate to the re- - equivalently eq. (4.14) and is no longer an over determined
sponse iabl [def. 4.2] 0.0.1. Existence
P variable(s) . system:

Corollary 4.1 Existence: T PXPp
Definition 4.2 w1101 4 21200 4+ 21 X'XeR
Response-/Dependent-/Variable(s : ! 2 pip U1 3 €R?

p /Dep / (s) y @211 + w22l + - + w2p vo — XTXD = XTY
Are the output quantities that we are interested in. 14 . p_ : (a.7) [xrx] [ = xT Y XT e RPX™
' : Co ’ — Y eR"
Definition 4.3 Coefficients : Are the coefficients that we : : 415
are seeking. Tn11 +xn2fs + -+ Tnply, Yn (4.15)
— y € R(X) (4.8) T T
Definition 4.4 Regression: Is the process of finding a pos- Geometric Interpretation
sible relationship via some coefficients (3 between response-| 1. Linear/Ordinary Least Squares (OLS) Corollary 4.2 [proof 4.5]
variables x and a predictor-variable(s) y up to some error e: - - Geometric Interpretation:
y=f(x5)+e (4.1) Problem: for an over determined system n > p (usually) We want to find

#y € %(X) (in particular given round off errors) s.t. there ex- arg min nllX — yl?
Note ists no parameter vector [ that solves [4¢f 48], which is Sﬁual to finding: 2
The term regression comes from the latin term “regressus” and Idea: try [Zof gir;]d the next best solution by minimizing the arg min Iy — yH2
means “to go back” to something. Historically the term was residual(s)!* 0. ge(x eRM} =M (X) 2
introduced by Galton, who discovered that given an outlier —. N K . X
point, further observations will regress back to the mean. In | Definition 4'10'R651?d}_‘1f?}_5]s“m of Squares: R (X) but ~this minimum is
particular he discovered that children of very tall/small people |15 the sum of residuals n n e equfml tAtO [dthgq 22]rthogfonal
tend to be a smaller/larger. . 2 ~ 2 n projection™= = o y

e RSS(p) := Z €; = Z llyi —gill2 (4.9) / onto R(X) i.e. the map:
Definition 4.5 Linear Regression: Refers to regression i=1 i=1 y—y
that is linear w.r.t. to the parameter vector (but not nec- . N is the orthogonal projection
essarily the data): D.eﬁnlhtlon 4.11 -Least Squares Regression Isq(X, y): of y onto R(X).
vy = BTo(x) + ¢ (4.2) Mln!\mlzes the residual su;n of squares: )
o T € argmin|Y — Xf||3 = argmin|ly — u|3 (4.10) || corollary 4.3 Orthogonality of residuals [proof 4.6]:
nearity ueR(X) Corollary 4.2 implies that the residuals are orthogonal w.r.t.
Linearity is w.r.t. the coefficients /. n p 2 to all the column vectors of X:
- T, () -

Thus a model with transformed non-linear predictor(def 411 = arg min”r”% = Z Z zijf; —yi| =RSS(I) rx =0 Vi=1,...p (4.16)
yaniableshisisuillicalledilmear i=1\j=1 2.1.1. The Least Squares Solution b= (XTX)"!XTY

Definition 4.6 Residual r:
Let us consider n observations {z;,y;}_;. The residual (er-
ror) is the deviation of the observed values from the predicted
values: .
riime; =8 =y — @i =y —0'x; i=1,...,n (43)

Simple (linear) regression (SLR)

Definition 4.7
Simple Linear Regression:
with only one explanatory variable

Y; = o +

[example 4.1]

Is a linear 'regression[dﬁ‘ 48]
[def. 4.1],

12 +€; i=1,...,n (4.4)

Multiple (linear) regression (MLR)

Definition 4.8 Multiple Linear Regression:
Is a linear regression model with multiple

{ J }?:1

explanatory!d® 41 variables:

Alternative Formulation

Sometimes people write eq. (4.10) as
leads to the same solutioneq. (54.63).

2.
Ridge MLE

%argmin ||r||§ which

Maximum Likelihood Estimate

Proposition 4.2 Least Squares Solution:

b= XTX)"!xTy:= xTy (4.17)

2.1.3. Simple Linear Regression Solution
Definition 4.14 [proof 4.4]
Linear Regression Solution:
22 = (xTx)!
fH=(XTX)"'XTy with ( ) (4.18)
N =XTy
x Tt
2. Varianece-Covar. M. : Inp./Oup. Covariance
Moore-Penrose pseudo-inverse: XJr with XTX =1
(4.19)

2.1.4. Making Predictions

Definition 4.15
Hat/Projection Matrix:
Is the matrix that projects the y onto the g:

§ =X =X(XTX)"'XTy =: Py

P/H=XXTX) !XT :ym—g

(4.20)

Property 4.1 Symmetry: P is trivially symmetric.

Property 4.2 Idem-potent P2 =P:Pis idem-potent
i.e. projecting multiple times by P is the same as projecting
once.

Property 4.3 Trace:
tr(P) = tr(X (XTX) ' XT) = tr((XTX) "' XTX)

=tr(Ipxp) =P

Corollary 4.5 P : R +— X < RP: From these three proper-
ties it follows that P is an orthogonal projection onto a p-dim
subspace.

Corollary 4.6 Residual Projection: The residual can be
represented in terms ofeq. (4.20):

r=(I1-P)Y (4.21)
it follows that I — P is an orthogonal projection onto (n — p)-
dim subspace X+ = R™\X.

Uniqueness

Proposition 4.1 (Gauss Markov Assumptions)

Assumptions for Linear Regression Model:

1. The {x;}]"_; are deterministic and measured without er-
rors.

2. The variance of the error terms is homoscedasticld®® 69-22);
Ve] =02 <o Vi (4.11)
3. The errors are uncorrelated:
Cov [F,‘,Fj] =0 Vi # j (4.12)

4. The errors are jointly normally distributed with mean 0O
and constant, variance o2:

Note

X1 is the Moore-Penrose pseudo-inverse of the matrix X.

2.1.2. Solving The Normal Equation
Cholesky Decomposition

Theorem 4.1 : Let A € RP'P  p > p then it holds that:
N(A) = N(ATA) R(AT) = R(ATA) (4.22)

yi = Fo + J1zin + ...+ FpTip + € e ~N(0,0%) Vi=1,...,n <<= e~ N(0,0°L,)
» P (4.13)
= 0+Z jzij +ei =BTa; + ¢ ’ ’
j=1 Definition 4.12 [proof 4.2]
Simple Linear Regression Log-Likelihood:
Design Matrix: Assume: a llmear mo.del . y = X’ + 52
X e g (PH+D) with Gaussian noise e ~N(0,Ic7)
x =|~ y=X5 O gn (4.5) || with: po=Ecly] = E[XS +¢] = X5 +0
Y Vely]l = Ve[XF + €] = 0+ V[e] = 102
Thus:  Y|X ~ N(X3,102) Yi|X ~ N(xT3,0%)
Note with: & = (8T o)T e RPT?

Eq. 4.8 is usually an over-determined system of linear equa-
tions i.e. we have more observations then predictor variables.

Multiple vs. Multivariate lin. Reg.

Multivariate linear regression is simply linear regression with
multiple response variables and thus nothing else but a set of
simple linear regression models that have the same types of
explanatory variables.

1 & 1

. AT )2 - _ 2

In(y1X, 0)t = — Zl(yl x;)% = 5oz Iy = X4l
i

0% ¢ arg max 1, (y|X, ) = arg min —1,, (y|X, 0)
oerP+1 oerPt1
(4.14)

Corollary 4.4 Computational Complexity: X €
R"X4 y e R", w € R? with n, the number of observations and

Theorem 4.2 Full-Rank Condition F.R.C.:
Equation 4.13 has a unique least squares solution given by:

A= (XTX)"'xTY (4.23)

— rank(X) =p p=p (4.24)

N(X) = {0} >

d, the number of equations/feautres/dimension of the prob-
lem.
Assume: d < n, that is we have an overdetermined system,
more equations than unkowns.
1. Compute regular matrix (Matrix Product):
C:=XTX 2 O(n - d?).
2. Compute the r.h.s. vector (Matrix-Vector):
c:=XTy eR? 2 O(nd).
3. Solve s.p.d. LSE via. Cholesky decomposition:
Cw =c 2 0(d?).
Thus the total cost amounts to O(d® + nd?).

Note: s.p.d. C and cholesky decomposition

Assume: X has a trivial kernel <= XTX is invertible.
1. Symmetric: a transposed matrix times itself is symmet-
ric = C is symmetric.
2. Posistive definite:
wiCw = wTXTXw = ||XWH2 >0

e e ) 2

Yw # 0

QR Decomposition

2. Moments and Distributions

Property 4.4 Moments of [/ [proof 4.7]:

E[3] = V[p] = cov[B] = A xTX)TT (425
B~ Ny (5,07 (XTX)7H) (4.26)
Property 4.5 Moments of y [proof 4.9]:
SN 2 VIS S 2
B[] =Elyl=X V[§] = Cov[y] =o"P (4.27)
~Nn (x ,(721:’) (4.28)
Property 4.6 Moments of r:
Elr] =0 Cov[r] = ¢2(I—P) (4.29)
r~ Ny (o, o2 a— P)) (4.30)
Property 4.7 Moments of 5:
1 n
52 .= o7 — E[6] = o (4.31)
n-—p.
i=1
(o8
52 ~ xX0_p (4.32)
n—p
Note
The standard deviation o2 is given by ¢ ~ NO, 2. However

we may not know o2

residuals r.

, thus we can estimate it by using the




Proof 4.1 Property 4.7: 52 is an unbiased estimator of o:

2.2.1. The Gaus Markov Theorem

Theorem 4.3 Gauss—Markov theorem [proof 4.10]:
The BLUE of the 7 coefficients, of a linear regression model,
satisfying the Gauss-Markov assumptions is given by the
ordinary least squares (OLS) estimator, provided it exists (is

invertible).

P -1
v[p]<v[F] wien XTIy =y 55)
any lin. unb. est. for




3. MLE with linear Model & Gaussian Noise

1. MLE for conditional linear Gaussians

Questions: what is
form: We can use the MLE to estimate the parameters O RF
of a model/distribution h s.t.

y ~ h(X;0) —
X: set of explicative variables. €:

(Y| X) if we assume a relationship of the

y =h(X;0) + ¢

noise/error term.

Lemma 4.1 : The conditional distribution D of Y given X
is equivilant to the unconditional distribution of the noise e:
(Y|X) ~D — e~D

The Liklihood does not ex- ¥

plicitly care about the dis-

tribution of the x but

for a given x’ it carseY’

about modeling the distri-

bution of the chosen model ~ e
y|X(y|x/, 6) around the @Gl -

function h(x’) = x x

Y ~ N(wTx', 02)
2
o

n=h(x')

linear
wTx
= 4/ is an sample from the
distribution/model.

Ridge Max Prior

Gaussian Prior/Liklihood MAP inference

Prior

Assume: prior ”(|>) on the model parameter [ is gaussian
as well and depends on the hyperparameter (9 ¢7) 52 (2
co-variance matrix):

Ridee 5|3y = (8]0, =)

[def. 66.34] _d+1 _1 1 1
= (2m)” T2 det(>)” 2 exp (—5 =T )
. 1 =0 1 L
1, (B|Z) = =3 Indet (=) In27 — 5 = (4.37)

Example: Conditional linear Gaussian

2. Conditional MLE £ Least Squares

Max Prior

h(x) = wTx

e ~ N(0, 02)

With E[e] = 0 and y; = wTx + ¢, as well as 77 it follows:
Yy~ DY =ylX =x,0) ~ N = h(x),02)

with: 6= (wT o)T er™™?

Hence Y is distributed as a linear transformation of the X

variable plus some Gaussian noise e: y; ~ N(wTx;,02) =

Conditional linear Gaussian.

if we consider an i.i.d. sample {y;, x,-}?=17 the corresponding
conditional (log-)likelihood is defined to be:

Assume: a linear model

and Gaussian noise

Assuming that the noise is i.i.d. Gaussian with constant vari-
0= (w jZ/)T

and considering the negative log likelihood in order to mini-

ance o, that is

mize arg max o« = — argmin o:
- WTXi)2

—ln(w) = s

n
H In N (wTx;, 0 )7 1n(27r<7 i Z lwi
i=1 i=1
argmaxly, (w) <= argmin —l, (w)

w w
n

g = wai)2 = arg min Z
7 i=1

12 T2
atgmm—2 Z (yi —wTx;)
i=1

(4.35)
Thus Least squares regression equals Conditional MLE with
a linear model + Gaussian noise.

Maximizing Liklihood — Minimizing least squares

~Ridge :argmin{(y—x YT (y —X0) + 8TA }
&Y X g N e
data term regularizer/penalty
= argmin{Hy —XB|I%+87A }
eq. (4.39)

- 2 2
argmin { Iy — X41% + A1 517}

d
argmin{HY—X ||2+>\ Z ?}
i=1

+ |ly — X3||? is forced to be small so that we find a weight
vector [/ that matches the data as close as possible:
n

y; = BiX; + €; s.t. Z ¢; small
i=1
In other words we want to fit the data well.
« BTA rid:ge Al ||2 says chose a model with a small magni-
tude 4|2

Thus the smaller A the bigger can the data faith fullness
term be [ly — X/

Corollary 4.7 : The Maximum Likelihood Estimate (MLE)
for i.i.d. Gaussian noise (and general models) is given by the
squared loss/Least squares solution, assuming that the vari-
ance is constant.

Heuristics for 77

Consider a sample {y1,..., yn} 4\ (ks o?
oy, (y|x, 0) 1 & !
————L == Y (w—w=0
o o 2
Ay (ylx, 0) n (IR 2!
202 g,z T o.d X (i - =0

% _ [(Hx D ?: Yi
o* = (o) - ( 21,1<yf—yi>2> (55

So, the optimal MLE correspond to the empirical mean and
the variance.

* € arg max L, (
erd+1
1 1 1 1 -1
= arg max — — In det (2) — —— In27 — = B%
erd+1 2 2
10 [% _ eq. (4.46) —
* * % €4 1%
= ——1 )= ——— > = —2%
0% ol (5¥I3) = s
*Eargmaxlog BIX) = argmm -1, (B|X) = —lg¥
erd+1 eRd
(4.38)
Log-MAP
*
€ argmax "(4|X,y)
erd+1
eq. (4.38) 77
— ———
— argmin —log “(92) —log "(X, y17)
erd+1
1% _ Lyt ! xTxg*
=3 - X'y + —X'X =0
— (=T 4+ XTXoT2)p* = 572X Ty
(2= 4+ XTX)P = XTy
- _ -1
BEAP (022 1+xTx) XTy

Definition 4.16 Ridge MAP: For ridge regression we as-
sume that the noise of the prior is uncorrelated/diagonal i.e.
2

-2

= l=1o and let A :=c2n"1 = 10—2 (4.39)
which leads to: ’ 5
PMAP (A 4 XTX)TIXTy  with A =T\ =T
(4.40)

Note

oxTw
= =x
ow

owTx

ow

Definition 4.17 Regularization: Regularization is the pro-
cess of introducing additional information/bias in order to
solve an ill-posed problem or to prevent overfitting.

(It is not feature selection)

Note

The intercept (/g in the regularizer term has to be left out.
Penalization of the intercept would make the procedure de-
pend on the origin chosen for y.
Thus we actually have (for data with non-zero mean):
d
* = argmin [ |y — (X + 0)H2 + 4+ 2 f
erd i=1

Note: SVD

Using SVD one can show that ridge regression shrinks first
the eigenvectors with minimum explanatory variance.

Hence L2/Ridge regression can be used to estimate the pre-
dictor importance and penalize predictors that are not impor-
tant (have small explanatory variance).

Note: no feature selection

The coefficients in a ridge will go to zero as A increases but
will no become zero (as long as A\ # 00)!

They are fit in a restricted fashion controlled by the shrinkage
penalty A.

dofs(\) = {

= Ridge cannot be used for variable selection since it retains
all the predictors

d if A = 0 (no regularization)

4.42
if A > © ( )

— 0

3. MLE for general conditional Gaussians

Definition 4.18 Tikhonov regularization: Commonly

Lo (YIX,60) =0(y1,- - Ynlx1, .-, Xn, 0)
n n
ii.d. R 2
=1 pyix(ilxi, 0) = [] N(wTxi,0%)
i=1 i=1
@ 5 Tx,)2
- 1_[ exp _ (y’t - W x'L)
putee) Vo2omr 202
n n
= (0227r) 2 ex; Z P — W x,L)2
n n z
2 2
In(Y|X,0) = ——Ino ——1n27r— y; — wTx
n(YIX,0) = -2 3 ; i)
0% = argmax 1, (Y|X, 0)
weRd,azeRJr
2ln (Y]X,9)
Jwq
M (YIX, 0) _ L (od)
0 aln (Y|X,0) v
B
Ay (Y]X,0)
502
ol, (Y|X, 0) 1 & T 4
T:ﬁle(ylfwxi)—OeR
i=1
n n
(X x| = X xiws
i=1 i=1
ol, (Y|X, 0) n 1 2 2
—_—— B e g —0 —wTx =0
902 202 2(7'4 Z e 1)
=1
-1
xT s
o) - (Em ) )],
o 1 T :
* ; ?=1 (yi—w*xi)
Note

e« The mean ;. of the normal distribution follows from:
ElwTx; + ;] = E[wTx;] + ]E[ il=wTx;
—

const =O
« The noise ¢ must have zero mean, otherwise it wouldn’t be
randomn anymore.
« The optimal function h*¥ (x) determines the mean .
+ We can also minimize:
0% = argmax (Y|X, 0) = argmin —3(Y|X, 0)
e C

Suppose we do not just want to fit linear functions but a
gerneal class of models Hsp := {h : X — R} e.g. neural net-
works, kernel functions,. ..
Given: data D = {(x1,¥1),--., (Xn,yn)} The MLE for gen-
eral models h and i.i.d. Gaussian noise:

b~ Dy x (Y = y|X = x,0) = N(y|h¥(x), %)

Is given by the least squares solution:
n

. 2
h* =argmin ) (y; — h(x;))
heH ;1

E.g. for linear models H = {h(x) = wTx with parameter w}

used method of regularization of ill-posed problems.
2 2
IX5 =yl + T4 (4.41)
I': Tikhonov matrix in many cases, this matrix is chosen as
I" = oI giving preference to solutions with smaller norms; this
is known as Ridge/L2 regularization.

Other distributions

If we use other distributions instead of Guassian noise, we
obtain other loss functions e.g. L1-Norm for Poission Dis-
tribution.

= if we know somthing about the distribution of the data we
know which loss fucntion we should chose.

Balance of A\ = 7 controls the tradeoff between simplicity
and data faith fullness because:

@AT»w: Ion?

« o 1: model does not need to match data so perfectly as
we have more noise in our data/observations <> bigger
errors (recall € ~ N (0,102)).

e o |: prior has smaller variance, thus our prior knowl-
edge of the model is pretty exact/important (recall

~ N (3]0, 1))
ol
®xr o
ot
match data perfectly

« o |: model does need to match perfectly, our observa-
tion/data has small variance/is well defined <= do
not allow big errors (recall € ~ N (0, I52)).

« o 1: our knowledge about the model is pretty vague
(recall 7 ~ N(]0,10))

must be minimized:

lly — X/2[|2 must be minimized: model must

Note

. Often A™! =1 g RA+1xd+1
« A is symmetric and diagonal.
e (d+ 1) dimension as we included offset into




Heuristic Map Inference

A really large weight vector will result in amplifying
noise/larger variance/fluctuations £ overfitting.

This is because the complexity of the estimate increases with
the magnitude of the parameter as it becomes easier to fit

complex noise.

Ill-posed problem/Invertability and Ridge

Another advantage of Ridge regression is that, even if XTX
in eq. (4.40) is not invertible/regular/has not full rank.
Then (XTX + A) will still be invertible/well posed.

This was the original reason for L2/Ridge Regression.

MAP = Ridge

n
¥ (g —wTx;)?
i=1

MAP with a linear model and Gaussian noise equals classical
ridge regression 77.

arg max '(w|x, y) = a,rgmink”w“2 +
w w

> (i - wTx;)? [T " (wslxi, w)

arg min )\||wH2 +
24 i=1 i=1

= arg max '(w)
w

Ridge Regression MAP
Thus if we know our data 7, o we can chose )\ statistically

and do not need cross-validation.

Given: Laplacian model prior [ ~

(BIA):

d
Lasso ea. (66-58) A (—a|p|) A —2j1851
A = —e = e 73
(BIA) 5 5
g=1

With AT

This leads to a L1 regularized model:

:= > hyperparameter/covariance matrix

Laplace Prior Gaussian Prior

(8,1)

0 0

Thus: laplace priors gives sparesness, higher liklihood to get
value at [ = 0.

d /\j
—InP(BIA) = | A4l j|7d1n?

Scalarization vs. Constrained Optimization

Liklihoods

Their are two equivilant ways of trading:
« 9(8) = |ly — X2||%: the data term and
« f(P): the Regularizer.
Scalariztion
min f(3) + Cg(B)
w

(w)

Constraint opt.
min g(3) s.t. f(w) < B
w
(w)

C' small B small

' large
/(w)

B large
/(w)

Note

Scalarization and constrained optimzization gives the
same curves <= [,y are both convex functions.

This is not necessarily for the same values of ' and B but
their exisits always a relationship C' = u(B) s.t. this is true.

Comparison of priors

Generalization

Regularized estimation can often be understood as MAP in-
ference:

arg min Z I(wTxi5%x4,y5) + C(w) =

(4.43)
j=1
Laplacian MAP Prior Inference
. 2
* = argmin {|ly — (X8 + 901> + A8l }
erd
d

q 2

= argmin{ [ly — (X3 + o) I* + A Y] 154l (4.44)

erd i=1

|7]; does not change /J; while becomes very small for
valuese (0, 1) thus when minimizing the L2 error ||betac||? —
0 but not #; while for L1 regularization will actually have to

set [7; values to zero for large enough A.

W i=1
n
= arg max H (W) (y;|x;, w) = arg max "(w|data)
w i—1 w
with C(w) = —log"(w)
UwTxi5%4,yi) = —log (yilxi, w)
Priors

4. Laplace Prior2Lasso/Ll-regularization

Intro

Question: what if d » n e.g.
+ bag of words with d =nb. of words» mnb. of documents.
+« Genome analysis d =nb. of genes» n patients.
Problem: we have more unkowns/parameters than observa-
tions = no unique solution. e.g.: Trying to fit 1 data point
with polynomimal of degree 12.
Question: can we somehow still find a good solution if

n = O(Ind) — exp. more dim. than observations
Idea: If most of the dimensions are irrelevant for the prob-
lem, then we can find a good (sparse) solution £ feature se-
lection/dimensionality reduction.

Advantage

Combines advantages of Ridge regression (convex func-
tion/optimization) and LO-regression (sparse and easy to in-
terpret solution).

Difference L1& L2 penalties

Typically ridge or L2 penalties are much better for minimizing
prediction error rather than L1 penalties. The reason for this
is that when two predictors are highly correlated, L1 regular-
izer will simply pick one of the two predictors. In contrast,
the L2 regularizer will keep both of them and jointly shrink
the corresponding coefficients a little bit. Thus, while the L1
penalty can certainly reduce overfitting, you may also experi-
ence a loss in predictive power.

Notes

The unconstrained convex (see [°% >4121) optimization prob-

lem eq. (4.44) is not differentiable at //; = 0 and thus has no
closed form solution as the L2 problem = quadratic program-
ming.

5. Sparsness Priors/LO-regularization

(4.45)

otherwise

d d
1 if §; #0
—ln(|s)2321j¢02324{0 J
j=1 j=1

= measure for the number of possible non-zero dimesnions/-
parameters in

j i
g gioason

02

r v v r o 2 . 6 s

00 02 04 08 08 10

(a) Ll-regularization

a0

(b) L2-regularization

The constraint formulation of the
be plotted for two features 71,
2

optimization problems can

2 as:
2

~L0

| 1

T¢_1 Aj8;5 < const

< const

« Ridge Regression/L2-regression: if the leasts squares
error solution satisfies the constraint, we are fine (Case II),
otherwise we do violated the constraint % ot g < const
(Case I).

« Lasso/Ll-regression: Here the constraint equals |31| +
|7] < const and leads to polyhedron. Most of the time we
obtain a sparse solution £ corrner, due to the fact that
corner regions increas much faster in volume, as the mixed
regions (sparseness increases with number of dimensions).

« Sparsness prior/LO-regression: Leads to a super spiky
geometry = always leads to a sparse solution.

Advantage

« Leads always to sparse solution.

« Indicates/Explains model well as we only get a few non-zero
parameters that determine/characterize the model.

Drawback

Non-convex, non-differentiable problem = computationally
difficult combinatorics.

6. Student‘s-t likelihood loss function

Students-t Distribution:

r (%) <1+ (y—wTX)2>_%
)

(ylx, w,v,0?) =

110'2
o2l (%
v: determines speed of decay.
Problem L2/squared loss functions lead to estimates that
are sensitive to outliers, that is because something that is far
away, from the expected value, will be increased/influences
the model very much.

« For Gaussian noise: outliers are very unlikly and thus will
have a big influence on the model.

« For Students-t noise: noise, outliers are not as unlikly as
for Gaussian noise and thus will not have that much of an
influence on the model.

Gaussian distribution
Students-t distribution

v=1

Gaussian distribution
Students-t distribution

(ylx, %, )

Fittting

Y — WX

Speed of Decay: (|ly — wTx| > t) probability of having a
outlier /derivation of larger than t, for linear regression.

Students-t (ly—wTx| >t) =0t %) a>0
(Polynomial decay)
Gaussian (ly —wTx| >t) = (’)(exp_”t) a>0

(Exponential decay)

= Students-t distribution decays less fast then the Gaussian
distribution and thus has heavier tails/tailmasses and does
not get so easily influenced by noise.

Thus if we know that our model contains outliers/noise, we
should use student’s t distribution.

4. Proofs

Proof 4.2 4.12: From eq. (4.12) it follows that the response
variables are uncorrelated given the explanatory variables
Cov [Y;, Y;|X] = 0. Hence we have i.i.d. samples with a cor-
responding conditional (log-)likelihood given by:

n

n
i.i.d. ~
La(yX,0) "= [ o(xiswil0) = [ N(8Txs,07)

i=1 i=1
o 1 (yi — BTx;)?
= —  exp -2 T%
im1 Vo22rm 202
i=
_n 1 2
— (52 2 Tx.)2
=|0o 271') ex: b i — x
( pl-5 Z (vi i)
i=1
n n 1 n
__ 2_ T - S AT x )2
In (y|X, 0) = 3 Ino 5 In 27 252 .Zl (vi x;)
i=

Proof 4.3 Definition 4.14:
€ arg min —1,, (y|X, 0)
€RP

1 n
. 2
argmmﬁ Z (yi — ATx;)
eRP i1
= arg min
eRP
= argmin (y - X5)T (y — X)
€RP

1 T
ﬁ(y—x )T (y —X5)

* !
PRai (—zyTx+2xTx *) =0
=XTXp* = XTy




Note: *

vy = XN)T (y —Xp)
=y'y -y X0+ (XN)Ty — (X3)T(X0)

Example 4.2 Simple Linear Quadratic Regression:
1 x1 mi

1 z2 x3 1
X=|: =72
o : 2

p=3

=yTy —2yTXp + pTXT(XP)
o o
—Mx =M and —xTMx=(M+MT)x (4.46)
ox ox
If we let M = XTX then it follows:
= TXT(XA) = (XTX + (XTX)T)g = 2XTX
Thus 2
0=?(Y—X)T(y—x)=2XT(X -y) (4.47)
Proof 4.4; [def-4.13]
sq(X,y) = (y = XA)T (y — Xp)

YTy —yTXo+ (X)) Ty — (X3)T(X0)
=yTy —2y"Xp + sTXT(X3)

0
0= a—lsq(X,y) =2XTX3 —2XTy = 2XT (X3 —y)
Note
% . (59.134
— BTXT(xp) *? (2130 xTx 4 (XTX)T)A = 2XTX
o
Proof 4.5: Corollary 4.2
(X8 —y) 1L R(X)
— (XA)T(Xp—y)=0 VAeR
—= XT(Xf—-y)=0
where X = {x; 1,...,%:,,,} is the “basis” of the Range space:
(Xp=y)Tx, ;=0 Vi=1,...,

Proof 4.6 Corollary 4.3: From [i‘d' 4':3] it follows: _
XTY = XTX[J =3TXTX = (X3)TX

— (Y-X)X =rTX =0

Proof 4.7 Property 4.4: 7 an unbiased estimator of
5= (XTX) 7T XTy = (XTX)TIXT(XE + ¢)
+(XTX)7IXTe

Ec[F] = E[F] + B[(XTX) "X T¢]
+ (XTX)TIXT B[] =
o)
=0
Proof 4.8 Property 4.4: Covariance o2(XTX)™1:
_ i=V[ae] -0
=0
Cov [] = Cov [A] + Cov [(XTX)*IXT(] = E[(ce)?] — E[ve]?

= E[(0e)T ()] = E [(xTxrleuTx(me]
= (XTX) T 'XTE [eeT] X(XTX)
IXTX)TIXTX(XTX) = 0 2(XTX) !

Proof 4.9 Property 4.5: ¥ an unbiased estimator of y:
C e ape _— eq. (4.25) ;
Ec[y] = E[XP + €] = XE[F] +0 = X3 =E[y]

Proof 4.10 Theorem 4.3: [ is a linear operator w.r.t. to y:
A=(XTX)"1XTy =: Cy = C(Xp)
=8+ (XTX) !1XTe =: Ce +

5. Examples

Example 4.1 Simple Linear Regression:
1 x
1o

p=2 .

i a2




Classification

6. Intro

6.3.3. Soft vs. Hard Labels

D:

,(‘I\'}}

Definition 4.19 Training Data

D::{(xi:yi) | xiex cRYy ey :={c1,...

Definition 4.27 Hard Labels/Targets: Are observations

y € Y that are consider as true observations. We can encode

them using a one hot encodingldef 426];
Yy = CL Eaad

y=ey (4.52)

Definition 4.20 Classifier
Is a mapping that maps the features into classes:

c: X —>)Y

c:

(4.48)

Definition 4.28 Soft Labels/Targets: Are observations
€ Y that are consider as noisy observations or probabilities

. We can encode them using a probabilistic vectorldef- 59711
y = [ Loeeeenns 1\»]T (4.53)

Definition 4.21 Dichotomy:

Given a set § = {s1,..., sy} a dichotomy is partition of the

set S into two subsets A, A that satisfy:

o Collectively/jointly exhaustiveness:
s=4a0uAC (4.49)

o Mutual exclusivity:

seA — s¢ AC Vse S (4.50)

Corollary 4.8 Hard labels as special case: If we consider
hard targets[d“‘ 427 as events with probability one then we
can think of them as a special case of the soft labels.

Explanation 4.4 (proposition 4.4).

We transform the input s.t. the separating hyper-plane puts
all labels on the same “positive” side wTx > 0.

02 C2
° o
oq Cq %
Ooo %o oO Normalization 00 Lo

o

°o o 0° oo
) €T ) <] o

oo Oo

Corollary 4. 10 MLE for Logistic Regression:
In(w) = 2 I = Z log (1 +exp(—y; - w x'zi))

i=1 i=1

(4.61)

Stochastic Gradient Descent

The logistic loss [; is a convex function. Thus we can use con-
vex optimization techniques s.a. SGD in order to minimize the
objective [cor 4101,

7. Binary Classification

{_13 1}

1. Linear Classification

Definition 4.29 Linear Dichotomy:

Explanation 4.1.
parts A and A°.

Nothing can belong simultaneously to both

Types of Classification

Definition 4.22 Binaray Classification:

Is a classification problem where
the labels are binary:

Y ={c1,c2} ={-1,1}  (4.51)

Corollary 4.9 : How can we achieve this in practice?
If Y = {—1, 1} then we can simply multiply with the label y;:
wix >0 Vy=+1

Vy = —1

— wTix-g>0 Vy

wTx <0

Definition 4.36 proof 4.13
Logistic Loss Gradient Vwl(w):
wli(w) = FHY = —ylx,w) - (—yx)
= —  (—yx) (4.62)

1+ exp(ywTx)

Definition 4.30 Linear Classiﬁer' A linear classifier is a
classifier ¢ that assigns labels § to samples x; using a linear
decision bounda'ry/hype?‘plane[dEf 59151,

creHt
co € H™

N if wix >0
y =c(x;) = T < 6 (4.54)

8. Logistic Regression Bern(y; o (wTx, 02))

Types of Categorical Data

Definition 4.23 Nominal/Categorical Data:
Is data where variables belong to a finite set of classes
{c1,...,cx} that do not have any ordering.

Definition 4.24 Ordinal Data:

Is data where variables belong to a finite discrete set of classes
{c1,...,ci} that are ordered/do have an ranking between
each other i.e. numbers.

Encodings
6.3.1. Ordinal Encoding

Definition 4.25 Ordinal Encdoing:

Each category gets assigned an integer values to introduce an
order to the data.

Usage: for ordinal data, where we want to preserve order.

Explanation 4.2 (Definition 4.30).

_— c(x) =wTx+ 0
J/decision boundary =wTx—0
(x)=0

c(x) >0

eight vector w

arbitrary
N 7
point x
O

Idea: in order to classify dichotomies!®®" +?1 we use a distri-
bution that maps probabilities to a binary values 0/1

= Bernoulli Distributionld" 6:22],

Problem: we need to convert/translate distance wTx into
probability in order to use a bernouli distribution.

Idea: use a sigmoidal function to convert distances z := wTx
into probabilities = Logistic Function!d®f 4:33]

(Y = 1|x, w) = o(wTx)

Explanation 4.6.
Vwlhi(w) =Y = —ylx,w) - (=yx)ocVwlp (W)
The logistic loss |} is equal to the hinge loss l}, but weighted by
the probability of beeing in the wrong class (Y = —1|x,w).
Thus the more likely we are in the wrong class the bigger the
step we take:
(Y = —ylg = wTx) = {T take big step
| take small step

Algorithm 4.1 Vanilla SGD for Logistic Regression:
Initalize: w

1: for 1,2...,7T do
23 Pick (x,y) unif. at randomn from data D
3: Y = —ylx,w) = (1+exp(1y-wa)) =0 (y-wTx)

> compute prob. of misclassif. with cur. model
4: w=w + tyxo (y - wTx)
5: end for

Making Predictions

c(x) <0

« The b € R corresponds to the offset of the decision surface
from the origin, otherwise the decision surface would have
to pass through the origin.

+ LY =1w) ~ 1 1
+ +
_ 0\1 +
- & W + 0.5
- )\x
%s
(Y =1|x,w) ~ 0 0 wTx
1. Logistic Function
Definition 4.33 Sigmoid/Logistic Function:
1
o(2) = = - -
14+e—*? 1 + enes. dist. from deci. boundary
(4.58)

Given an optimal parameter vector W found by algorithm 4.1
we can predict the output of a new label by eq. (4.59):
1

« w € R? is the normal unit vector of the decision surface.
Its components {wj }j:1 correspond to the importance of

each feature/dimension.

Cons

« models such as neural networks output a continues value,
thus we are in fact treating a mulit-class classification
problem as regression problem.

Explanation 4.3 (Threshold ¢ vs. Bias 0). The offset is called
bias if it is considered as part of the classifier wTx + b and as

Explanation 4.5 (Sigmoid/Logistic Function).

0 — z large
o(z) =41 if z large
0.5 z=0

threshold if it is considered to be part of the hyperplane 6 = —b,

2. Logistic Regression

but its just a matter of definition.

6.3.2. One Hot Encoding

Definition 4.26 One-hot encoding/representation:

Is the representation/encoding of the /K categories
{rvl,.“,r'K}} by a sparse vectors!d°® 5970 with one non-

zero entry, where the index j of the non-zero entry indicates

the class c;:
n
xy=

i=1

yi =€; Yi = ¢

Usage: for data where we do not want any order.

B" ={ye{0,1}":yTy =

s.t. —

Definition 4.81 (Normalized) Classification Criterion:

Definition 4.34 Logistic Regression:

models the likelihood of the output y as a Bernoulli
Distribution/@°® 96221  ~ Bern(p), where the probability 1 is
given by the Sigmoid function(?® 433 of a linear regression:

MNIST

I.e. for digit recognition we should treat our numbers as a set
we do care that a 9 is classified as 9 but do not care that it
comes after an .

T — wT
wix=wlxy >0 V(x,y) €D (4.55) 1 ; iy = 41
(y|x, w) =Bern (0(wTx)) = ItemwWix
Definition 4.32 Linear Separable Data set: A data set 1-— ﬁ ify =—1
is linearly separable if there exists a separating hyperplane H 77 411 1 1te
s.t. each label can be assigned correctly: o ='1 e —— (7y . wa) (4.59)
9= c(x) = V(x,y) €D (4.56) 1+ exp(—y - wTx)
7.1.1. Normalization 8.2.1. Maximum Likelihood Estimate
Proposition 4.3 Including the Offset: In order to simplify Definition 435 Logistic Loss [; proof 4.12:
notation the offset is usually included into the parameter vec- Is the objective we want Clon
tor: to minimize when performing i : i ,;'
w x mleldef 631 for a logistic re- L1
w1\ *x—l1 gression likelihood and incurs ip Iy
- higher cost for samples closer
= wix = (wT w“r)(l) =wTx+0 to the decision boundary: ywTx
I (w;x,y) : = log (1 4+ exp(—y - wTx)) (4.60)

Proposition 4.4 Uniform Classification Criterion:
In order to avoid the case distinction in the classification cri-
terion of eq. (4.54) we may transform the input samples by:

. T 0
%= x if wTx > (4.57)

—x ifwTx <0

z for large z
0 for small z

ylx,w) = —mMmm888 4.63
(whe, W) 1+ exp (—ywTx) ( )
Drawback
Logistic regression, does not tell (¥ = 1]x') ~
us anything about the liklihood 7o
(x) of a point, thus it will not be o ©° 06
able to detect outliers, as it will %0 °oo %9
3 q A o o o
assign a very high probability to Yo o o
all correctly classfied points, far © o 9%°
from the decsion boundary. °
8.2.2. Maximum a-Posteriori Estimates
3. Logistic regression and regularization
Adding Priors to Logistic Liklihood
« L2 (Gaussian prior):
n
argmin ). log (1 + EXP(—inTxi)) + Allwli3
4 i=1
« L1 (Laplace prior):
n
i — W X
argmin ). log (1 + exp(—y;w x@)) + Allwll1
s i=1
+ Generalized:
n
W = arg min Z log (1 4P exp(fyinxi)) + AC(w)
W =1
= argmax I'(w|X,Y)
w

oclog(l +e”) = {




4. SGD for L2-gregularized logistic regression

Initalize: w
1: for 1,2...,T do

2: Pick (x, y) unif. at randomn from data D
9 B = — N —
& Y = —ylx, W) = Grepywt)

> compute prob. of misclassif. with cur. model
4 w=w(l—2000) + neyx (Y = —ylx, w)
5: end for
Thus: w is pulled/shrunken towards zero, depending on the
regularization parameter A > 0

9. Proofs

Proof 4.11: [def 4311 We need to only proof the second expres-
sion, as the first one is fulfilled anyway:

1 1+e” 1 e +1—1 e?

1+e? 14e* 14+ex  l+ex ez +1
1
_1+e*z

Proof 4.12; [def 4.35]
Ip(w) = argmax p(y1:n|X1:n, W) = argmin —log p(Y'[X, w)

w w
i.i.d n
1.1.d. .
= argmin Z —log p(yilxi, w)
w1
eq. (4.59) 1
= — log

1+ exp(—y; - wTx;)
log (1 + exp(—y; - wTx;)) =: [;(w)

Proof 4.13: [del;' 4.36]
Vwlp(w) =6_ log (1 + exp(—y - w'x))
w
C.R. 1 o
= (1+4exp(—y -wTx
(1 + exp(—y-wTx)) ow ( p(-y )
C.R. 1

[

T emp(y w2y W0 (v
_e Z(zym) —yz _ —yz
(1+ e %) e*(l+ e %) (e% + e—2t2)

“owl w1 v
. (4.59) .
Uy -y, w) - (—yx)




Generalized Linear Models (GLMs)
1. Generalized Additive Models (GAMs)

Definition 5.1 gadd : RP —» R
Generalized Additive Models (GAM):

Are generalized linear model where the response variable de-
pends linearly on unknown smooth functions g; s.t.:

g; :R—R

vie{l,...,
Sloy@n)=o S

P
gadd(x) = 1+ 2 gi(z;)
Jj=1
' (5.1)

Pros
« Does not suffer from the curse of dimensionality.

Cons
+ does not allow for interaction terms such as g; ;. (z;, z}).
>

1. Backfitting



Model Parameter Estimation

1. Maximum Likelihood Estimation
1. Likelihood Function

Definition 6.2 Log Likelihood Function 1, : © x R™ - R:

10 (0]X) = log Ly (6]X) = log / (X|6) (6.2)

Is a method for estimating the parameters 6 of a model
that agree best with observed data {zi,...,zn}. Let:
6 = (Hl 9k)T € ®RF vector of unknown model parame-
ters.

Consider: a probability density/mass function [ x (x;0)

Definition 6.1 Likelihood Function L, : © x R™ Ry:
Let X = {x;}]' ; be a random sample of i.i.d. data points
drawn from an unknown probability distribution x; ~ px.
The likelihood function gives the likelihood/probability of the
joint probability of the data {x1,...,xn} given a fixed set of
model parameters 0:

Ln (0]1X) = Ln (0;X) = [ (X|0) =

(X;0) (6.1)

<y Xp)

(O%1, -

Observation zj;:

Ln

0% 0
Figure 5: Possible Likelihood function in pink.
Overlayed: possible candidate functions for Gaus-
sian model explaining the observations.

Corollary 6.2 i.i.d. data: Differentiating the product of n-

Terms with the help of the chain rule leads often to complex

terms. As a result one usually prefers maximizing the log

(especially for exponential terms), as it does not change the

argmaz—eq. (54.66):

x| 0) = log | [ £(x419)
i=1

= Y log /(x4]0)

1=1

log [ (x1,...

Corollary 6.3 The prior is independent of the data: The

prior p(6) models a prior belief/bias and is thus independent
of the data D = {X, V}:

©1%) = 1(0) (6.6)
Definition 6.7 Hyperparameters A (0):

In most cases the prior distribution are parameterized that is
the pdf 7(0|\) depends on a set of parameters A.
The parameters of the prior distribution, are called hyper-
parameters and are supplied due to believe/prior knowledge
(and do not depend on the data) see example 6.1

2. Posterior Distribution

Definition 6.3 Maximum Likelihood Estimator 0%

Is the estimator 6% € © that maximizes the likelihood of the

model/predictor:

0¥ = arg maxly (0;x) (6.3)
f0e®

0% = argmax Ly (0;x)
6e®

or

3. Maximization vs. Minimization

Definition 6.8 Posterior Distribution (0|data):
The posterior distribution p(0|data) is a probability distribu-
tion that describes the relationship of a unknown parameter
6 a posterior/after observing evidence of a random quantity
Z that is in a relation with 6:
(0|data) =

(012) (6.7)

For optimization problems we minimize by convention.

The logarithm is a concave function!det 54251 ~ " thus if we cal-
culate the extremal point we will obtain a maximum.

If we want to calculate a mimimum instead (i.e. in order to
be compatible with some computer algorithm) we can convert
the function into a convex functionsection 5 U by multiplying
it by minus one and consider it as a loss function instead of a
likelihood.

Likelihood function is not a pdf

The likelihood function by default not a probability density
function and may not even be differentiable. However if it is,
then it may be normalized to one.

Definition 6.4 Negative Log-likelihood
*
Z]

—1n (6]X):
= argmaxl, (¢|X) = argmin —1, (9|X) (6.4)

6e® 6e®

4. Conditional Maximum Likelihood Estimation

Corollary 6.1 i.i.d. data: If the n-data points of our sample
are i.i.d. then the likelihood function can be decomposed into
a product of n-terms:

Observation z;: e (X1, ..., %n|0)

(%23 0) (x:10) *

Figure 6: Bottom: probability distributions of the different
data points x; given a fixed 6 for a Gaussian distri-
bution
Top: joint probability distribution of the i.i.d. data
points {x;}7* ; given a fixed 0

n

[T 7Gxilo)

i=1

ii.d.
(x1,--.,%n|0) =

Maximum likelihood estimation can also be used for condi-

tional distributions.

Assume the labels y; are drawn i.i.d. from a unknown true

conditional probability distribution Y|X and we are given a

data set Z = {(xi,yi) e R x R}n .
i=

Now we want to find the parameters 0 = (01 (’k)T c ORF

of a hypothesis AY‘X that agree best with the given data Z.

Definition 6.9

Posterior Distribution and Bayes Theorem:
Using Bayes theorem 65.3 we can write the posterior distri-
bution as a product of the likelihood!d" ®!1 weighted with our

[proof 22.1]

prior!d°t 661 and normalized by the evidence Z = {X,y} s.t.
we obtain a real probability distribution:
(219) - v (9)
(0|data) = p(0|Z) = (6.8)
(2)
Liklihood - Prior
Posterior = ——m8M8M8 (6.9)
Normalization
(¥19,X) - 02 (@)
(01X, y) = - (6.10)
(¥1X)

2.2.1. Maximization —-MAP

‘We do not care about the full posterior probability distribu-
tion as in Bayesian Inference (section 3). We only want to
find a point estimator 77 0% that maximizes the posterior
distribution.

2.2.2. Maximization

Note

For simplicity we omit the hat "~ of our model Ay|X and sim-

Notation

« The probability density / (X|0) is considered for a fixed &
and thus as a function of the samples.

« The likelihood function on the other hand is considered as a,
function over parameter values 0 for a fixed sample {xi);;l
and thus written as Ly, (8|X).

« Often the colon symbol ; is written instead of the is given
symbol | in order to indicate that € resp. X is a parameter
and not a randomn variable.

2. Maximum Likelihood Estimation (MLE)

Definition 6.10

Maximum a-Posteriori Estimates (MAP):

Is model/parameters 0 that maximize the posterior probabil-
ity distribution:

ply assume that our data is generated by some data generating * _
probability distribution. eMAP - arg;nax (01X, y) (6.11)
Definition 6.5 Conditional (log) likelihood function: Log-MAP estimator:
Models the liklihood of a model with parameters 6 given the *
07 = argmax 01X 6.12
prvia i S v g max (1(01X,¥)) (6.12)
Lo (0, X) = L (6; Y, X) = [(Y]X, 0) = [ (Y|X;0) (91X, 6) - 11 ()
- r— - - = argmax{ —— MM ————
2. Maximum a posteriori estimation (MAP) 0 (y|X)
eq. (54.63)
fcea o arg max{ (ylo,X) - A(U)}
We have seen (?7?), that trading/increasing a bit of bias can 2]
lead to a big reduction of variance of the generalization error.
We also know that the least squares MLE is unbiased (77?). Corollary 6.4 Negative Log MAP:
Thus the question arises if we can introduce a bit of bias into 0% = arg max {p(0|X,y)} (6.13)

the MLE in turn of decreasing the variance?
= use Bayes rule (?7) to introduce a bias into our model via.
a Prior distribution.

1. Prior Distribution

Let [p(x) be the probability of an i.i.d. sample x for a given
model.

Goal: find 0 of a given model that maximizes the joint prob-
ability/likelihood of the observed data {z1,...,zy}? <
maximum likelihood estimator 6%,

Definition 6.6 Prior (Distribution) 7(0) = p(0):
Assumes: that the model parameters 0 are no longer con-
stant but random variables distributed according to a prior
distribution that models some prior belief/bias that we have
about the model:

0~ () =

(9) (6.5)

]
Prior Likelihood
= argmin — log p(0) —log p(y]0, X) + log~y1X]
(2]
not depending on 6

3. Examples

Notes

In this section we use the terms model parameters € and model
as synonymous, as the model is fully described by its popula-
tion parameters!def: 3121 g,

Example 6.1 Hyperparameters Gaussian Prior:

1 (0 — p)?
A0 = o2 exp (_ 202 )

2)T'

with the hyperparameter A = (;t o




Dimensionality Reduction



Bayesian Inference/Modeling

Bayesian Filtering

Definition 6.11 Bayesian Inference: So far we only really
looked at point estimators/estimates!d°f 6881,

But what if we are interested not only into the most likely
value but also want to have a notion of the uncertainty
of our prediction? Bayesian inference refers to statistical
inferenceld®® 319 where uncertainty in inferences is quanti-
fied using probability. Thus we usually obtain a distribution
over our parameters and not a single point estimates

= can deduce statistical properties of parameters from their
distributions.

Definition 6.12
Posterior Probability Distribution:

@ Specify the prior p ) (w)
() Specify the likelihood p(y|w, X)/p(D|w)
@ Calculate the evidence p(y|X)/p(D)

@ Calculate the posterior distribution I"(w|y, X)/p(w|D)
(ylw,X) - py(w)  Liklihood - Prior

(wly, X)/p(w|D)

Definition 7.1

Recursive Bayesian Estimation/Filtering: Is a tech-
nique for estimating the an unknown probability distribution
recursively over time by a measurement-9°" 73 and a process-
modell?" 72l using Bayesian inferencelde 111,

Observed Y1 Y2 Y3 Ya

I 1

Hidden X | m—p X e KX 3 e X | = @ ® ®

Figure 7: This problem corresponds to a hidden Markov model
(HMM)[def, 14.1]

xt = (®t,1 Tt,n) ye = (Yt,1 Yt,m)

Algorithm 7.1 Optimal Bayesian Filtering:

1: Input: (x0)
2: while Stopping Criterion not full-filed do
3 Prediction Step:
1
(xtly1:¢) = = (yelxe)p(xely1:6—1)
t
4: Update Step:

(xelyaie—1) = [ pGxexe—1)pGre-1lyae1) dxioy
with:
Z4 =j (Y lxe)p(xely1p—1) dxe

5: end while

Note

Comes from the idea that spam can be filtered out by the
probability of certain words.

Corollary 7.3 [proof 10.6]
Joint Probability Distribution of (HMM): we can also
calculate the joint probability distribution of the (HMM):

t

(%1:6,¥1:¢) = p(x0)p(yalx1) [ pGrilxi—1)p(yslxi) (7.7)
i=2

(wly, X) =

Normalization

¥IX)

Definition 6.13 (¥I1X)/0(DP)
Marginal Likelihood [see proof 10.2]:
is the normalization constant that makes sure that the poste-
rior distribution[®® 612 is an true probability distribution:
(y|X) = f (y|lw,X) - pr(w)dw = jLikelihood - Prior dw

(6.14)

Definition 7.2 (x¢|%x¢—1)
Process/Motion/Dynamic Model: is a model g of how
our system state x; evolves and is usually fraught with some
uncertainty.

Xt41 ™~

Note

It is called marginal likelihood as we marginalize over w.

Corollary 7.1 Markov Property x; 1 xj.4_2|x;—1: The
process models!®" 72 is Markovian!?® 6914 j e  the current
state depends only on the previous state:

(xelx1:4—1) = pGeelxe—1) (7.1)

Example 7.1 Types of Bayesian Filtering:

« Kalman Filter: assumes a linear system, ¢, h are linear
and Gaussian noise v, w.

« Extended Kalman Filter: assumes a non-linear system,
g, h are non-linear and Gaussian noise v, w.

« Particle Filter: assumes a non-linear system ¢, h are non-
linear and Non-Gaussian noise v, w, especially multi-modal
distributions.

1. Kalman Filters

Definition 6.14 Posterior Marginal Distribution: Is the
posterior distribution of single elements of our thought after
parameter vector:

(wily,X) = J (ylw,X)dw_; i=1,...dim(w) (6.15)

Definition 7.3 v ~ p(yelxe)
Measurement/Sensor—Model/Likelihood: is a model h
that maps observations/sensor measurements of our model y;
to the model state x¢

Definition 7.7 Kalman Filter Assumptions: Assumes a
linear!d°t %4151 process modell" 721 g with Gaussian model-
noise v and a linear measurement model@" 73 h with Gaus-
sian process-noise w.

Definition 6.15 (Fylxs, X, y)/0(fx|y) [see proof 10.1]
Posterior Predictive Distribution:
is the distribution of a real process f (i.e. f(z) = xTw) given:
« new observation(s) xx
« the posterior distribution!?®" ¢12] of the observed data
D ={X,y}
The likelihood of a real process fy

(Fglxg, X, y) = f (F|xg, w) - p(w|X,y)dw (6.16)

it is calculated by weighting the likelihood[@" ©11 of the new

observation x4 with the posterior of the observed data and
averaging over all parameter values w.
=> obtain a distribution not depending on w.

Corollary 7.2 e Lyrp—1¥1:e—1lx¢
Conditional Independent Measurements: The measure-
ments y; are conditionally independent of the previous obser-
vations yq.; 1 given the current state x:

(Yelyiie—1:%xe) = p(yelxe) (7.2)

Goal

‘We want to combine the process modell®" 72l and the mea-
surement modell@® 73 in a recursive way to obtain a good

Definition 7.8 Kalman Filter Model:

Process Model (7.8)
‘ x[k] = A[k — 1x[k — 1] + u[k — 1] + v[k — 1] |  with
x[0] ~ N (x0, Po) and v N0, @)y
Measuremnt Model (7.9)

‘ z[k] = H[k]x[k] + w[k — 1] with  w[k] ~ N (0O, R(M)

Note f vs. y

« Usually f denotes the model i.e.:
f(x) = xTw or f(x) = d(x)Tw
and y the model plus the noise y = f(x) + e.
« Sometime people also write only: p(yy|xx,X,y)

4. Types of Uncertainty

estimate of our model state: N) (k) (k) [« (F)
(xtlx¢—1) (xelyree) (xt411y1:t) ( | ) Tp =Rl ] and Pp =V [xP ] (7.10)
XtlY1:t) —— > Xt+11Y1:t+1 A~ (k k k T k
(yelxt) recursion rule “Lin) = <[x( )] and Pgn,) =V [x< )] (7.11)
Definition 7.4 Chapman-Kolmogorov eq. (xt]¥1:6—-1) Note
Prior Update/Prediction Step [proof 10.3]: The CRVs xg, {v(:)},{w(:)} are mutually independent.

(xt‘)'l:t—l):f (xelxe—1)p(xe—1ly1:p—1) dxe—1  (7.3)

Prior Distribution:

Definition 6.16 Epistemic/Systematic Uncertainty:

Is the uncertainty that is due to things that one could in
principle know but does not i.e. only having a finite sub
sample of the data. The epistemic noise will decrease the
more data we have.

(x0lyo—1) = p(x0) = 1o (7.4)
Definition 7.5 (x¢t|y¥1.¢)
Posterior Distribution/Update Step [proof 10.4]:
Ceelyrie) = =0 (elxe) pOcelyie—1) (7.5)
AL il

Definition 7.6 Normalization

Z; =

[see proof 10.5]:

el = [ ol Galyr ) dxe (7.6)

Definition 6.17 Aleatoric/Statistical Uncertainty:

Is the uncertainty of an underlying random process/model.
The aleatroic uncertainty stems from the fact that we are
create random process models. If we run our trained model
multiple times with the same input X data we will end up
with different outcomes §.

The aleatoric noise is irreducible as it is an underlying part of
probabilistic models.




