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Capitulo 1

Introduccion

En el blog Calculemus se han ido proponiendo ejercicios de demostracion
de resultados matematicos usando sistemas de demostracion interactiva. En
este libro se hace una recopilacién de las soluciones a dichos ejercicios usan-
do Isabelle/HOL (versién de 2021) y Lean (versiéon 3.31.0). La ordenacién de
los ejercicios es simplemente temporal segun su fecha de publicacién en Cal-
culemus y el orden de los ejercicios en Calculemus responde a los que me
voy encontrando en mis lecturas. En futuras versiones del libro esta previsto
cambiar la ordenacién por otra tematica; de momento, he afiadido al final un
indice tematico.

Por otra parte, este libro es una continuacién del DAO (Demostracion Asis-
tida por Ordenador) con Lean con el que comparte el objetivo de usarse en las
clases de la asignatura de Razonamiento automatico del Master Universitario
en Ldgica, Computacion e Inteligencia Artificial de la Universidad de Sevilla.
Por tanto, el Unico prerrequisito es, como en el Master, cierta madurez mate-
matica como la que deben tener los alumnos de los Grados de Matematica y
de Informatica.

En cada ejercicio, se exponen distintas soluciones ordenadas desde las
mas detalladas a las mas automaticas. En primer lugar, se presentan las de-
mostraciones con Isabelle (que al estar escritas con Isar su formato se apro-
xima a las de lenguaje natural) y a continuacion se presentan las demostra-
ciones con Lean (ademas, para facilitar su lectura, se proporciona un enla-
ce que al pulsarlo abre las demostraciones en Lean Web (en una sesién del
navegador) de forma que se puede navegar por las pruebas y editar otras
alternativas),

Las soluciones del libro estan en este repositorio de GitHub.

El libro se ird actualizando periédicamente con los nuevos ejercicios que
se proponen diariamente en Calculemus.


https://www.glc.us.es
https://bit.ly/2RlLVli
https://bit.ly/3uOgD4e
https://bit.ly/3jTRgtf
https://github.com/jaalonso/Lecturas_GLC
https://raw.githubusercontent.com/jaalonso/DAO_con_Lean/master/DAO_con_Lean.pdf
https://raw.githubusercontent.com/jaalonso/DAO_con_Lean/master/DAO_con_Lean.pdf
https://www.cs.us.es/~jalonso/cursos/m-ra-19/
http://www.cs.us.es/blogs/mulcia/docencia-plan-estudios/
http://www.cs.us.es/blogs/mulcia/docencia-plan-estudios/
https://bit.ly/3gaKMFB
https://www.glc.us.es
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Capitulo 2

Ejercicios de mayo de 2021

2.1. Propiedad de monotonia de la interseccion
2.1.1. Demostraciones con Isabelle/HOL

theory Propiedad de monotonia de la interseccion
imports Main
begin

(* _____________________________________________________________________
-- Demostrar que si

sct
-- entonces
snuctnu
____________________________________________________________________ *)
(* 17 solucidgn *)
lemma
assumes "s c t”
shows "snuctnu”
proof (rule subsetI)
fix x

assume hx: "x € s n u”
have xs: "x € s”

using hx

by (simp only: IntD1)
then have xt: "x € t”

using assms

by (simp only: subset eq)
have xu: "x € u”

using hx
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by (simp only: IntD2)
show "x € t n u”
using xt xu
by (simp only: Int iff)
ged

(* 2 soluciin *)

lemma

assumes "s c t”

shows "snuctnu”
proof

fix x

assume hx: "x € s n u”
have xs: "x € s”
using hx
by simp
then have xt: "x € t”
using assms
by auto
have xu:
using hx
by simp
show "x € t n u
using xt xu
by simp

1

X € u”

ged

(* 37 solucign *)
lemma
assumes “s ¢ t”
shows "snuctnu”
using assms
by auto

(* 47 solucidgn *)
lemma
"sct— snuctnu”

by auto

end



2.1. Propiedad de monotonia de la interseccién

2.1.2. Demostraciones con Lean

-- Demostrar que si
-- sct
-- entonces

import data.set.basic
open set

variable {a : Type}
variables s t u : set a

-- 12 demostracion

example

(h : s gt

cshjuldtifu:=

begin

rw subset def,

rw inter def,

rw inter def,

dsimp,

intros x h,

cases h with xs xu,

split,

{ rw subset def at h,
apply h,
assumption },

{ assumption },

end

-- 22 demostracion

example
(h :sgt)
cshugthu:=
begin
rw [subset def, inter def, inter def],
dsimp,
rintros x (xs, xu),
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rw subset def at h,
exact (h xs, xu),
end

-- 32 demostracion

example
(h : s gt
cshjuld tifu:=
begin
simp only [subset def, mem inter eq] at *,
rintros x (xs, xu),
exact (h  xs, xu),
end

-- 42 demostracion

example

(h : s gt

cshjuld tinu:=
begin

intros x xsu,

exact (h xsu.l, xsu.2),
end

-- 52 demostracion

example
(h :sldt)

snugthu:=

inter subset inter left u h

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Propiedad_de_monotonia_de_la_interseccion.lean
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2.2. Propiedad semidistributiva de la intersec-

cion sobre la union

2.2.1. Demostraciones con Isabelle/HOL

(* __________________________________________________________________

-- Demostrar que
-- sn(tuu) € (snt)u(snu)

theory Propiedad semidistributiva de la interseccion sobre la union
imports Main
begin

(* 17 demostracin *)
lemma "s n (t Uuu) € (snt)u(snu)”
proof (rule subsetI)
fix x
assume hx : "x € s n (t uu)”
then have xs : "x € s”
by (simp only: IntD1)
have xtu: "x € t v u”
using hx by (simp only: IntD2)
then have "x € t v x € u”
by (simp only: Un_iff)
then show " x € s ntusnu”
proof (rule disjE)
assume xt : "x € t”
have xst : "x € s n t”
using xs xt by (simp only: Int iff)
then show "X € (s n t) U (s n u)”
by (simp only: UnIl)
next
assume xu : “X € u
have xst : "x € s n U’
using xs xu by (simp only: Int iff)
then show "x € (s n t) u (s nu)”
by (simp only: UnI2)

n n

’

ged
ged

(* 27 demostracign *)
lemma "s n (t Uuu) € (snt)u(snu)”
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proof

fix x

assume hx : "X € s n (t u u)”

then have xs "X € s
by simp

have xtu: "x € t u u”
using hx by simp

then have "x € t v x € u”

n

by simp
then show " x €E s ntusnu”
proof

assume xt : "x € t”

have xst : "x € s n t”

using xs xt by simp

then show "x € (s n t) u (s nu)”
by simp

next

assume xu : "X € u

have xst : "x € s n u”
using xs xu by simp

then show "x € (s n t) u (s nu)”
by simp

1

ged
ged

(* 372 demostracign *)
lemma "s n (t uu) € (snt)u(snu)”
proof (rule subsetI)
fix x
assume hx : "x € s n (t uu)”
then have xs : "x € s”
by (simp only: IntD1)
have xtu: "x € t u u”
using hx by (simp only: IntD2)
then show " x € s ntusnu”
proof (rule UnE)
assume xt : "x € t”
have xst : "X € s n t”
using xs xt by (simp only: Int iff)
then show "X € (s n t) u (s n u)”
by (simp only: UnIl)
next
assume xu : "X € u
have xst : "x € s n u”
using xs xu by (simp only: Int iff)

n
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then show "X € (s n t) U (s n u)”
by (simp only: UnI2)
ged
ged

(* 47 demostracin *)
lemma "s n (t uu) € (snt)u(snu)”
proof
fix x
assume hx : "X € s n (t uu)”
then have xs "X € s
by simp
have xtu: "x € t u u”
using hx by simp
then show " x € s ntusnu”
proof (rule UnE)
assume xt : "x € t”
have xst : "X € s n t”
using xs xt by simp
then show "X € (s n t) U (s n u)”
by simp
next
assume xu : "X € u
have xst : "x € s n u”
using xs xu by simp
then show "X € (s n t) U (s n u)”
by simp

n

n

ged
ged

(* SE demostraciin *)
lemma "s n (t uu) € (snt)u(snu)”
by (simp only: Int Un distrib)

(* GE demostraciin *)
lemma "s n (t uu) € (snt)u(snu)”

by auto

end
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2.2.2. Demostraciones con Lean

-- Demostrar que
- - sn(tuvuu) € (snt)u(snu

import data.set.basic
open set

variable {a : Type}
variables s t u : set «

-- 12 demostracion

example :
sl (tyu)g (s t) ]y (shu :=
begin
intros x hx,
have xs : x § s := hx.1,
have xtu : x [§ t [y u := hx.2,
clear hx,
cases xtu with xt xu,
{ left,
show x g s 1 t,
exact (xs, xt) },
{ right,
show x E s H u,
exact (xs, xu) },
end

-- 22 demostracion

example :
sl (tyu)g (s t) U (shu :=
begin
rintros x (xs, xt | xu),
{ left,
exact (xs, xt) },
{ right,
exact (xs, xu) },
end
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-- 32 demostracion

example :

sl (tyu)g (s t) ]y (shu :=
begin

intros x hx,

by finish
end

-- 42 demostracion

example :

sl (tYu g (s t) |y (shu :=

by rw inter union distrib left

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

2.3. Diferencia de diferencia de conjuntos

2.3.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
- - (s -t) -ucs - (tvuu)

theory Diferencia de diferencia de conjuntos
imports Main
begin

(* 1 demostracin *)
lemma "(s - t) -uc<cs - (tuu)”
proof (rule subsetI)
fix x
assume hx : "x € (s - t) - u”
then show "x € s - (t u u)”
proof (rule DiffE)
assume xst : "x € s - t”
assume xnu : ”"x & u”
note xst


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Propiedad_semidistributiva_de_la_interseccion_sobre_la_union.lean
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then show "x € s - (t u u)”
proof (rule DiffE)

assume xs : "x € s”
assume xnt : "x ¢ t”
have xntu : "x ¢ t v u”
proof (rule notI)
assume xtu : "X € t u u”

then show False
proof (rule UnE)
assume xt : "x € t”
with xnt show False
by (rule notE)
next
assume xu : "x € u”
with xnu show False
by (rule notE)
ged
ged
show "x € s - (t u u)”
using xs xntu by (rule DiffI)
ged
ged
ged

(* 27 demostracign *)
lemma "(s - t) - ugcs - (tuu)”
proof
fix x
assume hx : "x € (s - t) - u
then have xst : "x € (s - t)”
by simp
then have xs
by simp
have xnt : ”"x & t”
using xst by simp
have xnu : "x & u”
using hx by simp
have xntu : "x € t u u”
using xnt xnu by simp
then show "x € s - (t u u)”
using xs by simp
ged

1

n n

X € s

(* 3E demostraciin *)
lemma "(s - t) - ugcs - (tuu)”
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proof
fix x
assume "X € (s - t) - u”
then show "x € s - (t u u)”
by simp
ged

(* 42 demostracidn *)
lemma "(s - t) -ugcs - (tuu)”

by auto

end

2.3.2. Demostraciones con Lean

-- Demostrar que
== (s \ t) \ucs )\ (tuu)

import data.set.basic
open set

variable {a : Type}
variables s t u : set a

-- 12 demostracion

example : (s N t) Nulds|N (t[yu :=

begin
intros x xstu,
have xs : x E s := xstu.1l.1,

have xnt : x |§ t := xstu.1.2,
have xnu : x |§ u := xstu.2,
split,
{ exact xs },
{ dsimp,

intro xtu,

cases xtu with xt xu,

{ show false, from xnt xt },

{ show false, from xnu xu }},
end
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-- 22 demostracion

example : (s N t) Nulds N (tyu

begin

rintros x ((xs, xnt), xnu),

use Xxs,

rintros (xt | xu); contradiction
end

-- 32 demostracion

example : (s ‘ t) ‘ u E S ‘ (t ! u)

begin
intros x xstu,
simp at *,
finish,

end

-- 42 demostracion

example : (s N\ t) Nulds N (tyu

begin
intros x xstu,
finish,

end

-- 52 demostracion

example : (s N t) Nulds N (tyu

by rw diff_diff

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Diferencia_de_diferencia_de_conjuntos.lean
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2.4. 22 propiedad semidistributiva de la inter-
seccion sobre la union

2.4.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- (snt)u(snu) €sn (tuu)

theory Propiedad semidistributiva de la interseccion sobre la union 2
imports Main
begin

(* 17 demostracin *)
lemma "(s n t) U (s nu) €sn (tuu)”
proof (rule subsetI)

fix x

assume "X € (s nt) u (s nu)”

then show "X € s n (t u u)”

proof (rule UnE)

assume xst : "X € s n t”
then have xs : "x € s”
by (simp only: IntD1)
have xt : "x € t”
using xst by (simp only: IntD2)
then have xtu : "x € t U u”

by (simp only: UnIl)
show "X € s n (t u u)”
using xs xtu by (simp only: IntI)

next
assume xsu : "X € s n u”
then have xs : "x € s”
by (simp only: IntD1)
have xt : "x € u”
using xsu by (simp only: IntD2)
then have xtu : "x € t v u”

by (simp only: UnI2)
show "x € s n (t u u)”
using xs xtu by (simp only: IntI)
ged
ged
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(* 27 demostracign *)
lemma "(s n t) U (snu) €sn (tuu)”
proof
fix x
assume "X € (s nt) U (s nu)”
then show "x € s n (t u u)”
proof
assume xst : "X € s n t”
then have xs : "x € s”
by simp
have xt : "x € t”
using xst by simp
then have xtu : "x € t Uu u”
by simp
show "X € s n (t u u)”
using xs xtu by simp

next
assume xsu : "X € s n u”
then have xs : "x € s”
by (simp only: IntD1)
have xt : "x € u”
using xsu by simp
then have xtu : "x € t U u”
by simp

show "x € s n (t u u)”
using xs xtu by simp
ged
ged

(* 37 demostracign *)
lemma "(s n t) U (s nu) €sn (tuu)”
proof
fix x
assume "X € (s nt) u (s nu)”
then show "x € s n (t u u)”
proof
assume "x € s n t”
then show "X € s n (t u u)”
by simp
next
assume "X € s n u”
then show "X € s n (t u u)”
by simp
ged
ged
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(* 42| demostracign *)
lemma "(s n t) U (s nu) €sn (tuu)”
proof

fix x

assume "X € (s n t) U (s nu)”

then show "X € s n (t u u)”

by auto

ged

(* SE demostraciin *)

lemma "(s n t) u (snu) €sn (tuu)”
by auto

(* 62 demostracign *)

lemma "(s nt) u (snu) €sn (tuvuu)”

by (simp only: distrib inf le)

end

2.4.2. Demostraciones con Lean

-- Demostrar que
- - (snt)u(snu) €csn (tuu)

import data.set.basic
open set

variable {a : Type}
variables s t u : set «

-- 12 demostracion

example : (s | t) U (s W u)[d s (t]yu:=

begin
intros x hx,
cases hx with xst xsu,
{ split,
{ exact xst.1 },
{ left,
exact xst.2 }},
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{ split,
{ exact xsu.l },
{ right,
exact xsu.2 }},
end

-- 22 demostracion

example : (s H t) ! (s H u) E S H (

begin
rintros x ((xs, xt) | (xs, xu)),
{ use xs,
left,
exact xt },
{ use xs,
right,
exact xu },
end

-- 32 demostracion

example : (s [n t) U (s | u) |d s (t ] u:

by rw inter distrib left s t u

-- 42 demostracion

example : (s [n t) U (s | u) |d s (t ] u:

begin
intros x hx,
finish

end

t ! u):=

Se puede interactuar con las pruebas anteriores en esta sesion con Lean.

2.5. 22 diferencia de diferencia de conjuntos

2.5.1. Demostraciones con Isabelle/HOL


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Propiedad_semidistributiva_de_la_interseccion_sobre_la_union_2.lean
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(* _____________________________________________________________________
-- Demostrar que

-- s - (tuvuu) € (s -1tt) -u

theory Diferencia de diferencia de conjuntos 2
imports Main
begin

(* 17 demostracidn *)
lemma "s - (t uu) € (s - t) -u
proof (rule subsetI)
fix x
assume "X € s - (t u u)”
then show "x € (s - t) - u
proof (rule DiffE)
assume "x € s”
assume "x ¢ t u u”
have "x & u”
proof (rule notI)
assume "x € u”
then have "x € t v u”
by (simp only: UnI2)

with [x [ t | up| show False

by (rule notE)

n

ged
have "x ¢ t”
proof (rule notI)
assume "x € t”
then have "x € t u u”
by (simp only: UnIl)
with [{x [§ t | u>| show False
by (rule notE)
ged
with [<x [ s]| have
by (rule DiffI)
then show "x € (s - t) - u”

using [<x [¢ up| by (rule DiffI)

n

X Es - t”

ged
ged

(* 27 demostracin *)
lemma ”"s - (t uu) € (s - t) - u”
proof

fix x
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assume "X € s - (t u u)”
then show "x € (s - t) - u
proof
assume "x € s”
assume "x ¢ t u u”
have "x & u”
proof
assume "x € u”
then have "x € t u u”
by simp
with [{x [§ t | u>| show False
by simp
ged
have "x ¢ t”
proof
assume "x € t”
then have "x € t u u”

n

by simp
with [x [§ t | u>| show False
by simp
ged
with Ix E sl have "x € s - t”
by simp

n

then show "x € (s - t) - u
using [<x [¢ up| by simp
ged
ged

(* 32 demostracign *)
lemma ”"s - (t uu) € (s - t) - u”
proof
fix x
assume "X € s - (t u u)”
then show "x € (s - t) - u
proof
assume "X € s”
assume "x ¢ t u u”
then have "x ¢ u”
by simp
have "x ¢ t”

using [x [g t [y up| by simp
with [x [ sp| have "x € s - t”

by simp
then show "x € (s - t) - u

using [<x [g up| by simp

n

n
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ged
ged

(* 42| demostracign *)
lemma "s - (t uu) € (s - t) - u”
proof
fix x
assume "X € s - (t u u)”
then show "x € (s - t) - u
proof
assume "x € s”
assume "x ¢ t u u”
then show "x € (s - t) - u
using [<x [ sp| by simp
ged
ged

n

(* 52 demostracin *)
lemma ”"s - (t uu) € (s - t) - u
proof
fix x
assume "X € s - (t u u)”
then show "x € (s - t) - u
by simp
ged

n

n

(* 62 demostracidn *)
lemma "s - (t uu) € (s - t) -u
by auto

n

end

2.5.2. Demostraciones con Lean

-- Demostrar que
-- s\ (tuvuwu) c (s t)\u

import data.set.basic
open set

variable {a : Type}
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variables s t u : set a

-- 12 demostracion

example : s \| (t Ju)[d (s Nt)Nu:=

begin
intros x hx,
split,
{ split,
{ exact hx.1, },
{ dsimp,
intro xt,
apply hx.2,
left,
exact xt, }},
{ dsimp,
intro xu,
apply hx.2,
right,
exact xu, },
end

-- 22 demostracion

example : s \ (t Ju)|d (s Nt)Nu:=

begin
rintros x (xs, xntu),
split,
{ split,
{ exact xs, },
{ intro xt,
exact xntu (or.inl xt), }},
{ intro xu,
exact xntu (or.inr xu), 1},
end

-- 32 demostracion

example : s \| (t Ju)[d (s Nt)Nu:=

begin
rintros x (xs, xntu),
use Xxs,
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{ intro xt,
exact xntu (or.inl xt) },
{ intro xu,
exact xntu (or.inr xu) },
end

-- 42 demostracion

example : s \ (t Yu)ld (s Nt)Nu:=

begin
rintros x (xs, xntu);
finish,

end

-- 52 demostracion

example : s N\ (t Y u) ld (s Nt)Nu:

by intro ; finish

-- 62 demostracion

example : s N\ (t Y u) ld (s Nt)Nu:

by rw diff diff

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

2.6. Conmutatividad de la interseccion

2.6.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
= snt=tns

theory Conmutatividad de la interseccion
imports Main
begin


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Diferencia_de_diferencia_de_conjuntos_2.lean
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(* 1?7 demostracign *)

lemma "s nt =tns”

proof (rule set eqI)
fix x
show "X E s ntex €tns”
proof (rule iffI)

assume h : "x € s n t”
then have xs : "x € s”

by (simp only: IntD1)
have xt : "x € t”

using h by (simp only: IntD2)
then show "x € t n s”
using xs by (rule IntI)
next
assume h : "x € t n s”
then have xt : "x € t”
by (simp only: IntD1)
have xs : "x € s”
using h by (simp only: IntD2)
then show "x € s n t”
using xt by (rule IntI)
ged
ged

(* 27 demostracign *)
lemma "s nt=1tns”
proof (rule set eqI)

fix x
show "X E s ntex €tns”
proof
assume h : "x € s n t”
then have xs : "x € s”
by simp
have xt : "x € t”

using h by simp
then show "x € t n s”
using xs by simp

next
assume h : "x € t n s”
then have xt : "x € t”
by simp
have xs : "x € s”

using h by simp
then show "x € s n t”
using xt by simp
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ged
ged

(* 37 demostracign *)

lemma "s n t =tn s”

proof (rule equalityI)
show "s nt c tns”
proof (rule subsetI)

fix x

assume h : "x € s n t”

then have xs : "x € s”
by (simp only: IntD1)

have xt : "x € t”

using h by (simp only: IntD2)
then show "x € t n s”
using xs by (rule IntI)
ged
next
show "t ns csnt”
proof (rule subsetI)
fix x
assume h : "x € t n s”
then have xt : "x € t”
by (simp only: IntD1)
have xs : "x € s”
using h by (simp only: IntD2)
then show "x € s n t”
using xt by (rule IntI)
ged
ged

(* 47 demostracidn *)
lemma "s n t =tns”
proof
show "s nt ctns’
proof
fix x
assume h : "x € s n t”
then have xs : "x € s”
by simp
have xt : "x € t”
using h by simp
then show "X € t n s”
using xs by simp

’

ged
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32
next
show "t ns csnt”
proof
fix x
assume h : "x € t n s”
then have xt : "x € t”
by simp
have xs : "x € s”
using h by simp
then show "x € s n t”
using xt by simp
ged
ged

(* 52 demostracidn *)
lemma "s nt =tns”
proof
show "s nt c tns”
proof
fix x
assume "x € s n t”
then show "X € t n s
by simp

n

ged
next

show "t n s € s n t”

proof
fix x
assume "x € t n s”
then show "x € s n t”

by simp

n

ged
ged

(* 62 demostracidn *)
lemma "s nt=1tns”
by (fact Int commute)

(* 77 demostracin *)
lemma "s nt=1tns”
by (fact inf commute)

(* SE demostraciin *)
lemma "s nt=1tns”
by auto
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end

2.6.2. Demostraciones con Lean

-- Demostrar que
- - snt=tns

import data.set.basic
open set

variable {a : Type}
variables s t u : set a

-- 12 demostracion

example : st =1ths :=
begin
ext x,
simp only [mem inter eql],
split,
{ intro h,
split,
{ exact h.2, },
{ exact h.1, }}%},
{ intro h,
split,
{ exact h.2, },
{ exact h.1, }},
end

-- 22 demostracion

example : st =1ths :=
begin
ext,
simp only [mem inter eql,
exact (A h, (h.2, h.1),
A h, (h.2, h.1)),
end
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-- 32 demostracion

example : st =1ths :=
begin

ext,
exact (A h, (h.2, h.1),
A h, (h.2, h.1)),
end

-- 42 demostracion

example : st =1th s :=
begin
ext x,
simp only [mem inter eql,
split,
{ rintros (xs, xt),
exact (xt, xs) },
{ rintros (xt, xs),
exact (xs, xt) },
end

-- 52 demostracion

example : st =1ths :=
begin

ext x,

exact and.comm,
end

-- 62 demostracion

example : st =tfs
ext (A x, and.comm)

-- 72 demostracion

example : st =1tfs
by ext x; simp [and.comm]
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-- 82 demostracion

example : st =1ths :=
inter comm s t

-- 92 demostracion

example : st =1ths :=
by finish

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

2.7. Interseccion con su union

2.7.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- sn(sut)=s

theory Interseccion con_su union
imports Main
begin

(* 1 demostracign *)
lemma "s n (s U t) = s
proof (rule equalityI)
show "s n (s u t) ¢ s”
proof (rule subsetI)
fix x
assume "X € s n (s u t)”
then show "x € s”
by (simp only: IntD1)
ged
next
show "s € s n (s u t)”
proof (rule subsetI)
fix x
assume

n

n n

X € s


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Conmutatividad_de_la_interseccion.lean
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then have "x € s U t”
by (simp only: UnIl)
with [x g s}| show "x € s n (s U t)”
by (rule IntI)
ged
ged

(* 27 demostracign *)
lemma "s n (s u t) = s”
proof
show "s n (s u t) ¢ s”
proof
fix x
assume "X € s n (s u t)”
then show "x € s
by simp

n

ged
next
show "s € s n (s u t)”
proof
fix x
assume "X € s
then have "x € s U t”
by simp
then show "X € s n (s u t)”

using [<x g sp| by simp

n n

ged
ged

(* 32 demostracign *)
lemma "s n (s u t) = s”
by (fact Un_Int eq)

(* 47 demostracidn *)
lemma "s n (s u t) = s”
by auto

2.7.2. Demostraciones con Lean

-- Demostrar que
-- sn(sut)=s
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import data.set.basic
open set

variable {a : Type}
variables s t : set «

-- 12 demostracion

example : s (s |y t) = s :=
begin
ext x,
split,
{ intros h,
dsimp at h,
exact h.1, },
{ intro xs,
dsimp,
split,
{ exact xs, },
{ left,
exact xs, }},
end

-- 22 demostracion

example : s (s | t) = s :=
begin
ext x,
split,
{ intros h,
exact h.1, 7},
{ intro xs,
split,
{ exact xs, },
{ left,
exact xs, }},
end

-- 32 demostracion

example : s (s | t) = s :=
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begin
ext x,
split,
{ intros h,
exact h.1, 7},
{ intro xs,
split,
{ exact xs, },
{ exact (or.inl xs), 1}},
end

-- 42 demostracion

example : s (s | t) = s :=
begin
ext,
exact (A h, h.1,
A Xs, (xs, or.inl xs)),
end

-- 52 demostracion

example : s (s | t) = s :=
begin
ext,
exact (and.left,
A Xs, (xs, or.inl xs)),
end

-- 62 demostracion

example : s (s | t) = s :=
begin
ext x,
split,
{ rintros (xs, ),
exact xs 1},
{ intro xs,
use Xxs,
left,
exact xs },
end
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-- 72 demostracion

example : s (s | t) = s :=
inf sup self

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

2.8. Unidn con su interseccion
2.8.1. Demostraciones con Isabelle/HOL

(F = mm e e m e e e e e e e e e e e e e mme -

-- Demostrar que
- - SuU(snt)=s

theory Union con su interseccion
imports Main
begin

(* 12 demostracign *)
lemma "s U (s n t) = s”
proof (rule equalityI)
show "s U (s n t) ¢ s”
proof (rule subsetI)
fix x
assume "X € s U (s n t)”
then show "x € s”
proof
assume "x € s”
then show "x € s”
by this
next
assume "x € s n t”
then show "x € s”
by (simp only: IntD1)
ged
ged
next
show "s € s u (s n t)”
proof (rule subsetI)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Interseccion_con_su_union.lean
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40
fix x
assume "x € s”
then show "X € s U (s n t)”
by (simp only: UnIl)
ged
ged

(* 27 demostracign *)
lemma "s U (s n t) = s’
proof
show "s u s ntcs
proof
fix x
assume "X € s U (s n t)”
then show "x € s”
proof
assume "x € s”
then show "x € s”
by this
next
assume "X € s n t”
then show "x € s”

’

n

by simp
ged
ged
next
show "s € s u (s n t)”
proof
fix x

assume "x € s”
then show "X € s U (s n t)”
by simp
ged
ged

(* 32 demostracidn *)
lemma "s U (s n t) =5
by auto

n

end
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2.8.2. Demostraciones con Lean

-- Demostrar que
-- SuU(snt)=s

import data.set.basic
open set

variable {a : Type}
variables s t : set a

-- 12 demostracion

example : s U (s i t) = s :=
begin
ext x,
split,
{ intro hx,
cases hx with xs xst,
{ exact xs, },
{ exact xst.1, }},
{ intro xs,
left,
exact xs, },
end

-- 22 demostracion

example : s ! (s H t) = s :=
begin
ext x,
exact (A hx, or.dcases on hx id and.left,
A xs, or.inl xs),
end

-- 32 demostracion

example : s U (s t) = s :=
begin
ext x,
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split,
{ rintros (xs | (xs, xt));
exact xs },
{ intro xs,
left,
exact xs },
end

-- 42 demostracion

example : s U (s i t) = s :=
sup_inf self

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

2.9. Union con su diferencia

2.9.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- (s\ t)ut=sut

theory Union con su diferencia
imports Main
begin

(* 1?7 demostracidn *)

lemma "(s - t) ut =s u t”
proof (rule equalityI)
show "(s - t) ut € s u t”
proof (rule subsetI)
fix x
assume "X € (s - t) u t”
then show "x € s u t”
proof (rule UnE)
assume "x € s - t”
then have "x € s”
by (simp only: DiffD1)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Union_con_su_interseccion.lean
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then show "x € s u t”
by (simp only: UnIl)
next
assume "x € t”
then show "x € s u t”
by (simp only: UnI2)
ged
ged
next
show "s u t ¢ (s - t) u t”
proof (rule subsetI)
fix x
assume "x € s U t”
then show "x € (s - t) u t”
proof (rule UnE)
assume "x € s”
show "x € (s - t) u t”
proof (cases [x [g tp])
assume "x € t”
then show "x € (s - t) u t”
by (simp only: UnI2)
next
assume "x ¢ t”
with Ix E sI have "x € s - t”
by (rule DiffI)
then show "x € (s - t) u t”
by (simp only: UnIl)
ged
next
assume "x € t”
then show "x € (s - t) u t”
by (simp only: UnI2)
ged
ged
ged

(* 22 demostracign *)

lemma "(s - t) ut =s u t”
proof
show "(s - t) ut csut”
proof
fix x
assume "X € (s - t) u t”
then show "x € s U t”
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proof
assume "x € s - t”
then have "x € s
by simp
then show "x € s u t”
by simp
next
assume "x € t”
then show "x € s u t”

by simp
ged
ged
next
show "s u t ¢ (s - t) u t”
proof
fix X

assume "x € s U t”
then show "x € (s - t) u t”
proof
assume "x € s”
show "x € (s - t) u t”
proof
assume "x ¢ t”
with Ix E sp| show "x € s - t”
by simp
ged
next
assume "x € t”
then show "x € (s - t) u t”
by simp
ged
ged
ged

(* 37 demostracign *)

lemma "(s - t) u t =s u t”
by (fact Un Diff cancel2)

(* 47 demostracin *)

lemma "(s - t) ut =s u t”
by auto

end
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2.9.2. Demostraciones con Lean

-- Demostrar que
-- (s\ t)ut=sut

import data.set.basic
open set

variable {a : Type}
variables s t : set «

-- 12 definicidn

example : (s N t) Ut=s]t:=

begin
ext x,
split,
{ intro hx,
cases hx with xst xt,
{ left,
exact xst.1, },
{ right,
exact xt }},
{ by cases h : x g t,
{ intro ,
right,
exact h },
{ intro hx,
cases hx with xs xt,
{ left,
split,
{ exact xs, },
{ dsimp,
exact h, }},
{ right,
exact xt, }}},

end

-- 22 definicion

example : (s N t) Jt=slt :=
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begin
ext x,
split,
{ rintros ((xs, nxt) | xt),
{ left,
exact xs},
{ right,
exact xt }},
{ by cases h : x E t,
{ intro ,
right,
exact h },
{ rintros (xs | xt),
{ left,
use [xs, hl },
{ right,
use xt }}1},
end

-- 32 definicion

example : (s N t) Yt =s]t:=

begin
rw ext iff,
intro,
rw iff def,
finish,

end

-- 42 definicion

example : (s N t) Ut=s]t:

by finish [ext iff, iff def]

-- 52 definicidn

example : (s N t) Ut=s]t:

diff union_self

-- 62 definicidn




2.10. Diferencia de unién e interseccidn

47

example : (s N t) Yt=s]t :=

begin
ext,
simp,

end

-- 72 definicion

example : (s N t) Yt =s]t:=

by simp

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

2.10. Diferencia de unidn e interseccion

2.10.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que

-- (s -t)u(t-s)=(sut)-(snt)

theory Diferencia de union e interseccion
imports Main
begin

(* 17 demostracin *)

lemma "(s - t) u (t - s) = (sut) - (snt)”
proof (rule equalityI)

show "(s - t) u (t - s) € (su t) - (sn t)”
proof (rule subsetI)
fix x

assume "X € (s - t) U (t - s)”
then show "x € (s u t) - (s n t)”
proof (rule UnE)
assume "x € s - t”
then show "x € (s u t) - (s n t)”
proof (rule DiffE)
assume "x € s”
assume "x ¢ t”


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Union_con_su_diferencia.lean
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have "x € s u t”
using [<x | sp| by (simp only: UnIl)
moreover
have "x ¢ s n t”
proof (rule notI)
assume "X € s n t”
then have "x € t”
by (simp only: IntD2)
with [x [g t}| show False
by (rule notE)
ged
ultimately show "x € (s u t) - (s n t)”
by (rule DiffI)
ged
next
assume "x € t - s”
then show "x € (s u t) - (s n t)”
proof (rule DiffE)
assume "x € t”
assume "x ¢ s”
have "x € s u t”
using [x [g t}| by (simp only: UnI2)
moreover
have "x ¢ s n t”
proof (rule notI)
assume "X € s n t”
then have "x € s”
by (simp only: IntD1)
with [x [g s}| show False
by (rule notE)
ged
ultimately show "X € (s u t) - (s n t)”
by (rule DiffI)
ged
ged
ged
next
show "(s u t) - (s nt) € (s -1t)u (t-s)”
proof (rule subsetI)
fix x
assume "X € (s u t) - (s n t)”
then show "x € (s - t) U (t - s)”
proof (rule DiffE)
assume "x € s U t”
assume "X € s n t”
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note [x € s U t}|

then show "x € (s - t) U (t - s)”
proof (rule UnE)
assume "x € s”
have "x ¢ t”
proof (rule notI)
assume "x € t”

with [x [g sp| have "x € s n t”

by (rule IntI)
with [x [¢ s | t}>| show False
by (rule notE)
ged
with Ix E sI have "x € s - t”
by (rule DiffI)
then show "x € (s - t) u (t - s)”
by (simp only: UnIl)
next
assume "x € t”
have "x ¢ s”
proof (rule notI)
assume "x € s”
then have "x € s n t”
using [x [§ tp| by (rule IntI)
with [{x [ s | t}>| show False
by (rule notE)
ged
with [<x g t}| have "x € t - s”
by (rule DiffI)
then show "x € (s - t) u (t - s)”
by (rule UnI2)
ged
ged
ged
ged

(* 27 demostracin *)

lemma "(s - t) u (t - s) = (su t) - (snt)”

proof

show "(s - t) u (t - s) € (su t) - (sn t)”

proof
fix x
assume "x € (s - t) U (t - s)”
then show "X € (s u t) - (s n t)”
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proof
assume "x € s - t”
then show "x € (s u t) - (s n t)”
proof
assume "x € s”
assume "x ¢ t”
have "x € s u t”
using [x g sp| by simp
moreover
have "x ¢ s n t”
proof
assume "x € s n t”
then have "x € t”

by simp
with [<x [ t}>| show False
by simp
ged
ultimately show "x € (s u t) - (s n t)”
by simp
ged

next
assume "x € t - s”
then show "X € (s U t) - (s n t)”
proof
assume "x € t”
assume "x € s”
have "x € s u t”
using [x g t}| by simp
moreover
have "x ¢ s n t”
proof
assume "X € s n t”
then have "x € s
by simp

with [x [g s}| show False

by simp

n

ged
ultimately show "x € (s u t) - (s n t)”
by simp
ged
ged
ged
next
show "(s u t) - (snt) (s -t)u (t-s)”
proof
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fix x
assume "X € (s u t) - (s n t)”
then show "x € (s - t) U (t - s)”
proof
assume “"x € s u t”
assume "X € s n t”
note [{x | s U t}|
then show "x € (s - t) U (t - s)”
proof
assume "x € s”
have "x ¢ t”
proof
assume "x € t”

with [x g sp| have "x € s n t”

by simp
with [x [ s | t}| show False
by simp
ged
with [x [g sp| have "x € 5 - t”
by simp
then show "x € (s - t) u (t - s)”
by simp
next
assume "x € t”
have "x ¢ s”
proof
assume "x € s”
then have "x € s n t”

using [x g tp| by simp

with [{x [ s |n] t}| show False

by simp

ged

with [x [ t}| have "x € t - s”
by simp

then show "x € (s - t) u (t - s)”
by simp

ged
ged
ged
ged

(* 37 demostracign *)

lemma "(s - t) u (t - s) = (su t) - (sn t)”
proof
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show "(s - t) u (t - s) € (sut) - (sn t)”
proof
fix x
assume "X € (s - t) u (t - s)”
then show "X € (s u t) - (s n t)”
proof
assume "x € s - t”
then show "x € (s u t)
next
assume "X € t - s
then show "x € (s U t)
ged
ged
next
show "(s U t) - (snt) € (s - t)u (t -s)”
proof
fix x
assume "X € (s u t) - (s n t)”
then show "x € (s - t) U (t - s)”
proof
assume "X € s U t”
assume "X & s n t”
note [x € s U t}|
then show "x € (s - t) U (t - s)”
proof
assume "x € s”
then show "x € (s - t) u (t - s)”
using [x |@ s [n t}| by simp
next
assume "x € t”
then show "x € (s - t) u (t - s)”
using [x |@ s [n t}| by simp
ged
ged
ged
ged

(s n t)” by simp

n

(s n t)” by simp

(* 47 demostracin *)

lemma "(s - t) U (t - s) = (sut) - (snt)”
proof
show "(s - t) u (t - s) € (sut) - (sn t)”
proof
fix x
assume "X € (s - t) U (t - s)”
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then show "x € (s u t) - (s n t)” by auto
ged
next
show "(s u t) - (s nt) c (s -1t)u (t-s)”
proof
fix x
assume "X € (s u t) - (s n t)”
then show "x € (s - t) u (t - s)” by auto
ged
ged

(* 52 demostracidn *)

lemma "(s - t) u (t - s) = (su t) - (sn t)”

proof

show "(s - t) u (t - s) € (s u t) - (s n t)” by auto
next

show "(s u t) - (snt) € (s - t)u (t - s)” by auto
ged

(* 62 demostracidn *)

lemma "(s - t) u (t - s) = (su t) - (sn t)”
by auto

end

2.10.2. Demostraciones con Lean

-- Demostrar que
-- (s\ t)u(tls)=(sut)l (snt)

import data.set.basic
open set

variable {a : Type}
variables s t : set «

-- 12 demostracion
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example : (s N t) U (t Ns)=(syt)N (spt):=

begin
ext x,
split,
{ rintros ((xs, xnt) | (xt, xns)),
{ split,
{ left,
exact xs 1},
{ rintros ( , xt),
contradiction }},
{ split ,
{ right,
exact xt },
{ rintros (xs, ),
contradiction }}},
{ rintros (xs | xt, nxst),

{ left,

use xs,

intro xt,

apply nxst,

split; assumption },
{ right,

use xt,

intro xs,

apply nxst,

split; assumption }},
end

-- 22 demostracion

example : (s N t) U (tNs)=(syt)N (spt):=

begin
ext x,
split,
{ rintros ((xs, xnt) | (xt, xns)),
{ finish, },
{ finish, }},
{ rintros (xs | xt, nxst),
{ finish, },
{ finish, }},
end

-- 32 demostracion
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example : (s N t) U (tNs) = (s t)N (st :=

begin
ext x,
split,
{ rintros ((xs, xnt) | (xt, xns)) ; finish, },
{ rintros (xs | xt, nxst) ; finish, },
end

-- 42 demostracion

example : (s N t) U (tNs) = (s t)N (spt):=

begin
ext,
split,
{ finish, 1},
{ finish, 1},
end

-- 52 demostracion

example : (s N t) U (tNs) = (s t)N (st :=

begin
rw ext iff,
intro,
rw iff def,
finish,

end

-- 62 demostracion

example : (s N t) U (tNs) = (s t) N (sft) :=

by finish [ext iff, iff def]

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Diferencia_de_union_e_interseccion.lean
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2.11. Union de los conjuntos de los pares e im-
pares

2.11.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Los conjuntos de los numeros naturales, de los pares y de los impares

-- se definen por

-- def naturales : set N :
-- def pares : set N :
-- def impares : set N :

{n | true}
{n | even n}
{n | - even n}

-- Demostrar que
- - pares U impares = naturales

theory Union de pares e impares
imports Main
begin

definition naturales :: "nat set” where
"naturales = {neN . True}”

definition pares :: "nat set” where
"pares = {neN . even n}”

definition impares :: "nat set” where
"impares = {neN . - even n}”

(* 17 demostracin *)

lemma "pares U impares = naturales”

proof -
have "V n € N . even n v = even n « True”
by simp
then have "{n € N. even n} u {n € N. = even n} = {n € N, True}”
by auto

then show "pares u impares = naturales”
by (simp add: naturales def pares def impares def)
ged

(* 27 demostracidn *)
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lemma "pares u impares = naturales”
unfolding naturales def pares def impares def
by auto

end

2.11.2. Demostraciones con Lean

-- Los conjuntos de los numeros naturales, de los pares y de los impares
-- se definen por

- - def naturales : set N := {n | true}
-- def pares : set N := {n | even n}
- - def impares : set N :={n | - even n}

-- Demostrar que
-- pares U impares = naturales

import data.nat.parity
import data.set.basic
import tactic

open set

def naturales : set N := {n | true}

def pares : set N := {n | even n}
def impares : set N := {n | = even n}

-- 12 demostracion

example : pares u impares = naturales :=
begin

unfold pares impares naturales,

ext n,

simp,

apply classical.em,
end

-- 22 demostracion
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example : pares ! impares = naturales :=
begin

unfold pares impares naturales,

ext n,

finish,
end

-- 32 demostracion

example : pares ! impares = naturales :=
by finish [pares, impares, naturales, ext iff]

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Union_de_pares_e_impares.lean

Capitulo 3

Ejercicios de junio de 2021

3.1. Interseccion de los primos y los mayores
que dos

3.1.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Los numeros primos, los mayores que 2 y los impares se definen por

-- def primos : set N := {n | prime n}
-- def mayoresQue2 : set N := {n | n > 2}
-- def impares : set N := {n | = even n}

-- Demostrar que
-- primos n mayoresQue2 < impares

theory Interseccion de los primos y los mayores que dos
imports Main "HOL-Number Theory.Number Theory”
begin

definition primos :: "nat set” where
"primos = {n € N . prime n}”

definition mayoresQue2 :: "nat set” where
"mayoresQue2 = {n €N . n > 2}”

definition impares :: "nat set” where
"impares = {n € N . - even n}”

(* 12 demostracign *)

59
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lemma “primos n mayoresQue2 < impares”
proof
fix x
assume "X € primos n mayoresQue2”
then have "x € N A prime x A 2 < X"
by (simp add: primos def mayoresQue2 def)
then have "x € N A odd x”
by (simp add: prime odd nat)
then show "x € impares”
by (simp add: impares def)
ged

(* 27 demostracign *)
lemma "primos n mayoresQue2 < impares”

unfolding primos def mayoresQue2 def impares def
by (simp add: Collect mono iff Int def prime odd nat)

(* 37 demostracign *)
lemma “primos n mayoresQue2 < impares”
unfolding primos def mayoresQue2 def impares def

by (auto simp add: prime_odd nat)

end

3.1.2. Demostraciones con Lean

-- Los numeros primos, los mayores que 2 y los impares se definen por

-- def primos : set N := {n | prime n}
-- def mayoresQue2 : set N := {n | n > 2}
-- def impares : set N :={n | - even n}

-- Demostrar que
-- primos n mayoresQue2 < impares

import data.nat.parity
import data.nat.prime
import tactic

open nat



3.2. Distributiva de la interseccién respecto de la uniéon general 61

def primos : set N := {n | prime n}
def mayoresQue2 : set N := {n | n > 2}
def impares : set N := {n | - even n}

example : primos ﬂ mayoresQue?2 E impares :=
begin
unfold primos mayoresQue2 impares,
intro n,
simp,
intro hn,
cases prime.eq two or odd hn with h h,
{ rw h,
intro,
linarith, 1},
{ rw even iff,
rw h,
norm _num },
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.2. Distributiva de la interseccion respecto de
la union general

3.2.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que

-~ sn (Ui, Ai)=U4i, (Ains)

theory Distributiva de la interseccion respecto _de la union general
imports Main
begin

(* 1?7 demostracign *)

lemma "s n (i €I. Ai)=(Ui€I. (Ains))”
proof (rule equalityI)
show s n (1 €I. Ai)c (Yi€I. (Ains))”
proof (rule subsetI)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Interseccion_de_los_primos_y_los_mayores_que_dos.lean
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fix x
assume "X € s n (J1i€I.AIL)"
then have "x € s”
by (simp only: IntD1)
have "x € (J 1 € I. A i)"”
using Ix E s H (u i E I. A i)I by (simp only: IntD2)
then show "x € (J 1 € I. (Ains))”
proof (rule UN E)
fix 1
assume "i € I”
assume "x € A i”
then have "x € A i n s”
using [x [g sp| by (rule IntI)
with [<Ji [ I>| show "x € (J 1 € I. (A ins))”
by (rule UN I)
ged

ged

next
show "(J 1 € I. (Ains))csn((Ui€lI. Ai)”
proof (rule subsetI)

fix X
assume "x € (J 1 € I. Ains)”
then show "X € s n (J 1 € I. Ai)”
proof (rule UN E)
fix 1
assume "i € I”
assume "x € A i n s”
then have "x € A 1”
by (rule IntD1)
have "x € s”
using [<x [ A i o sp| by (rule IntD2)
moreover
have "x € (J 1 € I. A i)”
using []i [g Ip| [x [g A i} by (rule UN_I)
ultimately show "x € s n (J 1 €I. Ai)”
by (rule IntI)
ged

ged
ged

(* 2 demostraciEn *)

lemma "s n (1 €I. Ai)=(J1€I. (Ains))”
proof

show s n (1 €I. Ai)c (Ji€I. (Ains))”
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proof
fix x
assume "X € s n (Yi€I.A1i)”
then have "x € s
by simp
have "x € (|
using Ix E
then show "X
proof
fix i
assume "i € I”
assume "x € A i”
then have "x € A i n s”
using [<x [ sp| by simp
with []i [ I))| show "x € (U i € I. (A ins))”
by (rule UN I)

n

i . A1)"”
sl (Uilg 1. Ai)p| by simp
€ i €

I. (Ains))”

ged
ged
next
show "(J 1 €I. (Ains))<csn((i€elI. Ai)”
proof
fix x
assume "X € (J 1 €I. Ains)”
then show "x € s n (J 1 €1I.A1)”
proof
fix i
assume "i € I”
assume "X € A i n s”
then have "x € A i”
by simp
have "x € s”
using [<x | A i | sp| by simp
moreover
have "x € (J 1 € I. A i)”
using [<]i [g Ip| [x [ A i}| by (rule UN_I)
ultimately show "x € s n (J 1 € I. A i)”
by simp
ged
ged
ged

(* 37 demostracign *)

lemma s n (Ji€I. Ai)=(Ui€I. (Ains))”
by auto
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end

3.2.2. Demostraciones con Lean

-- Demostrar que
-- sn(U i, Ai) =1, (Ains)

import data.set.basic
import data.set.lattice
import tactic

open set
variable {a : Type}
variable s : set a

variable A : N - set «

-- 12 demostracion

example : s n (U i, Ai) =i, (Aif]s) :=
begin

ext x,

split,

{ intro h,
rw mem Union,
cases h with xs xUAi,
rw mem Union at xUAi,
cases xUAi with i xAi,
use i,
split,
{ exact xAi, },
{ exact xs, }},

{ intro h,
rw mem Union at h,
cases h with i hi,
cases hi with xAi xs,
split,
{ exact xs, },
{ rw mem Union,

use i,
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exact xAi, }},
end

-- 22 demostracion

example : s (Ui, Ai) =i, (Ailfs) :=

begin
ext x,
simp only [mem inter eq, mem Union],
split,
{ rintros (xs, (i, xAi)),
exact (i, xAi, xs), },
{ rintros (i, xAi, Xxs),
exact (xs, (i, xAi)) 1},

end

-- 32 demostracion

example : s o (U i, Ai) =i, (Aif]s) :=

begin

ext x,

finish [mem inter eq, mem Union],
end

-- 42 demostracion

example : s o (U i, A i) =i, (Aifs) :=

by finish [mem inter eq, mem Union, ext iff]

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

3.3. Interseccion de intersecciones

3.3.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que

- (Ni, AinBi)= (N1, Ai)n (N i, B i)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Distributiva_de_la_interseccion_respecto_de_la_union_general.lean
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theory Interseccion de intersecciones
imports Main
begin

(* 17 demostracidn *)

lemma "(| i €I. AinBi)=(11€I. Ai)n (Ji€I.B1i)"

proof (rule equalityI)
show "([] 1 € I. AinBi)c
proof (rule subsetI)

(N1i¢€

I.Ai)n (1€l B1i)”

fix X
assume hl : "x € (i €I. AinBi)”
have "x € ([] €I. Ai)”

)

i
proof (rule INT I
fix i
assume "i € I”

with hl have "x € A i n B i”
by (rule INT D)
then show "x € A i”
by (rule IntD1)
ged
moreover
have "x € (i €I. B i)”
proof (rule INT I)
fix i
assume "i € I”
with hl have "x € A i n B i”

by (rule INT D)
then show "x € B 1”
by (rule IntD2)
ged
ultimately show "x € (] 1 € I.
by (rule IntI)
ged
next
show "(] 1 € I. Ai) n (N 1i€TI.
proof (rule subsetI)

fix x
assume h2 : "x € (i €I. Ai)n
show "x € (1 €I. AinBi)”

proof (rule INT I)
fix i
assume "i € I”
have "x € A i”

Ai)n (Ni€I. B1i)”

Bi)c (N i€I. AinBi)”

(Ni€eI. B1)”
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proof -
have "x € (| 1 € I. A 1i)”
using h2 by (rule IntD1)
then show "x € A i”
using []i [ Ip| by (rule INT D)
ged
moreover
have "x € B i”
proof -
have "x € (11 € I. B i)”
using h2 by (rule IntD2)
then show "x € B 1"
using []i [ Ip| by (rule INT D)
ged
ultimately show “x € A i n B 1"
by (rule IntI)
ged
ged
ged

(* 27 demostracign *)

lemma "( i €I. AinBi)=(l1€I. Ai)n (1€l B1i)”
proof
show "(| 1 € I. AinBi)c (Ni1€I.Ai)n (Ni€I.B1i)”
proof
fix x
assume hl : "x
have "x € (1 1
proof
fix 1
assume "i € I”
then show "x € A i”
using hl by simp

€
€

ged
moreover
have "x € (i €I. B i)”
proof
fix i
assume "i € I”
then show "x € B 1”
using hl by simp
ged
ultimately show "x € (11 €I. Ai)n (| 1€ I.B1i)”
by simp
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ged
next
show "( 1 €I. Ai)n(fi€I.Bi)<c (N i1€I. AinBi)”
proof
fix X
assume h2 : "x € (N1 €I. Ai)n(Ni€eI.Bi)"
show "x € (1 € I. AinBi)”
proof
fix 1
assume "i € I”
then have "x € A i”
using h2 by simp
moreover
have "x € B i”
using [i | Ip| h2 by simp
ultimately show “x € A i n B 1"
by simp
ged
ged
ged

(* 37 demostracign *)

lemma "(| 1 €I. AinBi)=(11€I. Ai)n(QJi€I.B1i)”"
by auto

end

3.3.2. Demostraciones con Lean

-- Demostrar que
-- (N i, AinB1i)=(1i, A1) n ([l i, B 1)

import data.set.basic
import tactic

open set

variable {a : Type}
variables A B : N - set «
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-- 12 demostracion

example : ([Ji, AipB i) = (i, Ai) [ (oi, Bi) :=

begin
ext x,
simp only [mem inter eq, mem Inter],
split,
{ intro h,
split,
{ intro i,
exact (h i).1 },
{ intro 1i,
exact (h 1).2 }},
{ intros h i,
cases h with hl h2,
split,
{ exact hl i },
{ exact h2 1 }},
end

-- 22 demostracion

example : ([Ji, AipB i) = (i, Ai) [ (oi, Bi) :=

begin
ext x,
simp only [mem inter eq, mem Inter],
exact (A h, (A i, (h1).1, A i, (h i).2),
A (hl, h2) i, (h1 i, h2 1)),

end

-- 32 demostracion

example : ([ i, AipB i) = (i, Ai) [ (oi, Bi) :=

begin
ext,
simp only [mem inter eq, mem Inter],
finish,

end

-- 42 demostracion




70 Capitulo 3. Ejercicios de junio de 2021

example : ([ i, AipBi) = (i, Adi) [ (oi, Bi) :=
begin

ext,

finish [mem inter eq, mem Inter],
end

-- 52 demostracion

example : ([ i, Ai B i) = (i, Adi) (i, Bi) :=

by finish [mem inter eq, mem Inter, ext iff]

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

3.4. Uniodn con intersecciéon general

3.4.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- SuU(li. Ai) =( 1i. Aius)

theory Union con_interseccion general
imports Main
begin

(* 17 demostracin *)

lemma "s u (1 €I. Ai)=()1i1€I.Aius)”
proof (rule equalityI)
show "s u (1 €I.Ai)c (Ni€I.Aius)”
proof (rule subsetI)
fix x
assume "X € s U (] 1 €I.A1i)”
then show "x € (] 1 € I. Aius)”
proof (rule UnE)
assume "x € s”
show "x € (1 € I. Aiwus)”
proof (rule INT I)
fix i
assume "i € I”


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Interseccion_de_intersecciones.lean
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show "x € A i U s”
using [x g sp| by (rule UnI2)
ged
next
assume hl : "x € (i € I. A 1i)”
show "x € (|1 €I. Aius)”
proof (rule INT I)
fix i
assume "i € I”
with hl have "x € A i”
by (rule INT D)
then show "x € A i U s
by (rule UnIl)
ged
ged
ged
next
show "(] i € I. Aius)csu(Ji€eI.Adi)”
proof (rule subsetI)
fix x
assume h2 : "x € (|1 €I. Aius)”
show "x € s U (1i€I.A1)"
proof (cases "x € s”)
assume "x € s”
then show "x € s u (|1 €1I.A1)”
by (rule UnIl)
next
assume "x € s”
have "x € ([ 1 € I. A 1i)"
proof (rule INT I)
fix i
assume "i € I”
with h2 have "x € A i u s”
by (rule INT D)
then show "x € A i’
proof (rule UnE)
assume "x € A i”
then show "x € A 1”
by this
next
assume "x € s”
with [x [g sp| show "x € A i”
by (rule notE)

n

’

ged
ged
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then show "x € s u (|1 €1I.A1)”
by (rule UnI2)
ged
ged
ged

(* 27 demostracin *)

lemma "s u (1 €I. Ai)=(11€I.A1ius)”
proof
show "s U (|1 €I. Ai)c (i€I. Aius)”
proof
fix x
assume "X € s U (] 1 €I.A1i)”
then show "x € (| 1 € I. Aius)”
proof
assume "x € s”
show "x € (] 1 € I. Aius)”
proof
fix i
assume "i € I”
show "x € A i u s”

using [x g sp| by simp

ged
next
assume hl : "x € (i € I. A 1)”
show "x € (] 1 € I. Aius)”
proof
fix 1

assume "i € I”
with hl have ”"x € A 1”

by simp
then show "x € A i U s”
by simp
ged
ged
ged
next
show "(] i € I. Aius)csu (|i€eI.A1i)”
proof
fix x

assume h2 : "x € (i € I. Aius)”
show "x €E s u (i€I.Ai)"
proof (cases "x € s”)

assume "X € s”
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then show "x € s u (|1 €1I.A1)”
by simp
next
assume "x € s”
have "x € ([ 1 € I. A 1i)"
proof
fix i
assume "i € I”
with h2 have "x € A i u s”
by (rule INT D)
then show "x € A 1"
proof
assume "x € A i”
then show "x € A 1"
by this
next
assume "x € s”

with [x [g sp| show "x € A i”

by simp

n

ged
ged
then show "x € s U (|1 €I. A 1i)”
by simp
ged
ged
ged

(* 3 demostracign *)

lemma "s U (|1 €I. Ai) =(11€I.Aius)”
proof
show "s U (1 €I. Ai)c (Ni€I. Aius)”
proof
fix x
assume "X € s U (] 1i€I.A1)"
then show "x € (] 1 € I. Aiu s)”
proof
assume "X € s
then show "x € (| 1 € I. Aiu s)”
by simp
next
assume "x € ([ 1 € I. Ai)”
then show "x € (| 1 € I. Aiu s)”
by simp

1

ged
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ged
next
show "(] 1 € I. Aius) csu(i€eI. Ai)”
proof
fix X
assume h2 : "x € (] i € I. Aius)”
show "x € s u ([]1 €1I.A1i)”
proof (cases "x € s”)
assume "x € s”
then show "x € s u (] 1 € I. A i)”
by simp
next
assume "x ¢ s”
then show "x € s u (|1 €1I.A1)”
using h2 by simp
ged
ged
ged

(* 47 demostracidn *)

lemma "s U (|1 €I. Ai) =(1€1I.Aius)”
proof
show "s u (1 €I. Ai)c (Ni€I.Aius)”
proof
fix x
assume "X € s U ([]1€I. Ai)”
then show "x € (| 1 € I. Aius)”
proof
assume "X € s”
then show [?thesis by simp
next
assume "x € (i € I. A 1i)”
then show [?thesis by simp
ged
ged
next
show "([] 1 € I. Aius) csu(i€eI. Ai)”
proof
fix x
assume h2 : "x € (|1 €I. Aius)”
show "x € s u ([]1 €1I.A1i)”
proof (cases "x € s”)
case True
then show [?thesis by simp
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next
case False
then show [fjthesis using h2 by simp
ged
ged
ged

(* SE demostraciin *)
lemma "s u (1 €I. Ai)=()1€I.Aius)”

by auto

end

3.4.2. Demostraciones con Lean

-- Demostrar que
-- su (i, Ai) =1, (A i us)

import data.set.basic
import tactic

open set
variable {a : Type}
variable s : set «

variables A : N - set a

-- 12 demostracion

example : s U (i, Ai) =[Ni, (Ails) :=
begin
ext x,
simp only [mem union, mem Inter],
split,
{ intros h i,
cases h with xs xAi,
{ right,
exact xs },
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{ left,

exact xAi i, }},
{ intro h,

by cases xs : x [ s,

{ left,
exact xs },

{ right,
intro i,
cases h i with xAi xs,
{ exact xAi, },
{ contradiction, }}},

end

-- 22 demostracion

example : s U (i, Ai) =i, (Ailys) :=

begin
ext x,
simp only [mem union, mem Inter],
split,
{ rintros (xs | xI) i,
{ right,
exact xs },
{ left,
exact xI i }},
{ intro h,
by cases xs : x [ s,
{ left,
exact xs },
{ right,
intro i,
cases h i,
{ assumption },
{ contradiction }}},

end

-- 32 demostracion

example : s ! (n i, Ai) = n i, (A i ! s) :=

begin
ext x,
simp only [mem union, mem Inter],
split,
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{ finish, 1},
{ finish, 1},
end

-- 42 demostracion

example : s U (i, Ai) =i, (Ailys) :=

begin
ext,
simp only [mem union, mem Inter],
split ; finish,

end

-- 52 demostracion

example : s U (i, Ai) =i, (Ailys) :=

begin
ext,
simp only [mem union, mem Inter],
finish [iff def],

end

-- 62 demostracion

example : s U (i, Ai) =i, (Ails) :=

by finish [ext iff, mem union, mem Inter, iff def]

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

3.5. Imagen inversa de la interseccion

3.5.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, la imagen inversa de un conjunto s (de elementos de
-- tipo B) por la funcién f (de tipo a - B) es el conjunto ‘f - s’ de
-- elementos x (de tipo a) tales que ‘f x € s*.

