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Abstract

Assume Alpdge's announced construction]]] of a compact complex threefoldX di eomor-
phic to S8, bred over P! by complex two-tori away from three special bres. We show that
the smooth torus- bred locus X carries a natural semi- at torsion-free SU(1; 2) structure,
and therefore a Ricci- at pseudo-Kéhler metric of real signature (2; 4).

The construction is controlled by the brewise intersection form on H2(T4;R) = R33,
Alpdge's monodromy xes a primitive class

=ur~w+6 2

of brewise type (1;1) and signature (1;1). The meromorphic canonical form with divisor
2S, W restricts to a nowhere-vanishing holomorphic three-form on X and determines a

holomorphic period one-form = A(z)dz. If = 1" , generates the brewise(2;0) line,
then B
at; )=12; a(;)=0; o ;)=0; q(;)=4Im D;
whereD =1Im 6(Im )?=Im < 0. These identities yield an explicit closed form
1 1
I = = f s y
% 8|q( )

with (!; ) normalized as anSU(1; 2) structure.

The same data admit a period-domain interpretation. A primitive of is a holomorphic
null curve in 2, and its real part, together with the  direction, de nes a linearly full minimal
immersion of signature(1; 2) into R%3. Baraglia's split semi- at correspondence reproduces
the cylindrical torsion-free split-G, structure on X S!. The sign of D simultaneously
determines the signature of the Hodge three-plane and the real determinant of the torus period
lattice, so D =0 is the common degeneration wall. Finally, neither the pseudo-Calabi Yau
structure nor its cylindrical split- G, lift extends smoothly over the compacti cation under the

stated nondegeneracy hypotheses.

Conditionality. Every application to X below is conditional on the correctness of Alptge's
announced construction and on the period identities established in that manuscript. The new
arguments use those inputs together with exterior algebra and standard results on pseudo-Calabi

Yau and semi- at split- G, geometry.
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1 Introduction and statement of results

Alpdge has announced a compact complex threefolX , di eomorphic to S8, obtained by complet-
ing a family of complex two-tori over a thrice-punctured projective line [1]. This paper studies
the di erential geometry carried by the smooth torus- bred locus

f :X ! B: B = P'nfpo; pi; p2g:



The principal result is six-dimensional: the period data determine a semi- at Ricci- at pseudo-
Kahler metric with holonomy contained in SU(1; 2). The associated splitG, structure on X St
is a useful equivalent formulation, but it is cylindrical and has a parallel circle direction.

The mechanism is most transparent in the intersection space
H%(T%R);
whose wedge pairing has signatur¢3; 3). Two features of Alpdge's construction interact:

() a at monodromy-invariant class  of positive wedge norm, represented by a brewise
pseudo-Kéahler form of signature(1;1);

(i) a nowhere-vanishing holomorphic three-form on X , whose contraction along the base
gives anH ?-valued holomorphic one-form

The brewise (2;0) form underlying is decomposable, hence null for the wedge pairing. It is
orthogonal to , and the sign of its Hermitian norm is negative. Consequently the real three-plane
generated by , Re , andIm has signature(1;2). This single signature calculation drives both
constructions in the paper: it produces theSU(1; 2) normalization directly and turns a primitive
of into Weierstrass data for a minimal immersion in R33.

Theorem 1.1 (Main theorem). Conditional on Alpdge's announced construction, the smooth
locus X has the following properties.

(a) There is a brewise translation-invariant torsion-free SU(1; 2) structure (!; ) on X . Its
metric is pseudo-Kahler and Ricci- at of real signature (2;4); the restriction to each smooth
torus bre is at of signature (2;2).

(b) On the universal coverB , the period one-form has a holomorphic primitiveF , and
U(rz) = p% +ReF(z):R B | HXT%R)= R

is a linearly full minimal immersion with induced signature (1; 2).

(c) The form
' =ds”! +Re

de nes a torsion-free split-G, structure on X  S!. Baraglia's semi- at construction applied
to U yields the same local metric and stable form, up to the conventional overall sign bf.

(d) The scalar
6(Im )?

Im
is a real-form discriminant: its sign determines whether the period three-plane gives the
compact or split semi- at geometry, while D = 0 is exactly the real-lattice degeneration locus.
For Alpdge's family D < 0 throughout B . The resulting SU(1; 2) structure cannot extend
smoothly over compactX , and the cylindrical split-G, structure cannot extend overX St
while preserving a non-null parallel circle direction.

