
Machine Learning Submodule
Model Assessment and Selection

Definition 1.1 Statistical Inference: Is the process of de-
ducing properties of an underlying probability distribution by
mere analysis of data.

Definition 1.2
Model Selection:
Is the process of selecting a model f from a given or chosen
class of models F

Definition 1.3 Hyperparameter Tuning: Is the process
of choosing the hyperparameters θ of a given model f P F

Definition 1.4 Model Assessment/Evaluation: Is the
process of evaluating the performance of a model.

Definition 1.5 Overfitting:
Describes the result of training/fitting a model f to closely
to the training data Ztrain.
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That is, we are producing
overly complicated model by
fitting the model to the noise
of the training set.
Consequences: the model
will generalize poorly as the
test set Ztest will not have not
the same noise
ñ big test error.
1. Empirical Risk Minimization
2. Generalization Error

Definition 1.6
Generalization/Prediction Error (Risk): Is defined as
the expected value of a loss function l of a given predictor m,
for data drawn from a distribution pX ,Y .

Rppmq “ Epx,yq„prlpy;mpxqqs “
ż

D
ppx, yqlpy;mpxqq dx dy

“

ż

X

ż

Y
ppx, yqlpy,mpxqq dx dy

??
“

ż

X

ż

Y
lpy,mpxqqppy|xqppxq dx dy (1.1)

Interpretation

Is a measure of how accurately an algorithm is able to predict
outcome values for future/unseen/test data.

Definition 1.7 Expected Conditional Risk: If we only
know a certain x but not the distribution of those measure-
ments (x „ pX pxq), we can still calculate the expected risk
given/conditioned on the known measurement x:

Rppm,xq “
ż

Y
lpy,mpxqqppy|xq dy

Corollary 1.1 Note: [def. 1.6] ðñ [def. 1.7]:

Rppmq “ Ex„prRppm,xqs “
ż

X
ppxqRppm,xq dx (1.2)

1. Expected Risk Minimizer

Definition 1.8 Expected Risk Minimizer (TRM) m˚:
Is the model m that minimizes the total expected risk:

m
˚
P arg min

mPC
Rpmq “ arg min

mPC
Eprlpy;mpxqqs (1.3)

3. Empirical Risk

In practice we do neither know the distribution pX ,Y px, yq,
nor pX pxq or pY|X py|xq (otherwise we would already know
the solution).
But: even though we do not know the distribution of
pX ,Y px, yq we can still sample from it in order to define an
empirical risk.

Definition 1.9 Empirical Risk:
Is the the average of a loss function of an estimator h over a
finite set of data D “ txi, yiuni“1 drawn from pX ,Y px, yq:

R̂npmq “
1
n

n
ÿ

i“1

lpmpxiq, yiq

1. Empirical Risk Minimizer

Definition 1.10 Empirical Risk Minimizer (ERM) m̂:
Is the model xm that minimizes the total empirical risk:

m̂ P arg min
mPC

R̂pmq “ arg min
mPC

n
´1

n
ÿ

i“1

l pmpxiq, yiq (1.4)

Questions

1 How far is the true risk Rpmq from the empirical risk
R̂pmq, for a given m

2 Given a chosen hypothesis class F. How far is the mini-
mizer of the true cost way from the minimizer of the em-
pirical cost
m

˚
pxq P arg min

mPF
Rpmq vs. m̂pxq P arg min

mPF
R̂pmq

We hope that lim
nÑ8

R̂npmq “ Rpmq.

3.1.1. Squared Loss
Expected Squared Risk

Definition 1.11 Mean Squared Error (MSE):
Rpmq “ MSEpxq “ E

”

pxmpxq ´mpxqq
2
ı

(1.5)

Corollary 1.2 title:
MSEpxq “ Bias2

pxq ` Vpxq “ pE rxmpxq ´mpxqsq2 ` Vpxmpxqq
(1.6)

Definition 1.12
Integrated Means Squared Error (IMSE)/(MISE):
the integrated MSE or Mean integrated sqquare error (MISE)
is defined as:

IMSE “
ż

x
MSEpxq dx “

ż

x
E
”

pxmpxq ´mpxqq
2
ı

dx (1.7)

Empirical Squared Risk

Definition 1.13
Mean/Average Squared Prediction Error (MSPE):
the empirical MSE or Mean/Average Squared Error of Predic-
tion (MSEP)

R̂npmq “ aven pxmq2 “
1
n

n
ÿ

i“1

pxmpxiq ´mpxiqq
2 (1.8)

Corollary 1.3 [proof 3.2]
MSEP for new observations: Given a new observation
xnew distributed as:

Ynew “ mpxnewq ` ϵ ϵ
i.e.
„ N p0, σ2

q

then it holds that:
MSEPpxnewq “ MSEpxnewq ` σ

2 (1.9)

Explanation 1.1. The mean squared error of prediction does
not go to zero if nÑ 8 as it has an irreducable noise σ.

Definition 1.14 [example 3.9],[proof 3.1]
Bayes’ optimal predictor for the L2-Loss:
Assuming: i.i.d. generated data by pxi, yiq „ ppX ,Yq.
Considering: the least squares risk:

Rpphq “ Epx,yq„prpy ´ hpxqq
2
s

The best hypothesis/predictor h˚ minimizing Rphq is given
by conditional mean/expectation of the data:

h
˚
pxq “ ErY |X “ xs (1.10)

Cross Validation

Definition 1.15 Cross Validation: Is a model valida-
tion/assessment techniques in order to improve the model
generalization performance.

Explanation 1.2. Cross validation helps to increase the model
ability to predict out of sample data.

Definition 1.16 Labeled Data D{Z:
Z “ D :“

!

zj “ pxj ,yjq
ˇ

ˇ xj P X ,yj P Y
)

2. Training Set

Definition 1.17 Training Set Ztrain Ă Z:
Is a part of the data on which we train our model xm in order
to reduce the empircal

Ztrain
“

!

pxtrain
1 , y

train
1 q, . . . , pxtrain

n , y
train
n q

)

Definition 1.18 [??]
Training Error R̂pf̂ ,Ztrainq:
is the model that minimizes the empirical risk[def. 1.10] on the
training data[def. 1.17]:

xm P arg min
xmPF

R̂pxm,Ztrain
q (1.11)

“ arg min
xmPF

n
´1 ÿ

pxi,yiqPZtrain
lpxmpxiq, yiq

1, 2, 3 Z “ txi, yiu l

76,13,1 Ztrain 8 Ztest

Shuffel and Split

3. Testing Set

Definition 1.19 [??]
Test Set Ztest Ă Z:
Is part of the data that is used in order to test the perfor-
mance of our model.

Ztest
“

!

pxtest
1 , y

test
1 q, . . . , pxtest

m , y
test
m q

)

Definition 1.20 Test Error R̂pf̂ ,Ztestq:
Is the error over the test set Ztest of a predictor xm that has
been trained on the training set[def. 1.17]:

R̂pf,Ztest
q “ m

´1 ÿ

pxi,yiqPZtest
lpxmpxiq, yiq (1.12)

4. Validation Set

Definition 1.21 Validation Set Zval Ă Ztrain:
Is the part of the data that is used in order to select the our
model xm from a given hypothesis class F.

Explanation 1.3. We want to select a model xm from F but
in order to do so we need to determine the how well it predicts
ñ validation set.
5. Validation Set/Split Once Approach

Definition 1.22 Hold out/Validation Set:
Split the data into a training set on which
we train out model xm and a validation set on
which we calculate the accuracy of our model:

76,13,1 Ztrain 8 Ztest

Ztrain Zval

Split

Cons
• We do not use all information/data for training.
• We obtain a high variance estimate depending on the split.

Algorithm 1.1 Validation Set Approach:
Given: set of function classes F and a loss l

1: train the model on the training set:

m̂ P arg min
mPF

R̂
´

m,Ztr
¯

“ arg min
mPF

1
n

n
ÿ

i“1

l pyi,mpxiqq

2: Determine the best parameter θ˚ by using the validation
set:

θ̂
´

Zval
¯

P arg min
θ:m̂θ PFθ

R̂
´

m̂θ

´

Ztr
¯

,Zval
¯

3: Use the tests set in order to test the model:
R̂

ˆ

m̂
θ̂pZvalq

´

Ztr
¯

,Ztest
˙

Note: overfitting to the validation set

Tuning the configuration/hyperparameters of the model based
on its performance on the validation set can result in overfit-
ting to the validation set, even though your model is never
directly trained on it ñ split the data into a test and training
and validation set.
6. Leave-One-Out Cross Validation (LOOCV)

Definition 1.23
Leave One Out Cross-Validation (LOOCV):
Train n models on n ´ 1 observations and use the left out
observations for prediction:

xm
´i
n´1 P arg min

mPF

n ´ 1
n

n
ÿ

j“1
j‰i

lpyj ,mpxjqq @i P t1, . . . , nu

R̂LOOCV
“ n

´1
n
ÿ

i“1

l
´

yi,xm
´i
n´1pxiq

¯

(1.13)

Pros
• Is basically unbiased estimator, as we use n ´ 1 training

samples.
• Can have a high variance due to highly correlated training

sets, as the only vary in one observation.
• Can be better as K´fold cross-validation for small data

sets, as small data sets have usually a higher fluctuation
ñ higher variance (as the are more sensitive to any
noise/sampling artifacts).

Cons
• computational expensive, only for small data sets possible.
• Variance of the average can be very high due to highly

correlated training sets.
3.6.1. LOOCV for Squared Loss and lin. Operator

Theorem 1.1 LOOCV Error for squared loss: For models
that can be represented by a linear fitting operator S:

“

xmpx1q xmpxnq
‰⊺
“ SY (1.14)

it holds for the squared loss that:

n
´1

n
ÿ

i“1

´

yi ´ xm
´i
n´1pxiq

¯2
“ n

´1
n
ÿ

i“1

ˆ

yi ´ xmpxiq

1 ´ Sii

˙2

(1.15)

Definition 1.24 Generalized Cross Validation (GCV):

GCV “ n
´1

n
ÿ

i“1

pyi ´ xmpxiqq
2

`

1 ´ n´1 trpSq
˘2 (1.16)

Explanation 1.4. It holds ĚSii “
1
n

řn
i“1 Sii “ 1

n
trpSq thus

we can rewirte the mean as the trace, which can efficiently cal-
culated in Opnq.

Note
GCV is a misdemeanor as it is an approximation and not a
generalization.
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7. K-Fold Cross Validation

Explanation 1.5 (K-fold Cross-Validation).

1 use all of the data by splitting the data into K random folds.
2 Calculate the training error K times by leaving out the k-th

fold, fit the model to the other K´1 combined folds (training

set) of size n ¨ K´

validation set

1
K

.
3 Do this by choosing each fold k “ 1, . . . , K once as vali-

dation set and calculate cross-validation error by averaging
over them.

Total Dataset

Split Dataset

3rd Iter

kth Iter

TrainTest

¨ ¨ ¨

Fold-1

E1

Fold-2

E2

Fold-3

E3

Fold-k

Ek

Definition 1.25 K-fold Cross Validation:
Z “ Z1 Y . . . Y Zν Y . . . Y ZK @k P t1, . . . , Ku

xm
´Zk
n´|Zk| P arg min

mPF

|Zk|
|Z|

ÿ

iPZzZk

lpyi,mpxiqq (1.17)

R̂CV
“ K

´1
K
ÿ

k“1

|Zk|´1 ÿ

iPZk

l

ˆ

yi,xm
´Zk
n´|Zk|pxiq

˙

(1.18)

Note
A good heuristic for choosing K is 5, or 10 or:

k “ min
`?
n, 10

˘

Pros
• faster then LOOCV.

Cons
• runs « K times slower than traing/test-split, as we need

to train the model K times.
• Has higher bias then LOOCV.

There exits systematic tendency to underfit, as each of the
K-fold cross validation models uses only n ¨ K´1

K
training

samples
ñ the estimates of prediction error will typically be more
biased (towards simpler models), as the bias increases with
a lower number of sampls/d.o.f. (see Rao Cramer).

• Depends on the explicit realization of the K subsets.
8. Many Random Divisions

Definition 1.26 Leave d-out CV:
Generalize LOOCV/d-fold CV by considering all possible re-
alizationeq. (64.3) of d samples:

Z “ Z1 Y . . . Y . . . Y Z´

n
d

¯ @k P

"

1, . . . ,
ˆ

n

d

˙*

xm
´Zk
n´|Zk| P arg min

mPF

|Zk|
|Z|

ÿ

iPZzZk

lpyi,mpxiqq (1.19)

R̂CV
“

ˆ

n

d

˙´1

´

n
d

¯

ÿ

k“1

|Zk|´1 ÿ

iPZk

l

ˆ

yi,xm
´Zk
n´|Zk|pxiq

˙

(1.20)

Explanation 1.6. Is a generalization of LOOCV as it does
not depend on the indexing in comparison to classical K-CV.

Pros
• has often a smaller variance.
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Data Preprocessing
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A Statistical Perspective
1. Information Theory
1. Information Content

Definition 3.1 Information (Claude Elwood Shannon):
Information is the resolution of uncertainty.

Amount of Information
The information gained by the realization of a coin tossed n-
times should equal to the sum of the information of tossing a
coin once n-times:

I pp0 ¨ p1 ¨ ¨ ¨ pnq “ Ipp0q ` Ipp1q ` ¨ ¨ ¨ ` Ippnq
ñ can use the logarithm to satisfy this

Definition 3.2 Surprise/Self-Information/-Content:
Is a measure of the information of a realization x of a random
variable X „ p:

IX pxq “ log
˜

1
ppX “ xq

¸

“ ´ log ppX “ xq (3.1)

Explanation 3.1 (Definition 3.2).
IpAq measures the number of possibilities for an event A to oc-
cur in bits:

IpAq “ log2 p#possibilities for A to happenq

Corollary 3.1 Units of the Shannon Entropy:
The Shannon entropy can be defined for different logarithms

fl units:

log units
Base 2 Bits/Shannons
Natural Nats
Base 10 Dits/Bans

Explanation 3.2. An uncertain event is much more informa-
tive than an expected/certain event:

surprise/inf. content “
#

big
small

if
pX pxq unlikely
pX pxq likely

2. Entropy

Information content deals with a single event. If we want to
quantify the amount of uncertainty/information of a proba-
bility distribution, we need to take the expectation over the
information content[def. 3.2]:

Definition 3.3 Shannon Entropy [example 3.3]:
Is the expected amount of information of a random variable
X „ p:

Hppq “ EX rIX pxqs “ EX

«

log
1

pX pxq

ff

“ ´EX rlog pX pxqs

“ ´

n
ÿ

i“1

ppxiq log ppxiq (3.2)

Definition 3.4 Differential/Continuous entropy:
Is the continuous version of the Shannon entropy[def. 3.3]:

Hppq “
ż

x„p
´fpxq log fpxq dx (3.3)

Notes
• The Shannon entropy is maximized for uniform distribu-

tions
• People somtimes write HpXq instead of Hppq with the un-

derstanding that p is the distribution of X.

Property 3.1 Non negativity:
Entropy is always non-negative:

HpXq ě 0 if X is deterministic HpXq “ 0 (3.4)

1.2.1. Conditonal Entropy

Proposition 3.1 Conditioned Entropy HpY |X “ xq:
Let X and Y be two random variables with a condititional pdf
pX|Y . The entropy of Y conditioned on X taking a certain
value x is given as:

HpY |X “ xq “ EY |X“x

«

log
1

py|X pY |X “ xq

ff

“ ´EY |X“x

”

log pY |X py|X “ xq
ı

(3.5)

Definition 3.5 proof 3.4
Conditional Entropy HpY |Xq:
Is the amount of information need to determine Y if we ar-
leady know X and is given by averagin HpY |X “ xq over
X.

HpY |Xq “ rEXHpY |X “ xqs “ ´EX,Y

«

log
ppx, yq

ppxq

ff

(3.6)

“ EX,Y

«

log
ppxq

ppx, yq

ff

Definition 3.6 proof 3.5
Chain Rule for Entropy:

HpY |Xq “ HpX, Y q ´HpXq
HpX|Y q “ HpX, Y q ´HpY q (3.7)

Property 3.2 Monotonicity:
Information/conditioning reduces the entropy
ñ Information never hurts.

HpX|Y q ě HpXq (3.8)

Corollary 3.2 From eq. (3.17):
HpX, Y q ď HpXq `HpY q (3.9)

3. Cross Entropy

Definition 3.7 Cross Entropy [proof 3.3]:
Lets say a model follows a true distribution X „ p but we
model X with a different distribution X „ q. The cross en-
tropy between p and q measure the average amount of infor-
mation/bits needed to model an outcome x „ X „ p with
q:

Hpp, qq “ Ex„p

«

log
˜

1
qpxq

¸ff

(3.10)

“ ´Ex„p rlog qpxqs (3.11)
“ Hppq `DKLpp ∥ qq (3.12)

Corollary 3.3 Kullback-Leibler Divergence:
DKLpp ∥ qq measures the extra price (bits) we need to pay
for using q.
4. Kullback-Leibler (KL) divergence

If we want to measure how different two distributions q and
p are w.r.t. to the same random variable X, we can define
another measure.

Definition 3.8
Kullback–Leibler divergence. [examples 3.4 and 3.7]
/Relative Entropy from p to q: Given two probability dis-
tributions p, q of a random variable X. The Kullback–Leibler
divergence is defined to be:

DKLpp ∥ qq “ Ex„p

«

log
ppxq
qpxq

ff

“ Ex„P rlog ppxq ´ log qpxqs

(3.13)
and measures how far away a distribution q is from a another
distribution p.

Explanation 3.3.
• p decides where we put the mass if ppxq is zero we do not

care about qpxq.
• ppxq{qpxq determines how big the difference between the dis-

tributions is.
Intuition
The KL-divergence helps us to measure just how much infor-
mation we lose when we choose an approximation.

Property 3.3 Non-Symmetric:
DKLpp ∥ qq ‰ DKLpq ∥ pq @p, q (3.14)

Property 3.4:
DKLpp ∥ qq ě 0 (3.15)
DKLpp ∥ qq “ 0 ðñ ppxq “ qpxq@x P X (3.16)

Note
The KL-divergence is not a real distance measure as KLpP ∥
Qq ‰ KLpQ ∥ Pq

Corollary 3.4 Lower Bound on the Cross Entropy: The
entropy provides a lower bound on the cross entropy, which
follows directly eq. (3.16). from

5. Jensen-Shanon Divergence
6. Mutual Information

Definition 3.9 example 3.8
Mutual Information/Information Gain: Let X and Y
be two random variables with a joint probability distribu-
tion. The mutal information of X and Y is the reduction in
uncertainty in X if we know Y and vice versa.

IpX;Y q “ HpXq ´HpX|Y q “ HpY q ´HpY |Xq (3.17)
“ HpXq `HpY q ´HpX, Y q

“ DKL
`

pX,Y ∥ pXpY
˘

HpX, Y q

HpXq

HpY q

IpX;Y q HpY |XqHpX|Y q

Explanation 3.4 (Definition 3.9).

IpX;Y q “
#

big if X and Y are highly dependent
0 if X and Y are independent

(3.18)

Property 3.5 Symmetry:
IpX;Y q “ IpY,Xq

Property 3.6 Positiveness:
IpX;Y q ě 0 if X KK Y IpX;Y q “ 0 (3.19)

Property 3.7:
IpX;Y q ď HpXq IpX;Y q ď HpY q (3.20)

Property 3.8 Self-Information:
HpXq “ IpX;Xq

Property 3.9 Montone Submodularity: Mutual informa-
tion is monotone submodular[def. 50.14]:

HpX, zq ´Hpxq ě HpY, zq ´HpY q (3.21)
[def. 3.6]
ðñ Hpz|Xq ě Hpx|Y q (3.22)
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2. Proofs

Proof 3.1 Bayes Optimal Predictor[def. 1.14]: :
min
h
Rphq “ min

h
Epx,yq„prpy ´ hpxqq

2
s

??
“ min

h
Ex„pX

”

Ey„pY|X

”

py ´ hpxqq2
ˇ

ˇx
ıı

♡
“ Ex„pX

”

min
h
pxq Ey„pY|X

”

py ´ hpxqq2
ˇ

ˇx
ı

loooooooooooooooooooomoooooooooooooooooooon

Rpph,xq ([def. 1.7])

ı

Now lets minimize the conditional executed risk:
h

˚
pxq “ arg min

h

Ey„pY|X

”

py ´ hpxqq2
ˇ

ˇx
ı

(3.23)

0 !
“

d
dh˚

Rpph
˚
,xq “

d
dh˚

ż

py ´ h
˚
q

2ppy|xq dy

“

ż d
dh˚

´

y ´ h
˚
¯2

ppy|xq dy “
ż

2py ´ h˚
qppy|xq dy

“ ´2h˚
ż

ppy|xq dy
looooooomooooooon

“1

`2
ż

yppy|xq dy
loooooooomoooooooon

EY rY |X“xs

Proof 3.2 Irreducible Error[cor. 1.3]:
MSEPpxnq “E

„

´

Y ´ pY pxnq
¯2

ȷ

“ E
”

pY ´ xmpxnqq
2
ı

“E
”

pϵ `mpxnq ´ xmpxnqq
2
ı

“E
”

ϵ
2
ı

` 2E rϵ ¨ pmpxnq ´ xmpxnqqs

` E rpϵ `mpxnq ´ xmpxnqqs
2

“E
”

ϵ
2
ı

` 2E rϵ ¨ pmpxnq ´ xmpxnqqs

` E rpϵ `mpxnq ´ xmpxnqqs
2

“V rϵs ` 2E rϵs
loomoon

“0

¨E rpmpxnq ´ xmpxnqqs

` E rpϵ `mpxnq ´ xmpxnqqs
2

“V rϵs `MSEpxnq

Proof 3.3: Cross Entropy[def. 3.7]

Ex„q

«

log
˜

1
ppxq

¸ff

“ Ex„q

«

log
˜

1
ppxq

¸

` log
˜

qpxq

qpxq

¸ff

“ Ex„q

«

log
˜

qpxq

ppxq

¸

` log
˜

1
qpxq

¸ff

“ Hppq `DKLpp ∥ qq

Notes: ♡

Since we can pick hpxiq independently from hpxjq.

Note

E rXs E rY |Xs “
ż

X
pX pxq dx

ż

Y
ppy|xq dy

“

ż

X

ż

Y
pX pxqppy|xqxy dx dy “ E rX, Y s

Proof 3.4: Definition 3.5
EX rHpY |X “ xqs “

ÿ

xPX

ppxq
ÿ

yPY

ppy|xq log ppy|xq

“
ÿ

xPX

ÿ

yPY

ppxqppy|xq log ppy|xq

“
ÿ

xPX

ÿ

yPY

ppx, yq log ppy|xq

“
ÿ

xPX

ÿ

yPY

ppx, yq log
˜

ppx, yq
ppxq

¸

Proof 3.5: [def. 3.6] We start from eq. (3.6):

HpY |Xq “ ´EX,Y

«

log
ppx, yq

ppxq

ff

“ ´
ÿ

x,y

ppx, yq log ppx, yq `
ÿ

x

ppxq log
1

ppXq

“ HpX, Y q ´HpXq

Proof 3.6: example 3.4
KLpp||qq “Ep rlogppq ´ logpqqs

“Ep
” 1

2
log

|Σq |
|Σp|

´
1
2
px ´ µpq

⊺Σ´1
p px ´ µpq

`
1
2
px ´ µqq

⊺Σ´1
q px ´ µqq

ı

“
1
2
Ep

«

log
|Σq |
|Σp|

ff

´
1
2
Ep

”

px ´ µpq
⊺Σ´1

p px ´ µpq
ı

`
1
2
Ep

”

px ´ µqq
⊺Σ´1

q px ´ µqq
ı

“
1
2

log
|Σq |
|Σp|

´
1
2
Ep

”

px ´ µpq
⊺Σ´1

p px ´ µpq
ı

`
1
2
Ep

”

px ´ µqq
⊺Σ´1

q px ´ µqq
ı

Ep ras
tr pRq “ R

“ Ep
”

tr
!

px ´ µpq
⊺Σ´1

p px ´ µpq
)ı

eq. (59.56)
“ Ep

”

tr
!

px ´ µpqpx ´ µpq
⊺Σ´1

p

)ı

“ Ep
”

tr
!

ΣpΣ´1
p

)ı

eq. (59.56)
“ Ep rtr tIdus “ Ep rds “ d

Ep rbs
eq. (65.54)

“ pµp ´ µqq
⊺Σ´1

q pµp ´ µqq ` tr
!

Σ´1
q Σp

)

3. Examples

Example 3.1 : Normal distribution has two population pa-
rameters: the mean µ and the variance σ2.

Example 3.2 Various kind of estimators:
• Best linear unbiased estimator (BLUE).
• Minimum-variance mean-unbiased estimator (MVUE):

minimizes the risk (expected loss) of the squared-error loss-
function.

• Minimum mean squared error (MMSE).
• Maximum likelihood estimator (MLE): is given by the

least squares solution (minimum squared error), assuming
that the noise is i.i.d. Gaussian with constant variance and
will be considered in the next section.

Example 3.3 Entropy of a Gaussian:

HpN pµ,Σqq “
1
2

ln|2πe Σ|
eq. (59.57)

“
1
2

ln
´

p2πeqd|Σ|
¯

“
d

2
lnp2πeqd ` log|Σ| (3.24)

Σ“diagpσ2
1,...,σ

2
d

q

“
1
2

ln|2πe | `
�
�
1
2

d
ÿ

i“1

lnσ�2i

Example 3.4 proof 3.6
KL Divergence of Gaussians:
Given two Gaussian distributions:

p “ N pµp,Σpq q “ N pµq,Σqq it holds
DKLpp ∥ qq “

“

tr
´

Σ´1
q Σp

¯

` pµq ´ µpq
⊺Σ´1

q pµq ´ µpq ´ d ` ln
ˆ

|Σq|
|Σp|

˙

2

Example 3.5 KL Divergence of Scalar Gaussians:
θ „ qpθ|λq “ N

´

µq, σ
2
q

¯

λ “
“

µq σq
‰

p “ N
´

µp, σ
2
p

¯

DKLpp ∥ qq “
1
2

¨

˝

σ2
p

σ2
q

pµq ´ µpq
2
σ

´2
q ´ 1 ` log

¨

˝

σ2
q

σ2
p

˛

‚

˛

‚

Example 3.6 KL Divergence of Diag. Gaussians:
θ „ qpθ|λq “ N

´

µq, diag
´

σ
2
1, . . . , σ

2
d

¯¯

λ “
“

µ1:d σ1:d
‰

p “ N
´

µp, diag
´

σ
2
1, . . . , σ

2
d

¯¯

Example 3.7 KL Divergence of Gaussians:
p “ N pµp, diag

´

σ
2
1, . . . , σ

2
d

¯

q q “ N p0, Iq it holds

DKLpp ∥ qq “
1
2

d
ÿ

i“1

´

σ
2
i ` µ

2
i ´ 1 ´ lnσ2

i

¯

Example 3.8 Gaussian Mutal Information:
Given X „ N pµ,Σq Y “ X ` ϵ ϵ „ N p0, σIq

IpX;Y q “ HpY q ´HpY |Xq “ HpY q ´Hpϵq

eq. (3.24)
“

1
2

lnp2πeqd|Σ ` σ2I| ´
1
2

lnp2πeqd|σ2I|

“
1
2

ln �
��p2πeqd��σ2 |σ´2Σ ` I|

���p2πeqd |��σ2I |

“
1
2

ln|I ` σ´2Σ|

Example 3.9 Bayes Optimal Predictor and
MLE[def. 1.14]: Problem: we do not know the real dis-
tribution pY|X py|xq, which we need in order to find the
bayes optimal predictor according to eq. (1.10).
Idea:

1. Use artificial data/density estimator p̂pY|X q in order to
estimate ErY|X “ xs

2. Predict a test point x by:
ŷ “ ÊrY|X “ xs “

ż

p̂py|X “ xqy dy

Common approach: ppX ,Yq may be some very complex
(non-smooth, . . . ) distribution ñ need to make some assump-
tions in order to approximate ppX ,Yq by p̂pX ,Yq
Idea: choose parametric form p̂pY |X, θq “ p̂θpY |Xq and then
optimize the parameter θ
which results in the so called maximum likelihood estimation
section 1.

Supervised Learning
Definition 3.10 Statistical Inference: Goal of Inference
1 What is a good guess of the parameters of my model?
2 How do I quantify my uncertainty in the guess?

D
Model Fitting

ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ
Learning method

´

X
c
ÝÑ Y

¯ Prediction
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ
of data x without label

ŷ

Recall: goal of supervised learning

Given: training data:
D “ tpx1, y1q, . . . , pxn, ynqu Ď X ˆ Y

find a hypothesis h : X ÞÑ Y e.g.
• Linear Regression: hpxq “ w⊺x
• Linear Classification: hpxq “ singpw⊺xq

• Kernel Regression: hpxq “
n
ř

i“i

αi kpxi,xq

• Neural Networks (single hidden layer):
hpxq “

řn
i“1 w1

iϕpw
⊺
i

xq
s.t. we minimize prediction error/empirical risk [def. 1.10].

Fundamental assumption

The data is generated i.i.d. from some unknown probability
distribution:

pxi, yiq „ pX ,Y pxi, yiq

Note
The distribution pX ,Y is dedicated by nature and may be
highly complex (not smooth, multimodal,. . . ).

4. Estimators

Definition 3.11 (Sample) Statistic: A statistc is a mea-
suarble function f that assigns a single value F to a sample
of random variables: X “ tX1, . . . , Xnu

f : Rn ÞÑ R F “ fpX1, . . . , Xnq

E.g. F could be the mean, variance,. . .

Note
The function itself is independent of the sample’s distribu-
tion; that is, the function can be stated before realization of
the data.

Definition 3.12 Statistical/Population Parameter:
Is a parameter defining a family of probabilty distributions
see example 3.1

Definition 3.13 (Point) Estimator θ̂ “ θ̂pXq:
Given: n-samples x1, . . . ,xn „ X an estimator

θ̂ “ hpx1, . . . ,xnq (3.25)
is a statistic/randomn variable used to estimate a true (pop-
ulation) parameter θ[def. 3.12] see also example 3.2.

Note
The other kind of estimators are interval estimators which do
not calculate a statistic but an interval of plausible values of
an unknown population parameter θ.
The most prevalent forms of interval estimation are:
• Confidence intervals (frequentist method).
• Credible intervals (Bayesian method).

5



Generalized Linear Models (GLMs)
Definition 3.14 Generalized Linear Model (GLM):

µ “ E rY|Xs “ g
´1
pηq (3.26)

η “

p
ÿ

j“0

βjmXj (3.27)

g pE rY|Xsq “ η (3.28)

Generalized Additive Models (GAMs)
Definition 3.15 Generalized Additive Models (GAMs):

sdf (3.29)
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Regression
Definition 4.1
Explanatory-/Indep.-/Predi.-/Variables/Covariates x:
Are the input variable(s) that we want to relate to the re-
sponse variable(s)[def. 4.2].

Definition 4.2
Response-/Dependent-/Variable(s) y:
Are the output quantities that we are interested in.

Definition 4.3 Coefficientsβ: Are the coefficients that we
are seeking.

Definition 4.4 Regression: Is the process of finding a pos-
sible relationship via some coefficients β between response-
variables x and a predictor-variable(s) y up to some error ϵ:

y “ f px,βq ` ϵ (4.1)

Note
The term regression comes from the latin term “regressus” and
means “to go back” to something. Historically the term was
introduced by Galton, who discovered that given an outlier
point, further observations will regress back to the mean. In
particular he discovered that children of very tall/small people
tend to be a smaller/larger.

Definition 4.5 Linear Regression: Refers to regression
that is linear w.r.t. to the parameter vector β (but not nec-
essarily the data):

y “ β
⊺
ϕpxq ` ϵ (4.2)

Linearity

Linearity is w.r.t. the coefficients βj .
Thus a model with transformed non-linear predictor[def. 4.1]

variables is still called linear.

Definition 4.6 Residual r:
Let us consider n observations txi, yiuni“1. The residual (er-
ror) is the deviation of the observed values from the predicted
values:
ri :“ ei “ pϵi “ yi ´ ŷi “ yi ´ pβ

⊺xi i “ 1, . . . , n (4.3)

Simple (linear) regression (SLR)

Definition 4.7 [example 4.1]
Simple Linear Regression: Is a linear regression[def. 4.8]

with only one explanatory variable[def. 4.1]:
Yi “ β0 ` β1xi ` ϵi i “ 1, . . . , n (4.4)

Multiple (linear) regression (MLR)

Definition 4.8 Multiple Linear Regression:
Is a linear regression model with multiple

␣

βj
(p
j“1

explanatory[def. 4.1] variables:
yi “ β0 ` β1xi1 ` . . . ` βpxip ` ϵi

“ β0 `
p
ÿ

j“1

βjxij ` ϵi “ β
⊺
xi ` ϵi

i “ 1, . . . , n

X β Y y “ Xβ

Design Matrix:
X P Rn,pp`1q

y P Rn

β P Rp`1

(4.5)

Note
Eq. 4.8 is usually an over-determined system of linear equa-
tions i.e. we have more observations then predictor variables.
Multiple vs. Multivariate lin. Reg.

Multivariate linear regression is simply linear regression with
multiple response variables and thus nothing else but a set of
simple linear regression models that have the same types of
explanatory variables.

Definition 4.9 [example 4.2]
Simple Linear Quadratic Regression: Is a linear regres-
sion[def. 4.8] with two explanatory variables[def. 4.1] written as:

yi “ β1 ` β2xi ` β3x
2
i ` ϵi i “ 1, . . . , n (4.6)

0.0.1. Existence

Corollary 4.1 Existence:

Dβ :

x11β1 ` x12β2 ` ¨ ¨ ¨ ` x1pβp
x21β1 ` x22β2 ` ¨ ¨ ¨ ` x2pβp

xn1β1 ` xn2β2 ` ¨ ¨ ¨ ` xnpβp

“

y1
y2

yn

(4.7)

ðñ y P RpXq (4.8)

1. Linear/Ordinary Least Squares (OLS)

Problem: for an over determined system n ą p (usually)
Ey P RpXq (in particular given round off errors) s.t. there ex-
ists no parameter vector β that solves [def. 4.8].
Idea: try to find the next best solution by minimizing the
residual(s)[def. 4.6].

Definition 4.10 Residual Sum of Squares:
Is the sum of residuals[def. 4.6]:

RSSpβq :“
n
ÿ

i“1

e
2
i “

n
ÿ

i“1

∥yi ´ pyi∥
2
2 (4.9)

Definition 4.11 Least Squares Regression lsqpX,yq:
Minimizes the residual sum of squares:

pβ P arg min
β

∥Y ´Xβ∥2
2 “ arg min

uPRpXq

∥y ´ u∥2
2 (4.10)

“ arg min
β

∥r∥2
2 “

n
ÿ

i“1

¨

˚

˝

p
ÿ

j“1

xijβj ´ yi

˛

‹

‚

2

“ RSSpβq

Alternative Formulation

Sometimes people write eq. (4.10) as 1
2 arg minβ∥r∥2

2 which
leads to the same solutioneq. (54.63).

2. Maximum Likelihood Estimate
Ridge MLE

Proposition 4.1 (Gauss Markov Assumptions)
Assumptions for Linear Regression Model:
1. The txiuni“1 are deterministic and measured without er-

rors.
2. The variance of the error terms is homoscedastic[def. 69.22]:

V rϵis “ σ
2
ă 8 @i (4.11)

3. The errors are uncorrelated:
Cov

“

ϵi, ϵj
‰

“ 0 @i ‰ j (4.12)
4. The errors are jointly normally distributed with mean 0

and constant variance σ2:
ϵi „ N p0, σ2

q @i “ 1, . . . , n ðñ ϵ „ N p0, σ2Inq
(4.13)

Definition 4.12 [proof 4.2]
Simple Linear Regression Log-Likelihood:
Assume: a linear model y “ Xβ ` ϵ

with Gaussian noise ϵ „ N p0, Iσ2
q

With: µ “ Eϵrys “ EϵrXβ ` ϵs “ Xβ ` 0
Vϵrys “ VϵrXβ ` ϵs “ 0 ` Vrϵs “ Iσ2

Thus: Y|X „ N pXβ, Iσ2
q Yi|X „ N px⊺

i
β, σ

2
q

with: θ “
`

β⊺ σ
˘⊺
P Rp`1

lnpy|X, θq9 ´
1

2σ2

n
ÿ

i“1

`

yi ´ β
⊺xi

˘2
“ ´

1
2σ2

∥y ´Xβ∥2

θ
˚
P arg max

θPRp`1
lnpy|X, θq “ arg min

θPRp`1
´lnpy|X, θq

(4.14)

1. The Normal Equation

Definition 4.13 [proof 4.4]
The Normal Equations:
Is the equation we need to solve in order to solveeq. (4.10) or
equivalently eq. (4.14) and is no longer an over determined
system:

X⊺X β YX⊺
X⊺Xpβ “ X⊺Y

X⊺X P Rpˆp

β P Rp

X⊺
P Rpˆn

Y P Rn

(4.15)

Geometric Interpretation

Corollary 4.2 [proof 4.5]
Geometric Interpretation:

R pXq

py “ Xpβ

r “ y ´Xβ

y

We want to find
arg minβPRn∥Xβ ´ y∥2

2
which is equal to finding:

arg min
pyPtXβ:βPRnu“RpXq

∥py ´ y∥2
2

but this minimum is
equal to the orthogonal
projection[def. 59.22] of y
onto RpXq i.e. the map:

y ÞÑ py
is the orthogonal projection
of y onto RpXq.

Corollary 4.3 Orthogonality of residuals [proof 4.6]:
Corollary 4.2 implies that the residuals are orthogonal w.r.t.
to all the column vectors of X:

r⊺xpjq
“ 0 @j “ 1, . . . p (4.16)

2.1.1. The Least Squares Solution pβ “ pX⊺Xq´1 X⊺Y

Proposition 4.2 Least Squares Solution:
pβ “

`

X⊺X
˘´1 X⊺y :“ X:y (4.17)

Note

X: is the Moore-Penrose pseudo-inverse of the matrix X.
2.1.2. Solving The Normal Equation
Cholesky Decomposition

Corollary 4.4 Computational Complexity: X P

Rnˆd,y P Rn,w P Rd with n, the number of observations and
d, the number of equations/feautres/dimension of the prob-
lem.
Assume: d ď n, that is we have an overdetermined system,
more equations than unkowns.

1. Compute regular matrix (Matrix Product):
C :“ X⊺X fl Opn ¨ d2q.

2. Compute the r.h.s. vector (Matrix-Vector):
c :“ X⊺y P Rd fl Opndq.

3. Solve s.p.d. LSE via. Cholesky decomposition:
Cw “ c fl Opd3q.

Thus the total cost amounts to Opd3 ` nd2q.

Note: s.p.d. C and cholesky decomposition

Assume: X has a trivial kernel ðñ X⊺X is invertible.
1. Symmetric: a transposed matrix times itself is symmet-

ric ñ C is symmetric.
2. Posistive definite:

w⊺Cw “ w⊺X⊺Xw “ ∥X
has trivial kernel

w∥2
ą 0 @w ‰ 0

QR Decomposition

2.1.3. Simple Linear Regression Solution

Definition 4.14 [proof 4.4]
Linear Regression Solution:

β̂ “
`

X⊺X
˘´1 X⊺

looooooooomooooooooon

X:

y with
Σ2

“
`

X⊺X
˘´1

P “ X⊺y
(4.18)

Σ2 : Varianece-Covar. M. P : Inp./Oup. Covariance

Moore-Penrose pseudo-inverse: X: with X:X “ I
(4.19)

2.1.4. Making Predictions

Definition 4.15 P/H “ X pX⊺Xq´1 X⊺ : y ÞÑ ŷ
Hat/Projection Matrix:
Is the matrix that projects the y onto the ŷ:

py “ Xpβ “ X
`

X⊺X
˘´1 X⊺y “: Py (4.20)

Property 4.1 Symmetry: P is trivially symmetric.

Property 4.2 Idem-potent P2 “ P: P is idem-potent
i.e. projecting multiple times by P is the same as projecting
once.

Property 4.3 Trace:
trpP q “ trpX

`

X⊺X
˘´1 X⊺

q “ trp
`

X⊺X
˘´1 X⊺Xq

“ trpIpˆpq “ p

Corollary 4.5 P : Rn ÞÑ X Ď Rp: From these three proper-
ties it follows that P is an orthogonal projection onto a p-dim
subspace.

Corollary 4.6 Residual Projection: The residual can be
represented in terms ofeq. (4.20):

r “ pI ´ PqY (4.21)
it follows that I´P is an orthogonal projection onto pn´ pq-
dim subspace X K “ Rn zX .

Uniqueness

Theorem 4.1 : Let A P Rp,p, p ě p then it holds that:
NpAq “ NpA⊺Aq RpA⊺

q “ RpA⊺Aq (4.22)

Theorem 4.2 Full-Rank Condition F.R.C.:
Equation 4.13 has a unique least squares solution given by:

pβ “
`

X⊺X
˘´1 X⊺Y (4.23)

ðñ NpXq “ t0u ðñ rankpXq “ p p ě p (4.24)

2. Moments and Distributions

Property 4.4 Moments of pβ [proof 4.7]:
E
”

pβ
ı

“ β V
”

β̂
ı

“ Cov
”

pβ
ı

“ σ
2
pX⊺Xq´1 (4.25)

pβ „ Np

´

β, σ
2 `

X⊺X
˘´1

¯

(4.26)

Property 4.5 Moments of py [proof 4.9]:
E rpys “ E rys “ Xβ V rpys “ Cov rpys “ σ

2P (4.27)

py „ Nn

´

Xβ, σ
2P

¯

(4.28)

Property 4.6 Moments of r:
E rrs “ 0 Cov rrs “ σ

2
pI ´ Pq (4.29)

r „ Nn

´

0, σ2
pI ´ Pq

¯

(4.30)

Property 4.7 Moments of pσ:

pσ
2 :“

1
n ´ p

n
ÿ

i“1

r
2
i ùñ E rpσs “ σ (4.31)

pσ
2
„

σ

n ´ p
χ

2
n´p (4.32)

Note

The standard deviation σ2 is given by ϵ „ N 0, σ2. However
we may not know σ2, thus we can estimate it by using the
residuals r.
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Proof 4.1 Property 4.7: pσ2 is an unbiased estimator of σ:
2.2.1. The Gaus Markov Theorem

Theorem 4.3 Gauss–Markov theorem [proof 4.10]:
The BLUE of the β coefficients, of a linear regression model,
satisfying the Gauss-Markov assumptions is given by the
ordinary least squares (OLS) estimator, provided it exists (is
invertible).

V
”

β̂
ı

ď V
”

rβ
ı

with
β̂ “ pX⊺Xq´1X⊺

y “ Cy

rβ any lin. unb. est. for β
(4.33)
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3. MLE with linear Model & Gaussian Noise
1. MLE for conditional linear Gaussians

Questions: what is PpY |Xq if we assume a relationship of the
form: We can use the MLE to estimate the parameters θ Rk
of a model/distribution h s.t.

y « hpX; θq ðñ y “ hpX; θq ` ϵ

X: set of explicative variables. ϵ: noise/error term.

Lemma 4.1 : The conditional distribution D of Y given X
is equivilant to the unconditional distribution of the noise ϵ:

PpY |Xq „ D ðñ ϵ „ D

Example: Conditional linear Gaussian

Assume: a linear model hpxq “ w⊺x
and Gaussian noise ϵ „ N p0, σ2

q

With Erϵs “ 0 and yi “ w⊺x ` ϵ, as well as ?? it follows:
y „ p̂pY “ y|X “ x, θq „ N pµ “ hpxq, σ2

q

with: θ “
`

w⊺ σ
˘⊺
P Rn`1

Hence Y is distributed as a linear transformation of the X
variable plus some Gaussian noise ϵ: yi „ N pw⊺xi, σ2q ñ
Conditional linear Gaussian.
if we consider an i.i.d. sample tyi,xiuni“1, the corresponding
conditional (log-)likelihood is defined to be:

LnpY |X, θq “p̂py1, . . . , yn|x1, . . . ,xn, θq

i.i.d.
“
??

n
ź

i“1

p̂Y |Xpyi|xi, θq “

n
ź

i“1

N pw⊺xi, σ
2
q

“

n
ź

i“1

1
?
σ22π

exp
˜

´
pyi ´w⊺xiq2

2σ2

¸

“

´

σ
22π

¯´n
2 exp

¨

˝´
1

2σ2

n
ÿ

i“1

`

yi ´w⊺xi
˘2

˛

‚

lnpY |X, θq “ ´
n

2
lnσ2

´
n

2
ln 2π ´

1
2σ2

n
ÿ

i“1

`

yi ´w⊺xi
˘2

θ
˚
“ arg max

wPRd,σ2PR`

lnpY |X, θq

BlnpY |X, θq

Bθ
“

¨

˚

˚

˚

˚

˚

˚

˚

˝

BlnpY |X,θq

Bw1
.
.
.

BlnpY |X,θq

Bwd
BlnpY |X,θq

Bσ2

˛

‹

‹

‹

‹

‹

‹

‹

‚

!
“

ˆ

0d
0

˙

BlnpY |X, θq

Bw
“

1
σ2

n
ÿ

i“1

xi
`

yi ´w⊺xi
˘

“ 0 P Rd

“

¨

˝

n
ÿ

i“1

xix
⊺
i

˛

‚w “

n
ÿ

i“1

xiyi

BlnpY |X, θq

Bσ2
“ ´

n

2σ2
`

1
2σ4

n
ÿ

i“1

`

yi ´w⊺xi
˘2
“ 0

θ
˚
“

ˆw˚

σ2
˚

˙

“

¨

˝

´

řn
i“1 xix

⊺
i

¯´1 `
řn
i“1 xiyi

˘

1
n

řn
i“1

´

yi ´w⊺
˚

xi
¯2

˛

‚ (4.34)

Note
• The mean µ of the normal distribution follows from:

E
“

w⊺xi ` ϵi
‰

“ Erw⊺xi
loomoon

const

s ` Erϵis
loomoon

“0

“ w⊺xi

• The noise ϵ must have zero mean, otherwise it wouldn’t be
randomn anymore.

• The optimal function h˚pxq determines the mean µ.
• We can also minimize:

θ
˚
“ arg max

θ

p̂pY |X, θq “ arg min
θ

´p̂pY |X, θq

σ2

µ “ hpx1q

xx1

Y 1 „ N pw⊺x1, σ2q
Y

Y 1

hp
xq “

w
⊺ x

The Liklihood does not ex-
plicitly care about the dis-
tribution of the x but
for a given x1 it carse
about modeling the distri-
bution of the chosen model
fY|X py|x

1, θq around the
linear function hpx1q “

w⊺x1

ñ y1 is an sample from the
distribution/model.

2. Conditional MLE fl Least Squares

Assuming that the noise is i.i.d. Gaussian with constant vari-
ance σ, that is θ “

´

w ��σ2
¯⊺

and considering the negative log likelihood in order to mini-
mize arg maxα “ ´ arg minα:

´ lnpwq “ ´
n
ź

i“1

ln N pw⊺xi, σ
2
q “

n

2
lnp2πσ2

q `

n
ÿ

i“1

pyi ´w⊺xiq2

2σ2

arg max
w

lnpwq ðñ arg min
w

´lnpwq

arg min
w

1
σ2

n
ÿ

i“1

`

yi ´w⊺xi
˘2
“ arg min

w

n
ÿ

i“1

`

yi ´w⊺xi
˘2

(4.35)
Thus Least squares regression equals Conditional MLE with
a linear model + Gaussian noise.

Maximizing Liklihood ðñ Minimizing least squares

Corollary 4.7 : The Maximum Likelihood Estimate (MLE)
for i.i.d. Gaussian noise (and general models) is given by the
squared loss/Least squares solution, assuming that the vari-
ance is constant.
Heuristics for ??

Consider a sample ty1, . . . , ynu
i.i.d.
„ N pµ, σ2q

Blnpy|x, θq

Bµ
“

1
σ2

n
ÿ

i“1

pyi ´ µq
!
“ 0

Blnpy|x, θq

Bσ2
“ ´

n

2σ2
`

1
2σ4

n
ÿ

i“1

pyi ´ µq
2 !
“ 0

θ
˚
“

ˆ

µ˚

σ2
˚

˙

“

˜ 1
n

řn
i“1 yi

1
n

řn
i“1 pyi ´ yiq

2

¸

(4.36)

So, the optimal MLE correspond to the empirical mean and
the variance.
Note

Bw⊺x
Bw

“
Bx⊺w
Bw

“ x

3. MLE for general conditional Gaussians

Suppose we do not just want to fit linear functions but a
gerneal class of models Hsp :“ th : X ÞÑ Ru e.g. neural net-
works, kernel functions,. . .
Given: data D “ tpx1, y1q, . . . , pxn, ynqu The MLE for gen-
eral models h and i.i.d. Gaussian noise:

h „ p̂Y |XpY “ y|X “ x, θq “ N py|h˚
pxq, σ2

q

Is given by the least squares solution:

h
˚
“ arg min

hPH

n
ÿ

i“1

pyi ´ hpxiqq
2

E.g. for linear models H “ thpxq “ w⊺x with parameter wu

Other distributions
If we use other distributions instead of Guassian noise, we
obtain other loss functions e.g. L1-Norm for Poission Dis-
tribution.
ñ if we know somthing about the distribution of the data we
know which loss fucntion we should chose.

Ridge Max Prior
Prior
Assume: prior Ppβ|Σq on the model parameter β is gaussian
as well and depends on the hyperparameter ([def. 6.7]) Σ (fl

co-variance matrix):
β „ pRidge

pβ|Σq “ N pβ|0,Σq
[def. 66.34]
“ p2πq´

d`1
2 detpΣq´

1
2 exp

ˆ

´
1
2

β
⊺Σ´1

β

˙

lnpβ|Σq “ ´
1
2

ln det pΣq´1
´
d ` 1

2
ln 2π ´

1
2

βΣ´1
β (4.37)

Max Prior

β
˚
P arg max

βPRd`1
lnpβ|Σq

“ arg max
βPRd`1

´
1
2

ln det pΣq´1
´
d ` 1

2
ln 2π ´

1
2

βΣ´1
β

0 !
“

B

Bβ˚
lnpβ˚

|Σq “ ´
B

Bβ˚
β

˚Σ´1
β

˚ eq. (4.46)
“ ´2Σ´1

β
˚

β
˚
P arg max

βPRd`1
log ppβ|Σq “ arg min

βPRd`1
´lnpβ|Σq “ 2Σ´1

β
˚

(4.38)

Log-MAP

β
˚
P arg max

βPRd`1
Ppβ|X,yq

“ arg min
βPRd`1

´ log

eq. (4.38)
hkkkikkkj

Ppβ|Σq ´ log
??

hkkkkkkikkkkkkj

PpX,y|βq

“ Σ´1
β

˚
´

1
σ2

X⊺y `
1
σ2

X⊺Xβ
˚
“ 0

ðñ pΣ´1
`X⊺Xσ´2

qβ
˚
“ σ

´2X⊺y
pσ

2Σ´1
`X⊺Xqβ̂ “ X⊺y

β̂
MAP

“

´

σ
2Σ´1

`X⊺X
¯´1

X⊺y

Definition 4.16 Ridge MAP: For ridge regression we as-
sume that the noise of the prior is uncorrelated/diagonal i.e.

Σ´1
“ Iσ´2 and let Λ :“ σ

2Σ´1
“ I

σ2

σ2
(4.39)

which leads to:

β̂
MAP

“
`

Λ `X⊺X
˘´1 X⊺y with Λ “ Iλ “ I

σ2

σ2
(4.40)

Definition 4.17 Regularization: Regularization is the pro-
cess of introducing additional information/bias in order to
solve an ill-posed problem or to prevent overfitting.
(It is not feature selection)

Definition 4.18 Tikhonov regularization: Commonly
used method of regularization of ill-posed problems.

∥Xβ ´ y∥2
` ∥Γβ∥2 (4.41)

Γ: Tikhonov matrix in many cases, this matrix is chosen as
Γ “ αI giving preference to solutions with smaller norms; this
is known as Ridge/L2 regularization.

Gaussian Prior/Liklihood MAP inference

β̂
Ridge

“ arg min
β

!

py ´Xβq
⊺
py ´Xβq

loooooooooooooooomoooooooooooooooon

data term

`β
⊺Λβ

looomooon

regularizer/penalty

)

“ arg min
β

!

∥y ´Xβ∥2
` β

⊺Λβ
)

eq. (4.39)
“ arg min

β

!

∥y ´Xβ∥2
` λ∥β∥2

)

“ arg min
β

!

∥y ´Xβ∥2
` λ

d
ÿ

i“1

β
2
i

)

• ∥y ´ Xβ∥2 is forced to be small so that we find a weight
vector β that matches the data as close as possible:

yi “ βixi ` ϵi s.t.
n
ÿ

i“1

ϵi small

In other words we want to fit the data well.
• β⊺Λβ

ridge
“ λ∥β∥2 says chose a model with a small magni-

tude ∥β∥2.
Thus the smaller λ the bigger can the data faith fullness
term be ∥y ´Xβ∥2.

Note
The intercept β0 in the regularizer term has to be left out.
Penalization of the intercept would make the procedure de-
pend on the origin chosen for y.
Thus we actually have (for data with non-zero mean):

β
˚
“ arg min

βPRd

$

&

%

∥y ´ pXβ ` β0q∥
2
` `λ

d
ÿ

i“1

β
2
i

,

.

-

Note: SVD
Using SVD one can show that ridge regression shrinks first
the eigenvectors with minimum explanatory variance.
Hence L2/Ridge regression can be used to estimate the pre-
dictor importance and penalize predictors that are not impor-
tant (have small explanatory variance).

Note: no feature selection
The coefficients in a ridge will go to zero as λ increases but
will no become zero (as long as λ ‰ 8)!
They are fit in a restricted fashion controlled by the shrinkage
penalty λ.

dofs(λ) “
#

d if λ “ 0 (no regularization)
Ñ 0 if λÑ 8

(4.42)

ñ Ridge cannot be used for variable selection since it retains
all the predictors

Balance of λ “ σ2
σ2 controls the tradeoff between simplicity

and data faith fullness because:
1 λ

σÒ
ÝÝÑ
σÓ

8: ∥β∥2 must be minimized:

• σ Ò: model does not need to match data so perfectly as
we have more noise in our data/observations ðñ bigger
errors (recall ϵ „ N p0, Iσ2q).

• σ Ó: prior has smaller variance, thus our prior knowl-
edge of the model is pretty exact/important (recall
β „ N pβ|0, Iσq)

2 λ
σÓ
ÝÝÑ
σÒ

0: ∥y ´ Xβ∥2 must be minimized: model must

match data perfectly
• σ Ó: model does need to match perfectly, our observa-

tion/data has small variance/is well defined ðñ do
not allow big errors (recall ϵ „ N p0, Iσ2q).

• σ Ò: our knowledge about the model is pretty vague
(recall β „ N pβ|0, Iσq)

Note

• Often Λ´1 “ 1 P Rd`1ˆd`1

• Λ is symmetric and diagonal.
• pd ` 1q dimension as we included offset into β.

9



Heuristic Map Inference

A really large weight vector β will result in amplifying
noise/larger variance/fluctuations fl overfitting.
This is because the complexity of the estimate increases with
the magnitude of the parameter as it becomes easier to fit
complex noise.

Ill-posed problem/Invertability and Ridge

Another advantage of Ridge regression is that, even if X⊺X
in eq. (4.40) is not invertible/regular/has not full rank.
Then pX⊺X `Λq will still be invertible/well posed.
This was the original reason for L2/Ridge Regression.

MAP fl Ridge

arg max
w

Ppw|x, yq “ arg min
w

λ∥w∥2
`

n
ÿ

i“1

`

yi ´w⊺xi
˘2

MAP with a linear model and Gaussian noise equals classical
ridge regression ??.

arg min
w

λ∥w∥2
`

n
ÿ

i“1

`

yi ´w⊺xi
˘2

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

Ridge Regression

” arg max
w

Ppwq
n
ź

i“1

Ppyi|xi,wq

looooooooooooooooooooooomooooooooooooooooooooooon

MAP

Thus if we know our data β, σ we can chose λ statistically
and do not need cross-validation.

Generalization

Regularized estimation can often be understood as MAP in-
ference:

arg min
w

n
ÿ

i“1

lpw⊺xi; xi, yiq ` Cpwq “

“ arg max
w

n
ź

i“1

PpwqPpyi|xi,wq “ arg max
w

Ppw|dataq

with Cpwq “ ´ log Ppwq
lpw⊺xi; xi, yiq “ ´ log Ppyi|xi,wq

Priors
4. Laplace PriorflLasso/L1-regularization
Intro
Question: what if d " n e.g.
• bag of words with d “nb. of words" nnb. of documents.
• Genome analysis d “nb. of genes" n patients.
Problem: we have more unkowns/parameters than observa-
tions ñ no unique solution. e.g.: Trying to fit 1 data point
with polynomimal of degree 12.
Question: can we somehow still find a good solution if
n “ Opln dq ðñ exp. more dim. than observations

Idea: If most of the dimensions are irrelevant for the prob-
lem, then we can find a good (sparse) solution fl feature se-
lection/dimensionality reduction.

Given: Laplacian model prior β „ ppβ|Λq:

PLasso
pβ|Λq

eq. (66.58)
“

Λ
2

e p´Λ|β|q
“

d
ź

j“1

λj

2
e

´λj |βj |

With Λ´1 :“ Σ hyperparameter/covariance matrix
This leads to a L1 regularized model:

Laplace Prior Gaussian Prior

β β

Pp
β
,

Λ
q

0 0

Thus: laplace priors gives sparesness, higher liklihood to get
value at β “ 0.

´ ln Ppβ|Λq “
d
ÿ

j“1

λj |βj | ´ d ln
λj

2
(4.43)

Laplacian MAP Prior Inference

β
˚
“ arg min

βPRd

!

∥y ´ pXβ ` β0q∥
2
` λ∥β∥1

)

“ arg min
βPRd

$

&

%

∥y ´ pXβ ` β0q∥
2
` λ

d
ÿ

i“1

|βi|

,

.

-

(4.44)

|β|i does not change βi while β2
i becomes very small for

valuesP p0, 1q thus when minimizing the L2 error ∥betac∥2 Ñ
0 but not βi while for L1 regularization will actually have to
set βi values to zero for large enough λ.

Advantage

Combines advantages of Ridge regression (convex func-
tion/optimization) and L0-regression (sparse and easy to in-
terpret solution).

Difference L1& L2 penalties

Typically ridge or L2 penalties are much better for minimizing
prediction error rather than L1 penalties. The reason for this
is that when two predictors are highly correlated, L1 regular-
izer will simply pick one of the two predictors. In contrast,
the L2 regularizer will keep both of them and jointly shrink
the corresponding coefficients a little bit. Thus, while the L1
penalty can certainly reduce overfitting, you may also experi-
ence a loss in predictive power.
Notes

The unconstrained convex (see [cor. 54.12]) optimization prob-
lem eq. (4.44) is not differentiable at βi “ 0 and thus has no
closed form solution as the L2 problem ñ quadratic program-
ming.
5. Sparsness Priors/L0-regularization

´ ln Ppβ|sq “ s

d
ÿ

j“1

1βj‰0 “ s

d
ÿ

j“1

¨

#

1 if βj ‰ 0
0 otherwise

(4.45)

ñ measure for the number of possible non-zero dimesnions/-
parameters in β.
Advantage

• Leads always to sparse solution.
• Indicates/Explains model well as we only get a few non-zero

parameters that determine/characterize the model.

Drawback
Non-convex, non-differentiable problem ñ computationally
difficult combinatorics.

Scalarization vs. Constrained Optimization

Their are two equivilant ways of trading:
• gpβq “ ∥y ´Xβ∥2: the data term and
• fpβq: the Regularizer.

Scalariztion Constraint opt.
min

w
fpβq ` Cgpβq min

w
gpβq s.t. fpwq ď B

gpwq

fpwq

C small

C large

gpwq

fpwq

B small

B large

Note
Scalarization and constrained optimzization gives the
same curves ðñ f, g are both convex functions.
This is not necessarily for the same values of C and B but
their exisits always a relationship C “ upBq s.t. this is true.

Comparison of priors

(a) L1-regularization (b) L2-regularization

The constraint formulation of the optimization problems can
be plotted for two features β1, β2 as:

β1

β2

β̂
Ridge

Case I

Case II

β⊺Λβ ď const

β1

β2

β̂
Lasso

β2 “ 0β2 “ 0

β1 “ 0

β1 “ 0

β1

β2

β̂
L0

řd
j“1 λjβj ď const

• Ridge Regression/L2-regression: if the leasts squares
error solution satisfies the constraint, we are fine (Case II),
otherwise we do violated the constraint β2

1 ` β2
2 ď const

(Case I).
• Lasso/L1-regression: Here the constraint equals |β1| `

|β| ď const and leads to polyhedron. Most of the time we
obtain a sparse solution fl corrner, due to the fact that
corner regions increas much faster in volume, as the mixed
regions (sparseness increases with number of dimensions).

• Sparsness prior/L0-regression: Leads to a super spiky
geometry ñ always leads to a sparse solution.

Liklihoods
6. Student‘s-t likelihood loss function

Students-t Distribution:

fpy|x,w, ν, σ2
q “

Γ
´

ν`1
2

¯

c

πνσ2Γ
´

ν
2

¯

˜

1 `
py ´w⊺xq2

νσ2

¸´
ν`1

2

ν: determines speed of decay.
Problem L2/squared loss functions lead to estimates that
are sensitive to outliers, that is because something that is far
away, from the expected value, will be increased/influences
the model very much.

• For Gaussian noise: outliers are very unlikly and thus will
have a big influence on the model.

• For Students-t noise: noise, outliers are not as unlikly as
for Gaussian noise and thus will not have that much of an
influence on the model.

y ´wx

ν “ 1

Pp
y
|x
,

x
,
ν
q

Gaussian distribution
Students-t distribution

Gaussian distribution
Students-t distribution

Outlier

Fittting

Speed of Decay: Pp|y ´ w⊺x| ą tq probability of having a
outlier/derivation of larger than t, for linear regression.
Students-t Pp|y ´w⊺x| ą tq “ Opt´α

q α ą 0
(Polynomial decay)

Gaussian Pp|y ´w⊺x| ą tq “ Opexp´αt
q α ą 0

(Exponential decay)
ñ Students-t distribution decays less fast then the Gaussian
distribution and thus has heavier tails/tailmasses and does
not get so easily influenced by noise.
Thus if we know that our model contains outliers/noise, we
should use student’s t distribution.
4. Proofs

Proof 4.2 4.12: From eq. (4.12) it follows that the response
variables are uncorrelated given the explanatory variables
Cov

“

Yi, Yj |X
‰

“ 0. Hence we have i.i.d. samples with a cor-
responding conditional (log-)likelihood given by:

Lnpy|X, θq
i.i.d.
“

n
ź

i“1

ppxi, yi|θq “
n
ź

i“1

N pβ⊺xi, σ
2
q

“

n
ź

i“1

1
?
σ22π

exp
˜

´
pyi ´ β⊺xiq2

2σ2

¸

“

´

σ
22π

¯´n
2 exp

¨

˝´
1

2σ2

n
ÿ

i“1

`

yi ´ β
⊺xi

˘2

˛

‚

lnpy|X, θq “ ´
n

2
lnσ2

´
n

2
ln 2π ´

1
2σ2

n
ÿ

i“1

`

yi ´ β
⊺xi

˘2

Proof 4.3 Definition 4.14:
β

˚
P arg min

βPRp
´lnpy|X, θq

“ arg min
βPRp

1
2σ2

n
ÿ

i“1

`

yi ´ β
⊺xi

˘2

“ arg min
βPRp

1
2σ2

py ´Xβq
⊺
py ´Xβq

“ arg min
βPRp

py ´Xβq
⊺
py ´Xβq

‹
ðñ

´

´2y⊺X ` 2X⊺Xβ
˚
¯ !
“ 0

ñX⊺Xβ
˚
“ X⊺y
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Note: ‹

py ´Xβq
⊺
py ´Xβq

“ y⊺y ´ y⊺Xβ ` pXβq
⊺y ´ pXβq

⊺
pXβq

“ y⊺y ´ 2y⊺Xβ ` β
⊺X⊺

pXβq

B

Bx
Mx “ M and

B

Bx
x⊺Mx “ pM `M⊺

qx (4.46)

If we let M “ X⊺X then it follows:
B

Bβ
β
⊺X⊺

pXβq “ pX⊺X ` pX⊺Xq⊺qβ “ 2X⊺Xβ

Thus
0 “

B

Bβ
py ´Xβq

⊺
py ´Xβq “ 2X⊺

pXβ ´ yq (4.47)

Proof 4.4: [def. 4.13]

lsqpX,yq “ py ´Xβq
⊺
py ´Xβq

“ y⊺y ´ y⊺Xβ ` pXβq
⊺y ´ pXβq

⊺
pXβq

“ y⊺y ´ 2y⊺Xβ ` β
⊺X⊺

pXβq

0 “
B

Bβ
lsqpX,yq “ 2X⊺Xβ ´ 2X⊺y “ 2X⊺

pXβ ´ yq

Note

B

Bβ
β
⊺X⊺

pXβq
eq. (59.134)

“ pX⊺X ` pX⊺Xq⊺qβ “ 2X⊺Xβ

Proof 4.5: Corollary 4.2
pXβ ´ yq KRpXq

ðñ pXβq
⊺
pXβ ´ yq “ 0 @β P Rm

ðñ X⊺
pXβ ´ yq “ 0

where X “
␣

x:,1, . . . ,x:,m
(

is the “basis” of the Range space:
pXβ ´ yq⊺x:,j “ 0 @j “ 1, . . . ,m

Proof 4.6 Corollary 4.3: From [def. 4.13] it follows:
X⊺Y “ X⊺Xpβ “ pβ

⊺X⊺X “ pXpβq
⊺X

ðñ pY ´XpβqX “ r⊺X “ 0

Proof 4.7 Property 4.4: pβ an unbiased estimator of β:
β̂ “ pX⊺Xq´1X⊺

y “ pX⊺Xq´1X⊺
pXβ ` ϵq

“ β ` pX⊺Xq´1X⊺
ϵ

Eϵrβ̂s “ Erβs ` ErpX⊺Xq´1X⊺
ϵs

“ β ` pX⊺Xq´1X⊺ Erϵs
loomoon

“0

“ β

Proof 4.8 Property 4.4: Covariance σ2pX⊺Xq´1:

Cov
”

β̂
ı

“

“0
hkkkkikkkkj

Cov rβs `

:“Vrαϵs
hkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkj

Cov
”

pX⊺Xq´1X⊺
ϵ
ı

“ Erpαϵq2s ´

“0
hkkkikkkj

Erαϵs2

“ Erpαϵq⊺pαϵqs “ E
”

pX⊺Xq´1X⊺
ϵϵ

⊺XpX⊺Xq
ı

“ pX⊺Xq´1X⊺E
“

ϵϵ
⊺‰ XpX⊺Xq

“ σ
2
pX⊺Xq´1X⊺XpX⊺Xq “ σ

2
pX⊺Xq´1

Proof 4.9 Property 4.5: py an unbiased estimator of y:

Eϵrŷs “ ErXpβ ` ϵs “ XErpβs ` 0
eq. (4.25)

“ Xβ “ E rys

Proof 4.10 Theorem 4.3: pβ is a linear operator w.r.t. to y:
pβ “ pX⊺Xq´1X⊺

y “: Cy “ CpXβq

“ β ` pX⊺Xq´1X⊺
ϵ “: rCϵ ` β

5. Examples

Example 4.1 Simple Linear Regression:

p “ 2 X “

¨

˚

˚

˚

˚

˝

1 x1
1 x2

1 xn

˛

‹

‹

‹

‹

‚

β “

ˆ

β1
β2

˙

Example 4.2 Simple Linear Quadratic Regression:

p “ 3 X “

¨

˚

˚

˚

˚

˚

˝

1 x1 x2
1

1 x2 x2
2

1 xn x2
n

˛

‹

‹

‹

‹

‹

‚

β “

¨

˝

β1
β2
β2

˛

‚
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Classification
6. Intro

Definition 4.19 Training Data D:
D :“

!

pxi, yiq
ˇ

ˇ xi P X Ă Rd, yi P Y :“ tc1, . . . , cKu
)

Definition 4.20 Classifier c:
Is a mapping that maps the features into classes:

c : X Ñ Y (4.48)

Definition 4.21 Dichotomy:
Given a set S “ ts1, . . . , sN u a dichotomy is partition of the
set S into two subsets A, Ac that satisfy:
• Collectively/jointly exhaustiveness:

S “ A Y A
C (4.49)

• Mutual exclusivity:
s P A ùñ s R A

C
@s P S (4.50)

Explanation 4.1. Nothing can belong simultaneously to both
parts A and Ac.

Types of Classification

Definition 4.22 Binaray Classification:

Is a classification problem where
the labels are binary:

Y “ tc1, c2u “ t´1, 1u (4.51)
C1

C2

Types of Categorical Data

Definition 4.23 Nominal/Categorical Data:
Is data where variables belong to a finite set of classes
tc1, . . . , cKu that do not have any ordering.

Definition 4.24 Ordinal Data:
Is data where variables belong to a finite discrete set of classes
tc1, . . . , cKu that are ordered/do have an ranking between
each other i.e. numbers.

Encodings
6.3.1. Ordinal Encoding

Definition 4.25 Ordinal Encdoing:
Each category gets assigned an integer values to introduce an
order to the data.
Usage: for ordinal data, where we want to preserve order.

Cons
• models such as neural networks output a continues value,

thus we are in fact treating a mulit-class classification
problem as regression problem.