-- Demostrar que


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Union_con_interseccion_general.lean
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- - f -1 (unv) =°f 1" untf 1" v

theory Imagen inversa de la interseccion

imports Main
begin

(* 1?7 demostracign *)

lemma "f
proof (rule equalityI)

- unv)=f -“unf -

n

\Y

show "f -* (unv) ¢ f -“unf -*v”

proof (rule subsetI)
fix x
assume "x € f - (un v)”
then have h : "f x €E unv
by (simp only: vimage eq)
have "x € f -‘ u
proof -
have "f x € u”
using h by (rule IntD1)
then show "x € f -‘ u”
by (rule vimageI2)

1

ged
moreover
have "x € f -
proof -
have "f x € v”
using h by (rule IntD2)
then show "x € f -* v”
by (rule vimageI2)

4 n

Y

ged
ultimately show "x € f -
by (rule IntI)
ged
next
show "f -“unf -‘“vgf-*
proof (rule subsetI)
fix x
assume h2 :
have "f x € u”
proof -
have "x € f -

4

{ n

u

using h2 by (rule IntD1)

then show "f x € u”

unf -

"X €f -‘unf -

{ n

\Y

(unwv)”

14

Vv
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by (rule vimageD)
ged
moreover
have "f x € v”
proof -
have "x € f -‘ v
using h2 by (rule IntD2)
then show "f x € v”
by (rule vimageD)

{ n

ged
ultimately have "f x € u n v”
by (rule IntI)
then show "x € f - (u n v)”
by (rule vimageI2)
ged
ged

(* 27 demostracign *)

lemma "f - (unv) =Ff -“unf-*v"”
proof
show "f - (unv) ¢ f -“untf-“v”
proof
fix x
assume "X € f - (un v)”
then have h : "f x € un v”
by simp
have "x € f -‘ u”
proof -

have "f x € u”
using h by simp

then show "x € f - u”
by simp
ged
moreover
have "x € f -* v”
proof -

have "f x € v”
using h by simp

then show "x € f - v”
by simp
ged
ultimately show "x € f -“ un f -° v”
by simp

ged
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next
show "f -“unf -“*vecf-*(unv)”
proof
fix x
assume h2 : "x € f -“unf - v”
have "f x € u”
proof -
have "x € f -‘ u”

using h2 by simp
then show "f x € u”
by simp
ged
moreover
have "f x € v”
proof -
have "x € f -‘ v
using h2 by simp
then show "f x € v”

{ n

by simp
ged
ultimately have "f x € u n v”
by simp
then show "x € f - (u n v)”
by simp
ged

ged
(* 37 demostracidn *)

lemma "f - (unv) =f -“unf -*Vv"”
proof
show "f - (unv) ¢ f -“untf-“v"
proof
fix x
assume hl : "x € f -* (un v)”
have "x € f -‘ u” using hl by simp
moreover
have "x € f -‘ v” using hl by simp
ultimately show "x € f -“ un f - v” by simp
ged
next
show "f -
proof
fix x
assume h2 : "x € f -“unf -*v”

n
1

n

unf-“vecf-“(unv)”
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have "f x € u” using h2 by simp
moreover
have "f x € v” using h2 by simp
ultimately have "f x € u n v” by simp
then show "x € f - (u n v)” by simp
ged
ged

(* 42 demostracidn *)

1

lemma "f - (unv) =f -“unf -*v
by (simp only: vimage Int)

(* 52 demostracin *)

lemma "f - (unv) =f -“unf -*v"”
by auto
end

3.5.2. Demostraciones con Lean

-- En Lean, la imagen inversa de un conjunto s (de elementos de tipo B)
-- por la funcién f (de tipo a - B) es el conjunto ‘f -1’ s’ de
-- elementos x (de tipo a) tales que ‘f x € s*.

-- Demostrar que
-- f -2 (unv)=°f - unf -1 v

import data.set.basic

open set

variables {a : Type*} {B : Type*}
variable f : a - B

variables u v : set B

-- 12 demostracion

example : f ~'| (ufv) = f - Juff - ]v:=
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begin
ext x,
split,
{ intro h,
split,

{ apply mem preimage.mpr,

rw mem_preimage at h,

exact mem of mem inter left h, },
{ apply mem preimage.mpr,

rw mem _preimage at h,

exact mem of mem inter right h, }},

{ intro h,

apply mem preimage.mpr,

split,

{ apply mem preimage.mp,

exact mem of mem inter left h,},

{ apply mem preimage.mp,

exact mem of mem inter right h, }},

-- 22 demostracion

example : f ~| (ufffv) =Ff [ Juf f-|v:=

begin
ext x,

exact (A h, (mem preimage.
mem_preimage.

A h, (mem preimage.
mem_preimage.

end

-- 32 demostracion

example : f ~''| (u ] v) =

begin
ext,
refl,

end

-- 42 demostracion

example : f -] (ufq v) =

mpr (mem of mem inter left h),
mpr (mem of mem inter right h)),
mp (mem of mem inter left h),
mp (mem of mem inter right h))),

£l s

£l s
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by {ext, refl}

-- 52 demostracion

f —1[}u H f ‘1m v o

example : f —1[](u H V)
rfl

-- 62 demostracion

example : f ~'['| (u ] v)
preimage inter

f *1[}u H f 71@ v o

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

3.6. Imagen de la union

3.6.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle, la imagen de un conjunto s por una funcidon f se

-- representa por

-- f's={y | I3x, xE€EsANTx-=y}
-- Demostrar que

- - f‘“(sut)=Ff"suf’‘t

theory Imagen de la union
imports Main
begin

(* 1?7 demostracign *)

lemma "f * (sut)=Ff‘“suf‘t"
proof (rule equalityI)
show "f * (sut)cf “suf *t”
proof (rule subsetI)
fix y
assume "y € f ‘ (s u t)”
then show "y € f ‘ s u f ' t”
proof (rule imageE)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Imagen_inversa_de_la_interseccion.lean
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fix x
assume "y = f x”
assume "X € s u t”
then show "y € f * s u f ‘ t”
proof (rule UnE)
assume "x € s”
with [y = f xp| have "y € f * s”
by (simp only: image eqI)
then show "y € f ‘* s u f * t”
by (rule UnIl)
next
assume "x € t”
with Iy = XI have "y € f * t”
by (simp only: image eqI)
then show "y € f ‘* s u f * t”
by (rule UnI2)
ged
ged
ged
next
show "f ‘' suf “tcf "’ (sut)”
proof (rule subsetI)
fix y
assume "y € f ‘ s u f ‘ t”
then show "y € f * (s u t)”
proof (rule UnE)
assume "y € f ' s
then show "y € f * (s u t)”
proof (rule imageE)
fix X
assume "y = f x”
assume "x € s”
then have "x € s u t”
by (rule UnIl)
with Iy = f XH show "y € f * (s u t)”
by (simp only: image eqI)

1

ged
next
assume "y € f ° t”
then show "y € f * (s u t)”
proof (rule imageE)
fix x
assume "y = f x”
assume "x € t”
then have "x € s u t”
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by (rule UnI2)
with [y = f xp| show "y € f * (s U t)”
by (simp only: image eqI)
ged
ged
ged
ged

(* 27 demostracign *)

lemma "f * (sut) =Ff‘“suf’t"
proof
show "f ‘ (sut) cf ‘“suf‘t"
proof
fix y
assume "y € f ‘ (s u t)”
then show "y € f * s u f * t”
proof
fix X
assume "y = f x”
assume "x € s U t”
then show "y € f * s u f * t”
proof
assume "x € s”
with Iy = f XI have "y € f * s”
by simp
then show "y € f * s u f * t”
by simp
next
assume "x € t”
with [y = f xp| have "y € f * t”

by simp
then show "y € f ‘* s u f * t”
by simp
ged
ged
ged
next
show "f “ suf ‘“tcf "’ (sut)”
proof
fix y

assume "y € f ‘' s u f * t”
then show "y € T * (s u t)”
proof

assume "y € f ‘s

n
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then show "y € f ‘ (s u t)”
proof
fix x
assume "y = f x”
assume "x € s”
then have "x € s U t”
by simp
with [y = f xp| show "y € f * (s u t)”
by simp
ged
next
assume "y € f ‘ t”
then show "y € f * (s u t)”
proof
fix x
assume "y = f x”
assume "x € t”
then have "x € s u t”
by simp
with [y = f xp| show "y € f * (s U t)”
by simp
ged
ged
ged
ged

(* 32 demostracidn *)

lemma "f ‘* (sut) =Ff ‘“suf ‘t’
by (simp only: image Un)

(* 47 demostracidn *)

lemma "f * (sut)=f “suf‘t"
by auto

end

3.6.2. Demostraciones con Lean

-- En Lean, la imagen de un conjunto s por una funcién f se representa

/

-- por ‘f '’ s‘; es decir,
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-- f’'"s={y | 3x, xX€sATx=y}

-- Demostrar que
- - f’'" (sut)=Ff""suf’’t

import data.set.basic

import tactic

open set

variables {a : Type*} {B : Type*}
variable f : a - B

variables s t : set «

-- 12 demostracion

example : f [] (s ! t) = f [] S u f [] t

begin
ext vy,
split,
{ intro hl,

cases hl with x hx,

cases hx with xst fxy,

rw | fxy,

cases xst with xs xt,

{ left,
apply mem_image of mem,
exact xs, },

{ right,
apply mem _image of mem,
exact xt, }},

{ intro h2,

cases h2 with yfs yft,

{ cases yfs with x hx,
cases hx with xs fxy,
rw H fxy,
apply mem image of mem,
left,
exact xs, },

{ cases yft with x hx,
cases hx with xt fxy,

rw | fxy,

apply mem _image of mem,
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right,
exact xt, }},
end

-- 22 demostracion

example : f [’ (st) =Ff[]sf[]t:=

begin
ext vy,
split,
{ rintro (x, xst, fxy),
rw H fxy,
cases xst with xs xt,
{ left,
exact mem image of mem f xs, },
{ right,
exact mem image of mem f xt, }},
{ rintros (yfs | yft),
{ rcases yfs with (x, xs, fxy),
rw H fxy,
apply mem image of mem,
left,
exact xs, },
{ rcases yft with (x, xt, fxy),
rw H fxy,
apply mem image of mem,
right,
exact xt, }},

-- 32 demostracion

example : f [] (s l t) = f [] s ! f [] t =

begin
ext vy,
split,
{ rintro (x, xst, rfl),
cases xst with xs xt,
{ left,
exact mem image of mem f xs, },
{ right,
exact mem image of mem f xt, }},
{ rintros (yfs | yft),
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{ rcases yfs with (x, xs, rfl),
apply mem image of mem,
left,
exact xs, },
{ rcases yft with (x, xt, rfl),
apply mem image of mem,
right,
exact xt, }},
end

-- 42 demostracion

example :

begin
ext vy,
split,

{

rintro (x, xst, rfl),
cases xst with xs xt,
{ left,

use [x, xs], },
{ right,

use [x, xt], }},

f](st)=F[]slyfl’]t:

{ rintros (yfs | yft),
{ rcases yfs with (x,
use [x, or.inl xs],

{ rcases yft with (x,
use [x, or.inr xtl],

-- 52 demostracion

example : f ['’] (s | t) =

begin
ext vy,
split,
{ rintros (x, xs | xt,
{ left,
use [x, xs] },
{ right,
use [x, xtl }},

{ rintros ((x, xs, rfl)

{ use [x, or.inl xs]
{ use [x, or.inr xt]

xs, rfl),
Vo

xt, rfl),
bl

s yf])t:

rfl),

| (x, xt, rfl)),
I
1},
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en

ex
be

en

ex
be

en

ex
be

en

ex
be

d

62 demostracion

ample : f [] (s ! t) = f [] s u f [] t =

rfl)

(x, xt,

gin
ext vy,
split,
{ rintros (x, xs | xt, rfl),
{ finish, 1},
{ finish, }},
{ rintros ((x, xs,
{ finish, },
{ finish, }},
d

72 demostracion

rfl)),

ample : f [] (s ! t) = f [] s ! f [] t .=

gin
ext vy,
split,

{ rintros (x, xs | xt,

{ rintros ((x, xs,
d

82 demostracion

rfl)

rfl) ; finish, 7},

(x, xt,

rfl)) ; finish, 1},

ample : f [’ (st)=Ff[]sf[]t:=

gin

ext vy,
split,

{ finish, 1},
{ finish, },
d

92 demostraciodn

ample : f [] (s ! t) = f [] s ! f [] t .=

gin
ext vy,
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rw iff def,
finish,
end

-- 102 demostracion

example : f [’ (syt) =f["|s|f[’]t:

by finish [ext iff, iff def, mem image eq]

-- 112 demostracion

example : f [/ (st) =f["|s|f[’]t:

image union f s t

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

3.7. Imagen inversa de la imagen

3.7.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que si s es un subconjunto del dominio de la funcidén f,

-- entonces s esta contenido en la imagen inversa de la imagen de s

-- por f; es decir,

-- s c f-1[f[s]]

theory Imagen inversa de la imagen
imports Main
begin

(* 17 demostracign *)

lemma "s ¢ f - (f * s)”
proof (rule subsetI)
fix x

assume "x € s”
then have "f x € f * s”

by (simp only: imagel)
then show "x € T -* (f * s)”
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by (simp only: vimageI)
ged

(* 27 demostracign *)

lemma "s ¢ f - (f * s)”
proof

fix x

assume "x € s”

then have "f x € f * s” by simp

then show "x € f - (f ‘ s)” by simp
ged

(* 37 demostracign *)

lemma "s ¢ f -* (f * s)”
by auto
end

3.7.2. Demostraciones con Lean

-- Demostrar que si s es un subconjunto del dominio de la funcién f,

-- entonces s esta contenido en la [imagen inversa](https://bit.ly/3ckseBL)
-- de la [imagen de s por f](https://bit.ly/3x2Jxij); es decir,

-- s ¢ f-1[f[s]]

import data.set.basic

open set

variables {a : Type*} {B : Type*}
variable f : a - B

variable s : set a

-- 12 demostracion

example : s d f ~['| (f ['’]s) :=

begin
intros x xs,
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apply mem preimage.mpr,
apply mem image of mem,
exact xs,

end

-- 22 demostracion

example : s d f ~['| (f ['’]s) :=

begin
intros x xs,
apply mem _image of mem,
exact xs,

end

-- 32 demostracion

example : s E f ‘1[](f [] s)

A x, mem image of mem f

-- 42 demostracion

example : s d f ~['| (f []s)

begin
intros x xs,
show f x [§ f [''] s,
use [x, Xs],

end

-- 52 demostracion

example : s d f ~['| (f [’]s) :=

begin
intros x xs,
use [x, xs],
end

-- 62 demostracion

example : s E f -1[](f [:]s) -

subset preimage image f s
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Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.8. Subconjunto de la imagen inversa

3.8.1. Demostraciones con Isabelle/HOL

Bl i T I

-- Demostrar que
-- f[s] S ues c f-1[u]

theory Subconjunto de la imagen inversa
imports Main
begin

(* 172 demostracign *)

i n

lemma "f ‘* s uesc f -
proof (rule iffI)
assume "f ‘ s cu

u

n

show "s ¢ f -‘ u”
proof (rule subsetI)
fix x

assume "x € s”
then have "f x € f * s”
by (simp only: imagelI)
then have "f x € u”
using [Jf * s € u>| by (rule set rev_mp)
then show "x € f -* u”
by (simp only: vimageI)

ged

next
assume "s ¢ f -‘ u”
show "f ‘' s c u”

proof (rule subsetI)
fix y
assume "y € f ' s
then show "y € u”
proof
fix x
assume "y =
assume "X € s
then have "x € f -‘ u

1
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using [Js | f -* up| by (rule set_rev_mp)

then have "f x € u”
by (rule vimageD)

with [y = f x| show "y € u”
by (rule ssubst)

ged
ged
ged

(* 27 demostracign *)

lemma "f ‘ s cuescf - u”
proof
assume "f ‘ s c u
show "s ¢ f -‘ u”
proof
fix x
assume "x € s”
then have "f x € f * s”
by simp
then have "f x €
using []f ‘s € up| by (simp add: set rev_mp)
then show "x € f -* u”
by simp

n

ged
next
assume "s ¢ f -‘ u”
show "f ‘ s c u”
proof
fix y
assume "y € f ' §”
then show "y € u”

proof
fix x
assume "y = f x”
assume "x € s”
then have "x € f -‘ u”

using [Js i f -* up| by (simp only: set rev_mp)

then have "f x € u”
by simp
with [y = f x| show "y € u”
by simp
ged
ged
ged



96 Capitulo 3. Ejercicios de junio de 2021

(* 372 demostracign *)

{ n

lemma "f ‘ s Ccuescf -‘u
by (simp only: image subset iff subset vimage)

(* 47 demostracin *)

lemma "f ‘ s cuescf - u”
by auto
end

3.8.2. Demostraciones con Lean

-- Demostrar que
- - f[s] S ue s c f1[u]

import data.set.basic

open set

variables {a : Type*} {B : Type*}
variable f : a - B

variable s : set «a

variable u : set B

-- 12 demostracion

example : f [] s E Uues E f *1[}u -

begin

split,

{ intros h x xs,
apply mem preimage.mpr,
apply h,
apply mem_image of mem,
exact xs, },

{ intros h y hy,
rcases hy with (x, xs, fxy),

rw | fxy,

exact h xs, },
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end

-- 22 demostracion

example : f [] s E Uues E f *1B u =

begin
split,
{ intros h x xs,
apply h,
apply mem image of mem,
exact xs, },
{ rintros h y (x, xs, rfl),
exact h xs, },
end

-- 32 demostracion

example : f["’|sduesldf - |u:

image subset iff

-- 42 demostracion

example : f [] S E ues E f ‘1B u :

by simp

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

3.9. Imagen inversa de la imagen de aplicacio-
nes inyectivas

3.9.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________

-- Demostrar que si f es inyectiva, entonces
-- f-1[f[s]] € s

theory Imagen inversa de la imagen de aplicaciones inyectivas
imports Main
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begin

(* 17 demostracidn *)

lemma

assumes “inj f”

shows "f - (f ‘ s) ¢ g”
proof (rule subsetI)

fix x

assume "x € f - (f * s)”

then have "f x € T * s”
by (rule vimageD)
then show "x € s”
proof (rule imageE)
fix y
assume "f x = f y
assume "y € s”
have "x = y”
using [<Jinj f] [f x = f yp| by (rule injD)
then show "x € s”
using [y g sp| by (rule ssubst)
ged
ged

n

(* 27 demostracign *)

lemma
assumes “inj f”
shows "f -* (f ‘ s) c g”
proof
fix x
assume "x € f - (f * s)”
then have "f x € f * s”
by simp
then show "x € s”
proof
fix y
assume "f x = f y
assume "y € s”
have "x = y”
using [Jinj ] [{f x = f yp| by (rule injD)
then show "x € s”
using [<y [g sp| by simp
ged
ged

n
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lemma
assumes "inj f”
shows "f -* (f ‘ s) ¢ g”

using assms
unfolding inj def
by auto

(* 47 demostracin *)

lemma
assumes "inj f”
shows "f -* (f ‘ s) ¢ g”

using assms
by (simp only: inj vimage image eq)

end

3.9.2. Demostraciones con Lean

-- Demostrar que si f es inyectiva, entonces
-- f-1[f[s]] € s

import data.set.basic

open set function

variables {a : Type*} {B : Type*}
variable f : a - B

variable s : set «

-- 12 demostracion

example

(h : injective f)

: f - (F[]s)|gs :=
begin

intros x hx,

rw mem preimage at hx,
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rw mem_image eq at hx,
cases hx with y hy,
cases hy with ys fyx,
unfold injective at h,
have hl : y = x := h fyx,
rw H hl,
exact ys,

end

-- 22 demostracion

example
(h : injective f)
] (F ] s) gs :=
begin
intros x hx,
rw mem preimage at hx,
rcases hx with (y, ys, fyx),

rw [ h fyx,
exact ys,
end

-- 32 demostracion

example
(h : injective f)
: ] (F[7]s)|ds :=
begin
rintros x (y, ys, hy),
rw [ h hy,
exact ys,
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.10. Imagen de la imagen inversa

3.10.1. Demostraciones con Isabelle/HOL
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(* __________________________________________________

-- Demostrar que
-- f“(f-“u) cu

theory Imagen de la imagen inversa
imports Main
begin

(* 17 demostracidn *)

lemma "f * (f -‘ u) ¢ u”
proof (rule subsetI)

fix y

assume "y € £ * (f -* u)”

then show "y € u”
proof (rule imageE)

fix x
assume "y = f x”
assume "x € f - u”

then have "f x € u”
by (rule vimageD)
with [y = f xp| show "y € u”
by (rule ssubst)
ged
ged

(* 27 demostracign *)

lemma "f * (f - u) ¢ u”
proof
fix y
assume "y € £ * (f -‘ u)”
then show "y € u”
proof
fix x
assume "y
assume "X
then have
by simp
with [y = f x| show "y € u”
by simp
ged
ged

X"
-u
f x € u”

f
f

1

m 1

r

N
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(* 37 demostracign *)

lemma "f * (f -‘ u) ¢ u”
by (simp only: image vimage subset)

(* 42| demostracign *)

lemma "f * (f -‘ u) € u”
by auto
end

3.10.2. Demostraciones con Lean

-- Demostrar que
-- f " (f-1" u) cu

import data.set.basic
open set

variables {a : Type*} {B : Type*}
variable f : o - B

variable u : set B

-- 12 demostracion

example : f ["’| (f-1]u) [du :=

begin
intros y h,
cases h with x h2,
cases h2 with hx fxy,
rw o fxy,
exact hx,

end

-- 22 demostracion

example : f [:](ffl[]u) E u =

begin
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intros y h,
rcases h with (x, hx, fxy),

rw o fxy,

exact hx,
end

-- 32 demostracion

example : f ["’| (f-1[]u) [du :=

begin
rintros y (x, hx, fxy),
rw H fxy,
exact hx,

end

-- 42 demostracion

example : f ["’| (f-1]u) [du :=

begin
rintros y (x, hx, rfl),
exact hx,

end

-- 52 demostracion

example : f ["’] (f-[] u)
image preimage subset f

< [n]
c
I

-- 62 demostracion

example : f ["’| (f-1]u) [du :=
by simp

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.
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3.11. Imagen de imagen inversa de aplicacio-

nes suprayectivas

3.11.1. Demostraciones con Isabelle/HOL

(* _______________________________________________________________

-- Demostrar que si f es suprayectiva, entonces
-- ucft (f-"u

theory Imagen de imagen inversa de aplicaciones suprayectivas
imports Main
begin

(* 17 demostracin *)

lemma
assumes "surj f”
shows "u ¢ f * (f - u)”
proof (rule subsetI)
fix y
assume "y € u”
have "3Ix. y = f x”
using [Jsurj fj| by (rule surjD)
then obtain x where "y = f x”
by (rule exE)
then have "f x € u”

using [y [ up| by (rule subst)

i n

then have "x € f -‘ u
by (simp only: vimage eq)
then have "f x € f * (f -‘ u)”
by (rule imagel)
with [y = f xp| show "y € f * (f - u)”
by (rule ssubst)
ged

(* 27 demostracin *)

lemma

assumes "surj f”

shows "u c f * (f -* u)”
proof

fix y
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assume "y € u”
have "3Ix. y = f x”
using [Jsurj fj| by (rule surjD)
then obtain x where "y = f x”
by (rule exE)
then have "f x € u”

using [y [§ up| by simp

then have "x € f - U’
by simp
then have "f x € f * (f -* u)”
by simp
with [y = f xp| show "y € f * (f - u)”
by simp
ged

(* 32 demostracidn *)

lemma
assumes "surj f”
shows "u ¢ f * (f - u)”

using assms
by (simp only: surj image vimage eq)

(* 47 demostracin *)

lemma
assumes "surj f”
shows "u c f * (f - u)”

using assms
unfolding surj def
by auto

(* 52 demostracign *)

lemma
assumes "surj f”
shows "u ¢ f * (f - u)”
using assms
by auto

end
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3.11.2. Demostraciones con Lean

-- Demostrar que si f es suprayectiva, entonces
-- ucft ' (f-1" u)

import data.set.basic
open set function

variables {a : Type*} {B : Type*}
variable f : a - B

variable u : set B

-- 12 demostracion

example
(h : surjective f)
cugf [:‘ (f- 1[‘u 1=
begin
intros y yu,
cases h y with x fxy,
use X,
split,
{ apply mem preimage.mpr,
rw fxy,
exact yu },
{ exact fxy },
end

-- 22 demostracion

example
(h : surjective f)
T u § [:‘ (f- 1[‘u) 1=
begin
intros y yu,
cases h y with x fxy,
use X,
split,
{ show f X E u,
rw fxy,
exact yu },
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{ exact fxy },
end

-- 32 demostracion

example
(h : surjective f)
culd £ (f] w)
begin
intros y yu,
cases h y with x fxy,
by finish,
end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean.

3.12. Monotonia de la imagen de conjuntos
3.12.1. Demostraciones con Isabelle/HOL

(* ______________________________________________
-- Demostrar que si s < t, entonces

- FigETIw

theory Monotonia de la imagen de conjuntos

imports Main
begin

(* 17 demostracin *)

lemma
assumes s ¢ t”
shows "f ‘ s c f * t”
proof (rule subsetI)
fix y
assume "y € f ' s”
then show "y € f * t”
proof (rule imageE)
fix x
assume "y = f x”
assume "x € s”
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then have "x € t”
using [s [g tp| by (simp only: set rev mp)

then have "f x € f * t”
by (rule imagel)

with [y = f xp| show "y € f * t”
by (rule ssubst)

ged
ged

(* 27 demostracign *)

lemma
assumes "s ¢ t”
shows "f ‘ s ¢
proof
fix y
assume "y € f * s”
then show "y € f * t”
proof
fix x
assume "y = f x”
assume "x € s”
then have "x € t”
using [s |g tp| by (simp only: set rev mp)
then have "f x € f * t”
by simp
with [y = f xp| show "y € f * t”
by simp

f { t"

ged
ged

(* 37 demostracign *)

lemma
assumes "s ¢ t”
shows "f ‘ s ¢
using assms
by blast

f { t"

(* 47 demostracin *)

lemma
assumes "s ¢ t”
shows "f ‘ s ¢
using assms

n

f { t"
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by (simp only: image mono)

end

3.12.2. Demostraciones con Lean

-- Demostrar que si s ¢ t, entonces

= F g8 R

import data.set.basic
import tactic

open set

variables {a : Type*} {B :

variable f : a - B
variables s t : set «

-- 12 demostracion

example
(h : sldt)
:fmsfm’c:=
begin
intros y hy,
rw mem_image at hy,
cases hy with x hx,
cases hx with xs fxy,
use X,
split,
{ exact h xs, },
{ exact fxy, },
end

-- 22 demostracion

example
(h :
. f

)

_fmt:

n [N]
(nj

Type*}
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begin
intros y hy,
rcases hy with (x, xs, fxy),
use Xx,
exact (h xs, fxy),
end

-- 32 demostracion

example
(h : sldt)
N [] S g f [] t =
begin
rintros y (x, xs, fxy ),
use [x, h xs, fxy],
end

-- 42 demostracion

example
(h : s gt

. f [] S E f [] t o=

by finish [subset def, mem image eq]

-- 52 demostracion

example
(h : s gt

N [] S E f [] t =
h

image subset f

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.13. Monotonia de la imagen inversa

3.13.1. Demostraciones con Isabelle/HOL

(F mmmm e e o -

-- Demostrar que si u < v, entonces
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theory Monotonia de la imagen inversa
imports Main
begin

(* 1?7 demostracign *)

lemma

assumes "u < v”

shows "f -“ uc f - v”
proof (rule subsetI)

fix Xx

{ n

assume "x € f -‘ u
then have "f x € u”

by (rule vimageD)
then have "f x € v”

using [u ig vp| by (rule set_rev_mp)

then show "x € f -‘ v
by (simp only: vimage eq)

n

ged
(* 27 demostracign *)

lemma
assumes "u < v”
shows "f - uc f -° v”
proof
fix x
assume "x € f -‘ u
then have "f x € u”
by simp
then have "f x € v”
using [u | vp| by (rule set rev_mp)
then show "x € f -* v”
by simp

] 1

ged
(* 3 demostracign *)

lemma
assumes "u < v”
shows "f -“ ucf -“v
using assms

n

n
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by (simp only: vimage mono)
(* 42 demostracidn *)

lemma
assumes "u < v
shows "f -‘“ uc f - v”
using assms
by blast

1 1

end

3.13.2. Demostraciones con Lean

-- Demostrar que si u < v, entonces
-- f-1"ucf-1"v

import data.set.basic
open set

variables {a : Type*} {B : Type*}
variable f : a - B

variables u v : set B

-- 12 demostracion

example
(h :uldv)
. f *1[‘u E f *1D vV o=
begin
intros x hx,
apply mem preimage.mpr,
apply h,
apply mem preimage.mp,
exact hx,
end

-- 22 demostracion
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example

th :ugv)

. f -1[]u E f -1m vV o=
begin

intros x hx,

apply h,

exact hx,
end

-- 32 demostracion

example
(h : uldv)
. f —1[]u E f —1m Vo=

begin
intros x hx,
exact h hx,
end

-- 42 demostracion

example

—
I
.
c
[in]
—
I
.
]
<
1

-- 52 demostracion

example
(h :ulgv)

. f ‘1[]u E f ‘1m v o

by intro x; apply h

-- 62 demostracion

example
(h :ulgv)

. f *1[]u E f *1B VA

preimage mono h
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-- 72 demostracion

example
(h :u

V)
. f —1[]u E f —1m vV o=

by tauto

[N}

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

3.14. Imagen inversa de la unién

3.14.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- f-“"(uuvv)=7Ff-“uuf--“v

theory Imagen inversa de la union
imports Main
begin

(* 12 demostracin *)

lemma "f - (uuv) =Ff -“uuf-*v”
proof (rule equalityI)
show "f - (uuvuv) ecf -“uvuuf-*v”
proof (rule subsetI)
fix x
assume "x € f - (u u v)”
then have "f x € u u v”
by (rule vimageD)
then show "x € f - uu f -
proof (rule UnE)
assume "f x € u”
then have "x € f -' u”
by (rule vimageI2)
then show "x € f - uu f - v
by (rule UnIl)
next
assume "f x € v”

{

1 n

Vv

14
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then have "x € f -* v”
by (rule vimageI2)
then show "x € f -“ uu f -* v”
by (rule UnI2)
ged
ged
next
show "f - uuf -“vef-*(uuv)”
proof (rule subsetI)
fix x
assume "x € f -“ uu f -‘v
then show "x € f - (uu v)”
proof (rule UnE)
assume "x € f -‘ u”
then have "f x € u”
by (rule vimageD)
then have "f x € u U v”
by (rule UnIl)

1 n

then show "x € f - (uu v)”
by (rule vimageI2)
next
assume "x € f - v”

then have "f x € v”
by (rule vimageD)

then have "f x € u u v”
by (rule UnI2)

then show "x € f - (uu v)”
by (rule vimagelI2)

ged
ged
ged

(* 27 demostracin *)

{ 4

lemma "f (uuv)=Ff-“"uuf-*v"
proof
show "f -
proof
fix x
assume "x € f - (u u v)”
then have "f x € u U v” by simp
then show "x € f - uu f -* v”
proof
assume "f x € u”
then have "x € f -* u” by simp

(uuvv)cf -“uu-f-*v"
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then show "x € f -“ uu f - v” by simp
next
assume "f x € v”
then have "x € f -‘ v” by simp
then show "x € f - uu f - v” by simp
ged
ged
next
show "f -“uu f -*vef-*(uuv)”
proof
fix x
assume "x € f -“ uu f -* v”
then show "x € f - (uu v)”
proof
assume "x € f -‘ u”

then have "f x € u” by simp
then have "f x € u u v” by simp

then show "x € f - (u u v)” by simp
next
assume "x € f - v”

then have "f x € v” by simp
then have "f x € u u v” by simp
then show "x € f - (u U v)” by simp
ged
ged
ged

(* 3 demostracign *)

i i n

lemma "f - (uuv)=Ff-“"uvuuf-‘v
by (simp only: vimage Un)

(* 47 demostracin *)

lemma "f - (uuv)=Ff-“"uvuuf-*v"
by auto

end

3.14.2. Demostraciones con Lean
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-- Demostrar que

-- f -2 (uuv)="°Ff-1

import data.set.basic

open set

variables {a : Type*} {B : Type*}

variable f : a - B
variables u v : set B

-- 12 demostracion

example : f ~| (ulyv) =Ff “Juldf - |v:

begin
ext x,
split,
{ intros h,
rw mem preimage at h,
cases h with fxu fxv,
{ left,

apply mem preimage.mpr,

exact fxu, },
{ right,

apply mem_preimage.mpr,

exact fxv, }},
{ intro h,
rw mem_preimage,
cases h with xfu xfv,

{ rw mem preimage at xfu,

left,
exact xfu, 1},

{ rw mem preimage at xfv,

right,
exact xfv, }},

-- 22 demostracion

example : f - (ulyv) =Ff “Juldf - |v:

begin
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ext x,
split,
{ intros h,
cases h with fxu fxv,
{ left,
exact fxu, },
{ right,
exact fxv, }},
{ intro h,
cases h with xfu xfv,
{ left,
exact xfu, },
{ right,
exact xfv, }},

-- 32 demostracion

example : f *1[](u ! v) = f *1[}u ! f *1[}v 1=

begin
ext x,
split,
{ rintro (fxu | fxv),
{ exact or.inl fxu, },
{ exact or.inr fxv, }},
{ rintro (xfu | xfv),
{ exact or.inl xfu, },
{ exact or.inr xfv, }},
end

-- 42 demostracion

example : f ~['| (ulyv) = f -Julf ]v:=

begin
ext x,
split,
{ finish, },
{ finish, } ,
end

-- 52 demostracion
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example :
begin
ext x,
finish,
end

-- 62 demostracion

example : f 71@ (u
by ext; finish

-- 72 demostracion

example : f -1m (u
by ext; refl

-- 82 demostracion

example :
rfl

f -] (u

-- 92 demostracion

example : f -1m (u
preimage union

-- 102 demostracion

example :
by simp

f 71@ (u

4

4

4

4

f -] ulv)=Ff - Plulff-]v:

f *1[}u ! f 71@ vV o

f-uldf-|v:

f -1[}u I f -1m v o

f ‘1[}u ! f ‘1m Vo

ffulg v

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.
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3.15. Imagen de la interseccion

3.15.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- f‘“(snt)cf‘ snf‘t

theory Imagen de la interseccion
imports Main
begin

(* 17 demostracin *)

lemma "f * (snt)cf ‘“snf ‘" t"
proof (rule subsetI)
fix y
assume "y € T ‘ (s n t)”
then have "y € f * s”
proof (rule imageE)
fix x
assume "y = f x”
assume "X € s n t”
have "x € s”
using [<x [ s [n tb| by (rule IntD1)
then have "f x € f * s”
by (rule imagel)
with Iy = T XI show "y € f * s”
by (rule ssubst)
ged
moreover
note [y | f * (s [ t)}]
then have "y € £ * t”
proof (rule imageE)
fix x
assume "y = f x”
assume "x € s n t”
have "x € t”
using [<x [g s [n] tI by (rule IntD2)
then have "f x € t”
by (rule 1mageI)
with [y = f xp| show "y € f * t”
by (rule ssubst)
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ged
ultimately show "y € f * s n f * t”
by (rule IntI)
ged

(* 27 demostracign *)

lemma "f ‘ (snt)cf ‘“snf ‘" t"
proof
fix y
assume "y € £ ‘ (s n t)”
then have "y € f * "
proof
fix x
assume "y = f x”
assume "X € s n t”
have "x € s”
using [x g s |n] t}| by simp
then have "f x € f * s”
by simp
with [y = f x| show "y € f * s”
by simp
ged
moreover
note [y € f * (s | t)]]
then have "y € f * t”
proof
fix x
assume "y = f x”
assume "X € s n t”
have "x € t”

using [x [ s [n] t}] by simp

then have "f x € f * t”

by simp
with Iy = T xI show "y € f * t”
by simp
ged
ultimately show "y € f “ s n f * t”
by simp
ged

(* 3?7 demostracin *)

lemma "f ‘* (snt)cf ‘“snf ‘t"
proof
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fix y
assume "y € £ ‘ (s n t)”

then obtain x where hx : "y = f x A X € s n t” by auto

then have "y = f x” by simp
have "x € s” using hx by simp
have "x € t” using hx by simp
have "y € f ‘ s” using |y
moreover

have "y € f ‘ t” using |y
ultimately show "y € f “ s n f * t”

by simp
ged

(* 42 demostracidn *)

lemma "f ‘ (s nt)cf ‘snf '’ t"
by (simp only: image Int subset)

(* 52 demostracign *)

lemma "f * (snt)cf ‘“snf ‘" t"
by auto

end

3.15.2. Demostraciones con Lean

f xp| [x [g sp| by simp
f xp| [x [g tp| by simp

-- Demostrar que
-- f’' " (snt)cf’ " snf’'’t

import data.set.basic
import tactic

open set
variables {a : Type*} {B : Type*}
variable f : o - B

variables s t : set «

-- 12 demostracion
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example : f [] (s H t) E f [] S H f [] t

begin
intros y hy,
cases hy with x hx,
cases hx with xst fxy,
split,
{ use x,
split,
{ exact xst.1, },
{ exact fxy, }},
{ use x,
split,
{ exact xst.2, },
{ exact fxy, }},
end

-- 22 demostracion

example : f [’ (spft) df[/ s f[]t:

begin
intros y hy,
rcases hy with (x, (xs, xt), fxy),
split,
{ use x,
exact (xs, fxy), },
{ use x,
exact (xt, fxy), },
end

-- 32 demostracion

example : f [] (s H t) E f [] S H f [] t

begin
rintros y (x, (xs, xt), fxy),
split,
{ use [x, xs, fxyl, },
{ use [x, xt, fxyl, },
end

-- 42 demostracion
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example : f [’ (spft) df[ s f[]t:

image inter subset f s t

-- 52 demostracion

example : f [’ (spft) @ f[/ s f[]t:

by intro ; finish

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.16. Imagen de la interseccion de aplicacio-

nes inyectivas

3.16.1. Demostraciones con Isabelle/HOL

(* ______________________________________________________________

-- Demostrar que si f es inyectiva, entonces
-- f‘“snf‘tcf "’ (snt)

theory Imagen de la interseccion de aplicaciones inyectivas
imports Main
begin

(* 1?7 demostracidn *)

lemma
assumes “inj f”
shows "f “ snf ‘" tcf * (snt)”
proof (rule subsetI)
fix y
assume "y € f ‘' s n f ‘ t”
then have "y € f * s”
by (rule IntD1)
then show "y € f * (s n t)”
proof (rule imageE)
fix X
assume
assume
have "x
proof -

n
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have "y € f ' t”
using [y | f * s | f * t)| by (rule IntD2)

then show "x € t”
proof (rule imageE)

fix z

assume "y = f z”
assume "z € t”
have "f x = f z”

using [y = f xp| [y
with Iinj fI have "x = z
by (simp only: inj eq)
then show "x € t”
using [z [g| t}| by (rule ssubst)
ged
ged
with [<x g s]| have "x € s n t”
by (rule IntI)
with [y = f x> show "y € f * (s n t)”
by (rule image eqI)

f zp| by (rule subst)

n

ged
ged

(* 27 demostracign *)

lemma
assumes "inj f”
shows "f ‘' snf ‘“tcf ‘ (snt)”
proof
fix y
assume "y € f ‘' s n f * t”
then have "y € f * s” by simp
then show "y € f * (s n t)”
proof
fix x
assume "y =
assume "x €
have "x € t”
proof -
have "y € f ‘ t” using [y | f * s || f * t}] by simp
then show "x € t”

f x”
sll

proof
fix z
assume "y = f z”
assume "z € t”
have "f x = f z” using [y = f xp|[Jy = f Z]| by simp
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with []inj f)>| have ”"x = z” by (simp only: inj_eq)
then show "x € t” using [z [§ t}| by simp
ged

ged

with [x g sp| have "x € s n t” by simp

with Iy = f xH show "y € f ‘ (s n t)” by simp

ged
ged

(* 37 demostracign *)

lemma
assumes “inj f”
shows "f “ snf *“tcf * (snt)”
using assms
by (simp only: image Int)

(* 47 demostracin *)

lemma
assumes "inj f”
shows "f ‘' snf ‘“tcf ‘ (snt)”
using assms
unfolding inj def
by auto

end

3.16.2. Demostraciones con Lean

-- Demostrar que si f es inyectiva, entonces
- - f’'"snf’"tcf’ (snt)

import data.set.basic
open set function
variables {a : Type*} {B : Type*}

variable f : a - B
variables s t : set «
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-- 12 demostracion

example
(h : injective f)

cf [ s Ftg fl] (st

begin
intros y hy,
cases hy with hyl hy2,
cases hyl with x1 hx1,
cases hxl with x1s fxly,
cases hy2 with x2 hx2,
cases hx2 with x2t fx2y,
use x1,
split,
{ split,
{ exact xl1s, },
{ convert x2t,
apply h,
rw | fx2y at fxly,
exact fxly, }},
{ exact fxly, },
end

-- 22 demostracion

example
(h : 1n]ect1ve f)

:fE Etf@(st)

begin

rintros y ((x1, x1ls, fxly), (x2, x2t, fx2y)),

use x1,
split,
{ split,
{ exact xls, },
{ convert x2t,
apply h,
rw | fx2y at fxly,
exact fxly, }},
{ exact fxly, 1},
end

-- 32 demostracion
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example
: 1n]ect1ve f)
:fm fltld [ (st
begin
rintros y ((x1, xls, fxly), (x2, x2t, fx2y)),
unfold injective at h,
finish,
end

-- 42 demostracion

example

(h : injective f)

cf s Ffte fl ] (shlt
by intro ; unfold injective at * ; finish

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.17. Imagen de la diferencia de conjuntos

3.17.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que

=c f‘s-f"“tcf "’ (s-1)

theory Imagen de la diferencia de conjuntos
imports Main
begin

(* 1?7 demostracin *)

lemma "f ‘s - f ‘" tcf ’ (s - t)”
proof (rule subsetI)
fix y
assume hy : "y € f ‘s - f * t”
then show "y € T ‘ (s - t)”
proof (rule DiffE)
assume "y € f ' §”
assume "y ¢ f ‘ t”


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Imagen_de_la_interseccion_de_aplicaciones_inyectivas.lean
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note [y g f * sp)
f

then show "y € (s - t)”
proof (rule imageE)
fix X
assume "y = f x”
assume "X € s”
have [x [ t}|
proof (rule notI)
assume "x € t”
then have "f x € f * t”
by (rule imageI)
with [y = f xp| have "y € f * t”
by (rule ssubst)
with [y [ f * tp] show False
by (rule notE)
ged
with [<x g s]| have "x € s - t”
by (rule DiffI)
then have "f x € f * (s - t)”
by (rule imagelI)
with [y = f x> show "y € f * (s - t)”
by (rule ssubst)
ged
ged
ged

(* 27 demostracign *)

lemma "f ‘s - f ‘“tcf ® (s - t)”
proof
fix y
assume hy : "y € f ‘s - f * t”
then show "y € f * (s - t)”
proof
assume "y € f ‘ s
assume "y ¢ f ‘ t”
note |y § f * s
then show "y € £ * (s - t)”
proof
fix x
assume "y = f x”
assume "x € s”
have [<x [ t}
proof
assume "x € t”

n
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then have "f x € f * t” by simp
with Iy = f XI have "y € f ‘ t” by simp
with [y | f * tp] show False by simp
ged
with [x [ s}| have "x € s - t” by simp
then have "f x € £ ‘ (s - t)” by simp
with [y = f xp| show "y € f * (s - t)” by simp
ged
ged
ged

(* 37 demostracign *)

lemma "f ‘s - f ‘“tcf ‘ (s - t)”
by (simp only: image diff subset)

(* 47 demostracin *)

lemma "f ‘s - f ‘" tcf * (s - )"
by auto

end

3.17.2. Demostraciones con Lean

-- Demostrar que
- - f’' s\ f’'"tcf’’ (s t)

import data.set.basic
import tactic

open set
variables {a : Type*} {B : Type*}
variable f : a - B

variables s t : set «

-- 12 demostracion

example : f[[sNf[]tdf[’] (sNt):=
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begin
intros y hy,
cases hy with yfs ynft,
cases yfs with x hx,
cases hx with xs fxy,
use X,
split,
{ split,
{ exact xs, },
{ dsimp,
intro xt,
apply ynft,
rw H fxy,
apply mem _image of mem,
exact xt, }},
{ exact fxy, },
end

-- 22 demostracion

example : f["’|s NFf[/]tldf[’](sNt) :=

begin
rintros y ((x, xs, fxy), ynft),
use X,
split,
{ split,
{ exact xs, },
{ intro xt,
apply ynft,
use [x, xt, fxyl, }},
{ exact fxy, },
end

-- 32 demostracion

example : f [] s ! f [] t E f [:](s ‘ t) :=

begin
rintros y ((x, xs, fxy), ynft),
use X,
finish,

end

-- 42 demostracion
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example : f['[sNf[’|tdf[’] (sNt):=

subset image diff f s t

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

3.18. Imagen inversa de la diferencia

3.18.1. Demostraciones con Isabelle/HOL

(* ________________________________________________________________

-- Demostrar que
-- f-‘u-f~f-‘“vecf-(u-v

theory Imagen inversa de la diferencia
imports Main
begin

(* 17 demostracin *)

lemma "f -“u - f -“vcf-*(u-v)"
proof (rule subsetI)

fix x

assume "x € f - u - f -° v”

then have "f x € u - v”
proof (rule DiffE)
assume "x € f -
assume "x ¢ f -
have "f x € u”
using [<x | f -* up| by (rule vimageD)
moreover
have "f x & v”
proof (rule notI)
assume "f x € v”
then have "x € f -‘ v
by (rule vimageI2)
with [x | f -* V)| show False
by (rule notE)

n

u

{ 14
\'

1

ged
ultimately show "f x € u - v”
by (rule DiffI)
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ged
then show "x € f - (u - v)”
by (rule vimageI2)
ged

(* 27 demostracign *)

lemma "f - u-f -‘vecf-*(u-v)"
proof
fix x
assume "x € f -“ u - f - v”
then have "f x € u - v”
proof
assume "x € f -‘ u”
assume "x ¢ f -‘ v”
have "f x € u” using [x [§ f -* u}| by simp
moreover
have "f x € v”
proof

assume "f x € v”
then have "x € f -* v” by simp

with [{x [§ f - v}| show False by simp

ged

ultimately show "f x € u - v” by simp

ged
then show "x € f - (u - v)” by simp
ged

(* 32 demostracign *)

lemma "f -‘“u-f -*vcf-*(u-wv)”
by (simp only: vimage Diff)

(* 47 demostracidn *)

lemma "f -‘“u - f -“vecf-*(u-v)"
by auto

end
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3.18.2. Demostraciones con Lean

-- Demostrar que
- - f-2"ul\ f -1 vcf -1 (u\l v)

import data.set.basic

open set

variables {a : Type*} {B : Type*}
variable f : o - B

variables u v : set B

-- 12 demostracion

example : f ~Ju N f -]vidf -] (ulNv) :=

begin
intros x hx,
rw mem_preimage,
split,
{ rw  mem preimage,
exact hx.1, },
{ dsimp,
rw [ mem_preimage,
exact hx.2, 1},
end

-- 22 demostracion

example : f —1[]u ! f —1[]v E f —1[](u ‘ V) =

begin
intros x hx,
split,
{ exact hx.1, },
{ exact hx.2, },
end

-- 32 demostracion

example : f —1[]u ! f —1[]v E f —1[](u ‘ V) =
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begin

intros x hx,

exact (hx.1, hx.2),
end

-- 42 demostracion

example : f ~Ju N f -]vigf -] (ulv) :=

begin
rintros x (hl, h2),
exact (hl, h2),

end

-- 52 demostracion

example : f ~Ju N f ]vigdf -] (ulNwv)

subset.rfl

-- 62 demostracion

example : f ~Ju N f -]vidf -] (ulNwv)

by finish

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

3.19. Interseccion con la imagen

3.19.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________

-- Demostrar que
-- (f “s)nv=r-Ff"*"(snf-*"v)

theory Interseccion con la imagen
imports Main
begin

(* 17 demostracign *)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Imagen_inversa_de_la_diferencia.lean