D =Im



The core novelty is the compatibility between the complex variation of Hodge structure and the
semi- at special-holonomy equations. Nullity of the period one-form supplies the minimal-surface
equation, while its negative Hermitian norm selects the split signature. The product lift to split
G» is then formal; the substantive geometry lies in the pseudo-Calabi Yau structure and in the
period immersion that reconstructs it.

There is also a limited but precise comparison with the standard nearly Kahler six-sphere.
The round structure is associated with the compact pair (G2; SU(3)), whereas the structure
obtained here is associated on the smooth locus withiG,(z); SU(1;2)). These are real forms of
the same complex pair(GS; SL(3; C)). No deformation or direct correspondence between the two
almost-complex structures is asserted.

The paper is organized as followsSections 2and 3 extract the required period identities from
Alpdge's construction. Section 4 gives a general semi- atSU(1; 2) criterion and applies it to
X . Sections 5and 6 describe the split-G, lift and its minimal-period interpretation. Section 7
identi es the compact/split discriminant, and Section 8 proves the global extension obstructions.

2 The torus-period data

We record the inputs from Alp6ge's manuscript needed for the construction.

2.1 The smooth family and the intersection space

Let
f : X ! B

be the smooth proper holomorphic submersion obtained by deleting the cusp bre and the two
multiple bielliptic bres. Its bres are complex tori of complex dimension two. On the universal
cover one has a at real presentation

B (r7); = 7%
with linear monodromy in SL(4;Z). Let
V =Hom( ;Z2)
after choosing the dual basis( ;u;w; ), and write
W= 2V, Wr=W R
Fix
= AyU~AWA C

The symmetric bilinear form q on Wg is de ned by

EAE®%= qE;EY: 1)



It has signature (3; 3). Indeed the complementary pairs
(ww ), (w;, u) (uw)

are three hyperbolic planes. Here and below juxtaposition abbreviates the wedge product.
The monodromy xes the primitive class

= uw+6 : (2)

Lemma 2.1 (Global at representative) . The class has a globally de ned, brewise translation-
invariant, closed real two-form representative onX . The vertical volume form likewise descends
globally.

Proof. Pull the family back to the uniformizing cover and use the real marking
B (r5):
In the corresponding bre coordinates the representatives are the constant forms
x =dxy ™ dxy +6dx N dx ; x =dx Ndxy” dxy N dx :

They are closed. By Alpoge's at-real description [1, Rem. 3.20], a deck transformation acts
exactly by
(z;X) 7! (92; Mg '%);

with Mg 2 SL(4;Z) constant. The induced action xes by the monodromy-invariant-form
calculation and preserves becausedetMy = 1. Hence both constant vertical forms descend to
X . The translation regluings used to attach the special bres do not alter this statement: after
those bres are removed, Construction 6.1 identi es the resulting open family with the original
family Jjg . O

We suppress the subscriptX when no confusion can arise.

2.2 The period matrix

Alpoge constructs holomorphic functions ; ;  on the upper-half-plane uniformizing cover and
the period matrix I
6(z) (z 1 0 .

(2)= 2 (2 0 1 3
Equivalently, the brewise (1;0) space is spanned by
1=6 4+ U+ w; 2= + U+ (4)
The brewise (2;0) line is generated by
= 1" 2
=(6 ? u w +6 uw + U o+ W (5)



The scalar

6(Im )?
D=1l i (6)
satis es
D< 0 (7)
throughout the smooth period domain, and
dR()et =Im D: (8)

In particular D 6 0 is exactly the real-lattice nondegeneracy condition.

2.3 A holomorphic volume form on the open threefold

Proposition 2.2 (Distinguished volume form on the smooth locus) There is a meromorphic
three-form p on X, unique up to multiplication by a nonzero constant, such that

div( p)=2S, W 9)

Its restriction

= plx (10)

is a nowhere-vanishing holomorphic section oK x .
Proof. Alp6ge proves [L, Prop. 9.11]
Kx =f Opi( 1) O x(2Sy):
A bre represents f Opi1(1), so after choosing the cusp breW one has
Ky = Ox (2S, W):

The divisor line bundle Ox (2S, W) has its canonical meromorphic section with divisor2S, W.
Transporting that section through the displayed isomorphism gives p. Any two such transports
di er by a nowhere-vanishing holomorphic function on compact connectedX , hence by a nonzero
constant. RemovingW; Sy1; S, removes the zero and pole divisor, so the restriction is holomorphic
and nowhere zero. m

This projective normalization is stronger than mere triviality of Ky . Scaling by c2 C
leaves its divisor xed and changes only one positive scalgj? in the base factor of the metric
below.