6.3.2. One Hot Encoding

Definition 4.26 One-hot encoding/representation:
Is the representation/encoding of the K categories
tc1, . . . , cKu

)

by a sparse vectors[def. 59.70] with one non-
zero entry, where the index j of the non-zero entry indicates
the class cj :

Bn “

$

&

%

y P t0, 1un : y⊺y “
n
ÿ

i“1

y “ 1

,

.

-

s.t. yi “ ej ðñ yi “ cj

Usage: for data where we do not want any order.

MNIST
I.e. for digit recognition we should treat our numbers as a set
we do care that a 9 is classified as 9 but do not care that it
comes after an .

6.3.3. Soft vs. Hard Labels

Definition 4.27 Hard Labels/Targets: Are observations
y P Y that are consider as true observations. We can encode
them using a one hot encoding[def. 4.26]:

y “ ck ùñ y “ ek (4.52)

Definition 4.28 Soft Labels/Targets: Are observations
y P Y that are consider as noisy observations or probabilities
p. We can encode them using a probabilistic vector[def. 59.71]:

y “
“

p1 pK
‰⊺ (4.53)

Corollary 4.8 Hard labels as special case: If we consider
hard targets[def. 4.27] as events with probability one then we
can think of them as a special case of the soft labels.

7. Binary Classification t´1, 1u

1. Linear Classification

Definition 4.29 Linear Dichotomy:

Definition 4.30 Linear Classifier: A linear classifier is a
classifier c that assigns labels ŷ to samples xi using a linear
decision boundary/hyperplane[def. 59.15]:

ŷ “ cpxiq “

#

c1 P H` if w⊺x ą θ

c2 P H´ if w⊺x ă θ
(4.54)

Explanation 4.2 (Definition 4.30).

θ
∥w∥

cpxq ą 0

cpxq “ w⊺x ` b

cpxq ă 0

weight vector w

cpx1q

∥w∥

arbitrary
point x1

decision boundary
fpxq “ 0

“ w⊺x ´ θ

• The b P R corresponds to the offset of the decision surface
from the origin, otherwise the decision surface would have
to pass through the origin.

• w P Rd is the normal unit vector of the decision surface.
Its components

␣

wj
(d
j“1 correspond to the importance of

each feature/dimension.

Explanation 4.3 (Threshold θ vs. Bias b). The offset is called
bias if it is considered as part of the classifier w⊺x ` b and as
threshold if it is considered to be part of the hyperplane θ “ ´b,
but its just a matter of definition.

Definition 4.31 (Normalized) Classification Criterion:

rw⊺x “ w⊺xy ą 0 @ px, yq P D (4.55)

Definition 4.32 Linear Separable Data set: A data set
is linearly separable if there exists a separating hyperplane H
s.t. each label can be assigned correctly:

ŷ :“ cpxq “ y @px,yq P D (4.56)

7.1.1. Normalization

Proposition 4.3 Including the Offset: In order to simplify
notation the offset is usually included into the parameter vec-
tor:

w Ð

ˆ

w
b

˙

x Ð
ˆ

x
1

˙

ñ w⊺x “
`

w⊺ b
˘

ˆ

x
1

˙

“ w⊺x ` b

Proposition 4.4 Uniform Classification Criterion:
In order to avoid the case distinction in the classification cri-
terion of eq. (4.54) we may transform the input samples by:

rx “

#

x if w⊺x ą θ

´x if w⊺x ă θ
(4.57)

Explanation 4.4 (proposition 4.4).

We transform the input s.t. the separating hyper-plane puts
all labels on the same “positive” side w⊺x ą 0.

C1

C2

C1

C2

Normalization

Corollary 4.9 : How can we achieve this in practice?
If Y “ t´1, 1u then we can simply multiply with the label yi:

w⊺x ą 0 @y “ `1

w⊺x ă 0 @y “ ´1

+

ðñ w⊺x ¨ ŷ ą 0 @y

8. Logistic Regression Bernpy; σ
`

w⊺x, σ2q
˘

Idea: in order to classify dichotomies[def. 4.21] we use a distri-
bution that maps probabilities to a binary values 0{1
ñ Bernoulli Distribution[def. 66.22].
Problem: we need to convert/translate distance w⊺x into
probability in order to use a bernouli distribution.
Idea: use a sigmoidal function to convert distances z :“ w⊺x
into probabilities ñ Logistic Function[def. 4.33].

`

`

`

`

´
´

´

´

´

PpY “ 1|x,wq « 0

PpY “ 1|x,wq « 1

´

`

´

PpY
“ 1|x,w

q
« 0.5

`

0.5

w⊺x0

1
PpY “ 1|x,wq “ σpw⊺xq

1. Logistic Function

Definition 4.33 Sigmoid/Logistic Function:

σpzq “
1

1 ` e ´z
“

1
1 ` e neg. dist. from deci. boundary

(4.58)

Explanation 4.5 (Sigmoid/Logistic Function).

σpzq “

$

’

&

’

%

0 ´ z large
1 if z large
0.5 z “ 0

2. Logistic Regression

Definition 4.34 Logistic Regression:
models the likelihood of the output y as a Bernoulli
Distribution[def. 66.22] y „ Bernppq, where the probability p is
given by the Sigmoid function[def. 4.33] of a linear regression:

ppy|x,wq “Bern
`

σpw⊺xq
˘

“

$

&

%

1
1`e ´w⊺x if y “ `1

1 ´ 1
1`e ´w⊺x if y “ ´1

?? 4.11
“

1
1 ` expp´y ¨w⊺xq

“ σ
`

´y ¨w⊺x
˘

(4.59)

8.2.1. Maximum Likelihood Estimate

Definition 4.35 Logistic Loss ll proof 4.12:
Is the objective we want
to minimize when performing
mle[def. 6.3] for a logistic re-
gression likelihood and incurs
higher cost for samples closer
to the decision boundary: 0

1

yw⊺x

l0{1

lP
lH

ll

llpw; x, yq : “ log
`

1 ` expp´y ¨w⊺xq
˘

(4.60)

9 logp1 ` ezq “
#

z for large z
0 for small z

Corollary 4.10 MLE for Logistic Regression:

lnpwq “
n
ÿ

i“1

ll “

n
ÿ

i“1

log
´

1 ` expp´yi ¨w⊺xiq
¯

(4.61)

Stochastic Gradient Descent

The logistic loss ll is a convex function. Thus we can use con-
vex optimization techniques s.a. SGD in order to minimize the
objective [cor. 4.10].

Definition 4.36 proof 4.13
Logistic Loss Gradient ∇wllpwq:

∇wllpwq “ PpY “ ´y|x,wq ¨ p´yxq

“
1

1 ` exppyw⊺xq
¨ p´yxq (4.62)

Explanation 4.6.
∇wllpwq “ PpY “ ´y|x,wq ¨ p´yxq9∇wlH pwq

The logistic loss ll is equal to the hinge loss lh but weighted by
the probability of beeing in the wrong class PpY “ ´1|x,wq.
Thus the more likely we are in the wrong class the bigger the
step we take:

PpY “ ´y|ŷ “ w⊺xq “

#

Ò take big step
Ó take small step

Algorithm 4.1 Vanilla SGD for Logistic Regression:
Initalize: w

1: for 1, 2 . . . , T do
2: Pick px, yq unif. at randomn from data D
3: PpY “ ´y|x,wq “ 1

p1`expp´y¨w⊺xqq
“ σ py ¨w⊺xq

Ź compute prob. of misclassif. with cur. model
4: w “ w ` ηtyxσ py ¨w⊺xq
5: end for
Making Predictions

Given an optimal parameter vector pw found by algorithm 4.1
we can predict the output of a new label by eq. (4.59):

Ppy|x, ŵq “
1

1 ` exp p´yŵ⊺xq
(4.63)

Drawback

?
PpY “ 1|x1q « 1Logistic regression, does not tell

us anything about the liklihood
ppxq of a point, thus it will not be
able to detect outliers, as it will
assign a very high probability to
all correctly classfied points, far
from the decsion boundary.
8.2.2. Maximum a-Posteriori Estimates
3. Logistic regression and regularization
Adding Priors to Logistic Liklihood

• L2 (Gaussian prior):

arg min
w

n
ÿ

i“1

log
´

1 ` expp´yiw
⊺xiq

¯

` λ∥w∥2
2

• L1 (Laplace prior):

arg min
w

n
ÿ

i“1

log
´

1 ` expp´yiw
⊺xiq

¯

` λ∥w∥1

• Generalized:

ŵ “ arg min
w

n
ÿ

i“1

log
´

1 ` expp´yiw
⊺xiq

¯

` λCpwq

“ arg max
w

Ppw|X, Y q

12



4. SGD for L2-gregularized logistic regression

Initalize: w
1: for 1, 2 . . . , T do
2: Pick px, yq unif. at randomn from data D
3: P̂pY “ ´y|x,wq “ 1

p1`expp´y¨w⊺xqq

Ź compute prob. of misclassif. with cur. model
4: w “ wp1 ´ 2ληtq ` ηtyxP̂pY “ ´y|x,wq
5: end for

Thus: w is pulled/shrunken towards zero, depending on the
regularization parameter λ ą 0

9. Proofs

Proof 4.11: [def. 4.34] We need to only proof the second expres-
sion, as the first one is fulfilled anyway:

1 ´
1

1 ` ez
“

1 ` ez

1 ` ez
´

1
1 ` ez

“
ez ` 1 ´ 1

1 ` ez
“

ez

ez ` 1
“

1
1 ` e ´z

Proof 4.12: [def. 4.35]

lnpwq “ arg max
w

ppy1:n|x1:n,wq “ arg min
w

´ log ppY |X,wq

i.i.d.
“ arg min

w

n
ÿ

i“1

´ log ppyi|xi,wq

eq. (4.59)
“ ´ log

1
1 ` expp´yi ¨w⊺xiq

“ log
`

1 ` expp´yi ¨w⊺xiq
˘

“: llpwq

Proof 4.13: [def. 4.36]

∇wllpwq “
B

Bw
log

`

1 ` expp´y ¨w⊺xq
˘

C.R.
“

1
p1 ` expp´y ¨w⊺xqq

B

Bw
`

1 ` expp´y ¨w⊺xq
˘

C.R.
“

1
p1 ` expp´y ¨w⊺xqq

expp´y ¨w⊺xq ¨ p´yxq

“
e´z ¨ p´yxq

p1 ` e´zq
“

´yx

ezp1 ` e´zq
“

´yx

pez ` e´z`zq

“
1

exppy ¨w⊺xq ` 1
¨ p´yxq

eq. (4.59)
“ P̂pY “ ´y|x,wq ¨ p´yxq

13



Generalized Linear Models (GLMs)
1. Generalized Additive Models (GAMs)

Definition 5.1 gadd : Rp ÞÑ R
Generalized Additive Models (GAM):
Are generalized linear model where the response variable de-
pends linearly on unknown smooth functions gj s.t.:

gaddpxq “ µ `

p
ÿ

j“1

gjpxjq
gj : R ÞÑ R

E
“

gjpxjq
‰

“ 0
@j P t1, . . . , pu

(5.1)

Pros
• Does not suffer from the curse of dimensionality.

Cons
• does not allow for interaction terms such as gj,kpxj , xkq.

1. Backfitting

14



Model Parameter Estimation
1. Maximum Likelihood Estimation
1. Likelihood Function

Is a method for estimating the parameters θ of a model
that agree best with observed data tx1, . . . , xnu. Let:
θ “

`

θ1 . . . θk
˘⊺ P Θ Rk vector of unknown model parame-

ters.
Consider: a probability density/mass function fX px; θq

Definition 6.1 Likelihood Function Ln : Θ ˆ Rn ÞÑ R`:
Let X “ txiuni“1 be a random sample of i.i.d. data points
drawn from an unknown probability distribution xi „ pX .
The likelihood function gives the likelihood/probability of the
joint probability of the data tx1, . . . , xnu given a fixed set of
model parameters θ:

Ln pθ|Xq “ Ln pθ; Xq “ f pX|θq “ f pX; θq (6.1)

θ

L
n

Observation xj : Lnpθ|x1, . . . ,xnq

θ˚

Figure 5: Possible Likelihood function in pink.
Overlayed: possible candidate functions for Gaus-
sian model explaining the observations.

Likelihood function is not a pdf

The likelihood function by default not a probability density
function and may not even be differentiable. However if it is,
then it may be normalized to one.

Corollary 6.1 i.i.d. data: If the n-data points of our sample
are i.i.d. then the likelihood function can be decomposed into
a product of n-terms:

fpxi|θqfpx2; θq
x

f

Observation xj :

x

fpx1, . . . ,xn|θq

Figure 6: Bottom: probability distributions of the different
data points xi given a fixed θ for a Gaussian distri-
bution
Top: joint probability distribution of the i.i.d. data
points txiuni“1 given a fixed θ

f px1, . . . ,xn| θq
i.i.d.
“

n
ź

i“1

fpxi|θq

Notation
• The probability density f pX|θq is considered for a fixed θ

and thus as a function of the samples.
• The likelihood function on the other hand is considered as a

function over parameter values θ for a fixed sample txiuni“1
and thus written as Lnpθ|Xq.

• Often the colon symbol ; is written instead of the is given
symbol | in order to indicate that θ resp. X is a parameter
and not a randomn variable.

2. Maximum Likelihood Estimation (MLE)

Let fθpxq be the probability of an i.i.d. sample x for a given
model.
Goal: find θ of a given model that maximizes the joint prob-
ability/likelihood of the observed data tx1, . . . , xnu? ðñ

maximum likelihood estimator θ˚.

Definition 6.2 Log Likelihood Function ln : ΘˆRn ÞÑ R:

lnpθ|Xq “ log Lnpθ|Xq “ log f pX|θq (6.2)

Corollary 6.2 i.i.d. data: Differentiating the product of n-
Terms with the help of the chain rule leads often to complex
terms. As a result one usually prefers maximizing the log
(especially for exponential terms), as it does not change the
argmax–eq. (54.66):

log f px1, . . . ,xn| θq
i.i.d.
“ log

¨

˝

n
ź

i“1

fpxi|θq

˛

‚“

n
ÿ

i“1

log fpxi|θq

Definition 6.3 Maximum Likelihood Estimator θ˚:
Is the estimator θ˚ P Θ that maximizes the likelihood of the
model/predictor:

θ
˚
“ arg max

θPΘ
Lnpθ; xq or θ

˚
“ arg max

θPΘ
lnpθ; xq (6.3)

3. Maximization vs. Minimization

For optimization problems we minimize by convention.
The logarithm is a concave function[def. 54.25] X, thus if we cal-
culate the extremal point we will obtain a maximum.
If we want to calculate a mimimum instead (i.e. in order to
be compatible with some computer algorithm) we can convert
the function into a convex functionsection 5 Y by multiplying
it by minus one and consider it as a loss function instead of a
likelihood.

Definition 6.4 Negative Log-likelihood ´lnpθ|Xq:
θ

˚
“ arg max

θPΘ
lnpθ|Xq “ arg min

θPΘ
´lnpθ|Xq (6.4)

4. Conditional Maximum Likelihood Estimation

Maximum likelihood estimation can also be used for condi-
tional distributions.
Assume the labels yi are drawn i.i.d. from a unknown true
conditional probability distribution fY |X and we are given a

data set Z “
!

pxi, yiq P Rd ˆR
)n

i“1
.

Now we want to find the parameters θ “
`

θ1 . . . θk
˘⊺ P Θ Rk

of a hypothesis pfY |X that agree best with the given data Z.

Note

For simplicity we omit the hat ˆ of our model pfY |X and sim-
ply assume that our data is generated by some data generating
probability distribution.

Definition 6.5 Conditional (log) likelihood function:
Models the liklihood of a model with parameters θ given the
data Z “ txi, yiuni“1

Lnpθ|Y,Xq “ Lnpθ;Y,Xq “ fpY |X, θq “ fpY |X; θq

2. Maximum a posteriori estimation (MAP)
Idea
We have seen (??), that trading/increasing a bit of bias can
lead to a big reduction of variance of the generalization error.
We also know that the least squares MLE is unbiased (??).
Thus the question arises if we can introduce a bit of bias into
the MLE in turn of decreasing the variance?
ñ use Bayes rule (??) to introduce a bias into our model via.
a Prior distribution.
1. Prior Distribution

Definition 6.6 Prior (Distribution) πpθq “ ppθq:
Assumes: that the model parameters θ are no longer con-
stant but random variables distributed according to a prior
distribution that models some prior belief/bias that we have
about the model:

θ „ πpθq “ ppθq (6.5)

Notes
In this section we use the terms model parameters θ and model
as synonymous, as the model is fully described by its popula-
tion parameters[def. 3.12] θ.

Corollary 6.3 The prior is independent of the data: The
prior ppθq models a prior belief/bias and is thus independent
of the data D “ tX ,Yu:

ppθ|Xq “ ppθq (6.6)

Definition 6.7 Hyperparameters pλpθq:
In most cases the prior distribution are parameterized that is
the pdf πpθ|λq depends on a set of parameters λ.
The parameters of the prior distribution, are called hyper-
parameters and are supplied due to believe/prior knowledge
(and do not depend on the data) see example 6.1

2. Posterior Distribution

Definition 6.8 Posterior Distribution ppθ|dataq:
The posterior distribution ppθ|dataq is a probability distribu-
tion that describes the relationship of a unknown parameter
θ a posterior/after observing evidence of a random quantity
Z that is in a relation with θ:

ppθ|dataq “ ppθ|Zq (6.7)

Definition 6.9 [proof 22.1]
Posterior Distribution and Bayes Theorem:
Using Bayes theorem 65.3 we can write the posterior distri-
bution as a product of the likelihood[def. 6.1] weighted with our
prior [def. 6.6] and normalized by the evidence Z “ tX,yu s.t.
we obtain a real probability distribution:

ppθ|dataq “ ppθ|Zq “
ppZ|θq ¨ pλpθq

ppZq
(6.8)

Posterior “
Liklihood ¨ Prior

Normalization
(6.9)

ppθ|X,yq “
ppy|θ,Xq ¨ pλpθq

ppy|Xq
(6.10)

2.2.1. Maximization –MAP

We do not care about the full posterior probability distribu-
tion as in Bayesian Inference (section 3). We only want to
find a point estimator ?? θ˚ that maximizes the posterior
distribution.
2.2.2. Maximization

Definition 6.10
Maximum a-Posteriori Estimates (MAP):
Is model/parameters θ that maximize the posterior probabil-
ity distribution:

θ
˚
MAP “ arg max

θ

Ppθ|X,yq (6.11)

Log-MAP estimator:
θ

˚
“ arg max

θ

tppθ|X,yqu (6.12)

“ arg max
θ

#

ppy|X, θq ¨ pλpθq
ppy|Xq

+

eq. (54.63)
9 arg max

θ

!

ppy|θ,Xq ¨ pλpθq
)

Corollary 6.4 Negative Log MAP:
θ

˚
“ arg max

θ

tppθ|X,yqu (6.13)

“ arg min
θ

´ log
Prior
hkkikkj

ppθq ´ log
Likelihood
hkkkkkkikkkkkkj

ppy|θ,Xq `((((log ppy|Xq
looooooomooooooon

not depending on θ

3. Examples

Example 6.1 Hyperparameters Gaussian Prior:

fλpθq “
1

σ
?

2π
exp

˜

´
pθ ´ µq2

2σ2

¸

with the hyperparameter λ “
`

µ σ2˘⊺.
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Dimensionality Reduction
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Bayesian Inference/Modeling
Definition 6.11 Bayesian Inference: So far we only really
looked at point estimators/estimates[def. 68.8].
But what if we are interested not only into the most likely
value but also want to have a notion of the uncertainty
of our prediction? Bayesian inference refers to statistical
inference[def. 3.10], where uncertainty in inferences is quanti-
fied using probability. Thus we usually obtain a distribution
over our parameters and not a single point estimates
ñ can deduce statistical properties of parameters from their
distributions.

Definition 6.12 ppw|y,Xq{ppw|Dq
Posterior Probability Distribution:
1 Specify the prior pλpwq
2 Specify the likelihood ppy|w,Xq

L

ppD|wq
3 Calculate the evidence ppy|Xq

L

ppDq
4 Calculate the posterior distribution Ppw|y,Xq

L

ppw|Dq

ppw|y,Xq “
ppy|w,Xq ¨ pλpwq

ppy|Xq
“

Liklihood ¨ Prior
Normalization

Definition 6.13 ppy|Xq{ppDq
Marginal Likelihood [see proof 10.2]:
is the normalization constant that makes sure that the poste-
rior distribution[def. 6.12] is an true probability distribution:
ppy|Xq “

ż

ppy|w,Xq ¨ pλpwq dw “

ż

Likelihood ¨ Prior dw

(6.14)

Note
It is called marginal likelihood as we marginalize over w.

Definition 6.14 Posterior Marginal Distribution: Is the
posterior distribution of single elements of our thought after
parameter vector:

p pwi|y,Xq “
ż

ppy|w,Xq dw´i i “ 1, . . . dimpwq (6.15)

Definition 6.15 ppf˚|x˚,X,yq{ppf˚|yq [see proof 10.1]
Posterior Predictive Distribution:
is the distribution of a real process f (i.e. fpxq “ x⊺w) given:

• new observation(s) x˚

• the posterior distribution[def. 6.12] of the observed data
D “ tX,yu

• The likelihood of a real process f˚

ppf˚|x˚,X,yq “
ż

ppf˚|x˚,wq ¨ ppw|X,yq dw (6.16)

it is calculated by weighting the likelihood[def. 6.1] of the new
observation x˚ with the posterior of the observed data and
averaging over all parameter values w.
ñ obtain a distribution not depending on w.

Note f vs. y

• Usually f denotes the model i.e.:
fpxq “ x⊺w or fpxq “ ϕpxq⊺w

and y the model plus the noise y “ fpxq ` ϵ.
• Sometime people also write only: ppy˚|x˚,X,yq

4. Types of Uncertainty

Definition 6.16 Epistemic/Systematic Uncertainty:
Is the uncertainty that is due to things that one could in
principle know but does not i.e. only having a finite sub
sample of the data. The epistemic noise will decrease the
more data we have.

Definition 6.17 Aleatoric/Statistical Uncertainty:
Is the uncertainty of an underlying random process/model.
The aleatroic uncertainty stems from the fact that we are
create random process models. If we run our trained model
multiple times with the same input X data we will end up
with different outcomes py.
The aleatoric noise is irreducible as it is an underlying part of
probabilistic models.

Bayesian Filtering
Definition 7.1
Recursive Bayesian Estimation/Filtering: Is a tech-
nique for estimating the an unknown probability distribution
recursively over time by a measurement-[def. 7.3] and a process-
model[def. 7.2] using Bayesian inference[def. 6.11].

x1

y1

x2

y2

x3

y3

Hidden

Observed

x4

y4

Figure 7: This problem corresponds to a hidden Markov model
(HMM)[def. 14.1]

xt “
`

xt,1 ¨ ¨ ¨ xt,n
˘

yt “
`

yt,1 ¨ ¨ ¨ yt,m
˘

Note
Comes from the idea that spam can be filtered out by the
probability of certain words.

Definition 7.2 xt`1 „ ppxt|xt´1q
Process/Motion/Dynamic Model: is a model q of how
our system state xt evolves and is usually fraught with some
uncertainty.

Corollary 7.1 Markov Property xt KK x1:t´2|xt´1: The
process models[def. 7.2] is Markovian[def. 69.14] i.e. the current
state depends only on the previous state:

ppxt|x1:t´1q “ ppxt|xt´1q (7.1)

Definition 7.3 yt „ ppyt|xtq
Measurement/Sensor–Model/Likelihood: is a model h
that maps observations/sensor measurements of our model yt
to the model state xt

Corollary 7.2 yt KK y1:t´1x1:t´1|xt
Conditional Independent Measurements: The measure-
ments yt are conditionally independent of the previous obser-
vations y1:t´1 given the current state xt:

ppyt|y1:t´1,xtq “ ppyt|xtq (7.2)

Goal

We want to combine the process model[def. 7.2] and the mea-
surement model[def. 7.3] in a recursive way to obtain a good
estimate of our model state:

ppxt|xt´1q

ppyt|xtq

+

ppxt|y1:tq
ppxt`1|y1:tq

ÝÝÝÝÝÝÝÝÝÝÝÑ
recursion rule

ppxt`1|y1:t`1q

Definition 7.4 Chapman-Kolmogorov eq. ppxt|y1:t´1q

Prior Update/Prediction Step [proof 10.3]:
ppxt|y1:t´1q “

ż

ppxt|xt´1qppxt´1|y1:t´1q dxt´1 (7.3)

Prior Distribution:
ppx0|y0´1q “ ppx0q “ p0 (7.4)

Definition 7.5 ppxt|y1:tq
Posterior Distribution/Update Step [proof 10.4]:

ppxt|y1:tq “
1
Zt

ppyt|xtq ppxt|y1:t´1q (7.5)

Definition 7.6 Normalization [see proof 10.5]:
Zt “ ppyt|y1:t´1q “

ż

ppyt|xtqppxt|y1:t´1q dxt (7.6)

Algorithm 7.1 Optimal Bayesian Filtering:
1: Input: ppx0q
2: while Stopping Criterion not full-filed do
3: Prediction Step:

ppxt|y1:tq “
1
Zt

ppyt|xtqppxt|y1:t´1q

4: Update Step:
ppxt|y1:t´1q “

ż

ppxt|xt´1qppxt´1|y1:t´1q dxt´1

with:
Zt “

ż

ppyt|xtqppxt|y1:t´1q dxt

5: end while

Corollary 7.3 [proof 10.6]
Joint Probability Distribution of (HMM): we can also
calculate the joint probability distribution of the (HMM):

ppx1:t,y1:tq “ ppx1qppy1|x1q
t
ź

i“2

ppxi|xi´1qppyi|xiq (7.7)

Example 7.1 Types of Bayesian Filtering:
• Kalman Filter: assumes a linear system, q, h are linear

and Gaussian noise v,w.
• Extended Kalman Filter: assumes a non-linear system,
q, h are non-linear and Gaussian noise v,w.

• Particle Filter: assumes a non-linear system q, h are non-
linear and Non-Gaussian noise v,w, especially multi-modal
distributions.

1. Kalman Filters

Definition 7.7 Kalman Filter Assumptions: Assumes a
linear [def. 54.15] process model[def. 7.2], q with Gaussian model-
noise v and a linear measurement model[def. 7.3] h with Gaus-
sian process-noise w.

Definition 7.8 Kalman Filter Model:
Process Model (7.8)

xrks “ Ark ´ 1sxrk ´ 1s ` urk ´ 1s ` vrk ´ 1s with

xr0s „ N px0, P0q and vpkq
„ N p0, Qpkq

q

Measuremnt Model (7.9)

zrks “ Hrksxrks `wrk ´ 1s with wrks „ N p0, Rpkq
q

and define:
x̂

pkq
p :“ Erxpkq

p s and P
pkq
p :“ V

”

xpkq
p

ı

(7.10)

x̂
pkq
m :“ Erxpkq

m s and P
pkq
m :“ V

”

xpkq
m

ı

(7.11)

Note
The CRVs x0, tvp¨qu , twp¨qu are mutually independent.
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Gaussian Processes (GP)
1. Gaussian Process Regression
1. Gaussian Linear Regression
Given

1 Linear Model with Gaussian Noise:
fpxq “ w⊺x

y “ fpxq ` ϵ
ϵ „ N

´

0, σ2
nI

¯

(8.1)

ñ Gaussian Likelihood: p py|X,wq “ N
´

Xw, σ2
nI

¯

2 Gaussian Prior: ppwq “ N
`

0,Σp
˘

Sought

1 Posterior Distribution: ppw|y,Xq
2 Posterior Predictive Distribution: ppf˚|x˚,X,yq

Definition 8.1 ppw|y,Xq “ N
´

µw,Σ´1
w

¯

Posterior Distribution proof 10.7:

µw “
1
σ2
n

Σ´1
w Xy Σw “

1
σ2
n

XX⊺
` Σ´1

p

Note
We could also use a prior with non-zero mean ppwq “

N
`

µ,Σp
˘

but by convention w.o.l.g. we use zero mean see
??.

Definition 8.2 ppf˚|x˚,X,yq “ N
`

µ˚,Σ˚

˘

Posterior Predictive Distribution proof 10.8:

µ˚ “
1
σ2

x⊺
˚

Σ´1
w Xy Σ˚ “ x⊺

˚
Σ´1

w x˚ (8.2)

2. Kernelized Gaussian Linear Regression

Definition 8.3 Posterior Predictive Distribution:
ppf˚|x˚,X,yq “ N

`

µ˚,Σ˚

˘

(8.3)
µ˚ (8.4)

Definition 8.4 Gaussian Process:

2. Model Selection
1. Marginal Likelihood

Approximate Inference
Problem
In statistical inference we often want to calculate integrals of
probability distributions i.e.
• Expectations

EX„p rgpXqs “
ż

gpxqppxq dx

• Normalization constants:
ppθ|yq “

1
Z

ppθ, yq “
ppy|θqppθq

Z
“

ppy|θqppθq
ppyq

Z “

ż

ppy|θqppθq dθ “

ż

ppθq
n
ź

i“1

ppyi|xi, θq dθ

For non-linear distributions this integrals are in general in-
tractable which may be due to the fact that there exist no an-
alytic form of the distribution we want to integrate or highly
dimensional latent spaces that prohibits numerical integration
(curse of dimensionality).

Definition 9.1 Approximate Inference: Is the procedure
of finding an probability distribution q that approximates a
true probability distribution p as well as possible.

1. Variational Inference

Definition 9.2 Bayes Variational Inference:
Given an unormalized (posterior) probability distribution:

ppθ|yq “
1
Z

ppθ, yq (9.1)

BVI seeks an approximate probability distribution qλ, that is
parameterized by a variational parameter λ and approximates
ppθ|yq well.

Definition 9.3 Variational Family of Distributions Q:
a set of probability distributions Q that is parameterized by
the same variational parameter λ is called a variational familiy.
1. Laplace Approximation

Definition 9.4 [example 10.1], [proof 10.9,10.10,10.11]
Laplace Approximation: Tries to approximate a desired
probability distribution ppθ|Dq by a Gaussian probability dis-
tribution:

Q “ tqλpθq “ N pλqu “ N pµ,Σqu (9.2)
the distribution is given by:

qpθq “ c ¨N pθ;λ1, λ2q (9.3)

with
λ1 “ pθ “ arg max

θ

ppθ|yq

λ2 “ Σ “ H
´1

´

pθ
¯

“ ´∇∇θ log pppθ|yq

Note
The name Laplace Approximation comes from its inventor
Pierre-Simon Laplace.

Corollary 9.1 : Taylor approximation of a function ppθ|yq P
Ck around its mode pθ naturally induces a Gaussian approxi-
mation. See proofs 10.9,10.10,10.11
2. Black Box Stochastic Variational Inference

The most common way of finding qλ is by minimizing the KL-
divergence[def. 3.8] between our approximate distribution q and
our true posterior p:
q

˚
P arg min

qPQ

KL pqpθq ∥ ppθ|yqq “ arg min
λPRd

KLpqλpθq ∥ ppθ|yqq

Note
Usually we want to minimize KL pppθ|yq ∥ qpθqq but this is
often infeasible s.t. we only minimize KL pqpθq ∥ ppθ|yqq

Definition 9.5 [proof 10.12]
ELBO-Optimization Problem:
q

˚
λ
P arg min

tλ:qλPQu

KL pqλpθq ∥ ppθ|yqq

“ arg max
tλ:qλPQu

Eθ„qλ
rlog ppy, θqs `Hpqλq (9.4)

“ arg max
tλ:qλPQu

Eθ„qλ
rlog ppy|θqs ´ KLpqλpθq ∥ ppθqq (9.5)

:“ arg max
tλ:qλPQu

ELBOpλq (9.6)

Attention: Sometimes people write simply p for the posterior
and pp¨q for prior.

Explanation 9.1.
• eq. (9.4):

• prefer uncertain approximations i.e. we maximize Hpqq
• that jointly make the joint posterior likely

• eq. (9.6): Expected likelihood of our posterior over q minus
a regularization term that makes sure that we are not too far
away from the prior.

3. Expected Lower Bound of Evidence (ELBO)

Definition 9.6 [example 10.2]/[proof 10.13]
Expected Lower Bound of Evidence (ELBO):
The evidence lower bound is a bound on the log prior:

ELBO pqλq ď log ppyq (9.7)

1.3.1. Maximizing The ELBO

Definition 9.7 Gradient of the ELBO Loss:
∇λLpλq “ ∇λELBOpλq (9.8)

“ ∇λ
”

Eθ„qλ
rlog ppy, θqs `Hpqλq

ı

“ ∇λ
”

Eθ„qλ
rlog ppy|θqs ´ KLpqλpθq ∥ ppθqq

ı

“ ∇λEθ„qλ
rlog ppy|θqs ´∇λKLpqλpθq ∥ ppθqq

Problem
In order to use SGD we need to evaluate the gradient of the
loss:

∇λE rlpθ; xqs “ E
“

∇x„plpθ; xq
‰

“
1
m

m
ÿ

i“1

∇x„pl pθ; xiq

however in eq. (9.8) only the second term can be derived eas-
ily. For the first term we cannot move the gradient inside
the expectation as the expectations depends on the parame-
ter w.r.t. which we differentiate:

∇λEθ„qλ
rlog ppy|θqs “

B

Bλ

ż

qλ log ppy|θq dθ

Solutions:
• Score Gradients
• Reparameterization Trick: reparameterize a function

s.t. it depends on another parameter and reformulate
it s.t. it still returns the same value.

4. The Reparameterization Trick

Principle 9.1 [proof 10.14]
Reparameterization Trick: Let ϕ be some base distribu-
tion from which we can sample and assume there exist an
invertible function g s.t. θ “ gpϵ, λq then we can write θ in
terms of a new distribution parameterized by ϵ „ ϕpϵq:

θ „ qpθ|λq “ ϕpϵq|∇ϵgpϵ;λq|´1 (9.9)
we can then write by the law of the unconscious statistician
law 65.6:

Eθ„qλ
rlog ppy|θqs “ Eϵ„ϕ rlog ppy|gpϵ;λqqs (9.10)

ñ the expectations does not longer depend on λ and we can
pull in the gradient!

∇λEθ„qλ
rlog ppy|θqs “ ∇λEϵ„ϕ rlog ppy|gpϵ;λqqs (9.11)

“ Eϵ„ϕ r∇λ log ppy|gppϵ;λqqqs (9.12)

Definition 9.8 [example 10.3]
Reparameterized ELBO Gradient[def. 9.7]:
By using the reparameterization trick principle 9.1 we can
write the gradient of the ELBO as:
∇λLpλq “ ∇λELBOpλq (9.13)

“ ∇λEθ„qλ
rlog ppy|θqs ´∇λKLpqλpθq ∥ ppθqq

“ Eϵ„ϕ r∇λ log ppy|gpϵ;λqqs ´∇λKLpqλpθq ∥ ppθqq

Corollary 9.2 [proof 10.3]
Reparameterized ELBO for Gaussians:
Lets assume a Gaussian distribution for our approximate dis-
tribution: q and lets use a normal distribution for ϕpϵq:

θ „ qpθ|λq “ N pθ; µ,Σq ñ λ “
“

µ Σ
‰

ϵ „ ϕpϵq “ N pϵ; 0, Iq
Then it follows for the ELBO:

∇λLpλq “ ∇λELBOpλq (9.14)
“ ∇λEθ„qλ

rlog ppy|θqs ´∇λKLpqλpθq ∥ ppθqq
“ Eϵ„N p0,Iq

“

∇C,µ log ppy|Cϵ ` µq
‰

´∇C,µKL
`

qC,µ ∥ ppθq
˘

«
n

m

m
ÿ

j“1

∇C,µ log p
´

yij |Cϵ
j
` µ,xij

¯

´∇C,µKL
`

qC,µ ∥ ppθq
˘

2. Markov Chain Monte Carlos Methods

Definition 9.9
Markov Chain Monte Carlo (MCMC) Methods:

3. Integrated Nested Laplace Approximation

ηi “ α `

nf
ÿ

j“1

f
pjq `

uji
˘

`

nβ
ÿ

k“1

βkzki ` ϵi (9.15)

ppx, θqppyq “ ppxq (9.16)

ppxi|yq “
ż

ppxi|θ,yqppθ|yq dθ

Ñ rppxi|yq “
ż

rppxi|θ,yqrppθ|yq dθ

ppθj |yq “
ż

ppθ|yq dθ´j

Ñrppθj |yq “
ż

rppθ|yq dθ´j

ppxi|θ,yq and ppθ|yq are approximated and the posterior
marginal densities are then calculated using numerical inte-
gration:
Note
The numerical integration is possible if θ is small i.e. m “

dimpθq ď 5.

4. Approximationing ppθ|yq and ppxi|yq

ppx, θ,yq “ ppx|θ,yqPpθ,yq “ ppx|θ,yqPpθ|yqppyq

ñ rppθ|yq “
ppx, θ,yq

rppx|θ,yqppyq
9

ppx, θ,yq
rpGpx|θ,yq

ˇ

ˇ

ˇ

ˇ

ˇ

x“x˚pθq

1. Marginal Posterior of the latent field ppxi|yq are calculated
by first approximating ppθ|yq:

ppθ|yqG “ N
´

xi;µipθq, σ
2
i pθq

¯

and then numerical integration w.r.t. θ:
rppxi|yq “

ÿ

k

pG pθk|yqrp pθk|yq∆k

Note
rppθ|yq is usually quiet different from a Gaussian s.t. the Gaus-
sian approximation alone is not really sufficient.
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Bayesian Neural Networks (BNN)
Definition 10.1 Bayesian Neural Networks (BNN):
1 Model the prior over our weights θ “

”

W0 WL
ı

by a neural network:

θ „ pλpθq “ F with
F “ FL ˝ ¨ ¨ ¨ ˝ F1

Fl “ φ ˝ sFl “ φ
´

Wlx ` bl
¯

for each weight wp0q

k,j
of input xj with weight on the hid-

den variable zp0q

k
with a0

i “ φ
!

zp0q

i

)

it follows:

w
p0q

k,j
“ pw

`

λk,j
˘ i.e.
“ N

´

µk,j , σ
2
k,j

¯

Figure 8

2 The parameters of likelihood function are modeled by the
output of the network:

ppy|F pθ,Xqq see example 10.4 (10.1)

Note
Recall for normal Bayesian Linear regression we had:
Problem
All the weights of the prior pλpθq “ F are correlated in some
complex way see Figure 8. Thus even if the prior and like-
lihood are simple, the posterior will be not. ñ need to ap-
proximate the posterior p pθ|y,Xq i.e. by fitting a Gaussian
distribution to each weight of the posterior neural network.
0.0.1. MAP estimates for BNN

Definition 10.2 BNN MAP Estimate:
We need to do a forward pass for each xi in order to obtain
µpxi; θq and σ pxi; θq2:

θ
˚
“ arg max

θ

tppθ|X,yqu
eq. (6.13)

“ arg min
θ

λ∥θ∥2
2

´

n
ÿ

i“1

˜

1
2σ pxi; θq2

∥yi ´ µpxi; θq∥2
`

1
2

logσ pxi; θq
2
¸

Explanation 10.1. [def. 10.2]

• 1
2 logσ pxi; θq2: tries to force neural network to predict small
uncertainty

• 1
2σpxi;θq2

∥yi ´ µpxi; θq∥2: tries to force neural network to

predict accurately but if this is not possible for certain data
points the network can attenuate the loss to a larger variance.

Definition 10.3 proof 10.15
MAP Gradient of BNN:

θt`1 “ θt p1 ´ 2ληtq ´ ηt∇
n
ÿ

i“1

log ppyi|xi, θq (10.2)

Note
• The gradients of the objective eq. (10.2) can be calculated

using auto-differentiation techniques e.g. Pytorch or Ten-
sorflow.

• The BNN MAP estimate fails to predict epistemic
uncertainty[def. 6.16] ðñ it is overconfident in regions
where we haven not even seen any data.
ñ need to use Bayesian approach to approximate posterior
distribution.

1. Variational Inference For BNN

We use the objective eq. (9.14) as loss in order to perform
back propagation.

2. Making Predictions

Proposition 10.1 Title:

1. Proofs

Proof 10.1: Definition 6.15:
ppf˚|x˚,X,yq “

ppf˚,x˚,X,yq
ppx˚,X,yq

“

ş

ppf˚,x˚,X,y,wq dw
ppx˚,X,yq

eq. (65.19)
“

ş

ppf˚|x˚,X,y,wqppx˚,X,y,wq dw
ppx˚,X,yq

eq. (65.19)
“

ş

ppf˚|x˚,X,y,wqppw|x˚,X,yq((((ppx˚,X,yq dw

((((ppx˚,X,yq

“

ż

ppf˚|x˚,X,y,wqppw|x˚,X,yq dw

♣
“

ż

ppf˚|x˚,wqppw|X,yq dw

Note ♣

• f˚ is independent of D “ tX,yu given the fixed parameter
w.

• w does only depend on the observed data D “ tX,yu and
not the unseen data x˚.

Proof 10.2: Definition 6.13:
ppy|Xq “

ż

ppy,w|Xq dw “

ż

ppy|w,Xqppw|Xq dw

eq. (6.6)
“

ż

ppy|w,Xqppwq dw

Proof 10.3: Definition 7.4:
ppxt,xt´1|y1:t1 q

eq. (65.19)
“ ppxt|xt´1,y1:t1 qppxt´1|y1:t1 q

independ.
“ ppxt|xt´1qppxt´1|y1:t1 q

marginalization/integration over xt´1 gives the desired result.

Proof 10.4: Definition 7.5:

ppxt,yt|y1:t´1q
eq. (65.23)

“

$

&

%

ppxt|yt,y1:t´1qppyt|y1:t´1q
ppyt|xt,y1:t´1q
. . . . . . . . . . . . . . . .

ppxt|y1:t´1q

ppyt|xt,y1:t´1q
. . . . . . . . . . . . . . . .

[cor. 7.2]
“ ppyt|xtq

from which follows immediately eq. (7.5).

Proof 10.5: Definition 7.6:
ppyt|y1:t´1q “

ż

ppyt,xt|y1:t´1q dxt

“

ż

ppyt|xt,y1:t´1qppxt|y1:t´1q dxt
[cor. 7.2]
“

ż

ppyt|xtqppxt|y1:t´1q dxt

Proof 10.6: [cor. 7.3]:
ppx1:t,y1:tq

eq. (65.19)
“ ppy1:t|x1:tqppx1:tq

law 65.2
“ ppy1:t|x1:tqppxt|xt´1:0q ¨ ¨ ¨ ppx2|x1qppx1q

eq. (7.1)
“ ppy1:t|x1:tq

¨

˝ppx1q
t
ź

2“1

ppxi|xi´1q

˛

‚

law 65.2
[cor. 7.2]
“

´

ppy1|x1q ¨ ¨ ¨ ppyt|xtq
¯

¨

˝ppx1q
t
ź

2“1

ppxi|xi´1q

˛

‚

“ ppy1|x1qppx1q
t
ź

2“1

ppyi|xiqppxi|xi´1q

Proof 10.7: GP Posterior Distribution[def. 8.1]

ppw|Dq9ppD|wqppwq

9 exp
˜

´
1
2

1
σ2
n

py ´Xwq⊺py ´Xwq

¸

exp
ˆ

´
1
2

w⊺Σ´1w
˙

9 exp
#

´
1
2

1
σ2
n

´

y⊺y ´ 2w⊺X⊺y `w⊺X⊺X⊺w ` σ
2
nw⊺Σ´1w

¯

+

9 exp
#

´
1
2

1
σ2
n

ˆ

y⊺y ´ 2w⊺X⊺y `w⊺
´

X⊺X⊺
` σ

2
nΣ´1

¯

w
˙

+

We know that a Gaussian N pw|µw,Σ´1
w q should look like:

ppw|Dq9 exp
ˆ

´
1
2
pw ´ µwq

⊺Σwpw ´ µwq
˙

9 exp
˜

´
1
2

˜

w⊺Σw
. . .

w ´ 2w⊺Σwµw ` µ
⊺
wΣwµw

¸¸

Σw follows directly Σw “ σ´2
n XX⊺ ` Σp

. . . . . . . . . . . . . . .
µw follows from 2w⊺X⊺y “ 2w⊺Σwµw ñ µw “ Σ´1

w X⊺y.

Proof 10.8: [def. 8.2]

Proof 10.9: [def. 9.4] In a Bayesian setting we are usually in-
terested in maximizing the log prior+likelihood:

Lnpθq “ log pppθ|yqq “ plog Prior ` log Likelihoodq
we now approximate Lnpθqq by a Taylor approximation
around its maximum pθ:

Lnpθq “ Lnppθq `
1
2
B2Ln
Bθ2

ˇ

ˇ

ˇ

pθ
pθ ´ pθqq

2
`O

´

pθ ´ pθq
3
¯

we can no derive the distribution:
ppθ|yq « exppLnpθqq “ exp plog ppθ|yqq

“ p
´

pθ
¯

exp
˜

1
2
B2Ln
Bθ2

ˇ

ˇ

ˇ

pθ

¸

“
a

2πσ2p
´

pθ
¯

N
´

θ; pθ, σ
¯

«
1

?
2πσ2

N
´

θ; pθ, σ
¯

Notes
• the derivative of the maximum must be zero by definition

BLn
Bθ

ˇ

ˇ

ˇ

pθ
“ 0

• we approximate the normalization constant 1
Z

by
?

2πσ2pppθq.

Proof 10.10: [def. 9.4] 2D:
∇Lnpθq “ ∇Lnpθ1, θ2q “ 0

Lnpθq “ Ln
´

pθ
¯

`
1
2

´

Apθ1 ´ pθ1q
2
` Bpθ2 ´ pθ2q

2

`Cpθ1 ´ pθ1qpθ2 ´ pθ2q
¯

Lnpθq “ Ln
´

pθ
¯

`

´

θ ´ pθ
¯⊺
H

´

pθ
¯ ´

θ ´ pθ
¯

“ Ln
´

pθ
¯

`
1
2
Qpθq

A “
B2Ln
Bθ2

ˇ

ˇ

ˇ

pθ
B “

B2Ln
Bθ2

ˇ

ˇ

ˇ

pθ
C “

B2Ln
Bθ1Bθ2

ˇ

ˇ

ˇ

pθ

H “

„

A C
C B

ȷ

Σ “ H
´1

´

pθ
¯

Proof 10.11: [def. 9.4] k-dimensional:
Lnpθq « Ln

´

pθ
¯

`

´

θ ´ pθ
¯⊺

∇∇⊺Ln
´

pθ
¯ ´

θ ´ pθ
¯

Hpθq “ ∇∇⊺Lnpθq Σ “ H
´1

´

pθ
¯

ppθ|yq “
b

p2πqn detpΣqp
´

pθ
¯

N
´

θ; pθ,Σ
¯

« c
1

a

p2πqn detpΣq
N

´

θ; pθ,Σ
¯
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Proof 10.12: [def. 9.5]

q
˚
P arg min

qPQ

KL pqpθq ∥ ppθ|yqq

ppθ|yq“ 1
Z

ppθ,yq

“ arg min
q

Eθ„q

«

log
qpθq

1
Z

ppθ, yq

ff

“ arg min
q

Eθ„q

„

log qpθq ´ log
1
Z
´ log ppθ, yq

ȷ

“ arg min
q

Eθ„q ´ r´ log qpθqs
looooooomooooooon

Hpqq

`(((((Eθ„q rlogZs

´ Eθ„q rlog ppθ, yqs
“ arg max

q

Eθ„q rlog ppθ, yqs `Hpqq

“ arg max
q

Eθ„q rlog ppθ|yq ` log ppθq ´ log qpθqs

“ arg max
q

Eθ„q rlog ppθ|yqs ` KL pqpθq ∥ ppθqq

Proof 10.13: [def. 9.6]

log ppyq “ log
ż

ppy, θq dθ “ log
ż

ppy|θqppθq dθ

“ log
ż

ppy|θq
ppθq
qλpθq

qλpθq dθ

“ log Eθ„qλ

«

ppy|θq
ppθq
qλpθq

ff

eq. (65.55)
ě Eθ„qλ

«

log
˜

ppy|θq
ppθq
qλpθq

¸ff

“ Eθ„qλ

«

log ppy|θq ´ log
ppθq
qλpθq

ff

“ Eθ„qλ
rlog ppy|θqs ´ KL pqλ ∥ pp¨qq

Proof 10.14: principle 9.1 Let:
ϵ „ ϕpϵq

θ “ gpϵ;λq
correspond to

X „ fX

Y “ ty|y “ gpxq, @x P Xu
then it follows immediately with formula 65.2:

θ „ qλpθq “ qpθ|λq “
fX pg

´1pyqq∣∣ dg
dx pg

´1pyqq
∣∣

“ ϕpϵq|∇ϵgpϵ;λq|´1

ñ parameterized in terms of ϵ

Proof 10.15: [def. 10.3]

θt`1 “ θt ´ ηt

¨

˝∇ log ppθq ´∇
n
ÿ

i“1

log ppyi|xi, θq

˛

‚

“ θt ´ ηt

¨

˝2λθt ´∇
n
ÿ

i“1

log ppyi|xi, θq

˛

‚

“ θt p1 ´ 2ληtq ´ ηt∇
n
ÿ

i“1

log ppyi|xi, θq

2. Examples

Example 10.1 Laplace Approximation
Logistic Regression Likelihood ` Gaussian Prior:

Example 10.2 ELBO Bayesian Logistic Regression:
Suppose:

Q “ diag. Gaussians ñ λ “
”

µ1:d σ2
1:d

ı

P R2d

ppθq “ N p0, Iq
Then it follows for the terms of the ELBO:

KLpqλ ∥ ppθqq “
1
2

d
ÿ

i“1

´

µ
2
i ` σ

2
i ´ 1 ´ lnσ2

i

¯

Eθ„qλ
rppy|θqs “ Eθ„qλ

»

–

n
ÿ

i“1

log ppyi|θ,xiq

fi

fl

“ Eθ„qλ

»

–´

n
ÿ

i“1

log
`

1 ` exp
`

´yiθ
⊺xi

˘˘

fi

fl

Example 10.3 ELBO Gradient Gaussian: Suppose:
θ „ qpθ|λq “ N pθ; µ,Σq ñ λ “

“

µ Σ
‰

ϵ „ ϕpϵq “ N pϵ; 0, Iq
we can reparameterize using principle 9.1 by using:

θ „ gpϵ, λq “ Cϵ ` µ with C : CC⊺
“ Σ

from this it follows: (C is the Cholesky factor of Σ)

g
´1
pθ, λq “ ϵ “ C´1

pθ ´ µq
Bgpϵ;λq
Bϵ

“ C

from this it follows:
qpθ|λq “

ϕpϵq∣∣ dgpϵ;θq

dϵ pg´1pθqq
∣∣ “ ϕpϵq|C|´1

ðñ ϕpϵq “ qpθ|λq|C|
we can then write the reparameterized expectation part of the
gradient of the ELBO as:
∇λLpλq1 “ ∇λEϵ„ϕ rlog p py|gpϵ;λqqs

“ ∇C,µEϵ„N p0,Iq rlog ppy|Cϵ ` µqs

i.i.d.
“ ∇C,µEϵ„N p0,Iq

»

–

n
ÿ

i“1

log ppyi|Cϵ ` µ,xiq

fi

fl

“ ∇C,µEϵ„N p0,Iq

»

–n
1
n

n
ÿ

i“1

log ppyi|Cϵ ` µ,xiq

fi

fl

“ ∇C,µnEϵ„N p0,Iq

”

Ei„Upt1,nuq log ppyi|Cϵ ` µ,xiq
ı

Draw a mini batch
#

ϵ
p1q
, . . . , ϵ

pmq

j1, . . . , jm „ Upt1, nuq

“ n
1
m

m
ÿ

j“1

∇C,µ log p
`

yj |Cϵ ` µ,xj
˘

∇λLpλq “∇λELBOpλq “ Eϵ„N p0,Iq

“

∇C,µ log ppy|Cϵ ` µq
‰

´∇C,µ
`

qC,µ ∥ ppθq
˘

Example 10.4 BNN Likelihood Function Examples:

ppy|X, θq “

#

N
´

y; FpX, θq, σ2
¯

N py; FpX, θq1, exp FpX, θq1q
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Kernels
Given objects we cannot assume that they are vectors/can
be represented as vectors in feature space.
Hence it is also not guaranteed that those objects can be
added and multiplied by scalars.
Question: then how can we define a more general notion of
similarity?

Definition 11.1 Similarity Measure simpA,Bq: A simi-
larity measure or similarity function is a real-valued function
that quantifies the similarity between two objects.
No single definition of a similarity measure exists but often
they are defined in terms of the inverse of distance metrics
and they take on large values for similar objects and either
zero or a negative value for very dissimilar objects.

Definition 11.2 Dissimilarity Measure disssimpA,Bq: Is
a measure of how dissimilar objects are, rather than how sim-
ilar they are.
Thus it takes the largest values for objects that are really far
apart from another.
Dissimilarities are often chosen as the sqaured norm of two
difference vectors:

∥x ´ y∥2
“ x⊺x ` y⊺y ´ 2x⊺y @x,y P Rd (11.1)

dissimpx,yq “ simpx,xq ` simpy,yq ´ 2dissimpx,yq

Attention
It is better to rely on similarity measures instead of dissim-
ilarity measures. Dissimilarities are often not adequat from
a modeling point of view, because for objects that are really
dissimilar/far from each other, we usually have the biggest
problem to estimate their distance.
E.g. for a bag of words it is easy to determine similar words,
but it is hard to estimate which words are most dissimilar. For
normed vectors the only information of a dissimilarity defined
as in eq. (11.1) becomes 2x⊺y “ 2dissimpx,yq

Definition 11.3 Feature Map ϕ: is a mapping ϕ : X ÞÑ V
that takes an input x P X Ď Rd and maps it into another
feature space V Ď RD .

Note
Such feature maps can lead to an exponential number of terms
i.e. for a polynomial feature map, with monorails of degree up
to p and feature vectors of dimension x P Rd we obtain a
feature space of size:

D “ dim pVq “
ˆ

p ` d

d

˙

“ O
`

d
p˘ (11.2)

when using the polynomial kernel[def. 11.10], this can be reduced
to the order d.

Definition 11.4 Kernel k: Let X Ď Rd be the data space.
A map k : X ˆ X ÞÑ R is called kernel if their exists an inner
product space[def. 59.78] called feature space pV, x¨, ¨yV q and
a map ϕ : X ÞÑ V s.t.

kpx,yq “ xϕpxq, ϕpyqyV @x,y P X (11.3)

Corollary 11.1 Kernels and similarity: Kernels are de-
fined in terms of inner product spaces and hence the have a
notion of similarity between its arguments.

Example

Let kpx,yq :“ x⊺Ay thus the kernel measures the similarity
between x and y by the inner product x⊺y weighted by the
matrix A.

Corollary 11.2 Kernels and distance: Let kpx,yq be a
measure of similarity between x and y then k induces a dis-
similarity/distance between x and y defined as the difference
betweend the self-similarities kpx,xq ` kpy,yq and the cross-
similarities kpx,yq:

dissimilaritypx,yq :“ kpx,xq ` kpy,yq ´ 2 kpx,yq

Note
The factor 2 is required to ensure that dpx,xq “ 0.

1. The Gram Matrix

Definition 11.5 Kernel (Gram) Matrix:
Given: a mapping ϕ : Rd ÞÑ RD and a corresponding kernel
function k : X ˆ X ÞÑ R with X Ď Rd.
Let S be any finite subset of data S “ tx1, . . . ,xnu Ď X .
Then the kernel matrix K :P Rnˆn is defined by:
K “ ϕpXqϕpX⊺q “

`

ϕpx1q, . . . , ϕpxnq
˘`

ϕpx1q, . . . , ϕpxnq
˘⊺

“
kpx1,x1q kpx1,xnq

kpxn,x1q kpxn,xnq

˛

‚

¨

˝ =
ϕpx1q

⊺ϕpx1q ϕpx1q
⊺ϕpxnq

ϕpxnq⊺ϕpx1q ϕpxnq⊺ϕpxnq

˛

‚

¨

˝

Kij “ kpxi,xjq “ ϕpxiq
⊺
ϕpxjq

Corollary 11.3 VΛV⊺

Kernel Eigenvector Decomposition:
For any symmetric matrix (Gram matrix Kpxi,xjq

ˇ

ˇ

n
i,j“1q

there exists an eigenvector decomposition:
K “ VΛV⊺ (11.4)

V : orthogonal matrix of eigenvectors pvt,iq
ˇ

ˇ

n
i“1

Λ : diagonal matrix of eigenvalues λi
Assuming all eigenvalues λt are non-negative, we can calcu-
late the mapping:

ϕ : xi ÞÑ
´

a

λtvt,i
¯n

t“1
P Rn, i “ 1, . . . , n (11.5)

which allows us to define the Kernel K as:

ϕ
⊺
pxiqϕpxjq “

n
ÿ

t“1

λtvt,ivt,j “
`

VΛV⊺˘

i,j
“ Kpxi,xjq

(11.6)

1. Necessary Properties

Property 11.1 Inner Product Space:
k must be an inner product of a suitable space V.

Property 11.2 Symmetry: k/K must be symmetric:
kpx,yq “ kpy,xq “ ϕpxq⊺ϕpyq “ ϕpyq⊺ϕpxq @x,y P X

Property 11.3 Non-negative Eigenvalues/p.s.d.s Form:
Let S “ tx1, . . . ,xnu be an n-set of a finite input space V.
A kernel k must induces a p.s.d. symmetric kernel matrix k
for any possible S Ď X see ?? 11.1.
ðñ all eigenvalues of the kernel gram matrix K for finite V
must be non-negative ?? 59.2.

Notes
• The extension to infinite dimensional Hilbert Spaces might

also include a non-negative weighting/eigenvalues:

xϕpxq, ϕpzqy “
8
ÿ

i“1

λiϕipxqϕipzq

• In order to be able to use a kernel, we need to verify that
the kernel is p.s.d. for all n-vectors X “ tx1, . . . ,xnu, as
well as for future unseen values.

2. Mercers Theorem

Theorem 11.1 Mercers Theorem: Let X be a compact
subset of Rn and k : X ˆ X ÞÑ R a kernel function.
Then one can expand k in a uniformly convergent series of
bounded functions ϕ s.t.

kpx,x1
q “

8
ÿ

i“1

λϕpxqϕpx1
q (11.7)

Theorem 11.2 General Mercers Theorem: Let Ω be a
compact subset of Rn. Suppose k is a gernal continuous sym-
metric function such that the integral operator:
Tk : L2pXq ÞÑ L2pXq pTkfqp¨q “

ż

Ω
kp¨,xqfpxq dx

(11.8)
is positve, that is it satisfies:

ż

ΩˆΩ
kpx, zqfpxqfpzq dx dz ą 0 @f P L2pΩq

Then we can expand kpx, zq in a uniformly convergent series
in terms of TK’s eigen-functions ϕj P L2pΩq, with ∥ϕj∥L2 “ 1
and positive associated eigenvalues λj ą 0.

Note
All kernels satisfying mercers condtions describe an inner
product in a high dimensional space.
ñ can replace the inner product by the kernel function.

3. The Kernel Trick

Definition 11.6 Kernel Trick: If a kernel has an analytic
form we do no longer need to calculate:
• the function mapping x ÞÑ ϕpxq and
• the inner product ϕpxq⊺ϕpyq
explicitly but simply us the formula for the kernel:

ϕpxq⊺ϕpxq “ kpx,yq (11.9)
see examples 11.1 and 11.2

Note
• Possible to operate in any n-dimenional function space, ef-

ficiently.
• ϕ not necessary anymore.
• Complexity independent of the functions space.

4. Types of Kernels
1. Stationary Kernels

Definition 11.7 Stationary Kernel: A stationary kernel is
a kernel that only considers vector differences:

kpx,yq “ kpx ´ yq (11.10)
see example example 11.3
2. Isotropic Kernels

Definition 11.8 Isotropic Kernel: A isotropic kernel is a
kernel that only considers distance differences:

kpx,yq “ k p∥x ´ y∥2q (11.11)

Corollary 11.4 :
Isotropic Ñ Stationary

5. Important Kernels on Rd

1. The Linear Kernel

Definition 11.9 Linear/String Kernel:
kpx,yq “ x⊺y (11.12)

2. The Polynomial Kernel

Definition 11.10 Polynomial Kernel:
represents all monomials[def. 54.5] of degree up to m

kpx,yq “
`

1 ` x⊺y
˘m (11.13)

3. The Sigmoid Kernel

Definition 11.11 Sigmoid/tanh Kernel:
kpx,yq “ tanhκx⊺y ´ b (11.14)

4. The Exponential Kernel

Definition 11.12 Exponential Kernel:
is an continuous kernel that is non-differential k P C0:

kpx,yq “ exp
ˆ

´
∥x ´ y∥1

θ

˙

(11.15)

θ P R: corresponds to a threshold.
5. The Gaussian Kernel

Definition 11.13 Gaussian/Squared Exp. Kernel/
Radial Basis Functions (RBF):
Is an inifite dimensional smooth kernel k P C8 with some
usefull properties

kpx,yq “ exp
˜

´
∥x ´ y∥2

2θ2

¸

«

#

1 if x and y close
0 if x and y far away

(11.16)

Explanation 11.1 (Threshold θ). 2θ P R corresponds to a
threshold that determines how close input values need to be in
order to be considered similar:

k “ exp
˜

´
dist2

2θ2

¸

«

#

1 ðñ sim if dist ! θ

0 ðñ dissim if dist " θ

or in other words how much we believe in our data i.e. for
smaller length scale we do trust our data less and the admitable
functions vary much more.

Note
If we chose h small, all data points not close to h will be
0/discared ðñ data points are considered as independent.
Length of all vectors in feature space is one kpx,xq “ e 0 “ 1.
Thus: Data points in input space are projected onto a high-
(infintie-)dimensional sphere in feature space.
Classification: Cutting with hyperplances through the
sphere. How to chose h: good heuristics, take median of
the distance all points but better is cross validation.
6. The Matern Kernel

When looking at actual data/sample paths the smoothness of
the Gaussian kernel[def. 11.13] is often a too strong assumption
that does not model reality the same holds true for the non-
smoothness of the exponential kernel[def. 11.12]. A solution to
this dilemma is the Matern kernel.

Definition 11.14 Matern Kernel: is a kernel which allows
you to specify the level of smoothness k P Ctνu by a positive
parameter ν:

kpx, yq “
21´ν

Γpνq

˜?
2ν∥x ´ y∥2

ρ

¸ν

Kν

˜?
2ν∥x ´ y∥2

ρ

¸

ν, ρ P R` ν : Smoothness ρ : Lengthscale
(11.17)

Kν modified Bessel function of the second kind

6. Kernel Engineering

Often linear and even non-linear simple kernels are not suffi-
cient to solve certain problems, especially for pairwise prob-
lems i.e. user & product, exon & intron,. . . .
Composite kernels can be the solution to such problems.
1. Closure Properties/Composite Rules

Suppose we have two kernels:
k1 : X ˆ X ÞÑ R k2 : X ˆ X ÞÑ R

defined on the data space X Ď Rd. Then we may define using
Composite Rules:

kpx,x1
q “ k1px,x1

q ` k2px,x1
q (11.18)

kpx,x1
q “ k1px,x1

q ¨ k2px,x1
q (11.19)

kpx,x1
q “ αk1px,x1

q α P R` (11.20)
kpx,x1

q “ fpxqfpx1
q (11.21)

kpx,x1
q “ k3pϕpxq, ϕpx

1
qq (11.22)

kpx,x1
q “ p

´

kpx,x1
q

¯

(11.23)

kpx,x1
q “ exp

´

kpx,x1
q

¯

(11.24)

Where f : X ÞÑ R a real valued function
ϕ : X ÞÑ Re the explicit mapping
p a polynomial with pos. coefficients
k3 a Kernel over Re ˆRe

Proofs

Proof 11.1: Property 11.3The kernel matrix is positive-
semidefinite:
Let ϕ : X ÞÑ Rd and Φ “

“

ϕpx1q . . . ϕpxnq
‰⊺ P Rdˆn.

Thus: K “ Φ⊺Φ P Rnˆn.
v⊺ K v “ v⊺Φ⊺Φv “ pΦvqT Φv “ ∥Φv∥2

2 ě 0
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Examples

Example 11.1 Calculating the Kernel by hand:

Let : x “
ˆ

x1
x2

˙

ϕpxq ÞÑ tx
2
1, x

2
2,
?

2x1, x2u

ϕ : Rd“2
ÞÑ RD“3

We can now have a decision boundary in this 3-D feature
space V of ϕ as:

β0 ` β1x
2
1 ` β2x

2
2 ` β3

?
2x1x2 “ 0

A

ϕpxpiq
q, ϕpxpjq

q

E

“

A!

x
2
i1, x

2
i2,
?

2xi1, xi2
)

,
!

x
2
j1, x

2
j2,
?

2xj1, xj2
)E

“ x
2
i1x

2
j1 ` x

2
i2x

2
j2 ` 2xi1xi2xj1xj2

Operation Count:
• 2 ¨ 3 operations to map xi and xj into the 3D space V.
• Calculating an inner product of xϕpxpiqq, ϕpxpjqqy with 3

additional operations.

Example 11.2
Calculating the Kernel using the Kernel Trick:
A

ϕpxpiq
q, ϕpxpjq

q

E

“
@

xi,xj
D2

looooomooooon

:“kpxi,xjq

“ xtxi1, xi2u , txi1, xi2uy
2

“
`

xi1xi2 ` xj1xj2
˘2

“x
2
i1x

2
j1 ` x

2
i2x

2
j2 ` 2xi1xi2xj1xj2

Operation Count:
• 2 multiplicaitons of xi1xj1 and xi2xj2.
• 1 operation for taking the square of a scalar.
Conclusion The Kernel trick needed only 3 in comparison to
9 operations.

Example 11.3 Stationary Kernels:

kpx,yq “ exp
˜

px ´ yq⊺Mpx ´ yq
h2

¸

is a stationary but not an isotropic kernel.
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Time Series
State Space Models

Definition 12.1 State Variables x:
Is the smallest set of variables tx1, . . . , xnu that are fully ca-
pable of describing the state of our system which is usually
hidden and not directly observable.

Definition 12.2 State Space X :
Is the n-dimensional space spanned by the state variables??:

x “
“

x1 xn
‰⊺
P S Ď Rn (12.1)

Definition 12.3
Input/Control Variables u P A:
Are a variables u of the transition model[def. 12.5] that influence
the propagation of to the state variables x.

Definition 12.4 y P O
Output/Measurment Variables/State Observations:
Are a variables y that are directly related to the state space
x and are usually observable by us.

Definition 12.5 Transition Model f:
Describes the transition of the state x over time.

Definition 12.6
Measurment/Output/Observation Model h:
Describes the mapping of the state x onto the output y.

Definition 12.7 (Discrete) State Space Model:
xk`1

“ fpt,xk,ukq t “ 1, . . . , K (12.2)
yk “ hpt,xk,ukq (12.3)

Markov Models
Definition 13.1 States S “ ts1, . . . , snu:
A state si encodes all information of the current configuration
of a system.

Definition 13.2
Markovian Property/Memorylessness:
Let pΩ,F, Pq be a probability space with a filtration
pFs, s P Iq, for some index set[def. 51.1]; and let pS,Sq be a
measurable space[def. 65.7].
A pS,Sqq-valued stochastic process X “ tXt : Ω Ñ SutPI
adapted to the filtration is said to possess the Markov prop-
erty if:

P pXt P A|Fsq “ P pXt P A|Xsq
@A P S
s, t P I s.t. s ă t

(13.1)

1. Markov Chains

Definition 13.3 Markov Chain:
Is a sequence of random variables
tXiuiPT

[def. 69.3] that processes the
markovian property[def. 13.2] i.e. each
state Xt depend only on the previous
state Xt´1: S2

S1

0.7

0.3

0.4

0.6

PpXt “ x|Xt´1 “ xt´1, . . . , X1 “ x1q “ PpXt “ x|Xt´1 “ xt´1q

Definition 13.4 Initial Distribution q0: Describes the
initial distribution of states:

q0 psiq “ P pX0 “ siq @si P S

ðñ q0 “
“

q0 ps1q ¨ ¨ ¨ q0 psnq
‰

(13.2)

Definition 13.5 Transition Probability pjiptq:
is the probability of a random variable Xt in state si to tran-
sition into state sj :

pijptq “ P
`

Xt`1 “ sj |Xt “ si
˘

@si, sj P S (13.3)

Definition 13.6 nth Transition Probability ppnq

ji
ptq:

denotes the probability of reaching state sj from state si in
n steps:

ppnq

ij
ptq “ P

`

Xt`n “ sj |Xt “ si
˘

@si, sj P S (13.4)

Definition 13.7 Transition Matrix Pptq:
The transition probabilities eq. (13.4)
can be represented by a row-stochastic
matrix?? Pptq where the ith row repre-
sents the transition probabilities for the
ith state si i.e.