136 Capitulo 3. Ejercicios de junio de 2021

lemma "(f ‘ s) nv="~Ff"‘'"(snf-*“v)"
proof (rule equalityI)
show "(f ‘' s) nvecf ‘" (snf-*“v)”
proof (rule subsetI)
fix y

assume "y € (f “ s) n v”
then show "y € f * (s n f -° v)”
proof (rule IntE)
assume "y € v”
assume "y € f ‘s
then show "y € f * (s n f - v)”
proof (rule imageE)
fix x
assume "x € s”
assume "y = f x”
then have "f x € v”
using [y [f vp| by (rule subst)
then have "x € f -* Vv”
by (rule vimagelI2)
with [x [f sp| have "x € s n f -* v”
by (rule IntI)
then have "f x € f * (s n f -* v)”
by (rule imagel)
with Iy = f xH show "y € f * (s nf -* v)”
by (rule ssubst)

n

ged

ged

ged
next

show "f ‘* (s nf -“v) c (f‘“s)nv”
proof (rule subsetI)

fix y

assume "y € f ‘' (s n f -‘ v)”

then show "y € (f ‘ s) n v”
proof (rule imageE)

fix x

assume "y = f x”

assume hx : "X € s n f -* v”
have "y € f ' ¢”

proof -

have "x € s”
using hx by (rule IntD1)
then have "f x € f * s”
by (rule imagel)
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with [y = f x| show "y € f * s”
by (rule ssubst)
ged
moreover
have "y € v”
proof -
have "x € f -‘ v
using hx by (rule IntD2)
then have "f x € v”
by (rule vimageD)
with [y = f x| show "y € v”
by (rule ssubst)

‘ 1

ged
ultimately show "y € (f “ s) n v”
by (rule IntI)
ged
ged
ged

(* 27 demostracign *)

lemma "(f ‘ s) nv=~Ff"*"(snf-*v)"
proof
show "(f ‘ s) nvecf ‘" (snf-*“v)”
proof
fix y

assume "y € (f ‘ s) n v”
then show "y € f * (s n f -* v)
proof
assume "y € v”
assume "y € f ' s
then show "y € f * (s n f -* v)”
proof
fix x
assume "x € s”
assume "y = f x”
then have "f x € v” using |y [§ vp| by simp
then have "x € f -‘ v” by simp
with [<x g s)| have "x € s n f -* v” by simp
then have "f x € f * (s n f -* v)” by simp

n

1

with Iy = f xH show "y € f * (s n f -* v)” by simp

ged
ged
ged
next
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show "f ‘ (s nf -“v)c (f* s)nv”
proof

fix y
assume "y € f ‘ (s n f -* v)
then show "y € (f ‘ s) n v”
proof
fix x
assume "y = f x”
assume hx : "X € s nf -‘v
have "y € f * s”
proof -
have "x € s” using hx by simp
then have "f x € £ ‘ s” by simp
with [y = f Xp| show "y € f * s” by simp
ged
moreover
have "y € v”
proof -
have "x € f -‘ v” using hx by simp
then have "f x € v” by simp
with [y = f x| show "y € v” by simp
ged
ultimately show "y € (f “ s) n v” by simp
ged

1 n

1

{ n

ged

ged

(* 27 demostracign *)

lemma "(f ‘ s) nv="Ff"‘'"(snf-*v)”
proof
show "(f * s) nvecf ® (snf-“v)”
proof
fix y

assume "y € (f ‘“ s) n v”
then show "y € f ‘ (s n f - v)”
proof
assume "y € v”
assume "y € f ‘s
then show "y € £ * (s n f - v)”
proof
fix x
assume "X € s
assume "y = f x”
then show "y € f ‘ (s n f -* v)”

n
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using [<x [ sp| [y [ vp| by simp
ged
ged
ged
next
show "f ‘* (s nf -“v) c (f‘s)nv
proof
fix y
assume "y € f ‘' (s n f -* v)”
then show "y € (f ‘ s) n v”
proof
fix x
assume "y = f x
assume hx : "X € snf -‘v
then have "y € f ‘ s” using [y = f x| by simp
moreover
have "y € v” using hx [y = f x| by simp
ultimately show "y € (f “ s) n v” by simp
ged
ged
ged

n

n

(* 48] demostraciﬂn *)

lemma "(f ‘' s) nv="Ff"*“(snf-*v)”
by auto
end

3.19.2. Demostraciones con Lean

.- (f’"s)nv=Ff"'"(snf-1"v)

import data.set.basic
import tactic

open set

variables {a : Type*} {B : Type*}
variable f : a - B



140

Capitulo 3. Ejercicios de junio de 2021

variable s : set «
variable v : set B

-- 12 demostracion

example :

begin
ext vy,
split,
{ intro hy,

example :

cases hy with hyfs yv,
cases hyfs with x hx,
cases hx with xs fxy,
use X,
split,
{ split,
{ exact xs, },
{ rw mem preimage,
rw fxy,
exact yv, }},
{ exact fxy, }},
intro hy,
cases hy with x hx,
split,
{ use x,
split,
{ exact hx.1.1, 1},
{ exact hx.2, }},
{ cases hx with hxl fxy,
rw | fxy,
rw | mem_preimage,
exact hx1.2, }},

2 demostracion

begin
ext vy,
split,

{

rintros ((x, xs, fxy), yv),
use X,
split,

(F[]s)pfv="F["](spff v :=

Flls)flv=F](spf v :=
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{ split,
{ exact xs, },
{ rw mem_preimage,
rw fxy,
exact yv, }},
{ exact fxy, }},
{ rintros (x, (xs, xv), fxy),

split,
{ use [x, xs, fxyl, },
{ rw H fxy,

rw | mem_preimage,
exact xv, }},

-- 32 demostracion

example : (f [:]s) H v =f [] (s H f —1[]v) =

begin
ext vy,
split,
{ rintros ((x, xs, fxy), yv),
finish, 1},
{ rintros (x, (xs, xv), fxy),
finish, %},
end

-- 42 demostracion

example : (f [:]s) H v = f [] (s H f —1m V)

by ext ; split ; finish

-- 52 demostracion

example : (f )] s) [ v ="F["] (s f v

by finish [ext iff, iff def]

-- 62 demostracion

example : (f[/|s) fv="~F["] (s f - ]v)

(image inter preimage f s v).symm
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Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.20. Uniodn con la imagen

3.20.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- f‘“(suf-“v)cf “suv

theory Union con_la_ imagen
imports Main
begin

(* 1?7 demostracin *)
lemma "f ‘ (su f -‘“v)cf ‘“"suv”
proof (rule subsetI)

fix y

assume "y € f ‘' (s u f -* v)”

then show "y € f * s u v”

proof (rule imageE)

fix x
assume "y = f x”
assume "X € s u f -‘ v”

then show "y € f ‘ s u v”
proof (rule UnE)
assume "X € s”
then have "f x € f * §”
by (rule imagelI)
with Iy = 7 XI have "y € f ‘ s”
by (rule ssubst)
then show "y € f * s U v
by (rule UnIl)
next
assume "x € f -‘ v
then have "f x € v”
by (rule vimageD)
with Iy = 7 XI have "y € v”
by (rule ssubst)
then show "y € f ‘ s U v
by (rule UnI2)

n

1

1


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Interseccion_con_la_imagen.lean
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ged
ged
ged

(* 27 demostracign *)

lemma "f * (su f -*v) cf ‘s uv”
proof
fix y
assume "y € f ‘' (s u f - v)”
then show "y € f ‘ s u v”
proof
fix x
assume "y = f x”
assume "x € s u f -‘ v
then show "y € £ * s u v”
proof
assume "X € s”
then have "f x € f * s” by simp
with [y = f xp| have "y € f * s” by simp
then show "y € f ‘ s u v” by simp
next
assume "x € f -‘ v
then have "f x € v” by simp
with [y = f xp| have "y € v” by simp
then show "y € £ ‘ s u v” by simp
ged
ged
ged

1 n

n

(* 37 demostracin *)

4

lemma "f ‘ (su f -“v) cf S UV
proof
fix y
assume "y € f ‘' (s u f - v)”
then show "y € f “ s u v”
proof
fix x
assume "y = f x”
assume "X € s u f -‘ v”
then show "y € f * s u v”
proof

assume "x € s”
then show "y € f ‘ s U v” by (simp add: [y = f xp|)
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next
assume "x € f -‘ v
then show "y € f * s U v” by (simp add: [y = f xp|)
ged
ged
ged

{ n

(* 47 demostracidn *)

lemma "f * (suf -*v) cf ‘s uv”
proof
fix y
assume "y € f ‘' (s u f - v)”
then show "y € f ‘ s u v”
proof
fix x
assume "y = f x”
assume "x € s u f -‘ v”
then show "y € f ‘ s u v” using [y = f xp| by blast
ged
ged

(* 52 demostracidn *)

lemma "f * (suf -‘“u)cf ‘s uu”
by auto
end

3.20.2. Demostraciones con Lean

-- Demostrar que
-- f’' " (suf-1"v)cf ' suv

import data.set.basic
import tactic

open set

variables {a : Type*} {B : Type*}
variable f : a - B
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variable s : set «
variable v : set B

-- 12 demostracion

example : f [’ (s f []v)dFf[]sv:=

begin

intros y hy,
cases hy with x hx,
cases hx with hx1 fxy,
cases hxl with xs xv,
{ left,

use X,

split,

{ exact xs, },

{ exact fxy, }},
{ right,

rw H fxy,

exact xv, },

end

-- 22 demostracion

example : f [’ (s f [[v)dFf[ s v :=

begin
rintros y (x, xs | xv, fxy),
{ left,
use [x, xs, fxyl, 1},
{ right,

rw H fxy,

exact xv, },
end

-- 32 demostracion

example : f [] (s ! f —1[]v) E f [:]s ! vV o=

begin
rintros y (x, xs | xv, fxy);
finish,

end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.
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3.21. Interseccion con la imagen inversa

3.21.1. Demostraciones con Isabelle/HOL

(F = m e m e e e oo
-- Demostrar que
-- snf-" vecf-“(f*"snv)

theory Interseccion con la imagen inversa
imports Main
begin

(* 17 demostracin *)

lemma "s nf -* vef - (f*snv)”
proof (rule subsetI)
fix x
assume "X
have "f x
proof -
have "x € s”
using [<x [g s [n] f - vp| by (rule IntD1)
then show "f x € s”
by (rule 1mageI)
ged
moreover
have "f x € v”
proof -
have "x € f -* v”
using Ix E s H f - VI by (rule IntD2)
then show "f x € v”
by (rule vimageD)
ged
ultimately have "f x € f “ s n v”
by (rule IntI)
then show "x € f -* (f * s n v)”
by (rule vimagelI2)
ged

Esnf - v
eEf ‘s

(* 27 demostracign *)

lemma "s nf -* vecf-*(f*'snv)”
proof (rule subsetI)
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fix x

assume "x € s nf - v”
have "f x € f ‘' s”

proof -

have ”"x € s” using [{x [ s | f -* V)| by simp

then show "f x € f * s” by simp
ged
moreover
have "f x € v”
proof -
have "x € f -* v” using [x [§ s o f -* V)| by simp
then show ”"f x € v” by simp
ged
ultimately have "f x € f * s n v” by simp
then show "x € f - (f ‘* s nv)” by simp
ged

(* 37 demostracign *)

lemma "s nf -* vef - (f*snv)”
by auto
end

3.21.2. Demostraciones con Lean

-- Demostrar que
- - snf-tvcf -1 (f’ snv)

import data.set.basic

open set

variables {a : Type*} {B : Type*}
variable f : a - B

variable s : set «

variable v : set B

-- 12 demostracion
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example : s f ~|vidf -] (F[]s v :=

begin
intros x hx,
rw mem_preimage,
split,
{ apply mem image of mem,
exact hx.1, 1},
{ rw  mem_preimage,
exact hx.2, 1},
end

-- 22 demostracion

example : s H f -1[]v E f -1[](f [:]s H v) :=

begin
rintros x (xs, xv),
split,
{ exact mem _image of mem f xs, },
{ exact xv, },
end

-- 32 demostracion

example : s H f -1[]v E f -1[](f [:]s H v) :=

begin

rintros x (xs, xv),

exact (mem image of mem f xs, xv),
end

-- 42 demostracion

example : s f ~|vidf | (F[]s v :=

begin
rintros x (xs, xv),
show f x |§ f["’] s | v,
split,
{ use [x, xs, rfl] },
{ exact xv },

end

-- 52 demostracion
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example : s H f —1[]v E f —1[](f [:]s H V) =

inter preimage subset s v f

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

3.22. Unidn con la imagen inversa

3.22.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
-- suf-“vecf-*(f*“suv)

theory Union con la imagen inversa
imports Main
begin

(* 17 demostracidn *)

lemma "s u f - vef-“(f*'suv)”
proof (rule subsetI)
fix x

{ n

assume "X € s U f -
then have "f x € f * s u Vv”
proof (rule UnE)
assume "x € s”
then have "f x € f * s”
by (rule imagel)
then show "f x € f * s u v"
by (rule UnIl)
next
assume "x € f -‘ v
then have "f x € v”
by (rule vimageD)
then show "f x € f * s u v"
by (rule UnI2)
ged
then show "x € f -* (f * s U v)”
by (rule vimagelI2)
ged

n
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(* 27 demostracign *)

lemma "s u f -* vecf-*(f*'suv)”
proof
fix x
assume "X € s u f -‘ v
then have "f x € f * s u Vv”
proof
assume "x € s”
then have "f x € £ ‘ s” by simp
then show "f x € f * s u v” by simp
next
assume "x € f -‘ v
then have "f x € v” by simp
then show "f x € f * s u v” by simp
ged
then show "x € T - (f ‘* s u v)” by simp
ged

n

n

(* 37 demostracign *)

lemma "s u f -* vcf-°(f*'suv)”
proof

fix x

assume "x € s u f - v”

then have "f x € f ‘' s u v”

proof

assume "x € s”
then show "f x € f * s u v” by simp

next
assume "x € f - v”
then show "f x € f * s U v” by simp
ged
then show "x € f - (f ‘ s u v)” by simp
ged

(* 47 demostracin *)

lemma "s u f -“vef-*(f*‘"suv)”
by auto

end
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3.22.2. Demostraciones con Lean

-- Demostrar que
== suf-tYvcft -1 (f’'" suv)

import data.set.basic

open set

variables {a : Type*} {B : Type*}
variable f : a - B

variable s : set «a

variable v : set B

-- 12 demostracion

example : s ! f —1[]v E f —l[l(f [:]s ! V) :=
begin

intros x hx,

rw mem preimage,

cases hx with xs xv,

{ apply mem union left,
apply mem _image of menm,
exact xs, },

{ apply mem union_ right,
rw | mem_preimage,
exact xv, 1},

end

-- 22 demostracion

example : s U f | v f | (F[]s|yv) :=
begin
intros x hx,
cases hx with xs xv,
{ apply mem union left,
apply mem_image of mem,
exact xs, },
{ apply mem _union_ right,
exact xv, },
end
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-- 32 demostracion

example : s U f | v f -] (F[]s|yv) :=

begin
rintros x (xs | xv),
{ left,
exact mem image of mem f xs, },
{ right,
exact xv, },
end

-- 42 demostracion

example : s U f ~|vidf -] (F[]s v :=

begin
rintros x (xs | xv),
{ exact or.inl (mem_image of mem f xs), },
{ exact or.inr xv, },

end

-- 52 demostracion

example : s U f | v f | (F[]s|yv) :=

begin

intros x h,

exact or.elim h (A xs, or.inl (mem_image of mem f xs)) or.inr,
end

-- 62 demostracion

example : s U f ~|vidf -] (F[]s v :=

1
A x h, or.elim h (A xs, or.inl (mem_image of mem f xs)) or.inr

-- 72 demostracion

example : s U f | vid f | (F[]s v :=

begin
rintros x (xs | xv),

{ show f x E f [:]s ! v,
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use [x, xs, rfl] },

{ show f x E f [:]s I v

right,
apply xv },
end

-- 82 demostracion

example : s ! f *1[]v E f *1[](f [:]s ! V)

union preimage subset s v f

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

3.23. Imagen de la unién general

3.23.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que
=c f*“((yi€eIl. Ai)=(Y1i€eI. " A1)

theory Imagen _de la union general
imports Main
begin

(* 17 demostracign *)

lemma "f ‘ (Ji€I.Ai)=(Ji€eI. f " “Ai)”
proof (rule equalityI)
show "f ‘ (1 €I.Ai)c(YieI. f*“Ai)”
proof (rule subsetI)
fix y
assume "y € f * (Ui €I. Ai)”
then show "y € (1 € I. f * A 1)”
proof (rule imageE)
fix X
assume "y = f X
assume "x € (| i
then have "f x €
proof (rule UN E

€
(

)
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fix 1
assume "i € I”
assume "x € A i”
then have "f x € £ * A 1"
by (rule imageI)
with [<Ji |§ I>| show "f x € (J i € I. f * A i)”
by (rule UN I)
ged
with Iy =f xi show "y € (1 €I. f ‘A 1)”
by (rule ssubst)
ged
ged
next
show "(J 1 €I. f “ Ai)cf “ (Ui€I. Ai)”
proof (rule subsetI)
fix y
assume "y € (i €I. f ‘A 1i)”
then show "y € f * (J 1 € I. A 1)”
proof (rule UN E)
fix 1
assume "i € I”
assume "y € T ‘A i”
then show "y € f * (J 1 € I. A i)”
proof (rule imageE)
fix x
assume "y = f x”
assume "x € A i”
with [<i | I>| have "x € (U i € I. A i)”
by (rule UN I)
then have "f x € f * (i €I. A i)”
by (rule imageI)
with Iy = f xH show "y € f * (Ji€I.Ai)”
by (rule ssubst)
ged
ged
ged
ged

(* 27 demostracign *)

lemma "f ‘ (Ji€I.Ai)=(Yi€eI.f " Ai)”
proof
show "f * (U1 €I. Ai)c(Yi€I. f " “A1i)”
proof
fix y
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assume "y € f * (Y1 €I. A1i)”
then show "y € (1 €I. f *“ A 1i)”
proof
fix x
assume "y =
assume "Xx €
then have "f
proof
fix 1
assume "i € I”
assume "x € A i”
then have "f x € f * A 1” by simp
with [Ji [ I>| show "f x € (J i € I. f * A i)” by (rule UN_I)

ged
with Iy = f XH show "y € (1 € I. f *“ A i)” by simp
ged
ged
next
show "(Ji€I. f*“Ai)cf *“ (Yi€eI.Ai)"
proof
fix y

assume "y € (i1 €I. f ‘A 1i)”
then show "y € f * (J 1 € I. A i)”
proof
fix 1
assume "i € I”
assume "y € £ * A i”
then show "y € £ * (|J 1 € I. A i)”
proof
fix x
assume "y = f x”
assume "x € A i”
with []i [ Ib| have "x € (J i € I. A i)” by (rule UN_I)
then have "f x € f * (J 1 € I. A 1)” by simp
with [y = f xp| show "y € f * (J i € I. A i)” by simp
ged
ged
ged
ged

(* 3 demostracign *)

lemma "f * (Ji€I. Ai)=(Yi€I.f " “Ai)”
by (simp only: image UN)
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(* 47 demostracign *)

lemma "f * (i €I. Ai)=(Yi€I.f " “Ai)"
by auto

end

3.23.2. Demostraciones con Lean

-- Demostrar que
-- f'"(Ji, Ai) =i, f'" A1

import data.set.basic
import tactic

open set
variables {a : Type*} {B : Type*} {I : Type*}
variable f : a - B

variables A : N - set «

-- 12 demostracion

example : f [’ (Ui, Ad)=0i, f[]Ai:=
begin
ext vy,
split,
{ intro hy,
rw mem_image at hy,
cases hy with x hx,
cases hx with xUA fxy,
rw mem Union at xUA,
cases xUA with i xAi,
rw mem_Union,
use i,
rw H fxy,
apply mem image of mem,
exact xAi, },
{ intro hy,
rw mem_Union at hy,
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cases hy with i yAi,
cases yAi with x hx,
cases hx with xAi fxy,
rw | fxy,
apply mem_image of menm,
rw mem Union,
use i,
exact xAi, },

end

-- 22 demostracion

example : f [’ (Ui, Ad) =i, F[]Ai:

begin
ext vy,
simp,
split,
{ rintros (x, (i, xAi), fxy),
use [i, x, xAi, fxy] },
{ rintros (i, x, xAi, fxy),
exact (x, (i, xAi), fxy) I},
end

-- 32 demostracion

example : f [] (u i, Ai) = u i, f [] Ai:

by tidy

-- 42 demostracion

example : f ['] (Ui, Adi) =i, f[']Ai:

image Union

Se puede interactuar con las pruebas anteriores en

esta sesion

con Lean.
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3.24. Imagen de la interseccion general

3.24.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que

-~  f(Ni, Ai)ci f“‘Ai

theory Imagen de la interseccion general
imports Main
begin

(* 17 demostracin *)

lemma "f ‘* (| i€I. Ai)c (Ni€eIlI.f*“Ai)”
proof (rule subsetI)
fix y
assume "y € £ ‘' (|1 € I. Ai)”
then show "y € (1 €I. f ‘A 1)”
proof (rule imageE)
fix x
assume "y = f x”
assume xIA : "x € (] 1 € I. A 1)”
have "f x € (N i €I. f *Ai)”
proof (rule INT I)
fix 1
assume "i € I”
with xIA have "x € A i”
by (rule INT D)
then show "f x € f * A i”
by (rule imagelI)
ged
with Iy = f xI show "y € (N 1 € I. f *“ A 1i)”
by (rule ssubst)
ged
ged

(* 27 demostracign *)

lemma "f “ (| 1 €I. Ai)c (i€I. f*“Ai)”
proof

fix y

assume "y € f * (|1 € I. A i)”
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then show "y €
proof
fix x
assume "y = f
assume xIA :

(Nie€erI. f*“A1i)”

X"
"X € (1 €I. A1L)"

have "f x € (i €I. f A i)”

proof
fix i
assume "1 €

with xIA have "x € A i
€ f !

then show ”
ged

with Iy =f xI show "y € (1 €I. f *“ A i)” by simp

ged
ged

III
by simp

l"
f x A i"” by simp

(* 3 demostracign *)

lemma "f * (1 €I. Ai)c (i€eI.f*“Ai)"

by auto

end

3.24.2. Demostraciones con Lean

-- Demostrar que

-- f’" (i, Ai)cNi, £’ Ai

import data.set.basic

import tactic

open set

variables {a : Type*} {B : Type*} {I :

variable f : a - B
variables A : N - set a

-- 12 demostracion

example : f [’ (i, Ai)|gdi, f[]AL:

Type*}
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begin
intros y h,
apply mem Inter of mem,
intro 1,
cases h with x hx,
cases hx with xIA fxy,
rw | fxy,
apply mem _image of mem,
exact mem Inter.mp xIA i,
end

-- 22 demostracion

example : f [’ (N i, Ad)dNi, F[']Ai:=

begin

intros y h,

apply mem Inter of mem,

intro i,

rcases h with (x, xIA, rfl),

exact mem image of mem f (mem Inter.mp xIA i),
end

-- 32 demostracion

example : f [’ (N i, Adi) i, F[']Ai:=

begin
intro vy,
simp,
intros x xIA fxy i,
use [x, xIA i, fxy],
end

-- 42 demostracion

example : f [’ (N i, Ad) i, F[']Ai:=

by tidy

Se puede interactuar con las pruebas anteriores en esta sesion con Lean.


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Imagen_de_la_interseccion_general.lean
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3.25. Imagen de lainterseccion general median-

te inyectiva

3.25.1. Demostraciones con Isabelle/HOL

(* ______________________________________________________________

-- Demostrar que si f es inyectiva, entonces
-- (NieI. f“Ai)cf " (i€l Ai)

theory Imagen de la interseccion general mediante inyectiva
imports Main
begin

(* 17 demostracign *)

lemma
assumes "i € I”
"inj f”
shows "(f 1 € I. f“Ai)cf “(11€I.Ai)"
proof (rule subsetI)
fix y
assume "y € (1 1 I.f ‘A 1i)”
then have "y € f Ai”
using [<]i [§ Ip| by (rule INT D)
then show "y € £ * ([ 1 € I. A i)”
proof (rule imageE)
fix x
assume "y = f
assume "x € A
have "x € (] 1 € I. A i)”
proof (rule INT I)
fix j
assume "j € I”
show "x € A j”
proof -
have "y € f * A j”

E

XH
i"

using [y |§ (nd€I. £ * A i)}|[]j | I}| by (rule INT D)

then show "x € A j”
proof (rule imageE)

fix z
assume "y
"z

= f 2"
assume €A j"
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have "f z = f x”
using [y = f zp| [y = f x| by (rule subst)
with [<Jinj f]>] have "z = x”
by (rule injD)
then show "x € A j”
using [z [ A jp| by (rule subst)
ged
ged
ged
then have "f x € f * (1 € I. A i)”
by (rule imagel)
with [y = f xp| show "y € f * (N i € I. A i)”
by (rule ssubst)
ged
ged

*

(* 27 demostracign *)
lemma
assumes "i € I”
"inj f”
shows "(N i €I. f“Ai)cf " (i1€I.A1i)"
proof
fix y
assume "y €
then have
then show
proof
fix x
assume "y = f x
assume "x € A i”
have "x € (] 1 € I. A i)”
proof
fix j
assume "j € I”
show "x € A j”
proof -
have "y € f * A j”
using [y [ (Ner. £ © A i)p|[]j [ Ip| by simp
A

then show "x € A j”

(n i I. “A )"
"y € f * A i” using [{i [§ Ip| by simp
e (i€TI. Ai)”

1

proof
fix z
assume "y = f 2"
assume "z € A j”
have "f z = f x” using [y = f Z|[Jy = f x| by simp
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with [Jinj f>] have "z = x” by (rule injD)
then show "x € A j” using [z [§ A jp| by simp
ged
ged

ged

then have "f x € f * ([ 1 € I. A i)” by simp

with Iy = f XH show "y € f * ([] 1 € I. A i)” by simp

ged
ged

(* 32 demostracign *)

lemma
assumes "i € I”
"inj f”
shows "(N i €I. f‘ “Ai)cf ‘" (Ni€I.Ai)"
using assms
by (simp add: image INT)

end

3.25.2. Demostraciones con Lean

-- Demostrar que si f es inyectiva, entonces
-- (Ni, £’ Ai)<cf’’ (i, A i)

import data.set.basic
import tactic

open set function
variables {a : Type*} {B : Type*} {I : Type*}
variable f : o - B

variables A : I - set a

-- 12 demostracion

example
(i :I)
(injf : injective )
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i, FPADBF] (i AL s

begin
intros y hy,
rw mem_Inter at hy,
rcases hy i with (x, xAi, fxy),
use Xx,
split,
{ apply mem Inter of mem,
intro j,
rcases hy j with (z, zAj, fzy),
convert zAj,
apply injf,
rw fxy,
rwld fzy, },
{ exact fxy, },
end

-- 22 demostracion

example
(i : I)
(injf : injective f)
i, fFPfAD g f[ (i AL =
begin
intro vy,
simp,
intro h,
rcases h i with (x, xAi, fxy),
use X,
split,
{ intro j,
rcases h j with (z, zAi, fzy),
have : f x = f z, by rw [fxy, fzy],
have : x = z, from injf this,
rw this,
exact zAi, },
{ exact fxy, 1,
end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean.


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Imagen_de_la_interseccion_general_mediante_inyectiva.lean
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3.26. Imagen inversa de la union general

3.26.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que

== f-‘“(i€I. Bi)=(J1i€I. f-*“Bi)

theory Imagen inversa de la union general
imports Main
begin

(* 17 demostracin *)

lemma "f - (1 €I.Bi)=(Ji€I.f-“B1i)”
proof (rule equalityI)
show "f - (i €I.Bi)c (Yi€eI. f-*‘B1i)”
proof (rule subsetI)
fix x
assume "x € f - (Y i € I. B 1i)”
then have "f x € (J 1 € I. B 1)”
by (rule vimageD)
then show "x € (Ji € I. f -* B 1i)”
proof (rule UN E)
fix i
assume "i € I”
assume "f x € B 1"
then have "x € f -* B i”
by (rule vimageI2)
with [i [ I))| show "x € (J i € I. f -* B i)”
by (rule UN I)
ged
ged
next
show "(y i €I. f-"Bi)cf - (Ui€lIl.Bi)”
proof (rule subsetI)
fix X
assume "x € (i €I. f-*B1i)”
then show "x € f - (J 1 € I. B 1)”
proof (rule UN E)
fix i
assume

. E n
assume €

Hl I
"X f _ { B i"
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then have "f x € B 1”
by (rule vimageD)

with []i [ I)| have "f x € (J i € I. B i)”
by (rule UN I)

then show "x € f - (J 1 € I. B i)”
by (rule vimageI2)

ged
ged
ged

(* 27 demostracign *)

lemma "f - (1 €I.Bi)=(Ji€I.f-“B1i)”
proof
show "f - (Ui €I.Bi)c (Ji€I.f-*Bi)”
proof
fix x
assume "x € f - i
then have "f x € i
then show "x € (| 1 €
proof
fix 1
assume "i € I”
assume "f x € B 1"
then have "x € f -* B 1i” by simp
with [Ji [g] I)| show "x € (J i € I. f -* B i)” by (rule UN_I)
ged
ged
next
show "(J 1 €I. f -*Bi)cf - (Ji€lI.Bi)"
proof
fix x
assume "x € (Ji €I. f-*B1i)”
then show "x € f - (J 1 € I. B i)”
proof
fix 1
assume "i € I”
assume "x € f -‘ B 1”
then have "f x € B i” by simp
with []i [ I))| have "f x € (J i € I. B i)” by (rule UN_I)
then show "x € f -* (J 1 € I. B i)” by simp
ged
ged
ged
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(* 37 demostracign *)

lemma "f - (1 €I.Bi)=(J1i€I.f-“B1i)”
by (simp only: vimage UN)

(* 42| demostracign *)

lemma "f - (Ji€I.Bi)=(yie€eIl. f-“B1i)”
by auto

end

3.26.2. Demostraciones con Lean

-- Demostrar que
-- f - ()i, B i) = i, f -’ (B 1)

import data.set.basic
import tactic

open set
variables {a : Type*} {B : Type*} {I : Type*}
variable f : o - B

variables B : I - set B

-- 12 demostracion

Ui, £ -] ®Bi) :=

example : f -] (I i, B i)
begin
ext x,
split,
{ intro hx,
rw mem preimage at hx,
rw mem_Union at hx,
cases hx with i fxBi,
rw mem Union,
use i,
apply mem preimage.mpr,
exact fxBi, 1},
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{ intro hx,
rw mem_preimage,
rw mem_Union,
rw mem Union at hx,
cases hx with i xBi,
use i,
rw mem preimage at xBi,
exact xBi, 1},
end

-- 22 demostracion

example : f -] (Ui, B i) =i, f -] (B i)

preimage Union

-- 32 demostracion

example : f -] (U i, B i) = i, f -] (B i)
by simp

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

3.27. Imagen inversa de la interseccion gene-
ral

3.27.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que

== f-“(Ni€I. Bi)=(1€I. f-°B1i)

theory Imagen _inversa de la interseccion general
imports Main
begin

(* 1?7 demostracign *)

lemma "f - (| i €I.Bi)=(Ni€I.f-“Bi)"
proof (rule equalityI)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Imagen_inversa_de_la_union_general.lean
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show "f - (1 €I.B1i) € (11€1I.f

proof (rule subsetI)

fix x
assume "x € f - (] i € I. B 1i)”
show "x € (1 €I. f -“B1i)”
proof (rule INT I)

fix i

assume "i € I”

have "f x € (1 € I. B i)”

using [x [ f - (] i | I. B i)} by (rule vimageD)

then have "f x € B 1"
using []i [g Ip| by (rule INT_D)
then show "x € f - B 1"
by (rule vimageI2)
ged

ged

next
show "(| 1 €I. f-“B1i) ¢ f -*

proof (rule subsetI)

fix x
assume "x € (i €I. f-*B1i)”
have "f x € (| i € I. B i)”
proof (rule INT I)

fix i

assume "i € I”

with x (iI. f - Bi) have "x € f -* B i”

by (rule INT D)
then show "f x € B 1"
by (rule vimageD)
ged
then show "x € f - (1 € I. B i)”
by (rule vimageI2)

ged

ged

(* 27 demostracign *)

lemma "f - (11 €I.B1i)=(11i€I. f-*
proof

show "f - (1 €I.B1i) € ([]1€TI. f

proof (rule subsetI)

fix x
assume hx : "X
show "x € (] 1
proof

f-“(NMi€elI.Bi)”
I.

€
€I. f-*Bi)”

_l B i)"

(Ni€eI. B1)”

B i)n

ot B i)"
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fix 1
assume "i € I”
have "f x € (] 1 € I. B i)” using hx by simp
then have "f x € B i” using [{i [§ I)| by simp
then show "x € f - B i” by simp
ged
ged
next
show "( 1 € I. f -*Bi)cf - (| 1€I. Bi)”
proof
fix x
assume "x € (1 €I. f-*B1i)”
have "f x € (| i € I. B i)”
proof
fix i
assume "i € I”
with [x |§ (N i|g I. f - B i)p| have "x € f -* B i” by simp
then show "f x € B i” by simp
ged
then show "x € f - ([ 1 € I. B i)” by simp
ged
ged

(* 3 demostraciin *)

lemma "f - (1 i€I.Bi)=(N1€1I.f-*Bi)”
by (simp only: vimage INT)

(* 42 demostracin *)

lemma "f - (1 i€I.Bi)=(Ni1€1I.f-*Bi)”
by auto

end

3.27.2. Demostraciones con Lean

-- Demostrar que
- - f - (i, B i) =N 1i, f - (B i)

import data.set.basic
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import tactic

open set

variables {a : Type*} {B : Type*} {I : Type*}
variable f : a - B

variables B : I - set B

-- 12 demostracion

example : f ~''| (i, Bi) =0 i, f ] (B i) :=
begin
ext x,
split,
{ intro hx,
apply mem_Inter of mem,
intro i,
rw mem_preimage,
rw mem preimage at hx,
rw mem_Inter at hx,
exact hx i, },
{ intro hx,
rw mem_preimage,
rw mem Inter,
intro 1,
rw | mem_preimage,
rw mem_Inter at hx,
exact hx i, },
end

-- 22 demostracion

example : f -] (i, B i) =[N 4, f -] (B i) :=

begin

ext x,
calc (x g f -] 1 : 1), Bi)
- fx/gni:1I),Bi : mem preimage
e (Vi:I, fx[gBi) : mem Inter
e (Vi:I, x|gf-|Bi) : iff of eq rfl

cex@N 1), f P[Bi : mem Inter.symm,
end
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-- 32 demostracion

example : f -] (i, Bi) =i, f -] (Bi) :=
begin

ext x,

simp,
end

-- 42 demostracion

example : f -] (i, Bi) =N i, f -] (Bi) :=
by { ext, simp }

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

3.28. Teorema de Cantor

3.28.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar el teorema de Cantor:
-- Vf:a->set a, - surjective f

theory Teorema de Cantor
imports Main
begin

(* 1 demostracin *)

theorem
fixes f :: "'a = 'a set”
shows "= surj f”
proof (rule notI)
assume "surj f”
let 75 = "{i. i ¢ f i}”
have "3 j. ?S = f j”
using [surj f] by (simp only: surjD)
then obtain j where "?S = f j”
by (rule exE)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Imagen_inversa_de_la_interseccion_general.lean
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show False
proof (cases "j € ?7S")
assume "j € ?7S”
then have ”"j ¢ f j”
by (rule CollectD)
moreover
have "j € f j”
using [<7S = f j]| []i [ [?)S>] by (rule subst)
ultimately show False
by (rule notE)
next
assume "j ¢ ?S”
with [<7S = f j]| have "j & f j”
by (rule subst)
then have "j € 75"
by (rule CollectI)
with [[j [g 7S] show False
by (rule notE)
ged
ged

(* 27 demostracign *)

theorem
fixes f :: "'a = 'a set”
shows "= surj f”

proof (rule notI)
assume "surj f”
let IS = "{i. i ¢ f i}”
have "3 j. ?S = f j”
using [surj f] by (simp only: surjD)
then obtain j where "?S = f j”
by (rule exE)
have "j & ?S”
proof (rule notI)
assume "j € ?7S”
then have "j ¢ f j”
by (rule CollectD)
with [<7S = f j| have ”j & ?S”
by (rule ssubst)
then show False
using [<]j [g 7S] by (rule notE)
ged
moreover
have "j € ?S”



174 Capitulo 3. Ejercicios de junio de 2021

proof (rule CollectI)
show "j ¢ f j”
proof (rule notI)
assume "j € f j”
with [<7S = f j]| have ”j € ?S”
by (rule ssubst)
then have ”j ¢ f j”
by (rule CollectD)
then show False
using [j |§ f jp] by (rule notE)
ged
ged
ultimately show False
by (rule notE)
ged

(* 37 demostracign *)

theorem
fixes f :: o = "o set”
shows "= surj f”
proof
assume "surj f”
let 75 = "{i. i ¢ f i}”
have "3 j. ?S = f j” using [Jsurj f]| by (simp only: surjD)
then obtain j where ”"?S = f j” by (rule exE)
have "j ¢ ?S”
proof
assume "j € ?S”
then have ”j ¢ f j” by simp
with <75 = f jp| have ”j ¢ ?S” by simp
then show False using [<Jj [ [?S}] by simp
ged
moreover
have "j € ?S5”
proof
show "j ¢ f j”
proof
assume "j € f j”
with <75 = f jp| have "j € ?S” by simp
then have ”"j ¢ f j” by simp
then show False using [<Jj [ f j[>| by simp
ged
ged

”n



3.28. Teorema de Cantor

175

ultimately show False by simp
ged

(* 47 demostracin *)

theorem
fixes f :: o = "o set”
shows "= surj f”
proof (rule notlI)
assume "surj f”
let 75 = "{i. i ¢ f i}”
have "3 j. ?S = f j”
using [surj f] by (simp only: surjD)
then obtain j where ”"?S = f j”
by (rule exE)
have "j € ?S = (j &€ f j)”
by (rule mem Collect eq)
also have ".. = (j & 7S5)”
by (simp only: [<?S = f j))
finally show False
by (simp only: simp thms(10))
ged

n

(* 52 demostracin *)

theorem
fixes f :: o = 'a set”
shows "= surj f”

proof
assume "surj f”

let [75 = "{i. i ¢ f i}”

n

have "3 j. ?S = f j” using [surj f)>| by (simp only:

then obtain j where ”"?S = f j” by (rule exE)
have ”"j € ?S = (j ¢ T j)” by simp

also have ".. = (j ¢ ?S)” using [<7S = f jp| by simp
finally show False by simp
ged

(* 62 demostracidn *)

theorem
fixes f :: "'a = 'a set”
shows "= surj f”
unfolding surj def
by best

surijD)
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end

3.28.2. Demostraciones con Lean

-- Demostrar el teorema de Cantor:
- - Vf: a-set a, -~ surjective f

import data.set.basic
open function

variables {a : Type}

-- 12 demostracion

example : V f : a - set a, - surjective f :=
begin

intros f surjf,

let S := {i | ig f i},

unfold surjective at surjf,

cases surjf S with j fjS,

by cases j [g S,

{ apply absurd h,

rw TjS,
exact h, },
{ apply h,
rw |4 fjS at h,
exact h, },

end

-- 22 demostracion

example : V f : a - set a, - surjective f :=
begin

intros f surjf,

let S := {i | i[g f i},

cases surjf S with j fjS,

by cases j [g S,

{ apply absurd h,

rwa fjS, },
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{ apply h,
rwa H fjS at h, 1},
end

-- 32 demostracion

example : V f : a - set a, — surjective f :=
begin
intros f surjf,
let S := {i | i[g f i},
cases surjf S with j fjS,
have h : (j §S) = (j |gS), from
calc (j [g s)
(j @ fj) : set.mem set of eq
o= (] E S) : congr_arg not (congr _arg (has mem.mem j) fjS),
exact false of a eq not a h,
end

-- 42 demostracion

example : V f : a - set a, - surjective f :=
cantor _surjective

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.29. Enlos monoides, los inversos a la izquier-
da y a la derecha son iguales

3.29.1. Demostraciones con Isabelle/HOL

(* En_los monoides los inversos a la izquierda y a la derecha son iguales.thy
-- En los monoides, los inversos a la izquierda y a la derecha son iguales.
-- José A. Alonso Jiménez

-- Sevilla, 29 de junio de 2021

5
-- Un [monoide] (https://en.wikipedia.org/wiki/Monoid) es un conjunto
-- junto con una operacidén binaria que es asociativa y tiene elemento
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-- neutro.

-- En Lean, estad definida la clase de los monoides (como ‘monoid‘) y sus

-- propiedades caracteristicas son

-- assoc (a *b) *c=a* (b*c)

-- left neutral : 1 * a = a

- - right neutral : a * 1 = a

-- Demostrar que si M es un

-- lzquierda y c es un inverso de a por la derecha,

monide, a € M, b es un inverso de a por la

entonce b =

theory En_los monoides los inversos a la izquierda y a la derecha son iguales

imports Main
begin

context monoid
begin

(* 1?7 demostracign *)

right neutral)

= [I[p)
= [I[p]

lemma
assumes "b |[* a = |1”
"a |* ¢ = |1”
shows "b = c”
proof -
have "b =Db |I* |1” by (simp only:
also have ".. = b I* (a I* c)” by (simp only: [a [IJ c
also have ".. = (b |* a) |* c¢” by (simp only: assoc)
also have ".. = |1 |* c” by (simp only: [<b [I* a
also have ".. = c” by (simp only: left neutral)
finally show "b = by this
ged
(* 27 demostracign *)
lemma
assumes "b |* a = |1”
"a |* c= 11"
shows "b = c”
proof -
have "o =b |* |1” by simp
also have ".. = b I* (a I* c)” using [a [I* ¢ = [I[1] by simp
also have ".. = (b |* a) |* ¢” by (simp add: assoc)
also have ".. = |1 |* c” using [p [I* a

= [1]1p| by simp
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also have ".. = c” by simp
finally show "b = c” by this
ged

(* 37 demostracign *)

lemma
assumes "b |* a = |1”
"a I* C = Il"
shows "b = c”

using assms
by (metis assoc left neutral right neutral)

end

3.29.2. Demostraciones con Lean

-- En los monoides los inversos a la izquierda y a la derecha son iguales. lean
-- En los monoides, los inversos a la izquierda y a la derecha son iguales.

-- José A. Alonso Jiménez

-- Sevilla, 29 de junio de 2021

-- Un [monoide] (https://en.wikipedia.org/wiki/Monoid) es un conjunto
-- junto con una operacidn binaria que es asociativa y tiene elemento
-- neutro.

-- En Lean, estad definida la clase de los monoides (como ‘monoid‘) y sus
-- propiedades caracteristicas son

-- mul assoc : (a *b) *c=a * (b * c)

-- one mul : l1*a=a

- - mul one : a*1l-=a

-- Demostrar que si M es un monide, a € M, b es un inverso de a por la
-- 1zquierda y c es un inverso de a por la derecha, entonce b = c.
import algebra.group.defs

variables {M : Type} [monoid M]
variables {a b c : M}
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-- 12 demostracion

example
(hba : b *a=1)
(hac : a * ¢c = 1)
:b=c:=

begin

rw [done_mul c,

rw [hba,

rw mul assoc,

rw hac,

rw mul one b,
end

-- 22 demostracion

example
(hba : b * a =1)
(hac : a * c =1)
:b=c:=

by rw [Honé_mul C, tha, mul assoc, hac, mul one b]

-- 32 demostracion

example
(hba : b *a=1)
(hac : a * c = 1)
b =c :=
calc b =Db * 1
=b * (a * )
= (b *a) *c:
1 *c
= C

-- 42 demostracion

example
(hba : b *a=1)
(hac : a * c = 1)
:b=c:=

calc b =b *1

(mul one b).symm

: congr _arg (A x, b * x) hac.symm

(mul _assoc b a c).symm

: congr_arg (A x, x * c) hba
: one mul c

: by finish
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=b * (a * c) : by finish
= (b *a) * ¢ : (mul assoc b a c).symm
=1*¢c : by finish
= C : by finish

-- 52 demostracion

example
(hba : b *a =1)
(hac : a * c =1)
:b=c:=

left inv_eq right inv hba hac

"7-"Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

3.30. Producto _de potencias de la_misma_base en r

3.30.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En los [monoides] (https://en.wikipedia.org/wiki/Monoid) se define la

-- potencia con exponente naturales. En Isabelle/HOL la potencia x~n se
-- caracteriza por los siguientes lemas:

-- power 0O P x "0 =1

-- power Suc : x ©~ (Suc n) x = x * x ~n

-- Demostrar que

- - X"~ (m+n)=x"m*x"n

theory Producto de potencias de la misma base en monoides
imports Main
begin

context monoid mult
begin

(* 17 demostracidn *)

1

lemma "X ~ (m+n) =x 7~ m*x "~ n
proof (induct m)


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/En_los_monoides_los_inversos_a_la_izquierda_y_a_la_derecha_son_iguales.lean
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have "x ~ (0 + n) = x ~ n”
also have ".. =1 * x ~ n”

also have ".. = x ~ 0 * x ~ n”
finally show "x ~ (0 + n) =x ~ 0 * x ~ n”
by this
next
fix m
assume HI : "x 2~ (m+ n) =x ~m* x ~ n”
have "x ~ (Suc m + n) = x ~ Suc (m + n)”
also have ".. = x * x ~ (m + n)”
also have ".. = x * (x *m * x ~ n)”
also have ” (x * x~m) *x "~ n”
also have ".. = x ©~ Suc m * x ~ n”
finally show "X ~ (Suc m + n) =
by this
ged

(* 27 demostracign *)

1

lemma "X ~ (m+n) =x 7~ m* Xx "~ n
proof (induct m)

have "x ~ (0 + n) = x ~ n”

also have ".. =1 * x ~ n”

also have ".. = x ~ 0 * x ~ n”

finally show "x ©~ (06 + n) = x ~ 0 * x ©~ n”
by this

next

fix m

assume HI : "X 2~ (m+ n) =x ~m* x ~ n”

have "x ~ (Suc m + n) = x ~ Suc (m + n)”

also have ".. = x * x ~ (m + n)”

also have ".. = x * (x °m * x ~ n)”

also have ".. = (x * x *m) * x ~ n”

also have ".. = x ~ Suc m * x ~ n”

finally show ”"x ~ (Suc m + n) = x ~ Sucm*x "~ n
by this

ged
(* 37 demostracign *)

lemma "X >~ (m+n) =x 7~ m*x "n
proof (induct m)
case 0
then show [?lcase
by simp

X~ Sucm*x "~ n

by (simp only: add 0)

by (simp only: mult 1 left)
by (simp only: power 0)

by (simp only: add Suc)

by (simp only: power_ Suc)
by (simp only: HI)

by (simp only: mult assoc)
by (simp only: power Suc)

n

by simp

by simp

using HI by simp

by (simp add: mult assoc)
by simp

1
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next
case (Suc m)
then show [?case
by (simp add: algebra simps)
ged

(* 42| demostracign *)

N n

lemma "X ©~ (m + n) = x ~m * x n
by (induct m) (simp _all add: algebra simps)

A

(* 52 demostracin *)

1

lemma "X ~ (m+n) =x"m*x "n
by (simp only: power add)

end

end

3.30.2. Demostraciones con Lean

-- se caracteriza por los siguientes lemas:
-- pow zero : x™0 =1

-- pow_succ : x~(succ n) = x * x™n

-- Demostrar que

-- xX~(m + n) = x™m * x"n

import algebra.group power.basic
open monoid nat

variables {M : Type} [monoid M]
variable x : M
variables (m n : N)

-- Para que no use la notacién con puntos
set_option pp.structure projections false

-- En los [monoides](https://en.wikipedia.org/wiki/Monoid) se define la
-- potencia con exponentes naturales. En Lean la potencia x™n se
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-- 12 demostracion

example :

xI(m +n) = xIm * xIn :
begin

induction m with m HI,

{ calc XI(O +n)
X
1 * xn

o= X0 * Xn

{ calc xI(succ m+ n)
x"succ (m + n)
x * xI(m + n)

X * (xIm * xIn)

x"succ m * xn

end

-- 22 demostracion

example :

X(m + n) = xYm * xn :=
begin

induction m with m HI,

{ calc XI(O +n)
X
1 * xn

cooo= X0 % Xn

{ calc xJ(succ m + n)
xsucc (m + n)
x * xI(m + n)

X * (xm * xn)

x"succ m * x“n

end

-- 32 demostracion

example :

(monoid

: congr_arg ((I) x) (nat.zero add n)
.one_mul (xn)).symm
: congr_arg (* (xIn)) (pow zero x).symm, },

: congr_arg (([Y) x) (succ_add m n)
: pow_succ x (m + n)
: congr _arg ((*) x) HI

(x * x"m) * xn :

(monoid.mul_assoc x (xm) (xn)).symm

: by simp
: by simp
: by simp

: by simp
: by simp
: by simp

(x * x"m) * xn :

: by simp

(monoid

: congr_arg (* xIn) (pow_succ x m).symm, },

only [nat.zero add]
only [monoid.one mul]
[pow zero] },

only [succ add]
only [pow succ]
only [HI]

.mul_assoc x (xYm) (xIn)).symm

only [pow succ], 1},
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X(m + n) = x"m * xn

begin
induction m with m HI,
{ calc XI(O +n)

= X" . by simp [nat.zero add]
o= 1% X : by simp
A XIO * xIn . by simp, },
{ calc x(succ m + n)
= xMsucc (m + n) : by simp [succ_add]
= x * xN(m +n) : by simp [pow_succ]

1l
x
*

x
[ ]

3
*

x
=

: by simp [HI]

xIsucc m * xIn : by simp [pow succ], },
end

-- 42 demostracion

example :
X(m + n) = xm * X =
begin
induction m with m HI,
{ show XI(O +n) = XIO * xIn,
by simp [nat.zero add] },
{ show xI(succ m+ n) = xIsucc m * xIn,
by finish [succ add,
HI,
monoid.mul assoc,
pow succ], },
end

-- 52 demostracion

example :

X(m + n) = xm * X =

pow add x m n

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

(x * x"m) * xn : (monoid.mul assoc x (x"m) (xn)).symm


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Producto_de_potencias_de_la_misma_base_en_monoides.lean
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4.1. Equivalencia de inversos iguales al neutro

4.1.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Sea M un monoide y a, b € M tales que a * b = 1. Demostrar que a = 1
-- 51 y sé6lo si b =1.

theory Equivalencia de inversos iguales al neutro
imports Main
begin

context monoid
begin

(* 17 demostracign *)

lemma
assumes "a |* b = |1”
shows "a=]|1leb=1]1"
proof (rule iffI)
assume "a = |1”
have "b = |1 |* b” by (simp only: left neutral)
also have ".. = a |* b” by (simp only: []a = [I[1]])
also have ".. = |1” by (simp only: [<a [I* b = [I[15)
finally show "b = |1” by this
next
assume "b = |1”
have "a = a |* |1” by (simp only: right neutral)

187
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also have ".. = a |* b” by (simp only: [{b = [I1]])
also have ".. = |1” by (simp only: [<a [I* b = [I[1})
finally show "a = |1” by this

ged

(* 27 demostracign *)

lemma
assumes "a |* b = |1”
shows "a=]1leb=1]1"
proof
assume "a =
have "b = |1 |* b” by simp
also have ".. = a |* b” using [a = [I[Ip| by simp
also have ".. = |1” using [<a [IJ* b = [I]i>] by simp
finally show "b = |1” .
next
assume "b = |1”
have "a = a |* |1” by simp
also have ".. = a |* b” using [<b = [I[Ip| by simp
also have ".. = |1” using [a [IJ* b = [I]i>] by simp
finally show "a = |1” 5
ged

Il"

(* 37 demostracin *)

lemma
assumes "a |* b = |1”
shows "a=]1leb=1]1"

by (metis assms left neutral right neutral)
end

end

4.1.2. Demostraciones con Lean

-- Sea M un monoide y a, b € M tales que a * b = 1. Demostrar que a = 1
-- si y sélo si b =1.
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import algebra.group.basic

variables {M : Type} [monoid M]
variables {a b : M}

-- 12 demostracion

example
(h :a*b=1

begin
split,
{ intro al,
rw al at h,
rw one mul at h,
exact h, },
{ intro bl,
rw bl at h,
rw mul one at h,
exact h, },
end

-- 22 demostracion

example
(h :a*b=1

begin
split,
{ intro al,
calc b =1 * b : (one mul b).symm
. =a * b : congr _arg (* b) al.symm
oo =l ¢ h, },
{ intro bl,
calc a=a * 1 : (mul one a).symm
.. =a *b : congr_arg ((*) a) bl.symm
. =1 :h, },
end

-- 32 demostracion

example
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begin
split,
{ rintro rfl,
simpa using h, }
{ rintro rfl,
simpa using h, }
end

-- 42 demostracion

example
(h : a*b=1)
ta=1eb=1:=

by split ; { rintro rfl, simpa using h }

-- 52 demostracion

example
(h :a*b=1)
ta=1eb=1":
by split ; finish

-- 62 demostracion

example
(h :a*b=1)
ta=1eb=1":
by finish [iff def]

-- 72 demostracion

example
(h - a*b=1)
ca=1eb=1:=
eq one iff eq one of

~mul _eq one h

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.
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4.2. Unicidad de inversos en monoides

4.2.1. Demostraciones con Isabelle/HOL

(* _________________________________________________________
-- Demostrar que en los monoides conmutativos, si un elemento tiene un

-- inverso por la derecha, dicho inverso es lnico.

theory Unicidad de inversos en monoides
imports Main
begin

context comm monoid
begin

(* 1?7 demostracidn *)

lemma
assumes "x |* y = |1”
"X I* z = |1"
shows "y = z”
proof -
have "y = |1 |* y” by (simp only: left neutral)
also have ".. = (x I* z) I* y” by (simp only: [x [IJ* z = [I]1}))
also have ".. = (z |* x) |I* y” by (simp only: commute)
also have ".. = z |* (x |* y)” by (simp only: assoc)
also have ".. =z |* |1” by (simp only: [<x [I* y = [I[1>))
also have ".. = 2" by (simp only: right neutral)

finally show "y = z” by this

ged

(* 27 demostracign *)

lemma
assumes "x |* y = |1”
"X I* z = |1"
shows "y = z”
proof -
have "y = |1 |* y” by simp
also have ".. = (x I* z) |* y” using assms(2) by simp
also have ".. = (z |* x) |I* y” by simp
also have ".. = z |* (x |* y)” by simp
also have ".. =z |* |1” using assms(1l) by simp
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also have ".. = z" by simp
finally show "y = z” by this
ged

(* 37 demostracign *)

lemma
assumes “x |[* y = |1”
"X ¥ z = |1"
shows "y = z”
using assms
by auto

end

end

4.2.2. Demostraciones con Lean

-- Demostrar que en los monoides conmutativos, si un elemento tiene un
-- inverso por la derecha, dicho inverso es unico.

import algebra.group.basic
import tactic

variables {M : Type} [comm monoid M]
variables {x y z : M}

-- 12 demostracion

example
(hy : x *y =1)
(hz : x * z = 1)
Ly =2z =
calcy =1 *y : (one_mul y).symm

1 )

(x * z) *y : congr_arg (* y) hz.symm

(z * x) *y : congr arg (* y) (mul comm x z)
z * (x *y) : mul assoc z X y

z *1 : congr_arg ((*) z) hy

z : mul one z
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-- 22 demostracion

example
(hy : x *y =1)
(hz : x * z = 1)
Ty =2z =
calc y =1 *y -
= (x *z) *vy.:
= (z * x) *y:
=z * (x *vy)
=z *1
=z

-- 32 demostracion

example
(hy : x *y =1)
(hz : x * z=1)
ry =2z :=
calc y =1 *y
= (x*z) *y:
= (z*x) *y:
=z * (x*y)
=z *1
=z

-- 42 demostracion

example
(hy : x *y =1)
(hz : x * z =1)
Py =2z =
begin

: by

by
by

: by
: by

simp
simp
simp
simp
simp
simp

simp
simp
simp
simp
simp
simp

apply left inv_eq right inv

rw mul comm,
exact hy,
end

-- 52 demostracion

only [one mul]
only [hz]

only [mul comm]
only [mul assoc]
only [hy]

only [mul one]

[hz]
[mul comm]
[mul assoc]
[hy]

hz,
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example
(hy : x *y =1)
(hz : x * z =1)
Ty =2z =
left inv eq right inv (trans (mul comm ) hy) hz

-- 62 demostracion

example
(hy : x *y =1)
(hz : x * z =1)
ry =2z =

inv_unique hy hz

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

4.3. Caracterizacion de producto igual al pri-
mer factor

4.3.1. Demostraciones con Isabelle/HOL

-- Un monoide cancelativo por la izquierda es un monoide

-- https://bit.ly/3h4notA M que cumple la propiedad cancelativa por la
-- 1zquierda; es decir, para todo a, b € M

-- a*b=a*ceb-=c.