The form  determines a holomorphic one-form on the base with values in the at local system
Wc = R%f C. Intrinsically, for v2 TyB , lift vto X and set

h [
M= e x, 2HXnO): (11)

This is independent of the lift because vanishes on three vertical vectors. In a at marking and



local coordinate z,
= A(2)dz; A(z) = a(z2) ( 2)

12)

for a nowhere-zero holomorphic scalala(z). The Gauss Manin covariant exterior derivative

vanishes,d, sv» = 0: locally this is simply

d(A(z)dz) = AYz)dz~ dz = 0:

3 The decisive wedge identities

The next calculation is the core algebraic input.

Lemma 3.1 (Period-plane identities). For and de ned in Equations (2) and (5),

q(; )=12; (13)
a; )=0; (14)
a ;)=0; (15)
q ;)=4Im D (16)
Consequently, writing = P +iQ,
qP;P)= q(Q;Q)=2Im D< 0; qP;Q=0; q(;P)=a0a(;Q)=0: 17)
Proof. The rst identity follows directly from
2=2 6(uw)( )=12:
For the second, only complementary bivectors contribute. The and uw coe cients of are 6
and , respectively, hence
AN=(uw)6  )+6( ) uw)=0:
The identity 2 =0 follows because = 1~ , is decomposable.
For the last identity, use the ordered basis( ;u;w; ). Then
0 -1
6 6~
N = -
det %1 0 1 OE
0 1 0 1
= + —+ T —4+6 2 12 —+62
=4 Im Im  6(Im )2
=4Im D :
Finally 2=0 givesq(P;P)= q(Q;Q) and g(P;Q) =0, while ~ =2P?2 gives the stated value.
The strict negativity follows from Im > 0 and Equation (7). O



Corollary 3.2 (Split Hodge three-plane). The real three-plane
P, = spangf ; ReA(z);ImA(z)g Wg (18)
has signature(1; 2) for every z. Its orthogonal complement has signaturg?2; 2).

Proof. Multiplication by the nonzero complex scalar a(z) preserves the real two-plane spanned
by the real and imaginary parts and multiplies its quadratic form by ja(z)j?. Apply Theorem 3.1
and the ambient signature (3; 3). O

Remark 3.3 (What decomposability is doing). The equality A A = 0 is not incidental. It
says that the coe cient of the period one-form lies in the null cone of the complexi cation of

? = R?%3. Consequently a holomorphic primitive of the period one-form is a null curve. Such
curves are precisely Weierstrass data for conformal minimal surfaces in a at pseudo-Euclidean
target. Thus complex integrability supplies the minimal-surface equation essentially for free.

4 The semi-at SU(1;2) construction

We rst isolate the construction in a form independent of the particular period functions.

4.1 A semi- at pseudo-Calabi Yau criterion

Letf : N ! B be a smooth proper holomorphic submersion from a complex threefold to a
complex curve, with bres complex two-tori. Let be a at brewise volume form and let q
denote the wedge pairing on the at local systemR?f R, normalized by

EAE®%= q(E;EY:
Suppose the following data are given:

() a atclass 2 ( B;R?f R) represented onN by a closed, brewise translation-invariant
real two-form, with

=q(; )>0;

(i) a nowhere-vanishing holomorphic three-form on N, inducing a holomorphic R%f C-valued
one-form on B;

(i) in every at local marking, writing = A(z)dz, the identities
a(;A)=0; oAA)=0; oA A)<O;
(iv) the Hermitian form induced by  on each torus bre has complex signature(1; 1).

De ne 1
g = ga(; )2 %(B; R): (19)



Locally, for z= x +ivy, set L

(2) = Zq(A; A)< 0 (20)
Then

lg = dx A dy; (21)
so! g is positive in the complex orientation of B.