Gaussian Processes (GP)

1. Gaussian Process Regression

1. Gaussian Linear Regression

Approximate Inference

Problem

Given

@ Linear Model with Gaussian Noise:
f(x)=wTx
y=f(x)+¢

= Gaussian Likelihood:

@ Gaussian Prior:

e~ N (o, ail) (8.1)
(yIX, w) =N (Xw7 U?LI)
(w) =N (0,%p)

Sought
@ Posterior Distribution: (wly, X)
@ Posterior Predictive Distribution: (Faelxg, X, y)

(wly,X) =N (p,w, ‘ﬁ\;l)
proof 10.7:

T 1
XX+ Zp

Definition 8.1

Posterior Distribution

p— 1 \_1X b —
pw = —5 Yy Xy w =
O-TL

q
:ml =

In statistical inference we often want to calculate integrals of
probability distributions i.e.
« Expectations

Ex~y [900] = [9(@)n(2) do
« Normalization constants:

(Ol =2 5(0,3) = ZHDPO) _ px10)0(0)

z (v)
z = [ pwleyp(©) a6 = [ p(0) T] plwilxs, 6) a0
i=1

For non-linear distributions this integrals are in general in-
tractable which may be due to the fact that there exist no an-
alytic form of the distribution we want to integrate or highly
dimensional latent spaces that prohibits numerical integration
(curse of dimensionality).

Definition 9.5 [proof 10.12]
ELBO-Optimization Problem:
a* e argmin KL (¢, (9) || p(9]y))
{/\:q/\EQ}
= argmax Bg.,, [log (v, 0)] + H(a)) (9.4)
{A:q)\€Q}
= argmax Eg, [logp(y|0)] — KL(ax(0) || p(9)) (9.5)
{\:q)€Q}
:= argmax ELBO()\) (9.6)
{r:q,eQ}

Definition 9.8

Reparameterized ELBO Gradient!def 971,

By using the reparameterization trick principle 9.1 we can

write the gradient of the ELBO as:

V.L(\) = V,ELBO()) (9.13)
= ViEg~g, [ogn(le)] — VAKL(a: (9) || 0(6))

=FEcvg [Valogp(ylg(e; 2)] = VAKL(gx (9) || 0(9))

[example 10.3]

Attention: Sometimes people write simply
and (-) for prior.

for the posterior

Definition 9.1 Approximate Inference: Is the procedure
of finding an probability distribution g that approximates a
true probability distribution p as well as possible.

Explanation 9.1.
o eq. (9.4):
o prefer uncertain approzimations i.e. we mazimize H(q)
e that jointly make the joint posterior likely
e eq. (9.6): Ezpected likelihood of our posterior over q minus
a regularization term that makes sure that we are not too far
away from the prior.

3. Expected Lower Bound of Evidence (ELBO)

Note

We could also use a prior with non-zero mean

(w) =

1. Variational Inference

Definition 9.2 Bayes Variational Inference:

Definition 9.6 [example 10.2]/[proof 10.13]
Expected Lower Bound of Evidence (ELBO):
The evidence lower bound is a bound on the log prior:

Corollary 9.2
Reparameterized ELBO for Gaussians:
Lets assume a Gaussian distribution for our approximate dis-
tribution: ¢ and lets use a normal distribution for ¢(e):
0 ~ q(B|N\) = N (05, 22) = A=[p ¥
e~ () = N(c30,)
Then it follows for the ELBO:
V.L(\) = V,ELBO())
VaEg~g, [logp(y|0)] — VAKL(gx(0) ||
Ecnr(o,1) [V, log p(yICe + )]
= Ve, KL (ac,u Il P(9))
m
J )
> Vao,u log (m_l |Cce’ + u,x1,j)
Jj=1
— Ve, uKL (ac,u | 0(9))

[proof 10.3]

(9.14)
)

n

14

m

2. Markov Chain Monte Carlos Methods

Definition 9.9
Markov Chain Monte Carlo (MCMC) Methods:

3. Integrated Nested Laplace Approximation

P N .
j;\.?(“” \‘P) but by convention w.o.l.g. we use zero mean see Given an unormalized (posterior) probability distribution: ELBO (4,) < logn(y) (9.7)
— - - (0]y) = E 0, v) (9.1) 1.3.1. Maximizing The ELBO
Definition 8.2 (fxlxg, X, y) =N (l‘*’ *) . . L. . . || Definition 9.7 Gradient of the ELBO Loss:
Posterior Predictive Distribution proof 10.8: BVI seeks an approzimate probability distribution ¢, , that is V\L(\) = V, ELBO()\) (9.8)
1 o1 - o1 parameterized by a variational parameter A and approximates
g = —Xg Xy = X X B2 (0ly) well. = Vo [Bomq, gy, )] + H(ay)]
2. Kernelized Gaussian Linear Regression Definition 9.3 Variational Family of Distributions Q: =V, [JE9~:1A [log v(y|0)] — KL(gx(9) |l (0))]
Definition 8.3 Posterior Predictive Distribution: a set of probability distributions @ that is parameterized by = ViEo~q, [log p(y]0)] — VAKL(gx (9) || p(6))
r \ h iati Ad 11 iati 1 familiy.
(f* \x* X, y) =N (“* R L*) (8.3) the same variational parameter X is called a variational familiy. e
s (8.4)| 1. Laplace Approximation

Definition 8.4 Gaussian Process:

2. Model Selection
1. Marginal Likelihood

Definition 9.4 [example 10.1], [proof 10.9,10.10,10.11]
Laplace Approximation: Tries to approximate a desired
probability distribution p(€|D) by a Gaussian probability dis-
tribution:

Q={ax(0) =N (N} =N (1, 2)} (9:2)
the distribution is given by:
a(0) = c- N (0571, A2) (9-3)

A1 = 0 = argmax 91y)
with o R ~
g =v=H"1 (9) = —VVy,log p(dy)

Note

The name Laplace Approzimation comes from its inventor
Pierre-Simon Laplace.

In order to use SGD we need to evaluate the gradient of the
loss:

L om
VAE O3 %)] = E[Vanp U0 0)] = — 3] Vaen 1 (05%5)
i=1

however in eq. (9.8) only the second term can be derived eas-
ily. For the first term we cannot move the gradient inside
the expectation as the expectations depends on the parame-
ter w.r.t. which we differentiate:

VEonqy Hogp(v10)] = o [ ax logn(vle) 40

Solutions:
+ Score Gradients
« Reparameterization Trick: reparameterize a function
s.t. it depends on another parameter and reformulate
it s.t. it still returns the same value.

i=at Y D () + Y ez + e (9.15)
Jj=1 k=1
(x, 0)p(y) = p(x) (9.16)
(xily) = [ v(=:10,y)0(Oly) 4O

= Bxily) = [ Blaslo, y)nely) a0
@51 = [ oely) a0
—15(651y) = [ Bely) a0,
(z;160,y) and p(fly) are approximated and the posterior

marginal densities are then calculated using numerical inte-
gration:

Note

The numerical integration is possible if # is small i.e.
dim(0) < 5.

m =

4. Approximationing p(fly) and p(z;ly)

Corollary 9.1 : Taylor approximation of a function p(f|y) €

¢” around its mode & naturally induces a Gaussian approxi-
mation. See proofs 10.9,10.10,10.11

4. The Reparameterization Trick

2. Black Box Stochastic Variational Inference

The most common way of finding ¢ is by minimizing the KL-

divergence[d“f' 38l between our approximate distribution ¢ and

our true posterior

¢* € argmin KL (¢(9) ||
qEQ

(?ly)) = argmin KL(q (¢) ||
reRd

©1y))

Note

Usually we want to minimize KL (p(9]y) || ¢(¢)) but this is
often infeasible s.t. we only minimize KL (¢(?) || p(¢]y))

Principle 9.1 [proof 10.14]
Reparameterization Trick: Let ¢ be some base distribu-
tion from which we can sample and assume there exist an
invertible function g s.t. & = g(e, A\) then we can write 6 in
terms of a new distribution parameterized by ¢ ~ ¢(¢):

0~ q(0])) = ()| Veg(es )|} (9.9)
we can then write by the law of the unconscious statistician
law 65.6:

Eg~g, [logp(yl0)] = Ecry [logp(ylg(e; A))]
= the expectations does
pull in the gradient!

VEo~q, log ()]

(9.10)

not longer depend on A\ and we can

VaEc~g Hogp(ylg(e; A))]  (9.11)
Eeng [V logp(ylg((e;2)))](9.12)

(3, 0,) = p(x16, (0, ¥) = p(x10, )" (Oly)o(¥)
N (x,0,y) (x,0,y)
(7] =
T PO S 6300 T 103 |y o)

1. Marginal Posterior of the latent field p(x;|y) are calculated
by first approximating p(0]y):
r 2
©Oly)e = N (245 1:(6), o2 (9))
and then numerical integration w.r.t. 0:
Bxily) = ) pa (Brly)B (Orly) Ay
I3

Note

T(fly) is usually quiet different from a Gaussian s.t. the Gaus-
sian approximation alone is not really sufficient.




Bayesian Neural Networks (BNN)

Definition 10.1 Bayesian Neural Networks (BNN):
@ Model the prior over our weights 6 = [W(J ------- WL]
by a neural network:

) F=Flo...oF!
0~ py(0)=F with FI:LFOFI:\;(W[X+ ,)
(0)
k,j

(9 with a2 = ¢ {2V} it follows:

w({o?‘ = pw (A1 ,,7) =N (Wr,_'/ ) Uf’,i)

OO
NI\
RO

O O ‘V@
)

for each weight w of input x; with weight on the hid-

den variable z

Figure 8

@ The parameters of likelihood function are modeled by the
output of the network:
(y|F(0,X)) see example 10.4 (10.1)

Note

Recall for normal Bayesian Linear regression we had:

Problem

All the weights of the prior p) (0) = F are correlated in some
complex way see Figure 8. Thus even if the prior and like-
lihood are simple, the posterior will be not. = need to ap-
proximate the posterior p (f|y, X) i.e. by fitting a Gaussian
distribution to each weight of the posterior neural network.

0.0.1. MAP estimates for BNN

Definition 10.2 BNN MAP Estimate:
We need to do a forward pass for each x; in order to obtain
p(x;;0) and o (%3 0)2:
. (6.13
0% =arg max {p(0|X,y)} =q- (8 ) arg min /\H(~)||§
2] 2]

n
1 2 1 2
-2 =y — ;01 + Elogf’(xw;‘))

i 20 (x;;0)?
i=1

Explanation 10.1. /4 102

. % log o (x;; (1)2: tries to force neural network to predict small
uncertainty
A llyi — p(xi50)
20 (x;;0)

predict accurately but if this is not possible for certain data
points the network can attenuate the loss to a larger variance.

2
I

.

: tries to force neural network to

Definition 10.3 proof 10.15
MAP Gradient of BNN:
n
Opp1 = 0p (1 —2X0¢) — 1tV Y logp(yslxi, 0)  (10.2)
i=1

2. Making Predictions

|Proposition 10.1 Title:

1. Proofs

Note

« The gradients of the objective eq. (10.2) can be calculated
using auto-differentiation techniques e.g. Pytorch or Ten-
sorflow.

« The BNN MAP estimate fails to predict epistemic
uncertainty!d® 616 «—— it is overconfident in regions
where we haven not even seen any data.
= need to use Bayesian approach to approximate posterior
distribution.

1. Variational Inference For BNN

‘We use the objective eq. (9.14) as loss in order to perform
back propagation.

Proof 10.1: Definition 6.15:
(Fyg, x5, X, y)

(s, X, y)
Jo(fy, xg, X, y, w) dw

(x%,X,y)
eq. (65.19) §o(Fglxg, X, y, w)o(xx, X, y, w) dw

(x5, X, y)
eq. (65.19) §o(fylxs, X, y, w)p(wixy, X, y) p(x4XK7y) dw
(x4 XTY)

= [l Xy (v, X, y) dw

2 [ s, w)o X, ) dw

(g lxs, X, y) =

Note &
o fy is independent of D = {X,y} given the fixed parameter

w.
« w does only depend on the observed data D = {X,y} and
not the unseen data xy.

Proof 10.7: GP Posterior Distributionld® 8]
(W|D)ocp(Dlw)p(w)

11 T 1 Tv—1
aexp | == —(y = Xw)T(y — Xw) | exp (- w2 "w
2075 2
11
OCexp{—EUT (yTy_ 2wTXTy + wTXTXTw + aiwrx;ﬁw)
n

11
Lexpy—=— (yTy —2wTXTy +wT (XTXT + Ui\l_l)w)
207 —

We know that a Gaussian N (W], \J‘Tvl) should look like:
1
(w|D)oc exp (—E(w — ) T o (W — /I,W)>
1
] G (REMTET SRR )
> follows directly >y, = U;QXXT +3p

1w follows from 2wTX Ty = 2w T35 1y = fw = E‘;lXTy.

Proof 10.8: [def. 8.2] ‘

Proof 10.2: Definition 6.13:
1% =[x dw = [l X)p(wlX) dw

LD L yws X0 (w) dw

Proof 10.3: Definition 7.4:
eq. (65.19)

Gty xt—11¥1:41) = (%t lxt—1, Y109 )0 (Ke—11¥1:69)
independ.
= Geelxe—1)p(xt—1ly1:2,)

marginalization/integration over x;_1 gives the desired result.

Proof 10.4: Definition 7.5:
ca (65.23) [POtIYE Y1 )P elyi—1)
= Yelxts y1:e—1)0(xely1:e—1)

(e, ¥ely1e—1)

[cor. 7.2]

(Yelxe, ¥1:6-1) = (yelxe)

from which follows immediately eq. (7.5).

Proof 10.9: [df 941 [y 4 Bayesian setting we are usually in-
terested in maximizing the log prior+likelihood:

Ly, (0) = log (p(f|y)) = (logPrior + log Likelihood)
we now approximate Ly (0)) by a Taylor approximation
around its maximum 0:

2
Ln(0) = Ln () + %%b((} —n%+o ((a - 6)3)

we can no derive the distribution:
(Oly) ~ exp(Lin (9)) = exp (log (0]y))

- %L
() (355
= V27no2 (9) N (9;@,6) ~ ;,’\f (6;@,(7)

Proof 10.5: Definition 7.6:

(Yelyre—1) = (¥, xt|y1.e—1) dxe

= j (Yelxt, ¥1:0—1)00cely e —1) dxe
[cor. 7.2]
= (Yelxe)p(xe|yp.e—1) dxe

V2mwo2
Notes
« the derivative of the maximum must be zero by definition
oLy,
E

« we approximate the normalization constant % by

V2ra2p(0).

Proof 10.6: [ 73],

. (65.19
ey T X))
law 65.2
2T (e lx 1) DGt xe—1:0) - b (xalx1)p(x1)
t
(7.1
ca 010 <y1;t|x1:t>( o [1 <xi|xi_1)>
2=1
law 65.2

[cor. 7.2]

t
=7 (b)) oelxo) [ o) [T oelxi1)
2=1

i—1)

t
= pilxD)pxa) [] oyilxa)n(xl

2=1

Proof 10.10: 4t 911 2D
VLp(0) = VL (01,02) =0

Ln(9) = L (8) + 5 (AC1 = 01)? + B(oz — 12)°

+C (01 — 01) (02 — 62))

Ln(6) = Lo (8) + (0= 0)" 1 (9) (0 - )
=L, (0) + é@(e)

)

%L, Lo, %Ly,
RFYY ‘é B=7Z0 ‘13 - 3()1(3(}2‘é
I Y

Proof 10.11: [@¢* %4 1_dimensional:

Ln(0) ~ Ln (?)) + (0 - 6)7 VVTL, (f)) (0 _ ?))

H(0) = VVT L, (0) =gt (2))

(0ly) = 4/ (2m)" det(>)) ((7) N ((1; 6, \:)
1

~ C«/(271')" det(2) N (0; 6, :)




Proof 10.12; [def 93]

q™ € argmin KL (¢(0) || p(9]y))
qeQ
Oly)=2%1(0,y) 7(0)
=7argminky., [log T
q z (9,9)

1
= argminly., [log q(0) — log — — log (0, y)]
q Z
= argminEy., — [~ logq(0)] + Eo. HegZ]
q
H(q)
—Eg~g [logp(0,y)]
= argmax g, [logn(6, )] + H(q)
q
= argmax Eg . [log p(0]y) + log p(0) — log q(0)]
q
= argmax g, [log p(0]y)] + KL (¢(0) || p(0))
q

Example 10.2 ELBO Bayesian Logistic Regression:
Suppose:

@ = diag. Gaussians =
() = N(0,T)
Then it follows for the terms of the ELBO:

d
1 2 2 2
KL(ax || 0(0) = 5 > (pi + 02 7171n0'i)

A= [%ll;d U?;d] e R2?

i=1
n
Egng, [PWIO)] = Eong, | )] logp(vil6,x;)
i=1
n
=Eg~g, |~ Z log (1 + exp (—y;07x;))
i=1

Proof 10.13; [def 9:6]

log (y)zlogf (9, 0) 40 = log [ p(yl6)p(6) do

- ©)
— 1o [ (10 — O
s 2O
=loglo g, |P(yl )(“(H)

ca. (65.35) _ 1 0!
Z Lo~q, (108 (vl )qx(”)

©)

=Eo~g, |logp(y]0) —log NG
A

=Eo~qg, [logp(yl0)] — KL (ax [l p(-))

Proof 10.14: principle 9.1 Let:
e~ ¢(e) X ~Ix

correspond to
0 =g(&N) Y ={yly = g(=), Vo € X}
then it follows immediately with formula 65.2:
-1
6 ~ 4x(0) = q(0]3) = 72X
49 (g-1(y))
—1

#(e)|Vegle; N
= parameterized in terms of ¢

Proof 10.15: [def: 10:3]

n
Opp1 = 0¢ — 1t (V log (0) = V ) log p(yi|xi, 0)

i=1
n
=0 — 1 | 200; =V ) log p(yilxi, 6)
i=1
n
=04 (1—2X\ng) — eV Y, log p(yslxi, 0)
i=1

Example 10.3 ELBO Gradient Gaussian: Suppose:
0~ q(0]\) = N(0; 1, 2) = A=[p ¥
e~ ¢(e) = N(¢;0,I)

we can reparameterize using principle 9.1 by using:
0~ g(e,\) =Ce+ p with C: CCT=

from this it follows: (C is the Cholesky factor of >0)

dg(e; A
g O, ) =c=CL0 - p) 296N _ o
e
from this it follows:
#(€) —1
(61N = = s(0)lC|

42659 (g=1.(0)) |

— #(e) = a(01M)IC]
we can then write the reparameterized expectation part of the
gradient of the ELBO as:

VaL(M)1 = VaEcvy [log o (ylg(e; A))]
= Vg, Eean(o,1) [log o (y|Ce + )]

n

D) log p(yilCe + p,x;)
i=1

id.d.
= Ve,ufean(o,n

1
= Ve, Feuno1) | = D) log i (yi|Ce + 11, %;)
n

i=1
= Vg,unfcn(o,1) ["“,,~z4({1,n}) log b(y;|Ce + p, xrg,)]
e L)
Draw a mini batch o
J1ye s dm ~ UL, n})

1
=n— Z Ve, logp (y;]Ce + u,,x_/')
j=1
VAL(A\) =VAELBO(X) = E.nr(0,1) [V, 108 0 (y|Ce + )]
—Ve,u(ac,w | 1(9))

Example 10.4 BNN Likelihood Function Examples:

(y|X,0) = {\ (y:F(X, ()),(,2)
N (y; F(X, 0)1, exp F(X, 6)1)

2. Examples

Example 10.1 Laplace Approximation
Logistic Regression Likelihood + Gaussian Prior:




Kernels

1. The Gram Matrix

Given objects we cannot assume that they are vectors/can
be represented as vectors in feature space.

Hence it is also not guaranteed that those objects can be
added and multiplied by scalars.

Question: then how can we define a more general notion of
similarity?

Definition 11.1 Similarity Measure sim(A, B): A simi-
larity measure or similarity function is a real-valued function
that quantifies the similarity between two objects.

No single definition of a similarity measure exists but often
they are defined in terms of the inverse of distance metrics
and they take on large values for similar objects and either
zero or a negative value for very dissimilar objects.

Definition 11.5 Kernel (Gram) Matrix:
Given: a mapping ¢ : R? — RP and a corresponding kernel
function k : X x X — R with X < R%,

Let S be any finite subset of data S = {x1,...,xp} S X.
Then the kernel matrix K :€ R™”*X™ is defined by:
K= ¢(X)d(XT) = (¢(x1), -+, d(xn))(¢(X1)5 -+, &(xn))T

k(x1,x1) - k(x1, %)) (60Gc1)To(x1) -+ ¢(x1) T S (xn)
d(xn) TP (xn)

Kij = k(x4 x5) = o(x:) T p(x5)

K(on, %1) -~ K(ons %xn)) \p(oxn) T (x1)-

Note

All kernels satisfying mercers condtions describe an inner
product in a high dimensional space.
= can replace the inner product by the kernel function.

3. The Kernel Trick

Definition 11.2 Dissimilarity Measure disssim(A, B): Is
a measure of how dissimilar objects are, rather than how sim-
ilar they are.
Thus it takes the largest values for objects that are really far
apart from another.
Dissimilarities are often chosen as the sqaured norm of two
difference vectors:
Ix—ylI*> =xTx+yTy —2xTy  vx,y eR?
dissim(x,y) = sim(x, x) + sim(y, y) — 2dissim(x, y)

(11.1)

Attention

It is better to rely on similarity measures instead of dissim-
ilarity measures. Dissimilarities are often not adequat from
a modeling point of view, because for objects that are really
dissimilar/far from each other, we usually have the biggest
problem to estimate their distance.

E.g. for a bag of words it is easy to determine similar words,
but it is hard to estimate which words are most dissimilar. For
normed vectors the only information of a dissimilarity defined
as in eq. (11.1) becomes 2xTy = 2dissim(x, y)

Corollary 11.3
Kernel Eigenvector Decomposition:
For any symmetric matrix (Gram matrix

VAVT

n
K(xi, xj)li,jzl)
there exists an eigenvector decomposition:

K =VAVT (11.4)
V: orthogonal matrix of eigenvectors (Vt,i)‘?:l
A diagonal matrix of eigenvalues \;

Assuming all eigenvalues )\ are non-negative, we can calcu-
late the mapping:
n
DX (V/\tvt’l)t N
which allows us to define the Kernel K as:
n

OT(x)p(x;) = Y Aeve,ive,; =
t=1

e R"™, i=1,... (11.5)

, T

(VAVT) ;= K(xixj)

i,

Definition 11.6 Kernel Trick: If a kernel has an analytic
form we do no longer need to calculate:

o the function mapping x — ¢(x) and

+ the inner product ¢(x)T¢(y)

explicitly but simply us the formula for the kernel:

d(x)Tp(x) = k(x,y) (11.9)
see examples 11.1 and 11.2
Note
« Possible to operate in any n-dimenional function space, ef-
ficiently.

e ¢ not necessary anymore.
+« Complexity independent of the functions space.

4. Types of Kernels

1. Stationary Kernels

Definition 11.7 Stationary Kernel: A stationary kernel is

a kernel that only considers vector differences:
k(x,y) = k(x—y)

see example example 11.3

(11.10)

2. Isotropic Kernels

Definition 11.8 Isotropic Kernel:

Definition 11.8 Feature Map ¢: is a mapping ¢ : X +—
that takes an input x € X < R% and maps it into another
feature space V < RD.

Note

Such feature maps can lead to an exponential number of terms
i.e. for a polynomial feature map, with monorails of degree up
to p and feature vectors of dimension x € R% we obtain a
feature space of size:

D = dim ( ):(

when using the polynomial kernel
to the order d.

p+d

d >:O(dp)

[def. 11.10]

(11.2)

, this can be reduced

Definition 11.4 Kernel k: Let X € R? be the data space.
A map k : X X X — R is called kernel if their exists an inner

product spaceld®’ %78l called feature space (V,<{,>) and
amap ¢ : X — s.t.
k(x,y) = {(p(x), o(y)) Vx,y € X (11.3)

(11.6) A isotropic kernel is a
kernel that only considers distance differences:
1. Necessary Properties k(x,y) =k (||[x —yll2) (11.11)
Property 11.EI. Inner Product S‘pace: Corollary 11.4 :
k must be an inner product of a suitable space . .
Isotropic — Stationary
Property 11.2 Symmetry: k/K must be symmetric: 5 1 d
! . Important Kernels on R
K(x,y) = k(y, %) = 660 To(y) = 6()To(x)  Vx,y € X P
1. The Linear Kernel
Property 11.3 Non-negative Eigenvalues/p.s.d.s Form: Definition 11.9 Linear/String Kernel:
Let S = {x1,...,%Xn} be an n-set of a finite input space K(x,y) = xTy (11.12)
A kernel k must induces a p.s.d. symmetric kernel matrix k ’
for any possible S € X see 77 11.1. 2. The Polynomial Kernel
<= all eigenvalues of the kernel gram matrix K for finite e s
. Definition 11.10 Polynomial Kernel:
must be non-negative 77 59.2. . 1oldef. 54.5]
represents all monomials of degree up to m
Notes k(x,y) = (1+xTy)™ (11.13)
» The extension to infinite dimensional Hilbert Spaces might 3. ThLe Sigmoid Kernel
also include a non-negative weighting/eigenvalues:
© Definition 11.11 Sigmoid/tanh Kernel:
(p(x), 6(2)) = D) Nidi(x)$i(2) k(x,y) = tanh xTy — (11.14)

i=1
e In order to be able to use a kernel, we need to verify that
the kernel is p.s.d. for all n-vectors X = {x1,...,Xn}, as

well as for future unseen values.

2. Mercers Theorem

4. The Exponential Kernel

Corollary 11.1 Kernels and similarity: Kernels are de-
fined in terms of inner product spaces and hence the have a
notion of similarity between its arguments.

Example

Let k(x,y) := xT Ay thus the kernel measures the similarity
between x and y by the inner product xTy weighted by the
matrix A.

Theorem 11.1 Mercers Theorem: Let X be a compact
subset of R and k : X X X — R a kernel function.

Then one can expand k in a uniformly convergent series of
bounded functions ¢ s.t.

Definition 11.12 Exponential Kernel:
is an continuous kernel that is non-differential k € C9:

k(x,y) = exp (7 lIx — YHI)

(11.15)
o

0 € R: corresponds to a threshold.

5. The Gaussian Kernel

Corollary 11.2 Kernels and distance: Let k(x,y) be a
measure of similarity between x and y then k induces a dis-
similarity /distance between x and y defined as the difference
betweend the self-similarities k(x, x) + k(y, y) and the cross-
similarities k(x, y):

dissimilarity(x, y) := k(x,x) + k(y,y) — 2k(x,y)

Note

The factor 2 is required to ensure that d(x,x) = 0.

©
K(x,x') = 3 Ao(x)6(x) (L7

i=1
Theorem 11.2 General Mercers Theorem: Let Q be a

compact subset of R™. Suppose k is a gernal continuous sym-
metric function such that the integral operator:

Tic: La(X) = LX) (1)) = [ K20 60) dx
(11.8)
is positve, that is it satisfies:

k(x,2)f(x)f(z)dxdz >0 Vf e La(2)
xQ

Then we can expand k(x,z) in a uniformly convergent series
in terms of Ty ’s eigen-functions ¢; € L2(Q), with [|¢;|lL, =1
and positive associated eigenvalues A; > 0.

Definition 11.13 Gaussian/Squared Exp. Kernel/
Radial Basis Functions (RBF):
Is an inifite dimensional smooth kernel k € C® with some
usefull properties
Kk(x,y) = exp (_ [|x — y|\2> ~ {1 %f x and y close
202 0 if x and y far away

(11.16)

Explanation 11.1 (Threshold 0). 20 € R corresponds to a
threshold that determines how close input values need to be in
order to be considered_similar:
dist” \ {1 <= sim
202 T 10 = dissim

if dist < 0

k = ex —
P if dist > 0

or in other words how much we believe in our data i.e. for
smaller length scale we do trust our data less and the admitable
functions vary much more.

Note

If we chose h small, all data points not close to h will be
0/discared <= data points are considered as independent.
Length of all vectors in feature space is one k(x, x) = el =1.
Thus: Data points in input space are projected onto a high-
(infintie-)dimensional sphere in feature space.
Classification: Cutting with hyperplances through the
sphere. How to chose h: good heuristics, take median of
the distance all points but better is cross validation.

6. The Matern Kernel

When looking at actual data/sample paths the smoothness of
the Gaussian kernell@*® 1113] is often a too strong assumption
that does not model reality the same holds true for the non-
smoothness of the exponential kernelldef 11121 A gsolution to
this dilemma is the Matern kernel.

Definition 11.14 Matern Kernel: is a kernel which allows
you to specify the level of smoothness k € Cl”] by a positive
parameter v:

27 (Ve x —yll2 " V2rlx = yll2
k(z,y) = Ky

I'(v)
v,p €Ry v : Smoothness

(11.17)
IC., modified Bessel function of the second kind

6. Kernel Engineering

Often linear and even non-linear simple kernels are not suffi-
cient to solve certain problems, especially for pairwise prob-
lems i.e. user & product, exon & intron,....

Composite kernels can be the solution to such problems.

1. Closure Properties/Composite Rules

Suppose we have two kernels:

ki : XXX >R ko : X X X —» R

defined on the data space X < R%. Then we may define using
Composite Rules:

k(x,x') = ki (x,x) + ka(x,x") (11.18)
k(x,x') = ki (x,x") - ka(x,x) (11.19)
k(x,x') = aky(x,x") aeRy (11.20)
K(x,x') = F(x)f(x) (11.21)
k(x,x") = k3 (¢(x), ¢(x)) (11.22)
k(x,x') = p (k(x,x’)) (11.23)
k(x,x") = exp (k(x7 x/)) (11.24)
Where f:X —R a real valued function
¢ : X — R® the explicit mapping
P a polynomial with pos. coefficients
ks a Kernel over R® x R®
Proofs
Proof 11.1: Property 11.3The kernel matrix is positive-

semidefinite:

Let ¢ : X — R% and & = [o(x1)

Thus: K = ®T® ¢ R X",
VIKv=vT®Taev = (av)T ®v = |&v||2 = 0

B(xn)]T € REX™,

L



Examples

Example 11.1 Calculating the Kernel by hand:
z1 b(x) = {27, 23, V221, 22}
Let : x = d=2 D=3
T2 ¢ : R >R

We can now have a decision boundary in this 3-D feature
space of ¢ as:

o+ 11% + 2z§ + #3V2z132 = 0
<o(x(')),o(x(/))>
2 2 2 2
= <{I7,1* xiy, V2zi1, 17,2} s {z,l,zﬂ, V2z 1, 1}2}>
2 2 2 2

=Z;1%j + TioT]g + 29:511,21_,11_,2
Operation Count:
e 2-3 operations to map x; and x; into the 3D space
« Calculating an inner product of <gb(x('[)),qb(x(/))> with 3

additional operations.

Example 11.2
Calculating the Kernel using the Kernel Trick:

i ; 2 2
<<f’(x('))’ O(x(’))> = {(x4,%;)" = a1, zin}, {zin, wi2})
N
i=k(x,x%;)
2
= (zi12i2 + zj1252)
2" 2
=xjw]y + Zia%ja + 23:;19;,[2@,'199;2
Operation Count:
+ 2 multiplicaitons of x;1x;1 and x;2x%;2.
« 1 operation for taking the square of a scalar.

Conclusion The Kernel trick needed only 3 in comparison to
9 operations.

Example 11.3 Stationary Kernels:

— v)TM(x —
K(x,y) = exp (W)

is a stationary but not an isotropic kernel.




Time Series

Definition 13.6 ntP Transition Probability (;:L) (t):

denotes the probability of reaching state s; from state s; in

Definition 13.11 Accessible State
A state s; is accessible from state s; iff:

s; — 85t

An erdodic
nldef. 13.9] g

Corollary 13.10 Stationary Distribution:
markov chain has a unique stationary distributio

tate Space Models to it starting f initial stat ;
S Sp n steps: In : 7(7]1) (t) >0 (13.10) converges to it starting from any initial state go (s;)
Definition 12.1 State Variables x: 57)(t) = (Xt+r” = sK/-\Xt = si) Vsi,s; €S (13.4) — - - - 5. Types of Markov Chains
Is the smallest set of variables {z1,...,x,} that are fully ca- _ Definition 13.12 Communlcatlpg .Staffes Si > 85t Observable Unobservable
pable of describing the state of our system which is usually || Definition 13.7 Transition Matrix I’(t): Two states ‘?7/7 a;nd Si are commumcatmg(:]ﬁ:) =
hidden and not directly observable. The transition probabilities eq. (13.4) - To Ing U/1 (t) >0 N Ing : ”2 (t) >0 (13.11) Uncontrolled MCdef. 13.3] HMMIdef. 14.1]
e can be represented by a row-stochastic ° - [def. 15.1] [def. 16.1]
: X . 0.3 0.7 Controlled MDP POMDP
}:)etinltlzfl 12"2 Stlate Space d by the stat tabl 'X,;',?. matriz?? 1’(t) where the it" row repre- E [ ] Definition 13.18 Periodicity of States: A state s; has
T lmensmrla Zsp'af::a'?l')'a;me.r ys CeRsna o (e1521 sents the transition probabilities for the & 0.4 0.6 period k if any return to state s; must occur in multiples of | 6. Markov Chain Monte Carlo (MCMC)
x = [x1 n|Tesc D || ith state s, i.e. k time steps. 2. Proofs
Definiti 12.3 In other words k is the greatest common divisor of the number
1 ehnt g)n '1 Variabl A Corollary 13.1 Row stochastic matrices and Graphs: || of transitions by which state s; can be reached, starting from || Proof 13.1: [cor- 13.2]
nput/ Aontro ariables aef. 12.5] ue A Row stochastic matrices?? represent graphs where the outgo- || jtgelf: (Xo = z0 Xy =an) = (X0 = o) -
Are a variables u of the transition model that influence ing edges must sum to one: k= ged{n > 0: (n) (X =i | Xo = s;) >0} (13.12) Xy o :x |);( N ) E Xy = Xy 2 w1, Xo = 20) -
the propagation of to the state variables x. Zé+( N=1 (13.5) i i i 1 =x1|X0 = T0 2 = Z2|X1 =1, L0 = TO
- — I Definition 18.14 Aperiodic Stat k=1 Ky = anlXn-1 = zn_1,..., X0 = z0)
Definition 12.4 ¥ € O 7 Simulating Markov Chains etimition 22 e et 1a.15) T and then simply use the Markovian property
Output/Measurment Variables/State Observations: € Is a state s; with periodicity®*" 1'%} of one & & =1
Are a variables y that are directly related to the state space || Corollary 13.2 proof 13.1 Coroll 13.5 : A e s i todic if th st £ Proof 13.2: Corollary 13.3
x and are usually observable by us. Realization of a Markov Chain: orollary .5 state s; is aperiodic if there exist two . _ _ n+1
N consecutive numbers k& and k + 1 s.t. the chain can be in state Ant1 = Ay = (Ap_1) =qo
Definition 12.5 Transition Model f: (Xo =2z0,..., XN =2xN) = qo (1) Z 'n.—l,n(t) si at both time steps & and & + 1. 3. Examples
Describes the transition of the state x over time. =1 - - "
= " Cor(')lla.ry 13.6 Absorbing State: An absorbing state is an Example 13.1 Ergodic Markov Chain:
Definition 12/'6 y Algorithm 13.1 Forward Sampling: aperiodic state.
Measurment/Output/Observation Model h:
X : Input: q(xp) and . R ]
Describes the mapping of the state x onto the output y. Output: © (Xg.n) l;l;sia;;a;::ﬂ:;lt::.;Ti];e?rc}tlfhne 133(;5:);‘.3 :oettupv;tzitct;as;lc;te s; can k\
Definition 12.7 (Discrete) State Space Model: ts_s;llflf TO ~ 'r(L)f:lOo) In other words we cannot predict if the state will be revisited in @ @
k+1 k k - — <beoed i S 2 .
xF+1 = F(t, %", u) t=1,... K (12.2) @) ~ B(X;|X -1 = 25_1) multiples of k times v
yl" = h(t,x]':, u}':) (12.3) || 5. end for ’ 4. Characteristics of Markov Processes/Chains
2. State Distributions Definition 13.15 Figure 9: Ergodic for N = 2 (can reach s at any t < N after
Ma‘rkov ]-\/-[Odels . Time-homogeneous/Stationary Markov Chain: N = 2)
Deﬁnltl'o'n 13'_8 . . are markov chains(®" 1331 where the transition probability is
Definition 13.1 States S ={s1,...,8n}: Probability Distribution of the States Apy1t independent of time: Hldden MarkOV 1\/[Odel (HMM)
Afstate s; encodes all information of the current configuration An+1 (sj) =0 (Xpt1 = Sj) Vs; €S ji= P (Xe =851 X1 =85) = F (X = 551X = 55)
of a system. n ¥r eNg (13.13) || Definition 14.1 (S,A,0,, 1)
Defnition 13.2 =2 T (Xn =507 (Xngr = 81 Xn = 59) Hidden Markov Model (HMM):
Markovian P;'Operty/l\/[emorylessness’ i=1 Corollary 13.7 Is a Markov Chainl®" 133 ith hidden/latent states
Let (Q,F,") be a probability space .with a filtration - i (s3) i () (13.6) Transition Matrices of Stationary MCs: Sj that are only partially observable by noisy/indirect
(Fs,s € I), for some index setldef 5111 and let (S,8) be a - ; In (8i) Di,j : Transition matrices of time-homogeneous markov chain are observations!d° 11:2l; Tt is characterized by the 5-tuple of:
measurable spaceld® 6571 i=1 constant/time independent: @ Stategldef 13.1] S ={s1,---,8n}
A (S, 8))-valued stochastic process X = {X;:Q — S}, An+4+1 = [an+1 (s1) an+1 (sn)] (t) = (13.14) @ Actionsldef- 15.2] AJAs. = {a1,...,am}
adapted to the filtration is said to possess the Markov prop- =q,'(t) X J ’ ’
erty if: 1geceeeeeDlm Definition 13.16 Aperiodic Makrov Chain: Is a markov @ Observations!def- 14:2] O/OSJ, ={o1,...,0m}
(X1 € A|lFs) = (Xs € A|XS) VAeS 2,1 2,200 2,n chain where all sta;tf)s are aperiodic: @ Transition Probabilitiesdef 13:5] (Si» s]')
s,tel  st.os<t = [an (s1) an (sn)]| - Do L@ ged{n > 0: =0 (Xp=s5;|Xo=s;)>0}=1 e e (def. 14.3] ;
(13.1) : : . : % @ Emission/Output Probabilities!“" ** i (1)
: el ; vie{l,...,n} (13.15) )
Tiork Choins n,1  DPn,2 n,n
1. arkov
Corollary 13.3 [proof 13.2] Definition 13.17 Irreducable Markov Chain: Is a Latent @
Definition 13.3 Markov Chain: 0.3 Time-homogeneous Markov Transition Probabilities: Markov chain that has only communicating statesldet T
Is a sequence of random variables a —qo ™! 13.7) s; < s Vi,j e {l,...n} (13.16)
{Xi}ieT[dEf’ 6931 that processes the n+l = 50 i . — no sinksldef 13:10]
Observed

markovian property!df 132l j e, each
state X+ depend only on the previous
state X¢_1: 0.7

N
®

(Xt =2z Xp1 =a4-1,..., X1 =21) = (X¢ = 2| X1 = 24-1)

Definition 13.9 Stationary Distribution:
A markov chain has a stationary distribution if it satisfies:

lim gy (s;) = lim '(Xy =s;) =m; Vs, € S
N-—w0 N-—>w
lim qy = [m1 ] <> q=ql’(N) (13.8)
—w©

« == every state can be reached from every other state

Corollary 13.8 : An irreducablel®" 317 markov chain is au-
tomatically apperiodicld®® 1316 if it has at least one aperiodic
stateldef. 13.14] ergodicldet: 13:18]

Definition 14.2 Observations O ={o1,...,01}:
Are indirect or noisy observations that are related to the true
states s ;.

Corollary 13.4 Existence of Stationary Distributions:
A Markov Chain has a stationary distribution if and only if
at least one state is positive recurrent!

Corollary 13.9 : A markov chain is not-irreducable if there
exist two states with different periods.

3. Properties of States

Definition 13.4 Initial Distribution qg: Describes the
initial distribution of states:
qo0 (s;) = " (Xo = s;) Vs; €5
— ap = [90 (s1) q0 (sn)] (13.2)
Definition 13.5 Transition Probability Gi(t):

is the probability of a random variable X; in state s; to tran-
sition into state s;:

i (8) = P (Xeg1 = sj|Xe = sq) (13.3)

Vs;,s; €S

Definition 13.10 Absorbing State/Sink: Is a state s; that
once entered cannot be left anymore:
(n) 1 ifi=j
N t) =08;;, = 13.9
v ® “ 0 else ( )

Definition 13.18 [example 13.1]
Ergodic Markov Chain: A finite markov chain is ergodic
if there exist some number N s.t. any state s; can be reached
from any other state s; in any number of steps less or equal
toa N.
= a markov chains is ergodic if it is:

@ Irreducableldet: 13:17]

@ Apen-odic[def. 13.16]

Definition 14.3

Emission/ Output Probabilities i (t):
Given a state X¢ = s; the output probability is the probabil-
ity of the output random variable Y3 to be in state o;:

i () =7 (Yo = 01Xy = s;) { Voi €O (14.1)

Vs; €S




Markov Decision Processes (MDP)

1. Calculating the value of V™

2. Choosing The Policy

1.2.3. Value Iteration

Definition 15.1 (S, A, ", ,R,)
Markov Decision Process (MDP): A markov decision
process is a controlled markov process/chain with an asso-
ciated reward, where the transition can by steered by an ac-
tions. It is characterized by the 4-tuple of:

Definition 15.9 [proof 16.1]
Value Iteration:
VT(z) = J(n|Xo = z) (15.8)

= Eac’\ac,ﬂ-(m) [r(z, m(z)) + A(\’W(z,)]
r(z, 7(x)) + VE g/ () [Vﬁ(z’)]

Question how should we choose the 77 Idea compute J()
for every possible policy:
* _
7% = arg max J () (15.13)
Problem this is unfortunately infeasible as there exist m™ =

\A\lsl policies that we need to calculate the value for.

Definition 15.12 Value to Go Vi(x):
Is the maximal expected reward if we start in state z and have
t time steps to go.

Note
The problem is that J/V™ depend on 7 but if we do not know
7 yet we cannot compute those.

1.2.1. Greedy Policy

Definition 15.10 Greedy Policy:
Assuming we know V' t—1 then we could choose a greedy
policy:

a™ = 7 (x) (15.14)
— 4 JTt—1 (!
= argmaxr(z,a) + Z z |, a)V z
aeA 2'eS

@ Statesldef- 1311 S ={s1,...,8n}
@ Actionsdef: 15:2] AfAs; = {a1,.. . am) =|r(z, m(z)) + v Z (w’|x, 7-'(1‘)) v (x/)
- ’
@ Transition Probabilities!def 15-3] o (sirs5) »'es
@ Rewardgldef: 15-4] r.(sq, S’l) ‘We can now write this for all possible initial states as:
- VT =r" +407VT — (I—yP") VT =r" (15.9)

Definition 15.2 with:
Actions ASI ={a1,...,am}: . V7T (s1) ™ (s1,7(s1))
Is the set of possible actions from which we can choose at each V" = o r-= - ce
state and may depend on the state s, itself. V7T (sn) " (sn, 7(sn))

. . . (s1ls1,7(s1)) (s2]s1,7(s1)) (snls1,m(s1))
Definition 15.83 Transition Probability a(sj,si)(t): (s1ls2, w(s2)) (s2ls2, 7(s2)) (snls2, 7(s2))
is the probability of a random variable X in state s; to tran- T _ N : .. :
sition into state s; and depends also on the current action . . .
o (s1lsn,m(sn)) (s2lsn, m(sp))eeeeens (snlsn,m(sn))

a (SjvSZ) =1 (sjlsisa) =" (@1 = sjloe = si, a8 = a)
Vsi,s; € S,Va e A (15.1) 1.1.1. Direct Mehtods
Definition 15.4 Reward o (si25,): Coro}lary 15.1 LU-decomposition O(n°):
is a function or probability distribution that measures the The linear system from eq. (-%59)7- T
(I—yP") V" =r (15.10)

immediate reward and may depend on a any subset of
(Tt41,@¢,0):

(z¢41,wt,0) — Ry € RCR (15.2)

can be solved directly using Gaussian elimination in polyno-
mial time O(n?).

Markov decision processes require us to plan ahead. This
is because the immediate reward!®® 154 that we obtain by
greedily picking the best action may result in non-optimal lo-
cal actions.

Note — invertebility
If v < 1 then (I — v1’™) is full-rank/invertible as EVs(’™) <
1.

1.1.2. Fixed Point Iteration

@ Given a policy ™ however we can calculate a value function

VT
@ Given a value function V we can induce a greedy
policyldet: 19100 o w r 4.V

Induces Policy

%

Value Function V7™
VT (z) = r(z, m(z))+

I R ] I IS

7
z'eS 2les

\

Greedy Policy 7y
7y () = argmax r(z, a)+
a€A

(o) v ()

Induces Value Function

Algorithm 15.3 Value Iteration
Initialize: Vo(z) = max, e r(z, a)

[proof 16.3]:

1: fort=1,...,00 do
2: Compute:
Va e A
’ r ’
3 Qe(,a) = r(z,0) + v Z (el a) Veer (=) s
z'eS
4: for all z € S let:
Vi¢(z) = max Q¢ (z, a)
aeA
5: if max;es|Ve(z) — Vi_i1(z)| < € then
6: break
% end if
8: end for
9: Choose greedy policy Ty, wWer.t. Vi
Corollary 15.4 [proof 16.4]

Value Iterration Contraction:
Algorithm 15.3 is guaranteed to converge to a ¢ optimal pol-

1. Policies and Values

Definition 15.5

Optimizing Agent/ Decision Making Policy m(si):
Is a policy on how to choose an action « € A based on a
objective/value function!d* 1%%1 and can be deterministic or
randomized:

Corollary 15.2 Fixed-Point Iteration O(n - |S]):
The linear system from eq. (15.9) can be solve using fized-
point iteration!dt 239 in at most O(n - |S|) (if every state s;
is connected to every other state s; € S)

Theorem 15.1 Optimality of Policies [Bellman]:
A policy 7wy is optimal if and only if it is greedy w.r.t. its
induced value function

Algorithm 15.1 Fixed Point Iteration:

Definition 15.11 Non-linear Bellman Equation: States
that the optimal value is given by the action/policy that max-
imizes the value function eq. (15.8):

H(Vt_v*)H gth(vo—v*)H (15.17)
© ©
— tmln—rHVO—V*H for ||(Vt—v*)|| <e
€ © ©
Algorithm 15.3
Pros
+« Finds ec-optimal solution in polynomial #iterrations

O(ln %)[cor. 15.4]

« Complexity per iteration requires us to solve a linear sys-
tem O(m-n-s) = O(]A|-|S]|-s) where s is the number
of states we can reach.

For small s and small m we are roughly linear w.r.t. the
states O(n) = O(|S])

Cons

+ Only e-optimal solution.

Partially Observable MDP (POMDP)

HYCH

T:S—> A or T:S > (A 15.3 Input: Inital Guess: V] = 0 .

l “ ( ) 1: fort =1,...,T do @ \/*(z) = max |r(z,a) + v 2 (z'\z,u) v¥ (z/) (15.15)
Definition 15.6 Discounting Factor v 2: Use the fixed point method: aeA z'eS
Is a factor v € [0, 1) that signifies that future rewards are less Vi =¢Vy =r" +yP"V[_,; (15.11) : = max Q¥ (z,a) (15.16)
valuable then current rewards. 3. end for aceA
Explanation 15.1 (Definition 15.6). The reason for the dis- || Corollary 15.3 Note
counting factor is that we may for example not even survive long || Policy Iterration Contraction [proof 16.2]: This equation is non-linear due to the max in comparison to

enough to obtain future payoffs.

Definition 15.7 Expected Discounted Value J(m):
Is the discounted expected (reward) of the whole markov pro-
cess:

Fixed point iteration of  policy iteration is a
contraction(° 59631 that leads to a fixed point V™ with
a rate depending on the discount factor ~.

IVF = V™Il = [¢Vi_y — V™|

SAIVE = VTl =~ VE = VT (15.12)

eq. (15.8).

1.2.2. Policy Iteration

©
J(m) = Er | 2 At (Xe, 7 (X)) (15.4)
t=0
Definition 15.8
Value Function V7T (x):

Is the discounted expected reward (e 154 of the whole markov
process given an inital state Xg = x:

VT (z) = (7| X = ) (15.5)
o0

=Ex | D At (X, 7 (X)) Xo = (15.6)
t=0

(15.7)

Explanation 15.2.

e v |: the less we plan ahead/the smaller we choose ~ the
shorter it takes to converge. But on the other hand we only
care greedily about local optima and might miss global optima.
v 1: the more we plan ahead/the larger we choose ~y the longer
it takes to converge but we will explore all possibilities. But
for to large v we will simply keep exploring without sticking
to a optimal poin

Note contraction

For a contraction:

¢ A unique fixed point exists
« We converge to the fixpoint

Algorithm 15.2 Policy Iteration:
Initialize: Random Policy: =
1: while Not converged t =t + 1 do

2: Compute V7t (z)
VTt (z) = r(z, m(z)) + v Z (z'\z, Wt(z)) AV (z')
z'eS
3: Compute greedy policy 7g:
7 (x) = argmaxr(z,a) + v Z (:L‘/‘:E, u) vt (x,)
aeA z'es
4: Set m441 «— g

5: end while

Algorithm 15.2

Pros
« Monotonically improves V™t > V™ t—1

« is guaranteed to converge to an optimal policy/solution ¥
2
in polynomial #iterations: O 7{72”

Cons
« Complexity per iteration requires to evaluate the policy V'™

which requires us to solve a linear system.

Definition 16.1 (S,A,0,P,,
Partially Observable Markov Decision Process:
A (POMDP) is a markov decision process!?®" 131 with hidden
markov states!®® 1 It is characterized by the 6-tuple of:

s Ra)

@ Statesldef: 12:1] S={s1,.-.,5n}
@ Actionsldef: 15-2] .A/-As7 ={a1,...,am}
@ Observations!def- 14:2] (9/(937 ={o1,...,0m}
@ Transition Probabilities!d°f 15-3] a (si, sjv)
@ Emission/Output Probabilitiesld°f 14:3] i (1)
@ Rewards!def 15:4] ro(siss))

Actions R ﬁ ﬂ

Latent

i(t)
i @ @ B @

Explanation 16.1.
Now our agent has only some indirect noisy observation of true
state.




1. POMDPs as MDPs

1. Markov Decision Processes

POMDPs can be converted into belief state?? MDPsldef: 15:1]
by introducing a belief state space B.

Definition 16.2 History Hy:
Is a sequence of actions, observations and rewards:

Hyi = {{a0,00,70},---,{a0,00,70}}
Definition 16.3 Belief State Space B: Is

a |S| — 1 dimensional simplex or (|S|-dimensional probability

vectorldet 59‘71]) whose elements b are probabilities:
n
B =A(S]) = { b e[0,1]!S! ‘ 3 be(x) = 1 (16.1)
x=1
Definition 16.4 Belief State by € B: Isa

probability distribution over the states S conditioned on the

Proof 16.1: def:

V@) = EX1i0 |:

=ix [+

40=
Xo=

1
Ed

15.8]

lee)
YAt (Xe, 7 (X0)) | Xo = x}

t=0

o0
(X0, 7 (X0)) + Y, v'r (Xe, 7 (Xe)) | Xo =
t=1

ool
T(I«W(I))Jr“ix[z Yo (Xe, 7 (X)) | Xo :z}

t=1

. ool
rerinder  r (@) + Ex [ St (Xygr, 7 (Xgg1)) | Xo = z:|

=r(z, 7 (z)) +vEx

-

—0

ool

2t (Xepr, 7 (Xeq1)) | Xo =
t=0

Proof 16.4: [ 134 Tet ¢ : R™ s R™, with:

= max | r(z, ) +’yZ (a:/\x,u)

’

(6v¥) (@) = Q(z, @)

x

Bellman’s theorem 15.1 (/)V* — v*
and consider V, V' e R™

’ ’
||¢v — oV | = max|(®V) (@) — (¢V )(z)|
0 x
= max|max Q(z, a) — max Q' (z, a”)
x a U/
Property 54.9 ) ,
< maxmax|Q(z,u)7Q (a:,u)|
z o«
= max\f + W’Z (z/|a:, u) V(z') — 7[ — ’YZ (ac/|z, u) V(2]
z,a o "
= 7 max Z (:t/\:c, u) (V(x,) - V,(:L‘/))
@, |
<1
——e—
eq. (59.91)
< v max Z (z'|a:,rz) <|(V(z')7\//(z'))|
@, |7

e e v,

Note

For the policy iteration the calculation was easier as the re-
wards canceled, however here we have the max.

2. MDPs

Proof 16.5: Defintion 16.5 Directly by definition 7.5 and its
corresponding proof 10.4 with additional action a¢:
brp1(si) = (X1 = silyes1)
(Xtp1=silv1:¢)

1
=7 (iiet1lss) D) “(Xe = sjly1:e) “(sils;)
AR bl

j=1
be(sy)

history Ht[defv 16.2] = r(x, 7w (x))
o0
1. Transition Model +Ex, |:F‘X2:ac Z ﬂ/f’r(XHrl,w (Xt41)) ‘Xl = z':| ‘XO = a::|
Definition 16.5 [proof 16.5] Lo 657 t=0
POMDP State/Posterior Update: W22 (2, 7 (2))
bry1(si) =I(Xeq1 = 5i|Yeqp1 = o) , “ o, ,
+v ) P |z, m(@)Exy, DAt (Xeq1, 7 (Xe41)) | X1 = =
= (Yeg1 = 0p|Xyq1 = 54, 0¢) wies 0
Mbe(s) (X = il Xe = s;,00)  (16.2) | T EID 0 ey
sj€Pa(s;) , ) B ,
+9 Y P@E e T (@)Exy,, | D) v (X, 7w (X)) [ Xo = @
Definition 16.6 Stochastic Observation Model: a’es t=0
(Yigr = orlbs, ae) = 3 be(si)P(Yep1 = 0p|Xe = 51, at) = r@r@)+y D, (z'\z,w(z)) VT (z/)
s,€S z'es
(16.3)
T Proof 16.2 [ 1531 Consider V, V/ € R™ and let ¢:
2. Reward Function éx := 7™ + APT — SV = VT
Definition 16.7 POMDP Reward Function: then it follows:
r(be,at) = ) bi(si)r(si,at) (16.4) ||¢V,¢v' _ H/“ TV AT
5765
- |
Note
eq. (59.91)
For finite horizon T, the set of reachable belief states is finite < -)|| a H . H (V — \/") |
however exponential in T'. ie L
.e. Lo .
2. Proofs < '/‘1'H(V—V){2
Proof 16.3: algorithm 15.3
Vo(z) = maxr(z, a)
aeA
Vi(z) = maxr(z,a) + v Z (z’|z, rz) Vo (z')
aeA 2'es
Vigi1(z) = maxr(z,a) + v Z (z,|z, u) Vi (zl)
aeA

z'eS




Reinforcement Learning

3. ¢t Greedy Learning

Now we are working with an unknown MDPpldef- 15.1] meaning
that:

@ we do no longer know the transition modelldef 15:3]

@ We do no longer know the reward function

@ ‘We might not even know all the states
However we can observe them when taking steps.

Algorithm 17.1 Epsilon Greedy Learning:

1: fort=1,...,T do
2: Pick next action
argmax, Q¢(a) with probability e¢
a =
¢ random « with probability 1 — e¢
3: end for

2. Model Free Reinforcement Learning

Proposition 17.3 Model Free RL:

Tries to estimate the value function!*f 15:8] directly in order
to act greedily upon it.

« Policy Gradient Methods

« Actor Critic Methods

1. Temporal Difference Learning (TD)

Note

+« Reinforcement learning is different than supervised learn-
ing as the data is no longer i.i.d. (data depends on previous
action).

« Need to do exploration vs exploitation in order to learn
policy and reward functions.

Corollary 17.1 Necessary Condition for Convergence:
If the sequence ¢ satisfies the Robbins Monro (RM) conditions

et <o, N <w (ie. et = 1/t) (17.6)
t t

then algorithm 17.1 converges to an optimal policy with prob-
ability one.