-- En Isabelle/HOL la clase de los monoides conmutativos cancelativos

-- por la izquierda es

-- cancel comm _monoid add y la propiedad cancelativa por la izquierda es
-- add left cancel : a+ b =a+ceb-=c

-- Demostrar que si M es un monoide cancelativo por la izquierda y
-- a, b €M, entonces
-- a+b=aeb=20

theory Caracterizacion de producto igual al primer factor
imports Main
begin


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Unicidad_de_inversos_en_monoides.lean
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context cancel comm monoid add
begin

(* 17 demostracign *)

lemma "a + b =a o b =0"
proof (rule iffI)

assume "a + b = a”

then have "a + b = a + 0” by (simp only: add 0 right)

then show "b = 0” by (simp only: add left cancel)
next

assume "b = 0"

have "a + 0 = a” by (simp only: add 0 right)

with [Jo = 0> show "a + b = a” by (rule ssubst)

ged
(* 27 demostracign *)

lemma "a + b =a < b = 0"

proof

assume "a + b = a”

then have "a + b = a + 0” by simp

then show "b = 0” by simp
next

assume "b = 0"

have "a + 0 = a” by simp

then show "a + b = a” using [o = O)| by simp
ged

(* 37 demostracign *)

lemma "a + b =a b =0"

proof -
have "(a + b =a) o (a + b =a + 0)” by (simp only: add 0 right)
also have ".. o (b = 0)" by (simp only: add left cancel)
finally show "a + b = a o« b = 0" by this

ged

(* 47 demostracin *)

lemma "a + b =a < b = 0"

proof -
have "(a + b =a) o (a + b=a + 0)” by simp
also have ".. o (b = 0)" by simp
finally show "a + b = a o« b = 0"
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ged
(* 52 demostracin *)

lemma "a + b = a - b = 0"
by (simp only: add cancel left right)

(* 62 demostracign *)

lemma "a + b =a b = 0"
by auto

end

end

4.3.2. Demostraciones con Lean

-- Un monoide cancelativo por la izquierda es un monoide

-- https://bit.ly/3h4notA M que cumple la propiedad cancelativa por la
-- lzquierda; es decir, para todo a, b € M

-- a*b=a*ceb-=c.

-- En Lean la clase de los monoides cancelativos por la izquierda es
-- left cancel monoid y la propiedad cancelativa por la izquierda es
-- mul left cancel iff : a *b=a * c e b =c

-- Demostrar que si M es un monoide cancelativo por la izquierda y
-- a, b €M, entonces
== a*b=aeob=1

import algebra.group.basic
universe u
variables {M : Type u} [left cancel monoid M]

variables {a b : M}

-- ?2 demostracion

example : a *b=a e b=1:=
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begin
split,
{ intro h,
rw | @mul_left cancel iff  ab 1,
rw mul one,
exact h, },
{ intro h,
rw h,
exact mul one a, },
end

-- 7?2 demostracion

example : a *b=a e b=1:=
calc a * b=a e a *
Lo b =

: by rw mul one
: mul left cancel iff

= O
1l
Q
*
=

-- ?2 demostracion

example : a *b=aeb=1:=
mul right eq self
-- 7?2 demostracion
example : a *b=aeb=1:=

by finish

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.
4.4. Unicidad del elemento neutro en los gru-
pPoOS

4.4.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que en los monoides conmutativos, si un elemento tiene un

-- inverso por la derecha, dicho inverso es lnico.
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198 Capitulo 4. Ejercicios de julio de 2021

theory Unicidad de inversos en monoides
imports Main
begin

context comm monoid
begin

(* 1?7 demostracign *)

lemma

assumes “x |[* y = |1”
"X |¥ z = |1"

shows "y = z”

proof -
have "y = |1 |* y” by (simp only: left neutral)
also have ".. = (x I* z) I* y” by (simp only: [x [IJ* z = [I]1}))
also have ".. = (z |I* x) |I* y” by (simp only: commute)
also have ".. = z |* (x |* y)” by (simp only: assoc)
also have ".. = z |* |1” by (simp only: [<x [I* y = [I[1>))
also have ".. = 2" by (simp only: right neutral)
finally show "y = z” by this

ged

(* 27 demostracign *)

lemma
assumes "x |[* y = |1”
"X |* z = 11"
shows "y = z”
proof -
have "y = |1 |* y” by simp
also have ".. = (x I* z) |* y” using assms(2) by simp
also have ".. = (z |* x) |I* y” by simp
also have ".. = z |* (x |* y)” by simp
also have ".. = z |* |1” using assms(1l) by simp
also have ".. = z” by simp
finally show "y = z” by this
ged

(* 3 demostracign *)

lemma
assumes "x [|* y 11"
HX I* Z = Il"
shows "y = z”
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using assms
by auto

end

end

4.4.2. Demostraciones con Lean

import algebra.group.basic

universe u
variables {G : Type u} [group G]

-- 12 demostracion

example
(e : G)
(h : VX, x*e=x)
e =1 :=
calc e =1 * e : (one mul e).symm
=1 :h1

-- 22 demostracion

example
(e : G)
(h : V¥V x, x *e =x)
e =1 :=

self eq mul left.mp (congr arg (congr arg (eq.symm (h e))))

-- 32 demostracion

example
(e : G)
(h : V¥V x, x *e =x)



200 Capitulo 4. Ejercicios de julio de 2021

re=1:=
by finish

-- Referencia

-- Propiedad 3.17 del libro "Abstract algebra: Theory and applications”
-- de Thomas W. Judson.
-- http://abstract.ups.edu/download/aata-20200730. pdf#page=49

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.5. Unicidad de los inversos en los grupos

4.5.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que si a es un elemento de un grupo G, entonces a tiene un

-- Unico inverso; es decir, si b es un elemento de G tal que a * b =1,
-- entonces b es inverso de a.

____________________________________________________________________ *)

theory Unicidad de los inversos en los grupos

imports Main

begin

context group

begin

(* 17 demostracidn *)

lemma
assumes “"a |* b = |1”
shows "inverse a = b”

proof -
have "inverse a = inverse a |* |1” by (simp only: right neutral)
also have ".. = inverse a |* (a |I* b)” by (simp only: assms(1l))
also have ".. = (inverse a |* a) |* b” by (simp only: assoc [symmetric])
also have ".. = |1 |* b” by (simp only: left inverse)
also have ".. = b” by (simp only: left neutral)
finally show "inverse a = b” by this

ged
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(* 27 demostracign *)

lemma
assumes "a |* b = |1”
shows "inverse a = b”
proof -
have "inverse a = inverse a |* |1” by simp
also have ".. = inverse a |* (a |* b)” using assms by simp
also have ”".. = (inverse a |* a) |* b” by (simp add: assoc [symmetric])
also have ".. = |1 |* b” by simp
also have ".. = b” by simp
finally show "inverse a = b”
ged

(* 37 demostracidn *)

lemma
assumes "a |* b = |1”
shows "inverse a = b”
proof -
from assms have "inverse a |* (a |I* b) = inverse a”
by simp

then show "inverse a = b”
by (simp add: assoc [symmetric])
ged

(* 47 demostracidn *)

lemma
assumes "a |[* b = |1”
shows ”"inverse a = b”
using assms
by (simp only: inverse unique)

end
end
(*

-- Referencia

-- Propiedad 3.18 del libro "Abstract algebra: Theory and applications”
-- de Thomas W. Judson.
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-- http://abstract.ups.edu/download/aata-20200730. pdf#page=49

*)

4.5.2. Demostraciones con Lean

-- Demostrar que si a es un elemento de un grupo G, entonces a tiene un
-- Unico inverso; es decir, si b es un elemento de G tal que a * b = 1,

-- entonces a-! = b.

import algebra.group.basic

universe u

variables {G : Type u} [group G]

variables {a b : G}

-- 12 demostracion

example
(h : a*b=1)
cat=b :=
calc a ! =a* *1

=a ! * (a*bhb)

1 *b
b

-- 22 demostracion

example
(h : a*b=1)
ca'!=>b:=

calc a ! =a ! *1

a-!' * (a *b)

1 *b
b

-- 32 demostracion

(mul one a~*).symm

: congr_arg ((*) a-*) h.symm
(a=* *a) *b:
: congr_arg (* b) (inv_mul self a)
: one_mul b

(mul assoc a-* a b).symm

: by simp only [mul one]
: by simp only [h]

(a-* *a) *b:
: by simp only [inv_mul self]
: by simp only [one mul]

by simp only [mul assoc]
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example

(h : a*b=1)

:a ! =b :=
calc a ! =a ' *1

a-!' * (a * b)

1 *b
b

-- 42 demostracion

example
(h :a*b=1)
cal=>b:=
calc a-! = a-! * (a * b)
= b

-- 52 demostracion

example
(h : b*a=1)
:b=a"? =
eq_inv_of mul eq one h

-- Referencia

-- Propiedad 3.18 del libro "Abstract algebra: Theory and applications”

-- de Thomas W. Judson.

-- http://abstract.ups.edu/download/aata-20200730. pdf#page=49

: by
: by
(a=* *a) *b :

by

: by
: by

: by
: by

simp
simp
simp
simp
simp

simp
simp

[h]

[h]

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.6. Inverso del producto

4.6.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Sea G un grupo y a, b € G. Entonces,

- (a * b)-1 = p-1 * g-1
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theory Inverso del producto
imports Main
begin

context group
begin

(* 17 demostracidn *)

lemma "inverse (a |* b) = inverse b |* inverse a”

proof (rule inverse unique)

have "(a |* b) |* (inverse b |* inverse a) =
((a I* b) |I* inverse b) |* inverse a”

by (simp only: assoc)

also have ".. = (a |I* (b I* inverse b)) I|* inverse a”
by (simp only: assoc)

also have ".. = (a I* |I1) I* inverse a”
by (simp only: right inverse)

also have ".. = a |* inverse a”
by (simp only: right neutral)

also have ".. = |1”
by (simp only: right inverse)

finally show "a |* b |* (inverse b |* inverse a) = |1”
by this

ged

(* 27 demostracin *)

lemma "inverse (a |* b) = inverse b |* inverse a”

proof (rule inverse unique)
have ”

(@ I* b) I* (inverse b |* inverse a) =

((a I* b) I* inverse b) |* inverse a”

by (simp only: assoc)

also have ".. = (a |* (b |* inverse b)) |* inverse a”
by (simp only: assoc)
also have ".. = (a |* |1) |* inverse a”
by simp
also have ".. = a |* inverse a”
by simp
also have ".. = |1”
by simp

finally show "a |* b |* (inverse b |* inverse a) = |1”
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ged
(* 32 demostracidn *)

lemma "inverse (a |* b) = inverse b |* inverse a”
proof (rule inverse unique)
have "a |* b |* (inverse b |* inverse a) =
a I* (b I* inverse b) |* inverse a”
by (simp only: assoc)
also have ".. = |1”
by simp
finally show "a |* b |* (inverse b |* inverse a) = |1" .
ged

(* 42| demostracign *)

lemma "inverse (a |* b) = inverse b |* inverse a”
by (simp only: inverse distrib swap)

end
end

(*
-- Referencia

-- Propiedad 3.19 del libro ”Abstract algebra: Theory and applications”
-- de Thomas W. Judson.

-- http://abstract.ups.edu/download/aata-20200730. pdf#page=49

*)

4.6.2. Demostraciones con Lean

-- Sea G un grupo y a, b € G. Entonces,
o (a * b)-1 = b-1 *x g-1

import algebra.group.basic

universe u
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variables {G : Type u} [group G]
variables {a b : G}

-- 12 demostracion

example : (a * b)-!' =b-' * a-1 :=
begin
apply inv_eq of mul eq one,
calca *b * (b-* * a1?)

= ((a *b) *b-*) *a?!: (mul assoc ).symm

= (a* (b *b-')) *a?* : congr arg (* a*) (mul assoc a )

= (a*1) * a? : congr arg2 (congr arg (mul inv self b)) rfl
=a * a! : congr_arg (* a-*) (mul one a)

=1 : mul _inv_self a

end

-- 22 demostracion

example : (a * b)-! =b-! * a-1 :=
begin
apply inv_eq of mul eq one,
calc a * b * (b~ * a-1)
((a*b) *b*) *a?! : by simp only [mul assoc]

= (a* (b* b)) *a* : by simp only [mul assoc]

= (a*1) *at? : by simp only [mul inv_self]
=a *a? : by simp only [mul one]

=1 : by simp only [mul inv self]

end

-- 32 demostracion

example : (a * b)-! =b-! * a-1 :=
begin
apply inv_eq of mul eq one,
calc a * b * (b= * a-1)
((a*b) *b-*) *a'! : by simp [mul assoc]

= (a* (b*b?*)) *a?!: by simp
= (a*1) *a:? : by simp
=a * a? : by simp
=1 : by simp,

end
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-- 42 demostracion

example : (a * b)-! = b1 * a-1 :=
mul inv rev a b

-- 52 demostracion

example : (a * b)-!' = b-1 * a-1
by simp

-- Referencia

-- Propiedad 3.19 del libro "Abstract algebra: Theory and applications”

-- de Thomas W. Judson.

-- http://abstract.ups.edu/download/aata-20200730. pdf#page=49

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.7. Inverso del inverso en grupos
4.7.1. Demostraciones con Isabelle/HOL

(* __________________________________________________

-- Sea G un grupo y a € G. Demostrar que

-- (a-1)-1 = a

theory Inverso del inverso _en grupos
imports Main
begin

context group
begin

(* 17 demostracign *)
lemma "inverse (inverse a) = a”
proof -

have "inverse (inverse a) =
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(inverse (inverse a)) |* |1”
by (simp only: right neutral)
also have ”

by (simp only: left inverse)
also have ”
by (simp only: assoc)

also have ".. = |1 |* a”
by (simp only: left inverse)
also have ".. = a”

by (simp only: left neutral)
finally show "inverse (inverse a) = a
by this

n

ged

(* 22 demostracign *)
lemma "inverse (inverse a) = a”
proof -
have "inverse (inverse a) =
(inverse (inverse a)) |I* 11"
also have
also have
also have ".. = |1 |* a”
finally show "inverse (inverse a) = a
ged

n

n

(* 32 demostracidn *)
lemma "inverse (inverse a) = a”
proof (rule inverse unique)
show "inverse a |* a = |1”
by (simp only: left inverse)
ged

(* 47 demostracin *)
lemma "“inverse (inverse a) = a”
proof (rule inverse unique)

show "inverse a |* a = |1” by simp
ged

(* 52 demostracidn *)

n

lemma "inverse (inverse a) = a
by (rule inverse unique) simp

. = lnverse (inverse a) |* (inverse a

. = (inverse (inverse a) |* inverse a)

1* a)”

I* a"

by simp

".. = inverse (inverse a) |* (inverse a |* a)” by simp
(inverse (inverse a) |* inverse a)

|* a” by simp
by simp
by simp
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(* 62 demostracign *)

n

lemma "inverse (inverse a) = a
by (simp only: inverse inverse)

(* 77 demostracin *)

n

lemma "inverse (inverse a) = a
by simp

end
end

(*
-- Referencia

-- Propiedad 3.20 del libro "Abstract algebra: Theory and applications”

-- de Thomas W. Judson.

-- http://abstract.ups.edu/download/aata-20200730. pdf#page=49

*)

4.7.2. Demostraciones con Lean

-- Sea G un grupo y a € G. Demostrar que
-- (a-1)-! =a

import algebra.group.basic
universe u
variables {G : Type u} [group G]

variables {a b : G}

-- 12 demostracion

example : (a ')t =a :=
calc (a 1) !

= (a 1)t *x1 : (mul one (a~*)-1').symm
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a—l)—l * (a—l * a)
(

(
(
1 * a
a

-- 22 demostracion

example : (a !')"! = a :=
calc (a-1)-1?

I

Q P~~~
*
)

-- 32 demostracion

example : (a-')-! = a :=
calc (a-1)-1?

I

Q P~~~
*
1)

-- 42 demostracion

example : (a ')"! =a :=

begin

apply inv_eq of mul eq one,

exact mul left inv a,
end

-- 52 demostracion

example : (a-')-! = a :=

: congr_arg ((*)
a—l)—l * a—l) * a :
: congr_arg (* a)
: one mul a

(a=*)-*) (inv_mul self a).symm
~ ) .symm
(inv_mul self a 1)

(mul assoc

: by simp only [mul one]

: by simp only [inv_mul self]
: by simp only [mul assoc]

: by simp only [inv_mul self]
: by simp only [one mul]

: by simp
: by simp
: by simp
: by simp
: by simp

inv_eq of mul eq one (mul left inv a)

-- 62 demostracion
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example : (a-')-! = a:=
inv_inv a

-- 72 demostracion

example : (a !)-! = a:=
by simp

-- Referencia

-- Propiedad 3.20 del libro "Abstract algebra: Theory and applications”

-- de Thomas W. Judson.

-- http://abstract.ups.edu/download/aata-20200730. pdf#page=49

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.8. Propiedad cancelativa en grupos

4.8.1. Demostraciones con Isabelle/HOL

(* _____________________________________

-- Sea G un grupo y a,b,c € G. Demostrar que si a * b = a* c, entonces

theory Propiedad cancelativa en grupos
imports Main
begin

context group
begin

(* 17 demostracin *)

lemma
assumes "a |* b =a |* c”
shows “hR=Nce

proof -

have "b = |1 |* b”

by (simp only: left neutral)
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also have ".. = (inverse a |* a) |* b” by (simp only: left inverse)
also have ".. = inverse a |* (a |* b)” by (simp only: assoc)
also have ".. = inverse a I* (a I* c)” by (simp only: [{a [I¥ b = a [I* cp))
also have ”".. = (inverse a |* a) |* c” by (simp only: assoc)
also have ".. = |1 |* c” by (simp only: left inverse)
also have ".. = c” by (simp only: left neutral)
finally show "b = c” by this
ged

(* 22 demostracign *)

lemma
assumes "a |[* b =a |* c”
shows "b = c”

proof -
have "b = |1 |* b” by simp
also have ".. = (inverse a |* a) |* b” by simp
also have ".. = inverse a [|[* (a |* b)” by (simp only: assoc)
also have ".. = inverse a |* (a |* c)” using [a [I* b = a [I[* >| by simp
also have ".. = (inverse a |* a) |* c¢” by (simp only: assoc)
also have ".. = |1 |* c” by simp
finally show "b = c” by simp

ged

(* 37 demostracign *)

lemma
assumes "a |* b =a |* c”
shows "b = c”

proof -
have "b = (inverse a |* a) |* b” by simp
also have ".. = inverse a |* (a |I* b)” by (simp only: assoc)
also have ".. = inverse a I* (a |* c)” using [<a [I* b = a [I[* c>| by simp
also have ".. = (inverse a |* a) |* ¢” by (simp only: assoc)
finally show "b = c” by simp

ged

(* 47 demostracidn *)

lemma
assumes “a |[* b =a |* c”
shows "b = c”

proof -

have "inverse a |* (a |* b) = inverse a |* (a |* c)”

by (simp only: [<a [I* b = a [I[* c))
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then have "(inverse a |* a) |* b = (inverse a |* a) |* c”
by (simp only: assoc)
then have "|1 |* b = |1 |* ¢”
by (simp only: left inverse)
then show "b = c”
by (simp only: left neutral)
ged
(* 52 demostracidn *)
lemma
assumes "a |[* b =a |* c”
shows Yo = @4
proof -
have "inverse a |* (a |* b) = inverse a |* (a |* c)”
by (simp only: [<a [I* b = a [I]* c))
then have " (inverse a |* a) |* b = (inverse a |* a) |* c”
by (simp only: assoc)
then have "|1 |* b = |1 |* c”
by (simp only: left inverse)
then show "b = c”
by (simp only: left neutral)
ged
(* 62 demostracidn *)
lemma
assumes “a |[* b =a |* c”
shows "b = c”
proof -
have "inverse a |* (a |* b) = inverse a |* (a |* ¢)”
using [a [I* b = a [IJ* cp] by simp
then have " (inverse a |* a) |* b = (inverse a |* a) |* c”

by
then
by
then
by

ged

(simp only: assoc)

have "|1 |* b = |1 |* c”
simp

show "b = c”

simp

(* 77 demostracign *)

lemma
assumes "a |* b =a |* c”
shows "b = c”



214 Capitulo 4. Ejercicios de julio de 2021

using assms
by (simp only: left cancel)

end
end

(*
-- Referencias

n”n

-- Propiedad 3.22 del libro "Abstract algebra: Theory and applications
-- de Thomas W. Judson.
-- http://abstract.ups.edu/download/aata-20200730.pdf

*)

4.8.2. Demostraciones con Lean

-- Sea G un grupo y a,b,c € G. Demostrar que si a * b = a* ¢, entonces
-- b =c.

import algebra.group.basic
universe u
variables {G : Type u} [group G]

variables {a b c : G}

-- 12 demostracion

example
(h: a *b=a * c)
:b=c:
calc b

1 *b : (one_mul b).symm
(a-* * a) * b : congr_arg (* b) (inv _mul self a).symm
a ! * (a*b):mul assoc a* ab

=a** (a*c): congr.arg ((*) a*) h
(
1
C

a-! *a) * c: (mul assoc a-* a c).symm
* C : congr _arg (* c¢) (inv_mul self a)
: one_mul c
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-- 22 demostracion

example
(h: a*b=a * c)
:b=c:
calc b

-- 32 demostracion

example
(h: a *b=a * c)
b =c:
calc b

-- 42 demostracion

example
(h: a*b=a * c)
:b=c:=

calc b =a* * (a * b)

a ' * (a* c)
. =C

-- 42 demostracion

example
(h: a*b=a * c)
:b=c:=

begin

: by

: by
: by
: by
: by
: by

: by
: by
: by
: by

: by
: by

rw one _mul

rw inv_mul self
rw mul _assoc

rw h

rw mul _assoc

rw inv_mul self
rw one mul

simp

simp

simp

simp [h]

simp

simp

simp

simp

simp [h]

simp
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have hl : a-* * (a * b)
{ by finish [h] },

have h2 : (a-* *a) *b = (a* *a) *c,
{ by finish },

have h3 : 1 * b =1 * c,
{ by finish },

have h3 : b = ¢,
{ by finish },

exact h3,

end

afl * (a * C),

-- 42 demostracion

example
(h: a*b=a *c)
:b=c:=
begin
have : a-' * (a * b) =a-* * (a * ),
{ by finish [h] },
have h2 : (a-* *a) *b = (a* *a) *c,
{ by finish },
have h3 : 1 * b =1 * c,
{ by finish },
have h3 : b = ¢,
{ by finish },
exact h3,
end

-- 42 demostracion

example
(h: a*b=a *«c
:b=c:=
begin
have hl : a-* * (a * b) =a* * (a * c),
{ congr, exact h, },
have h2 : (a-' * a) *b = (a-* *a) * c,
{ simp only [h1l, mul assoc], 1},
have h3 : 1 *b =1 * c,
{ simp only [h2, (inv_mul self a).symm], },
rw one_mul at h3,
rw one mul at h3,
exact h3,
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end

-- 52 demostracion

example
(h: a *b=a * c)
:b=c:=

mul left cancel h

-- 62 demostracion

example
(h: a*b=a *c)
:b=c :=

by finish

-- Referencias

-- Propiedad 3.22 del libro "Abstract algebra: Theory and applications”

-- de Thomas W. Judson.

-- http://abstract.ups.edu/download/aata-20200730.pdf

Se puede interactuar con las pruebas anteriores en esta sesion con Lean.

4.9. Potencias de potencias en monoides

4.9.1. Demostraciones con Isabelle/HOL

-- En los [monoides] (https://en.wikipedia.org/wiki/Monoid) se define la
-- potencia con exponentes naturales. En Lean la potencia x"n se
-- Sse caracteriza por los siguientes lemas:

-- power O : x ~ 0 =1
-- power Suc : x ©~ (Suc n) x = x * x ©

-- Demostrar que si M, a € My m, n € N, entonces

- - a~(m * n) = (a”m)”™n

-- Indicacién: Se puede usar el lema
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-- power add : a~(m + n) = a™m * a™n

theory Potencias de potencias en monoides
imports Main
begin

context monoid mult
begin

(* 17 demostracin *)

lemma "a”(m * n) = (a”™m)”™n”
proof (induct n)
have "a ~ (m * 0) =a ~ 0"
by (simp only: mult 0 right)

also have ".. = 1"
by (simp only: power 0)
also have ".. = (a ~ m) ©~ 0"

by (simp only: power 0)

finally show "a ~ (m * @) = (a ~ m) ~ 0"
by this

next

fix n

assume HI : "a ~ (m * n) = (@ “ m) °~ n

have "a ~ (m * Suc n) =a ™ (m+ m * n)
by (simp only: mult Suc right)

1

n

also have ".. =a " m *a ™ (m * n)”
by (simp only: power add)

also have ".=a " m* (a ~m) ~ n”
by (simp only: HI)

also have ".. = (a ~ m) ©~ Suc n”

by (simp only: power Suc)
finally show "a ~ (m * Suc n) = (a ~ m) ©~ Suc n”
by this
ged

(* 27 demostracign *)

lemma "a”~(m * n) = (a”m)™n”
proof (induct n)

have "a ~ (m * 0) = a ~ 0" by simp
also have ".. = 1" by simp
also have ".. = (a ~ m) ©~ 0" by simp

finally show "a ~ (m * 0) = (a ~ m) ~ 0" .



4.9. Potencias de potencias en monoides

219

next
fix n
assume HI : "a ~ (m * n) = (a ~ m) ~ n”
have "a ~ (m * Suc n) =a ~ (m+m * n)” by simp
also have ". =a ~m* a ™ (m * n)” by (simp add: power add)
also have ".. =a ~“m* (a ~m) ~ n” using HI by simp
also have ".. = (a ~ m) © Suc n” by simp

a (m * Suc n) =
(@ m) ©~ Suc n”

finally show
ged
(* 37 demostracign *)
lemma "a”(m * n) = (a”™m)”™n”
proof (induct n)

case 0

then show [?case by simp
next

case (Suc n)

then show Icase by (simp add: power_add)
ged

(* 47 demostracidn *)

lemma "a”(m * n) = (a”™m)”™n”
by (induct n) (simp all add: power add)

(* 52 demostracidn *)

lemma "a”~(m * n) = (a”m)"™n”
by (simp only: power mult)

end

end

4.9.2. Demostraciones con Lean

-- se caracteriza por los siguientes lemas:
-- pow _zero : x~0 = 1

-- En los [monoides] (https://en.wikipedia.org/wiki/Monoid) se define la
-- potencia con exponentes naturales. En Lean la potencia x"n se
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-- pow_succ’ : x~(succ n) = x * x™n

-- Demostrar que si M, a € My m, n € N, entonces
- - a~(m * n) = (a”m)"™n

-- Indicacién: Se puede usar el lema

-- pow add : a~(m + n) = a™m * a™n

import algebra.group power.basic
open monoid nat

variables {M : Type} [monoid M]
variable a : M

variables (m n : N)

-- Para que no use la notacién con puntos
set_option pp.structure projections false

-- 12 demostracion

example : af(m * n) = (am)[) :=

begin
induction n with n HI,

{ calc d(m * 0)

= anp : congr_arg ((Y) a) (nat.mul zero m)
=1 ! pow_zero a
.. = (aymo : (pow_zero (a"m)).symm },
{ calc aj(m * succ n)
=am*n+m : congr arg (() a) (nat.mul succ m n)

a(m * n) * a’m : pow add a (m * n) m

(am)n * am  : congr arg (* am) HI

(am)[Y(succ n) : (pow succ’ (a”m) n).symm },

end

-- 22 demostracion

example : af(m * n) = (am)[ :=

begin
induction n with n HI,
{ calc ay(m * 0)
= a : by simp only [nat.mul zero]
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{ calc

end

1
(am)[e

aN(m * succ n)

a(m * n +m

(a"m)[h * a’m
(a"m)Nsucc n

-- 32 demostracion

example
begin

induction n with n HI,

a(m * 0)

{ calc

{ calc

end

a
=1

o
(am) e

a(m * succ n)

am * n + m

(aIm)In * aIm
(a"m)[succ n

-- 42 demostracion

example
begin

s af(m * n) = (a’m)n :

induction n with n HI,

{ by simp [nat.mul zero] },

{ by simp [nat.mul succ,

end

pow add,
HI,
pow succ’] },

-- 52 demostracion

example

s af(m * n) = (a’m)n :

: by simp only [pow zero]
: by simp only [pow zero] },

: by simp only [nat.mul succ]
a(m * n) * am :

by simp only [pow_add]

: by simp only [HI]
: by simp only [pow succ’] 1},

ca(m * n) = (am)n :=

: by simp [nat.mul zero]
: by simp
: by simp },

: by simp [nat.mul succ]
a(m * n) * am :
: by simp [HI]

: by simp [pow _succ’] 1},

by simp [pow_add]
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begin
induction n with n HI,
{ rw nat.mul zero,
rw pow_zero,
rw pow zero, },
{ rw nat.mul succ,
rw pow_add,
rw HI,
rw pow succ’, }
end

-- 62 demostracion

example : a(m * n) = (&m)[ :=

begin

induction n with n HI,

{ rw [nat.mul zero, pow zero, pow zero] },

{ rw [nat.mul succ, pow add, HI, pow succ’] }
end

-- 72 demostracion

example : a(m * n) = (am)[ :=

pow mul a m n

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.10. Los monoides booleanos son conmutati-
VOS

4.10.1. Demostraciones con Isabelle/HOL

(F = m e m e e e e
-- Un monoide M es booleano si

- - VXEM x*x=1

-- y es conmutativo si

-- VxyE€eM x*y=y*x

-- Demostrar que los monoides booleanos son conmutativos.
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theory Los monoides booleanos son conmutativos
imports Main
begin

context monoid
begin

(* 17 demostracign *)

lemma

assumes "V x. x [|[* x = |1”

shows "' X y. x |*y =y |*¥ x"
proof (rule allIl)+

fix a b

have "a |* b = (a I* b) |I* |1
by (simp only: right neutral)

also have ".. = (a I* b) I* (a I* a)”
by (simp only: assms)

also have ”".. = ((a I* b) I* a) I* a”
by (simp only: assoc)

also have ".. = (a I* (b I* a)) I* a”
by (simp only: assoc)

also have ".. = (I1 I* (a I* (b I* a))) I* a”
by (simp only: left neutral)

also have ".. = ((b I* b) I* (a I* (b I* a))) I* a”
by (simp only: assms)

also have ".. = (b I* (b I* (a I* (b I* a)))) I* a”
by (simp only: assoc)

also have ".. = (b I* ((b I* a) I* (b I* a))) I* a”
by (simp only: assoc)

also have ".. = (b |* |1) |* a&”
by (simp only: assms)

also have ".. = b |* a”

by (simp only: right neutral)
finally show "a |* b = b [* a”
by this
ged

(* 27 demostracign *)

lemma
assumes "V x. x |* x = |1”
shows "' X y. x |*y =y |* x"

proof (rule allIl)+
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fix a b
have "a |* b = (a |* b) |* |1” by simp
also have ” (a I* b) I* (a I* a)” by (simp add: assms)
also have ” ((a I* b) I*a) I* a” by (simp add: assoc)
also have ".. = (a |* (b |* a)) |I* a” by (simp add: assoc)
also have ".. = (I1 I* (a I* (b I* a))) I* a” by simp
also have ".. = ((b I* b) I* (a I* (b I* a))) I* a” by (simp add: assms)
also have ” (b I1* (b I* (aI* (b I*a)))) I* a” by (simp add: assoc)
also have ” (b 1* ((b I*a) I* (b I*a))) I* a” by (simp add: assoc)
also have ".. = (b |I* |1) |* a” by (simp add: assms)
also have ".. = b |* a” by simp
finally show "a |* b = b |* a” by this

ged

(* 372 demostracign *)

lemma
assumes "V x. x [|[* x = |1”
shows "V xvy. x |*y=y |* X"

proof (rule allIl)+
fix a b
have "a |* b = (a |* b) |* (a |* a)” by (simp add: assms)
also have ".. = (a |* (b I* a)) I* a” by (simp add: assoc)
also have ".. = ((b I* b) I* (a I* (b I* a))) I* a” by (simp add: assms)
also have ".. = (b |I* ((b I* a) I* (b I* a))) I* a” by (simp add: assoc)
also have ".. = (b |* |1) |* a" by (simp add: assms)
finally show "a |* b = b [* a” by simp

ged

(* 42 demostracidn *)

lemma
assumes "V x. x |[* x = |1”
shows "' Xy. x I*y =y |*¥ X"

by (metis assms assoc right neutral)
end

end
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4.10.2. Demostraciones con Lean

-- Un monoide es un conjunto junto con una operacidén binaria que es

-- asociativa y tiene elemento neutro.

-- Un monoide M es booleano si
- - VXEM x*x=1

-- y es conmutativo si

oL Vxy€eEM x*y=y*x

-- En Lean, estd definida la clase de los monoides (como ‘monoid‘) y sus

-- propiedades caracteristicas son

-- mul assoc : (a *b) *c=a * (b * c)
- - one_mul : l1*a-=a

-- mul one : a*l-=a

-- Demostrar que los monoides booleanos son conmutativos.

import algebra.group.basic

example
{M : Type} [monoid M]
(h : ¥ x: M x*x=1)
V¥V Xxy M x*y=y*x:=
begin
intros a b,
calc a * b
= (a *b) *1
(mul one (a * b)).symm
. = (a*b)* (a* a)
: congr_arg ((*) (a*b)) (h a).symm
.= ((a*b) *a)*a
(mul _assoc (a*b) a a).symm
.=(a* (b*a)) *a
: congr_arg (* a) (mul assoc a b a)
.= (1 * (a* (b*a))) *a
: congr_arg (* a) (one _mul (a*(b*a))).symm
.= ((b*b) *(a*(b*a)))*a
: congr_arg (* a) (congr_arg (* (a*(b*a))) (h b).symm)
.=(b*(b* (a* (b*a)))) *a
: congr_arg (* a) (mul assoc b b (a*(b*a)))
.= (b* ((b*a)*(b*a))) *a
: congr_arg (* a)

(congr _arg ((*) b) (mul assoc b a (b*a)).symm)
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(b * 1) * a

: congr_arg (* a) (congr_arg ((*) b) (h (b*a)))
b * a

: congr_arg (* a) (mul one b),

end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.11. Limite de sucesiones constantes

4.11.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, una sucesién ue, U1, U2, ... Se puede representar

-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

-- definition limite :: "(nat = real) - real - bool”

-- where ”limite u ¢ o (Ve>0. 3Ik::nat. Vnz=k. lun - c! < €)”

-- Demostrar que el limite de la sucesién constante c es c.

theory Limite de sucesiones constantes
imports Main HOL.Real
begin

definition limite :: ”"(nat = real) = real = bool”
where "limite u c « (Ve>0. Jk::nat. Vn=zk. jun - c} < €)”

(* 17 demostracin *)

lemma "limite (A n. c) c”
proof (unfold limite def)
show "Ve>0. 3Jk::nat. Vn=k. |c - c|] < €
proof (intro allI impI)
fix € :: real
assume "0 < g”
have "Vn=0::nat. |c - c} < g”
proof (intro allI impI)

1

fix n :: nat
assume "0 = n”
have "c - ¢ = 0"
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by (simp only: diff self)

then have "|c - c] = 0"
by (simp only: abs eq 0 iff)
also have ".. < €”

by (simp only: IO < EI)
finally show "|c - c| < g”
by this
ged
then show "3k::nat. Vnzk. |c - c| < €”
by (rule exI)
ged
ged

(* 27 demostracign *)

lemma "limite (A n. c) c”

proof (unfold limite def)
show "Ve>0. 3Jk::nat. Vnzk. |c - c| < €
proof (intro alll impI)

1

fix € :: real
assume "0 < g”
have "Vn=0::nat. !c - c! < g” by (simp add: [0 < €)))
then show "3k::nat. Vn=k. !c - c| < €” by (rule exI)
ged

ged
(* 32 demostracidn *)
lemma "limite (A n. c) c”
unfolding limite def
by simp
(* 4E demostraciin *)

lemma "limite (A n. c) c”
by (simp add: limite def)

end

4.11.2. Demostraciones con Lean
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-- En Lean, una sucesidén ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesién u, por

- - def limite : (N> R) - R -» Prop :=

-- Aua, Ve>0, AN, VYVn=N, |[un- a|] <g¢

-- donde se usa la notacidén |x| para el valor absoluto de x
-- notation ‘|‘x‘|‘ := abs x

-- Demostrar que el limite de la sucesidén constante c es c.

import data.real.basic

variable (u : N - R)
variable (c : R)

1

notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R - Prop :=
Aua, Ve>0, 3N, Vn=N, |[un-a|] <¢g

-- 12 demostracion

example :
limite (A n, c) c :=
begin
unfold limite,
intros € heg,
use 0,
intros n hn,
dsimp,
simp,
exact hg,
end

-- 22 demostracion

example :

limite (A n, c) c :=
begin

intros € hg,
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use 0,

rintro n -,

norm_num,

assumption,
end

-- 32 demostracion

example :

limite (A n, c) c :=
begin

intros € hg,

use 0,

intros n hn,
calc |[(A n, ¢c) n - ]|

= |c - c| : rfl
. =0 : by simp
. < € . he

end

-- 42 demostracion

example :

limite (A n, c) c :=
begin

intros € hg,

by finish,
end

-- 52 demostracion

example :
limite (A n, c) c
A € he, by finish

-- 62 demostracion

example :

limite (A n, c) c :=
assume €,
assume he : € > 0,
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exists.intro 0
( assume n,
assume hn : n = 0,
show |(A n, ¢) n - c| <¢g, from
calc |(A n, c) n - c|

= |c - c| : rfl
. =0 : by simp
. < € : he)

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.12. Unicidad del limite de las sucesiones con-
vergentes

4.12.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, una sucesién ue, U1, Uz, ... Se puede representar

-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

-- definition limite :: "(nat = real) = real = bool”

- - where ”limite u ¢ « (Ve>0. 3k::nat. VYn=k. lun - c} < g)”

-- Demostrar que cada sucesién tiene como maximoun limite.

theory Unicidad del limite de las sucesiones convergentes
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u ¢ « (Ve>0. Jk::nat. Vnzk. jun - c}] < g)”

lemma aux :
assumes "“limite u a”
"limite u b”
shows "b = a”
proof (rule ccontr)
assume "- b = a”
let e = "b - a”
have "0 < ?g/2"


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Limite_de_sucesiones_constantes.lean

4.12. Unicidad del limite de las sucesiones convergentes

231

using [~ b = a}| by auto
obtain A where hA : "Vn=A. !un - al < ?g/2"
using assms(1) limite def [0 < [fle/2)| by blast
obtain B where hB : "Vn=B. 'un - b! < ?g/2”
using assms(2) limite def {0 < [Zle/2)| by blast
let C = "max A B”
have hCa : "Vn=?C. lu n - a} < ?g/2"
using hA by simp
have hCb : "Vn=?C. lu n - b} < ?g/2"
using hB by simp
have "Vn=?C. }a - b} < 7¢”
proof (intro alll impI)
fix n assume "n = ?C”
have "la - b} = {(a - un) + (un - b)!” by simp
also have ".. = lun - al + lun - b!” by simp
finally show "}ja - b} < b - a”
using hCa hCb [{n = [7[C>]| by fastforce
ged
then show False by fastforce
ged

theorem

assumes "“limite u a”

"limite u b”

shows "a = b"”
proof (rule antisym)

show "a = b” using assms(2) assms(1l) by (rule aux)
next

show "b = a” using assms(1l) assms(2) by (rule aux)
ged

end

4.12.2. Demostraciones con Lean

-- En Lean, una sucesidén ue, U1, U2, ... Se puede representar mediante

-- una funcién (u : N - R) de forma que u(n) es un.
-- Se define que a es el limite de la sucesidén u, por
- - def limite : (N> R) »> R -» Prop :=

-- Aua, YVe>0, AN, Yn=N, |[un-a| <e¢

-- donde se usa la notacidén |x| para el valor absoluto de x
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{

-- notation “|‘x‘|‘ := abs x

-- Demostrar que cada sucesién tiene como maximo un limite.

import data.real.basic

variables {u : N - R}
variables {a b : R}

notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R -» Prop :=
Auc, Ve>0, 3N, Vn=N, |[un-c| <¢€

-- 12 demostracion

lemma aux
(ha : limite u a)
(hb : limite u b)
:b=sa:=
begin
by contra h,
set € := b - a with he,
cases ha (&/2) (by linarith) with A hA,
cases hb (&€/2) (by linarith) with B hB,
set N := max A B with hN,
have hAN : A = N := le max _left A B,
have hBN : B = N := le max_right A B,
specialize hA N hAN,
specialize hB N hBN,
rw abs 1t at hA hB,
linarith,
end

A

example
(ha : limite u a)
(hb : limite u b)
ca=>b :=
le antisymm (aux hb ha) (aux ha hb)

-- 22 demostracion
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example
(ha : limite u a)
(hb : limite u b)

ca=b :=
begin
by contra h,
wlog hab : a < b,
{ have : a<bva=bvb<a:=1t trichotomy a b,
tauto },
set € := b - a with he,

specialize ha (&/2),

have he2 : €/2 > 0 := by linarith,
specialize ha he2,

cases ha with A hA,

cases hb (€/2) (by linarith) with B hB,
set N := max A B with hN,

have hAN : A = N := le max_left A B,
have hBN : B = N := le max right A B,

specialize hA N hAN,
specialize hB N hBN,
rw abs 1t at hA hB,
linarith,

end

-- 32 demostracion

example
(ha : limite u a)
(hb : limite u b)

ca=b :=
begin
by contra h,
wlog hab : a < b,
{ have : a<bva=bvb<a:=1t trichotomy a b,
tauto },
set € := b - a with he,

cases ha (&/2) (by linarith) with A hA,
cases hb (€/2) (by linarith) with B hB,
set N := max A B with hN,

have hAN : A = := le max_left A B,
have hBN : B = := le max_right A B,
specialize hA N hAN,

specialize hB N hBN,

rw abs 1t at hA hB,

N
N
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linarith,
end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.13. Limite cuando se suma una constante
4.13.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, una sucesién ue, U1, Uz, ... Se puede representar

-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesién u, por

-- definition limite :: "(nat = real) =» real = bool”

- - where ”limite u ¢ « (Ve>0. 3k::nat. VYnz=k. lun - c} < ¢g)”

-- Demostrar que si el limite de la sucesién u(i) es a y c € R,

-- entonces el limite de u(i)+c es a+c.

theory Limite cuando_se suma una constante
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u c « (Ve>0. 3Fk::nat. Vn=zk. !lun - c! < €)”

(* 17 demostracign *)

lemma
assumes "limite u a”
shows "limite (Ai. ui+c) (a+ c)”

proof (unfold limite def)
show "Ve>0. Ik. Vn=k. jun +c - (a+cC)} <¢€
proof (intro alll impI)
fix € :: real
assume "0 < g”
then have ”"3k. Vn=k. jun - a} < ¢g”
using assms limite def by simp
then obtain k where "Vnzk. lun - al < g”
by (rule exE)
then have "Vn=k. jlun +c - (a +c)] < ¢

n

14
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by simp
then show "3k. Vnzk. jun+c - (a +c)} <¢€”
by (rule exI)
ged
ged

(* 2 demostraciin *)

lemma
assumes “limite u a”
shows "limite (A 1. u i+ c) (a + c)”
using assms limite def
by simp
end

4.13.2. Demostraciones con Lean

-- En Lean, una sucesién ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesién u, por

-- def limite : (N> R) - R - Prop :=

- - Aua, Ye>0, AN, Yn=N, |[un-a| <¢g¢

-- donde se usa la notacidén |x| para el valor absoluto de x
-- notation “|‘x‘|‘ := abs x

-- Demostrar que si el limite de la sucesidén u(i) es a y ¢ € R, entonces
-- el limite de u(i)+c es a+c.

import data.real.basic
import tactic

variables {u : N - R}
variables {a c : R}

]

notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R - Prop :=
Auc, Ve>0, 3N, Vn=N, |[un-c| <¢€
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-- 12 demostracion

example
(h : limite u a)

: limite (A i, ui+c) (a +c) :=

begin
intros € heg,
dsimp,

cases h € he with k hk,

use k,
intros n hn,

calc lun+c¢ - (a+ c)]

= |lun - aj
. < €
end

-- 22 demostracion

example
(h : limite u a)

: by norm_num
: hk n hn,

: limite (A i, u i+ c) (a +c) :=

begin
intros € heg,
dsimp,

cases h € he with k hk,

use k,
intros n hn,

convert hk n hn using 2,

ring,
end

-- 32 demostracion

example
(h : limite u a)

: limite (A i, u i + c) (a

begin
intros € heg,
convert h € heg,
by norm_num,
end
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-- 42 demostracion

example

(h : limite u a)

: limite (A i, u i+ c) (a + c) :=
A € he, (by convert h € he; norm _num)

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.14. Limite de la suma de sucesiones conver-
gentes

4.14.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, una sucesién ue, U1, Uz, ... Se puede representar

-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

-- definition limite :: ”"(nat = real) = real = bool”

- - where ”limite u ¢ o (Ve>0. 3Ik::nat. Vnzk. lun - c} < €)”

-- Demostrar que el limite de la suma de dos sucesiones convergentes es
-- la suma de los limites de dichas sucesiones.

theory Limite de la suma de sucesiones convergentes
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u c « (Ve>0. Jk::nat. Vn=zk. jun - c}] < €)”

(* 17 demostracin *)

lemma
assumes “limite u a”
"limite v b”
shows "limite (A n. un + v n) (a + b)”
proof (unfold limite def)
1
1

show "Ve>0. 3k. Vnzk. |(un+vn) - (a+b) <¢g”
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proof (intro allI impI)
fix € :: real
assume "0 < g”
then have "0 < g£/2"
by simp
then have ”"3k. Vn=k. !un - a} < g/2"
using assms(1l) limite def by blast
then obtain Nu where hNu : ”"¥Vn=Nu. !'u n - a! < /2"
by (rule exE)
then have "3k. Vn=k. v n - b} < g/2"
using [0 < £/2)| assms(2) limite def by blast
then obtain Nv where hNv : "¥n=Nv. !v n - b! < g/2”
by (rule exE)
have "Vn=max Nu Nv. }(un+van) - (a+b) <¢g”
proof (intro alll impI)

fix n :: nat

assume “n = max Nu Nv”

have "{(un+vn) - (@a+Db)}] =1(un-a)+ (vn-nDhb}”
by simp

also have ".. < 'un - a! + !'vn - b!”
by simp

also have ".. < €/2 + /2"

using hNu hNv [<max Nu Nv = n| by fastforce
finally show "!(un + v n) - (a+b)! <¢g”
by simp
ged
then show ”"3k. Vn=k. jlun+vn- (a+b) <c¢
by (rule exI)
ged
ged

n

(* 22 demostracign *)

lemma
assumes "limite u a”
"limite v b”
shows "limite (A n. un+ v on) (a + b)”
proof (unfold limite def)
show "Ve>0. Ik. Vn=k. '(un+vn) - (a +Db)! <¢g”
proof (intro alll impI)
fix € :: real
assume "0 < g”
then have "0 < €/2” by simp
obtain Nu where hNu : ”"¥n=Nu. !u n - a} < &€/2"
using [0 < &/2)| assms(1) limite def by blast
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obtain Nv where hNv : "Vnz=Nv. v n - b} < g/2”
using [0 < €/2p| assms(2) limite def by blast

have "Vn=max Nu Nv. }(un+van) - (a+b) <¢g”
using hNu hNv
by (smt (verit, ccfv _threshold) field sum of halves max.boundedE)

then show ”"3k. Vn=k. 'un+vn - (a+b)l <eg?”
by blast

ged
ged

end

4.14.2. Demostraciones con Lean

-- En Lean, una sucesién ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

- - def limite : (N> R) > R -» Prop :=

-- Aua, Ye>0, AN, Yn=N, |[un-a| <g¢

-- donde se usa la notacidn |x| para el valor absoluto de x
-- notation ‘|‘x‘|‘ := abs x

-- Demostrar que el limite de la suma de dos sucesiones convergentes es
-- la suma de los limites de dichas sucesiones.

import data.real.basic

variables (u v : N - R)
variables (a b : R)

notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R - Prop :=
Auc, Ve>0, 3N, Vn=N, |[un-c| <¢g

-- 12 demostracion

example
(hu : limite u a)
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(hv : limite v b)
: limite (u + v) (a + b) :=
begin

intros € hg,
have he2 : 0 < € / 2,

{ linarith },
cases hu (g€ / 2) he2 with Nu hNu,
cases hv (g / 2) heg2 with Nv hNv,
clear hu hv he2 hg,
use max Nu Nv,
intros n hn,
have hni : n = Nu,

{ exact le of max le left hn },
specialize hNu n hni,
have hnz : n = Ny,

{ exact le of max le right hn },
specialize hNv n hnz,
clear hn hni hnz Nu Nv,
calc |[(u+vVv) n - (a + b)]

= |[(un+vn) - (a+b)| : by refl
[(un-a) + (vn - b)| : by {congr, ring}

<= |un-al + |vn- b : by apply abs add
<g/2+¢€ /2 : by linarith
=€ : by apply add halves,

end

-- 22 demostracion

example
(hu : limite u a)
(hv : limite v b)
: limite (u + v) (a + b) :=
begin
intros € hg,
cases hu (&/2) (by linarith) with Nu hNu,
cases hv (€/2) (by linarith) with Nv hNv,
use max Nu Nv,
intros n hn,

have hni1 : n = Nu := le of max le left hn,
specialize hNu n hni,
have hnz : n = Nv := le of max le right hn,

specialize hNv n hnz,
calc |[(u+vVv) n - (a + b)|
= [(un+vn) - (a+b) : by refl
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[(un-a) + (vn - b)| : by {congr, ring}

<= |un-al + |vn- b : by apply abs add
<&g/ 2+¢€ /2 : by linarith
=€ : by apply add halves,

end

-- 32 demostracion

lemma max_ge iff
{a : Type*}
[linear_order a]
{fpagr:a}
r=max pq er=pAr=4q :=
max_le iff

example
(hu : limite u a)
(hv : limite v b)
: limite (u + v) (a + b) :=
begin
intros € heg,
cases hu (g€/2) (by linarith) with Nu hNu,
cases hv (g€/2) (by linarith) with Nv hNv,
use max Nu Nv,
intros n hn,
cases max_ge iff.mp hn with hni hnz,

have cota: : |un - al < &/2 := hNu n hnu,

have cotaz : |[vn - b|] <&/2 := hNv n hnz,

calc |[(u+vVv) n - (a + b)]
=|lun+vn- (a+b)| : by refl
= |[(un-a) + (vn-Db)| : by { congr, ring }
< |un-al +|vn- Db : by apply abs add
< € : by linarith,

end

-- 42 demostracion

example

(hu : limite u a)

(hv : limite v b)

- limite (u + v) (a + b) :=
begin

intros € hg,
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cases hu (&/2) (by linarith) with Nu hNu,
cases hv (g/2) (by linarith) with Nv hNv,

use max Nu Nv,
intros n hn,

cases max_ge iff.mp hn with hni hnz,

calc |[(u+vVv) n - (a + b)]
[lun+vn- (a+b)]
[(un-a) + (vn-b)|
[un-al + |vn- Db
€/2 + €/2