Theorem 4.1 (Semi- at pseudo-Calabi Yau criterion) . Under the hypotheses above, the form
"2
= = flg (22)
is the Kahler form of a torsion-free SU(1; 2) structure (!; ) on N. The associated metric has
complex signature(1; 2) and real signature (2; 4).

Proof. Work in a at local marking. The de nition of the period one-form gives
A= )N (23)

The base term in Equation (22) wedges trivially with , while the vertical term vanishes because
q(;A)=0. Thus
I~ =0 :

Writing ! = 120+ 1 11+ 102 wedge multiplication by the nonzero (3;0) form s injective on
02 |t follows that ! %2 =0, and reality gives ! 20 = 0. Hence! is of type (1;1) for the given
complex structure.

Since 2= and!3 =0,

This is the standard SU(1; 2) normalization and shows that! is nondegenerate. The vertical
Hermitian signature is (1;1) by hypothesis. The horizontal term is f ! g, contributing one
negative complex direction, so the total complex signature ig1; 2).

The representative of is closed, and! g is closed becaus® has real dimension two. Therefore
d! =0. The holomorphic top form is closed as well. The equations

dl =0; d=0

are the torsion-free equations for anSU(1; 2) structure [4, 5]. Equivalently, the induced metric is
pseudo-Kahler and the normalized holomorphic volume form has constant norm; its Ricci form
vanishes. Thus the metric is Ricci- at and has holonomy contained inSU(1; 2). O



4.2 Application to Alpoge's family

For the data of Sections 2and 3, one has = 12. The global closed representative of is supplied
by Theorem 2.1; the orthogonality, nullity, and negativity hypotheses are Theorem 3.1 and the
brewise Hermitian signature (1;1) is Alpdge's Lemma 9.4 {]. The general criterion therefore
gives the following explicit result.

Theorem 4.2 (Pseudo-Calabi Yau structure on X ). De ne

= ps s 5= ga; ) (24)

Then (!; ) is a torsion-free SU(1; 2) structure on X . Its metric is pseudo-K&hler and Ricci- at
of real signature (2;4), with
Hol(gx) SU(1;2):

Corollary 4.3 (Semi- atness). The metric of Theorem 4.2 is invariant under translation along
theptorus bres. Each bre is a at pseudo-K&hler four-torus of signature (2;2), with Kahler form
= 6.

Proof. In at real bre coordinates all de ning forms have coe cients independent of the bre
point. On a xed bre the complex structure is linear and is constant, so the induced pseudo-
Kéahler metric is at. O

Remark 4.4 (Normalization and scale). The divisor-normalized form p is unique up to
multiplication by ¢2 C . Replacing by ¢ multiplies ! g by jcj? while leaving the vertical term
xed. Thus the construction has one positive relative scale between base and bre; the argument
of ¢ does not a ect the metric.

5 The cylindrical split- G, lift

The split-G; structure is the standard algebraic extension of theSU(1; 2) structure [3, Y6.4]. Let
(NS;1; ) have anSU(1;2) structure of real signature (2;4) and let s be a positive coordinate on
a line. Then

" =ds”™! +Re (25)

is a stable three-form whose stabilizer is the split real formG,(z). In an SU(1; 2)-adapted coframe,
a direct calculation gives

[

1
= 5!2 ds™ Im ; (26)

with a choice of orientation consistent with Equation (25).

Theorem 5.1 (Torsion-free split-G» product). On'Y = X S, the form Equation (25) is a
torsion-free split-G» structure. Its metric is

gy =ds®+ g

of signature (3;4), and
Hol(gy) SU(1;2) Gyp:

10



Proof. The algebraic stabilizer and metric signature follow from the standard normal form. By
Theorem 4.2
d' =0; dRe =0 ; dim =0 :

Therefore Equations (25) and (26) give

These are the torsion-free splitG, equations. The product coordinate vector is parallel, so the
holonomy xes a positive vector. Its stabilizer in Gy is SU(1;2). O

Corollary 5.2 (Coassociative torus bres). For eachb2 B ands 2 S, the bre
Xy, f sg= T4
is split-coassociative in(Y ;' ).

Proof. On a torus bre, both ds and the base one-form factor in vanish. Hence' restricts to
zero. The bre metric has signature (2; 2), the split-coassociative signature. O

Remark 5.3 (Not full split- G, holonomy). The circle direction is parallel, so the construction
does not have fullG,(;) holonomy. The primary special-holonomy statement is the six-dimensional
SU(1; 2) structure on X ; a full-holonomy split-G, metric would require a non-cylindrical defor-
mation.