Definition 17.1 Agent:
Is the learner/decision maker of our unknown MDP.

Definition 17.2 Environment: Is the representation of the

world in which our agents acts.

Pros Cons
« Simple « Clearly sub optimal actions are not

eliminated fast enough

4. The Rmax Algorithm

Definition 17.3 On-Policy Learning: At any given time
the agent has full control which actions to pick.

Definition 17.4 Off-Policy Learning: The agent has to fix
a policy in advance based on behavioral observations.

Definition 17.5 Trajectory H
Is a set of consecutive 3-tuples of states, actions and rewards:
= {s¢,at, Tt} t=1,..., (17.1)

Definition 17.6 Episodic Learning: Is a setting where
we generate multiple /{-episodes of different trajectories

) B
{ (l‘)}‘\ L from which the agent can learn.
i=

Explanation 17.1. For each episode the agent starts in a ran-
dom state and follows a policy.

1. Model Based Reinforcement Learning

Proposition 17.1 Model Based RL:
Try to learn the MDP [d¢f 151] by
@ Estimating

+ the transition probabilities
pldef. 15.4]

[def. 15.3] . (S'i7 Sj)
+ the reward functio (b, at)

@ Optimizing the policy of the estimated MDP

Algorithm 17.2
R-max Algorithm:

[Brafman & Tennenholz ’02]

Initialize every state with:

P(st;a) = Rmax Do (X¢41]Xe = s5,0) =1 (17.7)
Set min. number A of observations for policy update
Compute Policy 71 of the MDP! 151 using (7, 7):

Assume we fix a random intial policy 7 and s.t. we have
Vg (55)-

Goal: want to calculate an unknown value function V™.

If the reward and the next states are stochastic variables
(R, X) we can calculate the reward usingeq. (15.8):

(@) = Ex, 1 r [R+ 197 (X)IX, a]

Now assume we observe a single example
(Xt41 =sj,a,7, Xt = 5;)

(17.11)

then we can use monte carlos sampling!?®f 6791 with a single
sample to approximate the expectation ineq. (17.11):

St O

Vt+1(si) =r+9V, (sj)
Problem: high variance of estimates = average with previous
estimate.

Definition 17.7 Temporal Difference (TD) Learning:
V(zegr1) = 1 —a)V(wt) + ot (T + "/V'(wul)) (17.12)

Corollary 17.2 Necessary Condition for Convergence:

1. Estimating Transitions and Rewards

Formula 17.1 Estimating Transitions and Rewards:
Given a data set D = {(x0, 20, 70,%1), (X1,01,71,%X2),...}
we estimate the transitions and rewards using a categorical
distributionldef: 66-23];

N, = s 17.2
silsj,a (Xpqp1=si1X=s;,4,=0) (a7.2)
Nsjai= §(X;—SJ-1A;—~) (17.3)

i

o (sirs)) ~ ~ (17.4)
5.0
1 t

(s a) & D O(xpmsii A=) (Xis Ap) (17.5)
sio Th

2. Choosing the next step

Tt

1:fork=1,...,K do fif.tt.he learning rate o satisfies the Robbins Monro (RM) con-

2: Choose o = m¢(xz¢) and observe (s, r) 101018 Py .

3 Caleulate: dar <o, Yai<ow (ie. ap = 1/t) (17.13)

Nxy,ot+ =1 r(z, a)+ = r(ze, a) (17.8) t t
N +=1 (17.9) and all state-action pairs (s;, @) are chosen infinitely often,
xp41lxe,a : then we converge to the correct value function:
4:  if k==A then (C' = Cf") -1 (17.14)
5: Re-calculate (based on egs. (17.4) and (17.5)):
7(st,a) = Rmax Do (Xt41]1Xt = 84,a) =1 2. Q-Learning
. and update the policy m = m¢ (D, 7) Definition 17.8 Action Value/Q-Function:
6: end if (17.15)
7: end for )
2.2.1. Policy Gradients

N

ote 2.2.2. Actor-Critic Methods
Other ways of updating the policy at certains times exist. 3. Proofs
Problems .
c Proof 17.1: proposition 17.2 using hoeffdings bound!def 65-38]

ons I

with 6§ and b — @ = Rmax-

¢ Memory: for all « € A, x¢11,%x¢t € X we need to store
O, (zyy1lee, @) and 7(s¢, a) which results in |SI2|A| (for
dense MDP).

+« Computation Time: We need to calculate the 74 using pol-
icy (7?7 1.2.2) or value iteration (7?7 1.2.3) |.A|-|S| whenever
we update out policy.

1.4.1. How many transitions do we need?

[proof 17.1]

€2 6

(17.10)

Proposition 17.2
Number of Samples to bound Reward:

(?(S,zz)—r(s,u)Se);l—é(:)neo(

Theorem 17.1 :
Rmax either:

« Obtain near optimal reward, or

« Visits at leas one unkown state-action pair

Every T timesteps, with high probability,

How should we choose the action o € A in order to balance
exploration vs exploitation?

Theorem 17.2 Performance of R-max: With probability
6 — 1, Rmax will reach an e-optimal policy in a number of
steps that is polynomial in | X[, |.A], T, 1/e.




Graph Theory

Adjacency List
Operations on Graphs

1. Walks

Corollary 20.1 Strongly Connected Graph: A directed
Graphld¢® 73] s called strongly connected if every nodes is
reachable from every other node.

Corollary 20.2 Components of Connected Graphs: A

Definition 19.1 Walk: A walk of a graph G as a sequence
of vertices with corresponding edges:

W= {v,v41}) €€ (19.1)

connected Graph!?® ™1 consist of one component c(G) = 1.

1. Fully Connected/Complete Graph

Definition 20.7 Fully Connected/Complete Graph:

Definition 19.2 Length of a Walk /K: Is the number of

edges of that Walk.

Is a connected graph gldef 741

2. Paths

where each node is connected to ev-
ery other node.

Definition 19.3 Path P: Is a walk of a graph G where all

Definition 18.1 Graph G:
€5

A graph G is a pair G = (V,€)

of a finite set of vertices Vet 71l

and a multi setldef %03 of edges W

g[def. 71.10]‘ €y

Definition 18.2 Order n = |V|:

The order of a graph is the cardinality of its vertix set.

Definition 18.3 Size m = |E|:

The size of a graph is the number of its edges.

visited vertics are distinct (no-repetitions).

JeV{v;,v;} Vv, v; eV (20.4)

(20.5)

Attention: Some use the terms walk for paths and simple

Corollary 18.1 n-Graph: Is a graph Gldef 7L of order n.

paths for paths.

1
Vi =cIVIavi - 1)

Corollary 18.2 (p, ¢)-Graph: Is a graph Gldef L1 of order
p and size g.

3. Cycles

2. Directed Graphs

Definition 19.4 Cycle: Is a path[@" 7115] of a graph G where
the last visited vertix is the one from which we started.

Vertices

Definition 20.8 Directed Graph/Digraph (DG):

Definition 18.4 Vertices/Nodes V:
Is a set of entities of a graph connected and related by edges
in some way:

Types of Graphs

1. Subgraph

A directed graph G is a graph where o
edges are direct arcslde® 7441 2
€4 el

Definition 20.1 Subgraph HCSG:

N (v):

A graph H = (U, F) is a subgraph of a graph G = (V, &) iff:

e, ={vi, v} €& — v; and v; connected  (18.4)

Is a subgraphldef 7111 34 — (U, F)

Proposition 18.1 Number of Edges:
A graph G with n = |V| has between [0, %n(n — 1)] edges.

of a graph G = (V, €) for which it
holds:

U=V and FcC& (20.2)

Graph Representations
Adjacency Matrix

Deﬁni":ion 18.5 Neighbo‘u‘hood ) i Ucvy and Fce (20.1)
The neighborhood of a vertix v; € V is the set of all adjacent
vertices: 2. Components Definition 20.9 Directed Edges/Arcs: Represent some
N(v;) ={v, €V :3e, ={v;,v;} € E,Vv; € £} (18.1) directional relationship between edges!d°" "4 and are repre-
S ~ - Definition 20.2 Component: A connected component of || sented by ordered two-element subset sets of vertices:
egree Matrix a graph G is a connected!d°" ™1 subgraphldet 7111 of G that e, ={vi,v;} €€ — v; goes to v; (20.6)
Definition 18.6 Degree of a Vertix S: is mazimal by inclusion — there exist no larger connected con- -
The degree of a vertix v is the cardinality of the taining subgraphs. Acyclic Graphs
neighborhood @ 1851 _ the number of ac}j:fent vertices: The number of components of a graph G is defined as ¢(G). Definition 21.1 Acyclic Graphs:
3. Weighted Graph Are graphs!d°® 71 where no cycles[@°f 7116] exist.
deg(v;) = 6(v) = IN(v)| = Y Ay (18.2) & P
j=1 Definition 20.3 Weighted Graph: Forests
€7 iti .
Definition 18.7 Degree Matrix D: Definition 21.2 Forests:
Given a graph G = (V, £) its degree matrix is a diagonal ma- I h h d .
trix D € N" defined as: s a grap g where edges are associ-
deg (v;) ifi=j ated with a weight: A . pldet. 7431,
D, ; i= . (18.3) 30, := weight(e;) Ve, £ re acyclic graphs :
’ 0 otherwise €4
Edges
Definition 18.8 Edges £SVxV: [ 4. Spanning Graph Trees
Represent some relation between edges!®*" 4] and are repre- ._
sented by two-element subset sets of the vertices: Definition 20.4 Spanning Graph: Definition 21.3 Trees:

Are acyclic graphs[def' 745] that are
connectedldet 7411,

1. Minimum Spanning Graph

Definition 21.6 Complete Binary Trees:

A complete binary tree is a tree in which every node of every
level of tree has two children, except the last, to the extent
that it has to be filled left to right.

Definition 21.7 Fully Binary Tree:
node has either zero or two children.

Is a tree where every

Definition 21.8 Perfect Binary Tree: Is a complete bi-
nary tree where the last level is also filled, a perfect tree of
height n needs to have 271 nodes.

Binary Max/Min-Heaps

Definition 21.9 Binary Heap:
Is a complete-binary treel" 2161 where every parent is small-
er/larger (min-heap/max-heap) than its children.

Tries/Prefix Trees

Definition 21.10 Prefix Tree:

Is a tree special kind of tree where each node can have mul-
tiple children. It is usually used for prefix lookup of words,
where words with the same prefix share the same nodes. It
can reduce lookup time from O(M log N) for a word of size
M with N total words to O(M). Special terminating nodes
are used to indicate if a prefix is an actual word.

1. Graph Layering

Definition 21.11 Graph Layering:

Given a graph G a layering of the
graph is a partition of its node set
yldet L] into subsets

{Vi,...,vL}cv
st. V=Viu...uVy, (21.2)
2. Bisection Algorithms
1. Local Approaches
2. Global Approaches
2.2.1. Spectral Decomposition
Definition 21.12 Graph Laplacian (Matrix) L(G):
Given a graph with n vertices and . edges has a graph lapla-
cian matrix defined as:
—1 ifi#jande;; €€
L=A-D 1[;;:=10 ifi#jande;; ¢ £ (21.3)
deg (v;) ifi=j
Corollary 21.2 title:
2.2.2. Inertial Bisection
Proofs

Model Parameter Estimation

Proof 22.1: 6.10:

X.y.6) :{ (01X, y) (X, y)

¥IX, 9)p(X, 0)

Definition 20.5 Minimum Spanning Graph: Is a span-

Definition 18.9 (unweighted) Adjacency Matrix A:
Given a graph G (V, &) its adjacency matriz is a square
matrix A € N™" defined as:

ning graphlet 731 3{ — (U, F) of a graph G = (V, &) with
minimal weights/distance of the edges.

Binary Trees

O1X, y)p(X, y) = p(@1X, y)p(y[X)p(X)

Definition 21.4 Binary Tree:
Is a tree where each node v; € V has up to two children:

deg(v;) <2 Vv, € V (21.1)

(¥IX, 0)p(X, 0) = p(yIX, 0)p(X, 0)
(¥IX, 9)p(81X)p(X)

LyIX, 0)0(0)5(X)

eq. (6.6

Given a graph G = (V, £) its weighted adjacency matriz is a
square matrix A € R™" defined as:
e if 3e(i, 4)
o

A (18.6)

25

5. Connected Graphs
Ao [1orEeG ) (18.5)
“777 10 otherwise ’ Definition 20.6 (Weakly) Connected Graph:
Definition 18.10 weighted Adjacency Matrix A: Is a graph Gldef. T11] where there ex-

ists a path between any two ver-

Definition 21.5 Binary Search Tree (BST):

Is a binary treeld°® 2191 where the left subtree of a node con-
tains only values smaller than the parent and the right subtree
contains only values larger than the parent.

tices:
AP (v, ... Yvi,v; €V

(20.3)

U5

Diagonal Elements

otherwise
For a graph without self-loops the diagonal elements of the
adjacency are all zero.

Corollary 21.1 Balanced Binary Search Tree:

Is a tree that ensures O(logn) time for finding or inserting a
node. It is a tree where the number of left and right descen-
dants is roughly equal.

IX, 0)p(6) T

=HORY) = T X e

Note

This can also be derived by using the normal Bayes rule but
additionally condition everything on X (where the prior is in-
dependent on X)



Deep Learning Submodule
Biological Neural Networks

The human nervous system can be broken down into three
stages:

Neural Network/
Brain

—

Effectos |—> Response

=

i

1. The receptors collect information from the environment —
e.g. photons on the retina.

2. The effectors generate interactions with the environment —
e.g. activate muscles.

3. The neural network processes the incoming and outgoing
information and controls the flow of information/activa-
tion, which is represented by arrows — feedforward and feed-
back.

Stimulus —>| Receptors

Definition 23.5 Action Potential:

Neurons are electrically ezcitable. That means if the net ex-
citation received by a neurons over the dendrites and Soma,
is large enough/exceeds a certain threshold within a short pe-
riod of time, then the neuron generates a brief pulse called
an action potential. In other words the neural cell gets trig-
gered/activated.

Action potentials originate at soma and propagates rapidly
along the axon, activating synapses on other neurons as it
goes.

Note
Synaptic signals may be expiatory or inhibitory.

2. Artificial Neural Networks (ANN)

1. Neurons/Nerve Cells

Question: how can we model biological neural networks in a
mathematical sense?
Idea: start by trying to model a biological neuron.

Definition 28.1 Neurons/Nerve Cells:
Are the basic building blocks of a neural networks, that pro-
cesses and transmits information through electrical and chem-

ical signals.
Dendrite
Axon Terminal

Node of

Schwann cell

Myelin sheath
Nucleus

Figure 10: Neuron/Nerve Cell

1. Mathematical Abstraction

‘We can view a neuron as real valued function that takes n-real
valued inputs and maps them to true or false

f:R™ > {0,1} (23.1)
if we take into account that the strength of each input signal
may depend on how well the Azons transmit then we should
include a weight for the Axons:

f:R™ xR {0,1} (23.2)

Definition 23.2 Axon:
via axons.

Signals are sent to other neurons

Definition 23.3 Synapses: Are the end junctions of neu-
rons, that sit at the end of the Axons. They are complex
membranes that are responsible for transmitting signals to
other cells.

Soma (cell body)

Axon

Dendrite e

7N

Presynaptic cell

Synapse

Axon terminal

Figure 11: Synapse

Neuro-

o
transmitter il'i'l i
/

\

Postsynaptic cell

Definition 23.4 The Soma and Dendrites:
Are responsible for receiving synaptic signals from other neu-
rons.

Note
‘We may also view a neuron as a mapping to a real valued
output, if we view the output as firing rate/frequency.

:R® xRY - R 23.3
f




History

4. The Perceptron 1958+

Definition 24.6 Perceptron Classifier/Unit: The percep-
tron is a linear classifier!d®® 429 that uses the threshold func-
tion in order to classify dichotomies!def: 4:211;

+1 if ¥ wizg =0
—1

9(x, w) = sign (xTw) = { (24.3)

else

Neurons
1. McCulloch-Pitts (MCP) Neuron 1943
Definition 24.1 McCulloch-Pitts (MCP) Neuron:
Let z € {0,1}", o € {—1,+1}"™ and =1
0elZ .
Py, 0) = |1 Xiny ciws =0 —~ >
0 otherwise
Tp—1
Notes
« Is also known as threshold logic unit or linear threshold
gate.

+ The weights are determined analytically = no learning.
« Has only boolean outputs

1. Logical Units

Any task or phenomenon that can be represented as a logic
function can be modeled by a network of MP-neurons.

Proposition 24.1

Disjunctive Normal Form of MCPs:
Given: the tuple of the set of all activities
the threshold ©.

Let Z be the set of all subsets I of > that activate our neuron:

Mioizo

1€
then the MLP neuron can be written in DNF as:

feso,0) =\ | N\ =i )\ —=i

IeT \iel  i¢l

[example 24.1]

bl

={0i=1}" and

I=<1:

(24.1)

Example 24.1 NAND and DNF:
In order to satisfy NAND

T T2 ‘ 2?:1 o4 f we need to set o1 = —1,
0 0 0 1 02 =—1and 0 = —2.
0 1 -1 1 Z={a7,{1},{2}}
1 0 -1 1
1 1 -2 0
F(x;0,0) = (mz1 A Dx2) v (21 A 2@2) Vv (D21 A T2)
2. Turing Machines 1948

Definition 24.2 Unorganized Machines  Alan Turing:
Machines which are largely random in their construction.

Alan Turing asked how to construct unorganized machines, in
which organization would emerge from itself.

Definition 24.3 Type A Machines:
Are networks of NAND units, operating in a clocked manner:

y(t+1) =1 —z1(t)z2(t)

z1(t), z2(t) € {0,1} V¢ (24.2)

Note

Alan turing used NAND as all boolean function’s can be de-
composed into NAND-units.

Definition 24.4 Type B/B Inference (BI) Machines:
Networks, which have modifiers/switches on the connections

Note
Turings original draft was flawed.
3.

Willshaw Memory 1968

Definition 24.5 r-Sparse Boolean Vectors:

Notes

« The activation function of the perceptron corresponds to the
heaviside step functionld®f 66-42]

« The perceptron unit is also termed single-layer-perceptron,
to distinguish it from the misnomer for the multilayer per-
ceptron.

1. Number of Errors
4.1.1. Existence of a Separating Solution
4. Rate of Convergence

Definition 24.7 Novikovs Theorem:

4.1.3. Uniqueness
5. Learning

1. Hebb’s Rule 1949



Units/Activation Functions

Definition 25.1 Activation Pattern: Is the set of neurons
of a neural network that are active/inactive for a given input
x.

[proof 48.2]:
(25.3)

Property 25.1 Inverse/Logits

o Hz) =1n (1

Softmax — Generalized Sigmoid Unit

2.83.2. Softmax and Temperature

Definition 25.7 [proof 48.5]
Softmax Function oMAX L RE s RE:

Definition 25.2 Saturation: Corresponds to input value
z that causes the maximal activity of the unit (positive or
negative).

Proposition 25.1 Zero Gradients Are Problematic:
Zero gradients are often problematic as gradient descent??
updates rely on gradient information thus with zero gradients
we do not update any parameters at all.

Threshold Units

1. Linear Units

Notes

o Useful for the output layer in deep neural networks.

e The hill-shaped derivative of the function helps the network
when classifying.

Note: & and pdf

The sigmoid unit corresponds to the CDF of the logistic
distribution?? and can be interpreted as a probability. But
it is not a real pdf in the mathematical sense. This is because
o approaches 0 on —o0 and 1 on +00, so that its integral will
also be oo

Logits

Is a non-negative, non-linear, normalized function that gen-
eralizes the logistic unitl" 254 to multiple classes:
max max max
oM (x; ©) = [o]

o elo,1]
exp (xT6;)

2§=1 exp (xTGJ)

VEk

T (x; ©) = © = [01+-+-+0c]

Has no maximum saturation rate and
may hence grow to infinity or minus

infinity.
N

¢ :R" >R v(x):Zwixi+/r:wa+/r
i=1

p(x) =x Activation function is the identity

2. Threshold/Sign Units

Has a maximum saturation rate of 1

and may only take the values one or

zero (respective -1, depending on the definition).
N

Z w;T; + b
i=1

sign (wTx + b)

w:R™ +— {0,1} p(x) = sign

Problem: p.w. continuous constant = zero gradient.

Sigmoid Units

Definition 25.5 Logit(s) [proof 48.7]:
Is the logrithm of the odds of an event and equals the inverse
of the sigmoid function:

logit(p) = In (1

) = In (odds(p)) (25.4)

Corollary 25.3 Logits and Neural Networks:

The un-normalized and possibly negative inputs to the
sigmoidldef: 25‘A]/softmax[def’ 257 function are thus called log-
its.

(25.8)
o™ = ¥ oy =1 oi>0 Vi=1,.
Jj=1
max max(,y (1] _ ,maxg, i=3j
Ve, = T O L)
J oy (z)rr] (z) i # g
= o7 (2) (83 — 7T (=) (25.9)
Logits x Softmax Probabilities
3.1 0.42
—12.2 0.94
: —_— .
3 0.3

Definition 25.9 Softmax with Temperature:
It is possible to add a temperature parameter T to the
softmax function that allows us to specify how distinct the

softmax values are:
( xT6o,; )
exp T
- xT HJ
=1 9XP | T

Probability

oI (x; ©) = © = [O1eeeeea0c]

(25.13)

Probability

8 9 10 Category

12345

6 7 8 9 10Category

A higher temperature parameter leads to a smoother distri-
bution.

Vanishing Gradient

Explanation 25.2.

Corollary 25.4 Saturation of logistic units:
A saturated logistic unitlde® 2_5‘4] (large input values z) has a
zero/vanishing gradient[dsf' 26.11]

o'(z) = lim o(z)o(—2z) =0
z—+o0

lim (25.5)
z—+0o0

= parameters will not be updated as the gradient/¢ is zero.

o The exponential function makes sure that we cannot get neg-
ative probabilities.

o If there exist logits!® *>°l of different magnitude, then the
logits of small magnitude will basically be ironed out due to
the nature of the exponential.

o The name softmax comes from the fact that the function
acts as a soft maximum in the sense that the biggest value in

2. Hyperbolic Tangent

magnitude becomes the biggest value while they other pushed
towards zero.

Definition 25.3 Sigmoid Functions: Are functions whose
graph is a characteristic “S”-shaped curve.

Definition 25.6 [proof 48.4]
Hyperbolic Tangent/Tanh Unit tanh : R — [—1,1]:
Is a smooth symmetric non-linear function:

1. Sigmoid/Logistic Units

1

tanh(z)

Definition 25.4 [proof 48]
Sigmoid/Logistic Unit o : R~ [0,1]:
Is a smooth non-linear function that can not have negative
activities:

1

1

o (xT0) :m
o'(2) =o(2)(1 = 7 (2))
=o(z)o(—2)

0.25

(25.1)

0 1

-6 -4 -2 0 2 4 6
1
max o’ (z) = = lim o'(z) =0
z 4 z—~+0o0

Explanation 25.1 (Sigmoid/Logistic Function).

0 — xT0 large
o(xTo) =41 if xT0 large
0.5 xT0 =0
Pros Cons
« Great for classification « Saturated logistic units are
problems. non-informative see Corol-

lary 25.4.

Corollary 25.1 Smoothness of o:
o is a smooth function o € C®.

Corollary 25.2 Rotational Symmetry arround (0, 1/2):
1—o0(z) =o0(—=2) — o(—z) =1—0(z2) (25.2)

—z — tanh?(z)

W e —e B
tanh(z) 762+T (25.6) 05

Corollary 25.5 Relationship to Sigmoid Unit[proof 48.6]:

soft-max with 01,02 — sigmoid with 6 := 01 — 09

(25.10)

Corollary 25.6 Degrees of Freedom: The problem is over

parameterized i.e. more d.o.f. then needed as the probabilities

sum to one. Thus we may re-parameterize the problem as:
0; «— 0; —0, i=1,...,¢c s.t. 0, <0 (25.11)

2.3.1. Numerical Stable Softmax

Why do we need a stable softmax?

sinh(z)
B cosh(z)
5 —0.5
tanh’(z) =1 — tanh®(z)
(25.7)
Pros
« Is symmetric around zero with maximal activity at z €
{=1,1}
= i.e. training may lead to pos. or neg. activity (not just
pos.)

Little bit less susceptible to saturation

« Higher derivative values = neuron can better distinguish
between similar situations.

Cons

« Still — Saturated tanh units are non-informative.

The biggest number a float32 with a 24 bits mantissa can
represent is 2127, for an exponent this number is already
reach for an input of 88, leading to overflow.

Definition 25.8
Numerical Stable Softmax:
over and underflow:

,.,max(z) — [ngﬂax ....... nf}“‘x]

[proof 48.8]
Softmax function that avoid

max

on T elo,1] VE

(25.12)
exp (z; + a)

Property 25.2
Connection to Logistic Unit:
tanh(z) = 20(2z) — 1

[proof 48.3]

oA () = — a = —max (z1,..., 2c)
' Ni_ exp(z; + o) ¢

J

Explanation 25.3. « by subtracting the mazimum value from

Notes

Works almost always better than the sigmoid o activa-
tion function with the one exception for the output layer, if
we do binary classification, as the sigmoid function will have
a value between 0/1.

3. Swish

each input, the inputs to the exponents will all be smaller
equal to zero, s.t. we cannot have overflow.

e In addition to that the largest value will be zero such the ex-
ponent is one and we have at least one non-zero value in the
denuminator.




Rectified Units

2. Absolute Value Units

4.2.1. Hinge Functions

Definition 25.10 Rectified Units:
Is the use of piece wise linear units ng.

Definition 25.12
Absolute Value (AbsU)

[proof 55.1]
|| : R — [0;00):

1. Rectified Linear Units

Definition 25.11

Rectified Linear Units (ReLU) (:)4 : R+ [0;00): Is the
most widely used activation function:

9

(xT0)4 :=max [0,xT0]

1 if z> 0 14
o(xTo)y =<[0;1] ifz=0
0 otherwise 0.5
(25.14)
rresransareesads
-2 -1 0 1 2
Pros Cons
+ Non-linear gradient « No gradient information for

= easy to optimize. negative entries.

+« Dying ReLU proble

Proof 25.2: Property 25.1
t

if 2 >0 t
otherwise
if z> 0 g
a(lz|]) =4[0;1] ifz=0
0 otherwise T
(25.19)
-2 -1 0 1 2
Corollary 25.10 [proof 48.9]
Connection to Absolute value Unit:
z + |z|
()4 = — — |z| = 2(2)4 — 2 (25.20)

Smooth ReLU Approximations

Are no-longer “real” REU units[d‘?f' 25101 Hut smooth approxi-
mations of the the p.w. RELU" 2511 ynit and try to com-
bine the advantages of rectification and smoothness.

Explanation 25.4.
spaces:

ReL U splits the input space into two half

H;—:{X:HTX>0} and ’He_z{x:HTx<O}

separated by the hyperplane ’Hg and constant on ’Hg v ’H;

4.0.1. Softplus

Definition 25.13 Softplus ¢: R (0;00):

¢(x;0) =1n (1 + exp (xTH))

Corollary 25.7 Dying ReLUs: Refers to the problem that
once a ReLU has zero activation it is unlikely to become active

again which is due to its gradient:
If 215 = 0 _—
=N

(z1)+ =0
=V z; =0

(25.15)

Vo, i1 (25.16)

Thus if z;; (xt) =
X = {xl, RN xT} then the ReLU unit:

« is basically dead/the parameters will never be updated and
« will never become active again due to the zero gradient

0 for all inputs of a training sample

! T — T —
¢(xT0) =o(xT0) = P
(25.21)

4 -2 0 2 4

4.0.2. Exponential Linear Unit (ELU)

Definition 25.14
Exponential Linear Unit ELU

Corollary 25.8 Activation Pattern:

Thus if all units are active we recover a linear network other-
wise inactive units are “pruned away”.

The activation pattern(®® 2511 of a ReLU layer can be de- z ifz>0
scribed by a heaviside fury;y(y:tion[de{ 66.42], " w(z) = exp(z) — 1 else
H(©x) € {0, 1} xeR (25.17) (25.22)
as each unit will either be active or inactive.
d 1 ifz>0
Corollary 25.9 Jaccobi Matrix: The Jaccobi d—‘P(z) = exp(z) otherwise
matrix[4" 9561 of a ReLU layer is sparse: z P
ot (25.23)
"
(28 o i o -4 -2 0 2 4
oF, = | |, 615 = {5 1121_] = (25.18)
. g ese 4.0.3. Soft Exponential Linear Unit (SELU)
oT 4.0.4. Parameteric Exponential Linear Unit (PELU)
n 1. Leaky ReLU (LReLU)

Maxout networks with two
maxout units are universal
function approximates.

Definition 25.16 Hinge Functions: o (In )) = ! =t (25.29)
1—t =
—t
Are two hyperplanes(d°f 591%  that are
cut in half and glued together at their Proof 25.3: Property 25.2 22
i ion: 1 2 l1+e™
intersection: 20(22) — 1 =2 1= _
1+e—22 14+e=22 1+4+e—22
9(a) = max (6Tx + 11, 0] + 1) e eroemr
(25.26) “Tfe-2 erqe—2r tanh(z)
Proof 25.4: Definition 25.6
Corollary 25.11 Intersection: The intersection is given by: tanh(z) = — L =
H1=H2<=>H2—H1:0<=>6'2"x+/r2—9'1"x+111:0 0z cosh(z)
~ o~ ai sinh(z) - cosh(z) — ai cosh(z) - sinh(z)
=(02 —01)Tx+ (g —b2) = 0+ 7 =0 = X
cosh?(z)
516 2 s 2 N 2
Corollary 25.12 Representation: Hinge functionsld®! 25:16] _ cosh”(z) — sinh”(2) 4 sinh”(z)
can be represented as combination of a linear part[def' 59.43] coshZ(z) coshz(z)
and an absolute value or relu unit:
max(f,g) = = (f+ g+ |f —gl) (25.27) Proof 25.5: Definition 25.7
’ 2 Softmax function derivative V., oA (2):
Note P v exp (x76;) _
Absolute value functions in turn can be represented by relu | = ' =i 2, exp (xToy)
functinos. QR. 0—c%ie®i &% eTi
4.2.2. k-Hinge Functions—Maxout Units = 3 = pa £ ' Se z),
Polyhedra (22:1 eTk ) r=1%"" r=1¢""
Theorem 25.1 Hinge Representation: = 7{7;nax(z)n.r}nax(z)
Polyhedra f € R™ can be represented by (finite) k-Hinge func- ) exp (xT6,;)
tions: B Veise exp (xTH0,) B
JAcR™ ! (0,0)e A and  f(z) = max {6Tx + b} p k
(6,h)eA _
(25.28) - ( - = )2
Yi1e™
Theorem 25.2 (Wang, 2004): i e®i e®?
Every continuous piece wise linear function f € pr can be = T - T
written as the difference of two 1 k=1
_ max 2
Maxout Units/k-Hinge Functions B (=) = (7" (2)
Theorem 25.3 Minimal Non-Linearity: Proof 25.6: Corollary 48.6
To —xTo To
Linear o (x) = e* 7 e ! ot
Inputs maxoutlin. comb. 1

eXxTO1 4 ¢xTOg  o—xTOp ¢xTO] 4 ¢xTOg

exT(01—01) 1

5. Proofs

Definition 25.15 Leaky ReLU R +— (—00, 0):

ifz>=0

Zz)
¢ otherwise

Il
N
o
N

(25.24)

1 if z> 0

ifz=0

€ else
(25.25)

(¢(2))

Il

o

[
~Y5

2. Approximation Power of pw. Lin. Functions

Definition 25.4

’ _ @ —z _ —z\—2
/»(z)fa—z(l-%-e ) 7—(1+e ) —(l+e
- - L e = ! (1-e
Proof 25.1: <1+e,z)2 (1+e*2)2
. - (2) = o()?
- — = o(2)—o(z
(T+e=2)  (14+e-2)?
o - 2
’ - —z - _ —z —z0_
rr(z)faz(l-i—e ) (1+e ) e “(—-1)
B 1 e * B 1 e® 1
_1+1e—21+e—z l+e2e?l+e?
= a(z)o(—z)

- exT(01-01) 4 ¢xT(92—601) ! +e—xT6O
Proof 25.7: Definition 25.5
e’ 1 e® 1+e®—1 1
y_ew 1+e-* 1+e®  1-4e® 1+e®
1
= - 11—
1+e® Y
1 1—
1+e® = = ﬂ =1+ y
1-y 1-y 1-y
e? = Y = x = In L
11—y 1—vy
Proof 25.8: Corollary 25.10
Ifz>0 — ()4 =2z2—2z=2 ifz<0 (25.30)
— (z)+ =0 (25.31)

1)




Neural Network Representation
1. DAG Representation

1. Fully Connected FFNN

@

® o

Idea: neural networks that can
be represented by acycliclde 7451
directed!def- 74:3] graphs[def. 71.1]
7R
(6a)
&

x = f3(f1 (z1,22,01), f2 (z2,23,02),03)

Definition 26.8 (FC-FFNN)
Fully Connected Feed Forward Neural Networks :

Are feed forward neurall®® 26:6] networks that consists only
off fully connected layers[dCf' 26.7],

4.1.1. Units

Definition 26.9 Units of a Neural Network:
Is the sum of the widthsl®® 265 of all layers:

2. Layered Neural Networks

2.0.1. Neural Network Layers

Definition 26.1 Layered Neural Networks:
Are neural networks where the graph[def' (TS partioned into

L layersldef 2621

Definition 26.2 Neural Network Layers 1,...,L:
Are grouped partitions of nodes!®f 748l of the neural network.

1. Composition, Activations and Transfer Maps

Definition 26.3 Transfer Map:
Is a function F' that maps the input of one layer I — 1 onto
the next layer [:

1 —
Fl:RMX™M=-1 5 R" = F':i= poF! (26.1)

— 1
with Fl(x)=0'x+ 1 vl er™

Definition 26.4

Composition of Layerd Neural Networks:

Is the composition of the L transfer maps!dct 263 {Fl}]L=1
w.r.t. the input, whereas the parameters get concatenated:

L
Funits = 2 width; (26.4)
=1
2. Forward Propagation
3. Backpropagation
4.3.1. Derivative of the Network
Definition 26.10 [proof 26.1]
Chain Rule for Neural Networks:
1 1
OF = [[ 0F 0F;_1.1 = [[ Jp, 0 Fi_11
=L =L
1
= OF(x) = [] 0F; (z-1) (26.5)
=L
with F(.1 = identity and z 1 :=F;_1.1
4.3.2. Vanishing Gradient Problem
Definition 26.11 Vanishing Gradient Problem: Van-

ishing Gradient Problem: ¢/(-) : R ~— [0, 1] hence if we use
a deep n-layer network the gradient gets smaller and smaller,
as the signal back propagates.

This would mean that the first layer has almost no gradient
which would paralyze the network from learning. <. the rea-
son for this is that we use the chain rule, in order to back prop-
agate the signal and thus multiply all this fractions smaller—
equal to one which decreases them exponentially, becoming
nearly equivalent to 0.

F=F;,.,=Fpo0---0F; F, : R"l — R"I+1 (26.2)
with F(x;0) = Fp (Fr_q (.. F1(x561...30,_1)0L)) 5. Proofs
2 :=Fp1 = (FioF_1.1) (x) = Fi(z-1) Proof 26.1:
z) = x z, =y OF = (0F, 0F;_1.1) - 0F,_1.1
2.1.1. Width of a Layer = (0F; 0F;_1.1) (0F; 1 0F)_24)-0F; 91 = ...
Definition 26.5 With of a Layer:
width; = n; := dim(codom(F)) (26.3)

3. Feed Forward Neural Networks

Definition 26.6
Feed Forward Neural Networks (FFNN):

Input Layer

Are neural networks
that can be represented
by a acyclic[‘m' 74.5]
directed!def- 74:3] Hidden Layer
graphsldef: 7111 where
information only flows into
one direction i.e. along Output Layer

Pathgldef- 71.15]

4. Fully Connected Neural Network

Definition 26.7 Fully Connected Layers:

neural
def. 26.2
[de 1 F,

Are network
layers whose edges
are fully connected[d° 742 to
all edges of the previous F;_;
and the next layer F; 1.




Training
Loss Functions

1. Zero-One/Classification Loss
2. Hinge/Perceptron Loss
3. Probabilistic-Log Likelihood Loss

Attention: Log-loss vs. Cross Entropy Loss:

The cross-entropy lossld°f 2614 and the log-loss[def' 26-13] result
in the same loss however the term log-loss for the cross-entropy
loss is a misnomer as the log/categorical loss is derived from
the likelihood, whereas the cross-entropy loss is derived from
the cross-entropy.

In addition to that the log/categorical loss only refers to hard

Definition 26.12 (Negative) Log-Likelihood Loss:
Let F be a model for making probabilistic or noisy predictions
¢ with 32 € Z"" for probabili.ty massA .
Y e R"" for probability density—functions
The likelihood of a label 1; € Y given a predicted label @7 is
given by the negative log-likelihood of the probability distri-
bution $// of y:

L(3)=—Inj(|y;©)

labels!?®® 4271 and does not include soft target(def 4281,

Learning Rates

2. Idea might want to adapt the learning rate w.r.t. the mag-
nitude of the gradient w)
« If the gradient is very/too small = increase learning
rate
o If the gradient is very/too big = decrease learning
rate

CE Loss with Sigmoid Activation

Time Based Decay

Corollary 26.1

Cross-entropy/Bernoulli loss with Sigmoid Activation:
If the last layer uses a sigmoid activation!d*f 253 the log-loss
becomes:

ly(z) = —ylno(z) = (1 —y)In(l = o(2)) (26.10)

Proposition 26.1 Time Based Decay:

J
104
1 -

Base of Logarithm

The cross entropy uses usally the log 2 and not the natural
logarithm but it doesn not really matter as the only vary by

_ In
a constant factor logy n = T

Categorical-Log Loss

CE Loss with Softmax Activation

Corollary 26.2 [proof 48.13]
Cross-entropy/Log loss with Softmax Activation:

The cross entropy loss function is usually used together with
softmax-activation functions 9" 257 in order to measure how
close the output probabilities are to the real distribution. In

Definition 26.13

[proof 48.10]

this case the cross-entropy/log-loss becomes:

K K K
= > vk moP (@) == ) vz +1n

08 1
Shrinks the learning rate with time & |
more and more. =
04-
t = ——————  (26.14)
(1 + decay - t) o2k
% 02 04 06 08 1

Proposition 26.2 Time Based Decay after t’ iterations:

the correct c; by the amount it did not match 1.0.

Cross Entropy Loss

Definition 26.14
Cross Entropy Loss:
Given soft or hard probabilistic target € Y with K
individual classes Y = {c1,..., ¢} and probabilistic predic-
tions p the cross entropy!®°® 37 loss is given by:
CE = 1,,(p) = H(p, §) = —E,[In ] = H(p) + KL(p || B)
K

[proof 48.12]

gldef. 4.28]

disc. ~
=Y ppmp, (26.7)
k=1
o 5 1
l,(p(2) = — ey D (z) (26.8)
0z, Zl P (z1) 0z,
Attention: /D vs. /y:

This is often ambiguous as if the last layer corresponds to
probabilities we can think of:
and

y=5
on the other hand ¥y usually refers to the actual classes:
y = argmax U, (26.9)
ke{l,...,K}

5.3.4. Squared Loss

Root Mean Squared Error (RMSE)
Mean Absolute Error (MAE)
Mean Squared Error (MSE)

Log/Categorical Loss: 1,(z) = Z o (z1)
Given one-hot!4°f 426 encoded hard labels!@® 427 with K in- 1 P -y We may also want to fix the learn-
iividtual c'laslses {A‘l,t- d ,tl‘{;;}.t' [def. 66.23] ;g . hard targets K ing rate in the beginning to a small t
o Ci;}%}?ggg 12;15':[dpe‘.flr o,4]lso? ution induces a negative Def_4.27 —z, +1n Z e(zl) (26.11) || constant C'1 and then slowly de- Cy
&- . — crease it after t’ iterations: Cooct
Cross Entropy Loss for y = ¢, =1 (o284
o = min (C1,C2) = min | C -
() = M) = v = B ) B
A~ ~ k
LG = —Injy;e) _ . — (26.15) v n
_ _5 ‘n s 5.3.1. Relationship To Likelihood
= [u=cp] k Step Based Decay
o hot Note
one- K irs - X
[def. 4.26] . Maximizing the likelihood is the same as minimizing the cross Proposition 26.3 Step Based Decay: Divide the learning
= - Z ko InDy entropy. rate by a fixed factor f after every t’ epochs:
k=1 . X
(26.6) . 5.3.2. Binary Cross Entropy (BCE) Loss + =10 - f(l t’J) (26.16)
0 02 04 06 08 T | Definition 26.15 [proof 48.14] | Exponential B
o A ased Deca;
predicted probability D Binary Cross Entropy (BCE) Loss: P Y
In case of only two classes the cross entropy loss functions can
- be written as:
Explanation 26.1. [example 49.1] 1,(9) =—In/(y]§;©) = —[yInd, + (1 — y) In(1 — D,)]
Given a true observation/label y = c; the categorical loss penal- for y € {0, 1} (26.13)
izes only the predictive probability 7. € D = [Tp+++=++-T|T o
Y P P Y [ B I\] f 5.3.3. Bernoulli Loss

Optimizers
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Trainable Neural Network Layers
Linear Layers
Convolutional Layers
Normalization

Non-trainable Neural Network Layers
Normalization

Layer Normalization

|Deﬁnition 29.1 Layer Normalization:

Batch Normalization

Residual Layers

Intro

When using neural networks we wusually initialize the
weights of the layers to some small value. This does
not constitute a problem when wusing shallow networks.

Deep Network
Shallow Network

Loss

Epochs

But if we use deep networks initially the information passed
through gets multiplied by many random weight matrices s.t.
almost none of the output is an actual signal related to the in-
put. Another problem is that if we backpropate the Jacobin’s
back to the earlier layers we will multiply many matrices with
a small value leading to a vanishing gradient. Idea: we can
avoid the vanishing gradient if we add the identify to the gra-
dient, which is equal to adding the input to the output:
Fres (x) = F (x) + x JFres =JF +1

Definition 29.2 Residual Layers/Blocks [?]:

A residual layer adds the input of

a layer to the output of another
layer:
F(x) relu

Fres (x(l)) =F (x(’)) + x(]/) (Weight Layer

1<t
(29.1)

F(x) +x
)

Explanation 29.1 (Why Residual Block). The residual block
does no-longer need to learn everything about the input that
needs do be passed along but rather to figure out what infor-
mation the network can add on-top of the network i.e. we try
learn the residual of the input.

Corollary 29.1 Non-matching dimensions:
If the dimension are not matching we can multiply with an
additional weight matrix W that matches the codomain of F:

Fres (x(l)) = ]-'(x(l)) + Wx(ll) 1<

Note

Usually multiple layer are skipped by a skip connection, to so
that the block is flexible enough to learn the residual.

Why not use concatenation?

If we have more than one or two skip-connections then con-
catenation may lead to a very large vector.

Note

‘We need to have a non-linearity, otherwise we add a linearity
to a linearity which does not change anything.



Recurrent Neural Networks (RNN)

Goal

Given an observation sequence of inputs xl7 ..., x° we want to
learn the transition!d®" 1251 outputldef 12:61_model of a discrete
time state space modelld® 127 that:

@ Is Markovian!def: 13-1]

@ Is Stationary Time-hnmogenenus/—invariant[def' 13.15]

h® — F (h(t—l), x®, 91«“) n =o

t=1,...,s (2022)

Types of RNN Tasks
Sequence-to-Sequence (Seq2Seq) Models

Sequence to Sequence Modeling

Sequence-to-sequence modeling is the task of taking an input

and producing an output seqgeunce:

« Translation: taking an input sentence in one-language and
outputting it in another.

« Summerization: taking an input sentence and producing

Vanilla RNNs

a summary of it.
« Conversation: taking an input sentence or questing and
producing an awnser to it.

Proposition 32.3 Stacked RNNs:

As the it is really difficult to com-
press and arbitrary length sequence
into one context vector of fixed
size, the encoder usually consists of
stacked RNNs.

Timesteps

comment-s,  tappeles~

[t}

8-

Definition 29.83 Recurrent Neural Network (RNN):

Is a linear discrete time state space model [def. 12.6] " ith
element-wise non-linearities:

State Transition Model:

F(h,x;0p) = Wh+ Ux + b 0p = (U, W, b)

F=¢oF (29.3)
Output Model:
H(h; 0 :=Vh + ¢
(b Or) 0 = (V,c)  (29.4)

y =H(h;0y) = yu o H

unrolled
s e

OOO0O0

Definition 32.1 Seq2Seq Models:

Sequence-to-sequence models consist of encoder-decoder ar-

chitectures that can be trained in an end-to-end fashion.

« Encoder: encodes and input sequence x = (X1,...,X7)
into a context vector c. The most common approach is an
RNN and some nonlinear function g:

Main difference to FCFFN!def: 26-8]

« The weights/parameters of the different layers are shared!
« Inputs x; are processed in a sequence.

Cons

« Non-parlellization: RNNs cannot parallelized due to the se-
quenential dependency of the stateseq. (29.2).

o Linear-interaction Distance: it can be difficult for RNNs to
relate to related tokens to each other, if there have been a
lot of tokens inbetween them.

ie. [?7]
ht = f (zt,he—1) c=q({h1,...,hp,}) = hp
« Decoder: uses the context vector to generate an output
sequence:
T
oly) = w(yh---,yTy) =1 v @il {vr, - ve—1}.0)
t=1
RNN
= g(yt—1,5¢0)
Ve comment ==, tappeles ==y -y <EOS>
' s ] ' B I 1 s I T4
Decoder H—»[ Decoder ]—:—zb[ Decoder ]—:—zb[ Decoder ] TS
td td +
o pre t'app'eles ’ w <€0s>
-G h
h h h. h, N
[ Encoder ];r[ Encoder ]—2>[ Encoder ]—Zbl Encoder ]—Arl Encoder ]—)
|
X, <€0s> what is your name
Note
‘We need:

« A start token for the decoder.
« An end of sentence token for the decoder, so that we know
when output is finished.

1. Backpropagation Trough Time (BPTT)

Gated Recurrent Units (GRUs)
Long Term Short Term Memory (LSTM)

We can use the same token for this i.e. <EOS> or different
tokens i.e. <START> / <EOS>.

Considerations for the Encoder

Proposition 32.1 Reverse Input Sequence:

Seq2Seq encoders often process the input sequence in reverse.
The benefit is that it is easier for the decoder to focus on the
“first” token which is now the last output of the encoder.

Proposition 32.2 Bidirectional RINNs:

Language sentences often have dependencies in both direc-
tions, to take care of this one can produce a forward and a
backward context and concatenate them before passing them

to the decoder:
h = [h(f) h(b)]

c=[e ]
o=[o) o]

and states (32.1)

Context

H
:
= = =
7 7 17
] ] b
1 1 t
<EOS> name your
E = =
= [~ E
7 7 1)
] ] b
1 t t
<BOS> What is




Autoencoders (AE)

Definition 33.1 Autoencoder

Let X = {x;}I'; € R? and let
XT = [x1 xn] e RYX™ be the
transposed design matriz.

An auto encoder is defined as:

Encoder (o3 R% s RP
Decoder i : RP — R4
with x = (Y og)x s.t.

L on
0 ={6,v} = argmin — ¥ [|Ix; — (¥ 0 &)x;?

Py i=1
1
= argmin — | XT — (¢ 0 $)XT||% (33.1)
Pyt 2n

Explanation 33.1 (Definition 33.1). An autoencoder is a
neural network that is supposed to learn the identity map by
first encoding and then decoding the input.

1. Linear Autoencoder

Definition 33.2 Variational Autoencoder X = DCX:
Let X = {x;}7_; € R? and let XT = [x1--++++-xn] € R4X"
be the transposed design matriz. An auto encoder is defined
as:
E S pXxd . d P
ncoder Ce€ ]R;(d R" — 1R ot 2 — DOx
Decoder DRP*®: RP s R
(33.2)
1 & 2
0 ={C,D} = argmin — Z [[x; — DCx,||
cp /T

1
arg min — || XT — DCXTH?; (33.3)
c,D 2n

Note

Equation (33.5) is a degenerated problem and has single no-
global minima but many minima that are optimal.

Corollary 33.1 Non-unique solution [proof 48.15]:
The solution C¥, D¥* are global degenerative/non-unique so-
lutions.

1. Variational Autoencoder

Definition 33.3 Variational Autoencoder X = DCX:
Let X = {x,i}ll=1 e R? and let XT = [xl """" xn] € RIXn
be the transposed design matriz. An auto encoder is defined
as:

Encoder Ce RPX Rd — RP

Decoder DRPX? RP — R?

1 on
0 ={C,D} = arg min — Z [|x; — DCxiH2
cp 2n /5

1
= argmin — || XT — DCXT H?;‘ (33.5)
c,D 2n

Note

Equation (33.5) is a degenerated problem and has single no-
global minima but many minima that are optimal.

Corollary 33.2 Non-unique solution [proof 48.15]:
The solution C*, D¥* are global degenerative/non-unique so-
lutions.




Generative Adversarial Networks (GAN)

Definition 34.1 Gan:
m(;n mgx::zN"data(a:) [log D(2)] + Egn,,, (2)[1 — D(log D(x))]
(34.1)

VQ-GAN



Diffusion Models

Definition 34.4 Reveres Diffusion Process:
o(xp—1lxe) = N (o (e, 1), Yo (x¢, 1))

Definition 34.2 Diffusion Model:

Generative Diffusion Models are models that introduce sys-
tematic noise in an iterative process through a Markov Chain
and then try to learn to reverse this process in order to gen-
erate samples from the underlying distribution:

Forward a(@tlze—1)
Diffusion

Reveresed q(a q
Diffusion 1(’%) o)
T
a (x1:71%0) = a(x0) [ ] a(xtlxe—1) (34.2)

t=1

q(x0p): true distribution of our input data:

Histroy

Definition 34.3 [proof 48.17]
Forward Diffusion Process:

The forward diffusion process incrementally adds noise to the
input:

T
q(xtlxe—1) = N (V 1— 0x¢_1, "tI) thiey €O,

<2 <...< (g
xt = /1 — Ox4_1 +/te e~ N(0,1) (34.3)

The level of added noise is increasing slowly with each time
step, regulated by the schedule 7; = J¢(t) in order to:
+ Bring the mean of each new Gaussian closer to zero.
« Limits the rate of variance increase, we want to learn grad-
ually and don’t learn anything from pure noise.
lim g (x1.7x0) ~ A'(0,1) (34.4)
T—0

One Step Forward Process:
1— ¢

ag

t
— N (/3 _a
q (xt|x0) = N (V@rxo, (1 — a¢1)) aii= [ os (345
=0
x¢ = Vagxg + (1 — agl)e e~ N(0,I)

Explanation 34.1. eq. (34.5)
One Step Forward Diffusion Step :

Sampling from a Gaussian and applying eq. (34.3) repeatedly
to obtain q(xt|xp) using eq. (34.2) is expensive, however using
a re-parameterization trick we can directly compute g(x¢|xq)
without the need to have to apply eq. (34.2).

Notes

If the step-sizes [ are too large it becomes to difficult to learn
the de-noising steps of the reverse process.

Problem

Ideally we would like to calculate g(x;_1|x) but this is not
feasible from section 9 we know that:
g (xelxe—1)a(x¢—1)
7 (xt)
0 Gee) = [0 (celxe—1) a (x—1) dx

the integral’s to calculate g(x¢) resp. q(x¢—_1) are most likely

intractable. However if the forward noise step ¢ (x¢|x;—1) is

small, then there is not so much ambiguity about g(x;_1) s.t.

we may model g (xt—l \xt) by a uni-modal Gaussian distribu-

tion.

Idea: replace g(xt_1|x¢) by a trainable neural network
o (xe—11%¢)-

q (xe—1l%t) =

Intuition Why This true

For infinitesimal small step-sizes we can convert the forward
process into a SDE using Taylor expansion. This SDE can be
reverse.

(34.6)

Latent Diffusion Models




Contrastive Learning



Attention Based Architectures

Definition 34.8
Concat Attention:

7]

Definition 34.5 Attention:
Attention is a mechanism that gives a model the knowledge
of the relevance of one entity w.r.t. to another entity.

—— high attentions
. low attentions B

{ P 1!
She is eating a green apple

Corollary 34.3 Gaussian Alignment: One problem is how
to choose p; without using the non-differentiable argmax.

Attention in RNNs

Seq2seq models section 32 have the problem that the decoder
takes one context vector as input and all following states de-
pend on this single context vector c. This does not work well
for long sequences.

T,
Idea: create one context vector c¢ for each state {st}ti'l of
the decoder, that describes how relevant / well-aligned each

input value {xl}fil is with output y,.

Trainable Parameters: none

score (s;, h;) = VZ tanh (Wq [si; hj]) (34.10) || One possibility is a Gaussian kernel:
Trainable Parameters: Wq,Ugq,vq
Pros
Pros « Very long sequences can become really expensive, by us-
« Additive attention works better on larger input dimen- ing a fixed window size we can keep differentiability and
sions. reduce the computational complexity.
2. Multiplicative Attention Monotonic Alignment
Definition 34.9 7] || Definition 34.15 Monotonic Alignment: Aligns p; ex-
Bilinear Attention: T actly with the target sequence p; = i with i € {1, RN Ty}.
N e b score (s;, hJ) =s; Wgyh; (343‘,1) Note
rainable Parameters:

“] « This may result into input tokens not beeing considered if
Definition 34.10 G the target sequence is shorter than the input sequence and
Dot-Product Attention: the window size D is small.

score (si’ hJ) - sThj (34.12) | * This leads to a symmetric block-diagonal matrix.
B .

Predictive Alignment

Definition 34.6

Neural Machine Translation (NMT):
Uses an attention mechanism to add relevant context to each
of the output states, as a linear combination of the input
states:

[z

T$
T
c; = Z ajthy = a; H aithy
t=1
= alignment (y;, x¢)
exp (e;
«;,¢ = softmax (e; ¢) = #
s ) -
I, exp (ei.)
e;,, = score (Si—ls h,") = align (51—1, hk)
s; = f(si—1,¥i—1,¢i (34.7)

Yo comment

o
:

capgeles

Attention

+

fo

Sz S3.
L]
o5 o

ajj Asrmenweighs|

Si

h hy hs hy hej
J N N NG
.
( l hihyhs hy he

Definition 34.11
Scaled-Dot-Product Attention:

7]

h
score (s;, h;) = —= (34.13)
VTz
Trainable Parameters: none Note: scaling is supposed to
help for large input values, where the softmax function may

have very small gradients, which makes learning hard:

Predictive align-
are important to

Definition 34.16 Predictive Alignment:
ment takes into account what input tokens
the target sequence i.e. we predict p;:

p; = Ty - sigmoid (vg tanh (thi)) p; € [0,T,]

Definition 34.19 Query-Key-Value Based Attention:
Key-query-value attention, splits the attention mechanism
into a key, query and value.

The query g determines what we are interested in, the key k
what value v we are currently looking at and the alignment
a@;j(ai,k;) determines the weighting of the value:

Ty
ci= ), a;;v; (34.19)
t=1
exp (q?ky)
a;, j = softmax (ei,j) e e
©
Z(y':l exp (qi k]/)
attn (Q, K, V) = softmax (QKT) v (34.20)

i
a

q;'ki->softmax
Vi

Explanation 34.3. The softmaz function is sensitive to very
large inputs, which leads to a vanishing gradient, decreasing the
rate of convergence. The dot product of two independent random
variables R? with mean 1 = 0 and variance o = 1 has itself a
mean of 0 but a variance of d.

Thus scaling the dot-product with v/d leads to a variance of 1
and helps to stop the input of the softmax from growing to large
with d.

Note

Leads to block-diagnoal matrix with some non-symmetric ir-
regularities.