€

A A

end

-- 52 demostracion

example

(hu : limite u a)

(hv : limite v b)

: limite (u + v) (a + b) :=
begin

intros € heg,

: by refl

: by { congr, ring }

: by apply abs add

: add 1t add (hNu n hni) (hNv n hn2)
: by simp

cases hu (g/2) (by linarith) with Nu hNu,
cases hv (g€/2) (by linarith) with Nv hNv,

use max Nu Nv,

intros n hn,

rw max ge iff at hn,

calc |[(u+vVv) n - (a + b)]
[lun+vn- (a+b)]
[(un-a) + (vn-b)|
[un-al + |vn- Db

3

A A

end

-- 62 demostracion

example

(hu : limite u a)

(hv : limite v b)

. limite (u + v) (a + b) :=
begin

intros € Hg,

: by refl

: by { congr, ring }

: by apply abs add

: by linarith [hNu n (by linarith), hNv n (by linarith)

cases hu (g/2) (by linarith) with L HL,
cases hv (g/2) (by linarith) with M HM,
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set N := max L M with hN,

use N,
have HLN : N = L := le max left
have HMN : N = M := le max_right  ,
intros n Hn,
have H3 : |un - a|] < &/2 := HL n (by linarith),
have H4 : |v n - b| < &/2 := HM n (by linarith),
calc |[(u+vVv) n - (a + b)]
= |[(un+vn) - (a+b)| : by refl
= |(un-a)+ (vn-b)| : by { congr, ring }
<= |(un-a)| + |(vn-Db)| : by apply abs add
< g/2 + €/2 : by linarith
= € : by ring
end

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

4.15. Limite multiplicado por una constante

4.15.1. Demostraciones con Isabelle/HOL

-- En Isabelle/HOL, una sucesién ue, U1, Uz, ... Se puede representar
-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesién u, por
-- definition limite :: ”"(nat = real) = real = bool”
- - where ”limite u ¢ « (Ve>0. 3k::nat. VYnz=k. lun - c} < g)”

-- Demostrar que que si el limite de u(i) es a, entonces el de
-- c*u(i) es c*a.

theory Limite multiplicado por una constante
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u c o (Ve>0. dk::nat. Vn=k. lun - c}] < g)”

lemma
assumes "limite u a”
shows "limite (A n. ¢ * un) (c * a)”
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proof (unfold limite def)
show "Ve>0. 3k. Vnzk. |c *un - c * al <¢g”
proof (intro allI impI)
fix € :: real
assume "0 < g”
show ”"3k. Vn=k. |c *un - c * a}] < ¢”
proof (cases "c = 0")
assume "c = 0"
then show "3k. Vnzk. |c *un - c * a}] < ¢g”
by (simp add: {0 < €}|)
next
assume "c # 0"
then have "0 < |c}”
by simp
then have "0 < g/|c}”
by (simp add: [0 < )|

then obtain N where hN : "Vn=N. 'un - a! < g/!c!”
using assms limite def
by auto

have "Vnz=N. |c * un - c * a}] < ¢g”
proof (intro alll impI)

fix n

assume "n = N”

have "|c *un-c *a} =1|c* (un - a)}”
by argo

also have ".. = ic! * lun - al”

by (simp only: abs mult)
also have ".. < !c! * (g/'c!)”
using hN [n = Np| [<p < [i]di>]
by (simp only: mult strict left mono)
finally show "!c * un - c * a} < €”
using [0 < [i]di>]
by auto
ged
then show ”"3k. Vnz=k. |c * un - c * a}] < &”
by (rule exI)
ged
ged
ged

end
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4.15.2. Demostraciones con Lean

-- En Lean, una sucesién ue, Ui, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

-- def limite : (N> R) - R -» Prop :=

- - Aua, Ye>0, AN, Yn=N, |[un-a|] <¢g¢

-- donde se usa la notacidén |x| para el valor absoluto de x
-- notation “|‘x‘|‘ := abs x

-- Demostrar que que si el limite de u(i) es a, entonces el de
-- Cc*u(1i) es c*a.

import data.real.basic
import tactic

variables (u v : N - R)
variables (a c : R)

‘

notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R - Prop :=
Auc, Ve>0, 3N, Vn=N, |[un-c| <¢g

-- 12 demostracion

example
(h : limite u a)
: limite (A n, ¢ * (un)) (c * a) :=
begin
by cases hc : ¢ = 0,
{ subst hc,
intros € hg,
by finish, },
{ intros € hg,
have hc’ : 0 < |c| := abs_pos.mpr hc,
have hec : 0 < € / |c| := div _pos he hc’,
specialize h (g/|c|) hec,
cases h with N hN,
use N,
intros n hn,



246

Capitulo 4. Ejercicios de julio de 2021

specialize hN n hn,

dsimp only,
rw [ mul_sub,
rw abs mul,

rw d 1t _div_iff’ hc’,

exact hN, }
end

-- 22 demostracion

example
(h : limite u a)

: limite (A n, ¢ * (u n))

begin
by cases hc : c
{ subst hc,
intros € heg,
by finish, },
{ intros € he,
have hc’
have hec :

: 0 < |c]
0 <e/ |c]

(c * a) :=

abs pos.mpr hc,
:= div_pos he hc’,

specialize h (g/|c|) hec,
cases h with N hN,

use N,
intros n hn,

specialize hN n hn,

dsimp only,

calc |[c *un - c * aj

= |c* (un - a)|
lc| * Jun - a
lc| * (e /7 |c])

A

€

end

-- 32 demostracion

example
(h : limite u a)

: limite (A n, ¢ * (u n))

begin
by cases hc : ¢
{ subst hc,

intros € heg,

: congr_arg abs (mul sub ¢ (u n) a).symm
: abs mul c

(un - a)
(mul 1t mul left hc’).mpr hN

: mul div cancel’ € (ne of gt hc') }

(c * a) :=
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by finish, 1},
{ intros € hg,
have hc’ : 0 < |c| := by finish,
have hec : 0 < € / |c| := div_pos he hc’,
cases h (g/|c|) hec with N hN,
use N,

intros n hn,
specialize hN n hn,
dsimp only,
rw [H mul sub, abs mul, H 1t div iff’ hc'],
exact hN, }
end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.16. Ellimitedeuesasysseldeu-aesO

4.16.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, una sucesién ue, U1, Uz, ... Se puede representar

-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

-- definition limite :: ”"(nat = real) =» real = bool”

- - where ”limite u ¢ « (Ve>0. 3k::nat. VYn=k. lun - c} < g)”

-- Demostrar que el limite de u(i) es a si y solo si el de u(i)-a es

theory "El limite de u es a syss el de u-a es 0"
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u c « (Ve>0. 3Fk::nat. Vn=zk. lun - c! < €)”

(* 17 demostracign *)

lemma
"limite u a « limite (A i. u i - a) 0"
proof -
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have "limite u a « (Ve>0. Ik::nat. Vnzk. lun - al < ¢g)”
by (rule limite def)

also have ".. & (Ve>0. Jk::nat. Vnzk. |(un - a) - 0} < ¢g)”
by simp

also have ".. o limite (A i. u i - a) 0”
by (rule limite def[symmetric])

finally show "limite u a « limite (A i. u i - a) 0”
by this

ged

(* 27 demostracign *)

lemma
"limite u a « limite (A i. u i - a) 0”
proof -
have "limite u a « (Ve>0. 3Ik::nat. Vn=k. lun - a} < €)”
by (simp only: limite def)
also have ".. & (Ve>0. 3Jk::nat. Vn=k. !(un - a) - 0! < g)”
by simp
also have ".. & limite (A i. u i - a) 0”
by (simp only: limite def)
finally show "limite u a « limite (A i. u i - a) 0”
by this
ged

(* 37 demostracign *)

lemma
"limite u a « limite (A i. u i - a) 0"
using limite def
by simp

end

4.16.2. Demostraciones con Lean

-- En Lean, una sucesién ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

- - def limite : (N> R) » R - Prop :=

- - Aua, Ye>0, AN, Yn=N, |[un-a| <¢g¢
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-- donde se usa la notacidén |x| para el valor absoluto de x
-- notation “|‘x‘|‘ := abs x

-- Demostrar que el limite de u(i) es a si y solo si el de u(i)-a es

import data.real.basic
import tactic

variable {u : N - R}
variables {a c x : R}

notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R -» Prop :=
Auc, Ve>0, 3N, Vn=N, |[un-c| <¢€

-- 12 demostracion

example
limite u a « limite (A i, ui - a) 0 :=
begin
rw iff eq eq,
calc limite u a

=Ye€>0, 3N, ¥n=N, |[un-a|] <c¢g€ : rfl
=vVe>0, 3N, Vn=N, [(un-a) - 0] <g& : by simp
= limite (A i, ui - a) O : rfl,

end

-- 22 demostracion

example

limite u a « limite (A i, ui - a) 0 :=
begin
split,

{ intros h € heg,
convert h € hg,
norm_num, },

{ intros h € heg,
convert h € hg,
norm_num, },

end
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-- 32 demostracion

example
: limite u a « limite (A i, u i - a) 0 :=
begin
split;
{ intros h € he,
convert h € hg,
norm _num, },
end

-- 42 demostracion

lemma limite con suma

(c : R)

(h : limite u a)

: limite (A i, ui +c) (a + c) :=
A € he, (by convert h € he; norm_num)

lemma CNS_limite con suma

(c : R)

: limite u a o limite (A i, ui + c) (a + c) :=
begin

split,

{ apply limite con suma },

{ intro h,

convert limite con suma (-c) h; simp, },

end

example

(u : N - R)

(a : R)

: limite u a » limite (A i, u i - a) 0 :=
begin

convert CNS limite con suma (-a),

simp,
end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.
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4.17. Producto de sucesiones convergentes a

cero

4.17.1. Demostraciones con Isabelle/HOL

-- En Isabelle/HOL, una sucesién ue, U1, Uz, ... Se puede representar
-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por
- - definition limite :: ”(nat = real) = real = bool”
- - where ”limite u ¢ o (Ve>0. 3Ik::nat. Vnz=k. lun - c| < €)”

-- Demostrar que si las sucesiones u(n) y v(n) convergen a cero,
-- entonces u(n)-v(n) también converge a cero.

theory Producto de sucesiones convergentes a cero
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u ¢ « (Ve>0. Fk::nat. Vn=zk. lun - c} < €)”

lemma
assumes "limite u 0”
"limite v 0”

shows "limite (A n. un * v n) 0"
proof (unfold limite def; intro alll impI)
fix € :: real
assume he : "0 < g”
then obtain U where hU : "Vn=U. lun - 0! < g”
using assms(1l) limite def
by auto

obtain V where hV : "Vn=V. v n - 0] < 1”
using he assms(2) limite def
by fastforce
have "Vnzmax U V. jun * vn - 0} <¢g”
proof (intro alll impI)
fix n
assume hn : "max U V = n
then have "U = n”
by simp

1
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then have "jun - 0] < €g”
using hU by blast

have hnV : "V = n”
using hn by simp

then have "jv n - 0] < 1”
using hV by blast

have "jun *vn-0} =1](un-0)* (vn-20)}"
by simp

also have ".. = jun - 0} * lvn - 0}"
by (simp add: abs mult)

also have ".. < g * 1”

using [<{u n - @i < €| [<iv n - 0} < 1)

by (rule abs mult less)

also have ".. = €”
by simp
finally show "jun * vn - 0] <¢€”
by this
ged

then show "3k. Vnzk. jun *vn- 0] <¢g”
by (rule exI)
ged

end

4.17.2. Demostraciones con Lean

-- En Lean, una sucesién ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidn u, por

-- def limite : (N> R) - R -» Prop :=

- - Aua, YVe>0, AN, YVn=N, |[un- a| <¢g¢

-- donde se usa la notacidén |x| para el valor absoluto de x
-- notation “|‘x‘|‘ := abs x

-- Demostrar que si las sucesiones u(n) y v(n) convergen a cero,
-- entonces u(n)-v(n) también converge a cero.

import data.real.basic
import tactic
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variables {u v : N - R}
variables {: R}

notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R - Prop :=
Auc, Ve>0, 3N, Vn=N, |[un-c| <c¢

-- 12 demostracion

example
(hu : limite u 0)
(hv : limite v 0)
: limite (u * v) 0 :=
begin
intros € hg,
cases hu € he with U huU,
cases hv 1 zero 1t one with V hV,
set N := max U V with hN,
use N,
intros n hn,
specialize hU n (le of max le left hn),
specialize hV n (le of max le right hn),
rw sub zero at *,
calc |[(u * v) n|

= |un * v nj : rfl

= |un| * |vn| : abs mul (un) (v n)

<g*1 : mul_1t mul’’ hU hV (abs nonneg (u n)) (abs nonneg (v n))
= € : mul one g,

end

-- 22 demostracion

example
(hu : limite u 0)
(hv : limite v 0)
: limite (u * v) 0 :=
begin
intros € hg,
cases hu € he with U huU,
cases hv 1 (by linarith) with V hvV,
set N := max U V with hN,
use N,
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intros n hn,

specialize hU n (le of max le left hn),
specialize hV n (le of max le right hn),
rw sub zero at *,

calc |(u * v) n|

= |lun*vn| : rfl

= |un| * |vn| : abs mul (un) (vn)

<g*1 : by { apply mul 1t mul’’ hU hV ; simp [abs nonneg] }
= € : mul one g,

end

-- 32 demostracion

example
(hu : limite u 0)
(hv : limite v 0)
: limite (u * v) 0 :=
begin
intros € heg,
cases hu € he with U huU,
cases hv 1 (by linarith) with V hv,
set N := max U V with hN,

use N,

intros n hn,

have hUN : U = N := le max _left U V,
have hVN : V = N := le max right U V,

specialize hU n (by linarith),
specialize hV n (by linarith),
rw sub_zero at H hU hv,

rw pi.mul apply,

rw abs mul,
convert mul 1t mul’’ hU hV  , simp,
all goals {apply abs nonneg},

end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.
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4.18. Teorema del emparedado

4.18.1. Demostraciones con Isabelle/HOL

-- En Isabelle/HOL, una sucesién ue, U1, U2, ... Se puede representar
-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por
- - definition limite :: ”(nat = real) = real = bool”
-- where ”limite u ¢ o (Ve>0. 3Ik::nat. VYnz=k. lun - c! < €)”

-- Demostrar que si para todo n, u(n) = v(n) = w(n) y u(n) tiene el
-- mismo limite que, entonces v(n) también tiene dicho limite.

theory Teorema del emparedado
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u c « (Ve>0. 3Fk::nat. Vn=zk. lun - c} < €)”

lemma
assumes "limite u a”
"limite w a”

1

"¥n. un=syv
"¥n. vns=swn”
shows "limite v a”
proof (unfold limite def; intro allIl impI)
fix € :: real
assume he : "0 < g”
obtain N where hN : "Vn=N. !un - a} < g”
using assms(1l) he limite def
by auto
obtain N’ where hN’' : "Vn=N'. !wn - a} < €”
using assms(2) he limite def
by auto
have "Vnzmax N N'. [v n - a}] < &”
proof (intro alll impI)
fix n
assume hn : "n=zmax N N’”
have "v n - a < ¢”

proof -
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n

have v n - a=wn - a
using assms(4) by simp
also have ".. = lwn - a}”

by simp

also have ".. < g”
using hN’ hn by auto
finally show "v n - a < g€”

ged

moreover

have "-(v n - a) < ¢”
proof -

have "-(v n - a) = -(un - a)”
using assms(3) by auto
also have ".. <= lun - a}”
by simp
also have ".. < g”
using hN hn by auto
finally show "-(v n - a) < €”
ged
ultimately show "jv n - a} < €”
by (simp only: abs less iff)
ged
then show "3k. Vn=k. v n - a} < g”
by (rule exI)
ged

end

4.18.2. Demostraciones con Lean

-- En Lean, una sucesién ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidn u, por

-- def limite : (N> R) - R -» Prop :=

- - Aua, Ye>0, 3N, Yn=N, |un- al| <¢g¢

-- donde se usa la notacién |x| para el valor absoluto de x
-- notation ‘|‘x‘|‘ := abs x

-- Demostrar que si para todo n, u(n) = v(n) = w(n) y u(n) tiene el
-- mismo limite que w(n), entonces v(n) también tiene dicho limite.
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import data.real.basic

variables (u v w : N - R)
variable (a : R)
notation ‘|‘x‘|‘ := abs x

def limite : (N - R) - R -» Prop :=
Auc, Ve>0, 3N, Vn=N, |[un-c| =¢

-- Nota. En la demostracién se usara el siguiente lema:
lemma max_ge iff
{p gr : N}
r=max pger=pAr=q :=
max le iff

-- 12 demostracion

example
(hu : limite u a)
(hw : limite w a)
(h : Vn, un=svn)
(h" :' Y n, vns=swn)
limite v a :=
begin
intros € hg,
cases hu € he with N hN, clear hu,
cases hw € he with N’ hN’, clear hw heg,
use max N N',
intros n hn,
rw max ge iff at hn,
specialize hN n hn.1,
specialize hN' n hn.2,
specialize h n,
specialize h' n,

clear hn,
rw abs le at *,
split,
{ calc -¢
=un-a: hN.1
... =vn-a: by linarith, },
{ calc vn - a
=wn - a : by linarith
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IA
m

: hN'".2, },
end

-- 22 demostracion
example
(hu : limite u a)
(hw : limite w a)
(h : Yn, un=vn)
(h : ¥ n, vns=swn)
limite v a :=
begin
intros € heg,
cases hu € he with N hN, clear hu,
cases hw € he with N’ hN’', clear hw heg,
use max N N',
intros n hn,
rw max ge iff at hn,
specialize hN n (by linarith),
specialize hN’ n (by linarith),
specialize h n,
specialize h' n,
rw abs le at *,
split,
{ linarith, 1},
{ linarith, },
end

-- 32 demostracion
example
(hu : limite u a)
(hw : limite w a)
(h : Yn, un=vn)
(h" : ¥ n, vns=swn)
limite v a :=
begin
intros € heg,
cases hu € he with N hN, clear hu,
cases hw € he with N’ hN’, clear hw heg,
use max N N',
intros n hn,
rw max ge iff at hn,
specialize hN n (by linarith),
specialize hN’ n (by linarith),
specialize h n,
specialize h' n,
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rw abs le at *,
split ; linarith,
end

-- 42 demostracion
example
(hu : limite u a)
(hw : limite w a)
(h :Vn, un=svn)
(h" : Y n, vns=wn)
limite v a :=
assume g,
assume he : € > 0,
exists.elim (hu € hg)
( assume N,
assume hN : V (n : N), n=N-> |un - a| = g,
exists.elim (hw € hg)
( assume N’,
assume hN' : Vv (n : N), n=N" - |[wn - a|] = g,
show 3 N, YV n, n=N- |vn - a|l =¢, from
exists.intro (max N N')
( assume n,
assume hn : n = max N N’,
have hl : n=N A n = N',
from max ge iff.mp hn,

have h2 : -e = v n - a,
{ have h2a : |un - a| = g,
from hN n hl.1,
calc -¢

=un - a: and.left (abs le.mp h2a)
... =vn - a: by linarith [h n], },
have h3 : v n - a = g,
{ have h3a : |wn - a| = g,
from hN’ n hl.2,
calc vn - a
=wn - a: by linarith [h’ n]
. = € : and.right (abs le.mp h3a), },
show |[v n - a| = g,
from abs le.mpr (and.intro h2 h3))))

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.
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4.19. La composicion de crecientes es crecien-
te

4.19.1. Demostraciones con Isabelle/HOL

-- Se dice que una funcién f de R en R es creciente https://bit.ly/2UShggL
-- 51 para todo x e y tales que x = y se tiene que f(x) = f(y).

-- En Isabelle/HOL que f sea creciente se representa por ‘mono f“.
-- Demostrar que la composicién de dos funciones crecientes es una

-- funcién creciente.

theory La composicion de crecientes es creciente
imports Main HOL.Real
begin

(* 1?7 demostracidn *)

lemma
fixes f g :: "real - real”
assumes “mono f”
"mono g”
shows  "mono (g o f)”
proof (rule monoI)
fix x y :: real

assume "x = y”

have "(g o f) x =g (f x)”
by (simp only: o _apply)

also have ".. < g (f y)”
using assms [<x = yp|
by (simp only: monoD)

also have ".. = (g o ) y”
by (simp only: o apply)

finally show "(g o f) x = (g o f) y”
by this

ged

(* 27 demostracign *)

lemma
fixes f g :: "real - real”
assumes “mono f”
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"mono g”
shows "mono (g o f)”
proof (rule monoI)
fix x y :: real
assume "x = y”
have "(g o f) x =g (f x)” by simp
also have ".. = g (f y)” by (simp add: Ix = yI assms monoD)

I IA

n

also have (g o f) y” by simp
finally show "(g o f) x = (g o f) y” .
ged

(* 37 demostracign *)

lemma
assumes “mono f”
"mono g”
shows "mono (g o f)”

by (metis assms comp_def mono_def)

end

4.19.2. Demostraciones con Lean

-- Se dice que una funcién f de R en R es creciente https://bit.ly/2UShggL
-- 51 para todo x e y tales que x = y se tiene que f(x) = f(y).

-- En Lean que f sea creciente se representa por ‘monotone f‘.
-- Demostrar que la composicidén de dos funciones crecientes es una
-- funcién creciente.

import data.real.basic
variables (f g : R » R)

-- 12 demostracidn
example
(hf : monotone f)
(hg : monotone g)
: monotone (g [o| f)
begin
intros x y hxy,
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calc (g [o f) x

g (f x) :orfl

g (fy) : hg (hf hxy)
(g o] f) y : rft,

1A

end

-- 22 demostracidn
example
(hf : monotone f)
(hg : monotone g)
: monotone (g [o| f) :=
begin
unfold monotone at *,
intros x y h,
unfold function.comp,
apply hg,
apply hf,
exact h,
end

-- 32 demostracion
example
(hf : monotone f)
(hg : monotone g)
: monotone (g [o| f) :=
begin
intros x y h,
apply hg,
apply hf,
exact h,
end

-- 42 demostracidn
example

(hf : monotone f)

(hg : monotone g)

: monotone (g [‘f) 1=
begin

intros x xy h,

apply hg,

exact hf h,
end

-- 52 demostracion
example
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(hf : monotone f)

(hg : monotone g)

: monotone (g [o| )
begin

intros x y h,

exact hg (hf h),
end

-- 62 demostracién
example
(hf : monotone f)
(hg : monotone g)
: monotone (g [o| )
A x vy h, hg (hf h)

-- 72 demostracién
example
(hf : monotone f)
(hg : monotone g)
: monotone (g [o| f)
begin
intros x y h,
specialize hf h,
exact hg hf,
end

-- 82 demostracion
example
(hf : monotone f)
(hg : monotone g)
: monotone (g [o| f)
assume x y,
assume hl : x = vy,
have h2 : f x = f vy,
from hf hl,

show (g o] f) x = (g [f] f) y, from

calc (g [o f) x
g (f x)
g (fy)
(gl f)y :

I IA

-- 92 demostracién
example
(hf : monotone f)
(hg : monotone g)

rfl

: hg h2

by refl
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by

: monotone (g H )
by hint
tauto

102 demostracion

example

(hf : monotone f)
(hg : monotone g)
: monotone (g [o| )
by library search

monotone.comp hg hf

Se

puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.20. La composicion de una funcidn creciente

4.

y una decreciente es decreciente

20.1. Demostraciones con Isabelle/HOL

Sea una funcién f de R en R. Se dice que f es creciente
https://bit.ly/2UShggL si para todo x e y tales que x = y se tiene
que f(x) = f(y). Se dice que f es decreciente si para todo x e y
tales que x = y se tiene que f(x) = f(y).

En Isabelle/HOL que f sea creciente se representa por ‘mono f’ y que
sea decreciente por ‘antimono f“.

Demostrar que si f es creciente y g es decreciente, entonces (g o f)
es decreciente.

theory La composicion de una funcion creciente y una decreciente es decreciente
imports Main HOL.Real
begin

(* 17 demostracin *)

lemma

fixes f g :: "real » real”
assumes “mono f”

"antimono g”
shows  "antimono (g o f)”


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/La_composicion_de_crecientes_es_creciente.lean
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proof (rule antimonoI)
fix x y :: real
assume "X =y
have "(g o f) y =g (f y)”
by (simp only: o apply)
also have ".. = g (f x)”
using assms [<x = yp)|
by (meson antimonoE monoE)
also have ".. = (g o f) x”
by (simp only: o _apply)
finally show "(g o f) x = (g o f) y”
by this
ged

n

(* 27 demostracign *)
lemma
fixes f g :: "real = real”
assumes “mono f”
"antimono g”

shows "antimono (g o f)”
proof (rule antimonoI)
fix x y :: real
assume "x = y”
have "(g o f) y =g (f y)” by simp
also have ".. = g (f x)” by (meson [<x = yp| assms antimonoE monoE)
also have ".. = (g o f) x” by simp
finally show "(g o f) x = (g o f) y” .
ged

(* 37 demostracign *)
lemma
assumes “mono f”
"antimono g”
shows "antimono (g o f)”
by (metis assms mono def antimono def comp apply)

end

4.20.2. Demostraciones con Lean

-- Sea una funcién f de R en R. Se dice que f es creciente
-- https://bit.ly/2UShgglL si para todo x e y tales que x = y se tiene
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-- que f(x) = f(y). Se dice que f es decreciente si para todo x e y
-- tales que x = y se tiene que f(x) = f(y).

-- Demostrar que si f es creciente y g es decreciente, entonces (g o f)
-- es decreciente.

import data.real.basic
variables (f g : R » R)

def creciente (f : R - R) : Prop :=
Vi{ixy}y, x=y->Ffx=fFfy

l

def decreciente (f : R - R) : Prop :=
V{xy}, xsy-Ffx=z="Fy

-- 12 demostracién
example

(hf : creciente f)

(hg : decreciente g)

: decreciente (g [ ) :=
begin

intros x y hxy,

calc (g [o f) x

=g (f x) : rfl
=g (fy) : hg (hf hxy)
= (gl f) y : rfl,

end

-- 22 demostracidn
example
(hf : creciente f)
(hg : decreciente g)
: decreciente (g [ ) :=
begin
unfold creciente decreciente at *,
intros x y h,
unfold function.comp,
apply hg,
apply hf,
exact h,
end

-- 32 demostracion
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example
(hf : creciente f)
(hg : decreciente g)
. decreciente (g [ f)
begin
intros x y h,
apply hg,
apply hf,
exact h,
end

-- 42 demostracién
example
(hf : creciente f)
(hg : decreciente g)
. decreciente (g || f)
begin
intros x y h,
apply hg,
exact hf h,
end

-- 52 demostracion
example
(hf : creciente f)
(hg : decreciente g)
. decreciente (g || f)
begin
intros x y h,
exact hg (hf h),
end

-- 62 demostracidn
example
(hf : creciente f)
(hg : decreciente g)
. decreciente (g [ f)
A x vy h, hg (hf h)

-- 72 demostracion
example
(hf : creciente f)
(hg : decreciente g)
. decreciente (g [ f)
assume x y,
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assume h : x = vy,

have hl : f x = f vy,
from hf h,

show (g [ f) x = (g [o] f) v,
from hg hl

-- 82 demostracion
example
(hf : creciente f)
(hg : decreciente g)
. decreciente (g [ f)
assume X Yy,
assume h : x =
show (g [o] f) x
from hg (hf h

Y,
= (g [ f) vy,
)

-- 92 demostracioén
example
(hf : creciente f)
(hg : decreciente g)
. decreciente (g || f)
A xy h, hg (hf h)

-- 102 demostracioén
example
(hf : creciente f)
(hg : decreciente g)
: decreciente (g o] f)
-- by hint
by tauto

4.21. Una funcion creciente e involutiva es la
identidad

4.21.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Sea una funcién f de R en R.

-- + Se dice que f es creciente si para todo x e y tales que x = y se
- - tiene que f(x) = f(y).
-- + Se dice que f es involutiva si para todo x se tiene que f(f(x)) = x.
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-- En Isabelle/HOL que f sea creciente se representa por ‘mono f“.

-- Demostrar que si f es creciente e involutiva, entonces f es la
-- ldentidad.

theory Una funcion creciente e involutiva es la identidad
imports Main HOL.Real

begin
definition involutiva :: ”"(real = real) = bool”
where "involutiva f o (Vx. f (f x) = x)”

(* 1?7 demostracign *)
lemma
fixes f :: "real = real”
assumes "mono f”
"involutiva f”

shows "f = id”
proof (unfold fun eq iff; intro allI)
fix x

14

have "x = f x v f x = x
by (rule linear)

then have "f x = x”

proof (rule disjE)
assume "x = f x”
then have "f

X f (f x)”
using assms(
(

<
1) by (simp only: monoD)
also have ".. = x”

using assms(2) by

(simp only: involutiva def)
"f X = X

finally have !
by this
show "f x = X
using [<f x = xb|[x = f xp| by (simp only: antisym)
next
assume "f X = X
have "x = f (f x)”
using assms(2) by (simp only: involutiva def)
also have "... = f x”
using [<Jf x = xp| assms(1) by (simp only: monoD)
finally have "x = f x”
by this
show "f x = x
using [<Jf x = xp| [{x = f x>/ by (simp only: monoD)

14

n

n
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ged
then show "f x =
by (simp only:
ged

(* 272 demostracign

lemma

id x”
id apply)

*

)

- real”

"involutiva f”

fixes f :: "real

assumes "mono f”

shows "f = id”
proof

fix x

have "x = f x v f x = X

n

by (rule linear)

then have "f x =
proof

”

X

assume "x = f x”

then have "f x
using assms(
also have ".. =
using assms(
finally have ”
by this
show "f x = X

n

2
.f

f (f x)”

n

~ X — IA

X < x"

by (simp only:

by (simp only:

monoD)

involutiva def)

using [Jf x = xp| [{x = f x| by auto

next

assume "f x = x

have "x = f (f

n

X)H

using assms(2) by (simp only: involutiva def)

1

also have

by (simp add:

.= T x”

If X <

finally have "x = f x”

by this
show "f x = x
using [Jf x =
ged
then show "f x
by simp
ged

n

A

(* 3 demostracifhn
lemma
fixes f :: "real
assumes “mono f”

x>| assms(1) monoD)

xp| [k = f xp| by auto

n

id x

*)

= real”
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"involutiva f”

shows "f = id”
proof
fix x
have "x = f x v f x = x”

by (rule linear)
then have "f x = x”
proof
assume "x = f x”
then have "f x = x
by (metis assms involutiva def mono def)
then show "f x = x”
using [<x = f xp| by auto
next
assume "f x = X
then have "x = f x”
by (metis assms involutiva def mono def)
then show "f x = x”

using [Jf x = xp| by auto

n

1

ged
then show "f Xx
by simp

n

id x
ged

end

4.21.2. Demostraciones con Lean

-- Sea una funcién f de R en R.
-- + Se dice que f es creciente si para todo x e y tales que x = y se
-- tiene que f(x) = f(y).

-- + Se dice que f es involutiva si para todo x se tiene que f(f(x)) = x.

-- En Lean que f sea creciente se representa por ‘monotone f‘ y que sea
-- involutiva por ‘involutive f’

-- Demostrar que si f es creciente e involutiva, entonces f es la

-- ldentidad.

import data.real.basic
open function
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variable (f : R - R)

-- 12 demostracion

example
(hc : monotone f)
(hi : involutive f)
: f = id :=

begin

unfold monotone involutive at *,
funext,
unfold id,
cases (le total (f x) x) with hl h2,
{ apply antisymm hl,

have h3 : f (f x) = f x,

{ apply hc,
exact hl, 1},
rwa hi at h3, },

{ apply antisymm h2,
have hd : f x = f (f x),
{ apply hc,
exact h2, 1},

rwa hi at h4, },
end

-- 22 demostracion

example
(hc : monotone f)
(hi : involutive f)
: f = id :=

begin
funext,

cases (le total (f x) x) with hl h2,
{ apply antisymm hl,

have h3 : f (f x) = f x := hc hl,
rwa hi at h3, },
{ apply antisymm h2,
have h4 : f x = f (f x) := hc h2,
rwa hi at h4, },
end

-- 32 demostracidn
example
(hc :
(hi

monotone f)
involutive f)
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: f = 1id :=
begin
funext,
cases (le total (f x) x) with hl h2,
{ apply antisymm hl,

calc x
=f (f x) : (hi x).symm
.. =T x : hc hl },
{ apply antisymm h2,
calc f x
= f (f x) : hc h2
.= X : hi x },
end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.22. Si‘fx=fy-x =y’ entonces f es inyec-

tiva

4.22.1. Demostraciones con Isabelle/HOL

(* ______________________________________________________________

-- Sea f una funcidén de R en R tal que
-- Vxy f(x)=sf(y) »xsy
-- Demostrar que f es inyectiva.

theory ”Si f(x) leq f(y) to x leq y, entonces f es inyectiva”

imports Main HOL.Real
begin

(* 17 demostracidn *)

lemma
fixes f :: "real = real”
assumes "V x y. T x = fy->x=y”
shows "inj f”
proof (rule injI)
fix x y

n

assume "f x = f vy

show "x = y”

proof (rule antisym)
show "x = y”
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fyp)

by (simp only: assms [<[f x
next
show "y = x’
by (simp only: assms [<[f x
ged
ged

’

f y>)

(* 22 demostracign *)

lemma
fixes f :: "real = real”
assumes "V x y. fx=sfy->x=sy”
shows "inj f”
proof (rule injI)
fix x y
assume "f x = f y”
then show "x = y”
using assms
by (simp add: eq iff)
ged
(* 3 demostracign *)
lemma
fixes f :: "real = real”
assumes "V x y. fx=sfy->x=sy”
shows "inj f”

by (smt (verit, ccfv_threshold) assms inj on def)

end

4.22.2. Demostraciones con Lean

-- Sea f una funcién de R en R tal que
-- Vxy, f(x)=f(y) x=sy
-- Demostrar que f es inyectiva.

import data.real.basic
open function

variable (f : R - R)

-- 12 demostracion
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example
(h : V{xy}, fx=sfy->x=y)
: injective f :=
begin
intros x y hxy,
apply le antisymm,
{ apply h,
exact le of eq hxy, },
{ apply h,
exact ge of eq hxy, 1},
end

-- 22 demostracion
example
(h : V {xy}, fx=sfy->x
: injective f :=
begin
intros x y hxy,
apply le antisymm,
{ exact h (le of eq hxy), 1},
{ exact h (ge of eq hxy), 1},
end

IA
<

-- 32 demostracion

example
(h : V {xy}, fx=fy->x
: injective f :=

A x y hxy, le antisymm (h hxy.le) (h hxy.ge)

IA

y)

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.23. Los supremos de las sucesiones crecien-
tes son sus limites

4.23.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Sea u una sucesidén creciente. Demostrar que si M es un supremo de u,

-- entonces el limite de u es M.

theory Los supremos de las sucesiones crecientes son sus limites
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imports Main HOL.Real
begin

(* (limite u c) expresa que el limite de u es c. *)
definition limite :: "(nat = real) = real = bool” where
"limite u ¢ « (Ve>0. 3Ik. VYn=k. lun - c! =< g)”

(* (supremo u M) expresa que el supremo de u es M. *)
definition supremo :: ”"(nat = real) = real = bool” where
"supremo u M - ((Vn. un = M) A (Ve>0. Ik. Vnzk. un=M - €))”

(* 12 demostracign *)
lemma
assumes “mono u”
"supremo u M”

shows "limite u M”
proof (unfold limite def; intro alll impI)
fix € :: real

assume "0 < g”
have hM : "((Vn. un = M) A (Ve>0. Ik. Vn=k. un=M - €))”
using assms(2)
by (simp add: supremo_def)
then have "Ve>0. Ik. Vnzk. un =M - €”
by (rule conjunct2)
then have "3k. Vn=zk. un =M - €
by (simp only: [ < &)))
then obtain n® where "Vnzn®. un =M - €
by (rule exE)
have "Vn=nO. jun - M| = ¢
proof (intro alll impI)
fix n
assume "n = n0@”
show "jun - M| = ¢
proof (rule abs leI)
have "Vn. u n = M”
using hM by (rule conjunctl)

n

n

n

1

then have "un - M= M - M”
by simp
also have ".. = 0”
by (simp only: diff self)
also have ".. = €”

using IO < EI by (simp only: less imp le)
finally show "un - M = "
by this
next
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have "-¢ = (M - €) - M”
by simp
also have ".. =un - M"
using [<Vn=n@. M - & = u nb| [<n@ = n)| by auto
finally have "-¢ = un - M
by this
then show ”"- (un - M) = ¢
by simp

1

ged
ged
then show ”“3k. Vnzk. jun - M| = ¢
by (rule exI)
ged

”

(* 27 demostracign *)
lemma
assumes “mono u”
"supremo u M”
shows "limite u M”
proof (unfold limite def; intro allI impI)
fix € :: real
assume "0 < g”

have hM : "((Vn. un = M) A (Ve>0. Ik. Vn=zk. un =M - €))”

using assms(2)
by (simp add: supremo_def)

then have "3k. Vnzk. un=M - €”
using [0 < )| by presburger

then obtain n® where "Vnzn®. un=M - €
by (rule exE)

then have "VnznO. ju n - M|
using hM by auto

then show "3k. Vnzk. jun - M| = ¢
by (rule exI)

I\
m

ged

end

4.23.2. Demostraciones con Lean

-- Sea u una sucesidén creciente. Demostrar que si M es un supremo de u,

-- entonces el limite de u es M.
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import data.real.basic

variable (u : N - R)
variable (M : R)

]

notation ‘|‘x‘|‘ := abs x

-- (limite u c) expresa que el limite de u es c.
def limite (u : N - R) (c : R) :=
Ve>0, 3N, Vn=N, [un-c| =¢

-- (supremo u M) expresa que el supremo de u es M.
def supremo (u : N - R) (M : R) :=
(Yn, un=M) AV e>0, 3 ne, une =M - €

-- 12 demostracion
example
(hu : monotone u)
(hM : supremo u M)
: limite u M :=
begin
-- unfold limite,
intros € hg,
-- unfold supremo at h,
cases hM with hMi1 hM:z,
cases hM2 € he with ne hnoe,

use no,
intros n hn,
rw abs le,
split,
{ -- unfold monotone at h’,
specialize hu hn,
calc -¢
=(M-€) -M: by ring
=une -M : sub le sub right hne M
... =un-M : sub le sub right hu M },
{ calcun - M
=M -M : sub le sub right (hM:i n) M
=0 : sub self M
= € : le of 1t heg, 1},
end

-- 22 demostracion
example
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(hu : monotone u)
(hM : supremo u M)
: limite u M :=
begin
intros € heg,
cases hM with hM: hM:z,
cases hM2 € he with ne hnoe,
use no,
intros n hn,
rw abs le,
split,
{ linarith [hu hn] },
{ linarith [hM1 n] },
end

-- 32 demostracion
example
(hu : monotone u)
(hM : supremo u M)
: limite u M :=
begin
intros € hg,
cases hM with hM: hM:z,
cases hM2 € he with ne hno,
use ne,
intros n hn,
rw abs le,
split ; linarith [hu hn, hM1 n],
end

-- 42 demostracidn
example
(hu : monotone u)
(hM : supremo u M)
: limite u M :=
assume g,
assume he : € > 0,
have hM1 : V (n :
from hM.left,
have hM2 : V (¢ : R), € >0 - (3 (no
from hM.right,
exists.elim (hMz2 € hg)
( assume no,
assume hne : Uune =M - g,
have hl : Y n, n=ne - |un - M|

2
c
S
IA
=

< g,

Uune=M- €),
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{ assume n,
assume hn : n = no,
have h2 : -e =un - M,
{ have h3 : u ne = un,
from hu hn,
calc -¢
= (M- €) -M: by ring
=une -M : sub le sub right hne M
...=un-M : sub le sub right h3 M },
have h4 : un - M = ¢,
{ calcun -M
=M -M : sub le sub right (hMi1i n) M
=0 : sub self M
=€ : le of 1t he },

show |[un - M| =< ¢,
from abs le.mpr (and.intro h2 h4) 1},
show 3 N, Vn, n=N-> |Jun - M| = g,
from exists.intro ne hl)

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.24. Un numero es par syss lo es su cuadrado

4.24.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que un numero es par si y solo si lo es su cuadrado.

theory Un _numero_es par syss lo es su cuadrado
imports Main
begin

(* 172 demostracign *)
lemma
fixes n :: int
shows "even (nt2) < even n”
proof (rule iffI)
assume "even (nt2)”
show "even n”
proof (rule ccontr)
assume "odd n”
then obtain k where "n = 2*k+1”
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by (rule oddE)
then have "nt2 = 2*(2*k*(k+1))+1"
proof -
have "nt2 = (2*k+1)t2"”
by (simp add: [n = 2 * k + 1))

also have ".. = 4*kg2+4*k+1"
by algebra
also have ".. = 2%(2*%k*(k+1))+1"
by algebra
finally show "nt2 = 2*%(2*%k*(k+1))+1" .

ged
then have "3k’. nt2 = 2*k’'+1”
by (rule exI)
then have "odd (nt2)”
by fastforce
then show False
using [Jeven (n}t2))| by blast
ged
next
assume "even n”
then obtain k where "n = 2*k”
by (rule evenE)
then have "nt2 = 2*(2*kt2)”
by simp
then show "even (n:2)”
by simp
ged

(* 27 demostracign *)

lemma

fixes n :: int

shows "even (nt2) - even n”
proof

assume "even (nt2)”
show "even n”
proof (rule ccontr)
assume "odd n”
then obtain k where "n = 2*k+1”
by (rule oddE)
then have "nt2 = 2*(2*k*(k+1))+1"

by algebra
then have "odd (nt2)”
by simp

then show False
using [<even (ns2))| by blast
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ged
next
assume "even n”
then obtain k where "n = 2*k”
by (rule evenE)
then have "nt2 = 2*(2*kt2)”
by simp
then show "even (nt2)”
by simp
ged

(* 37 demostracign *)

lemma

fixes n :: int

shows "even (nt2) - even n”
proof -

have "even (nt2) = (even n A (0::nat) < 2)”"
by (simp only: even power)

also have ".. = (even n A True)”
by (simp only: less numeral simps)

also have ".. = even n”
by (simp only: HOL.simp thms(21))

finally show "even (nt2) -« even n”
by this

ged

(* 47 demostracidn *)

lemma

fixes n :: int

shows "even (nt2) o even n”
proof -

have "even (nt2) = (even n A (0::nat) < 2)”
by (simp only: even power)

also have ".. = even n”
by simp
finally show "even (nt2) < even n”
ged

(* 572 demostracign *)

lemma
fixes n :: int
shows "even (nt2) - even n”
by simp

end
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4.24.2. Demostraciones con Lean

import data.int.parity
import tactic
open int

variable (n : Z72)

-- 12 demostracion
example :
even (n"2) - even n :=
begin
split,
{ contrapose,
rw | odd iff not even,
rw || odd_iff not even,
unfold odd,
intro h,
cases h with k hk,
use 2*k*(k+1),
rw hk,
ringr }r
{ unfold even,
intro h,
cases h with k hk,
use 2+k"2,
rw hk,
ring, },
end

-- 22 demostracién
example :
even (n"2) - even n :=
begin
split,
{ contrapose,
rw | odd_iff not even,
rw | odd_iff not even,
rintro (k, rfl),
use 2*k*(k+1),
ring, },
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{ rintro (Kk,
use 2*kI2,
ring, },

rfil),

end

-- 32 demostracion
example :
even (n"2) - even n :
iff.intro
( have h : -even n - -even (n2),
{ assume hl : -even n,
have h2 : odd n,
from odd iff not even.mpr hl,
have h3: odd (nf2), from
exists.elim h2
( assume Kk,
assume hk : n
have h4 : n2 =

calc n2
(2*k+1)[2
4xKR+4*Kk+1
. 2% (2*k* (k+1))+1 :
show odd (n2),

2*%k+1,

2% (2*¥k*(k+1))+1, from

: by rw hk
: by ring

by ring,

from exists.intro (2*k*(k+1)) h4),

show -even (n2),
from odd iff not even.mp h3 }
show even (nf2) - even n,
from not imp not.mp h )
( assume hl : even n,
show even (nIZ), from
exists.elim hl

’

( assume Kk,
assume hk : n = 2*k ,
have h2 : nf2 = 2%(2*K2), from

calc n2
= (2*k)I2 . by rw hk
. = 2%(2*KY2) : by ring,

show even (n2),
from exists.intro (2*kI2) h

-- 42 demostracion
example :

even (n"2) - even n :
calc even (n2)

2))
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~ even (n * n) : iff of eq (congr _arg even (sq n))
. o (even n v even n) : int.even mul
. e even n : or_self (even n)

-- 52 demostracion
example :

even (n"2) - even n :=
calc even (n2)

~ even (n * n) : by ring nf
. o (even n v even n) : int.even mul
. e even n : by simp

-- 62 demostracion
example :
even (n"2) - even n :=
begin
split,
{ contrapose,
intro h,
rw | odd_iff not even at *,
cases h with k hk,
use 2*k*(k+1),

calc n2
= (2%k+1))2 : by rw hk
= 4xK2+4%k+1 : by ring

A 2% (2*k*(k+1))+1 : by ring, },
{ intro h,
cases h with k hk,
use 2*kI2,
calc n2
= (2*k)2  : by rw hk
. = 2%(2*K"2) : by ring, },
end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.25. Acotacion de sucesiones convergente

4.25.1. Demostraciones con Isabelle/HOL
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(* _____________________________________________________________________

-- Demostrar que si u es una sucesidén convergente, entonces estd
-- acotada; es decir,
- - 1 k b. Vnzk. un) =b

theory Acotacion _de convergentes
imports Main HOL.Real
begin

(* (limite u c) expresa que el limite de u es c. *)
definition limite :: "(nat = real) = real = bool” where
"limite u ¢ & (Ve>0. 3Ik. Vn=k. jun - ¢} = ¢€)”

(* (convergente u) expresa que u es convergente. *)
definition convergente :: "(nat = real) = bool” where
"convergente u o (3 a. limite u a)”

(* 17 demostracin *)
lemma
assumes "convergente u”
shows "3 k b. Vnzk. }ju n} = b”
proof -
obtain a where "limite u a”
using assms convergente def by blast
then obtain k where hk : "Vnzk. lun - a} = 1”
using limite def zero less one by blast
have "Vnzk. ju n} =1 + Ja}”
proof (intro alll impI)
fix n
assume hn =
have "!u n! = lu -a+al” by simp
also have ".. lun - al + (a}” by simp
also have ” 1 lal” by (simp add: hk hn)
finally show "}u < .
ged
then show "3 k b. Vnzk. ju n}] = b”
by (intro exI)
ged

(* 27 demostracin *)
lemma

assumes "convergente u”

shows "3 k b. Vnzk. }ju n} = b”
proof -
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obtain a where "limite u a”
using assms convergente def by blast

then obtain k where hk : "Vn=k. lun - a! = 1”
using limite def zero less one by blast

have "Vn=k. ju n} =1 + Ja}”
using hk by fastforce

then show "3 k b. Vn=zk. ju n}] = b”
by auto

ged

end

4.25.2. Demostraciones con Lean

-- Demostrar que si u es una sucesidn convergente, entonces esta
-- acotada; es decir,
- - 1 kb. Vnzk. lun} =b

import data.real.basic

variable {u : N - R}

variable {a : R}

notation ‘|‘x‘|‘ := abs x

-- (limite u c) expresa que el limite de u es c.

def limite (u : N - R) (c : R) :=
Ve>0, 3k, Vn=k, |[un-c| = ¢

-- (convergente u) expresa que u es convergente.
def convergente (u : N - R) :=
1 a, limite u a

-- 12 demostracidn
example

(h : convergente u)

kb, Vn, n=Kk- [un|] =b :=

begin

cases h with a ua,

cases ua 1 zero 1t one with k h,

use [k, 1 + |a|l,
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intros n hn,
specialize h n hn,

calc |u n|
= |un - a+ al : congr_arg abs (eq add of sub eq rfl)
< |un - al + |a|] : abs_add (un - a) a
=1+ |aj : add le add right h
end

-- 22 demostracidn
example
(h : convergente u)
:3d kb, Vn, n=k-> |un| =b :=
begin
cases h with a ua,
cases ua 1 zero 1t one with k h,
use [k, 1 + |all,
intros n hn,
specialize h n hn,

calc |u n|
= |lun - a+ a : by ring nf
<= |un - al + |a] : abs_add (un - a) a
=1+ |aj : by linarith,
end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

4.26. La paradoja del barbero

4.26.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar la paradoja del barbero https://bit.ly/3eWyvVw es decir,

-- que no existe un hombre que afeite a todos los que no se afeitan a si
-- mismo y sélo a los que no se afeitan a si mismo.

theory La paradoja del barbero
imports Main
begin

(* 1E demostraciin *)
lemma
"=(3 x::'H. V y::'H. afeita x y « - afeita y y)”
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proof (rule notI)
assume "3 x. V y. afeita x y « - afeita y y”
then obtain b where "V y. afeita b y « - afeita y y”
by (rule exE)
then have h : "afeita b b o - afeita b b”
by (rule allEk)
show False
proof (cases "afeita b b")
assume "afeita b b”
then have "- afeita b b”
using h by (rule rev iffD1)
then show False
using [Jafeita b b)| by (rule notE)
next
assume "- afeita b b”
then have "afeita b b”
using h by (rule rev iffD2)
with [ afeita b b)| show False
by (rule notE)
ged
ged

(* 22 demostracign *)
lemma
"=(3 x::'H. V y::'H. afeita x y & = afeita y y)”
proof
assume "3 x. V y. afeita x y « - afeita y y”
then obtain b where "V y. afeita b y « - afeita y y”
by (rule exE)
then have h : "afeita b b o - afeita b b”
by (rule allE)
then show False
by simp
ged

(* 3 demostracign *)

lemma
"=(3 x::'H. V y::'H. afeita x y & = afeita y y)”
by auto

end
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4.26.2. Demostraciones con Lean

-- Demostrar la paradoja del barbero https://bit.ly/3eWyvVw es decir,
-- que no existe un hombre que afeite a todos los que no se afeitan a si
-- mismo y sélo a los que no se afeitan a si mismo.

import tactic

variable (Hombre : Type)

variable (afeita : Hombre - Hombre - Prop)

-- 12 demostracion
example :

=(3d x : Hombre, V y : Hombre, afeita x y « — afeita y y) :=

begin
intro h,
cases h with b hb,
specialize hb b,
by cases (afeita b b),
{ apply absurd h,
exact hb.mp h, },
{ apply h,
exact hb.mpr h, },
end

-- 22 demostracion
example :

=(3 x : Hombre, ¥V y : Hombre, afeita x y - afeita y y) :=

begin
intro h,
cases h with b hb,
specialize hb b,
by cases (afeita b b),
{ exact (hb.mp h) h, },
{ exact h (hb.mpr h), },
end

-- 32 demostracion
example :

=(3 x : Hombre, V y : Hombre, afeita x y « - afeita y y) :=

begin
intro h,
cases h with b hb,



4.27. Propiedad de la densidad de los reales

291

specialize hb b,
by itauto,
end

-- 42 demostracion
example :

= (3 x : Hombre, V y : Hombre, afeita x y « - afeitay vy )

begin

rintro (b, hb),

exact (iff not self (afeita b b)).mp (hb b),
end

-- 52 demostracion
example :

= (34 x : Hombre, V y : Hombre, afeita x y « - afeitay vy )
A (b, hb), (iff not self (afeita b b)).mp (hb b)

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.27. Propiedad de la densidad de los reales

4.27.1. Demostraciones con Isabelle/HOL

[T I T e TR

-- Sean x, y numeros reales tales que
- - Vz,y<z-x=s2
-- Demostrar que x = y.

theory Propiedad de la densidad de los reales
imports Main HOL.Real
begin

(* 1 demostracin *)
lemma
fixes x y :: real
assumes "V z. y <z - x = 2"
shows "x = vy
proof (rule linorder class.lel; intro notI)
assume "y < x”
then have "3z. y <z A z < X"
by (rule dense)

14
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then obtain a where ha : "y <a A a < x”
by (rule exE)

have "- a < a”
by (rule order.irrefl)

moreover

have "a < a”

proof -

have "y < a - x = a”

using assms by (rule allE)
moreover
have "y < a”

using ha by (rule conjunctl)
ultimately have "x = a

by (rule mp)
moreover
have "a < x”

using ha by (rule conjunct2)
ultimately show "a < a”

by (simp only: less le trans)

1

ged
ultimately show False
by (rule notE)
ged

(* 27 demostracign *)
lemma
fixes x y :: real
assumes "[] z. y <z — X = 2"
shows "x = y”
proof (rule linorder class.leI; intro notI)
assume "y < x”
then have "3z. y <z A z < X"
by (rule dense)
then obtain a where hya : "y < a
by auto
have "- a < a”
by (rule order.irrefl)
moreover
have "a < a”
proof -
have "a < x”
using hax .
also have ".
using assms[OF hya]
finally show "a < a”

n n

and hax :

. <a”
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ged
ultimately show False
by (rule notE)
ged

(* 372 demostracign *)

lemma
fixes x y :: real
assumes "[] z. y <z — X = 2"
shows "x = y”

proof (rule linorder class.lel; intro notI)
assume "y < x”
then have "3z. y <z A z < X"
by (rule dense)
then obtain a where hya : "y < a” and hax : "a < x”
by auto
have "- a < a”
by (rule order.irrefl)
moreover
have "a < a”
using hax assms[OF hya] by (rule less le trans)
ultimately show False
by (rule notE)
ged

(* 47 demostracin *)

lemma
fixes x y :: real
assumes "[] z. y < zZ — X = Z
shows "x = y”

by (meson assms dense not less)

1

(* 52 demostracin *)

lemma
fixes x y :: real
assumes "[] z. Yy < Z — X = Z
shows "x = y”

using assms by (rule dense ge)

1

(* 62 demostracidn *)
lemma
fixes x y :: real
assumes "V z. y <z - x = 2"
shows "x = y”
using assms by (simp only: dense ge)
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end

4.27.2. Demostraciones con Lean

-- Sean x, y numeros reales tales que
- - Vz, y<z-x=s2
-- Demostrar que x = y.