6 The null-period minimal immersion

The SU(1; 2) construction has an equivalent period-domain description that explains why the
semi- at equations are satis ed.

6.1 A holomorphic null curve

On the universal cover B , trivialize the at local system W¢. Since is closed, choose a
holomorphic primitive
F:B ! Wg; dF = : (27)

Locally FYz) = A(z). By Theorem 3.1,

aFSF9=0; oFSFY<0  qof; F9=0: (28)

After changing the integration constant we may assumeF takes values in . Its real part is a

conformal minimal surface with negative-de nite induced metric.

De ne r
u(r,z) = p—é +Re F(2); (nrz)2R B : (29)

11



Let z= x+iy and write A= P +iQ. Then

Urzp—é; Uy =P; U= Q: (30)

6.2 Induced metric and minimality
Following Baraglia, de ne the induced metric h by
2h(V;W) =qgUV;UW) =UVAUW: (31)
Using Equations (20) and (30),
h=dr?+ (z)(dx®+dy?); < O (32)
Henceh has signature(1;2) and is nondegenerate; in particularU is an immersion.
Theorem 6.1 (Minimality) . The immersion U in Equation (29) is minimal in Wg = R33,

Proof. For an immersion into a at pseudo-Euclidean space, the mean-curvature vector is a
constant multiple of the componentwise Laplace Beltrami operator U. From Equation (32),

q

jdethj=; h™ =1, hXX:hyy:}:

Therefore

L e yuo+ @ U+ @ Uyl

Uxx + Uyy -

hU
0:

The r term vanishes because and U, are independent ofr, and the remaining term vanishes
becauseReF is harmonic. Thus LU =0 and U is minimal. O

Corollary 6.2 (Exact Baraglia identi cation) . Baraglia's split semi- at correspondence [3, Y6.4]
applied to U gives exactly the local splitG, metric of Theorem 5.1; its stable form di ers only by
the overall sign used in Baraglia's convention.

Proof. RegardU as a vertical two-formonM T4 whereM = R, B . Since
dReF =Re( )=dx” P dy*"Q=Re ;

one has
dU=dr’\p—6+Re : (33)

The metric Equation (32), oriented by dr ~ dx ~ dy, has volume form

vol, =(  )dr~ dx " dy:

12



By Equation (21),

I = % + dx” dy:
Therefore the product stable form is
"=dr™! +Re
=dU+ dr~dx”dy
=dU voly:
Baraglia's convention is' g = vol, dU. Hence' = ' pg. Reversing the stable form reverses

the associated orientation convention but leaves the pseudo-Riemannian metric unchanged.
Minimality from Theorem 6.1is exactly Baraglia's coclosedness equation, so the two constructions
coincide. O

6.3 A ne monodromy and descent
Let »2: 1(B)! O(W;q) be the induced monodromy. For a deck transformationg,
dF(g2 29F(z) =0;
so there is a constantcy 2 W with
F(92) = 2(9)F(2)+ g (34)

Thus ReF is an a ne developing map, Ig{vhile duU is equivariant under the linear monodromy.
Translation r 7! r + L changesU by L = 6 but leavesdU invariant. Consequently the semi- at
forms descend to the torus bundle oveB st

6.4 Linear fullness

Proposition 6.3 (The minimal immersion is linearly full) . The complex span of the values of
A(z)is & Wc. Consequently the ane span of U(R B ) is all of Wg = R33.

Proof. A constant linear functional on W¢ vanishing on A(z) = a(z) ( z) gives, after dividing by
the nowhere-zero scalaa(z), a constant linear relation among the ve coe cient functions

L o, ; ; 6°2
Alpbge's Lemma 9.3 proves that these functions are linearly independent. The only con&tant
linear constraint on is thereforeq(; ) = 0 . Hence the values span (’: SinceU; = =" 6,
adjoining the r direction spans all of Wrg. O

Remark 6.4 (Scope of the integrable-systems interpretation) The argument proves the minimal-
immersion equation required by Baraglia's semi- at correspondence. It does not place the period
map in a particular scaling-symmetric a ne-Toda subclass; such a reduction would require
additional symmetry beyond the identities used here.

