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Problem: When an integral equation representation of a system of
constant coefficient linear PDEs is given synthesize low complexity
translation operators and an optimized execution plan.

Low complexity - O(p?) or below for translation operations for a d

dimensional order p expansion.



For example when Stokes equation

uV2u—Vp+Fs(r) =0 (1)
V-u=0 (2)

and the Stokeslet representation with 9 Stokeslets
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e Automatic execution plan that uses minimal number of FMMs. eg:

is given, we want:

e 4 harmonic FMMs for Stokes or
e 3 biharmonic FMMs for Stokes

e Automatically generate FMM with near-optimal cost, i.e.

e near-optimal complexity translations
e low constant factor



Automatic Execution Plan

How to obtain an optimized execution plan?
(eg: Convert 9 Stokeslets — 3 biharmonic FMM:s)

Outline:

e Find a scalar PDE for each component.
(eg: Biharmonic PDE for Stokes)

e Write the Green's functions as linear combination of derivatives of a
base kernel. (eg: 9 Stokeslets — 12 biharmonic FMMs)

e Reduce the number of FMMs needed.
(eg: 9 Stokeslets — 12 biharmonic FMMs — 3 biharmonic FMMs)



Low Complexity Translation Operators

Low complexity translation operators achieved by compressed Taylor
series or spherical harmonic series.

Need a scalar PDE for each component in the system of PDEs.

In Stokes equation we have,

(1) = V.(uV?u—Vp) =0,
uV3V.u—V3p =0,

(2) = V?p =0, (3)

(1) = V3(uV?u - Vp) =0, (4)

(3) = V*u =0. (5)

Can we go from system of PDEs to a scalar PDE for each component
automatically?



Finding a Scalar PDE

Write the system of PDEs as a linear system with derivative operators.
uv2 o0 0 -] [w
0 uV2 0 —8%2 uy

0 0 uV? - |w
9 o] 9 0 p

Ox1 Ox Ox3

T
[Wo Wi Wo W3:| |:U0 uy U p] =0

To find a scalar PDE for ug, find a vector v such that
vOT [wl Wo W3:| =0

vd woug = 0 implies that the derivative operator v wy is a scalar PDE
0 0
for wug.

V,‘, Wi E IR[axl b) 8)(2, 8X3]4'



Some bits of abstract algebra

An ideal | of a ring R is,

e an additive subgroup of R
e multiplying an element of / by an element in R is in /.

eg: All polynomials generated by a finite number of polynomials.
A Grobner basis G of an ideal | of a polynomial ring R is a

e a subset of /
e the ideal generated by the leading monomial of all elements of G is
equal to the ideal generated by the leading monomial of all elements

of /.
A syzygy of a generating set xy,...,x, of an ideal / in ring R is a
e a sequence of elements ay, ..., ax

® a;x1 + -+ akxx = 0.

A minimal generating set of an ideal is a generating set such that a
subset does not generate the ideal. 6



Finding a Scalar PDE

Since we have v{ w3 = 0, in algebra terms vy is a syzygy of ws or in
other terms vq is a linear combination of the syzygy module of ws.

e Find vq by calculating the syzygy modules of wy, w,, w3 and
intersecting the modules.

e Calculate a minimal generating set of the syzygy module and order
the set into a matrix My and we have

8, -9, 0 0

8, 0 -8, 0
““lo o, -, o/

0o 0 0 1

for q € R[0y,, Ox,, Ox,]*-

® vy = Mingeg (groebner(Mowy)) where groebner is a Groebner basis
of the ideal generated by the vector Mowg and mingeg is the
minimum degree polynomial.



Rewriting kernels using a base kernel

Now that we know the scalar PDE, we need to re-write the kernel to be a
linear combination of derivatives of a base kernel so that we can use
existing FMM machinery like spherical harmonics or Taylor series

expansions.
In the case of the Mindlin solution we have,

uB 01 X103 x1(o1x1 + 02x2)
1

= +
x1+x3  r(r+xs) r(r + x3)?

where r = \/(x1 — y1)2 + (x2 — 2)2 + (x3 — y3)? and Gimbutas et al
proved that
UiB = BX1X10'1 + BX1X202 + BX1X3O'3

where
B = (x3 —y3)log(r +x3 —y3) —r.