import data.real.basic
variables {x y : R}

-- 12 demostracion

example
(h : Vz,y<z->xs=2)
X =y =

begin
apply le of not gt,
intro hxy,

cases (exists between hxy) with a ha,
apply (lt irrefl a),
calc a
< x : ha.2
=a : haha.l,
end

-- 22 demostracion

example
(h : Vz,y<z->xs=s2)
X sy :=

begin
apply le of not gt,
intro hxy,

cases (exists between hxy) with a ha,

apply (lt irrefl a),

exact 1t of 1t of le ha.2 (h a ha.1),
end

-- 32 demostracion
example
(h : Vz, y<z->xzs2)
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X sy :=
begin

apply le of not gt,

intro hxy,

cases (exists between hxy) with a ha,

exact (Lt irrefl a) (1t of 1t of le ha.2 (h a ha.l)),
end

-- 32 demostracién
example
(h : Vz,y<z->xzs2)
X sy :=
begin
apply le of not gt,
intro hxy,
rcases (exists between hxy) with (a, ha),
exact (Lt irrefl a) (1t of 1t of le ha.2 (h a ha.l)),
end

-- 42 demostracién
example
(h : Vz,y<z-xzs<s2)
X sy :=
begin
apply le of not gt,
intro hxy,
rcases (exists between hxy) with (a, hya, hax),
exact (Lt irrefl a) (1t of 1t of le hax (h a hya)),
end

-- 52 demostracion

example
(h : Vz,y<z->xzs2)
X sy :=
le of not gt (A hxy,
let (a, hya, hax) := exists between hxy in

1t irrefl a (1t of 1t of le hax (h a hya)))

-- 62 demostracién

example
(h : Vz, y<z->xzs2)
X sy :=

le of forall le of dense h

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.
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4.28. Propiedad cancelativa del producto de nu-
meros naturales

4.28.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Sean k, m, n numeros naturales. Demostrar que

-- k*m=k*nem=nv~k-=2~0

theory Propiedad cancelativa del producto de numeros naturales
imports Main
begin

(* 17 demostracign *)

lemma

fixes k m n :: nat

shows "k *m =K *nem=nv k=0"
proof -

”

have "k # 0 — k * m =k * n = m = n
proof (induct n arbitrary: m)
fix m
assume "k # 0” and "k * m = k * 0”
show "m = 0"
using [k * m = k * 0|
by (simp only: mult_left cancel[OF [k = 0}[])
next
fix n m
assume HI : "[m. [k # 0; Kk *m=K * n] =— m=n"
and hk : "k # 0”
and "k * m = k * Suc n”
then show "m = Suc n”
proof (cases m)
assume "m = 0"
then show ”"m = Suc n”
using [k * m = k * Suc n|
by (simp only: mult left cancel[OF Ik # OI])

next
fix m’
assume "m = Suc m"”
then have "k * Suc m’ = k * Suc n”

using [k * m = k * Suc np| by (rule subst)
then have "k * m’ + k = k * n + k"
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by (simp only: mult Suc right)

then have "k * m’" = k * n”
by (simp only: add right imp eq)
then have "m’ = n”

by (simp only: HI[OF hk])
then show "m = Suc n”
by (simp only: [<m = Suc m’}))
ged
ged
then show "k * m =k * nem=nv k = 0"
by auto
ged

(* 27 demostracign *)

lemma

fixes k m n :: nat

shows "k * m =k *nem=nv k = 0"
proof -

n

have "k # 0 — k * m =k *n = m =n
proof (induct n arbitrary: m)
fix m
assume "k # 0” and "k * m
then show "m = 0” by simp

k * 0”

next
fix n m
assume "[m. [k # 0; K *m=K *n] = m=n"
and "k # 0"

and "k * m = k * Suc n”
then show "m = Suc n”
proof (cases m)
assume "m = 0"
then show ”"m = Suc n”
using [k * m = k * Suc np| [{k # 6] by auto
next
fix m’
assume “m = Suc m
then show "m = Suc n”
using [k * m = k * Suc np| [{k # 6] by force
ged
ged
then show "k * m =k * nom=n v k = 0" by auto
ged

rn

(* 37 demostracign *)
lemma
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fixes k m n :: nat
shows "k * m =K *nem=nv k=20"
proof -

have "k # 0 — k *m =k * n — m = n"
proof (induct n arbitrary: m)
case 0
then show [7lcase
by simp
next
case (Suc n)
then show [?case
proof (cases m)
case 0
then show [fjthesis
using Suc.prems by auto
next
case (Suc nat)
then show [fjthesis
using Suc.prems by auto
ged
ged
then show [?thesis
by auto
ged

(* 47 demostracin *)

lemma

fixes k m n :: nat

shows "k * m =k *nem=nv k = 0"
proof -

have "k # 0 — k * m =k * n = m = n"
proof (induct n arbitrary: m)
case 0
then show "m = 0” by simp
next
case (Suc n)
then show "m = Suc n”
by (cases m) (simp all add: eq commute [of 0])

ged
then show [7ithesis by auto
ged

(* 52 demostracin *)
lemma
fixes k m n :: nat
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shows "k * m =k *nem=nv k = 0"
by (simp only: mult cancell)

(* 67 demostracidn *)

lemma

fixes k m n :: nat

shows "k * m=K *nem=nv k = 0"
by simp
end

4.28.2. Demostraciones con Lean

-- Sean k, m, n numeros naturales. Demostrar que
-- k*m=k*nem=nv~k-=20

import data.nat.basic
open nat

variables {k m n : N}

-- Para que no use la notacidén con puntos
set _option pp.structure projections false

-- 12 demostracion
example :
k*m=Kk*nem=nvk=0 :=
begin
have hl: k #0 -k *m=k *n-m-=n,
{ induction n with n HI generalizing m,
{ by finish, },
{ cases m,
{ by finish, },
{ intros hk hS,
congr,
apply HI hk,
rw mul succ at hS,
rw mul succ at hS,
exact add right cancel hS, }}},
by finish,
end
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-- 22 demostracion
example :
k*m=k*nem=nvk=0 :=
begin
have hl: k # 0 -k *m=k *n-m-=n,
{ induction n with n HI generalizing m,
{ by finish, 7},
{ cases m,
{ by finish, },
{ intros hk hS,
congr,
apply HI hk,
simp only [mul succ] at hS,
exact add right cancel hS, }}},
by finish,
end

-- 32 demostracién
example :
K*m=Kk*nem=nvk=0 :=
begin
have hl: k # 0 -k *m=Kk *n-m=n,
{ induction n with n HI generalizing m,
{ by finish, },
{ cases m,
{ by finish, },
{ by finish, }}},
by finish,
end

-- 42 demostracién
example :
K*m=Kk*nem=nvk=0 :=
begin
have hl: k# 0 -k *m =K *n-m=n,
{ induction n with n HI generalizing m,
{ by finish, },
{ cases m; by finish }},
by finish,
end

-- 52 demostracion
example :
k*m=Kk*nem=nvk-=20 :=



4.29. Limite de sucesién menor que otra sucesién 301

begin
have hl: k# 0 - k *m =K *n-m=n,
{ induction n with n HI generalizing m ; by finish },
by finish,
end

-- 52 demostracion
example :
K*m=K*nem=nvk=0 :=
begin
by cases hk : k =0,
{ by simp, },
{ rw mul right inj’ hk,
by tauto, },
end

-- 62 demostracion
example :

k*m=Kk*nem=nvk=0 :=
mul eq mul left iff
-- 72 demostracion
example :
K*m=Kk*nem=nvk=0 :=
by simp

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.29. Limite de sucesion menor que otra suce-

n /7

sion

4.29.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, una sucesién ue, U1, U2, ... Se puede representar

-- mediante una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

-- definition limite :: ”"(nat = real) - real - bool”

- - where ”limite u ¢ o (Ve>0. 3Ik::nat. Vn=k. 'un - c! < g)

”

-- Demostrar que si u(n) - a, v(n) » c y u(n) = v(n) para todo n,
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-- entonces a = c.

theory Limite de sucesion menor que otra sucesion
imports Main HOL.Real
begin

definition limite :: ”"(nat = real) = real = bool”
where "limite u ¢ « (Ve>0. Fk::nat. Vn=zk. lun - c} < €)”

(* 17 demostracin *)

lemma
assumes “limite u a”
"limite v c”
"¥n. un=<svn”
shows "a = c”

proof (rule lel ; intro notI)
assume "c < a”
let e = "(a - c) /2"
have "0 < 7¢”
using [Jc < a| by simp

obtain Nu where HNu : ”"Vn=Nu. lu n - a! < ?7g”
using assms (1) limite def {0 < [7gh| by blast
obtain Nv where HNv : ”"Vn=Nv. v n - c| < ?g”

using assms(2) limite def {0 < [7eb| by blast
let IN = "max Nu Nv”
have "?N = Nu”
by simp
then have Ha : "ju ?N - a}] < 7¢”
using HNu by simp
have "?N = Nv”
by simp
then have Hc : "|jv ?N - c} < 7¢”
using HNv by simp

have "a - c <a - c”
proof -
have "a - ¢ = (a - u ?N) + (u ?N - ¢)”
by simp
also have ". a - u?N) + (v?2N-«c)”

= (
using assms(3) by auto
also have ".. < !(a - u ?N) + (v ?N - c)}!”
by (rule abs ge self)
also have ".. = }la - u ?N} + v ?N - c}”
by (rule abs triangle ineq)
also have ".. = ju ?N - a}] + v ?N - c}|”
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by (simp only: abs minus_ commute)

also have ".. < ?e + ?¢g”
using Ha Hc by (simp only: add strict mono)
also have ".. = a - c”

by (rule field sum of halves)
finally show "a - c < a - c”
by this
ged
have "- a - c <a - c
by (rule less irrefl)
then show False
using [Ja - ¢ < a - c)| by (rule notE)

n n

ged

(* 27 demostracidn *)
lemma
assumes "“limite u a”
"limite v c”
"\n. un=svn
shows "a = c”
proof (rule leI ; intro notI)
assume "c < a”
let Pe = "(a - c) /2"
have "0 < ?¢g”
using [Jc < a| by simp

n

obtain Nu where HNu : ”"Vn=Nu. !u n - a! < ?7g”
using assms (1) limite def {0 < [7le}| by blast
obtain Nv where HNv : ”"Vn=Nv. !v n - c! < ?7g”

using assms(2) limite def {0 < [7e}| by blast
let [N = "max Nu Nv”
have "?N = Nu”

by simp

then have Ha : "}u ?N - a} < 7¢”
using HNu by simp

then have Ha' : "u ?N - a < ?¢ A -(u ?N - a) < ?&”
by argo

have "?N = Nv”
by simp

then have Hc : "}v ?N - ¢} < 7¢”
using HNv by simp

then have Hc' : "v ?N - c < ?e A -(v ?N - ¢c) < ?€”
by argo

have "a - c <a - c”

using assms(3) Ha' Hc’
by (smt (verit, best) field sum of halves)
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n n

have "- a - c <a - ¢
by simp
then show False
using [ - ¢ < a - cp| by simp
ged

(* 32 demostracidn *)

lemma
assumes "limite u a”
"limite v c”
"¥n. un=vn”
shows "a = c”

proof (rule lel ; intro notI)

assume "c < a”

let e = "(a - c) /2"

have "0 < ?¢&”
using [Jc < a| by simp

obtain Nu where HNu : "Vn=Nu. ju n - a! < ?g”
using assms (1) limite def {0 < [7le}| by blast

obtain Nv where HNv : ”"Vn=Nv. !v n - c! < ?7g”
using assms(2) limite def {0 < [7le}| by blast

let [N = "max Nu Nv”

have "?N = Nu”

by simp

then have Ha : "lu ?N - a} < 7¢&”
using HNu by simp

then have Ha' : "u ?N - a < ?¢ A -(u ?N - a) < ?&”
by argo

have "?N = Nv”
by simp

then have Hc : "}v ?N - ¢} < 7¢”
using HNv by simp

then have Hc' : "v ?N - c < ?e A -(v ?N - ¢) < 7¢”
by argo

show False

using assms(3) Ha' Hc’
by (smt (verit, best) field sum of halves)
ged

end
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4.29.2. Demostraciones con Lean

-- En Lean, una sucesién ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define que a es el limite de la sucesidén u, por

-- def limite : (N> R) > R - Prop :=

-- Aua, Ye>0, AN, Yn=N, |[un-a| <g¢

-- donde se usa la notacidn |x| para el valor absoluto de x

-- notation “|‘x‘|‘ := abs x

-- Demostrar que si un - a, Vn » C y Un < Vn para todo n, entonces
--a=sc.

import data.real.basic
import tactic

variables (u v : N - R)
variables (a c : R)

‘

abs x

notation ‘| ‘x‘|

def limite (u : N
Ve>0, 3N, Vn

R) (c : R) :=
N, [un-c| <¢g€

{

[\

-- 12 demostracién
example

(hu : limite u a)

(hv : limite v ¢)

(hle : Y n, un=vn)

1 as<cC:=
begin

apply le of not 1t,

intro hlt,

set € := (a - ¢) /2 with heac,

have he : 0 < g :=
half pos (sub pos.mpr hlt),
cases hu € he with Nu HNu,
cases hv € he with Nv HNv,
let N := max Nu Nv,
have HNu’ : Nu = N := le max_ left Nu Nv,
have HNv’ : Nv = N := le max _right Nu Nv,
have Ha : |[u N - a] <& := HNu N HNu’,

=
=
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have Hc : |[v N - c| < &€ := HNv N HNv',
have HN : u N = v N := hle N,
apply lt irrefl (a - c),

calc

end

a

1IN DN A

A

- C
(@ -uN)+ (uN - c)
(a - uN)+ (vN-©)
[(a - uN) + (vN-c)
[a - uN| + |[vN-Cc|
[uN - al] + |[vN-Cc|

€ + €

a-c

-- 22 demostracion

example
(hu :
(hv :

(hle :

a =
begin

limite u a)
limite v ¢)

YV n, un=vn)
c :=

apply le of not 1t,
intro hlt,

set ¢

:= (a - ¢c) /2 with he,

cases hu € (by linarith) with

cases hv € (by linarith) with

let N := max Nu Nv,

have Ha : |[u N - a|] < € :=
HNu N (le max left Nu Nv),

have Hc : |[v N - c| < € :=

HNv N (le max right Nu Nv),
have HN : u N = v N := hle N,
apply 1t irrefl (a - c),

calc

end

Q

A DN IA

A

- C
(@ -uN) + (uN - c)
(@ - uN)+ (vN-C)
[(@ - uN) + (vN-c)
[a - uN| + |[v N- |
[uN - a] + |[vN-c|

€ + €

a-c

-- 32 demostracion

example
(hu :

limite u a)

: by ring

: by simp [HN]

: le abs self ((a - uN) + (vN - c))
: abs add (a - uN) (vN- )

: by simp only [abs sub comm]

: add_1t _add Ha Hc

: add halves (a - c),

Nu HNu,
Nv HNv,

: by ring

: by simp [HN]

: le abs self ((a - uN) + (v N - c))
: abs add (a - uN) (vN-C)

: by simp only [abs sub comm]

: add 1t _add Ha Hc

: add _halves (a - c¢),
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(hv : limite v c)
(hle : Y n, un=vn)
. a = C =
begin
apply le of not 1t,
intro hlt,
set € := (a - ¢) /2 with he,
cases hu € (by linarith) with Nu HNu,
cases hv € (by linarith) with Nv HNv,
let N := max Nu Nv,

have Ha : |[u N - a|] < € :=
HNu N (le max_left Nu Nv),
have Hc : |V N - ¢c| < g :=

HNv N (le max right Nu Nv),
have HN : u N = v N := hle N,
apply lt irrefl (a - c),

calc a - ¢

=(a-uN) + (uN - c) : by ring
< (a-uN) + (vN-<C) : by simp [HN]
< [(@a - uN)+ (vN-c)| : by simp [le abs self]
< |a-uN| + |vN-Cc| : by simp [abs add]
= |uN-a|] + |vN-c| : by simp [abs sub comm]
<€+ ¢ : add 1t _add Ha Hc
=a - C : by simp,

end

-- 42 demostracién
example
(hu : limite u a)
(hv : limite v ¢)
(hle : ¥ n, un=vn)
. a s Cc =
begin
apply le of not 1t,
intro hlt,
set € := (a - ¢) /2 with hg,
cases hu € (by linarith) with Nu HNu,
cases hv € (by linarith) with Nv HNv,
let N := max Nu Nv,

have Ha : |[u N - a|] < € :=
HNu N (le max left Nu Nv),
have Hc : |[v N - c| < € :=

HNv N (le max right Nu Nv),
have HN : u N = v N := hle N,
apply 1t irrefl (a - c),
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rw abs 1t at Ha Hc,
linarith,
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

4.30. Las sucesiones acotadas por cero son nu-
las

4.30.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que las sucesiones acotadas por cero son nulas.

theory Las sucesiones acotadas por cero _son_nulas
imports Main HOL.Real
begin

(* 17 demostracin *)

lemma
fixes a :: "nat = real”
assumes "Vn. ja n}] = 0”
shows "Yn. a n=0"
proof (rule allI)
fix n
have "}a n}] = 0”

proof (rule antisym)
show "}a n}] = 0"
using assms by (rule allE)
next
show " 0 = la n}”
by (rule abs ge zero)
ged
then show "a n = 0”
by (simp only: abs eq 0 iff)
ged

(* 27 demostracin *)
lemma
fixes a :: "nat = real”
assumes "VYn. }a n} = 0"
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shows "Yn. a n=0"
proof (rule alll)

fix n

have "!a n}] = 0"

proof (rule antisym)
show "}a n] = 0” try
using assms by (rule allE)
next
show ” 0 < !a n|
by simp

”

ged
then show "a n = 0”
by simp
ged

(* 32 demostracidn *)

lemma
fixes a :: "nat = real”
assumes "VYn. la n} = 0"
shows "Yn. a n=0"
proof (rule alll)
fix n
have "}a n| = 0"

using assms by auto
then show "a n = 0”
by simp
ged

(* 47 demostracin *)

lemma
fixes a :: "nat = real”
assumes "VYn. }a n} = 0"
shows "¥n. a n=0"

using assms by auto

end

4.30.2. Demostraciones con Lean
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import data.real.basic
import tactic

variable (u : N - R)

notation ‘|‘x‘|‘ := abs x

-- 12 demostracion

example
(h : ¥ n, |[un| =0)
:Vn,un=20 :=
begin
intro n,

rw | abs_eq_zero,

specialize h n,

apply le antisymm,

{ exact h, 1},

{ exact abs nonneg (u n), 1},
end

-- 22 demostracion

example
(h : ¥V n, |Jun| =0)
:Vn,un=0 :=
begin
intro n,

rw | abs_eq_zero,
specialize h n,

exact le antisymm h (abs nonneg (u n)),

end

-- 32 demostracion

example
(h = ¥Yn, |Jun| =0)
:Vn,un=20:=
begin
intro n,

rw | abs_eq_zero,

exact le antisymm (h n) (abs nonneg (u n)),

end

-- 42 demostracion
example
(h : V.n, |un|
YV n,un=20 :

0)

1A
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begin

intro n,

exact abs eq zero.mp (le antisymm (h n) (abs nonneg (u n))),
end

-- 52 demostracién
example
(h : Y n, |unj
:Vn, un=20:
A n, abs eq zero.mp (le antisymm (h n) (abs nonneg (u n)))

0)

I IA

-- 62 demostracion
example
(h : ¥ n, |unj
:Vn,un=20:
by finish

0)

I IA

Se puede interactuar con las pruebas anteriores en esta sesiéon con Lean.

4.31. Producto de una sucesion acotada por otra
convergente a cero

4.31.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que el producto de una sucesién acotada por una convergente
-- a 0 también converge a 0.

theory Producto de una sucesion acotada por otra convergente a cero
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u c « (Ve>0. Fk::nat. Vn=k. lun - c} < €)”

definition acotada :: "(nat = real) = bool”
where "acotada u « (3IB. Vn. ju n}] = B)"”

lemma
assumes "acotada u”
"limite v 0”
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shows "limite (An. un * v n) 0"
proof -
obtain B where hB : "Vn. !u n! = B”

using assms(1l) acotada def by auto
then have hBnoneg : "0 = B” by auto
show "1limite (An. un * v n) 0"
proof (cases "B = 0")
assume "B = 0"
show "limite (An. u n * v n) 0"
proof (unfold limite def; intro alll impI)
fix € :: real
assume "0 < g”
have "Vn=z0. jun *vn - 0] <¢g&”
proof (intro allI impI)
fix n :: nat
assume "n = 0”
show "jun *vn-0] <¢g”
using [0 < )| [<B = 0] hB by auto
ged
then show ”3k. Vnzk. jun *vn-0] <c¢
by (rule exI)
ged
next
assume "B # 0"
then have hBpos : "0 < B”
using hBnoneg by auto
show "limite (An. un * v n) 0”
proof (unfold limite def; intro alll impI)
fix € :: real
assume "0 < g€”
then have "0 < ¢/B”
by (simp add: hBpos)
then obtain N where hN : "Vn=N. v n - 0] < &/B”
using assms(2) limite def by auto
have "Vn=N. jun *vn - 0] <¢g”
proof (intro allIl impI)
fix n :: nat
assume "n = N”
have "|v n} < &/B”
using [<N = n)| hN by auto

n

have "{un *vn-0} =1!un! *|lvn}”
by (simp add: abs mult)
also have ".. = B * v n}”

by (simp add: hB mult right mono)
also have ".. < B * (g/B)”
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using [<ijv nli| < &/B)| hBpos

by (simp only: mult strict left mono)
also have ".. = ¢”
using [<B # O] by simp
finally show "jun * vn -0} <¢g”
by this
ged
then show ”"3k. Vn=k. lun *vn-0} <¢€'
by (rule exI)

’

ged
ged
ged

end

4.31.2. Demostraciones con Lean

-- Demostrar que el producto de una sucesién acotada por una convergente

-- a 0 también converge a 0.

import data.real.basic
import tactic

variables (u v : N - R)
variable (a : R)

notation ‘|‘x‘|‘ := abs x
def limite (u : N - R) (c : R) :=
Ve>0, 3N, Vn=N, |[un-c| <€

def acotada (a : N - R) :=
1B, Vn, |an| =B

-- 12 demostracion
example

(hUu : acotada u)

(hV : limite v 0)

: limite (u*v) 0 :=
begin

cases hU with B hB,
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have hBnoneg : 0 = B,

calc 0 = |u 0| : abs nonneg (u 0)

... =B : hB 0,

by cases hBO : B = 0,
{ subst hBO,

intros € hg,

use 0,

end

intros n hn,
simp rw [sub zero] at *,
calc |(u * v) n|

= |un*vn| : congr_arg abs (pi.mul apply u v n)

= |un| * |vn| : abs mul (un) (vn)

=0 * |v nj : mul le mul of nonneg right (hB n) (abs nonneg (v n))
=0 : zero_mul (|v n|)

< € : he, },

change B # 0 at hBO,

have hBpos : 0 < B := (ne.le iff 1t hBO.symm).mp hBnoneg,
intros € hg,

cases hV (g/B) (div_pos he hBpos) with N hN,

use N,

intros n hn,

simp rw [sub zero] at *,

calc |(u * v) n|

= |un*vn| : congr_arg abs (pi.mul apply u v n)

= |un| * |vn| : abs mul (un) (v n)

=B * |v n] : mul le mul of nonneg right (hB n) (abs nonneg )
< B * (g/B) : mul_1t mul of pos left (hN n hn) hBpos

= € : mul div _cancel’ € hBO },

-- 22 demostracidn
example

(hU : acotada u)

(hV : limite v 0)

: limite (u*v) 0 :=
begin

cases hU with B hB,

have hBnoneg : 0 = B,

calc 0 = |u 0| : abs _nonneg (u 0)
. =B : hB 0,

by cases hBO : B = 0,
{ subst hBO,

intros € heg,
use 0,
intros n hn,
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simp rw [sub zero] at *,
calc |[(u * v) n|

= |un| * |vn| : by finish [abs mul]
=0 * |v nj : mul le mul of nonneg right (hB n) (abs nonneg (v n))
=0 : by ring
... < € : he, },
{ change B # 0 at hBO,
have hBpos : 0 < B := (ne.le iff 1t hBO.symm).mp hBnoneg,

intros € hg,

cases hV (g/B) (div_pos he hBpos) with N hN,
use N,

intros n hn,

simp rw [sub zero] at *,

calc |(u * v) n|

= |un| * |vn| : by finish [abs mul]

=B * |v n] : mul le mul of nonneg right (hB n) (abs nonneg )
< B * (g/B) : by finish

=€ : mul div cancel’ € hBO },

end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.
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Capitulo 5

Ejercicios de agosto de 2021

5.1. La congruencia mdédulo 2 es una relacion
de equivalencia

5.1.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Se define la relacidén R entre los numeros enteros de forma que x esta

-- relacionado con y si x-y es divisible por 2. Demostrar que R es una
-- relacién de equivalencia.

theory La congruencia modulo 2 es una relacion de equivalencia
imports Main
begin

definition R :: ”(int x int) set” where
"R = {(m, n). even (m - n)}”

lemma R iff [simp]:
"((x, y) € R) = even (x - y)”
by (simp add: R def)

(* 1 demostracin *)
lemma "equiv UNIV R”
proof (rule equivI)
show "refl R”
proof (unfold refl on def; intro conjI)
show "R ¢ UNIV x UNIV”
proof -

317
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have "R < UNIV”
by (rule top.extremum)
also have ”".. = UNIV x UNIV”
by (rule Product Type.UNIV Times UNIV[symmetric])
finally show "R < UNIV x UNIV”
by this
ged
next
show "Vx€EUNIV. (x, x) € R”
proof
fix x :: int
assume "x € UNIV”
have "even 0” by (rule even zero)
then have "even (x - x)” by (simp only: diff self)
then show " (x, x) € R”
by (simp only: R iff)
ged
ged
next
show "“sym R”
proof (unfold sym def; intro allI impI)
fix x y :: int
assume "(x, y) € R”
then have "even (x - y)”
by (simp only: R iff)
then show "(y, x) € R”
proof (rule evenE)

fix a :: int
assume ha : "x - y =2 * a”
have "y - x = -(x - y)”
by (rule minus diff eq[symmetric])
also have ".. = -(2 * a)”
by (simp only: ha)
also have ".. = 2 * (-a)”

by (rule mult minus right[symmetric])
finally have "y - x =2 * (-a)”
by this
then have "even (y - x)”
by (rule dvdI)
then show "(y, x) € R”
by (simp only: R iff)
ged
ged
next
show "trans R”
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proof (unfold trans def; intro allI impI)

fix xy z
assume hxy : "(x, y) € R” and hyz : "(y, z) € R”
have "even (x - y)”
using hxy by (simp only: R iff)
then obtain a where ha : "x - y =2 * a”
by (rule dvdE)
have "even (y - z)”
using hyz by (simp only: R iff)
then obtain b where hb : "y - z =2 * b”
by (rule dvdE)

have "x - z = (x - y) + (y - z2)"
by simp

also have ".. = (2 * a) + (2 * b)”
by (simp only: ha hb)

also have ".. =2 * (a + b)”

by (simp only: distrib left)
finally have "x - z =2 * (a + b)”
by this
then have "even (x - z)”
by (rule dvdI)
then show "(x, z) € R”
by (simp only: R iff)

ged

ged

(* 27 demostracign *)
lemma "equiv UNIV R”
proof (rule equivI)
show "refl R”
proof (unfold refl on def; intro conjI)

show "R < UNIV x UNIV” by simp

next

show "VxEUNIV. (x, x) € R”
proof
fix x :: int

assume "x € UNIV”
have "x - x = 2 * 0"
by simp
then show "(x, x) € R”
by simp
ged

ged

next
sh

ow "“sym R”
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proof (unfold sym def; intro allIl impI)
fix x y :: int
assume "(x, y) € R”
then have "even (x - y)”
by simp
then obtain a where ha : "x - y =2 * a”
by blast
then have "y - x = 2 *(-a)
by simp
then show "(y, x) € R”
by simp
ged
next
show "trans R”
proof (unfold trans def; intro alll impI)
fix Xy z
assume hxy : "(x, y) € R” and hyz : "(y, z) € R”
have "even (x - y)”
using hxy by simp
then obtain a where ha : "x - vy
by blast
have "even (y - z)”
using hyz by simp
then obtain b where hb : "y - z = 2 * b”
by blast
have "x - z =2 * (a + b)”
using ha hb by auto
then show "(x, z) € R”
by simp
ged
ged

n

]
N

* a

(* 37 demostracign *)
lemma "equiv UNIV R”
proof (rule equivI)
show "refl R”
proof (unfold refl on def; intro conjI)
show ” R ¢ UNIV x UNIV”
by simp
next
show "VxXEUNIV. (x, x) € R”
by simp
ged
next
show "sym R”
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proof (unfold sym def; intro allIl impI)
fix x y
assume "(x, y) € R”
then show "(y, x) € R”
by simp
ged
next
show "trans R”
proof (unfold trans def; intro allIl impI)

fix x y z
assume "(x, y) € R” and "(y, z) € R”
then show "(x, z) € R”
by simp
ged

ged

(* 47 demostracin *)
lemma "equiv UNIV R”
proof (rule equivI)
show "refl R”
unfolding refl on def by simp
next
show "sym R”
unfolding sym def by simp
next
show "trans R”
unfolding trans def by simp
ged

(* 52 demostracin *)

lemma "equiv UNIV R”
unfolding equiv_def refl on def sym def trans def
by simp

(* GE demostraciin *)
lemma "equiv UNIV R”

by (simp add: equiv def refl on def sym def trans def)

end
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5.1.2. Demostraciones con Lean

-- Se define la relacidon R entre los numeros enteros de forma que x esta
-- relacionado con y si x-y es divisible por 2. Demostrar que R es una
-- relacién de equivalencia.

import data.int.basic
import tactic

def R (mn :27) :=2[]] (m- n)

-- 12 demostracién
example : equivalence R :=
begin
repeat {split},
{ intro x,
unfold R,
rw sub self,
exact dvd zero 2, },
{ intros x y hxy,
unfold R,
cases hxy with a ha,
use -a,
calc y - x
= -(Xx - y) : (neg sub x y).symm
-(2 *a) : by rw ha
..o =2 % -a : neg mul eq mul neg 2 a, },
{ intros x y z hxy hyz,
cases hxy with a ha,
cases hyz with b hb,

use a + b,
calc x - z
= (x -y) + (y - 2z) : (sub add sub cancel x y z).symm
2 *a+2*bh : congr _arg2 ((+)) ha hb
=2 * (a + b) (mul add 2 a b).symm , },

end

-- 22 demostracién
example : equivalence R :=

begin
repeat {split},
{ intro x,

simp [R], },
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{ rintros x y (a, ha),
use -a,
linarith, 1},
{ rintros x y z (a, ha) (b, hb),
use a + b,
linarith, 1},
end

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

5.2. Las funciones con inversa por la izquierda

son inyectivas

5.2.1. Demostraciones con Isabelle/HOL

-- En Isabelle/HOL, se puede definir que f tenga inversa por la
-- izquierda por

-- definition tiene inversa izq :: ”"(’a - ’'b) = bool” where

-- "tiene inversa izq f o (3g. ¥x. g (f x) = x)”

-- Ademds, que f es inyectiva sobre un conjunto esta definido por
-- definition inj on :: ”(’a = 'b) - ’a set = bool”

-- where “inj on f A o (VXEA. Vy€A. f x =Ff y - x =y)”

-- y que f es inyectiva por

-- abbreviation inj :: ”(’a = ’'b) = bool”

-- where ”“inj f = inj on f UNIV”

-- Demostrar que si f tiene inversa por la izquierda, entonces f es
-- linyectiva.

theory Las funciones con _inversa por la izquierda son_inyectivas
imports Main
begin

definition tiene inversa izq :: ”"(’'a = ’'b) = bool” where
"tiene inversa izq f o (3g. Vx. g (f x) = x)"

(* 1?7 demostracign *)

lemma
assumes "tiene inversa izq f”
shows "inj f”
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proof (unfold inj def; intro allIl impI)
fix x vy
assume "f x = f y”
obtain g where hg : "Vx. g (f x) = x
using assms tiene inversa izq def by auto
have "x = g (f x)”
by (simp only: hg)

1

also have ".. =g (f y)”
by (simp only: [[f x = f y}))
also have ".. = y”

by (simp only: hg)
finally show "x = y”
ged

(* 27 demostracidn *)

lemma
assumes "tiene inversa izq f”
shows "inj f”

by (metis assms inj def tiene inversa izq def)

end

5.2.2. Demostraciones con Lean

-- En Lean, que g es una inversa por la izquierda de f estd definido por
-- left inverse (g : B » a) (f : a - B) : Prop :=

- - Vx, g (f x) =x

-- y que f tenga inversa por la izquierda esta definido por

-- has left inverse (f : a - B) : Prop :=

- - i finv : B - a, left inverse finv f

-- Finalmente, que f es inyectiva estd definido por

-- injective (f : a -» B) : Prop :=

-- Vixyl, fx=Ffy-x=y

-- Demostrar que si f tiene inversa por la izquierda, entonces f es

-- Inyectiva.

import tactic
open function

universes u v
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variables {a : Type u}
variable {B : Type v}
variable {f : a - B}

-- 12 demostracidn

example
(hf : has left inverse f)
: injective f :=

begin
intros x y hxy,
unfold has left inverse at hf,
unfold left inverse at hf,
cases hf with g hg,

calc x = g (f x) : (hg x).symm
=g (fy) : congr arg g hxy
=y : hgy
end

-- 22 demostracion
example
(hf : has_left inverse f)
: injective f :=
begin
intros x y hxy,
cases hf with g hg,
calc x = g (f x) : (hg x).symm
.. =g (fy) : congr arg g hxy
.=y : hgy

end

-- 32 demostracién
example
(hf : has left inverse f)
: injective f :=
exists.elim hf (A finv inv, inv.injective)

-- 42 demostracién
example
(hf : has_left inverse f)
: injective f :=
has left inverse.injective hf

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.
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5.3. Las funciones inyectivas tieneninversa por

la izquierda

5.3.1. Demostraciones con Isabelle/HOL

-- En Isabelle/HOL, se puede definir que f tenga inversa por la
-- izquierda por

-- definition tiene inversa izq :: ”"(’a - ’'b) = bool” where

-- "tiene inversa izq f o (3g. ¥x. g (f x) = x)”

-- Ademds, que f es inyectiva sobre un conjunto esta definido por
-- definition inj on :: ”(’a = 'b) = ’a set = bool”

-- where “inj on f A o (VXEA. Vy€A. f x = y - x =y)
-- y que f es inyectiva por

-- abbreviation inj :: ”(’a = ’'b) = bool”

-- where ”inj f = inj on f UNIV”

”

-- Demostrar que si f es una funcidén inyectiva, entonces f tiene
-- 1nversa por la izquierda.

theory Las funciones inyectivas tienen inversa por la izquierda
imports Main
begin

definition tiene inversa izq :: "('a = 'b) = bool” where
"tiene inversa izq f o (3g. Vx. g (f x) = x)”

(* 1?7 demostracign *)

lemma
assumes "inj f”
shows  "tiene inversa izq f”

proof (unfold tiene inversa izq def)
let Ig = "(Ay. SOME x. f x =y)”
have "Vx. ?g (f x) = x”
proof (rule alll)

fix a
have "3Ix. f x = f a”
by auto

then have "f (?g (f a)) = f a”
by (rule somel ex)
then show "?g (f a) = a

using assms

n
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by (simp only: injD)
ged
then show ”(3g. ¥Vx. g (f x) = x)”
by (simp only: exI)
ged

(* 27 demostracign *)

lemma
assumes "inj f”
shows  "tiene inversa izq f”

proof (unfold tiene inversa izq def)
have "Vx. inv f (f x) = x”
proof (rule alll)
fix x
show "inv f (f x) = x”
using assms by (simp only: inv f f)
ged
then show "(3g. Vx. g (f x) = x)”
by (simp only: exI)
ged

(* 32 demostracign *)

lemma
assumes "inj f”
shows  "tiene inversa izq f”

proof (unfold tiene inversa izq def)
have "Vx. inv f (f x) = x”
by (simp add: assms)
then show "(3g. Vx. g (f x) = x)”
by (simp only: exI)
ged

end

5.3.2. Demostraciones con Lean

-- En Lean, que g es una inversa por la izquierda de f esta definido por
: Prop :

-- left inverse (g : B - a) (f : a - B)
-- V x, g (f x) =x

-- y que f tenga inversa por la izquierda esta definido por

-- has left inverse (f : a - B) : Prop :=
-- i finv : B - a, left inverse finv f
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-- Finalmente, que f es inyectiva estd definido por

-- injective (f : a -» B) : Prop :=

- - Vxyld fx=Ffy-x=y

-- Demostrar que si f es una funcidén inyectiva con dominio no vacio,
-- entonces f tiene inversa por la izquierda.

import tactic
open function classical

variables {a B: Type*}
variable {f : a - B}

-- 12 demostracién
example
[ha : nonempty a]
(hf : injective f)
: has_left inverse f :=
begin
classical,
unfold has left inverse,
let g := Ay, if h : 3 x, f x
use g,
unfold left inverse,
intro a,
have hl : 3 x : a, f x =f a :
dsimp at *,
dsimp [g],
rw dif pos hl,
apply hf,
exact some spec hl,
end

y then some h else choice ha,

Exists.intro a rfl,

-- 22 demostracién
example
[ha : nonempty a]
(hf : injective f)
: has_left inverse f :=
begin
classical,
let g := Ay, if h : 3 x,
use g,
intro a,
have hl : 3 x : a, f x = f a :

—h
x
Il

y then some h else choice ha,

Exists.intro a rfl,
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dsimp [g],

rw dif pos hl,

exact hf (some spec hl),
end

-- 32 demostracién
example
[ha : nonempty a]
(hf : injective f)
: has_left inverse f :=
begin
unfold has left inverse,
use inv_fun f,
unfold left inverse,
intro x,
apply hf,
apply inv_fun_eq,
use Xx,
end

-- 42 demostracion
example
[ha : nonempty a]
(hf : injective f)
: has_left inverse f :=
begin
use inv_fun f,
intro x,
apply hf,
apply inv_fun_eq,
use X,
end

-- 52 demostracion
example
[ha : nonempty a]
(hf : injective f)
: has_left inverse f :=
(inv_fun f, left inverse inv_fun hf)

-- 62 demostracion
example

[ha : nonempty a]

(hf : injective f)

: has_left inverse f :=
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injective.has left inverse hf

Se puede interactuar con las pruebas anteriores en esta sesidon con Lean.

5.4. Una funcidn tiene inversa por la izquierda
si y solo si es inyectiva

5.4.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, se puede definir que f tenga inversa por la

-- izquierda por

-- definition tiene inversa izq :: ”"(’a - ’'b) = bool” where

- - "tiene inversa izq f o (3g. ¥x. g (f x) = x)”

-- Ademds, que f es inyectiva sobre un conjunto esta definido por

-- definition inj on :: ”"(’a = 'b) - ’'a set = bool”

-- where “inj on f A o (VXEA. Vy€A. f x = y - x =y)
-- y que f es inyectiva por

-- abbreviation inj :: ”"(’a = 'b) = bool”

-- where ”“inj f = inj on f UNIV”

”

-- Demostrar que una funcién f, con dominio no vacio, tiene inversa por
-- la izquierda si y solo si es inyectiva.

theory Una funcion tiene inversa por la izquierda si y solo si es inyectiva
imports Main
begin

definition tiene inversa izq :: "('a = 'b) = bool” where
"tiene inversa izq f o (3g. ¥Vx. g (f x) = x)”

(* 1?7 demostracign *)
lemma
"tiene inversa izq f - inj f”
proof (rule iffI)
assume "tiene inversa izq f”
show "inj f”
proof (unfold inj def; intro allI impI)
fix x y
assume "f x = f y”
obtain g where hg : "Vx. g (f x) = x”
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using [<tiene inversa izq fp| tiene inversa izq def
by auto

have "x = g (f x)”
by (simp only: hg)

also have ".. =g (f y)”
by (simp only: [[f x = f y}))
also have ".. = y”

by (simp only: hg)
finally show "x = y” .
ged
next
assume "inj f”
show "tiene inversa izq f”
proof (unfold tiene inversa izq def)
have "Vx. inv f (f x) = x”"
proof (rule alll)
fix X
show "inv f (f x) = X
using [<inj f>| by (simp only: inv f f)

1

ged
then show "(3g. Vx. g (f x) = x)
by (simp only: exI)
ged
ged

n

(* 27 demostracign *)
lemma
"tiene inversa izq f - inj f”
proof (rule iffI)
assume "tiene inversa izq f”
then show "inj f”
by (metis inj def tiene inversa izq def)
next
assume "inj f”
then show "tiene inversa izq f”
by (metis the inv f f tiene inversa izq def)
ged

(* 37 demostracign *)
lemma
"tiene inversa izq f - inj f”
by (metis tiene inversa izq def inj def the inv f f)

end
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5.4.2. Demostraciones con Lean

-- En Lean, que g es una inversa por la izquierda de f esta definido por
-- left inverse (g : B » a) (f : a » B) : Prop :=

- - V x, g (f x) =x

-- y que f tenga inversa por la izquierda estd definido por

- - has left inverse (f : a - B) : Prop :=

-- i finv : B - a, left inverse finv f

-- Finalmente, que f es inyectiva estd definido por

-- injective (f : a » B) : Prop :=

-- Vixyld fx=Ffy->x=y

-- Demostrar que una funcién f, con dominio no vacio, tiene inversa por
-- la izquierda si y solo si es inyectiva.

import tactic
open function

variables {a : Type*} [nonempty a]
variable {B : Type*}
variable {f : a - B}

-- 12 demostracién
example : has left inverse f o injective f :=
begin

split,

{ intro hf,
intros x y hxy,
cases hf with g hg,
calc x = g (f x) : (hg x).symm

. =g (fy) : congr arg g hxy
cee =Y : hgy, },

{ intro hf,
use inv_fun f,
intro x,
apply hf,
apply inv_fun_eq,
use x, },

end

-- 22 demostracién
example : has left inverse f o injective f :=
begin
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split,
{ intro hf,
exact has left inverse.injective hf 1},
{ intro hf,
exact injective.has left inverse hf 1},
end

-- 32 demostracién
example : has left inverse f < injective f :=
(has_left inverse.injective, injective.has left inverse)

-- 42 demostracién
example : has left inverse f o injective f :=
injective iff has left inverse.symm

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

5.5. Las funciones con inversa por la derecha

son suprayectivas

5.5.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, se puede definir que f tenga inversa por la

-- derecha por

-- definition tiene inversa dcha :: ”(’a = 'b) = bool” where

-- "tiene inversa dcha f o (3g. Yy. f (g y) = y)”

-- Demostrar que si f es una funcidén suprayectiva, entonces f tiene

-- 1inversa por la derecha.

theory Las funciones con _inversa por la derecha son suprayectivas
imports Main
begin

definition tiene inversa dcha :: "(’a = 'b) = bool” where
"tiene inversa dcha f o (3g. Vy. f (g y) =vy)”

(* 17 demostracin *)
lemma
assumes "tiene inversa dcha f”
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shows "surj f"
proof (unfold surj def; intro allI)
fix y

n

obtain g where "Vy. f (g y) =y
using assms tiene inversa dcha def by auto

then have "f (g y) = y”
by (rule allEk)

then have "y = f (g y)”
by (rule sym)

then show "3Ix. y = f X
by (rule exI)

ged

n

(* 27 demostracign *)

lemma
assumes "tiene inversa dcha f”
shows "surj f"

proof (unfold surj def; intro allI)
fix y

obtain g where "Vy. f (g y) =y”
using assms tiene inversa dcha def by auto
then have "y = f (g y)”
by simp
then show "3Ix. y = f x”
by (rule exI)
ged

(* 372 demostracign *)

lemma
assumes "tiene inversa dcha f”
shows "surj f”

proof (unfold surj def; intro allI)
fix y
obtain g where "Vy. f (g y) = y”
using assms tiene inversa dcha def by auto
then show "3Ix. y = f x”
by metis
ged

(* 47 demostracidn *)

lemma
assumes “tiene inversa dcha f”
shows "surj f"

proof (unfold surj def; intro allI)
fix y
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show "3Ix. y = f x”
using assms tiene inversa dcha def
by metis
ged

(* 572 demostracign *)

lemma
assumes "tiene inversa dcha f”
shows "surj f”
using assms tiene inversa dcha def surj def
by metis
end

5.5.2. Demostraciones con Lean

-- En Lean, que g es una inversa por la izquierda de f esta definido por
-- left inverse (g : B » a) (f : a » B) : Prop :=

-- V x, g (f x) =x

-- que g es una inversa por la derecha de f estad definido por
- - right inverse (g : B - a) (f : a » B) : Prop :=

-- left inverse f g

-- y que f tenga inversa por la derecha estd definido por

-- has right inverse (f : a - B) : Prop :=

-- g : B - a right inverse g f

-- Finalmente, que f es suprayectiva esta definido por

-- def surjective (f : a » B) : Prop :=

-- Vb, 3a fa=»>b

-- Demostrar que si la funcién f tiene inversa por la derecha, entonces
-- f es suprayectiva.

import tactic
open function

variables {a B: Type*}
variable {f : o - B}

-- 12 demostracién
example
(hf : has right inverse f)
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: surjective f :=
begin
unfold surjective,
unfold has right inverse at hf,
cases hf with g hg,
intro b,
use g b,
exact hg b,
end

-- 22 demostracién
example
(hf : has _right inverse f)
: surjective f :=
begin
intro b,
cases hf with g hg,
use g b,
exact hg b,
end

-- 32 demostracién
example
(hf : has _right inverse f)
: surjective f :=
begin
intro b,
cases hf with g hg,
use [g b, hg b],
end

-- 42 demostracion
example
(hf : has_right inverse f)
: surjective f :=
has right inverse.surjective hf

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.
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5.6. Las funciones suprayectivas tienen inver-

sa por la derecha

5.6.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle/HOL, se puede definir que f tenga inversa por la

-- derecha por

-- definition tiene inversa dcha :: ”(’a = 'b) = bool” where

-- "tiene inversa dcha f o (3g. Vy. f (g y) = y)”

-- Demostrar que si f es una funcidén suprayectiva, entonces f tiene

-- 1inversa por la derecha.

theory Las funciones suprayectivas tienen inversa por_la derecha
imports Main
begin

definition tiene inversa dcha :: "(’a = 'b) = bool” where
"tiene inversa dcha f o (3g. Vy. f (g y) =vy)”

(* 17 demostracin *)

lemma
assumes “surj f”
shows "tiene inversa dcha f”

proof (unfold tiene inversa dcha def)
let Ig = "Ay. SOME x. f x = y”
have "Vy. f (?g y) = vy”
proof (rule alll)
fix y
have "3Ix. y = f x”
using assms by (rule surjD)
then have "3Ix. f x = y”
by auto
then show "f (?g y) =y
by (rule somel ex)

n

qed
then show "3g. Vy. f (g y) =y
by auto
ged

1

(* 27 demostracign *)
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lemma
assumes “surj f”
shows  "tiene inversa dcha f”

proof (unfold tiene inversa dcha def)
let Ig = "Ay. SOME x. f x = y”
have "Vy. f (?g y) =y”
proof (rule allI)
fix y
have "3Ix. f x = y”
by (metis assms surjD)
then show "f (?g y) = y”
by (rule somel ex)
ged
then show "3g. Vy. f (g y) =y
by auto
ged

n

(* 32 demostracidn *)

lemma
assumes "surj f”
shows  "tiene inversa dcha f”

proof (unfold tiene inversa dcha def)
have "Vy. f (inv f y) =y”
by (simp add: assms surj f inv f)
then show "3g. Vy. f (g y) =y”
by auto
ged

(* 47 demostracin *)

lemma
assumes "surj f”
shows  "tiene inversa dcha f”

by (metis assms surjD tiene inversa dcha def)

end

5.6.2. Demostraciones con Lean

-- En Lean, que g es una inversa por la izquierda de f esta definido por
-- left inverse (g : B » a) (f : a - B) : Prop :=

-- V x, g (f x) =x

-- que g es una inversa por la derecha de f esta definido por
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- - right inverse (g : B - a) (f : a » B) : Prop :=

-- left inverse f g

-- y que f tenga inversa por la derecha estd definido por
- - has right inverse (f : a - B) : Prop :=

-- g : B - a, right inverse g f

-- Finalmente, que f es suprayectiva esta definido por

-- def surjective (f : a » B) : Prop :=

-- Vb, 3a fa=»>b

-- Demostrar que si f es una funcidén suprayectiva, entonces f tiene

-- 1nversa por la derecha.

import tactic
open function classical

variables {a B: Type*}
variable {f : a - B}

-- 12 demostracidn
example
(hf : surjective f)
has right inverse f :=
begin
unfold has right inverse,
let g := Ay, some (hf y),
use g,
unfold function.right inverse,
unfold function.left inverse,
intro b,
apply some spec (hf b),
end

-- 22 demostracién
example

(hf : surjective f)

has right inverse f :=

begin

let g := Ay, some (hf y),

use g,

intro b,

apply some spec (hf b),
end

-- 32 demostracion
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example

(hf : surjective f)

has right inverse f :=

begin

use surj _inv hf,

intro b,

exact surj inv _eq hf b,
end

-- 42 demostracion
example

(hf : surjective f)

has right inverse f :=

begin

use surj _inv hf,

exact surj _inv_eq hf,
end

-- 52 demostracion
example
(hf : surjective f)
has right inverse f :=
begin
use [surj inv hf, surj inv_eq hf],
end

-- 62 demostracién
example
(hf : surjective f)
has right inverse f :=
(surj inv hf, surj inv _eq hf)

-- 72 demostracién
example
(hf : surjective f)
has right inverse f :
( , surj inv_eq hf)

-- 82 demostracion
example
(hf : surjective f)
has right inverse f :
surjective.has right inverse hf

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.
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5.7. Una funcion tiene inversa por la derecha

imp

si y solo si es suprayectiva

En Lean, que g es una inversa por la izquierda de f estd definido por
left inverse (g : B » a) (f : a - B) : Prop :=
V x, g (f x) =x
que g es una inversa por la derecha de f esta definido por
right inverse (g : B - a) (f : a » B) : Prop :=
left inverse f g
y que T tenga inversa por la derecha esta definido por
has right inverse (f : a - B) : Prop :=
g : B - a right inverse g f
Finalmente, que f es suprayectiva estd definido por
def surjective (f : a - B) : Prop :=
Vb, ia fa=»>b

Demostrar que la funcién f tiene inversa por la derecha si y solo si
es suprayectiva.

ort tactic

open function classical

variables {a B: Type*}
variable {f : a - B}

exa
beg
s

{

end

12 demostracion
mple : has right inverse f o surjective f :=
in

plit,

intros hf b,

cases hf with g hg,

use g b,

exact hg b, },

intro hf,

let g := Ay, some (hf y),
use g,

intro b,

apply some spec (hf b), },

22 demostracion

example : has right inverse f o surjective f :=
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surjective iff has right inverse.symm

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

5.8. Las funciones con inversa son biyectivas

5.8.1. Demostraciones con Isabelle/HOL

(F = m o e e e e e e
-- En Isabelle se puede definir que g es una inversa de f por

-- definition inversa :: "(’a - ’'b) - ('b - ’a) = bool” where

-- "inversa f g o (VY x. (g o f) x =x) A (Vy. (f oqg)y=y)”

-- y que f tiene inversa por

-- definition tiene inversa :: "(’a = ’'b) = bool” where

-- "tiene inversa f o (3 g. inversa f g)”

-- Demostrar que si la funcién f tiene inversa, entonces f es biyectiva.

.................................................................... *)

theory Las funciones con_inversa son biyectivas
imports Main
begin

definition inversa :: "('a = 'b) = ('b = ’'a) = bool” where
"inversa f g o (V x. (g o f) x =x) A (Vy. (foqg)y=y)"

definition tiene inversa :: ”"(’a = ’'b) = bool” where
"tiene inversa f o (3 g. inversa f g)”

(* 1 demostracign *)

lemma
fixes f :: "’'a = 'b”
assumes "tiene inversa f”
shows "bij f”

proof -

obtain g where hl : "V x. (g o f) x x” and
h2 : "V y. (f og)y=y”
by (meson assms inversa def tiene inversa def)
show "bij f”
proof (rule bijI)
show "inj f”
proof (rule injI)
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fix x y

assume "f x = f y”

then have "g (f x) =g (f y)”
by simp

then show "x =y
using hl by simp

1

ged
next
show "surj f”
proof (rule surjI)
fix y
show "f (g y) = y”
using h2 by simp
ged
ged
ged

(* 27 demostracign *)

lemma
fixes f :: "’'a = 'b”
assumes "tiene inversa f”
shows "bij f”

proof -

obtain g where hl : "V x. (g o f) x = x” and
h2 : "V y. (foqg)y=y"

by (meson assms inversa def tiene inversa def)

show "bij f”
proof (rule bijI)
show "inj f”
proof (rule injI)
fix x y
assume "f x = f y”
then have "g (f x) =g (f y)”
by simp
then show "x =y
using hl by simp

n

ged
next
show "surj f”
proof (rule surjI)
fix y
show "f (g y) = y”
using h2 by simp
ged
ged
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ged

end

5.8.2. Demostraciones con Lean

-- En Lean se puede definir que g es una inversa de f por
-- def inversa (f : X > Y) (g : Y - X) :=

-- (Y x, (g of)x=x)nN Ny, (feog)y=Yy)

-- y que f tiene inversa por

- - def tiene inversa (f : X - Y)
- - 1 g, inversa g f

-- Demostrar que si la funcidén f tiene inversa, entonces f es biyectiva.

import tactic
open function

variables {X Y : Type*}
variable (f : X - Y)

def inversa (f : X - Y) (g : Y - X) :=
(Vx, (@] f) x=x)n (Vy, (F[g)y=y)

def tiene inversa (f : X - Y) :=
i g, inversa g f

-- 12 demostracién
example
(hf : tiene inversa f)
: bijective f :=

begin
rcases hf with (g, (hl, h2)),
split,
{ intros a b hab,
calc a =g (f a) : (h2 a).symm
=g (f b) : congr_arg g hab
... =b : h2 b, },
{ intro vy,
use g vy,

exact hl vy, },
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end

-- 22 demostracién
example
(hf : tiene inversa f)
: bijective f :=

begin
rcases hf with (g, (hl, h2)),
split,
{ intros a b hab,
calc a =g (f a) : (h2 a).symm
g (f b) : congr_arg g hab
... =Db : h2 b, },
{ intro vy,
use [gy, hlyl, },
end

-- 32 demostracidn
example
(hf : tiene inversa f)
: bijective f :=
begin
rcases hf with (g, (hl, h2)),
split,
{ exact left inverse.injective h2, },
{ exact right inverse.surjective hl, },
end

-- 42 demostracidn
example
(hf : tiene inversa f)
: bijective f :=
begin
rcases hf with (g, (hl, h2)),
exact (left inverse.injective h2,
right inverse.surjective hl),
end

-- 52 demostracién
example :
tiene inversa f - bijective f :=
begin
rintros (g, (hl, h2)),
exact (left inverse.injective h2,
right inverse.surjective hl),
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end

-- 62 demostracion
example :
tiene inversa f - bijective f :=
A (g, (hl, h2)), (left inverse.injective h2,
right inverse.surjective hl)

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

5.9. Las funciones biyectivas tienen inversa

5.9.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle se puede definir que g es una inversa de f por

-- definition inversa :: "(’a = 'b) = ('b = 'a) = bool” where

- - "inversa f g & (VY x. (g o f) x =x) A (Vy. (f o g)y=y)”

-- y que f tiene inversa por

-- definition tiene inversa :: "(’a = ’'b) = bool” where

-- "tiene inversa f o (3 g. inversa f g)”

-- Demostrar que si la funcién f es biyectiva, entonces f tiene inversa.