Corollary 34.4 Gaussian Alignment:
One problem is how to choose p; without using the non-
differentiable arg max. One possibility is a Gaussian kernel.

Self-Attention

Definition 34.17 Self-Attention:

Definition 34.12
Location-Based Attention:
sition:

score (s;) = s;

7]
Only focuses on the target po-

(34.14)
W,

o, ; = softmax (Wgs;)

Trainable Parameters:

Self attention relates the input sequence to itself and can
adapt any input sequence by replacing the target witht he
input sequence:

e;,; = score (h;, h;) (34.18)

Note: Softmax over matrices

We always take the softmax element-wise and sum over the
last dimension.

If A is a matrix of shape RY? we take the softmax as:

Key, Value, Query-Attention

r 1 I ] 0

what 3 your name

Explanation 34.2.

o We simply take a linear combination of the hidden input
states, where each input state is weighted by alignment or
score function that describes, how well a input state corre-
lates to an output state.

e The softmax scales the weights s.t. they sum to one and are
in the range of [0, 1].

Pros
« Is usually faster and more space efficient using efficient
matrix-multiplication techniques.

Hard Attention

Definition 34.18 Input Embedding:
Let V be a one-hot encoded!de! 4:20] vocabulary of size L :=
|V| and denote by w, € V tokens of this vocabulary. We use
an embedding E € RY*IVI to encode tokens:

Ew; = x; € RY

Definition 34.13 Hard Attention:

In hard attention one does not calculate a linear combination
of input stateseq. (34.7) like in soft-attention but picks one
input state. This can either be deterministic:

Given a sequence of size T we can compute the embedding

of the whole sequence as:

T x|V
wiT, €R

wl:TwEszeRszd -

Ec RrREXIVI

Corollary 34.1 Calculating the output [?]: €; = argmax {51’ Sl STy} (34.15)
[?] uses a fully-connected feed forward neural network with a i,
tanh activation function and a softmax layer: or probabilistic:
§; = tanh (W¢ [c;;8;]) o~ ({ } . ) 34.16
(yily < i,x) = softmax (Ws5;) (34.8) i S1:815- .- ,8Ty p o,y (84.16)
1 Attention:
Corollary 34.2 Initializing so: The arg max function is not differentiable and cannot be used
Notes in standard backproagation. Techniques s.a. Monte Carlos
e [?] uses a bidirectional Istm and concatenates the input sampling or the re-parameterization trick can be used to cir-
states as: cumvent this problem

h; = [0 n"] i=1,...,Ty
« the alignment score function can be used to create a matrix

of correlations between input and output tokens.
Alignment-Score Functions
1. Additative Attention

Local Attention

Definition 34.14
Local Attention/predictive alignment:
At any decoder state s, the networks calculates an aligned
position p,; with a fixed window size D:
Ty

Definition 34.7
Linear Attention:

score (s;, h;) = vaT tanh (Wgs; + Ugh,,)
Wq,Uq, va

(71

(34.9)

Trainable Parameters:

2

t=1
Vh_je[pi—D,pi+D]

c; = ;i ¢he (34.17)

exp A vie{l,...,l
softmax (A), | = <l . {1,...,1}
XS A vie{l,...,d}
/=113
If B is a tensor of shape R""'"% we take the softmax as:
Vke{l,...,m}
exp By i, j .
softmax (B),, ; ; = = 51 vie{l,... 1}
Xy Akyig vie{l,...,d}
1. Self-Attention
Definition 34.20 Key-Query-Value Self-Attention:
Uses the input sequence for key, value and query:
4= Wax; k= Wix; v = Wyx; W e R
Q=XW; K=XW, V=XW, |xcprlexd
(34.21)

\i% KT

) . Q ’ E
1%
_’K.‘

X
Alignmen
W g
|4 AV 7 %
Self-Attention "




2. Cross-Attention

Definition 34.22 Transformer-Encoder:

Definition 34.21 Cross-Attention:

Uses one input sequence x € RTzXd for key and value and
another y € RTy X for the query, where d corresponds to the
embedding dimension:

d
(v)
WQ QKT
T, Y m
T,
() v
WK
Ty
T = Alignment
w ) g
av Ty 2
4
Cross-Attention dy
WQ e Rdde
Wy € RIXAK A e RTyxT= z e RTv X4V
Wy e ]RdXdV

Note: dg = dg

The encoder of a transformer encodes
the input tokens and adds a positional
encoding and then applies a stack of
independently parameterized encoder
blocks, that consist of:

Encoder Block 4

@ Multi-head key-query-value self at-
tentioneq. (34.21) block with layer
normalization and a residual con-

Layer Norm

nection.
@ A feed-forward layer with layer
normalization and a residual con- — ‘Ifeeeeeeeeean .
nection. Positional Embedding
T
H®) = TransformerEncoder (X) Embedding

Definition 34.26 Multi-Head Attention:
Multi-head attention is the application of multiple attention
heads/mechanisms to one input sequence:

MHA (Q;, K;,v;) = [heady ««----- headp, |W
| (34.22)
Head; = Attention (Xqu s XWk] s XW"Z)
with I={1,...,n}.

‘We can simpify the computation by combining the weight ma-
trices of multiple h attention heads into one weight matrix:

dxhd dxd
Wa,k,v ER W, kv, €R le{l,..., h}

Masked Multi-Head Attention

Definition 34.23 Transformer-Decoder:

Decoder Block

The decoder of a transformer is quit Probabilities
similar to the encoder but has some Soﬂ:uax
modifications. The input to the de- Linear

coder is the encoded target sequence

Explanation 34.4. This helps to relate tokens of the input
sequence to the tokens of the output sequence.

plus a positional encoding but the fol- Layer Norm
lowing attention block consists of a —
masked attention, so that we do make

use 'of wha.t "Ne actually want to predict Layer Norm
during training.

Afterwards a stack of independently

parameterized blocks is applied, that e -

consist of:

~

Note

dy may have a different dimension than dg = di but is usu-
ally of the same dimension.

Transformers

[?

Problems

@ Multi-head cross-attentionldef 34:21]
block with layer normalization and
a residual connection.

A feed-forward layer with layer nor-
malization and a residual connec-
tion.

Positional Embedding

Transformers remove the RNN component in the encoder-

decoder architecture entirely. This comes with solves the pre-

viously mentioned problems but also leads to some new prob-
lems:

@ Positional Relationships:

« The representation of the input tokens/embeddings x
is not position dependent it is simply Ex; no-matter
what position 7.

« There is also no positional dependence in the self-
attention operation, the softmax operation only cares
about the word w but not the position ¢ i.e. if we have
a word v € V at two positions the softmax will be the
same.

= Need to encode the positional relationships somehow.

Elementwise Nonlinearity:

the linear combinationeq. (34.19) is a linear operation. If

we stack multiple self-attention layers we end up with a

single self-attention layer.

= need to add a non-linearity.

Masking: Given a query q; the self-attention mechanism

Embedding

e [ A

WQTKT Linear T
L
[ —— Zo @ Zy @ .o Zy, @

th K Concat T

e, = st (L 20) ]

L 1 t t
. L Q K, iy

The softmax operates on the same dimension as a normal sin-
gle head attention operation.

Explanation 34.5.
The linear layer after the concatenation has a shared weight-
matric W which helps in learning a shared representation.

Definition 34.24 The Transformer Block:

Positional Encodings
Masking

Definition 34.25 Future Masking:
‘When we train our encoder we calculate
attention scores over the whole sequence.
But for the decoder sequence a token y;
should only have access to tokens &k < 7.
We can do this by adding a mask to
QKT, where — inf corresponds to entries
that are not accessible to a word. After
the softmax operation the negative inf
value will be zero.

Softmax

iy

Masking

Scaling

\
Note: alternatively one can set manually (less efficient) after
the softmax:

i 1 5 a;i J <t

takes into account all tokens j{1,...,T} | but when pre- g = ij J

dicting we only want to consider the past, otherwise pre- 0 else

dicting becomes trivial.

. . <S0S> She is eating Look-Ahed Mask <S0S> She is eating

= we need to mask future entries somehow during the || N I's

decoding phase. é 04 | 036 | 064 | 0.89 0 | -inf | -inf | -inf § 04 i -inf | -inf | -inf
% 0.36 05 -0.12 | -0.11 o o -inf -inf 0.36 05 inf -inf
2 | 064 |-012|-055) 07 o 0 o -inf 2 | 064 |-0.12|-055 | -inf
2 2
£ | 089|011 07 |-077 oo oo £ |ogo [-011| 07 |-077
g g

Note

[?] uses h = 8 and % =dg = dg = dy = 64. This reduces
the cost from an single attention mechanism of size d = 512
to 64 for the 8 heads.

Efficient Attention
1. Flash Attention

Multi-Head Attention

The attention mechanism learns a linear combination of the
valueseq. (34.19). But we can increase the model capacity by
using multiple attention mechanisms in parallel.




Graph Networks

1. Undirect Graphs

1. Graph Convolution Networks

1.1.1. General Idea

Rdxn
L
- we define the forward

Given a proximity matrix X €
of learnable weight matrices {W’}
propagation as:

X!+l = (szl)
‘We now want to model the relationship between the different
samples a.k.a. nodes by introducing a matrix Q:

of a graph G and a set

s.t. xt=v (36.1)

xi*+l _ (w"x"Q) (36.2)

XZQ is a summation over the samples/nodes of X as X €
Rd,xn.

Question: how should we choose Q7

Definition 36.4 Coupling Matrix Q:

(36.12)

ifj =

Explanation
(x'q), = (=

(XlQ) L= i qr x|,

2
k=1

36.1 (Coupling Matrix).

n
xﬁl]Q)i? = 3 wikay,; (36.13)
’ k=1

(36.14)

Thus the coupling matriz!® 204 leads to a smoothed combina-
tion with the neighboring nodes.

Definition 36.1 Linear Shift Invariant Filter for
Graphs: Is a linear function H over a graph with adjacency
matrix A (possibly degree-normalized A) s.t.

H(Ax) = A(H)x — H and A commute  (36.3)

Theorem 36.1 Representation of Shift Invariant Filters:
A linear filter H is A shift invariant if and only if there exist
coefficients {0;=1}]"_; s.t. H can be represented as:

H=00I+0,A+60,A%+...40,A" (36.4)
1.1.2. Building the Smoothing Matrix
@ Favor normalized adjacency matrices:
= -1 -1 . . [def. 71.9]
A:=D 2AD 2 with ~ Ddegree matrix'“" '™
(36.5)
@ Restrict to linear shift invariant filters of order 1[d°f 36-11;
H(0p,01) = 0l + 01 A (36.6)
@ Use only one parameter 6g = 01
@ Stack such filters in order to regain high order:
H"(60,01) = 6°1 + 6*A (36.7)

1.1.3. Problems

If we apply an operator and the operator norm/4ef- 59790 jg
larger than one, then applying the operator repeatedly may
lead to blow up.

Lemma 36.1 Eigenvalues of Graph Convolution Layers:
Let A1 = -\, be the eigenvalues of A then it holds that:

1=X1 =)y = —1 A1, ..., A € eigenval(A) (36.8)
Corollary 36.1 :
I+ Ac€](0,2] = possibly blow up (36.9)

1.1.4. Semi-Supervised Classification with GCNNs

Solution to Corollary 1.1.3

Define a degree normalized matrix by using self-loops:

% instead ~-1 - 1

= 1 -
A+I=D 2AD +I — D 2 =:Q

Definition 36.2 Self loop Adjacency Matrix:

A:=A+1, (36.10)
Definition 36.3 Self loop Degree Matrix:
Jj<i

D:=D+1, — di=1+ ) Ay (36.11)

J




Memory Networks

Memories of RNNs consist of hidden states & weights that en-
code knowledge as dense compressed vectors. However those
encodings are usually too small and not compartmentalized
enough for large long term storage.

Definition 37.1 Memory Netwokrs: Memory components
and a model that is trained to effectively operate with that
memory component.




Regularization
‘Weight Decay

L1/Lasso Regularization
L2 Regularization
Dropout

Multi Task Learning

W =

Definition 39.1 Multi Task Learning:

Share representation of the sub-model
across different tasks and learn the
model jointly i.e. by a combined objec-
tive.

Example 39.1 Invariance to Noise:

+ Adding noise to the inputs

+ Adding noise/small perturbations to the weights = regu-
larization of the weights — in variance to local optima.

« Adding noise to the targets i.e. probability distribution over
the targets (See also section 3 and definition 4.28).




Pretraining/Task Augmentation/Transfer Sinusoidal (Fourier) Encodings

Learning

Definition 40.3
Sinsoidal (Fourier) Positional Encoding:

Definition 40.1 [example 40.1]
Pre-Training: Is the process of pre-training the model on
a generic task in order to prime/initialize the model for the
actual training.

Idea: we use a period encoding but each dimension of the
embedding corresponds to a different wavelength. Let k&
1,..., N be the token index and § = 1,...,d be the embed-
ding index of the corresponding embedding of dimension d.
Then the sinsoidal encoding is defined as:

Example 40.1 Pre-trained Models:
+ Pre-trained Word Embeddings
o Pre-trained filters and maps

Embeddings
Positonal Encodings

Why do we need a positional encoding?

If we look at the sentencences:

Even though she did not win the award, she was satisfied.
Even though she did win the award, she was not satisfied.

Then the only differ by the order of one word. In recurrent
neural networks the state is recurrent and we feed in the words
one after another, but in transformers all words are considered
as once and the embedding for a unique word a different po-
sitionions has the same embedding i.e. does not contain any
positional information.

= We need a way to encode position information for the trans-
former architecture.

Ways to encode positions

@ ‘We can use an embedding that encodes the positional re-
lationship.

@ We can adapt the attention mechanism itself to encode a
positional relationship.

s i s -k if § = 26" 1
e e wm ——
° 10000°d"
sin (wq - k)
cos (wy « k)
sin (wg - k)
cos (w2 « k)
PE, = : e r? (40.1)

sin (wg)o -k

cos (wgyg - F

Explanation 41.1. The virtual ezamples facilitate training by
regularization of the original data and thus reduce over fitting.

Note

This may lead to a blow up of the training data but this is no
problem due to stochastic gradient descent.

1. Generation By Invariant Transformations

Formula 41.1
Invariance Augmentation:

[example 39.1]

@ find transformations
invariant too.
Generate virtual examples by applying
training set:

{xi,yitio1

that our original data should be

to our original

{7 (i) yidizy (41.1)

Transfer Learning

Example 41.1 2D Invairances:
¢ Scale Changes

« Rotations and reflections

« Transformations s.a. PCA

Definition 40.4 Transfer Learning: Transfer learning uses
learned knowledge of pre-trained models on related tasks or
domains.

Knowledge Distillation

Problem

‘We have limited hardware resources but small models under-
fit to large training datasets. Is there a way to make use of
larger pre-trained models?

Definition 40.5 [?]
Knowledge Distillation:

Definition 40.2 Positonal Embedding:

Let N be the mazimum possible length of any sequence and d
the input embedding dimension. A positional encoding is a
matrix P € RVX4 that encodes the position of a given em-

bedding:
w; eV w;e {0, 1}V
x; = Px; x; = Ew; Ee REXIVI
PE]RNXd

Knowledge distillation is the transfer of learned knowledge
froma a complex teacher model to a simpler student model.
The student model is trained to mimic the teacher model by

learning from its predictions or soft targets.
Teacher

[sofimax}— |y

Distil Loss

R
Student

Why not just add the token index to the embedding?

If we add the index to the embedding we will have an increas-
ing index that shatters the actual embedding when looking at
the tokens with a higher index:

Po Po P42

€512

Can we add a normalized index?

If we cannot at the index to the embedding can we add a nor-
malized positional index i.e. p; € [0,1]7 This does not work
either as we cannot use sequences of different length i.e. source
and target sequences of different length.

Periodic Embedding

If we cannot use a normalized index, why don’t we simply use
a periodic embedding with a maximum sequence length?

[sofimax}— |y

8> [student Loss]— (528

The idea is that we train a simpler model not only on the

true targets but also try to match it to the distribution of the

teacher model predictions by using a distillation loss:

L = Lpijst. (YTeachers Ystudent) T L'Student ()”:ruew)’stu(dfnt))
0.2

™

Notes

« The distillation loss is usually a loss like the cross entropy
loss.

« The softmax values are usually scaled down using a tem-
perature parameter[d°f' 2590 7. This is to make it easier to
match the student distribution to the teacher distribution.
If T = 1, then the teacher distribution is relatively non-
smooth, almost like a hard target. A softer distribution
makes it easier to match our student distribution.

Data Augmentation

Often we have plenty of unlabeled but not so many labeled
data. Thus we need a way to create more artificial/virtual
training examples.

@ Often we

Definition 41.1 Data Augmentation: Is augmentation of

the training data by artificially generated training data.




Natural Language Understanding



Distributed Training



SOTA Language Models

RNN Models

LSTM-Like Models
Contextualized Word Vectors (CoVe)
Into

08.2017

Definition 44.2 ELMO [?]
Embeddings from Language Model: ELMO calculates a
context aware embedding by calculating a linear combination
of the contexts/hidden states h; of a stacked bi-LSTM trained
on a massive language modeling task:

n

‘While CoVe not an LLM per se CoVe introduced the notion of
a pre-trained context that can be used on further downstream
tasks. Classical word embedding methods such as Word2Vec
and GloVe

Definition 44.1 CoVe [?]
Learned in Translation: Contextualized Word Vectors:
CoVe uses an attention-based seq-to-seq NMTI4f 3461 model,
to create a context vector CoVe(x) on a pre-training task in
order to learn, sentence contexts:

CoVe(x) = biLSTM (GloVe(x)) (44.1)
The context vector is then concatenated with an GloVe?? em-
bedding to capture the contexts between words:

v = [GloVe(x) CoVe(x)] (44.2)

This resulting embedding is than used on downstream tasks
s.a. question-awnsering or classification.

( Translation ) Eine Tuning Taska

forwd (X1, -»%xn) = [ 0 (xslx1, ..., xi-1)  (44.3)
i=1
backwd (X1, ->%Xn) = [ [ 0 (xslx1, ..., %xi-1)  (44.4)
i=1
" o ® - 0
t t t 1
( Softmax J eo

t
i

N
o oL
6 o o

The model is trained to minimize the neg. log-likelihood:

ol

CoVe(x)
( endoder J———( Decoder ) ( Endoder ) ) Covewo
Word Embedding Word Embedding GloVe(x)
Pre-Training Downstream Tasks
Cons
« Pre-training is bound by available supervised training
tasks.

¢ The added benefit of CoVe for the downstream task is lim-
ited by the architecture of the downstream task.

ELMO

Into

08.2018

L=-3% ( (xi]%x1, .-, %5213 Qe, Qo, QLsTM)
i=1

+ o y%Xn; Qe, Qo QLSTM)) (44.5)

Qe are the weights of the embedding matrix and Q, are the
weights of the softmax outputlayer.
The forward and backward hidden-states of one layer are con-

catenated: W () o
) = [R5

Xitlye -

CoVe is limited by the need of supervised training data, while
ELMO only needs supervised training data.

s.t. we have L + 1 vectors (including) the input embedding
per token Fk:

R, = {hf‘1)|l = o,...,L}

The actual embedding is than a task specific learnable com-
bination:

L
eiésk - E (le Qt:ask) _ ’ytaks Z S;aSkhl. g

j=1

(44.6)

st25K . softmax-normalized learnable weights

Transformer Like Models
Encoder-Only Architectures

Encoder only such as BERT learn from left-and right, there-
fore such architectures are well suited for classification tasks

but not as well for generative tasks.

BERT [110M B/340M L] Param/10.2018
Definition 44.3 [BERT]
Bidirectional Encoder Representations

From Transformers:

BERT is a pre-trained LLM that learns contextualized word
embeddings and that can be used on many different down-
stream tasks:

Fine Tuning Tasks

Corollary 44.3 Word Embeddings:

The word embeddings of BERT consist of three different em-
beddings, a token embedding, a positional embedding and
a segment embedding, that denotes which token belongs to
which sentence.

Each sentence starts with a [CLS] token that can be used for
downstream classification tasks. Eeach sentence is seperated
by a [SEP] token. The lenght of the input sequence is limited
by memory, in the original paper it is limited to 512 tokens.

g Input [cLsy my dog is cute  [SEP] he likes  play  ##ing [SEP]
B | oken emo. ) NESNN NEN NN ) e ) e ) e
2 + + + + + + + + + + 0+
E Segm.Emb. g, | E, | E. | Ex E | E. E E  E | E | E
z + + + + + + + + + + +
= | Pos.Emb. E E | E B | E E | E | E | E | E | Ep

1. RoBERTa [110M B/340M L] Param/07.2019

BERT

Encoder Block

BERTgase  BERT e

Bert consists on stacked decoder-only transformer blocks.
The difference to a normal transformer encoder is the way
that BERT is trained.

2. Fine Tuning Tasks

BERT was trained on Wikipedia (~2.5B words) and Google’s
BooksCorpus (~800M words). In total ~ 16GB.

Corollary 44.1 Model Size:
BERT comes into pre-trained architectures BERT Base and
BERT Large:

| Base ‘ Large
Encoders 12 24
Hidden Size 768 1024
Heads 12 16
Parameters 110M 340M

Corollary 44.2 Pre-training BERT:
BERT is pre-trained on two different tasks:
L = Lyrwm + Lnsp
@ Masked Language Modeling (MLM):
15% of the given words are masked [MASK]
be predicted by the model.

and have to

Explanation 44.1 (h,). The RNN cells have only one state
that is shared between different timesteps but we can compute
one time-dependent representation of each token of our pre-
training language task: R is simply the representation of
w. € V. If we use the same token multiple times, we can simply
use the last representation.

This helps BERT to learn a bidi-
rectional representations of the to-
kens. 10% of the masked words are
replaced by a random word and an-
other 10% are replaced by the orig-
inal word.

@ )

Note
'ytaSk is a scale parameter that is of practical importance to

aid the optimization process.

ULMFiT

This helps for further downstream tasks where we do no-
longer use the masks.

Next Sentence Prediction (NSP):

BERT is also trained on next sentence prediction, to not
only capture relationships between tokens but also be-
tween sentences. The sentences are fed into BERT s.t.
50% of the next sentence is correctly following the pre-
ceding one.

Definition 44.4

A lite BERT:

RoBERTa uses the same architecture as BERT but is only

trained on the MLM task, uses a much larger dataset ~ 10z,

different training parameters and dynamically changing mask

pattern.

RoBERTa is trained on 160GB of data:

« BOOK CORPUS (BERT) [5 GB]

+« English Wikipedia dataset (BERT) [11 GB]

« CC-NEWS: 63 million English news articles [2016-2019]
[76 GB (after filtering)]

« OPENWEBTEXT: Reddit with at least three upvotes[38
GB]

« STORIES: Common Crawl data filtered to match the
story-like style of Winograd NLP tas [31 GB]

[ALBERT]

Property 44.2 Training Time:
1024 V100 Tesla GPU for a day.

Pros

+ Performs better than BERT in every way.

Cons

+ Long training time.

2. DistilBERT 66M Param B/10.2019

Definition 44.5 [DistilBERT]:
Is a distiled version of BERT for fast inference that promises
to retain 95% of BERTs performance with 40% fewer param-
eters and 60% faster training. DistilBERT uses every second
encoder block of BERT, with the actual weights of BERT us-
ing knowledge distillation!@°® 151 It also uses dynamic mask-
ing every other epoch. The distillation loss is given as:
Lproblem + Lcross + Lcosine

L= 44.7

: (44.7)
n

Leross = — ) y{teehen) | 1og (ygstudent)) (44.8)
i=1

Leosine = 1 — cos (Y(teacher) , Y(student)) (44.9)

Note

The cosine loss is supposed to aligned the directions of the
teacher and student.

Property 44.3 Training Time:
8xV100x3.5 days.

Property 44.1 Training Time:
8xV100x12 days or 280xV100x1day




3. ALBERT

[B12 /L18/XL60/XX235]M Param

12.2019

Definition 44.6
A lite BERT:
Is a lite version of BERT that has three main differences to
BERT:
@ Factorization of the embedding matrices:

ALBERT reduces the size of the hidden size embeddings.
@ Cross-layer parameter sharing:
®

[ALBERT]

Parameter of different attention and feedforward layers
are shared.

Sentence Order Prediction:

ALBERT replaces the NSP with SOP, which only looks
for sentence coherence and not the topic of two sentences
that are compared.

ALBERT was trained also only on Wikipedia (x2.5B words)
and Google’s BooksCorpus (&800M words). In total ~ 16GB.

Property 44.4 Training Time:
1024 V100 Tesla GPU for a day.

Pros
Performs better than BERT in every way.
Cons

Long training time.

Decoder-Only Architectures

Tend to work well for generative tasks:
Question awnsering
Text generation

.

Supervised Fintuning

The idea of GPT models is to no-longer have a task-specific
model but to have a general all purpose model that can be
fine-tuned for different tasks.

Lets look at classification, given an input sequence X

Corollary 44.7 Model Architecture:

(x1 ...,%p) and one label y. For classification one only needs
to add linear layer and a softmax activation:

Decoders 48
Context Size 1024
Hidden Size 1600
Batch Size 512
GPT-3 [/175]B Param/06.2020

Classification I Start | Text | Extract I}-{ Transformer H Linear |

(ylx1,...,%pn) = softmax (h(Ln)Wy)

Definition 44.9

Generative Pre-trained Transformer:
GPT-3 has 10x the size of GPT-2 and uses alternating dense
and locally banded sparse attention patterns similarly as in
sparse transformers??. Due to its size, the model is parti-
tioned along both width and depth dimension.

[GPT-3]

The loss to minimize should be a combination of the neg log-
likelihood of the true labels and in addition if possible the
original LM loss:

Las = », logP(ylx1,...,%xn)
(x,y)inD
= 2 log softmax (h(Ln) (x)Wy)
(x,y)inD

Lim = Leis + ALLm
Optimizing both losses helps in:
@ Accelerate convergence during training

@ Improving generalization of the supervised model

Corollary 44.8 Training Data:
GPT-3 was trained on:

BOOK CORPUS (BERT)
Common Crawl:

provides a snapshot of the web and consists of multiple

[5 GB]

petabytes.

« Wikipedia

« Books, Articles, and more
Dataset | tokens | Weight in Mix
Common Crawl 410B 60%
‘WebText2 19B 22%
Booksl 12B 8%
Books2 55B 8%
Wikipedia 3B 3%

GPT-1 117M Param/06.2018
Definition 44.7 [GPT]
Generative Pre-trained Transformer:
hw,'
Transposed Word Embedi
Generative Pre-trained Transformer are = )
stacked decoder only transformers. hi=transformer_block(h, )
GPT models are autoregressive mod- uye'lmm
els that predict one-word at-a-time by —
minimizing the neg log-likelihood of ~_j§
the next token: @ Cayeram X
5
Linm = — ) logp (xilXi—ps - Xiz1) g
i=1 a8
k: context-length
XW AW,

‘Word Embedding W,

Corollary 44.4 Model Architecture:

Decoders 12
Context Size 512
Hidden Size 768
Batch Size 64

Note

Context Size is the size of the context/window k to be con-
sidered for the prediction of the next word.

Corollary 44.5 Training Data:

GPT-1 was trained on:

BOOK CORPUS (BERT) [5 GB]
Common Crawl: provides a snapshot of the web and con-
sists of multiple petabytes.

Corollary 44.9 Model Architecture:

Figure 12: List of different classification problems|?]

Language translation tasks for example can be performed by
conditioning on pairs of langl = lang2 followed by the target
sentence langl;?:

(lanl) _ (lan2) (lanl) _
(?\senl = sen; s SN et —)
GPT-2 02.2019
[117 S/345 M/762M L/1542 XL]M Param
Definition 44.8 [GPT-2]

Generative Pre-trained Transformer:

GPT-2 has 10x the size of GPT-1 and comes in four different
sizes. The architecture has only some small modifications:
Layer Normalization is now done before the attention
and dense layer.

Additional Layer Normalization after the final self-
attention block.

Different Initialization

Corollary 44.6 Training Data:

GPT-2 was trained on:

« BOOK CORPUS (BERT) [5 GB]
Common Crawl: provides a snapshot of the web and con-
sists of multiple petabytes.

WebText:

ol [(san | Text | et H—| Decoders 96
Context Size 2048
Entailment | San | Premise | Delm | Hypothesis | Extract ]—{ Transformer _-Llnear Hidden Size 12288
l l ‘ ‘ | | Batch Size 3.2M
[san | Text1 [ oem | Textz | Ewact |]—-{ Transformer ® 5. XLNet
Similarity { Linear |
St | Text2 | Deim | Textl | Extact |]——{ Transformer 6. XLM
7. CTRL
[[stat [ context [ peim | Answer1 [ exvact |]—-{ Transformer BLOOM
Multile Choice | St | Context | Deim | Answer2 | Extact H.( Encoder-Decoder Architectures
[ san [ context [ peim | AnswerN [ Extact ﬂ—{ ‘Work well if we want to create output sequences different from

the input sequence:
Machine Translation
Text Summarization

T5 10.2019
[60M S/220M B/770M L/3B 3B/11B 11B]M Param

Definition 44.10

Text-To-Text Transfer Transformer:
Text-To-Text Transfer Transformer does modifies the origi-
nally transformer architectures only marginally. T5 rather
proposes a unified framework that attempts to combine all
language problems into a text-to-text format. It uses a short
task-specific text prefiz to distinguish task intentions.

[T5]

+enseeneestaskespecifc text prefix

“Das ist gut.”

“not acceptable”

“six people hospitalized after
a storm in attala county.”

translate English to German:i That is good."

& The rhino grazed
on the grass. sentence2: A rhino
is grazing in a field."

state authorities

cy crews tuesday to
survey the damage after an onslaught
of severe weather in mississippi

This allows us to use one model, loss and hyperparameters on
different downstream tasks. The pre-training tasks consist of
sentences with where multiple spawns of tokens are maksed
by special tokens:

Orginal : “1”, “love”, “this”, “red”, “car”.
Input : “I7, “<X>7, “this”, “<Y>”
Target : “<X>7, “love”, “<Y>", “red”, “car”, “<EOS>"

The model is fine-tuned for each downstream task separately
via “adapter layers” (add an extra layer for training) or "grad-
ual unfreezing". Both fine-tuning approaches only update
partial parameters while keeping the majority of the model
parameters unchanged.

Explanation 44.2. For regression for example we can train
the model to predict text representations of numbers.

Pre-training Tasks

The authors tried various pre-training tasks:

Language Modeling

Deshuffling: all words in a sentence are shuffled and the
model is trained to predict the original text

Corrputing Spans: masking a sequence of words from the
sentence and the model needs to fill them in.

Corollary 44.10 Training Data:
T5 introduced the C4 — Colossal Clean Crawled Corpus
dataset!def- 46:2]

Unique Transformer Architectures
BART

10.2019

Transformers for Longer Context Lengths

Problem

The input length of vanilla transformers during inference,
is upper-bounded by the context length used during train-
ing. Due to limited memory and the fact that the context
length scales quadratically — both in time O(L?d) and mem-
ory O(Lz) classical transformer architectures have a limited
context length between 512 and 1024 tokens.

Predicting in segments of the limited context lengths leads to
other problems:

predicting the first few tokens of a each segment becomes
extremely hard

if we move the segments of size i.e. 1024 by steps of 1, this
is very expensive

long term dependenies can not be captured




1. TransformerXL 186M Param/06.2019

T64[?] tried to circumvent the aforementioned problems by
splitting the corpus into smaller segments:
© 000 ©00020000po0O0 o000 6O oo o 0 e
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(a) Train phase. (b) Evaluation phase.

Figure 13: Taken from [?]

This however ignores all contextual information from the pre-
vious segments.

TransformerXL tries to solve this problem by introducing a re-
current state and a relative positional encoding. The relative
positional encoding is required s.t. that we have positional in-
formation of sequences that can be of arbitrary length. The
position of the tokens is then encoded as the relative distance
between them:

(a) Training phase. (b) Evaluation phase.
Figure 14: Taken from [?]
Definition 45.1 TransformerXL [proof 48.18]
Transformer Extra Long (CMU/Google AI):

Lets denote two consecutive segments as:
Sro=[Xrceee X ] Spaq = [Xe411ceeeee o1,
Let n be the n-th hidden layer and define the hidden state of

the n-th layer and 7 + 1 segement is calculated as:
fl:’71 = [SG (h::ll) ® h:_"_l] [®] & concat
T

q

n _.mn Tyn
Ari =97 Kz

n n—1 n ~n—1 T
ar, =h "W vy =h_ "W,
content based addressing

+ q:}ﬁiTWﬁ’RRi_‘j content dep. positional bias

+ uTk:J- global content bias
s
+ VTVV;(l rRi—j global positional bias
s .
n n n
a; = MaskedSoftmax (Ar,i,j) v
n . n n—1
o, = LayerNorm (Llnear (aT) +h )
hf = Positionwise-Feed-Forward (0?) h?_ = Es

SG corresponds to the stop-gradient, meaning that we do not
calculate the weights/update the gradient for h:_l.

R;_; elmaxXd. j5 5 sinusoid encoding matrix with relative
distances i — j and no learnable parameters.

Explanation 45.1.
e global bias means that the trainable parameter u or v is not
dependent on the orignal query position i see also 77 48.18.

Pros

¢ Unlimted context length.

« During inference we can predict as we go and not only seg-
ment per segment, which speeds up inference.

3. Compressive Transformer



Training Data

1. Common Crawl

Definition 46.1 [3.1B wepages/400TiB] 04.2023
Common Crawl (CC): Is a dataset representation of the
Internet by removing markup from the HTML pages. CC is
extended on a monthly basis by multiple 20TB.

Pros

« Representation of the whole web.

Cons

« Very large.

« A lot of gibberish text like menus, error messages.

1. Colossal Clean Crawled Corpus

Definition 46.2 ~750GB

Colossal Clean Crawled Corpus (C4):

Is a cleaned and filtered version of common crawl from April

2019 it keeps:

+ Keep only sentences that end with a punctuation charac-
ter i.e. period, exclamation mark, question mark, or end
quotation mark.

+« Remove pages contain explicit words using[?].

+ Filtering any lines that contains the word JavaScript.

« Pages with placeholder scripts like lore ipsum.

« Source code pages are removed by removing all pages that
contain curly braces { as many well known programming
languages contian those.

« Duplicates are removed by considering three sentence
spawns and checking for duplicates.

« [?] is used to only keep enlish pages with a probability of
0.9.




Training Tasks
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22y 1 1 2 1+4e72% Proof 48.10: Definition 26.13 {f}OTO 8- \-(gnlel)s_tep Forward Diffusion Model o Let
—1= —1= - k . i=1 ~ VY :
1+e—22 lte—22 1+te-22 - R S
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2, exp (xT0y) Xt = X¢_0a¢ + /1 — areo
QR. 0—e%ieTi e”i e®i
= s = —= — y — i K . Transformers
(Z',",lex") 3o ek ¢_ ek = — Lz, +In Z el
_ ma,}zz) max(z) E=1 1= Proof 48.18 Relative Positional Encoding[def’ 45.1],
i TJ(). Relative Positional Encoding:
i=j: Ve, M = Proof 48.12 CE Derivativeldef 26:14]; We can decompose the Vanilla quey-key interaction:
D¢, exp (xTHy) K =q: kT = (x; q K\ T
ex’l}y 2}7‘_ eTh —e%ieTi 76 CE = 76 - Z pInd (z1) (48.4) Gij = k" N (x%+ Pi) W ((xJ -;—'p,})W )
- (i 2 )2 Oz T =x WIW T 4, WIW T pT
¢_,e”k ) K T T
k=1 . 18 +p,WaWHE" xT wawk pT
oo o oo - e 5 (z) (48.5) LA ; TRW WP
= oo p - = - 2 = P (25) 0Oz, Re-parameterization:
L_1¢© k L_1€ k h_1€ k replace with relative encd. d
max max 2 ; P; ri_j €R
=% (2) — ( i (z)) Proof 48.13 Deriv. of CE with Softmax(°™ 262] and ?? 48.11:
wk Split into WI}_‘? :  Content Information
Proof 48.6: Corollary 48.6 P N K F} WL :  Positonal Information
xToq —xToq xTo 1 ed. (26.8) ) ! max R
max(x) _ © _ e © L 0z (z) B - Z J max(z.) o (ZJ) replaced with
1 eXTO] 4 oxTOg e—xXTO] oxTOq xT 0o ’ j=1 77 P2k k trainable parameters Ju: Content Information
+e X7 te (25.9) max (1) (1 - o™z, ) p, Wi I paramerrs,
oxT(01-01) 1 eq. (25.9 Z — 2z v : Positonal Information
= = = - k
exT(01-01) + exT(02—07) - 1+e—xTO max(z;) This leads to the following entries of the attention matrix:
i — oA (5 Yo MAX (5 ) content-based addressing content-dep. positional bias
- j - Jj#k T
2 max(z;) aij =  xwiwWETx, 1+ xwiwgTr,
— e T
=—up (1= o™ (=) + 3 v0™ (=) +oawh T wwi e
JEk —— N———
=— oy + max(zl\) v+ Z max(z/‘) global content bias  global positional bias

max(zk) _

J#Fk

k=P — Uk




Examples

Losses

Example 49.1 Categorical Lossldef 26-13];

Given an observation = [0 1 0 0 OJT the cate-
gorical loss!d°f 26131 of the predictive distributions: =
[1,0.24, a3, ag, 5] with Z,‘:’Zl ; = 1 is equal for any
«1,3,4,5 € [0,1].




Math Submodule
Set Theory

4. Set Functions

1. Submoduluar Set Functions

1. Pointwise Convergence

Definition 50.1 Set A ={1,3,2}:
is a well-defined group of distinct items that are considered
as an object in its own right. The arrangement/order of the
objects does not matter but each member of the set must be
unique.

Definition 50.13 Submodular Set Functions: A submod-
ular function f : 22 5 R is a function that satisifies:

A O > VAC BcQ
fAvufe}) —f() = f( (a} e
(50.5)

vAXD = F(B)

Definition 50.2 Empty Set (%8
is the unique set having no elements/cardinality[def' 5051 gero.

Explanation 50.1 (Definition 50.13). Addaing an element x
to the the smaller subset A yields at least as much information/-
value gain as adding it to the larger subset

Definition 51.6

Pointwise Convergence|[?]:
Let (fn) be a sequence of functions with the same
domain!?®" 5*8 and codomainl@" 5491 The sequence is said
to convergence pointwise to its pointwise limit function f if it
satisfies:

| lim fu(e) = f(2)| =0
n—oo

limy oo fn = f pointwise

VY € dom(f;) (51.5)

2. Uniform Convergence

Definition 50.3 Multiset/Bag: Is a set-like object in which
multiplicity!4" °*4 matters, that is we can have multiple el-
ements of the same type.
Le. {1,1,2,3} # {1,2,3}

Definition 50.4 Multiplicity: The multiplicity n, of a
member o of a multiset!d" °*3] S is the number of times it
appears in that set.

Definition 50.5 Cardinality |S|: Is the number of elements
that are contained in a set.

Definition 50.14 Montone Submodular Function:
A monotone submodular function is a submodular
functionld®t °013] that satisifies:

F(A) < F(B) VAC BCQ (50.6)

Explanation 50.2 (Definition 50.14). Adding more elements
to a set will always increase the information/value gain.

2. Complex Numbers

Definition 51.7 limy—o fn = f uniform/f, = f
Uniform Convergence[?]:
Let (gn) be a sequence of functions with the same
domain!?®® 548 and codomain!?®® 549 The sequence is said
to convergence uniformly to its pointwise limit function f if it
satisfies:
Je>0:3In =1 sup |gn(z)— f(z)] <e Vz € dom(f;)
xedom( f;)

(51.6)

Definition 50.6 The Power Set P(S)/2S: The
power set of any set S is the set of all subsets of S, including
the empty set and S itself. The cardinality of the power set
is 25 is equal to 2lS1,

Definition 50.15 Complex Conjugate zZ:
The complex conjugate of a complex number z = = + iy is
defined as:

z=zx— iy (50.7)

Note

Uniform convergence is characterized by the uniform norm?7?,
and is stronger than pointwise convergence.

Toplogy

Corollary 50.1 Complex Conjugate Of a Real Number:
The complex conjugate of a real number =z € R is x:

Definition 52.1 Topological Space[?] (X,7):
Is an ordered pair (X,7), where X is a set and 7 is a

Je>0: if Vy e M,Vx € U = yeU

(50.2)

d(z,y) <e

. Toplogical Spaces!®® 12l; Let (X,7) be a topological

space. A set A is said to be open if it is contained in 7.

bers are labels to another set S. In other words its members
index member of another set. An index set is build by enu-
merating the members of S using a function f s.t.

f:A—> S AeN (51.1)

Definition 50.9 Closed Set:
setldef. 50.8]

Is the complement of an open

Definition 50.10 Bounded Set: A set S < R™is bounded
if there exists a constant K s.t. the absolute value of every
component of every element of S is less or equal to K.

Definition 51.2 Sequence (an)peat
A sequence is an by an index set A enumerated multiset(def: 50-3]

(repetitions are allowed) of objects in which order does matter.

1. Closure T=x = z eR (50.8) |[ topologyldet 611 on X.
Definition 50.7 Closure: A set is closed under an operation | Formula 50.1 Euler’s Formula: Definition 52.2 Topological Space[?] (X,71):
Q if performance of that operations onto members of the set et = cosz + isinx (50.9) |Is an ordere‘d pair (X, 7), where X is a set and 7 is a
always produces a member of that set. topology[def‘ 611 on X.
2. Open vs. Closed Sets Formula 50.2 Euler’s Identity: 1. Weak Topologies
ettt = -1 (50.10)

Definition 50.8 Open Sets: ~ Definition 52.3 Weak Topology C(K;R): Is the
+ Euclidean Spaces: ote coresests topology s.t all cont. linear functionals w.r.t. to the

A subset‘ U € R is open, if for every € U it exists e(x) Ry @7 =1 @ = A3 eN (50.11) strong topology are continuous.

s.t. a point y € R belongs to U if: Neighbourhood Basis:

lz —yll2 < e(z) (50.1) SequenCeS&Series {flll1] < €1, |ln| < €n, Ve;, ¥n, Vlin. functionsf}

« Metric Spaces!?f 59%]; 4 Subset U of a metric space (52.1)

(M, d) is open if: Definition 51.1 Index Set: Is a setl" °*!l A whose mem- | Note

The weak closure:
« is usually larger as the uniform closure, as for the weak
closure there are many more convergence sequences
« is easier to calculate than the uniform closure

2. Compact Space

Definition 51.3 Series: is an infinite ordered set of terms
combined together by addition.

Corollary 52.1 Euclidean Space: In the euclidean case, a
set X € R is compact iff:

o it is closed!def- 50-9]

+ bounded

3. Number Sets

1. The Real Numbers R

3.1.1. Intervals

1.

1. Arithmetic Sequence

Types of Sequences

3. Closure

Definition 50.11 Closed Interval [, b]:
The closed interval of @ and © is the set of all real numbers
that are within ¢ and 0, including « and

[a,p] ={zeR|a <z < b} (50.3)

Definition 51.4 Arithmetic Sequence: Is a sequence
where the difference between two consecutive terms constant
ie. (2,4,6,8,10,12,...).

tn = tg +nd  d :difference between two terms (51.2)

Definition 52.4 Closure of a Set[?] clx - (S) /§:
The closure of a subset S of a toplogical spaceldef 61.2] (X, 1)
is defined equivilantly by:

¢ Is the union of S and its boundary 05S.

« is the set S together with its limit points.

2. Geometric Sequence

Definition 50.12 Open Interval
The open interval of o and
are within o and

(0,0

is the set of all real numbers that

Definition 51.5 Geometric Sequence: Is a sequence
where the ratio between two consecutive terms constant i.e.
(2,4,8,16,32,...).

Note

If the topological space X, 7 is clear from context, then the
closure of a set S is often written simply as S.

Ha}, {=}, {y}, {z}, {=, v}, {=, 2}, {y, 2}, {=, v, 2}}
cardinality of |S| = 23 = 8.

Corollary 52.2 Uniform Closure “l-lloo
The uniform closure of a set of functions A is the space of
all functions that can be approzimated by a sequence (fy) of

uniformly-converging functions from A. [4°f 17 functions

Corollary 52.3 Weak Closure:

(a,0) ={z eR|o <z <<} (50.4) ty =tg-r" 7 :ratio between two terms (51.3)
2. The Rational Numbers Q Property 51.1 Sum of Geometric Sequence:
Example 50.1 Power Set/Cardinality of S = {z,y, z}: o k1 a(l —7r™)
The subsets of S are: 2 ar = T, (51.4)
{@}t, {=}, {v}, {z}, =9}, {z,2}, {y,2}, {=,y 2} k=1
and hence the power set of S is P(S) = T

; 2. Converging Sequences
with a




Logic
1. Boolean Algebra

1. Basic Operations

Definition 53.7 Disjunctive Normal Form (DNF): An
boolean algebraic expression F' is in DNF if it is a disjunction
of clauses, where each clause is a conjunction of literals!det 53]

Ly

Definition 53.1 Conjunction/AND At A

Fpne = V| A Liy (53.14)
Definition 53.2 Disjunction/OR v i=1 \j=1
Definition 53.3 Negation/NOT - ote

1.1.1. Expression as Integer

If the truth values {0, 1} are interpreted as integers then the
basic operations can be represent with basic arithmetic oper-
ations.

z Ay =zy = min(z, y)
zvy=x+y=max(z,y)

—x=1—x
r@y=(z+y)-(-e+-y) =z ~y+-z-y

¢ true is a CNF with no clause and a single literal.
« false is a CNF with a single clause and no literals

1.3.1. Transformation to CNF and DNF

DNF

Note: non-linearity of XOR

("”+y)'(_‘w+_‘y)=—w2—y2—2wy+2x+2y

2. Boolean Identities

Property 53.1 Idempotence:

Algorithm 53.1:
@ Using De Morgan’s lawsProperty 53.9 and double nega-

tionProperty 53.4 transform F into Negation Normal
Formldef. 53.5],

-z by x
—(z A y) by (—z v —y)
—(z v y) by (—z A ~y)

—true by false
—false by true

@ Using distributive lawsProperty 53.8 substitute all:

z A (yvz) by (xAy) Vv (zAz)
(yvz)az by (yrzx)v(zazx)
x A true by true
true A by true

@ Using the identityProperty 53.2 and zero laws Prop-
erty 53.3 remove true from any cause and delete all clauses
containing false.

Note

For the CNF form simply use duality for step 2 and 3 i.e. swap
A and v and true and false.

Using Truth Tables [example 53.2]

To obtain a DNF formula from a truth table we need to have
a conjunctiveld®® 933] for each row where F is true.

2. Examples

Example 53.1 Literals:
Boolean literals: z, -y, s
Not boolean literals: ——z, (z A y)

TAT=xT and Tvzr=zx (53.1)
Property 53.2 Identity Laws:
T A true =z and z v false = x (53.2)
Property 53.3 Zero Law’s:
z A false = false and x v true = true (53.3)
Property 53.4 Double Negation:
——z =z (53.4)
Property 53.5 Complementation:
x A —x = false and x v —x = true (53.5)
Property 53.6 Commutativity:
TVYyYy=yvae and TAY=YAT (53.6)
Property 53.7 Associativity:
(zvy)vz=zv (yvz) (53.7)
(zry)vz=zxzv (yaAz) (53.8)
Property 53.8 Distributivity:
zv(yrz)=(zvy)A(lzvz) (53.9)
zA(yvz)=(zay)v (znaz) (53.10)
Property 53.9 De Morgan’s Laws:
—(z v z)=(—-z A y) (53.11)
—(z A 2z)=(—z v —y) (53.12)

Note

The algebra axioms come in pairs that can be obtained by
interchanging A and v.

3. Normal Forms

Definition 53.4 Literal [example 53.1]:
Literals are atomic formulas or their negations

Example 53.2 DNF from truth tables:

x y z ‘ F

0 0 0 1

Need a conjunction of: 0 0 1 0
o (mz Ay A —2) 0 1 0 0

e (mzAYAZ2) 0 1 1 1

o (x Ay A —2) 1 0 0 1

o (z Ay A2) 1 0 1 0

1 1 0 0

1 1 1 1

(mzA—yA—2)A(czAyAz)Ar(@A—-yAn—2z)a(@Aynz)

Definition 53.5 Negation Normal Form (NNF): A for-
mula F' is in negation normal form is the negation operator —
is only applied to literals!?® 34l and the only other operators
are A and v.

Definition 53.6 Conjunctive Normal Form (CNF): An
boolean algebraic expression F' is in CNF if it is a conjunction

of clauses, where each clause is a disjunction of literalsldet 5341
L; ;:
n my
Fenr = /\ \ Li, (53.13)

i=1 \j=1




Calculus and Analysis

1. Functional Analysis

Cubic Polynomials

Definition 54.6 Cubic Polynomials: Are polynomials of

Theorem 54.1
First Fundamental Theorem of Calculus:

Definition 54.12 (strictly) Increasing Functions:
A function f is called monotonically
increasing/increasing/non-decreasing if:

c<y <« f@)<fly) Veyedom(f) (54.18)
And strictly increasing if:
T <y — f(z) < f(y) Vz,y € dom(f) (54.19)

Definition 54.13 (strictly) Decreasing Functions:
A function f is called monotonically decreasing/decreasing or
non-increasing if:

zz2y = f(=)=f(y) Vz,y € dom(f)  (54.20)
And strictly decreasing if:
T >y — f(z) > f(y) Vz,y € dom(f) (54.21)

Definition 54.14 Monotonic Function:
A function f is called monotonic iff either f is increasing or
decreasing.

Definition 54.15 Linear Function:

A function L : R™ +— R"™ is linear if and only if:
L(x+y) = L(x) + L(y)
L(ax) = aL(x)

vx,y e R", aeR

degree[cor, 5411 3 and have four coefficients: 'Lit f l;e[a c<3ntinuous real-valued function defined on a closed
1. Elementary Functions f(z) = ”3m3 + usz + a1z + ag (54.9) BERIEENE, |[Cl (2] .
1.1.1. Exponential Numbers o Let F be the function defined sz € [a, b] by:
2. Functiona! ompositions _
Definition 54.1 Exponential Function exp : K +— K: ) = J e (EL12)
Definition 54.7 Functional Compositions fog: . ¢
L . y . Then it follows:
et f : A — and g D + C be to mappings s.t. F,( Y = f(a) Vo e ( ) (54.13)
codom(f) < D then we can define a composition function z)=J=z z €L, .
(fog)A — D as: Th
e = . eorem 54.2
P () h(x) = (g0 f)(x) = 9(f(x)) with x €A (54.10) Second Fundamental Theorem of Calculus:
c 1 542 N 4 F R e T Let f be a real-valued function on a closed interval [, /] and
= ) oroflary o<. este unctional Composition: F an antiderivative of f in [a, b]: F’(z) = f(z), then it follows
T 2'1 N 4X Fy.1(x) :(F]\:o~~~oF1)(x):F;\Y(F;,:_lo“-o(Fl(x))) if f is Riemann integrable on [a, b]:
T T 77 ) z 0
: (54.11) J F)dt = F(0) — F(a) J 2 P)dt = F(a)
a a Oz
2. Proofs (54.14)
Definition 54.2 Exponential/Euler Number e:
s Proof ??gcl )fo_rmula_5{4’1é1: I - _ —um Definition 54.8 Domain of a function dom(+):
e — Z i — lim (14 l "o 2.7182 (54.2) 0) = Yo = 0 = o 0 Given a function f : X — Y, the set of all possible input
o ; n oo n - : values X is called the domain of f — dom(f).
n=
Properties Defining the Expeontial Function 8e§nitic{n /5‘:4'9 ¢ sot of & £ » don(")
odomain/target set of a function codom(-):
Property 54.1: Given a function f : X — Y, the codaomain of that function
exp(x + y) = exp(x) + exp(y) (54.3) is the set Y into which all of the output of the function is
constrained to fall.
Property 54.2:
exp(z) <1+ =z (54.4) Definition 54.10 Image (Range) of a function: f[-]

1.1.2. Affine Linear Functions

Definition 54.3 Affine Linear Function f(z) = az + b:

An affine linear function are functions that can be defined by

a scaling s, () = az plus a translation t,(z) = = + b:
M ={f:R—R|f(z) = (s, oty)(x) =azx+ b, a,

(w2.y2)

f(z) = az + & av= 3
£(0) = 1
f@) =a yd

<+

Formula 54.1 [proof 54.1]
Linear Function from Point and slope f(zo) = y1:
Given a point (z1,y1) and a slope a we can derive:

f(z) =a-(x—x0)+yo = ax + (y1 — azg) (54.6)
Formula 54.2 Linear Function from two Points:
fx) =a-(x—xp) +yp = ax + (yp — axp) (54.7)
=TV 0or1)
1 — X0
1.1.8. Polynomials
Definition 54.4 Polynomial: A function P, : R — R is
called Polynomial, if it can be represented in the form:
Pulz) = ag + a1z + agz’ + ++ + ap_12" L + apa”
(54.8)

Corollary 54.1 Degree n-of a Polynomial deg(7,): the
degree of the polynomial is the highest exponent of the vari-
able x, among all non-zero coefficients a; # 0.

Definition 54.5 Monomial:
term.

Is a polynomial with only one

Given a function f : X — Y, the image of that function is
the set to which the function can actually map:

{yedly = f(z), VoeX}:=f[lX] (54.15)

Evaluating the function f f(z)
at each element of a given
subset A of its domain
dom(f) produces a set called
the image of A wunder (or
through) f.

The image is thus a subset
of a function’s codomain. =

image

domain

Corollary 54.3 Linearity of Differentiation: The deriva-
tive of any linear combination of functions equals the same

linear combination of the de(riivatives of the functions:
— (af(z) + bg(®)) = a—f(=) +
dz dz

—g(z) a,beR

da
(54.22)

Definition 54.16 Quadratic Function:
A function f : R™ — R™ is quadratic if it can be written in
the form:

1
f(x) = SxTAx +bTx +c (54.23)
3. Norms
1. Infinity/Supremum Norm
Definition 54.17 Infinity/Supremum Norm:
[fllo := sup [f(z)] (54.24)
xedon(f)

Misnomer Range: The term Range is ambiguous s.t. certain
books refer to it as codomain and other as image.

Note

In order to make this a proper norm one usually considers
bounded functions s.t.:
[[fllo < M < o0

Definition 54.11 Inverse Image/Preimage ffl(-):

Let f : X — Y be a function, and A a subset set of its
codomain Y.

Then the preimage of A under f is the set of all elements of
the domain X, that map to elements in A under f:

Corollary 54.4 Ininity Norm induced Metric: The in-
finty norm naturally induces a metricldef- 59-641,
d:=(f,9):=If -9l (54.25)

4. Smoothness

ffl(A) ={z < X: f(z) € A} (54.16) || Definition 54.18 Smoothness of a Function ch:
Given a function f : X — Y, the function is said to be of
Example 54.1 : class £k if it is differentiable up to order k and continuous, on
Given f:R—>R its enti}re domain: . o
defined by fize 22— f(z) = 22 fec (x) — I, 7, ..., fV" continuous (54.26)
dom(f) = R, codom(f) = R but its image is f[R] = R . Note

Image (Range) of a subset

The image of a subset A € X under f is the subset f[A] € Y
defined by:
flA]l = {y € Y|y = f(=),

Note: Range

Vz € A} (54.17)

The term range is ambiguous as it may refer to the image or
the codomain, depending on the definition.

However, modern usage almost always uses range to mean im-
age.

« P.w. continuous # continuous.

« A function of that is k& times differentiable must at least be
of class C" 7+,

o @) e @1, .. eec®

« Continuity is implied by the differentiability of all deriva-
tives of up to order & — 1.

4.0.1. Continuous Functions

Definition 54.19 Continuous Function c%: Functions

that do not have any jumps or peaks.

4.0.2. Piece wise Continuous Functions

Definition 54.20 Piecewise Linear Functions ng:




4.0.3. Continously Differentiable Function

Corollary 54.5 Continuously Differentiable Function

C': Is the class of functions that consists of all differentiable

functions whose derivative is continuous.