Can we do this automatically?



Rewriting kernels using a base kernel

Goal: Let Gy, G, be two kernels and we want to find a base kernel Gy
defined by,

G = LGy
Gy = MG

where L, M are derivative operators. Solve

MG; — LG, =0

v -g]2] -

for L, M.



Rewriting kernels using a base kernel

Instead of solving
M -] |6 GQ}T —0,

we can solve

[Ml My Ms ... —L; —Ly —Ls ]
G 26 96 P’ o 06 96 e’ _
1 Ox1 Ox2 e 8x§J 2 Ox1 Ox2 e t’?xéJ -

M;, L; € Cs are the coefficients of the derivative operator.

e Start with p=1
e Sample values of Gy, G> and their derivatives upto order p
e If matrix of derivatives is not rank deficient, increase p and start over

e Solve the equation

10



Rewriting kernels using a base kernel

Recall
G =LGy
Gy = MG
We now know Gi, G, L, M but not Gg.
For Taylor series based expansions

e No need of Gy.
e Only need Gy, G, and all of their derivatives

for expansions, translations and evaluations.

Still too expensive. eg: Stokes 9 Stokeslets — 12 biharmonic FMMs.

X2X3
7 = _8X2X3r
X1X1
P (Oxxs + Oxsxs) 1
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Reducing the Number of FMMs

Let us look at the following simpler example.

Assume we want to calculate the following outputs

So+ Dp
540 + Dqp

where S, D are single layer and double layer potentials and S,,, D, are
target derivatives of those.

Naively requires 4 FMMs, but only 1 FMM is enough.

12



Reducing the Number of FMMs

More complicated example from Mindlin solution for half-space elasticity.

B

up = Bxlxlo'l + BX1X202 + BX1X303
B

u, = szxlal + Bx2x20'2 + BX2X3U3

B
uz = BX3X101 + BX3X20—2 + BX3X3U3

Gimbutas et al 2016 showed that this can be rewritten as

’-’1B = —(By,01+ By,02 + By,03)x
U2B = _(B}ﬁal + By202 + Byaa3)X2
u’o"B = _(BY101 + By20'2 + Byag3)X3
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Reducing the Number of FMMs

Rewrite the derivative operators as polynomials and factorize. For
example, rewriting the example from Mindlin solution before, we have

axf 6x1 X2 8x1 X3 Boi 8x1 Boy
o Og Oun| |Boa| = |00 [0 80 0] |Bo
6X3X1 8X3X2 8)(32 BO’3 8X3 BO’3
Dy Boy
- O, [_ Oy, -0y, - ayz] Bo
3X3 Bo 3
evaluate at target evaluate at source

How to do a "rank” revealing factorization of a matrix with polynomials

as elements?
Assumptions

e Only target and source derivative transformations
e Only one kernel and it is translation invariant
e No composition of layer potentials involved 14



Reducing the Number of FMMs

Can we obtain a "rank” revealing factorization of a matrix M = LR with

e clements of L, R in the ring R[0y,, Ox,, Ox,]

e the number of rows of R is minimal?

Non-optimal method:
syz(M)M =0

— MTsyz(M)T =0
= M7 €syz(syz(M)")
Here syz(M) is a minimal generating set of the syzygy module of M.
Then R = syz(syz(M)T).
e Does not guarantee that the number of rows of R is minimal.

e Found R matching the solution by Gimbutas et al for the Mindlin
solution.

15



Recap on Systems of PDEs

e Convert the system to a scalar PDE for each component

e Rewrite the kernels as a linear combination of derivatives of a base
kernel

e Reduce the number of FMMs

Examples
Integral equation Automated algorithm Literature
Stokeslet and stresslet | 3 biharmonic 4 harmonic
Elasticity - Kelvin 3 biharmonic 4 harmonic
Elasticity - Mindlin 3 biharmonic 4+ 1 harmonic | 8 harmonic

A biharmonic FMM costs roughly 50% more than a harmonic FMM.
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Expansions for Fast Multipole Method

New goal: given a scalar PDE synthesize an FMM such that

e Expansion can be done without knowing the "base” kernel explicitly.
i.e. Only need the derivative operators L, M in

G = LGy
Gy = MGy,

e Low complexity translation operators for any kernel given
symbolically.