0.3 0.7
0.4 0.6

ff«

To j

F
ro

m
i

Corollary 13.1 Row stochastic matrices and Graphs:
Row stochastic matrices?? represent graphs where the outgo-
ing edges must sum to one:

ÿ

δ
`
psiq “ 1 (13.5)

1. Simulating Markov Chains

Corollary 13.2 proof 13.1
Realization of a Markov Chain:

P pX0 “ x0, . . . , XN “ xN q “ q0 px1q
N
ÿ

n“1

pn´1,nptq

Algorithm 13.1 Forward Sampling:
Input: qpx0q and P
Output: P pX0:N q
Sample x0 „ P pX0q
for j “ 1, . . . , n do

xj „ PpXj |Xj´1 “ xj´1q

5: end for
2. State Distributions

Definition 13.8
Probability Distribution of the States qn`1:

qn`1
`

sj
˘

“ P
`

Xn`1 “ sj
˘

@si P S

“

n
ÿ

i“1

P pXn “ siq P
`

Xn`1 “ sj |Xn “ si
˘

“

n
ÿ

i“1

qn psiq pi,jptq (13.6)

qn`1 “
“

qn`1 ps1q ¨ ¨ ¨ qn`1 psnq
‰

“ qnPptq

“
“

qn ps1q ¨ ¨ ¨ qn psnq
‰

»

—

—

—

—

–

p1,1 p1,2 p1,n
p2,1 p2,2 p2,n

pn,1 pn,2 pn,n

fi

ffi

ffi

ffi

ffi

fl

ptq

Corollary 13.3 [proof 13.2]
Time-homogeneous Markov Transition Probabilities:

qn`1 “ q0Pn`1 (13.7)

Definition 13.9 Stationary Distribution:
A markov chain has a stationary distribution if it satisfies:

lim
NÑ8

qN psiq “ lim
NÑ8

P pXN “ siq “ πi @si P S

lim
NÑ8

qN “
“

π1 ¨ ¨ ¨ πn
‰

ðñ q “ qPpNq (13.8)

Corollary 13.4 Existence of Stationary Distributions:
A Markov Chain has a stationary distribution if and only if
at least one state is positive recurrent!
3. Properties of States

Definition 13.10 Absorbing State/Sink: Is a state si that
once entered cannot be left anymore:

ppnq

ij
ptq “ δij “

#

1 if i “ j

0 else
(13.9)

Definition 13.11 Accessible State si Ñ sj :
A state sj is accessible from state si iff:

Dn : ppnq

ij
ptq ą 0 (13.10)

Definition 13.12 Communicating States si Ø sj :
Two states sj and si are communicating iff:
Dn1 : ppn1q

ij
ptq ą 0 ^ Dn2 : ppn2q

ji
ptq ą 0 (13.11)

Definition 13.13 Periodicity of States: A state si has
period k if any return to state si must occur in multiples of
k time steps.
In other words k is the greatest common divisor of the number
of transitions by which state si can be reached, starting from
itself:
k “ gcdtn ą 0 : ppnq

ii
“ P pXn “ si | X0 “ siq ą 0u (13.12)

Definition 13.14 Aperiodic State k “ 1:
Is a state si with periodicity[def. 13.13] of one ô k “ 1

Corollary 13.5 : A state si is aperiodic if there exist two
consecutive numbers k and k`1 s.t. the chain can be in state
si at both time steps k and k ` 1.

Corollary 13.6 Absorbing State: An absorbing state is an
aperiodic state.

Explanation 13.1 (Defintion 13.14). Returns to state si can
occur at irregular times i.e. the state is not predictable.
In other words we cannot predict if the state will be revisited in
multiples of k times.
4. Characteristics of Markov Processes/Chains

Definition 13.15
Time-homogeneous/Stationary Markov Chain:
are markov chains[def. 13.3] where the transition probability is
independent of time:

pji “ P
`

Xt “ sj |Xt´1 “ si
˘

“ P
`

Xt´τ “ sj |Xt´τ “ si
˘

@τ P N0 (13.13)

Corollary 13.7 P
Transition Matrices of Stationary MCs:
Transition matrices of time-homogeneous markov chain are
constant/time independent:

Pptq “ P (13.14)

Definition 13.16 Aperiodic Makrov Chain: Is a markov
chain where all states are aperiodic:

gcdtn ą 0 : ppnq

ii
“ P pXn “ si | X0 “ siq ą 0u “ 1

@i P t1, . . . , nu (13.15)

Definition 13.17 Irreducable Markov Chain: Is a
Markov chain that has only communicating states[def. 13.12]:

sj Ø si @i, j P t1, . . . nu (13.16)

• ùñ no sinks[def. 13.10]

• ùñ every state can be reached from every other state

Corollary 13.8 : An irreducable[def. 13.17] markov chain is au-
tomatically apperiodic[def. 13.16] if it has at least one aperiodic
state[def. 13.14] ðñ ergodic[def. 13.18].

Corollary 13.9 : A markov chain is not-irreducable if there
exist two states with different periods.

Definition 13.18 [example 13.1]
Ergodic Markov Chain: A finite markov chain is ergodic
if there exist some number N s.t. any state sj can be reached
from any other state si in any number of steps less or equal
to a N .
ñ a markov chains is ergodic if it is:

1 Irreducable[def. 13.17]

2 Aperiodic[def. 13.16]

Corollary 13.10 Stationary Distribution: An erdodic
markov chain has a unique stationary distribution[def. 13.9] and
converges to it starting from any initial state q0 psiq

5. Types of Markov Chains

Observable Unobservable

Uncontrolled MC[def. 13.3] HMM[def. 14.1]

Controlled MDP[def. 15.1] POMDP[def. 16.1]

6. Markov Chain Monte Carlo (MCMC)
2. Proofs

Proof 13.1: [cor. 13.2]

P pX0 “ x0, . . . , XN “ xN q “ P pX0 “ x0q ¨
¨ P pX1 “ x1|X0 “ x0q ¨ P pX2 “ x2|X1 “ x1, X0 “ x0q ¨
¨ ¨ ¨ P

`

XN “ xN |XN´1 “ xN´1, . . . , X0 “ x0
˘

and then simply use the Markovian property

Proof 13.2: Corollary 13.3
qn`1 “ Pqn “ pqn´1PqP “ q0Pn`1

3. Examples

Example 13.1 Ergodic Markov Chain:

S2S1

Figure 9: Ergodic for N “ 2 (can reach s2 at any t ď N after
N “ 2)

Hidden Markov Model (HMM)
Definition 14.1 pS,A,O,P, Eq
Hidden Markov Model (HMM):
Is a Markov Chain[def. 13.3] with hidden/latent states
Sj that are only partially observable by noisy/indirect
observations[def. 14.2]: It is characterized by the 5-tuple of:
1 States[def. 13.1] S “ ts1, . . . , snu

2 Actions[def. 15.2] A{Asj “ ta1, . . . , amu

3 Observations[def. 14.2] O{Osj “ to1, . . . , omu

4 Transition Probabilities[def. 13.5] p
`

si, sj
˘

5 Emission/Output Probabilities[def. 14.3] eijptq

Latent X1 X2 ¨ ¨ ¨ XT Xt Xt`1

Observed Y1 Y2 ¨ ¨ ¨ YT Yt

pijptq

eikptq

Definition 14.2 Observations O “ to1, . . . , olu:
Are indirect or noisy observations that are related to the true
states sj .

Definition 14.3
Emission/ Output Probabilities eijptq:
Given a state Xt “ si the output probability is the probabil-
ity of the output random variable Yt to be in state oj :

eijptq “ P
`

Yt “ oj |Xt “ si
˘

#

@oi P O
@sj P S

(14.1)
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Markov Decision Processes (MDP)
Definition 15.1 pS,A,Pa, Raq
Markov Decision Process (MDP): A markov decision
process is a controlled markov process/chain with an asso-
ciated reward, where the transition can by steered by an ac-
tions. It is characterized by the 4-tuple of:
1 States[def. 13.1] S “ ts1, . . . , snu

2 Actions[def. 15.2] A{Asj “ ta1, . . . , amu

3 Transition Probabilities[def. 15.3] pa
`

si, sj
˘

4 Rewards[def. 15.4] rapsi, sjq

Definition 15.2
Actions Asi “ ta1, . . . , amu:
Is the set of possible actions from which we can choose at each
state and may depend on the state sj itself.

Definition 15.3 Transition Probability papsj , siqptq:
is the probability of a random variable Xt in state si to tran-
sition into state sj and depends also on the current action
a:

pa
`

sj , si
˘

“ p
`

sj |si, a
˘

“ P
`

xt`1 “ sj |xt “ si, at “ a
˘

@si, sj P S, @a P A (15.1)

Definition 15.4 Reward rapsi, sjq:
is a function or probability distribution that measures the
immediate reward and may depend on a any subset of
`

xt`1, xt, a
˘

:
`

xt`1, xt, a
˘

ÞÑ Rt`1 P R Ă R (15.2)

Markov decision processes require us to plan ahead. This
is because the immediate reward[def. 15.4], that we obtain by
greedily picking the best action may result in non-optimal lo-
cal actions.
1. Policies and Values

Definition 15.5
Optimizing Agent/ Decision Making Policy π psiq:
Is a policy on how to choose an action a P A based on a
objective/value function[def. 15.8] and can be deterministic or
randomized:

π : S ÞÑ A or π : S ÞÑ PpAq (15.3)

Definition 15.6 Discounting Factor γ:
Is a factor γ P r0, 1q that signifies that future rewards are less
valuable then current rewards.

Explanation 15.1 (Definition 15.6). The reason for the dis-
counting factor is that we may for example not even survive long
enough to obtain future payoffs.

Definition 15.7 Expected Discounted Value Jpπq:
Is the discounted expected (reward) of the whole markov pro-
cess:

Jpπq “ Eπ

»

–

8
ÿ

t“0

γ
t
r pXt, π pXtqq

fi

fl (15.4)

Definition 15.8
Value Function Vπpxq:
Is the discounted expected reward[def. 15.4] of the whole markov
process given an inital state X0 “ x:

Vπpxq “ Jpπ|X0 “ xq (15.5)

“ Eπ

»

–

8
ÿ

t“0

γ
t
r pXt, π pXtqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

X0 “ x

fi

fl (15.6)

(15.7)

1. Calculating the value of Vπ

Definition 15.9 [proof 16.1]
Value Iteration:

Vπpxq “ Jpπ|X0 “ xq (15.8)
“ Ex1|x,πpxq

”

rpx, πpxqq ` γVπpx1
q

ı

“ rpx, πpxqq ` γEx1|x,πpxq

”

Vπpx1
q

ı

“ rpx, πpxqq ` γ
ÿ

x1PS

P
´

x
1
|x, πpxq

¯

Vπ
´

x
1
¯

We can now write this for all possible initial states as:
Vπ “ rπ ` γPπVπ ðñ

`

I ´ γPπ
˘

Vπ “ rπ (15.9)
with:

Vπ “

»

–

Vπ ps1q
¨ ¨ ¨

Vπ psnq

fi

fl rπ “

»

–

rπ ps1, πps1qq
¨ ¨ ¨

rπ psn, πpsnqq

fi

fl

Pπ “

»

—

—

—

—

–

P ps1|s1, πps1qq P ps2|s1, πps1qq P psn|s1, πps1qq
P ps1|s2, πps2qq P ps2|s2, πps2qq P psn|s2, πps2qq

P ps1|sn, πpsnqq P ps2|sn, πpsnqq P psn|sn, πpsnqq

fi

ffi

ffi

ffi

ffi

fl

1.1.1. Direct Mehtods

Corollary 15.1 LU-decomposition Opn3q:
The linear system from eq. (15.9):

`

I ´ γPπ
˘

Vπ “ rπ (15.10)
can be solved directly using Gaussian elimination in polyno-
mial time Opn3q.

Note – invertebility

If γ ă 1 then pI ´ γPπq is full-rank/invertible as EVspPπq ď
1.
1.1.2. Fixed Point Iteration

Corollary 15.2 Fixed-Point Iteration Opn ¨ |S|q:
The linear system from eq. (15.9) can be solve using fixed-
point iteration[def. 62.30] in at most Opn ¨ |S|q (if every state si
is connected to every other state sj P S)

Algorithm 15.1 Fixed Point Iteration:

Input: Inital Guess: Vπ0
i.e.
“ 0

1: for t “ 1, . . . , T do
2: Use the fixed point method:

Vπt “ ϕVπt “ rπ ` γPπVπt´1 (15.11)
3: end for

Corollary 15.3
Policy Iterration Contraction [proof 16.2]:
Fixed point iteration of policy iteration is a
contraction[def. 59.63] that leads to a fixed point Vπ with
a rate depending on the discount factor γ.

∥Vπt ´ Vπ∥ “ ∥ϕVπt´1 ´ ϕVπ∥
ď γ∥Vπt´1 ´ Vπ∥ “ γ

t∥Vπ0 ´ Vπ∥ (15.12)

Explanation 15.2.
• γ Ó: the less we plan ahead/the smaller we choose γ the

shorter it takes to converge. But on the other hand we only
care greedily about local optima and might miss global optima.

• γ Ò: the more we plan ahead/the larger we choose γ the longer
it takes to converge but we will explore all possibilities. But
for to large γ we will simply keep exploring without sticking
to a optimal poin

Note contraction
For a contraction:
• A unique fixed point exists
• We converge to the fixpoint

2. Choosing The Policy

Question how should we choose the π? Idea compute Jpπq
for every possible policy:

π
˚
“ arg max Jpπq (15.13)

Problem this is unfortunately infeasible as there exist mn “
|A||S| policies that we need to calculate the value for.

Note
The problem is that J/Vπ depend on π but if we do not know
π yet we cannot compute those.
1.2.1. Greedy Policy

Definition 15.10 Greedy Policy:
Assuming we know Vπt´1 then we could choose a greedy
policy:

a
˚
“ πtpxq (15.14)

: “ arg max
aPA

rpx, aq ` γ
ÿ

x1PS

P
´

x
1
|x, a

¯

Vπt´1
´

x
1
¯

1 Given a policy π however we can calculate a value function
Vπ

2 Given a value function V we can induce a greedy
policy[def. 15.10] π w.r.t. V

Value Function Vπ
Vπpxq “ rpx, πpxqq`

` γ
ÿ

x1PS

P
´

x
1
|x, πpxq

¯

Vπ
´

x
1
¯

Greedy Policy πV
πVpxq “ arg max

aPA
rpx, aq`

` γ
ÿ

x1PS

P
´

x
1
|x, a

¯

Vπ
´

x
1
¯

Induces Policy

Induces Value Function

Theorem 15.1 Optimality of Policies [Bellman]:
A policy πV is optimal if and only if it is greedy w.r.t. its
induced value function

Definition 15.11 Non-linear Bellman Equation: States
that the optimal value is given by the action/policy that max-
imizes the value function eq. (15.8):

V˚
pxq “ max

aPA

»

–rpx, aq ` γ
ÿ

x1PS

P
´

x
1
|x, a

¯

V˚
´

x
1
¯

fi

fl (15.15)

: “ max
aPA

Q
˚
px, aq (15.16)

Note
This equation is non-linear due to the max in comparison to
eq. (15.8).
1.2.2. Policy Iteration

Algorithm 15.2 Policy Iteration:
Initialize: Random Policy: π

1: while Not converged t “ t ` 1 do
2: Compute Vπt pxq

Vπt pxq “ rpx, πpxqq ` γ
ÿ

x1PS

P
´

x
1
|x, πtpxq

¯

Vπt
´

x
1
¯

3: Compute greedy policy πG:
πGpxq “ arg max

aPA
rpx, aq ` γ

ÿ

x1PS

P
´

x
1
|x, a

¯

Vπt
´

x
1
¯

4: Set πt`1 Ð πG
5: end while

Algorithm 15.2

Pros
• Monotonically improves Vπt ě Vπt´1

• is guaranteed to converge to an optimal policy/solution π˚

in polynomial #iterations: O
ˆ

n2m
1´γ

˙

Cons
• Complexity per iteration requires to evaluate the policy Vπ

which requires us to solve a linear system.

1.2.3. Value Iteration

Definition 15.12 Value to Go Vtpxq:
Is the maximal expected reward if we start in state x and have
t time steps to go.

Algorithm 15.3 Value Iteration [proof 16.3]:
Initialize: V0pxq “ maxaPA rpx, aq

1: for t “ 1, . . . ,8 do
2: Compute:

3: Qtpx, aq “ rpx, aq ` γ
ÿ

x1PS

P
´

x
1
|x, a

¯

Vt´1
´

x
1
¯ @a P A

@x P S

4: for all x P S let:

Vtpxq “ max
aPA

Qtpx, aq

5: if maxxPS |Vtpxq ´ Vt´1pxq| ď ϵ then
6: break
7: end if
8: end for
9: Choose greedy policy πVt w.r.t. Vt

Corollary 15.4 [proof 16.4]
Value Iterration Contraction:
Algorithm 15.3 is guaranteed to converge to a ϵ optimal pol-
icy: ∥∥´

Vt ´ V˚
¯

∥∥
8
ď γ

t
∥∥´

V0 ´ V˚
¯

∥∥
8

(15.17)

ùñ t « ln
γ

ϵ

∥∥V0 ´ V˚
∥∥

8
for

∥∥´

Vt ´ V˚
¯

∥∥
8
ď ϵ

Algorithm 15.3

Pros
• Finds ϵ-optimal solution in polynomial #iterrations

Opln 1
ϵ
q[cor. 15.4].

• Complexity per iteration requires us to solve a linear sys-
tem Opm ¨ n ¨ sq “ Op|A| ¨ |S| ¨ sq where s is the number
of states we can reach.
For small s and small m we are roughly linear w.r.t. the
states Opnq “ Op|S|q

Cons
• Only ϵ-optimal solution.

Partially Observable MDP (POMDP)
Definition 16.1 pS,A,O,Pa, E,Raq
Partially Observable Markov Decision Process:
A (POMDP) is a markov decision process[def. 15.1] with hidden
markov states[def. 14.1]. It is characterized by the 6-tuple of:
1 States[def. 13.1] S “ ts1, . . . , snu

2 Actions[def. 15.2] A{Asj “ ta1, . . . , amu

3 Observations[def. 14.2] O{Osj “ to1, . . . , omu

4 Transition Probabilities[def. 15.3] pa
`

si, sj
˘

5 Emission/Output Probabilities[def. 14.3] eijptq

6 Rewards[def. 15.4] rapsi, sjq

Actions a1 a2 ¨ ¨ ¨ aT at

Latent X1 X2 ¨ ¨ ¨ XT Xt Xt`1

Observed Y1 Y2 ¨ ¨ ¨ YT Yt

pijptq

eikptq

Explanation 16.1.
Now our agent has only some indirect noisy observation of true
state.
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1. POMDPs as MDPs

POMDPs can be converted into belief state?? MDPs[def. 15.1]

by introducing a belief state space B.

Definition 16.2 History Ht:
Is a sequence of actions, observations and rewards:

Ht “ tta0, o0, r0u , . . . , ta0, o0, r0uu

Definition 16.3 Belief State Space B: Is
a |S|´ 1 dimensional simplex or (|S|-dimensional probability
vector[def. 59.71]) whose elements b are probabilities:

B “ ∆p|S|q “

$

&

%

bt P r0, 1s|S|
ˇ

ˇ

ˇ

n
ÿ

x“1

btpxq “ 1

,

.

-

(16.1)

Definition 16.4 Belief State bt P B: Is a
probability distribution over the states S conditioned on the
history Ht [def. 16.2].
1. Transition Model

Definition 16.5 [proof 16.5]
POMDP State/Posterior Update:

bt`1psiq “PpXt`1 “ si|Yt`1 “ okq

“
1
Z

PpYt`1 “ ok|Xt`1 “ si, atq

¨
ÿ

sjPPapsiq

btpsjqPpXt`1 “ si|Xt “ sj , atq (16.2)

Definition 16.6 Stochastic Observation Model:
PpYt`1 “ ok|bt, atq “

ÿ

siPS

btpsiqPpYt`1 “ ok|Xt “ si, atq

(16.3)

2. Reward Function

Definition 16.7 POMDP Reward Function:
rpbt, atq “

ÿ

sjPS

btpsiqrpsi, atq (16.4)

Note
For finite horizon T , the set of reachable belief states is finite
however exponential in T .

2. Proofs

1. Markov Decision Processes

Proof 16.1: [def. 15.8]

Vπpxq “ EX1:8

»

–

8
ÿ

t“0

γ
t
r pXt, π pXtqq | X0 “ x

fi

fl

“ EX

»

–γ
0
r pX0, π pX0qq `

8
ÿ

t“1

γ
t
r pXt, π pXtqq | X0 “ x

fi

fl

γ0“1
X0“x

“ r px, π pxqq ` EX

»

–

8
ÿ

t“1

γ
t
r pXt, π pXtqq | X0 “ x

fi

fl

re-index
“ r px, π pxqq ` EX

»

–

8
ÿ

t“0

γ
t`1

r
`

Xt`1, π
`

Xt`1
˘˘

| X0 “ x

fi

fl

“ r px, π pxqq ` γEX

»

–

8
ÿ

t“0

γ
t
r
`

Xt`1, π
`

Xt`1
˘˘

| X0 “ x

fi

fl

“ r px, π pxqq

` γEX1

»

–EX2:8

»

–

8
ÿ

t“0

γ
t
r
`

Xt`1, π
`

Xt`1
˘˘

ˇ

ˇ

ˇ

ˇ

ˇ

X1 “ x
1

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

X0 “ x

fi

fl

law 65.7
“ r px, π pxqqq

` γ
ÿ

x1PS

Ppx1
|x, πpxqEX2:8

»

–

8
ÿ

t“0

γ
t
r
`

Xt`1, π
`

Xt`1
˘˘

ˇ

ˇ

ˇ

ˇ

ˇ

X1 “ x
1

fi

fl

eq. (13.13)
“ r px, π pxqqq

` γ
ÿ

x1PS

Ppx1
|x, πpxqEX2:8

»

–

8
ÿ

t“0

γ
t
r pXt, π pXtqq

ˇ

ˇ

ˇ

ˇ

ˇ

X0 “ x
1

fi

fl

“ r px, π pxqq ` γ
ÿ

x1PS

P
´

x
1
|x, πpxq

¯

Vπ
´

x
1
¯

Proof 16.2 [cor. 15.3]: Consider V,V1 P Rn and let ϕ:
ϕx :“ r

π
` γPπx ùñ ϕVπ “ Vπ

then it follows:∥∥ϕV ´ ϕV
1
∥∥ “ ∥∥��rπ ` γPπV ´��rπ ´ γPπV1

∥∥
“

∥∥γPπ
´

V ´ V1
¯

∥∥
eq. (59.91)

ď γ

∥∥Pπ
∥∥ ¨ ∥∥´

V ´ V1
¯

∥∥
i.e. L2
ď γ ¨ 1 ¨

∥∥´

V ´ V1
¯

∥∥
2

Proof 16.3: algorithm 15.3
V0pxq “ max

aPA
rpx, aq

V1pxq “ max
aPA

rpx, aq ` γ
ÿ

x1PS

P
´

x
1
|x, a

¯

V0
´

x
1
¯

Vt`1pxq “ max
aPA

rpx, aq ` γ
ÿ

x1PS

P
´

x
1
|x, a

¯

Vt
´

x
1
¯

Proof 16.4: [cor. 15.4] Let ϕ : Rn ÞÑ Rn, with:
´

ϕV˚
¯

pxq “ Qpx, aq “ max
a

»

–rpx, aq ` γ
ÿ

x1

P
´

x
1
|x, a

¯

fi

fl

Bellman’s theorem 15.1 ϕV˚ “ V˚

and consider V,V1 P Rn∥∥ϕV ´ ϕV
1
∥∥

8
“ max

x

∣∣pϕVq pxq ´ pϕV
1
qpxq

∣∣
“ max

x

∣∣∣max
a

Qpx, aq ´max
a1

Q1
px, a

1
q

∣∣∣
Property 54.9

ď max
x

max
a

∣∣Qpx, aq ´ Q1
px, aq

∣∣
“ max

x,a
|�r ` γ

ÿ

x1

P
´

x
1
|x, a

¯

Vpx1
q ´ �r ´ γ

ÿ

x1

P
´

x
1
|x, a

¯

V1
px

1
q|

“ γ max
x,a

∣∣∣∣ÿ
x1

P
´

x
1
|x, a

¯ ´

Vpx1
q ´ V1

px
1
q

¯

∣∣∣∣
eq. (59.91)

ď γ max
x,a

ď1
hkkkkkkkkkkikkkkkkkkkkj∣∣∣∣ÿ
x1

P
´

x
1
|x, a

¯

∣∣∣∣ ¨∣∣´Vpx1
q ´ V1

px
1
q

¯

∣∣
ď γ ¨ 1 ¨

∥∥´

Vpx1
q ´ V1

px
1
q

¯

∥∥
8

Note
For the policy iteration the calculation was easier as the re-
wards canceled, however here we have the max.
2. MDPs

Proof 16.5: Defintion 16.5 Directly by definition 7.5 and its
corresponding proof 10.4 with additional action at:

bt`1psiq “ PpXt`1 “ si|yt`1q

“
1
Z

Ppy1:t`1|siq
ÿ

j“1

PpXt`1“si|y1:tq
hkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkj

PpXt “ sj |y1:tq
looooooooooomooooooooooon

btpsjq

Ppsi|sjq
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Reinforcement Learning
Now we are working with an unknown MDP[def. 15.1] meaning
that:
1 we do no longer know the transition model[def. 15.3]

2 We do no longer know the reward function
3 We might not even know all the states

However we can observe them when taking steps.
Note
• Reinforcement learning is different than supervised learn-

ing as the data is no longer i.i.d. (data depends on previous
action).

• Need to do exploration vs exploitation in order to learn
policy and reward functions.

Definition 17.1 Agent:
Is the learner/decision maker of our unknown MDP.

Definition 17.2 Environment: Is the representation of the
world in which our agents acts.

Definition 17.3 On-Policy Learning: At any given time
the agent has full control which actions to pick.

Definition 17.4 Off-Policy Learning: The agent has to fix
a policy in advance based on behavioral observations.

Definition 17.5 Trajectory τ:
Is a set of consecutive 3-tuples of states, actions and rewards:

τ “ tst, at, rtu t “ 1, . . . , τ (17.1)

Definition 17.6 Episodic Learning: Is a setting where
we generate multiple K-episodes of different trajectories
!

τpkq
)K

i“1
from which the agent can learn.

Explanation 17.1. For each episode the agent starts in a ran-
dom state and follows a policy.

1. Model Based Reinforcement Learning

Proposition 17.1 Model Based RL:
Try to learn the MDP [def. 15.1] by:
1 Estimating

• the transition probabilities[def. 15.3] pa
`

si, sj
˘

• the reward function[def. 15.4] rpbt, atq

2 Optimizing the policy of the estimated MDP

1. Estimating Transitions and Rewards

Formula 17.1 Estimating Transitions and Rewards:
Given a data set D “ tpx0, a0, r0,x1q , px1, a1, r1,x2q , . . .u
we estimate the transitions and rewards using a categorical
distribution[def. 66.23]:

Nsi|sj,a
:“

t
ÿ

k“1

δ´
Xk`1“si|Xk“sj,Ak“a

¯ (17.2)

Nsj,a :“
t
ÿ

k“1

δ´
Xk“sj,Ak“a

¯ (17.3)

pa
`

si, sj
˘

«

Nsi|sj,a

Nsj,a
(17.4)

rpsi, aq «
1

Nsi,a

t
ÿ

k“1

δpXk“si,Ak“aqr pXk, Akq (17.5)

2. Choosing the next step

How should we choose the action a P A in order to balance
exploration vs exploitation?

3. ϵt Greedy Learning

Algorithm 17.1 Epsilon Greedy Learning:
1: for t “ 1, . . . , T do
2: Pick next action

at “

#

arg maxa Qtpaq with probability ϵt
random a with probability 1 ´ ϵt

3: end for

Corollary 17.1 Necessary Condition for Convergence:
If the sequence ϵt satisfies the Robbins Monro (RM) conditions

ÿ

t

ϵt ă 8,
ÿ

t

ϵ
2
t ă 8 pi.e. ϵt “ 1{tq (17.6)

then algorithm 17.1 converges to an optimal policy with prob-
ability one.

Pros
• Simple

Cons
• Clearly sub optimal actions are not

eliminated fast enough
4. The Rmax Algorithm

Algorithm 17.2 [Brafman & Tennenholz ’02]
R-max Algorithm:

Initialize every state with:
prpst, aq “ Rmax ppapXt`1|Xt “ si, aq “ 1 (17.7)

Set min. number ∆ of observations for policy update
Compute Policy π1 of the MDP[def. 15.1] using ppp, prq:

πt

1: for k “ 1, . . . , K do
2: Choose a “ πtpxtq and observe ps, rq
3: Calculate:

Nxt,a` “ 1 rpxt, aq` “ rpxt, aq (17.8)
Nxt`1|xt,a` “ 1 (17.9)

4: if k==∆ then
5: Re-calculate (based on eqs. (17.4) and (17.5)):

prpst, aq “ Rmax ppapXt`1|Xt “ si, aq “ 1
and update the policy πt “ πtppp, prq

6: end if
7: end for

Note
Other ways of updating the policy at certains times exist.
Problems
Cons
• Memory: for all a P A, xt`1,xt P X we need to store

ppapxt`1|xt, aq and prpst, aq which results in |S|2|A| (for
dense MDP).

• Computation Time: We need to calculate the πt using pol-
icy (?? 1.2.2) or value iteration (?? 1.2.3) |A|¨|S| whenever
we update out policy.

1.4.1. How many transitions do we need?

Proposition 17.2 [proof 17.1]
Number of Samples to bound Reward:

P pprps, aq ´ rps, aq ď ϵq ě 1 ´ δ ðñ n P O

˜

Rmax2

ϵ2
log

1
δ

¸

(17.10)

Theorem 17.1 : Every T timesteps, with high probability,
Rmax either:
• Obtain near optimal reward, or
• Visits at leas one unkown state-action pair

Theorem 17.2 Performance of R-max: With probability
δ ´ 1, Rmax will reach an ϵ-optimal policy in a number of
steps that is polynomial in |X |, |A|, T, 1{ϵ.

2. Model Free Reinforcement Learning

Proposition 17.3 Model Free RL:
Tries to estimate the value function[def. 15.8] directly in order
to act greedily upon it.
• Policy Gradient Methods
• Actor Critic Methods
1. Temporal Difference Learning (TD)

Assume we fix a random intial policy π and s.t. we have
pVπ0 psjq.
Goal: want to calculate an unknown value function Vπ .
If the reward and the next states are stochastic variables
pR,Xq we can calculate the reward usingeq. (15.8):

pVπpxtq “ EXt`1,R
”

R ` γ pVπpX1
q|X, a

ı

(17.11)

Now assume we observe a single example
pXt`1 “ sj , a, r,Xt “ siq

then we can use monte carlos sampling[def. 67.6] with a single
sample to approximate the expectation ineq. (17.11):

pVπt`1psiq “ r ` γ pVπt psjq
Problem: high variance of estimatesñ average with previous
estimate.

Definition 17.7 Temporal Difference (TD) Learning:
pVpxt`1q “ p1 ´ αtq pVpxtq ` αt

´

r ` γ pVpxt`1q
¯

(17.12)

Corollary 17.2 Necessary Condition for Convergence:
If the learning rate αt satisfies the Robbins Monro (RM) con-
ditions

ÿ

t

αt ă 8,
ÿ

t

α
2
t ă 8 pi.e. αt “ 1{tq (17.13)

and all state-action pairs psi, ajq are chosen infinitely often,
then we converge to the correct value function:

P
´

pV Ñ pVπ
¯

“ 1 (17.14)

2. Q-Learning

Definition 17.8 Action Value/Q-Function:
Q (17.15)

2.2.1. Policy Gradients
2.2.2. Actor-Critic Methods
3. Proofs

Proof 17.1: proposition 17.2 using hoeffdings bound[def. 65.38]

with δ and b ´ a “ Rmax.

26



Graph Theory
Definition 18.1 Graph G:

A graph G is a pair G “ pV, Eq
of a finite set of vertices V [def. 71.4]

and a multi set[def. 50.3] of edges
E [def. 71.10].

v1

v2

v3

v4

v5

v6

e1

e2e3

e4

e5

Definition 18.2 Order n “ |V|:
The order of a graph is the cardinality of its vertix set.

Definition 18.3 Size m “ |E|:
The size of a graph is the number of its edges.

Corollary 18.1 n-Graph: Is a graph G[def. 71.1] of order n.

Corollary 18.2 pp, qq-Graph: Is a graph G[def. 71.1] of order
p and size q.

Vertices

Definition 18.4 Vertices/Nodes V:
Is a set of entities of a graph connected and related by edges
in some way:

Definition 18.5 Neighbourhood Npvq:
The neighborhood of a vertix vi P V is the set of all adjacent
vertices:

Npviq “
␣

vk P V : Dek “
␣

vi, vj
(

P E, @vj P E
(

(18.1)

Degree Matrix

Definition 18.6 Degree of a Vertix δ:
The degree of a vertix v is the cardinality of the
neighborhood[def. 18.5] – the number of adjacent vertices:

degpviq “ δpvq “ |Npvq| “
jăi
ÿ

j“1

Aij (18.2)

Definition 18.7 Degree Matrix D:
Given a graph G “ pV, Eq its degree matrix is a diagonal ma-
trix D P Nn,n defined as:

Di,j :“
#

deg pviq if i “ j

0 otherwise
(18.3)

Edges

Definition 18.8 Edges E Ď V ˆ V:
Represent some relation between edges[def. 71.4] and are repre-
sented by two-element subset sets of the vertices:

ek “
␣

vi, vj
(

P E ðñ vi and vj connected (18.4)

Proposition 18.1 Number of Edges:
A graph G with n “ |V| has between

”

0, 1
2npn ´ 1q

ı

edges.

Graph Representations
Adjacency Matrix

Definition 18.9 (unweighted) Adjacency Matrix A:
Given a graph G “ pV, Eq its adjacency matrix is a square
matrix A P Nn,n defined as:

Ai,j :“
#

1 if Depi, jq
0 otherwise

(18.5)

Definition 18.10 weighted Adjacency Matrix A:
Given a graph G “ pV, Eq its weighted adjacency matrix is a
square matrix A P Rn,n defined as:

Ai,j :“
#

θij if Depi, jq
0 otherwise

(18.6)

Diagonal Elements

For a graph without self-loops the diagonal elements of the
adjacency are all zero.

Adjacency List

Operations on Graphs
1. Walks

Definition 19.1 Walk: A walk of a graph G as a sequence
of vertices with corresponding edges:

W “
␣

vk, vk`1
(K
k
P E (19.1)

Definition 19.2 Length of a Walk K: Is the number of
edges of that Walk.

2. Paths

Definition 19.3 Path P : Is a walk of a graph G where all
visited vertics are distinct (no-repetitions).

Attention: Some use the terms walk for paths and simple
paths for paths.
3. Cycles

Definition 19.4 Cycle: Is a path[def. 71.15] of a graph G where
the last visited vertix is the one from which we started.

Types of Graphs
1. Subgraph

Definition 20.1 Subgraph H Ď G:
A graph H “ pU, F q is a subgraph of a graph G “ pV, Eq iff:

U Ď V and F Ď E (20.1)

2. Components

Definition 20.2 Component: A connected component of
a graph G is a connected[def. 74.1] subgraph[def. 71.11] of G that
is maximal by inclusion – there exist no larger connected con-
taining subgraphs.
The number of components of a graph G is defined as cpGq.

3. Weighted Graph

Definition 20.3 Weighted Graph:

Is a graph G where edges are associ-
ated with a weight:

Dθi :“ weightpeiq @eiE
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v6
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4. Spanning Graph

Definition 20.4 Spanning Graph:

Is a subgraph[def. 71.11] H “ pU, F q
of a graph G “ pV, Eq for which it
holds:

U “ V and F Ď E (20.2)
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1. Minimum Spanning Graph

Definition 20.5 Minimum Spanning Graph: Is a span-
ning graph[def. 73.1] H “ pU, F q of a graph G “ pV, Eq with
minimal weights/distance of the edges.

5. Connected Graphs

Definition 20.6 (Weakly) Connected Graph:

Is a graph G[def. 71.1] where there ex-
ists a path between any two ver-
tices:
DP pvi, . . . , vjq @vi, vj P V

(20.3) v1

v2

v3

v4

v5

v6
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Corollary 20.1 Strongly Connected Graph: A directed
Graph[def. 74.3] is called strongly connected if every nodes is
reachable from every other node.

Corollary 20.2 Components of Connected Graphs: A
connected Graph[def. 74.1] consist of one component cpGq “ 1.

1. Fully Connected/Complete Graph

Definition 20.7 Fully Connected/Complete Graph:

Is a connected graph G[def. 74.1]

where each node is connected to ev-
ery other node.
De@

␣

vi, vj
(

@vi, vj P V (20.4)

|V| “
1
2

|V|p|V| ´ 1q (20.5)

v1

v2

v3 v4

2. Directed Graphs

Definition 20.8 Directed Graph/Digraph (DG):

A directed graph G is a graph where
edges are direct arcs[def. 74.4].
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Definition 20.9 Directed Edges/Arcs: Represent some
directional relationship between edges[def. 71.4] and are repre-
sented by ordered two-element subset sets of vertices:

ek “
␣

vi, vj
(

P E ðñ vi goes to vj (20.6)

Acyclic Graphs

Definition 21.1 Acyclic Graphs:
Are graphs[def. 71.1] where no cycles[def. 71.16] exist.

Forests

Definition 21.2 Forests:

Are acyclic graphs[def. 74.5]:

v1 v2

v3

v4

v5
v6

v1

v2

v3

Trees

Definition 21.3 Trees:

Are acyclic graphs[def. 74.5] that are
connected[def. 74.1].

v1 v2

v3

v4

v5
v6

Binary Trees

Definition 21.4 Binary Tree:
Is a tree where each node vi P V has up to two children:

degpviq ď 2 @vi P V (21.1)

Definition 21.5 Binary Search Tree (BST):
Is a binary tree[def. 21.5], where the left subtree of a node con-
tains only values smaller than the parent and the right subtree
contains only values larger than the parent.

Corollary 21.1 Balanced Binary Search Tree:
Is a tree that ensures Oplognq time for finding or inserting a
node. It is a tree where the number of left and right descen-
dants is roughly equal.

Definition 21.6 Complete Binary Trees:
A complete binary tree is a tree in which every node of every
level of tree has two children, except the last, to the extent
that it has to be filled left to right.

Definition 21.7 Fully Binary Tree: Is a tree where every
node has either zero or two children.

Definition 21.8 Perfect Binary Tree: Is a complete bi-
nary tree where the last level is also filled, a perfect tree of
height n needs to have 2n´1 nodes.

Binary Max/Min-Heaps

Definition 21.9 Binary Heap:
Is a complete-binary tree[def. 21.6] where every parent is small-
er/larger (min-heap/max-heap) than its children.

Tries/Prefix Trees

Definition 21.10 Prefix Tree:
Is a tree special kind of tree where each node can have mul-
tiple children. It is usually used for prefix lookup of words,
where words with the same prefix share the same nodes. It
can reduce lookup time from OpM logNq for a word of size
M with N total words to OpMq. Special terminating nodes
are used to indicate if a prefix is an actual word.

1. Graph Layering

Definition 21.11 Graph Layering:

Given a graph G a layering of the
graph is a partition of its node set
V [def. 71.4] into subsets

tV1, . . . ,VLu Ď V
s.t. V “ V1 Y . . . Y VL (21.2) v1

v2

v3

v4

v5

v6
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2. Bisection Algorithms
1. Local Approaches
2. Global Approaches
2.2.1. Spectral Decomposition

Definition 21.12 Graph Laplacian (Matrix) LpGq:
Given a graph with n vertices and m edges has a graph lapla-
cian matrix defined as:

L “ A ´D lij :“

$

’

&

’

%

´1 if i ‰ j and eij P E
0 if i ‰ j and eij R E
deg pviq if i “ j

(21.3)

Corollary 21.2 title:
2.2.2. Inertial Bisection

Proofs
Model Parameter Estimation

Proof 22.1: 6.10:

ppX,y, θq “

#

ppθ|X,yqppX,yq
ppy|X, θqppX, θq

ppθ|X,yqppX,yq “ ppθ|X,yqppy|XqppXq
ppy|X, θqppX, θq “ ppy|X, θqppX, θq

“ ppy|X, θqppθ|XqppXq
eq. (6.6)
“ ppy|X, θqppθqppXq

ñppθ|X,yq “
ppy|X, θqppθq��ppXq

ppy|Xq��ppXq

Note
This can also be derived by using the normal Bayes rule but
additionally condition everything on X (where the prior is in-
dependent on X)
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Deep Learning Submodule
Biological Neural Networks

The human nervous system can be broken down into three
stages:

Stimulus Receptors
Neural Network/
Brain Effectos Response

1. The receptors collect information from the environment –
e.g. photons on the retina.

2. The effectors generate interactions with the environment –
e.g. activate muscles.

3. The neural network processes the incoming and outgoing
information and controls the flow of information/activa-
tion, which is represented by arrows – feedforward and feed-
back.

1. Neurons/Nerve Cells

Definition 23.1 Neurons/Nerve Cells:
Are the basic building blocks of a neural networks, that pro-
cesses and transmits information through electrical and chem-
ical signals.

Figure 10: Neuron/Nerve Cell

Definition 23.2 Axon: Signals are sent to other neurons
via axons.

Definition 23.3 Synapses: Are the end junctions of neu-
rons, that sit at the end of the Axons. They are complex
membranes that are responsible for transmitting signals to
other cells.

Figure 11: Synapse

Definition 23.4 The Soma and Dendrites:
Are responsible for receiving synaptic signals from other neu-
rons.

Definition 23.5 Action Potential:
Neurons are electrically excitable. That means if the net ex-
citation received by a neurons over the dendrites and Soma,
is large enough/exceeds a certain threshold within a short pe-
riod of time, then the neuron generates a brief pulse called
an action potential. In other words the neural cell gets trig-
gered/activated.
Action potentials originate at soma and propagates rapidly
along the axon, activating synapses on other neurons as it
goes.

Note
Synaptic signals may be expiatory or inhibitory.

2. Artificial Neural Networks (ANN)

Question: how can we model biological neural networks in a
mathematical sense?
Idea: start by trying to model a biological neuron.
1. Mathematical Abstraction

We can view a neuron as real valued function that takes n-real
valued inputs and maps them to true or false

f : Rn ÞÑ t0, 1u (23.1)
if we take into account that the strength of each input signal
may depend on how well the Axons transmit then we should
include a weight for the Axons:

f : Rn ˆRd ÞÑ t0, 1u (23.2)

Note
We may also view a neuron as a mapping to a real valued
output, if we view the output as firing rate/frequency.

f : Rn ˆRd ÞÑ R (23.3)
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History
Neurons
1. McCulloch-Pitts (MCP) Neuron 1943

Definition 24.1 McCulloch-Pitts (MCP) Neuron:

Let x P t0, 1un, σ P t´1,`1un and
θ P Z

fpx;σ, θq “
#

1 if
řn
i“1 σixi ě θ

0 otherwise

x1

xn

. . .
ř

θ
f

x2

xn´1

Notes
• Is also known as threshold logic unit or linear threshold

gate.
• The weights are determined analytically ñ no learning.
• Has only boolean outputs
1. Logical Units

Any task or phenomenon that can be represented as a logic
function can be modeled by a network of MP-neurons.

Proposition 24.1 [example 24.1]
Disjunctive Normal Form of MCPs:
Given: the tuple of the set of all activities Σ “ tσi“1u

n and
the threshold θ.
Let I be the set of all subsets I of Σ that activate our neuron:

I “

$

&

%

I :
ÿ

iPΣ

σi ě θ

,

.

-

then the MLP neuron can be written in DNF as:

fpx;σ, θq “
ł

IPI

¨

˚

˝

ľ

iPI

xi
ľ

iRI

␣xi

˛

‹

‚

(24.1)

Example 24.1 NAND and DNF:

x1 x2
ř2
i“1 σixi f

0 0 0 1
0 1 -1 1
1 0 -1 1
1 1 -2 0

In order to satisfy NAND
we need to set σ1 “ ´1,
σ2 “ ´1 and θ “ ´2.
I “ tH, t1u, t2uu

fpx;σ, θq “ p␣x1 ^ ␣x2q _ px1 ^ ␣x2q _ p␣x1 ^ x2q

2. Turing Machines 1948

Definition 24.2 Unorganized Machines Alan Turing:
Machines which are largely random in their construction.

Alan Turing asked how to construct unorganized machines, in
which organization would emerge from itself.

Definition 24.3 Type A Machines:
Are networks of NAND units, operating in a clocked manner:

ypt ` 1q “ 1 ´ x1ptqx2ptq

x1ptq, x2ptq P t0, 1u @t (24.2)

x1 x2 y
0 0 1
1 1 1
0 0 1
1 1 0

Note
Alan turing used NAND as all boolean function’s can be de-
composed into NAND-units.

Definition 24.4 Type B/B Inference (BI) Machines:
Networks, which have modifiers/switches on the connections

Note
Turings original draft was flawed.

3. Willshaw Memory 1968

Definition 24.5 r-Sparse Boolean Vectors:

4. The Perceptron 1958+

Definition 24.6 Perceptron Classifier/Unit: The percep-
tron is a linear classifier [def. 4.20] that uses the threshold func-
tion in order to classify dichotomies[def. 4.21]:

ŷpx,wq “ sign
`

x⊺w
˘

“

#

`1 if
řd
i“1 wixi ě 0

´1 else
(24.3)

Notes
• The activation function of the perceptron corresponds to the

heaviside step function[def. 66.42]

• The perceptron unit is also termed single-layer-perceptron,
to distinguish it from the misnomer for the multilayer per-
ceptron.

1. Number of Errors
4.1.1. Existence of a Separating Solution
4.1.2. Rate of Convergence

Definition 24.7 Novikovs Theorem:
4.1.3. Uniqueness
5. Learning
1. Hebb’s Rule 1949
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Units/Activation Functions
Definition 25.1 Activation Pattern: Is the set of neurons
of a neural network that are active/inactive for a given input
x.

Definition 25.2 Saturation: Corresponds to input value
z that causes the maximal activity of the unit (positive or
negative).

Proposition 25.1 Zero Gradients Are Problematic:
Zero gradients are often problematic as gradient descent??
updates rely on gradient information thus with zero gradients
we do not update any parameters at all.

Threshold Units
1. Linear Units

Has no maximum saturation rate and
may hence grow to infinity or minus
infinity.

φ : Rn ÞÑ R φpxq “
N
ÿ

i“1

wixi ` b “ w⊺x ` b

φpxq “ x Activation function is the identity

2. Threshold/Sign Units

Has a maximum saturation rate of 1
and may only take the values one or
zero (respective -1, depending on the definition).

φ : Rn ÞÑ t0, 1u φpxq “ sign

¨

˝

N
ÿ

i“1

wixi ` b

˛

‚

“ sign
`

w⊺x ` b
˘

Problem: p.w. continuous constant ñ zero gradient.

Sigmoid Units

Definition 25.3 Sigmoid Functions: Are functions whose
graph is a characteristic “S”-shaped curve.
1. Sigmoid/Logistic Units

Definition 25.4 [proof 48]
Sigmoid/Logistic Unit σ : R ÞÑ r0, 1s:
Is a smooth non-linear function that can not have negative
activities:

σpx⊺
θq “

1
1 ` e ´x⊺θ

σ
1
pzq “σpzqp1 ´ σpzqq

“σpzqσp´zq

(25.1)
´6 ´4 ´2 0 2 4 6

0

0.25

0.5

1
σpzq

σ1pzq

max
z

σ
1
pzq “

1
4

lim
zÑ˘8

σ
1
pzq “ 0

Explanation 25.1 (Sigmoid/Logistic Function).

σpx⊺
θq “

$

’

’

&

’

’

%

0 ´ x⊺
θ large

1 if x⊺
θ large

0.5 x⊺
θ “ 0

Pros
• Great for classification

problems.

Cons
• Saturated logistic units are

non-informative see Corol-
lary 25.4.

Corollary 25.1 Smoothness of σ:
σ is a smooth function σ P C8.

Corollary 25.2 Rotational Symmetry arround p0, 1{2q:
1 ´ σpzq “ σp´zq ðñ σp´zq “ 1 ´ σpzq (25.2)

Property 25.1 Inverse/Logits [proof 48.2]:

σ
´1
pzq “ ln

ˆ p
1 ´ p

˙

(25.3)

Notes
• Useful for the output layer in deep neural networks.
• The hill-shaped derivative of the function helps the network

when classifying.
Note: σ and pdf

The sigmoid unit corresponds to the CDF of the logistic
distribution?? and can be interpreted as a probability. But
it is not a real pdf in the mathematical sense. This is because
σ approaches 0 on ´8 and 1 on `8, so that its integral will
also be 8

Logits

Definition 25.5 Logit(s) [proof 48.7]:
Is the logrithm of the odds of an event and equals the inverse
of the sigmoid function:

logitppq “ ln
ˆ p

1 ´ p

˙

“ ln poddsppqq (25.4)

Corollary 25.3 Logits and Neural Networks:
The un-normalized and possibly negative inputs to the
sigmoid[def. 25.4]/softmax[def. 25.7] function are thus called log-
its.

Vanishing Gradient

Corollary 25.4 Saturation of logistic units:
A saturated logistic unit[def. 25.4] (large input values z) has a
zero/vanishing gradient[def. 26.11]:

lim
zÑ˘8

σ
1
pzq “ lim

zÑ˘8

σpzqσp´zq “ 0 (25.5)

ñ parameters will not be updated as the gradient/ϵ is zero.

2. Hyperbolic Tangent

Definition 25.6 [proof 48.4]
Hyperbolic Tangent/Tanh Unit tanh : R ÞÑ r´1, 1s:
Is a smooth symmetric non-linear function:

tanhpzq “
ez ´ e ´z

ez ` e ´z
(25.6)

“
sinhpzq
coshpzq

tanh1
pzq “1 ´ tanh2

pzq
(25.7)

´4 ´2 2 4

´1

´0.5

0.5

1
tanhpzq

1 ´ tanh2pzq

Pros
• Is symmetric around zero with maximal activity at z P
t´1, 1u
ñ i.e. training may lead to pos. or neg. activity (not just
pos.)
Little bit less susceptible to saturation

• Higher derivative values ñ neuron can better distinguish
between similar situations.

Cons
• Still – Saturated tanh units are non-informative.

Property 25.2 [proof 48.3]
Connection to Logistic Unit:

tanhpzq “ 2σp2zq ´ 1

Notes
Works almost always better than the sigmoid σ activa-
tion function with the one exception for the output layer, if
we do binary classification, as the sigmoid function will have
a value between 0/1.
3. Swish

Softmax – Generalized Sigmoid Unit

Definition 25.7 [proof 48.5]
Softmax Function σmax : Rc ÞÑ Rc:
Is a non-negative, non-linear, normalized function that gen-
eralizes the logistic unit[def. 25.4] to multiple classes:

σ
max

px; Θq “
“

σmax
1 σmax

c

‰

σ
max
k P r0, 1s @k

σ
max
i px; Θq “

exp px⊺θiq
řc
j“1 exp

`

x⊺θj
˘

Θ “
“

θ1 θc
‰

(25.8)

∥σ
max∥1 “

c
ÿ

j“1

σj “ 1 σi ą 0 @i “ 1, . . . , c

∇zj σ
max
i pzq “

#

σmax
i pzq

`

1 ´ σmax
i pzq

˘

i “ j

´σmax
i pzqσmax

j pzq i ‰ j

“ σ
max
i pzqpδij ´ σ

max
j pzqq (25.9)

»

—

—

—

—

–

3.1
´12.2

3

fi

ffi

ffi

ffi

ffi

fl

Logits x

e x⊺θi
řc
j“1 e x⊺θj

Softmax
»

—

—

—

—

–

0.42
0.04

0.3

fi

ffi

ffi

ffi

ffi

fl

Probabilities

Explanation 25.2.
• The exponential function makes sure that we cannot get neg-

ative probabilities.
• If there exist logits[def. 25.5] of different magnitude, then the

logits of small magnitude will basically be ironed out due to
the nature of the exponential.

• The name softmax comes from the fact that the function
acts as a soft maximum in the sense that the biggest value in
magnitude becomes the biggest value while they other pushed
towards zero.

Corollary 25.5 Relationship to Sigmoid Unit[proof 48.6]:

soft-max with θ1,θ2 ðñ sigmoid with θ :“ θ1 ´ θ2
(25.10)

Corollary 25.6 Degrees of Freedom: The problem is over
parameterized i.e. more d.o.f. then needed as the probabilities
sum to one. Thus we may re-parameterize the problem as:

θi Ð θi ´ θk i “ 1, . . . , c s.t. θk Ð 0 (25.11)

2.3.1. Numerical Stable Softmax
Why do we need a stable softmax?

The biggest number a float32 with a 24 bits mantissa can
represent is 2127, for an exponent this number is already
reach for an input of 88, leading to overflow.

Definition 25.8 [proof 48.8]
Numerical Stable Softmax: Softmax function that avoid
over and underflow:

σ
max

pzq “
“

σmax
1 σmax

c

‰

σ
max
k P r0, 1s @k

(25.12)

σ
max
i pzq “

exp pzi ` aq
řa
j“1 exp

`

zj ` a
˘

a “ ´max pz1, . . . , zcq

Explanation 25.3. • by subtracting the maximum value from
each input, the inputs to the exponents will all be smaller
equal to zero, s.t. we cannot have overflow.

• In addition to that the largest value will be zero such the ex-
ponent is one and we have at least one non-zero value in the
denuminator.

2.3.2. Softmax and Temperature

Definition 25.9 Softmax with Temperature:
It is possible to add a temperature parameter T to the
softmax function that allows us to specify how distinct the
softmax values are:

σ
max
i px; Θq “

exp
ˆ

x⊺θi
T

˙

řc
j“1 exp

ˆ

x⊺θj
T

˙ Θ “
“

θ1 θc
‰

(25.13)
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A higher temperature parameter leads to a smoother distri-
bution.
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Rectified Units

Definition 25.10 Rectified Units:
Is the use of piece wise linear units C0

pw.

1. Rectified Linear Units

Definition 25.11
Rectified Linear Units (ReLU) p¨q` : R ÞÑ r0;8q: Is the
most widely used activation function:

px⊺
θq` :“max

“

0,x⊺
θ
‰

Bpx⊺
θq` “

$

’

&

’

%

1 if zą 0
r0; 1s if z “ 0
0 otherwise

(25.14)

´2 ´1 0 1 2
0

0.5

1

1.5

2
pzq`

Bpzq`

Pros
• Non-linear gradient
ñ easy to optimize.

Cons
• No gradient information for

negative entries.
• Dying ReLU proble

Explanation 25.4. ReLU splits the input space into two half
spaces:

H`

θ
“

␣

x : θ
⊺x ą 0

(

and H´

θ
“

␣

x : θ
⊺x ă 0

(

separated by the hyperplane H0
θ

and constant on H0
θ
YH´

θ

Corollary 25.7 Dying ReLUs: Refers to the problem that
once a ReLU has zero activation it is unlikely to become active
again which is due to its gradient:

If zlj “ 0 ùñ Bpzljq` “ 0 (25.15)
ùñ ∇θlj

“ ∇zk´1zlj “ 0 (25.16)

Thus if zljpxtq “ 0 for all inputs of a training sample
X “

!

x1, . . . ,xT
)

then the ReLU unit:
• is basically dead/the parameters will never be updated and
• will never become active again due to the zero gradient

Corollary 25.8 Activation Pattern:
The activation pattern[def. 25.1] of a ReLU layer can be de-
scribed by a heaviside function[def. 66.42]:

HpΘxq P t0, 1um x P Rn (25.17)
as each unit will either be active or inactive.

Corollary 25.9 Jaccobi Matrix: The Jaccobi
matrix[def. 55.6] of a ReLU layer is sparse:

BFl :“

»

—

—

—

—

—

–

rθ
⊺
l1

rθ
⊺
l2

rθ
⊺
l1

fi

ffi

ffi

ffi

ffi

ffi

fl

, rθlj “

#

0 if zlj “ 0
rθlj else

(25.18)

Thus if all units are active we recover a linear network other-
wise inactive units are “pruned away”.

2. Absolute Value Units

Definition 25.12 [proof 55.1]
Absolute Value (AbsU) |¨| : R ÞÑ r0;8q:

|z| :“
#

z if z ě0
´z otherwise

Bp|z|q “

$

’

&

’

%

1 if zą 0
r0; 1s if z “ 0
0 otherwise

(25.19)

´2 ´1 0 1 2

´1

0

1

|z|

B|z|

Corollary 25.10 [proof 48.9]
Connection to Absolute value Unit:

pzq` “
z ` |z|

2
ðñ |z| “ 2pzq` ´ z (25.20)

Smooth ReLU Approximations

Are no-longer “real” REU units[def. 25.10] but smooth approxi-
mations of the the p.w. RELU[def. 25.11] unit and try to com-
bine the advantages of rectification and smoothness.
4.0.1. Softplus

Definition 25.13 Softplus ζ : R ÞÑ p0;8q:

ζpx; θq “ ln
`

1 ` exp
`

x⊺
θ
˘˘

ζ
1
px⊺

θq “σpx⊺
θq “

1
1 ` e ´x⊺θ

(25.21)

´4 ´2 0 2 40
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ζpzq

ζ 1pzq

4.0.2. Exponential Linear Unit (ELU)

Definition 25.14
Exponential Linear Unit ELU R ÞÑ p´1,8q:

φpzq “

#

z if z ě 0
exppzq ´ 1 else

(25.22)

d
dz
φpzq “

#

1 if z ą 0
exppzq otherwise

(25.23)
´4 ´2 0 2 4

´1

0

1

2

3

4
φpzq

φ1pzq

4.0.3. Soft Exponential Linear Unit (SELU)
4.0.4. Parameteric Exponential Linear Unit (PELU)
1. Leaky ReLU (LReLU)

Definition 25.15 Leaky ReLU R ÞÑ p´8,8q:

φpzq :“
#

z if z ě 0
ϵz otherwise

(25.24)

Bpφpzqq “

$

’

&

’

%

1 if zą 0
rϵ; 1s if z “ 0
ϵ else

(25.25)
´4 ´2 2 4

´1

1

2

3

4

ϵz

ϵ

φpzq

Bpφpzqq

2. Approximation Power of pw. Lin. Functions

4.2.1. Hinge Functions

Definition 25.16 Hinge Functions:

Are two hyperplanes[def. 59.15] that are
cut in half and glued together at their
intersection:

gpxq “ max
´

θ
⊺
1 x ` b1, θ

⊺
2 x ` b2

¯

(25.26)

Corollary 25.11 Intersection: The intersection is given by:
H1 “ H2 ðñ H2 ´H1 “ 0 ðñ θ

⊺
2 x ` b2 ´ θ

⊺
1 x ` b1 “ 0

ñpθ2 ´ θ1q
⊺x ` pb2 ´ b2q “: rθ ` rb “ 0

Corollary 25.12 Representation: Hinge functions[def. 25.16]

can be represented as combination of a linear part[def. 59.43]

and an absolute value or relu unit:
maxpf, gq “

1
2
pf ` g ` |f ´ g|q (25.27)

Note
Absolute value functions in turn can be represented by relu
functinos.
4.2.2. k-Hinge Functions–Maxout Units
Polyhedra

Theorem 25.1 Hinge Representation:
Polyhedra f P Rn can be represented by (finite) k-Hinge func-
tions:
DA Ă Rn`1 : pθ, bq P A and fpxq “ max

pθ,bqPA

␣

θ
⊺x ` b

(

(25.28)

Theorem 25.2 (Wang, 2004):
Every continuous piece wise linear function f P C0

pw can be
written as the difference of two
Maxout Units/k-Hinge Functions

Theorem 25.3 Minimal Non-Linearity:

Maxout networks with two
maxout units are universal
function approximates.

g1

gm

gm`1

g2m

x0

x1

xn

...

...

...

m1

m2

`

´

Linear
units

Inputs maxoutlin. comb.

5. Proofs

Definition 25.4

Proof 25.1:

σ
1
pzq “

B

Bz

´

1 ` e ´z
¯´1

“ ´

´

1 ` e ´z
¯´2 B

Bz

´

1 ` e ´z
¯

“ ´
1

`

1 ` e ´z
˘2 e ´z

p´1q “
1

`

1 ` e ´z
˘2

´

1 ´ e ´z
´ 1

¯

“
1

`

1 ` e ´z
˘
´

1
`

1 ` e ´z
˘2 “ σpzq ´ σpzq

2

σ
1
pzq “

B

Bz

´

1 ` e ´z
¯´1

“ ´

´

1 ` e ´z
¯´2

e ´z
p´1q

“
1

1 ` e ´z

e ´z

1 ` e ´z
“

1
1 ` e ´z

ez

ez
1

1 ` e ´z

“
1

1 ` e ´z

1
ez ` 1

“ σpzqσp´zq

Proof 25.2: Property 25.1

σ

ˆ

ln
ˆ

t

1 ´ t

˙˙

“
1
t

1´t

“ t (25.29)

Proof 25.3: Property 25.2

2σp2zq ´ 1 “2
1

1 ` e ´2z
´ 1 “

2
1 ` e ´2z

´
1 ` e ´2z

1 ` e ´2z

“
1 ´ e ´2z

1 ` e ´2z
“

ez ´ e ´z

ez ` e ´z
“ tanhpzq

Proof 25.4: Definition 25.6
tanhpzq “

B

Bz

sinhpzq
coshpzq

“

“

B
Bz

sinhpzq ¨ coshpzq ´ B
Bz

coshpzq ¨ sinhpzq

cosh2pzq

“
cosh2pzq ´ sinh2pzq

cosh2pzq
“ 1 ´

sinh2pzq

cosh2pzq

Proof 25.5: Definition 25.7
Softmax function derivative ∇zj σ

max
i pzq:

i ‰ j : ∇zj
exp px⊺θiq

řc
k“1 exp px⊺θkq

“

Q.R.
“

0 ´ exj exi
´

řc
k“1 exk

¯2 “ ´
exj

řc
k“1 exk

¨
exi

řc
k“1 exk

“ ´σ
max
i pzqσ

max
j pzq

i “ j : ∇zi
exp px⊺θiq

řc
k“1 exp px⊺θkq

“

“
exi

řc
k“1 exk ´ exi exi
´

řc
k“1 exk

¯2

“
exi

řc
k“1 exk

´
exi

řc
k“1 exk

¨
exi

řc
k“1 exk

“ σ
max
i pzq ´

`

σ
max
i pzq

˘2

Proof 25.6: Corollary 48.6

σ
max
1 pxq “

e x⊺θ1

e x⊺θ1 ` e x⊺θ2
“

e ´x⊺θ1

e ´x⊺θ1

e x⊺θ1

e x⊺θ1 ` e x⊺θ2

“
e x⊺pθ1´θ1q

e x⊺pθ1´θ1q ` e x⊺pθ2´θ1q
“

1
1 ` e ´x⊺θ

Proof 25.7: Definition 25.5
y “

ex

ex
¨

1
1 ` e ´x

“
ex

1 ` ex
“

1 ` ex ´ 1
1 ` ex

“ 1 ´
1

1 ` ex

ñ
1

1 ` ex
“ 1 ´ y

1 ` ex “
1

1 ´ y
“

1 ´ y ` y
1 ´ y

“ 1 `
y

1 ´ y

ex “
y

1 ´ y
ùñ x “ ln

y

1 ´ y

Proof 25.8: Corollary 25.10
If z ě 0 ùñ pzq` “ 2z ´ z “ z if z ă 0 (25.30)

ùñ pzq` “ 0 (25.31)
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Neural Network Representation
1. DAG Representation

Idea: neural networks that can
be represented by acyclic[def. 74.5]

directed[def. 74.3] graphs[def. 71.1].

θ1

f1

f2

θ2

x1

x2

x3

θ3

f3

x ÞÑ f3 pf1 px1, x2, θ1q , f2 px2, x3, θ2q , θ3q

2. Layered Neural Networks
2.0.1. Neural Network Layers

Definition 26.1 Layered Neural Networks:
Are neural networks where the graph[def. 71.1] is partioned into
L layers[def. 26.2].

Definition 26.2 Neural Network Layers 1, . . . , L:
Are grouped partitions of nodes[def. 74.8] of the neural network.
1. Composition, Activations and Transfer Maps

Definition 26.3 Transfer Map:
Is a function Fl that maps the input of one layer l ´ 1 onto
the next layer l:

Fl : Rnlˆnl´1 ÞÑ Rn
l
ðñ Fl :“ φ ˝ sFl (26.1)

with sFlpxq “ θ
lx ` bl b

l
P Rm

l

Definition 26.4
Composition of Layerd Neural Networks:
Is the composition of the L transfer maps[def. 26.3] tFluLl“1
w.r.t. the input, whereas the parameters get concatenated:

F “FL:1 “ FL ˝ ¨ ¨ ¨ ˝ F1 Fl : Rnl ÞÑ Rnl`1 (26.2)
with Fpx; Θq “ FL

`

FL´1
`

. . .F1px; θ1 . . . ; θL´1qθL
˘˘

zl :“ Fl:1 “
`

Fl ˝ Fl´1:1
˘

pxq “ Flpzl´1q
z0 “ x zL “ py

2.1.1. Width of a Layer

Definition 26.5 With of a Layer:
widthl “ nl :“ dimpcodompFlqq (26.3)

3. Feed Forward Neural Networks

Definition 26.6
Feed Forward Neural Networks (FFNN):

Are neural networks
that can be represented
by a acyclic[def. 74.5]

directed[def. 74.3]

graphs[def. 71.1] where
information only flows into
one direction i.e. along
Paths[def. 71.15].

Input Layer x1 x2 ¨ ¨ ¨ xKl´1

Hidden Layer z1 z2 ¨ ¨ ¨ zKl

Output Layer py1 py2 ¨ ¨ ¨ pyKl`1

4. Fully Connected Neural Network

Definition 26.7 Fully Connected Layers:

Are neural network
layers[def. 26.2] Fl whose edges
are fully connected[def. 74.2] to
all edges of the previous Fl´1
and the next layer Fl`1.

Fl´1 x1 x2 ¨ ¨ ¨ xKl´1

Fl z1 z2 ¨ ¨ ¨ zKl

Fl`1 py1 py2 ¨ ¨ ¨ pyKl`1

1. Fully Connected FFNN

Definition 26.8 (FC-FFNN)
Fully Connected Feed Forward Neural Networks :
Are feed forward neural[def. 26.6] networks that consists only
off fully connected layers[def. 26.7].
4.1.1. Units

Definition 26.9 Units of a Neural Network:
Is the sum of the widths[def. 26.5] of all layers:

#units “
L
ÿ

l“1

widthl (26.4)

2. Forward Propagation
3. Backpropagation
4.3.1. Derivative of the Network

Definition 26.10 [proof 26.1]
Chain Rule for Neural Networks:

BF “
1
ź

l“L

BFl ˝ Fl´1:1 “
1
ź

l“L

JFl ˝ Fl´1:1

” BFpxq “
1
ź

l“L

BFl
`

zl´1
˘

(26.5)

with F0:1 ” identity and zl´1 :“ Fl´1:1

4.3.2. Vanishing Gradient Problem

Definition 26.11 Vanishing Gradient Problem: Van-
ishing Gradient Problem: φ1p¨q : R ÞÑ r0, 1s hence if we use
a deep n-layer network the gradient gets smaller and smaller,
as the signal back propagates.
This would mean that the first layer has almost no gradient
which would paralyze the network from learning. ♡. the rea-
son for this is that we use the chain rule, in order to back prop-
agate the signal and thus multiply all this fractions smaller–
equal to one which decreases them exponentially, becoming
nearly equivalent to 0.

5. Proofs

Proof 26.1:
BF “

`

BFl ˝ Fl´1:1
˘

¨ BFl´1:1
“

`

BFl ˝ Fl´1:1
˘

¨
`

BFl´1 ˝ Fl´2:1
˘

¨ BFl´2:1 “ . . .
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Training
Loss Functions
1. Zero-One/Classification Loss
2. Hinge/Perceptron Loss
3. Probabilistic–Log Likelihood Loss

Definition 26.12 (Negative) Log-Likelihood Loss:
Let F be a model for making probabilistic or noisy predictions

py P pY with
#

pY P Zm for probability mass
pY P Rm for probability density–functions

The likelihood of a label yj P Y given a predicted label pyj is
given by the negative log-likelihood of the probability distri-
bution pp/f of py:

lyppyq “ ´ ln fpy|py; Θq

Base of Logarithm

The cross entropy uses usally the log 2 and not the natural
logarithm but it doesn not really matter as the only vary by
a constant factor log2 n “

ln 2
lnn .

Categorical–Log Loss

Definition 26.13 [proof 48.10]
Log/Categorical Loss:
Given one-hot[def. 4.26] encoded hard labels[def. 4.27] with K in-
dividual classes tc1, . . . , cKu.
A categorical output distribution[def. 66.23] induces a negative
log-liklihood loss[def. 6.4] of:

lyppyq “ ´ ln fpy|py; Θq
“ ´δry“cks ¨ ln ppk

one-hot
[def. 4.26]
“ ´

K
ÿ

k“1

yk ¨ ln ppk

(26.6)
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predicted probability ppk

´
lo

g 2
p p

k
q

Cross Entropy Loss for y “ ck

Explanation 26.1. [example 49.1]
Given a true observation/label y “ cj the categorical loss penal-
izes only the predictive probability pyj P pp “

“

py1 pyK
‰⊺ of

the correct cj by the amount it did not match 1.0.

Cross Entropy Loss

Definition 26.14 [proof 48.12]
Cross Entropy Loss:
Given soft or hard probabilistic targets[def. 4.28] p P Y with K
individual classes Y “ tc1, . . . , cKu and probabilistic predic-
tions pp the cross entropy[def. 3.7] loss is given by:

CE “ lppppq “ Hpp, ppq “ ´Eprln pps “ Hppq ` KLpp ∥ ppq

disc.
“ ´

K
ÿ

k“1

pk ln ppk (26.7)

B

Bzk

lpppp pzqq “ ´

K
ÿ

k“1

pk
1

pp pzkq

B

Bzk

pp pzkq (26.8)

Attention: p{pp vs. y{py:
This is often ambiguous as if the last layer corresponds to
probabilities we can think of:

y “ p and py “ pp

on the other hand py usually refers to the actual classes:
py “ arg max

kPt1,...,Ku

pyk (26.9)

Attention: Log-loss vs. Cross Entropy Loss:
The cross-entropy loss[def. 26.14] and the log-loss[def. 26.13] result
in the same loss however the term log-loss for the cross-entropy
loss is a misnomer as the log/categorical loss is derived from
the likelihood, whereas the cross-entropy loss is derived from
the cross-entropy.
In addition to that the log/categorical loss only refers to hard
labels[def. 4.27] and does not include soft target[def. 4.28].