Hence a function f : X — Y of the class must satisfy:
fectx) —

f’ continuous (54.27)

5. Convexity and Concavity

4.0.4. Smooth Functions

Corollary 54.6 Smooth Function C®: Is a function f :

X — Y that has derivatives infinitely many times differern-

tiable.
fecr(x) Fof

— (54.28)

1. Lipschitz Continuous Functions

Often functions are not differentiable but we still want to state
something about the rate of change of a function = hence we
need a weaker notion of differentiablility.

Definition 54.21 Lipschitz Continuity:

A Lipschitz continuous function is a function f whose rate of

change is bound by a Lipschitz Constant L:
[f(x) = fI < Llx =yl VX, Y,

L>0 (54.29)

Note

This property is useful as it allows us to conclude that a small
perturbation in the input (i.e. of an algorithm) will result
in small changes of the output = tells us something about
robustness.

4.1.1. Lipschitz Continuous Gradient

Definition 54.24 Convex Functions:
A function f :R™ — R is convex if it satisfies:

FQz+ (1= Ny) < Af(2) + (1 =N f(y) (54.36)
VA e [0,1] Vz,y € dom(f)

If f is a differentiable function this is equivalent to:
fz) = f(y) + VF(y)T(z —y) Vz,yedom(f) (54.37)

If f is a twice differentiable function this is equivalent to:
Vz,y € dom(f)

V2f(z)=0 (54.38)

o+ (1= \a

Corollary 54.8 Strict Convexity — Uniqueness:
Strict convexity implies a unique minimizer <= at most one
global minimum.

Corollary 54.9 : A twice differentiable function of one vari-
able f : R — R is convex on an interval X = [a, b] if and only
if its second derivative is non-negative on that interval X:

f’(x) =0 Vo e X (54.43)

3. Strong Convexity/Concavity

Definition 54.27 ;-Strong Convexity:
Let X be a Banach space over K = R, C. A function f : X > R
is called strongly convex iff the following equation holds:
t(1—t)
fz+ Q1 —t)y) <tf(z)+ A —-t)f(y) — —

Vz,y e X,

= =yl
t e [o,1], >0
If fe ¢l = f is differentiable, this is equivalent to:

f(y) = fla) + V@) (y —2) + EHy —z|3 (54.44)
If f € C2 «— f is twice differentiable, this is equivalent to:
V2 f(z) = 11 Vo,ye X >0 (54.45)

Definition 54.22 Lipschitz Continuous Gradient:
A continuously differentiable function f : R® +— R has L-
Lipschitz continuous gradient if it satisfies:

IVfx) = VI < Llx =yl Vx,y €don(f), L >0
(54.30)
if fe C2, this is equivalent to:
V2f(x) < LI Vx € dom(f), L >0 (54.31)

Definition 54.25 Concave Functions:
A function f:R™ — R is concave if it satisfies:

FO@+ =09 2 2@+ =01 Gr G

(54.39)

Corollary 54.10
Strong Convexity implies Strict Convexity:

Corollary 54.7 Convexity — global minimima: Convex-
ity implies that all local minima (if they exist) are global
minima.

1. Properties

Lemma 54.1 Descent Lemma [Poorfs 54.5,77]:
If a function f : R? — R has Lipschitz continuous gradient
eq. (54.30) over its domain, then it holds that:

f(x) = F(¥) = VI T(x -yl < é\lx—yll2 (54.32)

Property 54.3 Monotonicity of the Derivative:
convex o) < )

If f:R—Ris , , a < b,
concave  f'(a) > f(b)

eR

a,

(54.40)

Property 54.7:
1
TSI +VFE) T (x—y) + Q*HVf(X)*Vf(y)Ilg (54.46)

Intuition

Strong convexity implies that a function f is lower bounded by
its second order (quadratic) approximation, rather then only
its first order (linear) approximation.

Size of

The parameter specifies how strongly the bounding

quadratic function/approximation is.

Proof 54.2: eq. (54.45) analogously to Proof eq. (54.34)

Note

If f is twice differentiable then the largest eigenvalue of the
Hessian (Definition 55.8) of f is uniformly upper bounded by
L

2. L-Smooth Functions

Definition 54.23 L-Smoothness:
A L-smooth function is a function f : R? > R that satisfies:

L
1o < I+ VI TG =y) + S llx = ylI?
Vx,y € dom(f), L >0 (54.33)

If f is a twice differentiable this is equivalent to:
v2f(x) < LI L>0

with

(54.34)

5.1.1. Properties that preserve convexity

Property 54.4 Non-negative weighted Sums: Let f be a

convex function then g(z) is convex as well:
n

g(z) = Y aifi(x)

i=1

Vaj; >0

Property 54.5 Composition of Affine Mappings: Let f
be a convex function then g(z) is convex as well:

(@) = f(Ax + 1)
Property 54.6 Pointwise Maxima: Let f be a convex func-
tion then g(z) is convex as well:

g(w) = max{f;(z)}

2. Strict Convexity/Concavity

Note

If f is twice differentiable then the smallest eigenvalue of the
Hessian (9" %5:8]) of f is uniformly lower bounded by
Hence strong convexity can be considered as the analogous
to smoothness

Functions

Even Functions: have rotational symmetry with respect to
the origin.
=Geometrically: its graph remains unchanged after reflec-
tion about the y-axis.

(—2) = /()

Odd Functions: are symmetric w.r.t. to the y-axis.

(54.48)

=Geometrically: its graph remains unchanged after rota-
tion of 180 degrees about the origin.
(—z) = —f(x) (54.49)
Theorem 54.4 Rules:
Let [ be even and [ odd respectively.
= is even =: is even
=: [ -/ is odd the same holds for division
Examples
: cosw, ||, ¢, 22, ot .. exp (—z?/2).
: sinz, tanz, x, x°, 15,....
z-Shift: f(z — ¢) = shift to the right
f(z + ¢) = shift to the left (54.50)
y-Shift: f(z) £ ¢ = shift up/down (54.51)
Proof 54.3: eq. (54.50) f(xn — c) we take the z-value at x,,

but take the y-value at x5 := zp — C
= we shift the function to xp.

Euler’s formula

+ix

e~'"" =cosz + isinz (54.52)
Euler’s Identity
ett = 1 (54.53)
Note
e =1len=i2nk, eN (54.54)

Corollary 54.12 Every norm is a convex function: By
using definition [9°f %424 and the triangular inequality it fol-
lows (with the exception of the LO-norm):

Pz + @ =2yl < Allell + (1 =)yl

4. Taylor Expansion

Definition 54.28 Taylor Expansion:

Example 54.2 Quadratic Function: A quadratic function
eq. (54.23) is convex if:

Vieq. (54.23) = A > 0 (54.47)

Corollary 54.11 :

Strong convexity = Strict convexity =  Convexity

Theorem 54.3

L-Smoothness of convex functions:
A conver and L-Smooth function (1% %4231} has a Lipschitz
continuous gradienteq. (54.30) thus it holds that:

L
FO) < F@) + VI Tx =) < Sllx ~ ylI?

[proof 54.6]

(54.35)

Note

L-smoothnes is a weaker condition than L-Lipschitz continu-
ous gradients

Definition 54.26 Stricly Convex Functions:
A function f:R™ — R is strictly convex if it satisfies:

FOz + (1= Ny)<Af(z) + (1= ) f(y) :i’ey[eofi;in(f)

If f is a differentiable function this is equivalent to:
f@) > f() + VT (@—y) Vz,yecdom(f) (54.41)
If f is a twice differentiable function this is equivalent to:
V2f(z) >0 Y,y € don(f) (54.42)

Intuition

o Convexity implies that a function f is bound by/below a
linear interpolation from z to y and strong convexity that
f is strictly bound/below.

e eq. (54.41) implies that f(x) is above the tangent
f(z) + Vf(z)T(y — ) for all =,y € dom(f)

o ?7? implies that f(z) is flat or curved upwards

Ta@ = ¥ — Do) @ - 20)? (54.55)
i=0
’ 1 " 2 3
= f(zo) + f'(z0)(z — z0) + Ef (z0)(z —z0)” + O(z™)

(54.56)

Definition 54.29 Incremental Taylor:
Goal: evaluate Ty (z) (eq. (54.56)) at the point zg + Az in
order to propagate the function f(z) by h = Ax:

RS A 1
Ta(zo £ h) = 3} —f(z0)i
i=0

’ h? ” " 3 4
= (o) £ hf (zo) + — f7(z0) £ f7(z0)(R)” + O(A7)

(54.57)

Note

If we chose Az small enough it is sufficient to look only at the
first two terms.

Definition 54.30 Multidimensional Taylor: Suppose X €
R™ is open, x€ X, f: X —» Rand f € €2 then it holds that

£0) ~F(x0) + Vac  (x0) (x = x0) + 3 (x = x0) T H(x — x0)
(54.58)

Definition 54.31 Argmax:
fined on a set D is given by:
argmax f(x) = {z|f(x) = f(y),Vy € D}

xeD

The argmax of a function de-

(54.59)




Definition 54.32 Argmin: The argmin of a function defined
on a set D is given by:

Note

The supremum/infinmum is necessary to handle unbound

Proof 54.5: ?7 for C? functions:

FOYLF6) + VFT (v =0 + 5 (v~ 0TV (v — %)
Now we plug in V2 f(x) and recover eq. (54.33):
1
F) < FE)+ V)T (y —x) + S - )T L(y — %)

argmin f(z) = {z|f(z) < f(y),Vy € D} (54.60) | function that seem to converge and for which the max/min
zeD does not exist as the argmax/argmin may be empty.
E.g. consider —e®/e® for which the max/min converges to-
Corollary 54.13 Relationship arg min < argmax: ward O but will never reached s.t. we can always choose a
arg min f(z) = arg max — f(x) (54.61) bigger © = there exists no argmax/argmin = need to bound
zeD zeD the functions from above/below <= infinmum/supremum.
Property 54.8 Argmax Identities: Definition 54.37 Time-invariant system (TIS): A func-
1. Shifting: tion f is called time-invariant, if shifting the input in time
VA const arg max f(z) = argmax f(z) + A (54.62) || leads to the same output shifted in time by the same amount.
2. Positive Scaling: time-invariance
t) = t),t t— ) = t— )t
VA > 0 const argmax f(z) = argmax A\ f(xz) (54.63) y(®) = J(@(®), 1) ul ) = f(a( )
3. Negative Scaling: (54.78)
VA <0 const argmax f(z) = argmin Af(z) (54.64)
4. Positive Functions: Definition 54.38 Inverse Function g = f~1:
Varg max f(z) > 0, Vz € dom(f) A function g is the inverse function of the function f : A <
i R — B c R if
arg max f(x) = arg min I (54.65) flg(z)) = = Yz € dom(g) (54.79)
. . . . . d
5. Stricly Monotonic Functions: for all strictly monotonic || ™
increasing functionsldef 54121 g it holds that: 9(f(w) = u Vu € don(f) (54.80)

argmax g(f(x)) = arg max f(x) (54.66)

Proof 54.6: theorem 54.3:
‘With the definition of convexity for a differentiable function
(eq. (54.41)) it follows

f@) = fW) + VT (@-y) =0

=|f(@) — f(y) + V()T (z — )|
e BIAD 0y~ fy) + VW) T (@ — )

with lemma 54.1 and [@° 5423] it follows theorem 54.3

Definition 54.33 Max: The maximum of a function f de-

fined on the set D is given by:
max f(x) = f(z*) with  Va* € arg max f(z)
xzeD xeD

(54.67)

Property 54.10

Reflective Property of Inverse Functions:
(a,b) if and only if f~! contains (b, a).

The line y = z is a symmetry line for f and f_l.

f contains

Definition 54.834 Min: The minimum of a function f de-
fined on the set D is given by:

Theorem 54.5 The Existence of an Inverse Function:
A function has an inverse function if and only if it is one-to-
one.

min f(z) = f(:c*) with  va¥ e argmin f(z) (54.68) || Corollary 54.16 Inverse functions and strict mono-
zeD zeD tonicity: If a function f is strictly monotonic [def 5414 o
its entire domain, then it is one-to-one and therefore has an
Corollary 54.14 Relationship min <> max: inverse function.
i = — — 54.69 T T
::g f(=) ‘;‘"‘5‘ 7 (@) ( ) 6. Special Functions
1. The Gamma Function
Property 54.9 Max Identities:
1. Shifting: Definition 54.39 The gamma function I'(«): Is extension
VA const max {f(z) + A\} = A + max f(z) (54.70) || of the factorial function (??) to the real and complex numbers
2. Positive Scaling: (with a positiveogeal part):
VYA > 0 const max A f(z) = A max f(z) (54.71) r(z) = J 27 e % g R(z) >0 (54.81)
3. Negative Scaling: 0
VA < 0 const max A\ f(z) = A\ min f(z) (54.72) I(n) nel I(n) = (n — 1)!
4. Positive Functions: 1 o i
Vargmax f(xz) > 0,Vz € dom(f) max m = T . roois
x min f(x
(54.73) Proof 54.4: lemma 54.1 for C! functions:

5. Stricly Monotonic Functions: for all strictly monotonic
increasing functions!®®f 54121 g it holds that:

max g(f(z)) = g (max f(z)) (54.74)

Definition 54.35 Supremum: The supremum of a function
defined on a set D is given by:
sup f(z) = {yly > f(x),Ya € D} =
xeD

min
yly=f(z),voeD
(54.75)
and is the smallest value y that is equal or greater f(z) for
any * <= smallest upper bound.

Definition 54.36 Infinmum: The infinmum of a function
defined on a set D is given by:
inf f(z) = {yly < f(a),¥o € D} =  max
zeD yly<f(z),VeeD

(54.76)

and is the biggest value y that is equal or smaller f(z) for
any * <= largest lower bound.

Corollary 54.15 Relationship sup < inf:

€zep f(z) = — sup —f(z)
xzeD

(54.77)

Let g(t) = f(y + t(x —y)) from the FToC (theorem 54.2) we
know that:

jol g (8 dt = g(1) — 9(0) = F(x) — F(¥)

It then follows from the reverse:

[f(x) = f(¥) = V)T (x = ¥

Chain. R 1
FToC jo Vi +tx—y)T(x—y)dt — V) T(x - y)
- fol (VI + tx —¥)) — VI T (x — ) dt
- jol (Vi(y + t0x —3)) — VF)T (x — y) dt
C.S

< fol IVF(y + t0x = 3)) = VE@ - lIx — ]l dt

eq. (54.30)| 1
EE Ly + e =) =yl e = ylar

1 L

2 2

= [ yl? [ edr| = Zlx - v13
0 2




Differential Calculus

1. Mean Value Theorem

1. The Hessian

Theorem 55.1 Mean Value Theorem: Let f : [a,b] —> R
be continuous function, differentiable on the open interval
(a,b), with @ < b. Then there exist some ¢ € (a, b) s.t.

o - I ):f(”) _ _inmf o de

(55.1)

2. The Product Rule

Rule 55.1 (Product /Leibniz Rule).
Let u, v be two differentiable functions u,v € Cl then it holds
that:

d(u(ac)v(z))

- (55.2)

= (wv) = vv+v'u

5.1.2. The Subderivative
Definition 55.4 [proof 55.1]
Subgradient g:

Let f : R™ +— R be a continuous (not
necessarily differentiable) function.
g € R™ is a subgradient of f at a
point xg € R" if it satisfies:

g: f(x)— f(xo) > gT(x—x0) -
(55.7)

3. The Chain Rule

Formula 55.1 Generalized Chain Rule:
Let F : R” — R” and G : R” — R’ be to general maps then
it holds:
OF : R — R XM
0(GoF) = (G oF) - oF
—_—— (S A— aG:Rl. ‘_)Rmxk

RMRM XN RnH<Rm xk . gk ><n)

(55.3)

4. Directional Derivative
5. Partial Differentiation

Definition 55.5 [example 55.1]
Subderivative of(x0):
Let f : R™ — R be a continuous (not necessarily differen-
tiable) function. The subdifferential of f at a point xg € R™
is defined as the set of all possible subgradients[d“' 55.4]

of(x0) {g: F(x) — f(x0) > g7 (x —x0) VxeR"} (55.8)

Definition 55.8 Hessian Matrix:
Given a function f : R — R" its Hessiane R™*"™ is defined as:

H(f)(x) = Hy(x) = J(VE(x)T (55.10)

a2 a2f a2f

g% ) Sz do () 3z oy ()

22 f a2f 22f
dxodx (x) a?(x) dxo0xn, (x)

a2 2f 2%y
CETCER (x) dxpdx (x) """" axz (x)

and it corresponds to the Jacobian of the Gradient.
Due to the differentiability and theorem 55.2 it follows that
the Hessian is (if it exists):

+ Symmetric

+ Real

9. Examples

Example 55.1 Subderivatives Absolute Value Function

|z|: f:R+— R with f(z) = |z| at the point = = 0 it holds:
f(z) — f(0) = gz = the interval [—1;1]

For = # 0 the subgradient is equal to the gradient. Thus it

follows for the subderivatives/differentials:

—1 ifex <0
dlz] = {[-1,1] ifxz=0
1 ifz>0

Heuristic

‘We can guess the sub derivative at a point by looking at all
the slopes that are smaller then the graph.

2. The Jacobian

Definition 55.1 Paritial Derivative:

Let f : R™ — R be a real valued function, its partial deriva-
tive 0; f : R™ — R is defined as the directional derivative??
along the coordinate axis of one of its variables:

o x,x; «— x; +h) — f(x
ot 2D SO ) = f00
ox; ! h—0 h
o f(, e mith o wn) — f(@1, T, Tn)
= lim
h—0 h
(55.4)
1. The Gradient
5.1.1. The Nabla Operator
Definition 55.2 Nabla Operator/Del V:

Given a cartesian coordinate system R" with coordinates

Definition 55.6

Jacobian/Jacobi Matrix

Given a vector valued function
f:R" —R" its derivative

with components 0;,;f = 9;f; : R

function defined as:

Df, J¢:

Jg R"™ s RXT

™ > R is a vector valued

of O(f1y s fin)
J(f(x)) = Jg(x) = Df = 6_x(x) o " )(x) (55.9)
e T
VT
of of :
_ [ém_l ....... éz_n] _ :
VT fm
o o 0
D Lo oo
2 E)
| B 22 (x)
Lo e ErC)

Corollary 55.2 Eigenvector basis of the Hessian: Due

to the fact that the Hessian is real and symmetric we can de-

compose it into a set of real eigenvalues and an orthogonal

basis of eigenvectors {(\1,v1),..., An,Vn}.

Not let d be a directional unit vector then the second deriva-

tive in that direction is given by:
n

if d=Vj
dTHd « dT ) v = dTyjv,
i=1
« The eigenvectors that have smaller angle with d have bigger
weight /eigenvalues

¢ The minimum/maximum eigenvalue determines the mini-
mum/maximum second derivative

7. Extrema

Definition 55.9 Critical/Stationary Point: Given a func-
tion f : R"™ +— R, that is differentiable at a point x¢ then it is
called a critical point if the functions derivative vanishes at
that point:

f'(x0) =0

— Vxf(x0) =0

Explanation 55.1. Rows of the Jaccobian are transposed
gradients!® 779 of the component functions f1, ..., fi..

Corollary 55.1 :

Corollary 55.3 Second Derivative Test f : R — R:
Suppose f : R +— R is twice differentiable at a stationary point
g (915591 then it follows that:

f'(z +¢€) >0 slope points uphill
o f(z)>0 < f/(z—¢) <0 slope points downhill
f(x) is a local minimum
f’(z + €) > 0 slope points downhill
° fN(CU) <0 <> f(z—¢) <0 slope points uphill

f(x) is a local maximum

¢ > 0 sufficiently small enough

6. Second Order Derivatives

x1,...,x, and associated unit vectors €1, ..., @&, its del op-
erator is defined as:
GET) (x)
72 (x)
L EP)
v = s = . 55.5
P : (55.5)
i=1 :
afn ()
Definition 55.3 Gradient:
Given a scalar valued function f R™ +— R its gradient

vf R™ +— R"™ is defined as vector R™
derivatives!®®® 551 w r t. all coordinate axes:

of the partial

grad f(x) = V() =

77,9 (Z) oo

_Bx

2
Definition 55.7 Second Order Derivative FEOT
000 5

Theorem 55.2

Symmetry of second derivatives/Schwartz’s Theorem:
Given a continuous and twice differentiable function f : R™ +—
R then its second order partial derivatives commute:

6i o of

Oz; Oz B Oz Ox;

Corollary 55.4 Second Derivative Test f :R" — R:

Suppose f : R"™ > R is twice differentiable at a stationary

point x [4°F 559 then it follows that:

e« fHispd<= V); >0eH — f(x) is a local min.

e« f Hisnd<= VX; <0eH — [f(x)isa local max.

« If3)\; >0€ Hand 3)\; <0 € H then x is a local maximum
in one cross section of f but a local minimum in another

« If 3)\; = 0 € H and all other eigenvalues have the same sign
the test is inclusive as it is inconclusive in the cross section
corresponding to the zero eigenvalue.

Note

If H is positive definite for a minima x* ofa quadratic function
f then this point must be a global minimum of that function.

8. Proofs

Proof 55.1: Definition 55.4 f(x) = f(x0) +gT(x—xg) Vxe€
R"™ corresponds to a line (see formula 54.1) at the point xg
with slope gT.

Thus we search for all lines with smaller slope then function
graph.




Integral Calculus

Theorem 56.1 Important Integral Properties:

J udv = uv‘” —J vdu

Addition ff(av) dz = Jf(:c) dz + Jf(:c) dzx (56.1)
Reflection ff(z) do = — ff(z) de (56.2)
a .
’I‘ranslationff(z) dx vEae J f(z Fc)dz (56.3)
@ @
£ Odd f flz)de =0 (56.4)
f Even f f(z)dz = QJf(z) dx (56.5)
—a 0
Proof 56.1: eqgs. (56.4) and (56.5)
a 0 a
I f F(z)da = j f(x)dx+ff(x) dw
—a —a 0
t=—zx 0 a
W= f(—a)da + jf(z)dz
a 0
N o if f odd
B jf(—z) +f(@)dz = {2] if f even
0
Definition 56.1 Integration by Parts:
(56.6)

1. Integral Theorems

1. Greens Identities

Theorem 56.2 Greens First Identity:

functions v € Cll)w (€) it holds:
J jT gradvdx = —J divjvdx-{—f jTnvds
Q Q oQ

Let Q = Q U 9Q, for all vector fields j € (Céw(ﬁ))d and scalar

(56.7)




Differential Equations

Definition 56.2 [?77]

Differential Operator:

A differential operator .# is a mapping of a suitable function

space onto another function space, involving only values of

the function argument and its derivatives in the same point:
Z:C™(Q) - CFQ), k<n

Note: £ is a differential operator of order k — n.

Definition 58.8 Non-Homogenuous
Their exists non-zero terms
derivatives of u.

Z(u) =
that do not depend on u or on

3. Constant Coefficients

Definition 58.16 Integral Surface o8
An function ¢ : R® — R is a an integral surface of a vector
field V : R3 — R3 if ¢ is a surface that has in every point a
tangent plane containing a vector v = (¢ b ¢) of V.

3. Linear Equations

Definition 58.9 PDEs with Constant Coefficients:
Is a PDE whose coefficients «, b, ¢, ... are constants i.e. inde-
pendent variables.

4. 2nd-Order Linear PDEs in two variables

Definition 56.3 Linear Differential Operator:
Is a differential operator £ that satisfies:
ZL(au+ Jv) = a L(u) + 7 L (v)

Vo, 3 € R (56.8)

Ordinary Differential Quations
Partial Differential Equations (PDE)s

Definition 58.10
2nd-Order Linear PDEs in two Variables:
Z(u) = augg +2bugy + cUuyy +dug +euy + fu =

where a,b,...,

(58.8)

are functions depending on x and y.

Corollary 58.3 PDEs and Integral Surfaces:
The solution of a PDE u(z, y) can be thought of as an integral
surface:

Definition 58.1 Partial Differential Equation:

Let u = u(xy,... ) : R¥ — R! be an unknown function
depending on x = (zl .. -zk:) and let / be a known func-
tion.

The known function .%, depending on differentials of the un-
known function u is called a Partial Differential equation:

Definition 58.11 Principal Part: Is the operator £, that
consists of the second-(=highest) order parts of Z:
ZLa(u) 1= augy + 2bugy + cuyy

Definition 58.12 PDEs Discriminante: Is defined by:

:= —det (Z b) =b% — ac

5(2)

(58.9)

z = u(z,y) or implicitly o(x,y,2) =u(z,y) — 2z
(58.16)
Explanation 58.3 ( [proof 77]

Integral Surface and PDEs).
The solution u(z, y) of eq. (58.13) can be sought of as an surface
z = u(z,y) in R or in implicit form ¢(z,y, z) := u(z,y) — z.

DG g, 2)

z =

integral-sfirface

responding derivatives depend only on the independent vari-
ables z1,x2,...,Tm:

a(z, y)ug + bz, y)uy + c(z, y)u = d(z,y) (58.4)

Definition 58.4
Semilinear PDEs:
Are PDEs whose coefficients of the highest order n-terms are
functions depending only on the independent variables but
not onto the dependent variables u or their derivatives.
Thus the PDE is linear regarding to the highest order terms:
a(x, y)ug + b(z, y)uy = (z, y,u) (58.5)

(77]

Az? + By  + Cay+ Dz + Ey+ f=0
If B2 —4AC =0 < the equation is a parabola.
If B2 —4AC > 0= the equation is a hyperbola.
If B2 —4AC <0 = the equation is an ellipse.

2. Method Of Characteristics

ou oun Explanation 58.1. [t turns out that many fundamental prop-
Flua, —, ..., R = Z(u,Du,...,D"u, /) = 0|| erties of the solution of eq. (58.8) are determined by its principal

ox1 536£, S anE; part, or rather by the sign of the discriminant 6(Z).
or L=/ inQ (58-1) |[Definition 58.13 [77]

- Parabolic PDEs: Let!d°" %810 e 3 PDE defined on Q — R?, bz ug
Corollary 58.1 Depende.n];}"\far];gbles. then the PDE is called hyperbolic if: Letn(z,y) :=grad¢ = | ¢y | = | uy and
u:R (58.2) 8(L)=1b%—ac=0 (58.10) bz -1
- B a(z,y)
Corollary 58.2 Indipin(i?'f.\.{fl:sles' (58.3) | Definition 58.14 i [2?]|| Let Vv = [ b(z, ) be a vector field R® — R® and
) Hyperbolic PDEs: Letld" 5819 be a PDE defined on Q o(z,y)
2 i ic if:
Deofinition 58.2 Order s R“, then the PDE is cail)ed h)}/}z)erbohc if: b -
Is the highest partial derivative that appears in a PDE. 5(ZL) =07 —ac>0 (58.11) n(z,y) :=grad¢ = | oy | = | uy
- b —1
1. Algebraic Types Definition 58.15 [?7] . *
1. Linearity Parabolic PDEs: Let!d" 5810 he o PDE defined on < Rz, Idea: we can rewrite eq. (58.13) as:
then the PDE is called elliptic if: T (@, y)\ - (ua

Definition 58.3 [77?] 5(ZL) = b2 e <0 (58.12) <(” b () , Vo(z,y, z)> = b(z,y) |, | uy =0
Linear PDEs: o(z,y) -1
A linear PDE naturally defines a linear operator [4°f 56:31 A Explanation 58.2. Geometric Interpretation:
linear PDE must be linear reagarding the unkown function || 7p¢ reason for this categorization are nor-|( v is orthogonal to the normal n for all points (z,y, u(z,y)).
u. In other words all dependent variables u and their cor- || ;41 quadratic equations in two variables: .

Hence every vector v = (N b r‘)T lies in the tangent plane
containing ¢.

Consequently in order to find a surface ¢ (and thus also a
solution u), we need to search for ¢ s.t. the vector v lies in the

tangent plane for every possible point of ¢.

Definition 58.17

Characteristic/Integral Curve As(r) = A(r; 8):
Given a vector field V an integral curve A(r) of that vector
field, is a curve parameterized by parameter 7:
(r)
y(r)
z(r)

A(r) = xz(r)es + y(r)ey + z(r)ey = (58.17)

s.t. at each point r of the curve a vector v of the vector field:

a(z(r), y(r))

v=|b(r),y(r) |eV (58.18)
c(z(r), y(r))
is tangent to the curve:
A o(x(r), y(r)) SN
= VM) = | M) y(m) | = [ 2Am) | (58.19)
c(A(r)

Definition 58.18 Characteristic Equations:
The set of ordinary differential equations of a PDE arising
from Equation (58.19) are called characteristic equations:

ox(r)
=z = a(A(r)) = a(r) (58.20)
= b(A(r)) = b(r) (58.21)
= c(A(r)) = c(r) (58.22)

Problem: in order to get a unique solution we need to specify
initial conditions.

Idea: If a characteristc has an arbitrary point in common
with the integral surface ¢ then the whole characteristic A\
will lie in the integral surface.

Proof 58.1: Let: d(A (1)) = u(z(r), y(r)) — 2(r)
= j_c: :uwj—f +uy_j—z —1;—2.:
ug \ fa(@(r), y(r)) ug \
= [ wy [ (200w ) = [y Jim) =0
=1/ \e(z(r), y(r) -1

Thus: ¢(A\(rg)) =0 < ¢(A(r)) =0, Vr

Definition 58.19

Characteristic (Curve) As(r) = A(r; 8):
is an integral curve of the vector field V that is uniequely
determined by a parameter s.

Definition 58.5
Quasilinear PDEs:
Are PDEs whose coefficients of the highest order (n) terms
are functions only depending on the independent variables
and on the dependent variables u and their derivatives up to
an order . < n, that is smaller than the highest order terms
n:

(77]

@,y wug + bz, y, wyuy = o(z,y, 1) (58.6)

Definition 58.6

Fully Non-linear PDEs:
Are PDEs where all terms of the highest order n are non-
linear:

[77]

(@, y,u,w' Yug + b(@, g, w0 )uy = o(@,y,u)  (58.7)
Note: —(Quasilinear < Fully Nonlinear)
2. Homogenity
Definition 58.7 Homogenuous Z(u) = 0:

All terms depend on u or on derivatives of u.

Consequence: For every character-
istic s we need to specify one inital
point on the integral surface in or-
der to have all the characteristics liejjtogral-§
within the integralsurface. B
Idea: we define another curve I'(s)
on the integralsurface that transvers
all the characteristic curves Xg(r)
transversal (=angle beetween I'(s) N
and Ag(r) is never zero < I'(s) )

As(T))-

1(r

Id.
Is a method that makes use of geometrical aspects in order =
to solve 15t-order PDEs with two variables by construct- We first simplify the task
ing integral surfaces and can be used to solve PDEs of the () Py
& & ChY and start by construct-
type: v3 ing/finding integral curves
Linear: a(z,y)ug  +b(z,y)uy  =c(z,y) (58.13) - A iﬁd thengwe cognstruct the
Semilin.: a(z,y)ug +b(z,y)uy =c(z,y,u) (58.14) 2 integral surface ¢ out of this
Quasilin.: a(z,y, u)ug+b(z, y, u)uy=c(z, y, u) (58.15) va curves.
Formula 58.1 Method of Characteristics:
z = x(r;s) y = y(r;s) z = u(r;s)
Parameter.: 1= x(r;s)eg + y(r;s)ey + z2(r; s)ex
r;s) = (a,b,c)
E.g. v(z(r;s), y(rs s), z(r; s))
=& = a(Aa(r))
s) =9 =0b(\s(r))
(ris) =2 =c(As(r)
Compact:
& = a(e, y, u) = b(e, y,u) i = (2, y, )
LC.: =2(0;5) = zo(s) wo(0;s) =wyo(s) u(0;s) = ug(s)

z

Definition 58.20 Inital Condition: s+ I'(s), I': R — R3
Zs.(r) zo(s) \

M) = [Ge (), T = [0 As(0) = T(s)
Zs(r z0(s)

= z5(0) = zo(s) Ys5.(0) =wols)  25.(0) = =0(s)

Definition 58.21

Projected Characteristic Curves y(7):

Are curves in the plane of the independent variables of our
PDE, along which u is constant or satisfies certain conditions.
If u is constant along g(7) then the initial data is simply prop-
agated along those characteristic curves:

Cu () =0 = u () ) Zue(()  (5829)
-




Hint: If the PDE is linear, then the two first characteristics
do not depend on u and can be solved directly, u will then be
constant along those characteristics:
(@, 4 g +5(2, y)uy=c(z, )
dxz dy du . . dy b(z,y)
— =a — =0 — = ¢ implies — = —=
dr dr dr dz a(z,y)

Hint: If we divide the PDE by « we have to solve a PDE less,
beacause the first ODE will allways be:
T =1= T =1r= zs(r) = xo(s)

4. Quasilinear Equations

Solving Quasilinear Equations

oz g, wue (@, g wuy  =c(o, y,u)
ujp(r, s) = 6(s)

L me) L = ) Sl — )
— =a(z,y,u) — =b(z,y,u) — =c(z,y,u
dr & dr g dr g

75(0) = zo(s)  ws(0) =wo(s) =25(0) = o(s)
Results

Now the projected characteristic curves may depend on u as
well as on x,y. Thus the first two characteristics are no longer
decoupled form the third one.
1. We may get projected characteristic curves crossing
themselfs.
2. u is no longer constant along the projected characteris-
tic curves, rather the PDE reduces to an ODE satisfying
certain conditions along this curves.




Linear Algebra 4. Vector Spaces Note Projections in 2D
1. Vector Space If VV is infinite dim (V') = 0. Definition 59.21 2D Vector Projection
1. Vectors [ AfR b [Proof 59.17,59.18]:
IDeﬁnition 59.6 Vector Space: TODO 4. ne Subspaces ch e :
s P J
Definition 59.1 Vector Substraction: 2. Vector Subspace Definition 59.14 Affine Subspaces: Given a K-vector
space . of dimension dim()) > 2 a sub vector spaceld°f 39:7)
Definition 59.7 Vector Subspaces: U of V defined as: uy = projy (u)
A non—emp?y.subsgt U of a K-vector space V' is called a sub- =v+U={v+x|xeU} v E (59.18) = UV = (uT‘”,) v
b—c_a (59.1) space of V if it satisfies: aTv uTy
u,veU e u+velU (59.8) Corollary 59.6 Direction: The sub vector spaces U are = T—o V= ——V
ueU g AuelU vieK (59.9) || called directions of ' and it holds: vl vTv
dim()V) := dim(U) (59.19) (59.28)
Definition 59.8 Linearcombination:
1 Svot R n Let X = {vi,...,vp} © ) be a non-empty and finite subset | 4:4.1. Hyperplanes
. inear stems O uations i i i
. y e ' q .of vectorbs- of an K»;e:}tor space | .ﬁA Znea'r combination of X |[ pefinition 59.15 Hyperplane He
1. Gaussian Elimination is a combination of the vectors defined as: A hyperplane is a d — 1 dimensional subspace of an d- || Corollary 59.8 [proof 59.8]
2.1.1. Rank v = Z Vi = @1V1 + ... + anvn a; €K (59.10) dimensional ﬁﬁ?t?geﬂ«,? space that can be specified by the hess || 2D Projection Matrix P: Is the matrix that satisfies:
Definition 59.2 Matrix Rank vant: i=1 normal form _ RY 5T d = 2 Pu = proj, (u) P = _VVT = _VVT (59.29)
The ranks of a matrix A € R"*™ is defined as the the H= {xe |ATx—d = 0} (59.20) vTv [|[v]|2
dimension!?®" 59131 of the vector space spanedl?” 599 by its || Definition 59.9
row or column vectors: Span/Linear Hull X): Corollary 59.7 Half spaces: A hyperplane H € Ré-1 sep- || Proof 59.1: [Corollary 59.8]
vant(A) = dim({a:1,...,2a:n}) Is the set of all possible linear combinations!4*" >l of finite || arates its d-dimensional ambient space into two half spaces: T 1 T 1 T
= dim({a1,.,...,a,,:}) set X = {vi,...,vn} © V of a K vector space nt :{ze]Rd |ﬁTx+/r>0} (59.21) vTvu Vv = _vTvV(V u) = v (vwT)u
def. 59.50 . n . .
= dim(%(A)) (59.2) (X) = span (X) = v‘ 3 aivi,Va; €K (59.11) M ={eer!@Tx+ b <0} =RI—HF (59.22) | General Projections
Corollary 59.1 : i=1 Notos Definition 59.22 [proof 59.19]

« The column-and row-ranks of a square matrix A € R™*"
are equal.
« The rank of a non-symmetric matrix A €
by the smaller dimension:
vant(A) < min {n, m}

R™X™ is limited

(59.3)

Definition 59.10 Generating Set: A generating set of vec-

Hyperplanes in R? are lines and hyperplanes in R? are lines.

Hess Normal Form

Property 59.1 Rank of Matrix Product: Let A € R"""™
and B € R™P then the rank of the matrix product is limited:
rant(AB) < min {vant(A), vant(B)} (59.4)

tors X = {v1,...,v,,} € of a vector spaces is a set of
vectors that span!def 5991 1

span (Vi ...,v,,) = (59.12)
Explanation 59.1 (Definition 59.10).
The generating set of vector space (or set of vectors) S Rn

is a subset X = {vi,... can

be produced by span(X).

, Vo } © Vst every element of

Rank-1 Matrix

Definition 59.16 Hess Normal Form:
Is an equation to describe hyperplames[def 59-15] i R4:
rTi—d=0 — Al (r—rg) ro:=rTd=0
(59.23)

where all points described by the vector r € JRd, that satisfy
this equations lie on the hyperplane.

Definition 59.3 Rank-1 Matrix:

Definition 59.11 Linear Independence: A set of vector

Note

General Vector Projection:
Is the orthogonal projection u of a vector v onto a sub-vector
space U

n
u= Y a;b; (59.30)
ut v =1
by
u v-u AATo;, =ATv A=
o by,
where B = {b1,...,by}isa

basis of the vector subspace

Is a matrix of rank one. A tensor product of two vectors {vi,... ,’,:/n) € V' is called linear independent if the satisfy: TTh~e iirection of the unit normal vector is usually chosen s.t. u.
u, v € R™ results in a rank one matrix: r’n = 0.
uvT = A e R™" (59.5) v= Z Aivi =0 ar=...=an =0 (5913)| 4 4.5 Lines Theorem 59.1 Projection Theorem: Let U a sub vector
=1 ot 501] space of a finite euclidean vector space . Then there exists
Definition 59.4 Rank-1 Modification/Update: Adding a Definition 59.17 Lines: Lines are a set™ ™" of the form: || for every vector v € 1 a vector u € U obtained by an orthogo-
rank-1 matrix to another matrix is called rank-1 modification: Corollary 59.2 : A set of vector {x1,...,x,} € V is called L=u+Kv={u+ivjreK} uvel,v#0 (59.24)| palld’ 5967 projection
linear independent, if for every subset X = x1,...,%xy <
X =X+uv' 59.6 P ’ Y Lo Xm & i X .
( ) {X1,...,%n} it holds that: Two Point Formula L ER B (59.31)
i X) < . 59.14 iti i .
3. Sparse Linear Systems (X < ba, 1 Xn} ( ) || Definition 59.18 Two Point Formula: the vector v/ := v —u representing the distance between u
Definition 59.5 Sparse Matrix A €K"""™ m,n € Nxg: 3. Basis and v, and is minimal: , n
A matrix A is sparse if: Definiti 59.12 Basis 9B: lu'll = [lv—ull < [lv—wl Vweld u el (59.32)
’ myn efinition 53. asis o L=u+Kv (59.25)
nnz(A) « mn AeK ,m,n € Nsg (59.7) || A subset B = {vi,...,vyn} of a K-vector space ) is called a 5. Affine Subspaces
nnz := #{(i,7) € {1,...,m} x {1,...,n}:a; ; # 0} basis of V if: 6. Planes

(B) = and B is a linear independent generating set

(59.15)

4.4.3. Planes

Corollary 59.3 : The unit vectors eg, ...
dard basis of the R™.

,en build a stan-

Definition 59.19 Planes:
E=u+Kv+Kw={u+ v+ 1wl

s.t. v,u#0

Planes are sets defined as:
€ K} (59.26)

u, ,w € and v, w lin. indep.

Corollary 59.4 Basis Representation:
Let B be a basis of a K-vector space , then it holds
that every vector v € can be represented as a linear

Parameterform

combinationl@®" 98] of B by a unique set of coefficients [ H
ke
Q1,...,anp EK
= ib; 59.16
v= 2 b bi,...,by B ( )
=1
4.3.1. Dimensionality

Definition 59.13 Dimension of a vector space dim ()):
Let )V be a vector space. The dimension of V' is defined as the
number of necessary basis vectors B = {v1,...,Vv,} in order
to span

dim (V) := |B] = n € Ng (59.17)

Definition 59.20 Two Point Formula:

E=u+K(v—u)
+ K(w — u)
(59.27)

Corollary 59.5 : n-linearly independent vectors of a K-
vector space ) with finite dimension n constitute a basis.

4.4.4. Minimal Distance of Vector Subspaces

https://math.stackexchange.com/questions/1485509/show-
that-two-planes-are-parallel-and-find-the-distance-between-
them




5. Matrices

Special Kind of Matrices
1. Symmetric Matrices

4. Unitary Matrices

Definition 59.23 Symmetric Matrices:
K™ X" is called symmetric if it satisfies:
A = AT

A matrix A €

(59.33)

Definition 59.27 Unitary Matrix
is a complex square matrix U € C""*™ whose inverse
is equal to its conjugate transpose[d“' 59.25],

H
U U=UU

uUu :
[def. 59.41]

=1 (59.43)

Property 59.2 [proof 77]
Eigenvalues of real symmetric Matrices: The eigenvalues
of a real symmetric matrix A € R"*™ are real:

spectrum(A) € {R>o}; (59.34)

Corollary 59.13 Real Unitary Matrix: A real matrix
A € R™X™ that is unitary is an orthogonal matrizld® 59241,

Definition 59.34 Block Partitioned Linear System:
A linear system Mx = b with M € R*tHF+! and x, b e RFF!
can be partitioned into a block partitioned system:

& B[ .

Aer"" Ber" cer\ Derb

x1,b1 € R" , X2, b € R
(59.50)

6. Matrices and Determinants

1. Determinants

6.1.1. Laplace/Cofactor Expansion

Definition 59.39 Minor:

Definition 59.40 Cofactors:

Properties

Property 59.3 [proof 77]
Orthogonal Eigenvector basis: Eigenvectors of real sym-
metric matrices with distinct eigenvalues are orthogonal.

Property 59.6

Preservation of Euclidean Norm [proof 59.14]:
Orthogonal and unitary matrices Q € K" do not affect the
2-norm:

vx e K"

lQxll2 = lIxl2 (59.44)

5. Similar Matrices

Corollary 59.9

Definition 59.28 Similar Matrices: Two square matrices
A € K"*™ and B € K"X™ are called similar if there exists a

5.8.1. Schur Complement
Property 59.10 Determinant times Scalar det(aA):
Definition 59.85 Schur Complement: Given a block par- || Given a matirx A € R”*" it holds:
titioned matrix!4ef- 3933 M e R¥+17+1 its Schur complements det(cr- A) = a™A (59.57)
are given by:
Sy =D— CcA B Sp=A— BD lc (59.51) | 2- Inverese of Matrices
5.8.2. Inverse of Block Partitioned Matrix Definition 59.41 Inverse Matrix AL
Definition 59.36 proof 59.3| 6-2.1. Invertability
Inverse of a Block Partitioned Matrix: Definition 59.42
Given a block partitioned matrix!d® 3933 M e RFFTLEF g Singular/Non-Invertible Matrix det(A) = 0:

1

inverse M~ * can be partitioned as well:

A square matrix A € K"*"™ is singular or non-invertible if it

satisfies the following and equal conditions:

. det(A) =0 « Ax = b has either

. dim(A) <n « no solution x

. iB:B=A"1 « infinitely many solu-
tions x

Corollary 59.10 : [def. 59.25] implies that A must be a square
matrix A € R"*"™.

Figure 15: Lower Tri. Mat. Figure 16: Upper Tri. Mat.

5.7.1. Unitriangular Matrix

Corollary 59.11 Real Hermitian Matrices: From [©o% 501
it follows:
A e R"X" hermitian ldef. 59.23]

(59.40)

= A real symmetric

Definition 59.31 Unitriangular Matrix: An upper
(lower) unitriangular matrix, is a upper (lower) triangular
matrix!def %9-3% whose diagonal elements are all ones.

5.7.2. Strictly Triangular Matrix

Property 59.4 [proof 59.15]
Eigenvalues of Hermitan Matrices: The eigenvalues of a
hermitian matrix A € C"*™ are real:

spectrum(A) € {R>o};_, (59.41)

Definition 59.32 Strictly Triangular Matrix: An upper
(lower) strictly triangular matrix, is a upper (lower) triangu-
lar matrix[9¢f 5939 whose diagonal elements are all zero.

8. Block Partitioned Matrices

Property 59.5 [proof 59.16]
Orthogonal Eigenvector basis: Eigenvectors of hermitian
matrices with distinct eigenvalues are orthogonal.

Corollary 59.12
Eigendecomposition Symmetric
A € C™™ is a hermitian matri
eigendecomposition!d®f 99361 i given by:

H
A = XAX

Matrices: If
ldef. 59.26]  gpon g

(59.42)

Definition 59.33 Block Partitioned Matrix:
A matrix M € RFTHAF! can be partitioned into a block parti-
tioned matriz:

M:[ AerR"" BeR"!' cer"" Der"!

(59.49)

C D

Eigendecomposition Symmetric Matrices: If A € R™" ||invertible matrix S € K"*"™ s.t.: A B 1 A B
is a real symmetﬁ's[def' 59231 matrix then its eigenvectors are 3S B=s"!As (59.45) M = [C D] M = & D (59.52)
orthogonal and its eigen—decomposition[deg 59.86] jg given by:
A = XAXT (59.35) || Corollary 59.14 A=-A"14 Aflasgchfl C = _sgchfl
T Similarity Transformation/Conjugation: ~ 1 1 ~ 1
2. Orthogonal Matrices The mapping: B=—-A BSA D= SA
Definition 59.24 Orthogonal Matrix: A real valued A— S 1AS (59.46) || where Sp = D — CA !B is the Schur complement of A.
square matrix Q € R™X™ is said to be orthogonal if its is called similarity transformation - -
row vectors (and respectively its column vectors) build an 9. Properties of Matrices
orthonormalldef- 59:68] pagis: Corollary 59.15 5.9.1. Square Root of p.s.d. Matrices
(a4, 950 = di5 and {ai:, 950 = di5 (59.36) Eigenvalues of Similar Matrices [proof 59.13]: || Definition 59.37 Square Root:
This is exactly true if the inverse of Q equals its transpose: 5.9.2. Trace
Q71 =QT — QQT=Q"'Q =1, (59.37) If A e K" "™ has the ecigenvalue-cigenvector pairs M
{ris Vi}}?:l then its conjugateeq. (59.46) B has the || Definition 59.38 Trace: The trace of an A € R™*" matrix
Attention: Orthogonal matrices are sometimes also called or- || same eigenvalues with transformed eigenvectors: is defined as:
thonormal matrices. {0 ui b u, =S v, (59.47) n
isu; 1 it i .
3. Hermitian Matrices ’ . tr (A) = Z aj; = a11 +ag22 + -+ dnn (59.53)
6. Skew Symmetric Matrices i—1
H
Definition 59.25 Conjugate Transpose A /A* Definition 59.29
Hermitian Conjugate/Adjoint Matrix: Skey Symmetric/Antisymmetric Matrices: Property 59.7 Trace of a ;calaﬂg: 59.54
The conjugate transpose of a matrix A € C'"*" is defined as: AT = —A (59.48) tr (R) = (59.54)
H _ _ H 1<isn T T
A = (AT) = AT — a; ;= . 7. Triangular Matrix Property 59.8 Trace of Transpose:
N 1<j<m tr (AT) = tr (A 59.55
(59.38) Definition 59.30 Triangular Matrix: An upper (lower) r(AT) r(A) ( )
’ trhi:ngaullardl?;a';rii:i i:::lllat:); whose element’s below (above) Property 59.9 Trace of multiple Matrices:
main diagon T zero:
Definition 59.26 € tr (ABC) = tr (BCA) = tr (CBA) (59.56)
H
Hermitian/Self-Adjoint Matrices A=A ": li1 . U1l U12cccccccUln
A hermitian matrix is complex square matrix A € C™*"™ who l?1 22,
is equal to its own conjugate t'ranspose[de“ 59.25] N R .
H _ : : .o
A=A =AT — a; j=a;,; i€{l,...,n} Lo Dnaeeneeeilnn wr
(59.39)




Transformations And Mapping
7. Linear & Affine Mappings/Transformations
1. Linear Mapping

Definition 59.43

Linear Mapping: A linear mapping, function or trans-
formation is a map [ V +— W between two K-vector
spacesld®f 5961 vV and W if it satisfies:

Corollary 59.18 Orthogonal Matrix Transformation:

Corollary 59.22 Orthogonality [proof 59.12]:

8. Eigenvalues and Vectors

Definition 59.53 Eigenvalues:
K™ ™ the eigenvalues

Given a square matrix A €

An orthogonal matrix/@® °*24 Q provides an orthogonal || The right (left) null spaceldet 347 is orthogonallde! 5967 o the
transformation: rowldet: 99521 (colymnldet 59-511) space:
(Qu)T(Qv) = uv (59.66) N(A) L R(AT) and N(AT) L R®(A) (59.75)
Explanation 59.2 (Improper Rotations). 7.4.3. Rank Nullity Theorem
Orthogonal transformations in two or three dimensional| Theorem 59.2 Rank-Nullity theorem:
euclidean  spacel® %74 represent  improper  rotations:||Let V' be a finite vector space and let ¢ be a linear mapping
p:V— then it holds:

o Stiff Rotations
e Reflections

o Reflections+ Rotations

I(x+y) = 1)+ U(y) (Additivity) (59.58)

l(ax) = al(x) VYo eK (Homogenitivity) (59.59)
Vx,y eV

Proposition 59.1 [proof 59.8]

Equivalent Formulations: Definition 59.43 is equivalent

to:
Va, 3 e K
Vx,y eV

l(ax 4+ Jy) = al(x) + Sl(y) (59.60)

Corollary 59.19 Preservation of Orthogonality: Orthog-
onal transformation preserver orthogonality.

dim()) = dim (" ({0})) + dim (2 (1)) (59.76)
A e

Kernel Image

Definition 59.54 Spectrum: The spectrum of a square ma-
trix A € K"X" is the set of its eigenvalues(d® 59-53];

spectrum(A) = A(A) = {A1,...

JAn} (59.78)

Corollary 59.16 Superposition Principle:

Definition 59.43 is also known as the superposition principle:
“the met response caused by two or more signals is the sum of
the responses that would have been caused by each signal indi-
vidually.”

Corollary 59.20
Preservation of Norm:

[proof 59.6]

Corollary 59.23 Representation as Standardbases:
For every linear mapping ¢ : K" — K" there exists a matrix
A that represents this mapping:

o =pa=(p(e1) eeme ¢ (en)) e KXT (59.77)

where

Corollary 59.17
A linear mapping < Ax:
For every matrix A € K”'*" the map:
K™
la : {

X —

[proof 59.10]

K"
Ax
is a linear map and every linear map ! can be represented by
a matrix vector product:

—

(59.61)

An orthogonal transformation Q — preservers the
length/norm:
[hallv = [Qul| (59.67)
Corollary 59.21 Preservation of Angle:
An orthogonal transformation T preservers the angleld° 59:69]
of its vectors:
Z(u,v) = £ (T(u), T(v)) (59.68)

4. Kernel & Image

7.4.1. Kernel

Definition 59.47 Kernel/Null Space N/t ({0}):
Let ¢ be a linear mapping!?® %43 between two a K-vector
spaces @ : V — V.

The kernel of ¢ is defined as:

i=1

Property 59.11 [proof 59.11]
Compositions of linear mappings are linear f o g: Let
g, f be linear functions mapping from ' to (i.e. matching)
then it holds that f o g is a linearldef: 59:43]

s nxm _ m -
l is linear — JA e K : f(z) =Ax VxeK N(g) == o 1 ({0}) ={ve V| ek =0} c (59.69)
(59.62)
Definition 59.48 Right Null Space N(A):
gr}nqp}e 5-‘;-}. I Al [proof 59i9] If o = A = K" X" then the eq. (59.69) is equal to:
rinciple o 1near continuation: inear mapping _ —1 _ n _ m
— is determined by the image of the basis B of N(A) = (10) = {vek"|Av=0jcK (59.70)
n
I(v) = Z 1il(by) B (V) = {b1,...,bn} (59.63) || Definition 59.49 Left Null Space N(AT):

If p = A =€ K""*™ then the left null space is defined as:

Definition 59.44 Level Sets:

2. Affine Mapping

Definition 59.45 Affine Transformation/Map:
Let x € R™, A e R™*™ b € R™ then:

Y =Ax+b
is called an affine transformation of x.

(59.64)

N(AT) = ¢t ({0}) = {veK" | ATv =0} e K" (59.71)
Note
The term left null space stems from the fact that:
(ATx)T =0 is equal to xTA =0
7.4.2. Image
Definition 59.50 Image/Range R/ p:

Let ¢ be a linear mapping/?® *>43 between two a K-vector
spaces ¢ : .
The imgae of ¢ is defined as:

Re) = (V) ={e(v)|ve

—

}c (59.72)

3. Orthogonal Transformations

Definition 59.46 Orthogonal Transformation:
A linear transformation T of an inner product
space[‘”f' 5978 s an orthogonal transformation if preserves the
inner product:

T(u) -T(v)u-v

—

Yu,v e

(59.65)

Y

—4

Definition 59.51 Column Space Ax:
If op=A = (c1:+++++-Cpn) € K" *™ then eq. (59.72) is equal
to

:9{(A) =pa (K") = {Ax“\-/xe K"} _ <(C1Cn)>

n
= v‘ Z a;c;, Vo, €K

i=1

(59.73)

Definition 59.52 Row Space ATx:
If op=A= (1‘1 ~-'~-'~l‘,,,) € K" X™ then the column space is

defined as:
R(AT) = pa (K) = {ATx|¥x e K"} = <(r1~--~--rm)>

v) Z a;ri,Va; € K
i=1

(59.74)

From orthogonality it follows z € 5R(A), y € N(A) = zTy = 0.

Formula 59.1 Eigenvalues of a 2x2 matrix: Given a 2x2-
matrix A its eigenvalues can be calculated by:

tr(A) +
{A1, 22} €

tr(A)2 — 4det(A)

2

with tr(A) =a+d

(59.79)

det(A) = ad — be




9. Vector Algebra
1. Dot/Standard Scalar Product

Explanation 59.4 (Definition 59.59).
A norm is a measures of the size of its argument.

Corollary 59.24 Normed vector space: Is a vector space
over a field F', on which a norm |||\, can be defined.