17



Taylor Series based FMM

Let ¢ be a translation invariant potential satisfying a constant coefficient
linear PDE. Let s € RY a source point and t € RY be a target point.

Local expansion:

D"y (t,s)
P(t,s) = Z —'t:c (t—=c)” converges when |t — ¢| < R.

|m] <k N’

depends on src/ctr

depends on tgt/ctr

Multipole expansion:

DJ"y(t,s)
U(t,s) = Z S—IS:C (s—o)™ converges when |t — ¢| > R.

m: N—_——
Iml <k depends on src/ctr
depends on tgt/ctr

Too costly: O(p*?) translations and O(p?) storage.
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Compressed Multipole Expansion

Recall the multipole expansion

D" (t,s)
dts)= Y ——== (s—¢)"
ImISpJ/—/d e
depends on tgt/ctr &zl o £ E

Let G, Gy, Gy, ... be the derivatives of 1) w.r.t s evaluated at center c.
When the potential v satisfies the Helmholtz equation we have

G + Gy, + K2G = 0.

From the PDE we have
Y =0cG+ G+ 3Gy + -
=16 + Gy + 3(—Gox — K2G) + - -
=(c — I<62C3)G + (02— 3)G +0Gy +--- .

We call this a compressed Taylor series.
19



Compressed Multipole Expansion

For Helmholtz equation we also have
Gogy + Gyyyy + K2Gyy =0,
Groox + Gxxyy + /{2 Gy = 0.

y y
Gyyyy Gyyyy X
Gyy ; Gyy
G X G X
Gxx Gxxxx Gxx Gxxxx
Helmholtz 2D Biharmonic 2D

All the coefficients represented by red dots get lumped into " green”
coefficients.

Count of expansion coefficients goes from O(p9) to O(p9~1). 20



Optimizations for Faster Translations

e Use recurrence relations for the Green's functions to get amortized
O(1) time for a derivative when calculating all derivatives.
e Use a Fast Fourier Transform to calculate M2L which is a recursive
block Toeplitz matrix.
o O(p?'log(p)) for elliptic PDEs
e O(p9log(p)) for other PDEs
e Use temporaries to reduce the time of L2L and M2M from
O(p**71) to O(p?).

21



Time Complexities

P2L/M2P | P2M/L2P | M2M/L2L M2L
Taylor Series p’ p’ p® p°
Improved Taylor Series p’ p’ p* p’ log(p)
Compressed Taylor Series p? p’ p’ p? log(p)
Spherical Harmonic Series p? p? p? log(p) p? log(p)

Table 1: Time complexities for expansions, translations and evaluations

All operations are exact except for M2M in Compressed Taylor and M2L
operations with FFT.

Works for all constant coefficient elliptic PDEs with translation invariant
kernels.

Needs only the PDE, Green's function and optionally a fast way to

calculate derivatives of the Green's function. -



Time Complexities

FLOP count P2M Laplace 3D FLOP count P2L Laplace 3D
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Taylor Series Expansions for System of PDEs

e Can generate low complexity translation operators for any kernel.

e No need to know the base kernel. Only need the derivative operators
L, M in

G = LGy
Gy = MGp.

e PDE is only used for compression and does not change the FMM.
For example, even though Stokeslet FMM is converted to a
biharmonic FMM, the biharmonic relation is only used for
compression.

e Relative error with uncompressed Taylor series is either zero or has
the same order as the truncation error.

24



e Kernel-generic method for elliptic constant coefficient linear system
of PDEs with non-oscillatory kernels.
e Automatically reduces the number of FMM calls needed.

e Only needs the PDE and the Green's functions for the PDE.
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