____________________________________________________________________ *)

theory Las funciones biyectivas tienen inversa
imports Main
begin

definition inversa :: "('a = 'b) = ('b = 'a) = bool” where
"inversa f g e (V x. (g o f) x =x) A (Vy. (f og)y=y)

n

definition tiene inversa :: ”"('a = 'b) - bool” where
"tiene inversa f o (3 g. inversa f g)”

(* 17 demostracign *)

lemma

assumes “bij f”

shows "tiene inversa f”
proof -

have "surj f”
using assms by (rule bij is surj)
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then obtain g where hg : "Vy. f (g y) =y”
by (metis surijD)
have "inversa f g”
proof (unfold inversa def; intro conjI)
show "¥x. (g o f) x = x”
proof (rule alll)
fix x
have "inj f”
using [pij f[| by (rule bij_is_inj)
then show "(g o f) x = x”
proof (rule injD)
have "f ((g o f) x) = f (g (f x))”
by simp
also have ".. = f x”
by (simp add: hg)
finally show "f ((g o f) x) = f x”
by this
ged
ged
next
show "Vy. (f o g) y =y”
by (simp add: hg)
ged
then show "tiene inversa f”
using tiene inversa def by blast
ged

(* 27 demostracign *)

lemma

assumes “bij f”

shows  "tiene inversa f”
proof -

have "surj f”
using assms by (rule bij is surj)
then obtain g where hg : "Vy. f (g y) = y”
by (metis surjD)
have "inversa f g”
proof (unfold inversa def; intro conjI)
show "Vx. (g o f) x = x”
proof (rule alll)
fix X
have "inj f”
using [{bij f]>| by (rule bij is inj)
then show "(g o f) x = x”
proof (rule injD)
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have "f ((g o f) x) = f (g (f x))”
by simp
also have ".. = f x”
by (simp add: hg)
finally show "f ((g o f) x) = f x”
by this
ged
ged
next
show "Vy. (f o g) y = y”
by (simp add: hg)
ged
then show "tiene inversa f”
using tiene inversa def by auto
ged

(* 37 demostracign *)

lemma

assumes “bij f”

shows "tiene inversa f”
proof -

have "inversa f (inv f)”
proof (unfold inversa def; intro conjI)
show "Vx. (inv f o f) x = x”
by (simp add: [bij f>| bij is inj)
next
show "Vy. (f o inv f) y =y
by (simp add: <bij f)| bij is surj surj f inv f)
ged
then show "tiene inversa f”
using tiene inversa def by auto
ged

end

5.9.2. Demostraciones con Lean

-- En Lean se puede definir que g es una inversa de f por
- - def inversa (f : X - Y) (g : Y - X) :=

= (Vx, (g of)x=x)nAN((NVy, (fog)y=y)

-- y que f tiene inversa por

-- def tiene inversa (f : X - Y) :=
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- - 1 g, inversa f g

-- Demostrar que si la funcidén f es biyectiva, entonces f tiene inversa.

import tactic
open function

variables {X Y : Type*}
variable (f : X - Y)

def inversa (f : X - Y) (g : Y = X) :=
(Vx, (@] f) x=x) n (Vy, (F[g) y=y)

def tiene inversa (f : X - Y) :=
i g, inversa g f

-- 12 demostracién
example
(hf : bijective f)
: tiene inversa f :=
begin
rcases hf with (hfiny, hfsup),
choose g hg using hfsup,
use g,
split,
{ exact hg, },
{ intro a,
apply hfiny,
rw hg (f a), },
end

-- 22 demostracidn
example
(hf : bijective f)
: tiene inversa f :=
begin
rcases hf with (hfiny, hfsup),
choose g hg using hfsup,
use g,
split,
{ exact hg, },
{ intro a,
exact @hfiny (g (f a)) a (hg (f a)), I},
end
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-- 32 demostracion
example
(hf : bijective f)
: tiene inversa f :=
begin
rcases hf with (hfiny, hfsup),
choose g hg using hfsup,
use g,
exact (hg, A a, @hfiny (g (f a)) a (hg (f a))),
end

-- 42 demostracion
example
(hf : bijective f)
: tiene inversa f :=
begin
rcases hf with (hfiny, hfsup),
choose g hg using hfsup,
use [g, (hg, A a, @hfiny (g (f a)) a (hg (f a)))l,
end

-- 52 demostracién
example
(hf : bijective f)
: tiene inversa f :=
begin
cases (bijective iff has inverse.mp hf) with g hg,
by tidy,
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

5.10. Una funcion tiene inversa si y solo si es
biyectiva

5.10.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- En Isabelle se puede definir que g es una inversa de f por

- - definition inversa :: "(’a = ’'b) = ('b = ’"a) = bool” where
- - "inversa f g o (VY x. (g o f) x =x) A (Vy. (f o qg)y=y)"
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-- y que f tiene inversa por

-- definition tiene inversa :: "(’a = ’'b) = bool” where

-- "tiene inversa f - (3 g. inversa f g)”

-- Demostrar que la funcién f tiene inversa si y solo si f es biyectiva.

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e m e e e e = - *)

theory Una_funcion tiene inversa si y solo si es biyectiva
imports Main
begin

definition inversa :: "('a = 'b) = ('b = ’'a) = bool” where
"inversa f ge (V x. (g o f) x =x) A (Vy. (fog)y=y)"

definition tiene inversa :: ”"(’a = ’'b) = bool” where
"tiene inversa f o (3 g. inversa f g)”

(* 12 demostracign *)
lemma "tiene inversa f o bij f”
proof (rule iffI)
assume "tiene inversa f”
then obtain g where hl : "V x. (g o f) x = x” and
h2 : "Vy. (fog)y-=y"
using inversa def tiene inversa def by metis
show "bij f”
proof (rule bijI)
show "inj f”
proof (rule injI)
fix x y
assume "f x = f y”
then have "g (f x) =g (f y)”
by simp
then show "x = y”
using hl by simp
ged
next
show "surj f”
proof (rule surjI)
fix y
show "f (g y) = y”
using h2 by simp
ged
ged
next
assume "bij f”
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then have "surj f”
by (rule bij is surj)

then obtain g where hg : "Vy. f (g y) = y”

by (metis surjD)
have "inversa f g”

proof (unfold inversa def; intro conjI)

show "Vx. (g o f) x = x”
proof (rule alll)

fix x

have "inj f”

using [pij f]| by (rule bij is inj)

n

then show "(g o f) x = x”
proof (rule injD)

have "f ((g o f) x) = f (g (f x))”

by simp
also have ".. = f x”
by (simp add: hg)
finally show "f ((g o f) Xx)
by this
ged
ged
next
show "Vy. (f o g) y = y”
by (simp add: hg)
ged
then show "tiene inversa f”
using tiene inversa def by auto
ged

(* 27 demostracign *)
lemma "tiene inversa f o bij f”
proof (rule iffI)
assume "tiene inversa f”
then obtain g where hl : "V x. (g
h2 : "V y. (f

= f x”
o f) x = x” and
°cg)y=y"

using inversa def tiene inversa def by metis

show "bij f”
proof (rule bijI)
show "inj f”
proof (rule injI)
fix x y
assume "f x = f y”
then have "g (f x) =g (f y)”
by simp
then show "x = y”



5.10. Una funcién tiene inversa si y solo si es biyectiva

353

using hl by simp
ged
next
show "surj f”
proof (rule surjI)
fix y
show "f (g y) = y”
using h2 by simp
ged
ged
next
assume "bij f”

have "inversa f (inv f)”

proof (unfold inversa def; intro conjI)
show "Vx. (inv f o f) x = x”
by (simp add: [bij f>| bij is inj)

next

show "Vy. (f o inv f) y =y
by (simp add: |{bij fp| bij is surj surj f inv f)

ged

n

then show "tiene inversa f”
using tiene inversa def by auto

ged

end

5.10.2. Demostraciones con Lean

-- En Lean se puede definir que g es una inversa de f por
- - def inversa (f : X -> Y) (g :

- - (V x, (g o f) x

x) N (Y y,

-- y que f tiene inversa por
-- def tiene inversa (f : X - Y)

-- 1 g, inversa g f

-- Demostrar que la funcién f tiene inversa si y solo si f es biyectiva.

import tactic
open function

variables {X Y : Type*}

Y - X) :=

(fog)y=y)
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variable (f : X - Y)
def inversa (f : X - Y) (g : Y - X) :=
(Vx, (@[] F) x=x) A (Vy, (f[a)y=y)

def tiene inversa (f : X - Y) :=
1 g, inversa g f

-- 12 demostracidn
example : tiene inversa f o bijective f :=
begin
split,
{ rintro (g, (hl, h2)),
split,
{ intros
calc p

hf,

(f p) : (h2 p).symm

(f q) : congr_arg g hf
: h2 q, },

©

1
o Q0 Qu o

{ intro vy,
use gy,
exact hl y, }},
{ rintro (hfinj, hfsur),
choose g hg using hfsur,
use g,
split,
{ exact hg, },
{ intro a,
apply hfinj,
rw hg (f a), }},
end

-- 22 demostracién
example : tiene inversa f o bijective f :=

begin
split,
{ rintro (g, (hl, h2)),
split,
{ intros p g hf,
calc p =g (f p) : (h2 p).symm
=g (f gq) : congr_arg g hf
oo =0 : h2 q, },
{ intro vy,

use [g y, hly], }},
{ rintro (hfinj, hfsur),
choose g hg using hfsur,
use g,
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split,
{ exact hg, },
{ intro a,
exact @hfinj (g (f a)) a (hg (f a)), }},
end

-- 32 demostracién
example : tiene inversa f o bijective f :=

begin
split,
{ rintro (g, (hl, h2)),
split,
{ intros p q hf,
calc p =g (f p) : (h2 p).symm
=g (f gq) : congr_arg g hf
... =4 : h2 q, },
{ intro vy,

use [g y, hly], }},
{ rintro (hfinj, hfsur),
choose g hg using hfsur,
use g,
exact (hg, A a, @hfinj (g (f a)) a (hg (f a))), },
end

-- 42 demostracion

example
: tiene inversa f < bijective f :=
begin
split,
{ rintro (g, (hl, h2)),
split,
{ intros p q hf,
calc p =g (f p) : (h2 p).symm
=g (f gq) : congr_arg g hf
.. =9q : h2q, },
{ intro vy,

use [gy, hlyl, }},
{ rintro (hfinj, hfsur),
choose g hg using hfsur,
use [g, (hg, A a, @hfinj (g (f a)) a (hg (f a)))l, },
end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean
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5.11. La equipotencia es una relacion reflexiva
5.11.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si

-- existe una aplicacidén biyectiva entre ellos. La equipotencia esta

-- definida en Isabelle por

- - definition eqpoll :: "’'a set = ’'b set = bool” (infixl "=" 50)

-- where “eqpoll A B = 3f. bij betw f A B”

-- Demostrar que la relacidén de equipotencia es reflexiva.

theory La equipotencia es una relacion reflexiva
imports Main "HOL-Library.Equipollence”
begin

(* 17 demostracidn *)
lemma "reflp (=)”"
proof (rule reflpI)
fix x :: "'a set”
have "bij betw id x x”
by (simp only: bij betw id)
then have "3f. bij betw f x x”
by (simp only: exI)
then show "x = x”
by (simp only: eqpoll def)
ged

(* 27 demostracign *)
lemma "reflp (=)"
by (simp only: reflpI eqpoll refl)

(* 372 demostracign *)
lemma "reflp (=)”

by (simp add: reflpI)

end
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5.11.2. Demostraciones con Lean

-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si

-- existe una aplicacidn biyectiva entre ellos. La equipotencia se puede
-- definir en Lean por

-- def es equipotente (A B : Type*) :=

-- g : A- B, bijective g

4 {

-- infix “ = ‘: 50 := es _equipotente

-- Demostrar que la relacidén de equipotencia es reflexiva.

import tactic
open function

def es equipotente (A B : Type*) :=
1 g : A- B, bijective g

infix ‘ | ‘: 50 := es_equipotente

-- 12 demostracidn
example : reflexive ()
begin

intro X,

use id,

exact bijective id,
end

-- 22 demostracion
example : reflexive (E)
begin

intro X,

use [id, bijective id],
end

-- 32 demostracién
example : reflexive (H)
A X, (id, bijective id)

-- 42 demostracion
example : reflexive (E)
by tidy
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Se puede interactuar con las pruebas anteriores en esta sesién con Lean.

5.12. Lainversa de una funcion biyectiva es bi-
yectiva

5.12.1. Demostraciones con Isabelle/HOL

(F = m m o e e e e e
-- En Isabelle se puede definir que g es una inversa de f por

-- definition inversa :: "(’a - ’'b) = ('b - ’'a) = bool” where

- - "inversa f g o (V x. (g o f) x =x) A (Vy. (f oqg)y=y)”

-- Demostrar que si la funcidén f es biyectiva y g es una inversa de f,
-- entonces g es biyectiva.

theory La inversa de una funcion biyectiva es biyectiva
imports Main
begin

definition inversa :: "('a = 'b) = ('b = ’'a) = bool” where
"inversa f g o (V x. (g o f) x =x) A (Vy. (foqg)y=y)"

(* 17 demostracin *)
lemma
fixes f:: "'a="0b"
assumes "bij f”
"inversa g f”
shows "bij g”
proof (rule bijI)
show "inj g”
proof (rule injI)
fix x y
assume "g x = g y”
have hl : "V y. (f o g) y =y”
by (meson assms(2) inversa def)
then have "x = (f o g) x”
by (simp only: allEk)

n

also have ".. = f (g x)”
by (simp only: o apply)
also have ".. = f (g y)”

by (simp only: [jg x = g yp))
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also have ".. = (f o g) y”
by (simp only: o _apply)
also have ".. = y”

using hl by (simp only: allE)
finally show "x = y”
by this
ged
next
show "surj g”
proof (rule surjI)
fix x
have h2 : "V x. (g o f) x = x"
by (meson assms(2) inversa def)
then have "(g o f) x = x”
by (simp only: allE)
then show "g (f x) = x”
by (simp only: o apply)
ged
ged

(* 22 demostracign *)
lemma
fixes f :: "'a = 'b"
assumes "bij f”
"inversa g f”
shows "bij g”
proof (rule bijI)
show "inj g”
proof (rule injI)
fix x y
assume "g x = g y”
have hl : "V y. (f o g) y =y
by (meson assms(2) inversa def)
then show "x = y”
by (metis [<g x = g yp| o_apply)
ged
next
show "surj g”
proof (rule surjI)
fix x
have h2 : "V x. (g o f) x = x"
by (meson assms(2) inversa def)
then show "g (f x) = x”
by (simp only: o apply)
ged

n
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ged

end

5.12.2. Demostraciones con Lean

-- En Lean se puede definir que g es una inversa de f por
-- def inversa (f : X > Y) (g : Y - X) :=
-- (Y x, (g of)x=x)nN Ny, (feog)y=Yy)

-- Demostrar que si la funcidén f es biyectiva y g es una inversa de f,
-- entonces g es biyectiva.

import tactic
open function

variables {X Y : Type*}
variable (f : X - Y)
variable (g : Y - X)

def inversa (f : X > Y) (g : Y > X) :=
(Vx, (@] f) x=x) A (Vy, (flg)y=y)

-- 12 demostracién
example
(hf : bijective f)
(hg : inversa g f)
: bijective g :=
begin
rcases hg with (hl, h2),
rw bijective iff has inverse,
use f,
split,
{ exact hl, 1},
{ exact h2, },
end

-- 22 demostracioén
example
(hf : bijective f)
(hg : inversa g f)
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: bijective g :=
begin
rcases hg with (hl, h2),
rw bijective iff has inverse,
use f,
exact (hl, h2),
end

-- 32 demostracién
example
(hf : bijective f)
(hg : inversa g f)
: bijective g :=
begin
rcases hg with (hl, h2),
rw bijective iff has inverse,
use [f, (h1l, h2)],
end

-- 42 demostracién
example
(hf : bijective f)
(hg : inversa g f)
: bijective g :=
begin
rw bijective iff has inverse,
use f,
exact hg,
end

-- 52 demostracidn
example
(hf : bijective f)
(hg : inversa g f)
: bijective g :=

begin
rw bijective iff has inverse,
use [f, hgl,

end

-- 62 demostracion
example
(hf : bijective f)
(hg : inversa g f)
: bijective g :=
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begin
apply bijective iff has inverse.mpr,
use [f, hgl,

end

-- 72 demostracién
example

(hf : bijective f)

(hg : inversa g f)

: bijective g :=
bijective iff has inverse.mpr (by use [f, hg])

Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.13. La equipotencia es una relacion simétri-
ca

5.13.1. Demostraciones con Isabelle/HOL

(K = m e e e e e e e e
-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si

-- existe una aplicacidn biyectiva entre ellos. La equipotencia esta

-- definida en Isabelle por

-- definition eqpoll :: "’a set -» ’'b set = bool” (infixl ”"=" 50)

-- where "eqpoll A B = 3f. bij betw f A B”

-- Demostrar que la relacidn de equipotencia es simétrica.

theory La equipotencia es una relacion simetrica
imports Main "HOL-Library.Equipollence”
begin

(* 1?7 demostracin *)
lemma "symp (=)”
proof (rule sympI)
fix x y :: "'a set”
assume "x = y”
then obtain f where "bij betw f x y”
using eqgpoll def by blast
then have "bij betw (the inv into x f) y x”
by (rule bij betw the inv into)
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then have "3g. bij betw g y x”
by auto
then show "y = Xx
by (simp only: eqpoll def)
ged

1

(* 27 demostracidn *)
lemma "symp (=)”
unfolding eqgpoll def symp def
using bij betw the inv _into by auto

(* 37 demostracign *)
lemma "symp (=)”

by (simp add: eqgpoll sym sympI)

end

5.13.2. Demostraciones con Lean

-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si
-- existe una aplicacidén biyectiva entre ellos. La equipotencia se puede

-- definir en Lean por
-- def es equipotente (A B : Type*) :=
-- g : A- B, bijective g

4 {

-- infix ‘ = ‘: 50 := es equipotente

-- Demostrar que la relacidn de equipotencia es simétrica.

import tactic
open function

def es equipotente (A B : Type*) :=
1g : A- B, bijective g

infix ‘ H ‘: 50 := es_equipotente
variables {X Y : Type*}

variable {f : X - Y}
variable {g : Y - X}
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def inversa (f : X - Y) (g : Y - X) :=
(Vx, (@] f) x=x)n (Vy, (F[g)y=1y)

def tiene inversa (f : X - Y) :=
1 g, inversa g f

lemma auxl
(hf : bijective f)
: tiene inversa f :=
begin
cases (bijective iff has inverse.mp hf) with g hg,
by tidy,
end

lemma aux2

(hf : bijective f)

(hg : inversa g f)

: bijective g :=
bijective iff has inverse.mpr (by use [f, hg])

-- 12 demostracion
example : symmetric (E) =
begin
unfold symmetric,
intros x y hxy,
unfold es equipotente at *,
cases hxy with f hf,
have hl : tiene inversa f := auxl hf,
cases hl with g hg,
use g,
exact aux2 hf hg,
end

-- 22 demostracion
example : symmetric (E) =
begin
intros x y hxy,
cases hxy with f hf,
cases (auxl hf) with g hg,
use [g, aux2 hf hg],
end

-- 32 demostracion
example : symmetric (E) =
begin
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rintros x y (f, hf),
cases (auxl hf) with g hg,
use [g, aux2 hf hg],

end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean

5.14. La composicion de funciones inyectivas
es inyectiva

5.14.1. Demostraciones con Isabelle/HOL

-- Demostrar que la composicidén de dos funciones inyectivas es una
-- funcidn inyectiva.

theory La composicion de funciones inyectivas es inyectiva
imports Main
begin

(* 17 demostracin *)
lemma
assumes “inj f”
"inj g”
shows "inj (f o g)”
proof (rule injI)
fix x y
assume "(f o g) x = (f o g) y”
then have "f (g x) = f (g y)”
by (simp only: o apply)
then have "g x = g y”
using [Jinj f}| by (simp only: injD)
then show "x = y”
using [<inj g>| by (simp only: injD)
ged

(* 27 demostracin *)
lemma
assumes "inj f”
"inj g”
shows "inj (f o g)”
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using assms
by (simp add: inj def)

(* 37 demostracign *)

lemma
assumes "inj f”
"inj g"
shows "inj (f o g)”

using assms
by (rule inj compose)

end

5.14.2. Demostraciones con Lean

-- Demostrar que la composicidén de dos funciones inyectivas es una
-- funcién inyectiva.

import tactic
open function

variables {X Y Z : Type}
variable {f : X - Y}
variable {g : Y - Z}

-- 12 demostracién
example
(Hf : injective f)
(Hg : injective g)
. injective (g || f) :=
begin
intros x y h,
apply Hf,
apply Hg,
exact h,
end

-- 22 demostracion
example
(Hf : injective f)
(Hg : injective g)
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. injective (g o f) :=
begin

intros x y h,

apply Hf,

exact Hg h,
end

-- 32 demostracioén
example

(Hf : injective f)

(Hg : injective g)

. injective (g || f) :=
begin

intros x y h,

exact Hf (Hg h),
end

-- 42 demostracién
example
(Hf : injective f)
(Hg : injective g)
. injective (g | f)
A x y h, Hf (Hg h)

-- 52 demostracion
example
(Hf : injective f)
(Hg : injective g)
. injective (g [ f)
assume X y,
assume hl : (g [o| f) x = (g [ f) v,
have h2 : f x = f y, from Hg hl,
show x = y, from Hf h2

-- 62 demostracién
example
(Hf : injective f)
(Hg : injective g)
. injective (g []f) =
assume X y,
assume hl : (g [o| f) x = (g o] f) v,
show x =y, from Hf (Hg hl)

-- 72 demostracion
example
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(Hf : injective f)

(Hg : injective g)

. injective (g o f) :=
assume Xx Y,
assume hl : (g o] f) x = (g [ f) v,
Hf (Hg hl)

-- 82 demostracion
example
(Hf : injective f)
(Hg : injective g)
: injective (g [ f)
A xy hl, Hf (Hg hl)

-- 92 demostracién
example
(Hg : injective g)
(Hf : injective f)
. injective (g [ f)
-- by library search
injective.comp Hg Hf

-- 102 demostracién
example
(Hg : injective g)
(Hf : injective f)
. injective (g [ f)
-- by hint
by tauto

Se puede interactuar con las pruebas anteriores en esta sesion con Lean
5.15. La composicion de funciones suprayecti-
vas es suprayectiva

5.15.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que la composicién de dos funciones suprayectivas es una
-- funcién suprayectiva.
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theory La composicion de funciones suprayectivas es suprayectiva
imports Main
begin

(* 17 demostracin *)

lemma
assumes “surj (f :: 'a = "b)”
"surj (g :: b= 'c)”
shows "surj (g o f)”
proof (unfold surj def; intro allI)
fix z

n

obtain y where hy : "g y = z
using [surj gp| by (metis surjD)
obtain x where hx : "f x = y”
using [surj fp| by (metis surjD)
have "(g o f) x = g (f x)”
by (simp only: o _apply)

1

also have ".. = g y”
by (simp only: [[f x = yp))
also have ".. = 2"

by (simp only: [lg y = zp))
finally have "(g o f) x = z"
by this
then have "z = (g o f) x”
by (rule sym)
then show "3Ix. z = (g o ) x
by (rule exI)
ged

1

(* 27 demostracign *)

lemma
assumes "surj f”
"SUI"J gll
shows "surj (g o f)”

using assms image comp [of g f UNIV]
by (simp only:)

(* 37 demostracign *)

lemma
assumes "surj f”
"Surj gH
shows "surj (g o f)”

using assms
by (rule comp surj)
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end

5.15.2. Demostraciones con Lean

-- Demostrar que la composicidén de dos funciones suprayectivas es una
-- funcién suprayectiva.

import tactic
open function

variables {X Y Z : Type}
variable {f : X - Y}
variable {g : Y - Z}

-- 12 demostracidn
example
(hf : surjective f)
(hg : surjective g)
. surjective (g o f) :=
begin
intro z,
cases hg z with y hy,
cases hf y with x hx,
use X,
dsimp,
rw hx,
exact hy,
end

-- 22 demostracién
example

(hf : surjective f)

(hg : surjective g)

: surjective (g o f) :=
begin

intro z,

cases hg z with y hy,

cases hf y with x hx,

use X,

calc (g [‘f) x =g (f x) : by rw comp _app

. gy : congr_arg g hx



5.15. La composicién de funciones suprayectivas es suprayectiva

371

.=z . hy,
end

-- 32 demostracioén
example
(hf : surjective f)
(hg : surjective g)
. surjective (g o f) :=
assume z,
exists.elim (hg 2z)
( assume y (hy : gy = 2z),
exists.elim (hf y)
( assume x (hx : f x =vy),
have g (f x) = z, from eq.subst (eq.symm hx) hy,
show 3 x, g (f x) = z, from exists.intro x this))

-- 42 demostracioén
example
(hf : surjective f)
(hg : surjective g)
. surjective (g [o| f)
-- by library search
surjective.comp hg hf

-- 52 demostracién
example
(hf : surjective f)
(hg : surjective g)
: surjective (g |o| f)
A z, exists.elim (hg z)
(A y hy, exists.elim (hf y)
(A x hx, exists.intro x
(show g (f x) = z,
from (eq.trans (congr_arg g hx) hy))))

Se puede interactuar con las pruebas anteriores en esta sesién con Lean
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5.16. La composicion de funciones biyectivas
es biyectiva

5.16.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que la composicidén de dos funciones biyectivas es una

-- funcién biyectiva.

theory La composicion _de funciones biyectivas es biyectiva
imports Main
begin

(* 17 demostracign *)
lemma
assumes "bij f”
"bij g”
shows  ”bij (g o f)”
proof (rule bijI)
show "inj (g o f)”
proof (rule inj compose)
show "inj g”
using [<bij g}| by (rule bij is_inj)
next
show "inj f”
using [<pij f}>| by (rule bij_is_inj)
ged
next
show "surj (g o f)”
proof (rule comp surj)
show "surj f”
using [<pij f}| by (rule bij_is_surj)
next
show "surj g”
using [<pij g} by (rule bij_is_surj)
ged
ged

(* 27 demostracign *)
lemma
assumes "bij f”
Hbij g"
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shows  "bij (g o f)”
proof (rule bijI)
show "inj (g o f)”
proof (rule inj compose)
show "inj g”
by (rule bij is inj [OF [<bij gp|])
next
show "inj f”
by (rule bij is inj [OF |{bij fp[])
ged
next
show "surj (g o f)”
proof (rule comp surj)
show "surj f”
by (rule bij is surj [OF [<pij f}[1)
next
show "surj g”
by (rule bij is surj [OF [<bij gb[l)
ged
ged

(* 3?7 demostracign *)
lemma
assumes "bij f”
"bij g”
shows ”bij (g o f)”
proof (rule bijI)
show "inj (g o f)”
by (rule inj compose [OF bij is inj [OF [<bij gp]]
bij is inj [OF [<bij p[1])
next
show "surj (g o f)”
by (rule comp_surj [OF bij is surj [OF [<bij f}]]
bij is surj [OF [<bij g}[11)
ged

(* 47 demostracin *)
lemma
assumes “bij f”
upig g
shows "bij (g o f)”
by (rule bijI [OF inj compose [OF bij is inj [OF [<bij gbl]
bij is inj [OF [Joij f)[1]
comp_surj  [OF bij is surj [OF [<bij f)]
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bij_is_surj [OF [<bij gb[111)

(* 52 demostracign *)
lemma
assumes "bij f”
"bij g”
shows "bij (g o )"
using assms
by (rule bij comp)

end

5.16.2. Demostraciones con Lean

-- Demostrar que la composicidén de dos funciones biyectivas es una
-- funcién biyectiva.

import tactic
open function

variables {X Y Z : Type}
variable {f : X - Y}
variable {g : Y - Z}

-- 12 demostracion
example
(Hf : bijective f)
(Hg : bijective g)
. bijective (g [ f) :=
begin
cases Hf with Hfi Hfs,
cases Hg with Hgi Hgs,
split,
{ apply injective.comp,
{ exact Hgi, },
{ exact Hfi, }},
{ apply surjective.comp,
{ exact Hgs, },
{ exact Hfs, }},
end
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-- 22 demostracidn
example
(Hf : bijective f)
(Hg : bijective g)
. bijective (g o f) :=
begin
cases Hf with Hfi Hfs,
cases Hg with Hgi Hgs,
split,
{ exact injective.comp Hgi Hfi, },
{ exact surjective.comp Hgs Hfs, },
end

-- 32 demostracién
example
(Hf : bijective f)
(Hg : bijective g)
. bijective (g H f) :=
begin
cases Hf with Hfi Hfs,
cases Hg with Hgi Hgs,
exact (injective.comp Hgi Hfi,
surjective.comp Hgs Hfs),
end

-- 42 demostracion
example :

bijective f - bijective g - bijective (g | f) :=
begin

rintros (Hfi, Hfs) (Hgi, Hgs),

exact (injective.comp Hgi Hfi,

surjective.comp Hgs Hfs),

end

-- 52 demostracion
example :
bijective f - bijective g - bijective (g | ) :=
A (Hfi, Hfs) (Hgi, Hgs), (injective.comp Hgi Hfi,
surjective.comp Hgs Hfs)

-- 62 demostracién
example

(Hf : bijective f)

(Hg : bijective g)

. bijective (g o f) :=
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-- by library search
bijective.comp Hg Hf

Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.17. La equipotencia es una relacion transiti-
va

5.17.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si

-- existe una aplicacidn biyectiva entre ellos. La equipotencia esta

-- definida en Isabelle por

-- definition eqpoll :: ”’a set = ’'b set = bool” (infixl "=" 50)

-- where "eqpoll A B = 3f. bij betw f A B”

-- Demostrar que la relacién de equipotencia es transitiva.

theory La equipotencia es una relacion transitiva
imports Main "HOL-Library.Equipollence”
begin

(* 1?7 demostracin *)
lemma "transp (=)"
proof (rule transpI)
fix xy z :: "'a set”
assume "X = y” and "y = z”
show "x = z”
proof (unfold eqpoll def)
obtain f where hf : "bij betw f x y”
using [<x = yp| eqpoll def by auto
obtain g where hg : "bij betw g y z”
using [y = z)| eqpoll def by auto
have "bij betw (g o f) x z”
using hf hg by (rule bij betw trans)
then show ”"3h. bij betw h x z”
by auto
ged
ged
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(* 27 demostracign *)

lemma "transp (=)"
unfolding egpoll def transp def
by (meson bij betw trans)

(* 37 demostracign *)
lemma "transp (=)"
by (simp add: egpoll trans transpI)

end

5.17.2. Demostraciones con Lean

-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si

-- existe una aplicacidn biyectiva entre ellos. La equipotencia se puede
-- definir en Lean por

- - def es equipotente (A B : Type*) :=

-- g : A- B, bijective g

-- infix * = ‘: 50 := es equipotente

-- Demostrar que la relacidn de equipotencia es transitiva.

import tactic
open function

def es equipotente (A B : Type*) :=
ig: A- B, bijective g

infix ‘ | ‘: 50 := es_equipotente

-- 12 demostracidn
example : transitive () :=
begin
intros X Y Z hXY hYZ,
unfold es equipotente at *,
cases hXY with f hf,
cases hYZ with g hg,
use (g | f),
exact bijective.comp hg hf,
end
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-- 22 demostracion
example : transitive () :=
begin
rintros X Y Z (f, hf) (g, hg),
use [g [s| f, bijective.comp hg hf],
end

-- 32 demostracién
example : transitive () :=
AXY Z (f, hf) (g, hg), by use [g [‘f, bijective.comp hg hf]

-- 42 demostracién
example : transitive (E) =
AXY Z (f, hf) (g, hg), exists.intro (g []f) (bijective.comp hg hf)

-- 42 demostracidn
example : transitive (E) 1=
A XY Z (f, hf) (g, hg), (g |J f, bijective.comp hg hf)

Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.18. La equipotencia es una relaciéon de equi-
valencia

5.18.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si

-- existe una aplicacidn biyectiva entre ellos. La equipotencia esta

-- definida en Isabelle por

-- definition eqpoll :: ”"’a set = ’'b set = bool” (infixl ”"=" 50)

- - where "eqpoll A B = 3f. bij betw f A B”

-- Demostrar que la relacidn de equipotencia es transitiva.

theory La equipotencia es una relacion de equivalencia
imports Main "HOL-Library.Equipollence”
begin

(* 17 demostracin *)
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lemma "equivp (=)"
proof (rule equivpI)
show "reflp (=)”
using reflpI eqgpoll refl by blast
next
show "symp (=)”
using sympI egpoll sym by blast
next
show "transp (=)"
using transpI eqpoll trans by blast
ged

(* 27 demostracign *)
lemma "equivp (=)"
by (simp add: equivp reflp symp transp

reflpl
sympI
egpoll sym
transpl
egpoll trans)

end

5.18.2. Demostraciones con Lean

-- Dos conjuntos A y B son equipotentes (y se denota por A = B) si

-- existe una aplicacidn biyectiva entre ellos. La equipotencia se puede
-- definir en Lean por

-- def es equipotente (A B : Type*) :=

-- g : A- B, bijective g

/{ {

-- infix “ = ‘: 50 := es _equipotente

-- Demostrar que la relacidn de equipotencia es simétrica.

import tactic
open function

def es equipotente (A B : Type*) :=
1 g : A- B, bijective g
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infix ‘ | ‘: 50 := es_equipotente

variables {X Y : Type*}
variable {f : X - Y}
variable {g : Y - X}

def inversa (f : X > Y) (g : Y - X) :=
(Y x, (g []f x=x) A (Vy, (flg)y=y)

def tiene inversa (f : X - Y) :=
i g, inversa g f

lemma auxl
(hf : bijective f)
: tiene inversa f :=
begin
cases (bijective iff has inverse.mp hf) with g hg,
by tidy,
end

lemma aux2

(hf : bijective f)

(hg : inversa g f)

: bijective g :=
bijective iff has inverse.mpr (by use [f, hg])

example : equivalence (E) 1=
begin
repeat {split},
{ exact A X, (id, bijective id) 1},
{ rintros XY (f, hf),
cases (auxl hf) with g hg,
use [g, aux2 hf hgl, },
{ rintros X Y Z (f, hf) (g, hg),
exact (g [‘f, bijective.comp hg hf), 1},
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean
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5.19. Laigualdad de valores es una relacion de

equivalencia

5.19.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Sean X e Y dos conjuntos y f una funcién de X en Y. Se define la
-- relacién R en X de forma que x esta relacionado con y si f(x) = f(y).

-- Demostrar que R es una relacidén de equivalencia.

theory La igualdad de valores es una relacion de equivalencia
imports Main
begin

definition R :: "('a = 'b) = 'a = 'a = bool” where
"Rfxyeo (fx=r1Ffy)”

(* 17 demostracidn *)
lemma "equivp (R f)”
proof (rule equivpI)
show "reflp (R f)”
proof (rule reflpI)
fix x
have "f x = f x”
by (rule refl)
then show "R f x x”
by (unfold R def)
ged
next
show "symp (R f)”
proof (rule sympI)
fix x y
assume "R f x y”
then have "f x
by (unfold R_
then have "f y
by (rule sym)
then show "R f y x”
by (unfold R def)
ged
next

7’

L= |

fy'
ef)
f x’

’
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show "transp (R f)”
proof (rule transpIl)
fix Xy z
assume "R f x y” and "R f y z”
then have "f x = f y” and "f y = f 2"
by (unfold R def)
then have "f x = f 2"
by (rule ssubst)
then show "R f x z”
by (unfold R def)
ged
ged

(* 27 demostracign *)
lemma "equivp (R f)”
proof (rule equivpI)
show "reflp (R f)”
proof (rule reflpI)
fix x
show "R f x x”
by (metis R def)
ged
next
show "symp (R f)”
proof (rule sympI)
fix x y
assume "R f x y”
then show "R f y x”
by (metis R def)
ged
next
show "transp (R f)”
proof (rule transpIl)
fix Xy z
assume "R f x y” and "R f y z”
then show "R f x z”
by (metis R def)
ged
ged

(* 3 demostracign *)
lemma "equivp (R f)”
proof (rule equivpI)
show "reflp (R f)”
by (simp add: R def reflpI)
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next
show "symp (R f)”
by (metis R def sympI)
next
show "transp (R f)”
by (metis R def transpI)
ged

(* 42| demostracign *)
lemma "equivp (R f)”
by (metis R def
equivpl
reflpl
sympI
transpI)

end

5.19.2. Demostraciones con Lean

-- Sean X e Y dos conjuntos y f una funcién de X en Y. Se define la
-- relacién R en X de forma que x estad relacionado con y si f(x) = f(y).

-- Demostrar que R es una relacién de equivalencia.

import tactic

universe u
variables {X Y : Type u}
variable (f : X - Y)

def R (xy : X) :=fx=*Fy

-- 12 demostracién
example : equivalence (R f) :=
begin
unfold equivalence,
repeat { split },
{ unfold reflexive,
intro x,
unfold R, 1},
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{ unfold symmetric,
intros x y hxy,
unfold R,
exact symm hxy, },
{ unfold transitive,
unfold R,
intros x y z hxy hyz,
exact eq.trans hxy hyz, },
end

-- 22 demostracion

example : equivalence (R f) :=

begin
repeat { split },
{ intro x,
exact rfl, },
{ intros x y hxy,
exact eq.symm hxy, 7},
{ intros x y z hxy hyz,
exact eq.trans hxy hyz, },
end

-- 32 demostracion

example : equivalence (R f) :=

begin
repeat { split },
{ exact A x, rfl, 7},

{ exact A x y hxy, eq.symm hxy, },

{ exact A x y z hxy hyz, eq.trans hxy hyz, },

end

-- 42 demostracion

example : equivalence (R f) :=
(A x, rfl,

A Xy hxy, eq.symm hxy,

A Xy z hxy hyz, eq.trans hxy hyz)

Se puede interactuar con las pruebas anteriores en esta sesién con Lean
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5.20. La composicion por la izquierda con una
inyectiva es una operacion inyectiva

5.20.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Sean fi1 y f2 funciones de X en Y y g una funcién de X en Y. Demostrar

-- que si g es inyectiva y g o f1 =g o f2, entonces fi1 = f2.

theory La composicion por la izquierda con una inyectiva es inyectiva
imports Main
begin

(* 17 demostracign *)
lemma
assumes "“inj g”
"g o fl =g o f2"
shows "fl = f2”
proof (rule ext)
fix x
have "(g o fl) x = (g o f2) x”
using [<g [ f1 = g [o| f2| by (rule fun_cong)
then have "g (fl x) =g (f2 x)”
by (simp only: o _apply)
then show "fl x = f2 x”
using [[inj g)| by (simp only: injD)
ged

(* 27 demostracin *)
lemma
assumes “inj g”
"g o f1l =g o f2”
shows "f1l = 2"
proof
fix x
have "(g o fl) x = (g o f2) x”
using [<g [o| f1 = g [ 2| by simp
then have "g (fl x) =g (f2 x)”
by simp
then show "fl x = f2 x”
using [Jinj g)| by (simp only: injD)
ged
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(* 37 demostracign *)
lemma
assumes “inj g”
"g o f1l =g o f2"
shows "fl = f2”
using assms
by (metis fun.inj map_strong inj eq)

(* 47 demostracign *)
lemma

assumes "inj g”

"g o f1l =g o f2”

shows "fl = f2"
proof -

have "fl = id o fl1”

by (rule id o [symmetric])

also have ".. = (inv g o g) o fl”
by (simp add: assms(1))

also have ".. = inv g o (g o fl)”
by (simp add: comp_assoc)

also have ".. = inv g o (g o f2)”
using assms(2) by (rule arg cong)

also have ".. = (inv g o g) o f2”
by (simp add: comp_assoc)

also have ".. = id o f2”
by (simp add: assms(1))

also have ".. = f2”

by (rule id o)
finally show "fl = f2”
by this
ged

(* 52 demostracidn *)
lemma
assumes “inj g”
"g o f1l =g o f2"
shows "fl = f2”
proof -
have "fl = (inv g o g) o fl”
by (simp add: assms(1))
also have = (inv g o g) o f2”
using assms(2) by (simp add: comp assoc)
also have ".. = f2”
using assms(1l) by simp
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finally show "f1l = 2" .
ged

end

5.20.2. Demostraciones con Lean

-- Sean fi1 y f2 funciones de X en Y y g una funcién de X en Y. Demostrar
=g o f2, entonces f:

-- que si g es inyectiva y g o f1

import tactic
open function

variables {X Y Z : Type*}
variables {fi1 f> : X - Y}
variable {g : Y - Z}

-- 12 demostracion
example

(hg : injective g)

(hgf : g o f2 =gl f2)

fi="f2 :=
begin
funext,
apply hg,
calc g (f1 x)
= (g o] f1) x : rfl
.. = (g || f2) x : congr_fun hgf x
. =g (f2 x) : rfl,

end

-- 22 demostracioén
example
(hg : injective g)
(hgf:ngl—ngz
: f1 = f2 :=
begin
funext,
apply hg,
exact congr_fun hgf x,
end

72
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-- 32 demostracion
example
(hg : injective g)
(hgf : g | f2 =gl f2)
: f1 = f2 =
begin
refine funext (A i, hg ),
exact congr fun hgf i,
end

-- 42 demostracion
example
(hg : injective g)
: injective ((f)) g : (X=Y) - (X > 2)) :=
A f1 f2 hgf, funext (A i, hg (congr fun hgf i : ))

-- 52 demostracién
example
[hY : nonempty Y]
(hg : injective g)
(hgf : g | fr =g o f2)
o fa= f2 :=
calc f1 = id [o| fa . (left_id f1).symm
. = (inv_fun g o] g) [o| f2 : congr_arg2 ([°)) (inv_fun comp hg).symm rfl
.. = inv_fun g [J (g o] f1) : comp.assoc
. = dinv_fun g [o| (g o] f2) : congr_arg2 () rfl hgf
. = (inv_fun g s @) [ f2 : comp.assoc
.= id [ f2 : congr_arg2 ([°)) (inv_fun_comp hg) rfl
R . left id f2

-- 62 demostracidn
example
[AY : nonempty Y]
(hg : injective g)
(hgf : g o f2 =gl f2)
: f1 = f2 =
calc fi1 = id [o| f1 : by finish
.. = (inv_fun g [o| g) [o| f1 : by finish [inv_fun_comp]
.. = inv_fun g [ (g o] f1) : by refl
.. = inv_fun g [ (g [o| f2) : by finish [hgf]
. = (inv_fun g [ g) [ f2 : by refl
.= id [ f2 : by finish [inv_fun comp]
.= f2 : by finish
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Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.21. Las sucesiones convergentes son suce-
siones de Cauchy

5.21.1. Demostraciones con Isabelle/HOL

-- En Isabelle/HOL, una sucesién ue, U1, U2, ... Se puede representar
-- mediante wuna funcién (u : N - R) de forma que u(n) es un.

-- Se define
-- + el valor absoluto de x por
- - notation ‘}‘x‘}’ := abs x

-- + a es un limite de la sucesién u , por
-- def limite (u : N - R) (a : R) :=
- Ye>0, 3N Yn=N, 'un- a!
-- + la sucesién u es convergente por
-- def convergente (u : N - R) :=
-- i1, limite u 1

-- + la sucesién u es de Cauchy por

-- def sucesion cauchy (u : N - R)
- - Ve>0, AN, VYpqg, p=N-qg=N->|up-uql =c¢c

IA
M

-- Demostrar que las sucesiones convergentes son de Cauchy.

theory Las sucesiones convergentes son sucesiones de Cauchy
imports Main HOL.Real
begin

definition limite :: ”(nat = real) = real = bool”
where "limite u c « (Ve>0. 3Fk::nat. Vn=zk. lun - c| < €)”

definition suc convergente :: "(nat = real) = bool”
where "suc convergente u - (3 1. limite u 1)”

definition suc cauchy :: "(nat = real) = bool”
where "suc cauchy u o (Ve>0. 3k. Vm=k. Vnzk. fum - un} < g)”

(* 1?7 demostracin *)

lemma
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assumes "suc_convergente u”

shows  "suc cauchy u”
proof (unfold suc cauchy def; intro alll impI)
fix € :: real

assume "0 < g”
then have "0 < €/2"
by simp
obtain a where "limite u a”
using assms suc_convergente def by blast
then obtain k where hk : "Vnz=k. lun - a! < g/2"”
using [0 < & / 2p| limite def by blast
have "Vm=zk. Vnzk. jum - un} < ¢g”
proof (intro alll impI)
fix p q
assume hp : "p = k” and hg : "q = k"
then have hp’ : "lu p - a}] < €/2"
using hk by blast
have hq’' : "lu q - a} < €/2"
using hk hq by blast
have "lup - uq! =1{(up-a)+(a-uq)l”
by simp
also have ".. = jlup - a}] + }a - uq}l”
by simp
also have ".. = jlup - a}] + juqg - a}”
by simp
also have ".. < €/2 + €/2"
using hp’ hq’ by simp
also have ".. = "
by simp
finally show "ju p - u q} < €
by this
ged
then show "3k. Vm=k. Vn=k. jum - un} < ¢&”
by (rule exI)
ged

n

(* 27 demostracign *)

lemma
assumes "suc_convergente u”
shows  "suc cauchy u”

proof (unfold suc cauchy def; intro alll impI)
fix € :: real

assume "0 < g”
then have "0 < €/2”
by simp
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obtain a where "limite u a”
using assms suc convergente def by blast

then obtain k where hk : "Vnz=k. lun - a! < g/2"”
using [0 < & / 2p| limite def by blast

have "Vm=zk. Vnzk. jum - un} < ¢g”

proof (intro alll impI)

fix p q

assume hp : "p = k” and hg : "q = k"

then have hp’ : "lu p - a}] < €/2"
using hk by blast

have hq’ : "lu q - a} < €/2"

using hk hg by blast
show "lup - uq} < ¢€”
using hp’ hq' by argo
ged
then show ”"3k. Vm=zk. Vnzk. jum - un}] < ¢g”
by (rule exI)
ged

(* 32 demostracign *)

lemma
assumes "suc_convergente u”
shows  "suc _cauchy u”

proof (unfold suc cauchy def; intro alll impI)
fix € :: real

assume "0 < g”
then have "0 < /2"
by simp
obtain a where "limite u a”
using assms suc_convergente def by blast
then obtain k where hk : "Vnzk. jun - a! < g/2"”
using [0 < & / 2p| limite def by blast
have "Vm=k. Vnzk. jum - un} < g”
using hk by (smt (z3) field sum of halves)
then show "3k. Vm=k. Vn=k. jum - un} < ¢&”
by (rule exI)
ged

(* 37 demostracign *)

lemma
assumes "suc convergente u”
shows  "suc_cauchy u”

proof (unfold suc cauchy def; intro alll impI)
fix € :: real

assume "0 < g”
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then have "0 < /2"
by simp

obtain a where "limite u a”
using assms suc_convergente def by blast

then obtain k where hk : "Vnzk. ju n - a! < g/2"
using [0 < & / 2p| limite def by blast

then show "3k. Vm=k. Vn=k. jum - un} < ¢&”
by (smt (z3) field sum of halves)

ged

end

5.21.2. Demostraciones con Lean

-- En Lean, una sucesién ue, U1, U2, ... Se puede representar mediante
-- una funcién (u : N - R) de forma que u(n) es un.

-- Se define
-- + el valor absoluto de x por
-- notation ‘|‘x‘|‘ := abs x

-- + a es un limite de la sucesién u , por

-- def limite (u : N - R) (a : R) :=

- - Ve>0, AN, Yn=N, |[un- a| =¢

-- + la sucesidén u es convergente por

-- def suc convergente (u : N - R) :=

- - 11, limite u 1

-- + la sucesién u es de Cauchy por

- - def suc cauchy (u : N > R) :=

-- Ve>0, AN, Yp=N, VYVg=N, |lup-ugq|=c¢e

-- Demostrar que las sucesiones convergentes son de Cauchy.

import data.real.basic

variable {u : N - R }

‘

1
o]
o
wn
x

notation ‘| ‘x‘|

def limite (u :
VvV eg>0, 3N,

- R) (L : R) : Prop :=

N
Vn=N, |[un-1| <c¢
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def suc_convergente (u : N - R) :=
31, limite u 1

def suc cauchy (u : N - R) :=
Ve>0, 3N, Vp=N, Vg=N, |[up -ugq| <¢&€

-- 12 demostracién
example
(h : suc convergente u)
: suc_cauchy u :=
begin
unfold suc_cauchy,
intros € hg,
have he2 : 0 < €/2 := half_pos hg,
cases h with 1 htl,
cases hl (€/2) he2 with N hN,
clear he hl he2,
use N,
intros p hp g hq,
calc |up - u q]
[(up - 1) + (L -ugq)| : by ring nf

1A

A

€/2 + €/2 : add 1t add (hN p hp)
€ : add halves g,

end

-- 22 demostracioén
example
(h : suc_convergente u)
: suc_cauchy u :=
begin
intros € hg,
cases h with 1 htl,
cases hl (g/2) (half pos he) with N hN,
clear he htl,
use N,
intros p hp q hq,
calc |[up - u q]
[(up - 1) + (L -ugq)| : by ring nf

I IA

A

€/2 + €/2 : add 1t _add (hN p hp)
€ : add halves g,

end

lup -1 + |U-uq| :absadd (up - 1) (L - uaq)
lup -1 + |Juq- 1| : congr arg2 (+) rfl (abs sub comm 1 (u q))

(hN g hq)

lup -1 + |U-uq| :absadd (up - 1) (L - uq)
lup -1 + |uq- 1| : congr_arg2 (+) rfl (abs sub comm 1 (u q))

(hN g hq)
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-- 32 demostracién
example
(h : suc_convergente u)
: suc_cauchy u :=
begin
intros € hg,
cases h with 1 htl,
cases hl (€/2) (half pos he) with N hN,

clear he hl,

use N,

intros p hp q hq,

have cotal : |lup - 1| <€/ 2 := hN p hp,

have cota2 : |lugq - 1| <€/ 2 := hN q hq,

clear hN hp hq,

calc |up - u q]
= [(up - 1) + (L -ugq)| : by ring nf
<= Jup -1 +|L-ugq| :absadd (up - 1) (L - uq)
=|lup -1 + |uq- 1 : by rw abs sub comm 1 (u q)
< € : by linarith,

end

-- 42 demostracion
example
(h : suc_convergente u)
: suc_cauchy u :=
begin
intros € hg,
cases h with 1 hl,
cases hl (g/2) (half pos he) with N hN,
clear he hl,
use N,
intros p hp q hq,
calc |up - u q]
[(up - 1) + (L -ugq)| : by ring nf

<= Jup -1 + |L-uq| :absadd (up - 1) (L - uq)
=|lup -1 + |Juq-1 : by rw abs sub comm 1 (u q)
< € : by linarith [hN p hp, hN q hql,

end

-- 52 demostracion
example
(h : suc_convergente u)
: suc_cauchy u :=
begin
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intros € heg,

cases h with 1 htl,

cases hl (€/2) (by linarith) with N hN,

use N,

intros p hp q hq,

calc |up - u q]

[(up - 1) + (L -ugq)| : by ring nf

<= Jup -1 + |l -ugq| : by simp [abs add]
=|lup -1 + |Juq- 1 : by simp [abs sub comm]
< € : by linarith [hN p hp, hN q hq]l,

end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean

5.22. Las clases de equivalencia de elementos
relacionados son iguales

5.22.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que las clases de equivalencia de elementos relacionados

-- son iguales.

theory Las clases de equivalencia de elementos relacionados son iguales
imports Main
begin

’

definition clase :: ”"('a = 'a =» bool) = 'a = 'a set”

where "clase R x = {y. R x y}”

(* En la demostraciin se usarE el siguiente lema del que se presentan
varias demostraciones. *)

(* 12| demostracign del lema auxiliar *)
lemma

assumes "equivp R”

"R x y”

shows "“clase Ry ¢ clase R x”
proof (rule subsetI)

fix z

assume "z € clase R y”
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then have "R y 2"
by (simp add: clase def)
have "transp R”
using assms(1l) by (rule equivp imp transp)
then have "R x z”
using <R x yp| KRy zp| by (rule transpD)
then show "z € clase R x”
by (simp add: clase def)
ged

(& ZE demostraciin del lema auxiliar *)
lemma aux :
assumes "equivp R”
"R ox y”
shows ”"clase Ry ¢ clase R x”
using assms
by (metis clase def eq _refl equivp def)

(* A continuaciﬂn se presentan demostraciones del ejercicio *)

(* 1?7 demostracin *)
lemma

assumes "equivp R”

"R ox y”

shows "clase Ry = clase R x”
proof (rule equalityI)

show “clase Ry ¢ clase R x”

using assms by (rule aux)

next
show "clase R x ¢ clase R y”
proof -
have "symp R”

using assms(1) equivpE by blast
have "R y x”
using [<R x yp| by (simp add: [Jsymp R> sympD)
with assms(1l) show "clase R x € clase R y”
by (rule aux)
ged
ged

(* 27 demostracign *)
lemma
assumes "equivp R”
"R X y”
shows "clase R y = clase R x”
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using assms
by (metis clase def equivp def)

end

5.22.2. Demostraciones con Lean

-- Demostrar que las clases de equivalencia de elementos relacionados
-- son iguales.

import tactic

variable {X : Type}
variables {x y: X}
variable {R : X - X - Prop}

def clase (R : X - X - Prop) (x : X) :=
{y + X | Rxy}

-- En la demostracién se usara el siguiente lema del que se presentan
-- varias demostraciones.