9.4.1. Cauchy Schwartz

13. Vector Spaces and Measures
1. Bilinear Forms

2. Quadratic Forms

13.2.1. Min/Max Value

Definition 59.60
Cauchy Schwartz Inequality:
[uTv| < Julllivi

[proof 59.21]

(59.91)

9.4.2. Triangular Inequality

Definition 59.55 Scalar Projection ap:
a
The scalar projection of a vector
a onto a vector b is the scalar
magnitude of the shadow/projection \
of the vector a onto b: \
ap = |laljcos 0y, = ab  (59.80) W
Definition 59.56 [proof 59.4]

Standard
Given two
defined as:

Scalar/Dot Product:
vectors u, v € R"™ the standard scalar product is

n
u-v=uTv="Cu,v)= Y uiv; = uivi + - + upvn
i=1

Uy V = Vg U

[lalll|b]l cos 0 = 0 e [0,r] (59.81)

Definition 59.61 [proof 59.22]
Triangular Inequality: States that the length of the sum
of two vectors is lower or equal to the sum of their individual
lengths:

Corollary 59.27 [proof 59.20]
Extreme Value: The minimum/maximum of a quadratic
form?? with a quadratic matrix A € R™" is given by the
eigenvector corresponding to the smallest/largest eigenvector
of A:

9.6.1. Metric Space
Definition 59.65 Metric Space SM, d):
A metric space is a pair (M, d) of a set M and a metric!de 59.64]
d defined on M:
d: M x M R (59.97)
10. Angles
Definition 59.66 Angle between Vectors Z(u,v): Let
u,v € K™ be two vectors of an inner product spaceld°f 5978
. The angle o € [0, 7] between u, v is defined by:
uTv u,ve
Z(u,v) a a = — (59.98)
lalllivil o e[0,x]
11. Orthogonality

vi € argminxT Ax v € argmax x Ax (59.104)
xTx=1 xTx=1
Note
Q™)TQTA=2"QQ"Ta=n"Tn=1
13.2.2. Skew Symmetric Matirx

Explanation 59.3 (Geometric Interpretation).

lu+ v| < [|u]l + |Iv]| (59.92) || Definition 59.67 Orthogonal Vectors: Let |’ be an inner-
product spaceld® 5978 A set of vectors {uy,...,un} € V is
Corollary 59.25 Reverse Triangular Inequality: called orthogonal iff:
=[x =yl < lIxllv — llyllv < lIx =yl {uj,u;) =0 Vi # (59.99)
resp.  |llxll — Iyl | < [Ix -y R T —rT
5. Distances Definition 59.68 Orthonormal Vectors: Let be

Corollary 59.28
Quadratic Form of Skew Symmetric matrix: The
quadratic form of a skew symmetric matrix!4f 59291 yanishes:
T
o =xTAgpewX = (xTA;kewx) = (xTAgkewx)T = —
(59.105)

‘Which can only hold iff o = 0.

3. Inner Product — Generalization of the dot product

Definition 59.72 Bilinear Form/Functional:
Is a mapping a : X +— F on a field of scalars FF € K,
K =R or C that satisfies:
a(au + fv, w) = aa(u, w) + Ja(v, w)
a(u, av + Jw) = ca(u,v) + Ja(u, w)
je K

VYu,v,we )V, Va,

Thus: a is linear w.r.t. each argument.

Definition 59.73 Symmetric bilinear form: A bilinear
form a on V' is symmetric if and only if:

a(u,v) = a(v,u) Vu,v €

Definition 59.74 Positive (semi) definite bilinear form:
A symmetric bilinear form a on a vector space )V over a field
F is positive defintie if and only if:

\{o}

a(u,u) >0 Yu € (59.106)
And positive semidefinte <= >

(59.107)

Corollary 59.29 Matrix induced Bilinear Form:
For finite dimensional inner product spaces X € K™ any sym-
metric matrix A € R™*"™ induces a bilinear form:

a(x,x’) = xTAx' = (Ax')x,

It N i 3 Definition 59.62 an inner-product space[d°f' 59.78] A set of vectors
is the magnitude of one vector times the magnitude of the . ) . ey
P Distance Function/Measure d: S xS —Ry: {ui,...,un,...} € V is called orthonormal iff:
shadow/scalar projection of the other vector. . . . N + . .
) Let S be a set, a distance functions is a mapping d that sat- 1 i1=3 L
Thus the dot product tells you: isfics: Qui,ujy =8;5 = Vi, j (59.100)
1. How much are two vectors pointing into the same direction ishies: ) . 0 i#7j
2. With what magnitude d(z,z) =0 (Zero Identity Distance) (59.93)
d(z,y) = d(y, x) (Symmetry) (59.94) | 12. Special Kind of Vectors
Property 59.12 Orthogonal Direction L: d(z, z) < d(z,y) + d(y, 2) (Triangular Identiy) (59.95)| 1, Binary/Boolean Vectors
For 0 € [—m, /2] rad cos ¢ = 0 and it follows: Va,y,z€ S —
u-v=20 — ulv (59.82) geﬁmtl/cgl 5?-69 v /Bit MapsB™: A N
s . inary/Boolean Vectors/Bit apsB™: re vectors that
Note: Perpendicular Explanatllon 59.§ (Definition 59.62). ) contain only zero or one values:
Is measuring the distance between two things. B" = {0,1}" (59.101
Perpendicular corresponds to orthogonality of two lines. - . )
Property 59.13 Maximizing Direction: 9.5.1. Contraction Definition 59.70
. n,
For 0 = 0 rad cos ¢ = 1 and it follows: Definition 59.63 Contraction: Given a metric space R-Sparse Boolean Vectors i By
u-v=ulllv| (59.83) (M, d) is a mapping f : M — M that satisfies: Are boolean vectors that contain ex:ct r one values:
d(f(z), f(y)) < Ad(z,y) Aefo0,1) (59.96) n n ot
Property 59.14 Minimizing Direction: - ’ ’ ’ Bl ={x€e{0,1}" :xTx = Z x=r (59.102)
For ¢ = mrad cos = —1 and it follows: 6. Metrics i=1
u-v=—[ullv] (59.84) |[ Definition 59.64 Metric d:S xS Ry: 2. Probablistic Vectors
i [def. 59.62] . .
Definition 59.57 Vector Projecion: ,IS a (?lstén?e measure that additionally satisfies the Definition 59.71 Probabilistic Vectors: Are vectors that
identity of indiscernibles: represent probabilities and satisfy:
2. Cross Product d(z,y) =0 < z=y Ve,ye S P s Z
3. Outer Product e[0,1]" : Z z =1 (59.103)
e Corollary 59.26 Metric—>Norm: Every norm ||-||, on a ] ’ ! ’
Definition 59.58 Outer Product uvl = u@v: vector space ) over a field F' induces a metric by: =1
Given two vectors u € K", v € K" their outer product is p Y
defined as: “ d(z,y) = ||z — yl Y,y e
uv=uv =[up-e-- u, ]|t (59.85) || metric induced by norms additionally satisfy: Vz,y €
‘7.71 s aeFcCcK K=RorC
- vy 1. Homogenity/Scaling: d(az, ay), = |ald(z,y)
u1 O vy up vy 2. Translational Invariance: d(z + o,y + o) = d(z,y)
= L - : Conversely not every metric induces a norm but if a metric
un ©Vn u,“.\’rl d on a vector space ) satisfies the properties then it induces

Proposition 59.2
Rank of Outer Product:
is of rank one:

[proof 59.5]
The outer product of two vectors

a norm of the form:

lIxll\ := d(x, 0)

tant(u®v) =1 (59.86)
4. Vector Norms
Definition 59.59 Norm |||, :
Let V' be a vector space over a field F, a norm on V' is a map:
[I-11 — Ry (59.87)
that satisfies:
]| =0 <= x=0 (Definitness) (59.88)
lax|| = |a]l|x]| (Homogenity) (59.89)
I+ ylv < =l + iyl (Triangular Inequality)
(59.90)
aekK Vx,y €

Note

Similarity measure is a much weaker notion than a metric as
triangular inequality does not have to hold.

Hence: If o is similar to b and 0/ is similar to ¢ it does not
imply that « is similar to c.

Note
. induces
(bilinear form—— )
induces

induces
—

inner product—————norm metric.

Definition 59.75 Positive (semi) definite Matrix >:
A matrix A € R"*" is positive defintie if and only if:

xTAx >0 — A >0 VxeR"\{0} (59.108)
And positive semidefinte < > (59.109)
Corollary 59.30 [proof 59.2]

Eigenvalues of positive (semi) definite matrix:
A positive definite matrix is a matrix where every eigenvalue
is strictly positive and positive semi definite if every eigen-
value is positive.
VA, € eigenv(A) >0
And positive semidefinte < >

(59.110)
(59.111)

Note

Positive definite matrices are often assumed to be symmetric
but that is not necessarily true.

Proof 59.2: 77 59.2 (for real matrices):
Let v be an eigenvector of A then it follows:
77 59.2
0 < vIAv=vTiv=|v|)

Corollary 59.31 Positive Definiteness and Determi-
nant: The determinant of a positive definite matrix is always
positive. Thus a positive definite matrix is always nonsingu-
lar




Definition 59.76 Negative (semi) definite Matrix <:
A matrix A € R"*™ is negative defintie if and only if:

xTAx <0 — A <0 VxeR™"\{0} (59.112)
And negative semidefinte <= < (59.113)

15.
16.
1. Operator Norm

Matrix Algebra
Matrix Norms

6.
17. Decompositions

Distance

1. Eigen/Spectral decomposition

Theorem 59.3 Sylvester’s criterion: Let A be symmet-
ric/Hermitian matrix and denote by A®) the k x k upper left
sub-matrix of A.

Then it holds that:

det (A") >0

. A >0 d k=1,...,n
(59.114)
e A<0 < (-1 den(A"‘)>o E=1,...,n
(59.115)

« A is indefinite if the first det (A"') that breaks both of the

previous patterns is on the wrong side.
« Sylvester’s criterion is inconclusive (A can be anything of

the previous three) if the first det (A]“) that breaks both
patterns is 0.

Definition 59.79 Operator/Induced Norm:

Let |||, : K" — R and |||, : K™ — R be vector norms.
The operator norm is defined as:
Al m
Al := sup ———— = sup | Ax]|| -1 s K = R
xex™ 1%l Il =1
x#0
(59.117)

Definition 59.86 A = XAX !, [proof 59.25]
Eigendecomposition/ Spectral Decomposition :

Let A € R™X™ be a diagonalizable square matrix and define by
X = [x1+++++-+xn] € R”*™ a non-singular matrix whose col-
umn vectors are the eigenvectors of A with associated eigen-
value matrix A = diag(\1,...,An). Then A can be repre-
sented as:

A=XAX"1 (59.126)

Explanation 59.6 (Definition 59.79). Is a measure for the
largest factor by which a matriz A can stretch a vector x € R™.

2. Induced Norms

14. Inner Products

Proposition 59.3 Diagonalization: If non of A eigenvalues
are zero it can be diagonalized:

Definition 59.77 Inner Product: Let )\ be a vector space

over a field F' € K of scalars. An inner product on V' is a map:
oV x Ve FCSK K =R or C (59.116)
that satisfies: Vz,y,z€ V, o, eF
1. (Conjugate) Stmmetry: {z,y)y =Lz, y).

2. Linearity in the first argument:

(az + Py, z) = alz, 2) + 3y, z)
3. Positve-definiteness:
{w,xz)y =2 0:

0 < (z,z)=0

Definition 59.78 Inner Product Space (V,{:, ) ):

F € K be a field of scalars.

An inner product space is a vetor space over a field F to-
gether with an an inner product (-, -)).

Let

Corollary 59.32 Inner product—S.p.d. Bilinear Form:
Let V be a vector space over a field F' € K of scalar.

An inner product on is a positive definite symmetric bi-
linear form on

Example: scalar prodct

Let a(u,v) = uTIv then the standard scalar product can be
defined in terms of a bilinear form vice versa the standard
scalar product induces a bilinear form.

Note

Inner products must be positive definite by defintion
{x,x) = 0, whereas bilinear forms must not.

1. Derivatives

a%(b-rx) = ai(x-rb) =
%(xTx) = 2x
0
—Ax=A (59.133)
ox
o
a—xTAx =(A+AT)x (59.134)
X

Z®'Ax) =ATb L (c'Xb) =cb' L(|x—b2) =

*x—b
e 2 (T 2 2
§(HxH2) = HG&'x) = 2x H(X|F) = 2X
x|l = 735

2 -1
sTlAs = A (59.127) %(HAxfsz) :2(ATAX*ATb) %QX\) =|X]-X
Corollary 59.35 Induced Norms: Let |||, : K" X" — R a%(Yil) = _Yil%yil
defined as: lAx] Proposition 59.4 Existence: 19. Proofs
x -1 . . .
IA]lp := sup T 2 = sup |Aylp (59.118) IXAX — A diagonalizable (59.128)
no |lx _ . [def. 59.36]
:;ei(o P Ivlip=1 2. QR-Decompositions Proof 59.3: 1 1., 0.
3. Singular Value Decomposition MM~ = [0’2’:' I;‘ ’Ll] (59.135)
Explanation 59.7 ([Corollary 59.35]). Definition 59.87 o
Induced norms are matriz norms induced by vector norms as we: . s A 1. Vector Algebra
« Only work with vectors Ax Singular Value Decomposition (SVD) U>V : R
For any matrix A e K™ there exist unitary Proof 59.4 Definition 59.56:
e And use the normal p-vector norms ||-||p 7 Jdet. 59.27] eq. (60.19) 2 2
— matrices 0000 N @):Ja—b] " a2 + 152 — 2)a o] cos 6
ote supremum 2 2
n . e dtona i (2):la— bl = (a—b)(a—b) = ] + b]” - 2(ab)
The set of vectors {y|||y|| = 1} is compact, thus if we consider |24 & (generalized) digona! r-natrlx o = B b= Ja o] 0
finite matrices the supremum is attained and we may replace S e R p:= min{m, n} "a; B "a; =~ ab = llalllib] cos
it by the max. = i mym
v > = gendiag(o1,...,0p) €R Proof 59.5 Proposition 59.2: The outer product
3. Induced Norms such that: " of u with v corresponds to a scalar multiplica-
16.3.1. 1-Norm A=USV (59.129) || tion of v with elements w; thus the rank must be
Definition 59.80 Column Sum Norm A1 that of v, which is a vector and hence of rank 1
Ax wwtesr wov:
A1 = sup u = max Z |al.i| (59.119) ' o1 | —— u®v = UVH = :
xeK™ [Ix[[1 1<jsn /7 ' :
x#0 o u,, ©Qvn
= or | ]| ‘
- 0 | V]|
16.3.2. w-Norm g, Mappings
Definition 59.81 Row Sum Norm | Aot 0 ———————) || Proof 59.6: Corollary 59.20
Ax n ) Mnull(A) 2 _ T — +«TOT = Ty — 2
|Allop = sup Iaxio o 3 Jaj | (59.120) lQx[I” = (Qx)TQx = xTQTQx = xTx = ||x]|
xek”  1%lloo i<ism T 17.3.1. Eigenvalues
x#£0 = P - 59.5 [ £ 59.23] Proof 59.7: Corollary 59.21 Follows immediately from defini-
roposition 59. proo 22 lltion 59.66 in combination with egs. (59.65) and (59.67).
16.3.3. Spectral Norm L2-Norm| The eigenvalues of a matrix AT A are positive. as- ( ) ( )
Spectral Radius & Singular Value s
Proof 59.8: Proposition 59.1:
Definition 59.82 Spectral Radius (A): Proposition 59.6 [proof 59.24] — Uax + 0y) 59.58 1(ax) + 1(7y) LEl al(x) + AU(y)
The spectral radius is defined as the largest eigenvalue of a Similarity Transformation: Therglllyltary matrix V' pro-
matrix: vides a similarity transformation!°™ %214 of AT A into a diag- — l(ax + 0) = al(x)

onal matrix > T3

I(1x + 1y) = I(x) + I(y)

Corollary 59.33 Inner product induced norm (A) = max {\|)\ € eigenval (A)} (59.121) T H T
oy = Il Every inner product (-, -),, induces a Z1E e VOATAV (59.130) Proof 59.9 principle 59.1:
norm of the form: Definition 59.83 Singular Value ot I P P -l )
Given a matrix A € K" X™ its n real and positive singular . T N R Every vector v €  can be represented by a basis eq. (59.16)
[l = 4/<x, %) x € values are defined as: p & Sorollary 52:'36 ;;gGenvzl[(cﬁ :gzs]z-telfglelnvaliﬂ . ) of V. With homogentityeq. (59.59) and additivityeq. (59.58) it
. X X B rom proposition 59.6 an - 29451 it follows that: .
Thus We can define function spaces by their associated norm o (A) = {{‘/)\i}é |\; € eigenval (ATA)} (59.122) cigenval(ATA) = eigenval(2T ) (59.131) follows for the image of all v €
(V,]Ill)) and inner product spaces lead to normed vector i=1 I(v) = l(a1by + -+ anbn) = lag (b1) + -+ + 1 (an) bn
spaces and vice versa. Spectral Norm — |All2 =4/p (ATA) = 4/Amax = Tmax (59.136)
= the image of the basis of ' determines the linear mapping.
Corollary 59.34 Energy Norm: A s.p.d. bilinear form Definition 59.84 L2/Spectral Norm A2z Note & bpine
a: )V x )V — F induces an 1energy norm: [|[All2 = sup ||Ax|l2 = max VxTATAx (59.123) | \ and singularvalue corresponds to the eigenvalues/singular- | Proof 59.10 Proof [Corollary 59.17]:
1 n =1
lIxlla := (a(x,%)Z = 4/a(x, x) xe ez =1 Iz welines of ATA end qei 4 = la(ox+y) = A(ax + 0y) = 0Ax + (Ay = al(x) + Jl(y)
17.3.2. Best Lower Rank Approximation — Let B b tandard 1 basis of ith (59.136):
— (ATA)) [ (A) (59.124) e € a standard norma. asis o w1 eq. (0J. :
”:ﬁzil max Theorem 59.4 Eckart Yound Theorem: Given a matrix n n
X € K™ the reduced SVD X defined as: I(x) = Z z;l(e;) = Z z;A,; = Ax A, ;:=1(e;) €R
4. Energy Norm Uy, = [U:,l""‘“u;,;.]E]K”"/" o1 o1
5. Forbenius Norm - H 5, = diag (01, ...,0%) € RFF
X, =0, >,V . .
Definition 59.85 Forbenius Norm |A]p: k < min {m,n} Proof 59.11 Proof Property 59.11:
The Forbenius norm ||-||p : K" *™ - R is defined as: Vi =[viieeeeeevi ] e K™k (g0 f)(ax) = g(f(ax)) = g(af(x)) = a(go f)(x)
. N (goHix+y) =9(f(x+y)) =g(f(x)+ f(¥)
provides the best lower k rank approximation of X: =(go £)(x)+ (go £)y)
IAllF = (59.125) min X —Y|p=[X—-X,llp (59.132)

YeK™ " ivant(Y)<k

or even simpler as
matrix product:

every linear form can be represented by a

18. Matric Calculus

fly) =Ay g(z)=Bz = (fog)(x)=ABx:=Cx




Proof 59.12: [Corollary 59.22] Let y € N(A) (z € N(AT)) then
it follows:
N(A) L R(AT) (ATx)Ty =xTAy =xT0=0
N(AT) L R®(A) (Ax)Tz=xTATz=xT0=0

3. Special Matrices

Proof 59.13 [Corollary 59.15]: Let u = S™1v then it follows:
ST'ASu=8"'ASv=)S"'v=1u

Proof 59.22:2 Definition 59.61 5 5
la+ V] = (u+v)(u+v) = [ull” + [Iv]~ +2(u-v)
from cauchy schwartz we know:

e
u-v<u-v| < lalivI]

2 2 2 2
la+vII® < flall® + lIvI® + 20halliviD = (all + liviD

6. Decompositions

19.6.1. Symmetric - Antisemitic

Proof 59.14 Property 59.6:
2 2
IQxllz = (Qx)TQx = xTQTQx = |Ix||5

Proof 59.15: Property 59.4
Let A € K™*X™ be a hermitian matrix[9¢® %261 and let \ € K
be an eigenvalue of A with corresponding eigenvector v € K":

AFTV) =vTav =vTAv = (VTAvV) = AvTiv =3 (vTv)
AFTv) =2 (vTv)
1. vv = X;L:l‘vi‘Q >0asv#0
2. A\ = )\ which can only hold for \ € R (Equation (50.8))

Definition 59.88 Symmetric - Antisymmetric Decom-
position: Any matrix A € K"*™ can be decomposed into
the sum of a symmetric matriz!d" 59231 ASY™ and a skew-
symmetric matriz?? Askes,

H

H

ASYm _
A = ASY™ 4 pskew . (59.138)
AS ew —

[CH N R

(A—A

19.6.2. SVD

[Proof 59.16: 77

4. Vector Spaces

Proof 59.17 Definition 59.21: We know that projy (u) must
be a vector times a certain magnitude:

Proof 59.23 [Corollary 59.5]: B := ATA corresponds to a
symmetric positive definite formldf 59751,

xTBx = xTATAx = ||Ax|\§ >0
59.6 follows [Corol-

thusProposition form

lary 59.2].

immediately

of U s.t. by [eor. 59.4],

n
u= Z a;b;

i=

the coefficients {«;}I"_; need to be determined. We know that:

v—ulbi,...,v—udlb,
n
. V—Zaibl +b; =0 j=1,...,n
=1
this linear system of equations can be rewritten as:
b1\ /a1 by
(breeesess by) N N
b,/ \a’ bn

Proof 59.20: Corollary 59.27
Let QAQT be the eigendecomposition[c”r' 59120 of A then it
follows:
min fTAnD =
nTn=1

min AT (QAQT)n

l[afl=1

= min (QT&)TA(QT A
[[afl=1

= minxT Ax x:=Q'n

x=1

Thus in order to obtain the minimum value we need to choose
the eigenvector that leads to the smallest eigenvalue.

5. Norms

Proof 59.21: 77 59.21
- vl eq. (59.81)

llullivilicos 6] < [fulllivil

proj (u) = av aeK (59.137) Proof 59.24 Proposit"i‘on 59.6:

i 5 s [def. 59.55] SVD H H H H H H H
the magnitude follows from the scalar projection in|| ATA 7= uUus=v UV =V U ULV =V =V
the direction of v which concludes the derivation. I

m

Proof 59.18 Definition 59.21 (via orthogonality): We know Ho T
that u — projz, (u) must be orthogonall@! 59-67] to v - V ATAV =27

uTv 19.6.3. Eigend iti

(u—projp(u)Tv=(u—av)Tv=0= o= lgendecomposition
vTv Proof 59.25 Definition 59.86:
AX = [A1X1eeenene AnXn] = XA

Proof 59.19: Definition 59.22 Let B = {by,...,b,} a basis




Geometry

2. Addition Theorems

Corollary 60.1 Affine Transformation in 1D: Given:
numbers z € Q with Q@ = [, 0]
The affine transformation of ¢ : Q@ — Q with y € Q = [¢,d] is

defined by:

Theorem 60.1 Addition Theorems:
sin(a £ 7) = sin o cos J & cos a sin
cos(o £ )= cos « cos [/ F sin « sin

(60.12)
(60.13)

3. Werner Formulas

‘Werner Formulas

d—
y=o¢(z) = . (x—a)+ec (60.1)
) — Qa
Proof 60.1: [eor 60:1]1 By [def. 59.45] o want a function f :
[a,b] — [c, d] that satisfies:
fla)y=c and f(b)y=d

additionally f(z) has to be a linear function (l4°* 541%1) that
is the output scales the same way as the input scales.
Tkzus it follows:

1
sin a cos (7 = 5[sin(a+ 3) + sin(a — ,)] (60.14)
1
sin avsin [ = 5 [cos(r) — [3) —cos(a + 7)] (60.15)
1
cos avcos [§ = E[COS((X + ) + cos(a — /)] (60.16)
Note
Using theorem 60.1 if follows:
cos(a ) = —cosa and sin(ae £ ) = —sin o
(60.17)
4. Law of Cosines
Law 60.1 Law of Cosines [proof 60.3]:

relates the three side of a general triangle to each other.

a? =% +c% — 2bccos by (60.18)
Law 60.2 Law of Cosines for Vectors [proof 60.4]:
relates the length of vectors to each other.
2 2 2 2
llall® = lle = b[I= = Ib[I” + llc]I” = 2[bllllc]l cos Up,c
(60.19)

Law 60.3 Pythagorean theorem:
right triangle:

special case of 77 for

a® = (60.20)

1. Proofs

d—c z) — f(a d—c
_=M — f(z) = (x—a)+c
b—a x —a b—a
Trigonometry
1. Trigonometric Functions
0.1.1. Sine
Definition 60.1 Sine:
opposite a
sinoy = ——— = — (60.2)
hypotenuse c
0.1.2. Cosine
Definition 60.2 Cosine:
adjacent b
cos vy = —————— = — (60.3)
hypotenuse c
0.1.3. Tangens
Definition 60.3 Tangens:
opposite a alc sin o
cosan = — = — = — = (60.4)
adjacent b b/c cos o
0.1.4. Trigonometric Functions and the Unit Circle
Sine and Cosine
f(z)

Proof 60.3: Law 60.1 From the defintion of the sine and cosine
we know that:

d
sinf = — = h and cosh = - =d
b b -
e =c—d=c—bcosb
a2=£2+12=0272cbcose+bzcos29+b2sin20
2

=c

Proof 60.4: Law 60.2 Notice that c =a+b = a =c—b and
we can either use2?? 60.3 or notice that:
lle=b|" = (c=b)-(c—b)
=c-c—2c-b+b-b
2 2
= llell” + 1IelI* = 2 ([ell[Ib]| cos 6)

%21 “7 f(2) = cosa
x
V2
=il
54.52) 1 —
cos T ( = ) E[e”: +e ”:] (60.5)
54.52) 1 : 7 5
sin @ ( X ) - |:ezac _ e—zx] _ 7_[e¢a: _ e—ta::| (60.6)
2% 2
Note
Using theorem 60.1 if follows:
cos(a + ) = —cosa and sin(ae + ) = —sina (60.7)
0.1.5. Sinh

Topology

Definition 60.4 Sinh:

Definition 61.1 Topology of set :
Let X be a set. A collection 7 of open?? subsets of X is called
topology of X if it satisfies:

e JeTand X erT

« Any finite or infinite union of subsets of 7 is contained in

. (54.52)) 1 —
sinh g (°7 (252D —[ez —e ‘”] — —isin(iz)  (60.8)|| T
2 {U;:iel}c 7 == uietU; €T (61.1)
Property 60.1: sinhz — 0 has a unique root at  — 0. « The intersection of a finite number of elements of 7 also
belongs to :
0.1.6. Cosh {U;}j_1 €T - Upn--nUperT (61.2)
Definition 60.5 Cosh:
(54.52) 1[ . K Definition 61.2 Topological Space[?] (X, 7):
coshz = = 5 e te = cos(ix) (60.9) |15 an ordered pair (X,7), where X is a set and 7 is a
topologyldef 611 on X,
(60.10)

Property 60.2: coshx is strictly positive.

Proof 60.2:
x

. —x
e’ = coshz + sinhz e

= coshx — sinh

(60.11)




Numerical Methods

Machine Arithmetic’s

Machine/Floating Point Numbers

1.1.83. The Machine Epsilon

Definition 62.9
The Machine Epsilon:
The machine epsilon EPS is the largest possible relative

EPS

Definition 62.1 (IEEE)
Institute of Electrical and Electronics Engineers:

Is a engineering associations that defines a standard on how
computers should treat machine numbers in order to have cer-
tain guarantees.

Definition 62.2 Machine/Floating Point Numbers M:
Computers are only capable to represent a finite, discrete set
of the real numbers M c R

1.1.1. Floating Point Arithmetic’s 2Qy = A(zQy)

Corollary 62.1 Closure:
Machine numbers F are not closed!@" %7 under basic arith-
metic operations:

rounding errorld°f 6281,
|rd(z) — |

|z|

EPS := max
xel\0

I := [min|M|, max|M|] € K

Formula 62.1
Log-Sum-Exp Trick:

n
Z e®i | = a4+ log Z eTiT¢

i=1

log a = max &,

ie{l,...,n}
(62.12)

[proof 62.3] Asymptotic Complexity

1. O-Notation
3.1.1. Small o(-) Notation

(62.7)
Corollary 62.2 Relative Error of Flop:
The relative  errorldef 62:8] of any floating point
operation!?® 62:6 is bounded by the machine epsilon!def 62:9];
5 1=, ) — 2z, v)]
EPS,o) ((a,y)) im0
[Q(z, y)|
rd — I) Q(z
_N0d-DO@ Yl gy (e2s)
12z, v)|

Explanation 62.2 (formula 62.1). The value a can be any

real value but for robustness one usually chooses the max s.t.

o The leading digits are preserved by pulling out the mazimum
a

o Inside the log only zero or negative numbers are exponenti-
ated, so there can be no overflow.

o If there is underflow inside the log we know that at least the
leading digits have been returned by the mazx.

Definition 62.13 Little o Notation:

f(n) = o(g(n)) )

— =
n—o g(n)

=0

(62.13)

Corollary 62.3 EPS for Machine Number: For machine

FQF o f Q={+,— %/} (62.1)

Note

Corollary 62.1 provides a problem as the computer can only
represent floating point number F.

Definition 62.3 Overflow: Result is bigger then the biggest
representable floating point number.

Definition 62.4 Underflow:
smaller representable floating point number i.e.
zero.

Result is smaller then the
to close to

numbers EPS can be computed by:

1
EPS = EBl_m (62.9)
Type EPS
double 2.2.10"16
float 1.1-10723
FP16 9.76 - 10~ %

Definition 62.12 Partition II:
Given an interval [0, T] a sequence of values 0 < tg < -+ <
tn < T is called a partition II (g, ..., ty) of this interval.

Axiom of Round off Analysis

Axiom 62.1 Axiom of Round off Analysis:

1.1.2. The Rounding Unit

Let z,y € F be (normalized) floats and assume that z2Qy e F
(i.e. no over/underflow). Then it holds that:

Definition 62.5

Rounding Function/Unit rd/*:
Let z € K be a number real or complex number. The round-
ing function approximates = by the nearest machine number
T eF:

ey = (@Qy) (1 +8) Q= {+ — %/}

f(z) = f(z)(1+6) f € {exp, sin, cos, log, . . .}
with |5] < EPS

(62.10)

R—F
z +— maxarg min|z — I
TelF

rd : (62.2)

Explanation 62.1 (axiom 62.1). gives us a guarantee that for
any two floating point numbers x,y € F, any operation involving
them will give a floating point result which is within a factor of

Notes

o If this is ambiguous (there are two possibilities), then it
takes the larger one:

« Basic arithmetic rules such as associativity do no longer
hold for operations such as addition and subtraction.

1+ 6 of the true result zQy.

1.1.4. Cancellation

Definition 62.10 Cancellation:
Is the extreme amplification of relative errorsldet 6281 when
subtracting numbers of almost equal size.

Definition 62.6 Floating Point Operation Q:
Is a basic arithmetic operation between two floating point
numbers x € F rounded back to the nearest floating point
number: .

Q:=rdoQ

Q={+,— %/}

FQF — F (62.3)

Absolute Errors Relative Error

———p U

Definition 62.7 Absolute Error: Let Z € K be an approx-
imation of z € K then the absolute error is defined by:

€abs 1= |z — Z| (62.4)

Definition 62.8 Relative Error: Let Z € K be an approxi-
mation of z € K then the relative error is defined by:
|z —2

(62.5)

Roundoff Errors
2.0.1. Tricks
Log-Sum-Exp Trick

The sum exponential trick is at trick that helps to calculate
the log-sum-exponential in a robust way by avoiding over/un-
derflow. The log-sum-exponentiall®®f 62111 is an expression
that arises frequently in machine learning i.e. for the cross
entropy loss or for calculating the evidence of a posterior pre-

Note

‘We are interested in the relative error as it controls the num-
ber of correct/significant digits | of the approximation # of
z € K:

I € Nao (62.6)

€abs ‘=

diction.

The root of the problem is that we need to calculate the ex-

ponential exp(z), this comes with two different problems:

o If x is large (i.e. 89 for single precision floats) then exp(z)
will lead to overflow

o If z is very negative exp(z) will lead to underflow/0. This
is not necessarily a problem but if exp(z) occurs in the de-
nominator or the logarithm for example this is catastrophic.

Definition 62.11 Log sum Exponential:

LogSumExp (z1,...,zp) := log (62.11)

1 Big O(-) Notation

3.1.2.
2. Basic Operations




4. Rate Of Convergence

Definition 62.14 Rate of Convergence: Is a way to mea-
sure the rate of convergence of a sequence {x(k)}k € R™ to

a value to x*. Let p € [0, 1] be the rate of convergence and
define:

[l
lim -—— 1 = (62.14)
e | I —— ’
<= lim ’|xk+1—x*H < Hx(k) —x*H Vk € Ng
ko0

Definition 62.15 Linear/Exponential Convergence:
A sequence {x(k)};c € R™ converges linearly to x* if in the
asymptotic limit k — oo if it satisfies:

€ (0,1) vk € No (62.15)

Definition 62.16 Superlinear Convergence:
A sequence {x(k) }k € R™ converges superlinear to x* if in the
asymptotic limit k — oo if it satisfies:

=1 (62.16)

Definition 62.17 Sublinear Convergence:
A sequence {x<k)}k € R™ converges sublinear to x* if in the
asymptotic limit k — oo if it satisfies:

[t e[| = o ([ ]
(62.17)

=0 =

Definition 62.18 Logarithmic Convergence:
A sequence {x““)};C € R™ converges logarithmically to x¥ if it
converges sublinear!def 6217 and additoinally satisfies

k2 7xk+1|| — Y <||xk+1 7xk||)

(62.18)

=0 =

Exponetial Convergence

Linear convergence is sometimes called exponential conver-
gence. This is due to the fact that:
1. We often have expressions of the form:

Al )
o

2. and that (1 — o) = exp(—«) from which follows that:
eq. (62.19) — ka+1 —x* ” <o ||xP) — x* H

Definition 62.19 Convergence of order p: In order to
distinguish superlinear convergence we define the order of con-
vergence.

A sequence {x(’“)};C € R™ converges superlinear with order
pe{2,...} tox¥ if it satisfies:

=]
lim —————— = C C<1 (62.19)
i Sl

Definition 62.20 Exponential Convergence: A sequence
{x(k)}k € R™ converges exponentially with rate p to x* if in
the asymptotic limit k& — o0 it satisfies:

Hx’c+1 7x*|| < ka(k) 7x*|| <1  (62.20)

ka+1_x*HGO(Hx(k)_x*H) (62.21)

5. Basic Operations

Operation | #mul/div | #add/sub | asymp. comp
Dot Prod. n n—1 O(n)
Tensor Prod. nm 0 O(nm)

Matrix Prod. mnk mk(n — 1) O(nmk)




Linear Systems of Equations
1. Direct Methods

6.1.1. Gaussian Elemination

Backward Substitution

Definition 62.21 Pivot Elements a11,a22,...,ann:
Are the diagonal elements of A € R™'™ that we use to zero
out the column below.

Definition 62.22 Row Echelon Matrix:

matrix where:

+ All non-zero rows are above any zero rows.

« Each pivot of a row has a larger column index then the
pivot of the row above.

« All entries below a pivot are zero.

Is a rectangular

Algorithm 62.2 Backward Substitution:

Corollary 62.4 Reduced Form Row Echelon Matirx: Is
an echelon matrix!9° 9222 where:

+ The leading entry in each non-zero row equals 1.

+ Each leading one is the only entry in its colmun.

Given U:
p(n—1)
. _ ’n
1: Ty = ”(n—l)
nn
2: fori=n—-1,n—-2,...,1do
3:
(i—1) G=1)
. j=itl %ij %
;=
afi=h
ii
4: end for
Corollary 62.6 Complexity:
n—1
N2n—i)+1=0 (nz) (62.23)
i=1

Note

In case of square matrix this is a unit diagonal matrix.

By Rank-1 Modifications
6.1.2. LU-Decomposition

Definition 62.23 197 CE
Gaussian Elimination A eR™™, O(n3):
Is an algorithm to solve linear systems of equations:

a1z 4+ o122 n®n = 01
agiry  +  agawa agn@Tn = b2
Ax =b — . : :
GpiT1 4+ Gpa®a  Aereeriit  apnTn = bn

and consists of two steps:
@ Forward Elimination O(nB) — transforming A into an up-
per diagonal form [U|b’]:

ap1e1+  alexs 4+ ,,13>m2 Feveeenn + u(ln.'ﬁn = b
(1 1) ;
oy T2 ,‘%3 3 + rc%"jz" = b
a 2)Z a 2 T =
33 3 2n Tn 3
n—1
ol Ve

@ Back Substitution Elimination O(n?) — calculating the
unknown’s x from U:

Definition 62.24
LU Decomposition (@] (nB):
Decomposes a matrix A in an upper and lower triangular part
in order to solve a system of linear equations.

Given: PA = LU we can compute:

® Ly =Pb
@Ux:y

Corollary 62.7
LU decomposition Complexity:

[proof 77]

1
28, L2
3 3
Solving Multiple Systems of Equations

6.1.3. Symmetric Matrices
LDL-Decomposition

Gauss Jordan Elimination

Is in principle the same as Gauss elimination but reduce the
matrix into row-reduced echelon form!def: 62:22]

Forward Elimination

Algorithm 62.1 Forward Elimination:
Transforms Ax = b into row-echelon form/!def: 62:22];

Given:
1: for k =1,...,n—1do
2: pivot «— A(k, k)
3: fori=kL+1,...,n do
A(ik
% Lik < p(ivot)
5: for j =k+1,...,n do

o) = A, j) = AG,5) - Lik Ak, J)
6: end for )
b;"7 =b(i) = b(i) — l;b(k)
78 end for
8: end for

6.1.4. Symmetric Positive Definite Matrices
For linear systems with s.p.d.[def' 59751 matrices A the
LU—decomposition[dcf' 62.24] simplifies to the Cholesky
Decomposition!def: 62:25]
Cholesky Decomposition
Definition 62.25
Cholesky Decomposition %O (ng):
Let A be a s.pAd.[dEf' 5975] then it can be factorized into:

A =GGT with G := LD'? (62.24)
Corollary 62.8 [proof 62.5]

Cholesky decomposition Complexity:
1
I3 4 1n2
3 3

Corollary 62.5 Complexity:

n—1

S (- @m -0 +3) =nt-1 (2n+ 1) =0 (2a?)

(62.22)

i=1

2. Iterative Methods




7. Non-linear Systems of Equations
1. Iterative Methods

Definition 62.26
General Non-linear System of Equations (NLSE) F:
Is a system of non-linear equations F (that do not satisfy
linearity?7?):

F:CR"™ — R" seek to find xeR":F(x)=0 (62.25)

Definition 62.27 Stationary m-point Iteration oy ol
Let n,m € Rand let U € (R™)"" =R" x --- x R™ be a set.
A function ¢ : U — R", is called (m-point) iteration function

if it produces an iterative sequence <X(k))k of approximate

solutions to eq. (62.25), using the /. most recent iterates:
*x®) = o (x(k—1)7._'7x(k—m)) (62.26)

Inital Guess x(o), o x (7 —1)

Note

Stationary as ¢ does no explicitly depend on k.

Definition 62.28 Fixed Point x*¥:
Is a point x* for which the sequence does not change any-
more:

x(h=1) _ o

x¥ =o¢p (x(kfl),“.,x(kf”')) with :

x(kfm.) — Xk
(62.27)

7.1.1. Convergence
Does the sequence (x(k))k converge to a limit:

lim x®) = x* (62.28)
k—o0

7.1.2. Consistency

Definition 62.29 Consistent m-point Iterative Method:
A stationary m-point method!4°" 6227 is consistent with a non-
lineary system of equations!de 62261 p jff:

F(x*) — bp (x*x*) — x* (62.29)

7.1.3. Speed of Convergence
2. Fixed Point Iterations m =1

Definition 62.30 Fixed Point Iteration: Is a l-point
method ¢p : U < R™ + R"™ that seeks a fixed point x*
to solve F(x) = 0:

x(F+1) b (x(k)) Inital Guess: x(9) (62.30)

Corollary 62.9 Consistency: If ¢p is continuous and
x¥ = limy_, o () then x* is a fixed pointldef- 62:28] of g

Algorithm 62.3 Fixed Point Iteration:
Input: Inital Guess: x(0)
1: Rewrite F(x) = 0 into a form of x = ¢ (x)
> There exist many ways

2: fork=1,...,T do
31 Use the fixed point method:
x*TD — g (x(k)) (62.31)

4: end for




8. Numerical Quadrature

Definition 62.31 Order of a Quadrature Rule:

The order of a quadrature rule Qy, : C° ([a, b]) — R is defined

as:

order(Qp) := max {n €Ng: Qn(p) =€, p(t)dt Vpe 73"} +1
(62.32)

Thus it is the maximal degree+1 of polynomials (of degree

maximal degree) 7 maximal degree for which the quadrature

rule yields exact results.

Note
Is a quality measure for quadrature rules.

1. Composite Quadrature

Definition 62.32 Composite Quadrature:

Given a mesh M = {a =29 <21 < ... < xy, = b} apply a
Q.R. Qp to each of the mesh cells I; := [z;_1,z;] Vj =
1,...,m =2 p.w. Quadrature:

[rwac= ¥ [ jwa= ¥ eutry)  (6233)
. Al )

Lemma 62.1 Error of Composite quadrature Rules:
Given a function f € C" ([@, p]) with integration domain:

m

> hi=1b—a for M = {a;}7"

i=1
Let: hpaq = maxj|zj,x;_1| be the mesh-width
Assume an equal number of quadrature nodes for each inter-
val Ij = [z;_1,z;] of the mesh M i.e. n; = n.
Then the error of a quadrature rule Q,, (f) of order g is given
by:
en(f) = O(n_min“’ﬂ) = O(hljr\‘/;n{k’ﬂ) for n —»

[cor. 54.6] 1
= o) =0(ny,) with hiag = —
(62.34)

Definition 62.33 Complexity W: Is the number of func-

tion evaluations £ number of quadrature points.
W(Q(f)n) = #f-eval 2 n (62.35)

Lemma 62.2 Error-Complexity W(en(f)): Relates the
complexity to the quadrature error.
Assuming and quadrature error of the form :

en(f) =0~ %) — en(f) =cn™ 9 ceRy
the error complexity is algebraic (??) and is given by:

1
W(en () = O(e]") = O( ¢/ew) (62.36)

Proof 62.1: lemma 62.2: Assume: we want to reduce the er-
ror by a factor of ¢, by increasing the number of quadrature
points npew = @ - Nglqg-

Question: what is the additional effort (#f-eval) needed in
order to achieve this reduction in error?

-n 1
LCR =  np =no- Yen = O(Yern) (62.37)

q
Sng €n

8.1.1. Simpson Integration

Definition 62.34 Simpson Integration:




Filtering Algorithms

10. Signals
Definition 62.35 Time Discrete Signal: Is a bounded
sequenceldef 5121 (17)762 1°(z).

Definition 62.36 Sampling:

Corollary 62.10 Finite Time Discrete Signal:

11. Channels/Filters

Definition 62.37 F
Channel/Filter:
Is a mapping of signals to signals F ::

F: 1% (2) - 1% (@) (62.38)

Proof 62.4 LU-Complexity/cor 62:7;
For eliminating the first column we need to eliminate n — 1
rows by n additions and n multiplications which equals (n —
1)2n. For the second column we need for n — 2 rows n — 1 ad-
ditions and n — 1 multiplications which equals (n —2)2(n — 1)
thus to eliminate all n columns we have:

n

dSin—i+1)-2(n—1i)
i=1
usmg the index [ =n —1i+1 we can write this as:

T4 2m-n=2 Y G- ()=2Y P41

i=1 1=0 =0

1 1
(i-2)
3 3

Property 62.1 Finite Channel/Filter: A filter F

1% (Z) — 1% (Z)

Property 62.2 Causal Channel/Filter:

Explanation 62.3. The response cannot start before the signal
has been feed into the filter.

Proof 62.5 Cholesky Complexity®™ 28l: U and L “are
the same” as we have a s.p.d. matrix s.t. we can sim-
ply half the forward elimination complexity of the LU-
decomposition!©or 627

12 1
ZZn3 4 Zn? (62.41)
23 3

Definition 62.38
Time Shift Operator:

Sm

Property 62.3 Time-invariant Channel/Filter:

Explanation 62.4. The response of the filter should not de-
pend at which time we pass the signal to the filter.

Property 62.4 Linear Channel/Filter:

Definition 62.39
Linear Time-invariant Finite Input Response Filter
LT-FIR:

1. Impulse Responses

Definition 62.40 Impulse:

Definition 62.41 Impulse Response h:

Corollary 62.11 [proof 62.2]
Signal in terms of Impulse Responses: We can write any
arbitrary discrete signal as weighted sum of time shifted im-

pulses:
(62.39)

(62.40)

‘Proof 62.2 [cor 62.11],

2. Discrete Convolution

|Deﬁnition 62.42 LT-FIR formula:

Proofs

Proof 62.3 Log Sum Trlckformula 62.1:

LSE = log( Z log Z e li"e”
i=1 i=1
n n
= log (e Z e®iT") = log ( Z eziiu) + log(e™)
i=1 i=1
n

= log( Z eziiu) +a

i=1




Optimization

Solution Strategy

Definition 63.1 Fist Order Method: A first-order method
is an algorithm that chooses the k-th iterate in

x0 + span{V f(x0),... Vf(x,-1)} VE=1,2,... (63.1)
Note
Gradient descent is a first order method
1. Linear Optimization

1. Polyhedra

Definition 63.2 Polyhedron: Is a set P € R™ that can be
described by the finite intersection of . closed half spaces??:

P={xeR"|[Ax < b} ={xeR"|a;x<b;,j=1,...,m}

AeRTX" e R (63.2)

1. Find the extremal point w* of £ (w, o, ):
0% !
_‘ Lo (63.6)
oW |w=w¥
2. Insert w¥ into % and find the extremal point * of
the resulting dual Lagrangian 6(«, ) for the active con-

straints:
00

0B lg—p%

Lo (63.7)

3. Calculate the solution w¥ (7%) of the constraint mini-
mization problem.

Value of the Problem

Value of the problem: the value 9(1)/*, *) is called the
value of problem (o, 7%).

1.1.1. Polyhedral Function
Definition 63.3 Epigraph/Subgraph epi(f):
Yy

The epigraph of a function f € R"” — R is . ()
defined as the set of point that lie above epi(f)
its gaph:
epi(f) = {(x,v) €R" [y > f(x)} S R"T!

(63.3)

T

Theorem 63.1 Upper Bound Dual Cost: Let w € Q be a
feasible solution of the primal problem [4°f 6351 and (a,8) a
feasible solution of the respective dual problem s GRx)
Then it holds that:

Theorem 63.4 Kuhn-Tucker Conditions: Given an opti-
mization problem with convex domain Q < R%,

min f(w)
we
gi(w) <0
hj(w) =0

s.t.

with f € C! convex and gi, h; affine.
Necessary and sufficient conditions for a normal point w
to be an optimum are the existence of u*, s.t.:
0L (w,a,B) 1 o 0L (w¥, o, 0) 0
ow 0
under the condtions that:
o Vig,..., k a:kgi(w*):o, s.t.:
« Inactive Constraint: g;(w*) <0 — a; = 0.
« Active Constraint:
9i(W") €0 —>a; =20

*

(63.12)

* *
s.t. % gi(w®) =0

f(w) = 0(a, ) (63.8)
Proof 63.1:
O(a, ) = inf ZL(u, e, ) < L(w,a, )
ue

k m

= f(w) + Z a; gi(w)+ Z j hj(w)
i=1 2y o d= s

< f(w)

Definition 63.4 Polyhedral Function: A function f

is polyhedral if its epigraph epi(f)[d°f' 633 is a polyhedral
setldef. 63.2],

f is polyhedral — epi(f) is polyhedral (63.4)

2. Lagrangian Optimization Theory

Corollary 63.1 Duality Gap Corollary: The value of the
dual problem is upper bounded by the value of the primal
problem:
sup {¢(c, /) : @ = 0} < inf {f(w) : g(w) < 0, h(w) = 0}
(63.9)

Definition 63.5 (Primal) Constraint Optimization:
Given an optimization problem with domain Q < RY:

min f(w)

we

gi(w) <0 1
hj(w) =0 1

s.t.

Theorem 63.2 Optimality: The triple (w*,n*, *) is a
saddle point of the Lagrangian function for the primal prob-
lem, if and only if its components are optimal solutions of the
primal and dual problems and if there is no duality gap, that
is, the primal and dual problems having the same value:
F(w*) = 0(a™, %) (63.10)

Definition 63.6 Lagrange Function:

ZL(a, ,w) := f(w) + ag(w) + Jh(w) (63.5)

Extremal Conditions

1
VvV Z(x)=0 Extremal point x¥

4 !
o ZL(x) =h(x)=0 Constraint satifisfaction

For the inequality constraints g(x) < 0 we distinguish two
situations:
Case I:

Case IT :

9(x*) <0
g(x*) =0

switch const. off

optimze using active eq. constr.

o
> Z(x) = g(x) Constraint satifisfaction
«

Definition 63.8 Convex Optimization: Given: a convex

function f and a convex set S solve:
min f(x)
s.t. x€eS

(63.11)

Often S is specified using linear inequalities:
e.g. S={x€Rd:AxS }

Definition 63.7 Lagrangian Dual Problem: Is given by:
Find max 0 (o, 7) = inf L(w,«, )
we
s.t. a; =0 1<i<k

Theorem 63.3 Strong Duality: Given an convex optimiza-
tion problem:

min f(w)

we

gi(w) <0 <
hj(w) =0 j <
where g;, h; can be written as affine functions:
Aw — b,

Then it holds that the duality gap is zero and we obtain an
optimal solution.

s.t. 1< k
1< m

y(w) =

Consequence

‘We may become very sparce problems, if a lot of constraints
are not actice <= «; = 0.

Only a few points, for which a; > 0 may affact the decision
surface.




Combinatorics

Permutations

Definition 64.1 Permutation: A n-Permutation is the
(re)arrangement of n elements of a set!4°" %11 S of size n = |S)|
into a sequencesl®®® 912 _ grder does matter.

Definition 64.2 Number of Permutations of a Set n!:

Let S be a setld°t 501 n — |S| distinct objects. The number
of permutations of S is given by:
n—1
Pp(S)=n!=[[(n-i)=n-(n-1)-(n—2) ... 1
1=0
(64.1)

Definition 64.7

Number of Variations without repetitions V/l'ﬂ
Let S be a setld°t 501y — | S| distinct objects from which we
choose k elements. The number of variations of size k = |S;|

of the set S without repetitions is given by:

Explanation 64.1. If we have i.e. three distinct elements {e,
e, o} For the first element ® that we arrange we have three pos-
sible choices where to put it. However this reduces the number
of possible choices for the second element @ to only two. Conse-
quently for the last element ® we have no choice left.

OO0 00O OO0 3 possibilities left

2 possibilities left

1 possibilities left

000
[ X J©)
[ JoXe)
[ X Jo)
000
@00
@00
L X X6

n n n!
V.(S) = Kl = ———— (64.4)
k (n — k)!

Note
Sometimes also denotes as P,".
Definition 64.8 B
Number of Variations with repetitions Vi
Let S be a setld°" 5011 » = |S| distinct objects from which we
choose k elements. The number of variations of size k = |5}, |

of the set & from which we choose and always return is given
by:

VIH(S) =n" (64.5)

Definition 64.3

Number of Permutations of a Multiset:

Let S be a multi set!d" °°3) with n = |S| total and k distinct
objects. Let n; be the multiplicity!4" °%4 of the member

j € {1,...,k} of the multiset S. The permutation of S is
given by:
n!
Pnl,...,n}‘(s): _— s.t. kE<n
1 s N
(64.2)

Note

‘We need to divide by the permutations as sequence/order does
not change if we exchange objects of the same kind (e.g. red
ball by red ball) = less possibilities to arrange the elements
uniquely.

Picking things from a bag

1. Combinations

Definition 64.4 k-Combination:

A k-combination of a set S of distinct elements of size n = S
is a subset S;. (order does not matter) of k = |S, |, chosen
from S.

Note

Thus unlike in a permutation we just care about what we pick
and not how it ends up beeing arranged.

Definition 64.5 Number of k-Combinations Chp it
The number of k-combinations of a set S of size n = S is
given by n choose k:
c (") o (64.3)
N T i

2. Variation

Definition 64.6 Variation:

A k-variation of a set S of size n = S is

1. a selection/combination(@®® 644 of a subset S;, (order does
not matter) of k-distinct elements k = |S, |, chosen from S

2. and an k arrangement/permutation[d“f' 642] of that subset

S,. (with or without repetition) into a sequenceldef 51:2]




Stochastics

Definition 64.9 Stochastics: Is a collective term for the
areas of probability theory and statistics.

Definition 64.10 Statistics: Is concerned with the anal-
ysis of data/experiments in order to draw conclusion of the
underlying governing models that describe these experiments.

Definition 65.5 Probability (A):
Is a number associated with every A, that measures the like-
lihood of the event to be realized “a priori”. The bigger the
number the more likely the event will happen.

1. 0< (A <1

2. (Q) =

3. If A n B = then '(A U B) =

() +5(B)

Interpretation
A trivial sigma algebra means that all events are almost surely

constant and that there exist no non-trivial information.
An example of a trivial sigma algebra is Fmin = {2, J}.

2. Measures

3. Probability/Kolomogorov’s Axioms 1931

One problem we are still having is the range of ;/, by stan-
dardizing the measure we obtain a well defined measure of
events.

Definition 64.11 Probability: Is concerned with the quan-
tification of the uncertainty of random experiments by use of
statistical models. Hence it is the opposite of statistics.

Definition 64.12 Probability: Probability is the measure
of the likelihood that an event will occur in a Random Ex-
periment. Probability is quantified as a number between 0
and 1, where, loosely speaking, 0 indicates impossibility and
1 indicates certainty.

Note

We can think of the probability of an event A as the limit of
the "frequency" of repeated experiments:

Definition 65.12 Measure :
A measure defined on a measurable space {2, F} is a func-
tion/map:

: F e [0, 00] (65.2)
for which holds:
« (@) =0

« countable additivity [def 65131

Axiom 65.1 Non-negativity:
is a non-negative real number:
If Ae F then

The probability of an event

(4)=o0 (65.10)

Axiom 65.2 Unitairity: The probability that at least one of
the elementary events in the entire sample space Q2 will occur
is equal to one:

The certain event

Q) = (65.11)

Note: Stochastic

Stochasticss is a noun and is a collective term for the areas
of probability theory and statistics, while stochastic is a ad-
jective, describing that a certain phenomena is governed by
uncertainty i.e. a process.

Probability Theory

Stochastics vs.

5 (A) lifwe A
(A) = lim ———= where 6(A) =
n—00 Oifwé¢ A
1. Sigma Algebras
Definition 65.6 [Proof 65.3]

Sigma Algebra o:
A set F of subsets of Q is called a o-algebra on Q if the fol-
lowing properties apply

« Qe F and e F

« If A e F then Q\A = A€ e F:
The complementary subset of A is also in Q.
e Forall A€ F:J;j—q Vi €F

Definition 65.18 Countable/o-Additive Function:
Given a function ;. defined on a o-algebra F.

The function is said to be countable additive if for every
countable sequence of pairwise disjoint elements (Fi)i>1 of
F it holds that:

Ur

i=1

[ee)
Z (F;) forall FjnFy=@ Vj#k

(65.3)

Axiom 65.3 o-additivity: If A, Ag, Ag, ...
ally disjoint, then:

€ F are mutu-

)
U 4

i=1

(65.12)

Corollary 65.14 : As a consequence of this it follows:

Definition 65.1 Probability Space W ={Q,F,'}:
Is the unique triple {2, F, "}, where € is its sample space, F
its o-algebra of events, and I" its probability measure.

Definition 65.2
Sample Space Q:
Is the set of all possible outcomes (elementary events [+ 65:5])
of an experiment.

[example 65.1]

Explanation 65.1 (19 956)). The o-algebra determines what
events we can measure, it represents all of the possible events of
the experiment that we can detect.

Thus the sigma algebra is a mathematical construct that tells us
how much information we obtain once we conduct some experi-
ment.

Corollary 65.12 Additive Function: A function that sat-
isfies countable additivity, is also additive, meaning that for
every F,G € F it holds:

FnG=g - (Fu@G)=

(F)+ 11(G) (65.4)

(F)=0 (65.13)
Corollary 65.15 Complementary Probability:
(A = (A) with A°=q-4a (65.14)

Definition 65.3 [example 65.2]
Event A:
An “event” is a subset of the sample space 2 and is a prop-
erty which can be observed to hold or not to hold after the
experiment is done.