CE Loss with Sigmoid Activation

Corollary 26.1
Cross-entropy/Bernoulli loss with Sigmoid Activation:
If the last layer uses a sigmoid activation[def. 25.3] the log-loss
becomes:

lypzq “ ´y lnσpzq ´ p1 ´ yq lnp1 ´ σpzqq (26.10)

CE Loss with Softmax Activation

Corollary 26.2 [proof 48.13]
Cross-entropy/Log loss with Softmax Activation:
The cross entropy loss function is usually used together with
softmax-activation functions [def. 25.7] in order to measure how
close the output probabilities are to the real distribution. In
this case the cross-entropy/log-loss becomes:

lypzq “ ´
K
ÿ

k“1

yk ¨ lnσmax
k pzq “ ´

K
ÿ

k“1

ykzk ` ln

¨

˝

K
ÿ

l“1

e pzlq

˛

‚

hard targets
Def. 4.27
“ ´zy ` ln

¨

˝

K
ÿ

l“1

e pzlq

˛

‚ (26.11)

B

Bzk
lypzq “ σ

max
pzkq ´ yk “ ppk ´ yk (26.12)

5.3.1. Relationship To Likelihood
Note
Maximizing the likelihood is the same as minimizing the cross
entropy.
5.3.2. Binary Cross Entropy (BCE) Loss

Definition 26.15 [proof 48.14]
Binary Cross Entropy (BCE) Loss:
In case of only two classes the cross entropy loss functions can
be written as:
lyppyq “ ´ ln fpy|py; Θq “ ´ ry ln ppk ` p1 ´ yq lnp1 ´ ppkqs

for y P t0, 1u (26.13)

5.3.3. Bernoulli Loss
5.3.4. Squared Loss

Root Mean Squared Error (RMSE)
Mean Absolute Error (MAE)
Mean Squared Error (MSE)

Learning Rates

2. Idea might want to adapt the learning rate w.r.t. the mag-
nitude of the gradient Wplq.

• If the gradient is very/too small ñ increase learning
rate η.

• If the gradient is very/too big ñ decrease learning
rate η.

Time Based Decay

Proposition 26.1 Time Based Decay:

Shrinks the learning rate with time
more and more.
ηt “ ηt ¨

1
p1 ` decay ¨ tq

(26.14)
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t

η
t

1
p1`10¨tq

Proposition 26.2 Time Based Decay after t’ iterations:

We may also want to fix the learn-
ing rate in the beginning to a small
constant C1 and then slowly de-
crease it after t1 iterations:

ηt “ min pC1, C2q “ min
˜

C1,
C1t

1

t

¸

(26.15)

ηt

t

C1

t1

C29t

Step Based Decay

Proposition 26.3 Step Based Decay: Divide the learning
rate by a fixed factor f after every t1 epochs:

ηt “ η0 ¨ f

´Y

t
t1

]¯

(26.16)

Exponential Based Decay

Optimizers
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Metrics
BLEU
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Trainable Neural Network Layers
Linear Layers
Convolutional Layers
Normalization

Non-trainable Neural Network Layers
Normalization
Layer Normalization

Definition 29.1 Layer Normalization:

Batch Normalization

Residual Layers
Intro
When using neural networks we usually initialize the
weights of the layers to some small value. This does
not constitute a problem when using shallow networks.

In
pu

t

Loss

Target

P
re

d

Deep Network
Shallow Network

Epochs

L
os

s

But if we use deep networks initially the information passed
through gets multiplied by many random weight matrices s.t.
almost none of the output is an actual signal related to the in-
put. Another problem is that if we backpropate the Jacobin’s
back to the earlier layers we will multiply many matrices with
a small value leading to a vanishing gradient. Idea: we can
avoid the vanishing gradient if we add the identify to the gra-
dient, which is equal to adding the input to the output:

Fres pxq “ F pxq ` x JFres “ JF ` I

Definition 29.2 Residual Layers/Blocks [?]:

A residual layer adds the input of
a layer to the output of another
layer:

Fres
´

xplq
¯

“ F
´

xplq
¯

` xpl1q

l ă l
1

(29.1)

Weight Layer

Weight Layer

relu

Fpxq ` x

Fpxq
x

x

relu

Explanation 29.1 (Why Residual Block). The residual block
does no-longer need to learn everything about the input that
needs do be passed along but rather to figure out what infor-
mation the network can add on-top of the network i.e. we try
learn the residual of the input.

Corollary 29.1 Non-matching dimensions:
If the dimension are not matching we can multiply with an
additional weight matrix W that matches the codomain of F:

Fres
´

xplq
¯

“ F
´

xplq
¯

`Wxpl1q
l ă l

1

Note
Usually multiple layer are skipped by a skip connection, to so
that the block is flexible enough to learn the residual.
Why not use concatenation?

If we have more than one or two skip-connections then con-
catenation may lead to a very large vector.
Note
We need to have a non-linearity, otherwise we add a linearity
to a linearity which does not change anything.
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Recurrent Neural Networks (RNN)
Goal

Given an observation sequence of inputs x1, . . . ,xs we want to
learn the transition[def. 12.5] output[def. 12.6]-model of a discrete
time state space model[def. 12.7] that:
1 Is Markovian[def. 13.1]

2 Is Stationary Time-homogeneous/-invariant[def. 13.15].

hptq
“ F

´

hpt´1q
,xptq; θF

¯ h0
“ 0

t “ 1, . . . , s (29.2)

Vanilla RNNs

Definition 29.3 Recurrent Neural Network (RNN):
Is a linear discrete time state space model [def. 12.6] with
element-wise non-linearities:
State Transition Model:

Fph,x; θFq “ Wh `Ux ` b θF “ pU,W,bq
sF “ φ ˝ F (29.3)

Output Model:
Hph; θHq :“Vh ` c

y “ĎHph; θHq “ φH ˝H
θH “ pV, cq (29.4)

ŷ

x

V

U

W

hpt´1q hptq hpt`1q

W W W W

ŷpt´1q

xpt´1q

V

U

ŷptq

xptq

V

U

ŷpt`1q

xpt`1q

V

U

unrolled

Main difference to FCFFN[def. 26.8]

• The weights/parameters of the different layers are shared!
• Inputs xi are processed in a sequence.

Cons
• Non-parlellization: RNNs cannot parallelized due to the se-

quenential dependency of the stateseq. (29.2).
• Linear-interaction Distance: it can be difficult for RNNs to

relate to related tokens to each other, if there have been a
lot of tokens inbetween them.

1. Backpropagation Trough Time (BPTT)

Gated Recurrent Units (GRUs)
Long Term Short Term Memory (LSTM)

Types of RNN Tasks
Sequence-to-Sequence (Seq2Seq) Models
Sequence to Sequence Modeling

Sequence-to-sequence modeling is the task of taking an input
and producing an output seqeunce:
• Translation: taking an input sentence in one-language and

outputting it in another.
• Summerization: taking an input sentence and producing

a summary of it.
• Conversation: taking an input sentence or questing and

producing an awnser to it.

Definition 32.1 Seq2Seq Models:
Sequence-to-sequence models consist of encoder-decoder ar-
chitectures that can be trained in an end-to-end fashion.
• Encoder: encodes and input sequence x “ px1, . . . ,xT q

into a context vector c. The most common approach is an
RNN and some nonlinear function q:

ht “ f
`

xt, ht´1
˘

c “ q
`␣

h1, . . . , hTx
(˘ i.e. [?]

“ hT

• Decoder: uses the context vector to generate an output
sequence:

ppyq “ p
´

y1, . . . , yTy

¯

“

T
ź

t“1

p
`

yt|
␣

y1, . . . , yt´1
(

, c
˘

RNN
“ g

`

yt´1, st, c
˘

h1 h2 h3 h4

s1 s2 s3

h5
c

Embedding

<EOS> comment t'appeles tu <EOS>

<EOS> nameyouriswhat

One-hot

comment t'appeles tu <EOS>

Decoder Decoder Decoder Decoder

xt

yt

Tx: 5
Ty: 4

Note
We need:
• A start token for the decoder.
• An end of sentence token for the decoder, so that we know

when output is finished.
We can use the same token for this i.e. <EOS> or different
tokens i.e. <START> / <EOS>.

Considerations for the Encoder

Proposition 32.1 Reverse Input Sequence:
Seq2Seq encoders often process the input sequence in reverse.
The benefit is that it is easier for the decoder to focus on the
“first” token which is now the last output of the encoder.

Proposition 32.2 Bidirectional RNNs:
Language sentences often have dependencies in both direc-
tions, to take care of this one can produce a forward and a
backward context and concatenate them before passing them
to the decoder:

c “
”

cpfq cpbq
ı

and states
h “

”

hpfq hpbq
ı

o “
”

opfq opbq
ı

(32.1)

LS
TM

LS
TM

LS
TM

What is your

Context

LS
TM

name

LS
TM

<EOS>

LS
TM

LS
TM

LS
TM

Whatisyour

LS
TM

name

LS
TM

<BOS>

C(f)C(b)

Proposition 32.3 Stacked RNNs:

As the it is really difficult to com-
press and arbitrary length sequence
into one context vector of fixed
size, the encoder usually consists of
stacked RNNs.

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

LS
TM

Context

<GO>

comment t'appeles tu

Timesteps
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Autoencoders (AE)
Definition 33.1 Autoencoder xX “ pψ ˝ ϕqX:

Let X “ txiuni“1 P Rd and let
X⊺ “

“

x1 xn
‰

P Rdˆn be the
transposed design matrix.
An auto encoder is defined as:

Encoder ϕ : Rd ÞÑ Rp

Decoder ψ : Rp ÞÑ Rd

with px “ pψ ˝ ϕqx s.t.

x1 px1

x2 px2

x3 px3

x4 px4

xn pxn

h1

E D

h2

hn
...

...

...

θ “ tϕ, ψu “ arg min
ϕ,ψ

1
2n

n
ÿ

i“1

∥xi ´ pψ ˝ ϕqxi∥
2

“ arg min
ϕ,ψ

1
2n

∥X⊺
´ pψ ˝ ϕqX⊺∥2

F (33.1)

Explanation 33.1 (Definition 33.1). An autoencoder is a
neural network that is supposed to learn the identity map by
first encoding and then decoding the input.
1. Linear Autoencoder

Definition 33.2 Variational Autoencoder xX “ DCX:
Let X “ txiuni“1 P Rd and let X⊺ “

“

x1 xn
‰

P Rdˆn

be the transposed design matrix. An auto encoder is defined
as:
Encoder C P Rpˆd : Rd ÞÑ Rp

Decoder D Rpˆd : Rp ÞÑ Rd
s.t. px “ DCx

(33.2)

θ “ tC,Du “ arg min
C,D

1
2n

n
ÿ

i“1

∥xi ´DCxi∥
2

“ arg min
C,D

1
2n

∥X⊺
´DCX⊺∥2

F (33.3)

Note
Equation (33.5) is a degenerated problem and has single no-
global minima but many minima that are optimal.

Corollary 33.1 Non-unique solution [proof 48.15]:
The solution C˚, D˚ are global degenerative/non-unique so-
lutions.
1. Variational Autoencoder

Definition 33.3 Variational Autoencoder xX “ DCX:
Let X “ txiuni“1 P Rd and let X⊺ “

“

x1 xn
‰

P Rdˆn

be the transposed design matrix. An auto encoder is defined
as:
Encoder C P Rpˆd : Rd ÞÑ Rp

Decoder D Rpˆd : Rp ÞÑ Rd
s.t. px “ DCx

(33.4)

θ “ tC,Du “ arg min
C,D

1
2n

n
ÿ

i“1

∥xi ´DCxi∥
2

“ arg min
C,D

1
2n

∥X⊺
´DCX⊺∥2

F (33.5)

Note
Equation (33.5) is a degenerated problem and has single no-
global minima but many minima that are optimal.

Corollary 33.2 Non-unique solution [proof 48.15]:
The solution C˚, D˚ are global degenerative/non-unique so-
lutions.
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Generative Adversarial Networks (GAN)
Definition 34.1 Gan:
min
G

max
D

Ex„pdatapxq
rlogDpxqs ` Ex„pzpzqr1 ´DplogDpxqqs

(34.1)

VQ-GAN
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Diffusion Models
Definition 34.2 Diffusion Model:
Generative Diffusion Models are models that introduce sys-
tematic noise in an iterative process through a Markov Chain
and then try to learn to reverse this process in order to gen-
erate samples from the underlying distribution:

x0 x1 xt xT

qpxt|xt´1q

ppxt´1|xtq

Forward

Reveresed

xt´1

Diffusion

Diffusion
qpx0q qpx1q qpxT q

q px1:T |x0q “ qpx0q
T
ź

t“1

q
`

xt|xt´1
˘

(34.2)

qpx0q: true distribution of our input data:

Histroy

Definition 34.3 [proof 48.17]
Forward Diffusion Process:
The forward diffusion process incrementally adds noise to the
input:

q
`

xt|xt´1
˘

“ N
´

a

1 ´ βxt´1, βtI
¯ tβtu

T
t“1 P p0, 1q

β1 ă β2 ă . . . ă βT

xt “
a

1 ´ βxt´1 `
a

βtϵ ϵ „ N p0, 1q (34.3)
The level of added noise is increasing slowly with each time
step, regulated by the schedule βt “ βtptq in order to:
• Bring the mean of each new Gaussian closer to zero.
• Limits the rate of variance increase, we want to learn grad-

ually and don’t learn anything from pure noise.
lim
TÑ8

q px1:T |x0q « N p0, Iq (34.4)

One Step Forward Process:

q pxt|x0q “ N
`?

sαtx0, p1 ´ sαtIq
˘

αt :“ 1 ´ βt

Ďαt :“
t
ź

s“0

αs

xt “
?

sαtx0 ` p1 ´ sαtIqϵ ϵ „ N p0, Iq

(34.5)

Explanation 34.1. eq. (34.5)
One Step Forward Diffusion Step :
Sampling from a Gaussian and applying eq. (34.3) repeatedly
to obtain qpxt|x0q using eq. (34.2) is expensive, however using
a re-parameterization trick we can directly compute qpxt|x0q
without the need to have to apply eq. (34.2).

Notes
If the step-sizes β are too large it becomes to difficult to learn
the de-noising steps of the reverse process.
Problem
Ideally we would like to calculate qpxt´1|xq but this is not
feasible from section 9 we know that:

q
`

xt´1|xt
˘

“
q
`

xt|xt´1
˘

q
`

xt´1
˘

q pxtq

q pxtq “
ż

q
`

xt|xt´1
˘

q
`

xt´1
˘

dx

the integral’s to calculate qpxtq resp. qpxt´1q are most likely
intractable. However if the forward noise step q

`

xt|xt´1
˘

is
small, then there is not so much ambiguity about qpxt´1q s.t.
we may model q

`

xt´1|xt
˘

by a uni-modal Gaussian distribu-
tion.
Idea: replace qpxt´1|xtq by a trainable neural network
pθpxt´1|xtq.

Intuition Why This true

For infinitesimal small step-sizes we can convert the forward
process into a SDE using Taylor expansion. This SDE can be
reverse.

Definition 34.4 Reveres Diffusion Process:
pθpxt´1|xtq “ N pµθpxt, tq,Σθpxt, tqq (34.6)

Latent Diffusion Models
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Contrastive Learning
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Attention Based Architectures
Definition 34.5 Attention:
Attention is a mechanism that gives a model the knowledge
of the relevance of one entity w.r.t. to another entity.

She is eating  a green apple

high attentions
low attentions

Attention in RNNs

Seq2seq models section 32 have the problem that the decoder
takes one context vector as input and all following states de-
pend on this single context vector c. This does not work well
for long sequences.
Idea: create one context vector ct for each state tstu

Ty
t“1 of

the decoder, that describes how relevant / well-aligned each
input value txiu

Tx
i“1 is with output yt.

Definition 34.6 [?]
Neural Machine Translation (NMT):
Uses an attention mechanism to add relevant context to each
of the output states, as a linear combination of the input
states:

ci “
Tx
ÿ

t“1

αi,tht “ α
T
i H αi,tht

fl alignment pyi,xtq

αi,t “ softmax
`

ei,t
˘

“
exp

`

ei,t
˘

řTx
j“1 exp

`

ei,j
˘

ei,k “ score
`

si´1,hk
˘

“ align
`

si´1,hk
˘

si “ f
´

si´1,yi´1, ci
¯

(34.7)

h1 h2 h3 h4

s1 s2 s3

h5

c

Embedding

<EOS> nameyouriswhat

One-hot

comment t'appeles tu <EOS>

Decoder Decoder Decoder Decoder

xt

yt

s0

c1 c2 c3 c4

h1,h2,h3,h4, h5

si

aij Alignment weights

Attention

Explanation 34.2.
• We simply take a linear combination of the hidden input

states, where each input state is weighted by alignment or
score function that describes, how well a input state corre-
lates to an output state.

• The softmax scales the weights s.t. they sum to one and are
in the range of r0, 1s.

Corollary 34.1 Calculating the output [?]:
[?] uses a fully-connected feed forward neural network with a
tanh activation function and a softmax layer:

rsi “ tanh pWc rci; sisq
P pyi|y ă i,xq “ softmax pWsrsiq (34.8)

Corollary 34.2 Initializing s0:

Notes
• [?] uses a bidirectional lstm and concatenates the input

states as:
hi “

”

hpfq

i
; hpbq

i

ı

i “ 1, . . . , Tx
• the alignment score function can be used to create a matrix

of correlations between input and output tokens.

Alignment-Score Functions
1. Additative Attention

Definition 34.7 [?]

Linear Attention:
score

`

si,hj
˘

“ vTa tanh pWasi `Uahkq (34.9)
Trainable Parameters: Wa,Ua,va

Definition 34.8 [?]

Concat Attention:
score

`

si,hj
˘

“ vTa tanh
`

Wa
“

si; hj
‰˘

(34.10)
Trainable Parameters: Wa,Ua,va

Pros
• Additive attention works better on larger input dimen-

sions.
2. Multiplicative Attention

Definition 34.9 [?]

Bilinear Attention:
score

`

si,hj
˘

“ sTi Wahj (34.11)
Trainable Parameters: Wa

Definition 34.10 [?]

Dot-Product Attention:
score

`

si,hj
˘

“ sTi hj (34.12)
Trainable Parameters: none

Definition 34.11 [?]

Scaled-Dot-Product Attention:

score
`

si,hj
˘

“
sTi hj
a

Tx
(34.13)

Trainable Parameters: none Note: scaling is supposed to
help for large input values, where the softmax function may
have very small gradients, which makes learning hard:

Explanation 34.3. The softmax function is sensitive to very
large inputs, which leads to a vanishing gradient, decreasing the
rate of convergence. The dot product of two independent random
variables Rd with mean µ “ 0 and variance σ2 “ 1 has itself a
mean of 0 but a variance of d.
Thus scaling the dot-product with

?
d leads to a variance of 1

and helps to stop the input of the softmax from growing to large
with d.

Definition 34.12 [?]

Location-Based Attention: Only focuses on the target po-
sition:

score psiq “ si αi,j “ softmax pWasiq (34.14)
Trainable Parameters: Wa

Pros
• Is usually faster and more space efficient using efficient

matrix-multiplication techniques.

Hard Attention

Definition 34.13 Hard Attention:
In hard attention one does not calculate a linear combination
of input stateseq. (34.7) like in soft-attention but picks one
input state. This can either be deterministic:

ci “ arg max
αi,j

!

s1, s1, . . . , sTy
)

(34.15)

or probabilistic:
ci „ P

´!

s1, s1, . . . , sTy
)

|αi,j

¯

(34.16)

Attention:
The arg max function is not differentiable and cannot be used
in standard backproagation. Techniques s.a. Monte Carlos
sampling or the re-parameterization trick can be used to cir-
cumvent this problem

Local Attention

Definition 34.14
Local Attention/predictive alignment:
At any decoder state st, the networks calculates an aligned
position pt with a fixed window size D:

ci “
Tx
ÿ

t“1
@hjPrpi´D,pi`Ds

αi,tht (34.17)

Corollary 34.3 Gaussian Alignment: One problem is how
to choose pt without using the non-differentiable arg max.
One possibility is a Gaussian kernel:

Pros
• Very long sequences can become really expensive, by us-

ing a fixed window size we can keep differentiability and
reduce the computational complexity.

Monotonic Alignment

Definition 34.15 Monotonic Alignment: Aligns pi ex-
actly with the target sequence pi “ i with i P

␣

1, . . . , Ty
(

.

Note
• This may result into input tokens not beeing considered if

the target sequence is shorter than the input sequence and
the window size D is small.

• This leads to a symmetric block-diagonal matrix.
Predictive Alignment

Definition 34.16 Predictive Alignment: Predictive align-
ment takes into account what input tokens are important to
the target sequence i.e. we predict pi:

pt “ Tx ¨ sigmoid
´

vTp tanh
`

Wphi
˘

¯

pi P r0, Txs

Note
Leads to block-diagnoal matrix with some non-symmetric ir-
regularities.

Corollary 34.4 Gaussian Alignment:
One problem is how to choose pt without using the non-
differentiable arg max. One possibility is a Gaussian kernel.

Self-Attention

Definition 34.17 Self-Attention:
Self attention relates the input sequence to itself and can
adapt any input sequence by replacing the target witht he
input sequence:

ei,j “ score
`

hi,hj
˘

(34.18)

Key, Value, Query-Attention

Definition 34.18 Input Embedding:
Let V be a one-hot encoded[def. 4.26] vocabulary of size L :“
|V| and denote by wj P V tokens of this vocabulary. We use
an embedding E P Rdˆ|V| to encode tokens:

Ewi “ xi P Rd

Given a sequence of size Tx we can compute the embedding
of the whole sequence as:

w1:TxET “ X P RTxˆd
w1:Tx P RTxˆ|V|

E P Rdˆ|V|

Definition 34.19 Query-Key-Value Based Attention:
Key-query-value attention, splits the attention mechanism
into a key, query and value.
The query q determines what we are interested in, the key k
what value v we are currently looking at and the alignment
αijpqi,kjq determines the weighting of the value:

ci “
Tx
ÿ

t“1

αi,jvj (34.19)

αi,j “ softmax
`

ei,j
˘

“

exp
´

qTi kj
¯

řTx
j1“1

exp
´

qT
i

kj1

¯

attn pQ,K,Vq “ softmax
´

QKT
¯

V (34.20)

qi

kj
qiTkj->softmax

αij

vj

Note: Softmax over matrices
We always take the softmax element-wise and sum over the
last dimension.
If A is a matrix of shape Rl,d we take the softmax as:

softmax pAqi,j “
expAi,j

řd
j1“1

Ai,j1

@i P t1, . . . , lu
@j P t1, . . . , du

If B is a tensor of shape Rm,l,d we take the softmax as:

softmax pBqk,i,j “
expBk,i,j

řd
j1“1

Ak,i,j1

@k P t1, . . . ,mu
@i P t1, . . . , lu
@j P t1, . . . , du

1. Self-Attention

Definition 34.20 Key-Query-Value Self-Attention:
Uses the input sequence for key, value and query:

qi “ Wqxi ki “ Wkxi vi “ Wvxi
Q “ XWq K “ XWk V “ XWv

#

W P Rdˆd

X P RTxˆd

(34.21)

QKT
Q

K

V

X

WV

WK

WQ
Softmax

Alignment

AV

C
ontext

Z
Self-Attention
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2. Cross-Attention

Definition 34.21 Cross-Attention:
Uses one input sequence x P RTxˆd for key and value and
another y P RTyˆd for the query, where d corresponds to the
embedding dimension:

QKT
Q

K

V

X
W

pxq

V

W
pxq

K

W
pyq

Q
Softmax

Alignment

AV

C
ontext

Cross-Attention

YTy

Tx

d

d

Ty

dV

Ty

Tx

WQ P RdˆdQ

WK P RdˆdK

WV P RdˆdV

A P RTyˆTx Z P RTyˆdV

Note: dQ “ dK

Explanation 34.4. This helps to relate tokens of the input
sequence to the tokens of the output sequence.

Note
dV may have a different dimension than dQ “ dK but is usu-
ally of the same dimension.

Transformers [?]

Problems
Transformers remove the RNN component in the encoder-
decoder architecture entirely. This comes with solves the pre-
viously mentioned problems but also leads to some new prob-
lems:
1 Positional Relationships:

• The representation of the input tokens/embeddings x
is not position dependent it is simply Exi no-matter
what position i.

• There is also no positional dependence in the self-
attention operation, the softmax operation only cares
about the word w but not the position i i.e. if we have
a word v P V at two positions the softmax will be the
same.

ñ Need to encode the positional relationships somehow.
2 Elementwise Nonlinearity:

the linear combinationeq. (34.19) is a linear operation. If
we stack multiple self-attention layers we end up with a
single self-attention layer.
ñ need to add a non-linearity.

3 Masking: Given a query qi the self-attention mechanism
takes into account all tokens jt1, . . . , Tu ­ i but when pre-
dicting we only want to consider the past, otherwise pre-
dicting becomes trivial.
ñ we need to mask future entries somehow during the
decoding phase.

Definition 34.22 Transformer-Encoder:
The encoder of a transformer encodes
the input tokens and adds a positional
encoding and then applies a stack of
independently parameterized encoder
blocks, that consist of:

1 Multi-head key-query-value self at-
tentioneq. (34.21) block with layer
normalization and a residual con-
nection.

2 A feed-forward layer with layer
normalization and a residual con-
nection.

Hpxq
“ TransformerEncoder pXq

Layer Norm

Layer Norm

Feed-Forward

Multi-Head
Attention

Embedding

Positional Embedding

Encoder Block

Definition 34.23 Transformer-Decoder:

The decoder of a transformer is quit
similar to the encoder but has some
modifications. The input to the de-
coder is the encoded target sequence
plus a positional encoding but the fol-
lowing attention block consists of a
masked attention, so that we do make
use of what we actually want to predict
during training.
Afterwards a stack of independently
parameterized blocks is applied, that
consist of:

1 Multi-head cross-attention[def. 34.21]

block with layer normalization and
a residual connection.

2 A feed-forward layer with layer nor-
malization and a residual connec-
tion.

Layer Norm

Layer Norm

Feed-Forward

Masked Multi-
Head Attention

Embedding

Positional Embedding

Decoder Block

Layer Norm

Multi-Head
Attention

Softmax

Linear

Probabilities

K V Q

Definition 34.24 The Transformer Block:
Positional Encodings
Masking

Definition 34.25 Future Masking:
When we train our encoder we calculate
attention scores over the whole sequence.
But for the decoder sequence a token yi
should only have access to tokens k ă i.
We can do this by adding a mask to
QKT , where ´ inf corresponds to entries
that are not accessible to a word. After
the softmax operation the negative inf
value will be zero.

Masking

Softmax

MatMul

Scaling

MatMul

Q K V
Note: alternatively one can set manually (less efficient) after
the softmax:

αij “

#

αij j ă i

0 else

She is eating<SOS>

Sh
e

is
ea
tin

g
<S
O
S>

0.4

0.5 -0.120.36

-0.55

0.64

0.7 -0.77

-0.11

0.89 0

0

0

0

-inf

-inf0

0

0 0

-inf

0 0

-inf

-inf

-inf

Look-Ahed Mask She is eating<SOS>

0.36

0.64 -0.12

0.89 -0.11

0.7

0.4

0.50.36

-0.55

0.7 -0.77

0.64 -0.12

0.89 -0.11

-inf

-inf

-inf

-inf

-inf

-inf

Sh
e

is
ea
tin

g
<S
O
S>

Multi-Head Attention

The attention mechanism learns a linear combination of the
valueseq. (34.19). But we can increase the model capacity by
using multiple attention mechanisms in parallel.

Definition 34.26 Multi-Head Attention:
Multi-head attention is the application of multiple attention
heads/mechanisms to one input sequence:

MHA pQl,Kl,vlq “
“

head1 headh
‰

W
Headl “ Attention

´

XWql ,XWkl ,XWvl

¯ (34.22)

with l “ t1, . . . , hu.
We can simpify the computation by combining the weight ma-
trices of multiple h attention heads into one weight matrix:

Wq,k,v P Rdˆhd Wql,kl,vl P Rdˆd
l P t1, . . . , hu

XWQ

WQ
TKT

Q K

L

hd

L

L

Ql Kl Vl

Z0 Z1 Zh

W

Concat

Linear

Masked Multi-Head Attention

h

Headl “ softmax
˜

QlK
T
l

`Mask
?
d

¸

Vl

The softmax operates on the same dimension as a normal sin-
gle head attention operation.

Explanation 34.5.
The linear layer after the concatenation has a shared weight-
matrix W which helps in learning a shared representation.

Note

[?] uses h “ 8 and d
h
“ dQ “ dK “ dV “ 64. This reduces

the cost from an single attention mechanism of size d “ 512
to 64 for the 8 heads.

Efficient Attention
1. Flash Attention
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Graph Networks
1. Undirect Graphs
1. Graph Convolution Networks
1.1.1. General Idea

Given a proximity matrix X P Rdˆn of a graph G and a set
of learnable weight matrices

!

Wl
)L

l“1
we define the forward

propagation as:
Xl`1

“ φ
´

WlXl
¯

s.t. XL “ Y (36.1)

We now want to model the relationship between the different
samples a.k.a. nodes by introducing a matrix Q:

Xl`1
“ φ

´

WlXlQ
¯

(36.2)

XlQ is a summation over the samples/nodes of X as X P

Rdˆn.
Question: how should we choose Q?

Definition 36.1 Linear Shift Invariant Filter for
Graphs: Is a linear function H over a graph with adjacency
matrix A (possibly degree-normalized Ā) s.t.

HpAxq “ ApHqx ðñ H and A commute (36.3)

Theorem 36.1 Representation of Shift Invariant Filters:
A linear filter H is A shift invariant if and only if there exist
coefficients tθi“1u

n
i“1 s.t. H can be represented as:

H “ θ0I ` θ1A ` θ2A2
` ¨ ¨ ¨ ` θnAn (36.4)

1.1.2. Building the Smoothing Matrix

1 Favor normalized adjacency matrices:

Ā :“ D´ 1
2 AD´ 1

2 with Ddegree matrix[def. 71.9]

(36.5)

2 Restrict to linear shift invariant filters of order 1[def. 36.1]:
Hpθ0, θ1q “ θ0I ` θ1Ā (36.6)

3 Use only one parameter θ0 “ θ1

4 Stack such filters in order to regain high order:
Hk
pθ0, θ1q “ θ

kI ` θ
kĀ (36.7)

1.1.3. Problems

If we apply an operator and the operator norm[def. 59.79] is
larger than one, then applying the operator repeatedly may
lead to blow up.

Lemma 36.1 Eigenvalues of Graph Convolution Layers:
Let λ1 ě ¨λn be the eigenvalues of Ā then it holds that:

1 “ λ1 ě λn ě ´1 λ1, . . . , λn P eigenvalpĀq (36.8)

Corollary 36.1 :
I ` Ā P r0, 2s ñ possibly blow up (36.9)

1.1.4. Semi-Supervised Classification with GCNNs
Solution to Corollary 1.1.3

Define a degree normalized matrix by using self-loops:

Ā ` I “ D´ 1
2 AD´ 1

2 ` I
instead
ÝÝÝÝÝÝÑ ĂD´ 1

2 ĂAĂD´ 1
2 “: Q

Definition 36.2 Self loop Adjacency Matrix:
ĂA :“ A ` In (36.10)

Definition 36.3 Self loop Degree Matrix:

ĂD :“ D ` In ðñ rdi “ 1 `
jăi
ÿ

j

Aij (36.11)

Definition 36.4 Coupling Matrix Q:

Q “ ĂD´ 1
2 ĂAĂD´ 1

2 (36.12)

qij “
aij`δij
b

rdi rdj

wit δij “

#

1 if j “ j

0 else

Explanation 36.1 (Coupling Matrix).
´

XlQ
¯

ij
“

´”

xl1 . . . xln
ı

Q
¯

ij
“

n
ÿ

k“1

xikkqkj (36.13)

´

XlQ
¯

:j
“

n
ÿ

k“1

qkj ¨ xlk (36.14)

Thus the coupling matrix[def. 36.4] leads to a smoothed combina-
tion with the neighboring nodes.
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Memory Networks
Memories of RNNs consist of hidden states & weights that en-
code knowledge as dense compressed vectors. However those
encodings are usually too small and not compartmentalized
enough for large long term storage.

Definition 37.1 Memory Netwokrs: Memory components
and a model that is trained to effectively operate with that
memory component.
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Regularization
1. Weight Decay
1. L1/Lasso Regularization
2. L2 Regularization
3. Dropout

Multi Task Learning
Definition 39.1 Multi Task Learning:

Share representation of the sub-model
across different tasks and learn the
model jointly i.e. by a combined objec-
tive.

x

hshared

h2h1 h3

y1 y2

Example 39.1 Invariance to Noise:
• Adding noise to the inputs
• Adding noise/small perturbations to the weights ñ regu-

larization of the weights – in variance to local optima.
• Adding noise to the targets i.e. probability distribution over

the targets (See also section 3 and definition 4.28).
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Pretraining/Task Augmentation/Transfer
Learning
Definition 40.1 [example 40.1]
Pre-Training: Is the process of pre-training the model on
a generic task in order to prime/initialize the model for the
actual training.

Example 40.1 Pre-trained Models:
• Pre-trained Word Embeddings
• Pre-trained filters and maps

Embeddings
Positonal Encodings
Why do we need a positional encoding?

If we look at the sentencences:

Even though she did not win the award, she was satisfied.
Even though she did win the award, she was not satisfied.

Then the only differ by the order of one word. In recurrent
neural networks the state is recurrent and we feed in the words
one after another, but in transformers all words are considered
as once and the embedding for a unique word a different po-
sitionions has the same embedding i.e. does not contain any
positional information.
ñ We need a way to encode position information for the trans-
former architecture.
Ways to encode positions

1 We can use an embedding that encodes the positional re-
lationship.

2 We can adapt the attention mechanism itself to encode a
positional relationship.

Definition 40.2 Positonal Embedding:
Let N be the maximum possible length of any sequence and d
the input embedding dimension. A positional encoding is a
matrix P P RNˆd that encodes the position of a given em-
bedding:

rxi “ Pxi xi “ Ewi

wi P V wi P t0, 1u|V|

E P Rdˆ|V|

P P RNˆd

Why not just add the token index to the embedding?

If we add the index to the embedding we will have an increas-
ing index that shatters the actual embedding when looking at
the tokens with a higher index:

0.23

0.3

0.9

0.0

0.23

0.3

0.9

0.0

0.23

0.3

0.9

0.0

0

0

0

0

e0 p0
0.23

0.3

0.9

0.0

0.4

0.3

-0.7

0.83

e0 p0
0.23

0.3

0.9

0.0

1

1

1

1

0.23

0.3

0.9

0.0

0.52

-0.1

0.12

-0.6

e512 p42
0.23

0.3

0.9

0.0

42

42

42

42

Can we add a normalized index?
If we cannot at the index to the embedding can we add a nor-
malized positional index i.e. pj P r0, 1s? This does not work
either as we cannot use sequences of different length i.e. source
and target sequences of different length.
Periodic Embedding

If we cannot use a normalized index, why don’t we simply use
a periodic embedding with a maximum sequence length?

Sinusoidal (Fourier) Encodings

Definition 40.3
Sinsoidal (Fourier) Positional Encoding:
Idea: we use a period encoding but each dimension of the
embedding corresponds to a different wavelength. Let k “
1, . . . , N be the token index and δ “ 1, . . . , d be the embed-
ding index of the corresponding embedding of dimension d.
Then the sinsoidal encoding is defined as:

PEpδq

k
“

#

sin pωδ ¨ kq if δ “ 2δ1

cos pωδ ¨ kq if δ “ 2δ1 ` 1
ωδ :“

1

10000
2δ
d

PEk “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

sin pω1 ¨ kq
cos pω1 ¨ kq
sin pω2 ¨ kq
cos pω2 ¨ kq

sin
´

ωd{2 ¨ k
¯

cos
´

ωd{2 ¨ k
¯

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

P Rd (40.1)

Transfer Learning
Definition 40.4 Transfer Learning: Transfer learning uses
learned knowledge of pre-trained models on related tasks or
domains.

Knowledge Distillation
Problem
We have limited hardware resources but small models under-
fit to large training datasets. Is there a way to make use of
larger pre-trained models?

Definition 40.5 [?]
Knowledge Distillation:
Knowledge distillation is the transfer of learned knowledge
froma a complex teacher model to a simpler student model.
The student model is trained to mimic the teacher model by
learning from its predictions or soft targets.

Teacher

Student

1 2 M

1 2 N3

softmax

softmax

softmax

ysoft

ysoft

yhard

Distil Loss

Student Loss

In
pu

t

ytrue

The idea is that we train a simpler model not only on the
true targets but also try to match it to the distribution of the
teacher model predictions by using a distillation loss:
L “ LDist. pyTeacher,ystudentq ` LStudent pytrue,ystudentq

(40.2)

Notes
• The distillation loss is usually a loss like the cross entropy

loss.
• The softmax values are usually scaled down using a tem-

perature parameter[def. 25.9] T . This is to make it easier to
match the student distribution to the teacher distribution.
If T “ 1, then the teacher distribution is relatively non-
smooth, almost like a hard target. A softer distribution
makes it easier to match our student distribution.

Data Augmentation
Often we have plenty of unlabeled but not so many labeled
data. Thus we need a way to create more artificial/virtual
training examples.
1 Often we

Definition 41.1 Data Augmentation: Is augmentation of
the training data by artificially generated training data.

Explanation 41.1. The virtual examples facilitate training by
regularization of the original data and thus reduce over fitting.

Note
This may lead to a blow up of the training data but this is no
problem due to stochastic gradient descent.
1. Generation By Invariant Transformations

Formula 41.1 [example 39.1]
Invariance Augmentation:

1 find transformations τ that our original data should be
invariant too.

2 Generate virtual examples by applying τ to our original
training set:

txi,yiu
n
i“1

τ
ÝÑ tτ pxiq ,yiu

n
i“1 (41.1)

Example 41.1 2D Invairances:
• Scale Changes
• Rotations and reflections
• Transformations s.a. PCA
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Natural Language Understanding
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Distributed Training
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SOTA Language Models
RNN Models
LSTM-Like Models
Contextualized Word Vectors (CoVe) 08.2017

Into
While CoVe not an LLM per se CoVe introduced the notion of
a pre-trained context that can be used on further downstream
tasks. Classical word embedding methods such as Word2Vec
and GloVe

Definition 44.1 CoVe [?]
Learned in Translation: Contextualized Word Vectors:
CoVe uses an attention-based seq-to-seq NMT[def. 34.6] model,
to create a context vector CoVepxq on a pre-training task in
order to learn, sentence contexts:

CoVepxq “ biLSTM pGloVepxqq (44.1)
The context vector is then concatenated with an GloVe?? em-
bedding to capture the contexts between words:

v “
“

GloVepxq CoVepxq
‰

(44.2)
This resulting embedding is than used on downstream tasks
s.a. question-awnsering or classification.

Endoder Decoder Endoder

Fine Tuning TasksTranslation

Word Embedding Word Embedding

CoVe(x)

GloVe(x)

CoVe(x)

Pre-Training Downstream Tasks

Cons
• Pre-training is bound by available supervised training

tasks.
• The added benefit of CoVe for the downstream task is lim-

ited by the architecture of the downstream task.

ELMO 08.2018

Into
CoVe is limited by the need of supervised training data, while
ELMO only needs supervised training data.

Definition 44.2 ELMO [?]
Embeddings from Language Model: ELMO calculates a
context aware embedding by calculating a linear combination
of the contexts/hidden states hi of a stacked bi-LSTM trained
on a massive language modeling task:

pforwd px1, . . . ,xnq “
n
ź

i“1

p
`

xi|x1, . . . ,xi´1
˘

(44.3)

pbackwd px1, . . . ,xnq “
n
ź

i“1

p
`

xi|x1, . . . ,xi´1
˘

(44.4)

Softmax

Embedding

h

h

h

h

h

h

h

h

h

h

h

h

h

h

Θe

Θo

x1 x2 x3 xn

y1 y2 y3 yn

s'os'i

sosi

The model is trained to minimize the neg. log-likelihood:
L “ ´

ÿ

i“1

´

p
`

xi|x1, . . . ,xi´1; Ωe,Ωo,ΩLSTM
˘

` p
`

xi|xi`1, . . . ,xn; Ωe,Ωo,ΩLSTM
˘

¯

(44.5)

Ωe are the weights of the embedding matrix and Ωo are the
weights of the softmax outputlayer.
The forward and backward hidden-states of one layer are con-
catenated:

hplq

k
“

”

ÝÑh plq

k
ÐÝh plq

k

ı

s.t. we have L ` 1 vectors (including) the input embedding
per token k:

Rk “
!

hplq

k
|l “ 0, . . . , L

)

The actual embedding is than a task specific learnable com-
bination:

etask
k “ E

´

Rk,Ωtask
¯

“ γ
taks

L
ÿ

j“1

s
task
j hk,j (44.6)

s
task
j : softmax-normalized learnable weights

Explanation 44.1 (hk). The RNN cells have only one state
that is shared between different timesteps but we can compute
one time-dependent representation of each token of our pre-
training language task: Rk is simply the representation of
wk P V. If we use the same token multiple times, we can simply
use the last representation.

Note

γtask is a scale parameter that is of practical importance to
aid the optimization process.

ULMFiT

Transformer Like Models
Encoder-Only Architectures

Encoder only such as BERT learn from left-and right, there-
fore such architectures are well suited for classification tasks
but not as well for generative tasks.

BERT [110M B/340M L] Param/10.2018

Definition 44.3 [BERT]
Bidirectional Encoder Representations
From Transformers:
BERT is a pre-trained LLM that learns contextualized word
embeddings and that can be used on many different down-
stream tasks:

Layer Norm

Layer Norm
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Multi-Head
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Word Embedding
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Fine Tuning Tasks

BERTBASE BERTLARGE

1

2

12

1

2

24

3

Bert consists on stacked decoder-only transformer blocks.
The difference to a normal transformer encoder is the way
that BERT is trained.

1. Pre-Training 2. Fine Tuning Tasks

BERT was trained on Wikipedia («2.5B words) and Google’s
BooksCorpus («800M words). In total « 16GB.

Corollary 44.1 Model Size:
BERT comes into pre-trained architectures BERT Base and
BERT Large:

Base Large
Encoders 12 24
Hidden Size 768 1024
Heads 12 16
Parameters 110M 340M

Corollary 44.2 Pre-training BERT:
BERT is pre-trained on two different tasks:

L “ LMLM ` LNSP

1 Masked Language Modeling (MLM):
15% of the given words are masked [MASK] and have to
be predicted by the model.
This helps BERT to learn a bidi-
rectional representations of the to-
kens. 10% of the masked words are
replaced by a random word and an-
other 10% are replaced by the orig-
inal word.

15%

15%

10%

10%

my dog is [Mask]

my dog is apple

my dog is hairy

This helps for further downstream tasks where we do no-
longer use the masks.

2 Next Sentence Prediction (NSP):
BERT is also trained on next sentence prediction, to not
only capture relationships between tokens but also be-
tween sentences. The sentences are fed into BERT s.t.
50% of the next sentence is correctly following the pre-
ceding one.

Property 44.1 Training Time:
8xV100x12 days or 280xV100x1day

Corollary 44.3 Word Embeddings:
The word embeddings of BERT consist of three different em-
beddings, a token embedding, a positional embedding and
a segment embedding, that denotes which token belongs to
which sentence.
Each sentence starts with a [CLS] token that can be used for
downstream classification tasks. Eeach sentence is seperated
by a [SEP] token. The lenght of the input sequence is limited
by memory, in the original paper it is limited to 512 tokens.

Input my

Token Emb.

Segm. Emb.

Pos. Emb.
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1. RoBERTa [110M B/340M L] Param/07.2019

Definition 44.4 [ALBERT]
A lite BERT:
RoBERTa uses the same architecture as BERT but is only
trained on the MLM task, uses a much larger dataset « 10x,
different training parameters and dynamically changing mask
pattern.
RoBERTa is trained on 160GB of data:
• BOOK CORPUS (BERT) [5 GB]
• English Wikipedia dataset (BERT) [11 GB]
• CC-NEWS: 63 million English news articles [2016-2019]

[76 GB (after filtering)]
• OPENWEBTEXT: Reddit with at least three upvotes[38

GB]
• STORIES: Common Crawl data filtered to match the

story-like style of Winograd NLP tas [31 GB]

Property 44.2 Training Time:
1024 V100 Tesla GPU for a day.

Pros
• Performs better than BERT in every way.
Cons
• Long training time.
2. DistilBERT 66M Param B/10.2019

Definition 44.5 [DistilBERT]:
Is a distiled version of BERT for fast inference that promises
to retain 95% of BERTs performance with 40% fewer param-
eters and 60% faster training. DistilBERT uses every second
encoder block of BERT, with the actual weights of BERT us-
ing knowledge distillation[def. 40.5]. It also uses dynamic mask-
ing every other epoch. The distillation loss is given as:

L “
Lproblem ` Lcross ` Lcosine

3
(44.7)

Lcross “ ´
n
ÿ

i“1

y
pteacherq

i
¨ log

´

y
pstudentq

i

¯

(44.8)

Lcosine “ 1 ´ cos
´

Ypteacherq
,Ypstudentq

¯

(44.9)

Note
The cosine loss is supposed to aligned the directions of the
teacher and student.

Property 44.3 Training Time:
8xV100x3.5 days.
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3. ALBERT 12.2019
[B12 /L18/XL60/XX235]M Param

Definition 44.6 [ALBERT]
A lite BERT:
Is a lite version of BERT that has three main differences to
BERT:
1 Factorization of the embedding matrices:

ALBERT reduces the size of the hidden size embeddings.
2 Cross-layer parameter sharing:

Parameter of different attention and feedforward layers
are shared.

3 Sentence Order Prediction:
ALBERT replaces the NSP with SOP, which only looks
for sentence coherence and not the topic of two sentences
that are compared.

ALBERT was trained also only on Wikipedia («2.5B words)
and Google’s BooksCorpus («800M words). In total « 16GB.

Property 44.4 Training Time:
1024 V100 Tesla GPU for a day.

Pros
• Performs better than BERT in every way.
Cons
• Long training time.

Decoder-Only Architectures

Tend to work well for generative tasks:
• Question awnsering
• Text generation

GPT-1 117M Param/06.2018

Definition 44.7 [GPT]
Generative Pre-trained Transformer:

Generative Pre-trained Transformer are
stacked decoder only transformers.
GPT models are autoregressive mod-
els that predict one-word at-a-time by
minimizing the neg log-likelihood of
the next token:
LLM “ ´

ÿ

i“1

log p
`

xi|xi´k, . . . ,xi´1
˘

k: context-length

Layer Norm

Layer Norm

Feed-Forward

Masked Multi-Head
Attention

Word Embedding 

D
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 B
lo

ck

We

xWe+Wp

hl=transformer_block(hl-1)

Transposed Word Embedding 

hLWe
T

Softmax

X

Corollary 44.4 Model Architecture:

Decoders 12
Context Size 512
Hidden Size 768
Batch Size 64

Note
Context Size is the size of the context/window k to be con-
sidered for the prediction of the next word.

Corollary 44.5 Training Data:
GPT-1 was trained on:
• BOOK CORPUS (BERT) [5 GB]
• Common Crawl: provides a snapshot of the web and con-

sists of multiple petabytes.

Supervised Fintuning

The idea of GPT models is to no-longer have a task-specific
model but to have a general all purpose model that can be
fine-tuned for different tasks.
Lets look at classification, given an input sequence X “

px1 . . . ,xnq and one label y. For classification one only needs
to add linear layer and a softmax activation:

P py|x1, . . . ,xnq “ softmax
´

hpnq

L
Wy

¯

The loss to minimize should be a combination of the neg log-
likelihood of the true labels and in addition if possible the
original LM loss:

Lcls “
ÿ

px,yqinD

log P py|x1, . . . ,xnq

“
ÿ

px,yqinD

log softmax
´

hpnq

L
pxqWy

¯

LLM “ LCls ` λLLM
Optimizing both losses helps in:
1 Accelerate convergence during training
2 Improving generalization of the supervised model

Figure 12: List of different classification problems[?]

Language translation tasks for example can be performed by
conditioning on pairs of lang1 = lang2 followed by the target
sentence lang1;?:

P
´

?|senplan1q

1 “ senplan2q

1 , . . . , senplan1q

target “
¯

GPT-2 02.2019
[117 S/345 M/762M L/1542 XL]M Param

Definition 44.8 [GPT-2]
Generative Pre-trained Transformer:
GPT-2 has 10x the size of GPT-1 and comes in four different
sizes. The architecture has only some small modifications:
• Layer Normalization is now done before the attention

and dense layer.
• Additional Layer Normalization after the final self-

attention block.
• Different Initialization

Corollary 44.6 Training Data:
GPT-2 was trained on:
• BOOK CORPUS (BERT) [5 GB]
• Common Crawl: provides a snapshot of the web and con-

sists of multiple petabytes.
• WebText:

Corollary 44.7 Model Architecture:
Decoders 48
Context Size 1024
Hidden Size 1600
Batch Size 512

GPT-3 [/175]B Param/06.2020

Definition 44.9 [GPT-3]
Generative Pre-trained Transformer:
GPT-3 has 10x the size of GPT-2 and uses alternating dense
and locally banded sparse attention patterns similarly as in
sparse transformers??. Due to its size, the model is parti-
tioned along both width and depth dimension.

Corollary 44.8 Training Data:
GPT-3 was trained on:
• BOOK CORPUS (BERT) [5 GB]
• Common Crawl:

provides a snapshot of the web and consists of multiple
petabytes.

• Wikipedia
• Books, Articles, and more

Dataset tokens Weight in Mix
Common Crawl 410B 60%
WebText2 19B 22%
Books1 12B 8%
Books2 55B 8%
Wikipedia 3B 3%

Corollary 44.9 Model Architecture:
Decoders 96
Context Size 2048
Hidden Size 12288
Batch Size 3.2M

5. XLNet
6. XLM
7. CTRL

BLOOM
Encoder-Decoder Architectures

Work well if we want to create output sequences different from
the input sequence:
• Machine Translation
• Text Summarization

T5 10.2019
[60M S/220M B/770M L/3B 3B/11B 11B]M Param

Definition 44.10 [T5]
Text-To-Text Transfer Transformer:
Text-To-Text Transfer Transformer does modifies the origi-
nally transformer architectures only marginally. T5 rather
proposes a unified framework that attempts to combine all
language problems into a text-to-text format. It uses a short
task-specific text prefix to distinguish task intentions.

task-specific text prefix

This allows us to use one model, loss and hyperparameters on
different downstream tasks. The pre-training tasks consist of
sentences with where multiple spawns of tokens are maksed
by special tokens:

Orginal : “I”, “love”, “this”, “red”, “car”.
Input : “I”, “<X>”, “this”, “<Y>”
Target : “<X>”, “love”, “<Y>”, “red”, “car”, “<EOS>”

The model is fine-tuned for each downstream task separately
via “adapter layers” (add an extra layer for training) or "grad-
ual unfreezing". Both fine-tuning approaches only update
partial parameters while keeping the majority of the model
parameters unchanged.

Explanation 44.2. For regression for example we can train
the model to predict text representations of numbers.

Pre-training Tasks

The authors tried various pre-training tasks:
• Language Modeling
• Deshuffling: all words in a sentence are shuffled and the

model is trained to predict the original text
• Corrputing Spans: masking a sequence of words from the

sentence and the model needs to fill them in.

Corollary 44.10 Training Data:
T5 introduced the C4 — Colossal Clean Crawled Corpus
dataset[def. 46.2].

Unique Transformer Architectures
BART 10.2019

Transformers for Longer Context Lengths
Problem
The input length of vanilla transformers during inference,
is upper-bounded by the context length used during train-
ing. Due to limited memory and the fact that the context
length scales quadratically – both in time OpL2dq and mem-
ory OpL2q classical transformer architectures have a limited
context length between 512 and 1024 tokens.
Predicting in segments of the limited context lengths leads to
other problems:
• predicting the first few tokens of a each segment becomes

extremely hard
• if we move the segments of size i.e. 1024 by steps of 1, this

is very expensive
• long term dependenies can not be captured
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1. TransformerXL 186M Param/06.2019

T64[?] tried to circumvent the aforementioned problems by
splitting the corpus into smaller segments:

Figure 13: Taken from [?]

This however ignores all contextual information from the pre-
vious segments.
TransformerXL tries to solve this problem by introducing a re-
current state and a relative positional encoding. The relative
positional encoding is required s.t. that we have positional in-
formation of sequences that can be of arbitrary length. The
position of the tokens is then encoded as the relative distance
between them:

Figure 14: Taken from [?]

Definition 45.1 TransformerXL [proof 48.18]
Transformer Extra Long (CMU/Google AI):
Lets denote two consecutive segments as:

sτ “
“

xτ,1 xτ,L
‰

sτ`1 “
“

xτ,`11 xτ`1,L
‰

Let n be the n-th hidden layer and define the hidden state of
the n-th layer and τ ` 1 segement is calculated as:
rhn´1
τ “

”

SG
´

hn´1
τ´1

¯

d hn´1
τ

ı

rds fl concat

qnτ “ hn´1
τ WT

q knτ “ rhn´1
τ WT

k,E vnτ “ rhn´1
τ WT

v

Anτ,i,j “qnτ,i
T knτ,j content based addressing

` qnτ,i
TWn

k,RRi´j content dep. positional bias
` uT knτ,j global content bias
` vTWn

k,RRi´j global positional bias

anτ “ MaskedSoftmax
´

Anτ,i,j
¯

vnτ
onτ “ LayerNorm

´

Linear
`

anτ
˘

` hn´1
τ

¯

hnτ “ Positionwise-Feed-Forward
`

onτ
˘

h0
τ :“ Esτ

SG corresponds to the stop-gradient, meaning that we do not
calculate the weights/update the gradient for hn´1

τ .
Ri´j PLmaxˆd: is a sinusoid encoding matrix with relative
distances i ´ j and no learnable parameters.

Explanation 45.1.
• global bias means that the trainable parameter u or v is not

dependent on the orignal query position i see also ?? 48.18.

Pros
• Unlimted context length.
• During inference we can predict as we go and not only seg-

ment per segment, which speeds up inference.

3. Compressive Transformer
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Training Data
1. Common Crawl

Definition 46.1 [3.1B wepages/400TiB] 04.2023
Common Crawl (CC): Is a dataset representation of the
Internet by removing markup from the HTML pages. CC is
extended on a monthly basis by multiple 20TB.

Pros
• Representation of the whole web.
Cons
• Very large.
• A lot of gibberish text like menus, error messages.
1. Colossal Clean Crawled Corpus

Definition 46.2 «750GB
Colossal Clean Crawled Corpus (C4):
Is a cleaned and filtered version of common crawl from April
2019 it keeps:
• Keep only sentences that end with a punctuation charac-

ter i.e. period, exclamation mark, question mark, or end
quotation mark.

• Remove pages contain explicit words using[?].
• Filtering any lines that contains the word JavaScript.
• Pages with placeholder scripts like lore ipsum.
• Source code pages are removed by removing all pages that

contain curly braces { as many well known programming
languages contian those.

• Duplicates are removed by considering three sentence
spawns and checking for duplicates.

• [?] is used to only keep enlish pages with a probability of
0.9.
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Training Tasks
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Proofs
Activation Functions

Definition 25.4

Proof 48.1:

σ
1
pzq “

B

Bz

´

1 ` e ´z
¯´1

“ ´

´

1 ` e ´z
¯´2 B

Bz

´

1 ` e ´z
¯

“ ´
1

`

1 ` e ´z
˘2 e ´z

p´1q “
1

`

1 ` e ´z
˘2

´

1 ´ e ´z
´ 1

¯

“
1

`

1 ` e ´z
˘
´

1
`

1 ` e ´z
˘2 “ σpzq ´ σpzq

2

σ
1
pzq “

B

Bz

´

1 ` e ´z
¯´1

“ ´

´

1 ` e ´z
¯´2

e ´z
p´1q

“
1

1 ` e ´z

e ´z

1 ` e ´z
“

1
1 ` e ´z

ez

ez
1

1 ` e ´z

“
1

1 ` e ´z

1
ez ` 1

“ σpzqσp´zq

Proof 48.2: Property 25.1

σ

ˆ

ln
ˆ

t

1 ´ t

˙˙

“
1
t

1´t

“ t (48.1)

Proof 48.3: Property 25.2

2σp2zq ´ 1 “2
1

1 ` e ´2z
´ 1 “

2
1 ` e ´2z

´
1 ` e ´2z

1 ` e ´2z

“
1 ´ e ´2z

1 ` e ´2z
“

ez ´ e ´z

ez ` e ´z
“ tanhpzq

Proof 48.4: Definition 25.6
tanhpzq “

B

Bz

sinhpzq
coshpzq

“

“

B
Bz

sinhpzq ¨ coshpzq ´ B
Bz

coshpzq ¨ sinhpzq

cosh2pzq

“
cosh2pzq ´ sinh2pzq

cosh2pzq
“ 1 ´

sinh2pzq

cosh2pzq

Proof 48.5: Definition 25.7
Softmax function derivative ∇zj σ

max
i pzq:

i ‰ j : ∇zj
exp px⊺θiq

řc
k“1 exp px⊺θkq

“

Q.R.
“

0 ´ exj exi
´

řc
k“1 exk

¯2 “ ´
exj

řc
k“1 exk

¨
exi

řc
k“1 exk

“ ´σ
max
i pzqσ

max
j pzq

i “ j : ∇zi
exp px⊺θiq

řc
k“1 exp px⊺θkq

“

“
exi

řc
k“1 exk ´ exi exi
´

řc
k“1 exk

¯2

“
exi

řc
k“1 exk

´
exi

řc
k“1 exk

¨
exi

řc
k“1 exk

“ σ
max
i pzq ´

`

σ
max
i pzq

˘2

Proof 48.6: Corollary 48.6

σ
max
1 pxq “

e x⊺θ1

e x⊺θ1 ` e x⊺θ2
“

e ´x⊺θ1

e ´x⊺θ1

e x⊺θ1

e x⊺θ1 ` e x⊺θ2

“
e x⊺pθ1´θ1q

e x⊺pθ1´θ1q ` e x⊺pθ2´θ1q
“

1
1 ` e ´x⊺θ

Proof 48.7: Definition 25.5
y “

ex

ex
¨

1
1 ` e ´x

“
ex

1 ` ex
“

1 ` ex ´ 1
1 ` ex

“ 1 ´
1

1 ` ex

ñ
1

1 ` ex
“ 1 ´ y

1 ` ex “
1

1 ´ y
“

1 ´ y ` y
1 ´ y

“ 1 `
y

1 ´ y

ex “
y

1 ´ y
ùñ x “ ln

y

1 ´ y

Proof 48.8 Stable Softmax[def. 25.8]: We simply multiply the
numinator and denuminator by a constant pa:

pi “
paezi

pa
řc
k“1 e

zk
“

ezi`logppaq

řc
k“1 e

zk`logppaq

And now we define a :“ log pa “ ´maxpzq

Proof 48.9: Corollary 25.10
If z ě 0 ùñ pzq` “ 2z ´ z “ z if z ă 0 (48.2)

ùñ pzq` “ 0 (48.3)

Losses

Proof 48.10: Definition 26.13

lyppyq “ ´ log fpy|py; Θq “ ´ log
k
ź

i“1

py
δry“cis

i

“ ´

k
ÿ

i“1

δry“cis ¨ log ppi “ δry“cis ¨ log ppi

Proof 48.11: Defintion 26.2

lypzq “ ´
K
ÿ

k“1

yk ¨ lnσmax
k pzq “ ´

K
ÿ

k“1

yk

¨

˝zk ´ ln
K
ÿ

l“1

ezl

˛

‚

“ ´

K
ÿ

k“1

ykzk `

K
ÿ

k“1

yk ln

¨

˝

K
ÿ

l“1

ezl

˛

‚

“ ´

K
ÿ

k“1

ykzk ` ln

¨

˝

K
ÿ

l“1

ezl

˛

‚¨

K
ÿ

k“1

yk

looomooon

“1

“ ´

K
ÿ

k“1

ykzk ` ln

¨

˝

K
ÿ

l“1

ezl

˛

‚

Proof 48.12 CE Derivative[def. 26.14]:
B

Bzk
CE “

B

Bzk
´

K
ÿ

k“1

pk ln pp pzkq (48.4)

“ ´

K
ÿ

k“1

pk
1

pp pzkq

B

Bzk
pp pzkq (48.5)

Proof 48.13 Deriv. of CE with Softmax[cor. 26.2] and ?? 48.11:

B

Bzk
lypzq

eq. (26.8)
“ ´

K
ÿ

j“1

yj
1

σmaxpzjq

B

Bzk

σ
max

pzjq

eq. (25.9)
“ ´ yk

σmaxpzkq p1 ´ σmaxpzkqq

σmaxpzkq
j “ k

´

K
ÿ

j‰k

yj
´σmaxpzkqσ

maxpzjq

σmaxpzjq
j ‰ k

“ ´ yk
`

1 ´ σmax
pzkq

˘

`
ÿ

j‰k

yjσ
max

pzkq

“ ´ yk ` σ
max

pzkqyk `
ÿ

j‰k

yjσ
max

pzkq

“σ
max

pzkq ´ yk “ ppk ´ yk

Proof 48.14 Binary Cross Entropy Loss[def. 26.15]:
The binary cross entropy can be derived directly from the
Bernoulli Distribution??, where y signifies that we penalize
only the true label:

Ly “ ppy ¨ p1 ´ ppq1´y for y P t0, 1u
ly “ ´ logLy “ ´ ry ln pp ` p1 ´ yq lnp1 ´ ppqs

Models
Autoencoders

Proof 48.15 [Corollary 33.2]: Let C˚, D˚ be the global solu-
tion of problem Equation (33.5). Then we may define a matrix
A s.t.:

D˚C˚
“ D˚

pA´1AqC˚
“ ĂD˚

rC˚ (48.6)

Proof 48.16 ??:
DCX

eq. (59.129)
“ DCUΣV

H
“ U⊺

k
UkU
loomoon

Equation (59.37)
“ Im

ΣV
H

“ UkΣmV
H
m “ Xm

Diffusion Models

Proof 48.17 One Step Forward Diffusion Model[def. 34.3]: Let
tϵuTi“1 „ N p0, 1Iq:

xt “
a

1 ´ βxt´1 `
a

βtϵt “ xt´1
?
αt `

a

1 ´ αtϵt
“

´

xt´2
a

αt´1 `
b

1 ´ αt´1ϵt´1
¯?

αt `
a

1 ´ αtϵt

“ xt´2
a

αtαt´1 `
b

αtp1 ´ αt´1qϵt´1
looooooooooooooomooooooooooooooon

:“Y

`
a

1 ´ αtϵt
looooooomooooooon

:“Z

Y „ N
`

0, αtp1 ´ αt´1q
˘

Z „ N p0, 1 ´ αtq

Y ` Z
??
“N

`

0, αtp1 ´ αt´1q ` p1 ´ αtq
˘

N
`

0, 1 ´ αtαt´1
˘

“

b

1 ´ αtαt´1ϵt´1

xt “ xt´2
a

αtαt´1 `
b

1 ´ αtαt´1ϵt´1

...
xt “ xt´2

a

αtαt´1 ¨ ¨ ¨α0 `
b

1 ´ αtαt´1 ¨ ¨ ¨α0ϵ0

xt “ xt´2
?

sαt `
a

1 ´ sαtϵ0

Transformers

Proof 48.18 Relative Positional Encoding[def. 45.1]:
Relative Positional Encoding:
We can decompose the Vanilla quey-key interaction:

aij “qik
T
j “ pxi ` piqWq

´

pxj ` pjqW
k
¯T

“xiW
qWkT xTi ` xiW

qWkTpTj
` piW

qWkT xTj ` piW
qWkTpTj

Re-parameterization:

pj
replace with relative encd.
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ ri´j P Rd

Wk Split into
ÝÝÝÝÝÝÝÑ

#

Wk
E : Content Information

Wk
R : Positonal Information

piW
k

replaced with
trainable parameters
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

#

u : Content Information
v : Positonal Information

This leads to the following entries of the attention matrix:

aij “

content-based addressing
hkkkkkkkkkkkikkkkkkkkkkkj

xiW
qWk

E
T xj `

content-dep. positional bias
hkkkkkkkkkkkkkikkkkkkkkkkkkkj

xiW
qWk

R
T ri´j

` uWk
E
T xTj

looooooomooooooon

global content bias

` vWk
R
T rTi´1

loooooooomoooooooon

global positional bias
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Examples
Losses

Example 49.1 Categorical Loss[def. 26.13]:
Given an observation y “

“

0 1 0 0 0
‰⊺ the cate-

gorical loss[def. 26.13] of the predictive distributions: py “

rα1, 0.24, α3, α4, α5s with
ř5
i“1 pyi “ 1 is equal for any

α1,3,4,5 P r0, 1s.
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Math Submodule
Set Theory

Definition 50.1 Set A “ t1, 3, 2u:
is a well-defined group of distinct items that are considered
as an object in its own right. The arrangement/order of the
objects does not matter but each member of the set must be
unique.

Definition 50.2 Empty Set tu {H:
is the unique set having no elements/cardinality[def. 50.5] zero.

Definition 50.3 Multiset/Bag: Is a set-like object in which
multiplicity[def. 50.4] matters, that is we can have multiple el-
ements of the same type.
I.e. t1, 1, 2, 3u ‰ t1, 2, 3u

Definition 50.4 Multiplicity: The multiplicity na of a
member a of a multiset[def. 50.3] S is the number of times it
appears in that set.

Definition 50.5 Cardinality |S|: Is the number of elements
that are contained in a set.

Definition 50.6 The Power Set PpSq/2S : The
power set of any set S is the set of all subsets of S, including
the empty set and S itself. The cardinality of the power set
is 2S is equal to 2|S|.

1. Closure

Definition 50.7 Closure: A set is closed under an operation
Ω if performance of that operations onto members of the set
always produces a member of that set.

2. Open vs. Closed Sets

Definition 50.8 Open Sets:
• Euclidean Spaces:

A subset U P R is open, if for every x P U it exists ϵpxqR`

s.t. a point y P R belongs to U if:
∥x ´ y∥2 ă ϵpxq (50.1)

• Metric Spaces[def. 59.65]: a Subset U of a metric space
pM, dq is open if:
Dϵ ą 0 : if dpx, yq ă ϵ @y P M, @x P U ùñ y P U

(50.2)

• Toplogical Spaces[def. 61.2]: Let pX, τq be a topological
space. A set A is said to be open if it is contained in τ .

Definition 50.9 Closed Set: Is the complement of an open
set[def. 50.8].

Definition 50.10 Bounded Set: A set S Ă Rnis bounded
if there exists a constant K s.t. the absolute value of every
component of every element of S is less or equal to K.

3. Number Sets
1. The Real Numbers R
3.1.1. Intervals

Definition 50.11 Closed Interval ra, bs:
The closed interval of a and b is the set of all real numbers
that are within a and b, including a and b:

ra, bs “ tx P R |a ď x ď bu (50.3)

Definition 50.12 Open Interval pa, bq:
The open interval of a and b is the set of all real numbers that
are within a and b:

pa, bq “ tx P R |a ă x ďău (50.4)

2. The Rational Numbers Q

Example 50.1 Power Set/Cardinality of S “ tx, y, zu:
The subsets of S are:
tHu, txu, tyu, tzu, tx, yu, tx, zu, ty, zu, tx, y, zu
and hence the power set of S is PpSq “

ttHu, txu, tyu, tzu, tx, yu, tx, zu, ty, zu, tx, y, zuu with a
cardinality of |S| “ 23 “ 8.

4. Set Functions
1. Submoduluar Set Functions

Definition 50.13 Submodular Set Functions: A submod-
ular function f : 2Ω ÞÑ R is a function that satisifies:

f pA Y txuq ´ f pAq ě f pB Y tXuq ´ F pBq
@A Ď B Ă Ω
txu P ΩzB

(50.5)

Explanation 50.1 (Definition 50.13). Addaing an element x
to the the smaller subset A yields at least as much information/-
value gain as adding it to the larger subset B.

Definition 50.14 Montone Submodular Function:
A monotone submodular function is a submodular
function[def. 50.13] that satisifies:

fpAq ď fpBq @A Ď B Ď Ω (50.6)

Explanation 50.2 (Definition 50.14). Adding more elements
to a set will always increase the information/value gain.

2. Complex Numbers

Definition 50.15 Complex Conjugate sz:
The complex conjugate of a complex number z “ x ` iy is
defined as:

sz “ x ´ iy (50.7)

Corollary 50.1 Complex Conjugate Of a Real Number:
The complex conjugate of a real number x P R is x:

sx “ x ùñ x P R (50.8)

Formula 50.1 Euler’s Formula:
e

˘ix
“ cos x ˘ i sin x (50.9)

Formula 50.2 Euler’s Identity:
e

˘i
“ ´1 (50.10)

Note

e
n
“ 1 ô n “ i 2πk, k P N (50.11)

Sequences&Series
Definition 51.1 Index Set: Is a set[def. 50.1] A, whose mem-
bers are labels to another set S. In other words its members
index member of another set. An index set is build by enu-
merating the members of S using a function f s.t.

f : A ÞÑ S A P N (51.1)

Definition 51.2 Sequence panqnPA:
A sequence is an by an index set A enumerated multiset[def. 50.3]

(repetitions are allowed) of objects in which order does matter.