13



7 The compact/split real-form discriminant

The signature calculation admits a clean, intrinsic sign classi cation.

Proposition 7.1 (Riemannian, split, and degenerate chambers) Fix g(; ) > 0 and a nonzero
decomposable complex two-formh with q( ;A )=0. Put

exc = (A, K)
Then:

() If exc> 0, the three-planesparf ; ReA; Im Ag is positive de nite. Baraglia's Riemannian
construction gives compactG,, and the six-dimensional reduction is ordinary SU(3).

(i) If exc < O, the three-plane has signaturgl; 2). Baraglia's pseudo-Riemannian construction
gives splitG,(z), and the six-dimensional reduction isSU(1; 2).

(i) If exc =0, the induced three-metric degenerates and neither construction de nes a nonde-
generate special-holonomy metric.

Proof. Decompaosability givesq(ReA; ReA) = q(ImA; Im A) = %q(A; A) and orthogonality of the
real and imaginary parts. The claim follows from q( ; A ) = 0 and the algebraic normal forms of
compact and split G». m

For Alpdge's periods,
exc = 4ja(z)j?Im D: (35)

At the same time,
dgt =Im D:

Thus the real-form wall is not an arbitrary sign convention: it is exactly the wall at which the
four period vectors fail to span a real lattice in C?.

Corollary 7.2  (Real-form locking). On a connected smooth family of this type, the compact and
split chambers cannot be joined without passing through a degenerate torus bre. In Alpége's family
the cusp asymptotics giveD ! 1  ; global lattice nhondegeneracy and connectedness therefore
keep the entire smooth locus in the split chamber. The choice of the a ne constant in made in
the manuscript realizes this condition globally.

Remark 7.3 (The cusp is not the D = 0 wall). Near Alpdge's distinguished cuspD ! 1 | not
0. The actual cusp degeneration is driven by unipotent monodromy and the divergence dim
The statement is therefore not that the given compacti cation crosses into the compact chamber.
Rather, a continuous real-form rotation within the semi- at period family is obstructed: it would
have to hit D =0 rst.

Remark 7.4 (Comparison with the round six-sphere) The standard nearly Kéhler structure on
the round sphere is associated with the compact stabilizer pair

(G2; SU(3)); S° = G,=SU(3);

14



whereas the smooth torus- bred geometry above is associated with
(Go2); SU(L; 2)):

These are real forms of the complex pai(GS; SL(3; C)); equivalently, Gy(p) is the automorphism
group of the split octonions andSU(1; 2) is the stabilizer of a suitable non-null imaginary unit [7, 6].
This identi es the stabilizer types selected by the two geometries, but does not construct a path
or equivalence between their almost-complex structures.

8 Compact extension obstructions

The semi- at structure is necessarily non-global on the compact six-sphere.

Proposition 8.1 (No symplectic form on the compact six-sphere) A compact manifold di eo-
morphic to S® admits no symplectic form, irrespective of metric signature.

Proof. If | were closed and nondegenerate, orient the manifold so that 2 is positive. Since
H2(S%:R)=0, write ! =d . Then
Z A
0< 1%=  d( ~1?)=0;
S6

a contradiction. ]

Corollary 8.2 (No pseudo-Calabi Yau extension). The torsion-free SU(1; 2) structure of Theo-
rem 4.2 cannot extend smoothly over compack .

Proof. A pseudo-Kahler form is symplectic, contradicting Theorem 8.1 Independently, Alpdge
computes
Kx =f Op( 1) O x(25);

which is non-torsion; hence no nowhere-vanishing holomorphic three-form can extend t§ . [

Sincef O( 1) = Ox( W) after choosing the cusp bre W as a representative of the bre
class,
Kx = Ox (252 W)Z (36)

Thus any meromorphic continuation of the holomorphic volume form onX carries a nontrivial

canonical divisor linearly equivalentto 2S, W. Thus the distinguished meromorphic trivialization

of the canonical bundle fails along the divisor2S, W. This divisor statement is exact, but by

itself does not determine the asymptotic behavior of the pseudo-Kahler metric near the individual
special bres.

Proposition 8.3 (No cylindrical split- G, extension). There is no smooth torsion-free splitG;
structure on X  S! extending Theorem 5.1 for which the circle vector remains non-null and
parallel.