Mathematically speaking not every subset of € is an event
and has an associated probability.

Only those subsets of Q2 that are part of the corresponding
o-algebra F are events and have their assigned probability.

Corollary 65.8 Fpin: F = {J, Q} is the simplest o-algebra,
telling us only if an event happened w € © happened or not
but not which one.

Explanation 65.2. If we take two events that cannot occur si-
multaneously, then the probability that at least one of the events
occurs is just the sum of the measures (probabilities) of the orig-
inal events.

Definition 65.18 Probability Measure :
a probability measure is function I’ : F +> [0, 1] defined on a
o-algebra F of a sample space €2 that satisfies the probability
axioms.

4. Conditional Probability

Corollary 65.9 Fpax: F = 22 consists of all subsets of
and thus corresponds to full information i.e. we know if and

which event happened.

Definition 65.7 Measurable Space {Q,z}:
Is the pair of a set and sigma algebra i.e. a sample space and
sigma algebra {2, F}.

Corollary 65.1 : If the outcome w of an experiment is in the

Corollary 65.10 F-measurable Event
The measurable events
measurable sets.

i € F:
; of F are called F-measurable or

Definition 65.14 [Example 65.6]

Equivalent Measures B~ v
Let p and v be two measures defined on a measurable
spaceld®® 971 (Q, F). The two measures are said to be equiv-
alent if it holds that:

Definition 65.19 Conditional Probability: Let A,5 be
events, with “(2) # 0. Then the conditional probability of
the event given B is defined as:
(A nB)
(A1B) =

- B) #0
B (3)

(65.15)

5. Independent Events

subset /., then the event is said to “have occured”.
Corollary 65.2 Complement Set C,
is the contrary event of

Corollary 65.3 The Union Set v B:

Let A, B be two events. The event “
the union of both.

or 37 is interpreted as

Definition 65.8 [Example 65.4]
Sigma Algebra generated by a subset of Q a(C):
Let C be a class of subsets of 2. The o-algebra generated
by C, denoted by o(C), is the smallest sigma algebra F that
included all elements of C.

#A) >0 = v() >0 vasF (65.5) [ Theorem 65.1

this is equivalent to p and v having equivalent null sets: Independent Events: Let A, B be two events. and B are
— Np = {4 e Alu(A) = 0} said to be independent iffy:
Nu =N Ny={1eAp(y=0p (659 i " malE) = pa), EB) >
(A ~ B) = P(A)P(B) ) ,

Definition 65.15 Measure Space {F,Q, 11}: (B|A) = P(B), (A)=>0
The triplet of sample space, sigma algebra and a measure is (65.16)
called a measure space. Note

1. Borel Measures

Corollary 65.4 The Intersection Set N B

Let A, B be two events. The event “/1 and B” is interpreted
as the intersection of both.

Corollary 65.5 The Elementary Event w:
Is a “singleton”, i.e. a subset {w} containing a single outcome

w of Q.

Definition 65.9 [Example 65.5]
Borel o-algebra B(R):
The Borel o-algebra B(R) is the smallest o-algebra contain-
ing all open intervals in R. The sets in contained in B(R) are
called Borel sets.

The extension to the multi-dimensional case,
straightforward.

For all real numbers «,

B(R™), is

€ R, B(R) contains various sets.

Definition 65.16 Borel Measure: A Borel Measure is
any measurel®®™ 95121 | defined on the Borel g-algebraldef 6591
B(R).

The requirement of no impossible events follows from [lélef, G, 18]

2.1.1. The Lebesgue Measure

Definition 65.17 Lebesgue Measure on B A
Is the Borel measurel®® 516 defined on the measurable space
{R, B(R)} which assigns for every half-open interval (a, b] in-
terval its length:

A((a,b]) :=b—a (65.7)

Corollary 65.16 Pairwise Independent Evenest:

A finite set of events {A;}7"_; € A is pairwise independent if

every pair of events is independent:
(A Ay) =TP(A) n () 9 # g,

Vi,j e A (65.17)

Corollary 65.6 The Sure Event Q:
Is equal to the sample space as it contains all possible ele-
mentary events.

Corollary 65.7 The Impossible Event O
The impossible event i.e. nothing is happening is denoted by
the empty set.

Why do we need Borel Sets

So far we only looked at atomic events w, with the help of
sigma algebras we are now able to measure continuous events
a. [0,1].

Definition 65.10 Borel Set:

Definition 65.4 The Family of All Events .A/QQ:
The set of all subset of the sample space Q2 called family of all
events is given by the power set of the sample space A = 2
(for finite sample spaces).

Corollary 65.11 Generating Borel o-Algebra[Proof 65.1]:
The Borel o-algebra of R is generated by intervals of the form
(=00, a], where a € Q (Q =rationals).

Definition 65.11 (")-trivial Sigma Algebra:
is a o-algebra F for which each event has a probability of zero
or one:

VAe F

(A) € {0,1} (65.1)

Corollary 65.13 Lebesgue Measure of Atomitcs:

« The Lebesgue measure of a set containing only one point
must be zero:
A{a}) =0 (65.8)
« The Lebesgue measure of a set containing countably many
points A = {aj,a2...,an} must be zero:
n

AA) + 3 A({ai}) =0

i=1

(65.9)

« The Lebesgue measure of a set containing uncountably
many points A = {aj1,a2...,} can be either zero, posi-
tive and finite or infinite.

Corollary 65.17 Mutal Independent Evenest:
A finite set of events {1;}7_; € A is mutal independent if ev-

ery event /; is independent of any intersection of the other
events:
k k n
v{B -1 & i fi—
Nzi)=T1]r@E) {Bidima <4 ln}’*l (65.18)
i=i i=1 k<mn, {AiYizy €
6. Product Rule
Law 65.1 Product Rule: Let A, B be two events then the

probability of both events occurring simultaneously is given

by:
(A A B) = B(BIAY(A) = F(AIB)F() (65.19)




Law 65.2

Generalized Product Rule/Chain Rule: is the general-

ization of the product rule?? to n events {A;}7 |
n k=1

=11 E, ﬂ E; | =

k=1 i=1

NE1) - (Ep_1|lEn_2n...0E1)---

(B3 |Br 0 E1)(B2|E1)P(EL)

(65.20)

=(En|Ep—10...

2. Random Variables

7. Law of Total Probability

Definition 65.20 Complete Event Field: A complete
event field {A; : i € I € N} is a countable or finite partition of
Q that is the partitions {A; : ¢ € I € N} are a disjoint union
of the sample space:

i=Q inA; =03  i#jVijel  (65.21)

iel

Theorem 65.2
Law of Total Probability /Partition Equation:

A random variable X is a function/map that determines a
quantity of interest based on the outcome w € Q2 of a random
experiment. Thus X is not really a variable in the classical
sense but a variable with respect to the outcome of an exper-
iment. Its value is determined in two steps:

@ The outcome of an experiment is a random quantity w €

The outcome w determines (possibly various) quantities

of interests <= random variables
Thus a random variable X, defined on a probability space
{Q, F, "} is a mapping from 2 into another space &, usually
E=Ror &€=R":

X: Q- & w — X(w)

Let now E € £ be a quantity of interest, in order to quantify
its probability we need to map it back to the original sample
space Q:

Probability for an event in ©
easpananatuananannse
x(B) = "({w: X(w) € B}) = (X € B) = F (X~ (B))

Probability for an event in E

Corollary 65.21 Indicator Functions Tp(w):
An important class of measurable functions that can be used
as r.v. are indicator functions:
1 ifweA
ITa(w) =

! (65.29)
0 ifwé¢A

Corollary 65.26 :

0
j (z)dz =1 (65.37)
-

‘We know that a probability measure © on R is characterized
by the quantities '((—o0, a]). Thus the quantities.

Corollary 65.22 : Let (F,F) = (R, B) and let (E,£) be an
arbitrary measurable space. Let X be a real value function
on E.
Then it holds that X is measurable if and only if

(X <o} ={w: X(w) <a} = X 1((—w,a]) € E,Va € R

or {X<a}e&.

Notes

« Often the cumulative distribution function is referred to as
“cdf” or simply distribution function.

« Often the probability density function is referred to as “pdf”
or simply density.

5. Lebesgue Integration

Problems of Riemann Integration

Explanation 65.3 (I %3221y A random variable is a func-
tion that is measurable if and only if its distribution function is
defined.

3. The Law of Random Variables

Let {A; : i € I'} be a complete event field°" 6-2] then it holds
for & € B:
(B) = 3 P(BIA,)P(4s) (65.22)
el
8. Bayes Theorem
Law 65.3 Bayes Rule: Let /A, B be two events s.t. '(3) > 0
then it holds:
, (Bl ,
(A|B) = ——2 2 (B) >0 (65.23)
()

follows directly fromeq. (65.19).
Theorem 65.3 Bayes Theorem: Let {A; : i € I} be a com-

plete event field!d* %5291 and 12 € B a random event s.t.
() > 0, then it holds:

(BIA;)P(A;))

Definition 65.22 £-measurable function: Let (E,£) and
(F, F) be two measurable spaces. A function f : E — F is
called measurable (relative to £ and F) if

Definition 65.25 Law/Distribution of X (X):
Let X be a r.v. on {Q, F, '}, with values in (E, £), then the

distribution/law of X is defined as:
: B [0,1]
X
(B)=r{Xen}=

(65.30)

(w: X(w)e B) Vbe €&

« Difficult to extend to higher dimensions — general domains
of definitions f: Q@ — R

+ Depends on continuity

« Integration of limit processes require strong uniform con-
vergence in order to integrate limit processes

str. u.c.
lim d. E lim d.
n_)ooff(w) @ fn_mf(r) @
f(@)
U(p) = 3, sup(f(;)) - Ax; =5 § fda
x
a Mi
Idea

Note

. Sometimes "X is also called the image of
« The law can_also be written as:

X(B) = B(X"(B)) = (Po X~ ")(B)

by X

VBe F: fTYUB)={weE:flw)eB}e& (65.26)
E F
_ f B
1B B —
- U o
Interpretation

The pre-imagel®*® 5411 of B under f i.e. f_l(B) maps all val-
ues of the target space F' back to the sample space £ (for all
possible B € F).

Theorem 65.5 : The law/distribution of X is a probability
measure ' on (E, ).

W) = Sy O
proof ?? 65.2
Distributions on R
1. Distribution Function
Definition 65.21 Distribution Function of F:

The distribution function F' induced by a a probability mea-
sure " on (R, B) is the function:
(0, 21) (65.25)

F(z) =
Theorem 65.4 : A function F' is the distribution function of
a (unique) probability on (R, B) iff:
« F' is non-decreasing
« F'is right continuous
o limg o F(z) =0

and limg_, 4o F(z) =1

Corollary 65.18 : A probability

by a distribution function F'

That is if there exist another probability
G(z) = 0 (o, z])

and if F' = G then it follows " =

is uniquely determined

s.t.

Definition 65.23 Random Variable: A real-valued ran-
dom variable (vector) X, defined on a probability space
{Q, £,"} is an £-measurable function mapping, if it maps its

Definition 65.26
(Cumulative) Distribution Function Fx:
Given a real-valued r.v. then its cumulative distribution func-
tion is defined as:
Fx(z) =% ((~o0,2]) =

(X <) (65.31)

Corollary 65.23 : The distribution of X of a real valued

Partition domain by function values of equal size i.e. values
that lie within the same sets/have the same value A; build
up the partitions w.r.t. to the variable z.

Problem: we do not know how big those sets/partitions on
the z-axis will be.

Solution: we can use the measure p of our measure space
{Q, A, u} in order to obtain the size of our sets A; = we
do not have to care anymore about discontinuities, as we can
measuf?mtfle size of our sets using our measure.

i ci - u(Ag) L2 fdu

Definition 65.29 Lebesgue Integral:

r.v. is entirely characterized by its cumulative distribution n fx) ~ c;

sample space €2 into a target space (F, F): function F y [def: 65:33] lim Z cipu(Ay) = J fdu (65.38)
n—w ‘T Q Ve e A;
n =
X:QeF (FY) (65.27) Property 65.1:
) ; ) 1 (X >=z)=1-Fx(=z) (65.32) | Definition 65.30
Since X is £-measurable it holds that X F e & Simple Functions (Random Variables): A r.v. X is called
Q, Xﬁl(B) Property 65.2: Probability of X € [a, /] simple if it takes on only a finite number of values and hence
(e <X <B)=Fx()—Fx(a) (65.33) || can be written in the form:
n i = .
R, Px 4. Probability Density Function X = aily, a;€R A3A; = {(1) ;flsiX =a;}

Definition 65.27 Continuous Random Variable: Isar.v. i=1

for which a probability density function [ x exists. (65.39)
Corollary 65.19 : Usually F' = R, which usually amounts to || Definition 65.28 Probability Density Function: Let X 6. Independent Random Variables

using the Borel o-algebra B of R.

Corollary 65.20 Random Variables of Borel Sets: Given

be a r.v. with associated cdf F x. If F'x is continuously in-
tegrable for all x € R then X has a probability density | x
defined by:

‘We have seen that two events A and are independent if
knowledge that 2 has occurred does not change the probabil-
ity that A will occur theorem 65.1.

For two random variables X, Y we want to know if knowledge
of Y leaves the probability of X, to take on certain values
unchanged.

that we work with Borel o-algebras then the definition of a £
random variable is equivalent to (due to [©°™ 65-111); Fx(z) = J x (y)dy (65.34)
—1 _1 —
X " (B)=X" " ((—o0,a]) .
’ or alternatively:
={weQ:X(w)<a}e€& VaekR (65.28) (z<X<z+e)
x(z) = lm —4mM8M8 ——~ (65.35)
Definition 65.24 e—0 €
Realization of a Random Variable z = X (w): Is the
value of a random variable that is actually observed after an Corollary 65.24 ['(X =0) =0, Vb eR:
experiment has been conduct.edA.In order to avoid co'nfusion (X =1) = lim "(¢ < X <b) = lim (z) =0 (65.36)
lower case letters are used to indicate actual observations/re- o b da

alization of a random variable.

Corollary 65.25 : From [ 6524 it follows that the exact
borders are not necessary:
(a < X <b)="0"(a

= P(a

Definition 65.31 Independent Random Variables:
Two real valued random variables X and Y are said to be
independent iff:

(X <aly <y) =

which amounts to:

(X < x) Vz,y € R (65.40)

Fxy(@y) =r{X<z}n{Y <yh) =" (X<z,Y<y)
= Fx(a)Fy(y) Vo,yeR (65.41)
or alternatively iff:
(Xe A YeB)=/(XeA)(YeB) VA BeB (6542)




Note

If the joint distribution Fx y (z,y) can be factorized into two
functions of z and y then X and Y are independent.

Definition 65.34 Joint Probability Distribution:
Let X = (Xl """" Xn) be a random vector in R™ with asso-
ciated cdf Fx. If Fx is continuously integrable for all x € R

Definition 65.32
Independent Identically Distributed:

then X has a probability density [ x defined by:

T ]
Fx(w)=f J x (W1, yn)dy1 dyn  (65.50)
— 0 — 0

10. Product Rule

or alternatively:

Definition 65.40 Px
Moment Generating Function (MGF):
Px (t) = z[e”‘] teR (65.60)

Proofs

Proof 65.1: [ 6511: et C denote all open intervals.

Since every open set in R is the countable union of open
intervalslde 59121 " it holds that o(C) is the Borel o-algebra

Corollary 65.28 Sum of MGF: The moment generating
function of a sum of n independent variables (Xj)lsjsn is
the product of the moment generating functions of the com-
ponents:

Y5, (0) = ¥x, (#) - ¥x, ()  Sn:i=X1+...Xn (65.61)

of R.

Let D denote all intervals of the form (—0, a], a € Q.

Let a,b € C, and let

* (4n),=1 be a sequence of rationals decreasing to a and
e (bn),=1 be a sequence of rationals increasing strictly to

(a,0) = O (an, bn] = VP, (—oo, nln (—oo,un]c)

| tion evaluated zero:

Corollary 65.29 : The i-th moment of a random variable is
the i-th derivative of its associated moment generating func-

E [x‘] =3P (0 (65.62)

Thus C < o(D), whence o(C) < o(D) but as each element of
D is a closed subset, (D) must also be contained in the Borel
sets B with

B=o(C)co((D)cB

L Mz < Xi1<z1te .. ,@n < Xp S@p +e)
Law 65.4 Product Rule: Let X, Y be two random variables x (x) = lim
then their jo =0 €
(65.51)
Law 65.5 1. Marginal Distribution
Generalized Product Rule/Chain Rule:
!Deﬁnition 65.35 Marginal Distribution:
11. Change Of Variables Formula 14. The Expectation
Formula 65.1 irs B
(Scalar Discret) Change of Variables: Let X be a discret Definition 65.36 Expectation:
rv X € X with pmf px and define Y € Y as Y = g(z) s.t. E[X] :j X (w)P(dw) :f Xd (65.52)
Q Q

Y = {yly = g(x), Ve € X}. Where g is an arbitrary strictly
monotonic ([9°F 54141y function.
Let: Xy = z; be the set of all z; € X s.t. y = g(z;).
Then the pmf of Y is given by:
y(y) = x(z;) = >
xieXy zeV:ig(x)=y

< (@) (65.43)

see proof 77 65.3

Formula 65.2

(Scalar Continuous) Change of Variables:

Let X ~ |/ x be a continuous r.v. and let g be an arbitrary
strictly monotonicld®® 5414 function.

Define a new r.v. Y as

Y ={yly = g(z),Vz € X} (65.44)
then the pdf of Y is given by:
= dw 4 (g1 65.45
v = Ix@| =l = Ix@| = (07 w)|  (65.45)
1 —1
x (@) Wl = M (65.46)
EEI e

Formula 65.3
(Continuous) Change of Variables:
Let X = {X1,...,Xn} ~ /x bea continuous random vector

and let g be an arbitrary strictly monotonicl®® 5414 function
g:R" » R™
Define a new r.v. Y as
Y =A{yly = g(x),¥x € X} (65.47)

and let h(x) := g(x)~! then the pdf of Y is given by:
y(¥) =7x (@1,...,2n) - |J]|
x (h1(y), -+ hn(y)) - 1]

x @ldetDxh ()| _

oo (3]

where J = det Dh is the Jaccobianld®f: 9561,
See also proof 7?7 65.6 and example 65.8

x(07 )

(65.48)

Note
A monotonic function is required in order to satisfy inevitabil-
ity.
Probability Distributions on R"
13. Joint Distribution

16. The Characteristic Function

Corollary 65.27 Expectation of simple r.v.:

If X is a simplel@® 8539 ¢ v its expectation is given by:
n

Transforming probability distributions using the Fourier
transform is a handy tool in probability in order to obtain
properties or solve problems in another space before trans-
forming them back.

Proof 65.2: theorem 65.3 Plug eq. (65.22) into the denomina-
tor and eq. (55.2) into the nominator and then use [d°¢f 65:19];
BIAD () EnA) L
. = - = (4,15

Zier ((BlA)(A:) (B)

Definition 65.41 I
Fourier Transformed Probability Measure:

o= Jei<u’w>p.(dz) (65.63)

Proof 65.3: 77:

Y=9(X) < Y =y)="(zeXy) =py(y)

Proof 65.4: 77 (non-formal): The probability contained in a
differential area must be invariant under a change of variables

E[X] = ) a;l"(Ay) (65.53)
i=1
1. Properties
14.1.1. Linear Operators
14.1.2. Quadratic Form
Definition 65.37 proof 65.7

Expectation of a Quadratic Form:
Let € € R™ be a random vector with E [e] = p and V [e] = ¥
E [STAe] =tr(AY) + uTAp (65.54)

2. The Jensen Inequality

Corollary 65.30 : As e %) can be rewritten using formu-
laegs. (50.9) and (50.10) it follows:

jcos (Ku, z)) p(de) + ijsin ({u, z)) p(dx)

where x +— cos ((z, u)) and = — sin ({z, u)) are both bounded
and Borel i.e. Lebesgue integrable.

a= (65.64)

that is:

Theorem 65.6 Jensen Inequality: Let X be a random vari-
able and g some function, then it holds:

g (E[X]) < E[g(X)]
g (E[X]) = E[g(X)]

@ s convexldef: 54.24]
65.55
g is concaveldef 54:2°] ( )

3. Law of the Unconscious Statistician

Definition 65.42 Characteristic Function px: Let X
be an R™-valued random variable. Its characteristic function
¢x is defined on R™ as:

ex(u) = [ XWX (d4x) = X (u)
—E [ei<u,x>]

(65.65)

(65.66)

Law 65.6 Law of the Unconscious Statistician:
Let X € X,Y € Y be random variables where Y is defined as:
Y ={yly = g(=),Vz € X}
then the expectation of Y can be calculated in terms of X:
Ey[y] = Ex [g9(2)] (65.56)

Corollary 65.31 : The characteristic function ¢ x of a dis-
tribution always exists as it is equal to the Fourier transform
of the probability measure, which always exists.

Consequence

Hence if we px we do not have to first calculate py in order
to calculate Ey [y].

4. Properties
5. Law of Iterated Expectation (LIE)

Note

This is an advantage over the moment generating function.

[/y (y) dy| = | /o (z) dz|
Y
y =z

+ Ay = g(z T

B Yy y=4( )

vy = 9z
T z + Ax X
e
Proof 65.5: 77 from CDF:

Theorem 65.7 : Let u be a probability measure on R"™. Then
[ is a bounded continuous function with g(0) = 1.

(X <97 w)
(X =9 ')

¥ <y = (eX) <y = [y 9 1o Inereas.
if g is decreas.

Law 65.7
Law of Iterated Expectation (LIE):
E[X] = EyE[X]|Y]

[proof 65.8]

(65.57)

Theorem 65.8 Uniqueness Theorem: The Fourier Trans-
form fi of a probability measure p on R™ characterizes p. That
is, if two probability measures on R" admit the same Fourier
transform, they are equal.

If g is monotonically increasing:
—1
Fy(y) = Fx (g (v)

d 1 d _,
y (y) = d—Fx(g ) =/Ix(=@)—g "(v)
y dy

6. Hoeffdings Bound

Definition 65.38 Hoeffdings Bound:
Let X = {X;};"_; beii.d. random variables strictly bounded
by the interval [, b] then it holds:

) 0,11 5 —2ne

—2n2c2?
(Jux —E[X]| = ) < 2exp
(65.58)

X0 (b —ay)?

Definition 65.33

Joint (Cumulative) Distribution Function Fx:
Let X = (X1 ------- Xn) be a random vector in R™, then its
cumulative distribution function is defined as:
X
Fx(x) =17 ((—0,x]) = "(X < x)
= (X1 <@1s. . Xn < @) (65.49)

Corollary 65.32 : Let X = (X1,...,Xy) be an R™-valued

random variable. Then the real valued r.v’s (Xj)1<j<n are
independent if and only if:
n
ex(ui, . un) =[] wx;(uj) (65.67)
j=1

If g is monotonically decreasing:
-1
Fy(y)=1-Fx(g " (y)

d -1
y(y) = —Fx(g  (v))

-1
dy (

_ d
=- X(Z)'ag y)

Explanation 65.4. The difference of the expectation from the
empirical average to be bigger than e is upper bound in proba-
bility.

15. Moment Generating Function (MGF)

Definition 65.39 Moment of Random Variable: The i-th

moment of a random variable X is defined as (if it exists):
(65.59)




Proof 65.6: ??: Let B = [z,z + Az] and B = [y,y + Ay] =
[g(z), g(x+ Az)] we know that the probability of equal events
is equal:

= g(x) (y) = "(g(x)) (for disc. rv.)

Now lets consider the probability for the continuous r.v.s:

=

+ A Awo0
(XeB):f w2220 Ar ()]
xT
For y we use Taylor (77
. (54.56 d
g(xz + Ax) eq. (24.56) g(z) + d—gAy for Az —> 0
x
. g
= y+ Ay with Ay := — - Az
(65.68)
Thus for (Y € B’) it follows:
, y+Ay Ay—0
(xen) = j y (0 dt =20 Ay fy ()]

y (¥)

Now we simply need to related the surface of the two pdfs:

Example 65.4 : If we are only interested in the subset /A €
of our experiment, then we can look at the corresponding gen-

~{o. 1. <o)

erating o-algebra o (1)

Example 65.5 :
« open half-lines: (—o0, a) and (a, ),
« union of open half-lines: (a,b) = (=00, a) u (b, ),
« closed interval: [a,b] = (=00, ua) U (b, 0),
« closed half-lines:
(—00,a] = Ule[u —n,a] and [a,00) = Ule[u, a+n],
« half-open and half-closed (a,b] = (—o0, b] U (a, ),
« every set containing only one real number:

o] 1 1
{a} =Ny_1(a — wea+ F)’
« every set containing finitely many real numbers:
{a1,...,an} = UZ’:I .

Note: why do we need probability density functions

A continuous random variable X can realise an infinite count
of real number values within its support B
(as there are an infinitude of points in a line segment).
Thus we have an infinitude of values whose sum of probabil-
ities must equal one.
Thus these probabilities must each be zero otherwise we would
obtain a probability of c0. As we can not work with zero prob-
abilities we use the next best thing, infinitesimal probabilities
(defined as a limit).
‘We say they are almost surely equal to zero:

(X =z2)=0 a.s.
To have a sensible measure of the magnitude of these infinites-
imal quantities, we use the concept of probability density,
which yields a probability mass when integrated over an in-
terval.

Property 66.3:

Monotonically
Increasing <y < Fx(z)<Fx(y) Vz,yeR
(66.10)
Upper Limit lim Fx(z)=1 (66.11)
r— 0
Lower Limit lim Fx(z)= (66.12)
z——0

Definition 66.8 CDF of a discret rv X: Let X be discret
rv with pdf px, then the CDF of X is given by:
x

z) = Z

t=—00

Fx (z) =X < x (t)

Example 65.6 Equivalent (Probability) Measures:
({1,2,3}) = {2/3,1/6,1/6}

=29 T({1,2,3)) = {1/3,1/3,1/3)

Example 65.7 :

ind.
Example 65.8 ??: Let X,Y '~ A(0,1).
Question: proof that:

U=X+Y V=X-1
are indepdent and normally distributed:
ha(u, ) = *3° Lol 1
h(u,v) ho (1, 0) = u;U deet[g 7%] =-3
1
U,v x,v(z,y) - 5

1 _u? 1 _ 22
= e 4 . e 4
V272 V272

Thus U, V are independent r.v. distributed as N (0, 2).

Definition 66.5 Continuous Random Variable (CRV):
A real random variable (rrv) X is said to be (absolutely) con-
tinuous if there exists a pdf ([def 66:4) s.t. for any subset
B c R it holds:

(X eB) = JB x (z)da (66.6)

Definition 66.9 CDF of a continuous rv X: Let X be
continuous rv with pdf [ x, then the CDF of X is given by:

x OF x (x
Fx@ =] sxar IO i@

=

Property 66.1 Zero Probability: If X is a continuous rrv
(14e£-6651)  then:

Lemma 66.1 Probability Interval: Let X be a continuous
rrv with pdf /x and cumulative distribution function Fx,
then it holds that:

(X =0a)=0 Va eR (66.7)
Property 66.2 Open vs. Closed Intervals: For any real
numbers « and b, with o < b it holds:
(c<X<hH)="a<sX<h)="la<X<)h)
=(a <X <b) (66.8)

<= including or not the bounds of an interval does not
modify the probability of a continuous rrv.

Note

Changing the value of a function at finitely many points has
no effect on the value of a definite integral.

(e<X<b)=Fx()—Fx(a) (66.13)
Proof 66.3: [def: 66:9], .
Fx(@) = (X <o) = (X & (~o,0)) = [ Ix(ae
— 00
Proof 66.4: lemma 66.1:
(<X <b)=N(X<b)—-P(X<a)

or by the fundamental theorem of calculus (theorem 54.2):

oF
(1<X < ):f X(t)dt:f %dt: [Fx®]l]

Corollary 66.1 : In particular for any real numbers a and

Theorem 66.2 A continuous rv is fully characterized by
its CDF: A cumulative distribution function completely de-
termines the distribution of a continuous real-valued random

Statistics

The probability that a discret random variable x is equal to
some value T € X is:
z (Z) = (= = 2)

Definition 66.1 Almost Surely I'-(a.s.):

Let (2, F, ) be a probability space. An event w € F happens

almost surely iff
(w) = —

w happens a.s. (66.1)

with a < b, letting B = [a, b] we obtain: variable.
(e <X <) =J z(z)dz 1. Key figures
a
1. The Expectation
Proof 66.1:  Property 66'41: Definition 66.10 Expectation (disc. case):
(X =a)= lim (X € [a,a+ Ax])
Az—0 nx = Eglz] := Z XD (X) (66.14)
a+Ax h
= lim x(z)dz =0 xeX
Az—0
Definition 66.11 Expectation (cont. case):
Proof 66.2: Property 66.2: Bgelz] := %/ 2 (%) dx (66.15)
(c<X<hH)="a<sX<h)="la<X<)h)
=la<X<b)= j x(z)dz Law 66.1 Expectation of independent variables:

Definition 66.2 Probability Mass Function (PMF):

same surfaces
B = [z,z + Ax] o v,y + Ayl = B
(Y eB)=F(X¢eB)
Ay—0 dg
= Uy @) Ayl = /v @) @Az =/x (@) Al
dg
y ()| — @) ||Az] = [ x () - [Ax]|
dz
x (=) x(g7 ()
=/y () = P = Td4g
2@ |$2ew)|
Proof 65.7: [d°f 65:57]
E[eT A€l e (59:54) E[tr(eT Ae)]
eq. (29,56) :[er(AceT)]
= tr(E[AceT])
— w(ArfeT))
= (A +pul))
= tr (AY) +tr (AppT)
ed- (59-54) tr (AY) + AppT
Proof 65.8: law 65.7
= ZZ x(z) = ZEZ x,v (z,y)
= Z Z XY mly) Y(y)
= Z Y(y) Zw x|y (zly)
= 2 v (y) - E[X\Y] Ey [E[X]Y]]
Y
Examples
Example 65.1 :
« Toss of a coin (with head and tail): Q = {H,T}.

« Two tosses of a coin: Q@ = {HH,HT,TH,TT}
« A cubic die: Q = {w1,ws, w3, w4, ws,we}

+ The positive integers: Q = {1,2,3,...}

+ The reals: Q = {w|w € R}

Definition 66.3 Discrete Random Variable (DVR): The
set of possible values  of X is countable of finite.
X =1{0,1,2,3,4,...,8} X =N (66.2)

Definition 66.6 Support of a probability density func-

tion: The support of the density of a pdf [ x (.) is the set of

values of the random variable X s.t. its pdf is non-zero:
supp(()/ x) i= {a € X|/(x) > 0} (66.9)

Note: this is not a rigorous definition.

E[XY] =E[X]E[Y] (66.16)

Example 65.2 :

« Head in coin toss A = {H}

+ Odd number in die roll: A = {w1,w3,ws, }
« The integers smaller five: A = {1,2,3,4}

Definition 66.4 Probability Density Function (PDF):
Is real function |/ : R™ — [0, 00) that satisfies:

Non-negativity: (z) =0, VzeR"™ (66.3)
o0 1

Normalization: f (z)dz =1 (66.4)
-

Must be integrable (66.5)

Theorem 66.1 RVs are defined by a PDFs: A probability
density function |/ x completely determines the distribution of
a continuous real-valued random variable X.

Property 66.4 Translation and scaling: If X € R” and
Y € R™ are random vectors, and a,b,a € R™ are constants
then it holds:

Ela 4+ bX + Y] =

a + bE[X] + cE[Y]

(ldet. 54.15]y

(66.17)

Thus E is a linear operator

Corollary 66.2 Identically Distributed: From theo-
rem 66.1 it follows that to RV X and Y that have exactly
the same pdf follow the same distribution.

We say X and Y are identically distributed.

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-

erty 66.6 it follows:
E[E[X]] = E[X] (66.18)

Example 65.3 If the sample space is a die toss Q =
{w1,w2,ws,ws,ws,we}, the sample space may be that we are
only told whether an even or odd number has been rolled:

F ={J,{w1,ws,ws}, {wa,ws,we}}

1. Cumulative Distribution Fucntion

Definition 66.7 Cumulative distribution function
(CDF): Let (2, F,) be a probability space.

The (cumulative) distribution function of a real-valued ran-
dom variable X is the function given by:

Fx (z) ="(X < =z) Vz € R

Property 66.5 Matrixx Expectation: If X € R™ is a ran-
domn vector and A € R™*X™ B € R"*™ are constant matri-
ces then it holds:

E[AXB] = AE [(XB)]

= AE[X]B (66.19)




Proof 66.5: eq. (66.24):
E[XY]= Y D) vx,y(@ vy
zeX yeY
Z Y ix@a Y oy = E[X]E[Y]
TEX yeY

2. Key Figures
1. The Expectation

Definition 66.16 Covariance: The Covariance is a measure
of how much two or more random variables vary linearly with
each other.

Definition 66.12
Autocorrelation/Crosscorelation v(t1,t2): Describes the
covariance (19°f 66-16]) hetween the two values of a stochastic
process (X¢),ep at different time points t1 and t2.
Y(t1,t2) = Cov[Xey, Xeg | = E[(Xey — pty) (Xeg — 1ity)]
(66.20)

For zero time differences t; = to the autocorrelation functions
equals the variance:

. (66.35
v(t, t) = Cov [X¢, X¢] e <= )=

V[X¢] (66.21)

Definition 66.13 Expectation (disc. case): Cov[X,Y] =E[(X —E[X])(Y —E[Y])]

px i=Eglz] i= ) %pg (%) (66.22) =E[XY]-E[X]E[Y] (66.33)
XEX see 7?7 66.10
Definition 66.14 Expectation (cont. case): Definition 66.17 Covariance Matrix: The variance of a
_ o k-dimensional random vector X = (X1 X;\.) is given by
fg[z] := -LEX %/ 2 (x) dx (66.23) a p.s.d. eq. (59.109) matrix called Covariance Matrix.

The Covariance is a measure of how much two or more ran-
Law 66.2 Expectation of independent variables: dom variables vary linearly with each other and the Variance
E[XY] = E[X]E[Y] (66.24) || on the diagonal is again a measure of how much a variable

Notes

« Hence the autocorrelation describes the correlation of a
function or signal with itself at a previous time point.

+ Given a random time dependent variable x(¢) the autocor-
relation function (¢,t — 7) describes how similar the time
translated function x(¢ — ) and the original function x(t)
are.

o If there exists some relation between the values of the time
series that is non-random then the autocorrelation is non-
Zero.

« The autocorrelation is maximized/most similar for no
translation + = 0 at all.

Property 66.6 Translation and scaling: If X € R" and
Y € R™ are random vectors, and a,b,a € R™ are constants
then it holds:

Ela 4+ bX 4+ cY] = a 4+ bE[X] + cE[Y] (66.25)

Thus E is a linear operator[def' 54.15]

Property 66.7

Affine Transformation of the Expectation:

If X € R™ is a randomn vector, A € R™*™ a constant matrix

and b € R™ then it holds:
E[AX + 0]

= Ap+ (66.26)

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-
erty 66.6 it follows:

E[E[X]] = E[X] (66.27)

varies:

V[X] :=2(X) := Cov [X, X] := (66.34)
“[ —EX]D)(X - E[X]T]
E[XXT] - E[X]E[X]T € [~00, 0]
VX e Cov [X1, X1]
Cov [X1, X1] VIX]
EUX1 = 1) (X1 = pa)] zoeeeeees E[(X1 = p1)(Xp = )]
LX) = ) (X1 = )] oo X = ) (X = )

Note

o The correlation/covariance reflects the noisiness and direc-
tion of a linear relationship (top row fig. 17), but not the
slope of that relationship (middle row fig. 17) nor many
aspects of nonlinear relationships (bottom row)

« The set in the center of fig. 17 has a slope of 0 but in
that case the correlation coefficient is undefined because
the variance of Y is zero.

« Zero covariance/correlation Cov(X,Y) = Corr(X,Y) = 0
implies that there does not exist a linear relationship be-
tween the random variables X and Y.

Difference Covariance& Correlation

1. Variance is affected by scaling and covariance not 7?77
and law 66.3.

2. Correlation is dimensionless, whereas the unit of the covari-
ance is obtained by the product of the units of the two RV
variables.

Law 66.4 Covariance of independent RVs: The covari-
ance/correlation of two independent variable’s (?7?) is zero:
Cov[X,Y] =E[XY]—-E[X]E[Y]

e (8520 _ pix)m[y] - E[X]E[Y] = 0

Note: Covariance and Variance

The variance is a special case of the covariance in which two
variables are identical:

Zero covariance/correlation= independence

Cov(X,Y) = Corr(X,Y) =0 nx,y(z,y) =
1,1]) and let Y =

x (@)py ()
%2,

For example: let X ~ U/([—

1. Clearly X and Y are dependent
2. But the covariance/correlation between X and Y is non-
zero:
Cov(X,Y) = Cov(X, X2) =E [x . X2] —E[X]E [Xz]
. (66.63
- :Z[X3] 7£[X]1E[X2] e @ )070-5[)(2]
eq. (66.52)

= the relationship between Y and X must be non-linear.

Property 66.8 Matrixx Expectation: If X € R” is a ran- Cov[X,X]=V[X] = ﬂ2(X) E ”%{ (66.35)
domn vector and A € R™*™ B € R™"*™ are constant matri-
ces then it holds: Property 66.12 Translation and Scaling:
2 [AXB] = AE [(XB)] = AE[X]B (66.28) Cov(a +bX,c+dY) = bdCov(X,Y) (66.36)
Proof 66.6: eq. (66.24): Property 66.13
Affine Transformation of the Covariance:
If X € R™ is a randomn vector, A € R"*™ a constant matrix
(XY ’
1= 2 2 X, v (@ y)zy and b € R™ then it holds:
R Cov[AX + 1] = AV[X]AT = A5 (X)AT (66.37)
= D) vx(@ez Y vy )y = E[X]E[Y] — - -
seX yey Definition 66.18 Correlation Coefficient: Is the stan-

2. The Variance

Definition 66.15 Variance V[X]: The variance of a ran-
dom variable X is the expected value of the squared deviation
from the expectation of X (1 = E[X]).
It is a measure of how much the actual values of a random
variable X fluctuate around its executed value E[X] and is
defined by:

VIX]:=E [(X —E [X])z]

see ?; 66.7 E [XQ] _E [X]2

(66.29)

2.2.1. Properties

Property 66.9 Variance of a Constant: If o € R is a con-
stant then it follows that its expected value is deterministic
= we have no uncertainty = no variance:

dardized version of the covariance:

) Cov [X
Corr [X] : = - - e[—1,1] (66.38)
X1 TX,
{41 Y =aX +bwitha>0,beR
T l-1 ifY=auX+0bwitha<0,beR

Figure 17: Several sets of (z, y) points, with their correlation
coefficient

Definition 66.19 Quantile: Are specific values ¢, in the
rangeld®® 5419 of 4 random variable X that are defined as the
value for which the cumulative probability is less then g, with
probability « € (0, 1):

F invert. _

go (X <) = Fx (qa) = @ do = F3' (o)
(66.40)

3. Proofs

Proof 66.7: eq. (66.29)

V[Xx] =E[(X - E[X])?
Proper=ty 66.6

1=E [X2 —2XE[X]+E [X]2]

E [X2] — 2R [X]E[X]+E[X]? =& [Xz] —u?

Proof 66.8: Property 66.10
Vo +0X] = E[(a + bX —E[a + bX])?

]E[(/Jr Xf/f JE[X])2]
= E[0X = tE[x])?]
E[0? (X - E[xD?]
2]E[(X—]E[X])2]: 252

V[a] =0 with aeR (66.30)
see shift and scaling for proof 7?7 66.8
Property 66.10 Shifting and Scaling:
V[a+ bX] = a2c? with aeR (66.31)
see 77 66.8
Property 66.11 [proof 66.9]

Affine Transformation of the Variance:

If X € R™ is a randomn vector, A € R™*X"™ a constant matrix

and b € R™ then it holds:
VIAX + 5]

= AV[X]AT (66.32)

Law 66.3 Translation and Scaling:

Corr(a + bX,c + dY) = sign(b)sign(d)Cov(X,Y) (66.39)

Proof 66.9: Property 66.11

V(AX + )_4[(Ax E[XA]) ]+o—
[(AX — E[AX])(AX — E[AX])T]
=E[AX - E[X])(AX — (E[X])T]
=E[AX - E[X]D(X — (JE[X])TAT]
=AE[(X -E[X]D(X - (E[X]T]A

=E

= AV[X] AT

Proof 66.10: eq. (66.33)
Cov [X,Y] = E[(X — E[X])(Y —E[Y])]
—E[XY — XE[Y] —E[X]Y +E[X]E[Y]]
—E[XY]-E[X]E[Y] —E[X]E[Y]+E[X]E
—E[XY]-E[X]E[Y]

[v]




Discrete Distributions

Definition 66.20 Multivariate Distribution: the variate
refers to the number of input variables i.e. a m-variate distri-
bution has m-input variables whereas a uni-variate distribu-
tion has only one.

Dimensional vs. Multivariate

The dimension refers to the number of dimensions we need to
embed the function. If the variables of a function are indepen-
dent than the dimension is the same as the number of inputs
but the number of input variables can also be less.

1. Bernoulli Distribution Bern(p)

Explanation 66.1. Lets consider a box of n balls consisting
of black and white balls. If we want to know the probability of
drawing first ezxactly x white and then exactly n — x black balls
we can simply calculate:

( ) () r n—x
— —
z-times n — x-ltimes

But if we do not care about the order we need to increase the
probability by the different ways we can achieve this result by
adding the binomial coefficient.

4. Geometric Distribution Geom(p)

Definition 66.21 Bernoulli Trial: Is a random experiment
with exactly two possible outcomes, success (1) and failure
(0), in which the probability of success/failure is constant in
every trial i.e. independent trials.

Definition 66.22 Bernoulli Distribution X ~ Bern(p):
X is a binary variable i.e. can only attain the values 0 (failure)
or 1 (success) with a parameter p that signifies the success

Definition 66.26 Geometric Distribution Geom(p):
Models the probability of the number X of Bernoulli

trials!det 6621 yntil the first success
x :nb. of repetitions until first
(@) = (1 — ):c—l success

:success probability of single
Bernoulli experiment

F(z) = i (L= )it e G g e

i=1
1 1—
E[X]=— (66.47) VI[X] = 5

(66.48)

probability:
forxz =1 X =1)=
ip) = —
(@5 0) {17 for z =0 {EX:ngl—
=0 (1= for x e {0,1}
E[X] = (66.41)  V[X]=p(1—p) (66.42)
2. Multinoulli/Categorical Distribution Cat(n, p)

Definition 66.23

Multinulli/Categorical Distribution
Is the generalization of the Bernoulli distributio
a sample space[def' 65:2] of | individual items {c1,...

X ~ Cat(p):
nldet. 66.22] ¢

, Ce} with

probabilities p = {p1,..., 0}
k <
lp—e
pe=cilp)=v; = palp) = ]s, 7
k3
k
Mipj=1 j€[0,1] Vi=1,...,k (66.43)
J=1
) : . i(1—p;) ifi=j
E[X] = VIX]; =% = i ‘ :
(X1 (X1:.5 o {— iPj ifi#j

Notes

e E[X] is the mean waiting time until the first success
« the number of trials x in order to have at least one success
with a probability of »(x):
(=)

1—

T =

) &~ —p for small

o log(1l —

5. Poisson Distribution Pois(X)

Corollary 66.3
One-hot encoded Categorical Distribution:
If we encode the k categories by a sparse vectors!dt %7 with
norm one:

B ={x€{0,1}" : xTx = Z x =1
s.t.

then we can rewrite eq. (66.43) as:

XJ = ej Saad

Definition 66.27 Poisson Distribution: Is an extension
of the binomial distribution, where the realization x of the
random variable X may attain values in Z>q.
It expresses the probability of a given number of events X oc-
curring in a fixed interval if those events occur independently
of the time since the lascg event.
(@ =e 2
x!

A>0
(66.49)
x € Lx>q
Event Rate \: describes the average number of events in a
single interval.
E[X] =\ (66.50) v

[X]=2A (66.51)

k k
(xIp) =T]xi- i Mopj=1 (66.44)
@ j=1
3. Binomial Distribution B(n, p)
Definition 66.24 Binomial Coefficient:
The binomial coefficient occurs inside the binomial

distribution!def 6-25]  anq signifies the different combina-

tions/order that z out of n successes can happen see also
[def. 64.5]

Definition 66.25 Binomial Distribution [proof 66.1]:
Models the probability of exactly z success given a fixed num-
ber of n-Bernoulli ea:periments[d”f' 66211 " where the probability
of success, of a single experiment is given by
n n :nb. of repetitions
(z) = ( > T —p)nT® x :nb. of successes
T :probability of success

V[X] = np(l - p)

(66.45) (66.46)




Continuous Distributions

1. Uniform Distribution U(a, b)

4. The Normal Distribution N(p, o)

5.5.2. Linear Transformations of Normal Dist.

Definition 66.28 Uniform Distribution U (a,b):

Is probability distribution, where all intervals of the same
length on the distribution’s support!4e® -6 supp(i/[a,b]) =
[a, b] are equally probable/likely.

(@) 1 ‘1 = const c a<xz<Db
z) = Ly =4 0-a i
b — o weleh) 0 else
(66.52)
(0] T <a
F(z) ={ == if a<z<b (66.53)
1 x >b
a+b (b —a)?
E[X] = —— V(X) = ——— 66.54
(X1 - — (%) = —— (66.54)
1
b—a
1
0 «a t 0 a b ”
(@) Ix(@ (b) Fx()

Definition 66.31 Normal Distribution X ~ A (p, 02):
Is a symmetric distribution where the population parameters

Proposition 66.1 [proof 66.12]
Linear Transformation:

Let X be a normally distributed random wvariable X ~
/\’(;1,,(72), then the linear transformed r.v. Y given by the
affine transformation Y = a + bX with « € R,b € Ry follows:

1 Yy —a
T ()

= y(y) = —/x
(66.71)

Y ~ N (a+ bu, b%07)

Corollary 66.5

Linear Transformation from Standard Normal Dist.:
Let X be a standard normally distributed random variable
X ~ N(0, 1), then the linear transformed r.v. Y given by the
affine transformation Y = a + bX with « € R,b € Ry follows:

1 —_
Y~ N (a,0%) X (y : ”) (66.72)

= y(y) =

1, o< are equal to the expectation and variance of the distri-
bution:
E[X] = n V(X) = o2 (66.59)
( 2) 1 { 1 (w—u)z (66.60)
zyp, o) = exp{—— .
e oV 2w 2 o
F( %) . F { ! (u_“)z}d (66.61)
Ty, o07) = exp{—— u .
T o271 J—oo 2 o
zeR or —0<zT<®©
u?o?
px(u) = exp{iup — p (66.62)
x
<P“1<,2( ) 1 11;“,02( )
0.5
o J x
T T
Figure 19: pn=0 n=0 =0 = —2
02=02 o?=10 2=50 o2

Definition 66.35 X ~ Ny (p, diag (n?, S
Diagonal Gaussian Distribution [proof 66.17]:

A diagonal Gaussian is a Multivariate
Normaldistribution/Gaussian!d! 634 with a  diagonal

2
2)

covariance matrix with that can be decomposed into &
independent distributions:
X = (X1 Xn)T with  p= (E[x1] E[x,])7
and /& X k p.s.d.covariance matrix:
di 2 2
iag (o7,...,0%
and is given by:
k
x(X1, 0 Xp) = N, ) = [] /x, (X0) (66.78)
i=1
1 1 & (z; —/,L?)
= —exp | —— Z _
(T o2 2 a2
@m (1T, o2 P

Proposition 66.2 Standardization [proof 66.13]:
Let X be a normally distributed random variable X ~
.’\/(,u,rrz), then there exists a linear transformation Z =
a+bX s.t. Z is a standard normally distributed random vari-
able:

z=270 )
— > Z ~ N(0,1)

X ~ N(p,02) (66.73)

Explanation 66.2 (Diagonal Gaussian Distribution). Is a
Gaussian distribution that is scaled along the azis i.e. for a 2d
distribution an ellipse along the © or y-axis.

2. Exponential Distribution exp(A)

Definition 66.29 Exponential Distribution X ~ exp()\):
Is the continuous analogue to the geometric distribution
[def. 66.26]

It describes the probability {(z; \) that a continuous Poisson
process (i.e., a process in which events occur continuously and

Property 66.14: 'x(p—oc <z < p+ o) = 0.66

Property 66.15: 'x(u —20 <z < pp+ 20) = 0.95

5. The Standard Normal distribution N(0,1)

Note

If we know how many standard deviations our distribution is
away from our target value then we can characterize it fully
by the standard normal distribution.

Historic Problem: the cumulative distribution eq. (66.61)
does not have an analytical solution and numerical integra-
tion was not always computationally so easy. So how should
people calculate the probability of = falling into certain ranges

Proposition 66.3 [proof 66.14]
Standardization of the CDF: Let Fx (X) be the cumula-
tive distribution function of a normally distributed random
variable X ~ A (u,c2), then the cumulative distribution
function ® 7 (z) of the standardized random normal variable
Z ~ N(0,1) is related to Fx (X) by:

Fx(z) = @ (%) (66.74)

6. The Multivariate Normal distribution

Definition 66.36 X ~ N (p,1,02)
Isotropic Gaussian [proof 66.17]:
An isotropic Gaussian is a diagonal Multivariate Normald-
istribution/Gaussianexplanation 66.2 with constant standard
deviation along the diagonal:

X = (X1 X)) with  p=(Elx1] ... E[x.]T
and k& x k p.s.d.covariance matrix:
o ifi=j
I,0=di 1), 0=
i fag (1) @ {O else
and is given by:
k
x(X1,.00 X)) = N, 2) = ] /x,(X0) (66.79)
i=1

1 n

2
exp [ —— i —
2 e > (@i = 14)

i=1

(2mo2)k

1. Joint Gaussian Distributions

Definition 66.33
Multivariate Normaldistribution/Gaussian:
An R"™-valued random variable X = (X1 B Xn) is Multi-
variate Gaussian/Normaldistribution if every linear combina-
tion of its components is a (one-dimensional) Gaussian:

n

du, o : Z a; X | = N(u, 02) Vo, €eR  (66.75)
i=1
(possible degenerated N(0,0) for Va; = 0)

Definition 66.37 Jointly Gaussian Random Variables:
Two random variables X, Y both scalars or vectors, are said
to be jointly Gaussian if the joint vector random variable
Z =[X Y]7 is again a GRV.

independently at a constant average rate) will succeed/change (z € [”’ D7 )
state after a time interval z. Solution: use a standardized form/set of parameters (by
e~ T x>0 convention) Ng 1 and tabulate many different values for its
(z; N) = { if (66.55) || cumulative distribution ¢(z) s.t. we can transform all fam-
0 z <0 ilies of Normal Distributions into the standardized version
Fa;\) = 1—e % i z=0 (66.56) N(p,o?) =N N(0,1) and look up the value in its table.
’ 0 z<0 '
1 1 Definition 66.32
E[X] =~ V(X) = — (66.57) Standard Normal Distribution X ~ A(0, 1):
A A2
3. Laplace Distribution E[X]=0 V(X)=1 (66.63)
1 1.2
Definition 66.30 Laplace Distribution: (z;0,1) = e 27 (66.64)
1 |x — V2w

Laplace Distibution (x;p,0) = —exp | —— 1 x _la

20 o F(z;0,1) = —f e 2 du (66.65)
(66.58) V2w J—o
zeR or —0<zT<®©
vx() =eT  px=—e T (66.66)
Corollary 66.4

Standard Normal Distribution Notation: As the stan-

dard normal distribution is so commonly used people often
use the letter Z in order to denote its the standard normal

Note

« Joint vs. multivariate: a joint normal distribution can be
a multivariate normal distribution or a product of univari-
ate normal distributions but

e Multivariate refers to the number of variables that are
placed as inputs to a function.

Property 66.17 proof 66.16
Joint Independent Gaussian Random Variables: Let
X1,...,Xn be R-valued independent random variables with

laws N (ui,o'? Then the law of X = (X1 Xn) is

a (multivariate) Gaussian distribution X ~ N(p, ) with:

02 0eeeeenns 0 u1
0 ngo 12

U= N : and = (66.80)
0 Oevnnnns o2 Wn

distribution and its a-quantilel®® %19 is then denoted by:

Zo = @ 1 (a) a e (0,1) (66.67)
5.5.1. Calculating Probabilities
Property 66.16 Symmetry: Let z > 0
(Z<z) = @(z) (66.68)
(Z<—2) = ®(—2z)=1—>(2) (66.69)

(—a<Z2<b) = @®0)—®(—a)=()—(1—(a))

T od(z) — 1 (66.70)

Definition 66.34
Multivariate Normal distribution:
A k-dimensional random vector

X = (X1 Xn)T  with  p=(E[x1] ... E[x.])T
and k X k p.s.d.covariance matrix:

5= E[(X = p)(X = p)T] = [Cov[x;,x;],1 <i,j < k]

follows a k-dim multivariate normal/Gaussian distribution if
its law!def 65-23] gatisfies:

x(X1,...,Xk) :1;\"(#,\‘) (66.76)

e (XWX )

A/ (2m)Fdet ()
-

Normalisation

X~ N (s 2)

(66.77)

1
px(u) = exp {iuTu — Eu\fu}

Corollary 66.6 Quadratic Form:
If x and y are both independent GRVs
x ~ N(pa, Yaz) ¥~ Ny, y)
then they are def. 66.37  given
(x,y) = p(@)0(y) (66.81)

o exp (—% {(x — )T )+ (v — ) TE uy)})

= exp (—%[(x — )T (v —my)T]

jointly Gaussianl by:

=7 o

e o)

a -1
Sexp—_(z—p)TE; (2 — )




Property 66.18

Marginal Distribution of Multivariate Gaussian: Let
X = (X1 Xn)T ~ N(p,>) be aan R" valued Gaussian
and let V = {1,2,...,n} be the index set of its variables.
The k-variate marginal distribution of the Gaussian indexed
by a subset of the variables:

A= {i1,... i} eV (66.82)
is given by:
T
x = (X, X )T~ N (as 2 aa) (66.83)
02 . ieiieio2 Hiq
it i, g
= .. and w= :
2' ...... ..02. .
i1 g My,

4. Gamma Distribution I'(z, a,

)Proofs

Definition 66.39 Gamma Distribution X ~ I'(z, «, J):
Is a widely used distribution that is related to the exponential

2. Conditional Gaussian Distributions

Property 66.19 Conditional Gaussian Distribution: Let
X = (Xl Xn)T ~ N (p,>) be aan R" valued Gaussian
and let V = {1,2,...,n} be the index set of its variables.
Suppose we take two disjoint subsets of V:

A= {i1,...,ip} B={j1,---sJm}
then the conditional distribution of the random vector X 4,
conditioned on X g given by p (X4 |Xp = xp) is:

X4 = (X X

i, Jyr €V

i )T~ N (iapsCas)  (66.84)

I
HAB =HA+YaBY gp (xXB — 11B)

~ ~ ~ =1
YAB = YAA — “AB>pp~BA

Proof 66.11 Definition 66.25: Consider a sequence of n ran-
dom {X;}! ; Bernoulli experiments(@°® ©0-22]  with success

probability
Define the r.v. Y, to be the sum of the n Bernoulli variables:
n
Yo=Y X; neN
i=1

i.e. the total number of successes. Now lets calculate the prob-
ability density function f, of Y,,. First let (zl zn) €
{0,1}™ and let y = 37" | @; a bit sting of zeros and ones, with
one occuring y times.