Definition 51.3 Series: is an infinite ordered set of terms
combined together by addition.

1. Types of Sequences
1. Arithmetic Sequence

Definition 51.4 Arithmetic Sequence: Is a sequence
where the difference between two consecutive terms constant
i.e. p2, 4, 6, 8, 10, 12, . . .q.

tn “ t0 ` nd d :difference between two terms (51.2)

2. Geometric Sequence

Definition 51.5 Geometric Sequence: Is a sequence
where the ratio between two consecutive terms constant i.e.
p2, 4, 8, 16, 32, . . .q.

tn “ t0 ¨ r
n

r :ratio between two terms (51.3)

Property 51.1 Sum of Geometric Sequence:
n
ÿ

k“1

ar
k´1

“
ap1 ´ rnq

1 ´ r
(51.4)

2. Converging Sequences

1. Pointwise Convergence

Definition 51.6 limnÑ8 fn “ f pointwise
Pointwise Convergence[?]:
Let pfnq be a sequence of functions with the same
domain[def. 54.8] and codomain[def. 54.9]. The sequence is said
to convergence pointwise to its pointwise limit function f if it
satisfies:

| lim
nÑ8

fnpxq ´ fpxq| “ 0 @x P dompfiq (51.5)

2. Uniform Convergence

Definition 51.7 limnÑ8 fn “ f uniform/fn §
§

8
f

Uniform Convergence[?]:
Let pgnq be a sequence of functions with the same
domain[def. 54.8] and codomain[def. 54.9]. The sequence is said
to convergence uniformly to its pointwise limit function f if it
satisfies:
Dϵ ą 0 : Dn ě 1 sup

xPdompfiq

|gnpxq ´ fpxq| ă ϵ @x P dompfiq

(51.6)

Note
Uniform convergence is characterized by the uniform norm??,
and is stronger than pointwise convergence.

Toplogy
Definition 52.1 Topological Space[?] pX, τq:
Is an ordered pair pX, τq, where X is a set and τ is a
topology[def. 61.1] on X.

Definition 52.2 Topological Space[?] pX, τq:
Is an ordered pair pX, τq, where X is a set and τ is a
topology[def. 61.1] on X.

1. Weak Topologies

Definition 52.3 Weak Topology CpK; Rq: Is the
coresests topology s.t all cont. linear functionals w.r.t. to the
strong topology are continuous.
Neighbourhood Basis:

tf ||l1| ă ϵ1, . . . , |ln| ă ϵn, @ϵi, @n, @lin. functionsfu
(52.1)

Note
The weak closure:

• is usually larger as the uniform closure, as for the weak
closure there are many more convergence sequences

• is easier to calculate than the uniform closure
2. Compact Space

Corollary 52.1 Euclidean Space: In the euclidean case, a
set X P R is compact iff:
• it is closed[def. 50.9]

• bounded
3. Closure

Definition 52.4 Closure of a Set[?] clX,τ pSq { sS:
The closure of a subset S of a toplogical space[def. 61.2] pX, τq
is defined equivilantly by:
• Is the union of S and its boundary BS.
• is the set S together with its limit points.

Note
If the topological space X, τ is clear from context, then the
closure of a set S is often written simply as sS.

Corollary 52.2 Uniform Closure s¨∥¨∥8 :
The uniform closure of a set of functions A is the space of
all functions that can be approximated by a sequence pfnq of
uniformly-converging functions from A. [def. 51.7] functions

Corollary 52.3 Weak Closure:

56



Logic
1. Boolean Algebra
1. Basic Operations

Definition 53.1 Conjunction/AND ^:

Definition 53.2 Disjunction/OR _:

Definition 53.3 Negation/NOT ␣:

1.1.1. Expression as Integer

If the truth values t0, 1u are interpreted as integers then the
basic operations can be represent with basic arithmetic oper-
ations.

x ^ y “ xy “ minpx, yq
x _ y “ x ` y “ maxpx, yq
␣x “ 1 ´ x

x ‘ y “ px ` yq ¨ p␣x ` ␣yq “ x ¨ ␣y ` ␣x ¨ y

Note: non-linearity of XOR

px ` yq ¨ p␣x ` ␣yq “ ´x
2
´ y

2
´ 2xy ` 2x ` 2y

2. Boolean Identities

Property 53.1 Idempotence:
x ^ x ” x and x _ x ” x (53.1)

Property 53.2 Identity Laws:
x ^ true ” x and x _ false ” x (53.2)

Property 53.3 Zero Law’s:
x ^ false ” false and x _ true ” true (53.3)

Property 53.4 Double Negation:
␣␣x ” x (53.4)

Property 53.5 Complementation:
x ^ ␣x ” false and x _ ␣x ” true (53.5)

Property 53.6 Commutativity:
x _ y ” y _ x and x ^ y ” y ^ x (53.6)

Property 53.7 Associativity:
px _ yq _ z ” x _ py _ zq (53.7)
px ^ yq _ z ” x _ py ^ zq (53.8)

Property 53.8 Distributivity:
x _ py ^ zq ” px _ yq ^ px _ zq (53.9)
x ^ py _ zq ” px ^ yq _ px ^ zq (53.10)

Property 53.9 De Morgan’s Laws:
␣px _ zq ” p␣x ^ ␣yq (53.11)
␣px ^ zq ” p␣x _ ␣yq (53.12)

Note
The algebra axioms come in pairs that can be obtained by
interchanging ^ and _.
3. Normal Forms

Definition 53.4 Literal [example 53.1]:
Literals are atomic formulas or their negations

Definition 53.5 Negation Normal Form (NNF): A for-
mula F is in negation normal form is the negation operator ␣
is only applied to literals[def. 53.4] and the only other operators
are ^ and _.

Definition 53.6 Conjunctive Normal Form (CNF): An
boolean algebraic expression F is in CNF if it is a conjunction
of clauses, where each clause is a disjunction of literals[def. 53.4]

Li,j :

FCNF “
n
ľ

i“1

¨

˚

˝

mi
ł

j“1

Li,j

˛

‹

‚

(53.13)

Definition 53.7 Disjunctive Normal Form (DNF): An
boolean algebraic expression F is in DNF if it is a disjunction
of clauses, where each clause is a conjunction of literals[def. 53.4]

Li,j :

FDNF “
n
ł

i“1

¨

˚

˝

mi
ľ

j“1

Li,j

˛

‹

‚

(53.14)

Note
• true is a CNF with no clause and a single literal.
• false is a CNF with a single clause and no literals
1.3.1. Transformation to CNF and DNF
DNF
Algorithm 53.1:
1 Using De Morgan’s lawsProperty 53.9 and double nega-

tionProperty 53.4 transform F into Negation Normal
Form[def. 53.5]:

␣␣x by x
␣px ^ yq by p␣x _ ␣yq
␣px _ yq by p␣x ^ ␣yq
␣true by false
␣false by true

2 Using distributive lawsProperty 53.8 substitute all:
x ^ py _ zq by px ^ yq _ px ^ zq
py _ zq ^ x by py ^ xq _ pz ^ xq
x ^ true by true
true ^ x by true

3 Using the identityProperty 53.2 and zero laws Prop-
erty 53.3 remove true from any cause and delete all clauses
containing false.

Note
For the CNF form simply use duality for step 2 and 3 i.e. swap
^ and _ and true and false.
Using Truth Tables [example 53.2]

To obtain a DNF formula from a truth table we need to have
a conjunctive[def. 53.3] for each row where F is true.

2. Examples

Example 53.1 Literals:
Boolean literals: x,␣y, s
Not boolean literals: ␣␣x, px ^ yq

Example 53.2 DNF from truth tables:

Need a conjunction of:
• p␣x ^ ␣y ^ ␣zq
• p␣x ^ y ^ zq
• px ^ ␣y ^ ␣zq
• px ^ y ^ zq

x y z F
0 0 0 1
0 0 1 0
0 1 0 0
0 1 1 1
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 1

p␣x ^ ␣y ^ ␣zq ^ p␣x ^ y ^ zq ^ px ^ ␣y ^ ␣zq ^ px ^ y ^ zq
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Calculus and Analysis
1. Functional Analysis
1. Elementary Functions
1.1.1. Exponential Numbers

Definition 54.1 Exponential Function exp : K ÞÑ K:

exppxq “ ex “
8
ÿ

n“0

x

n!

“ lim
nÑ8

ˆ

1 `
x

n

˙n
(54.1)

-4 -3 -2 -1 1 2 3 4

1
2
e

4
5
6
7

1 ` x

exppxq

x

f(x)

Definition 54.2 Exponential/Euler Number e :

e “
8
ÿ

n“0

1
n!
“ lim
nÑ8

ˆ

1 `
1
n

˙n

“ 2.7182 (54.2)

Properties Defining the Expeontial Function

Property 54.1:
exppx ` yq “ exppxq ` exppyq (54.3)

Property 54.2:
exppxq ď 1 ` x (54.4)

1.1.2. Affine Linear Functions

Definition 54.3 Affine Linear Function fpxq “ ax ` b:
An affine linear function are functions that can be defined by
a scaling sapxq “ ax plus a translation tbpxq “ x ` b:
M “ tf : R ÞÑ R|fpxq “ psa ˝ tbqpxq “ ax ` b, a, b P Ru

(54.5)

fpxq “ ax ` b

fp0q “ b

f
1
pxq “ a

´1 1 2 3

1

2

3

px1, y1q

∆x “ 1

px2, y2q

∆y “ y2´y1
x2´x1

b

Formula 54.1 [proof 54.1]
Linear Function from Point and slope fpx0q “ y1:
Given a point px1, y1q and a slope a we can derive:

fpxq “ a ¨ px ´ x0q ` y0 “ ax ` py1 ´ ax0q (54.6)

Formula 54.2 Linear Function from two Points:
fpxq “ a ¨ px ´ xpq ` yp “ ax ` pyp ´ axpq (54.7)

a “
y1 ´ y0

x1 ´ x0
p “ t0 or 1u

1.1.3. Polynomials

Definition 54.4 Polynomial: A function Pn : R ÞÑ R is
called Polynomial, if it can be represented in the form:

Pnpxq “ a0 ` a1x ` a2x
2
` ¨ ¨ ¨ ` an´1x

n´1
` anx

n

(54.8)

Corollary 54.1 Degree n-of a Polynomial degpPnq: the
degree of the polynomial is the highest exponent of the vari-
able x, among all non-zero coefficients ai ‰ 0.

Definition 54.5 Monomial: Is a polynomial with only one
term.

Cubic Polynomials

Definition 54.6 Cubic Polynomials: Are polynomials of
degree[cor. 54.1] 3 and have four coefficients:

fpxq “ a3x
3
` a2x

2
` a1x ` a0 (54.9)

2. Functional Compositions

Definition 54.7 Functional Compositions f ˝ g:
Let f : A ÞÑ B and g : D ÞÑ C be to mappings s.t.
codompfq Ď D then we can define a composition function
pf ˝ gqA ÞÑ D as:

hpxq “ pg ˝ fqpxq “ gpfpxqq with x P A (54.10)

Corollary 54.2 Nested Functional Composition:
Fk:1pxq “ pFk ˝ ¨ ¨ ¨ ˝ F1qpxq “ Fk

´

Fk´1 ˝ ¨ ¨ ¨ ˝
`

F1pxq
˘

¯

(54.11)

2. Proofs

Proof 54.1 formula 54.1:
fpx0q “ y0 “ ax0 ` b ñ b “ y0 ´ ax0

Theorem 54.1
First Fundamental Theorem of Calculus:
Let f be a continuous real-valued function defined on a closed
interval ra, bs.
Let F be the function defined @x P ra, bs by:

F pXq “

ż x

a
fptq dt (54.12)

Then it follows:
F

1
pxq “ fpxq @x P pa, bq (54.13)

Theorem 54.2
Second Fundamental Theorem of Calculus:
Let f be a real-valued function on a closed interval ra, bs and
F an antiderivative of f in ra, bs: F 1pxq “ fpxq, then it follows
if f is Riemann integrable on ra, bs:
ż b

a
fptq dt “ F pbq ´ F paq ðñ

ż x

a

B

Bx
F ptq dt “ F pxq

(54.14)

Definition 54.8 Domain of a function domp¨q:
Given a function f : X Ñ Y, the set of all possible input
values X is called the domain of f – dompfq.

Definition 54.9
Codomain/target set of a function codomp¨q:
Given a function f : X Ñ Y, the codaomain of that function
is the set Y into which all of the output of the function is
constrained to fall.

Definition 54.10 Image (Range) of a function: fr¨s

Given a function f : X Ñ Y, the image of that function is
the set to which the function can actually map:

ty P Y|y “ fpxq, @x P Xu :“ frX s (54.15)

a bdomain
x

im
ag

e

fpxqEvaluating the function f
at each element of a given
subset A of its domain
dompfq produces a set called
the image of A under (or
through) f .
The image is thus a subset
of a function’s codomain.

Misnomer Range: The term Range is ambiguous s.t. certain
books refer to it as codomain and other as image.

Definition 54.11 Inverse Image/Preimage f´1p¨q:
Let f : X ÞÑ Y be a function, and A a subset set of its
codomain Y .
Then the preimage of A under f is the set of all elements of
the domain X, that map to elements in A under f :

f
´1
pAq “ tx Ď X : fpxq Ď Au (54.16)

Example 54.1 :
Given f : RÑ R
defined by f : x ÞÑ x

2
ðñ fpxq “ x

2

dompfq “ R, codompfq “ R but its image is frRs “ R`.

Image (Range) of a subset

The image of a subset A Ď X under f is the subset frAs Ď Y
defined by:

frAs “ ty P Y|y “ fpxq, @x P Au (54.17)

Note: Range

The term range is ambiguous as it may refer to the image or
the codomain, depending on the definition.
However, modern usage almost always uses range to mean im-
age.

Definition 54.12 (strictly) Increasing Functions:
A function f is called monotonically
increasing/increasing/non-decreasing if:

x ď y ðñ fpxq ď fpyq @x, y P dompfq (54.18)
And strictly increasing if:

x ă y ðñ fpxq ă fpyq @x, y P dompfq (54.19)

Definition 54.13 (strictly) Decreasing Functions:
A function f is called monotonically decreasing/decreasing or
non-increasing if:

x ě y ðñ fpxq ě fpyq @x, y P dompfq (54.20)
And strictly decreasing if:

x ą y ðñ fpxq ą fpyq @x, y P dompfq (54.21)

Definition 54.14 Monotonic Function:
A function f is called monotonic iff either f is increasing or
decreasing.

Definition 54.15 Linear Function:
A function L : Rn ÞÑ Rm is linear if and only if:

Lpx ` yq “ Lpxq ` Lpyq
Lpαxq “ αLpxq @x,y P Rn, α P R

Corollary 54.3 Linearity of Differentiation: The deriva-
tive of any linear combination of functions equals the same
linear combination of the derivatives of the functions:

d
dx
pafpxq ` bgpxqq “ a

d
dx
fpxq ` b

d
dx
gpxq a, b P R

(54.22)

Definition 54.16 Quadratic Function:
A function f : Rn ÞÑ Rm is quadratic if it can be written in
the form:

fpxq “
1
2

x⊺Ax ` b⊺x ` c (54.23)

3. Norms
1. Infinity/Supremum Norm

Definition 54.17 Infinity/Supremum Norm:
∥f∥8 :“ sup

xPdompfq

|fpxq| (54.24)

Note
In order to make this a proper norm one usually considers
bounded functions s.t.:

∥f∥8 ď M ă 8

Corollary 54.4 Ininity Norm induced Metric: The in-
finty norm naturally induces a metric[def. 59.64]:

d :“ pf, gq :“ ∥f ´ g∥8 (54.25)

4. Smoothness

Definition 54.18 Smoothness of a Function Ck:
Given a function f : X Ñ Y, the function is said to be of
class k if it is differentiable up to order k and continuous, on
its entire domain:
f P CkpX q ðñ Df

1
, f

2
, . . . , f

pkq continuous (54.26)

Note
• P.w. continuous ‰ continuous.
• A function of that is k times differentiable must at least be

of class Ck´1.
• CmpX q Ă Cm´1, . . . C1 Ă C0

• Continuity is implied by the differentiability of all deriva-
tives of up to order k ´ 1.

4.0.1. Continuous Functions

Definition 54.19 Continuous Function C0: Functions
that do not have any jumps or peaks.
4.0.2. Piece wise Continuous Functions

Definition 54.20 Piecewise Linear Functions C0
pw:
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4.0.3. Continously Differentiable Function

Corollary 54.5 Continuously Differentiable Function
C1: Is the class of functions that consists of all differentiable
functions whose derivative is continuous.
Hence a function f : X Ñ Y of the class must satisfy:

f P C1
pX q ðñ f

1 continuous (54.27)

4.0.4. Smooth Functions

Corollary 54.6 Smooth Function C8: Is a function f :
X Ñ Y that has derivatives infinitely many times differern-
tiable.

f P C8
pX q ðñ f

1
, f

2
, . . . , f

p8q (54.28)

1. Lipschitz Continuous Functions

Often functions are not differentiable but we still want to state
something about the rate of change of a function ñ hence we
need a weaker notion of differentiablility.

Definition 54.21 Lipschitz Continuity:
A Lipschitz continuous function is a function f whose rate of
change is bound by a Lipschitz Constant L:

|fpxq ´ fpyq| ď L∥x ´ y∥ @x,y, L ą 0 (54.29)

Note
This property is useful as it allows us to conclude that a small
perturbation in the input (i.e. of an algorithm) will result
in small changes of the output ñ tells us something about
robustness.
4.1.1. Lipschitz Continuous Gradient

Definition 54.22 Lipschitz Continuous Gradient:
A continuously differentiable function f : Rd ÞÑ R has L-
Lipschitz continuous gradient if it satisfies:

∥∇fpxq ´∇fpyq∥ ď L∥x ´ y∥ @x,y P dompfq, L ą 0
(54.30)

if f P C2, this is equivalent to:
∇2

fpxq ď LI @x P dompfq, L ą 0 (54.31)

Lemma 54.1 Descent Lemma [Poorfs 54.5,??]:
If a function f : Rd ÞÑ R has Lipschitz continuous gradient
eq. (54.30) over its domain, then it holds that:

|fpxq ´ fpyq ´∇fpyq⊺px ´ yq| ď
L

2
∥x ´ y∥2 (54.32)

Note
If f is twice differentiable then the largest eigenvalue of the
Hessian (Definition 55.8) of f is uniformly upper bounded by
L

2. L-Smooth Functions

Definition 54.23 L-Smoothness:
A L-smooth function is a function f : Rd ÞÑ R that satisfies:

fpxq ď fpyq `∇fpyq⊺px ´ yq `
L

2
∥x ´ y∥2

with @x,y P dompfq, L ą 0 (54.33)
If f is a twice differentiable this is equivalent to:

∇2
fpxq ď LI L ą 0 (54.34)

Theorem 54.3 [proof 54.6]
L-Smoothness of convex functions:
A convex and L-Smooth function ([def. 54.23]) has a Lipschitz
continuous gradienteq. (54.30) thus it holds that:

fpxq ď fpyq `∇fpyq⊺px ´ yq ď
L

2
∥x ´ y∥2 (54.35)

Note
L-smoothnes is a weaker condition than L-Lipschitz continu-
ous gradients

5. Convexity and Concavity

Definition 54.24 Convex Functions:
A function f : Rn Ñ R is convex if it satisfies:

fpλx ` p1 ´ λqyq ď λfpxq ` p1 ´ λqfpyq (54.36)
@λ P r0, 1s @x, y P dompfq

If f is a differentiable function this is equivalent to:
fpxq ě fpyq `∇fpyq⊺px ´ yq @x, y P dompfq (54.37)

If f is a twice differentiable function this is equivalent to:
∇2

fpxq ě 0 @x, y P dompfq (54.38)

x1 x2

y1

y2

fpxq

λ
f

px
q

`
p1

´
λ

qf
px

q

λx ` p1 ´ λqx
´2 ´1 1 2

0.2

0.4

0.6

0.8

1

fpxq

Definition 54.25 Concave Functions:
A function f : Rn Ñ R is concave if it satisfies:

fpλx ` p1 ´ λqyq ě λfpxq ` p1 ´ λqfpyq @x, y P dompfq
@λ P r0, 1s

(54.39)

Corollary 54.7 Convexity Ñ global minimima: Convex-
ity implies that all local minima (if they exist) are global
minima.
1. Properties

Property 54.3 Monotonicity of the Derivative:

If f : R ÞÑ R is
convex f

1
paq ă f

1
pbq

concave f
1
paq ą f

1
pbq

a ă b, a, b P R

(54.40)

5.1.1. Properties that preserve convexity

Property 54.4 Non-negative weighted Sums: Let f be a
convex function then gpxq is convex as well:

gpxq “

n
ÿ

i“1

αifipxq @αj ą 0

Property 54.5 Composition of Affine Mappings: Let f
be a convex function then gpxq is convex as well:

gpxq “ fpAx ` bq

Property 54.6 Pointwise Maxima: Let f be a convex func-
tion then gpxq is convex as well:

gpxq “ max
i
tfipxqu

2. Strict Convexity/Concavity

Definition 54.26 Stricly Convex Functions:
A function f : Rn Ñ R is strictly convex if it satisfies:

fpλx ` p1 ´ λqyqăλfpxq ` p1 ´ λqfpyq @x, y P dompfq
@λ P r0, 1s

If f is a differentiable function this is equivalent to:
fpxq ą fpyq `∇fpyq⊺px ´ yq @x, y P dompfq (54.41)

If f is a twice differentiable function this is equivalent to:
∇2

fpxq ą 0 @x, y P dompfq (54.42)

Intuition
• Convexity implies that a function f is bound by/below a

linear interpolation from x to y and strong convexity that
f is strictly bound/below.

• eq. (54.41) implies that fpxq is above the tangent
fpxq `∇fpxq⊺py ´ xq for all x, y P dompfq

• ?? implies that fpxq is flat or curved upwards

Corollary 54.8 Strict Convexity Ñ Uniqueness:
Strict convexity implies a unique minimizer ðñ at most one
global minimum.

Corollary 54.9 : A twice differentiable function of one vari-
able f : RÑ R is convex on an interval X “ ra, bs if and only
if its second derivative is non-negative on that interval X :

f
2
pxq ě 0 @x P X (54.43)

3. Strong Convexity/Concavity

Definition 54.27 µ-Strong Convexity:
Let X be a Banach space over K “ R,C. A function f : X Ñ R
is called strongly convex iff the following equation holds:

f ptx ` p1 ´ tqyq ď tfpxq ` p1 ´ tqfpyq ´
tp1 ´ tq

2
µ}x ´ y}

@x, y P X , t P r0, 1s, µ ą 0

If f P C1 ðñ f is differentiable, this is equivalent to:
fpyq ě fpxq `∇fpxq⊺py ´ xq `

µ

2
}y ´ x}

2
2 (54.44)

If f P C2 ðñ f is twice differentiable, this is equivalent to:
∇2

fpxq ě µI @x, y P X µ ą 0 (54.45)

Corollary 54.10
Strong Convexity implies Strict Convexity:

Property 54.7:

fpyqďfpyq`∇fpyq⊺px´yq`
1

2µ
∥∇fpxq´∇fpyq∥2

2 (54.46)

Intuition
Strong convexity implies that a function f is lower bounded by
its second order (quadratic) approximation, rather then only
its first order (linear) approximation.

Size of µ

The parameter µ specifies how strongly the bounding
quadratic function/approximation is.

Proof 54.2: eq. (54.45) analogously to Proof eq. (54.34)

Note
If f is twice differentiable then the smallest eigenvalue of the
Hessian ([def. 55.8]) of f is uniformly lower bounded by µ
Hence strong convexity can be considered as the analogous
to smoothness

Example 54.2 Quadratic Function: A quadratic function
eq. (54.23) is convex if:

∇2
xeq. (54.23) “ A ě 0 (54.47)

Corollary 54.11 :
Strong convexity ñ Strict convexity ñ Convexity

Functions

Even Functions: have rotational symmetry with respect to
the origin.
ñGeometrically: its graph remains unchanged after reflec-
tion about the y-axis.

fp´xq “ fpxq (54.48)
Odd Functions: are symmetric w.r.t. to the y-axis.
ñGeometrically: its graph remains unchanged after rota-
tion of 180 degrees about the origin.

fp´xq “ ´fpxq (54.49)

Theorem 54.4 Rules:
Let f be even and f odd respectively.

g “: f ¨ f is even g “: f ¨ f is even
g “: f ¨ f is odd the same holds for division

Examples

Even: cos x, |x|, c, x2, x4,. . . exp p´x2{2q.
Odd: sin x, tan x, x, x3, x5,. . . .

x-Shift: fpx ´ cq ñ shift to the right
fpx ` cq ñ shift to the left (54.50)

y-Shift: fpxq ˘ c ñ shift up/down (54.51)

Proof 54.3: eq. (54.50) fpxn ´ cq we take the x-value at xn
but take the y-value at xo :“ xn ´ c
ñ we shift the function to xn.

Euler’s formula

e
˘ix

“ cos x ˘ i sin x (54.52)

Euler’s Identity

e
˘i
“ ´1 (54.53)

Note

e
n
“ 1 ô n “ i 2πk, k P N (54.54)

Corollary 54.12 Every norm is a convex function: By
using definition [def. 54.24] and the triangular inequality it fol-
lows (with the exception of the L0-norm):

∥λx ` p1 ´ λqy∥ ď λ∥x∥ ` p1 ´ λq∥y∥

4. Taylor Expansion

Definition 54.28 Taylor Expansion:

Tnpxq “

n
ÿ

i“0

1
n!
f

piq
px0q ¨ px ´ x0q

piq (54.55)

“ fpx0q ` f
1
px0qpx ´ x0q `

1
2
f

2
px0qpx ´ x0q

2
`Opx3

q

(54.56)

Definition 54.29 Incremental Taylor:
Goal: evaluate Tnpxq (eq. (54.56)) at the point x0 ` ∆x in
order to propagate the function fpxq by h “ ∆x:

Tnpx0 ˘ hq “
n
ÿ

i“0

hi

n!
f

piq
px0qi

´1 (54.57)

“ fpx0q ˘ hf
1
px0q `

h2

2
f

2
px0q ˘ f

3
px0qphq

3
`Oph4

q

Note
If we chose ∆x small enough it is sufficient to look only at the
first two terms.

Definition 54.30 Multidimensional Taylor: Suppose X P

Rn is open, x P X, f : X ÞÑ R and f P C2 then it holds that

fpxq «fpx0q `∇xfpx0qpx ´ x0q `
1
2
px ´ x0q

⊺
Hpx ´ x0q

(54.58)

Definition 54.31 Argmax: The argmax of a function de-
fined on a set D is given by:

arg max
xPD

fpxq “ tx|fpxq ě fpyq, @y P Du (54.59)
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Definition 54.32 Argmin: The argmin of a function defined
on a set D is given by:

arg min
xPD

fpxq “ tx|fpxq ď fpyq, @y P Du (54.60)

Corollary 54.13 Relationship arg min Ø arg max:
arg min
xPD

fpxq “ arg max
xPD

´fpxq (54.61)

Property 54.8 Argmax Identities:
1. Shifting:

@λ const arg max fpxq “ arg max fpxq ` λ (54.62)
2. Positive Scaling:

@λ ą 0 const arg max fpxq “ arg maxλfpxq (54.63)
3. Negative Scaling:

@λ ă 0 const arg max fpxq “ arg minλfpxq (54.64)
4. Positive Functions:

@ arg max fpxq ą 0, @x P dompfq

arg max fpxq “ arg min
1

fpxq
(54.65)

5. Stricly Monotonic Functions: for all strictly monotonic
increasing functions[def. 54.12] g it holds that:

arg max gpfpxqq “ arg max fpxq (54.66)

Definition 54.33 Max: The maximum of a function f de-
fined on the set D is given by:

max
xPD

fpxq “ fpx
˚
q with @x

˚
P arg max

xPD

fpxq (54.67)

Definition 54.34 Min: The minimum of a function f de-
fined on the set D is given by:

min
xPD

fpxq “ fpx
˚
q with @x

˚
P arg min

xPD

fpxq (54.68)

Corollary 54.14 Relationship min Ø max:
min
xPD

fpxq “ ´max
xPD

´fpxq (54.69)

Property 54.9 Max Identities:
1. Shifting:

@λ const max tfpxq ` λu “ λ `max fpxq (54.70)
2. Positive Scaling:

@λ ą 0 const maxλfpxq “ λmax fpxq (54.71)
3. Negative Scaling:

@λ ă 0 const maxλfpxq “ λmin fpxq (54.72)
4. Positive Functions:

@ arg max fpxq ą 0, @x P dompfq max
1

fpxq
“

1
min fpxq

(54.73)
5. Stricly Monotonic Functions: for all strictly monotonic

increasing functions[def. 54.12] g it holds that:
max gpfpxqq “ g pmax fpxqq (54.74)

Definition 54.35 Supremum: The supremum of a function
defined on a set D is given by:

sup
xPD

fpxq “ ty|y ě fpxq, @x P Du “ min
y|yěfpxq,@xPD

y

(54.75)
and is the smallest value y that is equal or greater fpxq for
any x ðñ smallest upper bound.

Definition 54.36 Infinmum: The infinmum of a function
defined on a set D is given by:

inf
xPD

fpxq “ ty|y ď fpxq, @x P Du “ max
y|yďfpxq,@xPD

y

(54.76)
and is the biggest value y that is equal or smaller fpxq for
any x ðñ largest lower bound.

Corollary 54.15 Relationship sup Ø inf:
PxPD fpxq “ ´ sup

xPD

´fpxq (54.77)

Note
The supremum/infinmum is necessary to handle unbound
function that seem to converge and for which the max/min
does not exist as the argmax/argmin may be empty.
E.g. consider ´ex/ex for which the max/min converges to-
ward 0 but will never reached s.t. we can always choose a
bigger x ñ there exists no argmax/argmin ñ need to bound
the functions from above/below ðñ infinmum/supremum.

Definition 54.37 Time-invariant system (TIS): A func-
tion f is called time-invariant, if shifting the input in time
leads to the same output shifted in time by the same amount.
yptq “ fpxptq, tq

time-invariance
ÝÝÝÝÝÝÝÝÝÝÝÝÑ

@τ
ypt ´ τq “ fpxpt ´ τq, tq

(54.78)

Definition 54.38 Inverse Function g “ f´1:
A function g is the inverse function of the function f : A Ă

RÑ B Ă R if
fpgpxqq “ x @x P dompgq (54.79)

and
gpfpuqq “ u @u P dompfq (54.80)

Property 54.10
Reflective Property of Inverse Functions: f contains
pa, bq if and only if f´1 contains pb, aq.
The line y “ x is a symmetry line for f and f´1.

Theorem 54.5 The Existence of an Inverse Function:
A function has an inverse function if and only if it is one-to-
one.

Corollary 54.16 Inverse functions and strict mono-
tonicity: If a function f is strictly monotonic [def. 54.14] on
its entire domain, then it is one-to-one and therefore has an
inverse function.
6. Special Functions
1. The Gamma Function

Definition 54.39 The gamma function Γpαq: Is extension
of the factorial function (??) to the real and complex numbers
(with a positive real part):

Γpzq “
ż

8

0
x
z´1e ´x dx ℜpzq ą 0 (54.81)

Γpnq
nPN
ðñ Γpnq “ pn ´ 1q!

7. Proofs

Proof 54.4: lemma 54.1 for C1 functions:
Let gptq ” fpy ` tpx ´ yqq from the FToC (theorem 54.2) we
know that:

ż 1

0
g

1
ptq dt “ gp1q ´ gp0q “ fpxq ´ fpyq

It then follows from the reverse:
|fpxq ´ fpyq ´∇fpyq⊺px ´ yq|

Chain. R
FToC
“

∣∣∣ż 1

0
∇fpy ` tpx ´ yqq⊺px ´ yq dt ´∇fpyq⊺px ´ yq

∣∣∣
“

∣∣∣ż 1

0
p∇fpy ` tpx ´ yqq ´∇fpyqq⊺ px ´ yq dt

∣∣∣
“

∣∣∣ż 1

0
p∇fpy ` tpx ´ yqq ´∇fpyqq⊺ px ´ yq dt

∣∣∣
C.S.
ď

∣∣∣ż 1

0
∥∇fpy ` tpx ´ yqq ´∇fpyq∥ ¨ ∥x ´ y∥ dt

∣∣∣
eq. (54.30)

“

∣∣∣ż 1

0
L∥y ` tpx ´ yq ´ y∥ ¨ ∥x ´ y∥ dt

∣∣∣
“

∣∣∣L∥x ´ y∥2
ż 1

0
t dt

∣∣∣ “ L

2
∥x ´ y∥2

2

Proof 54.5: ?? for C2 functions:

fpyq
Taylor
“ fpxq `∇fpxq⊺py ´ xq `

1
2
py ´ xq⊺∇2

fpzqpy ´ xq

Now we plug in ∇2fpxq and recover eq. (54.33):

fpyq ď fpxq `∇fpxq⊺py ´ xq `
1
2
py ´ xq⊺Lpy ´ xq

Proof 54.6: theorem 54.3:
With the definition of convexity for a differentiable function
(eq. (54.41)) it follows

fpxq ´ fpyq `∇fpyq⊺px ´ yq ě 0
ñ|fpxq ´ fpyq `∇fpyq⊺px ´ yq|

if eq. (54.41)
“ fpxq ´ fpyq `∇fpyq⊺px ´ yq

with lemma 54.1 and [def. 54.23] it follows theorem 54.3
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Differential Calculus
1. Mean Value Theorem

Theorem 55.1 Mean Value Theorem: Let f : ra, bs Ñ R
be continuous function, differentiable on the open interval
pa, bq, with a ă b. Then there exist some c P pa, bq s.t.

f
1
pcq “

fpbq ´ fpaq

b ´ a
“

1
b ´mca

ż b

a
fpxq dx (55.1)

2. The Product Rule

Rule 55.1 (Product /Leibniz Rule).
Let u, v be two differentiable functions u, v P C1 then it holds
that:

d
´

upxqvpxq
¯

dx
“ puvq

1
“ u

1
v ` v

1
u (55.2)

3. The Chain Rule

Formula 55.1 Generalized Chain Rule:
Let F : Rn ÞÑ Rk and G : Rk ÞÑ Rm be to general maps then
it holds:

B pG ˝ Fq
looooomooooon

Rn ÞÑRmˆn

“ pBG ˝ Fq ¨ BF
looooooooomooooooooon

Rn ÞÑ
´

Rmˆk ¨ Rkˆn
¯

BF : Rn ÞÑ Rkˆn

BG : Rk ÞÑ Rmˆk

(55.3)

4. Directional Derivative
5. Partial Differentiation

Definition 55.1 Paritial Derivative:
Let f : Rn ÞÑ R be a real valued function, its partial deriva-
tive Bif : Rn ÞÑ R is defined as the directional derivative??
along the coordinate axis of one of its variables:

Bifpxq “
Bf

Bxi
“ Dxif “ lim

hÑ0

fpx, xi Ð xi ` hq ´ fpxq
h

“ lim
hÑ0

fpx1, . . . , xi ` h, . . . , xnq ´ fpx1, . . . , xi, . . . , xnq

h

(55.4)

1. The Gradient
5.1.1. The Nabla Operator

Definition 55.2 Nabla Operator/Del ∇:
Given a cartesian coordinate system Rn with coordinates
x1, . . . , xn and associated unit vectors pe1, . . . , pen its del op-
erator is defined as:

∇ “

n
ÿ

i“1

B

Bxi
rei “

»

—

—

—

—

—

—

–

B
Bx1

pxq
B

Bx2
pxq

B
Bxn

pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(55.5)

Definition 55.3 Gradient:
Given a scalar valued function f : Rn ÞÑ R its gradient
∇f : Rn ÞÑ Rn is defined as vector Rn of the partial
derivatives[def. 55.1] w.r.t. all coordinate axes:

grad fpxq :“ ∇fpxq “

»

—

—

—

—

—

—

—

–

Bf
Bx1

pxq
Bf

Bx2
pxq

Bf
Bxn

pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

ˆ

Bf

Bx

˙⊺
(55.6)

5.1.2. The Subderivative

Definition 55.4 [proof 55.1]
Subgradient g:

Let f : Rn ÞÑ R be a continuous (not
necessarily differentiable) function.
g P Rn is a subgradient of f at a
point x0 P Rn if it satisfies:

g : fpxq ´ fpx0q ě g⊺
px ´ x0q

(55.7)
´2 ´1 1 2

´0.5

0.5

1

1.5

2
B|z|

Definition 55.5 [example 55.1]
Subderivative Bfpx0q:
Let f : Rn ÞÑ R be a continuous (not necessarily differen-
tiable) function. The subdifferential of f at a point x0 P Rn
is defined as the set of all possible subgradients[def. 55.4] g:
Bfpx0q

␣

g : fpxq ´ fpx0q ě g⊺
px ´ x0q @x P Rn

(

(55.8)

Heuristic
We can guess the sub derivative at a point by looking at all
the slopes that are smaller then the graph.
2. The Jacobian

Definition 55.6
Jacobian/Jacobi Matrix Df ,Jf :
Given a vector valued function

f : Rn ÞÑ Rm its derivative Jf : Rn ÞÑ Rmˆn

with components Bij f “ Bifj : Rn ÞÑ R is a vector valued
function defined as:

Jpfpxqq “ Jf pxq “ Df “
Bf
Bx
pxq “

Bpf1, . . . , fmq

Bpx1, . . . , xnq
pxq (55.9)

“

”

Bf
Bx1

Bf
Bxn

ı

“

»

—

—

–

∇⊺f1

∇⊺fm

fi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

–

Bf1
Bx1

pxq Bf1
Bx2

pxq Bf1
Bxn

pxq

Bf2
Bx1

pxq Bf2
Bxn

pxq

Bfm
Bx1

pxq Bfm
Bx2

pxq Bfm
Bxn

pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Explanation 55.1. Rows of the Jaccobian are transposed
gradients[def. 55.3] of the component functions f1, . . . , fm.

Corollary 55.1 :

6. Second Order Derivatives

Definition 55.7 Second Order Derivative B2
BxiBxj

:

Theorem 55.2
Symmetry of second derivatives/Schwartz’s Theorem:
Given a continuous and twice differentiable function f : Rn ÞÑ
R then its second order partial derivatives commute:

B

Bxi

Bf

Bxj
“

B

Bxj

Bf

Bxi

1. The Hessian

Definition 55.8 Hessian Matrix:
Given a function f : R ÞÑ Rn its HessianP Rnˆn is defined as:

Hpfqpxq “ Hf pxq “ Jp∇fpxqqT (55.10)

“

B2f
Bx2

1
pxq B2f

Bx1Bx2
pxq B2f

Bx1Bxn
pxq

B2f
Bx2Bx1

pxq B2f
Bx2

2
pxq B2f

Bx2Bxn
pxq

B2f
BxnBx1

pxq B2f
BxnBx2

pxq B2f
Bx2
n
pxq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

—

–

and it corresponds to the Jacobian of the Gradient.
Due to the differentiability and theorem 55.2 it follows that
the Hessian is (if it exists):

• Symmetric
• Real

Corollary 55.2 Eigenvector basis of the Hessian: Due
to the fact that the Hessian is real and symmetric we can de-
compose it into a set of real eigenvalues and an orthogonal
basis of eigenvectors tpλ1,v1q, . . . , λn,vnu.
Not let d be a directional unit vector then the second deriva-
tive in that direction is given by:

d⊺Hd ðñ d⊺
n
ÿ

i“1

λivi
if d“vj
ðñ d⊺

λjvj

• The eigenvectors that have smaller angle with d have bigger
weight/eigenvalues

• The minimum/maximum eigenvalue determines the mini-
mum/maximum second derivative

7. Extrema

Definition 55.9 Critical/Stationary Point: Given a func-
tion f : Rn ÞÑ R, that is differentiable at a point x0 then it is
called a critical point if the functions derivative vanishes at
that point:

f
1
px0q “ 0 ðñ ∇xfpx0q “ 0

Corollary 55.3 Second Derivative Test f : R ÞÑ R:
Suppose f : R ÞÑ R is twice differentiable at a stationary point
x [def. 55.9] then it follows that:

‚ f
2
pxq ą 0 ðñ

f
1
px ` ϵq ą 0 slope points uphill

f
1
px ´ ϵq ă 0 slope points downhill

fpxq is a local minimum

‚ f
2
pxq ă 0 ðñ

f
1
px ` ϵq ą 0 slope points downhill

f
1
px ´ ϵq ă 0 slope points uphill

fpxq is a local maximum
ϵ ą 0 sufficiently small enough

Corollary 55.4 Second Derivative Test f : Rn ÞÑ R:
Suppose f : Rn ÞÑ R is twice differentiable at a stationary
point x [def. 55.9] then it follows that:
• If H is p.d ðñ @λi ą 0 P H Ñ fpxq is a local min.
• If H is n.d ðñ @λi ă 0 P H Ñ fpxq is a local max.
• If Dλi ą 0 P H and Dλi ă 0 P H then x is a local maximum

in one cross section of f but a local minimum in another
• If Dλi “ 0 P H and all other eigenvalues have the same sign

the test is inclusive as it is inconclusive in the cross section
corresponding to the zero eigenvalue.

Note

If H is positive definite for a minima x˚ of a quadratic function
f then this point must be a global minimum of that function.

8. Proofs

Proof 55.1: Definition 55.4 fpxq ě fpx0q`g⊺px´x0q @x P
Rn corresponds to a line (see formula 54.1) at the point x0
with slope g⊺.
Thus we search for all lines with smaller slope then function
graph.

9. Examples

Example 55.1 Subderivatives Absolute Value Function
|x|: f : R ÞÑ R with fpxq “ |x| at the point x “ 0 it holds:

fpxq ´ fp0q ě gx ùñ the interval r´1; 1s
For x ‰ 0 the subgradient is equal to the gradient. Thus it
follows for the subderivatives/differentials:

B|x| “

$

’

&

’

%

´1 if x ă 0
r´1, 1s if x “ 0
1 if x ą 0
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Integral Calculus
Theorem 56.1 Important Integral Properties:

Addition
b
ż

a

fpxq dx “
c
ż

a

fpxq dx `
b
ż

c

fpxq dx (56.1)

Reflection
b
ż

a

fpxq dx “ ´
a
ż

b

fpxq dx (56.2)

Translation
b
ż

a

fpxq dx u:“x˘c
“

b˘c
ż

a˘c

fpx ¯ cq dx (56.3)

f Odd
a
ż

´a

fpxq dx “ 0 (56.4)

f Even
a
ż

´a

fpxq dx “ 2
a
ż

0

fpxq dx (56.5)

Proof 56.1: eqs. (56.4) and (56.5)

I :“
a
ż

´a

fpxq dx “
0
ż

´a

fpxq dx `
a
ż

0

fpxq dx

t“´x
dt“´dx
“ ´

0
ż

a

fp´xq dx `
a
ż

0

fpxq dx

“

a
ż

0

fp´xq ` fpxq dx “
#

0 if f odd
2I if f even

Definition 56.1 Integration by Parts:
ż b

a
u dv “ uv

ˇ

ˇ

ˇ

b

a
´

ż b

a
v du (56.6)

1. Integral Theorems
1. Greens Identities

Theorem 56.2 Greens First Identity:
Let sΩ “ ΩY BΩ, for all vector fields j P

`

C1
pwpΩ̄q

˘d and scalar
functions v P C1

pw
`

Ω̄
˘

it holds:
ż

Ω
j⊺ grad v dx “ ´

ż

Ω
div jv dx `

ż

BΩ
j⊺nv dS (56.7)
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Differential Equations
Definition 56.2 [??]
Differential Operator:
A differential operator L is a mapping of a suitable function
space onto another function space, involving only values of
the function argument and its derivatives in the same point:

L : CnpΩq ÞÑ CkpΩq, k ă n
Note: L is a differential operator of order k ´ n.

Definition 56.3 Linear Differential Operator:
Is a differential operator L that satisfies:

L pαu ` βvq “ αL puq ` βL pvq @α, β P R (56.8)

Ordinary Differential Quations
Partial Differential Equations (PDE)s

Definition 58.1 Partial Differential Equation:
Let u “ u px1, . . . , xnq : Rk ÞÑ Rl be an unknown function
depending on x “

`

x1 xk
˘

and let f be a known func-
tion.
The known function F , depending on differentials of the un-
known function u is called a Partial Differential equation:

F

¨

˝u,
Bu
Bx1

, . . . ,
Bun

Bx
j
i
, . . . , Bxr

j

, f

˛

‚“ F
`

u, Du, . . . , Dnu, f
˘

“ 0

or L puq “ f in Ω (58.1)

Corollary 58.1 Dependent Variables:
u : Rk ÞÑ Rl (58.2)

Corollary 58.2 Independent Variables:
x “

`

x1 xk
˘

(58.3)

Definition 58.2 Order n:
Is the highest partial derivative that appears in a PDE.

1. Algebraic Types
1. Linearity

Definition 58.3 [??]
Linear PDEs:
A linear PDE naturally defines a linear operator [def. 56.3]. A
linear PDE must be linear reagarding the unkown function
u. In other words all dependent variables u and their cor-
responding derivatives depend only on the independent vari-
ables x1, x2, . . . , xm:

apx, yqux ` bpx, yquy ` cpx, yqu “ dpx, yq (58.4)

Definition 58.4 [??]
Semilinear PDEs:
Are PDEs whose coefficients of the highest order n-terms are
functions depending only on the independent variables but
not onto the dependent variables u or their derivatives.
Thus the PDE is linear regarding to the highest order terms:

apx, yqux ` bpx, yquy “ cpx, y,uq (58.5)

Definition 58.5 [??]
Quasilinear PDEs:
Are PDEs whose coefficients of the highest order (n) terms
are functions only depending on the independent variables
and on the dependent variables u and their derivatives up to
an order m ă n, that is smaller than the highest order terms
n:

apx, y,uqux ` bpx, y,uquy “ cpx, y,uq (58.6)

Definition 58.6 [??]
Fully Non-linear PDEs:
Are PDEs where all terms of the highest order n are non-
linear:

apx, y,u,u1
qux ` bpx, y,u,u1

quy “ cpx, y,uq (58.7)
Note: ␣pQuasilinear ô Fully Nonlinearq

2. Homogenity

Definition 58.7 Homogenuous L puq “ 0:
All terms depend on u or on derivatives of u.

Definition 58.8 Non-Homogenuous L puq “ f:
Their exists non-zero terms f that do not depend on u or on
derivatives of u.
3. Constant Coefficients

Definition 58.9 PDEs with Constant Coefficients:
Is a PDE whose coefficients a, b, c, . . . are constants i.e. inde-
pendent variables.
4. 2nd-Order Linear PDEs in two variables

Definition 58.10
2nd-Order Linear PDEs in two Variables:
L puq “ auxx ` 2buxy ` cuyy ` dux ` euy ` fu “ g (58.8)

where a, b, . . . , g are functions depending on x and y.

Definition 58.11 Principal Part: Is the operator L 0, that
consists of the second-(“highest) order parts of L :

L 2puq :“ auxx ` 2buxy ` cuyy

Definition 58.12 PDEs Discriminante: Is defined by:

δpL q :“ ´ det
ˆ

a b
b c

˙

“ b
2
´ ac (58.9)

Explanation 58.1. It turns out that many fundamental prop-
erties of the solution of eq. (58.8) are determined by its principal
part, or rather by the sign of the discriminant δpL q.

Definition 58.13 [??]
Parabolic PDEs: Let[def. 58.10] be a PDE defined on Ω Ă R2,
then the PDE is called hyperbolic if:

δpL q “ b
2
´ ac “ 0 (58.10)

Definition 58.14 [??]
Hyperbolic PDEs: Let[def. 58.10] be a PDE defined on Ω Ă

R2, then the PDE is called hyperbolic if:
δpL q “ b

2
´ ac ą 0 (58.11)

Definition 58.15 [??]
Parabolic PDEs: Let[def. 58.10] be a PDE defined on Ω Ă R2,
then the PDE is called elliptic if:

δpL q “ b
2
´ ac ă 0 (58.12)

Explanation 58.2.
The reason for this categorization are nor-
mal quadratic equations in two variables:

Ax2 ` By2 ` Cxy `Dx ` Ey ` f “ 0
If B2 ´ 4AC “ 0 ô the equation is a parabola.
If B2 ´ 4AC ą 0 ñ the equation is a hyperbola.
If B2 ´ 4AC ă 0 ñ the equation is an ellipse.

2. Method Of Characteristics

Is a method that makes use of geometrical aspects in order
to solve 1st-order PDEs with two variables by construct-
ing integral surfaces and can be used to solve PDEs of the
type:

Linear: apx, yqux `bpx, yquy “cpx, yq (58.13)
Semilin.: apx, yqux `bpx, yquy “cpx, y,uq (58.14)
Quasilin.: apx, y,uqux`bpx, y,uquy“cpx, y,uq (58.15)

Formula 58.1 Method of Characteristics:
x :“ xpr; sq y :“ ypr; sq z :“ upr; sq
Parameter.: λpr; sq :“ xpr; sqex ` ypr; sqey ` zpr; sqez

Bλ
Br
pr; sq “ pa, b, cq

E.g. v :“ vpxpr; sq, ypr; sq, zpr; sqq
Bx
Br
pr; sq “ 9x “ apλsprqq

By
Br
pr; sq “ 9y “ bpλsprqq

Bz
Br
pr; sq “ 9z “ cpλsprqq

Compact:
9x “ apx, y, uq 9y “ bpx, y, uq 9u “ cpx, y, uq
I.C.: xp0; sq “ x0psq y0p0; sq “ y0psq up0; sq “ u0psq

Definition 58.16 Integral Surface ϕ:
An function ϕ : R3 ÞÑ R is a an integral surface of a vector
field V : R3 ÞÑ R3 if ϕ is a surface that has in every point a
tangent plane containing a vector v “

`

a b c
˘

of V.

Corollary 58.3 PDEs and Integral Surfaces:
The solution of a PDE upx, yq can be thought of as an integral
surface:

z “ upx, yq or implicitly ϕpx, y, zq “ upx, yq ´ z
(58.16)

Explanation 58.3 ( [proof ??]
Integral Surface and PDEs).
The solution upx, yq of eq. (58.13) can be sought of as an surface
z “ upx, yq in R3 or in implicit form ϕpx, y, zq :“ upx, yq ´ z.

x

y

z “ upx, yq

integral-surface
n “ ∇ϕpx, y, zq

v

n “ ∇ϕpx, y, zq

Let:npx, yq :“ gradϕ “

¨

˝

ϕx
ϕy
ϕz

˛

‚“

¨

˝

ux
uy
´1

˛

‚ and

Let V :“

¨

˝

apx, yq
bpx, yq
cpx, yq

˛

‚ be a vector field R3
ÞÑ R3 and

npx, yq :“ gradϕ “

¨

˝

ϕx
ϕy
ϕz

˛

‚“

¨

˝

ux
uy
´1

˛

‚

Idea: we can rewrite eq. (58.13) as:
A

`

a b c
˘J
,∇ϕpx, y, zq

E

“

C

¨

˝

apx, yq
bpx, yq
cpx, yq

˛

‚,

¨

˝

ux
uy
´1

˛

‚

G

“ 0

Geometric Interpretation:
v is orthogonal to the normal n for all points px, y,upx, yqq.
Hence every vector v “

`

a b c
˘J lies in the tangent plane

containing ϕ.
Consequently in order to find a surface ϕ (and thus also a
solution u), we need to search for ϕ s.t. the vector v lies in the
tangent plane for every possible point of ϕ.

Idea

v1

v2

v3

v4

v5

γprq We first simplify the task
and start by construct-
ing/finding integral curves
λ and then we construct the
integral surface ϕ out of this
curves.

3. Linear Equations

Definition 58.17
Characteristic/Integral Curve λsprq “ λpr; sq:
Given a vector field V an integral curve λprq of that vector
field, is a curve parameterized by parameter r:

λprq :“ xprqex ` yprqey ` zprqez “

¨

˝

xprq
yprq
zprq

˛

‚ (58.17)

s.t. at each point r of the curve a vector v of the vector field:

v “

¨

˝

apxprq, yprqq
bpxprq, yprqq
cpxprq, yprqq

˛

‚P V (58.18)

is tangent to the curve:

dλprq
dr

“ Vpλprqq “

¨

˚

˚

˝

a
`

xprq, yprq
˘

b
`

xprq, yprq
˘

c
`

xprq, yprq
˘

˛

‹

‹

‚

“

¨

˝

apλprqq
bpλprqq
cpλprqq

˛

‚ (58.19)

Definition 58.18 Characteristic Equations:
The set of ordinary differential equations of a PDE arising
from Equation (58.19) are called characteristic equations:

Bxprq

Br
“ 9x “ apλprqq “ aprq (58.20)

Byprq

Br
“ 9y “ bpλprqq “ bprq (58.21)

Bzprq

Br
“ 9z “ cpλprqq “ cprq (58.22)

Problem: in order to get a unique solution we need to specify
initial conditions.
Idea: If a characteristc has an arbitrary point in common
with the integral surface ϕ then the whole characteristic λ
will lie in the integral surface.

Proof 58.1: Let: ϕpλprqq “ upxprq, yprqq ´ zprq

ñ
dϕ
dr

“ ux
dx
dr ` uy

dy
dr ´ 1 dz

dr “

“

¨

˝

ux
uy
´1

˛

‚

¨

˝

a
`

xprq, yprq
˘

b
`

xprq, yprq
˘

c
`

xprq, yprq
˘

˛

‚“

¨

˝

ux
uy
´1

˛

‚
9λprq “ 0

Thus: ϕpλpr0qq “ 0 ðñ ϕpλprqq “ 0, @r

Definition 58.19
Characteristic (Curve) λsprq “ λpr; sq:
is an integral curve of the vector field V that is uniequely
determined by a parameter s.

x

y

z “ upx, yq

integral-surface ϕ

Γprq

λsprq

λ1prq

Consequence: For every character-
istic s we need to specify one inital
point on the integral surface in or-
der to have all the characteristics lie
within the integralsurface.
Idea: we define another curve Γpsq
on the integralsurface that transvers
all the characteristic curves λsprq
transversal (=angle beetween Γpsq
and λsprq is never zero ô Γpsq ∦
λsprq).

Definition 58.20 Inital Condition: s ÞÑ Γpsq, Γ : R ÞÑ R3

λsprq “

¨

˝

xs prq
ys prq

zs prq

˛

‚, Γpsq “

¨

˚

˝

x0psq
y0psq

z0psq

˛

‹

‚

λsp0q
!
“ Γpsq

ñ xs p0q “ x0psq ys p0q “ y0psq zs p0q “ z0psq

Definition 58.21
Projected Characteristic Curves γpτq:
Are curves in the plane of the independent variables of our
PDE, along which u is constant or satisfies certain conditions.
If u is constant along gpτq then the initial data is simply prop-
agated along those characteristic curves:

d
dγ
u pγpτq, τq “ 0 ðñ u pγpτq, τq “ u0pγpτqq (58.23)
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Hint: If the PDE is linear, then the two first characteristics
do not depend on u and can be solved directly, u will then be
constant along those characteristics:
apx, yqux`bpx, yquy“cpx, yq
dx
dr

“ a
dy
dr

“ b
du
dr

“ c implies
dy
dx

“
bpx, yq

apx, yq

Hint: If we divide the PDE by a we have to solve a PDE less,
beacause the first ODE will allways be:
9x “ 1 ñ x “ r ñ xsprq “ x0psq

4. Quasilinear Equations
Solving Quasilinear Equations

apx, y, uqux `bpx, y, uquy “cpx, y, uq

u|Γpr, sq “ ϕpsq

dx
dr

“ apx, y, uq
dy
dr

“ bpx, y, uq
du
dr

“ cpx, y, uq

xsp0q “ x0psq ysp0q “ y0psq zsp0q “ ϕpsq

Results
Now the projected characteristic curves may depend on u as
well as on x,y. Thus the first two characteristics are no longer
decoupled form the third one.

1. We may get projected characteristic curves crossing
themselfs.

2. u is no longer constant along the projected characteris-
tic curves, rather the PDE reduces to an ODE satisfying
certain conditions along this curves.
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Linear Algebra
1. Vectors

Definition 59.1 Vector Substraction:

c

´a

c ´ a
a

b “ c ´ a (59.1)

2. Linear Systems of Equations
1. Gaussian Elimination
2.1.1. Rank

Definition 59.2 Matrix Rank rank:
The ranks of a matrix A P Rmˆn is defined as the the
dimension[def. 59.13] of the vector space spaned[def. 59.9] by its
row or column vectors:

rankpAq “ dim
`␣

a:,1, . . . , a:,n
(˘

“ dim
`␣

a1,:, . . . , am,:
(˘

def. 59.50
“ dimpRpAqq (59.2)

Corollary 59.1 :
• The column-and row-ranks of a square matrix A P Rnˆn

are equal.
• The rank of a non-symmetric matrix A P Rnˆn is limited

by the smaller dimension:
rankpAq ď min tn,mu (59.3)

Property 59.1 Rank of Matrix Product: Let A P Rm,n
and B P Rn,p then the rank of the matrix product is limited:

rankpABq ď min trankpAq, rankpBqu (59.4)

Rank-1 Matrix

Definition 59.3 Rank-1 Matrix:
Is a matrix of rank one. A tensor product of two vectors
u,v P Rn results in a rank one matrix:

uv⊺
“ A P Rn,n (59.5)

Definition 59.4 Rank-1 Modification/Update: Adding a
rank-1 matrix to another matrix is called rank-1 modification:

X “ X ` uv⊺ (59.6)

3. Sparse Linear Systems

Definition 59.5 Sparse Matrix A P Km,n,m, n P Ną0:
A matrix A is sparse if:

nnzpAq ! mn A P Km,n,m, n P Ną0 (59.7)
nnz :“ #

␣

pi, jq P t1, . . . ,mu ˆ t1, . . . , nu : ai,j ‰ 0
(

4. Vector Spaces
1. Vector Space

Definition 59.6 Vector Space: TODO
2. Vector Subspace

Definition 59.7 Vector Subspaces:
A non-empty subset U of a K-vector space V is called a sub-
space of V if it satisfies:

u,v P U ùñ u ` v P U (59.8)
u P U ùñ λu P U @λ P K (59.9)

Definition 59.8 Linearcombination:
Let X “ tv1, . . . ,vnu Ă V be a non-empty and finite subset
of vectors of an K-vector space V. A linear combination of X
is a combination of the vectors defined as:

v “
n
ÿ

i“1

λivi “ α1v1 ` . . . ` αnvn αi P K (59.10)

Definition 59.9
Span/Linear Hull ⟨X⟩:
Is the set of all possible linear combinations[def. 59.8] of finite
set X “ tv1, . . . ,vnu Ă V of a K vector space V:

⟨X⟩ “ span pXq “

$

&

%

v
ˇ

ˇ

ˇ

n
ÿ

i“1

αivi, @αi P K

,

.

-

(59.11)

Definition 59.10 Generating Set: A generating set of vec-
tors X “ tv1, . . . ,vmu P V of a vector spaces V is a set of
vectors that span[def. 59.9] V:

span pv1 . . . ,vmq “ V (59.12)

Explanation 59.1 (Definition 59.10).

The generating set of vector space (or set of vectors) V
i.e.
“ Rn

is a subset X “ tv1, . . . ,vmu Ă V s.t. every element of V can
be produced by spanpXq.

Definition 59.11 Linear Independence: A set of vector
tv1, . . . ,vnu P V is called linear independent if the satisfy:

v “
n
ÿ

i“1

λivi “ 0 ðñ α1 “ . . . “ αn “ 0 (59.13)

Corollary 59.2 : A set of vector tx1, . . . ,xnu P V is called
linear independent, if for every subset X “ x1, . . . ,xm Ď

tx1, . . . ,xnu it holds that:
⟨X⟩ Ĺ tx1, . . . ,xnu (59.14)

3. Basis

Definition 59.12 Basis B:
A subset B “ tv1, . . . ,vnu of a K-vector space V is called a
basis of V if:

⟨B⟩ “ V and B is a linear independent generating set
(59.15)

Corollary 59.3 : The unit vectors e1, . . . , en build a stan-
dard basis of the Rn.

Corollary 59.4 Basis Representation:
Let B be a basis of a K-vector space V, then it holds
that every vector v P V can be represented as a linear
combination[def. 59.8] of B by a unique set of coefficients αi:

v “
n
ÿ

i“1

αibi
α1, . . . , αn P K
b1, . . . ,bn P B

(59.16)

4.3.1. Dimensionality

Definition 59.13 Dimension of a vector space dim pVq:
Let V be a vector space. The dimension of V is defined as the
number of necessary basis vectors B “ tv1, . . . ,vnu in order
to span V:

dim pVq :“ |B| “ n P N0 (59.17)

Corollary 59.5 : n-linearly independent vectors of a K-
vector space V with finite dimension n constitute a basis.

Note
If V is infinite dim pVq “ 8.
4. Affine Subspaces

Definition 59.14 Affine Subspaces: Given a K-vector
space V of dimension dimpVq ě 2 a sub vector space[def. 59.7]

U of V defined as:
W :“ v ` U “ tv ` x|x P Uu v P V (59.18)

Corollary 59.6 Direction: The sub vector spaces U are
called directions of V and it holds:

dimpWq :“ dimpUq (59.19)

4.4.1. Hyperplanes

Definition 59.15 Hyperplane H:
A hyperplane is a d ´ 1 dimensional subspace of an d-
dimensional ambient space that can be specified by the hess
normal form[def. 59.16]:

H “

!

x P Rd
ˇ

ˇ

pn⊺x ´ d “ 0
)

(59.20)

Corollary 59.7 Half spaces: A hyperplane H P Rd´1 sep-
arates its d-dimensional ambient space into two half spaces:

H`
“

!

x P Rd
ˇ

ˇ

rn⊺x ` b ą 0
)

(59.21)

H´
“

!

x P Rd
ˇ

ˇ

rn⊺x ` b ă 0
)

“ Rd ´H` (59.22)

Notes

Hyperplanes in R2 are lines and hyperplanes in R3 are lines.
Hess Normal Form

Definition 59.16 Hess Normal Form:
Is an equation to describe hyperplanes[def. 59.15] in Rd:

r⊺ rn ´ d “ 0 ðñ rn⊺
pr ´ r0q r0 :“ r⊺d ě 0

(59.23)

where all points described by the vector r P Rd, that satisfy
this equations lie on the hyperplane.

Note
The direction of the unit normal vector is usually chosen s.t.
r⊺ rn ě 0.
4.4.2. Lines

Definition 59.17 Lines: Lines are a set[def. 50.1] of the form:
L “ u ` K v “ tu ` λv|λ P Ku u,v P V,v ‰ 0 (59.24)

Two Point Formula

Definition 59.18 Two Point Formula:

vu

v ´ u L
L “ u ` K v (59.25)

4.4.3. Planes

Definition 59.19 Planes: Planes are sets defined as:
E “ u ` K v ` K w “ tu ` λv ` µw|λ, µ P Ku (59.26)
u, ,w P V s.t. v,u ‰ 0 and v,w lin. indep.

Parameterform

Definition 59.20 Two Point Formula:

0

u v

wA
w ´ u

v ´ u
E “ u ` Kpv ´ uq

` Kpw ´ uq
(59.27)

4.4.4. Minimal Distance of Vector Subspaces

Projections in 2D

Definition 59.21 2D Vector Projection
[Proof 59.17,59.18]:

u

projLpuq

u
´

proj
L
pu
q v

pv

L

uv “ projLpuq
“ uv rv “

`

u⊺
rv
˘

rv

“
u⊺v
∥v∥2

v “
u⊺v
v⊺v

v

(59.28)

Corollary 59.8 [proof 59.8]
2D Projection Matrix P: Is the matrix that satisfies:

Pu “ projLpuq P “
vv⊺

vT v
“

vv⊺

∥v∥2
(59.29)

Proof 59.1: [Corollary 59.8]
1

v⊺v
u⊺vv “

1
v⊺v

v
`

v⊺u
˘

“
1

v⊺v
`

vv⊺˘ u

General Projections

Definition 59.22 [proof 59.19]
General Vector Projection:
Is the orthogonal projection u of a vector v onto a sub-vector
space U

U

UK

u

v ´ u

v

u “
n
ÿ

i“1

αibi (59.30)

AA⊺
αi “ A⊺v A “

¨

˚

˚

˝

b1

bn

˛

‹

‹

‚

where B “ tb1, . . . ,bnu is a
basis of the vector subspace
U.

Theorem 59.1 Projection Theorem: Let U a sub vector
space of a finite euclidean vector space V. Then there exists
for every vector v P V a vector u P U obtained by an orthogo-
nal[def. 59.67] projection

p :
"

V Ñ U
v ÞÑ u (59.31)

the vector u1 :“ v ´ u representing the distance between u
and v and is minimal:

∥u1∥ “ ∥v ´ u∥ ď ∥v ´w∥ @w P U u1
P UK (59.32)

5. Affine Subspaces
6. Planes

https://math.stackexchange.com/questions/1485509/show-
that-two-planes-are-parallel-and-find-the-distance-between-
them
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5. Matrices
Special Kind of Matrices
1. Symmetric Matrices

Definition 59.23 Symmetric Matrices: A matrix A P

Knˆn is called symmetric if it satisfies:
A “ A⊺ (59.33)

Property 59.2 [proof ??]
Eigenvalues of real symmetric Matrices: The eigenvalues
of a real symmetric matrix A P Rnˆn are real:

spectrumpAq P tRě0u
n
i“1 (59.34)

Property 59.3 [proof ??]
Orthogonal Eigenvector basis: Eigenvectors of real sym-
metric matrices with distinct eigenvalues are orthogonal.

Corollary 59.9
Eigendecomposition Symmetric Matrices: If A P Rn,n
is a real symmetric[def. 59.23] matrix then its eigenvectors are
orthogonal and its eigen-decomposition[def. 59.86] is given by:

A “ XΛX⊺ (59.35)

2. Orthogonal Matrices

Definition 59.24 Orthogonal Matrix: A real valued
square matrix Q P Rnˆn is said to be orthogonal if its
row vectors (and respectively its column vectors) build an
orthonormal[def. 59.68] basis:

xq:i,q:jy “ δij and xqi:,qj:y “ δij (59.36)
This is exactly true if the inverse of Q equals its transpose:

Q´1
“ Q⊺

ðñ QQ⊺
“ Q⊺Q “ In (59.37)

Attention: Orthogonal matrices are sometimes also called or-
thonormal matrices.
3. Hermitian Matrices

Definition 59.25 Conjugate Transpose A
H

/A˚

Hermitian Conjugate/Adjoint Matrix:
The conjugate transpose of a matrix A P Cmˆn is defined as:

A
H

:“
`

ĎA⊺˘
“ ĚA⊺ ðñ a

H
i,j “ saj,i

1 ď i ď n

1 ď j ď m

(59.38)

Definition 59.26
Hermitian/Self-Adjoint Matrices A “ A

H
:

A hermitian matrix is complex square matrix A P Cnˆn who
is equal to its own conjugate transpose[def. 59.25]:

A “ A
H
“ ĚA⊺ ðñ ai,j “ saj,i i P t1, . . . , nu

(59.39)

Corollary 59.10 : [def. 59.25] implies that A must be a square
matrix A P Rnˆn.

Corollary 59.11 Real Hermitian Matrices: From [cor. 50.1]

it follows:
A P Rnˆn hermitian ùñ A real symmetric[def. 59.23]

(59.40)

Property 59.4 [proof 59.15]
Eigenvalues of Hermitan Matrices: The eigenvalues of a
hermitian matrix A P Cnˆn are real:

spectrumpAq P tRě0u
n
i“1 (59.41)

Property 59.5 [proof 59.16]
Orthogonal Eigenvector basis: Eigenvectors of hermitian
matrices with distinct eigenvalues are orthogonal.

Corollary 59.12
Eigendecomposition Symmetric Matrices: If
A P Cn,n is a hermitian matrix[def. 59.26] then its
eigendecomposition[def. 59.86] is given by:

A “ XΛX
H

(59.42)

4. Unitary Matrices

Definition 59.27 Unitary Matrix UU
H

:
is a complex square matrix U P Cnˆn whose inverse[def. 59.41]

is equal to its conjugate transpose[def. 59.25]:

U
H

U “ UU
H
“ I (59.43)

Corollary 59.13 Real Unitary Matrix: A real matrix
A P Rnˆn that is unitary is an orthogonal matrix[def. 59.24].

Property 59.6
Preservation of Euclidean Norm [proof 59.14]:
Orthogonal and unitary matrices Q P Kn,n do not affect the
2-norm:

∥Qx∥2 “ ∥x∥2 @x P Kn (59.44)

5. Similar Matrices

Definition 59.28 Similar Matrices: Two square matrices
A P Knˆn and B P Knˆn are called similar if there exists a
invertible matrix S P Knˆn s.t.:

DS : B “ S´1AS (59.45)

Corollary 59.14
Similarity Transformation/Conjugation:
The mapping:

A ÞÑ S´1AS (59.46)
is called similarity transformation

Corollary 59.15
Eigenvalues of Similar Matrices [proof 59.13]:

If A P Knˆn has the eigenvalue-eigenvector pairs
ttλi,viuuni“1 then its conjugateeq. (59.46) B has the
same eigenvalues with transformed eigenvectors:

ttλi,uiuu
n
i“1 ui :“ S´1vi (59.47)

6. Skew Symmetric Matrices

Definition 59.29
Skey Symmetric/Antisymmetric Matrices:

A⊺
“ ´A (59.48)

7. Triangular Matrix

Definition 59.30 Triangular Matrix: An upper (lower)
triangular matrix, is a matrix whose element’s below (above)
the main diagonal are all zero:

¨

˚

˚

˚

˚

˝

l11
l21 l22

ln1 ln2 lnn

˛

‹

‹

‹

‹

‚

Figure 15: Lower Tri. Mat.