Proof. Let v be the generator of the product circle. OnX St it has positive unit norm; if it
extends as a non-null parallel vector, its norm is constant and remains positive. Since v =0 and

15



r' =0, the two-form ' is parallel. It is horizontal and circle-invariant, hence descends to a
closed two-form! x on the quotient X . The split-G linear algebra for a positive vector identi es
its stabilizer with SU(1;2) and makes ' j,» nondegenerate. Thus! x would be symplectic,
contradicting Theorem 8.1 O

Remark 8.4 (What the obstruction does and does not show) Each special bre has real
codimension two in X . The arguments above prove that the semi- at special-holonomy structure
cannot extend smoothly across all three bres at once. They do not imply that every individual
bre is a metric singularity or determine completeness, curvature growth, or local extension.
Those questions require inserting Alp6ge's local period expansions and the automorphic factor
of into Equations (19) and (24). The monodromy classes at the three punctures are xed
independently of that analytic problem.

9 Conclusion

Conditional on Alpdge's announced construction, the smooth torus- bred locus of the complex
threefold carries a natural semi- at pseudo-Calabi Yau structure. The construction is governed
by a simple piece of Hodge-theoretic linear algebra: the invariant class has positive wedge norm,
while the decomposable period form is null, orthogonal to , and has negative Hermitian norm.
The resulting Hodge three-plane has signaturgl; 2), which is exactly the signature needed for
SU(1;2) geometry.

The same identities give a second description. A primitive of the holomorphic period one-form
is a null curve in Z: its real part is a conformal minimal surface, and adjoining the normalized
direction produces a linearly full minimal threefold in R%2. Baraglia's semi- at correspondence
then recovers the cylindrical split-G» lift of the pseudo-Calabi Yau metric. Thus the direct
di erential-form construction and the minimal-period construction are two formulations of the
same geometry.

For Alp6ge's period matrix, the scalar D links this special-holonomy signature to the underlying
torus bration: the sign of D selects the compact or split chamber, andD =0 is also the locus
where the four period vectors cease to span a real lattice. The announced family remains in
the split chamber throughout its smooth locus. Compact topology prevents the corresponding
pseudo-Kéhler form from extending overX ' S8, while the canonical divisor gives an independent
obstruction to extending the holomorphic volume form.

The principal remaining questions are analytic and holonomic: the asymptotic behavior
of the metric near the three special bres, whether the generic six-dimensional holonomy is
exactly SU(1;2), and whether non-cylindrical deformations with full G,y holonomy exist. These
guestions are separate from the semi- at construction proved here.
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A Normal forms for SU(1;2) and split G,

Let ( 1; 2%; 3) be a complex coframe and put

| — I l/\il 2/\72 3/\73 .

Then ,
1|3_ =

3r0- g 0 0s
and the associated metric has complex signaturél; 2). On adjoining a positive real one-forme°,
the stable form

0= eo Nlog+Re g
has stabilizer G,(;) and metric signature (3;4). Its Hodge dual is

1
025!(2) eO’\Im 0

for the compatible orientation. These identities prove the algebraic assertions used isection 5

B The wedge form on  2R*

Let (e';€?; €3 e*) be an oriented basis and de ne

1234 _ A .

a(; e

In the ordered basis

612; 834; 813; 924; 814; 623;

the Gram matrix is a direct sum of three hyperbolic matrices
|

01
1 0°
Henceq has signature(3; 3). A nondegenerate three-plane of signaturg3; 0) is the self-dual space
of a Euclidean conformal structure onR*; a three-plane of signature(1; 2) is the self-dual space of

a split conformal structure of signature (2;2). This is the four-dimensional linear algebra behind
Baraglia's compact and split constructions.

C Near-cusp nontriviality

Alpdge's cusp expansion has = + b with b bounded and holomorphic in the cusp parameter,
while is bounded. Using itself as a local coordinate near the cusp,

d—z 1+ o(1); gz o(1):
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Di erentiating Equation (5) and using the wedge pairing gives

d d d 2
a4 ig =2 T 6 T = 2+ 0(1); (37)

o

up to the normalization of the local coordinate and the common scalar multiplying . In particular
the null curve is not locally a ne near the cusp. Together with Theorem 6.3 this con rms that
the minimal immersion is genuinely varying and not a disguised constant-period product.
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