(X1, X2, , Xn) = (@1, @2, ..., Tn))

=) () =YY
NE— N
y n — y-times

However we need to take into account that there exists fur-
ther realization X = x, that correspond to different or-
ders of the elements in our two classes {0, 1} which leads to

st = (3):

o) = (Z) V(- )Y

ye{0,1,...,n}

Proof 66.15: Property 66.21 scalar case
Let y ~ p(y) = N(,02) =
define x = ay + aeRy,beR
Using the Change of variables formula it follows:
_, ea. (65.46) y @) dz
L@ E I Tl=c
192

—
-

- €
a \/2mp2
1 1
= exp [ —
V2ma2p? 20242

(7 2
E—
N7

Hence z ~ N(pg, ni) = N(ap + b, /:2/72)

Note

‘We can also verify that we have calculated the right mean and
variance by:

Elz] =E[ay +b] = aE[y] + b =ap +
Vz] = V[ay + 0] = (12V [y] = a2

distribution, Erlang distribution, and chi-squared distribution
as well as Normal distribution:
:L‘u7167 x
(x50, 3) = { T'(e) if (66.88)
. (54.81 o — —
(o) °F (8D f t* et at (66.89)
0
with a, 3 € Rso
5. Chi-Square Distribution Xi
6. Student’s t-distribution
Definition 66.40 Student’ t-distribution:
7. Delta Distribution
Definition 66.41 The delta function §(x):
The delta/dirac function §(x) is defined by:
|, 56060 ax = @
for any integrable function f on R.
Or alternativly by:
§(x — zp) = lim N (z|zg, o) (66.90)
~ Ol —ag) (66.91)

Note

Can be proofed using the matrix inversion lemma but is a very
tedious computation.

Corollary 66.7

Conditional Distribution of Joint Gaussian’s: Let X
and Y be jointly Gaussian random vectors:

X A[re] [A C

S~ (s ler Bl) oo

then the marginal distribution of x conditioned on y can be

written as: X ~N (/LX\Yx \-'XIY)

px + CB™ (y — py)

Property 66.23 Properties of §:
« Normalization: The delta function integrates to 1:

J S(z)dx = f 6(x) - ci(z)dz =c1(0) =1
R R

where ¢j(z) = 1 is the constant function of value 1.
« Shifting:

JRJ(CC —x0)f(z)dz = f(zo) (66.92)

fi 8(=2)J (2) do = £(0)
fz 6(a2)f(2) dz = 7L £(0)

« Symmetry:
« Scaling:

XY =

Yx|y =A-CB 'CT (66.86)
3. Transformations
Property 66.20 Multiples of Gaussian’s AX:

Let X = (X1 Xn)T ~ N(u, ) be a an R™ valued
Gaussian and let A € R4%X"™ then it follows:

Y =AXeR Y ~ N (Ap, ALAT) (66.87)

Note

« In mathematical terms ¢ is not a function but a gernalized
function.

« We may regard §(x—xg) as a density with all its probability
mass centered at the signle point zg.

« Using a box/indicator function s.t. its surface is one and

Property 66.21 Affine Transformation of GRVs: Let

y € R® be GRV, A € R?**"™ ;, ¢ R? and let x be defined
by the affine transformationldef- 59:451;
x= Ay + A eRP"™ e r?

Then x is a GRV (see 7?7 66.15).

Proof 66.12: proposition 66.1: Let X be normally distributed
with X ~ N (u, 02):
y—a )

>0
Fy(y) 'S iy (Y <y) =0+ 10X <y) = x(Xs
y—vz)

e+ X<y ='x(X=

Differentiating both expressions w.r.t. y leads to:
1dFx (452)

_dFy @ ] b dy _ 1 y—a
y =Ty , arx (22) T x(4=)
—_b dy
eq. (66.71)).

in order to prove that Y ~ A/ (u + b, 2172) we simply plug
x in the previous expression:

Proof 66.16: 77
n
x(u) = [[rx, ()

i
- ﬁ 1 exp (_ (fi—l'i)2>
1/27ra? 2‘7?

i=1
1 2 . 1 2
px(u) = exp jiuypg — SOLUI [ eXP | funfin = Sonty,

e 1S 2 T 1
= exp 1271,"/4” — 52 opuy, ¢ = exp{iul g — Eu\u

Property 66.22 Linear Combination of jointly GRVs:
Let x € R, y € R™ two jointly GRVs, and let z be defined
as:

z=A;x+ Ayy Ay e R AL e RTX™
Then z is GRV (see 77 66.18).

Definition 66.38 Gaussian Noise: Is statistical noise hav-
ing a probability density function (PDF) equal to that of the
normal/Gaussian distribution.

y—a
its width goes to zero, instead of a normaldistribution () = 1 ex 71 —H
eq. (66.90) would be a non-differentiable/discret form of vy V2mo|b| P 2 o
the dirac measure. 2
1 1 [y — (o +bp)
it . s ion: = —— exp{—— | —mMM8M8=~
Definition 66.42 Heav(;mde Step Function mglbl > o]
H(z) := — max{z,0} x€Ryg (66.93)
dz Proof 66.13: proposition 66.2: Let X be normally distributed
or alternatively: with X ~ N (g, 02):
ro X — 1 1
H(z) ::J i(s)ds (66.94) || 7z .= P Zx B x4 witha=—,p=-%
—© o o o 20
. (66.71 ' o )
ca @D iy (o +b,0%0%) ~ N (’— - —2> ~ N(0,1)
o o o

Proof 66.14: proposition 66.3: Let X be normally distributed

with X ~ N (p, 02):
X — — —
( ;Lsz ;L): (ZSI u)
o o o

.
Fx(z) = (X <x) =

o)

Proof 66.17 Diagonal Gaussian Distributionld¢f 6:351;

1

3 0eeeeenn0

S 1

0 L....oei0 2
=1 . {72_

o
o

(X=p)T= (X =) =

(z1 = p1)
(w2 = p2)

=[(x1 —p1) (22— p2)

[CTR

2 2
x L x L
(21 — 1) (z2 — p2)

2 2
71 72 K

o
i=1 i

Combining those two lead directly to:

S S, (_1 5 7>
[(2m)k (1—[?:1 U?) 2.2 o7

x (X1, Xg) =




Proof 66.18: Property 66.22
From Property 66.21 it follows immediately that z is GRV
z ~ N(pz,>,) with:
z = A¢ with A = [Am Ay] and £ = (x y)
Knowing that z is a GRV it is sufficient to calculate 1, and
2~ in order to characterize its distribution:
Elz] =E [ATx + Ayy] =Agpg +Aypy

v [z] =V [A‘\] : AV [i] AT

“1ae ey UG A A
_ Vial  Covlz,ul][A]
=tae Aoyl CUEAT

= A,V [z] A; + A,V [v] A;
Ay Covy,z] AT + AzCov[z,y] A;
—_— [

+

=0by independence —(0by independence
— T T
=Az A, + Ay yAy

Note

Can also be proofed by using the normal definition of [d¢f 66-15]
and tedious computations.

Proof 66.19: Equation (66.43) If x = ¢; i.e. the outcome c¢;

has occurred then it follows:
k
8
[z=c;] 0 1 0
. =l Y = L= p(x = e4p)

J




Sampling Methods

1. Sampling Random Numbers

Most math libraries have uniform random number gener-
ator (RING) i.e. functions to generate uniformly distributed
random numbers U ~ U[a, b] (eq. (66.52)).

Furthermore repeated calls to these RNG are independent,
that is:

77
Uy ,U, (w1, u2) = pyy (u1) - by, (u2)

1
N {0 otherwise

Question: using samples {u1,...,up} of these CRVs with
uniform distribution, how can we create random numbers with
arbitrary discreet or continuous PDFs?

if uy,ug € [a, ]

Note

Strictly speaking we may not assume that a CDF is strictly
increasing but we as all CDFs are weakly increasing (l4¢f 5412])
we may always define an auxiliary function by its infinimum:

1. Monte Carlo (MC) Integration

Integration methods s.a. Simpson integration!d°f 62:34] guffer
heavily from the curse of dimensionality.
An n-orderldef- 62:31) quadrature scheme Q, in l-dimension is

2. Inverse-transform Technique

Idea

Can make use of section 1 and AF x (X)
the fact that CDF are increas- 1
ing functions ([4°% 54121 Advan-
tage:
« Simple to implement
« All discrete distributions can
be generated via inverse- trans-
form technique
Drawback: x
« Not all continuous distribu- T
tions can be integrated/have closed form solution for their
CDF.
E.g. Normal-,Gamma-,Beta-distribution.

ul

-1
FL(u

=1 g
Fy = inf{a|Fx(X) = 0} ue[0,1] (67-5) | usually of order n/d in d-dimensions.
2. Discret Case Idea estimate an integral stochastically by drawing sample
Tdea from some distribution.
Given: a desired U ~ 1[0,1] Fx(X) Definition 67.6 Monte Carlo Integration:
discret pmf X s.t. 1 13 3+4 (67.12)
(X = ;) = Px () . | l 2. Rejection Sampling
and uniformly distributed x (z 3. Importance Sampling
rn {ui,ug,...}. “
Goal: given a uniformly |Fy(z;,_; .
distributed rn u determine T—‘
k s.t.: —e
k—1 k 0 0 Tk Z
>o<U< Y, = Fx (z-1) <u<Fx (z1)
i=1 i=1
(67.6)

and return x,.

1. Continuous Case

Definition 67.3 One Discret Variable:
1. Compute the CDF of py (ldef 66:81)
x

Fx(z)= 3 »ox(®) (67.7)
t=—00
2. Given the uniformly distributed rn {u;}"_; find k" (£ in-
version) s.t.:
Fx (x;\(i),l) <u; < Fx (m}‘(l)) Yu, (67.8)

Definition 67.1 One Continuous Variable: Given: a
desired continuous pdf [x and uniformly distributed rn
{uy,uz,...}:

Proof 67.2: ?77: First of all notice that we can always solve
for an unique z;,. Given a fixed z, determine the values of
w for which:

1. Integrate the desired pdf [ x in order to obtain the desired Fx (z,‘,l) <u<Fx (z) (67.9)
cdf Fx: Now observe that:
£ < F )=F - .
Fyx (z) = j (1) dt (67.1) u S Fx(zy) x(@p—1) + vx (@)
- =Fx (zp-1) <u < Fx(zp—1) + px ()
! The probability of U being in (F x (z;_ Fx(z is:
2. Set Fx(X) = U on the range of X with U ~ /[0, 1]. P v g in ( X;):(zlk))’ x ()]
3. Invert this equation/find the inverse F;I(U) i.e. solve: (UelFx(zp_1), Fx(z)]) = JF ( ) v (t)dt
) x (@1
U=Fx(X)=Fx|(Fy (U) (67.2) Fx(z)) Fx(@,_1)+vx (@)
(_v__,) _ X \Z ldt:JX k—1 X R e = (@)
X Fx(ep_1) Fx (1)
4. Plug in the uniformly distributed rn: Hence the random variable z; € X has the pdf px.
zy = F 3 (u) s.t. i~ Ix (67.3)
Definition 67.4
Definition 67.2 Multiple Continuous Variable: Multiple Continuous Variables (Option 1):
Given: a pdf of multiple rvs [x y: Given: a pdf of multiple rvs px y:
1. Use the product rule (?7) in order to decompose [ x y: 1. Use the product rule (??) in order to decompose px y:
Xy =/x,y@y) = xy @Yy (67.4) X,y =x,y (@) = vx)y @y (v) (67.10)

2. Use [9¢% 6731 to first get a rv for y of Y ~ [y (y).
3. Then with this fixed y use [9°" 673 again to get a value for
zof X ~ [ xy(z]y).

2. Use ?? to first get a rv for y of Y ~ py (y).
3. Then with this fixed y use 77 again to get a value for = of

X ~ x|y (zly).

Proof 67.1; ldef 67:3];

Claim: if U is a uniform rv on [0, 1] then F}l(U) has F x as
its CDF.

Assume that Fy is strictly increasing (L
Then for any u € [0,1] there must exist a unique z s.t.
Fx(z) =u.

def. 54.12]y

).

Thus F'x must be invertible and we may write x = F)_(1

Now let o arbitrary:
Fx(a) =1z <a) = (F'(U) <a)
Since F x is strictly increasing:
(FX (W) <) = 7(U < Fx(a))

1dt = Fx(a)

eq. (66.52) JFX(”)
0

Definition 67.5
Multiple Continuous Variables (Option 2):
Note: this only works if X and Y are finite.

Given: a pdf of multiple rvs px y let Ny = |X] and
Ny = |Y| the number of elements in X and Y.
Define z(1) =px,y(1,1),p2(2) =px,y(1,2),...
0z (Nz - Ny) = px,y (Nz, Ny)
Then simply apply 77 to the auxillary pdf py
1. Use the product rule (??) in order to decompose | x y:
x,y = x,yv(@y) =Ixy(y)/y ) (67.11)

2. Use [9°F 6731 6 first get a rv for y of Y ~ [y (y).
3. Then with this fixed y use 9" 73] again to get a value for
zof X ~ [ x|y (e]y).

3. Monte Carlo Methods




Descriptive Statistics

1. Populations and Distributions

Definition 68.1 Population {xl}f\le
is the entire set of entities from which we can draw sample.

Definition 68.2

Families of Probability Distributions e
Are probability distributions that vary only by a set of hyper
parameters gldef- 6811

Note

The other kind of estimators are interval estimators which do
not calculate a statistic but an interval of plausible values of
an unknown population parameter 0.

The most prevalent forms of interval estimation are:

« Confidence intervals (frequentist method).

o Credible intervals (Bayesian method).

3.1.1. Empirical Mean

1. Null Hypothesis

Definition 68.15 Null Hypothesis
A null hypothesis Hg is an assumption on a populatio
parameterldef- 6831 .

Hog:
nldef. 68.1]

Hp:0=0p (68.12)

Definition 68.23

False Negative Type 1II Error:

Is the acceptance of a null hypothesis Hg, even-tough its false:
Test accepts Ho|H 5 true

< tp € To|HA true (68.19)

Definition 68.9 Sample/Empirical Mean z:
The sample mean is an estimate/statistic of the population

Definition 68.3 [example 68.3]

meanl?° %34 and can be calculated from an observation/sam-
ple of the total population {z;}}' ; < {zl}fvzl

Note

Often, a null hypothesis cannot be verified, but can only be
falsified.

Types of Errors

Definition 68.16 Alternative Hypothesis Hp/Hqp:
The alternative hypothesis Hj is an assumption on a
populationld®® 681 parameter!def 6531 ¢ that is opposite to the

Decision Hg true Hg false
Accept TN Type II (FN)
Reject Type I (FP) TP

6. Statistical Significance & Power

Question: how should we choose the split {7o, 71}7

The bigger we choose ©1 (and thus the smaller ©g) the more
likely it is to accept the alternative.

Idea: take the position of the adversary and choose ©1 so
small that 0 € ©1 has only a small probability of occurring.

Definition 68.24 [example 68.5]
(Statistical) Significance az
A study’s defined significance level o denotes the probability
to incur a Type I Errorldef: 68.22],
(tn € T1|Ho true) = " (test rejects Ho|Hg true) < o
(68.20)

Population/Statistical Par:.ameter - 'Fl‘: o null hypothesis.
Are i the' p[zjgfa.rg%ers defining families of probability F=fx=— Z z; (68.5) > 0o one-sided
distributions n 7 Hp :0{<0p (one-sided (68.13)
= # 0g (two-sided
Explanation 68.1 (Definition 68.1). Such hyper parameters
are often characterized by populations following a certain fam- || Corollary 68.1 [proof 68.1]| 2. Test Statistic
1 istributs i i Unbi d S le M :
ily of dzstmbu?zans with ‘th(-? help of a stastistc. Hence they are T}I:e :;:ne o ;‘;ﬂ :stir:::;r i unbiased: The decision on the hypothesis test is based on a sample
called population or statistical parameters. P bl vy : (65.6) e o preEbitm S) = By oee sl Mewores (e dlo
1. Characteristics of Populations X cision is usually not based on single sample but a sample
statisticld® 36 a5 this is easier to use.
Deﬁnltion 68.4 Population Mean: Given a population || Corollary 68.2 [Proof 68.2]
{zl} _, of size N its variance is deﬁned as: Variance of the Sample Mean: Definition 68.17 [example 68.4]
The variance of the sample mean estimator is given by: Test Statistic/Testing Parameter T
= — Z T4 (68.1) Viix] = — 52 (68.7) Is a sample statisticld®™ 98:6] ysed for hypothesis tests in order
N i—1 n X to give evidence for or against a hypothesis:
3.1.2. Empirical Variance tn = T(Dn) =T ({X1,...,Xn}) (68.14)
Definition 68.5 Population Variance: Given a Npopulatlon Definition 68.10 Biased Sample Variance: 3. Sampling Distribution
{z;};, of size N its variance is defined as: {z;};_ . . . o
i The sample variance is an estimate/statistic of the popula- Definition 68.18 (t)
tion variancel®® %89 and can be calculated from an observa- A DR . . ) . Y0
. u istribution/Sampling Distribution under Hg:
(68.2) Null Distribut /S 1 Distribut der H

2 2
- _z (21 — 1)
i=1

tion/sample of the total population {z;}]_; < {zl}f\]zl

Note

The population variance and mean are equally to the mean
derived from the true distribution of the population.

2. Sample Statistics

Definition 68.6 (Sample) Statistic: A statistc is a mea-
suarble function T that assigns a single value t to a sample
of random variables or population:

t:R" —R t=T(X1,...

E.g. T could be the mean, variance,. ..

1X’n)

Let D,, = {X1,...Xn} be a random sample from the true

Definition 68.25 Probability Type II Error H
A test probability to for a false negatwe[d"f 68:23] is defined as:
H(tn) =1 (tn € To|H1 true) = " (test accepts Ho|H1 true)
(68.21)

Definition 68.26 (Statistical) Power 1—
A study’s power 1 — J denotes a tests probability for a true

positive:
(tn) =1 (tn € T1|Hy true)
= " (test rejects Ho|H1 true)

(68.22)
(68.23)

Definition 68.7 Degrees of freedom of a Statistic: Is the
number of values in the final calculation of a statistic that are
free to vary.

n—1
is called Bessel’s correction. Multiplying the uncorrected pop-
ulation variance eq. (68.8) by this term yields an unbiased

Note

The function itself is independent of
the sample’s distribution; that is, the
function can be stated before realiza-
tion of the data.

3. Point and Interval Estimation

estimated of the variance.

Attention:

« The Bessel correction holds for the variance but not for the
standard deviation.

« Usually only the unbiased variance is used and sometimes

also denoted by sﬁ

1> . c e
2 _ -2 _ N2 population ppop and let T(Dy) be a test statistic of that
Sn = 9X n Z (@i = 1) (68.8) sample.
i=1 The probability distribution of the test statistic under the as-
sumption that the null hypothesis is true is called samplin,
Definition 68.11 [proof 68.3] dist:;bution' P ping
(Unbiased) Sample Variance: ) t~ T, =7 (t|Ho true) Xi ~ 'po (68.15)
The unbiased form of the sample varianceld*® 68101 is given by: 0 ° popP
4. The Critical Region
2 =5% = i — )2 (68.9)
Given a sample Dy, = {X1,...,X,} of the true population
pop how should we decide whether the null hypothesis should
Definition 68.12 Bessel’s Correction: The factor be rejected or not?
n (68.10) Idea: let 7 be the be the set of all possible values that the

sample statistic 7' can map to.
junct sets 7o and 77:

Now lets split 7 in two dis-

T=TovTi TonT =0
o if t, = T(Xy) € To we accept the null hypothesis Hg
o if t, = T(Xp) € T1 we reject the null hypothesis for Hj

Corollary 68.3 Types of Split:
The Critical region is chosen s.t. we incur a Type I Error with

probability less than o, which corresponds to the type of the
test[def. 68.16] i

Assume a population X with a given sample {Ii}?zl follows
some family of distributions:

X ~ px(;6) (68.3)
how can we estimate the correct value of the parameter ¢ or
some function of that parameter 7(0)?

1. Point Estimates

2. Interval Estimates

Definition 68.13 Interval Estimator 0:
Is an estimator that tries to bound an unknown parameter
0 of an underlying family of distributions[®® 682 for a given
sample {x;}]"_; of that distribution.

Let 0 € © and define two point statistics!4°f %61 g and h then
an interval estimate is defined as:

Definition 68.8 (Point) Estimator 02
Is a statisticl®® %56 that tries estimates an unknown param-

eter 0 of an underlying family of distributions!® %821 for a
given sample {x;}' ; of that distribution:
b= t(x1,...,%n) (68.4)

Vo e©® Ly =g9g(x1,...,%

(L <0< Up) =~ n g(x1 n)
€[0,1] Up = h(x1,...,%n)
(68.11)

Definition 68.19 Critical/Rejection Region 7Ti: Is the
set of all values of the test statistic[d°f 63:17) t,, that causes
us to reject the Null Hypothesis in favor for the alternative
hypothesis H 4:

K=T =

{T : Ho rejected} (68.16)

Definition 68.20 Acceptance Region
where we accept the null hypothesis Hg.
= {7 : Hp accepted}

To:

Is the region

(68.17)

(ca2 < X <c1) < two-sided
or (cng)s{—; and (XSC1)S2
(c2 £ X)< « one-sided
(X<c1)< one-sided
Decission
Hgy accept 1—«a 1-—
Hp rejected e
7. P-Value
Definition 68.27 P-Value p:
Given a test statistic ¢, = T (X1,...,Xy) the p-value p €

[0, 1] is the smallest value s.t. we reject the null hypothesis:
p := inf {a|t, € T1} tn, =T (X1,...,Xn) (68.24)
@

Definition 68.21 Critical Value c:
Is the value of the critical region ¢ € 71 which is closest to the
region of acceptanceld®® 68201

5. Type I&II Errors

Statistical Tests
4. Parametric Hypothesis Testing

Definition 68.14 Parametric Hypothesis Testing:

Hypothesis testing is a statistical procedure in which a hy-

pothesis is tested based on sampled data Xq1,...,Xp.

Definition 68.22

False Positive Type I Error:
Is the rejection of the null hypothesis Hg, even-tough it is
true

Test rejects Ho|Hp true

<= tp € T1|Hg true (68.18)

Explanation 68.2.

e The smaller the p-value the less likely is an observed statistic
ty, and thus the higher is the evidence against a null hypoth-
esis.

o A null hypothesis has to be rejected if the p-value is bigger
than the chosen significance niveau c.




Conducting Hypothesis Tests

Select an appropriate test statisticldef 63171 T,

Define the null hypothesis Hg and the alternative hypoth-
esis Hy for T.

Find the sampling distribution
given Hq true.

Chose the significance level «
Evaluate the test statistic ¢, = T (X1, ..
sampled data.

Determine the p-value p.

[def. 68.18] Uo(t) for T,

., Xp) for the

Make a decision (accept or reject Ho)

2CIONCIONCONCICIES

Tests for Normally Distributed Data

Definition 68.29 t-Test:
For a realization of T with {z;}}' ; and mean Z:

‘= Tn — 1O
N
we reject the null hypothesis Hg : ;1 = g for the alternative
H 4 if:
[t] Zln_11-4

— teTy (700,7tn_1y1_%] v [tn_lyl_%,oo)

[tn—1,1—a>®)
—tn—1,1—a

= teTi = (-0, ~th_1,a] = (0, —th—1,1-0]

tZ2tp_11—a
— teT1 =
t<tp_1,0 =

Let us consider an i.i.d. sample of observations {:v,-}:”:l, of a
normally distributed population Xpop ~ N (1, a2).
From egs. (68.6) and (68.7) it follows that the mean of the
sample is distributed as:

Xn ~ N, (72/n)
thus the mean of the sample X,, should equal the mean . of
the population. We now want to test the null hypothesis:
Xpn ~ N (1o, o2 /n) (68.25)
This is obviously only likely if the realization Z, is close to
Ho-

Hg :p = po —

5.1.1. Z-Test o known

Definition 68.28 Z-Test:
For a realization of Z with {z;};__; and mean Zp:
Tn — 1O
N
we reject the null hypothesis Hg : 1 = pg for the alternative
H 4 for significance niveauld®: 03241 o jf:
(=>z<z% vz?zl_%

z =

z| = =z
Izl = 2o

= 2€T1 = (—oo,—zlf%] U [zlf%,oo)
2= 21 0 = z€eT1 =[21-0,90)
2< 20 = —21—aq <> 2€T1 = (—0,—2a] = (0, —21-0a]
(68.26)
Notes
« Recall from [9ef 66:19] anq [cor 66.4] that.
i.e. =0.05 —
zo S z0.05 = @ () <= (Z < z0.05) = 0.05

o |z| = zl—% which stands for:

(Z < z0.05) + (Z 2 20.95) = (Z < —z1-0.05) + (Z = 20.95)
(1Z] = =z0.95)
can be rewritten as:

zZ2Z2z_a Vv
2

<

—zZzlf% = z< -—2z_a =za

2 2

+ One usually goes over to the standard normal distribution
proposition 66.2 and thus test how far one is away from zero
mean = Z-test.

« We thus inquire a Type I error with probability o and
should be small i.e. 1%.

5.1.2. t-Test o unknown

In reality we usually do not know the true o of the whole data
set and thus calculate it over our sample. This however in-
creases uncertainty and thus our sample does no longer follow
a normal distribution but a t-distribution wiht n —1 degrees
of freedom:

T~ ty_q (68.27)

Notes

o The t-distribution has fatter tails as the normal distribution
= rare event become more likely

« For n — oo the t-distribution goes over into the normal
distribution

« The t-distribution gains a degree of foredoom for each sam-
ple and loses one for each parameter we are interested in =
n-samples and we are interested in one parameter .

2. Confidence Intervals

Now we are interested in the opposite of the critical
region[dcf' GE1e] namely the region of plaussible values.

Definition 68.30 Confidence Interval I:
Let Dy, = {X1,...,Xn} be a sample of observations and T,
a sample statistic of that sample. The confidence interval is
defined as:
I(Dy) = {00 : Tn(Dn) € To} = {00 : Ho is not rejected}
(68.28)

Corollary 68.4 : The confidence interval captures the un-
kown parameter ¢ with probability 1 — a:

0 (0€I(Dn)) =" (Tn(Dn) € To) =1~ (68.29)

6.

Goal of Inference

Inferential Statistics

@ What is a good guess of the parameters of my model?
@ How do I quantify my uncertainty in the guess?




7. Examples Proof 68.3: definition 68.11:

- I 1 &
Example 68.1 ??: Let z be uniformly distributed on [0, 1] E [3%{] —E (e — i)2
([def- 66:28y with pmf px (z) then it follows: n—1 -
dy 1 Y -
& = de = dyy () = o = [* oyt = Fy (@) 1 n
dz by (v) Y o ! =——E| 3 (27 - 2050 + 2%)
n— =
Example 68.2 77: Let pi=t
1 no, n o,
Example 68.3 Family of Distributions: The family of :n 1 o Z z; — 2% Z T + Z
normal distribution A has two parameters {;1, 02} Li=1 i=1 =1
1 n
i — = E| Y« —2nz - nz + nz®
Example 68.4 Test Statistic: Lets assume the test statistic — ) '
follows a normal distribution: Li=1
T ~ N(u31) L i 2 2
= E z; — nT
however we  are unsure about the population n—1 °
parameterld°® 6831 g — | but assume its equal to fg ,;:1
thus the null-and alternative hypothesis are: _ 1 2 o2
Ho : = po Hy :p # 1o Th—1 Z [xl]fn[x]
i=1
Example 68.5 Binomialtest: 1 n 2 2
Given: a manufacturer claims that a maximum of 10% of its = 1 Z (% +p%) —nE [T ]
delivered components are substandard goods. n i=1
In a sample of size n = 20 we find * = 5 goods that do not ful- 1 n 1
fill the standard and are skeptical that what the manufacture = (02 +p°)—n (70’2 + p )
claims is true, so we want to test: n—1 i—1 n
Hg:p=pg=0.1 vS. Hy:p>0.1 1 2 2 2 2
We model the number of number of defective goods using the = n—1 [(ng +nut) - (U +nu )]
binomial distributionde!- 66-25] 1 2 2 1 2 2
X ~B(n, ) T\ . ok = [no® - o] = [(n=1)0%] ==
,n =20 (X>z>=2() (1= n-t n
~T(n,p) k
k=x
from this we find:
0()(;4):17 0(X<3)=O.13
(X =25)=1-0,,(X<4)=004<a

thus the probability that equal 5 or more then 5 parts out of
the 20 are rejects is less then 4%.

= throw away null hypothesis for the 5% niveau in favor to
the alternative.

= the 5% significance niveau is given by K = {5,6,...,20}
Note
If ¢ < n/2 it is faster to calculate (X > z) = 1-(X < z—1)
8. Proofs
Proof 68.1; [cor 6811,
slix =8| S| = 2a| S w | = Sefps
n i=1 n i=1 n 1....m

Proof 68.2: [cor 68:2]

1 & Property 66.10 1

Viixl=v|= 3 = 2 —v| Y

X n 7 TL2 = i
1= 1=




Stochastic Calculus

Stochastic Processes

Definition 69.1
Random/Stochastic Process
An  (R%-valued) of
(]Rd —valued) random variables X; on the same probabil-
ity space (€2, A,7). The index set 7 is usually representing
time and can be either an interval [t1,t2] or a discrete set
{t1,t2,...}. Therefore, the random process X can be written
as a function:

X:T SRy xQm—R?

{Xt,te TSRy}

stochastic process is a collection

—  (t,w) > X(tw) (69.1)

Definition 69.9 Adapted Process: A stochastic process
{Xt,t € T <Ry} is called adapted to a filtration F if:
vt

That is the value of X is observable at time ¢

X¢ is Fi-measurable (69.5)

1. Markov Process

Definition 69.10 Predictable Process: A stochastic pro-
cess {X¢,t € T € Ry} is called predictable w.r.t. a filtration
F if:

vt

Xy is Fy_1-measurable (69.6)

That is the value of X is known at time ¢t — 1

Definition 69.2 Sample path/Trajector/Realization: Is
the stochastic/noise signal r(-,w) on the index setldet: 5111 7
that we obtain be sampling w from .

Notation

Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space X (¢, w) := X (¢t)

Note

The price of a stock will usually be adapted since date k prices
are known at date k.

On the other hand the interest rate of a bank account is
usually already known at the beginning k — 1, s.t. the in-
terest rate ry ought to be Fj_; measurable, i.e. the process
r = (Tk)kzl,...,T should be predictable.

Definition 69.14 Markov Process: A continuous-time
stochastic process X(t),t € T, is called a Markov process
if for any finite parameter set {t; : t; < t;41} € T it holds:
(X(tn41) € BIX(t1), .-, X(tn)) = 7 (X(tnt1) € BlX(tn))
it thus follows for the transition probability — the probability
of X (¢t) lying in the set B at time ¢, given the value = of the
process at time s:
(s, @, t, B) = P(X(t) € B|X(s) = =)

0<s<t (69.12)

Corollary 69.4 W; ~ N(0, ) [proof 69.4],[proof 69.5]:
The random variable Wy follows the AV(0, o) law
E[W(8)] = 1 = 0

vIwn] = E[wr@)] = o

(69.20)

=t (69.21)

Interpretation

In order to predict the future only the current/last value
counts.

Corollary 69.1 {Xt,te TSRy} >0
Strictly Positive Stochastic Processes: A stochastic pro-
cess {X¢,t € T S Ry} is called strictly positive if it satisfies:

X >0 vte T (69.2)

-a.s.

Corollary 69.2 : The amount of information of an adapted
random process is increasing see example 69.1.

Corollary 69.3 Transition Density: The transition prob-
ability of a continuous distribution p can be calculated via:

(s;2,t,B) = | p(s,2t,y)dy (69.13)

2. Martingales

2. Gaussian Process

Definition 69.3

Random/Stochastic Chain {Xt,te T SRy}
is a collection of random variables defined on the same prob-
ability space (£, A, ")l4°f 651 The random variables are or-
dered by an associated index setldef 511 T and take values
in the same mathematical discrete state space[def' 69.3] S, which
must be measurable w.r.t. some o'-algebra[def' 65:6] 33,
Therefore for a given probability space (2, A, ") and a mea-
surable space (S, X), the random chain X is a collection of
S-valued random variables that can be written as:

X:TxQw— S — (t,w) — X (t,w) (69.3)

Definition 69.11 Martingales: A stochastic process X (t)
is a martingale on a filtered probability space (2, F, {Ft}t=0,")
if the following conditions hold:
@ Given s < t the best prediction of X (t), with a filtration
{Fs} is the current expected value:
Vs <t E[X(t)|Fs] = X(s)

a.s. (69.7)

The expectation is finite:
E[IX(t)]] <o Vt=0 X(t)is {Ft}t=0 adapted

(69.8)

Definition 69.15 Gaussian Process: Is a stochastic pro-
cess X (t) where the random variables follow a Gaussian dis-
tribution:

X(t) ~ N (;l,(t), 02(75)) vteT (69.14)

3.4.1. Properties of the Wiener Process

Property 69.1 Non-Differentiable Trajectories:
The sample paths of a Brownian motion are not differentiable:

dW (t) (W(t + At) — W(t) )2
——— = lim E B e ———
t t—0 At
E[W(t + At) — W(t)] o2
=lim ———Mm8 " = lim — = ®
t—0 At t—0 At
result

cannot use normal calculus anymore

solution
—— > Ito Calculus see section 70.

Property 69.2 Auto covariance Function:
The auto-covariancel®® %12] for a Wiener process

E [(W(t) —ut)y(W (') = ;zt’)] = min(t,t’) (69.22)

Property 69.3: A standard Brownian motion is a

Quadratic Variation

3. Diffusions

Definition 69.4 Index/Parameter Set T:
Usually represents time and can be either an interval [t1, t2]
or a discrete set {t1,t2,...}.

Interpretation

o For any Fs-adapted process the best prediction of X(t) is
the currently known value X (s) i.e. if Fs = F;_1 then the
best prediction is X (¢t — 1)

¢ A martingale models fair games of limited information.

Definition 69.5 State Space S:
Is the range/possible values of the random variables of a
stochastic process[def' 6911 and must be measurableld®® 657]
w.r.t. some o-algebra X.

Sample-vs. State Space

Sample space[d“' 652 hints that we are working with proba-
bilities i.e. probability measures will be defined on our sample
space.

State space is used in dynamics, it implies that there is a time
progression, and that our system will be in different states as
time progresses.

Definition 69.12 Auto Covariance
Describes the covarianceldef 66-16]
stochastic process (X¢);c
ta.

Y(t1,t2) = Cov [Xiy, Xio] = E[(Key — ptq) (Xity

(t2 —t1):
between two values of a
7 at different time points t; and

= itg)]
(69.9)

For zero time differences t; = t2 the autocorrelation functions
equals the variance:

St 8) = Cov [Xs, Xe] ° E3 5 x, (69.10)

Definition 69.16
Diffusion:
Is a Markov Process!?°" %14 for which it holds that:

[proof 69.1],[proof 69.2]

p(t, X (1) = lim —S[X(t+ A1) — X(OIX®)]  (69.15)
t—0

o2(8, X (1)) = lim —F [(X(t T+ A — X(1)? \X(t)]
t—0 At

(69.16)

. ;Lgt X (t)) is called drift
(t, X (t)) is called diffusion coefficient

Interpretation
There exist not discontinuities for the trajectories.

4. Brownian Motion/Wiener Process

Definition 69.6 Sample path/Trajector/Realization: Is
the stochastic/noise signal (-, w) on the index set T, that we
obtain be sampling w from Q.

Notation

Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space X (¢, w) := X ()

1. Filtrations

Notes

« Hence the autocorrelation describes the correlation of a
function or signal with itself at a previous time point.

+ Given a random time dependent variable x(¢) the autocor-
relation function ~(t,t — 7) describes how similar the time
translated function x(t — ) and the original function x(t)
are.

o If there exists some relation between the values of the time
series that is non-random, then the autocorrelation is non-
zero.

e The auto covariance is maximized/most similar for no
translation + = 0 at all.

Definition 69.7 Filtration F = {Ft}t=o0:

A collection {Ft};=0 of sub o-algebrasld®t 5561 (F, Y50 € F

is called filtration if it is increasing:
Fs © Ft

Vs <t (69.4)

Explanation 69.1 (Definition 69.7). A filtration describes the
flow of information i.e. with time we learn more information.

Definition 69.13 Auto Correlation (ta —t1):
Is the scaled version of the auto-covarianceldef 69-121;

(ta — t1) = Corr [th N th]
_ Cov [Xey Xty _ B[(Xey = pty) (Xig

”th ”Xt2

(69.11)
= pitg)]

”th (Tth

Definition 69.17
d-dim standard Brownian Motion/Wiener Process:
Is an R? valued stochastic process!° 69:1) (W) e starting at
X0 € R that satisfies:
@ Normal Independent Increments: the increments are
normally distributed independent random variables:
W (t;) = W (ti—1) ~ N (0, (¢; — ti—1)laxa)

vie{l,...,T} (69.17)

Stationary increments:
W (t + At) — W(t) is independent of t € T
@ Continuity: for a.e. w € Q, the function t — W;(w) is

Definition 69.18 Total Variation: The total variation of
a function f : [a,b] € R +— R is defined as:

n—1
LV, ] (f) = sup Y |f(ziq1) — F(@i)] (69.23)
nes ;_o
S = {H{a)o, ey :L‘nn} : IT is a partition [def. 62.12] ¢ [ ]}

it is a measure of the (one dimensional) length of a function
w.r.t. to the y-axis, when moving alone the function.

Hence it is a measure of the variation of a function w.r.t. to
the y-axis.

Definition 69.19
Total Quadratic Variation/“sum of squares”:

The total quadratic variation of a function f : [a,0] c R+— R
is defined as:
n—1
2
QViu, () = sup 3 [f(wig1) = flzs)] (69.24)
IIes ;o
S = {H{aco, -+, @Tpp} s I is a partition [def. 62.12] ¢ [a, ]}

Corollary 69.5 Bounded (quadratic) Variation:
The (quadratic) variation!d®® 69181 of a function is bounded if
it is finite:

IMeRy s LVp,  (f) <M (QV[,,y](f)éM) VIl e S

(69.25)

Theorem 69.1 Variation of Wiener Process: Almost
surely the total variation of a Brownian motion over a interval
[0, T'] is infinite:

Definition 69.8

Filtered Probability Space (Q, F, {Ft}t=0,1):
A probability space (£2,F,!") together with a filtration
{Ft}t=o0 is called a filtered probability space.

3. Different kinds of Processes

: (w: LV(W(w)) < ©0) =0 (69.26)
continuous
lim (W +aH) - WHl = 9) =0 Ve >0 Theorem 69.2 [proof 69.6]
t—0 At Quadratic Variation of standard Brownian Motion:
(69.18) || The quadratic variation of a standard Brownian motion over
[0, T is finite:
@ Start
N a7 T\12
W(0) :=Wp =0 a.s (69.19) lim Y [W <A:—) -Ww ((A' = 1)-)] =T
N—-o N N
Notation k=1

+ In many source the Brownian motion is a synonym for the
standard Brownian Motion and it is the same as the Wiener
process.

+ However in some sources the Wiener process is the stan-
dard Brownian Motion, while the Brownian motion denotes
a general form aW (t) +

with probability 1 (69.27)

Corollary 69.6 : theorem 69.2 can also be written as:

(Aw®))* = (69.28)




3.4.2. Lévy’s Characterization of BM

Theorem 69.3 [proof 69.7],[proof 69.8]
d-dim standard BM /Wiener Process by Paul Lévy:

An R? valued adapted stochastic processiers o107 (W) e
with the filtration {-Ff}teR+ , that satisfies:

@ Start

@ Continuous Martingale: W; is an a.s. continuous

W(0) := Wo =0 a.s. (69.29)

martingaleld°® %11 w r t. the filtration (Ft)¢eq under

@ Quadratic Variation:

WE — t is also an martingale — QV(Wy) =t

(69.30)

is a standard Brownian motiondef 69-24]

Theorem 69.4 Normally Distributed Increments:

If W(T) is a Brownian motion, then W(t) — W (0) is a nor-
mal random variable with mean pt and variance o“t, where
1, o € R. From this it follows that W (t) is distributed as:

(@ pt)?
202t
(69.39)

1
exp
V2ro2t {

W) (@) ~ N (ut, o%t) =

Definition 69.29 Poisson Process: A Poisson Process
with rate A € Rxq is a collection of random variables X(t),
t € [0,00) defined on a probability space (2, F, {Ft};=¢, ),
having a discrete state space N = {0,1,2,...} and satisfies:
1. Xo=0
2. The increments follow a Poisson distribution!def 66

Alt—s) _\(—s) O0Ss<t<o
(X = Xs) =k) = ———e

k! VkeN

27,

Corollary 69.7 : More generally we may define the process:
t— f(t) + oWy (69.40)

which corresponds to a noisy version of f.

3. No correlation of (non-overlapping) increments:
Vtg < t1 < --- < tp, : the increments are independent

Xy — Xegr Xeg — Xeyo ooy Xey — Xep (69.48)

Proof 69.3: eq. (69.34):
v(e % [k], e * [k + n]) = Cov [e * [k],e* [k + 1]]
=E[(e# [k] —E[ek [K]]) (e % [k +n] —E[e* [k +n]])T]

4G5 e [1]) (e % [k + n])]

Further Stochastic Processes

3.4.3. White Noise

Corollary 69.8
Brownian Motion as a Solution of an SDE: A stochastic
process X follows a BM with drift 1 and scale o if it satisfies
the following SDE:
dX(t) = pdt + o dW(t)
X(0)=0

(69.41)
(69.42)

Interpretation

A Poisson Process is a continuous-time process with discrete,
positive realizations in € Ny g

Proof 69.4: [cor 69:4];

Since B¢ — Bg is the increment over the interval [s,t], it is
the same in distribution as the incremeent over the interval
[s—s,t—s] =[0,t—s]

Thus Bt — Bs ~ Bi_s — Bpg

but as Bg is a.s. zero by definition eq. (69.19) it follows:
By — Bs ~ By_g Bi_s ~ N(0,t—s)

Corollary 69.10 Probability of events: Using Taylor in
order to expand the Poisson distribution one obtains:

Definition 69.20 Discrete-time white noise: Is a ran-
dom signal {et}tETdiSCret having equal intensity at different
frequencies and is defined by:
« Having zero tendencies/expectation (otherwise the signal
would not be random):
Eles[k]] =0
def. 69.13]

VE € Tgiscret (69.31)

« Zero autocorrelation! ~ i.e. the signals of different
times are in no-way correlated:
v(ek [k], e % [k +n]) = E[e* [k]le * [k +n]T]
V[e * [k]] ddiscret ]

3.4.5. Geometric Brownian Motion (GBM)

For many processes X (t) it holds that:
« there exists an (exponential) growth
» that the values may not be negative X (t) € Ry

t small i.e. t - 0
(69.49)

1. Thus the probability of an event happening during At is
proportional to time period and the rate A\
2. The probability of two or more events to happen during At

(X(ean) = Xe #0) = AAL+ o(At?)

Definition 69.25 Geometric Brownian Motion:
Let {Wt}teR+ be a standard Brownian motion!d¢® %171 the

stochastic process St1 = sl(t) with drift parameter ;. and
scale o satisfying the SDE:
dS} = S} (udt + o dWy)

69.43
= uS;dt + oSy AWy ( )
is called geometric Brownian motion and is given by:
1
sl = sl exp <<7Wt + (u - 5{12) t) teR, (69.44)

is of order o(At?) and thus extremely small (as Deltat is

small).
Definition 69.30 Differential of a Poisson Process: The
differential of a Poisson Process is defined as;
dX: = lim (X@qar - Xe) (69.50)
At—dt

VEk,n € Tgjscret (69.32)
. . 1 ifn=0
With Saiseret[n] i=
0 else
See proofs
Definition 69.21 Continuous-time white noise: Is a ran-

dom signal (e¢)ser having equal intensity at differ-

continuous

ent frequencies and is defined by:

« Having zero tendencies/expectation (otherwise the signal
would not be random):

Ele* ()] =0 (69.33)

« Zero autocorrelation! ~ i.e. the signals of different
times are in no-way correlated:

Vt € Teontinuous
def. 69.13]

v(ek (t), ek (t+ 7)) =Elek (t)ek (t+ )T] (69.34)
eq. (66.91) . oy _ JVIex(@®)] ifr=0
= V[ex (B)]o(t ) = {0 clse
Vt, 7 € Tcontinuous (69.35)

Property 69.4 Probability of Events for differential:
With the definition of the differential and using the previous
results from the Taylor expansion it follows:

Proof 69.5: [cor 694];
W(t) = W(t) — W(0) ~ N(0,1)
N
-0
= E[X]=0  V[X]=E[X?|-5[x)® =t
Proof 69.6: theorem 69.2:
N—1
T
3w (t) = W (t—1)]? ty = k—
N
k=0
No1 o ) T
= Y X7 X5 ~ N (0, —)
iz N
NZ—1 . 1 N-1 , oy T
= p=nl— & Y] = ~
=0 k=0
. T
S.L.L.N 7

Definition 69.22 Homoscedastic Noise: Has constant

variability for all observations/time-steps:
V[es ] = o2 VE=hoe T (69.36)
Vil€q =0 .
bt Vi=1,...,N

Corollary 69.9 Log-normal Returns: (|Eid)?(t| i ?; i 1\7 A Eggg;g
For a geometric BM we obtain log-normal returns: th= - :

S
In (—t) S+ oW() e ft+ oW(t) ~ N(ut, o2t) [Eroof

So 1 Proof 69.1: eq. (69.15):
with o= p— Zo2 (69.45) Let by 6 denote the displacement of a particle at each step,

2 and assume that the particles start at the center i.e. z(0) = 0,

3.4.6. Locally Brownian Motion then we have: N N
Definition 69.26 Locally Brownian Motion: flz(n)] = E i zi(n)| = i 2 E[z;(n—1) 4 6]
Let {Wt},:E]R+ be a standard Brownian motion!d*f 0917 4 ]o- N ic1 N i1
cal Brownian motion is a stochastic process X (t) that satisfies 1 N
the SDE: = — D Elzi(n—1)]

dX(t) = p (X (t),t)dt + o (X (t),t)dW(t) (69.46) N i1

inducti

Note induction p [#n_1] =...E[z(0)] =0

A local Brownian motion is an generalization of a geometric
Brownian motion.

3.4.7. Ornstein-Uhlenbeck Process

Thus in expectation the particles goes nowhere.

Proof 69.7: theorem 69.3 @:

1. first we need to show eq. (69.7): E[W¢|Fs] = W
Due to the fact that Wy is Fy measurable i.e. Wy € Fy we
know that:

E[Wi|Fe] = Wy (69.54)
E[Wi|Fs] = E[W — Ws + Ws|F]
= E[W — Ws|Fs] + E[Ws|Fs]
eq. (6_9.54)

E[W: — We] + W

Wy —Ws~N(0,t—s)
= s

2. second we need to show eq. (69.8): E[X(t)]] <

EIWOI® < B[WoP] = 5 [W2o)] = t <o

Proof 69.2: eq. (69.16):

Definition 69.23 Heteroscedastic Noise: Is noise whose
variability may vary with each observation/time-step:

Definition 69.27 Ornstein-Uhlenbeck Process:
Let {Wt}thJr be a standard Brownian motiond¢ 6917]

Ornstein-Uhlenbeck Process or exponentially correlated noise
is a stochastic process X (t) that satisfies the SDE:

dX(t) = —aX(t)dt + bo AW (t) a@>0 (69.47)

Let by § denote the displacement of a particle at each step,
and assume that the particles start at the center i.e. 2(0) = 0,
then we have:

5. Poisson Processes

Ve t] = o, t)? VE=1beT (69.37)
’ Vi=1,...,N
3.4.4. Generalized Brownian Motion
Definition 69.24 Brownian Motion:
be a standard Brownian motion!®*® 69‘17], and

Let {Wt}teR+
define:

_ p e R @ drift parameter
X = pt+ oWy o € Ry: scale parameter

(69.38)
then {Xt}teJR+ is normally distributed with mean ;¢ and vari-

teR,

ance to? X ~ N (p,t, r72t).

Definition 69.28 Rare/Extreme Events: Are events that
lead to discontinuous in stochastic processes.

Problem

A Brownian motion is not sufficient as model in order to de-
scribe extreme events s.a. crashes in financial market time
series. Need a model that can describe such discontinu-
ities/jumps.

1 N 1 XN
2 w 2 2
Elam?] =8| 5 ¥ @im?| = & X Elwin - 1) £ 3]
i=1 i=1
N
1
=~ Z E [:L‘l(n — 1)2 +28z;(n —1) + 52]
i=1
d
Mool |48 =rfel o] 4282 =
= E[z(0)] + né? = ns?
as n = St;}‘)’% = ﬁ it follows:
52
2 2 2 ™ 2
- =;..[z (n)]f [z(n)] =;[z (n)] =t (6959

Thus in expectation the particles goes nowhere.

Proof 69.8: theorem 69.3 @: Wf — t is a martingale?
Using the binomial formula we can write and adding Wg —Wg:
WP = (We = Wo)? +2Ws (Wy — Wa) + W

using the expectation:
E[W2IF | =2 [(We = W) 17| + E[2Ws (Wi — W) | 7]
+E (W27

eq. (69.54)

2

E[(We = Wo)?| + 2w B [(We — W)l + W2
. (69.21
R T R ) J w2

t— s+ WS2
it follows that:

from this
ElWE -t F| = w2 - s

(69.55)




Examples

Example 69.1 :

Suppose we have a sam- D= {un}
ple space of four elements: B
Q = {w1,w2,w3,wa}. At time E = {w}

zero, we do not have any infor- A
mation about which w has been F = {ws}

chosen. At time 7T/2 we know o
whether we have {wj,w2} or G = {wi)
{w3,wa}. At time T, we have full
information. ' * t t
{9, Q} t e [0,T/2)
F = {{@ {w1, w2}, {w3,wa},Q} te[T/2,T) (69.56)
Fmax = 2% t=T

Thus, Fp represents initial information whereas Fo repre-
sents full information (all we will ever know). Hence, a
stochastic process is said to be defined on a filtered proba-
bility space (Q, F,{Ft}t=0,).

Ito Calculus



Graph Theory

Subgraph

1. Fully Connected/Complete

Definition 71.1 Graph G:

A graph G is a pair G = (V,€)

Definition 71.11 Subgraph H < G:
A graph H = (U, F) is a subgraph of a graph G = (V, &) iff:
vcvy and Fcé& (71.7)

Components

of a finite set of vertices V4ot 714l

and a multi setld°" 593 of edges
gldef. 71.10]

Definition 71.12 Component: A connected component of
a graph G is a connected!?" ™1 subgraph!d® 711 of G that
is mazimal by inclusion — there exist no larger connected con-
taining subgraphs.

The number of components of a graph G is defined as ¢(G).

Definition 71.2 Order n =V
The order of a graph is the cardinality of its vertix set.

Definition 74.2 Fully Connected/Complete Graph:

Is a connected graph gldef 741

where each node is connected to ev-
ery other node.
JevV{v;,v;} Vo, v; €V (74.2)

V= SVIVI-D  (7e3)

‘Walks, Paths and cycles

1. Directed Graphs

Definition 71.3 Size
The size of a graph is the number of its edges.

m = |E|:

Definition 71.13 Walk: A walk of a graph G as a sequence
of vertices with corresponding edges:

W = {v,, viq1}) €€ (71.8)

Corollary 71.1 n-Graph: Is a graph Gldef 7L of order n.

Definition 71.14 Length of a Walk K: Is the number of

Corollary 71.2 (p, q)-Graph: Is a graph Gldef L1 of order
p and size g.

edges of that Walk.

Definition 71.15 Path P: Is a walk of a graph G where all

Vertices

visited vertics are distinct (no-repetitions).

Definition 74.3 Directed Graph/Digraph (DG):
€7

&

A directed graph G is a graph where &

i €
edges are direct arcsldef 7441, 9

€y el

Definition 71.4 Vertices/Nodes V:
Is a set of entities of a graph connected and related by edges
in some way:

Attention: Some use the terms walk for paths and simple
paths for paths.

Definition 71.16 Cycle: Is a pathld®® 715 of a graph G

Definition 71.5 Neighborhood N(v): The neighborhood
of a vertix v; € V is the set of all adjacent vertices:

N(v;) ={v, €V:3e, ={v;,v;} € E, Vv, € £} (71.1)

1.0.1. Adjacency Matrix

Definition 71.6 (unweighted) Adjacency Matrix A:
Given a graph G = (V, ) its adjacency matriz is a square
matrix A € N™" defined as:

where the last visited vertix is the one from which we started.

Definition 74.4 Directed Edges/Arcs: Represent some
directional relationship between edges[d“' 714 and are repre-
sented by ordered two-element subset sets of vertices:

e, = {Ui,vj} €& — v; goes to v; (74.4)

Kinds of Graphs
Weighted Graphs

2. Trees And Forests

2.0.1. Acyclic Graphs

Definition 72.1 Weighted Graph:

Is a graph G where edges are associ-
ated with a weight:

1 if Je(d, g
A, = if 3e(i, 7) (71.2)
’ 0 otherwise
Definition 71.7 weighted Adjacency Matrix A:

Given a graph G = (V, £) its weighted adjacency matriz is a
square matrix A € R™" defined as:

0;; if e,
A= {0” (i, 7) (71.3)

30; := weight(e;) Ve, &

Definition 74.5 Acyclic Graphs: Are graphs!?" 71 where
no cycleslde 71161 exist.

Definition 74.6 Forests:

Are acyclic graphsldef- 7451

Spanning Graphs

otherwise
Diagonal Elements
For a graph without self-loops the diagonal elements of the
adjacency are all zero.

1.0.2. Degree Matrix

Definition 73.1 Spanning Graph:

Is a subgraphldef 7111 34 — (U, F)
of a graph G = (V, £) for which it
holds:

and FcC€&

Definition 71.8 Degree of a Vertix S
The degree of a vertix v is the cardinality of the
neighborhood!d*f 7151 _ the number of adjacent vertices:
J<i
deg(v;) = 6(v) = [N(v)| = Y, Ay
j=1

(71.4)

U=V (73.1)

Definition 74.7 Trees:

Are acyclic graphs[def' 751 that are
connectedldet 7411,

1. Minimum Spanning Graph

3. Graph Layering

Definition 73.2 Minimum Spanning Graph: Is a span-
ning graphld°® 71 3¢ — (U, F) of a graph G = (V, £) with
minimal weights/distance of the edges.

Definition 71.9 Degree Matrix D:
Given a graph G = (V, £) its degree matrix is a diagonal ma-
trix D € N™" defined as:

Connected Graphs

Definition 74.1 (Weakly) Connected Graph:

Represent some relation between edges[def' 7141 and are repre-
sented by two-element subset sets of the vertices:

e, ={v;,v;} €€ <«  v; and v; connected (71.6)

d ;) ifi=j er
D, = eg(vi) ifi=j (71.5) X -
i 0 otherwise Is a graph Gl9°f 711 where there ex-
ists a path between any two ver-
Edges tices:
AP(vi, ..., 5 Yv;,v; €
Definition 71.10 Edges ECVXV: (i, »v5) Vi v (,;i 1) €4

Definition 74.8 Graph Layering:

Given a graph G a layering of the

graph is a partition of its node set

pldef T14] into subsets
{(Vi,...,vr}cv

st. V=Viu...uV, (74.5)

4. Bisection Algorithms

1. Local Approaches

2. Global Approaches

4.2.1. Spectral Decomposition

Corollary 74.1 Strongly Connected Graph: A directed

Proposition 71.1 Number of Edges:
n = |V| has between [O, %n(n - 1)] edges.

A graph G with

Graphldef ™31 is called strongly connected if every nodes is
reachable from every other node.

Corollary 74.2 Components of Connected Graphs: A
connected Graph!de® 7+1] consist of one component ¢(G) = 1.

Definition 74.9 Graph Laplacian (Matrix) L(G):
Given a graph with n vertices and  edges has a graph lapla-
cian matrix defined as:

-1
lij =140

deg (v;)

ifi # jand e;; € €
ifi# jande;; ¢ E (74.6)
ifi=j

L=A-D

Corollary 74.3 title:

Inertial Bisection