¨

˚

˚

˚

˚

˝

u11 u12 u1n
u22 u2n

unn

˛

‹

‹

‹

‹

‚

Figure 16: Upper Tri. Mat.

5.7.1. Unitriangular Matrix

Definition 59.31 Unitriangular Matrix: An upper
(lower) unitriangular matrix, is a upper (lower) triangular
matrix[def. 59.30] whose diagonal elements are all ones.
5.7.2. Strictly Triangular Matrix

Definition 59.32 Strictly Triangular Matrix: An upper
(lower) strictly triangular matrix, is a upper (lower) triangu-
lar matrix[def. 59.30] whose diagonal elements are all zero.
8. Block Partitioned Matrices

Definition 59.33 Block Partitioned Matrix:
A matrix M P Rk`l,k`l can be partitioned into a block parti-
tioned matrix:

M “

„

A B
C D

ȷ

A P Rk,k,B P Rk,l,C P Rl,k,D P Rl,l

(59.49)

Definition 59.34 Block Partitioned Linear System:
A linear system Mx “ b with M P Rk`l,k`l and x,b P Rk`l

can be partitioned into a block partitioned system:
„

A B
C D

ȷ„

x1
x2

ȷ

“

„

b1
b2

ȷ A P Rk,k,B P Rk,l,C P Rl,k,D P Rl,l

x1,b1 P Rk,x2,b2 P Rl

(59.50)

5.8.1. Schur Complement

Definition 59.35 Schur Complement: Given a block par-
titioned matrix[def. 59.33] M P Rk`l,k`l its Schur complements
are given by:

SA “ D ´CA´1B SD “ A ´BD´1C (59.51)

5.8.2. Inverse of Block Partitioned Matrix

Definition 59.36 proof 59.3
Inverse of a Block Partitioned Matrix:
Given a block partitioned matrix[def. 59.33] M P Rk`l,k`l its
inverse M´1 can be partitioned as well:

M “

„

A B
C D

ȷ

M´1
“

«

ĂA rB
rC ĂD

ff

(59.52)

ĂA “ A´1
`A´1BS´1

A CA´1
rC “ ´S´1

A CA´1

rB “ ´A´1BS´1
A

ĂD “ S´1
A

where SA “ D ´CA´1B is the Schur complement of A.

9. Properties of Matrices
5.9.1. Square Root of p.s.d. Matrices

Definition 59.37 Square Root:
5.9.2. Trace

Definition 59.38 Trace: The trace of an A P Rnˆn matrix
is defined as:

tr pAq “
n
ÿ

i“1

aii “ a11 ` a22 ` ¨ ¨ ¨ ` ann (59.53)

Property 59.7 Trace of a Scalar:
tr pRq “ R (59.54)

Property 59.8 Trace of Transpose:
tr

`

A⊺˘
“ tr pAq (59.55)

Property 59.9 Trace of multiple Matrices:
tr pABCq “ tr pBCAq “ tr pCBAq (59.56)

6. Matrices and Determinants
1. Determinants
6.1.1. Laplace/Cofactor Expansion

Definition 59.39 Minor:

Definition 59.40 Cofactors:
Properties

Property 59.10 Determinant times Scalar detpαAq:
Given a matirx A P Rnˆn it holds:

detpα ¨Aq “ α
nA (59.57)

2. Inverese of Matrices

Definition 59.41 Inverse Matrix A´1:
6.2.1. Invertability

Definition 59.42
Singular/Non-Invertible Matrix detpAq “ 0:
A square matrix A P Knˆn is singular or non-invertible if it
satisfies the following and equal conditions:
• detpAq “ 0
• dimpAq ă n

• EB : B “ A´1

• Ax “ b has either
• no solution x
• infinitely many solu-

tions x
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Transformations And Mapping
7. Linear & Affine Mappings/Transformations
1. Linear Mapping

Definition 59.43
Linear Mapping: A linear mapping, function or trans-
formation is a map l : V ÞÑ W between two K-vector
spaces[def. 59.6] V and W if it satisfies:

lpx ` yq “ lpxq ` lpyq (Additivity) (59.58)
lpαxq “ αlpxq @α P K (Homogenitivity) (59.59)

@x,y P V

Proposition 59.1 [proof 59.8]
Equivalent Formulations: Definition 59.43 is equivalent
to:

lpαx ` βyq “ αlpxq ` βlpyq @α, β P K
@x,y P V (59.60)

Corollary 59.16 Superposition Principle:
Definition 59.43 is also known as the superposition principle:
“the net response caused by two or more signals is the sum of
the responses that would have been caused by each signal indi-
vidually.”

Corollary 59.17 [proof 59.10]
A linear mapping ðñ Ax:
For every matrix A P Kmˆn the map:

lA :
"

Kn Ñ Km
x ÞÑ Ax (59.61)

is a linear map and every linear map l can be represented by
a matrix vector product:
l is linear ðñ DA P Knˆm : fpxq “ Ax @x P Km

(59.62)

Principle 59.1 [proof 59.9]
Principle of linear continuation: A linear mapping l :
V ÞÑ W is determined by the image of the basis B of V:

lpvq “
n
ÿ

i“1

βil pbiq B pVq “ tb1, . . . , bnu (59.63)

Property 59.11 [proof 59.11]
Compositions of linear mappings are linear f ˝ g: Let
g, f be linear functions mapping from V to W (i.e. matching)
then it holds that f ˝ g is a linear[def. 59.43].

Definition 59.44 Level Sets:
2. Affine Mapping

Definition 59.45 Affine Transformation/Map:
Let x P Rn, A P Rmˆn, b P Rm then:

Y “ Ax ` b (59.64)
is called an affine transformation of x.
3. Orthogonal Transformations

Definition 59.46 Orthogonal Transformation:
A linear transformation T : V ÞÑ V of an inner product
space[def. 59.78] is an orthogonal transformation if preserves the
inner product:

T puq ¨ T pvqu ¨ v @u,v P V (59.65)

´4 ´2 2 4

´4

´2

2

4

u
v

´4 ´2 2 4

´4

´2

2

4

u
v

U⊺

Corollary 59.18 Orthogonal Matrix Transformation:
An orthogonal matrix[def. 59.24] Q provides an orthogonal
transformation:

pQuq⊺pQvq “ uv (59.66)

Explanation 59.2 (Improper Rotations).
Orthogonal transformations in two or three dimensional
euclidean space[def. 59.46] represent improper rotations:

• Stiff Rotations
• Reflections

• Reflections+Rotations

Corollary 59.19 Preservation of Orthogonality: Orthog-
onal transformation preserver orthogonality.

Corollary 59.20 [proof 59.6]
Preservation of Norm:
An orthogonal transformation Q : V ÞÑ V preservers the
length/norm:

∥u∥V “ ∥Qu∥V (59.67)

Corollary 59.21 Preservation of Angle:
An orthogonal transformation T preservers the angle[def. 59.66]

of its vectors:
=pu,vq “ = pT puq, T pvqq (59.68)

4. Kernel & Image
7.4.1. Kernel

Definition 59.47 Kernel/Null Space N/φ´1pt0uq:
Let φ be a linear mapping[def. 59.43] between two a K-vector
spaces φ : V ÞÑ W.
The kernel of φ is defined as:

Npφq :“ φ
´1
pt0uq “ tv P V | φpvq “ 0u Ď V (59.69)

Definition 59.48 Right Null Space N pAq:
If φ “ A “P Kmˆn then the eq. (59.69) is equal to:

NpAq “ φ
´1
A pt0uq “

␣

v P Kn | Av “ 0
(

P Km (59.70)

Definition 59.49 Left Null Space N pA⊺q:
If φ “ A “P Kmˆn then the left null space is defined as:

NpA⊺
q “ φ

´1
A⊺ pt0uq “

␣

v P Km | A⊺v “ 0
(

P Kn (59.71)

Note
The term left null space stems from the fact that:

`

A⊺x
˘⊺
“ 0 is equal to x⊺A “ 0

7.4.2. Image

Definition 59.50 Image/Range R/φ:
Let φ be a linear mapping[def. 59.43] between two a K-vector
spaces φ : V ÞÑ W.
The imgae of φ is defined as:

Rpφq :“ φ pVq “ tφ pvq | v P Vu Ď W (59.72)

Definition 59.51 Column Space Ax:
If φ “ A “

`

c1 cn
˘

P Kmˆn then eq. (59.72) is equal
to:

RpAq “ φA
`

Kn
˘

“

!

Ax
ˇ

ˇ

ˇ
@x P Kn

)

“

〈
`

c1 cn
˘

〉
“

$

&

%

v
ˇ

ˇ

ˇ

n
ÿ

i“1

αici, @αi P K

,

.

-

(59.73)

Definition 59.52 Row Space A⊺x:
If φ “ A “

`

r⊺1 r⊺m
˘

P Kmˆn then the column space is
defined as:
RpA⊺

q “ φA
`

Km
˘

“

!

A⊺x
ˇ

ˇ

ˇ
@x P Km

)

“

〈
`

r1 rm
˘

〉
“

$

&

%

v
ˇ

ˇ

ˇ

m
ÿ

i“1

αiri, @αi P K

,

.

-

(59.74)

From orthogonality it follows x P RpAq, y P NpAq ñ xJy “ 0.

Corollary 59.22 Orthogonality [proof 59.12]:
The right (left) null space[def. 59.47] is orthogonal[def. 59.67] to the
row[def. 59.52] (column[def. 59.51]) space:

N pAq K RpA⊺
q and N

`

A⊺˘
K RpAq (59.75)

7.4.3. Rank Nullity Theorem

Theorem 59.2 Rank-Nullity theorem:
Let V be a finite vector space and let φ be a linear mapping
φ : V ÞÑ W then it holds:

dimpVq “ dim
´

φ
´1
pt0uq

¯

loooooooomoooooooon

Kernel

` dim pφ pVqq
loooomoooon

Image

(59.76)

Corollary 59.23 Representation as Standardbases:
For every linear mapping φ : Kn ÞÑ Km there exists a matrix
A that represents this mapping:

φ “ φA “
`

φ pe1q φ penq
˘

P Kmˆn (59.77)
where

8. Eigenvalues and Vectors

Definition 59.53 Eigenvalues: Given a square matrix A P

Kn,n the eigenvalues

Definition 59.54 Spectrum: The spectrum of a square ma-
trix A P Knˆn is the set of its eigenvalues[def. 59.53]:

spectrumpAq “ λpAq “ tλ1, . . . , λnu (59.78)

Formula 59.1 Eigenvalues of a 2x2 matrix: Given a 2x2-
matrix A its eigenvalues can be calculated by:

tλ1, λ2u P
trpAq ˘

b

trpAq2 ´ 4 detpAq

2
(59.79)

with trpAq “ a ` d detpAq “ ad ´ bc
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9. Vector Algebra
1. Dot/Standard Scalar Product

Definition 59.55 Scalar Projection ab:

The scalar projection of a vector
a onto a vector b is the scalar
magnitude of the shadow/projection
of the vector a onto b:

ab “ ∥a∥ cos θa,b “ arb (59.80) b

a

}a} cos θ
θ

Definition 59.56 [proof 59.4]
Standard Scalar/Dot Product:
Given two vectors u,v P Rn the standard scalar product is
defined as:

u ¨ v “ u⊺v “ xu,vy “
n
ÿ

i“1

uivi “ u1v1 ` ¨ ¨ ¨ ` unvn

“ ∥a∥∥b∥ cos θ “ uv pv “ vu pu θ P r0, πs (59.81)

Explanation 59.3 (Geometric Interpretation).
It is the magnitude of one vector times the magnitude of the
shadow/scalar projection of the other vector.
Thus the dot product tells you:
1. How much are two vectors pointing into the same direction
2. With what magnitude

Property 59.12 Orthogonal Direction K:
For θ P r´π, π{2s rad cos θ “ 0 and it follows:

u ¨ v “ 0 ðñ u K v (59.82)

Note: Perpendicular

Perpendicular corresponds to orthogonality of two lines.

Property 59.13 Maximizing Direction:
For θ “ 0 rad cos θ “ 1 and it follows:

u ¨ v “ ∥u∥∥v∥ (59.83)

Property 59.14 Minimizing Direction:
For θ “ πrad cos θ “ ´1 and it follows:

u ¨ v “ ´∥u∥∥v∥ (59.84)

Definition 59.57 Vector Projecion:

2. Cross Product
3. Outer Product

Definition 59.58 Outer Product uv⊺ “ u b v:
Given two vectors u P Km, v P Kn their outer product is
defined as:

u b v “ uv
H
“

“

u1 um
‰

»

—

—

–

sv1

svn

fi

ffi

ffi

fl

(59.85)

“

»

—

—

–

u1 d sv1

um d svn

fi

ffi

ffi

fl

“

»

—

—

—

—

–

u1 sv1 u1 sv2 u1 svn
u2 sv1 u2 sv2 u2 svn

um sv1 um sv2 um svn

fi

ffi

ffi

ffi

ffi

fl

Proposition 59.2 [proof 59.5]
Rank of Outer Product: The outer product of two vectors
is of rank one:

rankpu b vq “ 1 (59.86)

4. Vector Norms

Definition 59.59 Norm ∥¨∥V :
Let V be a vector space over a field F , a norm on V is a map:

∥¨∥V : V ÞÑ R` (59.87)
that satisfies:

∥x∥V “ 0 ðñ x “ 0 pDefinitnessq (59.88)
∥αx∥V “ |α|∥x∥V pHomogenityq (59.89)
∥x ` y∥V ď ∥x∥V ` ∥y∥V pTriangular Inequalityq

(59.90)
α P K @x,y P V

Explanation 59.4 (Definition 59.59).
A norm is a measures of the size of its argument.

Corollary 59.24 Normed vector space: Is a vector space
V over a field F , on which a norm ∥¨∥V can be defined.
9.4.1. Cauchy Schwartz

Definition 59.60 [proof 59.21]
Cauchy Schwartz Inequality:

|u⊺v| ď ∥u∥∥v∥ (59.91)

9.4.2. Triangular Inequality

Definition 59.61 [proof 59.22]
Triangular Inequality: States that the length of the sum
of two vectors is lower or equal to the sum of their individual
lengths:

∥u ` v∥ ď ∥u∥ ` ∥v∥ (59.92)

Corollary 59.25 Reverse Triangular Inequality:
´∥x ´ y∥V ď ∥x∥V ´ ∥y∥V ď ∥x ´ y∥V

resp. |∥x∥V ´ ∥y∥V | ď ∥x ´ y∥V

5. Distances

Definition 59.62
Distance Function/Measure d : S ˆ S ÞÑ R`:
Let S be a set, a distance functions is a mapping d that sat-
isfies:

dpx, xq “ 0 pZero Identity Distanceq (59.93)
dpx, yq “ dpy, xq pSymmetryq (59.94)
dpx, zq ď dpx, yq ` dpy, zq pTriangular Identiyq (59.95)

@x, y, z P S

Explanation 59.5 (Definition 59.62).
Is measuring the distance between two things.

9.5.1. Contraction

Definition 59.63 Contraction: Given a metric space
pM, dq is a mapping f : M ÞÑ M that satisfies:

dpfpxq, fpyqq ď λdpx, yq λ P r0, 1q (59.96)

6. Metrics

Definition 59.64 Metric d : S ˆ S ÞÑ R`:
Is a distance measure[def. 59.62] that additionally satisfies the
identity of indiscernibles:
dpx, yq “ 0 ðñ x “ y @x, y P S

Corollary 59.26 MetricÑNorm: Every norm ∥¨∥V on a
vector space V over a field F induces a metric by:

dpx, yq “ ∥x ´ y∥V @x, y P V

metric induced by norms additionally satisfy: @x, y P

V, α P F Ď K K “ R or C
1. Homogenity/Scaling: dpαx, αyqV “ |α|dpx, yqV
2. Translational Invariance: dpx ` α, y ` αq “ dpx, yq

Conversely not every metric induces a norm but if a metric
d on a vector space V satisfies the properties then it induces
a norm of the form:

∥x∥V :“ dpx, 0qV
Note
Similarity measure is a much weaker notion than a metric as
triangular inequality does not have to hold.
Hence: If a is similar to b and b is similar to c it does not
imply that a is similar to c.
Note

(bilinear form induces
ÝÝÝÝÝÝÑ)

inner product induces
ÝÝÝÝÝÝÑnorm induces

ÝÝÝÝÝÝÑmetric.

9.6.1. Metric Space

Definition 59.65 Metric Space pM, dq:
A metric space is a pair pM, dq of a set M and a metric[def. 59.64]

d defined on M :
d : M ˆM ÞÑ R` (59.97)

10. Angles

Definition 59.66 Angle between Vectors =pu,vq: Let
u,v P Kn be two vectors of an inner product space[def. 59.78]

V. The angle α P r0, πs between u,v is defined by:

=pu,vq :“ α cosα “
u⊺v

∥u∥∥v∥

u,v P V
α P r0, πs

(59.98)

11. Orthogonality

Definition 59.67 Orthogonal Vectors: Let V be an inner-
product space[def. 59.78]. A set of vectors tu1, . . . ,unu P V is
called orthogonal iff:

xui,ujy “ 0 @i ‰ (59.99)

1. Orthonormality

Definition 59.68 Orthonormal Vectors: Let V be
an inner-product space[def. 59.78]. A set of vectors
tu1, . . . ,un, . . .u P V is called orthonormal iff:

xui,ujy “ δij “

#

1 i “ j

0 i ‰ j
@i, j (59.100)

12. Special Kind of Vectors
1. Binary/Boolean Vectors

Definition 59.69
Binary/Boolean Vectors/Bit MapsBn: Are vectors that
contain only zero or one values:

Bn “ t0, 1un (59.101)

Definition 59.70
R-Sparse Boolean Vectors Bnr :
Are boolean vectors that contain exact r one values:

Bnr “

$

&

%

x P t0, 1un : x⊺x “
n
ÿ

i“1

x “ r

,

.

-

(59.102)

2. Probablistic Vectors

Definition 59.71 Probabilistic Vectors: Are vectors that
represent probabilities and satisfy:

$

&

%

x P r0, 1sn :
n
ÿ

i“1

xi “ 1

,

.

-

(59.103)

13. Vector Spaces and Measures
1. Bilinear Forms
2. Quadratic Forms
13.2.1. Min/Max Value

Corollary 59.27 [proof 59.20]
Extreme Value: The minimum/maximum of a quadratic
form?? with a quadratic matrix A P Rn,n is given by the
eigenvector corresponding to the smallest/largest eigenvector
of A:

v1 P arg min
x⊺x“1

x⊺Ax v1 P arg max
x⊺x“1

x⊺Ax (59.104)

Note
`

Q⊺
rn
˘⊺ Q⊺

rn “ rn⊺QQ⊺
rn “ rn⊺

rn “ 1
13.2.2. Skew Symmetric Matirx

Corollary 59.28
Quadratic Form of Skew Symmetric matrix: The
quadratic form of a skew symmetric matrix[def. 59.29] vanishes:
α “ x⊺Askewx “

´

x⊺A⊺
skewx

¯⊺
“

`

x⊺Askewx
˘⊺
“ ´α

(59.105)
Which can only hold iff α “ 0.
3. Inner Product – Generalization of the dot product

Definition 59.72 Bilinear Form/Functional:
Is a mapping a : V ˆV ÞÑ F on a field of scalars F Ď K,
K “ R or C that satisfies:

apαu ` βv, wq “ αapu,wq ` βapv, wq
apu, αv ` βwq “ αapu, vq ` βapu,wq

@u, v, w P V, @α, β P K
Thus: a is linear w.r.t. each argument.

Definition 59.73 Symmetric bilinear form: A bilinear
form a on V is symmetric if and only if:

apu, vq “ apv, uq @u, v P V

Definition 59.74 Positive (semi) definite bilinear form:
A symmetric bilinear form a on a vector space V over a field
F is positive defintie if and only if:

apu, uq ą 0 @u P V zt0u (59.106)
And positive semidefinte ðñ ě (59.107)

Corollary 59.29 Matrix induced Bilinear Form:
For finite dimensional inner product spaces X P Kn any sym-
metric matrix A P Rnˆn induces a bilinear form:

apx,x1
q “ x⊺Ax1

“ pAx1
qx,

Definition 59.75 Positive (semi) definite Matrix ą:
A matrix A P Rnˆn is positive defintie if and only if:

x⊺Ax ą 0 ðñ A ą 0 @x P Rn zt0u (59.108)
And positive semidefinte ðñ ě (59.109)

Corollary 59.30 [proof 59.2]
Eigenvalues of positive (semi) definite matrix:
A positive definite matrix is a matrix where every eigenvalue
is strictly positive and positive semi definite if every eigen-
value is positive.

@λi P eigenvpAq ą0 (59.110)
And positive semidefinte ðñ ě (59.111)

Note
Positive definite matrices are often assumed to be symmetric
but that is not necessarily true.

Proof 59.2: ?? 59.2 (for real matrices):
Let v be an eigenvector of A then it follows:

0
?? 59.2
ă v⊺Av “ v⊺

λv “ ∥v∥λ

Corollary 59.31 Positive Definiteness and Determi-
nant: The determinant of a positive definite matrix is always
positive. Thus a positive definite matrix is always nonsingu-
lar
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Definition 59.76 Negative (semi) definite Matrix ă:
A matrix A P Rnˆn is negative defintie if and only if:

x⊺Ax ă 0 ðñ A ă 0 @x P Rn zt0u (59.112)
And negative semidefinte ðñ ď (59.113)

Theorem 59.3 Sylvester’s criterion: Let A be symmet-
ric/Hermitian matrix and denote by Apkq the kˆk upper left
sub-matrix of A.
Then it holds that:
‚ A ą 0 ðñ det

´

Ak
¯

ą 0 k “ 1, . . . , n
(59.114)

‚ A ă 0 ðñ p´1qk det
´

Ak
¯

ą 0 k “ 1, . . . , n
(59.115)

• A is indefinite if the first det
´

Ak
¯

that breaks both of the
previous patterns is on the wrong side.

• Sylvester’s criterion is inconclusive (A can be anything of
the previous three) if the first det

´

Ak
¯

that breaks both
patterns is 0.

14. Inner Products

Definition 59.77 Inner Product: Let V be a vector space
over a field F P K of scalars. An inner product on V is a map:

x¨, ¨y : V ˆV ÞÑ F Ď K K “ R or C (59.116)
that satisfies: @x, y, z P V, α, β P F

1. (Conjugate) Stmmetry: xx, yy “ xx, yy.
2. Linearity in the first argument:

xαx ` βy, zy “ αxx, zy ` βxy, zy

3. Positve-definiteness:
xx, xy ě 0 : x “ 0 ðñ xx, xy “ 0

Definition 59.78 Inner Product Space pV, x¨, ¨yV q: Let
F P K be a field of scalars.
An inner product space V is a vetor space over a field F to-
gether with an an inner product x¨, ¨yV q.

Corollary 59.32 Inner productÞÑS.p.d. Bilinear Form:
Let V be a vector space over a field F P K of scalar.
An inner product on V is a positive definite symmetric bi-
linear form on V.
Example: scalar prodct

Let apu, vq “ u⊺Iv then the standard scalar product can be
defined in terms of a bilinear form vice versa the standard
scalar product induces a bilinear form.
Note
Inner products must be positive definite by defintion
xx,xy ě 0, whereas bilinear forms must not.

Corollary 59.33 Inner product induced norm
x¨, ¨yV Ñ ∥¨∥V : Every inner product x¨, ¨yV induces a
norm of the form:

∥x∥V “

b

xx,xy x P V

Thus We can define function spaces by their associated norm
pV, ∥¨∥V q and inner product spaces lead to normed vector
spaces and vice versa.

Corollary 59.34 Energy Norm: A s.p.d. bilinear form
a : V ˆV ÞÑ F induces an energy norm:

∥x∥a :“ papx,xqq
1
2 “

b

apx,xq x P V

15. Matrix Algebra
16. Matrix Norms
1. Operator Norm

Definition 59.79 Operator/Induced Norm:
Let ∥¨∥µ : Km ÞÑ R and ∥¨∥ν : Kn ÞÑ R be vector norms.
The operator norm is defined as:

∥A∥µ,ν :“ sup
xPKn
x‰0

∥Ax∥µ
∥x∥ν

“ sup
∥x∥ν“1

∥Ax∥µ ∥¨∥µ : Km ÞÑ R

(59.117)

Explanation 59.6 (Definition 59.79). Is a measure for the
largest factor by which a matrix A can stretch a vector x P Rn.
2. Induced Norms

Corollary 59.35 Induced Norms: Let ∥¨∥p : Kmˆn ÞÑ R
defined as:

∥A∥p :“ sup
xPKn
x‰0

∥Ax∥p
∥x∥p

“ sup
∥y∥p“1

∥Ay∥p (59.118)

Explanation 59.7 ([Corollary 59.35]).
Induced norms are matrix norms induced by vector norms as we:
• Only work with vectors Ax
• And use the normal p-vector norms ∥¨∥p

Note supremum

The set of vectors ty|∥y∥ “ 1u is compact, thus if we consider
finite matrices the supremum is attained and we may replace
it by the max.
3. Induced Norms
16.3.1. 1-Norm

Definition 59.80 Column Sum Norm ∥A∥1:

∥A∥1 “ sup
xPKn
x‰0

∥Ax∥1

∥x∥1
“ max

1ďjďn

m
ÿ

i“1

|aij | (59.119)

16.3.2. 8-Norm

Definition 59.81 Row Sum Norm ∥A∥8:

∥A∥8 “ sup
xPKn
x‰0

∥Ax∥8

∥x∥8

“ max
1ďiďm

n
ÿ

j“1

|aij | (59.120)

16.3.3. Spectral Norm L2-Norm
Spectral Radius & Singular Value

Definition 59.82 Spectral Radius ρpAq:
The spectral radius is defined as the largest eigenvalue of a
matrix:

ρ pAq “ max tλ|λ P eigenval pAqu (59.121)

Definition 59.83 Singular Value σi:
Given a matrix A P Kmˆn its n real and positive singular
values are defined as:

σ pAq :“
!!

a

λi

)n

i“1
|λi P eigenval

`

A⊺A
˘

)

(59.122)

Spectral Norm

Definition 59.84 L2/Spectral Norm ∥A∥2:
∥A∥2 “ sup

xPKn
∥x∥2“1

∥Ax∥2 “ max
∥x∥2“1

?
x⊺A⊺Ax (59.123)

“ max
∥x∥2“1

b

ρ pA⊺Aqq “: σmax pAq (59.124)

4. Energy Norm
5. Forbenius Norm

Definition 59.85 Forbenius Norm ∥A∥F :
The Forbenius norm ∥¨∥F : Kmˆn ÞÑ R is defined as:

∥A∥F “

g

f

f

f

e

m
ÿ

i“1

n
ÿ

j“1

|a2
i,j

| “
c

tr
´

AAH
¯

(59.125)

6. Distance
17. Decompositions
1. Eigen/Spectral decomposition

Definition 59.86 A “ XΛX´1,[proof 59.25]
Eigendecomposition/ Spectral Decomposition :
Let A P Rnˆn be a diagonalizable square matrix and define by
X “

“

x1 xn
‰

P Rnˆn a non-singular matrix whose col-
umn vectors are the eigenvectors of A with associated eigen-
value matrix Λ “ diag pλ1, . . . , λnq. Then A can be repre-
sented as:

A “ XΛX´1 (59.126)

Proposition 59.3 Diagonalization: If non of A eigenvalues
are zero it can be diagonalized:

S´1AS “ Λ (59.127)

Proposition 59.4 Existence:
DXΛX´1

ðñ A diagonalizable (59.128)

2. QR-Decompositions
3. Singular Value Decomposition

Definition 59.87
Singular Value Decomposition (SVD) UΣV

H
:

For any matrix A P Km,n there exist unitary
matrices[def. 59.27]

U P Km,m V P Kn,n

and a (generalized) digonal matrix:

Σ P Rm,n
p :“ mintm,nu

Σ “ gendiagpσ1, . . . , σpq P Rm,n

such that:
A “ UΣV

H
(59.129)

“

¨
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17.3.1. Eigenvalues

Proposition 59.5 [proof 59.23]:
The eigenvalues of a matrix A⊺A are positive.

Proposition 59.6 [proof 59.24]
Similarity Transformation: The unitary matrix V pro-
vides a similarity transformation[cor. 59.14] of A⊺A into a diag-
onal matrix Σ⊺Σ:

Σ⊺Σ ÞÑ V
H

A⊺AV (59.130)

Corollary 59.36 eigenvalpA⊺Aq “ eigenvalpΣ⊺Σq:
From proposition 59.6 and [cor. 59.15] it follows that:

eigenvalpA⊺Aq “ eigenvalpΣ⊺Σq (59.131)

ùñ ∥A∥2 “
b

ρ pA⊺Aq “
a

λmax “ σmax

Note
λ and singularvalue corresponds to the eigenvalues/singular-
values of A⊺A and not A
17.3.2. Best Lower Rank Approximation

Theorem 59.4 Eckart Yound Theorem: Given a matrix
X P Km,n the reduced SVD X defined as:

Xk :“ UkΣkV
H
k

Uk :“
“

u:,1 u:,k
‰

P Km,k

Σk “ diag pσ1, . . . , σkq P Rk,k
k ď min tm,nu

Vk “
“

v:,1 v:,k
‰

P Kn,k

provides the best lower k rank approximation of X:
min

YPKn,m:rankpYqďk
∥X ´Y∥F “ ∥X ´Xk∥F (59.132)

18. Matric Calculus

1. Derivatives

B
Bx pb

Jxq “ B
Bx px

Jbq “ b
B

Bx px
Jxq “ 2x

B

Bx
Ax “ A (59.133)

B

Bx
x⊺Ax “

`

A `A⊺˘ x (59.134)

B
Bx pb

JAxq “ AJb B
BX pc

JXbq “ cbJ B
Bx p}x ´ b}2q “

x´b
}x´b}2
B

Bx p}x}
2
2q “ B

Bx px
Jxq “ 2x B

BX p}X}
2
F q “ 2X

B
Bx ||x||1 “

x
|x|

B
Bx p}Ax ´ b}22q “ 2pAJAx ´AJbq B

BX p|X|q “ |X| ¨X´1

B
Bx
pY´1q “ ´Y´1 BY

Bx
Y´1

19. Proofs

Proof 59.3: [def. 59.36]

MM´1
“

„

Ik,k 0k,l
0l,k Il,l

ȷ

(59.135)

1. Vector Algebra

Proof 59.4 Definition 59.56:
(1): }a ´ b}

eq. (60.19)
“ }a}

2
` }b}

2
´ 2}a}}b} cos θ

(2): }a ´ b} “ pa ´ bqpa ´ bq “ }a}2 ` }b}2 ´ 2pabq

}a ´ b} “ }a ´ b} ñ ab “ }a}}b} cos θ

Proof 59.5 Proposition 59.2: The outer product
of u with v corresponds to a scalar multiplica-
tion of v with elements ui thus the rank must be
that of v, which is a vector and hence of rank 1

u b v “ uv
H
“

»

—

—

–

u1 d sv1

um d svn

fi

ffi

ffi

fl

2. Mappings

Proof 59.6: Corollary 59.20
∥Qx∥2

“ pQxq⊺Qx “ x⊺Q⊺Qx “ x⊺x “ ∥x∥2

Proof 59.7: Corollary 59.21 Follows immediately from defini-
tion 59.66 in combination with eqs. (59.65) and (59.67).

Proof 59.8: Proposition 59.1:
ùñ lpαx ` βyq

59.58
“ lpαxq ` lpβyq

59.59
“ αlpxq ` βlpyq

ðù
lpαx ` 0q “ αlpxq
lp1x ` 1yq “ lpxq ` lpyq

Proof 59.9 principle 59.1:
Every vector v P V can be represented by a basis eq. (59.16)
of V. With homogentityeq. (59.59) and additivityeq. (59.58) it
follows for the image of all v P V:
lpvq “ l pα1b1 ` ¨ ¨ ¨ ` αnbnq “ lα1 pb1q ` ¨ ¨ ¨ ` l pαnq bn

(59.136)
ñ the image of the basis of V determines the linear mapping.

Proof 59.10 Proof [Corollary 59.17]:
ùñ lApαx ` yq “ A pαx ` βyq “ αAx ` βAy “ αlpxq ` βlpyq
ðù Let B be a standard normal basis of V with eq. (59.136):

lpxq “
n
ÿ

i“1

xil peiq “
n
ÿ

i“1

xiA:,i “ Ax A:,i :“ lpeiq P Rn

Proof 59.11 Proof Property 59.11:
pg ˝ fqpαxq “ gpfpαxqq “ gpαfpxqq “ αpg ˝ fqpxq

pg ˝ fqpx ` yq “ gpfpx ` yqq “ gpfpxq ` fpyqq
“ pg ˝ fqpxq ` pg ˝ fqpyq

or even simpler as every linear form can be represented by a
matrix product:
fpyq “ Ay gpzq “ Bz ñ pf ˝ gqpxq “ ABx :“ Cx
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Proof 59.12: [Corollary 59.22] Let y P N pAq (z P N pA⊺q) then
it follows:

N pAq K RpA⊺
q

`

A⊺x
˘⊺ y “ x⊺Ay “ x⊺0 “ 0

N
`

A⊺˘
K RpAq pAxq⊺ z “ x⊺A⊺z “ x⊺0 “ 0

3. Special Matrices

Proof 59.13 [Corollary 59.15]: Let u “ S´1v then it follows:
S´1ASu “ S´1ASv “ λS´1v “ λu

Proof 59.14 Property 59.6:
∥Qx∥2

2 “ pQxq⊺Qx “ x⊺Q⊺Qx “ ∥x∥2
2

Proof 59.15: Property 59.4
Let A P Knˆn be a hermitian matrix[def. 59.26] and let λ P K
be an eigenvalue of A with corresponding eigenvector v P Kn:
λpsv⊺vq “ sv⊺

λv “ sv⊺Av “ psv⊺Avq “ ĚAv⊺v “ sλ
`

sv⊺v
˘

λ
`

sv⊺v
˘

“ sλ
`

sv⊺v
˘

1. svv “
řn
i“1|vi|2 ą 0 as v ‰ 0

2. λ “ sλ which can only hold for λ P R (Equation (50.8))

Proof 59.16: ??
4. Vector Spaces

Proof 59.17 Definition 59.21: We know that projLpuq must
be a vector times a certain magnitude:

projLpuq “ αrv α P K (59.137)

the magnitude follows from the scalar projection[def. 59.55] in
the direction of v which concludes the derivation.

Proof 59.18 Definition 59.21 (via orthogonality): We know
that u ´ projLpuq must be orthogonal[def. 59.67] to v

pu ´ projLpuqq
⊺ v “ pu ´ αvq⊺ v “ 0 ñ α “

u⊺v
v⊺v

Proof 59.19: Definition 59.22 Let B “ tb1, . . . ,bnu a basis
of U s.t. by [cor. 59.4]:

u “
n
ÿ

i“1

αibi

the coefficients tαiuni“1 need to be determined. We know that:
v ´ u K b1, . . . ,v ´ u K bn

ùñ

¨

˝v ´
n
ÿ

i“1

αibi

˛

‚¨ bj “ 0 j “ 1, . . . , n

this linear system of equations can be rewritten as:

`

b1 bn
˘

¨

˚

˚

˝

b1

bn

˛

‹

‹

‚

¨

˚

˚

˝

α1

αn

˛

‹

‹

‚

“

¨

˚

˚

˝

b1

bn

˛

‹

‹

‚

v

Proof 59.20: Corollary 59.27
Let QΛQ⊺ be the eigendecomposition[cor. 59.12] of A then it
follows:

min
rn⊺

rn“1
rn⊺Arn “ min

∥rn∥“1
rn⊺
pQΛQ⊺

qrn

“ min
∥rn∥“1

pQ⊺
rnq⊺ΛpQT rnq

“ min
x“1

x⊺Λx x :“ Q⊺
rn

“ min
x“1

n
ÿ

i“1

x2
iΛii “ min

x“1

n
ÿ

i“1

x2
iλi

Thus in order to obtain the minimum value we need to choose
the eigenvector that leads to the smallest eigenvalue.
5. Norms

Proof 59.21: ?? 59.21
|u ¨ v|

eq. (59.81)
“ ∥u∥∥v∥|cos θ| ď ∥u∥∥v∥

Proof 59.22: Definition 59.61
∥u ` v∥2

“ pu ` vqpu ` vq “ ∥u∥2
` ∥v∥2

` 2pu ¨ vq
from cauchy schwartz we know:

u ¨ v ď |u ¨ v|
eq. (59.91)

ď ∥u∥∥v∥

∥u ` v∥2
ď ∥u∥2

` ∥v∥2
` 2p∥u∥∥v∥q “ p∥u∥ ` ∥v∥q2

6. Decompositions
19.6.1. Symmetric - Antisemitic

Definition 59.88 Symmetric - Antisymmetric Decom-
position: Any matrix A P Knˆn can be decomposed into
the sum of a symmetric matrix[def. 59.23] Asym and a skew-
symmetric matrix?? Askes:

A “ Asym
`Askew

Asym
“

1
2

ˆ

A `A
H
˙

Askew
“

1
2

ˆ

A ´A
H
˙

(59.138)

19.6.2. SVD

Proof 59.23 [Corollary 59.5]: B :“ A⊺A corresponds to a
symmetric positive definite form[def. 59.75]:

x⊺Bx “ x⊺A⊺Ax “ ∥Ax∥2
2 ą 0

thusProposition 59.6 follows immediately form [Corol-
lary 59.2].

Proof 59.24 Proposition 59.6:

A⊺A
SVD
“

ˆ

UΣV
H
˙H

UΣV
H
“ VΣ

H
U

H
U

loomoon

Im

ΣV
H
“ VΣ

H
ΣV

H

ùñ V
H

A⊺AV “ Σ⊺Σ

19.6.3. Eigendecomposition

Proof 59.25 Definition 59.86:
AX “

“

λ1x1 λnxn
‰

“ XΛ
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Geometry
Corollary 60.1 Affine Transformation in 1D: Given:
numbers x P Ω̂ with Ω̂ “ ra, bs
The affine transformation of ϕ : Ω̂ Ñ Ω with y P Ω “ rc, ds is
defined by:

y “ ϕpxq “
d ´ c

b ´ a
px ´ aq ` c (60.1)

Proof 60.1: [cor. 60.1] By [def. 59.45] we want a function f :
ra, bs Ñ rc, ds that satisfies:

fpaq “ c and fpbq “ d

additionally fpxq has to be a linear function ([def. 54.15]), that
is the output scales the same way as the input scales.
Thus it follows:
d ´ c

b ´ a
“
fpxq ´ fpaq

x ´ a
ðñ fpxq “

d ´ c

b ´ a
px ´ aq ` c

Trigonometry
1. Trigonometric Functions
0.1.1. Sine

Definition 60.1 Sine:
sinα “

opposite
hypotenuse

“
a

c
(60.2)

0.1.2. Cosine

Definition 60.2 Cosine:
cosαα “

adjacent
hypotenuse

“
b

c
(60.3)

0.1.3. Tangens

Definition 60.3 Tangens:

cosαα “
opposite
adjacent

“
a

b
“
a{c

b{c
“

sinα
cosα

(60.4)

0.1.4. Trigonometric Functions and the Unit Circle
Sine and Cosine

1
4π

π
2

3
4π

π 5
4π

3
2π

7
4π

2π

´1
´ 1?

2

1?
2

1

fpxq “ sin x

fpxq “ cos x

x

fpxq

cos x
p54.52q
“

1
2

„

e
ix
` e

´ix
ȷ

(60.5)

sin x
p54.52q
“

1
2i

„

e
ix
´ e

´ix
ȷ

“ ´
i

2

„

e
ix
´ e

´ix
ȷ

(60.6)

Note
Using theorem 60.1 if follows:

cospα ˘ πq “ ´ cosα and sinpα ˘ πq “ ´ sinα (60.7)
0.1.5. Sinh

Definition 60.4 Sinh:

sinh x
peq. (54.52)q

“
1
2

„

e
x
´ e

´x
ȷ

“ ´ i sinpi xq (60.8)

Property 60.1: sinh x “ 0 has a unique root at x “ 0.
0.1.6. Cosh

Definition 60.5 Cosh:

cosh x
p54.52q
“

1
2

„

e
x
` e

´x
ȷ

“ cospi xq (60.9)

(60.10)

Property 60.2: cosh x is strictly positive.

Proof 60.2:
e
x
“ cosh x ` sinh x e

´x
“ cosh x ´ sinh x (60.11)

2. Addition Theorems

Theorem 60.1 Addition Theorems:
sinpα ˘ βq“ sinα cos β˘ cosα sin β (60.12)
cospα ˘ βq“ cosα cos β¯ sinα sin β (60.13)

3. Werner Formulas
Werner Formulas

sinα cos β “
1
2

„

sinpα ` βq ` sinpα ´ βq
ȷ

(60.14)

sinα sin β “
1
2

„

cospα ´ βq ´ cospα ` βq
ȷ

(60.15)

cosα cos β “
1
2

„

cospα ` βq ` cospα ´ βq
ȷ

(60.16)

Note
Using theorem 60.1 if follows:

cospα ˘ πq “ ´ cosα and sinpα ˘ πq “ ´ sinα
(60.17)

4. Law of Cosines

Law 60.1 Law of Cosines [proof 60.3]:
relates the three side of a general triangle to each other.

a
2
“ b

2
` c

2
´ 2bc cos θb,c (60.18)

Law 60.2 Law of Cosines for Vectors [proof 60.4]:
relates the length of vectors to each other.

∥a∥2
“ ∥c ´ b∥2

“ ∥b∥2
` ∥c∥2

´ 2∥b∥∥c∥ cos θb,c
(60.19)

Law 60.3 Pythagorean theorem: special case of ?? for
right triangle:

a
2
“ b

2
` c

2 (60.20)

1. Proofs

Proof 60.3: Law 60.1 From the defintion of the sine and cosine
we know that:

sin θ “
h

b
ñ h and cos θ “

d

b
ñ d

e “ c ´ d “ c ´ b cos θ
a

2
“ e

2
` h

2
“ c

2
´ 2cb cos θ ` b2 cos2

θ ` b
2 sin2

θ

“ c
2
` b

2
´ 2bc cos θ ab

θ

h

c
d e

Proof 60.4: Law 60.2 Notice that c “ a`b ñ a “ c´b and
we can either use ?? 60.3 or notice that:

∥c ´ b∥2
“ pc ´ bq ¨ pc ´ bq
“ c ¨ c ´ 2c ¨ b ` b ¨ b
“ ∥c∥2

` ∥b∥2
´ 2 p∥c∥∥b∥ cos θq

Topology
Definition 61.1 Topology of set τ:
Let X be a set. A collection τ of open?? subsets of X is called
topology of X if it satisfies:
• H P τ and X P τ
• Any finite or infinite union of subsets of τ is contained in
τ :

tUi : i P Iu Ď τ ùñ YiPIUi P τ (61.1)
• The intersection of a finite number of elements of τ also

belongs to τ :
tUiu

n
i“1 P τ ùñ U1 X ¨ ¨ ¨ X Un P τ (61.2)

Definition 61.2 Topological Space[?] pX, τq:
Is an ordered pair pX, τq, where X is a set and τ is a
topology[def. 61.1] on X.
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Numerical Methods
Machine Arithmetic’s
Machine/Floating Point Numbers

Definition 62.1 (IEEE)
Institute of Electrical and Electronics Engineers:
Is a engineering associations that defines a standard on how
computers should treat machine numbers in order to have cer-
tain guarantees.

Definition 62.2 Machine/Floating Point Numbers M:
Computers are only capable to represent a finite, discrete set
of the real numbers M Ă R
1.1.1. Floating Point Arithmetic’s xĂΩy “ flpxΩyq

Corollary 62.1 Closure:
Machine numbers F are not closed[def. 50.7] under basic arith-
metic operations:

F Ω F ÞÑ �F Ω “ t`,´,˚, {u (62.1)

Note
Corollary 62.1 provides a problem as the computer can only
represent floating point number F.

Definition 62.3 Overflow: Result is bigger then the biggest
representable floating point number.

Definition 62.4 Underflow: Result is smaller then the
smaller representable floating point number i.e. to close to
zero.
1.1.2. The Rounding Unit

Definition 62.5
Rounding Function/Unit rd/r¨:
Let x P K be a number real or complex number. The round-
ing function approximates x by the nearest machine number
rx P F:

rd :

$

&

%

R ÞÑ F
x ÞÑ max arg min

rxPF
|x ´ rx| (62.2)

Notes
• If this is ambiguous (there are two possibilities), then it

takes the larger one:
• Basic arithmetic rules such as associativity do no longer

hold for operations such as addition and subtraction.

Definition 62.6 Floating Point Operation rΩ:
Is a basic arithmetic operation between two floating point
numbers x P F rounded back to the nearest floating point
number:

F rΩ F ÞÑ F
rΩ :“ rd ˝Ω
Ω “ t`,´,˚, {u

(62.3)

Definition 62.7 Absolute Error: Let rx P K be an approx-
imation of x P K then the absolute error is defined by:

ϵabs :“ |x ´ rx| (62.4)

Definition 62.8 Relative Error: Let rx P K be an approxi-
mation of x P K then the relative error is defined by:

ϵabs :“
|x ´ rx|

|x|
(62.5)

Note
We are interested in the relative error as it controls the num-
ber of correct/significant digits l of the approximation rx of
x P K:

ϵabs :“
|x ´ rx|

|x|
ď 10l l P Ną0 (62.6)

1.1.3. The Machine Epsilon

Definition 62.9 EPS
The Machine Epsilon:
The machine epsilon EPS is the largest possible relative
rounding error[def. 62.8]:

EPS :“ max
xPIz0

|rdpxq ´ x|
|x|

I :“ rmin|M|,max|M|s P K

(62.7)

Corollary 62.2 Relative Error of Flop:
The relative error[def. 62.8] of any floating point
operation[def. 62.6] is bounded by the machine epsilon[def. 62.9]:

EPSrel
´

rΩpx, yq
¯

:“
|rΩpx, yq ´ Ωpx, yq|

|Ωpx, yq|

“
|prd ´ IqΩpx, yq|

|Ωpx, yq|
ď EPS (62.8)

Corollary 62.3 EPS for Machine Number: For machine
numbers EPS can be computed by:

EPS “
1
2
B

1´m (62.9)

Type EPS
double 2.2 ¨ 10´16

float 1.1 ¨ 10´23

FP16 9.76 ¨ 10´4

Axiom of Round off Analysis

Axiom 62.1 Axiom of Round off Analysis:
Let x, y P F be (normalized) floats and assume that xrΩy P F
(i.e. no over/underflow). Then it holds that:
xrΩy “ pxΩyq p1 ` δq Ω “ t`,´,˚, {u
rfpxq “ fpxqp1 ` δq f P texp, sin, cos, log, . . .u

(62.10)

with |δ| ă EPS

Explanation 62.1 (axiom 62.1). gives us a guarantee that for
any two floating point numbers x, y P F, any operation involving
them will give a floating point result which is within a factor of
1 ` δ of the true result xΩy.
1.1.4. Cancellation

Definition 62.10 Cancellation:
Is the extreme amplification of relative errors[def. 62.8] when
subtracting numbers of almost equal size.

Absolute Errors Relative Error

Roundoff Errors
2.0.1. Tricks
Log-Sum-Exp Trick

The sum exponential trick is at trick that helps to calculate
the log-sum-exponential in a robust way by avoiding over/un-
derflow. The log-sum-exponential[def. 62.11] is an expression
that arises frequently in machine learning i.e. for the cross
entropy loss or for calculating the evidence of a posterior pre-
diction.
The root of the problem is that we need to calculate the ex-
ponential exppxq, this comes with two different problems:
• If x is large (i.e. 89 for single precision floats) then exppxq

will lead to overflow
• If x is very negative exppxq will lead to underflow/0. This

is not necessarily a problem but if exppxq occurs in the de-
nominator or the logarithm for example this is catastrophic.

Definition 62.11 Log sum Exponential:

LogSumExp px1, . . . , xnq :“ log

¨

˝

n
ÿ

i“1

exi

˛

‚ (62.11)

Formula 62.1 [proof 62.3]
Log-Sum-Exp Trick:

log

¨

˝

n
ÿ

i“1

exi

˛

‚“ a ` log
n
ÿ

i“1

exi´a
a :“ max

iPt1,...,nu

xi

(62.12)

Explanation 62.2 (formula 62.1). The value a can be any
real value but for robustness one usually chooses the max s.t.
• The leading digits are preserved by pulling out the maximum
a

• Inside the log only zero or negative numbers are exponenti-
ated, so there can be no overflow.

• If there is underflow inside the log we know that at least the
leading digits have been returned by the max.

Definition 62.12 Partition Π:
Given an interval r0, T s a sequence of values 0 ă t0 ă ¨ ¨ ¨ ă
tn ă T is called a partition Π pt0, . . . , tnq of this interval.

Asymptotic Complexity
1. O-Notation
3.1.1. Small op¨q Notation

Definition 62.13 Little o Notation:

fpnq “ opgpnqq ðñ lim
nÑ8

fpnq

gpnq
“ 0 (62.13)

3.1.2. Big Op¨q Notation
2. Basic Operations
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4. Rate Of Convergence

Definition 62.14 Rate of Convergence: Is a way to mea-
sure the rate of convergence of a sequence txpkquk P Rn to
a value to x˚. Let ρ P r0, 1s be the rate of convergence and
define:

lim
k ÞÑ8

∥∥xk`1 ´ x˚
∥∥∥∥xk ´ x˚
∥∥ “ ρ (62.14)

ðñ lim
k ÞÑ8

∥∥xk`1
´ x˚

∥∥ ď ρ

∥∥xpkq
´ x˚

∥∥ @k P N0

Definition 62.15 Linear/Exponential Convergence:
A sequence txpkquk P Rn converges linearly to x˚ if in the
asymptotic limit k Ñ 8 if it satisfies:

ρ P p0, 1q @k P N0 (62.15)

Definition 62.16 Superlinear Convergence:
A sequence txpkquk P Rn converges superlinear to x˚ if in the
asymptotic limit k Ñ 8 if it satisfies:

ρ “ 1 (62.16)

Definition 62.17 Sublinear Convergence:
A sequence txpkquk P Rn converges sublinear to x˚ if in the
asymptotic limit k Ñ 8 if it satisfies:

ρ “ 0 ðñ

∥∥xk`1
´ x˚

∥∥ “ o

ˆ∥∥xpkq
´ x˚

∥∥˙

(62.17)

Definition 62.18 Logarithmic Convergence:
A sequence txpkquk P Rn converges logarithmically to x˚ if it
converges sublinear [def. 62.17] and additoinally satisfies

ρ “ 0 ðñ

∥∥xk`2
´ xk`1

∥∥ “ o

ˆ∥∥xk`1
´ xk

∥∥˙

(62.18)

Exponetial Convergence

Linear convergence is sometimes called exponential conver-
gence. This is due to the fact that:
1. We often have expressions of the form:∥∥xk`1

´ x˚
∥∥ ď p1 ´ αq

loooomoooon

:“ρ

∥∥xpkq
´ x˚

∥∥
2. and that p1 ´ αq “ expp´αq from which follows that:

eq. (62.19) ðñ

∥∥xk`1
´ x˚

∥∥ ď e ´α
∥∥xpkq

´ x˚
∥∥

Definition 62.19 Convergence of order p: In order to
distinguish superlinear convergence we define the order of con-
vergence.
A sequence txpkquk P Rn converges superlinear with order
p P t2, . . .u to x˚ if it satisfies:

lim
k ÞÑ8

∥∥xk`1 ´ x˚
∥∥∥∥xpkq ´ x˚

∥∥p “ C C ă 1 (62.19)

Definition 62.20 Exponential Convergence: A sequence
txpkquk P Rn converges exponentially with rate ρ to x˚ if in
the asymptotic limit k Ñ 8 it satisfies:∥∥xk`1

´ x˚
∥∥ ď ρ

k
∥∥xpkq

´ x˚
∥∥ ρ ă 1 (62.20)∥∥xk`1

´ x˚
∥∥ P oˆ∥∥xpkq

´ x˚
∥∥˙

(62.21)

5. Basic Operations

Operation #mul/div #add/sub asymp. comp
Dot Prod. n n ´ 1 Opnq
Tensor Prod. nm 0 Opnmq
Matrix Prod. mnk mkpn ´ 1q Opnmkq
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Linear Systems of Equations
1. Direct Methods
6.1.1. Gaussian Elemination

Definition 62.21 Pivot Elements a11, a22, . . . , ann:
Are the diagonal elements of A P Rn,n that we use to zero
out the column below.

Definition 62.22 Row Echelon Matrix: Is a rectangular
matrix where:
• All non-zero rows are above any zero rows.
• Each pivot of a row has a larger column index then the

pivot of the row above.
• All entries below a pivot are zero.

Corollary 62.4 Reduced Form Row Echelon Matirx: Is
an echelon matrix[def. 62.22] where:
• The leading entry in each non-zero row equals 1.
• Each leading one is the only entry in its colmun.

Note
In case of square matrix this is a unit diagonal matrix.

Definition 62.23 197 CE
Gaussian Elimination A P Rn,n,Opn3q:
Is an algorithm to solve linear systems of equations:

Ax “ b ðñ

a11x1 ` a12x2 ` ` a1nxn “ b1
a21x1 ` a22x2 ` ` a2nxn “ b2

an1x1 ` an2x2 ` ` annxn “ bn

and consists of two steps:
1 Forward Elimination Opn3q – transforming A into an up-

per diagonal form
“

U|b1
‰

:
a11x1` a12x2 ` a13x2 ` ` a1nxn “ b1

a
p1q

22 x2 a
p1q

23 x3 ` ` a
p1q

2n xn “ b2

a
p2q

33 x3 ` ` a
p2q

2n xn “ b3

a
pn´1q
nn xn “ bn

2 Back Substitution Elimination Opn2q – calculating the
unknown’s x from U:

Gauss Jordan Elimination
Is in principle the same as Gauss elimination but reduce the
matrix into row-reduced echelon form[def. 62.22].
Forward Elimination

Algorithm 62.1 Forward Elimination:
Transforms Ax “ b into row-echelon form[def. 62.22]:

Given:
1: for k “ 1, . . . , n ´ 1 do
2: pivot Ð Apk, kq
3: for i “ k ` 1, . . . , n do
4: lik Ð

Api,kq

pivot
5: for j “ k ` 1, . . . , n do

a
pkq

ij
“ Api, jq “ Api, jq ´ likApk, jq

6: end for
b

pkq

i
“ bpiq “ bpiq ´ likbpkq

7: end for
8: end for

Corollary 62.5 Complexity:
n´1
ÿ

i“1

pn ´ 1qp2pn ´ iq ` 3q “ npn ´ 1q
ˆ 2

3
n `

7
6

˙

“ O
ˆ 2

3
n

3
˙

(62.22)

Backward Substitution

Algorithm 62.2 Backward Substitution:
Given U:

1: xn “
b

pn´1q
n

a
pn´1q
nn

2: for i “ n ´ 1, n ´ 2, . . . , 1 do
3:

xi “
b

pi´1q

i
´

řn
j“i`1 a

pi´1q

ij
xj

a
pi´1q

ii

4: end for

Corollary 62.6 Complexity:
n´1
ÿ

i“1

2pn ´ iq ` 1 “ O
´

n
2
¯

(62.23)

By Rank-1 Modifications
6.1.2. LU-Decomposition

Definition 62.24
LU Decomposition O

´

n3
¯

:
Decomposes a matrix A in an upper and lower triangular part
in order to solve a system of linear equations.
Given: PA “ LU we can compute:
1 Ly “ Pb
2 Ux “ y

Corollary 62.7 [proof ??]
LU decomposition Complexity:

2
3
n

3
`

1
3
n

2

Solving Multiple Systems of Equations
6.1.3. Symmetric Matrices
LDL-Decomposition

6.1.4. Symmetric Positive Definite Matrices

For linear systems with s.p.d.[def. 59.75] matrices A the
LU-decomposition[def. 62.24] simplifies to the Cholesky
Decomposition[def. 62.25].
Cholesky Decomposition

Definition 62.25
Cholesky Decomposition 1

3 O
´

n3
¯

:

Let A be a s.p.d.[def. 59.75] then it can be factorized into:
A “ GG⊺ with G :“ LD1{2 (62.24)

Corollary 62.8 [proof 62.5]
Cholesky decomposition Complexity:

1
3
n

3
`

1
3
n

2

2. Iterative Methods
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7. Non-linear Systems of Equations
1. Iterative Methods

Definition 62.26
General Non-linear System of Equations (NLSE) F :
Is a system of non-linear equations F (that do not satisfy
linearity??):
F :Ď Rn ÞÑ Rn seek to find x P Rn : F pxq “ 0 (62.25)

Definition 62.27 Stationary m-point Iteration ϕF :
Let n,m P R and let U Ď pRnqm “ Rn ˆ ¨ ¨ ¨ ˆ Rn be a set.
A function ϕ : U ÞÑ Rn, is called (m-point) iteration function
if it produces an iterative sequence

´

xpkq
¯

k
of approximate

solutions to eq. (62.25), using the m most recent iterates:
xpkq

“ ϕF

´

xpk´1q
, . . . ,xpk´mq

¯

(62.26)

Inital Guess xp0q
, . . . ,xpm´1q

Note
Stationary as ϕ does no explicitly depend on k.

Definition 62.28 Fixed Point x˚:
Is a point x˚ for which the sequence does not change any-
more:

x˚
“ ϕF

´

xpk´1q
, . . . ,xpk´mq

¯

with

xpk´1q “ x˚

xpk´mq “ x˚

(62.27)

7.1.1. Convergence
Question

Does the sequence
´

xpkq
¯

k
converge to a limit:

lim
kÑ8

xpkq
“ x˚ (62.28)

7.1.2. Consistency

Definition 62.29 Consistent m-point Iterative Method:
A stationary m-point method[def. 62.27] is consistent with a non-
lineary system of equations[def. 62.26] F iff:

F
´

x˚
¯

ðñ ϕF

´

x˚
, . . . ,x˚

¯

“ x˚ (62.29)

7.1.3. Speed of Convergence
2. Fixed Point Iterations m “ 1

Definition 62.30 Fixed Point Iteration: Is a 1-point
method ϕF : U Ă Rn ÞÑ Rn that seeks a fixed point x˚

to solve F pxq “ 0:
xpk`1q

“ ϕF

´

xpkq
¯

Inital Guess: xp0q (62.30)

Corollary 62.9 Consistency: If ϕF is continuous and
x˚ “ limkÑ8 xpkq then x˚ is a fixed point[def. 62.28] of ϕ.

Algorithm 62.3 Fixed Point Iteration:
Input: Inital Guess: xp0q

1: Rewrite F pxq “ 0 into a form of x “ ϕF pxq
Ź There exist many ways

2: for k “ 1, . . . , T do
3: Use the fixed point method:

xpk`1q
“ ϕF

´

xpkq
¯

(62.31)

4: end for
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8. Numerical Quadrature

Definition 62.31 Order of a Quadrature Rule:
The order of a quadrature rule Qn : C0 pra, bsq Ñ R is defined
as:
orderpQnq :“ max

!

n P N0 : Qnppq “Pba pptq dt @p P Pn
)

` 1
(62.32)

Thus it is the maximal degree+1 of polynomials (of degree
maximal degree) Pmaximal degree for which the quadrature
rule yields exact results.

Note
Is a quality measure for quadrature rules.
1. Composite Quadrature

Definition 62.32 Composite Quadrature:
Given a mesh M “ ta “ x0 ă x1 ă . . . ă xm “ bu apply a
Q.R. Qn to each of the mesh cells Ij :“ rxj´1, xj s @j “
1, . . . ,m fl p.w. Quadrature:

ż b

a
fptq dt “

m
ÿ

j“1

ż xj

xj´1
fptq dt “

m
ÿ

j“1

QnpfIj q (62.33)

Lemma 62.1 Error of Composite quadrature Rules:
Given a function f P Ckpra, bsq with integration domain:

m
ÿ

i“1

hi “ |b ´ a| for M “
␣

xj
(m
j“1

Let: hM “ maxj |xj , xj´1| be the mesh-width
Assume an equal number of quadrature nodes for each inter-
val Ij “ rxj´1, xj s of the mesh M i.e. nj “ n.
Then the error of a quadrature rule Qnpfq of order q is given
by:
ϵnpfq “ O

´

n
´ mintk,qu

¯

“ O
´

h
mintk,qu

M

¯

for nÑ 8

[cor. 54.6]
“ O

´

n
´q

¯

“ O
´

h
q
M

¯

with hM “
1
n

(62.34)

Definition 62.33 Complexity W : Is the number of func-
tion evaluations fl number of quadrature points.

W pQpfqnq “ #f-eval fl n (62.35)

Lemma 62.2 Error-Complexity W pϵnpfqq: Relates the
complexity to the quadrature error.
Assuming and quadrature error of the form :

ϵnpfq “ Opn´q
q ðñ ϵnpfq “ cn

´q
c P R`

the error complexity is algebraic (??) and is given by:

W pϵnpfqq “ Opϵ
1{q
n q “ O

´

q?ϵn

¯

(62.36)

Proof 62.1: lemma 62.2: Assume: we want to reduce the er-
ror by a factor of ϵn by increasing the number of quadrature
points nnew “ a ¨ nold.
Question: what is the additional effort (#f-eval) needed in
order to achieve this reduction in error?

c ¨ n
q
n

c ¨ n
q
o

“
1
ϵn

ñ nn “ no ¨ q
?
ϵn “ Op q

?
ϵnq (62.37)

8.1.1. Simpson Integration

Definition 62.34 Simpson Integration:
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Filtering Algorithms
10. Signals

Definition 62.35 Time Discrete Signal: Is a bounded
sequence[def. 51.2] `

xj
˘

jPZ l
8pZq.

Definition 62.36 Sampling:

Corollary 62.10 Finite Time Discrete Signal:

11. Channels/Filters

Definition 62.37 F
Channel/Filter:
Is a mapping of signals to signals F ::

F : l8 pZq ÞÑ l
8
pZq (62.38)

Property 62.1 Finite Channel/Filter: A filter F :
l8 pZq ÞÑ l8 pZq

Property 62.2 Causal Channel/Filter:

Explanation 62.3. The response cannot start before the signal
has been feed into the filter.

Definition 62.38 Sm
Time Shift Operator:

Property 62.3 Time-invariant Channel/Filter:

Explanation 62.4. The response of the filter should not de-
pend at which time we pass the signal to the filter.

Property 62.4 Linear Channel/Filter:

Definition 62.39
Linear Time-invariant Finite Input Response Filter
LT-FIR:
1. Impulse Responses

Definition 62.40 Impulse:

Definition 62.41 Impulse Response h:

Corollary 62.11 [proof 62.2]
Signal in terms of Impulse Responses: We can write any
arbitrary discrete signal as weighted sum of time shifted im-
pulses:

F
`

xj
˘

“ (62.39)
`

F
`

xj
˘˘

j
“ (62.40)

Proof 62.2 [cor. 62.11]:
2. Discrete Convolution

Definition 62.42 LT-FIR formula:

Proofs

Proof 62.3 Log Sum Trickformula 62.1:

LSE “ log
`

n
ÿ

i“1

e
xi

˘

“ log
`

n
ÿ

i“1

e
xi´a

e
a˘

“ log
`

e
a
n
ÿ

i“1

e
xi´a˘

“ log
`

n
ÿ

i“1

e
xi´a˘

` logpeaq

“ log
`

n
ÿ

i“1

e
xi´a˘

` a

Proof 62.4 LU-Complexity[cor. 62.7]:
For eliminating the first column we need to eliminate n ´ 1
rows by n additions and n multiplications which equals pn ´
1q2n. For the second column we need for n´ 2 rows n´ 1 ad-
ditions and n´ 1 multiplications which equals pn´ 2q2pn´ 1q
thus to eliminate all n columns we have:

n
ÿ

i“1

pn ´ i ` 1q ¨ 2pn ´ iq

using the index l “ n ´ i ` 1 we can write this as:
n
ÿ

i“1

pn ´ i ` 1q ¨ 2pn ´ iq “2
n
ÿ

l“0

pj ` 1q ¨ pjq “ 2
n
ÿ

l“0

j
2
` 1

“2
ˆ 1

3
n

3
´

1
3
n

˙

Proof 62.5 Cholesky Complexity[cor. 62.8]: U and L “are
the same” as we have a s.p.d. matrix s.t. we can sim-
ply half the forward elimination complexity of the LU-
decomposition[cor. 62.7]:

1
2

2
3
n

3
`

1
3
n

2 (62.41)
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Optimization
Definition 63.1 Fist Order Method: A first-order method
is an algorithm that chooses the k-th iterate in

x0 ` spant∇fpx0q, . . .∇fpxk´1qu @k “ 1, 2, . . . (63.1)

Note
Gradient descent is a first order method
1. Linear Optimization
1. Polyhedra

Definition 63.2 Polyhedron: Is a set P P Rn that can be
described by the finite intersection of m closed half spaces??:

P “
␣

x P Rn |Ax ď b
(

“
␣

x P Rn |ajx ď bj , j “ 1, . . . ,m
(

A P Rmˆn b P Rm (63.2)

1.1.1. Polyhedral Function

Definition 63.3 Epigraph/Subgraph epi(f):

The epigraph of a function f P Rn ÞÑ R is
defined as the set of point that lie above
its gaph:

epipfq :“
␣

px, yq P Rn |y ě fpxq
(

Ď Rn`1

(63.3)

fpxqepipfq

x

y

Definition 63.4 Polyhedral Function: A function f
is polyhedral if its epigraph epipfq[def. 63.3] is a polyhedral
set[def. 63.2]:

f is polyhedral ðñ epipfq is polyhedral (63.4)

2. Lagrangian Optimization Theory

Definition 63.5 (Primal) Constraint Optimization:
Given an optimization problem with domain Ω Ď Rd:

min
wPΩ

fpwq

s.t. gipwq ď 0 1 ď i ď k
hjpwq “ 0 1 ď j ď m

Definition 63.6 Lagrange Function:
L pα, β,wq :“ fpwq ` αgpwq ` βhpwq (63.5)

Extremal Conditions

∇ L pxq
!
“ 0 Extremal point x˚

B

Bβ
L pxq “ hpxq

!
“ 0 Constraint satifisfaction

For the inequality constraints gpxq ď 0 we distinguish two
situations:
Case I : gpx˚

q ă 0 switch const. off
Case II : gpx˚

q ě 0 optimze using active eq. constr.
B

Bα
L pxq “ gpxq

!
“ 0 Constraint satifisfaction

Definition 63.7 Lagrangian Dual Problem: Is given by:
Find max θpα, βq “ inf

wPΩ
L pw, α, βq

s.t. αi ě 0 1 ď i ď k

Solution Strategy

1. Find the extremal point w˚ of L pw, α, βq:
BL

Bw

ˇ

ˇ

ˇ

ˇ

w“w˚

!
“ 0 (63.6)

2. Insert w˚ into L and find the extremal point β˚ of
the resulting dual Lagrangian θpα, βq for the active con-
straints:

Bθ

Bβ

ˇ

ˇ

ˇ

ˇ

β“β˚

!
“ 0 (63.7)

3. Calculate the solution w˚pβ˚q of the constraint mini-
mization problem.

Value of the Problem

Value of the problem: the value θpα˚, β˚q is called the
value of problem pα˚, β˚q.

Theorem 63.1 Upper Bound Dual Cost: Let w P Ω be a
feasible solution of the primal problem [def. 63.5] and pα, βq a
feasible solution of the respective dual problem [def. 63.7].
Then it holds that:

fpwq ě θpα, βq (63.8)

Proof 63.1:
θpα, βq “ inf

uPΩ
L pu, α, βq ď L pw, α, βq

“ fpwq `
k
ÿ

i“1

αi
loomoon

ě0

gipwq
loomoon

ď0

`

m
ÿ

j“

βj hjpwq
looomooon

“0
ď fpwq

Corollary 63.1 Duality Gap Corollary: The value of the
dual problem is upper bounded by the value of the primal
problem:

sup tθpα, βq : α ě 0u ď inf tfpwq : gpwq ď 0,hpwq “ 0u
(63.9)

Theorem 63.2 Optimality: The triple pw˚, α˚, β˚q is a
saddle point of the Lagrangian function for the primal prob-
lem, if and only if its components are optimal solutions of the
primal and dual problems and if there is no duality gap, that
is, the primal and dual problems having the same value:

fpw˚
q “ θpα

˚
, β

˚
q (63.10)

Definition 63.8 Convex Optimization: Given: a convex
function f and a convex set S solve:

min fpxq (63.11)
s.t. x P S

Often S is specified using linear inequalities:
e.g. S “

!

x P Rd : Ax ď b
)

Theorem 63.3 Strong Duality: Given an convex optimiza-
tion problem:

min
wPΩ

fpwq

s.t. gipwq ď 0 1 ď i ď k
hjpwq “ 0 1 ď j ď m

where gi, hi can be written as affine functions: ypwq “
Aw ´ b.
Then it holds that the duality gap is zero and we obtain an
optimal solution.

Theorem 63.4 Kuhn-Tucker Conditions: Given an opti-
mization problem with convex domain Ω Ď Rd,

min
wPΩ

fpwq

s.t. gipwq ď 0 1 ď i ď k
hjpwq “ 0 1 ď j ď m

with f P C1 convex and gi, hi affine.
Necessary and sufficient conditions for a normal point w˚

to be an optimum are the existence of α˚, β˚ s.t.:
BL pw, α, βq

Bw
!
“ 0

BL pw˚, α, βq

Bβ

!
“ 0 (63.12)

under the condtions that:
• @i1, . . . , k α˚

i
gipw˚q “ 0, s.t.:

• Inactive Constraint: gipw˚q ă 0 Ñ αi “ 0.
• Active Constraint:

gipw
˚
q ­ă 0 Ñ αi ě 0 s.t. α

˚
i
gipw

˚
q “ 0

Consequence

We may become very sparce problems, if a lot of constraints
are not actice ðñ αi “ 0.
Only a few points, for which αi ą 0 may affact the decision
surface.
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Combinatorics
Permutations

Definition 64.1 Permutation: A n-Permutation is the
(re)arrangement of n elements of a set[def. 50.1] S of size n “ |S|
into a sequences[def. 51.2] – order does matter.