-- 12 demostracién del lema auxiliar
example

(h : equivalence R)

(hxy : R x vy)

: clase Ry € clase R x :=
begin

intros z hz,

have hyz : Ry z := hz,

have htrans : transitive R := h.2.2,
have hxz : R x z := htrans hxy hyz,
exact hxz,

end

-- 22 demostracion del lema auxiliar

example
(h : equivalence R)
(hxy : R x vy)

: clase Ry g clase R x :=
begin
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intros z hz,
exact h.2.2 hxy hz,
end

-- 32 demostracion del lema auxiliar

lemma aux
(h : equivalence R)
(hxy : R x vy)

: clase Ry [d clase R x :=
Az hz, h.2.2 hxy hz

-- A continuacidén se presentan varias demostraciones del ejercicio
-- usando el lema auxiliar

-- 12 demostracion
example

(h : equivalence R)

(hxy : R xvy)

: clase R x = clase Ry :

begin

apply le antisymm,

{ have hs : symmetric R := h.2.1,
have hyx : Ry x := hs hxy,
exact aux h hyx, },

{ exact aux h hxy, },

end

-- 22 demostracion
example
(h : equivalence R)
(hxy : R xvy)
: clase R x = clase Ry :=
begin
apply le antisymm,
{ exact aux h (h.2.1 hxy), },
{ exact aux h hxy, },
end

-- 32 demostracion

example
(h : equivalence R)
(hxy : R xvy)

: clase R x = clase Ry :=
le antisymm (aux h (h.2.1 hxy)) (aux h hxy)



5.23. Las clases de equivalencia de elementos no relacionados son disjuri29

Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.23. Las clases de equivalencia de elementos
no relacionados son disjuntas

5.23.1. Demostraciones con Isabelle/HOL

5
-- Demostrar que las clases de equivalencia de elementos no relacionados

-- son disjuntas.

theory Las clases de equivalencia de elementos no relacionados son disjuntas
imports Main
begin

’

definition clase :: "(’'a = 'a = bool) = 'a = 'a set”

where "clase R x = {y. R x y}”

(* 1 demostracin *)

lemma
assumes "equivp R”
"_|(R X y)H
shows ”"clase R x n clase Ry = {}”
proof -

have "Vz. z € clase R x - z ¢ clase R y”
proof (intro alll impI)
fix z
assume "z € clase R x
then have "R x z”
using clase def by (metis CollectD)
show "z & clase R y”
proof (rule notI)
assume "z € clase R y”
then have "R y 2"
using clase def by (metis CollectD)
then have "R z y”
using assms(1l) by (simp only: equivp symp)
with IR X ZI have "R x y”
using assms(1l) by (simp only: equivp transp)
with IﬂR X yI show False
by (rule notE)

14
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ged
ged
then show "clase R x n clase Ry = {}”
by (simp only: disjoint iff)
ged

(* 27 demostracidn *)

lemma
assumes "equivp R”
"~(R x y)"
shows "clase R x n clase Ry = {}”
proof -

’

have "Vz. z € clase R x - z ¢ clase R y’
proof (intro alll impI)
fix z
assume "z € clase R x
then have "R x z”
using clase def by fastforce
show "z ¢ clase R y”
proof (rule notI)
assume "z € clase R y”
then have "R y z”
using clase def by fastforce
then have "R z y”
using assms(1l) by (simp only: equivp symp)
with IR X zI have "R x y”
using assms(1l) by (simp only: equivp transp)
with [-R x y)| show False
by simp

14

ged
ged
then show "clase R x n clase Ry = {}”
by (simp only: disjoint iff)
ged

(* 37 demostracign *)
lemma
assumes "equivp R”
"=(R x y)"
shows “clase R x n clase Ry = {}”
using assms
by (metis clase def
CollectD
equivp _symp
equivp_transp
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disjoint iff)

(* 47 demostracidn *)
lemma
assumes "equivp R”
"=(R x y)"
shows “clase R x n clase Ry = {}”
using assms
by (metis equivp def
clase def
CollectD
disjoint iff not equal)

end

5.23.2. Demostraciones con Lean

-- Demostrar que las clases de equivalencia de elementos no relacionados
-- son disjuntas.

import tactic

variable {X : Type}
variables {x y: X}
variable {R : X - X - Prop}

def clase (R : X - X » Prop) (x : X) :=
{y + X | Rxy}

-- 12 demostracién
example

(h : equivalence R)

(hxy : = R x vy)

: clase R x n clase Ry = & :=
begin

rcases h with (hr, hs, ht),

by contradiction hl,

apply hxy,

have h2 : 3z, z € clase R x |n clase R y,

{ contrapose hl,
intro hla,
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apply hla,

push neg at hl,

exact set.eq empty iff forall not mem.mpr hl, },
rcases h2 with (z, hxz, hyz),

replace hxz : R x z := hxz,
replace hyz : Ry z := hyz,
have hzy : R z y := hs hyz,

exact ht hxz hzy,
end

-- 22 demostracién
example
(h : equivalence R)
(hxy : = R x vy)
: clase R x n clase Ry = & :=
begin
rcases h with (hr, hs, ht),
by contradiction hl,
have h2 : 3 z, z E clase R x H clase R vy,
{ by finish [set.eq empty iff forall not mem]},
apply hxy,
rcases h2 with (z, hxz, hyz),
exact ht hxz (hs hyz),
end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean

5.24. El conjunto de las clases de equivalencia
es una particion

5.24.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________
-- Demostrar que si R es una relacidn de equivalencia en X, entonces las

-- clases de equivalencia de R es una particidn de X.

theory El conjunto _de las clases de equivalencia es una particion
imports Main
begin

definition clase :: ”"('a = 'a =» bool) = 'a = 'a set”
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where "clase R x =

definition particion ::

"particion P -~ (Vx.

lemma
fixes R :: ""a =
assumes "equivp R”
shows "particion

{y. R x y}"

"('a set) set = bool” where
(IBEP. x € B A (VCEP. X EC-B =2C))) A {} ¢ P”

"a = bool”

(Ux. {clase R x})” (is "particion ?P")

proof (unfold particion def; intro conjI)
show " (Vx. IBE?P. x € B A (VCE?P. x € C - B = ())”

proof (intro alllI)
fix x

have "clase R x € ?P”

by auto
moreover have "Xx

€ clase R x”

using assms clase def equivp def
by (metis CollectI)
moreover have "VCE?P. x € C - clase R x = C”

proof
fix C

assume "C € ?P”
then obtain y where ”"C = clase R y”

by auto

show "x € C - clase R x = C”

proof
assume
then have "R

using IC =

n

x € C”

y XII
clase R yI assms clase def

by (metis CollectD)
then show "clase R x = C”
using assms HC = clase R yI clase def equivp def

by metis
ged
ged

ultimately show "3BE?P. x € B A (VCE?P. x € C - B = ()"

by blast
ged
next
show "{} & ?P”
proof
assume "{} € ?P"

then obtain x where ”"{} = clase R x”

by auto

moreover have ”"x € clase R x”
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using assms clase def equivp def
by (metis CollectI)
ultimately show False
by simp
ged
ged

end

5.24.2. Demostraciones con Lean

-- Demostrar que si R es una relacidn de equivalencia en X, entonces las
-- clases de equivalencia de R es una particién de X.

import tactic

variable {X : Type}
variables {x y: X}
variable {R : X - X - Prop}

def clase (R : X - X - Prop) (x : X) :=
{y + X | Rxy}

def particion (A : set (set X)) : Prop :=

(Vx, (3BJgA xEBAYCEA xEC-B=C)) rpggA

lemma aux
(h : equivalence R)
(hxy : R x vy)

: clase Ry [d clase R x :=
Az hz, h.2.2 hxy hz

-- 12 demostracién
example
(h : equivalence R)
: particion {a : set X | 3 s : X, a = clase R s} :=
begin
split,
{ simp,
intro vy,
use (clase R y),
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split,
{ use vy, },
{ split,
{ exact h.1 vy, },
{ intros x hx,
apply le antisymm,
{ exact aux h hx, },
{ exact aux h (h.2.1 hx), }}}},
{ simp,
intros x hx,
have hl : x | clase R x := h.1 x,

rw « hx at hi,
exact set.not mem empty x hl, },
end

-- 22 demostracion
example
(h : equivalence R)
particion {a : set X | 3 s : X, a = clase R s} :=
begin
split,
{ simp,
intro vy,
use (clase R y),
split,
{ usey, },
{ split,
{ exact h.1 vy, },
{ intros x hx,
exact le antisymm (aux h hx) (aux h (h.2.1 hx)), }}},
{ simp,
intros x hx,
have hl : x E clase R x := h.1 x,
rw H hx at hl,
exact set.not mem empty x hl, },
end

-- 32 demostracién
example
(h : equivalence R)
particion {a : set X | 3 s : X, a = clase R s} :=
begin
split,
{ simp,
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intro vy,
use [clase R vy,
(by use vy,
(h.1 y, A x hx, le antisymm (aux h hx) (aux h (h.2.1 hx))))1l, },
{ simp,
intros x hx,
have hl : x | clase R x := h.1 x,
rw | hx at hi,
exact set.not mem empty x hl, },
end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean

5.25. Las particiones definen relaciones refle-
xivas

5.25.1. Demostraciones con Isabelle/HOL

-- Cada familia de conjuntos P define una relacidén de forma que dos

-- elementos estan relacionados si algln conjunto de P contiene a ambos
-- elementos. Se puede definir en Isabelle por

- - definition relacion :: "(’a set) set = ’'a = 'a = bool” where

-- "relacion P x y & (dAEP. x E A Ay € A)”

-- Una familia de subconjuntos de X es una particidén de X si cada elemento
-- de X pertenece a un unico conjunto de P y todos los elementos de P

-- son no vacios. Se puede definir en Isabelle por

-- definition particion :: "(’a set) set = bool” where

- - "particion P - (Vx. (3BEP. x € B A (VCEP. x E C - B =2C))) n {} & P”

-- Demostrar que si P es una particidén de X, entonces la relacidn
-- definida por P es reflexiva.

theory Las particiones definen relaciones reflexivas

imports Main

begin

definition relacion :: ”"(’'a set) set = 'a = "a = bool” where
"relacion P x y & (JAEP. X E A A Yy E A)"
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definition particion :: "(’a set) set = bool” where
"particion P o (Vx. (3dBEP. x € B A (VCEP. x EC->B =C))) A {} & P”

(* 17 demostracin *)

lemma

assumes “particion P”

shows "reflp (relacion P)”
proof (rule reflpI)

fix x

have "(Vx. (3BEP. x € B A (VCEP. x EC > B =C))) A {} &€ P"

using assms by (unfold particion_ def)

then have "Vx. (3dBEP. x € B A (VCEP. X EC-B = (C))"

by (rule conjunctl)

then have "3dBEP. x € B A (VCEP. X E C - B = (C)”

by (rule allEk)

then obtain B where "B € P A (X €E B A (VCEP. X E C—-B =2C))”

by (rule someI2 bex)

then obtain B where "(B € P A X € B) A (VCEP. x E C-B = ()"

by (simp only: conj assoc)
then have "B € P A x € B”

by (rule conjunctl)
then have "x € B”

by (rule conjunct2)
then have "x € B A x € B”

using [x g B}| by (rule conjI)

moreover have "B € P”
using [<B [§ P A x g B> by (rule conjunctl)
ultimately have "3BEP. x € B A x € B”
by (rule bexI)
then show "relacion P x x”
by (unfold relacion def)
ged

(* 27 demostracign *)

lemma

assumes "particion P”

shows "reflp (relacion P)”
proof (rule reflpI)

fix x

obtain A where "A € P A x € A"
using assms particion def
by metis

then show "relacion P x x”
using relacion def
by metis
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ged

(* 37 demostracign *)

lemma
assumes “particion P”
shows "reflp (relacion P)”

using assms particion_def relacion def
by (metis reflp def)

end

5.25.2. Demostraciones con Lean

-- Cada familia de conjuntos P define una relacidn de forma que dos

-- elementos estan relacionados si algln conjunto de P contiene a ambos
-- elementos. Se puede definir en Lean por

-- def relacion (P : set (set X)) (x y : X) :=

- - dJA€EP, XEAANYyEA

-- Una familia de subconjuntos de X es una particidén de X si cada elemento
-- de X pertenece a un unico conjunto de P y todos los elementos de P

-- son no vacios. Se puede definir en Lean por

-- def particion (P : set (set X)) : Prop :=

- - (Vx, (AB€EP, xEBANYCEP, XxXEC-B=C)) ho¢&P

-- Demostrar que si P es una particidén de X, entonces la relacion
-- definida por P es reflexiva.

import tactic

variable {X : Type}
variable (P : set (set X))

def relacion (P : set (set X)) (xy : X) :=

JAEP xEgANYyEA

def particion (P : set (set X)) : Prop :=

(V x, (EIBP,XB/\\'/CP,XC-»B=C))/\P

-- 12 demostracion
example
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(h : particion P)
reflexive (relacion P) :=

begin

unfold reflexive,

intro x,

unfold relacion,

unfold particion at h,

replace h : 3AEP, x AANVBEP, xEB-A=B:=h.1x,

rcases h with (A, hAP, hxA, -),

use A,

repeat { split },

{ exact hAP, 1},

{ exact hxA, },

{ exact hxA, },
end

-- 22 demostracion
example

(h : particion P)

reflexive (relacion P) :=

begin

intro x,

replace h : 3AEP, x AANVBEP, xEB-A=B:=h.1lx,

rcases h with (A, hAP, hxA, -),

use A,

repeat { split } ; assumption,
end

-- 32 demostracidn
example
(h : particion P)
reflexive (relacion P) :=
begin
intro X,
rcases (h.1 x) with (A, hAP, hxA, -),
use A,
repeat { split } ; assumption,
end

-- 42 demostracion
example
(h : particion P)
reflexive (relacion P) :=
begin
intro x,
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rcases (h.1 x) with (A, hAP, hxA, -),
use [A, (hAP, hxA, hxA)l,
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.26. Las familias de conjuntos definen rela-
ciones simétricas

5.26.1. Demostraciones con Isabelle/HOL

(* _____________________________________________________________________

-- Cada familia de conjuntos P define una relacidén de forma que dos

-- elementos estdn relacionados si algin conjunto de P contiene a ambos
-- elementos. Se puede definir en Isabelle por

-- definition relacion :: "(’a set) set = ’'a » 'a = bool” where

- - "relacion P x y & (JAEP. x E A Ny € A)”

-- Demostrar que si P es una familia de subconjunt[Jos de X, entonces la
-- relacién definida por P es simétrica.

theory Las familias de conjuntos definen relaciones simetricas
imports Main
begin

definition relacion :: ”"('a set) set = 'a = 'a = bool” where
"relacion P x y &« (JAEP. X E A Ay E A)"

(* 172 demostracign *)
lemma "symp (relacion P)”
proof (rule sympI)
fix x y
assume "relacion P x y”
then have "3JAEP. x € A A y € A”
by (unfold relacion_def)
then have "3JAEP. y € A A X € A”
proof (rule bexE)
fix A
assume hAl : "A € P” and hA2 : "x € A Ay € A"
have "y € A A x € A”
using hA2 by (simp only: conj commute)
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then show "3JAEP. y € A A X € A”
using hAl by (rule bexI)
ged
then show "“relacion P y x”
by (unfold relacion def)
ged

(* 27 demostracign *)
lemma "symp (relacion P)”
proof (rule sympI)
fix x y
assume "relacion P x y”
then obtain A where "A € P A x €E A Ay € A"
using relacion def
by metis
then show "relacion P y x”
using relacion def
by metis
ged

(* 37 demostracign *)
lemma "symp (relacion P)”
using relacion def
by (metis sympI)

end

5.26.2. Demostraciones con Lean

-- Cada familia de conjuntos P define una relacién de forma que dos
-- elementos estan relacionados si algln conjunto de P contiene a ambos

-- elementos. Se puede definir en Lean por
-- def relacion (P : set (set X)) (x y : X) :=
- - 1JA€EP, XEAANYyEA

-- Demostrar que si P es una familia de subconjunt[Jos de X, entonces la

-- relacién definida por P es simétrica.

import tactic

variable {X : Type}
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variable (P : set (set X))

def relacion (P : set (set X)) (xy : X) :=

JIAEP xEANYyEA

-- 12 demostracion
example : symmetric (relacion P) :=
begin
unfold symmetric,
intros x y hxy,
unfold relacion at *,
rcases hxy with (B, hBP, (hxB, hyB)),
use B,
repeat { split },
{ exact hBP, },
{ exact hyB, },
{ exact hxB, 1},
end

-- 22 demostracién
example : symmetric (relacion P) :=
begin
intros x y hxy,
rcases hxy with (B, hBP, (hxB, hyB)),
use B,
repeat { split } ;
assumption,
end

-- 32 demostracion
example : symmetric (relacion P) :=
begin
intros x y hxy,
rcases hxy with (B, hBP, (hxB, hyB)),
use [B, (hBP, hyB, hxB)],
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean
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5.27. Las particiones definen relaciones tran-
sitivas

5.27.1. Demostraciones con Isabelle/HOL

-- Cada familia de conjuntos P define una relacién de forma que dos

-- elementos estan relacionados si algln conjunto de P contiene a ambos
-- elementos. Se puede definir en Isabelle por

-- definition relacion :: "(’a set) set = 'a = 'a = bool” where

-- "relacion P x y & (JAEP. x E A Ay € A)”

-- Una familia de subconjuntos de X es una particidén de X si cada elemento
-- de X pertenece a un unico conjunto de P y todos los elementos de P

-- son no vacios. Se puede definir en Isabelle por

-- definition particion :: "(’a set) set = bool” where

- - "particion P - (Vx. (3BEP. x € B A (VCEP. x E C - B =C))) n {} & P”

-- Demostrar que si P es una particidén de X, entonces la relacidn
-- definida por P es transitiva.

theory Las particiones definen relaciones transitivas
imports Main
begin

definition relacion :: ”"(’'a set) set = 'a = 'a = bool” where
"relacion P X y « (JAEP. X € A Ay € A)"

definition particion :: ”"(’a set) set = bool” where
"particion P « (Vx. (IBEP. x € B A (VCEP. X EC->B =C))) A {} ¢ P”

(* 1?7 demostracidn *)
lemma
assumes “particion P”
shows "transp (relacion P)”
proof (rule transpI)
fix x y z
assume "relacion P x y” and "relacion Py z
have "3JAEP. x € A A y € A”
using [relacion P x y)|
by (simp only: relacion def)
then obtain A where "A € P” and hA : "X € A Ay € A"

1
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by (rule bexE)
have "3dBEP. vy € B A z € B”
using [Jrelacion Py z|
by (simp only: relacion def)
then obtain B where "B € P” and hB : "y € B A z € B”
by (rule bexE)
have "A = B”
proof -
have "3C € P. y € C A (VDEP. y €D - C =D)"
using assms
by (simp only: particion def)
then obtain C where "C € P”
and hC : "y € C A (VDEP. y €ED - C = D)”
by (rule bexE)

have hC’ : "VDEP. y € D - C = D”
using hC by (rule conjunct2)
have "C = A"

using [<A [ P5| hA hC’ by simp
moreover have "C = B”
using [<B g Pb| hB hC by simp
ultimately show "A = B”
by (rule subst)
ged
then have "x € A A z € A”
using hA hB by simp
then have "JAEP. x € A A z € A”
using [<A [§ Pp| by (rule bexI)

then show "relacion P x z”
using [<A = B> [<A € P}
by (unfold relacion def)

ged

(* 27 demostracign *)
lemma
assumes "particion P”
shows "transp (relacion P)”
proof (rule transpI)
fix Xy z
assume "relacion P x y” and "relacion P y z”
obtain A where "A € P” and hA : "x € A Ay € A”
using [relacion P x y)|
by (meson relacion def)
obtain B where "B € P” and hB : "y € B A z € B”
using [relacion Py z)|
by (meson relacion def)
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have "A = B”
proof -
obtain C where "C € P” and hC : "y € C A (VDEP. y €D - C = D)”
using assms particion def
by metis
have "C = A”
using [<A g Pb| hA hC by auto
moreover have "C = B”
using [<B [ Pb| hB hC by auto
ultimately show "A = B”
by simp
ged
then have "x € A A z € A”
using hA hB by auto
then show "relacion P x z”
using [<A = B>| <A § P>| relacion def
by metis
ged

(* 3 demostracign *)

lemma
assumes "particion P”
shows "transp (relacion P)”

using assms particion def relacion def
by (smt (verit) transpI)

end

5.27.2. Demostraciones con Lean

-- Cada familia de conjuntos P define una relacidén de forma que dos

-- elementos estan relacionados si algin conjunto de P contiene a ambos
-- elementos. Se puede definir en Lean por

-- def relacion (P : set (set X)) (xy : X) :=

- - dJA€EP, xXEAANYy EA

-- Una familia de subconjuntos de X es una particidén de X si cada elemento
-- de X pertenece a un unico conjunto de P y todos los elementos de P

-- son no vacios. Se puede definir en Lean por

-- def particion (P : set (set X)) : Prop :=

-- (Vx, (3 BEP, xXEBANYCEP, XEC-B=C)) Ao ¢&P
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-- Demostrar que si P es una particién de X, entonces la relacidn
-- definida por P es transitiva.

import tactic

variable {X : Type}
variable (P : set (set X))

def relacion (P : set (set X)) (xy : X) :=

JAEP xEgANyEA

def particion (P : set (set X)) : Prop :=

(Vx, (3BJgP, xgBAVCEP, xfC-B=C) rAlggP

-- 12 demostracion
example
(h : particion P)
: transitive (relacion P) :=
begin
unfold transitive,
intros x y z hl h2,
unfold relacion at *,
rcases hl with (B1l, hB1P, hxB1l, hyBl),
rcases h2 with (B2, hB2P, hyB2, hzB2),
use B1,
repeat { split },
{ exact hB1P, 1},
{ exact hxB1l, },
{ convert hzB2,
rcases (h.1 y) with (B, -, -, hB),
have hBB1 : B = B1 := hB B1 hB1P hyB1,
have hBB2 : B = B2 := hB B2 hB2P hyB2,
exact eq.trans hBBl.symm hBB2, 7},
end

-- 22 demostracién
example
(h : particion P)
: transitive (relacion P) :=
begin
rintros x y z (B1l,hB1P,hxB1l,hyBl) (B2,hB2P,hyB2,hzB2),
use B1,
repeat { split },
{ exact hB1lP, },
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{ exact hxB1l, 1},
{ convert hzB2,
rcases (h.1 y) with (B, -, -, hB),
exact eq.trans (hB Bl hB1P hyB1l).symm (hB B2 hB2P hyB2), },
end

-- 32 demostracidn
example
(h : particion P)
: transitive (relacion P) :=
begin
rintros x y z (Bl,hB1P,hxB1l,hyBl) (B2,hB2P,hyB2,hzB2),
use [B1l, (hB1P,
hxB1,
by { convert hzB2,
rcases (h.1 y) with (B, -, -, hB),
exact eq.trans (hB Bl hB1P hyB1l).symm
(hB B2 hB2P hyB2), })1,
end

Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.28. Las particiones definen relaciones de equi-
valencia

5.28.1. Demostraciones con Isabelle/HOL

-- Cada familia de conjuntos P define una relacién de forma que dos

-- elementos estan relacionados si algin conjunto de P contiene a ambos
-- elementos. Se puede definir en Isabelle por

-- definition relacion :: "(’a set) set = ’‘a » 'a = bool” where

-- "relacion P x y & (JAEP. x E A Ny € A)”

-- Una familia de subconjuntos de X es una particidén de X si cada elemento
-- de X pertenece a un unico conjunto de P y todos los elementos de P

-- son no vacios. Se puede definir en Isabelle por

-- definition particion :: "(’a set) set = bool” where

-- "particion P - (Vx. (3dBEP. x € B A (VCEP. x €E C>B =C))) n {} & P”

-- Demostrar que si P es una particién de X, entonces la relacidn
-- definida por P es de equivalencia.
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theory Las particiones definen relaciones de equivalencia
imports Main
begin

definition relacion :: ”"('a set) set = 'a = "a = bool” where
"relacion P x y &« (JAEP. X E A A Yy E A)"

definition particion :: ”"(’a set) set = bool” where
"particion P & (Vx. (IBEP. x € B A (VCEP. X EC->B =C))) A {} & P”

(* 17 demostracin *)

lemma
assumes “particion P”
shows "equivp (relacion P)”

proof (rule equivpI)
show "reflp (relacion P)”
proof (rule reflpI)
fix X
obtain A where "A € P A x € A"
using assms particion def by metis
then show "relacion P x x”
using relacion def by metis
ged
next
show "“symp (relacion P)”
proof (rule sympI)
fix x y
assume "relacion P x y”
then obtain A where "A E P A X EA A Y EA”
using relacion def by metis
then show "relacion P y x”
using relacion def by metis
ged
next
show "transp (relacion P)”
proof (rule transpI)
fix x y z
assume "relacion P x y” and "relacion P y z”
obtain A where "A € P” and hA : "x € A Ay € A”
using [relacion P x yp| by (meson relacion def)
obtain B where "B € P” and hB : "y € B A z € B”
using [Jrelacion P y z)| by (meson relacion def)
have "A = B”
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proof -
obtain C where "C € P”
and hC : "y € C A (VDEP. y €D - C = D)”"
using assms particion def by metis
then show "A = B”

using <A | Pb| [<B [ P>| hA hB by blast
ged

then have "x € A A z € A” using hA hB by auto
then show "relacion P x z”

using [<A = B)| [<{A | P>| relacion_def by metis
ged
ged

(* 27 demostracign *)

lemma
assumes “particion P”
shows "equivp (relacion P)”

proof (rule equivpI)
show "reflp (relacion P)”
using assms particion def relacion def
by (metis reflpI)
next
show "“symp (relacion P)”
using assms relacion def
by (metis sympI)
next
show "transp (relacion P)”
using assms relacion def particion def
by (smt (verit) transpI)
ged

end

5.28.2. Demostraciones con Lean

-- Cada familia de conjuntos P define una relacidén de forma que dos
-- elementos estan relacionados si algln conjunto de P contiene a ambos

-- elementos. Se puede definir en Lean por
-- def relacion (P : set (set X)) (x y : X) :=
55 dJA€EP, XEANMNYyEA

-- Una familia de subconjuntos de X es una particidén de X si cada elemento
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-- de X pertenece a un unico conjunto de P y todos los elementos de P
-- son no vacios. Se puede definir en Lean por

-- def particion (P : set (set X)) : Prop :=

- - (Vx, (A B€EP, xEBANYCEP, xXEC-B=C)) hno¢&P

-- Demostrar que si P es una particién de X, entonces la relacidn

-- definida por P es una relacidon de equivalencia.

import tactic

variable {X : Type}
variable (P : set (set X))

def relacion (P : set (set X)) (xy : X) :=

IAEP xEANYEA

def particion (P : set (set X)) : Prop :=

(Vx, (3BJgP, xgBAVCEP, xgC-B=C) AP

example
(h : particion P)
: equivalence (relacion P) :=
begin
repeat { split },
{ intro x,
rcases (h.1 x) with (A, hAP, hxA, -),
use [A, (hAP, hxA, hxA)], },
{ intros x y hxy,
rcases hxy with (B, hBP, (hxB, hyB)),
use [B, (hBP, hyB, hxB)], },
{ rintros x y z (B1,hB1P,hxB1l,hyBl) (B2,hB2P,hyB2,hzB2),
use B1,
repeat { split },
{ exact hB1P, },
{ exact hxB1l, 1},
{ convert hzB2,
rcases (h.1 y) with (B, -, -, hB),
exact eq.trans (hB Bl hB1P hyBl).symm (hB B2 hB2P hyB2), }},
end

Se puede interactuar con las pruebas anteriores en esta sesion con Lean
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5.29. Relacion entre los indices de las subsu-
cesiones y de la sucesion

5.29.1. Demostraciones con Isabelle/HOL

-- Para extraer una subsucesidn se aplica una funcidn de extraccidén que
-- conserva el orden; por ejemplo, la subsucesién

- - Uo, Uz, U4, Us,

-- se ha obtenido con la funcién de extraccidon ¢ tal que ¢@(n) = 2*n.

-- En Isabelle/HOL, se puede definir que ¢ es una funcidén de
-- extraccién por

-- definition extraccion :: ”(nat = nat) = bool” where

-- "extraccion ¢ « (Y nm. n<m-¢n<¢m)”

-- Demostrar que si ¢ es una funcidén de extraccidén, entonces
- - Vn n=<son

theory Relacion entre los indices de las subsucesiones y de la sucesion
imports Main
begin

definition extraccion :: ”(nat = nat) = bool” where
"extraccion ¢ (VY nm. n<m-¢n<¢m”

(* En la demostraciin se usara el siguiente lema *)
lemma extraccionE:
assumes "extraccion @”
"N o< m”
shows "o n < o m”
proof -
have "V nm. n<m-9¢n<¢m”
using assms(1l) by (unfold extraccion def)
then have '"n <m-¢o n < ¢ m”
by (elim allE)
then show "¢ n < o m
using assms(2) by (rule mp)

n

ged

(* 1?7 demostracign *)
lemma
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assumes "extraccion @”
shows "n = ¢ n”
proof (induct n)
show "0 = ¢ 0"
by (rule 1e0)
next
fix n
assume "n = ¢ n”
also have "¢ n < ¢ (Suc n)”
proof -
have "n < Suc n”
by (rule lessI)
with assms show "¢ n < ¢ (Suc n)”
by (rule extraccionE)
ged
finally show "Suc n = ¢ (Suc n)”
by (rule Suc leI)
ged

(* 27 demostracin *)

lemma
assumes "extraccion ¢”
shows "n = ¢ n”

proof (induct n)
show "0 = ¢ 0”
by (rule 1e0)

next
fix n
assume "n = ¢ n”
also have ".. < ¢ (Suc n)”

using assms
proof (rule extraccionE)
show "n < Suc n”
by (rule lessI)
ged
finally show "Suc n = ¢ (Suc n)”
by (rule Suc leI)
ged

(* 3 demostracidn *)

lemma
assumes "extraccion ¢”
shows "n = ¢ n”

proof (induct n)
show "0 = ¢ 0”
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by (rule 1e0)

next
fix n
assume "n = ¢ n”
also have ".. < ¢ (Suc n)”

by (rule extraccionE [OF assms lessI])
finally show "Suc n = ¢ (Suc n)”
by (rule Suc leI)
ged

(* 48] demostraciin *)

lemma
assumes "extraccion ¢”
shows "n = ¢ n”

proof (induct n)
show "0 = ¢ 0”
by simp
next
fix n
assume HI : "n = ¢ n”
also have "¢ n < ¢ (Suc n)”
using assms extraccion def by blast
finally show "Suc n = ¢ (Suc n)”
by simp
ged

end

5.29.2. Demostraciones con Lean

-- Para extraer una subsucesidn se aplica una funcidén de extraccidén que
-- conserva el orden; por ejemplo, la subsucesién

- - Uo, Uz, U4, Us,

-- se ha obtenido con la funcidén de extraccion ¢ tal que @(n) = 2*n.

-- En Lean, se puede definir que ¢ es una funcidén de extraccidén por

-- def extraccion (¢ : N > N) :=
- - V{nm}, n<m-¢n<om

-- Demostrar que si ¢ es una funcidén de extraccién, entonces

-- Vn, n=<son
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import tactic
open nat

variable {¢ : N - N}
set _option pp.structure projections false

def extraccion (¢ : N - N) :=
V{nm}y, n<m->@n<g¢@nm

-- 12 demostracion
example :
extraccion ¢ -V n, n = ¢ n :=
begin
intros h n,
induction n with m HI,
{ exact nat.zero le (@ 0), 1},
{ apply nat.succ le of 1t,
have hl : m < succ m := 1t _add one m,
calcm=o¢nm : HI
. <@ (succm) : hhl, },
end

-- 22 demostracion
example :

extraccion ¢ - VY n, n = ¢ n :=
begin

intros h n,

induction n with m HI,

{ exact nat.zero le (@ 0), },

{ apply nat.succ le of 1t,

calcm=om : HI
. < ¢ (succ m) : h (lt add one m), },

end

-- 32 demostracioén
example :

extraccion ¢ - ¥ n, n = ¢ n :=
assume h : extraccion ¢,
assume n,
nat.rec_on n

( show 0 = ¢ O,

from nat.zero le (@ 0) )
( assume m,
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assume HI : m = ¢ m,
have hl : m < succ m,
from 1t add one m,
have h2 : m < @ (succ m), from
calcm=om : HI
. ¢ (succm) : h hl,
show succ m = ¢ (succ m),
from nat.succ le of lt h2)

=<
<

Se puede interactuar con las pruebas anteriores en esta sesién con Lean

5.30. Las funciones de extraccion no estan aco-
tadas

5.30.1. Demostraciones con Isabelle/HOL

-- Para extraer una subsucesién se aplica una funcién de extraccién que
-- conserva el orden; por ejemplo, la subsucesién

- - Uo, Uz, U4, Us,

-- se ha obtenido con la funcidén de extraccién ¢ tal que @(n) = 2*n.

-- En Isabelle/HOL, se puede definir que ¢ es una funcidn de
-- extraccién por

-- definition extraccion :: "(nat = nat) = bool” where

-- "extraccion ¢ (Y nm. n<m-@n<¢m?”

-- Demostrar que las funciones de extraccidén no estd acotadas; es decir,
-- que si ¢ es una funcién de extraccién, entonces
-- VNN, 3 k=N, o k=N

theory Las funciones de extraccion no estan acotadas
imports Main
begin

definition extraccion :: "(nat = nat) = bool” where
"extraccion ¢ (VY nm. n<m-¢n<¢m”

(* En la demostraciin se usara el siguiente lema *)
lemma aux :
assumes "extraccion @”


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Relacion_entre_los_indices_de_las_subsucesiones_y_de_la_sucesion.lean
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n

shows ns=<on”
proof (induct n)
show "0 = ¢ 0”
by simp
next
fix n
assume HI : "n = ¢ n”
also have "¢ n < @ (Suc n)”
using assms extraccion def by blast
finally show "Suc n = ¢ (Suc n)”
by simp
ged

(* 17 demostracin *)
lemma
assumes "extraccion @”
shows "V NN’'. 3 k=N".¢kz=N"
proof (intro alll)
fix N N’ :: nat
let 7k = "max N N’”
have "max N N’ = ?k”
by (rule le refl)
then have hk : "N = ?k A N’ = ?k”
by (simp only: max.bounded iff)
then have "?k = N'”
by (rule conjunct2)
moreover
have "N = ¢ ?Kk”
proof -
have "N = 7k”
using hk by (rule conjunctl)
also have ".. = ¢ ?k”
using assms by (rule aux)
finally show "N = ¢ ?k”
by this
ged
ultimately have "?k = N’ A ¢ ?k = N”
by (rule conjI)
then show "3k = N'. ¢ k = N”
by (rule exI)
ged

(* 27 demostracign *)
lemma
assumes "extraccion @”
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shows "W NN'. 3 k=N". ¢ k =N"
proof (intro alll)
fix N N’ :: nat
let Ik = "max N N"”
have "?k = N"”
by simp
moreover
have "N = ¢ ?Kk”
proof -
have "N = 7k”
by simp
also have ".. = ¢ ?K”
using assms by (rule aux)
finally show "N = @ ?k”
by this
ged
ultimately show "3k = N'. ¢ k = N”
by blast
ged

end

5.30.2. Demostraciones con Lean

-- Para extraer una subsucesidn se aplica una funcidén de extraccidén que
-- conserva el orden; por ejemplo, la subsucesién

5o Uo, Uz, U4, Us,

-- se ha obtenido con la funcidn de extraccidén ¢ tal que @(n) = 2*n.

-- En Lean, se puede definir que ¢ es una funcidén de extraccidén por
-- def extraccion (¢ : N > N) :=
-- YVnm n<m-¢en<gom

-- Demostrar que las funciones de extraccidén no estd acotadas; es decir,

-- que si ¢ es una funcién de extraccién, entonces
- - VNN, 3n=N, on=N

import tactic
open nat

variable {¢ : N - N}
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def extraccion (¢ : N - N) :=
Ynm n<m-0¢n<oem

Llemma aux
(h : extraccion @)
:Vn,n=0¢n :=
begin
intro n,
induction n with m HI,
{ exact nat.zero le (@ 0), 1},
{ apply nat.succ le of 1t,
calcm=o¢m : HI
. <@ (succm) : hm (m+l)
end

-- 12 demostracion
example

(h : extraccion @)

: YNN', 3n=N, ogn=N:
begin

intros N N’,

let n := max N N’,

use n,
split,
{ exact le max right N N’', },
{ calc N = n : le max left N N’
=¢n : aux hn, },
end

-- 22 demostracidn
example
(h : extraccion @)
: YVNN', 3n=N, ¢gn=N:

begin
intros N N’,
let n := max N N’,
use n,
split,

{ exact le max right N N’, 1},

(1t _add one m), },

{ exact le trans (le max left N N')

(aux h n), },
end

-- 32 demostracion
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example

(h : extraccion @)

:YVNN', I3n=N, on=N :=
begin

intros N N’,

use max N N',

split,

{ exact le max right N N’, },

{ exact le trans (le max left N N")

(aux h (max N N")), },

end

-- 42 demostracion
example

(h : extraccion @)

: VNN, 3n=N, ogn=N :=
begin

intros N N’,

use max N N',

exact (le max right N N’,

le trans (le max left N N")
(aux h (max N N"))),

end

-- 52 demostracion
example

(h : extraccion @)

: YNN', 3n=N, ogn=N :=
ANN',

(max N N’, (le max right N N’,

le trans (le max left N N')
(aux h (max N N"))))

-- 62 demostracién
example

(h : extraccion @)

: YNN', 3n=N, ogn=N :=
assume N N’,
let n := max N N’ in
have hl : n = N’,

from le max_right N N’,
show 3 n=N', ¢ n =N, from
exists.intro n

(exists.intro hl

(show ¢ n = N, from



430 Capitulo 5. Ejercicios de agosto de 2021

calc N = n : le _max_left N N’
. =¢n : aux hn))

-- 72 demostracidn
example
(h : extraccion @)
:YVNN', 3n=N, ¢n=N :=
assume N N’,
let n :=max N N’ in
have hl : n = N’,
from le max _right N N’,
show 3 n=N', ¢ n = N, from
(n, hl, calc N = n : le max left N N’
=@ n : aux h n)
-- 82 demostracion
example
(h : extraccion @)
c: YNN', 3n=N, ogn=N :=
assume N N',
let n := max N N’ in
have hl : n = N’,
from le max_right N N’,
show 3 n=N', ¢ n =N, from
(n, hl, le trans (le max left N N")
(aux h (max N N")))

-- 92 demostracion
example
(h : extraccion @)
: VNN, 3n=N, ogn=N :=
assume N N’,
let n := max N N’ in
have hl : n = N’,
from le max right N N',
(n, hl, le trans (le max left N N")
(aux h n))

-- 102 demostracioén
example
(h : extraccion @)
: VNN, 3n=N, ogn=N :=
assume N N’,
(max N N', le max right N N’,
le trans (le max left N N")
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(aux h (max N N")))

-- 112 demostracién
lemma extraccion mye
(h : extraccion @)
: YNN', 3n=N, ogn=N :=
ANN',
(max N N’, le max right N N’,
le trans (le max left N N')
(aux h (max N N")))

Se puede interactuar con las pruebas anteriores en esta sesion con Lean

5.31. Si a es un punto de acumulacion de u,
entonces Ve>0, V N, 3k=N, |u(k)—a| <t

5.31.1. Demostraciones con Isabelle/HOL

-- Para extraer una subsucesién se aplica una funcién de extraccidén que
-- conserva el orden; por ejemplo, la subsucesién

oo Uo, U2, U4, Us,

-- se ha obtenido con la funcidén de extraccién ¢ tal que @(n) = 2*n.

-- En Isabelle/HOL, se puede definir que ¢ es una funcidén de extraccidn
-- por

-- definition extraccion :: ”(nat = nat) = bool” where

-- "extraccion ¢ « (Y nm. n<m-¢en<¢m)”

-- También se puede definir que a es un limite de u por

-- definition limite :: "(nat = real) - real - bool”

- - where ”limite u a o« (Ve>0. IN. Vk=N. lu k - a} < €)”

-- Los puntos de acumulacién de una sucesidén son los limites de sus

-- Ssubsucesiones. En Lean se puede definir por

-- definition punto_acumulacion :: ”(nat - real) - real - bool”

-- where ”“punto acumulacion u a -« (d¢. extraccion ¢ A limite (u o @) a)”

-- Demostrar que si a es un punto de acumulacién de u, entonces
-- Ve>0. VYV N. Jk=N. |u k - a} < ¢

theory ”Si a es un _punto de acumulacion de u, entonces a tiene puntos cercanos”


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Las_funciones_de_extraccion_no_estan_acotadas.lean
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imports Main HOL.Real
begin

definition extraccion :: "(nat = nat) = bool” where
"extraccion g o (Y nm. n<m-¢n<¢m)”

definition limite :: ”(nat = real) = real = bool”
where "limite u a « (Ve>0. 3IN. Vk=N. lu k - al < €)”

definition punto acumulacion :: "(nat = real) = real = bool”
where "punto acumulacion u a < (Jd¢@. extraccion @ A limite (u o @) a)”
(* En 1la demostraciin se usarEn los siguientes lemas *)
lemma auxl :
assumes "extraccion ¢”
shows "n = ¢ n”
proof (induct n)
show "0 = ¢ 0” by simp
next
fix n assume HI n=<aon”
then show "Suc n = @ (Suc n)”
using assms extraccion def
by (metis Suc leI lessI order le less substl)

n

ged

lemma aux2
assumes "extraccion ¢”
shows "V NN'. 3 k=N". ¢ k =N"
proof (intro alll)
fix N N’ :: nat
have "max N N = N’ A ¢ (max N N’) = N”
by (meson assms auxl max.bounded iff max.cobounded2)
then show "3dk = N'. ¢ k = N”
by blast
ged

(* 17 demostracin *)
lemma

assumes "punto acumulacion u a”

shows "Ve>0. V N. dk=N. ju k - a} < €”
proof (intro alll impI)

fix € :: real and N :: nat
assume "g > 0"
obtain ¢ where hgl : "extraccion @”

n

and he2 : "limite (u o @) a
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using assms punto _acumulacion def by blast

obtain N’ where hN’ : "Vk=N’. !(u o ¢) k - a} < &”
using hg2 limite def [Je > 0} by auto
obtain m where hml : "m = N’” and hm2 : "¢ m = N”

using aux2 hel by blast
have "o m = N A ju (¢ m) - a} < €”
using hN’ hml hm2 by force
then show "3k=N. lu k - al < &”
by auto
ged

(* 27 demostracign *)
lemma

assumes "punto_acumulacion u a”

shows "Ve>0. V N. Jk=N. ju k - a} < €”
proof (intro allI impI)

fix € :: real and N :: nat
assume "€ > 0"
obtain ¢ where hol : "extraccion ¢”

and he2 : "limite (u o @) a”
using assms punto _acumulacion def by blast
obtain N’ where hN’' : "Vk=N'. !(u o @) k - a} < €”
using hg2 limite def [Je > 0} by auto
obtain m where "m = N’ A ¢ m = N”
using aux2 hel by blast
then show "3Ik=N. ju k - a] < &”
using hN’ by auto
ged

end

5.31.2. Demostraciones con Lean

-- Para extraer una subsucesidén se aplica una funcién de extraccidn que
-- conserva el orden; por ejemplo, la subsucesién

= o Uo, U2, U4, Us,

-- se ha obtenido con la funcién de extraccion ¢ tal que @(n) = 2*n.

-- En Lean, se puede definir que ¢ es una funcién de extraccidén por
-- def extraccion (¢ : N - N) :=

- - Ynm n<m-¢n<aem

-- También se puede definir que a es un limite de u por
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- - def limite (u : N - R) (a : R) :=
= Ve>0 3N Vk=N, |uk-a| <g¢

-- Los puntos de acumulacidén de una sucesién son los limites de sus
-- subsucesiones. En Lean se puede definir por

-- def punto acumulacion (u : N - R) (a : R) :=

-- 1 ¢, extraccion ¢ A limite (u o @) a

-- Demostrar que si a es un punto de acumulacién de u, entonces

- - Ve>0 VN, 3 k=N, |uk-a|] <g

import data.real.basic
open nat

variable {u : N - R}
variables {a : R}
variable {¢ : N - N}

def extraccion (¢ : N - N):=
Ynm n<m-0¢n<oem

1

notation ‘|‘x‘| abs x

R) (a : R) :=
k=N, |[uk - a|] <c¢

def limite (u :
V € >0, 3N,

8

N
v

def punto acumulacion (u : N - R) (a : R) :=
1 ¢, extraccion ¢ A limite (u H Q) a

-- En la demostracién se usaran los siguientes lemas.

lemma auxl
(h : extraccion @)
:Vn,n=0¢n :=
begin
intro n,
induction n with m HI,
{ exact nat.zero le (@ 0), 1},
{ apply nat.succ le of 1t,
calcm=o¢nm : HI
. <@ (succm) : hm (m+l) (1t _add one m), },
end

lemma aux2
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(h : extraccion @)
: YNN', 3n=N, ¢gn=N :=
ANN", {(max N N", (le max right N N’,
le trans (le max left
(aux1l h (max

==
==
=

-- 12 demostracién
example
(h : punto acumulacion u a)
:Ve>0, YN, 3 k=N, |[uk - a|] <¢€:
begin
intros € he N,
unfold punto acumulacion at h,
rcases h with (¢, hel, he2),
unfold limite at hg2,
cases hg2 € he with N’ hN’,
rcases aux2 hel N N’ with (m, hm, hm'),
clear hel hg2,
use @ m,
split,
{ exact hm’, },
{ exact hN' m hm, },
end

-- 22 demostracién
example
(h : punto_acumulacion u a)
:YVe>0, YN, 3n=N, |[un - a|] <g :=
begin
intros € he N,
rcases h with (¢, hel, he2),
cases hg2 € he with N’ hN’,
rcases aux2 hel N N’ with (m, hm, hm"),
use ¢ m,
exact (hm’, hN' m hm),
end

-- 32 demostracién
example

(h : punto acumulacion u a)

:Ve>0, VN, 3n=N, |[un- a|] <g :=
begin

intros € he N,

rcases h with (¢, hel, he2),

cases hg2 € he with N’ hN’,
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rcases aux2 hel N N’ with (m, hm, hm'),
exact (¢ m, hm’, hN’'  hm),
end

-- 42 demostracién
example
(h : punto_acumulacion u a)
:YVe>0, YN, 3n=N, |[un - a|] <g :=
begin
intros € he N,
rcases h with (@, hel, he2),
cases hg2 € he with N’ hN',
rcases aux2 hel N N’ with (m, hm, hm’),
use ¢ m ; finish,
end

-- 52 demostracién
example
(h : punto_acumulacion u a)
:Ve>0, VN, 3n=N, |[un - a|] <g :=

assume ¢,
assume he : € > 0,
assume N,
exists.elim h

( assume o,

assume he : extraccion ¢ A limite (u []¢) a,
exists.elim (h¢.2 € hg)

’

( assume N’,
assume hN’ : V (n : N), n=N" > [(ul] @) n - a| <&,
have hl1 : 3 n=N', o n =N

from aux2 hg.1 N N’,
exists.elim hl
( assume m,
assume hm : 3 (H: m=N"), o m =N,
exists.elim hm
( assume hml : m = N’,
assume hm2 : ¢ m = N,
have h2 : |u (¢ m)
from hN’ m hml,
show 3 n=N, [un - a|] < g,
from exists.intro (@ m) (exists.intro hm2 h2)))))

-- 62 demostracioén
example
(h : punto _acumulacion u a)



5.31. Siaes un punto de acumulacién de u, entonces Ve>0, V N, 3k=N,
|lu(k)—al <€ 437

:Ve>0, VN, 3n=N, |[un- a|] <g :=

assume €,
assume he : € > 0,
assume N,
exists.elim h

( assume @,

assume hg : extraccion ¢ A limite (u []m) a,
exists.elim (hg.2 € hg)
( assume N’,
assume hN’ : V (n : N),
have hl : 3 n = N', ¢ n
from aux2 he.1 N N,
exists.elim hl
( assume m,
assume hm : 3 (H: m=N"), o m =N,
exists.elim hm
( assume hml : m = N',
assume hm2 : ¢ m = N,
have h2 : |u (¢ m)
from hN’ m hml,
show 3 n =N, |un - a|] < g,
from (¢ m, hm2, h2)))))

N" > |[(ul] o) n-al <cg,

’

v >
=\

-- 72 demostracion
example
(h : punto acumulacion u a)
:Ve>0, YN, 3n=N, |[un - a|] <g :=

assume ¢,
assume he : € > 0,
assume N,
exists.elim h

( assume @,

assume hg : extraccion ¢ A limite (u []m) a,
exists.elim (hg.2 € hg)
( assume N’,
assume hN’ : V (n : N), n
have hl : 3 n=N", ¢ n =
from aux2 he.1 N N,
exists.elim hl
( assume m,
assume hm : 3 (H :
exists.elim hm

N' - [(u] o) n-al<eg,

’

=\

3

=N'), ¢ m=N,

( assume hml : m = N’,
assume hm2 : ¢ m = N,
have h2 : |u (¢ m) - a| < g,
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from hN’ m hml,
(o m, hm2, h2)))))

-- 82 demostracioén
example
(h : punto_acumulacion u a)
:Ve>0, VN, 3n=N, |[un - a|] <g :=

assume g,
assume he : € > 0,
assume N,
exists.elim h

( assume @,

assume hg : extraccion @ A limite (u || @) a,
exists.elim (h¢.2 € he)
( assume N’,
assume hN' : V (n : N), n
have hl : 3 n=N", ¢ n =
from aux2 he.1 N N,
exists.elim hl
( assume m,
assume hm : 3 (H :
exists.elim hm

N' = [(u]o) n-al<eg,

’

= v

3

=N"), ¢ m=N,

( assume hml : m = N’,
assume hm2 : ¢ m = N,
(¢ m, hm2, hN’ m hml)))))

-- 92 demostracién
example
(h : punto acumulacion u a)
:Ve>0, VYN, 3n=N, |[un- a|] <g :=

assume €,
assume he : € > 0,
assume N,
exists.elim h

( assume @,

assume hg : extraccion ¢ A limite (u []m) a,
exists.elim (hg.2 € hg)
( assume N',
assume hN’ : V (n : N),
have hl : 3 n=N", ¢ n
from aux2 he.1 N N,
exists.elim hl
( assume m,
assume hm : 3 (H: m=N"), o m = N,
exists.elim hm

N" > |[(ul] o) n-al <cg,

’

v >
=\
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(A hml hm2, (@ m, hm2, hN'" m hml)))))

-- 102 demostracién
example
(h : punto_acumulacion u a)
:Ve>0, VYN, 3n=N, |[un- a|] <g :=

assume €,
assume he : € > 0,
assume N,
exists.elim h

( assume @,

assume hg : extraccion ¢ A limite (u []¢) a,
exists.elim (hg.2 € hg)
( assume N',
assume hN’ : V (n : N), n
have hl : 3 n=N", o n =
from aux2 he.1 N N,
exists.elim hl
(A m hm, exists.elim hm (A hml hm2, (@ m, hm2, hN' m hml)))))

=N > [(u]o) n-al <e¢,
N,

-- 112 demostracidn
example
(h : punto acumulacion u a)
:Ve>0, VYN, 3n=N, |un - a|] <g :=

assume €,
assume he : € > 0,
assume N,
exists.elim h

( assume @,

assume he : extraccion ¢ A limite (u []w) a,
exists.elim (hg.2 € hg)
( assume N',
assume hN' : V (n : N), n=N" - |[(u [‘¢) n - al <eg,
exists.elim (aux2 he.1 N N’)
(A m hm, exists.elim hm (A hml hm2, (@ m, hm2, hN' m hml)))))

-- 122 demostracioén
example
(h : punto_acumulacion u a)
:Ve>0, VN, 3n=N, |[un - a|] <g :=
assume g,
assume he : € > 0,
assume N,
exists.elim h
( assume o,
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assume he : extraccion ¢ A limite (u []Q) a,
exists.elim (hg.2 € hg)
(A N" hN', exists.elim (aux2 hg.1 N N’)
(A m hm, exists.elim hm
(A hml hm2, (¢ m, hm2, hN’" m hml)))))

-- 132 demostracién
example
(h : punto acumulacion u a)
:Ve>0, YN, 3n=N, |[un - a|] <g :=
assume g,
assume he : € > 0,
assume N,
exists.elim h
(A @ hp, exists.elim (h@.2 € hg)
(A N" hN', exists.elim (aux2 hg.1 N N")
(A m hm, exists.elim hm
(A hml hm2, (¢ m, hm2, hN’ m hml)))))

-- 142 demostracién
example
(h : punto acumulacion u a)
:Ve>0, YN, 3n=N, |un - a|] <g :=
A € he N, exists.elim h
(A @ hep, exists.elim (he.2 € heg)
(A N" hN', exists.elim (aux2 hg.1 N N')
(A m hm, exists.elim hm
(A hml hm2, (¢ m, hm2, hN' m hml)))))

Se puede interactuar con las pruebas anteriores en esta sesion con Lean


https://leanprover-community.github.io/lean-web-editor/#url=https://raw.githubusercontent.com/jaalonso/Calculemus/main/src/Si_a_es_un_punto_de_acumulacion_de_u,_entonces_a_tiene_puntos_cercanos.lean
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