Definition 64.2 Number of Permutations of a Set n!:
Let S be a set[def. 50.1] n “ |S| distinct objects. The number
of permutations of S is given by:

PnpSq “ n! “
n´1
ź

i“0

pn ´ iq “ n ¨ pn ´ 1q ¨ pn ´ 2q ¨ . . . ¨ 1

(64.1)

Explanation 64.1. If we have i.e. three distinct elements { ,
, } For the first element that we arrange we have three pos-

sible choices where to put it. However this reduces the number
of possible choices for the second element to only two. Conse-
quently for the last element we have no choice left.

3 possibilities left

2 possibilities left

1 possibilities left

Definition 64.3
Number of Permutations of a Multiset:
Let S be a multi set[def. 50.3] with n “ |S| total and k distinct
objects. Let nj be the multiplicity[def. 50.4] of the member
j P t1, . . . , ku of the multiset S. The permutation of S is
given by:

Pn1,...,nk pSq “
n!

n1! ¨ . . . ¨ nk
s.t.

k
ÿ

j“1

nj ď n k ă n

(64.2)

Note
We need to divide by the permutations as sequence/order does
not change if we exchange objects of the same kind (e.g. red
ball by red ball) ñ less possibilities to arrange the elements
uniquely.

Picking things from a bag
1. Combinations

Definition 64.4 k-Combination:
A k-combination of a set S of distinct elements of size n “ S
is a subset Sk (order does not matter) of k “ |S

k
|, chosen

from S.
Note
Thus unlike in a permutation we just care about what we pick
and not how it ends up beeing arranged.

Definition 64.5 Number of k-Combinations Cn,k:
The number of k-combinations of a set S of size n “ S is
given by n choose k:

Cn,k “

ˆ

n

k

˙

“
n!

k!pn ´ kq!
(64.3)

2. Variation

Definition 64.6 Variation:
A k-variation of a set S of size n “ S is
1. a selection/combination[def. 64.4] of a subset Sk (order does

not matter) of k-distinct elements k “ |S
k

|, chosen from S
2. and an k arrangement/permutation[def. 64.2] of that subset

S
k

(with or without repetition) into a sequence[def. 51.2]

Definition 64.7
Number of Variations without repetitions V n

k
:

Let S be a set[def. 50.1] n “ |S| distinct objects from which we
choose k elements. The number of variations of size k “ |Sk|
of the set S without repetitions is given by:

V
n
k pSq “

ˆ

n

k

˙

k! “
n!

pn ´ kq!
(64.4)

Note
Sometimes also denotes as Pn

k
.

Definition 64.8
Number of Variations with repetitions sV n

k
:

Let S be a set[def. 50.1] n “ |S| distinct objects from which we
choose k elements. The number of variations of size k “ |Sk|
of the set S from which we choose and always return is given
by:

sV
n
k pSq “ n

k (64.5)
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Stochastics
Definition 64.9 Stochastics: Is a collective term for the
areas of probability theory and statistics.

Definition 64.10 Statistics: Is concerned with the anal-
ysis of data/experiments in order to draw conclusion of the
underlying governing models that describe these experiments.

Definition 64.11 Probability: Is concerned with the quan-
tification of the uncertainty of random experiments by use of
statistical models. Hence it is the opposite of statistics.

Definition 64.12 Probability: Probability is the measure
of the likelihood that an event will occur in a Random Ex-
periment. Probability is quantified as a number between 0
and 1, where, loosely speaking, 0 indicates impossibility and
1 indicates certainty.

Note: Stochastics vs. Stochastic
Stochasticss is a noun and is a collective term for the areas
of probability theory and statistics, while stochastic is a ad-
jective, describing that a certain phenomena is governed by
uncertainty i.e. a process.

Probability Theory
Definition 65.1 Probability Space W “ tΩ,F, Pu:
Is the unique triple tΩ,F, Pu, where Ω is its sample space, F
its σ-algebra of events, and P its probability measure.

Definition 65.2 [example 65.1]
Sample Space Ω:
Is the set of all possible outcomes (elementary events [cor. 65.5])
of an experiment.

Definition 65.3 [example 65.2]
Event A:
An “event” is a subset of the sample space Ω and is a prop-
erty which can be observed to hold or not to hold after the
experiment is done.
Mathematically speaking not every subset of Ω is an event
and has an associated probability.
Only those subsets of Ω that are part of the corresponding
σ-algebra F are events and have their assigned probability.

Corollary 65.1 : If the outcome ω of an experiment is in the
subset A, then the event A is said to “have occured”.

Corollary 65.2 Complement Set AC:
is the contrary event of A.

Corollary 65.3 The Union Set A Y B:
Let A,B be two events. The event “A or B” is interpreted as
the union of both.

Corollary 65.4 The Intersection Set A X B:
Let A,B be two events. The event “A and B” is interpreted
as the intersection of both.

Corollary 65.5 The Elementary Event ω:
Is a “singleton”, i.e. a subset tωu containing a single outcome
ω of Ω.

Corollary 65.6 The Sure Event Ω:
Is equal to the sample space as it contains all possible ele-
mentary events.

Corollary 65.7 The Impossible Event H:
The impossible event i.e. nothing is happening is denoted by
the empty set.

Definition 65.4 The Family of All Events A/2Ω:
The set of all subset of the sample space Ω called family of all
events is given by the power set of the sample space A “ 2Ω

(for finite sample spaces).

Definition 65.5 Probability PpAq:
Is a number associated with every A, that measures the like-
lihood of the event to be realized “a priori”. The bigger the
number the more likely the event will happen.
1. 0 ď PpAq ď 1
2. PpΩq “ 1
3. If A X B “ H then PpA Y Bq “ PpAq ` PpBq

Note
We can think of the probability of an event A as the limit of
the "frequency" of repeated experiments:

PpAq “ lim
nÑ8

δnpAq

n
where δpAq “

#

1 if ω P A
0 if ω R A

1. Sigma Algebras

Definition 65.6 [Proof 65.3]
Sigma Algebra σ:
A set F of subsets of Ω is called a σ-algebra on Ω if the fol-
lowing properties apply
• Ω P F and H P F
• If A P F then ΩzA “ AC P F:

The complementary subset of A is also in Ω.
• For all Ai P F :

Ť

i“1 Ai P F

Explanation 65.1 ([def. 65.6]). The σ-algebra determines what
events we can measure, it represents all of the possible events of
the experiment that we can detect.
Thus the sigma algebra is a mathematical construct that tells us
how much information we obtain once we conduct some experi-
ment.

Corollary 65.8 Fmin: F “ tH,Ωu is the simplest σ-algebra,
telling us only if an event happened ω P Ω happened or not
but not which one.

Corollary 65.9 Fmax: F “ 2Ω consists of all subsets of Ω
and thus corresponds to full information i.e. we know if and
which event happened.

Definition 65.7 Measurable Space
␣

Ω,F
(

:
Is the pair of a set and sigma algebra i.e. a sample space and
sigma algebra tΩ,Fu.

Corollary 65.10 F-measurable Event Ai P F:
The measurable events Ai of F are called F-measurable or
measurable sets.

Definition 65.8 [Example 65.4]
Sigma Algebra generated by a subset of Ω σpCq:
Let C be a class of subsets of Ω. The σ-algebra generated
by C, denoted by σpCq, is the smallest sigma algebra F that
included all elements of C.

Definition 65.9 [Example 65.5]
Borel σ-algebra BpRq:
The Borel σ-algebra BpRq is the smallest σ-algebra contain-
ing all open intervals in R. The sets in contained in BpRq are
called Borel sets.
The extension to the multi-dimensional case, BpRnq, is
straightforward.
For all real numbers a, b P R, BpRq contains various sets.

Why do we need Borel Sets

So far we only looked at atomic events ω, with the help of
sigma algebras we are now able to measure continuous events
s.a. r0, 1s.

Definition 65.10 Borel Set:

Corollary 65.11 Generating Borel σ-Algebra[Proof 65.1]:
The Borel σ-algebra of R is generated by intervals of the form
p´8, as, where a P Q (Q “rationals).

Definition 65.11 (P)-trivial Sigma Algebra:
is a σ-algebra F for which each event has a probability of zero
or one:

PpAq P t0, 1u @A P F (65.1)

Interpretation

A trivial sigma algebra means that all events are almost surely
constant and that there exist no non-trivial information.
An example of a trivial sigma algebra is Fmin “ tΩ,Hu.

2. Measures

Definition 65.12 Measure µ:
A measure defined on a measurable space tΩ,Fu is a func-
tion/map:

µ : F ÞÑ r0,8s (65.2)
for which holds:
• µpHq “ 0
• countable additivity [def. 65.13]

Definition 65.13 Countable/σ-Additive Function:
Given a function µ defined on a σ-algebra F.
The function µ is said to be countable additive if for every
countable sequence of pairwise disjoint elements pFiqiě1 of
F it holds that:

µ

¨

˝

8
ď

i“1

Fi

˛

‚“

8
ÿ

i“1

µpFiq for all Fj X Fk “ H @j ‰ k

(65.3)

Corollary 65.12 Additive Function: A function that sat-
isfies countable additivity, is also additive, meaning that for
every F,G P F it holds:

F XG “ H ùñ µpF YGq “ µpF q ` µpGq (65.4)

Explanation 65.2. If we take two events that cannot occur si-
multaneously, then the probability that at least one of the events
occurs is just the sum of the measures (probabilities) of the orig-
inal events.

Definition 65.14 [Example 65.6]
Equivalent Measures µ „ ν:
Let µ and ν be two measures defined on a measurable
space[def. 65.7] pΩ,Fq. The two measures are said to be equiv-
alent if it holds that:

µpAq ą 0 ðñ νpAq ą 0 @A Ď F (65.5)
this is equivalent to µ and ν having equivalent null sets:

Nµ “ Nν
Nµ “ tA P A|µpAq “ 0u
Nν “ tA P A|νpAq “ 0u (65.6)

Definition 65.15 Measure Space tF,Ω, µu:
The triplet of sample space, sigma algebra and a measure is
called a measure space.
1. Borel Measures

Definition 65.16 Borel Measure: A Borel Measure is
any measure[def. 65.12] µ defined on the Borel σ-algebra[def. 65.9]

BpRq.
2.1.1. The Lebesgue Measure

Definition 65.17 Lebesgue Measure on B λ:
Is the Borel measure[def. 65.16] defined on the measurable space
tR,BpRqu which assigns for every half-open interval pa, bs in-
terval its length:

λppa, bsq :“ b ´ a (65.7)

Corollary 65.13 Lebesgue Measure of Atomitcs:

• The Lebesgue measure of a set containing only one point
must be zero:

λptauq “ 0 (65.8)
• The Lebesgue measure of a set containing countably many

points A “ ta1, a2 . . . , anu must be zero:

λpAq `

n
ÿ

i“1

λptaiuq “ 0 (65.9)

• The Lebesgue measure of a set containing uncountably
many points A “ ta1, a2 . . . , u can be either zero, posi-
tive and finite or infinite.

3. Probability/Kolomogorov’s Axioms 1931

One problem we are still having is the range of µ, by stan-
dardizing the measure we obtain a well defined measure of
events.

Axiom 65.1 Non-negativity: The probability of an event
is a non-negative real number:

If A P F then PpAq ě 0 (65.10)

Axiom 65.2 Unitairity: The probability that at least one of
the elementary events in the entire sample space Ω will occur
is equal to one:

The certain event PpΩq “ 1 (65.11)

Axiom 65.3 σ-additivity: If A1, A2, A3, . . . P F are mutu-
ally disjoint, then:

P

¨

˝

8
ď

i“1

Ai

˛

‚“

8
ÿ

i“1

µpAiq (65.12)

Corollary 65.14 : As a consequence of this it follows:
PpHq “ 0 (65.13)

Corollary 65.15 Complementary Probability:
PpAC

q “ 1 ´ PpAq with A
C
“ Ω ´ A (65.14)

Definition 65.18 Probability Measure P:
a probability measure is function P : F ÞÑ r0, 1s defined on a
σ-algebra F of a sample space Ω that satisfies the probability
axioms.
4. Conditional Probability

Definition 65.19 Conditional Probability: Let A,B be
events, with PpBq ‰ 0. Then the conditional probability of
the event A given B is defined as:

PpA|Bq “
PpA X Bq

P pBq
P pBq ‰ 0 (65.15)

5. Independent Events

Theorem 65.1
Independent Events: Let A,B be two events. A and B are
said to be independent iffy:

PpA X Bq “ PpAqPpBq
PpA|Bq “ PpAq, PpBq ą 0
PpB|Aq “ PpBq, PpAq ą 0

(65.16)

Note

The requirement of no impossible events follows from [def. 65.19]

Corollary 65.16 Pairwise Independent Evenest:
A finite set of events tAiuni“1 P A is pairwise independent if
every pair of events is independent:

PpAi X Ajq “ PpAiq X PpAjq i ‰ j, @i, j P A (65.17)

Corollary 65.17 Mutal Independent Evenest:
A finite set of events tAiuni“1 P A is mutal independent if ev-
ery event Aj is independent of any intersection of the other
events:

P

¨

˝

k
č

i“i

Bi

˛

‚“

k
ź

i“1

P pBiq
@ tBiu

k
i“1 Ď tAiu

n
i“1

k ď n, tAiu
n
i“1 P A

(65.18)

6. Product Rule

Law 65.1 Product Rule: Let A, B be two events then the
probability of both events occurring simultaneously is given
by:

PpA X Bq “ PpB|AqPpAq “ PpA|BqPpBq (65.19)
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Law 65.2
Generalized Product Rule/Chain Rule: is the general-
ization of the product rule?? to n events tAiuni“1

P

¨

˝

k
č

i“i

Ei

˛

‚“

n
ź

k“1

P

¨

˝Ek

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

k´1
č

i“i

Ei

˛

‚“ (65.20)

“ PpEn|En´1 X . . . X E1q ¨ PpEn´1|En´2 X . . . X E1q ¨ ¨ ¨
¨ ¨ ¨PpE3|E2 X E1qPpE2|E1qPpE1q

7. Law of Total Probability

Definition 65.20 Complete Event Field: A complete
event field tAi : i P I Ď Nu is a countable or finite partition of
Ω that is the partitions tAi : i P I Ď Nu are a disjoint union
of the sample space:

ď

iPI

Ai “ Ω Ai X Aj “ H i ‰ j, @i, j P I (65.21)

Theorem 65.2
Law of Total Probability/Partition Equation:
Let tAi : i P Iu be a complete event field[def. 65.20] then it holds
for B P B:

PpBq “
ÿ

iPI

PpB|AiqPpAiq (65.22)

8. Bayes Theorem

Law 65.3 Bayes Rule: Let A,B be two events s.t. PpBq ą 0
then it holds:

PpA|Bq “
PpB|AqPpAq

PpBq
PpBq ą 0 (65.23)

follows directly fromeq. (65.19).

Theorem 65.3 Bayes Theorem: Let tAi : i P Iu be a com-
plete event field[def. 65.20] and B P B a random event s.t.
PpBq ą 0, then it holds:

PpAj |Bq “
PpB|AjqPpAjq

ř

iPI PpB|AiqPpAiq
(65.24)

proof ?? 65.2

Distributions on R
1. Distribution Function

Definition 65.21 Distribution Function of P F :
The distribution function F induced by a a probability mea-
sure P on pR,Bq is the function:

F pxq “ P pp8, xsq (65.25)

Theorem 65.4 : A function F is the distribution function of
a (unique) probability on pR,Bq iff:
• F is non-decreasing
• F is right continuous
• limxÑ´8 F pxq “ 0 and limxÑ`8 F pxq “ 1

Corollary 65.18 : A probability P is uniquely determined
by a distribution function F
That is if there exist another probability Q s.t.

Gpxq “ Q pp´8, xsq
and if F “ G then it follows P “ Q.

2. Random Variables

A random variable X is a function/map that determines a
quantity of interest based on the outcome ω P Ω of a random
experiment. Thus X is not really a variable in the classical
sense but a variable with respect to the outcome of an exper-
iment. Its value is determined in two steps:
1 The outcome of an experiment is a random quantity ω P Ω
2 The outcome ω determines (possibly various) quantities

of interests ðñ random variables
Thus a random variable X, defined on a probability space
tΩ,F, Pu is a mapping from Ω into another space E, usually
E “ R or E “ Rn:

X : Ω ÞÑ E ω ÞÑ Xpωq

Let now E P E be a quantity of interest, in order to quantify
its probability we need to map it back to the original sample
space Ω:

PX pEq
looomooon

Probability for an event in E

“ Pptω : Xpωq P Euq “ PpX P Eq “

Probability for an event in Ω
hkkkkkkkkikkkkkkkkj

P
´

X
´1
pEq

¯

Definition 65.22 E-measurable function: Let pE, Eq and
pF,Fq be two measurable spaces. A function f : E ÞÑ F is
called measurable (relative to E and F) if

@B P F : f
´1
pBq “ tω P E : fpωq P Bu P E (65.26)

E F

B
f´1pBq

f

Interpretation

The pre-image[def. 54.11] of B under f i.e. f´1pBq maps all val-
ues of the target space F back to the sample space E (for all
possible B P F).

Definition 65.23 Random Variable: A real-valued ran-
dom variable (vector) X, defined on a probability space
tΩ, E, Pu is an E-measurable function mapping, if it maps its
sample space Ω into a target space pF,Fq:

X : Ω ÞÑ F pFnq (65.27)

Since X is E-measurable it holds that X´1 : F ÞÑ E
Ω, P

R, PX
B

X´1pBq

Xpωq
ω

Corollary 65.19 : Usually F “ R, which usually amounts to
using the Borel σ-algebra B of R.

Corollary 65.20 Random Variables of Borel Sets: Given
that we work with Borel σ-algebras then the definition of a
random variable is equivalent to (due to [cor. 65.11]):

X
´1
pBq “ X

´1
pp´8, asq

“ tω P Ω : Xpωq ď au P E @a P R (65.28)

Definition 65.24
Realization of a Random Variable x “ Xpωq: Is the
value of a random variable that is actually observed after an
experiment has been conducted. In order to avoid confusion
lower case letters are used to indicate actual observations/re-
alization of a random variable.

Corollary 65.21 Indicator Functions IApωq:
An important class of measurable functions that can be used
as r.v. are indicator functions:

IApωq “

#

1 if ω P A
0 if ω R A

(65.29)

We know that a probability measure P on R is characterized
by the quantities Ppp´8, asq. Thus the quantities.

Corollary 65.22 : Let pF,Fq “ pR,Bq and let pE, Eq be an
arbitrary measurable space. Let X be a real value function
on E.
Then it holds that X is measurable if and only if
tX ď au “ tω : Xpωq ď au “ X

´1
pp´8, asq P E, @a P R

or tXăau P E.

Explanation 65.3 ([cor. 65.22]). A random variable is a func-
tion that is measurable if and only if its distribution function is
defined.
3. The Law of Random Variables

Definition 65.25 Law/Distribution of X L pXq:
Let X be a r.v. on tΩ,F, Pu, with values in pE, Eq, then the
distribution/law of X is defined as:

P : B ÞÑ r0, 1s (65.30)
PX pBq “ P tX P Bu “ Ppω : Xpωq P Bq @b P E

Note

• Sometimes PX is also called the image of P by X
• The law can also be written as:

PX pBq “ PpX´1
pBqq “ pP ˝X´1

qpBq

Theorem 65.5 : The law/distribution of X is a probability
measure P on pE, Eq.

Definition 65.26
(Cumulative) Distribution Function FX :
Given a real-valued r.v. then its cumulative distribution func-
tion is defined as:

FX pxq “ PX pp´8, xsq “ PpX ď xq (65.31)

Corollary 65.23 : The distribution of PX of a real valued
r.v. is entirely characterized by its cumulative distribution
function FX [def. 65.33].

Property 65.1:
PpX ą xq “ 1 ´ FX pxq (65.32)

Property 65.2: Probability of X P ra, bs
Ppa ă X ď Bq “ FX pbq ´ FX paq (65.33)

4. Probability Density Function

Definition 65.27 Continuous Random Variable: Is a r.v.
for which a probability density function fX exists.

Definition 65.28 Probability Density Function: Let X
be a r.v. with associated cdf FX . If FX is continuously in-
tegrable for all x P R then X has a probability density fX
defined by:

FX pxq “

ż x

´8
fX pyq dy (65.34)

or alternatively:

fX pxq “ lim
ϵÑ0

Ppx ď X ď x ` ϵq

ϵ
(65.35)

Corollary 65.24 PpX “ bq “ 0, @b P R:

PpX “ bq “ lim
aÑb

Ppa ă X ď bq “ lim
aÑb

ż b

a
fpxq “ 0 (65.36)

Corollary 65.25 : From [cor. 65.24] it follows that the exact
borders are not necessary:

Ppa ă X ă bq “ Ppa ď X ă bq
“ Ppa ă X ď bq “ Ppa ď X ăď bq

Corollary 65.26 :
ż

8

´8
fpxq dx “ 1 (65.37)

Notes
• Often the cumulative distribution function is referred to as

“cdf” or simply distribution function.
• Often the probability density function is referred to as “pdf”

or simply density.
5. Lebesgue Integration
Problems of Riemann Integration

• Difficult to extend to higher dimensions – general domains
of definitions f : Ω ÞÑ R

• Depends on continuity
• Integration of limit processes require strong uniform con-

vergence in order to integrate limit processes
lim
nÑ8

ż

fpxq dx str. u.c.
“

ż

lim
nÑ8

fpxq dx

Uppq “
ř

i suppfpxiqq ¨∆xi
nÑ8
ÝÝÝÝÑ

ş

f dx

fpxq

a b
x

∆xi
Idea
Partition domain by function values of equal size i.e. values
that lie within the same sets/have the same value Aj build
up the partitions w.r.t. to the variable x.
Problem: we do not know how big those sets/partitions on
the x-axis will be.
Solution: we can use the measure µ of our measure space
tΩ,A, µu in order to obtain the size of our sets Aj ñ we
do not have to care anymore about discontinuities, as we can
measure the size of our sets using our measure.

Aj

ř

i ci ¨ µpAiq
nÑ8
ÝÝÝÝÑ

ş

f dµ

fpxq

x

cj

Definition 65.29 Lebesgue Integral:

lim
nÑ8

n
ÿ

i“1

ciµpAiq “

ż

Ω
f dµ

fpxq « ci

@x P Ai
(65.38)

Definition 65.30
Simple Functions (Random Variables): A r.v. X is called
simple if it takes on only a finite number of values and hence
can be written in the form:

X “

n
ÿ

i“1

ai1Ai ai P R A Q Ai “

#

1 if tX “ aiu

0 else

(65.39)

6. Independent Random Variables

We have seen that two events A and B are independent if
knowledge that B has occurred does not change the probabil-
ity that A will occur theorem 65.1.
For two random variables X, Y we want to know if knowledge
of Y leaves the probability of X, to take on certain values
unchanged.

Definition 65.31 Independent Random Variables:
Two real valued random variables X and Y are said to be
independent iff:

PpX ď x|Y ď yq “ PpX ď xq @x, y P R (65.40)
which amounts to:
FX,Y px, yq “ P ptX ď xu X tY ď yuq “ P pX ď x, Y ď yq

“ FX pxqFY pyq @x, y P R (65.41)
or alternatively iff:
PpX P A, Y P Bq “ PpX P AqPpY P Bq @A,B P B (65.42)
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Note
If the joint distribution FX,Y px, yq can be factorized into two
functions of x and y then X and Y are independent.

Definition 65.32
Independent Identically Distributed:

10. Product Rule

Law 65.4 Product Rule: Let X, Y be two random variables
then their jo

Law 65.5
Generalized Product Rule/Chain Rule:

11. Change Of Variables Formula

Formula 65.1
(Scalar Discret) Change of Variables: Let X be a discret
rv X P X with pmf pX and define Y P Y as Y “ gpxq s.t.
Y “ ty|y “ gpxq, @x P Xu. Where g is an arbitrary strictly
monotonic ([def. 54.14]) function.
Let: Xy “ xi be the set of all xi P X s.t. y “ gpxiq.
Then the pmf of Y is given by:

pY pyq “
ÿ

xiPXy

pX pxiq “
ÿ

xPY:gpxq“y

pX pxq (65.43)

see proof ?? 65.3

Formula 65.2
(Scalar Continuous) Change of Variables:
Let X „ fX be a continuous r.v. and let g be an arbitrary
strictly monotonic[def. 54.14] function.
Define a new r.v. Y as

Y “ ty|y “ gpxq, @x P Xu (65.44)
then the pdf of Y is given by:

fY pyq “ fX pxq

∣∣∣ dx
dy

∣∣∣ “ fX pxq

∣∣∣ d
dy

´

g
´1
pyq

¯

∣∣∣ (65.45)

“ fX pxq
1∣∣ dy

dx

∣∣ “ fX pg
´1pyqq∣∣ dg

dx pg
´1pyqq

∣∣ (65.46)

Formula 65.3
(Continuous) Change of Variables:
Let X “ tX1, . . . , Xnu „ fX be a continuous random vector
and let g be an arbitrary strictly monotonic[def. 54.14] function

g : Rn ÞÑ Rm

Define a new r.v. Y as
Y “ ty|y “ gpxq, @x P Xu (65.47)

and let hpxq :“ gpxq´1 then the pdf of Y is given by:
fY pyq “ fX px1, . . . , xnq ¨ |J|

“ fX ph1pyq, . . . , hnpyqq ¨ |J|
“ fX pyq|detDxhpxq|

ˇ

ˇ

ˇ

x“y

“ fX pg
´1
pyqq

∣∣∣det
ˆ

Bg

Bx

˙

∣∣∣´1
(65.48)

where J “ detDh is the Jaccobian[def. 55.6].
See also proof ?? 65.6 and example 65.8

Note
A monotonic function is required in order to satisfy inevitabil-
ity.

Probability Distributions on Rn

13. Joint Distribution

Definition 65.33
Joint (Cumulative) Distribution Function FX:
Let X “

`

X1 Xn
˘

be a random vector in Rn, then its
cumulative distribution function is defined as:

FXpxq “ PX pp´8,xsq “ PpX ď xq
“ PpX1 ď x1, . . . Xn ď xnq (65.49)

Definition 65.34 Joint Probability Distribution:
Let X “

`

X1 Xn
˘

be a random vector in Rn with asso-
ciated cdf FX. If FX is continuously integrable for all x P R
then X has a probability density fX defined by:

FX pxq “

ż xn

´8
¨ ¨ ¨

ż x1

´8
fXpy1, . . . , ynq dy1 dyn (65.50)

or alternatively:

fXpxq “ lim
ϵÑ0

Ppx1 ď X1 ď x1 ` ϵ, . . . , xn ď Xn ď xn ` ϵq

ϵ

(65.51)

1. Marginal Distribution

Definition 65.35 Marginal Distribution:

14. The Expectation

Definition 65.36 Expectation:

E rXs “
ż

Ω
XpωqPpdωq “

ż

Ω
X dP (65.52)

Corollary 65.27 Expectation of simple r.v.:
If X is a simple[def. 65.30] r.v. its expectation is given by:

E rXs “
n
ÿ

i“1

aiPpAiq (65.53)

1. Properties
14.1.1. Linear Operators
14.1.2. Quadratic Form

Definition 65.37 proof 65.7
Expectation of a Quadratic Form:
Let ϵ P Rn be a random vector with E rϵs “ µ and V rϵs “ Σ:

E
“

ϵ
⊺Aϵ

‰

“ tr pAΣq ` µ
⊺Aµ (65.54)

2. The Jensen Inequality

Theorem 65.6 Jensen Inequality: Let X be a random vari-
able and g some function, then it holds:

g pE rXsq ď E rgpXqs
g pE rXsq ě E rgpXqs

if
g is convex[def. 54.24]

g is concave[def. 54.25]
(65.55)

3. Law of the Unconscious Statistician

Law 65.6 Law of the Unconscious Statistician:
Let X P X ,Y P Y be random variables where Y is defined as:

Y “ ty|y “ gpxq, @x P Xu
then the expectation of Y can be calculated in terms of X:

EY rys “ EX rgpxqs (65.56)

Consequence

Hence if we pX we do not have to first calculate pY in order
to calculate EY rys.
4. Properties
5. Law of Iterated Expectation (LIE)

Law 65.7 [proof 65.8]
Law of Iterated Expectation (LIE):

E rXs “ EY E rX|Y s (65.57)

6. Hoeffdings Bound

Definition 65.38 Hoeffdings Bound:
Let X “ tXiu

n
i“1 be i.i.d. random variables strictly bounded

by the interval ra, bs then it holds:

P p|µX ´ E rXs| ě ϵq ď 2 exp
˜

´2n2ϵ2
řn
i“1pbi ´ aiq

2

¸

r0,1s
“ 2e ´2nϵ2

(65.58)

Explanation 65.4. The difference of the expectation from the
empirical average to be bigger than ϵ is upper bound in proba-
bility.

15. Moment Generating Function (MGF)

Definition 65.39 Moment of Random Variable: The i-th
moment of a random variable X is defined as (if it exists):

mi :“ E
”

X
i
ı

(65.59)

Definition 65.40 ψX
Moment Generating Function (MGF):

ψX ptq “ E
”

e tX
ı

t P R (65.60)

Corollary 65.28 Sum of MGF: The moment generating
function of a sum of n independent variables

`

Xj
˘

1ďjďn
is

the product of the moment generating functions of the com-
ponents:
ψSn ptq “ ψX1 ptq ¨ ¨ ¨ψXn ptq Sn :“ X1 ` . . . Xn (65.61)

Corollary 65.29 : The i-th moment of a random variable is
the i-th derivative of its associated moment generating func-
tion evaluated zero:

E
”

X
i
ı

“ ψ
piq

X
p0q (65.62)

16. The Characteristic Function

Transforming probability distributions using the Fourier
transform is a handy tool in probability in order to obtain
properties or solve problems in another space before trans-
forming them back.

Definition 65.41 pµ
Fourier Transformed Probability Measure:

pµ “

ż

e ixu,xy
µpdxq (65.63)

Corollary 65.30 : As eixu,xy can be rewritten using formu-
laeqs. (50.9) and (50.10) it follows:

pµ “

ż

cos pxu, xyqµpdxq ` i
ż

sin pxu, xyqµpdxq (65.64)

where x ÞÑ cos pxx, uyq and x ÞÑ sin pxx, uyq are both bounded
and Borel i.e. Lebesgue integrable.

Definition 65.42 Characteristic Function φX : Let X
be an Rn-valued random variable. Its characteristic function
φX is defined on Rn as:

φXpuq “
ż

e ixu,xyPX pdxq “ yPX puq (65.65)

“ E
”

e ixu,xy
ı

(65.66)

Corollary 65.31 : The characteristic function φX of a dis-
tribution always exists as it is equal to the Fourier transform
of the probability measure, which always exists.

Note
This is an advantage over the moment generating function.

Theorem 65.7 : Let µ be a probability measure on Rn. Then
pµ is a bounded continuous function with pµp0q “ 1.

Theorem 65.8 Uniqueness Theorem: The Fourier Trans-
form pµ of a probability measure µ on Rn characterizes µ. That
is, if two probability measures on Rn admit the same Fourier
transform, they are equal.

Corollary 65.32 : Let X “ pX1, . . . , Xnq be an Rn-valued
random variable. Then the real valued r.v.’s

`

Xj
˘

1ďjďn
are

independent if and only if:

φX pu1, . . . , unq “
n
ź

j“1

φXj pujq (65.67)

Proofs

Proof 65.1: [cor. 65.11]: Let C denote all open intervals.
Since every open set in R is the countable union of open
intervals[def. 50.12], it holds that σpCq is the Borel σ-algebra
of R.
Let D denote all intervals of the form p´8, as, a P Q.
Let a, b P C, and let
• panqną1 be a sequence of rationals decreasing to a and
• pbnqną1 be a sequence of rationals increasing strictly to b
pa, bq “ Y

8
n“1pan, bns “ Y

8
n“1

´

´8, bns X p´8, ans
C
¯

Thus C Ă σpDq, whence σpCq Ă σpDq but as each element of
D is a closed subset, σpDq must also be contained in the Borel
sets B with

B “ σpCq Ă σppDq Ă B

Proof 65.2: theorem 65.3 Plug eq. (65.22) into the denomina-
tor and eq. (55.2) into the nominator and then use [def. 65.19]:

PpB|AjqPpAjq
ř

iPI PpB|AiqPpAiq
“

PpB X Ajq
PpBq

“ PpAj |Bq

Proof 65.3: ??:
Y “ gpXq ðñ PpY “ yq “ Ppx P Xyq “ pY pyq

Proof 65.4: ?? (non-formal): The probability contained in a
differential area must be invariant under a change of variables
that is:

|fY pyq dy| “ |fxpxq dx|

0

fY

fX

y “
?
x

B1

B
y `∆y “ gpx `∆xq
y “ gpxq

x `∆xx
fX pxq

fY pyq

Proof 65.5: ?? from CDF:

PpY ď yq “ PpgpXq ď yq “

#

PpX ď g´1pyqq if g is increas.
PpX ě g´1pyqq if g is decreas.

If g is monotonically increasing:
FY pyq “ FX pg

´1
pyqq

fY pyq “
d

dy
FX pg

´1
pyqq “ fX pxq ¨

d
dy
g

´1
pyq

If g is monotonically decreasing:
FY pyq “ 1 ´ FX pg

´1
pyqq

fY pyq “
d

dy
FX pg

´1
pyqq “ ´fX pxq ¨

d
dy
g

´1
pyq
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Proof 65.6: ??: Let B “ rx, x`∆xs and B1 “ ry, y`∆ys “
rgpxq, gpx`∆xqs we know that the probability of equal events
is equal:

y “ gpxq ñ Ppyq “ Ppgpxqq (for disc. rv.)
Now lets consider the probability for the continuous r.v.s:

PpX P Bq “

ż x`∆x

x
fX ptq dt ∆xÑ0

ÝÝÝÝÝÑ |∆x ¨ fxpxq|

For y we use Taylor (??)

gpx `∆xq
eq. (54.56)

“ gpxq `
dg
dx

∆y for ∆xÑ 0

“ y `∆y with ∆y :“
dg
dx
¨∆x

(65.68)
Thus for PpY P B1q it follows:

PpX P B
1
q “

ż y`∆y

y
fY ptq dt

∆yÑ0
ÝÝÝÝÝÑ |∆y ¨ fY pyq|

“

∣∣∣ dg
dx
pxq∆x ¨ fY pyq

∣∣∣
Now we simply need to related the surface of the two pdfs:

B “ rx, x `∆xs
same surfaces

9 ry, y `∆ys “ B
1

PpY P Bq “ PpX P B
1
q

∆yÑ0
ðñ |fY pyq ¨∆y| “

∣∣∣fY pyq ¨ dg
dx
pxq∆x

∣∣∣ “ |fX pxq ¨∆x|

fY pyq

∣∣∣¨ dgdx
pxq

∣∣∣|∆x| “ fX pxq ¨ |∆x|

ñfY pyq “
fX pxq∣∣ dg
dx pxq

∣∣ “ fX pg
´1pyqq∣∣ dg

dx g
´1pyq

∣∣
Proof 65.7: [def. 65.37]

E
“

ϵ
⊺Aϵ

‰ eq. (59.54)
“ E

“

trpϵ⊺Aϵq
‰

eq. (59.56)
“ E

“

trpAϵϵ
⊺
q
‰

“ tr
`

E
“

Aϵϵ
⊺‰˘

“ tr
`

AE
“

ϵϵ
⊺‰˘

“ tr
`

A
`

Σ ` µµ
⊺˘˘

“ tr pAΣq ` tr
`

Aµµ
⊺˘

eq. (59.54)
“ tr pAΣq `Aµµ

⊺

Proof 65.8: law 65.7
E rXs “

ÿ

x

x ¨ pX pxq “
ÿ

x

x ¨
ÿ

y

pX,Y px, yq

“
ÿ

x

x ¨
ÿ

y

pX|Y px|yq ¨ pY pyq

“
ÿ

y

pY pyq ¨
ÿ

x

x ¨ pX|Y px|yq

“
ÿ

y

pY pyq ¨ E rX|Y s “ EY rE rX|Y ss

Examples

Example 65.1 :
• Toss of a coin (with head and tail): Ω “ tH,Tu.
• Two tosses of a coin: Ω “ tHH,HT, TH, TTu
• A cubic die: Ω “ tω1, ω2, ω3, ω4, ω5, ω6u
• The positive integers: Ω “ t1, 2, 3, ...u
• The reals: Ω “ tω|ω P Ru

Example 65.2 :
• Head in coin toss A “ tHu
• Odd number in die roll: A “ tω1, ω3, ω5, u
• The integers smaller five: A “ t1, 2, 3, 4u

Example 65.3 : If the sample space is a die toss Ω “

tω1, ω2, ω3, ω4, ω5, ω6u, the sample space may be that we are
only told whether an even or odd number has been rolled:

F “ tH, tω1, ω3, ω5u, tω2, ω4, ω6uu

Example 65.4 : If we are only interested in the subset A P Ω
of our experiment, then we can look at the corresponding gen-
erating σ-algebra σpAq “

!

H, A,AC,Ω
)

.

Example 65.5 :
• open half-lines: p´8, aq and pa,8q,
• union of open half-lines: pa, bq “ p´8, aq Y pb,8q,
• closed interval: ra, bs “ p´8,Yaq Y pb,8q,
• closed half-lines:
p´8, as “

Ť8
n“1ra ´ n, as and ra,8q “

Ť8
n“1ra, a ` ns,

• half-open and half-closed pa, bs “ p´8, bs Y pa,8q,
• every set containing only one real number:
tau “

Ş8
n“1pa ´

1
n
, a ` 1

n
q,

• every set containing finitely many real numbers:
ta1, . . . , anu “

Ťn
k“1 ak.

Example 65.6 Equivalent (Probability) Measures:

Ω “ t1, 2, 3u
P pt1, 2, 3uq “ t2{3, 1{6, 1{6u
rP pt1, 2, 3uq “ t1{3, 1{3, 1{3u

Example 65.7 :

Example 65.8 ??: Let X, Y ind.
„ N p0, 1q.

Question: proof that:
U “ X ` Y V “ X ´ 1

are indepdent and normally distributed:

hpu, vq “

$

&

%

h1pu, vq “
u`v

2
h2pu, vq “

u´v
2

J “ det
«

1
2

1
21

2 ´ 1
2

ff

“ ´
1
2

fU,V “ fX,Y px, yq ¨
1
2

indp.
“ fX pxq ¨ fX pyq

“
1
2
¨

1
?

2π
e ´

x2
2 ¨

1
?

2π
e ´

y2

2

“
1
2
¨

1
?

2π
e

´

#

ˆ

u`v
2

˙2
`

ˆ

u´v
2

˙2M
2
+

“
1

?
2π
?

2
e ´u2

4 ¨
1

?
2π
?

2
e ´ v2

4

Thus U, V are independent r.v. distributed as N p0, 2q.

Statistics
The probability that a discret random variable x is equal to
some value sx P X is:

px psxq “ Ppx “ sxq

Definition 66.1 Almost Surely P-(a.s.):
Let pΩ,F, Pq be a probability space. An event ω P F happens
almost surely iff

Ppωq “ 1 ðñ ω happens a.s. (66.1)

Definition 66.2 Probability Mass Function (PMF):

Definition 66.3 Discrete Random Variable (DVR): The
set of possible values sx of X is countable of finite.
X “ t0, 1, 2, 3, 4, . . . , 8u X “ N (66.2)

Definition 66.4 Probability Density Function (PDF):
Is real function f : Rn Ñ r0,8q that satisfies:
Non-negativity: fpxq ě 0, @x P Rn (66.3)

Normalization:
ż

8

´8
fpxq dx !

“ 1 (66.4)

Must be integrable (66.5)

Note: why do we need probability density functions

A continuous random variable X can realise an infinite count
of real number values within its support B
(as there are an infinitude of points in a line segment).
Thus we have an infinitude of values whose sum of probabil-
ities must equal one.
Thus these probabilities must each be zero otherwise we would
obtain a probability of 8. As we can not work with zero prob-
abilities we use the next best thing, infinitesimal probabilities
(defined as a limit).
We say they are almost surely equal to zero:

PpX “ xq “ 0 a.s.
To have a sensible measure of the magnitude of these infinites-
imal quantities, we use the concept of probability density,
which yields a probability mass when integrated over an in-
terval.

Definition 66.5 Continuous Random Variable (CRV):
A real random variable (rrv) X is said to be (absolutely) con-
tinuous if there exists a pdf ([def. 66.4]) fX s.t. for any subset
B Ă R it holds:

PpX P Bq “

ż

B
fX pxq dx (66.6)

Property 66.1 Zero Probability: If X is a continuous rrv
([def. 66.5]), then:

PpX “ aq “ 0 @a P R (66.7)

Property 66.2 Open vs. Closed Intervals: For any real
numbers a and b, with a ă b it holds:

Ppa ď X ď bq “ Ppa ď X ă bq “ Ppa ă X ď bq
“ Ppa ă X ă bq (66.8)

ðñ including or not the bounds of an interval does not
modify the probability of a continuous rrv.

Note
Changing the value of a function at finitely many points has
no effect on the value of a definite integral.

Corollary 66.1 : In particular for any real numbers a and b
with a ă b, letting B “ ra, bs we obtain:

Ppa ď X ď bq “

ż b

a
fxpxq dx

Proof 66.1: Property 66.1:
PpX “ aq “ lim

∆xÑ0
PpX P ra, a `∆xsq

“ lim
∆xÑ0

ż a`∆x

a
fX pxq dx “ 0

Proof 66.2: Property 66.2:
Ppa ď X ď bq “ Ppa ď X ă bq “ Ppa ă X ď bq

“ Ppa ă X ă bq “

ż b

a
fX pxq dx

Definition 66.6 Support of a probability density func-
tion: The support of the density of a pdf fX p.q is the set of
values of the random variable X s.t. its pdf is non-zero:

suppppqfX q :“ tx P X |fpxq ą 0u (66.9)
Note: this is not a rigorous definition.

Theorem 66.1 RVs are defined by a PDFs: A probability
density function fX completely determines the distribution of
a continuous real-valued random variable X.

Corollary 66.2 Identically Distributed: From theo-
rem 66.1 it follows that to RV X and Y that have exactly
the same pdf follow the same distribution.
We say X and Y are identically distributed.
1. Cumulative Distribution Fucntion

Definition 66.7 Cumulative distribution function
(CDF): Let pΩ,F, Pq be a probability space.
The (cumulative) distribution function of a real-valued ran-
dom variable X is the function given by:

FX pxq “ PpX ď xq @x P R

Property 66.3:
Monotonically
Increasing x ď y ðñ FX pxq ď FX pyq @x, y P R

(66.10)
Upper Limit lim

xÑ8

FX pxq “ 1 (66.11)

Lower Limit lim
xÑ´8

FX pxq “ 0 (66.12)

Definition 66.8 CDF of a discret rv X: Let X be discret
rv with pdf pX , then the CDF of X is given by:

FX pxq “ PpX ď xq “

x
ÿ

t“´8

pX ptq

Definition 66.9 CDF of a continuous rv X: Let X be
continuous rv with pdf fX , then the CDF of X is given by:

FX pxq “

ż x

´8
fX ptq dt ðñ

BFX pxq

Bx
“ fX pxq

Lemma 66.1 Probability Interval: Let X be a continuous
rrv with pdf fX and cumulative distribution function FX ,
then it holds that:

Ppa ď X ď bq “ FX pbq ´ FX paq (66.13)

Proof 66.3: [def. 66.9]:
FX pxq “ PpX ď xq “ PpX P p´8, xqq “

ż x

´8
fX ptq dt

Proof 66.4: lemma 66.1:
Ppa ď X ď bq “ PpX ď bq ´ PpX ď aq

or by the fundamental theorem of calculus (theorem 54.2):

Ppa ď X ď bq “

ż b

a
fX ptq dt “

ż b

a

BFX ptq

Bt
dt “ rFX ptqs|

b
a

Theorem 66.2 A continuous rv is fully characterized by
its CDF: A cumulative distribution function completely de-
termines the distribution of a continuous real-valued random
variable.
1. Key figures
1. The Expectation

Definition 66.10 Expectation (disc. case):
µX :“ Exrxs :“

ÿ

sxPX

sxpxpsxq (66.14)

Definition 66.11 Expectation (cont. case):

Exrxs :“
ż

sxPX
sxfxpsxq dsx (66.15)

Law 66.1 Expectation of independent variables:
E rXY s “ E rXs E rY s (66.16)

Property 66.4 Translation and scaling: If X P Rn and
Y P Rn are random vectors, and a, b, a P Rn are constants
then it holds:

E ra ` bX ` cYs “ a ` bErXs ` cErYs (66.17)

Thus E is a linear operator ([def. 54.15]).

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-
erty 66.6 it follows:

E rE rXss “ E rXs (66.18)

Property 66.5 MatrixˆExpectation: If X P Rn is a ran-
domn vector and A P Rmˆn,B P Rnˆm are constant matri-
ces then it holds:

E rAXBs “ AE rpXBqs “ AE rXsB (66.19)
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Proof 66.5: eq. (66.24):

E rXY s “
ÿ

xPX

ÿ

yPY

pX,Y px, yqxy

??
“

ÿ

xPX

pX pxqx
ÿ

yPY

pY pyqy “ E rXs E rY s

Definition 66.12
Autocorrelation/Crosscorelation γpt1, t2q: Describes the
covariance ([def. 66.16]) between the two values of a stochastic
process pXtqtPT at different time points t1 and t2.
γpt1, t2q “ Cov

“

Xt1 ,Xt2
‰

“ E
“`

Xt1 ´ µt1
˘ `

Xt2 ´ µt2
˘‰

(66.20)
For zero time differences t1 “ t2 the autocorrelation functions
equals the variance:

γpt, tq “ Cov rXt,Xts
eq. (66.35)

“ “ V rXts (66.21)

Notes
• Hence the autocorrelation describes the correlation of a

function or signal with itself at a previous time point.
• Given a random time dependent variable xptq the autocor-

relation function γpt, t ´ τq describes how similar the time
translated function xpt ´ τq and the original function xptq
are.

• If there exists some relation between the values of the time
series that is non-random then the autocorrelation is non-
zero.

• The autocorrelation is maximized/most similar for no
translation τ “ 0 at all.

2. Key Figures
1. The Expectation

Definition 66.13 Expectation (disc. case):
µX :“ Exrxs :“

ÿ

sxPX

sxpxpsxq (66.22)

Definition 66.14 Expectation (cont. case):

Exrxs :“
ż

sxPX
sxfxpsxq dsx (66.23)

Law 66.2 Expectation of independent variables:
E rXY s “ E rXs E rY s (66.24)

Property 66.6 Translation and scaling: If X P Rn and
Y P Rn are random vectors, and a, b, a P Rn are constants
then it holds:

E ra ` bX ` cYs “ a ` bErXs ` cErYs (66.25)

Thus E is a linear operator[def. 54.15].

Property 66.7
Affine Transformation of the Expectation:
If X P Rn is a randomn vector, A P Rmˆn a constant matrix
and b P Rn then it holds:

E rAX ` bs “ Aµ ` b (66.26)

Note: Expectation of the expectation

The expectation of a r.v. X is a constant hence with Prop-
erty 66.6 it follows:

E rE rXss “ E rXs (66.27)

Property 66.8 MatrixˆExpectation: If X P Rn is a ran-
domn vector and A P Rmˆn,B P Rnˆm are constant matri-
ces then it holds:

E rAXBs “ AE rpXBqs “ AE rXsB (66.28)

Proof 66.6: eq. (66.24):

E rXY s “
ÿ

xPX

ÿ

yPY

pX,Y px, yqxy

??
“

ÿ

xPX

pX pxqx
ÿ

yPY

pY pyqy “ E rXs E rY s

2. The Variance

Definition 66.15 Variance V rXs: The variance of a ran-
dom variable X is the expected value of the squared deviation
from the expectation of X (µ “ ErXs).
It is a measure of how much the actual values of a random
variable X fluctuate around its executed value E rXs and is
defined by:

V rXs :“ E
”

pX ´ E rXsq2
ı see ?? 66.7

“ E
”

X
2
ı

´ E rXs2

(66.29)

2.2.1. Properties

Property 66.9 Variance of a Constant: If a P R is a con-
stant then it follows that its expected value is deterministic
ñ we have no uncertainty ñ no variance:

V ras “ 0 with a P R (66.30)
see shift and scaling for proof ?? 66.8

Property 66.10 Shifting and Scaling:
V ra ` bXs “ a

2
σ

2 with a P R (66.31)
see ?? 66.8

Property 66.11 [proof 66.9]
Affine Transformation of the Variance:
If X P Rn is a randomn vector, A P Rmˆn a constant matrix
and b P Rn then it holds:

V rAX ` bs “ AV rXsA⊺ (66.32)

Definition 66.16 Covariance: The Covariance is a measure
of how much two or more random variables vary linearly with
each other.

Cov rX, Y s “ ErpX ´ E rXsqpY ´ E rY sqs
“ E rXY s ´ E rXs E rY s (66.33)

see ?? 66.10

Definition 66.17 Covariance Matrix: The variance of a
k-dimensional random vector X “

`

X1 . . . Xk
˘

is given by
a p.s.d. eq. (59.109) matrix called Covariance Matrix.
The Covariance is a measure of how much two or more ran-
dom variables vary linearly with each other and the Variance
on the diagonal is again a measure of how much a variable
varies:

V rXs :“ΣpXq :“ Cov rX,Xs :“ (66.34)
“E

“

pX ´ E rXsqpX ´ E rXsq⊺
‰

“E
“

XX⊺‰
´ E rXs E rXs⊺ P r´8,8s

“

»

—

—

—

—

–

V rX1s Cov rX1, Xks

Cov rXk, X1s V rXks

fi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

–

ErpX1 ´ µ1qpX1 ´ µ1qs ErpX1 ´ µ1qpXk ´ µkqs

ErpXk ´ µkqpX1 ´ µ1qs ErpXk ´ µkqpXk ´ µkqs

fi

ffi

ffi

ffi

ffi

fl

Note: Covariance and Variance
The variance is a special case of the covariance in which two
variables are identical:

Cov rX,Xs “ V rXs ” σ
2
pXq ” σ

2
X (66.35)

Property 66.12 Translation and Scaling:
Covpa ` bX, c ` dY q “ bdCovpX, Y q (66.36)

Property 66.13
Affine Transformation of the Covariance:
If X P Rn is a randomn vector, A P Rmˆn a constant matrix
and b P Rn then it holds:

Cov rAX ` bs “ AV rXsA⊺
“ AΣpXqA⊺ (66.37)

Definition 66.18 Correlation Coefficient: Is the stan-
dardized version of the covariance:

Corr rXs : “
Cov rXs

σX1 ¨ ¨ ¨σXk
P r´1, 1s (66.38)

“

#

`1 if Y “ aX ` b with a ą 0, b P R
´1 if Y “ aX ` b with a ă 0, b P R

Figure 17: Several sets of px, yq points, with their correlation
coefficient

Law 66.3 Translation and Scaling:
Corrpa ` bX, c ` dY q “ signpbqsignpdqCovpX, Y q (66.39)

Note
• The correlation/covariance reflects the noisiness and direc-

tion of a linear relationship (top row fig. 17), but not the
slope of that relationship (middle row fig. 17) nor many
aspects of nonlinear relationships (bottom row)

• The set in the center of fig. 17 has a slope of 0 but in
that case the correlation coefficient is undefined because
the variance of Y is zero.

• Zero covariance/correlation CovpX, Y q “ CorrpX, Y q “ 0
implies that there does not exist a linear relationship be-
tween the random variables X and Y.

Difference Covariance&Correlation
1. Variance is affected by scaling and covariance not ??

and law 66.3.
2. Correlation is dimensionless, whereas the unit of the covari-

ance is obtained by the product of the units of the two RV
variables.

Law 66.4 Covariance of independent RVs: The covari-
ance/correlation of two independent variable’s (??) is zero:

Cov rX, Y s “ E rXY s ´ E rXs E rY s
eq. (66.24)

“ “ E rXs E rY s ´ E rXs E rY s “ 0

Zero covariance/correlationœ independence

CovpX, Y q “ CorrpX, Y q “ 0 œ pX,Y px, yq “ pX pxqpY pyq

For example: let X „ Upr´1, 1sq and let Y “ X2.

1. Clearly X and Y are dependent
2. But the covariance/correlation between X and Y is non-

zero:
CovpX,Y q “ CovpX,X2

q “ E
”

X ¨X
2
ı

´ E rXs E
”

X
2
ı

“ E
”

X
3
ı

´ E rXs E
”

X
2
ı eq. (66.63)

“
eq. (66.52)

0 ´ 0 ¨ E
”

X
2
ı

ñ the relationship between Y and X must be non-linear.

Definition 66.19 Quantile: Are specific values qα in the
range[def. 54.10] of a random variable X that are defined as the
value for which the cumulative probability is less then qα with
probability α P p0, 1q:

qα : PpX ď xq “ FX pqαq “ α
F invert.
ÝÝÝÝÝÝÝÑ qα “ F

´1
X
pαq

(66.40)

3. Proofs

Proof 66.7: eq. (66.29)
V rXs “ ErpX ´ E rXsq2s “ E

”

X
2
´ 2XE rXs ` E rXs2

ı

Property 66.6
“ E

”

X
2
ı

´ 2E rXs E rXs ` E rXs2 “ E
”

X
2
ı

´ µ
2

Proof 66.8: Property 66.10
V ra ` bXs “ E

”

pa ` bX ´ E ra ` bXsq2
ı

“ E
„

´

�a ` bX ´ �a ´ bE rXs
¯2

ȷ

“ E
”

pbX ´ bE rXsq2
ı

“ E
”

b
2
pX ´ E rXsq2

ı

“ b
2E

”

pX ´ E rXsq2
ı

“ b
2
σ

2

Proof 66.9: Property 66.11
VpAX ` bq “ E

”

pAX ´ E rXAsq2
ı

` 0 “
“E

“

pAX ´ E rAXsqpAX ´ E rAXsq⊺
‰

“E
“

ApX ´ E rXsqpApX ´ pE rXsqq⊺
‰

“E
“

ApX ´ E rXsqpX ´ pE rXsq⊺A⊺‰

“AE
“

pX ´ E rXsqpX ´ pE rXsq⊺
‰

A⊺
“ AV rXsA⊺

Proof 66.10: eq. (66.33)
Cov rX, Y s “ ErpX ´ E rXsqpY ´ E rY sqs
“ E rXY ´XE rY s ´ E rXsY ` E rXs E rY ss
“ E rXY s ´ E rXs E rY s ´ E rXs E rY s ` E rXs E rY s
“ E rXY s ´ E rXs E rY s
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Discrete Distributions

Definition 66.20 Multivariate Distribution: the variate
refers to the number of input variables i.e. a m-variate distri-
bution has m-input variables whereas a uni-variate distribu-
tion has only one.

Dimensional vs. Multivariate
The dimension refers to the number of dimensions we need to
embed the function. If the variables of a function are indepen-
dent than the dimension is the same as the number of inputs
but the number of input variables can also be less.
1. Bernoulli Distribution Bernppq

Definition 66.21 Bernoulli Trial: Is a random experiment
with exactly two possible outcomes, success (1) and failure
(0), in which the probability of success/failure is constant in
every trial i.e. independent trials.

Definition 66.22 Bernoulli Distribution X „ Bernppq:
X is a binary variable i.e. can only attain the values 0 (failure)
or 1 (success) with a parameter p that signifies the success
probability:

ppx; pq “
#

p for x “ 1
1 ´ p for x “ 0

ðñ

"

PpX “ 1q “ p
PpX “ 0q “ 1 ´ p

“ px ¨ p1 ´ pq1´x for x P t0, 1u

E rXs “ p (66.41) V rXs “ pp1 ´ pq (66.42)

2. Multinoulli/Categorical Distribution Catpn, pq

Definition 66.23
Multinulli/Categorical Distribution X „ Catppq:
Is the generalization of the Bernoulli distribution[def. 66.22] to
a sample space[def. 65.2] of k individual items tc1, . . . , ccu with
probabilities p “ tp1, . . . , pku:

ppx “ ci|pq “ pi ðñ ppx|pq “
k
ź

i

p
δrx“cis

i

k
ÿ

j“1

pj “ 1 pj P r0, 1s @j “ 1, . . . , k (66.43)

ErXs “ p V rXsi,j “ Σi,j “
#

pip1 ´ piq if i “ j

´pipj if i ‰ j

Corollary 66.3
One-hot encoded Categorical Distribution:
If we encode the k categories by a sparse vectors[def. 59.70] with
norm one:

Bnr “

$

&

%

x P t0, 1un : x⊺x “
n
ÿ

i“1

x “ 1

,

.

-

s.t. xj “ ej ðñ x “ cj

then we can rewrite eq. (66.43) as:

ppx|pq “
k
ź

i

xi ¨ pi
k
ÿ

j“1

pj “ 1 (66.44)

3. Binomial Distribution Bpn, pq

Definition 66.24 Binomial Coefficient:
The binomial coefficient occurs inside the binomial
distribution[def. 66.25] and signifies the different combina-
tions/order that x out of n successes can happen see also
[def. 64.5].

Definition 66.25 Binomial Distribution [proof 66.1]:
Models the probability of exactly x success given a fixed num-
ber of n-Bernoulli experiments[def. 66.21], where the probability
of success, of a single experiment is given by p:

ppxq “
ˆ

n

x

˙

pxp1 ´ pqn´x
n :nb. of repetitions
x :nb. of successes
p :probability of success

E rXs “ np (66.45) V rXs “ npp1 ´ pq (66.46)

Explanation 66.1. Lets consider a box of n balls consisting
of black and white balls. If we want to know the probability of
drawing first exactly x white and then exactly n ´ x black balls
we can simply calculate:

pp ¨ ¨ ¨ pq
loooomoooon

x-times

¨ pq ¨ ¨ ¨ qq
loooomoooon

n ´ x-times

“ pxqn´x

But if we do not care about the order we need to increase the
probability by the different ways we can achieve this result by
adding the binomial coefficient.
4. Geometric Distribution Geomppq

Definition 66.26 Geometric Distribution Geomppq:
Models the probability of the number X of Bernoulli
trials[def. 66.21] until the first success

ppxq “ pp1 ´ pqx´1
x :nb. of repetitions until first

success
p :success probability of single

Bernoulli experiment

F pxq “

x
ÿ

i“1

pp1 ´ pqi´1 eq. (51.4)
“ 1 ´ p1 ´ pqx

E rXs “
1
p

(66.47) V rXs “
1 ´ p

p2
(66.48)

Notes
• E rXs is the mean waiting time until the first success
• the number of trials x in order to have at least one success

with a probability of ppxq:

x ě
ppxq
1 ´ p

• logp1 ´ pq « ´p for small p
5. Poisson Distribution Poispλq

Definition 66.27 Poisson Distribution: Is an extension
of the binomial distribution, where the realization x of the
random variable X may attain values in Zě0.
It expresses the probability of a given number of events X oc-
curring in a fixed interval if those events occur independently
of the time since the last event.

ppxq “ e ´λ λ
x

x!
λ ą 0
x P Zě0

(66.49)

Event Rate λ: describes the average number of events in a
single interval.

E rXs “ λ (66.50) V rXs “ λ (66.51)
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Continuous Distributions
1. Uniform Distribution Upa, bq

Definition 66.28 Uniform Distribution Upa, bq:
Is probability distribution, where all intervals of the same
length on the distribution’s support[def. 66.6] supppUra, bsq “
ra, bs are equally probable/likely.

fpxq “
1

b ´ a
1xPra;bq “

#

1
b´a

“ const
0

if
a ď x ď b

else

(66.52)

F pxq “

$

’

&

’

%

0
x´a
b´a

1
if

x ă a

a ď x ď b

x ą b

(66.53)

E rXs “
a ` b

2
VpXq “

pb ´ aq2

12
(66.54)

a b

1
b´a

0 (a) fXpxq
a b

1

0 (b) FXpxq

2. Exponential Distribution exppλq

Definition 66.29 Exponential Distribution X „ exppλq:
Is the continuous analogue to the geometric distribution
[def. 66.26].
It describes the probability fpx;λq that a continuous Poisson
process (i.e., a process in which events occur continuously and
independently at a constant average rate) will succeed/change
state after a time interval x.

fpx;λq “
#

λe ´λx

0
if

x ě 0
x ă 0

(66.55)

F px;λq “
#

1 ´ e ´λx

0
if

x ě 0
x ă 0

(66.56)

E rXs “
1
λ

VpXq “
1
λ2

(66.57)

3. Laplace Distribution

Definition 66.30 Laplace Distribution:

Laplace Distibution fpx;µ, σq “
1

2σ
exp

ˆ

´
|x ´ µ|
σ

˙

(66.58)

4. The Normal Distribution N pµ, σq

Definition 66.31 Normal Distribution X „ N pµ, σ2q:
Is a symmetric distribution where the population parameters
µ, σ2 are equal to the expectation and variance of the distri-
bution:

E rXs “ µ VpXq “ σ
2 (66.59)

fpx;µ, σ2
q “

1
σ
?

2π
exp

"

´
1
2

ˆ

x ´ µ

σ

˙2*
(66.60)

F px;µ, σ2
q “

1
σ
?

2π

ż x

´8
exp

"

´
1
2

ˆ

u ´ µ

σ

˙2*
du (66.61)

x P R or ´8 ă x ă 8

φX puq “ exp
#

iuµ ´
u2σ2

2

+

(66.62)

φ
µ,σ2 pxq

x

Φ
µ,σ2 pxq1

0.5

0 x

Figure 19: µ “ 0 µ “ 0 µ “ 0 µ “ ´2
σ

2
“ 0.2 σ

2
“ 1.0 σ

2
“ 5.0 σ

2
“ 0.5

Property 66.14: PX pµ ´ σ ď x ď µ ` σq “ 0.66

Property 66.15: PX pµ ´ 2σ ď x ď µ ` 2σq “ 0.95

5. The Standard Normal distribution N p0, 1q

Historic Problem: the cumulative distribution eq. (66.61)
does not have an analytical solution and numerical integra-
tion was not always computationally so easy. So how should
people calculate the probability of x falling into certain ranges
Ppx P ra, bsq?
Solution: use a standardized form/set of parameters (by
convention) N 0,1 and tabulate many different values for its
cumulative distribution ϕpxq s.t. we can transform all fam-
ilies of Normal Distributions into the standardized version
N pµ, σ2q

z
ÝÑ N p0, 1q and look up the value in its table.

Definition 66.32
Standard Normal Distribution X „ N p0, 1q:

E rXs “ 0 VpXq “ 1 (66.63)

fpx; 0, 1q “
1
?

2π
e ´ 1

2 x
2

(66.64)

F px; 0, 1q “
1
?

2π

ż x

´8
e ´ 1

2u
2

du (66.65)

x P R or ´8 ă x ă 8

ψX puq “ e
u2
2 φX puq “ e ´u2

2 (66.66)

Corollary 66.4
Standard Normal Distribution Notation: As the stan-
dard normal distribution is so commonly used people often
use the letter Z in order to denote its the standard normal
distribution and its α-quantile[def. 66.19] is then denoted by:

zα “ Φ´1
pαq α P p0, 1q (66.67)

5.5.1. Calculating Probabilities

Property 66.16 Symmetry: Let z ą 0
PpZ ď zq “ Φpzq (66.68)

PpZ ď ´zq “ Φp´zq “ 1 ´ Φpzq (66.69)
Pp´a ď Z ď bq “ Φpbq ´ Φp´aq “ Φpbq ´ p1 ´ Φpaqq

a“b“z
“ 2Φpzq ´ 1 (66.70)

5.5.2. Linear Transformations of Normal Dist.

Proposition 66.1 [proof 66.12]
Linear Transformation:
Let X be a normally distributed random variable X „

N pµ, σ2q, then the linear transformed r.v. Y given by the
affine transformation Y “ a ` bX with a P R,b P R` follows:

Y „ N
´

a ` bµ, b
2
σ

2
¯

ðñ fY pyq “
1

|b|
fX

ˆ

y ´ a

b

˙

(66.71)

Corollary 66.5
Linear Transformation from Standard Normal Dist.:
Let X be a standard normally distributed random variable
X „ N p0, 1q, then the linear transformed r.v. Y given by the
affine transformation Y “ a ` bX with a P R,b P R` follows:

Y „ N
´

a, b
2
¯

ðñ fY pyq “
1

|b|
fX

ˆ

y ´ a

b

˙

(66.72)

Proposition 66.2 Standardization [proof 66.13]:
Let X be a normally distributed random variable X „

N pµ, σ2q, then there exists a linear transformation Z “

a` bX s.t. Z is a standard normally distributed random vari-
able:

X „ N pµ, σ2
q
Z“

X´µ
σ

ÝÝÝÝÝÝÝÑ Z „ N p0, 1q (66.73)

Note
If we know how many standard deviations our distribution is
away from our target value then we can characterize it fully
by the standard normal distribution.

Proposition 66.3 [proof 66.14]
Standardization of the CDF: Let FX pXq be the cumula-
tive distribution function of a normally distributed random
variable X „ N pµ, σ2q, then the cumulative distribution
function ΦZpzq of the standardized random normal variable
Z „ N p0, 1q is related to FX pXq by:

FX pxq “ Φ
ˆ

x ´ µ

σ

˙

(66.74)

6. The Multivariate Normal distribution

Definition 66.33
Multivariate Normaldistribution/Gaussian:
An Rn-valued random variable X “

`

X1 . . . , Xn
˘

is Multi-
variate Gaussian/Normaldistribution if every linear combina-
tion of its components is a (one-dimensional) Gaussian:

Dµ, σ : L

¨

˝

n
ÿ

i“1

αiXj

˛

‚“ N pµ, σ2
q @αi P R (66.75)

(possible degenerated N p0, 0q for @αj “ 0)

Note
• Joint vs. multivariate: a joint normal distribution can be

a multivariate normal distribution or a product of univari-
ate normal distributions but

• Multivariate refers to the number of variables that are
placed as inputs to a function.

Definition 66.34 X „ Nkpµ,Σq
Multivariate Normal distribution:
A k-dimensional random vector

X “
`

X1 . . . Xn
˘⊺ with µ “

`

E rx1s . . . E rxks
˘⊺

and k ˆ k p.s.d.covariance matrix:
Σ :“ ErpX ´ µqpX ´ µq

⊺
s “ rCovrxi,xj s, 1 ď i, j ď ks

follows a k-dim multivariate normal/Gaussian distribution if
its law[def. 65.25] satisfies:
fXpX1, . . . , Xkq “ N pµ,Σq (66.76)

“
1

b

p2πqkdetpΣq
looooooooooomooooooooooon

Normalisation

exp
ˆ

´
1
2
pX ´ µq

⊺Σ´1
pX ´ µq

˙

φXpuq “ exp
"

iu⊺
µ ´

1
2

uΣu
*

(66.77)

Definition 66.35 X „ Nkpµ, diag
´

σ2
1, . . . , σ

2
k

¯

Diagonal Gaussian Distribution [proof 66.17]:
A diagonal Gaussian is a Multivariate
Normaldistribution/Gaussian[def. 66.34] with a diagonal
covariance matrix with that can be decomposed into k
independent distributions:

X “
`

X1 . . . Xn
˘⊺ with µ “

`

E rx1s . . . E rxks
˘⊺

and k ˆ k p.s.d.covariance matrix:
diag

´

σ
2
1, . . . , σ

2
k

¯

and is given by:

fXpX1, . . . , Xkq “ N pµ,Σq “
k
ź

i“1

fXi pXiq (66.78)

“
1

b

p2πqk
´

śn
i“1 σ

2
i

¯

exp

¨

˝´
1
2

n
ÿ

i“1

pxi ´ µ
2
i q

σ2
i

˛

‚

Explanation 66.2 (Diagonal Gaussian Distribution). Is a
Gaussian distribution that is scaled along the axis i.e. for a 2d
distribution an ellipse along the x or y-axis.

Definition 66.36 X „ Nkpµ, Ikσ2q
Isotropic Gaussian [proof 66.17]:
An isotropic Gaussian is a diagonal Multivariate Normald-
istribution/Gaussianexplanation 66.2 with constant standard
deviation along the diagonal:

X “
`

X1 . . . Xn
˘⊺ with µ “

`

E rx1s . . . E rxks
˘⊺

and k ˆ k p.s.d.covariance matrix:

Ikσ “ diag p1qk σ “
#

σ if i “ j

0 else
and is given by:

fXpX1, . . . , Xkq “ N pµ,Σq “
k
ź

i“1

fXi pXiq (66.79)

“
1

b

p2πσ2qk
exp

¨

˝´
1

2σ2

n
ÿ

i“1

pxi ´ µiq
2

˛

‚

1. Joint Gaussian Distributions

Definition 66.37 Jointly Gaussian Random Variables:
Two random variables X, Y both scalars or vectors, are said
to be jointly Gaussian if the joint vector random variable
Z “

“

X Y
‰⊺ is again a GRV.

Property 66.17 proof 66.16
Joint Independent Gaussian Random Variables: Let
X1, . . . , Xn be R-valued independent random variables with
laws N

´

µi, σ
2
i

¯

. Then the law of X “
`

X1 . . . Xn
˘

is
a (multivariate) Gaussian distribution X „ N pµ,Σq with:

Σ “

»

—

—

—

—

—

–

σ2
1 0 0

0 σ2
2 0

0 0 σ2
n

fi

ffi

ffi

ffi

ffi

ffi

fl

and µ “

»

—

—

—

—

–

µ1
µ2

µn

fi

ffi

ffi

ffi

ffi

fl

(66.80)

Corollary 66.6 Quadratic Form:
If x and y are both independent GRVs

x „ N pµx,Σxq y „ N pµy,Σyq

then they are jointly Gaussian[def. 66.37] given by:
p px,yq “ ppxqppyq (66.81)

9 exp
ˆ

´
1
2

!

px ´ µxq
⊺Σ´1

x px ´ µxq ` py ´ µyq
⊺Σ´1

y py ´ µyq
)

˙

“ exp
˜

´
1
2
“

px ´ µxq
⊺ py ´ µyq

⊺‰
«

Σ´1
x 0
0 Σ´1

y

ff

„

x ´ µx
y ´ µy

ȷ

¸

fl exp´
1
2
pz ´ µzq

⊺Σ´1
z pz ´ µzq
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Property 66.18
Marginal Distribution of Multivariate Gaussian: Let
X “

`

X1 . . . Xn
˘⊺ „ N pµ,Σq be a an Rn valued Gaussian

and let V “ t1, 2, . . . , nu be the index set of its variables.
The k-variate marginal distribution of the Gaussian indexed
by a subset of the variables:

A “ ti1, . . . , iku ij P V (66.82)
is given by:

X “

´

Xi1 . . . Xik

¯⊺
„ N pµA,ΣAAq (66.83)

Σ “

»

—

—

—

—

–

σ2
i1,i1

σ2
i1,ik

σ2
ik,i1

σ2
ik,ik

fi

ffi

ffi

ffi

ffi

fl

and µ “

»

—

—

—

—

—

–

µi1
µi2

µik

fi

ffi

ffi

ffi

ffi

ffi

fl

2. Conditional Gaussian Distributions

Property 66.19 Conditional Gaussian Distribution: Let
X “

`

X1 . . . Xn
˘⊺ „ N pµ,Σq be a an Rn valued Gaussian

and let V “ t1, 2, . . . , nu be the index set of its variables.
Suppose we take two disjoint subsets of V :

A “ ti1, . . . , iku B “ tj1, . . . , jmu il, jl1 P V

then the conditional distribution of the random vector XA,
conditioned on XB given by p pXA|XB “ xBq is:

XA “
´

Xi1 . . . Xik

¯⊺
„ N

´

µA|B ,ΣA|B

¯

(66.84)

µA|B “ µA ` ΣABΣ´1
BB

pxB ´ µBq

ΣA|B “ ΣAA ´ ΣABΣ´1
BB

ΣBA

Note
Can be proofed using the matrix inversion lemma but is a very
tedious computation.

Corollary 66.7
Conditional Distribution of Joint Gaussian’s: Let X
and Y be jointly Gaussian random vectors:

„

X
Y

ȷ

„ N
ˆ„

µx
µy

ȷ

,

„

A C
C⊺ B

ȷ˙

(66.85)

then the marginal distribution of x conditioned on y can be
written as: X „ N

´

µX|Y ,ΣX|Y

¯

µX|Y “ µX `CB´1
py ´ µY q

ΣX|Y “ A ´CB´1C⊺ (66.86)

3. Transformations

Property 66.20 Multiples of Gaussian’s AX:
Let X “

`

X1 . . . Xn
˘⊺ „ N pµ,Σq be a an Rn valued

Gaussian and let A P Rdˆn then it follows:
Y “ AX P R Y „ N

`

Aµ,AΣA⊺˘ (66.87)

Property 66.21 Affine Transformation of GRVs: Let
y P Rn be GRV, A P Rdˆn, b P Rd and let x be defined
by the affine transformation[def. 59.45]:

x “ Ay ` b A P Rdˆn
, b P Rd

Then x is a GRV (see ?? 66.15).

Property 66.22 Linear Combination of jointly GRVs:
Let x P Rn, y P Rm two jointly GRVs, and let z be defined
as:

z “ Axx `Ayy Ax P Rdˆn
,Ax P Rdˆm

Then z is GRV (see ?? 66.18).

Definition 66.38 Gaussian Noise: Is statistical noise hav-
ing a probability density function (PDF) equal to that of the
normal/Gaussian distribution.

4. Gamma Distribution Γpx, α, βq

Definition 66.39 Gamma Distribution X „ Γpx, α, βq:
Is a widely used distribution that is related to the exponential
distribution, Erlang distribution, and chi-squared distribution
as well as Normal distribution:

fpx;α, βq “
#

βα

Γpαq
xα´1e ´βx

0
if

x ą 0
x ď 0

(66.88)

Γpαq
eq. (54.81)

“

ż

8

0
t
α´1e ´t dt (66.89)

with α, β P Rą0

5. Chi-Square Distribution χ2
k

6. Student’s t-distribution

Definition 66.40 Student’ t-distribution:

7. Delta Distribution

Definition 66.41 The delta function δpxq:
The delta/dirac function δpxq is defined by:

ż

R
δpxqfpxq dx “ fp0q

for any integrable function f on R.
Or alternativly by:

δpx ´ x0q “ lim
σÑ0

N px|x0, σq (66.90)

« 81tx“x0u (66.91)

Property 66.23 Properties of δ:
• Normalization: The delta function integrates to 1:

ż

R
δpxq dx “

ż

R
δpxq ¨ c1pxq dx “ c1p0q “ 1

where c1pxq “ 1 is the constant function of value 1.
• Shifting:

ż

R
δpx ´ x0qfpxq dx “ fpx0q (66.92)

• Symmetry:
ş

R δp´xqfpxq dx “ fp0q
• Scaling:

ş

R δpαxqfpxq dx “ 1
|α| fp0q

Note
• In mathematical terms δ is not a function but a gernalized

function.
• We may regard δpx´x0q as a density with all its probability

mass centered at the signle point x0.
• Using a box/indicator function s.t. its surface is one and

its width goes to zero, instead of a normaldistribution
eq. (66.90) would be a non-differentiable/discret form of
the dirac measure.

Definition 66.42 Heaviside Step Function:

Hpxq :“
d

dx
maxtx, 0u x P R‰0 (66.93)

or alternatively:
Hpxq :“

ż x

´8
δpsq ds (66.94)

Proofs

Proof 66.11 Definition 66.25: Consider a sequence of n ran-
dom tXiu

n
i“1 Bernoulli experiments[def. 66.22] with success

probability p.
Define the r.v. Yn to be the sum of the n Bernoulli variables:

Yn “

n
ÿ

i“1

Xi n P N

i.e. the total number of successes. Now lets calculate the prob-
ability density function fn of Yn. First let

`

x1 xn
˘

P

t0, 1un and let y “
řn
i“1 xi a bit sting of zeros and ones, with

one occuring y times.
P ppX1, X2, ¨ ¨ ¨ , Xnq “ px1, x2, . . . , xnqq

“ pp ¨ ¨ ¨ pq
loooomoooon

y

¨ pq ¨ ¨ ¨ qq
loooomoooon

n ´ y-times

“ pyp1 ´ pqn´y

However we need to take into account that there exists fur-
ther realization X “ x, that correspond to different or-
ders of the elements in our two classes t0, 1u which leads to

n!
y!pn´yq! “

´

n
y

¯

:

fnpyq “

ˆ

n

y

˙

pyp1 ´ pqn´y
y P t0, 1, . . . , nu

Proof 66.12: proposition 66.1: Let X be normally distributed
with X „ N pµ, σ2q:

FY pyq
yą0
“ PY pY ď yq “ Ppa ` bX ď yq “ PX

ˆ

X ď
y ´ a

b

˙

“ FX

ˆ

y ´ a

b

˙

FY pyq
yă0
“ PY pY ď yq “ Ppa ` bX ď yq “ PX

ˆ

X ě
y ´ a

b

˙

“ 1 ´ FX
ˆ

y ´ a

b

˙

Differentiating both expressions w.r.t. y leads to:

fY pyq “
dFY pyq

dy
“

$

’

’

’

’

’

&

’

’

’

’

’

%

1
b

dFX
´

y´a
b

¯

dy

1
´b

dFX
´

y´a
b

¯

dy

“
1

|b|
fX pxq

ˆ

y ´ a

b

˙

eq. (66.71)).
in order to prove that Y „ N

´

a ` bµ, b2σ2
¯

we simply plug
fX in the previous expression:

fY pyq “
1

?
2πσ|b|

exp

$

&

%

´
1
2

¨

˝

y´a
b
´ µ

σ

˛

‚

2,
.

-

“
1

?
2πσ|b|

exp
#

´
1
2

˜

y ´ pa ` bµq

σ|b|

¸2+

Proof 66.13: proposition 66.2: Let X be normally distributed
with X „ N pµ, σ2q:

Z :“
X ´ µ

σ
“

1
σ
X ´

µ

σ
“ aX ` b with a “

1
σ
, b “ ´

µ

σ
eq. (66.71)

„ N
´

aµ ` b, a
2
σ

2
¯

„ N

˜

µ

σ
´
µ

σ
,
σ2

σ2

¸

„ N p0, 1q

Proof 66.14: proposition 66.3: Let X be normally distributed
with X „ N pµ, σ2q:

FX pxq “ PpX ď xq

´µ
˜σ
“ P

ˆ

X ´ µ

σ
ď
x ´ µ

σ

˙

“ P
ˆ

Z ď
x ´ µ

σ

˙

“ Φ
ˆ

x ´ µ

σ

˙

Proof 66.15: Property 66.21 scalar case

Let y „ ppyq “ N pµ, σ2q “ 1?
2πσ2

exp
ˆ

´
py´µq2

2σ2

˙

and

define x “ ay ` b a P R`, b P R
Using the Change of variables formula it follows:

px psxq
eq. (65.46)

“

py psyq

| dx
dy |

«

|
dx
dy

| “ a

ff

sy“
sx´b
a
“

1
a

1
a

2πµ2
exp

˜

´
1

2σ2

´

sypsxq
hkkkikkkj

sx ´ b

a
´µ

¯2
¸

“
1

a

2πa2µ2
exp

˜

´
1

2σ2a2

´

sx´b ´ aµ
looooomooooon

µx

¯2
¸

Hence x „ N pµx, σ2
xq “ N paµ ` b, a2

σ
2
q

Note
We can also verify that we have calculated the right mean and
variance by:

E rxs “ E ray ` bs “ aE rys ` b “ aµ ` b

V rxs “ V ray ` bs “ a
2V rys “ a

2
σ

2

Proof 66.16: ??

pXpuq “
n
ź

i

pXi puiq

“

n
ź

i“1

1
b

2πσ2
i

exp
˜

´
pxi ´ µiq

2

2σ2
i

¸

φXpuq “ exp
"

iu1µ1 ´
1
2
σ1u

2
1

*

¨ ¨ ¨ exp
"

iunµn ´
1
2
σnu

2
n

*

“ exp

$

’

’

’

’

&

’

’

’

’

%

i

n
ÿ

i

unµn ´
1
2

n
ÿ

i

σnu
2
n

. . . . . . . .

,

/

/

/

/

.

/

/

/

/

-

“ exp
#

iu⊺
µ ´

1
2

uΣu
. . . .

+

Proof 66.17 Diagonal Gaussian Distribution[def. 66.35]:

Σ´1
“

»

—

—

—

—

—

—

—

—

–

1
σ2

1
0 0

0 1
σ2

2
0

0 0 1
σ2
k

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

|Σ´1| “
k
ź

i“1

σ
2
i “

¨

˝

k
ź

i“1

σi

˛

‚

2

pX ´ µq
⊺Σ´1

pX ´ µq “

“
“

px1 ´ µ1q px2 ´ µ2q pxk ´ µkq
‰

»

—

—

—

—

—

—

—

—

–

1
σ2

1
0 0

0 1
σ2

2
0

0 0 1
σ2
k

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

–

px1 ´ µ1q
px2 ´ µ2q

pxk ´ µkq

fi

ffi

ffi

ffi

ffi

fl

“
px1 ´ µ1q

2

σ2
1

`
px2 ´ µ2q

2

σ2
2

` ¨ ¨ ¨ `
pxk ´ µkq

2

σ2
k

“

n
ÿ

i“1

pxi ´ µ
2
i q

σ2
i

Combining those two lead directly to:

fXpX1, . . . , Xkq “
1

b

p2πqk
´

śn
i“1 σ

2
i

¯

exp

¨

˝´
1
2

n
ÿ

i“1

pxi ´ µ
2
i q

σ2
i

˛

‚
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Proof 66.18: Property 66.22
From Property 66.21 it follows immediately that z is GRV
z „ N pµz ,Σzq with:

z “ Aξ with A “
“

Ax Ay
‰

and ξ “
`

x y
˘

Knowing that z is a GRV it is sufficient to calculate µz and
Σz in order to characterize its distribution:

E rzs “ E
“

Axx `Ayy
‰

“ Axµx `Ayµy

V rzs “ V rAξs
??
“ AV rξsA⊺

“
“

Ax Ay
‰

„

V rxs Cov rx, ys
Cov ry, xs V rys

ȷ

“

Ax Ay
‰⊺

“
“

Ax Ay
‰

„

V rxs Cov rx, ys
Cov ry, xs V rys

ȷ„

A⊺
x

A⊺
y

ȷ

“ AxV rxsA⊺
x `AyV rysA⊺

y

` AyCov ry, xsA⊺
x

loooooooooooomoooooooooooon

“0by independence

` AxCov rx, ysA⊺
y

loooooooooooomoooooooooooon

“0by independence
“ AxΣxA⊺

x `AyΣyA⊺
y

Note

Can also be proofed by using the normal definition of [def. 66.15]

and tedious computations.

Proof 66.19: Equation (66.43) If x “ ci i.e. the outcome ci
has occurred then it follows:
k
ź

j

p
δrx“cis

i
“ p0

1 ¨ ¨ ¨ p
1
i ¨ ¨ ¨ p

0
k “ 1 ¨ ¨ ¨ pi ¨ ¨ ¨ 1 “ ppx “ ci|pq
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Sampling Methods
1. Sampling Random Numbers

Most math libraries have uniform random number gener-
ator (RNG) i.e. functions to generate uniformly distributed
random numbers U „ Ura, bs (eq. (66.52)).
Furthermore repeated calls to these RNG are independent,
that is:

pU1,U2 pu1, u2q
??
“ pU1 pu1q ¨ pU2 pu2q

“

#

1 if u1, u2 P ra, bs

0 otherwise
Question: using samples tu1, . . . , unu of these CRVs with
uniform distribution, how can we create random numbers with
arbitrary discreet or continuous PDFs?

2. Inverse-transform Technique
Idea

0

1
FX pXq

u1

x1
x “ F´1

X
puq

Can make use of section 1 and
the fact that CDF are increas-
ing functions ([def. 54.12]). Advan-
tage:
• Simple to implement
• All discrete distributions can

be generated via inverse- trans-
form technique

Drawback:
• Not all continuous distribu-

tions can be integrated/have closed form solution for their
CDF.
E.g. Normal-,Gamma-,Beta-distribution.

1. Continuous Case

Definition 67.1 One Continuous Variable: Given: a
desired continuous pdf fX and uniformly distributed rn
tu1, u2, . . .u:
1. Integrate the desired pdf fX in order to obtain the desired

cdf FX :
FX pxq “

ż x

´8
fX ptq dt (67.1)

2. Set FX pXq
!
“ U on the range of X with U „ Ur0, 1s.

3. Invert this equation/find the inverse F´1
X
pUq i.e. solve:

U “ FX pXq “ FX

´

F
´1
X
pUq

looooomooooon

X

¯

(67.2)

4. Plug in the uniformly distributed rn:
xi “ F

´1
X
puiq s.t. xi „ fX (67.3)

Definition 67.2 Multiple Continuous Variable:
Given: a pdf of multiple rvs fX,Y :
1. Use the product rule (??) in order to decompose fX,Y :

fX,Y “ fX,Y px, yq “ fX|Y px|yqfY pyq (67.4)

2. Use [def. 67.3] to first get a rv for y of Y „ fY pyq.
3. Then with this fixed y use [def. 67.3] again to get a value for

x of X „ fX|Y px|yq.

Proof 67.1: [def. 67.3]:
Claim: if U is a uniform rv on r0, 1s then F´1

X
pUq has FX as

its CDF.
Assume that FX is strictly increasing ([def. 54.12]).
Then for any u P r0, 1s there must exist a unique x s.t.
FX pxq “ u.
Thus FX must be invertible and we may write x “ F´1

X
puq.

Now let a arbitrary:
FX paq “ Ppx ď aq “ PpF´1

X
pUq ď aq

Since FX is strictly increasing:
P
´

F
´1
X
pUq ď a

¯

“ PpU ď FX paqq

eq. (66.52)
“

ż FX paq

0
1 dt “ FX paq

Note
Strictly speaking we may not assume that a CDF is strictly
increasing but we as all CDFs are weakly increasing ([def. 54.12])
we may always define an auxiliary function by its infinimum:

F̂
´1
X

:“ inf tx|FX pXq ě 0u u P r0, 1s (67.5)

2. Discret Case
Idea

0

1

u1

xk

FX pXq

FX pxk´1q

FX pxkq

1
U „ Ur0, 1s

0 x

Given: a desired
discret pmf pX s.t.
PpX “ xiq “ pX pxiq
and uniformly distributed
rn tu1, u2, . . .u.
Goal: given a uniformly
distributed rn u determine
k s.t.:

k´1
ÿ

i“1

ă U ď

k
ÿ

i“1

ðñ FX
`

xk´1
˘

ă u ď FX pxkq

(67.6)
and return xk.

Definition 67.3 One Discret Variable:
1. Compute the CDF of pX ([def. 66.8])

FX pxq “

x
ÿ

t“´8

pX ptq (67.7)

2. Given the uniformly distributed rn tuiuni“1 find ki (fl in-
version) s.t.:

FX

´

x
kpiq´1

¯

ă ui ď FX

´

x
kpiq

¯

@ui (67.8)

Proof 67.2: ??: First of all notice that we can always solve
for an unique xk. Given a fixed xk determine the values of
u for which:

FX
`

xk´1
˘

ă u ď FX pxkq (67.9)
Now observe that:

u ď FX pxkq “ FX pxk´1q ` pX pxkq
ñFX

`

xk´1
˘

ă u ď FX pxk´1q ` pX pxkq
The probability of U being in pFX pxk´1q, FX pxkqs is:

P
`

U P rFX pxk´1q, FX pxkqs
˘

“

ż FX pxkq

FX pxk´1q
pU ptq dt

“

ż FX pxkq

FX pxk´1q
1 dt “

ż FX pxk´1q`pX pxkq

FX pxk´1q
1 dt “ pX pxkq

Hence the random variable xk P X has the pdf pX .

Definition 67.4
Multiple Continuous Variables (Option 1):
Given: a pdf of multiple rvs pX,Y :
1. Use the product rule (??) in order to decompose pX,Y :

pX,Y “ pX,Y px, yq “ pX|Y px|yqpY pyq (67.10)
2. Use ?? to first get a rv for y of Y „ pY pyq.
3. Then with this fixed y use ?? again to get a value for x of

X „ pX|Y px|yq.

Definition 67.5
Multiple Continuous Variables (Option 2):
Note: this only works if X and Y are finite.
Given: a pdf of multiple rvs pX,Y let Nx “ |X | and
Ny “ |Y| the number of elements in X and Y.

Define pZp1q “ pX,Y p1, 1q, pZp2q “ pX,Y p1, 2q, . . .
. . . , pZpNx ¨Nyq “ pX,Y pNx, Nyq

Then simply apply ?? to the auxillary pdf pZ
1. Use the product rule (??) in order to decompose fX,Y :

fX,Y “ fX,Y px, yq “ fX|Y px|yqfY pyq (67.11)

2. Use [def. 67.3] to first get a rv for y of Y „ fY pyq.
3. Then with this fixed y use [def. 67.3] again to get a value for

x of X „ fX|Y px|yq.

3. Monte Carlo Methods

1. Monte Carlo (MC) Integration

Integration methods s.a. Simpson integration[def. 62.34] suffer
heavily from the curse of dimensionality.
An n-order[def. 62.31] quadrature scheme Qn in 1-dimension is
usually of order n{d in d-dimensions.
Idea estimate an integral stochastically by drawing sample
from some distribution.

Definition 67.6 Monte Carlo Integration:
3 ` 4 (67.12)

2. Rejection Sampling
3. Importance Sampling
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Descriptive Statistics
1. Populations and Distributions

Definition 68.1 Population txiu
N
i“1:

is the entire set of entities from which we can draw sample.

Definition 68.2
Families of Probability Distributions pθ:
Are probability distributions that vary only by a set of hyper
parameters θ[def. 68.1].

Definition 68.3 [example 68.3]
Population/Statistical Parameter θ:
Are the parameters defining families of probability
distributions[def. 68.2]

Explanation 68.1 (Definition 68.1). Such hyper parameters
are often characterized by populations following a certain fam-
ily of distributions with the help of a stastistc. Hence they are
called population or statistical parameters.
1. Characteristics of Populations

Definition 68.4 Population Mean: Given a population
txiu

N
i“1 of size N its variance is defined as:

µ “
1
N

N
ÿ

i“1

xi (68.1)

Definition 68.5 Population Variance: Given a population
txiu

N
i“1 of size N its variance is defined as: txiuNi“1

σ
2
“

1
N

N
ÿ

i“1

pxi ´ µq
2 (68.2)

Note
The population variance and mean are equally to the mean
derived from the true distribution of the population.

2. Sample Statistics

Definition 68.6 (Sample) Statistic: A statistc is a mea-
suarble function T that assigns a single value t to a sample
of random variables or population:

t : Rn ÞÑ R t “ T pX1, . . . , Xnq

E.g. T could be the mean, variance,. . .

Definition 68.7 Degrees of freedom of a Statistic: Is the
number of values in the final calculation of a statistic that are
free to vary.

Note

N
n

The function itself is independent of
the sample’s distribution; that is, the
function can be stated before realiza-
tion of the data.

3. Point and Interval Estimation

Assume a population X with a given sample txiuni“1 follows
some family of distributions:

X „ pX p; θq (68.3)
how can we estimate the correct value of the parameter θ or
some function of that parameter τpθq?
1. Point Estimates

Definition 68.8 (Point) Estimator θ̂:
Is a statistic[def. 68.6] that tries estimates an unknown param-
eter θ of an underlying family of distributions[def. 68.2] for a
given sample txiuni“1 of that distribution:

θ̂ “ tpx1, . . . ,xnq (68.4)

Note
The other kind of estimators are interval estimators which do
not calculate a statistic but an interval of plausible values of
an unknown population parameter θ.
The most prevalent forms of interval estimation are:
• Confidence intervals (frequentist method).
• Credible intervals (Bayesian method).
3.1.1. Empirical Mean

Definition 68.9 Sample/Empirical Mean sx:
The sample mean is an estimate/statistic of the population
mean[def. 68.4] and can be calculated from an observation/sam-
ple of the total population txiuni“1 Ă txiu

N
i“1:

sx “ pµX “
1
n

n
ÿ

i“1

xi (68.5)

Corollary 68.1 [proof 68.1]
Unbiased Sample Mean:
The sample mean estimator is unbiased:

E rpµX s “ µ (68.6)

Corollary 68.2 [Proof 68.2]
Variance of the Sample Mean:
The variance of the sample mean estimator is given by:

V rpµX s “
1
n
σ

2
X (68.7)

3.1.2. Empirical Variance

Definition 68.10 Biased Sample Variance:
The sample variance is an estimate/statistic of the popula-
tion variance[def. 68.5] and can be calculated from an observa-
tion/sample of the total population txiuni“1 Ă txiu

N
i“1:

s
2
n “ pσ

2
X “

1
n

n
ÿ

i“1

pxi ´ µq
2 (68.8)

Definition 68.11 [proof 68.3]
(Unbiased) Sample Variance:
The unbiased form of the sample variance[def. 68.10] is given by:

s
2
“ pσ

2
X “

1
n ´ 1

n
ÿ

i“1

pxi ´ µq
2 (68.9)

Definition 68.12 Bessel’s Correction: The factor
n

n ´ 1
(68.10)

is called Bessel’s correction. Multiplying the uncorrected pop-
ulation variance eq. (68.8) by this term yields an unbiased
estimated of the variance.

Attention:
• The Bessel correction holds for the variance but not for the

standard deviation.
• Usually only the unbiased variance is used and sometimes

also denoted by s2
n

2. Interval Estimates

Definition 68.13 Interval Estimator θ̂:
Is an estimator that tries to bound an unknown parameter
θ of an underlying family of distributions[def. 68.2] for a given
sample txiuni“1 of that distribution.
Let θ P Θ and define two point statistics[def. 68.6] g and h then
an interval estimate is defined as:

P pLn ă θ ă Unq “ γ
@θ P Θ
γ P r0, 1s

Ln “ gpx1, . . . ,xnq

Un “ hpx1, . . . ,xnq
(68.11)

Statistical Tests
4. Parametric Hypothesis Testing

Definition 68.14 Parametric Hypothesis Testing:
Hypothesis testing is a statistical procedure in which a hy-
pothesis is tested based on sampled data X1, . . . , Xn.

1. Null Hypothesis

Definition 68.15 Null Hypothesis H0:
A null hypothesis H0 is an assumption on a population[def. 68.1]

parameter[def. 68.3] θ:
H0 : θ “ θ0 (68.12)

Note
Often, a null hypothesis cannot be verified, but can only be
falsified.

Definition 68.16 Alternative Hypothesis HA/H1:
The alternative hypothesis H1 is an assumption on a
population[def. 68.1] parameter[def. 68.3] θ that is opposite to the
null hypothesis.

HA : θ
#

ą θ0 (one-sided)
ă θ0 (one-sided)
‰ θ0 (two-sided)

(68.13)

2. Test Statistic

The decision on the hypothesis test is based on a sample
from the population Xpnq “ tX1, . . . , Xnu however the de-
cision is usually not based on single sample but a sample
statistic[def. 68.6] as this is easier to use.

Definition 68.17 [example 68.4]
Test Statistic/Testing Parameter T :
Is a sample statistic[def. 68.6] used for hypothesis tests in order
to give evidence for or against a hypothesis:

tn “ T pDnq “ T ptX1, . . . , Xnuq (68.14)

3. Sampling Distribution

Definition 68.18 Tθ0 ptq
Null Distribution/Sampling Distribution under H0:
Let Dn “ tX1, . . . Xnu be a random sample from the true
population ppop and let T pDnq be a test statistic of that
sample.
The probability distribution of the test statistic under the as-
sumption that the null hypothesis is true is called sampling
distribution:

t „ Tθ0 “ T pt|H0 trueq Xi „ ppop (68.15)

4. The Critical Region

Given a sample Dn “ tX1, . . . , Xnu of the true population
ppop how should we decide whether the null hypothesis should
be rejected or not?
Idea: let T be the be the set of all possible values that the
sample statistic T can map to. Now lets split T in two dis-
junct sets T0 and T1:

T “ T0 Y T1 T0 X T1 “ H

• if tn “ T pXnq P T0 we accept the null hypothesis H0
• if tn “ T pXnq P T1 we reject the null hypothesis for H1

Definition 68.19 Critical/Rejection Region T1: Is the
set of all values of the test statistic[def. 68.17] tn that causes
us to reject the Null Hypothesis in favor for the alternative
hypothesis HA:

K “ T1 “ tT : H0 rejectedu (68.16)

Definition 68.20 Acceptance Region T0: Is the region
where we accept the null hypothesis H0.

T0 “ tT : H0 acceptedu (68.17)

Definition 68.21 Critical Value c:
Is the value of the critical region c P T1 which is closest to the
region of acceptance[def. 68.20]:
5. Type I&II Errors

Definition 68.22
False Positive Type I Error:
Is the rejection of the null hypothesis H0, even-tough it is
true

Test rejects H0|H0 true
ðñ tn P T1|H0 true (68.18)

Definition 68.23
False Negative Type II Error:
Is the acceptance of a null hypothesis H0, even-tough its false:

Test accepts H0|HA true
ðñ tn P T0|HA true (68.19)

Types of Errors

Decision H0 true H0 false

Accept TN Type II (FN)

Reject Type I (FP) TP

6. Statistical Significance & Power

Question: how should we choose the split tT0,T1u?
The bigger we choose Θ1 (and thus the smaller Θ0) the more
likely it is to accept the alternative.
Idea: take the position of the adversary and choose Θ1 so
small that θ P Θ1 has only a small probability of occurring.

Definition 68.24 [example 68.5]
(Statistical) Significance α:
A study’s defined significance level α denotes the probability
to incur a Type I Error [def. 68.22]:

P ptn P T1|H0 trueq “ P ptest rejects H0|H0 trueq ď α
(68.20)

Definition 68.25 Probability Type II Error β:
A test probability to for a false negative[def. 68.23] is defined as:
βptnq “ P ptn P T0|H1 trueq “ P ptest accepts H0|H1 trueq

(68.21)

Definition 68.26 (Statistical) Power 1 ´ β:
A study’s power 1 ´ β denotes a tests probability for a true
positive:

1 ´ βptnq “ P ptn P T1|H1 trueq (68.22)
“ P ptest rejects H0|H1 trueq (68.23)

Corollary 68.3 Types of Split:
The Critical region is chosen s.t. we incur a Type I Error with
probability less than α, which corresponds to the type of the
test[def. 68.16]:

Ppc2 ď X ď c1q ď α two-sided
or Ppc2 ď Xq ď

α

2
and PpX ď c1q ď

α

2
Ppc2 ď Xq ď α one-sided
PpX ď c1q ď α one-sided

Decission

Truth
H0 true H0 false

H0 accept 1 ´ α 1 ´ β

H0 rejected α β

7. P-Value

Definition 68.27 P-Value p:
Given a test statistic tn “ T pX1, . . . , Xnq the p-value p P
r0, 1s is the smallest value s.t. we reject the null hypothesis:

p :“ inf
α
tα|tn P T1u tn “ T pX1, . . . , Xnq (68.24)

Explanation 68.2.
• The smaller the p-value the less likely is an observed statistic
tn and thus the higher is the evidence against a null hypoth-
esis.

• A null hypothesis has to be rejected if the p-value is bigger
than the chosen significance niveau α.
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5. Conducting Hypothesis Tests

1 Select an appropriate test statistic[def. 68.17] T .
2 Define the null hypothesis H0 and the alternative hypoth-

esis H1 for T .
3 Find the sampling distribution[def. 68.18] Tθ0 ptq for T ,

given H0 true.
4 Chose the significance level α
5 Evaluate the test statistic tn “ T pX1, . . . , Xnq for the

sampled data.
6 Determine the p-value p.
7 Make a decision (accept or reject H0)

1. Tests for Normally Distributed Data

Let us consider an i.i.d. sample of observations txiuni“1, of a
normally distributed population Xpop „ N pµ, σ2q.
From eqs. (68.6) and (68.7) it follows that the mean of the
sample is distributed as:

ĎXn „ N pµ, σ2
{nq

thus the mean of the sample ĎXn should equal the mean µ of
the population. We now want to test the null hypothesis:

H0 : µ “ µ0 ðñ ĎXn „ N pµ0, σ
2
{nq (68.25)

This is obviously only likely if the realization sxn is close to
µ0.
5.1.1. Z-Test σ known

Definition 68.28 Z-Test:
For a realization of Z with txiuni“1 and mean sxn:

z “
sxn ´ µ0

σ{
?
n

we reject the null hypothesis H0 : µ “ µ0 for the alternative
HA for significance niveau[def. 68.24] α if:
|z| ě z1´α

2
ðñ z ď zα

2
_ z ě z1´α

2

ðñ z P T1 “
ˆ

´8,´z1´α
2

ȷ

Y

„

z1´α
2
,8

˙

z ě z1´α ðñ z P T1 “
“

z1´α,8
˘

z ď zα “ ´z1´α ðñ z P T1 “ p´8,´zαs “
`

8,´z1´α
‰

(68.26)

Notes

• Recall from [def. 66.19] and [cor. 66.4] that:
zα

i.e. α=0.05
“ z0.05 “ Φ´1

pαq ðñ PpZ ď z0.05q “ 0.05
• |z| ě z1´α

2
which stands for:

PpZ ď z0.05q ` PpZ ě z0.95q “ PpZ ď ´z1´0.05q ` PpZ ě z0.95q
“ Pp|Z| ě z0.95q

can be rewritten as:
z ě z1´α

2
_ ´z ě z1´α

2
ðñ z ď ´z1´α

2
“ zα

2
• One usually goes over to the standard normal distribution

proposition 66.2 and thus test how far one is away from zero
mean ñ Z-test.

• We thus inquire a Type I error with probability α and
should be small i.e. 1%.

5.1.2. t-Test σ unknown

In reality we usually do not know the true σ of the whole data
set and thus calculate it over our sample. This however in-
creases uncertainty and thus our sample does no longer follow
a normal distribution but a t-distribution wiht n´1 degrees
of freedom:

T „ tn´1 (68.27)

Definition 68.29 t-Test:
For a realization of T with txiuni“1 and mean sxn:

t “
sxn ´ µ0

sn{
?
n

we reject the null hypothesis H0 : µ “ µ0 for the alternative
HA if:

|t| ětn´1,1´α
2

ðñ t P T1 “
ˆ

´8,´tn´1,1´α
2

ȷ

Y

„

tn´1,1´α
2
,8

˙

t ětn´1,1´α

ðñ t P T1 “
“

tn´1,1´α,8
˘

t ďtn´1,α “ ´tn´1,1´α

ðñ t P T1 “
`

´8,´tn´1,α
‰

“
`

8,´tn´1,1´α
‰

Notes
• The t-distribution has fatter tails as the normal distribution
ñ rare event become more likely

• For n Ñ 8 the t-distribution goes over into the normal
distribution

• The t-distribution gains a degree of foredoom for each sam-
ple and loses one for each parameter we are interested in ñ
n-samples and we are interested in one parameter µ.

2. Confidence Intervals

Now we are interested in the opposite of the critical
region[def. 68.19] namely the region of plaussible values.

Definition 68.30 Confidence Interval I:
Let Dn “ tX1, . . . , Xnu be a sample of observations and Tn
a sample statistic of that sample. The confidence interval is
defined as:
IpDnq “ tθ0 : TnpDnq P T0u “ tθ0 : H0 is not rejectedu

(68.28)

Corollary 68.4 : The confidence interval captures the un-
kown parameter θ with probability 1 ´ α:

Pθ pθ P IpDnqq “ P pTnpDnq P T0q “ 1 ´ α (68.29)

6. Inferential Statistics
Goal of Inference

1 What is a good guess of the parameters of my model?
2 How do I quantify my uncertainty in the guess?
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7. Examples

Example 68.1 ??: Let x be uniformly distributed on r0, 1s
([def. 66.28]) with pmf pX pxq then it follows:
dy
dx

“
1

pY pyq
ñ dx “ dypypyq ñ x “

ż y

´8
pyptq dt “ FY pxq

Example 68.2 ??: Let

Example 68.3 Family of Distributions: The family of
normal distribution N has two parameters

!

µ, σ2
)

Example 68.4 Test Statistic: Lets assume the test statistic
follows a normal distribution:

T „ N pµ; 1q
however we are unsure about the population
parameter[def. 68.3] θ “ µ but assume its equal to θ0
thus the null-and alternative hypothesis are:

H0 : µ “ µ0 H1 : µ ‰ µ0

Example 68.5 Binomialtest:
Given: a manufacturer claims that a maximum of 10% of its
delivered components are substandard goods.
In a sample of size n “ 20 we find x “ 5 goods that do not ful-
fill the standard and are skeptical that what the manufacture
claims is true, so we want to test:

H0 : p “ p0 “ 0.1 vs. HA : p ą 0.1
We model the number of number of defective goods using the
binomial distribution[def. 66.25]

X „Bpn, pq
„T pn, pq

, n “ 20 PpX ě xq “

n
ÿ

k“x

ˆ

n

k

˙

pkp1 ´ pqn´k

from this we find:
Pp0 pX ě 4q “ 1 ´ Pp0 pX ď 3q “ 0.13
Pp0 pX ě 5q “ 1 ´ Pp0 pX ď 4q “ 0.04 ď α

thus the probability that equal 5 or more then 5 parts out of
the 20 are rejects is less then 4%.
ñ throw away null hypothesis for the 5% niveau in favor to
the alternative.
ñ the 5% significance niveau is given by K “ t5, 6, . . . , 20u

Note
If x ă n{2 it is faster to calculate PpX ě xq “ 1´PpX ď x´1q

8. Proofs

Proof 68.1: [cor. 68.1]:

E rpµX s “ E

»

–

1
n

n
ÿ

i“1

xi

fi

fl “
1
n
E

»

–

n
ÿ

i“1

xi

fi

fl “
1
n
E
“

µ ` ¨ ¨ ¨ ` µ
looooooomooooooon

1,...,n

‰

Proof 68.2: [cor. 68.2]:

V rpµX s “ V

»

–

1
n

n
ÿ

i“1

xi

fi

fl

Property 66.10
“

1
n2

V

»

–

n
ÿ

i“1

xi

fi

fl

1
n2
nV rXs “

1
n
σ

2

Proof 68.3: definition 68.11:

E
”

pσ
2
X

ı

“E

»

–

1
n ´ 1

n
ÿ

i“1

pxi ´ sxq
2

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

´

x
2
i ´ 2xi sx ` sx

2
¯

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

x
2
i ´ 2sx

n
ÿ

i“1

xi `

n
ÿ

i“1

sx
2

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

x
2
i ´ 2nsx ¨ nsx ` nsx

2

fi

fl

“
1

n ´ 1
E

»

–

n
ÿ

i“1

x
2
i ´ nsx

2

fi

fl

“
1

n ´ 1

»

–

n
ÿ

i“1

E
”

x
2
i

ı

´ nE
”

sx
2
ı

fi

fl

“
1

n ´ 1

»

–

n
ÿ

i“1

pσ
2
` µ

2
q ´ nE

”

sx
2
ı

fi

fl

“
1

n ´ 1

»

–

n
ÿ

i“1

pσ
2
` µ

2
q ´ n

ˆ 1
n
σ

2
` µ

2
˙

fi

fl

“
1

n ´ 1

”

pnσ
2
` nµ

2
q ´

´

σ
2
` nµ

2
¯ı

“
1

n ´ 1

”

nσ
2
´ σ

2
ı

“
1

n ´ 1

”

pn ´ 1qσ2
ı

“ σ
2
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Stochastic Calculus
Stochastic Processes

Definition 69.1
Random/Stochastic Process tXt, t P T Ď R`u:
An (Rd-valued) stochastic process is a collection of
(Rd ´valued) random variables Xt on the same probabil-
ity space pΩ,A, Pq. The index set T is usually representing
time and can be either an interval rt1, t2s or a discrete set
tt1, t2, . . .u. Therefore, the random process X can be written
as a function:
X : T Ď R` ˆΩ ÞÑ Rd ðñ pt, ωq ÞÑ Xpt, ωq (69.1)

Definition 69.2 Sample path/Trajector/Realization: Is
the stochastic/noise signal rp¨, ωq on the index set[def. 51.1] T ,
that we obtain be sampling ω from Ω.

Notation
Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space Xpt, ωq :“ Xptq

Corollary 69.1 tXt, t P T Ď R`u ą 0
Strictly Positive Stochastic Processes: A stochastic pro-
cess tXt, t P T Ď R`u is called strictly positive if it satisfies:

Xt ą 0 P-a.s. @t P T (69.2)

Definition 69.3
Random/Stochastic Chain tXt, t P T Ď R`u:
is a collection of random variables defined on the same prob-
ability space pΩ,A, Pq[def. 65.1]. The random variables are or-
dered by an associated index set[def. 51.1] T and take values
in the same mathematical discrete state space[def. 69.5] S, which
must be measurable w.r.t. some σ-algebra[def. 65.6] Σ.
Therefore for a given probability space pΩ,A, Pq and a mea-
surable space pS,Σq, the random chain X is a collection of
S-valued random variables that can be written as:

X : T ˆ Ω ÞÑ S ðñ pt, ωq ÞÑ Xpt, ωq (69.3)

Definition 69.4 Index/Parameter Set T :
Usually represents time and can be either an interval rt1, t2s
or a discrete set tt1, t2, . . .u.

Definition 69.5 State Space S:
Is the range/possible values of the random variables of a
stochastic process[def. 69.1] and must be measurable[def. 65.7]

w.r.t. some σ-algebra Σ.

Sample-vs. State Space

Sample space[def. 65.2] hints that we are working with proba-
bilities i.e. probability measures will be defined on our sample
space.
State space is used in dynamics, it implies that there is a time
progression, and that our system will be in different states as
time progresses.

Definition 69.6 Sample path/Trajector/Realization: Is
the stochastic/noise signal rp¨, ωq on the index set T , that we
obtain be sampling ω from Ω.

Notation
Even though the r.v. X is a function of two variables, most
books omit the argument of the sample space Xpt, ωq :“ Xptq

1. Filtrations

Definition 69.7 Filtration F “ tFtutě0:
A collection tFtutě0 of sub σ-algebras[def. 65.6] tFtutě0 P F
is called filtration if it is increasing:

Fs Ď Ft @s ď t (69.4)

Explanation 69.1 (Definition 69.7). A filtration describes the
flow of information i.e. with time we learn more information.

Definition 69.8
Filtered Probability Space pΩ,F, tFtutě0, Pq:
A probability space pΩ,F, Pq together with a filtration
tFtutě0 is called a filtered probability space.

Definition 69.9 Adapted Process: A stochastic process
tXt, t P T Ď R`u is called adapted to a filtration F if:

Xt is Ft-measurable @t (69.5)
That is the value of Xt is observable at time t

Definition 69.10 Predictable Process: A stochastic pro-
cess tXt, t P T Ď R`u is called predictable w.r.t. a filtration
F if:

Xt is Ft´1-measurable @t (69.6)
That is the value of Xt is known at time t ´ 1

Note
The price of a stock will usually be adapted since date k prices
are known at date k.
On the other hand the interest rate of a bank account is
usually already known at the beginning k ´ 1, s.t. the in-
terest rate rt ought to be Fk´1 measurable, i.e. the process
r “ prkqk“1,...,T should be predictable.

Corollary 69.2 : The amount of information of an adapted
random process is increasing see example 69.1.

2. Martingales

Definition 69.11 Martingales: A stochastic process Xptq
is a martingale on a filtered probability space pΩ,F, tFtutě0, Pq
if the following conditions hold:
1 Given s ď t the best prediction of Xptq, with a filtration
tFsu is the current expected value:

@s ď t E rXptq|Fss “ Xpsq a.s. (69.7)

2 The expectation is finite:
E r|Xptq|s ă 8 @t ě 0 Xptq is tFtutě0 adapted

(69.8)

Interpretation

• For any Fs-adapted process the best prediction of Xptq is
the currently known value Xpsq i.e. if Fs “ Ft´1 then the
best prediction is Xpt ´ 1q

• A martingale models fair games of limited information.

Definition 69.12 Auto Covariance γpt2 ´ t1q:
Describes the covariance[def. 66.16] between two values of a
stochastic process pXtqtPT at different time points t1 and
t2.
γpt1, t2q “ Cov

“

Xt1 ,Xt2
‰

“ E
“`

Xt1 ´ µt1
˘ `

Xt2 ´ µt2
˘‰

(69.9)
For zero time differences t1 “ t2 the autocorrelation functions
equals the variance:

γpt, tq “ Cov rXt,Xts
eq. (66.35)

“ “ V rXts (69.10)

Notes
• Hence the autocorrelation describes the correlation of a

function or signal with itself at a previous time point.
• Given a random time dependent variable xptq the autocor-

relation function γpt, t ´ τq describes how similar the time
translated function xpt ´ τq and the original function xptq
are.

• If there exists some relation between the values of the time
series that is non-random, then the autocorrelation is non-
zero.

• The auto covariance is maximized/most similar for no
translation τ “ 0 at all.

Definition 69.13 Auto Correlation ρpt2 ´ t1q:
Is the scaled version of the auto-covariance[def. 69.12]:
ρpt2 ´ t1q “ Corr

“

Xt1 ,Xt2
‰

(69.11)

“
Cov

“

Xt1 ,Xt2
‰

σXt1
σXt2

“
E
“`

Xt1 ´ µt1
˘ `

Xt2 ´ µt2
˘‰

σXt1
σXt2

3. Different kinds of Processes

1. Markov Process

Definition 69.14 Markov Process: A continuous-time
stochastic process Xptq, t P T , is called a Markov process
if for any finite parameter set tti : ti ă ti`1u P T it holds:

P
`

Xptn`1q P B|Xpt1q, . . . , Xptnq
˘

“ P
`

Xptn`1q P B|Xptnq
˘

it thus follows for the transition probability – the probability
of Xptq lying in the set B at time t, given the value x of the
process at time s:

Pps, x, t, Bq “ P pXptq P B|Xpsq “ xq 0 ď s ă t (69.12)

Interpretation

In order to predict the future only the current/last value
counts.

Corollary 69.3 Transition Density: The transition prob-
ability of a continuous distribution p can be calculated via:

Pps, x, t, Bq “
ż

B
pps, x, t, yq dy (69.13)

2. Gaussian Process

Definition 69.15 Gaussian Process: Is a stochastic pro-
cess Xptq where the random variables follow a Gaussian dis-
tribution:

Xptq „ N
´

µptq, σ
2
ptq

¯

@t P T (69.14)

3. Diffusions

Definition 69.16 [proof 69.1],[proof 69.2]
Diffusion:
Is a Markov Process[def. 69.14] for which it holds that:

µpt,Xptqq “ lim
tÑ0

1
∆t

E rXpt `∆tq ´Xptq|Xptqs (69.15)

σ
2
pt,Xptqq “ lim

tÑ0

1
∆t

E
”

pXpt `∆tq ´Xptqq2 |Xptq
ı

(69.16)

• µpt,Xptqq is called drift
• σ2pt,Xptqq is called diffusion coefficient

Interpretation

There exist not discontinuities for the trajectories.
4. Brownian Motion/Wiener Process

Definition 69.17
d-dim standard Brownian Motion/Wiener Process:
Is an Rd valued stochastic process[def. 69.1] pWtqtPT starting at
x0 P Rd that satisfies:
1 Normal Independent Increments: the increments are

normally distributed independent random variables:
W ptiq ´W

`

ti´1
˘

„ N
`

0, pti ´ ti´1q1dˆd

˘

@i P t1, . . . , Tu (69.17)

2 Stationary increments:
W pt `∆tq ´W ptq is independent of t P T

3 Continuity: for a.e. ω P Ω, the function t ÞÑ Wtpωq is
continuous

lim
tÑ0

P p|W pt `∆tq ´W ptq| ě δq

∆t
“ 0 @δ ą 0

(69.18)

4 Start
W p0q :“ W0 “ 0 a.s. (69.19)

Notation
• In many source the Brownian motion is a synonym for the

standard Brownian Motion and it is the same as the Wiener
process.

• However in some sources the Wiener process is the stan-
dard Brownian Motion, while the Brownian motion denotes
a general form αW ptq ` β.

Corollary 69.4 Wt „ N p0, σq [proof 69.4],[proof 69.5]:
The random variable Wt follows the N p0, σq law

E rW ptqs “ µ “ 0 (69.20)
V rW ptqs “ E

”

W
2
ptq

ı

“ σ
2
“ t (69.21)

3.4.1. Properties of the Wiener Process

Property 69.1 Non-Differentiable Trajectories:
The sample paths of a Brownian motion are not differentiable:

dW ptq
t

“ lim
tÑ0

E
«

ˆ

W pt `∆tq ´W ptq
∆t

˙2
ff

“ lim
tÑ0

E rW pt `∆tq ´W ptqs
∆t

“ lim
tÑ0

σ2

∆t
“ 8

result
ÝÝÝÝÝÑ cannot use normal calculus anymore
solution
ÝÝÝÝÝÝÑ Ito Calculus see section 70.

Property 69.2 Auto covariance Function:
The auto-covariance[def. 69.12] for a Wiener process

E
”

pW ptq ´ µtqpW pt
1
q ´ µt

1
q

ı

“ minpt, t1
q (69.22)

Property 69.3: A standard Brownian motion is a
Quadratic Variation

Definition 69.18 Total Variation: The total variation of
a function f : ra, bs Ă R ÞÑ R is defined as:

LVra,bspfq “ sup
ΠPS

nΠ´1
ÿ

i“0

|fpxi`1q ´ fpxiq| (69.23)

S “
!

Πtx0, . . . , xnΠ u : Π is a partition [def. 62.12] of ra, bs
)

it is a measure of the (one dimensional) length of a function
w.r.t. to the y-axis, when moving alone the function.
Hence it is a measure of the variation of a function w.r.t. to
the y-axis.

Definition 69.19
Total Quadratic Variation/“sum of squares”:
The total quadratic variation of a function f : ra, bs Ă R ÞÑ R
is defined as:

QVra,bspfq “ sup
ΠPS

nΠ´1
ÿ

i“0

|fpxi`1q ´ fpxiq|
2 (69.24)

S “
!

Πtx0, . . . , xnΠ u : Π is a partition [def. 62.12] of ra, bs
)

Corollary 69.5 Bounded (quadratic) Variation:
The (quadratic) variation[def. 69.18] of a function is bounded if
it is finite:
DM P R` : LVra,bspfq ď M

´

QVra,bspfq ď M
¯

@Π P S
(69.25)

Theorem 69.1 Variation of Wiener Process: Almost
surely the total variation of a Brownian motion over a interval
r0, T s is infinite:

P pω : LV pW pωqq ă 8q “ 0 (69.26)

Theorem 69.2 [proof 69.6]
Quadratic Variation of standard Brownian Motion:
The quadratic variation of a standard Brownian motion over
r0, T s is finite:

lim
NÑ8

N
ÿ

k“1

„

W

ˆ

k
T

N

˙

´W

ˆ

pk ´ 1q
T

N

˙ȷ2
“ T

with probability 1 (69.27)

Corollary 69.6 : theorem 69.2 can also be written as:
pdW ptqq2 “ dt (69.28)
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3.4.2. Lévy’s Characterization of BM

Theorem 69.3 [proof 69.7],[proof 69.8]
d-dim standard BM/Wiener Process by Paul Lévy:
An Rd valued adapted stochastic process[def’s. 69.1 , 69.7] pWtqtPT
with the filtration tFtutPR`

, that satisfies:

1 Start
W p0q :“ W0 “ 0 a.s. (69.29)

2 Continuous Martingale: Wt is an a.s. continuous
martingale[def. 69.11] w.r.t. the filtration pFtqtPT under
P.

3 Quadratic Variation:
W

2
t ´ t is also an martingale ðñ QV pWtq “ t

(69.30)

is a standard Brownian motion[def. 69.24].
Further Stochastic Processes
3.4.3. White Noise

Definition 69.20 Discrete-time white noise: Is a ran-
dom signal tϵtutPTdiscret

having equal intensity at different
frequencies and is defined by:
• Having zero tendencies/expectation (otherwise the signal

would not be random):
E rϵ ˚ rkss “ 0 @k P Tdiscret (69.31)

• Zero autocorrelation[def. 69.13] γ i.e. the signals of different
times are in no-way correlated:

γpϵ ˚ rks, ϵ ˚ rk ` nsq “ E
“

ϵ ˚ rksϵ ˚ rk ` ns
⊺‰

“ V rϵ ˚ rkss δdiscretrns
@k, n P Tdiscret (69.32)

With δdiscretrns :“
#

1 if n “ 0
0 else

See proofs

Definition 69.21 Continuous-time white noise: Is a ran-
dom signal pϵtqtPTcontinuous having equal intensity at differ-
ent frequencies and is defined by:
• Having zero tendencies/expectation (otherwise the signal

would not be random):
E rϵ ˚ ptqs “ 0 @t P Tcontinuous (69.33)

• Zero autocorrelation[def. 69.13] γ i.e. the signals of different
times are in no-way correlated:
γpϵ ˚ ptq, ϵ ˚ pt ` τqq “ E

“

ϵ ˚ ptqϵ ˚ pt ` τq
⊺‰ (69.34)

eq. (66.91)
“ V rϵ ˚ ptqs δpt ´ τq “

#

V rϵ ˚ ptqs if τ “ 0
0 else

@t, τ P Tcontinuous (69.35)

Definition 69.22 Homoscedastic Noise: Has constant
variability for all observations/time-steps:

V
“

ϵi,t
‰

“ σ
2 @t “ 1, . . . , T

@i “ 1, . . . , N
(69.36)

Definition 69.23 Heteroscedastic Noise: Is noise whose
variability may vary with each observation/time-step:

V
“

ϵi,t
‰

“ σpi, tq
2 @t “ 1, . . . , T

@i “ 1, . . . , N
(69.37)

3.4.4. Generalized Brownian Motion

Definition 69.24 Brownian Motion:
Let tWtutPR`

be a standard Brownian motion[def. 69.17], and
define:

Xt “ µt ` σWt t P R`
µ P R : drift parameter
σ P R`: scale parameter

(69.38)
then tXtutPR`

is normally distributed with mean µt and vari-

ance tσ2 Xt „ N
´

µt, σ2t
¯

.

Theorem 69.4 Normally Distributed Increments:
If W pT q is a Brownian motion, then W ptq ´W p0q is a nor-
mal random variable with mean µt and variance σ2t, where
µ, σ P R. From this it follows that W ptq is distributed as:

fW ptqpxq „ N pµt, σ2
tq “

1
?

2πσ2t
exp

#

´
px ´ µtq2

2σ2t

+

(69.39)

Corollary 69.7 : More generally we may define the process:
t ÞÑ fptq ` σWt (69.40)

which corresponds to a noisy version of f .

Corollary 69.8
Brownian Motion as a Solution of an SDE: A stochastic
process Xt follows a BM with drift µ and scale σ if it satisfies
the following SDE:

dXptq “ µ dt ` σ dW ptq (69.41)
Xp0q “ 0 (69.42)

3.4.5. Geometric Brownian Motion (GBM)

For many processes Xptq it holds that:
• there exists an (exponential) growth
• that the values may not be negative Xptq P R`

Definition 69.25 Geometric Brownian Motion:
Let tWtutPR`

be a standard Brownian motion[def. 69.17] the

stochastic process S1
t fl S1ptq with drift parameter µ and

scale σ satisfying the SDE:
dS1
t “ S1

t pµ dt ` σ dWtq
“ µS1

t dt ` σS1
t dWt

(69.43)

is called geometric Brownian motion and is given by:

S1
t “ S1

0 exp
ˆ

σWt `

ˆ

µ ´
1
2
σ

2
˙

t

˙

t P R` (69.44)

Corollary 69.9 Log-normal Returns:
For a geometric BM we obtain log-normal returns:

ln
ˆ

St

S0

˙

“ sµt ` σW ptq ðñ sµt ` σW ptq „ N pµt, σ2
tq

with sµ :“ µ ´
1
2
σ

2 (69.45)

3.4.6. Locally Brownian Motion

Definition 69.26 Locally Brownian Motion:
Let tWtutPR`

be a standard Brownian motion[def. 69.17] a lo-
cal Brownian motion is a stochastic process Xptq that satisfies
the SDE:

dXptq “ µ pXptq, tq dt ` σ pXptq, tq dW ptq (69.46)

Note
A local Brownian motion is an generalization of a geometric
Brownian motion.
3.4.7. Ornstein-Uhlenbeck Process

Definition 69.27 Ornstein-Uhlenbeck Process:
Let tWtutPR`

be a standard Brownian motion[def. 69.17] a
Ornstein-Uhlenbeck Process or exponentially correlated noise
is a stochastic process Xptq that satisfies the SDE:

dXptq “ ´aXptq dt ` bσ dW ptq a ą 0 (69.47)

5. Poisson Processes

Definition 69.28 Rare/Extreme Events: Are events that
lead to discontinuous in stochastic processes.

Problem
A Brownian motion is not sufficient as model in order to de-
scribe extreme events s.a. crashes in financial market time
series. Need a model that can describe such discontinu-
ities/jumps.

Definition 69.29 Poisson Process: A Poisson Process
with rate λ P Rě0 is a collection of random variables Xptq,
t P r0,8q defined on a probability space pΩ,F, tFtutě0 , Pq,
having a discrete state space N “ t0, 1, 2, . . .u and satisfies:
1. X0 “ 0
2. The increments follow a Poisson distribution[def. 66.27]:

P ppXt ´Xsq “ kq “
λpt ´ sq

k!
e ´λpt´sq 0 ď s ă t ă 8

@k P N
3. No correlation of (non-overlapping) increments:

@t0 ă t1 ă ¨ ¨ ¨ ă tn : the increments are independent
Xt1 ´Xt0 , Xt2 ´Xt1 , . . . , Xtn ´Xtn´1 (69.48)

Interpretation

A Poisson Process is a continuous-time process with discrete,
positive realizations in P Ně0

Corollary 69.10 Probability of events: Using Taylor in
order to expand the Poisson distribution one obtains:
P
´

Xpt`∆tq ´Xt ‰ 0
¯

“ λ∆t ` op∆t2q t small i.e. tÑ 0
(69.49)

1. Thus the probability of an event happening during ∆t is
proportional to time period and the rate λ

2. The probability of two or more events to happen during ∆t
is of order op∆t2q and thus extremely small (as Deltat is
small).

Definition 69.30 Differential of a Poisson Process: The
differential of a Poisson Process is defined as:

dXt “ lim
∆tÑdt

´

Xpt`∆tq ´Xt

¯

(69.50)

Property 69.4 Probability of Events for differential:
With the definition of the differential and using the previous
results from the Taylor expansion it follows:

P pdXt “ 0q “ 1 ´ λ (69.51)
P p|dXt| “ 1q “ λ (69.52)

Proofs

Proof 69.1: eq. (69.15):
Let by δ denote the displacement of a particle at each step,
and assume that the particles start at the center i.e. xp0q “ 0,
then we have:

E rxpnqs “ E

»

–

1
N

N
ÿ

i“1

xipnq

fi

fl “
1
N

N
ÿ

i“1

E rxipn ´ 1q ˘ δs

“
1
N

N
ÿ

i“1

E rxipn ´ 1qs

induction
“ E

“

xn´1
‰

“ . . . E rxp0qs “ 0
Thus in expectation the particles goes nowhere.

Proof 69.2: eq. (69.16):
Let by δ denote the displacement of a particle at each step,
and assume that the particles start at the center i.e. xp0q “ 0,
then we have:

E
”

xpnq
2
ı

“ E

»

–

1
N

N
ÿ

i“1

xipnq
2

fi

fl “
1
N

N
ÿ

i“1

E rxipn ´ 1q ˘ δs2

“
1
N

N
ÿ

i“1

E
”

xipn ´ 1q2 ˘ 2δxipn ´ 1q ` δ2
ı

ind.
“ E

”

x
2
n´1

ı

` δ
2
“ E

”

x
2
n´2

ı

` 2δ2
“ . . .

“ E rxp0qs ` nδ2
“ nδ

2

as n “ time
step-size “

t
∆x it follows:

σ
2
“ E

”

x
2
pnq

ı

´ E rxpnqs2 “ E
”

x
2
pnq

ı

“
δ2

∆x
t (69.53)

Thus in expectation the particles goes nowhere.

Proof 69.3: eq. (69.34):
γpϵ ˚ rks, ϵ ˚ rk ` nsq “ Cov rϵ ˚ rks, ϵ ˚ rk ` 1ss
“ E

“

pϵ ˚ rks ´ E rϵ ˚ rkssq pϵ ˚ rk ` ns ´ E rϵ ˚ rk ` nssq⊺
‰

eq. (69.31)
“ E rpϵ ˚ rksq pϵ ˚ rk ` nsqs

Proof 69.4: [cor. 69.4]:
Since Bt ´ Bs is the increment over the interval rs, ts, it is
the same in distribution as the incremeent over the interval
rs ´ s, t ´ ss “ r0, t ´ ss

Thus Bt ´ Bs „ Bt´s ´ B0
but as B0 is a.s. zero by definition eq. (69.19) it follows:

Bt ´ Bs „ Bt´s Bt´s „ N p0, t ´ sq

Proof 69.5: [cor. 69.4]:

W ptq “ W ptq ´W p0q
loomoon

“0

„ N p0, tq

ñ E rXs “ 0 V rXs “ E
”

X
2
ı

´ E rXs2 “ t

Proof 69.6: theorem 69.2:

N´1
ÿ

k“0

“

W ptkq ´W
`

tk´1
˘‰2

tk “ k
T

N

“

N´1
ÿ

k“0

X
2
k Xk „ N

ˆ

0,
T

N

˙

“

N´1
ÿ

k“0

Yk “ n

¨

˝

1
n

N´1
ÿ

k“0

Yk

˛

‚ E rYks “
T

N

S.L.L.N
“ n

T

n
“ T

Proof 69.7: theorem 69.3 2 :
1. first we need to show eq. (69.7): E rWt|Fss “ Ws

Due to the fact that Wt is Ft measurable i.e. Wt P Ft we
know that:

E rWt|Fts “ Wt (69.54)
E rWt|Fss “ E rWt ´Ws `Ws|Fs

“ E rWt ´Ws|Fss ` E rWs|Fss
eq. (69.54)

“ E rWt ´Wss `Ws
Wt´Ws„N p0,t´sq

“ Ws

2. second we need to show eq. (69.8): E r|Xptq|s ă 8

E r|W ptq|s2
??
ď E

”

|W ptq|2
ı

“ E
”

W
2
ptq

ı

“ t ď 8

Proof 69.8: theorem 69.3 3 : W2
t ´ t is a martingale?

Using the binomial formula we can write and adding Ws´Ws:
W

2
t “ pWt ´Wsq

2
` 2Ws pWt ´Wsq `W2

s

using the expectation:
E
”

W
2
t |Fs

ı

“E
”

pWt ´Wsq
2
|Fs

ı

` E r2Ws pWt ´Wsq |Fss

` E
”

W
2
s |Fs

ı

eq. (69.54)
“ E

”

pWt ´Wsq
2
ı

` 2WsE rpWt ´Wsqs `W2
s

eq. (69.21)
“ V rWt ´Wss ` 0 `W2

s

t ´ s `W
2
s

from this it follows that:
E
”

W
2
t ´ t|Fs

ı

“ W
2
s ´ s (69.55)
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Examples

Example 69.1 :

Suppose we have a sam-
ple space of four elements:
Ω “ tω1, ω2, ω3, ω4u. At time
zero, we do not have any infor-
mation about which ω has been
chosen. At time T {2 we know
whether we have tω1, ω2u or
tω3, ω4u. At time T , we have full
information.

F “

$

’

&

’

%

tH,Ωu t P r0, T {2q
tH, tω1, ω2u, tω3, ω4u,Ωu t P rT {2, T q
Fmax “ 2Ω t “ T

(69.56)

Thus, F0 represents initial information whereas F8 repre-
sents full information (all we will ever know). Hence, a
stochastic process is said to be defined on a filtered proba-
bility space pΩ,F, tFtutě0, Pq.

Ito Calculus
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Graph Theory
Definition 71.1 Graph G:

A graph G is a pair G “ pV, Eq
of a finite set of vertices V [def. 71.4]

and a multi set[def. 50.3] of edges
E [def. 71.10].

v1

v2

v3

v4

v5

v6

e1

e2e3

e4

e5

Definition 71.2 Order n “ |V|:
The order of a graph is the cardinality of its vertix set.

Definition 71.3 Size m “ |E|:
The size of a graph is the number of its edges.

Corollary 71.1 n-Graph: Is a graph G[def. 71.1] of order n.

Corollary 71.2 pp, qq-Graph: Is a graph G[def. 71.1] of order
p and size q.

Vertices

Definition 71.4 Vertices/Nodes V:
Is a set of entities of a graph connected and related by edges
in some way:

Definition 71.5 Neighborhood Npvq: The neighborhood
of a vertix vi P V is the set of all adjacent vertices:

Npviq “
␣

vk P V : Dek “
␣

vi, vj
(

P E, @vj P E
(

(71.1)

1.0.1. Adjacency Matrix

Definition 71.6 (unweighted) Adjacency Matrix A:
Given a graph G “ pV, Eq its adjacency matrix is a square
matrix A P Nn,n defined as:

Ai,j :“
#

1 if Depi, jq
0 otherwise

(71.2)

Definition 71.7 weighted Adjacency Matrix A:
Given a graph G “ pV, Eq its weighted adjacency matrix is a
square matrix A P Rn,n defined as:

Ai,j :“
#

θij if Depi, jq
0 otherwise

(71.3)

Diagonal Elements

For a graph without self-loops the diagonal elements of the
adjacency are all zero.
1.0.2. Degree Matrix

Definition 71.8 Degree of a Vertix δ:
The degree of a vertix v is the cardinality of the
neighborhood[def. 71.5] – the number of adjacent vertices:

degpviq “ δpvq “ |Npvq| “
jăi
ÿ

j“1

Aij (71.4)

Definition 71.9 Degree Matrix D:
Given a graph G “ pV, Eq its degree matrix is a diagonal ma-
trix D P Nn,n defined as:

Di,j :“
#

deg pviq if i “ j

0 otherwise
(71.5)

Edges

Definition 71.10 Edges E Ď V ˆ V:
Represent some relation between edges[def. 71.4] and are repre-
sented by two-element subset sets of the vertices:

ek “
␣

vi, vj
(

P E ðñ vi and vj connected (71.6)

Proposition 71.1 Number of Edges: A graph G with
n “ |V| has between

”

0, 1
2npn ´ 1q

ı

edges.

Subgraph

Definition 71.11 Subgraph H Ď G:
A graph H “ pU, F q is a subgraph of a graph G “ pV, Eq iff:

U Ď V and F Ď E (71.7)

Components

Definition 71.12 Component: A connected component of
a graph G is a connected[def. 74.1] subgraph[def. 71.11] of G that
is maximal by inclusion – there exist no larger connected con-
taining subgraphs.
The number of components of a graph G is defined as cpGq.

Walks, Paths and cycles

Definition 71.13 Walk: A walk of a graph G as a sequence
of vertices with corresponding edges:

W “
␣

vk, vk`1
(K
k
P E (71.8)

Definition 71.14 Length of a Walk K: Is the number of
edges of that Walk.

Definition 71.15 Path P : Is a walk of a graph G where all
visited vertics are distinct (no-repetitions).

Attention: Some use the terms walk for paths and simple
paths for paths.

Definition 71.16 Cycle: Is a path[def. 71.15] of a graph G
where the last visited vertix is the one from which we started.

Kinds of Graphs
Weighted Graphs

Definition 72.1 Weighted Graph:

Is a graph G where edges are associ-
ated with a weight:

Dθi :“ weightpeiq @eiE

v1

v2

v3

v4

v5

v6

e1

e2e3
e4

e5
e6

e7

Spanning Graphs
Definition 73.1 Spanning Graph:

Is a subgraph[def. 71.11] H “ pU, F q
of a graph G “ pV, Eq for which it
holds:

U “ V and F Ď E (73.1)
v1

v2

v3

v4

v5

v6
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1. Minimum Spanning Graph

Definition 73.2 Minimum Spanning Graph: Is a span-
ning graph[def. 73.1] H “ pU, F q of a graph G “ pV, Eq with
minimal weights/distance of the edges.

Connected Graphs
Definition 74.1 (Weakly) Connected Graph:

Is a graph G[def. 71.1] where there ex-
ists a path between any two ver-
tices:
DP pvi, . . . , vjq @vi, vj P V

(74.1) v1

v2

v3

v4

v5

v6
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e2e3

e4

e5 e6

e7

Corollary 74.1 Strongly Connected Graph: A directed
Graph[def. 74.3] is called strongly connected if every nodes is
reachable from every other node.

Corollary 74.2 Components of Connected Graphs: A
connected Graph[def. 74.1] consist of one component cpGq “ 1.

1. Fully Connected/Complete

Definition 74.2 Fully Connected/Complete Graph:

Is a connected graph G[def. 74.1]

where each node is connected to ev-
ery other node.
De@

␣

vi, vj
(

@vi, vj P V (74.2)

|V| “
1
2

|V|p|V| ´ 1q (74.3)

v1

v2

v3 v4

1. Directed Graphs

Definition 74.3 Directed Graph/Digraph (DG):

A directed graph G is a graph where
edges are direct arcs[def. 74.4].

v1

v2

v3

v4

v5

v6

e1

e2e3

e4
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Definition 74.4 Directed Edges/Arcs: Represent some
directional relationship between edges[def. 71.4] and are repre-
sented by ordered two-element subset sets of vertices:

ek “
␣

vi, vj
(

P E ðñ vi goes to vj (74.4)

2. Trees And Forests
2.0.1. Acyclic Graphs

Definition 74.5 Acyclic Graphs: Are graphs[def. 71.1] where
no cycles[def. 71.16] exist.

Definition 74.6 Forests:

Are acyclic graphs[def. 74.5]:

v1 v2

v3

v4

v5
v6

v1

v2

v3

Definition 74.7 Trees:

Are acyclic graphs[def. 74.5] that are
connected[def. 74.1].

v1 v2

v3

v4

v5
v6

3. Graph Layering

Definition 74.8 Graph Layering:

Given a graph G a layering of the
graph is a partition of its node set
V [def. 71.4] into subsets

tV1, . . . ,VLu Ď V
s.t. V “ V1 Y . . . Y VL (74.5) v1

v2

v3

v4

v5

v6
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e5 e6

e7

4. Bisection Algorithms
1. Local Approaches
2. Global Approaches
4.2.1. Spectral Decomposition

Definition 74.9 Graph Laplacian (Matrix) LpGq:
Given a graph with n vertices and m edges has a graph lapla-
cian matrix defined as:

L “ A ´D lij :“

$

’

&

’

%

´1 if i ‰ j and eij P E
0 if i ‰ j and eij R E
deg pviq if i “ j

(74.6)

Corollary 74.3 title:

4.2.2. Inertial Bisection
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